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A STUDY ON' THE CHOICE OF PARAMETERS

~ FOR A HIGH ENERGY ELECTRON RING ACCELERATOR

C. Bovet and C. Pellegrini

' Lawrence Radiation Laboratory
University of California
Berkeley, California
June 26, 1970

ABSTRACT

The production of high energy,(multieGeV) proton beams by an

electron ring accelerator is éonsidered. ~Both'the final energy

and intensity of the proton beam depend‘on the choice of parameters
for the electron ring. Possible sets of parameters, consistent
with all the known requirements of'ringvstability5 and which

optimiZe.the energy and (or) the intensity of the proton beam,

are presented.
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A STUDY ON THE CHOICE OF PARAMETERS

FOR A HIGH ENERGY ELECTRON RING ACCELERATOR.

S+ : o
C. Bovet and C. Pellegrini

Lawrence Radiation Laboratory
University of California
Berkeley, California

June 26, 1970

1. Introduction

The design of an electron ring accelerator (ERA),Vintendéd"to accelerate
protons in the multi—GeV,region, is quite different from that of a synchro-
tron.l In the last case the'only importanﬁ Parameters that must be chosen
in order to have a certain final energy and intensity are the machine radius
aperture and injection energy. By contrast, in the ERA éase, the final proton
energy not only.dépends on the total accelerating voltage But also depends:
critically on the ratio of ion to electron numbers in the ring and on the
geometry of the ring itself. | ' '

Another'importaht difference is that the'physics of a proton synchro-
tron is well documehted, both theoretiCalLy:and experimentally, but this
is not yet the case for an ERA. In fact;"aithoﬁgh we know that electron
rings can be formed and compressed and the Dubna group has shown that ions
can be accelerated,2 many important aspects of an ERA still await clarifi-
cation. For instance,:the stability of an electfon—ion ring under the
effect of an accélerating force is still not completely understood. The
same is true for'the amount of coherent energy loss from the ring in cross-
- ing the acceierating cavities. Experimental information on these points
is certainly much needed before a (real) detailed design of’a multi-GeV ERA
can be done.

However, we think that it is still'interesting,-on the basis of what
we already know and by using reasonable assumptions on what we do not know
completely, to try to design An ERA and to understand how the various para-

meters determine the final machine performance.

* : .
This work was initiated as a basis for a section of "Conceptual Studies

for New Technology Proton Accelerators (50-100 GeV)" published by the staff,
Accelerator Study Group, IRL, Berkeley, Calif., April 7, 1970, to which we
are referring for a discussion of the technological feasibility.

ﬁ'Permanent address: CERN, Geneva, Switzerland.

F Permanent address: ILaboratori Nazionali di Frascati, Frascati,‘Italy.
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The scheme of the ERA considered is the following (fig. 1). The
transition from the initial state, labeled 1, just after injection, v
to the final state, 5, which is the proton beam at maximum energy, is

assumed to occur in four different stages.

From state 1 to state 2, the ring is compressed in a varying mag-
netic field From state 2 to state 3 the ring 1s further compressed by
synchrotron radiation to the final compressed state.

Subsequently, the ring is loaded with protons,and accelerated by
means of an electric field, in a column of length L , to reach a state
called 4. The final state, 5, 1s obtalned through magnetlc expansion

in a solenoid of length L

All the formulas used to put restraints on the ring parameters in'i

order to obtain a stable ring-are collected in section 2.

Since,. for a giveﬁ length of the electric and magnetic accelerating
column, the final ion energy and intensity depend essentially on the
ring parameters in the compressed state, we have first optimized the ring
parameters in state 3 (section 3).
~ Afterwards, we have studied what type of compressor is needed to form
the ring (section 4). In section 5 we discuss the numerical results

obta ined.

2. Conditions for Ring Stability -

- To evaluate what kind of performance can be expected from an ERA _
we requlre that a number of conditions be satlsfled by the ring parameters,
whlch are the number of electrons N , the ring radlus R, the ring radial
and axial radii a and b, and the ion loadlng f Wthh is the ratio
of ion to electron numbers. The conditions are essentlally stability
conditions for the rlng durlng the whole process of ring formatlon and
acceleration. v ' v

The first condition we use is that the square of the axial betatron
frequency vi (measured in units of revolution frequency);must.always be
positive. This is normally satisfied during ring compression, but could
be violated near the end of compression and in the acceleration column,

where the field index, n, is equal to zero. TFor n = O the condition
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vz > 0 can be written a53
2 A € (1-f) €.
.2=5.JiR_._(f- ) (lf)-—-+p[ - 5 - : e]>o, (2-1)
2 (e gp 2 L 1)® (s-1) v
where - |
=.Ne re : | (2.2)
K .21[R7_L S - _ )
P =2 fn [16R/(a+D)], | (2.3)

Ge, %n are the electrostatic and magnetostatic image field coefficients,

Sg and S, are the ratio of the radius of the cylinder for electrical

or magnetic images to the ring major radius, re‘ is the classical electron
" radius, and XL the ratio of total energy to rest mass energy for the

electrons in the reference frame where the ring is at rest. Ineq. (2.1)
the term proportional to sz/b(a+b) describes the ion focusing effectu
and the term proportional to l/zi déécribes the electron space-charge

forces. This last term is co}rected for.fhe effect of curvature of the
electron beam by the term proportional to P.

The condition that V§ > 0 can be written as in (2.1) only under the
assumption that during the acceleration process the ions stay in the
ring. In fact, to write ed. (2.1) we assume that both electrons and ions
are uniformly distributed inside the same elliptical ring cross section.
"It -is clear that this can be true dnly when the external‘accelerating
force is zero. In the presence of an external atcelerating force the

electron and ion distributions will be modlfled and a polarization will

appear. We will assume that; to a first approximation and for the cases
when ions are not lost from the rlng, eq. (2. l)holds when the ring is
accelerated. A consistent solution to the problem of the polarized
ring is not at hand, but some simplified modelsh’5 glve estimates

of the maximum acceleration the fing.can undergo without losing the

_ions. Under such circumstances the effective holding power eé% is
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smaller than the max1mum holdlng power, eé: ,max.’ calculated for totally

overlapping unlform dlstrlbutlon of ions and electrons, by a factor 1/q

v 2 N r m.c2 i} , '
H 7 H,max M - - (2.4)

n'(a+b) R

The requirement that the radial betatron frequency, 2r’ be

positive is usually always satisfied and introduces no real limitations.

_ But near the end of the compression cycle oi'when the ring is moved into
the accelerating column, Vr can cross the value 1. As has been dis—
cussed by Pellegrini and Sessler, the crossing of the integral resonance
can give rise to an increase in the minor ring dimensions. In order to
meintain this increase within tolerable limits; one requires that the
ratio of frequency spread in the ringg 20, to the frequency shift due to

the ions, be much less than one. This can be written as

2

A uuRf qu
2 << a(a+b)'+
I
of
or S
2 2NTrREf , YN
Agz <« e e .(l+%&i§%‘)ﬁp> : (2.5)
@ n a(atb)y, R -

where  ( = o, and Wy is the revolution frequency. . Usually this con-
dltlon is well satlsfled when we are below the threshold for the re- -

sistive wall instability (see Egn. (2 6)).

For tbe1re31stlve wall instability we can estimate the threshold, N, assuming
that the Landau damping is thevstabilizing_mechanism. In this case the
threshold is determined roughly by the condition that the frequency

spread AQ, is of the same order as the coherent frequency shift due to space-
charge forces | '
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a0, 2Ny reR{ 12+€b(a+b)+_1_b(a+b)P} j(z 6)
2 1y b(a+b) L 2,2 8 2 | '
w 7, b )uvv 7, h R
For the negative mass case, when neglecting the effect of éoherent
. . radiation‘negative'mass instability’is'negleéted 7; the threshold is
given by ' .
4 2 .
N =XR L 1 (Op |
Np = 2r_ g l-n (p) ? ' (2.7)
& . ,
where ) is the electron total momentum spread-and
1 2hy . ,h\2 ... '
g=——5(1+2n =)t (Eﬁ if h<< R _ (2.8)
71 _
or _
g:—%(1+zzn§§ . ifR<<h, (2.9)
7y

where h is the distance from the ring to the walls, which are now as
sumed to be planes 6rthogonal tb the axis of the ring. Ne must also
be below the limit Nc for incoherent space-charge effect. This
limit can be written as

- T v.Ay 77 : -1 4
. _ -z’ 1 € _ ;s
¢ : o N, =—% R { 2} ? (2.10)
: e h

. : 5+
b(a+b)y;

or _
: — o ' -1
Ee Kﬁsvr7ﬁ;- 1 c »
Nc = — - 5 +——-2— 3 (2-11)
e a(a+b)y; h : .

where € is an image field coefficient, usually € = 0.2, h is the

distance from the ring to the conducting wall, and Z:;z r'is the allowed
. g ot .
' frequency shift. In (2.10), (2.11) we assumed no ion present in the
ring. ' ' '

- (See Page 54)
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Other limitations on the ring parameters can be due to the
instabilities associated with the ion-electron interéctions.
These interéctions seem to be dangeroué when thebion oscillates
in the potential well created by the electrons, with a’freQuency
near to the electron cyclotron frequency. 1In this'paper we will
not'cohsider these pdssible limitatidns, although in the range of
ring parameters that will result from the nuﬁerical-computation
the ion oscillation frequency is of the same order of magnitude‘
of the electron cyclotron frequency, thus leading to a potentially .

dangerous situation.-
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3. Ogtimum Ring

0pt1mum means g1v1ng rise to a max1mum number of ions 'Ni accelerated

to a top energy E5, together wlth the following restrlctlons

(i i) vzemust be greater_than 0,~produeed by ion focus1ng without image‘
focusing during the electric acceleration, but with image focusing
in the magnetlc expans1on, .

(i1) the holding power e5 must be larger than the rate of energy
gain %% of the ions for them to keep w1th1n the rlng durlng
electric and magnetic acceleration, :

(iii) +the number of electrons Ne must be below the thresholds for
space charge, negative mass,and resistive wall 1nstabllities;

'the last_being by far the most severe restriction in the com-

pressed state.

»we now llst a series of assumptlons and formulae that will form a

closed set of relatlons for the fairly large nunmer of parameters involved.
The optimum is not a strong function of the ring minor radii ratio
a/b, therefore we can assume that the injection procedure will lead to

equal betatron amplitudes in the radial and axial planes,

ag=b. S ()
Let us introduce a parameter k for the ratio”dfthe'amplitudes assoc-
iated with the energy'spread to the betatron oscillation amplitudes,
. X = as/aB , . (3.2)
It has been shown that the rms value of the transverse beam .distribution is
of primary significance for the max1mum fleld9 (giving rise to the holding

‘~power) -Since betatron and energy spread amplltudes are uncorrelated,
we shall further make use of a radlal ‘beam size glven by

(3-3)

Axial focusing

In the electric acceleration there will be no image focusing ' because of
the large apetture of the cavities necessary to reduce the ring radlatlve

energy loss. ‘In order to keep a reasonable focusing we ask for
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2 o
v 2. 2R (£~ 12), so that from (2.1) one obtains
b(a+b) 7L ‘
1 b(asd) . B
£ - Rée= (ég );P4 o (3.4)
7,3 A LR '

On the other hand, during magnetic'expansion a conical vacuum chamber

may be deS1gned so that the 1mage wall effect is 1mportant (of the

ordexr of uP) - We therefore assume that the magnetlc expan51on may be per-
formed until the Coulomb defocus1ng just equals the ion focusing, i. e.,

71'5=1/_f%‘" T - (3.5)

Instability thresholds

The resistive wallithreshold preves te be the more restrictive con-
straint in the compresSed’stage Since n = 0, the frequency spread is -
“esentially due to Ap/p”' We express Ap/p in terms of the synchrotron
amplltude so that from (2 6) we obtain ' -

Z“XL agb(a+d) 7 e 1 b(ath)
= | + + P
r 2 2 2 2

e R o7y h™y

In thls formula we neglect the image term,whlch 1s very small in the
electric column,and we use eq. (3 h) to” substltute for the thlrd
term in the bracket,so that -
o asb(a+b) 0 1 }fl | : . .6
;= ;;.f——gﬁ———ZL :{‘f+ ;—5 ) o (3.6)
It is clear that we should not allow the number of electrons Ne to
be > N On the other hand values of N < V mlght give .rise to dif-
ferent familles of rlngs presenting some 1nterestwng propertles We
shall describe these families with the parameter p > 1 such that |

. o 5]

Ny =N fu. - . : (3.7)
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Ring acceleration

The holding power we have already discussed in section 2 (eq. 2.4):

2N r me?
el = — 8 &

2 , - (3:8)
* n(a+b) R
In the electric acceleration we assume ﬁe'= 4; in the magnetic
expansion we use nm = 2 because image focusing there adds to the-

- holding power. * ' o '

The energy gained by the ions in the electric acceleration is

i M 1-F ' ‘
dz my T+g © 6x(l-a-Ne).’ , : | (3'9),

where’ g-#*f«ig—
my

, and the bracket accounts for the cavity radiation.
L ) :

The problem of the cavity radiation is not yet completely solved,’
especially the dependence of the energy loss on 7y . We have used numerical’

values of O computed by'KeiI;;J' a proved to be very sensitive to the cavity bore

radiué,>which must then be made large enough compared with the ring major radius.

‘From egs.. (3.8) and (3.9) one obtains the requirement for holding
power: ' ; I ' 3
2N r me? le _ _
e e 1- : . o .
TT_(a)R T my) Trg © GllaN) - (3.10)

In the gxial magnetic field B, R, and 7, are approximately related by
the cyclotron equation '
€ - ' | )
M- o, fer m (3D
so that a}l our variables a, aB, ags b, N Ne’ R,vyl, and f are now
related by the set of eas. (3.1) through (3«4), (3.6), (3.7), (3.10), and

(3-11); only one of them is a free parameter (we chose the loading fraction vf)-

The ion energy E} at the end of electric acceleration is Jjust given
by integrating eq. (3.9) over the length Ly

o= 2 M _];:_f S
Ej, = Mc  + 77 Trg © & (1-a Ne)Le. (3.12)"

Then during the magnetic expansion, the canonical angular momentum consef—v
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vation in the moving frame and the consérvaﬁion of the total energy lead

to the relation (see Appendix A)

4

s 14g
I = .1
Y 7is/Ture (3:13)
which gives the final ioﬁ.energy
Eg = I'E . | (3-14)

An interesting point to makelzis that this final energy depends only  upon
the effective accelerating voltage Veff= éx( 1l-o Ne)Le and the final

transverse energy of the electrons 7i5’ when f << 1 and Mc2 << Eh

are neglected. U31ng the final transverse energy given by eq. (3 5),
one has
M/m

E & — eV N (3.15)
> 1/ 4 £ u/m = oL |

which reaches a maximum for £ = (m/2M)2/3 ~ 0.00%.

The length 'Lm needed for magnetic-expansibn is (see Appendix A)

2n %(l+é)7 ' ' ' |
Ly _}l_+__1}_“_>+zzn(iﬁ‘il‘2—}, (3.16)
no g o k2 (g2 )(g+l) g+ k2

where nm  is the derating of the holding power (nm; 2 is ﬁsed in the
nmmerical calculation), A = = Rh(ah+ b4)M/(u_N§m ré), and

CRGED G em

since §L5 = ?Lh'

For 0< z < L, eq. (3.16) also gives an 1mp11c1t functlon
B, <B(z) < Be which must be satisfied by the solen01d fleld
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For the numerical results that follow; we considered two different
limitatiéns on the expansion: i) the expahsion'ié limited by the axial
focusing (eq. 3.5) and L, is given by eq. (3.16) (in some cases with
large 7)) this will result in unreasonably large values of L ),(11) on
top of the focusing condition we put L <1, where L has been chosen

for a given accelerator. In both cases We assume that the optlmum functlon

B(z) may be achieved in the expansion solenoid. Note that the image focus-

ing produced by the conicél vacuum chamber in the expansion'COlumn will

not be optimum for different ring radii Rh'

4. Compression process

, We want now to determine the parameters of the ring at injectidn as
a function of the compressed (final) ring parameters (state 3) such that
the number of electrons always Stays below the thresholds Nw"Nm’ and
N,. | ‘
The transformation that leads from the initial to the final state
is assumed to consist of a magnetic compiession from an initial value
Bl to an intermediate #alue B2 of the magnetic field, followed by a
synchrotron radiation . compress1on.13 The synchrotron radiation occurs
in a constant- gradient magnetlc field, characterlzed by a field index n3
We also allow for the possibility that during the magnetic compres31on
the magnetic flux linked with the ring and the value of the magnetic
field on the ring orbit can be changed in an independent way.
The transformation leading from the initial state, labeled by the
subscript 1, to the intermediate state, 2, and to the final compressed

state, 3, can be characterized by three parameters,

orp=B/B . L (k)
¢ _f : |
Zr BlRl :
sz_ ) 3n,-1 ZLS /(1 - 3n3) _ A
0= = = 1--§1éc TS T t s L (B.3)
3 3. R .

where ¢i is the magnetic flux linked with the ring in the state i,
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and 0 describes the effect of Synchrotren radiaticﬁ. The case

= ; 0 =
P12 L =

corresponds to a static compressorlu , in whieh the electron energy is

constant, and the case
"12/g °=1

corresponds to the case. of a betatron, in whlch the ring major radius is
constant. The relatlon between the initial and final parameters of the

electron ring are derived in Appendix B, and are summarized here:

S |
Pyo\E . | o
B ’%%> CRyso R R
L l-n . - N - |
EERACTE DICCEEES - (4.5)
, gz | |
%1 = P17 ¢ T e S 1)
. (l-né 1 2- 31'13 » )
A T T (5012)2 O T8z (4-8)
bp. - 1-3n,  Ap,. ' | | o
Eff =o 3y 'Efi ’ _ ‘ (4.9)
171 . - f1/3

where aB,_as are the betatron and synchrotron amplitudes and AQL/QL

is the momentum spread.

Using egs. (4.4), +--, (4.9),ohe'can evaluate the ring parameters
during the whole transformation 1eading from state 3 to state 1, and also
evaluate, using egs. (4.10),-- , (4.16), the threshol&s'N~; N ,end N_.

It is thus possible to study the stablllty of the ring during the com-
pression process.

It is lnterestlng to show that for any set of compressed ring param-
eters, there exists a range. of parameters p12’ g, such that the

stability conditions are all satisfied. To simplify the calculations
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we assume fhat for N ~and N o’ the most restricting conditions are.those
referring to the a.x1al dlrectlon (thls is justified by the fact that b < a),
i.e., egs. (3 6) and (2.10). We also assume that for N, | we can use

eq. (2.7) with g deflned by (2.8). We will also neglect, wherever possible,

the terms deriving from curvature or image effects. These thresholds can

.‘then be written as

2, 2, -
w 2r_ [ z :
o e _ - R
3
TRy, 2
. A .
N == = () , (k.11)
2r (1-n)(142 &n =) . ' ,
e 7 qa
T v AV - '
_ z 'z 3 _ blath) S _ 1
R L e
" ag _. o
Assuming also v,Av, > ——— , we canneglect (%.12),which is less »
' 2w . :
o

restrictive than (4.10).

The thresholds Nw and NII‘ can now be written as a function of the
ring parameters in state 3 and of P127 tE, O
2 2 .
N _“mz/wo 3l 3 et 1y 3.
Cw T Ter, 7133 Ry/ - P12 7

!

2 e B :
' 1l-n b, ) 2 ,
1+ |14 k2< — 3) o S o (%.a3)
A RSO | S
B2
m',e(1+zz 2h 343

2 : .
1- 6-9n : :
. n3) -1 73 C(hak)
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The number of electrons in the ring can be obtained from (3.6), and
(3.7), s0 thgt the condition for stability is equivalent to satisfying the

two inequalities

- . 1
AQZZ 02 2n3 o l—n3‘2 h-7n3 2|
7 E 1+ l+k‘<l~n> t o >
w P12 SNy =
o -
b 23
8 3K1+(1+k7) 7, (4.15)
B R; -2
3 l+7.1.3 £ :
n < »n3)k°' “>2 31+(1+k)2 (4.16)
1+ 2mER \1ny P1z T K Eg l+7l§f g |
Assuming B
an? :
- z‘zo.l’
% o
o g 2h
1+ 2.31’1;‘(—5—.~_'3,-I

h3z0,

,n ~l
12
k =2

14 75%¢ ~ 5,

we obtain approximately from (’-1-16) and (%.15) respectively

%22%3_2 , (b.17)
2 .. | y oy b ‘ v .
g , b3 104 3 , |
tya > 1% 3., :
pigt -'»_1 + (L +16¢ 07)2 " R3' SR (4.18)
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These condltlons are satlsfled durlng the synchrotron radlatlon com-

pre581on (from state 2 to state 3), i.e. for e =1 =1, 0> 1.

) plZ
During the transformation from state 1 to state 3 we must satisfy the in-
equalities which follow from (4 17) and (4.18),

g

P o 3 : |
0yp S Oou/ _§.3,, - (4.19).
3 v
ucz ' Tl ’ po : ;
t S p 5 (%.20)
52?{3“ B P12 'ﬁ'3' |
3 o 3
where ¢ is a functlon of Pee = —EL-Wlth B, < B <B, .
12 Bl 1= 3

In order to make more exp11c1t these condltlons on 5, let us intro-

duce for P1p a scaled varlable

. = 1obT N
x=————fp (4.21)
2
. uo R3 12
The preceding inequalities now read
x < oh;

and fig, 2  represents the available domain for &(x).

TUEST L T O TTRTS S T

Tuning of the compressor to meet various machine performances

For an existing machine somé'of the parameters are fixed: the in-
jection radius Rl ‘into the compressor, maybe. also the injection energy
and therefore By, and also the compressed radius ;R3 = R, if the magnetic
acceleration requires image focusing.

Furthermore, the ratio Eé is not a function of By nor of u, as one
, 3 .

can check on fig. 3 and k. When the machine is driven to the optimum
performance the loading fraction is rather close to f = 1% (see flg 7).

We shall then assume in the following analytlcal approach that
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b

§§ is fixed."B3, H» and 0 will remain the free parameters, large By and small

3

K giving rise to the maximum energy ES’ whereas small B, and high {  pro-

3
duce the largest intensity., pquation (4 6) is applied to substitute 0,5 into
eq. (L. .19), which becomes
. b
6. %55
O > ===, (1#211-)
-~ Bl R3
and using also eq. (4.4) one gets for eq. (4.20)
b. R. B 2 b 6 B
J'ﬁé"’;‘ ,\<_.H_2___3_‘+y__0_‘,;’ (k.25)
R3\]_Bl 5 R3 13_ B3

When a clioice of values is made for p and 0, which eatisfiee both
(u 2h) and (k4. 25), ¢ . is determined by eq.(4.4) and (4.6) so that

e-<3> B 0  (.26)

Here again t as a function of P1p must satisfy the inequality (4.20)
during the compression. The betatron amplitude at injection is given
by eq. (4.7), so that |

. ' 1 .
L= 7 . o
by = (p13)? by . | | (.27)
The requirements (4.24) and (4.25) are most difficult to meet when By =
B3 max For lower values of B3 there is more flexibility, £ increases

which is favorable but bl decreases. B3 is boundedvtowards small values

by the space-charge limit.

5. Numerical Results

a. Optimum ring
The set of equatlons expressed in sect. 3 can be solved for dlfferent
values of the. parameter T, by use of ‘numerical 1terat10n. Some parameters

have beeq glven fixed values:



k =2

N, = 4,

T = 2,

&, =5 W/,
a=1/6",

Different values of k have been tried; k = 2 was definitely better

than k = 1, but larger values did notrimprove the performances significantly

and resulted in too small betatron amplltude The n values have been discussed

in Section 3. The external acceleratlng fleld é: has been suggested by

the preseant ERA development at Berkeley. There is some chance that this
value can be incréased by future development,l5 resulting in improved machine
performénées. For the-radiatibn of the ring paséing througﬁ the cavities we
took the best aumerical estimate preseﬁtly availaﬁle}lcorrespoqding to éayity
base radius of 19 cm and ring radius R = 1 to 3vcm;

Some othér_pérameters afé variable in.fhe;following radge:

,_0-2%'< f <k
= 1l or . 2.5,
B = 15,_20 30 kG.

The curves on fig. 3 and 4 show N 5 B3, and b3/R3 _.as fﬁnctions_of,ﬁhe load-.
ing fraction f, for p = 1 and #H = 2.5 respectively.

With all the constraints used in the optimization, a solution exists only

over a certain range of values for f. Too low f-values clearly do not pro-
vide enough ion focusing; at the other extreme too large values of f do

not allow one to meet all the requirements. Ni will be discussed when dis-

played as a functlon of the top energy _E5 in fig, 7.
For any value of u, B, and f the major radlus R3 of the optimum ring
lies between 1 and 3 cm. It is nevertheless a rather strong function

-of T since a factor &4 up in f requires a factor 2 down in R
The axial minor radius b

- 3.
3 of the ring is only a few rer cent of the
major radius R :

3°
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We shall now show an eQample of accelerating column which we worked
out for.a "conceptual study" at Berkeley. The total length at our dis-
poeal was Lt = 470 m, but some of the results that are presented below
for this ekample can be scaled with the length of the accelerator. We,
optimized the performances versus cost, considering that 1l m of electric
acceleratienicolumn was three.times as expensive &8s 1 m of magnetic expan-
sion column,lé and arrived at L, = 320 m. | |

In figs. 5 .and 6 the total acceleration length Lt’ the maximum energy

ES’ and the‘ratio'of total to electric acceleration'P“are plotted for
the same range of the variable parameter. Solid lines represent perform-
ances that can be achieved with L < 150 m, dashed lines correspond to
longer machines. W1thout any constralnt on L » the maximum of E5 would
be reached in the reglon of f O 004 as foreseen in the 31mp11f1ed
anaLys1s of section 3. A

The performances of the accelerator are shown on fig. 7 in an intensity-
energy diagram. Solid lines represent the ‘range of optimum performance
for a'given i and different B values.. The dashed curves represent rings
with dlfferent loading fractions T (f 1% 1s marked by a black dot)
b. Case of flxed initial and final rlng radius

In the foregoing discussion of the optimum ring all the 1n1t1al and
final ring parameters were determlned only by the ring stability conditions.
In particular, the geometrical characteristics, such as the ring radius at
injection and in the electric and magnetic accelerating columns, change
with the final energy and intensity. For a given compressor and a given

electric column and expan81on solen01d, it is convenlent to keep R, and. .

1
Rh fixed, stlll satlsfylng the stability conditions. The performance of
such a machine is illustrated in figs. 8 and 9, for the case R = 50 cm,

1
RZ = 2 anm.

_ In'fig.‘B'we give the finalxenergy, E5, an number of ions, N,, as
a function of the magnetic field, B3’ in the electric accelerating column,
for p - 1 and 2.5. The time needed for radiation compression is given

for some of the poihts on the curves. Injection energy, El’ current,

I, and betatron amplitude, bl’ are given in fig. 9; The injection'eurrentv
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is evaluated with a. S1ngle-turn 1n3ect10n process assumed this value might be
con51derably reduced by the use of spiral injection. 1 We have also
assumed that the compression parameter £ is fixed and equal to O.1.

To evaluate the ring parameters at injection, we used (2. 6), (2.7),

(2. 8),and (2. lO),assumlng the betatron frequency spread and shift to be

given by 2
A —

AQ :
~ 0.1, v_Av_ =~ 0.1.

w
o]

The value of h has been adjusted for each case in the interval
2.5 em < h <8 cm so as. to optimize the thresholds;

It is interesting to notice that to obtaln high energles, we need
high magnetic fields and smail betatron amplltude at 1n3ect10n However,
1n this case the injection energy increases and the injection current

decreases, so that the needed brlghtness of injected beam tends to remain
- constant over the con81dered range of B

3°
¢, Pulse to pulse fluctuations

The compressed electron rlng will not be perfectly reproducible from
pulse to pulse with the consequence. that the performances of the machine
will fluctuate around mean values. Pulse-to-pulse fluctuations of the in-
tensity is well known for synchrotrons and is of no harm as long as it
amounts to only e few per cent. For the ERA this means that the loading
fraction f must be stable within such'a limit. ‘But, the most striking
fact with'the ERA is that the maximum energy ES is not only a function of
the external fields but also of the ring properties. How strong is this

dependence has been eSUabllshed by numerical dlfferentlatlon for the

machine treated on fig. 9, with b= 2.5. -The order of magnitude of

these coeff1c1ents is as follows:

ol

| | ,
Parameters (par) Ry E, N, o 3 t T
' 1
par  JBs B T A S S R |
Es  A(par) 10 2 2 -5 3 3

This shows that energy fluctuations of the order of ILO-2 will be ob-

served,which is in the range of the intrinsic encrgy spread. 18

, . v
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APPENDIX

A. Magnetic Expansion

Before magnetic expansion, the ring is in state % with a transverse

momentum me and an axial velocity .5H4 c. .

B ,7
A4
In the frame moving with the ring, the conservation of the canonical

angular momentum may therefore be expressed as

2
{y, 8,)
B S | B

=2 L, (A-1)
(7, B ™

where nponsubscripted variables are functions of 2z 'during the expansion.
Through a Lorentz transformation the total energy of an electron in the

lab system is seen to be
| »7'%A&" 7, . o (a-2)
Thus, the energy conservatibn for the'wholeAriné reads
~%|(Z;Ne m-+NibD = 7“u(7¢#Né n1+h&'M); (A-3)

which leads'to

> : T ) :
Hh» (n/7l4)+ g
where g = N, M/(N, my ).
Using (A-1) and (A-k),we get
7 ' o ,
‘;_ﬂ = 1+ g o  (a-5)
i B (/) v

According to eq. (3.8) the dccelerating force that might be applied to éhe

ions is given by _
L 2
dEiv__ZNenxc T,

dz T nt(a+57."v

(A-6)
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In the expansion solenoid one may assume that the_magnetic field is uni-
form in r 'al‘chough it varies very slowly with z. The transformation

laws for R, a, and b are then given by eq. _(1&.4),' (4+.7), and (4.8) with

E=0=1, 1 = ng = O, gnd Pp = K, so that
YN m .
dz ~‘ _ R( + b )M 2 I ?.'l] A ?
T MRyl ayt 0y m

where A = x Rlb(a‘lf*' bh) M/ (& N, m re).

Equating the acceleration of the ions to their accelerating force

gives
72|l _ 12 _d?l= 2_“'14 ) | (A-8)
. Me m

The derivative of (A-5) is

Cdyy, 1 7.'ul'&(l""g) B_L;'/ B | ax
_d-.—z— = - 3. s dz ° ) (A"9)

P S— 5 ,

2 . k2
(k- :BJ_)_I/BJ_"'E)
which expression, combined with (A-8),gives
2

| B/ B 32 1 o
dx L /(k2 +5B_L/B.Ll}),"' . (A-lo)

= e <

nm7\ (1+8) 7y

: _ , | 1
[ This expression is' similar to eq. (1%) of Lewis ‘9which was derived in

the case in which ¥ y = 1.]

. Equation (A-10) may now be integrated to give a relationship between

z and K,

. . o |
z = “ (l;g) UL n(1k) - +<———-—-——~—r'_l ) +
' gh : | 2 \(b+1)(hik?)

2 m(%) | , (a-11)
h + k2 /- :

where h = gB_l/B_U;'
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EQpation (A-11) gives an explicit solution for the length I, Cf_
the expansion column when K is fixed, and may be used, in turn, for fix-

ing the values of B(z) in the solenoid.
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B. Magnetic Compression

For an electron in an axially symmetric magnetie field the generalized

azimuthal momentum,

Pe = My Tv,- cv-r A_éa, | (B-1)

is conserved. We further have a relationship between the radlus of the

tra.gectory, the fleld,and the momentum, namely

pc=eBr. - - (B-2)

Using (B-1), (B- 2),a,nd the relation between the vector potential and the
flux,

¢ = ¢(B) =f§Eds=fAds = Z:rrAe, . | (B-3)
S | | »

we obtain -

o Brzi - % = const , : ' (B-4)

2 B, by i
2 T Rl B, <_l_ 2:rR2B ) o .(BWS).

ory, defining ¢ and °12 as

4y ¢_

E =1+
Z:tRzB
(3-6)
P12 = Bz/ By»
| - (BT
(m - _

For relativistic pa.rticles s the momentum transformation
law follows immediately from (B-2), i.e., '

1 , .

-




-]

- 23 - o ERAN-T3

To obtain the transformation law for betatron amplitudes we use the
adiabatic invariant p/R va 2 = consta.nt from which it follows, for the

B

radial and vertical betatron amplltudes R

l

v v 1-n - ‘ L
%2 = %1 P1p° (1-nl> ’ - (B-9)
b, 512 ( 1) B N (B-10)

In seétion L, ea. (4, 7) » We have neglected the small changes in
betatron amplitude due to the change in n between states 1l and 2, so that
we can use only one formula for the transformation law of radial and verti-
cal betatron amplitudes. To obtain the transformation law for the synchro-
tron a.mplltude we use the 1nvar1ant (B LY. For a particle having an

energy p_L + op, and radius R + AR, we have, from (B- 2),

cAp_L (1-n) eB AR, , (B-11)
and from (B-4)
2RBAR + RZAB - %‘% = constant. ' (B-12)

But, for a field B which near the orbit changes like B « R-n, we have

-1

AB = -n BR AR , (B-13)
%%-:RBAR . o _ | (B-14)

From (B-11),+--, (B-14), it follows that

]

: RAp_L - constant,
or |

Ry 4&py =Ry Apyp « . (B-15)
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Inserting in (B 15) the transformatlon laws for R and Py (B-7),
and (B-8), we finally obtaln

ApJ.l. S

—_— — ’ | - B"l6) . ) -
P : P2 ( _

The total transformation from state 1 to 3 is obtained by considering
~the synchrotron radiation effect between states 2 and 3. ‘The formulas
describing the change in the ring parameters under the effect of radi-

ation are derived in reference (13), to which we refer the reader for
details. '
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Figure Captions

Schematic layout of an electron ring accelerator.

During compression the variation of the flux linkage ¢t must

stay below a certain limit in order to avoid ring ianstabilities.

Optimum compressed_ring,parameters. The number of protons Nj,

major radius Rg,and minor radius by are plotted as functions

" of the loadlng fractlon f, for dlfferent values of the magnetic

'flEld B. Thevnumber of electroans in the ring is Just at the

threshold for instabilities (u = 1).

Optimum compressed ring parameters, ~Theonum,ber of protons Ny,

major radius R3,and minor radius b, are plotted as functions of

3 .
the loading fraction f, for different values of the magnetic field
B. The number of electrons in the ring is below the threshold
for instabilities by a factor p = 2.5.

5,_tota.]_ machine length Lg

.and ratio of total to electrlc acceleratlon F are

plotted as functlons of the loadlng fractlon f, for different values
of the magnetic fleld B. The number of electrons in the ring is
just at the threshold for instabilities (p = 1).

52 total machine length Lt’,

) and ratio of total to electric acceleratlon F are

plotted as functions of the loading fraction f, for different values

‘of the magneulc field B. The number of electrons in the ring is

below the threshold for instabilities by a factor p=2.5.

Optimum performance of an ERA with 320 m of electric: acceleration

~and 150 m of magnetic acceleration. The number of protoas in the

ring N is plotted versus their final energy E5’ for different
values of the megnetic field B. The number of electrons in the
ring is below the threshold for instabilities by a factor p = 1 and
Z.5. Black circles correspond to f = 1% and arrows show the

direction of increasing loading.
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‘ Performance'of'an ERA with fixedvring radius at injection,

Ry = 0.5 m, and in compressed state, R =2 cm. Number of

_ 3
protons N; and their final energy E5 are plotted versus the

magnetic field level B, for different electron-threshold-to-
intensity ratio p = 1 to 2.5. Some of the compression is ob-

tained by radiation.

Igjeqted beam quality. Energy El’ intensity I; and betatron
amplitude bl of the injected beam are plotted versus B, magnetic
field in the accelerating column for an ERA with fixed ring
radii R; = 0.5 m and Ry = 2 cm. Two differgnt vglues are con-
sidered for the electron-threshold-to-inteasity ratio (p = 1

and 2.5). ' :

._‘)
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