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Bayesian Regression for Dependent
Tensor-Valued Data from Exponential Families

Joshua S. North, Mark D. Risser, and Alan M. Rhoades

In the Earth system sciences, identifying physically meaningful patterns from depen-
dent, high-dimensional, tensor-valued data is important for understanding variability
in the Earth system. Orthonormal matrices are fundamental for statistical modeling of
dependent data due to their role in matrix and tensor decomposition methods. While
significant effort has been devoted to statistical inference for dependent matrix-valued
data, these developments have not yet been extended to tensor-valued data. Here, we pro-
pose a general framework for dependent tensor-valued generalized linear mixed mod-
els (GLMMs) with a non-separable and non-stationary structured random effect. The
random effect is parameterized using a tensor decomposition consisting of structured
random orthonormal matrices, whose structures and associated coefficients are inferred
duringmodel estimation. Fully Bayesian inference enables joint estimation of all compo-
nents of the dependent random effect and fixed effect within a unified statistical model.
We validate our method with two synthetic examples and apply it to two real-world
applications within atmospheric science, highlighting its capacity to uncover structured
modes of variability across space, time, and vertical level. More broadly, our method
provides a path forward for identifying structured patterns and their relative importance
with Bayesian uncertainty quantification for arbitrary dependent, exponential family-
distributed tensor-valued data.

Key Words: Basis Functions; Bayesian Hierarchical Model; Bayesian Tensor Decom-
position; Low-Rank Representation; Orthonormal Matrix; Tensor-Valued Generalized
Linear Mixed Model.

1. INTRODUCTION

In the Earth sciences, weather and climate variables are often indexed over multiple
dimensions, including space, time, vertical level, and realization (or ensemble member).
Such tensor-valued data are therefore stored and organized in tensors within network Com-
mon Data Form (netCDF) files, which are standard across widely-used reanalysis (e.g.,
Hersbach et al., 2020) and climate model (e.g., Eyring et al., 2016) databases. There are
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two features that make statistical modeling of tensor-valued climate data challenging. First,
the physical properties of the Earth system induce dependence within and across different
dimensions of the tensor, and it is critical to account for these structures in a statistical anal-
ysis. Second, while some variables are approximately Gaussian-distributed, other variables,
such as precipitation, relative humidity, and wind speed, are non-Gaussian. Earth scientists’
ability to extract physically interpretable patterns from tensor-valued climate data relies
on flexible tensor decompositions that explicitly model dependence in high-dimensional,
non-Gaussian measurements.

Tensor decompositions can be thought of as the higher-order, orN-dimensional, extension
of singular value decomposition (SVD) or principal component analysis (PCA). These
decompositions factor tensor-valued data into weights and orthonormal matrices (Kolda
2006; Kolda and Bader 2009), which simultaneously summarize key characteristics of the
data and enable dimension reduction for data compression and storage. Two common tensor
decompositions are the Tucker (Tucker 1966) and CANDECOMP/PARAFAC (CP; Carroll
and Chang 1970; Harman and Harman 1976; Kiers 2000), which are frequently used in
medical imaging, signal processing, ecology, climate sciences, and many other scientific
fields (Sidiropoulos et al. 2017; Chatzichristos et al. 2019; Korevaar et al. 2020; Shivadekar
et al. 2023).Despite their broad importance in the climate sciences andbeyond, little attention
has been devoted to statistical estimation and uncertainty quantification of the individual
components in the tensor decomposition.

For matrix-valued space-time data, basis functions frommatrix decompositions are com-
monly used to summarize spatial and temporal features of the data. For example, empirical
orthogonal functions (EOFs; see Lorenz 1956; North et al. 1982; Hannachi et al. 2007)
are widely used to summarize modes of sea surface temperature variability (Thompson
and Wallace 2000; Mantua and Hare 2002) and quantify human-induced changes to sur-
face air temperature (O’Brien and Deser 2023). Statistical modeling of climate data often
incorporates spatial and temporal information via spatially-indexed basis functions with
temporal coefficients or via space-time random effects within a generalized linear mixed-
model (GLMM Banerjee et al. 2015; Hughes and Haran 2013). The GLMM is generally
more suitable than the generalized linear model because it accounts for structured variation
not accounted for by the fixed effects. When considering tensor data with more than two
dimensions, the nature of the random effect in a GLMM depends on what the higher dimen-
sions represent. Multivariate space-time methods for three-dimensional tensors over space
× time × process/variable typically consider a very small number of slices in the process
dimension (e.g., five or fewer variables) and focus on explicit modeling of cross-covariances
via co-regionalization (Gelfand et al. 2004; Finley et al. 2008) or multivariate covariance
functions (Genton and Kleiber 2015). Very little work has been done for random effects
modeling of three (or more)-dimensional tensors from a single variable, e.g., geopotential
height defined over space × time × pressure level, and none have focused on explicitly
inferring the basis functions defined over the tensor’s dimensions.

Traditionally, the basis functions employed in the space, time, or space-time random
effect are pre-specified and the associated coefficients are modeled as random variables.
This is generally done for two reasons. First, in order to ensure that the basis functions
describe independent patterns, they must be orthonormal and therefore collectively form
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an orthonormal matrix. Orthonormal matrices are contained in the Stiefel manifold Vk,n =
{X ∈ R

n×k : X′X = Ik} where Ik is the identity matrix, and specifying a distribution on
the Stiefel manifold can be challenging (Mardia and Jupp 1999; Chikuse 2003). Second,
being able to parameterize and sample from a distribution on the Stiefel manifold can be
difficult. Recently, multiple approaches for specifying and sampling from distributions for
orthonormal matrices in a Bayesian framework have been proposed, along with various
techniques to incorporate the distributions into matrix factorization models such as for
SVD, PCA, and factor analysis (Hoff 2007, 2009; Byrne and Girolami 2013; Pourzanjani
et al. 2021; Jauch et al. 2021, 2025; North et al. 2024). However, little work has focused on
incorporating these advancements to tensor-valued data.

Motivated by the use of GLMMs for spatio-temporal data, we propose a general frame-
work for tensor-valued GLMMs. The fixed effect is motivated from prior work on gen-
eralized linear models for tensor-valued data (Zhou et al. 2013; Guhaniyogi et al. 2015;
Lock 2018; Guhaniyogi and Spencer 2021; Billio et al. 2023; Wang and Xu 2024; Lei et al.
2024). The random effect borrows ideas from the spatio-temporal literature and is parame-
terized by a low-rank process (Cressie and Wikle 2011; Kang and Cressie 2011; Wikle and
Zammit-Mangion 2019). In contrast to traditional spatio-temporal models, the basis func-
tions comprising the low-rank random effect are estimated and can bemodeled dependently.
Our proposed model is a tensor extension of the statistical models for matrix decomposi-
tions and enables a probabilistic representation of the CP-decomposition, whereby all basis
functions and weights in the decomposition can be modeled in a probabilistic framework.
Importantly, we show the resulting covariance of the random effect process is non-separable
and non-stationary, making it well-suited for complex environmental data.

The remainder of the manuscript is organized as follows. Section 2 presents the param-
eterization of the tensor-valued random effect along with tensor notation that will underlie
the tensor-valued GLMM. Section 3 presents the tensor-valued GLMM, discusses vari-
ous choices for modeling the fixed effect, dependent random effect, and how to perform
model estimation. The general model is applied to two synthetic examples in Section 4, one
assuming Gaussian distributed data and one assuming Gamma distributed data, illustrating
the model’s flexibility and ability to recover important features of the data. In Section 5,
we demonstrate the method’s ability to infer modes of variability across multiple dimen-
sions through two real-world applications: (1) atmospheric pressure data surrounding a
major weather blocking event over the United States, and (2) specific humidity data over
the Southwest United States to identify spatial patterns of environmental drivers. Section 6
concludes the paper, discussing limitations and possible future directions.

2. DEPENDENT TENSOR-VALUED RANDOM EFFECT

In spatio-temporal modeling, a random effect is used to characterize any residual spatial
or temporal structure not accounted for by the fixed effects. These dependence structures
are commonly modeled via a reduced rank matrix decomposition, resulting in a low-rank
random effect that summarizes the spatial and temporal dependence in the data. When data
are instead indexed over more than two dimensions (e.g., space, time, vertical level, ensem-
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ble member, ...), mathematical notation benefits from the use of tensors, the higher-order
analog of matrices. Motivated by the low-rank random effect models in the spatial statistics
literature, we propose a dependent random effect for tensor-valued random variables using
the CANDECOMP/PARAFAC decomposition (CP; Carroll and Chang 1970; Harman and
Harman 1976; Kiers 2000). Importantly, our framework involves inference for both the basis
functions and core tensor within the CP decomposition.

This section provides a road map of the building blocks for our model for a structured,
tensor-valued randomvariable.Webeginwith a brief overviewof tensor notation and decom-
positions in Section 2.1 (see Supplement S.2 for additional details). Then, we describe a
prior distribution for the components of the tensor decomposition that allows us to encode
structure or dependence within the basis functions (Section 2.2). Last, we discuss properties
of our proposed tensor-valued random effect (Section 2.3).

2.1. TENSOR NOTATION AND DECOMPOSITION

Define Y ∈ R
I1×I2...×IN to be a N -dimensional tensor process that is indexed over

s(k) = {s(k)
1 , . . . , s(k)

Ik
} ∈ D

(k) where D(k) is some domain for k = 1, . . . , N . For example,
below we consider two applications using atmospheric data indexed by space, time, and
vertical pressure level. In both of these settings, Y is a third-order tensor with N = 3 where
s(1) are spatial locations in some spatial domain D(1) ⊂ R

2, s(2) are discrete times recorded
over some continuous timewindowD

(2) = [Tstart , Tend ] ⊂ R
+, and s(3) are discrete vertical

levels D(3) ⊂ R
+.

A tensor can be converted to a matrix by matricization (also known as unfolding or
flattening), where the elements of the tensor are reordered into a matrix. The n-mode matri-
cization of the tensor Y, denoted by Y(n), arranges the mode−n fibers (the higher-order
equivalent of matrix rows and columns) to be columns in the resulting matrix. For example,
some possible modes of Y are Y(1) ∈ R

I1×(I2×...×IN ), Y(n) ∈ R
In×(I1×...×In−1×In+1×...×IN ),

and so on. To multiply a tensor by a matrix B ∈ R
J×In , we use the n-mode product (i.e.,

multiply a tensor by a matrix or vector in mode n). The n-mode product of the tensor Y
and matrix B is denoted as Y ×n B and is of size I1 × I2... × In−1 × J × In+1 × ... × IN .
Equivalently, in terms of unfolded (matricized) tensors, Z = Y ×n B ⇔ Z(n) = BY(n).
Working with tensors requires the notion of outer products, denoted by ◦, the Kronecker
product, denoted ⊗, and the Khatri-Rao product, denoted by �. The Khatri-Rao product of
B ∈ R

I×J and C ∈ R
M×J is defined as

D = B � C =
[
b1 ⊗ c1 b2 ⊗ c2 · · · bJ ⊗ cJ

]
, D ∈ R

I M×J .

The concept of matrix decompositions can be extended to tensors, termed tensor decom-
position, wherein a tensor is factored into the product of tensors and matrices. Similar to
matrix decomposition methods, there are many different types of tensor decomposition
methods, e.g., De Lathauwer et al. (2000); Vasilescu and Terzopoulos (2002); Kapteyn et al.
(1986); Tucker (1966);Carroll andChang (1970);Harman andHarman (1976);Kiers (2000).
Our proposedmodel employs theCPdecompositionwhich results in a unique solution for the
underlying basis functions and core tensor (unlike, e.g., the Tucker decomposition; Tucker
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1966; Kolda and Bader 2009). Denote the (i1, i2, ..., iN ) element of Y as yi1,i2,...,iN . The
reduced rank CP decomposition of Y is defined as yi1,i2,...,iN = ∑R

r=1 gra
(1)
i1r

a(2)
i2r

· · · a(N )
iN r

,
or equivalently

Y =
R∑

r=1

gra(1)
r ◦ a(2)

r ◦ · · · ◦ a(N )
r , (2.1)

where R ≤ min(I1, . . . , IN ) is the rank, G = diag(g1, ..., gR) is a diagonal matrix of basis
coefficients with g1 > g2 > ... > gR , and A(k) ∈ R

Ik×R is an orthonormal matrix where
each column r = 1, ..., R is given by a(k)

r ≡ (a1r , ..., aIkr ). The mode-k matricized version
of the reduced rank CP decomposition is

Y(k) = A(k)G(A(N ) � · · · � A(k+1) � A(k−1) � · · · � A(1))′.

2.2. PRIORS FOR THE STRUCTURED ORTHONORMAL BASIS FUNCTIONS AND

WEIGHTS

As is common within spatio-temporal statistical modeling, we assume the random effect
Y is parameterized using a basis expansion, which we define using the CP decomposition
(2.1). Importantly, if Y is assumed to have structure, or dependence, the individual bases
a(k)
r should also be dependently structured, and we refer to A(k) = [a(k)

1 , . . . , a(k)
R ] as a

structured orthonormal matrix. Generally speaking, we treat the collection of orthonormal
matrices {A(k)}k=1,...,N and weights in the expansion as random variables to be estimated.
Additionally, each basis function (column) in the matrix will have a unique dependence
structure, which we parameterize using kernel functions with estimable hyperparameters.
Due to this construction, the random effect Y is a non-stationary and non-separable process,
which we discuss in detail below.

To estimate structured orthonormal matrices in a Bayesian fashion, North et al.
(2024) proposed a method based on the projected normal (PN) distribution, which
we briefly summarize here. Let A(k)

−r = [a(k)
1 , . . . , a(k)

r−1, a
(k)
r+1, . . . , a

(k)
R ] and G−r =

diag(g1, ..., gr−1, gr+1, ..., gR). Then a(k)
r |A(k)

−r
d= N(k)

−r ã
(k)
r |A(k)

−r , where the columns of the
Ik × (Ik − R + 1) matrix N(k)

−r form an orthonormal basis for the null space of A(k)
−r . The

projected weight function ã(k)
r satisfies ã(k)

r |A(k)
−r ∼ PNIk−R+1(0,N

(k) ′
−r �

(k)
r N(k)

−r ), where PN
denotes the projected normal distribution and �

(k)
r ∈ R

Ik×Ik is the associated covariance
matrix of ã(k)

r , where �
(k)
r controls the dependence structure of a(k)

r (e.g., �(k)
r = IIk results

in no structure and independent elements). To make the PN distribution tractable for sam-
pling, the distribution is augmented with a latent length variable, which in this context is gr .
The resulting joint distribution (gr , ã

(k)
r )|A(k)

−r is

p(gr , ã(k)
r |A(k)

−r ) =
gIk−R
r exp

{
− 1

2 (gr ã
(k)
r )′(N(k) ′

r �
(k)
r N(k)

r )−1(gr ã
(k)
r )

}

(2π)−(Ik−R+1)/2|N(k) ′
r �iNi |−1/2

I(̃a(k)
r

∈ V1,Ik−R+1),
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whereV1,Ik−R+1 denotes the Stiefel manifold (in this context this is equivalent to the Ik − R
dimensional unit sphere S

Ik−R). We denote this as gr ã
(k)
r |A(k)

−r ∼ SPNIk−R+1(�
(k)
r ), the

structured projected normal (SPN) distribution, which has one parameter �
(k)
r that controls

the structure of the basis function.
To model dependence within the bases a(k)

r , �
(k)
r can be parameterized as �

(k)
r =

γ
2(k)
r C(k)

r , whereC(k)
r is a positive-definite correlation matrix that is modeled a using kernel

function and γ
2(k)
r is a scaling parameter related to gr . We use this parameterization and

model the elements of C(k)
r using kernel functions C (k)(s(k); θ (k)

r ) where θ (k)
r are estimable

hyperparameters and s(k) are as defined above. For all examples presented here, we use
either the Matérn, Gaussian, or identity kernel. For the Matérn kernel, θ (k)

r = {ν(k)
r , ρ

(k)
r }

represent the differentiability and length-scale of the implied stochastic process, and for
the Gaussian kernel, θ (k)

r = {ρ(k)
r } is the length-scale of the implied stochastic process.

For the Matérn kernel ν is assumed fixed, and for both the Matérn and Gaussian kernels
we estimate the length-scale parameter ρ, thereby enabling each basis function to have a
different covariance structure.

2.3. PROPERTIES OF THE RANDOM EFFECT

To determine key properties of Y, we begin by providing a statement of its covariance
matrix (proof deferred to the Supplement S.1).

Proposition 1. When gr ã
(k)
r |A(k)

−r ∼ SPNIk−R+1(�
(k)
r ), the covariance of Y =∑R

r=1 gra
(1)
r ◦a(2)

r ◦ · · · ◦a(N )
r can be written as the product-sum of mode-separable station-

ary covariance matrices that are a function of �(k)
r = γ

2(k)
r C(k)

r , whereC(k)
r the correlation

matrix for the rth basis function of mode k and is parameterized using a kernel function
C (k)(s(k); θ (k)

r ) with estimable hyperparameters θ (k)
r .

The covariance of Y is non-stationary and non-separable because it is the product-sum of
R distinct stationary covariance (correlation) matrices operating on different scales (Fuentes
2001; Fuentes et al. 2008; Banerjee et al. 2015; Porcu et al. 2021). Because we allow each
covariance matrix to have dimension specific and basis-function specific hyperparameters,
we cannot factor the covariance matrix of Y into the product of mode-specific covariance
matrices, hence it is non-separable. Similarly, we are summingmultiple stationary processes
operating on different scales, hence it is non-stationary.Alternatively, if all the basis-function
specific hyperparameters were the same, θ (k) = θ (k)

r for all r = 1, . . . , R, then every
basis function within mode k would have the same covariance matrix C (k)(s(k); θ (k)) ≡
C (k)(s(k); θ (k)

r ) and the covariance of Ywould be separable and stationary. This would result
in a covariance formulation similar to separable models where cov(Y(N )) = �N ⊗· · ·⊗�1

with �k a covariance for the kth dimension. Additionally, because we are able to estimate
the basis functions a(k)

r comprising Y, we are able to make statements about the different
components (e.g., the r basis function of mode k loads positively/negatively on region x and
negatively/positively on region y).

We summarize the three important properties of Y as follows:

Property 1. The cov(Y) is non-separable: Determined using proposition 1;
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Property 2. The cov(Y) is non-stationary: Determined using proposition 1;

Property 3. Y contains interpretable components: By construction we estimate the
individual basis functions a(k)

r .

These three properties yield a very flexible and interpretable random effect for dependent
high-dimensional data.

3. GENERAL PROBABILISTIC MODEL

Asdiscussed in the introduction, environmental data often havemultiple dimensions, such
as space, time, vertical/pressure level, and ensemblemember. The datamay havemeasurable
covariates that are indexed over the same dimensions or a subset of the dimensions (e.g.,
indexed only over space or time but constant for other dimensions). This necessitates the
ability to relate covariates with the same or fewer dimensional properties to the variable
of interest through a fixed effect. However, since the fixed effect will never explain all of
the variability in the data we use the dependently structured tensor-valued random effect
described in Section 2 to account for the remaining structured variation. Here, we present
our tensor-valued generalized linear mixed model (GLMM). Notably, the GLMM utilizes
the dependently structured tensor-valued random effect defined in Section 2 to estimate
dominant patterns of variability from the process of interest.

Define Z ∈ R
I1×···×IN to be a tensor of observed data with individual element zi ≡

zi1,i2,...,iN that is also indexed over s(k) = {s(k)
1 , . . . s(k)

Ik
} ∈ D

(k) where D(k) is some domain
for k = 1, . . . , N . We assume zi is a random variable whose probability density function is
a member of the exponential family,

f (zi |φi , τi ) = exp

{
ziφi − b(φi )

a(τi )
+ c(zi , τi )

}
,

where φi and τi > 0 denote the natural and dispersion parameters, respectively, and
a(·), b(·), and c(·) are known functions. The GLMM relates a fixed effect mi , corre-
lated random effect yi , and uncorrelated random effect εi to the conditional mean μi =
E[zi |mi , yi , εi ] through the monotonic link function hi = g(μi ) = mi + yi + εi .

We define our latent process as

H = M + Y + E, (3.1)

where M denotes the fixed effect, Y = ∑R
r=1 gra

(1)
r ◦ a(2)

r ◦ · · · ◦ a(N )
r the structured

randomeffect, andE the unstructured randomeffect.We assume each element εi1,i2,··· ,iN
i.i.d∼

Gau(0, σ 2), resulting in E ∼ GTDI1×I2...×IN (0, σ 2), where GTD denotes the Gaussian
tensor distribution (see Supplement S.3 for details). Note, care must be taken to ensure the
model is identifiable. For example, if zi are assumed to be Bernoulli distributed and the
probit link is used, σ 2 is not be identifiable and customarily set equal to one (Albert and
Chib 1993). In Sections 4 and 5, we explore the scenarios where zi is Gaussian and Gamma
distributed, and discuss the steps to verify identifiability for both settings.
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3.1. MODEL FOR THE FIXED EFFECT

Tensor regression for fixed effects has been well studied (Zhou et al. 2013; Guhaniyogi
et al. 2015; Lock 2018; Guhaniyogi and Spencer 2021; Billio et al. 2023; Wang and Xu
2024; Lei et al. 2024), and can refer to predicting a scalar output from a tensor, matrix
output from a tensor, or tensor output from a either a scalar, matrix, or tensor. Here, we
focus on estimating tensor-valued output using a combination of a scalar, matrix, or tensor
input using two approaches, either with standard matrix methods and matching dimensions
or using tensor methods. We discuss the implementation of both.

3.1.1. Fixed Effect: Matrix Covariates

Define the vectorized version of (3.1) as

h = m + y + ε

where each element is vectorized by stacking the fibers of the tensor along one dimen-
sion where now h,m, y, ε ∈ R

L with L = ∏N
k=1 Ik . For simplicity, assume the data are

vectorized along the first dimension, resulting in e.g.,

h = [h(1,1,...,1), h(2,1,...,1), . . . , h(I1,1,...,1), h(1,2,...,1), . . . , h(I1,I2,...,IN )]′.

This formulation allows for standard regression techniques, such as m = Xβ where X ∈
R

L×Pm is amatrix ofmeasurable covariates andβ is a length−Pm vector of parameters.Note,
care needs to be taken to ensure the rows ofX are properly aligned with their corresponding
rows in the vectorized latent process h, and subsequently the data Z.

3.1.2. Fixed Effect: Tensor Covariates

Let V(p) ∈ R
I1×···×IN , p = 1, . . . , Pt be a tensor of measurable covariates and B(p) ∈

R
I1×···×IN the associated parameter tensor. Define the linear model for M in (3.1) as

M =
Pt∑
p=1

V(p) ∗ B(p). (3.2)

In practice, B(p) is over-parameterized and instead of estimating it directly, it is modeled
using a Tucker decomposition (see Supplement S.2 for definition).

Lemma 1. Let Y = X∗BwithY,X,B ∈ R
I1×...×IN and ∗ the element-wise multiplica-

tion of two equal dimension tensors (also known as the Hadamard product). RepresentingB
using the Tucker decomposition,B ≈ D×1�

(1)×2�
(2) · · ·×N �(N ) whereD ∈ R

J1×...×JN

and �(k) ∈ R
Ik×Jk . Then

vec(Y(k)) = �δ,
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where � = (vec(X(k))�1′)∗ �̃ with 1 a length-
∏N

k=1 Jk vector of ones, �̃ = (�(N ) ⊗ . . .⊗
�(k+1) ⊗ �(k−1) ⊗ . . . ⊗ �(1)) ⊗ �(k), and δ = vec(D(k)). Note, the choice of matricizing
over the kth dimension is arbitrary. Proof deferred to Supplement S.1.

From Lemma 1, the vectorized equivalent of (3.2) is

m(k) ≡ vec(M(k)) =
Pt∑
p=1

� pδ(p), (3.3)

where �(p) = (vec(V(p)
(k) ) � 1′)�̃(p)

and �̃
(p) = (�(N )(p) ⊗ . . . ⊗ �(1)(p)). The matrices

�(k)(p) ∈ R
Ik×J (p)

k for k = 1, . . . , N and p = 1, . . . , Pt with J (p)
k � Ik are pre-specified

fixed basis functions specific to each dimension k and do not need to be the same for every
p. ParameterizingM in this manner results in estimating δ(p) instead of B(p), reducing the
number of parameters from

∑P
p=1

∏N
k=1 Ik to

∑P
p=1

∏N
k=1 J

(p)
k , and providing the ability

to incorporate dependence into B(p). The resulting vectorized form of (3.1) is

vec(H(k)) ≡ h(k) ∼ N

⎛
⎝

Pt∑
p=1

� pδ(p) + vec(Y(k)),
(k) ⊗ �(k)

⎞
⎠ .

3.1.3. Fixed Effect: Matrix and Tensor Covariates

Combining the fixed effect based on matrix (3.1.1) and tensor (3.1.2) covariates,

vec(H(k)) ≡ h(k) ∼ N

⎛
⎝vec((Xβ)(k)) +

P∑
p=1

� pδ(p) + vec(Y(k)),
(k) ⊗ �(k)

⎞
⎠ , (3.4)

where X are the matrix covariates with corresponding length-pM vector of parameters β,
(Xβ)(k) denotes the orientation of the k-fold matricization of the matrix-based fixed effect,
and

∑P
p=1 � pδ(p) comprise of the tensor-based fixed effect. In practice, we use the mode-1

matricization (e.g., k = 1) and then vectorize over that transformation, but the method is
agnostic to the matricization mode.

3.2. MODEL ESTIMATION

Inference is conducted using a Bayesian framework by employing Markov chain Monte
Carlo (MCMC). To complete our model specification, we assign priors to the model param-
eters: the fixed effect matrix and tensor parameters β and δ(p), respectively; the structured
random effect parameters gr and a

(k)
r ; the unstructured variance σ ; and any parameters from

the data distribution.
For both β and δ(p), we assign diffuse normal priors β ∼ NpM (0, σ 2

β IpM ) and δ(p) ∼
NpT (0, σ 2

δ IpT ), where σ 2
β and σ 2

δ are set to 100 by default. For σ 2, we assign the non-
informative half-t prior on the standard deviation σ ∼ Hal f − t (1, A), with A large (e.g.,
A ∼ 1 × 105; see Huang and Wand 2013, fordetailsanddiscussion). The priors for β, δ(p),
and σ are conjugate and allow for Gibbs steps of these parameters (see Supplement S.6).
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For the random effect parameters, we use the structured projected normal (SPN) distri-
bution discussed in Section 2.2, which requires (3.1) to have the conditional form a(k)

r |A(k)
−r .

Taking the k-fold matricization of (3.1),

H(k) = M(k) + A(k)G
(
A(N ) � A(N−1) · · · � A(k+1) � A(k−1) · · · � A(1)

)′ + E(k)

= M(k) + A(k)GB(k) + E(k), (3.5)

whereG = diag(g1, ..., gR), the Khatri-Rao product of the structured orthonormal matrices

without the k matrix as B(k) ≡
(
A(N ) � A(N−1) · · · � A(k+1) � A(k−1) · · · � A(1)

)′
, and

the k-fold orientated unstructured random effect E(k) ∼ MNIk×Lk (0,�
(k),
(k)) where


(k) = �(N ) ⊗ · · · ⊗ �(k+1) ⊗ �(k−1) · · · ⊗ �(1) with �(k) = IIk the identity matrix. The
k-folded distribution (3.5) can be rearranged (see Supplement S.4 for details) to yield

p(H(k)|M(k), a(k)
r ,b(k)

r , gr ,A
(k)
−r ,B

(k)
−r ,G−r ,�

(k),
(k)) =
1

(2π)Ik Lk/2|�(k)|Lk/2|
(k)|Ik/2 × exp

{
−1

2
tr
[

(k)−1

D(k) ′
−r �(k)−1

D(k)
−r−

2gra(k)
r

′
�(k)−1

D(k)
−r


(k)−1
b(k)
r

′ + g2r a
(k)
r

′
�(k)−1

a(k)
r b(k)

r 
(k)−1
b(k)
r

′]}
,

(3.6)

where b(k)
r = a(N )

r �· · ·�a(k+1)
r �a(k−1)

r · · ·�a(1)
r ,B(k)

−r ≡
(
A(N )

−r �A(N−1)
−r · · ·�A(k+1)

−r �
A(k−1)

−r · · ·�A(1)
−r

)′
, and D(k)

−r = H(k) −M(k) −A(k)
−rG−rB

(k)
−r . Importantly, we now have the

conditional form a(k)
r |A(k)

−r . Using the substitution a(k)
r |A(k)

−r
d= N(k)

−r ã
(k)
r |A(k)

−r , the resulting
full conditional distribution for ã(k)

r is

[̃a(k)
r |·] ∼ N (S−1m, S−1)I

(
ã(k)
r ∈ V1,Ik−r+1

)
, (3.7)

m = grN(k)
r

′
�(k)−1

D(k)
−r


(k)−1
b(k)
r

′
,

S−1 = g2r

[(
b(k)
r 
(k)−1

b(k)
r

′)
N(k)
r

′
�(k)−1

N(k)
r +

(
N(k)
r

′
�(k)

r N(k)
r

)−1
]

.

To produce a sample of a(k)
r , first sample ã(k)

r from (3.7) then set a(k)
r = N(k)

−r ã
(k)
r . This prior

is convenient because a(k)
r can be sampled using a Gibbs update step.

The core tensor G = diag(g1, . . . , gR) from the CP-decomposition does not enable the
use of a conjugate prior. Instead, we estimate G using a Metropolis-Hastings (MH) step.
Other MCMC sampling methods could be used, but we found MH to be adequate. Using
the reformulated distribution (3.6), the posterior distribution of gr |G−r is

L(gr |H(k), θ) =
N∏

k=1

p(H(k)|gr , θ)p(gr ã(k)
r |A(k)

−r )
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where θ = {M(k), a
(k)
r ,b(k)

r ,A(k)
−r ,B

(k)
−r ,G−r ,�

(k),
(k)}. We use the log of the posterior
for the MH updates, given as

L(gr |H(k), θ) ≡ log L(gr |H(k), θ) =
N∑

k=1

log p(H(k)|gr , θ) + log p(gr ã(k)
r |A(k)

−r ) (3.8)

∝
N∑

k=1

gra(k)
r

′
�(k)−1

D(k)
−r


(k)−1
b(k)
r

′ − 1

2
g2r a

(k)
r

′
�(k)−1

a(k)
r b(k)

r 
(k)−1
b(k)
r

′

+ (Ik − R) log(gr ) − 1

2
g2r ã

(k) ′
r

(
N(k)
r

′
�(k)

r N(k)
r

)−1
ã(k)
r .

Our fullMCMC sampling scheme utilizes a combination of Gibbs,MH, andHamiltonian
Monte Carlo (HMC; Neal 2011) update steps, and is included in the Supplement S.6 along
with additional implementation details and full conditional distributions.

4. SYNTHETIC EXAMPLES

We conduct two simulation studies to illustrate general cases where the data are assumed
to be (1) Gaussian and (2) gamma distributed. For both simulations, we utilize the full
latent model with both matrix and tensor fixed effects and a structured random effect. Using
the Gaussian simulation, we make a brief comparison to a currently accepted methods for
modeling dependent high-dimensional data.

The latent process for both examples is simulated as follows. We simulate I1 = 50,
I2 = 50, and I3 = 100 points evenly spaced over the domain (0, 10)× (−10, 10)× (0, 30),
resulting in H containing 250000 elements. For the matrix fixed effects, we let Pm = 4

with β = (−1,−0.6, 0.5, 1) and the elements ofX
i.i.d∼ Gau(0, var(Y)). For the tensor fixed

effects, we take Pt = 2where the elements of the tensor covariatesV(p) i.i.d∼ Gau(0, var(Y)).
For the basis functions in the tensor fixed effect {�(k)(p)}k=1,...,N we use Wendland
basis functions with three knot points spaced equally across each respective domain, and

δ(p) i.i.d∼ Gau(0, 1), resulting in the tensor fixed effect having structured coefficients B(p).
The random effect Y is specified to be of rank R = 6 with g = (90, 80, 70, 60, 50, 40). For
the orthonormalmatricesA(k), we specify aMatérn correlationwith smoothness ν = 3.5 and
length-scale ρ1 = {4, 4, 3, 3, 2, 2}, ρ2 = {3, 4, 5, 6, 7, 8, 4}, and ρ3 = {10, 9, 8, 6, 7, 5} for
each dimension, respectively. The generating mechanism for the orthonormal matrices is
described in North et al. (2024). This ensures each basis function and each dimension have
a different spatial ranges. Last, σ 2, the process variance, is drawn from a half-Cauchy with
location parameter set to 1. For all simulations, we obtain 10000 posterior draws treating
the first 9000 as burnin.

4.1. GAUSSIAN RESPONSE

When the data are Gaussian distributed, the data model simplifies to

Z = M + Y + E (4.1)
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Figure 1. Basis function results for the gaussian simulation. Posterior mean (solid line), 95% credible interval
(shaded region), and true (dashed line) basis functions for each simulated dimension from 1 (top) to 3 (bottom).
The legend caption on the right indicates the 95% coverage rate .

Here, we restrict each covariance matrix to be diagonally structured;�(k) = diag(σ (k)
1 , . . . ,

σ
(k)
Ik

), although this can be relaxed if other model assumptions are made (see e.g., Hoff
2011). Even with the diagonal restriction, the covariance matrices are not identifiable (see
e.g. the discussion of non-identifiability for the covariance matrices from the matrix normal
distribution by Glanz and Carvalho 2018). Define
 = �(N )⊗�(N−1)⊗· · ·⊗�(1). For any
constants c1, ..., cN �= 0 such that c1c2 · · · cN = 1, cN�(N )⊗cN−1�

(N−1)⊗· · ·⊗c1�(1) =

. To ensure identifiability for the matrix normal distribution, Glanz and Carvalho (2018)
fix the scale of the covariance matrices and separately estimate the scale of the overall
variance. Extending this to an N -order system, we propose the following amendment to the
covariance specification, 
 = c × �(N ) ⊗ �(N−1) ⊗ · · · ⊗ �(1) where c is the scale of the
overall variance and require σ

2(k)
1 = 1 for k = 1, ..., N . Note, the choice of the top-left

entry is arbitrary. An alternate parameterization is discussed in Hoff (2011), but we do not
explore this choice. To simulate data from this model, the only adjustment is now σ

2(k)
ik

for
k = 1, . . . , N and ik = 2, . . . , Ik are drawn from a truncated half-Cauchy that is bounded
between 0.8 and 1.2 and with location parameter set to 1. We choose to bound the variance
parameters so the resulting 
 is on approximately the same scale as the fixed and random
effects and no term dominates the signal. Additional details on the GTD and how to simulate
from a GTD are included in the supplement.

The basis function true (dashed line), posterior mean (solid line), and 95% credible
intervals (CI) are shown in Figure 1 along with their point-wise 95% coverage rate. We
see the structure of each basis function is recovered and the first basis function for each
dimension has less uncertainty than the preceding basis function, which corresponds to the
strength of the signal (e.g., value of g). Additionally, Figure S.1 shows three slices chosen
at random, one for each dimension (top to bottom), of the posterior mean (left column), true



Bayesian Regression for Dependent Tensor- Valued Data…

Table 1. Basis-function averaged point-wise RMSE for each matrix A1,A2,A3 and the random effect surface Y
computed from our approach and both local, Vecchia-approximated GP (lvGP) scenarios

Dimension Our approach lvGP: Scenario (1) lvGP: Scenario (2)

A1 0.0105 0.0573 0.0591
A2 0.0112 0.0469 0.0480
A3 0.0089 0.0378 0.0490
Y 0.04260 0.1675 0.1676

(middle column), and posterior difference (right column) of the random effect. In addition
to capturing the individual basis functions for each dimension, we are able to recover the full
latent process. For the structured component of the fixed effect, Figure S.2 show six slices
chosen at random, one for each dimension (left to right) and for each covariate (top/bottom)
of the true (black line), posterior mean (blue line), and 95% CI (shaded region). Again,
we are able to capture the parameters and visually have reasonable coverage. Due to the
number of parameters in the model, we are unable to visualize all combinations. Instead,
Table S.1 summarizes the 95% coverage rates for all parameters, and we see reasonable
coverage rates.

For comparison, we apply a local, Vecchia-approximated Gaussian process (lvGP) to
estimate the structured random effect, wherein we separately fit Vecchia-approximated sta-
tionary GPs (Vecchia 1988; Katzfuss and Guinness 2021) to subsets of the data. Local GPs
are used to both reduce the computational burden of fitting GPs and to capture nonsta-
tionarity (stationary within each local region but non-stationary over the whole domain);
we furthermore use Vecchia approximations since even subsets of our data are too large for
training exact GPs. Full details of our analysis are deferred to the Supplement S.8. The lvGP
is used to recover the basis functions and random effect under two different scenarios: (1)
assuming a random effect only model (e.g., no M) and (2) a two stage approach where the
fixed effect is first estimated and then the local GP is fit on the residuals after removing the
estimated fixed effect. We obtain lvGP basis functions by computing the CP-decomposition
of the associated lvGP predictions. The estimated basis functions from scenario (1) and (2)
and their uncertainty are shown in Figures S.3 and S.4. In both cases we see that while
the GP approach captures the general trends, it fails to recover the mean (95% prediction
intervals do not overlap the truth) and the estimates are much noisier than the truth. We
also computed the basis-function averaged point-wise root mean square error (RMSE) for
each matrix and the random effect surface in Table 1. Our approach results in a 4-5 fold
decrease in the RMSE relative to lvGP, and is able to recover the basis function estimates
(overlapping 95% CIs in Figure 1).

4.2. GAMMA RESPONSE

The Fisher Information matrix for the shape-scale Gamma distribution has non-zero off-
diagonal elements, implying the shape θ and scale k are correlated. Reparameterizing the
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Figure 2. Basis function results for the gamma simulation. Posterior mean (solid line), 95% credible interval
(shaded region), and true (dashed line) basis functions for each simulated dimension from 1 (top) to 3 (bottom).
The legend caption on the right indicates the 95% coverage rate .

distribution where η = kθ and ξ = k, the resulting density is

f (x |η, ξ) = 1

�(ξ)
(

η
ξ

)ξ
xξ−1e−xξ/η, (4.2)

where E(x) = η and var(x) = η2/ξ and the off-diagonal elements of the Fisher Information
matrix are zero. We denote the reparameterized Gamma as X ∼ R-Gamma(η, ξ) and a
shape-scale Gamma random variable as X ∼ Gamma(k, θ). For all examples presented
here, we parameterize Gamma distributed random variables using (4.2).

To simulate data arising from the R-Gamma distribution, we simulate the latent pro-
cess hi1,i2,...,iN as described at the start of Section 4. We set ξ = 9, define θi1,i2,...,iN =
exp{hi1,i2,...,iN }/ξ , and simulate zi1,i2,...,iN ∼ Gamma(θi1,i2,...,iN , ξ). For parameter estima-
tion using the R-Gamma distribution, we employ the log-link function, e.g. E(zi1,i2,...,iN ) =
log(ηi1,i2,...,iN ) = hi1,i2,...,iN . For the scale ξ , we assign the Half-Cauchy(0,∞) prior with
scale 1 and use the HMC updating scheme.

While we used local GPs for comparison in Section 4.1, it is less straightforward to do so
for non-Gaussian data (requiring either a data transformation or sampling of a latent GP).
Given the relatively poor performance of GPs for modeling tensor-valued random effects for
Gaussian-distributed data and the dearth of off-the-shelf methods for non-Gaussian tensor-
valued data, we do not attempt a comparison for this example.

Results from applying our proposed method to the gamma simulation are shown in
Figure 2: basis function ground truth (dashed line), posterior mean (solid line), and 95%
credible intervals (CI) along with their point-wise 95% coverage rate. As with the Gaussian
simulation,we see the structure of each basis function is recovered and the first basis function
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for each dimension has less uncertainty than the last basis function. Additionally, Figure S.5
shows the same three random slices as the Gaussian simulation of the random effect, where
again we are able to recover the latent process in addition to the individual basis functions.
For the structured component of the fixed effect, Figure S.6 show the same six random
slices as for the Gaussian simulation, where we are able to capture the parameters and have
reasonable coverage. Table S.2 summarizes the 95%coverage rates for all parameters, where
we see reasonable coverage rates.

5. APPLICATIONS

Wenowapply the proposedmethod to two different tensor-valued atmospheric processes:
(1) atmospheric pressure and (2) specific humidity. In each case, the tensor is defined over
space× time× vertical level. The first application considers a random effect onlymodel and
is themodel-based analogue for CP decomposition. The second application ismore involved
and exemplifies our proposedmethod’s ability to identifymajormodes of variability for non-
Gaussian data with a more complex set of fixed effects. For both applications, we obtain
10000 posterior draws and treat the first 9000 as burnin. All computation was performed
in Julia (Bezanson et al. 2017) using a 2021 Apple MacBook Pro with an Apple M1 Pro
chip (8-core CPU), 16 GB RAM, running macOS Sonoma 14.5. Total compute time was
just under 17 and 11 hours for the atmospheric pressure and specific humidity examples,
respectively.

5.1. ATMOSPHERIC PRESSURE: GAUSSIAN DISTRIBUTED DATA

We analyze daily average atmospheric pressure taken from the European Centre for
Medium-Range Weather Forecasts (ECMWF) Reanalysis fifth generation (ERA5) dataset
(Hersbach et al. 2020) at 50 millibars (mb) intervals from 950mb to 50mb between February
1st to 28th 2021. This time period corresponds to an atmospheric blocking event, which
formed around February 6th and dissipated on the 21st. The blocking event resulted in
a major cold air outbreak across the United States, leaving many people without power,
resulting in over 100 fatalities, and breaking multiple cold temperature records (Davis et al.
2022).Weconsider only locations over land containedwithin the geographic region spanning
125◦W to 65◦W and 25◦N to 50◦N. Data are re-gridded to 1◦ and centered and scaled by
pressure level (Figure S.7), resulting in 577,752 data points and the data being approximately
Gaussian. We model the data using (4.1), but do not include any covariates (e.g., X or �),
resulting in a random effect only model with rank R = 10. The rank was chosen based
on the first 10 basis functions from the CP-decomposition explaining approximately 80%
of the variation in the data. For the basis function correlation structures, we assume a
Matérn correlation structure over space with a smoothness parameter of 3.5 and a Gaussian
correlation structure for both time and pressure level.

The first six estimated basis functions for space, time, and pressure-level are shown in
Figure 3 A, B, and C, respectively. Here, we elect to only show the first six basis functions
because the remaining basis functions show little to no spatial pattern, and their corre-
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Figure 3. Atmospheric pressure basis functions: (A) Posterior mean of the first five spatial basis functions, (B)
posterior mean (solid line) and 95% credible intervals (shaded region) for the first five temporal basis functions,
and (C) posterior mean (solid line) and 95% credible intervals (shaded region) for the first five pressure-level basis
functions .

sponding signal strength (g) is orders of magnitude smaller. Plots containing all of the basis
functions are shown in the Supplemental Material. In atmospheric science, there are spatial
patterns often associated with blocking events that resemble some of the basis functions
(Wang et al. 2015). In panel A, the second spatial basis function resembles a dipole pattern,
which loads positively (negatively) on the eastern (western) United States. The fourth spatial
basis function loads positively on the central northern portion of the United States and neg-
atively on both coasts in a U-shaped pattern. While not necessarily physically interpretable,
these patterns resemble the general blocking pattern associated with cold air outbreaks,
termed an Omega Block, where the central United States experiences high pressure relative
to the east and west coasts (Pinheiro et al. 2019). For the basis functions describing the
influence of pressure levels, we see that the general trends are smoothly varying to 200mb,
whereas between 200mb and 50mb the trends are more variable. There are two possible rea-
sons for this behavior. First, the transition from the troposphere to the stratosphere occurs
between 100-200mb, and these two layers of the atmosphere are weakly coupled and not
well mixed. Second, because air density exponentially decreases with height in the atmo-
sphere, the distance between layers increases as the pressure level decreases (e.g., 950mb
and 900mb are generally closer than 100mb and 50mb), which is not reflected in this figure.
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5.2. SPECIFIC HUMIDITY: GAMMA DISTRIBUTED DATA

Humidity, the concentration of water vapor present in the air, plays a important role
in weather (e.g., precipitation, dew, and fog formation; Ahrens 2014), human health (e.g.,
body temperature regulation; Davis et al. 2016), and terrestrial ecosystems (e.g., vapor
pressure deficit; Grossiord et al. 2020), among other processes. Recently, it has been shown
that climate models, such as the Coupled Model Intercomparison Project Phase 6 (CMIP6)
ensemble of model simulations (Eyring et al. 2016), fail to appropriately capture humidity
trends in arid regions, such as the US Southwest, compared to observations and reanalysis
products (Simpson et al. 2024). Here, we show how our proposed method could be used to
identify how modes of variability shape the spatial patterns of humidity, which could lead
to a better understanding of the environmental drivers that shape humidity trends and how
climate models may or may not be representing those drivers.

Humidity is more formally defined in atmospheric science as specific humidity, which is
the ratio of themass ofwater vapor to the totalmass of air.We takemonthly-averaged specific
humidity from ERA5 (Hersbach et al. 2020) between January 2015 through December 2024
at every 50 mb from 950mb to 500mb. We regrid the ERA5 output to 1◦, and focus only
on the locations over land contained within 125◦W to 95◦W and 25◦N to 50◦N (see Figure
S.11 in the Supplemental Material). Here, we limit the upper pressure level to 500mb
because there is very low specific humidity above that level, resulting in a total of 751,200
data points. To account for an influx of water vapor into the region of interest, we obtain
monthly-averaged evaporation (EV) at the surface level (1000 mb) from ERA5 over the
same temporal and spatial domain, which exhibits a strong annual cycle. We also wish to
account for a semi-annual cycle (SAC), parameterized by a Fourier expansion, and the effect
of elevation. Initial empirical analysis suggests the influence of EV, SAC, and elevation all
vary spatially. To account for this variation, we employ a spatial basis expansion of the
regression coefficients using Wendland basis functions. Additionally, the amount of water
vapor in the air is expected to decrease with altitude, based on the fact that air density
decreases exponentially with height in the atmosphere, so we allow each pressure level to
have a unique intercept. Initial empirical analysis indicates specific humidity can be well
approximated by a Gamma distribution, and we proceed under this assumption, modeling
the data using the R-Gamma distribution. For the random effect, we choose a rank R = 5
and specify aMatérn kernel with smoothness equal to 3.5 for the spatial basis functions, and
a Gaussian kernel for the temporal and pressure level basis functions.We chose R = 5 based
on the first 5 basis functions of the de-meaned log specific humidity explain approximately
90% of the variation in the data as determined from the CP-decomposition. For all three
kernels, the length-scales are estimated. All other specific model details are deferred to the
Supplemental Material.

Figure 4 shows estimates of the first three basis functions over (A) space, (B) time,
and (C) pressure level. Similar to the previous example, we only show the first three basis
functions because the remaining basis functions explain little variation in the humidity
random effect. Plots containing all of the basis functions are shown in the Supplemental
Material. The first basis function loads negatively over most of the region, the second basis
function distinguishes the southwest from the northeast areas of the region, and the third
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Figure 4. The Specific humidity basis functions: (A) Posterior mean of the first three spatial basis functions, (B)
posterior mean (solid line) and 95% credible intervals (shaded region) for the first three temporal basis functions,
and (C) posterior mean (solid line) and 95% credible intervals (shaded region) for the first three pressure-level
basis functions. For the first panel of (A), the contour lines depict elevation contours .

basis functiondistinguishes the south-southwest from thenortheast regions.While the spatial
basis functions are not necessarily physically interpretable, the first spatial basis function
corresponds well to the overlain elevation contours and the second visually corresponds to
the North American monsoon cycle (Duan et al. 2024). In addition to the temporal patterns,
the influence of the spatial basis functions changes with pressure level and is less variable
than the temporal basis functions, as indicated by the CI.

Figure S.12 shows the posteriormeans of the spatially-varying parameter estimates. Here,
we elect to show the amplitude and phase of the Fourier coefficients instead of the original
parameter values, as the amplitude and phase have a physical relationship. To compute the
amplitude and phase, let a(s) be the spatially varying parameter associatedwith semi-annual
cosine term inXF and b(s) the spatially varying parameter associated with the semi-annual
sine term in XF . The semi-annual amplitude is A(s) = √

a(s)2 + b(s)2 and the phase is
ϕ(s) = atan2(b(s), a(s)). We see there is spatial variation in all covariates. Interestingly,
we see elevation does not have a strong signal, which is likely due to the pressure level
specific intercept accounting for specific humidity’s relationship to pressure. Lastly, we see
evaporation is heavily influential for the interior of the United States, but not so much for
the west coast.

6. DISCUSSION

With the ever-increasing size and complexity of Earth system data, there is a pressing
need for statistical methods able to extract patterns from dependent, multi-dimensional,
non-stationary, and non-Gaussian data. In this paper, we present a flexible generalized
linear mixed effects model for tensor-valued data that provides one possible approach to
address this problem. Importantly, the model allows us to estimate the individual compo-
nents of the non-stationary and non-separable random effect, parameterized using the CP-
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decomposition. The orthonormal matrices that comprise the CP-decomposition often have
a dependent structure that is important to the user, and our methodology can identify these
structures for high-dimensional problems. Additionally, we discussed how to incorporate a
variety of fixed effects, such as scalar, vector, matrix, and tensor-indexed fixed effects, and
how dependence can be incorporated within the fixed effects. We illustrated the method’s
capabilities using two different distributional assumptions, the Gaussian and Gamma distri-
butions. Lastly, we applied our method to two real-world processes: inferring the anomalous
structure of atmospheric pressure during a major blocking event and identifying the spatial
patterns of some drivers of humidity over a decadal period. Additionally, while both of our
applications used gridded data, the method can be applicable to non-uniformly spaced data,
so long as no data is missing.While our focus is on tensor-valued data from the Earth system
sciences, the framework is generally applicable to other scientific domains.

All of the examples presented here are concerned with inference for a single high-
dimensional process (e.g., pressure or humidity). Often, interest is in performing joint
inference for multiple systems, for example, inference for pressure and humidity or between
different climate model outputs (Schliep and Hoeting 2013; Genton and Kleiber 2015).
Within the proposed framework, this could be achieved by mapping each observed process
to a common latent process. For example, and in keeping with the notation in Section 3 and
assuming each process is a matrix-valued for notational ease, let

Z1 ∼ f1(g1(H1|φ1, τ 1))

Z2 ∼ f2(g2(H2|φ2, τ 2))

...

ZN ∼ fN (gN (HN |φN , τ N )),

where fi (·) and gi (·), i = 1, . . . , N , denote the distribution and link function for each pro-
cess, respectively. Within the latent process, the kernel function parameterizing the column
correlation for the orthonormal matrix representing the process relationship should be the
identity kernel (e.g.,�(N ) ≡ I), unless some notion of distance between the processes can be
defined along with a valid kernel function. Note, this does not imply independence between
processes, but instead implies there is no structure within the columns of the orthonormal
matrix representing the process relationship. However, a limitation of our approach is the
requirement that each matrix within the CP-decomposition needs to have the same rank R.
This would be potentially limiting if only two systems were considered, because a rank two
matrix for a high-dimensional process would likely be an unrealistic assumption. In a similar
fashion to themulti-system extension,missing data can be accounted for by including amap-
ping function from a fully observed latent process H to the observed data Z (see Cressie
and Wikle 2011, formethodstoaccommodatemissingdatainthespatio-temporalsetting). We
do not explore these components here, but future work could investigate these additional
features and the modeling implications.

Our framework is general in that it is defined for N -dimensional tensors. However, prac-
tical application is still limited by computational resources. That is, because inference is
performed jointly for model components, all data is processed simultaneously. For exam-
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ple, because we are concerned with data Z ∈ R
I1×···×IN , if Ik = 10 for k = 1, . . . , 10,

this results in 10 billion data points (roughly 80 GB) which could be prohibitive to load
into memory for many personal computers. A very active area of research for computer
science is on how best to perform operations on massive data, and one direction of future
work could be directed at incorporating these methods of handling massive data into the
statistical work presented here. Related is the computational cost of our approach. While we
can reduce the computational cost of estimating dependent data fromO((I1×· · ·× IN )3) to
O(max{I 31 , · · · , I 3N }), our approach is still dependent on inverting matrices for each dimen-
sion. Depending on the size of the dimensions, this can prohibit the use of our approach.
Within the Gaussian Process literature, there is significant interest in methods reducing this
computational bottleneck, such as sparse kernels and approximate methods (see Liu et al.
2019, forarecentreview). Future work could focus on leveraging these advancements within
our proposed methodology.
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