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There is a considerable interest in understanding the dependence of one-nucleon removal cross sections 
on the asymmetry of the neutron Sn and proton S p separation energies, following a large amount of 
experimental data and theoretical analyses in a framework of sudden and eikonal approximations of 
the reaction dynamics. These theoretical calculations involve both the single-particle cross section and 
the shell-model description of the projectile initial state and final states of the reaction residues. The 
configuration mixing in shell-model description of nuclear states depends on the proximity of one-
nucleon decay threshold but does it depend sensitively on Sn − S p? To answer this question, we use 
the shell model embedded in the continuum to investigate the dependence of one-nucleon spectroscopic 
factors on the asymmetry of Sn and S p for mirror nuclei 24Si, 24Ne and 28S, 28Mg and for a series of 
neon isotopes (20 ≤ A ≤ 28).

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Single-nucleon removal reactions at intermediate energies pro-
vide a basic tool to produce exotic nuclei with large cross-sections. 
The interpretation of these reactions as effective direct reactions 
follows from the theoretical modelling which uses an approxi-
mate description of the reaction dynamics (sudden and eikonal 
approximations) [1] and a standard shell model description of the 
structure of the initial state of the projectile, the final states of 
the (A − 1)-nucleon reaction residues, and the relevant overlap 
functions. In a series of papers [2,3], it was found that the ratio 
Rσ = σexp/σth of the experimental and theoretical inclusive one-
nucleon removal cross section for a large number of projectiles 
shows a striking dependence on the asymmetry of the neutron and 
proton separation energies. Is this dependence telling us some-
thing important about the correlations in the projectile initial state 
and/or final states of reaction residues, or could it be an artefact of 
the theoretical modelling used?

A possible drawback of the theoretical modelling of the one-
nucleon removal reactions is that the description of reaction dy-
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namics and shell model ingredients in this description are not 
consistently related one to another. Therefore, there is no a pri-
ori certainty that these reactions can be considered as effective 
direct reactions. A comprehensive theoretical description in a uni-
fied framework of the continuum shell model (CSM) [4–6] or the 
coupled-channel Gamow shell model [7] is much too complicated 
to be considered as a realistic proposition in the near future. On 
the other hand, single-nucleon removal reactions as experimental 
tools to study exotic nuclei are too important to abandon fur-
ther discussion of Rσ (�S)-dependence found, where �S equals 
Sn − S p for one-neutron removal and Sn − S p for one-proton re-
moval reactions. Recently, spectroscopic factors for proton knock-
out in closed-shell 14,16,22,24,28O were calculated using the coupled 
cluster formalism [8] and found to depend strongly on �S , in line 
with the observations in [2,3]. In contrast, the experimental re-
sults in Ref. [9] using transfer reactions in Oxygen isotopes show, 
at best, a weak dependence on �S . Moreover, the study in Ref. [10]
points to some limitations of the eikonal approximation. Here we 
would like to address the question of whether the deduced ratio 
of the experimental and theoretical one-nucleon removal cross-
sections is related in any way to the �S-dependence of the CSM 
spectroscopic factors? Hence, is this ratio probing the configura-
tion mixing in SM states involved in the single-nucleon removal 
reactions at intermediate energies or should it be considered as 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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an empirical normalization factor of the theoretical cross-section 
when determining spectroscopic factors of exotic nuclei? Of course, 
one should keep in mind that the spectroscopic factors are not ob-
servables per se and as such are not invariant under the unitary 
transformation of the Hamiltonian. However, in a given model, the 
spectroscopic factors are important theoretical quantities and an 
investigation of the �S-dependence of the spectroscopic factors in 
a consistent theoretical framework provided by the CSM may shed 
light on our understanding of the one-nucleon removal reactions 
at intermediate energies.

The �S-dependence of spectroscopic factors is examined in 24Si 
and 28S, and their mirror partners 24Ne and 28Mg using the shell 
model embedded in the continuum (SMEC) [6] which is a mod-
ern version of the CSM. The ratio Rσ , which was reported for 
24Si and 28S both for neutron and proton removal reactions [3], 
will serve as a reference in this analysis. We investigate also the 
�S-dependence of the ratio of SMEC and SM spectroscopic factors 
R S F = SSMEC/SSM for a chain of neon isotopes at the experimental 
separation energies Sn and S p .

2. The model

In the present studies, the scattering environment is provided 
by one-nucleon decay channels. The Hilbert space is divided into 
two orthogonal subspaces Q0 and Q1 containing 0 and 1 particle 
in the scattering continuum, respectively. An open quantum system 
description of Q0 space includes couplings to the environment of 
decay channels through the energy-dependent effective Hamilto-
nian [6,11]:

H(E) = HQ0Q0 + WQ0Q0(E), (1)

where HQ0Q0 denotes the standard SM Hamiltonian describing the 
internal dynamics and WQ0Q0 (E):

WQ0Q0(E) = HQ0Q1 G(+)
Q1

(E)HQ1Q0 , (2)

is the energy-dependent continuum coupling term, where G(+)

Q1
(E)

is the one-nucleon Green’s function and H Q 0,Q 1 , H Q 1 Q 0 are the 
coupling terms between orthogonal subspaces Q0 and Q1 [11]. E
in the above equations stands for a scattering energy. The energy 
scale is settled by the lowest one-nucleon emission threshold. The 
channel state in nucleus A is defined by the coupling of one nu-
cleon (proton or neutron) in the continuum to nucleus (A − 1) in a 
given SM state. In the SMEC calculation, we include 18 lowest de-
cay channels in the nucleus A: 9 for protons and 9 for neutrons. 
The coupling to these channels gives rise to the mixing of all SM 
states of the same total angular momentum and parity in the nu-
cleus A and, hence changes the ground state (g.s.) spectroscopic 
factor with respect to its SM value.

The SMEC solutions are found by solving the eigenproblem for 
the Hamiltonian Eq. (1) in the biorthogonal basis. The SMEC eigen-
vectors �α are related to the eigenstates � j of the SM Hamiltonian 
HQ0Q0 by a linear orthogonal transformation: �α = ∑

j bα j� j . 
The expectation value of any operator Ô can be calculated as: 
〈Ô 〉 = 〈�ᾱ |Ô |�α〉. In case of the spectroscopic factor one has: 
Ô = a†|t〉〈t|a, where |t〉 is the target state of the (A − 1)-system. 
a and a† are annihilation and creation operators of a nucleon in a 
given single-particle (s.p.) state.

3. The Hamiltonian

For the isospin-symmetric part of the SM Hamiltonian HQ0Q0

in the sd shell model space, we take the USD interaction [12]. 
The charge-dependent terms in the Hamiltonian comprise the 
two-body Coulomb interaction, acting between valence protons, 
and isovector single-particle energies [13] which account for the 
Coulomb effects in the core. Both these terms are scaled propor-
tionally to 

√
h̄ωA [13], with h̄ωA being parameterized as

h̄ωA = 45 A−1/3 − 25 A−2/3 MeV . (3)

The terms H Q 0,Q 1 , H Q 1 Q 0 in the continuum-coupling term 
Eq. (2) are generated using the Wigner–Bartlett (WB) interaction:

V 12 = V 0
[
α + β Pσ

12

]
δ (r1 − r2) , (4)

where α + β = 1 and Pσ
12 is the spin exchange operator. Although 

the product V 0(α−β) = 414 MeV fm3 is kept constant in all calcu-
lations, the magnitude of the continuum coupling varies depending 
on specific values of V 0, α, the structure of the target wave func-
tion, and the separation energies S p , Sn .

The radial s.p. wave functions in Q0 and the scattering wave 
functions in Q1 are generated using a Woods–Saxon (WS) poten-
tial which includes spin–orbit and Coulomb parts. The radius and 
diffuseness of the WS potential are R0 = 1.27A1/3 fm and a =
0.67 fm respectively. The spin–orbit potential is V SO = 6.1 MeV, 
and the Coulomb part is calculated for a uniformly charged sphere 
with radius R0. The depth of the central part for protons (neu-
trons) is adjusted to yield the energy of the s.p. state involved in 
the lowest one-proton (one-neutron) decay channel equal to the 
one-proton (one-neutron) separation energy in the g.s. of the nu-
cleus A. The continuum-coupling term Eq. (2) breaks the isospin 
conservation due to different radial wave functions for protons and 
neutrons, and different separation energies S p , Sn .

4. The results

We shall discuss now the dependence of the spectroscopic fac-
tors on the asymmetry of neutron and proton separation energies 
and on the strength of the spin-exchange term which influences 
the strength of the T = 0 proton–neutron continuum coupling.

Fig. 1 shows the �S dependence of the ratio of d5/2 spectro-
scopic factors in SMEC and SM for the g.s. of mirror nuclei: 24Si 
(S(ex)

p = 3.293 MeV and S(ex)
n = 21 MeV) [14] and 24Ne (S(ex)

p =
16.55 MeV and S(ex)

n = 8.868 MeV) [14]. The curves R S F (�S)

for proton (neutron) spectroscopic factors are shown with the 
solid (dashed) lines as a function of Sn − S p (Sn − S p) on a 
(S p, Sn)-lattice. The case �S < 0 in R S F (�S) for proton (neu-
tron) spectroscopic factors corresponds to the removal of a weakly-
bound proton (neutron). The values of R S F at the experimental 
separation energies S(ex)

p and S(ex)
n are denoted by filled circles. 

Along each curve for the proton (neutron) spectroscopic factor, S p

(Sn) changes and Sn (S p) remains constant.
Quantitative effects of the continuum coupling on spectroscopic 

factors depend on the distribution of the spectroscopic strength in 
the considered SM states [15]. For α = 1, the rearrangement of 
spectroscopic factors is small if the spectroscopic strength is con-
centrated in a single SM state. This is the case in both 24Si and 
24Ne. For example, 92.7% (91.9%) of the proton (neutron) d5/2 SM 
spectroscopic strength in 24Si is in the g.s. and hence, the ratio R S F

both for proton and neutron g.s. spectroscopic factors is almost in-
dependent of �S (see Fig. 1a). The slight breaking of the isospin 
symmetry by both the continuum coupling and the Coulomb term 
in the SM interaction leads in this case to a weak dependence 
of R S F for the neutron spectroscopic factor (the dashed lines in 
Fig. 1a) in the limit of small Sn .

This is not true anymore if the continuum-coupling interac-
tion includes the spin-exchange term, which modifies the T = 0
proton–neutron continuum coupling component. In this case, the 
additional correlations induced via the coupling to decay chan-
nels may modify the ratio of spectroscopic factors. Figs. 1b and 1c
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Fig. 1. The ratio of SMEC and SM d5/2 spectroscopic factors in mirror nuclei 24Si and 
24Ne is plotted as a function of the asymmetry �S of the neutron and proton sepa-
ration energies. Proton (neutron) spectroscopic factors are shown by solid (dashed) 
lines. �S equals Sn − S p (Sn − S p ) for the proton (neutron) spectroscopic factors. 
Filled circles denote the ratios R S F at the experimental value of the asymmetry pa-
rameter �S . (a) R S F (�S) for the g.s. of 24Si for α = 1; (b) R S F (�S) for the g.s. of 
24Si for α = 0.73; (c) R S F (�S) for the g.s. of 24Ne for α = 0.73. For more details, 
see the description in the text.

show a rearrangement of the d5/2 neutron (proton) spectroscopic 
strength in the g.s. of 24Si (24Ne) for α = 0.73. The �S-variation 
of the ratio R S F in this case remains however relatively small and 
does not exceed 10%. One should notice also a significant break-
ing of mirror symmetry by comparing R S F (�S) curves for neutron 
spectroscopic factors at small Sn in 24Si (dashed lines in Fig. 1b) 
and proton spectroscopic factors at small S p in 24Ne (solid lines in 
Fig. 1c).

The ratio Rσ = σexp/σth of cross-sections for one proton (neu-
tron) removal from 24Si is ∼ 0.8 ± 0.04 (∼ 0.39 ± 0.04) [2]. The 
corresponding ratio of SMEC and SM proton (neutron) spectro-
scopic factors is however almost constant and equals 0.987 (0.981) 
for α = 1, and 0.974 (0.957) for α = 0.73.

Fig. 2 shows the �S dependence of the ratio of SMEC and SM 
g.s. spectroscopic factors for mirror nuclei: 28S (S(ex)

p = 2.49 MeV

and S(ex)
n = 21.03 MeV) [14] and 28Mg (S(ex)

p = 16.79 MeV and 
S(ex)

n = 8.503 MeV) [14]. Proton (neutron) spectroscopic factors are 
shown by solid (dashed) lines. �S equals Sn − S p (Sn − S p) for the 
proton (neutron) spectroscopic factors.

In these nuclei, the distribution of SM spectroscopic strength is 
different from that in 24Si and 24Ne. Only 44% of the proton s1/2
spectroscopic strength is in the g.s. of 28S. On the contrary, 97.6% of 
the neutron d5/2 spectroscopic strength is concentrated in the g.s. 
of 28S. Consequently, even in the absence of the T = 0 component 
in the continuum coupling interaction (α = 1), the ratio R S F of the 
proton s1/2 spectroscopic strengths depends on S p − Sn (see solid 
lines in Fig. 2a). This dependence is further enhanced for α �= 1
(see Fig. 2b). One should also notice strong breaking of the mir-
ror symmetry by comparing the ratio of proton s1/2 spectroscopic 
strength at small S p in 28S (solid lines in Fig. 2b) and the ratio of 
Fig. 2. The ratio of SMEC and SM proton (neutron) s1/2 spectroscopic factors and 
neutron (proton) d5/2 spectroscopic factors in mirror nuclei 28S (28Mg) is plotted 
as a function of the asymmetry �S of the neutron and proton separation energies. 
(a) R S F (�S) for the g.s. of 28S for α = 1; (b) R S F (�S) for the g.s. of 28Si for α =
0.73; (c) R S F (�S) for the g.s. of 28Mg for α = 0.73. For more information, see the 
caption of Fig. 1 and the description in the text.

Fig. 3. The ratio of SMEC and SM g.s. spectroscopic factors in the chain of Ne 
isotopes (20 ≤ A ≤ 28) is plotted as a function of the asymmetry �S of their experi-
mental neutron and proton separation energies for α = 0.73. �S equals S(ex)

p − S(ex)
n

(S(ex)
n − S(ex)

p ) for the proton (neutron) spectroscopic factors. The ratios of proton 
(neutron) spectroscopic factors are depicted with squares (triangles). In agreement 
with the experimental angular momentum and parity of the nucleus (A −1), the g.s. 
proton spectroscopic factors are d5/2 for all considered isotopes, and neutron spec-
troscopic factors are (i) s1/2 in 20,26Ne, (ii) d3/2 in 22,28Ne, and (iii) d5/2 in 24Ne. For 
more details, see the description in the text.

neutron s1/2 spectroscopic strength at small Sn in 28Mg (dashed 
lines in Fig. 2c). This effect is due to an important dependence of 
the s-wave continuum coupling on the Coulomb interaction.

In 28S, the ratio Rσ of proton (neutron) removal cross-sections 
is ∼ 0.92 ±0.07 (∼ 0.31 ±0.025) [2]. Again, the corresponding ratio 
of SMEC and SM proton (neutron) spectroscopic factors is almost 
constant and equals 1.026 (1.0) for α = 1 and 0.848 (0.975) for 
α = 0.73.

Systematics of the ratio R S F for even-N Ne-isotopes is plotted 
in Fig. 3. The considered isotopes are [14]: 20Ne (S(ex)

p = 12.84 MeV

and S(ex)
n = 16.865 MeV), 22Ne (S(ex)

p = 15.266 MeV and S(ex)
n =

10.364 MeV), 24Ne (S(ex)
p = 16.55 MeV and S(ex)

n = 8.869 MeV), 
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26Ne (S(ex)
p = 18.17 MeV and S(ex)

n = 5.53 MeV), and 28Ne (S(ex)
p =

20.63 MeV and S(ex)
n = 3.82 MeV). R S F for proton (neutron) spec-

troscopic factors are shown with squares (triangles) as a function 
of Sn − S p (Sn − S p). One can see that the ratio of SMEC and 
SM spectroscopic factors does not exhibit any systematic tendency 
as a function of �S . The fluctuations of R S F are small except for 
the neutron spectroscopic factor in 22Ne. This nucleus is however 
an exception in the Ne-chain because the g.s. SM spectroscopic 
factor is much smaller than the spectroscopic factor in the first 
excited state and therefore even a small spin (isospin) dependence 
of the proton–neutron continuum coupling and/or a small isospin-
symmetry breaking term in the Hamiltonian and the continuum 
coupling, produce significant change of the spectroscopic factor.

In conclusion, we have consistently evaluated the fraction of 
single-particle spectroscopic strength which is shifted to higher ex-
citations as a result of the coupling to the proton and neutron 
decay channels. We have shown that the one-nucleon spectro-
scopic factors in SMEC are weakly correlated with the asymmetry 
of neutron Sn and proton S p separation energies. Strong mirror 
symmetry breaking, found in the ratio of SMEC and SM spectro-
scopic factors, appears mainly for small one-nucleon separation 
energies suggesting the threshold nature of this effect. Whatever 
the precise reasons for a strong dependence of the ratio of experi-
mental and theoretical one-nucleon removal cross sections on the 
asymmetry of neutron and proton separation energies are, the ex-
planation of this dependence does not reside in the behaviour of 
the one-nucleon CSM (SMEC) spectroscopic factors as a function of 
�S .
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