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Proceedings of the 

SYMPOSIUM ON RECENT ADVANCES 
IN GEOTECHNICAL CENTRIFUGE MODELING 

A symposium on Recent Advances in Geotechnical Centrifuge Modeling was 

held on July 18-20, 1984 at the University of California at Davis. The symposium 

was sponsored by the National Science Foundation•s Geotechnical Engineering 

Program and the Center for Geotechnical Modeling at the University of California 

at Davis. 

The symposium offered an opportunity for a meeting of the International 

Committee on Centrifuges of the International Society for Soil Mechanics and 

Foundation Engineering. The U.S. participants also met to discuss the 

advancement of the centrifuge modeling technique in the U.S. A request is 

being transmitted to the American Society of Civil Engineers to establish a 

subcommittee on centrifuges within the Geotechnical Engineering Division. 
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FACTORS IN THE DESIGN OF 

A ROCK MECHANICS CENTRIFUGE FOR STRONG ROCK 

By 

George B. Clark* 

Background 

Most existing geotechnical centrifuge facilities have been designed 
for soil mechanics research. The large dead load capacity centrifuge at 
Ames Labs, when completed, will provide for the testing of large soil 
models and may have a maximum level of g operation of 300 g's. The 
machine under construction at Colorado University will have a rated 
capacity of about 2 tons at 200 g's. The construction of these facili
ties show that centrifugal research has established a fundamental place 
in the geotechnical community in progressive national teaching and 
research program in soil mechanics. 

Very small scale rock mechanics centrifugal testing was begun in 
1930 at Columbia University, but machines for larger model weight 
capacity are needed for effective research with rock models (Figure 1). 
High costs, availability of high strength materials for rotor construc
tion, lack of design experience, difficulties in modeling complex 
geologic structures, design and use of sensors, and related problems 
have impeded the progress of the development of rock mechanics 
centrifuges and this science has not advanced as rapidly as has soi l 
mechanics. The successful development of soil mechanics centrifugal 
research, however, indicates that rock mechanics centrifugal research 
can be developed in a parallel manner . 

Rock mechanics investigations to date have dealt largely with model 
artificial and natural rock simulating sections of stratified mine roofs, 
photoelastic studies with three photoelastic techniques; and with lined 
and unlined circular tunnels, studies of irregular underground openings, 
faulted structures, massive strata, and rock slopes. The principles 
applied to simulated cratering studies for sand can be extended to rock, 
taking into account its blasting resistance including the modeling of the 
explosive pulses induced in earth materials. 

Advanced designs will be required for large high-g centrifuges for 
rock mechanics because larger models will be needed for more accurate 
simulation of geologic structures. These also must be loaded at higher 
body forces than provided by soil mechanics machines because of the high 
strengths and moduli of most natural rock materials of engineering 
interest. Both the dead load and g-forces also determine the stresses, 
loads, couples, and forces on the critical parts of the rotor, bearings, 
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and supporting structures of the centrifuge. The turbulence of air in 
the standard centrifuge enclosure absorbs a critical amount of horse
power and generates excessive heat in the air. 

The loads, stresses, rpm, and consequent kinetic and potential 
energies inherent in a large rock mechanics centrifuge will exceed 
those of machines now in operation. These factors present new design 
problems, and existing concepts must, thus, be extended to meet the 
new requirements . Their solution should be proceeded by feasibility 
studies planned to evaluate the projected factors involved. This will 
necessitate among other factors an investigation of the properties of 
the construction metals required, their adaptability to machine and 
design stress loads, their availability, and cost. 

With greater loads the wear and temperature effects on bearings 
must be considered. The turbulence and heating of air in the enclo
sure by the rotor has been a continuing problem with most large 
centrifuges. This may be solved by operation in a partial vacuum or 
in a light gas atmosphere such as helium. 

An underground chamber with about 100 to 150 ft of rock cover 
appears to be the only feasible means of obtaining the desired environ
ment for a large high rpm rotor. This will also provide the necessary 
containment for flying objects in the event of an accident. Surface 
laboratory building structures to house such a centrifuge do not 
appear to be either structurally feasible or affordable cost-wise. Also, 
underground space is usually less costly than conventional surface 
building space. Other factors in a rock mechanics centrifuge construc
tion program which must be addressed are the design of sensors and 
instrumentation, planning of adequate modeling facilities, site 
selection, and related problems. Methods of rock modeling, the uses of 
photoelasticity, novel methods of transmission of sensor reading, all 
require innovative study and planning. 

Another critical aspect of the program is the proper planning of 
effective analysis of experimental results, such as the formulation of 
constitutive equations for geologic materials, synthesis of behavior 
patterns for rock masses, and the integration of usable concepts to 
this type of integrated analysis is essential to the overall success 
of the rock mechanics centrifugal testing program. 

Some of the general types of research subjects which may be planned 
for the centrifuge, most of which cannot be inve stigated effectively by 
other methods of loading, are: 

1. The advancement of the state-of-the-art of the modeling of 
medium strength rock simulant materials. 

2. Use of photoelastic materials for model construction, loading, 
and analysis of geologic structure, their stress and failure under 



continuous loading by body forces, either by stress freezing or by 
means of transmitted stroboscopic or polarized light through models in 
flight. 

3. Use of stress-coat for study of continuously changing complex 
stress patterns in rock models by means of reflected stroboscopic 
light. 

4. Extended study of stratified roofs of strong rocks. Only 
weak rocks (shales) and rock simulants have been studied to date . 

5. Investigation of pre-failure stress and post-failure behavior 
of competent, faulted, and jointed rock masses . 

6. Stress associated with underground openings, and their 
initial and continued failure due to static body force generated 
loads. 

7. Effect of body force loading on intensively broken rock, rock 
mass behavior in caving systems of mining, support during excavatiqn , 
i .e . , the mechanics of arching. 

8 . Problems of excavation and support in intensely fractured 
rock, and its relation to arching. 

9. Investigation of the phenomenon of arching in relatively 
competent geologic materials . 

10. Effect of elements such as water, heat, etc . 

11. Dynamic effects such as cratering in rock, dynamic stress 
waves impinging on underground openings, gravity induced energy 
release, etc., comparison with cratering in sand. 

12. Experimentation with other geologic structures where body 
forces (gravity) cause engineering problems . 

Deficiencies of Numerical Modeling 

While it is fundamental to geotechnical studies, mathematical 
modeling offers a means of solution for only relatively simple rock 
structures. Their capacity for solution of complex geologic struc
tural design problems, especially coupled problems, is limited. 
Brady and St . John (1982) describe more than twenty-six inter related 
factors which may cause critical limitations in the application of 
the computational methods of geotechnical problems : 

(1) Numerical instability; (2) machine dependence of source code; 
(3) lack of quality input data; (4) results of unspecified quality; 



(5) limitations of a given modeling activity not understood, except by 
originator; (6) problems of design not yet solved in use of technique 
include (a) scale effects, (b) difficulty of testin9 undisturbed 
specimens, (c) definition of ambient conditions, (d) mechanical prop
erties of design, (e) in situ state of stress; (7) solutions limited 
to parameter studies of a particular model; (8) discontinuities not 
taken into account; (9) inelastic response not accounted for, or is 
acutely difficult to deal with; (10) pilot scale in situ studies 
limited to observation and reformation; (11) in the use of generalized 
codes--complexity does not lead to more significant analysis; (12) 
logical methodology--includes a scheme containing a large number of 
critically pertinent factors; (13) must ensure execution of all 
elements of logic, no assurance of this in existing programs. 

Further, mathematical models : (14) must use reasonably small 
number of elements, otherwise computer costs are excessive; (15) 
required geometries for codes are symmetric; this is almost never 
found in nature and is a serious source of error; (16) non-linear 
behavior presents acute problems (creep, non-elasticity, etc.) as well 
as non-symmetry, isotropy, etc.; (17) field tests make no contribution 
to code verification, but present an extra level of complexity, (this 
will require special procedures for evaluation, such as physical 
modeling); (18) qualification of codes is limited to prediction of 
upper and lower bounds, and may be li mited to simply showing that 
results are consistent with historical experience; (19) most analysis 
is limited to two dimensional geometry; (20) for elastic and non
linear problems, plane and antiplane problems are coupled, which may 
create computational difficulties; (21) zones of complex behavior are 
small and localized requirin9 extra costly computational versatility , 
resolution questionable; (22) the large scale or small models of 
nuclear waste repositories may readily lead to absurd computational 
models; (23) use of hybrid schemes is recommended for salt reposi
tories; (24) most existing BE and FE codes can model slip only of 
elastic order; (25) FE slip requires large concentration of elements 
near a plane of weakness; (26) site characterization now requires 
determination of response of mass specified load and application of 
an analytical method, usually with the assumption of isotropic, 
elastic behavior. 

On the other hand, in the centrifugal modeling of bedded geologic 
structures, Sutherland, Schuler, and Benzley (1983) state, 11 

••• we have 
demonstrated that a relatively simple centrifuge model can provide a 
wealth of experimental data which demonstrates the complexities of 
geotechnical behavior .. .. " Physical modeling in a centrifuge will not 
immediately provide a means to solve all complex problems in geotech
nical rock mechanics modeling, it is apparent that most of the 
above mathematical limitations do not exist in physical modeling, and 
the two methods should complement each other. This type of mutua ll y 
supportive planning will be required for meaningful progress . 



Relevant factors are: (1) most mathematical models require 
isotropy or symmetry, while physical models can be of various irregular 
shapes and anisotropic constitution; (2) physical models are not limited 
within a practical range by the number of elemental blocks, their shape, 
or properties; (3) physical properties may be modeled according to 
in situ conditions, and parameters of natural materials measured; (4) 
boundary conditions may be designed and adjusted in the physical model 
to simulate many practical field conditions; (5) discontinuities can be 
designed into a physical model according to the ingenuity of the model 
fabricator; and (6) loading can be varied over a reasonable range with 
good simulation, less so in mathematical model, while loading adjust
ments in situ are usual ly not possible. 

Modeling of Models 

Strong natural rock with a high modulus of elasticity can be used 
currently for body force model testing only for very small models in 
centrifuges developing gravity fields well over 1000 g's. For other 
types of rock model testing, it is necessary to use simulant materials 
which have low strength and low moduli, particularly where the scale 
factor is large . Where large models are used to demonstrate body 
force effects on deformation and failure processes in the earth's 
gravity field, very low strength materials are required, the model 
usually being formed of uniform blocks to demonstrate the effect of 
joints and the degree of cementing between the blocks. Higher strength 
materials have been used where external loads are applied, which are 
at the same level of loading as that to which a model is subjected in a 
centrifuge such as that at Ames, i .e . , where gravity loads to 300 g's 
may be possible. 

For investigations of the behavior of full scale engineering roc k 
masses, it has been found expedient to use physical as well as mathe
matical models to study critical factors in the response of rock 
structures to loading, the models being loaded (1) by applied loads, 
(2) by earth's gravity, or (3) by multiple gravity fields in geo
technical centrifuges. Much effective material modeling with very 
weak materials has been done in modeling large scale tectonic masses, 
and fairly large models of dams and open pit mines have been built 
and tested in the earth's gravity field. Much information is available 
for this type of modeling from European laboratories (Fumagalli, 1968 ). 

However, a major current need is for the fabrication of models 
made of rock-like materials to simulate rock for testing of models 
in a centrifuge which has a maximum g-load capacity of 300 g's , and 
dead loads up to several tons. For example, if 600 g's is needed to 
test a given strong rock then that will be modeled with a simulated 
material with a Young ' s modulus and strength of, say, one-fourth of 
that of the prototype rock the latter can be tested at 150 g 's to 
determine critical test parameters. These types of tests are needed 



for parametric studies to correlate test results with mathematical 
model analysis. 

While exact similitude requires compliance with the Buckingham 
pi theorem, which may include a large number of possible variables, the 
problem of material property scaling for rock mechanics investigations 
may be simplified, first by the assumption of elastic behavior. Where 
the failure of the material in the prototype is of concern, then the 
strengths should scale with Young's modulus . Poisson's ratio and 
strain are dimensionless, and, hence, automatically scale, but 
Poisson's ratio must be kept nearly the same in the model and the 
prototype only if it has an effect on critical model behavior (Clark, 
1981). 

Thus, if A is the geometric scaling factor and ~ the stress ratio, 
then (Fumagalli, 1968) 

and 
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gi ving two basic relations for static problems 

l,; = AP 

the stress-strain relations must follow 
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and for Moh r' s diagram 
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Many tests have been conducted with scaled property materials in 
the earth's gravity field in which case 

LT- 2 -2 
G = .9..,- = = AT = 1 

g L'T'- 2 
( 12) 

However, in a multiple g field the relationship between Young's 
modulus or the stress, and the density and gravity are 

~ =.!:_=E__~_g_ 
a ' L' E' p ' g' 

( 13) 

If the prototype material is used in the model and the gravity 
ratio is increased inversely with the length ratio , then the stresses 
are ideally the same at cor responding points in the model and proto
type. However, if a centrifuge is not available with a large enough 
capacity to provide the necessary loading for a strong rock, then the 
moduli and strength must be reduced and if the density is changed, 
adjustments made for this change in the 

Lg_'._ 
pg 

ratio. Or, rewriting gives 

( 14) 

( 15) 

That is, for a constant geometric scaling factor, i .e., for a model of 



a desired size and shape, and simulation of a strong rock of, say, one
half the strength of Young ' s modulus, with reduced stress of one- half 
in the model, the material properties must be modeled accordingly for 
similitude. If fracture or yield strength are not critica l within the 
testing range then only E need be modeled. 

Although it is desirable to consider other properties of modeled 
materials, the first interest is in modeling rock of a higher modulus 
of elasticity with materials of modulus of about one-half to one-fourth 
that of such prototypes so that they may be used to ma ke models to be 
tested in a large centrifuge at the g-levels currently available, i .e. , 
from 100 to 300 g's . This will provide for a large number of para
metric studies to fill the present gap for data for input i n mathema
tical modeling programs. 

Past research in the modeling of rock properties has been di rected 
at (1) the fabrication of models which can be subjected to the forces 
on a model scale such as dams in the earth's gravity field where the 
moduli and strengths must be very low, and (2) the fabrication of models 
of higher moduli and strength for simulation of a given rock not wea k 
enough to fail under gravity loads, but of the ratio of about 1/ 20 to 
l/30th of the moduli and strength of the given rock (Rosenblad, 1968). 
The latter "rocks" are designed to be subjected to applied loads in 
testing machines, the models being much smaller than those designed for 
gravity loading in the earth ' s field . 

Very low strength materials are usually composed of celluloid, and 
a variety of resins such as the epoxies, phenolic and acrylic resins. 
The higher strength models have been made of materials such as sand , 
plaster, Portland cement, kaolinite, and gypsum cements, and those have 
been subjected to applied loads in attempts to demonstrate the effects 
of loading on models made up of blocks of the material (Table 1). 

In the prospective use of modeled materials for centrifugal test
ing rock-like materials of Class III - Moderate ly Strong wi ll be needed . 
Those in Class II appear to have been fabricated and tested (Rosenblad, 
1968, Saucier, 1967), while representative rock simulants of reasonabl y 
high strength and moduli were developed very recently by Lindberg (1982) 
to model granite . 

The procedures described by Rosenblad (1968) we re used by Haas and 
Clark (1970) in the fabrication of models for circular tunnel s for tests 
of applied loading in plane stress and plane strain, as well as a test 
in a centrifuge. Although such modeling on a one-time basis offered 
some difficulties, obtaining the necessary compositions and establishing 
procedures was not difficult, produced the desired results , and wa s not 
difficult to repeat. 

Rosenblad (1968) desired a rock- like material for a block model i n 
simulation of a jointed schist whose physical properties were known. 



Table l 

Model Material Properties 

Class Stress and Moduli Tyee of Load Materials 

I. Weak 1/1000 ratio Earth's gravity Sand and chemicals 
resins, etc. 

I I. Moderately weak Applied loads Sand, cement, plaster 
1/100 to 1/20 sma 11 mode 1 s 

II I. Moderately strong Applied loads or Sand, cement, plaster, 
1/20 to 1/2 low-g centrifuge strong cementi ng 

materials 

Although such modeling on a one-time basis offered some difficulties, 
obtaining the necessary compositions and establishing procedures was 
not difficult, produced the desired results, and was not difficult to 
repeat. 

Rosenblad (1968) desired a rock-like material for a block model 
in simulation of a jointed schist whose physical properties were known . 
This included that the material should be economical, easily obtainable, 
and reproducible . It was to have an upper compressive strength of 1000 
psi, a ratio of compressive to tensile strength of 20:1, and a corre
sponding Young's modulus. Jointed structure was provided by the block 
construction. Cementing agents tested in an extensive research program 
included Portland cement, plaster, pottery clay, and gypsum cements. 
For filler materials, sand was the best, although hydrated lime, 
kaolinite, and crushed glass were tested. Procedural factors included 
storage methods, types of specimens, mold release agents, batching and 
mixing, vibrating (a critical factor), curing, shrinkage, and procedures 
for specimen preparation. Plotting of results included stress-strain 
curves, Mohr envelopes, and tabulation and analysis of results. After 
considerable experimentation a material was designed which compared 
within reasonable limits of unconfined compressive strength, direct 
tensile strength, Young's modulus, cohesion, unit weight, and Poisson 's 
ratio. 

Although most small scale physical property tests of rock are 
conducted with cores of intact homogeneous specimens of rock, assumed 
to be elastic in character, the properties of rock masses are governed 
more by geologic structure than by the intact strength of the rock 
itself. Here standard engineering practice involves distorted modeling, 
which is used consistently in engineering application . Large scale 
engineering rock mechanics, therefore, is concerned with the mechanical 
behavior of a discontinuum. The mass strength is the residual strength, 



in relation to anisotropy, determined by the bonding of the interlocking 
irregular blocks, and its deformability, elasticity, and Poisson's ratio 
result from internal displacement of the constituent blocks within the 
mass . 

Concern is with not only the intact strength of the rock, but also 
the effects of microfractures, and of close to widely spaced joint 
systems. That is, rock mechanics deals with the behavior of small 
blocks and how these affect the rock mass behavior under applied loads 
and body forces. The density, spacing, and orientation of fractures 
and joints are of primary concern in the characterization of the rock 
mass . Thus, modeling the geologic structure of rock is of vital 
importance along with the details of material fabrication in all physi
cal modeling. 

The strength and other physical properties of cemented aggregate 
materials depend upon a number of factors which include the following: 

1. Strength and moduli of fillers. 
2. Strength and moduli of cements. 
3. Orientation of filler grains. 
4. Cohesion of materials. 
5. Adhesion of materials. 
6. Percent of filler cement. 
7. Grain size distribution . 
8. Additives. 
9. Shape of grains, round, angular, etc. 

10 . Density of components. 
11. Percent of voids. 
12. Density of cemented aggregate. 
13. Properties of cemented aggregate. 
14. Sonic properties. 

While much innovation will be required to obtain results beyond 
the present state-of-the-art, the problems of rock material property 
modeling and the modeling of geologic structure can be solved in the 
future as similar problems have in the past. 

Rotor and Model Holder Design 

Hoek (1965) presented the des i gn equations for a small rotor for 
a high-g centrifuge with a constant cross-section where the radius is 
small and the bending moment is neglected. The arms may be constructed 
of bars, rods, or tubes, preferably of a light, strong metal. The 
total force due to the rotor mass is : 

(16) 



where 

or 

and 

where 

and 

r = the radius of the rotor, in . 

Fs = the total centrifugal force in the rotor, lb . 
n = revolutions per minute 

b =the cross sectional area of the rotor, in. 2 

2 =the weight of the metal, l b./in. 2 

F = bwn 2r2 
= 1/2 bwAr = bos s 2 x 35323 

(j s = l /2wAr 

4TI 2rn 2 
A = , number of g's at radius r g 

g = acceleration of gravity 

( 17) 

( 18) 

(19) 

If the effective weight of the model and model holder are Wm and Wh, 

respectively, t hen the centrifugal force generated by them at rt is 

(20) 

where, a 1 so 

( 21) 

where 

gm = gravitational acceleration at r 1 in the model 

If this load is evenly distributed over the cross-sectional area b, then 
the stress due to F is 

µ 

(22) 

and the total stress is 
wh + w 

= (A 1/2 wr + m) 
b 

(23) 



For a yield stress of the. metal oe' a stress concentration factor 
of 3, and a safety factor of 2, then 

(24) 

For example, if a model weighs 100 lb (45.36 kg), the model holder 
60 lb (27.22 kg), and with an acceleration of 1,000 g's, then 

b = 96 x 10
4 

o - 3,000wr e 
(25) 

and for a light metal with oe = 76,000 psi and 2 = 0.102, b = 15.5 in 2 

for rt = 46 in. 

These design procedures may be modified for a rotor for a large 
centrifuge, which must be designed to take into account the bending 
stresses. Also an arm may be designed with a tapering cross section 
which increases in cross-sectional area toward the shaft to oppose 
the centrifugal force due to the increasing mass of that portion of the 
a rm outward. 

It may be advantageous to taper the rotor because the centrifugal 
force is a function of the radius. Tapering gives the least total weight, 
which may be desirable for large rotors. 

The equation for the total force sustained by the arm may be written 
(Davi s , 1971 ) : 

where 

For a 

But 

rf t bwn 2r F = F + dr s rt 32532 
0 

F = total force at r = 0 
s 

(26) 

Frt =effective weight of model and holder at rt 
b = b(r), a function of r 

constant working 
2 wTrw 

Fs =-g-+ 

b(r) = 
F s 
ow 

stress ow: 

x 2 f w w(rt - x)b(r)dx 
0 

( 27) 
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and hence 

Thus, 

or 

b(r) 

db Ww
2 

dx = - (rt - x)b 
ow 

2 
db = Ww (r - x)dx 
b ow t 

which is integrated to yield 

and 

but 

and 

Ww
2 x2 

1 nb = - ( rtx - -x ) + C 
ow 0 

At x = 0, with a payload wt and acceleration A at rt 

Aw 
= ln _I = C 

ow 0 

w 2 x2 
b = C e ~ ( r x - -) 

1 ow t x 

r = rt - x; x = r - r 
t 

AwT ww2 2 2 
b = - exp [- ( r - r ) ] 
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(29) 

(30) 

( 31 ) 

(32) 

(33) 

(34) 

(35) 

(36) 

Thus the weight of the rotor arms may be decreased by a factor of 
about 10 percent if the arm is tapered, and the cost of fabri cation of a 
tapered arm should be considered. 

Stress Fields in Large Centrifuged Models 

The model rock beams tested in centrifuges at Columbia University, 
U.S . Bureau of Mines, Upsalla University, and the Unive rsity of Missouri 



at Rolla, _were placed in centrifuges with the long dimensions of the 
beams parallel to the axis of rotation of the centrifuge. Hence, the 
curvature of the path of rotation had a negligible effect on the force 
field in the beam . However, in the testing at Sandia by Sutherland 
and in South Africa by Hoek, the axes of the models were perpendicular 
to the axes of rotation of the centrifuges. Further, the rotor itself 
in the very high-g centrifuge (20,000) at Queen's University is a 
rotating disk . The centrifugal field is, of course, the same in each 
case, and the force at a radial distance r is defined by pw2r. The 
stresses in bodies of various shapes is of interest, particularly in 
the case of large rock models where the g forces will be greater than 
those usually used for testing soil models. 

Timoshenko and Goodier (1951) have analyzed the stresses due to 
centrifugal force in thin and thick rotating disks, which analyses serve 
as bases for evaluating the stresses in rotating bodies with othe r shape s 
and boundary conditions . Where the thickness of a disk is constant and 
is small compared to the radius the equation of equilibrium and the body 
force is equal to 

dO CT - 0 
____!:.+ r 8 +R=O 
ar r 

2 R = pw r 

which gives 

2 2 
- 0 + PW r = 0 

8 

For a stress function F 

r _ F = dF + pw2r2 0 r - ' 0 0 dr 

The strain components are 

u 
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8 r 

or 
de: 
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8 r dr 

and 
2 
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dr2 dr 
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and 
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r 8 
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2r 2 

0 r 1 2 8 
r 

1 1 + 3v 2 2 
0

6 
= C - c1 ~ · - 8 pw r 

r 

(44) 

(45) 

(46) 

where the constant s C and c1 are determined from the boundary conditions . 

For a solid disk c1 = O{g) and r = b with no applied forces 

c - 3 + v 2b2 - -8- pw (47) 

(48) 

(49) 

These stresses are greatest at the center of the disk, where 

O' = O' - 3 + v p 2b2 r e --8- w 
(50) 

For a disk with a circular hole of radius a at the center and no 
forces acting on the boundaries, 

The 

- 3 + v 2 ( b2 + a2 
a2b2 

0 r - -8- pw - -2- -
r 

3+ v 2 2 2 a2b2 
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ma ximum radial stress is at r = lab, 

3 + v 
8 

2 2 
PW ( b - a) 

the ma ximum tangential stress is at r = a 

r2) ( 51 ) 

1 + 3v r2) 
3 + v 
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where 
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and is larger than (cr ) r max. 

For a stress distribution symmetrical with respect to the axis of 
rotation, but a disk of greater thickness, the differential equations 
of equilibrium are 

dO dT 0 - 0 
_r + _g + r e + pw2r = 0 ar az r 

dT dO T 
_!!+-Z+~=O 

ar az r 

and the compatibility equations become 

This gives 

2 X = pw y, 2 Y = pw y, z = 0 

2 2 1 a2e - 2riw2 
'il crr - 2 (cr r - cre ) + T+-: -z = ~ 

r ar 

'il2cre + .L + _ l_ l ae = 2pw2 
2 (cr r - cre ) 1 + v r ar 1 - v 

r 

2 2 'il2cr + _ l_ a 0 = 2vpw 
z l+ v 2 -~ 

az 

(55) 

(56) 

( 57) 

( 58) 

(59) 

(60) 

And finally the stresses for a disk of uniform thickness are 
found to be 

= 2[3 + v ( 2 2) + v(l + v) (c2 _ 3z2)] (61) 0 r pw - 8- a - r 6(1 - v ) 

3 + v 2 oe = pw [ 8 a + 3v r2 + v(l + v) (c2 _ 3z2)] (62) 
8 6(1 - v ) 

Compared with the solution for this disk there are additional terms 
(c2 - 3z2). The stresses are small for a thin disk and their resultant 
is zero. If the rim of the disk is free from external forces, the solu
tions (62) give the state of stress in the disk some distance from the 
edge . 



Radial Columns 

For a thin slab shaped model in a holder, the tangential stresses 
usually play a minor part, and the radial stresses are counteracted by 
the holder . The same procedure may be used to determine the radial 
stresses in the model, the rotor, and the model holder, as was done by 
both Hoek (1965) and by Davis (1971) . 

The following assumptions are made for the mathematical evaluation 
of radial stresses in the model (and rotor) : 

1. The rock is homogeneous in density, uniform in composition, 
etc . 

2. It is of intact structure, i.e . , has no faults , joints, etc., 
which will affect the radial stress distribution . 

3. It is of uniform th1ckness but is thin relative to the length 
of the radius of the rotor. 

4. Lateral effects in the direction of rotation very near the 
axis of rotation are ignored, those at greater radii are 
negligible. 

5. If the plane of the model is normal to the axi s the tangenti al 
stresses may affect the overall stress di stribution . 

6. The thickness of the model will determine cond i tions of plane 
stress or strain. 

7. For the purposes of the follow i ng analysis the curvature of 
the centrifugal field may be neglected. 

8. As a result the tangential stress which are normal to the 
radial stresses may be neglected. 

The radial stresses in a model, or in the rotor, may be determined 
for either a model of height r2 - r1 or of the model extending to the 

axis of the centrifuge, although the latte r never occurs in practi ce 
(Figure 2 ). The centrifugal force act i ng on an el ement of unit width 
and thi ckne ss , and depth dr, results in a stress dor, or 

Clo 
( do + _r d r) do = p w 2 rd r 

r ar r 
(63) 

which reduces to 

d - 2 d or - p w r r (64) 



and upon integration 

2 l 2 2 2 
cr r = p w f rd r = P 2 ( r r 1 ) 

rl 
(65) 

and at the bottom of the model: 

2 
_ pw ( 2 cr - - r -

r 2 2 
(66) 

The effective average gravity in the model is pw2(r2 + r1)/ 2 acting at 

the geometric center of (r2 - r1). Hoek (1965) showed that the relation
ship between the stress in rock in situ due to the earth's gravity and 
that in a model in a 53 inch diameter centrifuge, and that the difference 
between the two is quite small. 

If a model is rotated with a large dimension normal to the axis then 
the later~l (tangential) stress must be taken into account, and also if 
the model is parallel to the axis but is thick relative to its height . 
In the model holder the radial stress is opposed by the stresses in the 
rotor (see rotor design} . For the radial stresses in a rotating disk 
with internal and external radii a and b the maximum radial stress is at 
r = lab and the maximum stress is smaller than that in a column . This 
principle was probably used in the design of the Queen's University 
centrifuge rotor . 

For the determination of the radial (tensile) stresses in the arm 
of uniform cross section, and the (compressive) stresses in a model 
which extends the complete length of the radius its value is given by 

where 

-- + 1 2 2 or - 2 pw r 

n = rpm 
p = density of arm or model 

w = unit weight of material, lb/cu in. 

rt = radius of rotation, inches 

r = radial stress, psi 

The stress equation may also be written 

cr = ± l wAr 
r 2 t 

(67) 

(68) 



where 

A = number of g's acceleration at rt. 

For a model of (radial) depth (r2 - r1) = h the radial stress is 

l wn 2 2 2 
0 r = 2 35323 (r2 - rl) (69) 

An example of the variation of stresses in a 5 foot model in a large 
centrifuge with a 35 foot arm is given in Table 2. 

Table 2 

Radial Stress in Centrifuged Model 

h = 5 ft rl = 30 ft r = 35 ft 2 

rpm r's at r2 r1or+l/2h or2 

100 119 319 664 
125 185 498 1037 
150 268 718 1495 
175 364 978 2035 
200 476 1278 2658 
225 602 1620 3364 
250 743 1993 4150 
275 890 2412 5021 
300 1071 2871 5976 

Or for the smaller centrifuge dimensions but with the same model 
height, the stresses are given in Table 3. 

Table 3 

Radial Stresses in Centrifuged Model 

h = 5 ft rl = l 0 ft r 2 = 15 ft 

rpm r's at r2 r1+1/2h r2 

l 00 51 141 255 
125 79 218 398 
150 115 315 573 
175 156 428 780 
200 204 560 1020 
225 258 708 1290 
250 318 875 1593 
275 385 l 058 1928 
300 659 1260 2295 



That is, if the model height and the radial stresses are kept at a 
constant value, and the rotor radius is decreased then the rpm mus t 
be increased (Figu~es 4 and 5) as well as the g-level . 

In the radial stress equation for a model if the size of the centri
fuge is increased and the stress at the bottom of the model is to be kept 
constant, and all dimensions are scaled, both of the centrifuge and model, 
then 

2 2 2 
0 n(r2 -r1) r 
-,- = = 

I 2( I 2 ,2) o r n r - r l 2 

{70) 

or 2 2 
n'2 (r2 - r l ) 
- 2- = ,2 ,2 n r - r l 2 

(71) 

and required rpm varies inversely with the radius . 

As given elsewhere, the stress in the rotor due to the we i ght of 
the rotor itself is 

l o = - wAr a 2 t 
(72 ) 

or the stres s increases directly with the number of g' s and with the 
length of the arm (see al so rotor design). 

A basic factor is that if the height of a rock model i s t o be 
scaled with the same linear scaling factor y as the rotor radiu s for 
constant maximum stress at a representative point in the model, then 

2 2 I , 2 y = n n (7 3) 

at a radius r2' 
2 

= 
n r2 g 35232 

(74 ) 

and at r' 
2 

n2r• 
g' = 2 

35232 
(75) 

or 2 
.9_ = 

n r2 = y 
g' 12 I n r 2 

(76 ) 



Thus, if the model and rotor are both linearly increased in dimension 
for the same stress at r2 the number of g's required at this radius is 

smaller by the inverse of the scaling factor. This same loading principle, 
i.e., decrease of required body force required to stress a model also 
holds for beams as described earlier. 

Beam Scaling Factors 

In both of the gravitational fields in the earth's crust and in 
models loaded in a centrifuge the stresses in geologic rock structures 
may be caused by two mechanisms: 

1. Those due to the direct body force loading in a member of the 
structure, such as an isolated beam loaded by its own weight, and 

2. Those induced by the stress field created by the whole mass, 
such as the stresses caused by the weight of the overburden, including 
the horizontal stresses caused by Poisson's ratio effects. 

A separated stratum of an in situ horizontal lying mine roof is subject 
to a direct body force which is uniformly distributed throughout the 
beam and acts in a vertical direction. The restrained ends are held 
vertically by the weight (body force stress field) of the overburden, 
constituted of a load acting downward and an upward reaction. In 
addition there may be a horizontal component to the accompanying induced 
pressure (stress). Tectonic forces would also add components, but 
these are not usually directly gravity induced in the same sens~ as the 
other stress fields. 

The beam above the first, which is in contact with the stratum 
above it, is acted on by the same stresses due to the beam's own weight 
plus a distributed load on its top surface due to the interaction there. 

The body force loading of simple and restrained beams either by 
gravity or by a body force in a geotechnical centrifuge is of engineering 
interest because sections of competent stratified mine roofs can in many 
cases be represented by elastic beams . The assumption of elasticity i s 
necessary to the mathematical solution of the equations of equilibrium, 
etc . , for restrained beams. The elastic constant, Poisson's ratio, 
enters only in the equations for horizontal stress for restrained beams 
and a simple· beam loaded in a centrifuge. The plane stress distribution 
may be obtained mathematically by use of the Airy stress function, 
equations for equilibrium, etc. (Caudle and Clark, 1955). It was noted 
in this analysis that in order to obtain a comparison of the magnitude 
of stresses in (a) beams with a uniform load , (b) beams loaded by their 
own weight, and (c) beams loaded in a centrifuge, that the uniform load 
q had ~o be set equal to 2 cpg for a beam loaded by its own weight and 
wcpr

0
w for a beam loaded in a centrifuge. (Tables 4 and 5.) 



· Table 4 

Compilation of Stress Equations for Simple Beam Loaded by Three Type Loads 

-
No. Tot.al Load tr. tr, Tzr 

IA 
Uniform 3qy qy ( 3r') qy q 3q.r 

Lo11.d 
tr, - - (l'-z')+-- y' - -- tr, - -- (3c'-yl) - - T,,= - - (C2 -y2) 4c' 2c' 5 4c' 2 4c' 

18 
Load11d by 3pgy pgy ( Jr ) pgy 3pgz 

Own w~ight 
tr,---(l'-z')+-- yl--- tr, ---(c'-yl) T,,= -~ (c1 -yl) 2c' c' 5 2c' 

IC 
Ontrifugal 3pw'r.y pw'r,y ( 3r' ) pw' ('•Y ) 3pw'r,.:z: 

Loading tr, =--~i;;;- (l'-z'l+- -;i-- y'-- 5-- tr, = -
2
-(c' -y') 7+1 T,,= ---(C2 -y') 

:.!t·' 

•pw' ( c' ) 

__ t 
+ - 2- 3-y' 

-- - I I 

Table 5 

Compilation of Stress Equations for Restrained Beam Loaded by Three Type Loads 

No. Tot.ul Load tr, "• Tzr 

llA 
Uniform 3qy qy ( 3, .• ) q11 q 3qr 

tr - ---(1'-z')+-- y'- - - tr, = -4~ (3c'-y')-2 T,, = -~ (c1 -jf) 
Load • 4c' :le' 5 

qy ( l' 3 3u) 
2c c' 5 2 

llB 
Loaded by 3pgy pgy ( 3c' ) pgy 3pg.r 

Own Weight 
tr, ---(l' - z')+ -- y'- - tr, - -ici -(r'-!f) T - --· - (c'-y2) 

2c' c• 5 ., :le' 

( l' 3 ) -pgy 7 - 5-; 

llC 
Centr ifugal 3pw'r.y ,,,,,tr. y ( 3c' ) 

pw' c·Y ) 3pw'r,,r • 

Loading 
•.--- (l'-z') +-- y2- - 11, = -

2
- (c'-y') 7+1 T =---\C2- y• I 

2c' c' 5 •• :le' 

,,,..,. ( c' ) 
-+- 2- 3 -lf 

-pr.w'y ( ~-~-~) 
c' 5 2 



These factors contain a linear dimension of the beam c. Thus, while 
the stress equations for a uniformly loaded beam are dimensionless for a 
normalized stress o /2, the terms for normalized stresses o /pg and 

2 x x 
ox/pw r

0 
caused by body forces are not. That is, for geometrically 

similar beams where the dimensions 1 and c of a unit beam are increased, 
the stress at corresponding points in simi l ar beams is the same for a 
uniform load q. As the dimensions of beams are increased in proportion, 
in the beams loaded by (b) or (c), however, the maximum stresses all 
increase with the increase of linear dimensions for which the loading 
parameters are held constant. For constant stress the body force load 
is decreased directly with increase of model dimension. 

Of particular interest are the critical stresses which may cause 
fracture initiation (Figure 6 ). The stress in the bottom fiber at the 

center is proportional to 1
2/c , which mean that the beam stresses 

increase with the dimensions at a constant body force load. The same 
types of increase of stresses occur for the vertical and shear stresses, 
although all do not increase in direct proportion to the scale factor of 
the beam size. In practice for very large beams with conventional 
applied loads, it would become necessary to consider the stresses due to 
gravity. 

Arching of Incompetent Geological Materials 

The arching of roofs of underground excavations in broken rock such 
as mines and underground power stations, etc., illustrates the well known 
phenomenon of the transfer of stresses in sands, soils, and broken rock 
when they are excavated and contain foreign structures. The loads in the 
rock and on the structures are due entirely to gravity body forces. The 
mechanical action of the materials is also related to the occurrence of 
hang up of fine and coarse materials in bins and chutes which cause well
known engineering problems. Such phenomena are all controlled by material 
properties, but flow and stability are ultimately determined by the force 
of gravity. 

Quantitative experimental arching studies have been made (l) with 
fine sands with three types of material-structure interaction, as well as 
(2) centrifugal studies of the arching of competent rock, both massive and 
layered, and (3) qualitative studies of the behavior of weak, incompetent 
geologic structures around tunnels. This behavior of coarse bro ken ore in 
mine chutes is closely associated, as is the flow and instability of broken 
ore in caving methods of mining . 

Arching tests with fine sand have used the following mechanisms to 
evaluate the transfer of load of the material overlying an excavation or 
included structure by: (l) dropping of a trap door under a sand column in 
a box, (2) raising of a trap door, and (3) the inclusion of movable struc
tures in the sand. The pressure on the door or structure or the pressure 
in the sand indicates the load transfer, and while early experiments used 



only the weight of the sand column, later research included the effects 
of applied surface pressure. These conditions have two deficiencies, 
(1) the pressure distribution as with similar soil mechanics situations, 
are inadequate to demonstrate the effects of gravity, and (2) applied 
pressures likewise do not simulate the effects of body force loads. 

With the exception of the simple trap door experiment the effects 
of gravity are not simulated. This can be effectively done in a 
centrifuge where the important factors affecting the material behavior 
can be modeled. In a current military engineering problem in deep 
basing and egress through fractured and rubble rock materials, the 
detailed mechanics of stability of flow of either heterogeneous or 
relatively uniform broken materials are not known . A large centrifuge 
would provide a means of determining their important behavioral param
eters during and after excavation. Specific parameters which require 
simulation to give representative engineering data include body force 
loading and resultant pressure distribution, pressure magnitudes, 
comparable internal friction, structure interaction, means for 
instrumentation, and general observable results of large model simili
tude studies . 

Rock Mechanics Centrifuge Facility 

Of the large (greater than 8 ft diameter) geotechni cal cent r i fuge s 
currently in operation none have a body-force capacity above 300 g's . 
However, the principles which have been learned in the succes sful des ign 
of these machines have established a foundation of engineering informa
tion for the effective design of centrifuges of larger diameters for 
critical machine elements for higher g loads needed for rock mechanics , 
particularly the rotor and bearings. The methods of analysis of powe r 
source and power drive problems are well established, and electri c , 
gear box, and hydraulic drives have all been employed . 

The construction of a centrifuge chamber to provide both safety 
and a low pressure, partial vacuum for low-power operati on can 
economically utilize a sealed underground chamber excavated in compe
tent rock. Design feature s will include rock support problems, 
sealing the rock and design of air-tight doors, and defiladed entran ce 
ways to prevent flight of high velocity objects, etc . An adequat e 
vacuum pump system may be designed of moderate capacity. The chamber 
will probably be excavated by drill and blast, supported with roof 
bolts, sealed with liquid grout, shotcreted, and provided with air 
scoops to assist the rotor in the air evacuati on process . Instr umen
tation systems may be made and installed for model observation and 
instrumentation. Existing types of sensors and instruments employed in 
soil mechanics centrifugal testing may be utilized where appli ca ble , 
catalogued for potential use, and the proven techniques used in rock 
mechanics research. 



The special innovative requirements for a support model shop for 
the effective design and fabrication of models must be planned to include 
the preparation of artificial and natural rock models, photoelastic 
models, use of stress-coat, sensor installation and testing, debugging, 
and all related fabrication and model mounting operation. A method is 
needed for checking out instrumentation and sensors on an experimental 
setup can be designed which will not occupy the centrifuge itself 
during the debugging process. 

Recommendations may be formulated from the information similar to 
that given in this paper for sizes of machines that will serve for the 
foundation of a phased program in the development of a rock mechanics 
facility . This can be initiated with a relatively small machine for 
which the components are more easily proved out. Then a larger 
machine may be constructed, its design based upon research findings 
and well defined requirements. A cost analysis will be needed for the 
design, construction and operation phases of an effective facility for 
possible machine sizes and capacities which are found to be best 
adapted for rock mechanics research. 

Rock model design is rapidly developing as an art and science, 
and two decades of experience in geotechnical mathematical modeling 
can be integrated into a combined, fruitful program of study. 
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