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Tipping points emerge from weak mutualism
iIn metacommunities
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Abstract

The coexistence of obligate mutualists is often precariously close to tipping points where
small environmental changes can drive catastrophic shifts in species composition. For
example, microbial ecosystems can collapse by the decline of a strain that provides an
essential resource on which other strains cross-feed. Here, we show that tipping points, eco-
system collapse, bistability and hysteresis arise even with very weak (non-obligate) mutual-
ism provided the population is spatially structured. Based on numeric solutions of a
metacommunity model and mean-field analyses, we demonstrate that weak mutualism low-
ers the minimal dispersal rate necessary to avoid stochastic extinction, while species need
to overcome a mean threshold density to survive in this low dispersal rate regime. Our
results allow us to make numerous predictions for mutualistic metacommunities regarding
tipping points, hysteresis effects, and recovery from external perturbations, and let us draw
general conclusions for ecosystems even with random, not necessarily mutualistic, interac-
tions and systems with density-dependent dispersal rather than direct mutualistic
interactions.

Author summary

In ecosystems with obligate mutualism, species rely on each other’s cooperation to thrive.
Obligate mutualism has been of special interest in theoretical ecology because it generates
tipping points between drastically different ecological states (along with bistability).
Weak, non-obligate mutualistic interactions have attracted much less interest due to their
minimal impact on population growth behavior in well-mixed scenarios. However, in spa-
tially structured metacommunities with migration coupling and demographic stochasti-
city, we find that weak mutualism can fundamentally alter population growth behavior,
leading to bistability and abrupt shifts in population size. We identify a broad range of dis-
persal rates in which populations show bistability and go either extinct or reach an equi-
librium, depending on their initial population size. Crossing the limiting dispersal rates of
this bistable regime, the system undergoes abrupt catastrophic shifts in population size,
which would be overlooked under well-mixed assumptions. Our findings have broad
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Introduction

Mutualistic interactions between species are ubiquitous in nature and can be critical for the
stability of natural ecosystems as exemplified by cross-feeding microbes in the gut [1-3] and
cooperative breakdown of sugar [4]. When one or more species of a community entirely rely
on each other for survival, their populations must surpass a certain critical size to prevent
extinction. This threshold property is often referred to as strong Allee effect at the community
level (a weak Allee effect refers to scenarios where at low population size, the per capita growth
rate decreases with decreasing population size, but never becomes negative). Models that
incorporate a strong Allee effect are of great interest in ecology and are invoked frequently to
explain tipping points accompanied by bistability and catastrophic shifts between survival and
extinction in ecosystems [5-7]. As an instructive example, when microbes depend on each
other in order to access vital resources, their population dynamics can exhibit a tipping point
at which the community undergoes catastrophic shifts upon the variation of experimental
parameters such as nutrient levels [4, 8-10].

Although any community contains several populations, its dynamics can often be under-
stood in terms of the one-dimensional dynamics of a single effective population (e.g. see [10]),
illustrated in Fig 1A. Strong Allee effects induced by obligate mutualism between species there-
fore generate a very similar dynamics and threshold phenomena as intra-specific strong Allee
effects, which can be observed in natural populations of all length scales, including zooplank-
ton [11], plants [12], and polar bears [13].

However, strong Allee effects and the associated tipping points and bistability only occur in
well-mixed communities if the mutual interactions are vital (i.e. obligate) for the survival of
the community. In fact, well-mixed ecosystems with weakly mutualistic interactions (faculta-
tive mutualism) behave very similar to entirely non-mutualistic ecosystems, except that the
carrying capacity of their logistic growth is enhanced due to the mutualistic interactions
between different species (see Fig 1B).

A Strong Allee effect B Logistic growth
with weak mutualism
A
atN 8tNA
K
c<c<cFH>>> >
N

Fig 1. The (well-mixed) dynamics of a population with strong Allee effect vs logistic growth. A. If a population
exhibits a strong Allee effect, its growth rate 9,N is negative at low population sizes. The dynamics, therefore, heads
toward extinction (N = 0) unless the initial population size exceeds a threshold, the Allee threshold A, upon which the
population size rises to a limiting population size (N = K), referred to as carrying capacity. Full and open circles denote
stable and unstable fixed points, respectively; arrows denote the flow of the dynamics. B. In contrast, a single-species
population that undergoes regular logistic growth displays only one stable fixed point at the carrying capacity, while
the extinct state is unstable. Additional mutualistic interactions, here tuned by a parameter @, can increase the effective
carrying capacity K(a) without qualitatively changing the fixed point structure.

https://doi.org/10.1371/journal.pcbi.1011899.9001
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It is known that the impact of strong Allee effects can be qualitatively different to that of
logistic growth in spatially structured populations. For example, metapopulations consisting of
patches with local Allee effects show pushed instead of pulled waves in range expansions [14—
16], localized wave fronts [17], and pronounced patchiness [18]. However, it is currently
unclear whether spatial structure can significantly alter ecosystem dynamics when mutualistic
interactions are weak.

Here, we show that when demographic fluctuations are taken into account, even the weak-
est form of mutualism between species in a metacommunity can lead to a tipping point accom-
panied by bistability and catastrophic shifts between coexistence and extinction. Our
combined analytical and numerical methods reveal a strong Allee effect in the metacommunity
despite the absence of a strong Allee effect in the single patch dynamics. This metacommunity-
wide strong Allee effect leads to range of intermediate dispersal rates where species can avoid
extinction when the mean population size overcomes a threshold value. Informed by our intui-
tion regarding purely mutualistic interactions, we show that close to the shift from extinction
to finite population sizes, metacommunities with random interactions undergo selection for
mutualistic interactions. We further apply our analyses to metacommunities in which interac-
tions between species increase their dispersal instead of their growth rate and find a similar
emergent tipping point. Our results give insights into the role of demographic stochasticity
and dispersal in metacommunities and highlight the emergence of tipping points and cata-
strophic shifts even when absent under well-mixed conditions.

Mathematical approach

In the following, we consider S species that live in a metacommunity of P coupled communi-
ties (patches), where P is assumed to be large. The dynamics of the population size N, ; of spe-
ciesi € {1,...S} on patch x € {1, .. ., P} is modeled by the following set of generalized Lotka-
Volterra equations:

N. o
24i3,)

K K Ji#i

+7\’(N1 - Nx‘i) + V Nx‘i nx,i °

The first term in Eq (1) describes growth of a species’ population at a growth rate r > 0, which
saturates at a carrying capacity K due to self-limiting interactions. The interaction parameter

atNx,i(t) = Nx,i (1_
' )

o > 0 denotes the strength of mutualistic interactions between species. Assuming a constant
interaction strength a between all species allows an analytic mean-field description; the results
of this analysis will yield important intuitions when we later allow variations in the species’
inter-species interactions. The second term in Eq (1) takes into account dispersal, where we
assumed, as a simple spatial approach, that all patches are connected through dispersal with a
species-independent dispersal rate A and N, denotes the abundance of species i averaged over
all P patches. The last term in Eq (1) reflects demographic fluctuations due to random births
and deaths of individuals within a population, where 7, ; denotes uncorrelated noise with zero
mean and unit variance. The square-root dependence of demographic noise on the density
ensures that the expected population size variance is proportional to the expected number of
birth or death events occurring in a given population [19, 20] (setting the amplitude of noise
to unity amounts to setting the unit of time to be about one generation time). Considering
only the deterministic patch dynamics without migration, i.e. the the first line of Eq (1), all spe-
cies display the same population dynamics. When we further assume that mutualistic interac-
tions are weaker than self-limiting interactions, i.e. & < (S — 1), (to ensure that population
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sizes do not diverge) all species have an unstable state at zero population size and a stable state
with abundance N* given by

N =K/[1 —a(S—1)]. 2)

The fixed point structure of each species on an isolated patch thus resembles regular logistic
growth with a carrying capacity N* that increases with ¢, as illustrated in Fig 1B. Specifically,
this means that population growth on an isolated patch does not exhibit a strong Allee effect
nor bistability. In the following, we will solve Eq (1) numerically and employ mean-field analy-
ses to study the effect of demographic fluctuations and dispersal and show how these can, nev-
ertheless, generate bistability and an abrupt shift in the population size.

Results
Weak mutualism generates a tipping point in a metacommunity

For a clearer presentation of our results, in the following we fix 7, K, and o (with o < (S - D™,
and vary the dispersal rate A for different numbers of species S. First, we discuss our numerical
solutions of Eq (1) assuming small average abundances (N) = (Sp)™ Y.i Ny as initial condition
(for details on the numerical solution, see S1 Text, Sec. S1). The impact of growth, demographic
fluctuations and dispersal on single species has been extensively studied for short-range dis-
persal in the context of spreading processes and transport in random media within the theory
of directed percolation [21, 22] and for global dispersal in metapopulations [23-26]. From these
earlier studies we expect that for S = 1, increasing the dispersal rate leads to a continuous transi-
tion from a phase of zero population size (absorbing phase) to a phase of non-zero population
sizes (active phase). Indeed, when numerically solving the dynamics Eq (1) with global dispersal
and for only one species (S = 1), we find that for zero and small dispersal rates A the species
eventually goes extinct, i.e. the population sizes on all patches are zero (without return). In con-
trast, for A above a critical threshold value A, the average population size after the final time
step of our numerical solution is positive and increases continuously with A (see triangles in Fig
2A) while being bounded from above by the deterministic carrying capacity N* given by Eq (2).
Interestingly, when increasing the number of species at constant mutualistic interaction
strength o > 0, the average abundance as a function of the dispersal rate A undergoes a sudden
jump at A from zero to positive values. Discontinuous transitions are a telltale sign of subcriti-
cal bifurcations and bistability close to the transition [27]. To investigate the possibility of multi-
ple stable solutions, we repeat our numerical solutions for larger initial average abundances,
and, indeed, find bistability close to the threshold dispersal rate A, for larger S (see circles in

Fig 2A).

To get deeper insights into the exact form of the bifurcation, we employ a mean-field
approximation of Eq (1), that has been recently presented to approximate the stationary
abundance distribution for metacommunities with competitive interactions [23]. This
mean-field analysis allow us to consider metacommunities with an infinite number of
patches and thereby circumvent possible finite size effects of our numerical analysis. In
short, by expressing the interaction term through the species-averaged abundance on a patch
defined as N, = $~'3",N,, and treating the mean-fields N, and N, as deterministic mean-
field parameters, we can map the dynamics Eq (1) to the solvable problem of a Brownian par-
ticle in a fixed potential. Due to the statistical equivalence of all populations for all species
and patches, we can demand that N, and N _ are both equal in equilibrium (in the limit of an
infinite number of species and patches). This eventually allows us to derive an analytic
expression for the abundance distribution as a function of the mean species abundance
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Fig 2. Weak mutualism generates a tipping point. A. Starting at small and large initial population sizes (triangles and
circles, respectively), the mean deme population size (N) in our numerical solutions settles at a positive value or decays
to zero. The long term steady state values are in very good agreement with our mean-field solution (lines). Solid and
dashed lines denote stable and unstable manifolds, respectively. Colors denote different numbers S of species as
indicated. The analytical result for A, is shown as black dotted vertical line and the S-dependent tipping point dispersal
rates A, are indicated by vertical dotted lines of corresponding color. The deterministic steady states N*, given by Eq
(2), are indicated by stars on the right next to the plot. B. Numerical and analytic solutions for the abundance
distribution P[N] (circles and lines, respectively) for S = 100 with A < A, (A = 1074 green open circles and solid line)
andA >, (A =107, green full circles and dashed line) as well as for S = 1 with A closely above A, (A = 10724, blue). C
Small changes in the species number, i.e. through perturbations, can lead to a collapse of the metacommunity (as
indicated by the arrow), A = 0.001. Parameters: r = 0.3, K = 10, & = 0.005, P = 500.

https://doi.org/10.1371/journal.pcbi.1011899.g002

(N) = N, = N, and the control parameters , K, @, S, and , which can be solved self-consis-
tently (for a detailed derivation see [23] and S1 Text, Sec. S2).

In agreement with our numerical solution, our analytic mean-field approximation predicts
bistability between the dispersal rate A, (for an analytic expression see [23] and S1 Text, Sec.
S2.1) and a lower dispersal rate A,. The rate A, marks a point where a small decrease of the dis-
persal rate causes an abrupt shift from positive population size to extinction, often referred to
as tipping point [7] (see vertical dotted lines in Fig 2A). In addition, our analytic solution
reveals an unstable branch marking the threshold mean abundance as a function of the dis-
persal rate the metacommunity must exceed to reach a non-zero mean abundance and avoid
extinction (see dashed lines in Fig 2A). We also obtain the complete abundance distribution
P[N] in analytical form, which has main contributions from extinct species (N = 0) for small A
and a maximum close to N* (see Fig 2B, for details see S1 Text, Sec. S2).

In summary, our numerical and analytical results strongly suggest that despite the lack of
bistability in the deterministic and well-mixed population dynamics, the metacommunity dis-
plays a tipping point accompanied by a regime of bistability. The identified bifurcation pre-
dicts a discontinuous transition from extinct to colonized as the migration rate surpasses A,
and from colonized to extinct when the dispersal rate is lowered towards the tipping point A,.
The population goes through a hysteresis loop if the migration parameter cycles between a
value below A, and above A..
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The emergence of bistability for low migration rates can be rationalized in two steps. First,
note that when the species’ patch population sizes are sufficiently small ((N)<1), the probabil-
ity for two or more species to encounter each other on the same patch becomes small. This
decrease in encounters is significant because interactions between species, which are nonlinear,
depend on these encounters. Thus, in situations where population density is low, these species-
to-species interactions can be reasonably ignored. Consequently, the extinct state is stable if
the species’ dispersal rates are below the critical threshold for individual species survival (A.),
irrespective of the number of species involved. The question of bistability then boils down to
the question of whether, for A < A, there is another stable state—Dbesides the extinct state. Such
a stable state is possible if the species interactions allow the population to survive. Intuitively,
this is possible at high enough densities so that the mutualistic interactions, as reflected by the
positive contribution to the growth term in Eq (1), compensate for the noise-driven decay. In
our phase diagram this occurs if the densities lie above the dashed line in Fig 2A (see S1 Text,
Sec. $2.2, and S2 Fig).

We find that the range of bistability increases the more species interact through mutualism
(see Fig 2C). As a consequence, this suggests that perturbations that decrease the number of
species, even if only by a few species, may shift the metacommunity into a regime where even-
tually all species go extinct (see arrow in Fig 2C).

While we find that demographic fluctuations combined with spatial structure can result in
bistability, previous studies suggest that demographic fluctuations can also produce the oppo-
site effect on population transitions: a single species metapopulation, which displays bistability
under deterministic and well-mixed conditions (imposed through an explicit strong Allee
effect on every patch), may experience a gradual transition when dispersal and stochasticity
are taken into account (see [28-30]). In S1 Text, Sec. S3, we investigate this prior observation
by means of our mean-field approach applied to a metapopulation model of a single species
that shows bistabilty on every patch. Consistently with the above mentioned studies, we find
that when increasing the dispersal rate, the system undergoes a continuous transition from
extinction to positive population sizes. While these results show that stochasticity can generally
smoothen discontinuous transitions, our study on mutualistic metacommunities highlights
the interesting and somewhat opposite role of stochasticity when it occurs in combination
with species interactions: here, it can lead to discontinuous transitions even when they are
absent in the deterministic dynamics.

Spatial structure selects for metacommunities with an excess of mutualistic
interactions

The dramatic change from a smooth to a discontinuous transition close to the threshold dis-
persal rate A, suggests several implications for more general species interactions. Since in con-
trast to species with competitive interactions, species with mutualistic interactions are able to
reach large finite abundances already well below A, we hypothesize that in a metacommunity
with random interactions, mutualism may play an important role in community assembly, at
least close to A.. To test this idea, we generalize the metacommunity dynamics Eq (1) and
assume random interactions a; ; between species i and j. The generalized metacommunity
dynamics reads

AN, (t) N1 N""+§:a""'N
Vi = TilNy; - = Ny

kK #ZK (3)
+7‘(Ni - Nx,i) + /N,

X.
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where we again assumed global dispersal between patches. For a clearer distinction between
mutualistic and competitive interactions between species, we choose interactions to be sym-
metric, i.e. aj; = @;;. Motivated by earlier work on well-mixed communities [31-36], we draw
a;j from a Gaussian distribution with mean & and standard deviation ¢/ V/S. Hence, it is possi-
ble to choose & and o in a way that interactions between some species i and j are mutualistic
(i.e. @;j > 0) while interactions are on average competitive (& < 0). A detailed analytical
understanding of the spatially structured community assembly with random interactions is
beyond the scope of our mean-field analysis, but can be obtained using the replica method
[37]. In the following we use numerical solutions of Eq (3) to show that, below the critical
threshold dispersal rate A, communities survive that are enriched in mutualistic interactions,
even though the interactions among the initial species pool are on average competitive.

First, we solve the dynamics Eq (3) numerically for fixed r, K, S, 0, negative mean interac-
tion & (i.e. an on average competitive interaction between species), and varying A. Here, we
will focus on relatively small interaction differences, specifically 051, where previous studies
suggest that, under well-mixed conditions, a community approaches a unique equilibrium
state [33-35]. For larger o, we expect the system to be multistable due to interspecies interac-
tions alone (see also S1 Text, Sec. S4)-an effect that may obscure the emergence of bistability
due to demographic noise and dispersal, which is our main focus here. Similar to our results
for purely mutualistic interactions (Fig 2A), we find positive population sizes already for dis-
persal rates below A, (see Fig 3A). Furthermore, we observe bistability, i.e. for dispersal rates
below A, the metacommunity approaches positive mean population sizes when the initial pop-
ulation size is sufficiently large while it goes extinct otherwise. We comment that in contrast to
our model of equal mutualistic interactions, Eq (1), where all species either go extinct or sur-
vive together, differences in the species’ interactions generally lead to extinctions of some spe-
cies in our numerical solution while the rest of the species persist. In the regime where species
survive, the final mean population size (see different colors in Fig 3A) and the number of spe-
cies that go extinct (see S1 Text, Sec. S4) depend on the chosen set of random interactions and
generally increase with the dispersal rate. While we focused on purely symmetric interactions,
based on [37] we expect these results to hold even in the presence of moderate asymmetric
contributions in the interaction coefficients.

A Mean population size B Mean interactions
(Ny/ KT P T
b @ 90.30f 3
@ [
0.4t ® 9 : 3
R
. 098e® ¥0.20F ]
e i
0.2F 3 ]
3 )\C ] 0.10: :
0.0 fo~ ot . .

40,00k LT
-3.5-3.0 -2.5 -2.0 Log[\] -0.02 0.00 0.02 0.041
Fig 3. Tipping point for metacommunities with random interactions. A. Numerical solutions of Eq (3) for initially
low (triangles) and high (circles) mean population sizes for three different sets of random interactions (denoted by
three different colors) suggest bistability and hysteresis between the tipping point (gray dotted vertical line) and close
to A, (black dotted vertical line). Gray solid line shows mean-field solution for identical interactions (oc,._j =a)B.
Distributions of mean interactions with other species for all three sets of random interactions shown in A for A =
10728, 4 =107*% A = 10" from dark to light, respectively (A, ~ 107>). Remaining Parameters: ¢ = 0.5,7 = 0.3,5 =
100, P = 500, & = —0.01 (on average competitive interactions).

https://doi.org/10.1371/journal.pcbi.1011899.9003
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In order to investigate the role of mutualistic interactions especially in the regime of dis-
persal rates around A, we calculate the average interaction I; := ((;j/K)N,);» where the aver-
age is taken over all patches x and co-surviving species j at the last time point of our numerical
solution (see Fig 3B). In line with our intuition from purely mutualistic interactions, we find
that for dispersal rates below A, all species that survive form on average mutualistic interac-
tions with their fellow surviving species. (for A < A, the distribution of I, P[I], in Fig 3B has
only contributions from positive I).

When we increase the dispersal rate beyond A, more species survive and, in particular, also
species with on average competitive interactions coexist. We were also interested how the
communities of remaining survivors of our numerical solution compare to our mean-field
model with species-independent interaction coefficient. To this end, we calculate the mean-
field solution with the number of species S and the species-independent interaction coefficient
o being equal to the number of surviving species, Sq,rv and their average interaction coefficient,
a.,.» respectively, that we obtained from our numeric simulation of the metacommunity with
random interactions and different dispersal rates. Similar to Fig 2, we can now plot the steady
states of the metacommunity based on the mean-field solution with the parameters S = S,
and o = @, as a function of the dispersal rate A. As shown in S1 Text, Sec. S4, and S5 Fig, the
resulting bifurcation again shows a tipping point at some A, marking the onset of a stable state
with positive population size. Interestingly, the dispersal rate A, of this tipping point is close to
the dispersal rate of the underlying numerical solution. Heuristically, this suggests that in the
assembly process of a community with random, predominantly competitive interactions, spe-
cies will die out and adapt their population sizes until the remaining community reaches a
state which is just viable for a given dispersal rate (i.e. so that the tipping point dispersal rate A,
is close to the dispersal rate A). As a result, random metacommunities with predominantly
competitive interactions self-organize to a state very close to a tipping point, where survival of
the metacommunity may be very sensitive towards perturbations in its parameters, e.g. the dis-
persal rate.

Tipping point through density-dependent dispersal

So far, we have incorporated mutualism through direct interactions between species, such that
interactions effectively increase the species growth [see Eq (1) and Eq (3)]. In the following, we
investigate interactions between species through their dispersal, i.e. interactions that increase
the species’ dispersal rates.

There is indeed evidence in many species [38-42] that emigration rates from crowded areas
tend to be elevated to avoid competition for resources. Since this effectively results in a dis-
persal rate that increases with the abundance of other populations, we refer to this scenario as
interactions through density-dependent dispersal in the following. When assuming that, as a
first approximation, emigration from a patch increases linearly with the number of individuals
of other species already present, the dispersal term in Eq (1) can be written as

%[XP:G + ﬁi Ny‘J)Ny:, - (1 + /325: NM)NN] , (4)

i #i

where we assumed a constant baseline dispersal rate A between every patch and a linear
increase of dispersal with population size with a factor . Next, we solve Eq (1) for fixed r, K,
and § > 1 with o = 0, i.e. without direct mutualistic interactions, and the dispersal term Eq (4)
with # > 0 numerically and discuss the respective mean-field approximation (for details on the
mean-field description, see S1 Text, Sec. $2.3). Similarly to direct mutualistic interactions
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Fig 4. Density-dependent dispersal generates tipping point. A. The mean population size in our numerical solutions
can reach different values when starting at small and large initial population sizes (triangles and circles, respectively) in
agreement with our mean-field solution (solid and dashed lines denote stable and unstable manifolds, respectively).
The black dotted vertical line marks A, the colored dotted vertical lines lines indicate A, based on numerical solutions.
The inset illustrates density-dependent dispersal, where emigration increases with the abundance of individuals from
other species on a patch. B. Mean-field solution of the mean abundance predicts a catastrophic shift as function of the
species number, A = 0.001. Remaining parameters: r = 0.3, K = 10, 8 = 0.02, P = 500.

https://doi.org/10.1371/journal.pcbi.1011899.g004

between species, we find that when varying the baseline dispersal rate A, the average abundance
of the metacommunity undergoes a sudden shift at A, (see Fig 4A). As for direct mutualistic
interactions, the regime of dispersal rates A that shows bistability grows for increasing S see Fig
4B). We thus conclude that interactions that increase species’ dispersal with the population
sizes on a patch result in a similar phenomenology as interactions that increase the growth of
the species’ populations on a patch, including catastrophic shifts and a metacommunity-wide
strong Allee effect.

Intuitively, bistability can emerge from density-dependent dispersal since for A < A, suffi-
ciently large population sizes can elevate the realized dispersal rate above the threshold value
A (this is in agreement with our observations, compare S1 Text, Sec. S2.3, and S2 Fig]).

We comment that the observed mutualism and tipping point that result from density-
dependent dispersal persist even in the presence of additional direct competition between spe-
cies, albeit the regime of bistability shrinks with increasing strength of direct competition (see
S1 Text, Sec. S2.3, and S3 Fig).

Discussion

While it is well-established that strong (obligate) mutualism, which leads to strong local Allee
effects, can create complex behaviors in spatially structured systems, our findings reveal that
even the weakest form of mutualism among species on a patch can have profound impacts.
These effects would be overlooked in a conventional, well-mixed deterministic framework.
Specifically, weak mutualism can greatly influence the stability of a metacommunity, leading
to a metacommunity-wide strong Allee effect, characterized by tipping points and hysteresis.
As a result, abrupt transitions between species coexistence and complete metacommunity col-
lapse can be induced by slight variations in factors like dispersal rate, the number of interacting
species, or the strength of mutualistic interactions, for instance, due to environmental changes.
Previous research has demonstrated that mutualistic interactions enhancing population
growth across different patches in a metapopulation [29] and memory effects in a metacom-
munity [43] can lead to Allee thresholds along with critical tipping points. Our study adds to
this body of work by illustrating that even a basic form of mild mutualistic interactions can
induce thresholds at the metacommunity level. It is important to note that the pronounced
Allee effect observed in our metacommunity is not a predefined part of our model, unlike
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previous metapopulation models that explicitly include Allee thresholds [44-46], but rather a
property that emerges from our metacommunity model.

The appearance of bistability in our stochastic model contrasts with the typical smoothing
effect of demographic noise ([28, 30] and S1 Text, Sec. S3) and illuminates how demographic
fluctuations can act as a catalyst for abrupt transitions when they interact with interspecies
relationships.

In communities with random interactions we found that limiting dispersal tends to favor
the mutualistically interacting part of the community. Previous studies suggest, that under
well-mixed conditions community assembly selects against competitive and enriches mutual
(beneficial) interactions [47]. In our metacommunity model, survival poses a much stronger
requirement: for dispersal rates below A, only communities with on average mutualistic inter-
actions can survive if they are large enough.

Our results for random interactions suggest various interesting directions for future studies
that depart from our assumption of small symmetric differences in the interaction coefficients.
These include metacommunities with larger differences in the interaction coefficients, which
have been suggested to yield multistability even in a well-mixed scenario [34], as well as meta-
communities with asymmetric interaction statistics, which can lead to fluctuating steady state
and even chaos in a deterministic metacommunity [48, 49]. The relevance of our main results
for more complex models advocates further study of simplified models that can help to under-
stand isolated features of complex ecological systems while offering a more feasible mathemati-
cal approach and interpretation.

We found qualitatively similar effects in a system where interactions between species act on
the dispersal rate of species in such a way that emigration from a patch increases with the pop-
ulation size of other species present. From a technical point of view, the similarity of both
types of interaction comes from the fact that an increase in both growth rate and dispersal rate
should have a positive effect on a species persistence. In a more ecological context, dispersal
that increases with the densities of other species on a patch can arise from competition
between species and can thus be interpreted as effectively competitive interaction. Following
this interpretation, our results suggest that competition that causes avoidance of species on a
patch can eventually lead to a mutualistic effect between species on the metacommunity level,
suggesting a more general view of mutualism in metacommunities.

Methods
Numerical solution of the metacommunity dynamics

To numerically solve the metacommunity dynamics described by Eqs (1), (3) and (4), we
employed a numerical update scheme where for every time step At we first calculate the deter-
ministic contributions (i.e. growth, competition and dispersal of every species on every patch)
based on a Euler forward method. After that, demographic fluctuations are implemented by
drawing the updated abundances from a Poisson distribution, which ensures the right statistics
for the stochastic contributions. All calculations were performed in Python [50] and the
results were evaluated using Mathematica [51] (the Python code developed for this study
is available at https://github.com/Hallatscheklab/Self-Consistent-Metapopulations). For a
more detailed description of the numerical methods see S1 Text, Sec. S1.

Mean-field approach

Complementary to the numerical solution, we employed a mean-field theory where the spe-

cies-averaged and patch-averaged abundances are approximated by their mean-field values N
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and N, respectively. As detailed in the main text and S1 Text, Sec. S2, this mean-field approxi-
mation allows us to derive the equilibrium species abundance distribution of (1), P, as a func-
tion of the mean-fields N and N. Finally, we numerically calculate N and N by demanding
self-consistency, i.e. N = N = (N),,, where (N),, denotes the mean abundance based on the
distribution P (all calculations were performed using Mathematica [51]). Applying this
mean-field analysis to Eq (1) (see S1 Text, Sec. S2.1), to metacommunities with a density-
dependent dispersal given by Eq (4) (see S1 Text, Sec. S2.3), and the observed parameters from
numerical solutions with random interactions (see S1 Text, Sec. S4), we can derive the bifurca-
tions, i.e. the mean population size as a function of the dispersal rate A, discussed in Figs 2 and
4, and in the context of random interactions, respectively.

Supporting information

S1 Text. Supporting information. Detailed explanations of the numerical approach and ana-
lytical mean-field analyses including explanations of the emergent bistability and extended
analyses of metacommunities with random interactions as well as metacommunities with den-
sity-dependent dispersal with additional direct competitive interactions.

(PDF)

S1 Fig. Self-consistency condition in the mean-field approximation.
(EPS)

S2 Fig. Species interactions can raise the species growth and dispersal parameters and
thereby enable survival.
(EPS)

S3 Fig. Moderate direct competition does not alter the emergence of a tipping point in a
metacommunity with density-dependent dispersal.
(EPS)

S4 Fig. Smooth and discontinuous transitions in metapopulations with explicit strong
Allee effect.
(EPS)

S5 Fig. Bistability and self-organized tipping points in random metacommunities.
(EPS)

Acknowledgments

While completing this work, we became aware of Giulia Lorenzana, Giulio Biroli and Ada
Altieri working on metapopulations with random interactions, Eq (3), using replica methods.
We thank them for stimulating discussions about our complimentary approaches. We thank
current and former members of the Hallatschek lab for helpful comments and discussions.
This research was supported by the National Energy Research Scientific Computing Center, a
DOE Office of Science User Facility supported by the Office of Science of the U.S. Department
of Energy under Contract No. DE-AC02-05CH11231 using NERSC award BER-
ERCAP0024898.

Author Contributions
Conceptualization: Jonas Denk, Oskar Hallatschek.

Data curation: Jonas Denk.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1011899 March 5, 2024 11/14


http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011899.s001
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011899.s002
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011899.s003
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011899.s004
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011899.s005
http://journals.plos.org/ploscompbiol/article/asset?unique&id=info:doi/10.1371/journal.pcbi.1011899.s006
https://doi.org/10.1371/journal.pcbi.1011899

PLOS COMPUTATIONAL BIOLOGY Tipping points emerge from weak mutualism in metacommunities

Funding acquisition: Oskar Hallatschek.

Investigation: Jonas Denk, Oskar Hallatschek.
Methodology: Jonas Denk, Oskar Hallatschek.

Project administration: Oskar Hallatschek.

Resources: Oskar Hallatschek.

Software: Jonas Denk.

Supervision: Oskar Hallatschek.

Visualization: Jonas Denk.

Writing - original draft: Jonas Denk, Oskar Hallatschek.
Writing - review & editing: Jonas Denk, Oskar Hallatschek.

References

1. SungJ, Kim S, Cabatbat JJT, Jang S, Jin YS, Jung GY, et al. Global metabolic interaction network of
the human gut microbiota for context-specific community-scale analysis. Nature communications.
2017; 8(1):15393. https://doi.org/10.1038/ncomms 15393 PMID: 28585563

2. Venturelli OS, Carr AV, Fisher G, Hsu RH, Lau R, Bowen BP, et al. Deciphering microbial interactions in
synthetic human gut microbiome communities. Molecular systems biology. 2018; 14(6):e8157. https:/
doi.org/10.15252/msb.20178157 PMID: 29930200

3. Van Hoek MJ, Merks RM. Emergence of microbial diversity due to cross-feeding interactions in a spatial
model of gut microbial metabolism. BMC systems biology. 2017; 11(1):1-18.

4. Dail, Vorselen D, Korolev KS, Gore J. Generic indicators for loss of resilience before a tipping point
leading to population collapse. Science. 2012; 336(6085):1175—1177. hitps://doi.org/10.1126/science.
1219805 PMID: 22654061

5. Courchamp F, Clutton-Brock T, Grenfell B. Inverse density dependence and the Allee effect. Trends in
ecology & evolution. 1999; 14(10):405—410. https://doi.org/10.1016/S0169-5347(99)01683-3 PMID:
10481205

6. Stephens PA, Sutherland WJ. Consequences of the Allee effect for behaviour, ecology and conserva-
tion. Trends in ecology & evolution. 1999; 14(10):401—405. https://doi.org/10.1016/S0169-5347(99)
01684-5 PMID: 10481204

7. Scheffer M, Carpenter SR, Dakos V, van Nes EH. Generic indicators of ecological resilience: inferring
the chance of a critical transition. Annual Review of Ecology, Evolution, and Systematics. 2015; 46(1):
145-167. https://doi.org/10.1146/annurev-ecolsys-112414-054242

8. Dakos V, Bascompte J. Critical slowing down as early warning for the onset of collapse in mutualistic
communities. Proceedings of the National Academy of Sciences. 2014; 111(49):17546—17551. https:/
doi.org/10.1073/pnas.1406326111 PMID: 25422412

9. Hoek TA, Axelrod K, Biancalani T, Yurtsev EA, Liu J, Gore J. Resource availability modulates the coop-
erative and competitive nature of a microbial cross-feeding mutualism. PLoS biology. 2016; 14(8):
€1002540. https://doi.org/10.1371/journal.pbio.1002540 PMID: 27557335

10. VetS, Gelens L, Gonze D. Mutualistic cross-feeding in microbial systems generates bistability via an
Allee effect. Scientific reports. 2020; 10(1):1-12. https://doi.org/10.1038/s41598-020-63772-4 PMID:
32385386

11. Kramer AM, Sarnelle O, Knapp RA. Allee effect limits colonization success of sexually reproducing zoo-
plankton. Ecology. 2008; 89(10):2760-2769. https://doi.org/10.1890/07-1505.1 PMID: 18959313

12. Hackney EE, McGraw JB. Experimental demonstration of an Allee effect in American ginseng. Conser-
vation Biology. 2001; 15(1):129-136. https://doi.org/10.1111/j.1523-1739.2001.98546.x

13. Molnar PK, Derocher AE, Lewis MA, Taylor MK. Modelling the mating system of polar bears: a mecha-
nistic approach to the Allee effect. Proceedings of the Royal Society B: Biological Sciences. 2008;
275(1631):217-226. https://doi.org/10.1098/rspb.2007.1307 PMID: 18029307

14. Hallatschek O, Nelson DR. Gene surfing in expanding populations. Theoretical population biology.
2008; 73(1):158-170. https://doi.org/10.1016/}.tpb.2007.08.008 PMID: 17963807

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1011899 March 5, 2024 12/14


https://doi.org/10.1038/ncomms15393
http://www.ncbi.nlm.nih.gov/pubmed/28585563
https://doi.org/10.15252/msb.20178157
https://doi.org/10.15252/msb.20178157
http://www.ncbi.nlm.nih.gov/pubmed/29930200
https://doi.org/10.1126/science.1219805
https://doi.org/10.1126/science.1219805
http://www.ncbi.nlm.nih.gov/pubmed/22654061
https://doi.org/10.1016/S0169-5347(99)01683-3
http://www.ncbi.nlm.nih.gov/pubmed/10481205
https://doi.org/10.1016/S0169-5347(99)01684-5
https://doi.org/10.1016/S0169-5347(99)01684-5
http://www.ncbi.nlm.nih.gov/pubmed/10481204
https://doi.org/10.1146/annurev-ecolsys-112414-054242
https://doi.org/10.1073/pnas.1406326111
https://doi.org/10.1073/pnas.1406326111
http://www.ncbi.nlm.nih.gov/pubmed/25422412
https://doi.org/10.1371/journal.pbio.1002540
http://www.ncbi.nlm.nih.gov/pubmed/27557335
https://doi.org/10.1038/s41598-020-63772-4
http://www.ncbi.nlm.nih.gov/pubmed/32385386
https://doi.org/10.1890/07-1505.1
http://www.ncbi.nlm.nih.gov/pubmed/18959313
https://doi.org/10.1111/j.1523-1739.2001.98546.x
https://doi.org/10.1098/rspb.2007.1307
http://www.ncbi.nlm.nih.gov/pubmed/18029307
https://doi.org/10.1016/j.tpb.2007.08.008
http://www.ncbi.nlm.nih.gov/pubmed/17963807
https://doi.org/10.1371/journal.pcbi.1011899

PLOS COMPUTATIONAL BIOLOGY Tipping points emerge from weak mutualism in metacommunities

15. Birzu G, Hallatschek O, Korolev KS. Fluctuations uncover a distinct class of traveling waves. Proceed-
ings of the National Academy of Sciences. 2018; 115(16):E3645-E3654. https://doi.org/10.1073/pnas.
1715737115 PMID: 29610340

16. Gandhi SR, Yurtsev EA, Korolev KS, Gore J. Range expansions transition from pulled to pushed waves
as growth becomes more cooperative in an experimental microbial population. Proceedings of the
National Academy of Sciences. 2016; 113(25):6922—-6927. https://doi.org/10.1073/pnas.1521056113

17. Rulands S, Klinder B, Frey E. Stability of localized wave fronts in bistable systems. Physical Review
Letters. 2013; 110(3):038102. https://doi.org/10.1103/PhysRevLett.110.038102 PMID: 23373954

18. Ratzke C, Gore J. Self-organized patchiness facilitates survival in a cooperatively growing Bacillus sub-
tilis population. Nature microbiology. 2016; 1(5):1-5. https://doi.org/10.1038/nmicrobiol.2016.22

19. Allen LJ, Allen EJ. A comparison of three different stochastic population models with regard to persis-
tence time. Theoretical Population Biology. 2003; 64(4):439-449. https://doi.org/10.1016/S0040-5809
(03)00104-7 PMID: 14630481

20. Van Kampen NG. Stochastic processes in physics and chemistry. vol. 1. Elsevier; 1992.

21. Hinrichsen H. Non-equilibrium critical phenomena and phase transitions into absorbing states.
Advances in Physics. 2000; 49(7):815-958. https://doi.org/10.1080/00018730050198152

22, Odor G. Universality classes in nonequilibrium lattice systems. Reviews of modern physics. 2004;
76(3):663. https://doi.org/10.1103/RevModPhys.76.663

23. Denk J, Hallatschek O. Self-consistent dispersal puts tight constraints on the spatiotemporal organiza-
tion of species-rich metacommunities. Proceedings of the National Academy of Sciences. 2022;
119(26):€2200390119. https://doi.org/10.1073/pnas.2200390119 PMID: 35727977

24. Nachman G. Effects of demographic parameters on metapopulation size and persistence: an analytical
stochastic model. Oikos. 2000; 91(1):51-65. https://doi.org/10.1034/j.1600-0706.2000.910105.x

25. Eriksson A, Elias-Wolff F, Mehlig B. Metapopulation dynamics on the brink of extinction. Theoretical
population biology. 2013; 83:101-122. https://doi.org/10.1016/j.tpb.2012.08.001 PMID: 23047064

26. Casagrandi R, Gatto M. A persistence criterion for metapopulations. Theoretical population biology.
2002; 61(2):115—-125. https://doi.org/10.1006/tpbi.2001.1558 PMID: 11969384

27. Strogatz SH. Nonlinear dynamics and chaos: with applications to physics, biology, chemistry, and engi-
neering. CRC press; 2018.

28. VillaMartin P, Bonachela JA, Levin SA, Mufioz MA. Eluding catastrophic shifts. Proceedings of the
National Academy of Sciences. 2015; 112(15):E1828—-E1836. https://doi.org/10.1073/pnas.
1414708112 PMID: 25825772

29. Sardanyés J, Pifiero J, Solé R. Habitat loss-induced tipping points in metapopulations with facilitation.
Population Ecology. 2019; 61(4):436—449. https://doi.org/10.1002/1438-390X.12020

30. Weissmann H, Shnerb NM. Stochastic desertification. EPL (Europhysics Letters). 2014; 106(2):28004.
https://doi.org/10.1209/0295-5075/106/28004

31. May RM. Will a Large Complex System be Stable? Nature. 1972; 238:413—414. https://doi.org/10.1038/
238413a0 PMID: 4559589

32. May RM. Stability and complexity in model ecosystems. Princeton university press; 1974.

33. Bunin G. Ecological communities with Lotka-Volterra dynamics. Physical Review E. 2017; 95(4):1-8.
https://doi.org/10.1103/PhysRevE.95.042414 PMID: 28505745

34. Biroli G, Bunin G, Cammarota C. Marginally stable equilibria in critical ecosystems. New Journal of
Physics. 2018; 20(8). https://doi.org/10.1088/1367-2630/aada58

35. GallaT. Dynamically evolved community size and stability of random Lotka-Volterra ecosystemsA. Epl.
2018; 123(4):1-13. https://doi.org/10.1209/0295-5075/123/48004

36. Altieri A, Roy F, Cammarota C, Biroli G. Properties of equilibria and glassy phases of the random lotka-
volterra model with demographic noise. Physical Review Letters. 2021; 126(25):258301. https://doi.org/
10.1103/PhysRevLett.126.258301 PMID: 34241496

37. Lorenzana GG, Altieri A, Biroli G. Interactions and migration rescuing ecological diversity, arXiv preprint
(2023), arXiv:2309.09900.

38. Simpson SJ, McCaffery AR, Hagele BF. A behavioural analysis of phase change in the desert locust.
Biological reviews. 1999; 74(4):461-480. https://doi.org/10.1111/j.1469-185X.1999.tb00038.x

39. Anstey ML, Rogers SM, Ott SR, Burrows M, Simpson SJ. Serotonin mediates behavioral gregarization
underlying swarm formation in desert locusts. science. 2009; 323(5914):627—630. https://doi.org/10.
1126/science.1165939 PMID: 19179529

40. Nowicki P, Vrabec V. Evidence for positive density-dependent emigration in butterfly metapopulations.
Oecologia. 2011; 167(3):657-665. https://doi.org/10.1007/s00442-011-2025-x PMID: 21625981

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1011899 March 5, 2024 13/14


https://doi.org/10.1073/pnas.1715737115
https://doi.org/10.1073/pnas.1715737115
http://www.ncbi.nlm.nih.gov/pubmed/29610340
https://doi.org/10.1073/pnas.1521056113
https://doi.org/10.1103/PhysRevLett.110.038102
http://www.ncbi.nlm.nih.gov/pubmed/23373954
https://doi.org/10.1038/nmicrobiol.2016.22
https://doi.org/10.1016/S0040-5809(03)00104-7
https://doi.org/10.1016/S0040-5809(03)00104-7
http://www.ncbi.nlm.nih.gov/pubmed/14630481
https://doi.org/10.1080/00018730050198152
https://doi.org/10.1103/RevModPhys.76.663
https://doi.org/10.1073/pnas.2200390119
http://www.ncbi.nlm.nih.gov/pubmed/35727977
https://doi.org/10.1034/j.1600-0706.2000.910105.x
https://doi.org/10.1016/j.tpb.2012.08.001
http://www.ncbi.nlm.nih.gov/pubmed/23047064
https://doi.org/10.1006/tpbi.2001.1558
http://www.ncbi.nlm.nih.gov/pubmed/11969384
https://doi.org/10.1073/pnas.1414708112
https://doi.org/10.1073/pnas.1414708112
http://www.ncbi.nlm.nih.gov/pubmed/25825772
https://doi.org/10.1002/1438-390X.12020
https://doi.org/10.1209/0295-5075/106/28004
https://doi.org/10.1038/238413a0
https://doi.org/10.1038/238413a0
http://www.ncbi.nlm.nih.gov/pubmed/4559589
https://doi.org/10.1103/PhysRevE.95.042414
http://www.ncbi.nlm.nih.gov/pubmed/28505745
https://doi.org/10.1088/1367-2630/aada58
https://doi.org/10.1209/0295-5075/123/48004
https://doi.org/10.1103/PhysRevLett.126.258301
https://doi.org/10.1103/PhysRevLett.126.258301
http://www.ncbi.nlm.nih.gov/pubmed/34241496
https://doi.org/10.1111/j.1469-185X.1999.tb00038.x
https://doi.org/10.1126/science.1165939
https://doi.org/10.1126/science.1165939
http://www.ncbi.nlm.nih.gov/pubmed/19179529
https://doi.org/10.1007/s00442-011-2025-x
http://www.ncbi.nlm.nih.gov/pubmed/21625981
https://doi.org/10.1371/journal.pcbi.1011899

PLOS COMPUTATIONAL BIOLOGY Tipping points emerge from weak mutualism in metacommunities

41. De Meester N, Bonte D. Information use and density-dependent emigration in an agrobiont spider.
Behavioral Ecology. 2010; 21(5):992-998. https://doi.org/10.1093/beheco/arq088

42. Lamb JS, Satgé YG, Jodice PG. Influence of density-dependent competition on foraging and migratory
behavior of a subtropical colonial seabird. Ecology and Evolution. 2017; 7(16):6469-6481. https://doi.
org/10.1002/ece3.3216 PMID: 28861249

43. Miller ZR, Allesina S. Metapopulations with habitat modification. Proceedings of the National Academy
of Sciences. 2021; 118(49):e2109896118. https://doi.org/10.1073/pnas.2109896118 PMID: 34857638

44. Amarasekare P. Allee Effects in Metapopulation Dynamics. The American Naturalist. 1998; 152(2):
298-302. https://doi.org/10.1086/286169 PMID: 18811393

45. Sato K. Allee threshold and extinction threshold for spatially explicit metapopulation dynamics with
Allee effects. Population ecology. 2009; 51:411—418. https://doi.org/10.1007/s10144-009-0156-2

46. HuiC, LiZ. Distribution patterns of metapopulation determined by Allee effects. Population Ecology.
2004; 46:55—63. https://doi.org/10.1007/s10144-004-0171-2

47. Bunin G. Interaction patterns and diversity in assembled ecological communities; 2016.

48. Pearce MT, Agarwala A, Fisher DS. Stabilization of extensive fine-scale diversity by ecologically driven
spatiotemporal chaos. Proceedings of the National Academy of Sciences. 2020; 117(25):14572—
145883. https://doi.org/10.1073/pnas.1915313117 PMID: 32518107

49. Roy F, Barbier M, Biroli G, Bunin G. Complex interactions can create persistent fluctuations in high-
diversity ecosystems. PLoS computational biology. 2020; 16(5):e1007827. https://doi.org/10.1371/
journal.pcbi.1007827 PMID: 32413026

50. Van Rossum G, Drake Jr FL. Python reference manual. Centrum voor Wiskunde en Informatica
Amsterdam; 1995.

51. Wolfram Research. Mathematica, Version 12.3.1, Champaign, IL; 2021.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi. 1011899 March 5, 2024 14/14


https://doi.org/10.1093/beheco/arq088
https://doi.org/10.1002/ece3.3216
https://doi.org/10.1002/ece3.3216
http://www.ncbi.nlm.nih.gov/pubmed/28861249
https://doi.org/10.1073/pnas.2109896118
http://www.ncbi.nlm.nih.gov/pubmed/34857638
https://doi.org/10.1086/286169
http://www.ncbi.nlm.nih.gov/pubmed/18811393
https://doi.org/10.1007/s10144-009-0156-2
https://doi.org/10.1007/s10144-004-0171-2
https://doi.org/10.1073/pnas.1915313117
http://www.ncbi.nlm.nih.gov/pubmed/32518107
https://doi.org/10.1371/journal.pcbi.1007827
https://doi.org/10.1371/journal.pcbi.1007827
http://www.ncbi.nlm.nih.gov/pubmed/32413026
https://doi.org/10.1371/journal.pcbi.1011899



