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Electroweak three-body decays in the presence of
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Abstract: Recently, formalism has been derived for studying electroweak transition am-
plitudes for three-body systems both in infinite and finite volumes. The formalism provides
exact relations that the infinite-volume amplitudes must satisfy, as well as a relationship
between physical amplitudes and finite-volume matrix elements, which can be constrained
from lattice QCD calculations. This formalism poses additional challenges when compared
with the analogous well-studied two-body equivalent one, including the necessary step of
solving integral equations of singular functions. In this work, we provide some non-trivial
analytical and numerical tests on the aforementioned formalism. In particular, we consider
a case where the three-particle system can have three-body bound states as well as bound
states in the two-body subsystem. For kinematics below the three-body threshold, we
demonstrate that the scattering amplitudes satisfy unitarity. We also check that for these
kinematics the finite-volume matrix elements are accurately described by the formalism for
two-body systems up to exponentially suppressed corrections. Finally, we verify that in
the case of the three-body bound state, the finite-volume matrix element is equal to the
infinite-volume coupling of the bound state, up to exponentially suppressed errors.
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1 Introduction

Accurately computing electroweak transitions involving hadronic states is crucial for testing
the Standard Model of Particle Physics. For example, the current tension between the
theoretical prediction and experimentally measured values of the muon anomalous magnetic
moment has driven the community to assess the largest theoretical uncertainties coming
from hadronic intermediate states [1]. Electroweak transitions also serve to probe the non-
perturbative quark and gluon interactions within Quantum Chromodynamics (QCD) itself,
allowing one to determine the substructure of and understand the role of glue in matter, one
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of the central motivations behind the experimental program being planned for the upcoming
Electron-Ion Collider [2].

While the electroweak sector is amenable to perturbation theory for computations of a given
observable, processes involving strongly interacting hadrons requires systematically improv-
able, non-perturbative computational methods. An approach to non-perturbative QCD
known as lattice QCD allows one to numerically compute low-energy observables in finite,
discrete spacetime volume. While the computational costs and theoretical support pose
significant challenges, the growing number of results involving scattering and electroweak
matrix elements have shown that quantitative results of low-energy strong dynamics are
possible [3, 4].

An important aspect in reconstructing low-energy observables of few-hadron systems from
lattice QCD is correcting for finite-volume effects inherent in any calculation. Observables
involving multiple hadrons, such as electroweak matrix elements, suffer from power-law
scaling effects when computed in a finite spatial volume [5–7]. Isolating the power-law
corrections to these observables allows one to construct exact non-perturbative mappings
between finite-volume observables, such as energy spectra and matrix elements, to corre-
sponding infinite-volume reaction amplitudes, effectively removing the volume artifacts.

The first work to study the effects for matrix elements was by Lellouch and Lüscher [7],
who found an exact relationship between the K → ππ decay amplitude and the correspond-
ing finite-volume matrix elements of the weak current. This has since been generalized to
increasingly complicated reactions involving two-particle states in the initial and/or final
state [8–25]. With a mature formalism at hand, steady progress is being achieved in appli-
cations to physically relevant process are being carried out, e.g. weak decay of a kaon to
two pions [26], and form-factor of the meson resonances [27–31].

Transitions that involve more than two hadrons constitute the present frontier. Before
discussing the progress towards this end, we briefly summarize the status of studies of
purely hadronic amplitudes. For the past decade, there has been a strong push towards
understanding the non-perturbative relation between the spectrum of three particles in a
finite-volume and infinite-volume quantities [32–58]. In general, these relations provide a
method to constrain a short-distance unphysical quantity, that can then be related to phys-
ical scattering amplitudes via non-perturbative integral equations [35]. This has motivated
a line of research to solve and understand the analytic properties of the integral equations
and their solutions [59–64], which has resulted in some of the most stringent tests of the
aforementioned formalism. Given the confidence in the formalism, there have been several
applications in the analysis of actual lattice QCD spectra [65–70], including interactions in
higher-partial waves [71, 72], and one determination of the S-wave scattering amplitude [73].
The formal infrastructure to reliably study integral equations in higher partial waves was
recently developed in ref. [74]. 1

Given this progress, the field has turned its attention towards the possibility of studying

1For pedagogical introductions into this rapidly evolving field, we point the reader to Refs. [75, 76]. For
more recent summaries of the status of the field, see Refs. [77, 78].
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three-hadron decays [79–82]. While no applications have been carried out yet, it is to be
expected that the formalism can be used to constrain electromagnetic transitions, such
as γ⋆ → 3π, as well as CP-violating kaon decays, K → 3π. In this context, a thorough
investigation of the features of the formalism is timely. This includes consistency checks,
which have been proven useful in the context of two-particle processes [21, 22].

In this work, we perform an analytical and numerical validation of the relativistic field-
theoretic formalism for three-hadron transitions in infinite- and finite-volume [81]. For sim-
plicity, we use the formalism for identical particles in the isotropic approximation. In partic-
ular, we focus on two limits. First, we consider the case where the two-particle subchannel
contains a bound state (dimer). In this limit, we use the Lehmann–Symanzik–Zimmerman
(LSZ) reduction formula to show that below the three-particle threshold, the three-particle
transition amplitude recovers the transition amplitude to a two-particle system, composed
of the two-body bound state (b) and one of the particles (φ). We prove that the resultant
two-body amplitude satisfies Watson’s theorem, as expected from S matrix unitarity. Fur-
thermore, we show that the finite-volume formalism presented in ref. [81] reduces to the
known Lellouch-Lüscher formalism for two nondegenerate particles. The second scenario
considered is that where the theory contains a three-body bound state (trimer). In this
limit, we demonstrate that the finite-volume matrix element is equal to the trimer decay
constant up to exponentially suppressed errors in the volume. We study both of these limits
analytically, and we also show numerical evidence for an illustrative example in the limit
of vanishing three-body K matrix.

The rest of this work is organized as follows. In section 2, we review the key aspects of
the infinite-volume formalism and we consider the two limits discussed above. In section 3,
we review the necessary finite-volume formalism. In section 4, we analytically derive and
provide numerical evidence that the two-body quantization condition and the Lellouch-
Lüscher limit can be recovered from the three-particle formalism in the presence of a two-
body bound state. Section 5 shows the analogous results in the presence of a trimer, while
concluding remarks are given in section 6. In appendix A, we generalize the results from
sections 4.1 and 4.2 to non-zero values of the three-body K matrix.

2 Infinite-volume formalism for identical particles

This section provides a recap of the infinite-volume formalism for the relativistic field-
theoretic three-particle scattering [34, 35] and transition [81] formalism.

In what follows, we will strictly consider the limit where the three-particle K matrix, K3
2,

is fixed to 0. Lifting this assumption is expected to be straightforward. In this limit, the
three-to-three scattering amplitude for three identical particle scattering can be written as

M3 = S
{
D(u,u)

}
, (2.1)

2Note that we have dropped the “df” (divergence free) notation from K3 originally introduced in ref. [34],
given that K matrices must in general be free from on-shell singularities due to S matrix unitarity.
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where D(u,u) satisfies an integral equation, known as the “ladder equation” which we define
below, including all possible pair-wise interactions. Because this amplitude requires one
to define a pair and spectator for the initial and final state, we refer to it as the unsym-
metrized amplitude. To obtain the full amplitude, one must sum explicitly over the choice
of the spectator. This operation is referred as “symmetrization”, and it is done by S in the
expression above (see Eq. (39) of [35]).

In what follows, we explore the consequence of the infinite- and finite-volume formalism
where the two-particle subsystem can support a bound state, which we call a dimer (b).
We will consider the dynamics of this bound state with the spectator, which we will re-
fer generically to φ. As one might expect, the manifestation of the φb system is most
readily available in the unsymmetrized amplitudes. As a result, we will only consider the
unsymmetrized D(u,u).

Before giving a definition of D(u,u), we define the kinematics of the system. For simplicity,
we will restrict our attention to the amplitudes in their center-of-momentum (CM) frame,
where the total three-particle state will carry four-momentum Pµ = (E, 0) = (

√
s, 0),

where s is the Mandelstam variable. All particles involved are identical spinless bosons
with mass m. The spectators, which will be on-shell, carry four momenta kµ = (ωk,k),
where ωk =

√
m2 + k2. As a result, the two-particle subsystem has a CM energy (E2k)

defined by E2
2k = s2k = (P − k)2.

Furthermore, we will only consider the scenario where the scattering amplitude of the two-
particle subsystem, M2, is completely saturated by the ℓ = 0 partial wave. This can be
written in terms of the two-body phase-shift, δ, in the standard way,

M2(k) =
1

ρ cot δ − iρ
, (2.2)

where k = |k|, ρ is the two-particle phase-space defined for identical particles to be

ρ =
q⋆2k

16π
√
s2k

, (2.3)

and q⋆2k is the relative momentum of the two systems in its CM frame. This can be written
as q⋆2k = 1

2E2k
λ1/2(s2k,m

2,m2), where λ is the Källén triangle function

λ(x, y, z) = x2 + y2 + z2 − 2(xy + yz + zx). (2.4)

Note, each building block on the right-hand side of eq. (2.2) is a function of the CM two-
particle energy,

√
s2k, but we left this implicit to simplify the notation.

In what follows, we will make the dependence on the total CM energy implicit, while making
the spectator momenta explicit. Labeling the initial/final spectator spatial momentum as
k/p, we can define the ladder equation as

D(u,u)(p,k) = −M2(p)G(p,k)M2(k)−M2(p)

∫
d3r

2ωr(2π)3
G(p, r)D(u,u)(r,k) , (2.5)

where G is an exchange propagator that is not a standard one. In particular, in order to
regulate the integral appearing in the aforementioned equation, it is necessary for G to
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depend explicitly on a cutoff function, H,

G(p,k) =
H(p)H(k)

(E − ωp − ωk)2 − (p+ k)2 −m2
. (2.6)

This expression follows because we have fixed the angular momentum of the two-particle
subsystem to be ℓ = 0. There is a large class of cutoff functions that one can consider. A
fairly common choice, which we adopt here, is a smooth cutoff function of the form

H(k) = J

(
x =

E2
2k

4m

)
=


0, x ≤ 0,

exp
(
− 1

x exp
[
− 1

1−x

])
, 0 < x ≤ 1,

1, 1 < x.

(2.7)

The smoothness of the cutoff is relevant for the finite-volume formalism, but in infinite
volume, a hard cutoff also has been used [63]. In this work, we will only use the smooth
form.

To solve the integral equation, it is convenient to write this in terms of a function that has
fewer singularities,

D(u,u)(p,k) = M2(p)d(p,k)M2(k), (2.8)

where d satisfies the integral equation,

d(p,k) = −G(p,k)−
∫

d3r

2ωr(2π)3
G(p, r)M2(r)d(r,k) . (2.9)

For simplicity, we will further restrict to the case where the orbital angular momenta be-
tween the spectator and two-particle system is also fixed to 0. We can do this by partial-
wave projecting d [61]. Labeling the resultant amplitude as dS , it is easy to see that by
integrating over

∫
dΩk/4π, it satisfies

dS(p, k) = −GS(p, k)−
∫ ∞

0

r2 dr

ωr(2π)2
GS(p, r)M2(r)dS(r, k) . (2.10)

where

GS(p, k) = −H(p)H(k)

4pk
log

(
z(p, k) + iϵ− 2pk

z(p, k) + iϵ+ 2pk

)
, (2.11)

with z(p, k) = (
√
s− ωk − ωp)

2 − k2 − p2 −m2. The resultant integral equation for dS can
be solved using numerical techniques, as already explored in refs. [61, 63, 73].

2.1 Mφb amplitude

In this work, we consider a simple two-model where the two-particle subsystem can have
a bound state. The reason for this is that we can explore the fact that in a kinematic
region, the physical observables can be equally described in terms of two- and three-body
dynamics.
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We can do this by parametrizing the two-particle scattering amplitude in terms of the
leading order effective range expansion,

q⋆2k cot δ = −1

a
, (2.12)

where a is the scattering length. If a > 0, the two-body scattering amplitude has a pole
below the threshold corresponding to a bound state with mass

mb ≡
√
sb = 2

√
m2 − 1

a2
. (2.13)

From this, it is easy to read that the state has a binding momentum of

κb = 1/a. (2.14)

The binding momentum will play a key role in section 4. There, we prove that the finite-
volume formalism for the three-particle system can be approximated by the two-body for-
malism in a kinematic regime, and the difference between these formalisms will be expo-
nentially suppressed by κbL, where L is the spatial extent of the finite-volume system.

It is always true that the residue of the amplitude at the pole can be factorized,

lim
s2k→sb

M2(k)(s2k − sb) = −g2, (2.15)

and g can be identified with the coupling of the bound state to the scattering states, i.e.
the b → 2φ coupling. For the leading order effective range expansion, the coupling can be
found to be

g = 8
√

2π
√
sbκb. (2.16)

With this, we can then define an amplitude describing the scattering between the bound
state and the spectator. For convenience, we will label this as Mφb, where φ refers to the
spectator, and the amplitude describes elastic φb → φb scattering. It is a function of s,
which is suppressed here.

As it was presented in ref. [61], in the K3 → 0 limit, Mφb can be obtained from D following
the LSZ procedure. This is done by amputating the external legs associated with the
propagating bound state, and dividing by the corresponding couplings of each state, i.e.,

Mφb = lim
s2p,s2k→sb

(s2p − sb)(s2k − sb)

g2
D(u,u)

S (p, k), (2.17)

where DS is the D amplitude after S-wave projection. Using the relations between D and
d in eq. (2.8), and the limit of the two-body scattering amplitude at the pole, eq. (2.15),
one finds a simple expression which is more amenable for computational evaluation,

Mφb = g2 lim
s2p,s2k →sb

dS(p, k), (2.18)

where dS is defined by eq. (2.10).
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Because the resultant amplitude is a two-body scattering amplitude, it must satisfy two-
body unitarity, which implies that it can be written in the form,

Mφb =
1

ρφb cot δφb − iρφb
, (2.19)

where δφb is the φb scattering phase shift, ρφb is its phase-space,

ρφb =
qφb

8π
√
s
, (2.20)

and qφb is the relative momentum in the system

qφb =
1

2E
λ1/2(s, sb,m

2). (2.21)

At times it is more convenient to introduce the φb K matrix, Kφb, which is simply related
to the phase shift via

K−1
φb = ρφb cot δφb. (2.22)

2.2 Trimer poles and residues

Just like the two-body scattering amplitude can have poles associated with bound state
and even resonances, so can the 3-body amplitude M3. These pole singularities, associated
with three-body bound states or resonances, we will generally refer to as trimers. As was
shown in great detail in refs. [63, 64], the relativistic scattering amplitudes presented here
do generate trimers bound states and/or resonances depending on the value of the two-
body scattering length, a. The nature and evaluation of these states with a is quite rich
and interesting. Here we are just interested in defining the trimer poles, their residues, and
ultimately their couplings to external currents.

Generally, one can have trimers for theories with or without two-body bound states. For
simplicity, we will consider classes of theories where there are both two-body bound states
and trimers. As a result, trimers appear as poles in both Mφb and the full amplitude in the
s complex plane. Here we are just interested in bound state trimers, which lie below the
φb threshold on the real axis (in the physical Riemann sheet). If we label the mass of this
state as mt, we can define the pole location (st) and the binding momentum of the system
κt via

mt ≡
√
st =

√
m2 − κ2t +

√
m2

b − κ2t . (2.23)

In this work, we will study trimer and couplings via amplitudes involving the φb system. In
other words, we will first apply the LSZ procedure to the three-body scattering amplitudes,
and then look for poles in s. With this, we define the coupling t → φb coupling (γt),
analogously to as was done in eq. (2.15) for the two-body bound state,

lim
s→st

(s− st)Mφb = −γ2t . (2.24)
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2.3 J → 3φ transition amplitude

Thus far, we have only thought about amplitudes in the absence of external currents.
Although what is being considered here are generic properties of scattering amplitudes,
one is tempted to refer to the amplitudes above as describing purely “hadronic” processes,
given the motivation of applying this machinery for lattice QCD calculations. With this
in mind, we now turn to reactions involving an external probe. Following the analogy
with lattice QCD, we can think of this probe as a proxy for perturbative insertions of the
electroweak sector. For simplicity, we will assume that the current (J ) is a Lorentz scalar,
which has the same quantum numbers of the desired three-particle system. Note that we
are restricting our attention to scalar bosons projected to JP = 0+, since the resultant
amplitude is assured to be a Lorentz scalar.

With this in mind, here we review the key pieces introduced in ref. [81] for describing
J → 3φ transitions. Because we exclusively consider the limit where K3 is zero, the
expressions simplify further. Furthermore, we will simplify the notation relative to the
previous work. We label the unsymmetrized transition amplitude in the isotropic limit as
T , where we have left the superscript (u) and label “iso”, which normally emphasizes these
two points, implicit.

In this limit, the amplitude can be defined in terms of D(u,u) or equivalently d up to a
multiplicative purely real function A. This function solely depends on s. As with the
purely hadronic amplitudes, we will leave the dependence on s implicit. With this, the
transition amplitude satisfies

T (p) = L(p)A (2.25)

where

L(p) = 1

3
−M2(p)ρ̃(p) +

∫
d3k

2ωk(2π)3
iD(u,u)(p,k) iρ̃(k) (2.26)

=
1

3
−M2(p)ρ̃(p)−M2(p)

∫ ∞

0

k2 dk

ωk(2π)2
dS(p, k)M2(k) ρ̃(k) , (2.27)

where we have evaluated the integral over angles analytically and written the remaining
integral in terms of dS . We have also introduced a non-standard version of the phase space
that depends on the cutoff function, 3

ρ̃(k) = −iρ(k)H(k) . (2.28)

As with T , usually in the literature L is explicitly labeled with (u) and label “iso”, which
we drop here because we are exclusively interested in the isotropic amplitudes where the
outgoing state has not been symmetrized.

2.4 J → φb transition amplitude

Here we now turn our attention to the consequence for the T in the previously considered
scenario where the two-particle subsystem can have a bound state. In this case, the J → 3φ

3Note, in the literature this non-standard modification of ρ is typically called ρ̃, because it originally
was introduced in a calculation where the principal-value (PV) prescription of integrals being used.
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amplitude will have a pole in the s2p complex plane at sb. Following the same LSZ procedure
carried out above for relating D to Mφb, it is clear that the residue will be proportional to
the J → φb amplitude, which we label as Tφb,

lim
s2p→sb

(s2p − sb)T (p) = −g Tφb . (2.29)

Because we have fixed the outgoing two-particle subsystem to be at the pole, the Tφb
amplitude only depends on s, which we leave implicit.

Using the definition

Tφb = lim
s2p→sb

−(s2p − sb)

g
T (p)

= lim
s2p→sb

−(s2p − sb)

g

[
1

3
−M2(p)ρ̃(p)

−M2(p)

∫ ∞

0

k2 dk

ωk(2π)2
dS(p, k)M2(k) ρ̃(k)

]
A,

(2.30)

it follows that

Tφb = lim
s2p→sb

−g

[
ρ̃(p) +

∫ ∞

0

k2 dk

ωk(2π)2
dS(p, k)M2(k)ρ̃(k)

]
A ,

= −g

[
ρ̃(qφb) +

∫ ∞

0

k2 dk

ωk(2π)2
dS(qφb, k)M2(k)ρ̃(k)

]
A .

(2.31)

Here we have made use of the behavior of M2 at its pole, eq. (2.15), as well as the fact
that when the two-particle subsystem is fixed to be at the pole, the spectator momentum
coincides with qφb given in eq. (2.21). Introducing σ(p) as

σ(p) = ρ̃(p) +

∫ ∞

0

k2 dk

ωk(2π)2
dS(p, k)M2(k)ρ̃(k) , (2.32)

the previous result can be abbreviated as

Tφb = −g σ(qφb)A . (2.33)

Given that this is now a transition amplitude coupling to a two-particle state, we know
from Watson’s theorem that T must be proportional to Mφb up to an overal real function.
In other words, the unitarity singularities of Tφb are completely given by those of Mφb.
Explicitly, one can show that

Tφb = −gA(1 + iMφbρφb)I, (2.34)

where I is a real function of the energy. Since 1 + iMφbρφb = MφbK−1
φb and the K matrix

is a real function, this equation suffices to demonstrate the proportionality between Mφb

and Tφb.
To show this, we start by noting that M2(k) can be split as

M2 =
−g2

s2k − sb + iϵ
+∆M2,

= ig2δ(s2k − sb) + (∆M2)
′, (2.35)
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where ∆M2 and (∆M2)
′ are smooth functions in this kinematic region. Next, consider

I(n)(k) to be a smooth function, then4

−
∫ ∞

0

k2 dk

ωk(2π)2
GS(qφb, k)M2(k)I(n)(k) = I(n+1)(qφb)

−GS(qφb, qφb)(ig
2ρφb)I(n)(qφb).

(2.36)

Here, the first term on the right-hand side, I(n+1)(qφb), is also a smooth function resulting
from a principal-value integration. Moreover, the second term results from the pole contri-
bution of the integral, which sets all other quantities on-shell. Note that at this stage, the
labeling I(n) and I(n+1) is arbitrary but convenient for the next step.

In order to reach eq. (2.34), we start from eq. (2.31) and first identify I(0) ≡ ρ̃. Then we
insert the integral equation for dS in eq. (2.10) recursively to all orders. Using the relation
in eq. (2.36) to all orders, one finds infinite sums of the form

I =
∑
n

I(n), (2.37)

where I was previously introduced in eq. (2.34). Rearranging all terms in the infinite sum,
and using Mφb = g2dS(qφb, qφb), one arrives to the result in eq. (2.34).

2.5 J → t coupling

Finally, we can consider the limit where there is a trimer present in the theory. As previously
discussed, we will exclusively consider theories with both two-body states and trimers. The
goal here is to define the coupling (gt) of the trimer to the external current.

As in section 2.2, we can then obtain the J → t coupling from the residue of the Tφb
amplitude at its pole,

lim
s→st

(s− st)Tφb = −γt gt . (2.38)

Note that the residue factorizes, with one piece corresponding to the “hadronic” coupling
γt defined in eq. (2.24), and the other to the coupling to the current.

To derive an expression for the decay constant, gt, we make note of the behavior of the full
amplitude in the vicinity of the trimer pole [63, 64, 84]

D(u,u)
S (p, k) ∼ −Γ (p) Γ(k)

s−m2
t

, (2.39)

where Γ(k) are related to the wavefunction of the bound states. Given the relationship
between D and d, eq. (2.8), it follows that d behaves as

dS(p, k) ∼ − 1

M2(p)M2(k)

Γ (p) Γ(k)

s−m2
t

, (2.40)

4See Appendix A.1 of ref. [83] for a proof of this relation.
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From eqs. (2.18) and (2.24), it is clear that in the limit that k approaches qφb the ratio of
Γ and M2 must be smooth, and in particular it must approach

lim
s2k→sb

Γ(k)

M2(k)
=

γt
g
. (2.41)

This implies that near the timer pole,

dS(qφb, k) ∼ − γt
gM2(k)

Γ(k)

s−m2
t

. (2.42)

With this, we are finally able to define the trimer decay constant to be

gt = − 1

γt
lim
s→st

(s− st)Tφb

= −
∫ ∞

0

k2 dk

ωk(2π)2
Γ(k)ρ̃(k)A.

(2.43)

The key point is that we can define the J → t coupling in terms of functions of the ladder
equation and one unknown real function, A, which can in principle be constrained from
finite-volume matrix elements. Specifically, gt/A can be obtained from Tφb/A and Mφb

using eqs. (2.24) and (2.38).

3 Recap of the finite-volume formalism

In this section, we provide a summary of the finite volume formalism for the processes
φb → φb, J → φb, 3φ → 3φ, and J → 3φ, for a system with zero total 3-momentum
P = 0. We will only consider systems in cubic volumes, V = L3, with periodic boundary
conditions. For simplicity, we will set all angular momenta to 0 and fix K3 = 0, although
lifting the latter assumption is straightforward. Because we are fixing K3 = 0 for every
kinematic variable, this is a special case of the isotropic approximation [34].

A key point of this work is that for energies below the three-body threshold, the finite-
volume quantities must be equally well described using the three-body formalism for 3φ

as well as a two-body formalism for the φb system. Given that the two-body formalism is
easier, we begin by reviewing this.

3.1 Finite-volume formalism for the two-body system

The quantization condition for a two-body state provides a mapping between the set of
finite-volume spectra of the system and its scattering amplitude. In general, this relation
relates one energy level to an infinite number of partial-wave amplitudes. In practice, at
moderately small energies, most partial waves are consistent with zero or unresolvable.
As previously mentioned, we only consider the case where the total angular momentum is
zero and the individual particles, including the bound state, are spinless. In this case, the
quantization condition gives a one-to-one correspondence between the spectrum and the
scattering amplitude Mφb.
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The quantization condition in the kinematic range (mb +m)2 < s < (3m)3 can be written
in terms of the K matrix as [5, 6, 85],

(Fφb(E,L))−1 +Kφb(E) = 0 , (3.1)

where the geometric function Fφb is given in terms of the Lüscher-Riemann zeta function,
Z, 5 as Fφb(E,L) = Z(Lqφb/2π)/(8π

2LE).

As seen from eqs. (2.19) and (2.22), the K matrix and Mφb are easily related by unitarity.
This leads to another useful representation of the quantization condition in terms of Mφb,

(F iϵ
φb(E,L))−1 +Mφb(E) = 0 , (3.2)

where F iϵ
φb is defined analogously to Fφb, except that integrals are performed using the iϵ

prescription, rather than the principal-value one. The relation between them is straightfor-
ward, F iϵ

φb = Fφb + iρφb.

Given the K matrix, one can find the spectrum in a finite volume by looking for the
solutions of eq. (3.1). Alternatively, given the finite-volume spectrum, one can use eq. (3.1)
to constrain the K matrix, or equivalently the scattering amplitude. The latter is what is
actually done in a lattice QCD study.

Next, we review how the J → φb transition amplitude, Tφb, can be constrained from finite-
volume matrix elements of the current. Given we are only interested in states that are
at rest and that couple to 0 total angular momentum, we only need to consider the A+

1

irreducible representation (irrep) of the cubic group, where the + sign labels the parity.
If we label the states in this irrep as |A+

1 , L⟩ and normalize them to unity, the transition
amplitude can be non-perturbatively related to the finite-volume matrix elements [7, 18] as

|Tφb|2 = L3 | ⟨A+
1 , L| J |0⟩ |2

|1− iKφbρφb|2
(
∂Fφb(E,L)−1

∂E
+

∂Kφb(E)

∂E

)
, (3.3)

where ρφb is the two-body phase space given in eq. (2.20), and the derivative are evaluated
at the corresponding solution of the quantization condition.

3.2 Finite-volume formalism for the three-body system

We now turn our attention to reviewing the finite-volume formalism for the spectrum and
matrix elements of three identical scalar particles. As previously stated, we restrict our
attention to the isotropic approximation where K3 = 0 and fix P = 0.

In this limiting case, the spectrum satisfies [34]

(F iso
3 (E,L))−1 = 0 , (3.4)

where F iso
3 can be written as a matrix element of a matrix defined in the spectator-

momentum space,

F iso
3 (E,L) =

∑
k,p

[F3(E,L)]kp ≡ ⟨1|F3(E,L) |1⟩ , (3.5)

5Z can be written as Z(x) =
[∑

n −PV
∫
d3n

]
(n2 − x2)−1, where the PV emphasizes that one must

take the principal value contribution from the integral. A useful evaluation of this integral is by introducing
an exponential regulator. See Appendix B of ref. [20] for an explicit evaluation of the iϵ-analogue.
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where the sum runs over all the allowed values of the incoming and outgoing spectator
momenta. These satisfy two conditions. The first is that they must be k = 2πn/L, where
n is an integer triplet, as required by the boundary conditions. Second, given the total
energy of the system and the value of the momentum, the cutoff function as defined in
eq. (2.7) must be nonzero, i.e. H(k) > 0. The state |1⟩ is a vector in the space of momenta
with all components equal to 1, while the F3 matrix can be written in terms of a linear
combination of other matrices,

F3 =
1

L3

[
F̃

3
− F̃

1

1 + 2ωM2LG̃
2ωM2LF̃

]
, (3.6)

where we suppress the E and L dependence of the quantities above.6 The diagonal matrix
F̃ is proportional to the zeta function. A convenient representation uses an exponential
regulator [10] as defined in Appendix B of ref. [40]

F̃kp = δkp lim
α→0

1

2ωk

H(k)

32π3(E − ωk)

2π

L

[
1

L3

∑
a

−PV
∫
a

]
eα(x

2−r2)

x2 − r2
, (3.7)

≡ δkp
1

2ωk
Fkk′ , (3.8)

where x2 = (q∗2,kL/2π)
2, a = 2πna/L with na being vectors of integers, and r2 = r2|| + r2⊥,

r|| =
na|| − |nk|/2

γ
, r⊥ = na⊥ , (3.9)

and where H(k) is defined in eq. (2.7). We have introduced a compact notation for the
three-dimensional integral,

∫
a ≡

∫
d3a/(2π)3, that we adopt going forward.

The M2L function can be understood as the finite-volume analog of the infinite-volume
two-particle scattering amplitude, eq. (2.2). The combination ωM2L is also diagonal in
momentum space,

[ωM2L]kp = δkpωk [ρ cot δ − iρ(1−H) + F ]−1
kk , (3.10)

where δ is the two-body scattering phase shift defined in eq. (2.2), ρ is the two-body phase
space given in eq. (2.3), and the repeated indices on the right-hand side are not being
summed over.

Finally, the G̃ matrix parametrizes all the one-particle exchanges in a finite volume, and
consequently, it is not a diagonal matrix. Assuming the two-particle system is saturated by
the S-wave angular momentum, its components are defined as

G̃kp =
H(k)H(p)

L3(2ωk)(2ωp)((E − ωk − ωp)2 − (k+ p)2 −m2)
. (3.11)

6Note that there are several ways of expressing F3 that are algebraically equivalent, for instance, eq.
(39) in ref. [34].
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In the three-body sector, it was recently shown [81] that the J → 3φ transition amplitude
defined in eq. (2.25) can be related to finite-volume matrix elements ⟨A+

1 , L| J |0⟩. Given
the aforementioned approximations, the relationship reads

|T (k)|2 = L3| ⟨A+
1 , L| J |0⟩ |2|L(k)|2∂(F

iso
3 (E,L))−1

∂E
. (3.12)

In the above, L is as defined in eq. (2.26). Using eq. (2.25) for the transition amplitude,
this relation can be also be written in terms of the infinite-volume quantity A,

|A|2 = L3| ⟨A+
1 , L| J |0⟩ |2∂(F

iso
3 (E,L))−1

∂E
. (3.13)

Note that the normalization of these equations differs from eqs. (2.85) and (2.79) in ref. [81],
since we are explicitly considering transitions with the vacuum as initial state.

In the case of the trimer, the expectation is that the coupling gt can be expressed in terms
of appropriate finite-volume matrix elements using the standard normalization as

gt =
√
2EL3 ⟨A+

1 , L| J |0⟩ , (3.14)

up to terms exponentially suppressed in κtL, where κt is the binding momentum of the
trimer defined in section 2.2. Combining that with eq. (3.13), we can obtain gt from the
finite-volume formalism by taking the following limit,

g2t = lim
L→∞

2EA2

∂(F iso
3 (E,L))−1/∂E

. (3.15)

4 Proving the equivalence for (mb +m)2 < s < (3m)2

Here we provide the first check on the finite-volume formalism presented above. We use
the same set of assumptions as above, namely, we consider the isotropic case, K3 = 0, and
overall zero momentum, P = 0. However, we note that the restriction K3 = 0 can be easily
lifted, as done in appendix A. Furthermore, we assume that the two-body system has a
bound state with mass mb, and consider the consequence of the finite-volume formalism for
energies restricted to be above the bound-state/spectator threshold but below the three-
particle threshold, i.e. (mb +m)2 < s < (3m)2. In this kinematic region, both formalisms
presented in sections 3.1 and 3.2 must be equivalent.

4.1 Recovering the two-body quantization condition

The first goal of this section is to show equivalence between the three-body and two-body
quantization conditions given by eq. (3.4) and eq. (3.1), respectively. 7 In particular, we
will show for (mb +m)2 < s < (3m)2 that

F iso
3 =

[
F iso
3

]∞
+ g2σ(qφb)

1(
F iϵ
φb

)−1
+Mφb

σ(qφb) , (4.1)

7This was previously shown in ref. [32] for a non-relativistic derivation of the three-body quantization
condition.
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where
[
F iso
3

]∞ is the infinite-volume analog of F iso
3 , explicitly defined as

[
F iso
3

]∞
=

∫
k

1

2ωk

(
ρ̃(k)

3
− ρ̃(k)M2(k)ρ̃(k)

)
−
∫
k,p

ρ̃(k)

2ωk
M2(k)d(k,p)M2(p)

ρ̃(p)

2ωp
,

(4.2)

and σ is the same infinite-volume function as in eq. (2.32). Note that in the remaining of this
section, we suppress E and L dependence in all quantities. As we will see, eq. (4.1) is exact
up to exponentially suppressed errors. This is sufficient to argue that in this kinematic
region, the spectrum of the theory, which coincides with the poles of F iso

3 , according to
eq. (3.4), also satisfies the two-body quantization condition, eq. (3.1).

For convenience, we can use an expression for F3 that is equivalent to eq. (3.6):

F3 =
F

2ωL3

(
1

3
−M2LF −M2LdL

M2L

2ωL3
F

)
, (4.3)

where F = 2ωF̃ as in eq. (3.8),

dL = −G−G
M2L

2ωL3
dL , (4.4)

and G is a matrix version of the function G(p,k) shown in eq. (2.6), defined for discrete
values of momenta allowed by the boundary conditions. Note, one can also use the G̃,
defined in eq. (3.11) to define a modified version of dL. The advantage of this is that the
infinite volume analog of dL is exactly the d function defined in eq. (2.9).

The strategy for this derivation will be to separate the volume dependence of eq. (4.3), and
isolate parts that can lead to divergences. To do this, we take advantage of two key points.
First, because (mb + m)2 < s < (3m)2, the energy running through M2L is assured to
satisfy (P − k)2 < (2m)2. This allows one to replace M2L with M2 up to exponentially
suppressed corrections. One can see this from eq. (3.10) and looking at the behavior of
iρH + F below threshold, which vanishes exponentially quickly [35]. The second key point
is that in this same kinematic region, M2 has a pole associated with the bound state,
eq. (2.35). With this, one gets,

M2L ≃ M2 =
−g2

s2k − sb
+∆M2 , (4.5)

where ∆M2 is the smooth function introduced in eq. (2.35). Because ∆M2 has no poles,
it will not contribute to power-law finite-volume effects.

All other functions appearing in the definition of F3 have no poles in this kinematic region.
This includes G and F . Furthermore, in this kinematic region, we can use the following
relation,

Fkp = Fkp + iδkpH(k)ρ(k)− iδkpH(k)ρ(k)

= F iϵ
kp − iδkpH(k)ρ(k)

≃ −iδkpH(k)ρ(k) = δkpρ̃(k). (4.6)
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Meanwhile, the G matrix can be treated as a matrix that has no singularities.

With this, it is clear that in the kinematic region being considered the only power-law
finite-volume effects in the definition of F3, eq. (4.3), are given by the pole in M2. This
appears explicitly in the second and third terms in the parenthesis of eq. (4.3), but it also
appears implicitly in the definition of dL, eq. (4.4). Our task is to isolate such contributions.

To proceed in a clear fashion, we begin by looking at the leftmost term of F iso
3 in eq. (4.3).

Given the function being summed has no pole singularities, the sum over momenta can be
replaced by an integral ∑

k,p

[
F

6ωL3

]
kp

≃ 1

L3

∑
k

ρ̃(k)

6ω

≃
∫
k

ρ̃(k)

6ω
∈
[
F iso
3

]∞
.

(4.7)

The last line denotes that the entire contribution of this first term can be included in the
infinite-volume analog of F iso

3 defined in eq. (4.2).

Next, we consider the contribution of the second term in eq. (4.3),

−
∑
k,p

[
F

2ωL3
M2LF

]
kp

= − 1

L3

∑
k,k′,p

Fkk′
1

2ωk′
M2LFk′p

≃ − 1

L3

∑
k

ρ̃(k)
1

2ωk
M2 ρ̃(k). (4.8)

To isolate the finite-volume corrections, we will use the simple identity,

1

L3

∑
k

=

∫
k
+

(
1

L3

∑
k

−
∫
k

)
. (4.9)

Given the approximations already stated and this identity, it is clear that the power-law
finite-volume corrections are all in the sum-integral difference of the pole in M2. In partic-
ular, the key identity we will use is the following,∑

k

1

2ωkL3
M2 =

∫
k

1

2ωk
M2 +

(
1

L3

∑
k

−
∫
k

)
1

2ωk
M2

=

∫
k

1

2ωk
M2 − g2 F iϵ

φb.

(4.10)

where we have used that the sum-integral difference of M2 is related to F iϵ
φb. This can be

seen as follows:

F iϵ
φb = − 1

g2

(
1

L3

∑
k

−
∫
k

)
1

2ωk
M2

≃
(

1

L3

∑
k

−
∫
k

)
1

2ωk(s2k − sb + iϵ)

≃
(

1

L3

∑
k

−
∫
k

)
1

2ωk((P − k)2 − sb + iϵ)

(4.11)
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where, as always, we have ignored terms in the integrand that are smooth. Note that
after being placed on shell, F iϵ

φb still has angular dependence, so explicitly is a function of
both the on-shell momentum and an angle k̂. This dependence can be carried by spherical
harmonics when it is written as a matrix in angular momentum space, i.e.,

[F iϵ
φb]ℓm,ℓ′m′ =

(
1

L3

∑
k

−
∫
k

)
4πYℓm(k̂)Y ∗

ℓ′m′(k̂)

2ωk((P − k)2 − sb + iϵ)

(
k

qφb

)ℓ+ℓ′

. (4.12)

In section 3, we were interested in the ℓ = m = 0 of this matrix, and as a result, we left the
angular momentum indices suppressed. Below, we review how the ℓ = 0 can be recovered
from the more general results.

With this, we can then revisit eq. (4.8),

−
∑
k,p

[
F

2ωL3
M2LF

]
kp

≃ −
∫
k
ρ̃(k)

1

2ωk
M2 ρ̃(k)

−
(

1

L3

∑
k

−
∫
k

)
ρ̃(k)

1

2ωk
M2 ρ̃(k). (4.13)

The one subtlety left to address is that the products of ρ̃(k) act as effective endcaps mul-
tiplying the pole in M2, which is the only source of power-law finite-volume effects. As
a result, we can evaluate these at the “on-shell” condition given by the pole, and in doing
so we would only be making errors that are exponentially suppressed. Note that at the
on-shell condition, the magnitude of k is fixed to be qφb, the relative momentum of the φb

system, given by eq. (2.21). For the system we are considering, [ρ̃(qφb)]ℓm = δℓ0δm0ρ̃(qφb),
which truncates all the partial waves in eq. (4.12) besides ℓ = m = 0. This allows one to
write

−
∑
k,p

[
F

2ωL3
M2LF

]
kp

≃ −ρ̃(qφb) ·
[
−g2F iϵ

φb

]
· ρ̃(qφb) + ... , (4.14)

where the ellipses denote terms that are included in [F iso
3 ]∞, and the dots denote a dot

product over the angular momentum space.

From the first and second term of F iso
3 , we found terms of zeroth order in F iϵ

φb that can be
included in [F iso

3 ]∞, and a term of first order in F iϵ
φb shown in eq. (4.14) that contributes

to the finite-volume part. The same holds for the third term of F iso
3 as well, except that

it contains a series of terms of increasing order in F iϵ
φb due to the presence of dL. We thus

observe a pattern that emerges for F iso
3 . We can systematically evaluate it using eq. (4.9)

for each sum, and expanding the series in terms of the number of contributions of F iϵ
φb,

F iso
3 =

∞∑
n=0

F iso
3,(n) , (4.15)

where F iso
3,(n) denotes the term with n factors of F iϵ

φb.

In order to do that, it is useful to introduce endcap functions that are evaluated on the
bound-state pole. The on-shell condition generally fixes the magnitude of the momentum
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that the spectator carries, but it does not fix the angular dependence. This angular depen-
dence can be accounted for using spherical harmonics. The partial-wave projected on-shell
endcaps can be written as

σℓm(qφb) = δℓ0 δm0 ρ̃(qφb) +

∫
k
dℓm(qφb, k)

M2(k)

2ωk
ρ̃(k), (4.16)

where d was given in eq. (2.9), and the S-wave projected σ was already introduced in
eq. (2.32). Note, generally d is not diagonal in the orbital angular momentum [74], but in
the special case we are considering, with an S-wave two-body bound state, it is. Note, in
the limit we have considered, where the d amplitude is completely saturated by the ℓ = 0

partial wave, so will the endcap.

We can then write the term of order F iϵ
φb,

F iso
3,(1) =− ρ̃(qφb) ·

[
−g2F iϵ

φb

]
· ρ̃(qφb)

− ρ̃(qφb) ·
[
−g2F iϵ

φb

]
·
∫
p
d(qφb, p)

M2(p)

2ωp
· ρ̃(p)

−
∫
k
d(k, qφb)

M2(k)

2ωk
ρ̃(k) ·

[
−g2F iϵ

φb

]
· ρ̃(qφb)

−
∫
k
d(k, qφb)

M2(k)

2ωk
ρ̃(k) ·

[
−g2F iϵ

φb

]
·
∫
p
d(qφb, p)

M2(p)

2ωp
ρ̃(p)

=− σ(qφb) ·
[
−g2F iϵ

φb

]
· σ(qφb). (4.17)

The first term above is exactly the contribution of the second term of F iso
3 shown in

eq. (4.14), while the other three terms appear in the expansion of third term of F iso
3 .

In the last line above, the four contributions have been written compactly in a single term,
making use of the endcaps σ(qφb). Following the same procedure, it is now easy to see the
nth order term,

F iso
3,(n) = −σ(qφb) ·

[
−g2F iϵ

φb

]
·
[
−MφbF

iϵ
φb

]n−1 · σ(qφb), (4.18)

where we have used the fact that Mφb = g2d.

Summing all terms to all orders, one gets,

F iso
3 ≃

[
F iso
3

]∞
+ g2σ(qφb) ·

[(
F iϵ
φb

)−1
+Mφb

]−1
· σ(qφb). (4.19)

With this, we see that the poles of the correlation function satisfy the standard quantization
condition for a two-particle system. In the limit that only the lowest angular momentum
contributes, this reduces to the algebraic expression given in eq. (3.2), which we rewrite
here for convenience

(
F iϵ
φb(E,L)

)−1
+Mφb(E) = 0. (4.20)

– 18 –



4.2 Recovering the two-body Lellouch-Lüscher formalism

Our goal here is to show the equivalence between eqs. (3.3) and (3.12). For clarity, we
explicitly rewrite these two equations here, including the equality we prove below,

| ⟨A+
1 , L| J |0⟩ |2 = |T (k)|2

L3

1

|L(k)|2
(
∂(F iso

3 )−1

∂E

)−1

(4.21)

=
|Tφb|2
L3

|1− iKφbρφb|2(
∂F−1

φb

∂E +
∂Kφb

∂E

) , (4.22)

where we have assumed the lowest-lying partial wave dominates the φb system, and the E

and L dependence of the quantities is not explicitly shown.

To derive this, we start by writing F iso
3 , as given in eq. (4.19), in the vicinity of a finite-

volume pole. In particular, we are interested in the derivation of its inverse. Near the pole,
the inverse of F iso

3 vanishes as

(F iso
3 )−1 ≃ 1

g2(σ(qφb))2

(
1

F iϵ
φb

+Mφb

)
. (4.23)

Using this identity, we can write its derivative as,

∂(F iso
3 )−1

∂E

∣∣∣∣
E=En

=
1

g2(σ(qφb))2
∂

∂E

(
1

F iϵ
φb

+Mφb

)∣∣∣∣
E=En

=
−M2

φb

g2(σ(qφb))2
∂

∂E

(
F iϵ
φb +M−1

φb

) ∣∣∣∣
E=En

=
|1− iKφbρφb|−2

g2|σ(qφb)|2
∂

∂E

(
F−1
φb +Kφb

) ∣∣∣∣
E=En

, (4.24)

where we have neglected terms that vanish at the pole, and in the last equality we have
used that the phases of σ and Mφb cancel due to Watson’s theorem (see section 2.4).

The other building blocks needed to rewrite the terms on the right-hand side of eq. (4.21)
are the T and L amplitudes. Both of these have poles in s2k in the kinematics being
considered. The exact behavior at the pole for T is given by eq. (2.29). For L, we use
eq. (2.26) to find

lim
k→qφb

(s2k − sb)L(k) = lim
k→qφb

(s2k − sb)

(
1

3
−M2(k)σ(k)

)
= g2σ(qφb). (4.25)

Using the expressions it is now just a matter using simple relations to rewrite the right-hand
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⇠<latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit>iM2 =
<latexit sha1_base64="xlLdJnaAuYtlvMgT8a/AvDkYBgU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRFqBuh6MaNUME+oA1hMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLG5tb1T3q3s7R8cHtnHJx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpO73O9OqVQsFk96llAvwiPBQkawNpJv22wQYT0mmGcPc7+Obny76tScBdA6cQtShQIt3/4aDGOSRlRowrFSfddJtJdhqRnhdF4ZpIommEzwiPYNFTiiyssWyefowihDFMbSPKHRQv29keFIqVkUmMk8plr1cvE/r5/q8NrLmEhSTQVZHgpTjnSM8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf3yOunUa65Tcx+vqs3boo4ynME5XIILDWjCPbSgDQSm8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gDVB5Md</latexit><latexit sha1_base64="xlLdJnaAuYtlvMgT8a/AvDkYBgU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRFqBuh6MaNUME+oA1hMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLG5tb1T3q3s7R8cHtnHJx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpO73O9OqVQsFk96llAvwiPBQkawNpJv22wQYT0mmGcPc7+Obny76tScBdA6cQtShQIt3/4aDGOSRlRowrFSfddJtJdhqRnhdF4ZpIommEzwiPYNFTiiyssWyefowihDFMbSPKHRQv29keFIqVkUmMk8plr1cvE/r5/q8NrLmEhSTQVZHgpTjnSM8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf3yOunUa65Tcx+vqs3boo4ynME5XIILDWjCPbSgDQSm8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gDVB5Md</latexit><latexit sha1_base64="xlLdJnaAuYtlvMgT8a/AvDkYBgU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRFqBuh6MaNUME+oA1hMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLG5tb1T3q3s7R8cHtnHJx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpO73O9OqVQsFk96llAvwiPBQkawNpJv22wQYT0mmGcPc7+Obny76tScBdA6cQtShQIt3/4aDGOSRlRowrFSfddJtJdhqRnhdF4ZpIommEzwiPYNFTiiyssWyefowihDFMbSPKHRQv29keFIqVkUmMk8plr1cvE/r5/q8NrLmEhSTQVZHgpTjnSM8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf3yOunUa65Tcx+vqs3boo4ynME5XIILDWjCPbSgDQSm8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gDVB5Md</latexit><latexit sha1_base64="xlLdJnaAuYtlvMgT8a/AvDkYBgU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRFqBuh6MaNUME+oA1hMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zAkSzpR2nG+rtLG5tb1T3q3s7R8cHtnHJx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpO73O9OqVQsFk96llAvwiPBQkawNpJv22wQYT0mmGcPc7+Obny76tScBdA6cQtShQIt3/4aDGOSRlRowrFSfddJtJdhqRnhdF4ZpIommEzwiPYNFTiiyssWyefowihDFMbSPKHRQv29keFIqVkUmMk8plr1cvE/r5/q8NrLmEhSTQVZHgpTjnSM8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf3yOunUa65Tcx+vqs3boo4ynME5XIILDWjCPbSgDQSm8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gDVB5Md</latexit>

iM3 =
<latexit sha1_base64="mm84A+8dsG0eGrSP18N+MMmZnZ4=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiQq6EYounEjVLAPaEOYTCft0MkkzEwKJfRP3LhQxK1/4s6/cdJmodUDA4dz7uWeOWHKmdKu+2VVVlbX1jeqm/bW9s7unrN/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOL4t/M6ESsUS8ainKfVjPBQsYgRrIwWOw/ox1iOCeX4/C87t68CpuXV3DvSXeCWpQYlm4Hz2BwnJYio04Vipnuem2s+x1IxwOrP7maIpJmM8pD1DBY6p8vN58hk6McoARYk0T2g0V39u5DhWahqHZrKIqZa9QvzP62U6uvJzJtJMU0EWh6KMI52gogY0YJISzaeGYCKZyYrICEtMtCnLNiV4y1/+S9pndc+tew8XtcZNWUcVjuAYTsGDS2jAHTShBQQm8AQv8Grl1rP1Zr0vRitWuXMIv2B9fAO1H5MI</latexit><latexit sha1_base64="mm84A+8dsG0eGrSP18N+MMmZnZ4=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiQq6EYounEjVLAPaEOYTCft0MkkzEwKJfRP3LhQxK1/4s6/cdJmodUDA4dz7uWeOWHKmdKu+2VVVlbX1jeqm/bW9s7unrN/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOL4t/M6ESsUS8ainKfVjPBQsYgRrIwWOw/ox1iOCeX4/C87t68CpuXV3DvSXeCWpQYlm4Hz2BwnJYio04Vipnuem2s+x1IxwOrP7maIpJmM8pD1DBY6p8vN58hk6McoARYk0T2g0V39u5DhWahqHZrKIqZa9QvzP62U6uvJzJtJMU0EWh6KMI52gogY0YJISzaeGYCKZyYrICEtMtCnLNiV4y1/+S9pndc+tew8XtcZNWUcVjuAYTsGDS2jAHTShBQQm8AQv8Grl1rP1Zr0vRitWuXMIv2B9fAO1H5MI</latexit><latexit sha1_base64="mm84A+8dsG0eGrSP18N+MMmZnZ4=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiQq6EYounEjVLAPaEOYTCft0MkkzEwKJfRP3LhQxK1/4s6/cdJmodUDA4dz7uWeOWHKmdKu+2VVVlbX1jeqm/bW9s7unrN/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOL4t/M6ESsUS8ainKfVjPBQsYgRrIwWOw/ox1iOCeX4/C87t68CpuXV3DvSXeCWpQYlm4Hz2BwnJYio04Vipnuem2s+x1IxwOrP7maIpJmM8pD1DBY6p8vN58hk6McoARYk0T2g0V39u5DhWahqHZrKIqZa9QvzP62U6uvJzJtJMU0EWh6KMI52gogY0YJISzaeGYCKZyYrICEtMtCnLNiV4y1/+S9pndc+tew8XtcZNWUcVjuAYTsGDS2jAHTShBQQm8AQv8Grl1rP1Zr0vRitWuXMIv2B9fAO1H5MI</latexit><latexit sha1_base64="mm84A+8dsG0eGrSP18N+MMmZnZ4=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiQq6EYounEjVLAPaEOYTCft0MkkzEwKJfRP3LhQxK1/4s6/cdJmodUDA4dz7uWeOWHKmdKu+2VVVlbX1jeqm/bW9s7unrN/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOL4t/M6ESsUS8ainKfVjPBQsYgRrIwWOw/ox1iOCeX4/C87t68CpuXV3DvSXeCWpQYlm4Hz2BwnJYio04Vipnuem2s+x1IxwOrP7maIpJmM8pD1DBY6p8vN58hk6McoARYk0T2g0V39u5DhWahqHZrKIqZa9QvzP62U6uvJzJtJMU0EWh6KMI52gogY0YJISzaeGYCKZyYrICEtMtCnLNiV4y1/+S9pndc+tew8XtcZNWUcVjuAYTsGDS2jAHTShBQQm8AQv8Grl1rP1Zr0vRitWuXMIv2B9fAO1H5MI</latexit>

iT3 =
<latexit sha1_base64="0oxWFdx2YEbPU8z/A5hLlWhy1K0=">AAAB+XicbVBNS8NAFHypXzV+RT16WSyCp5KooBeh6MVjhdYW2hA22027dLMJu5tCCf0nXjwo4tV/4s1/46bNQVsHFoaZ93izE6acKe2631ZlbX1jc6u6be/s7u0fOIdHTyrJJKFtkvBEdkOsKGeCtjXTnHZTSXEcctoJx/eF35lQqVgiWnqaUj/GQ8EiRrA2UuA4rB9jPSKY561ZcGnfBk7NrbtzoFXilaQGJZqB89UfJCSLqdCEY6V6nptqP8dSM8LpzO5niqaYjPGQ9gwVOKbKz+fJZ+jMKAMUJdI8odFc/b2R41ipaRyaySKmWvYK8T+vl+noxs+ZSDNNBVkcijKOdIKKGtCASUo0nxqCiWQmKyIjLDHRpizblOAtf3mVPF3UPbfuPV7VGndlHVU4gVM4Bw+uoQEP0IQ2EJjAM7zCm5VbL9a79bEYrVjlzjH8gfX5A7/ekw8=</latexit><latexit sha1_base64="0oxWFdx2YEbPU8z/A5hLlWhy1K0=">AAAB+XicbVBNS8NAFHypXzV+RT16WSyCp5KooBeh6MVjhdYW2hA22027dLMJu5tCCf0nXjwo4tV/4s1/46bNQVsHFoaZ93izE6acKe2631ZlbX1jc6u6be/s7u0fOIdHTyrJJKFtkvBEdkOsKGeCtjXTnHZTSXEcctoJx/eF35lQqVgiWnqaUj/GQ8EiRrA2UuA4rB9jPSKY561ZcGnfBk7NrbtzoFXilaQGJZqB89UfJCSLqdCEY6V6nptqP8dSM8LpzO5niqaYjPGQ9gwVOKbKz+fJZ+jMKAMUJdI8odFc/b2R41ipaRyaySKmWvYK8T+vl+noxs+ZSDNNBVkcijKOdIKKGtCASUo0nxqCiWQmKyIjLDHRpizblOAtf3mVPF3UPbfuPV7VGndlHVU4gVM4Bw+uoQEP0IQ2EJjAM7zCm5VbL9a79bEYrVjlzjH8gfX5A7/ekw8=</latexit><latexit sha1_base64="0oxWFdx2YEbPU8z/A5hLlWhy1K0=">AAAB+XicbVBNS8NAFHypXzV+RT16WSyCp5KooBeh6MVjhdYW2hA22027dLMJu5tCCf0nXjwo4tV/4s1/46bNQVsHFoaZ93izE6acKe2631ZlbX1jc6u6be/s7u0fOIdHTyrJJKFtkvBEdkOsKGeCtjXTnHZTSXEcctoJx/eF35lQqVgiWnqaUj/GQ8EiRrA2UuA4rB9jPSKY561ZcGnfBk7NrbtzoFXilaQGJZqB89UfJCSLqdCEY6V6nptqP8dSM8LpzO5niqaYjPGQ9gwVOKbKz+fJZ+jMKAMUJdI8odFc/b2R41ipaRyaySKmWvYK8T+vl+noxs+ZSDNNBVkcijKOdIKKGtCASUo0nxqCiWQmKyIjLDHRpizblOAtf3mVPF3UPbfuPV7VGndlHVU4gVM4Bw+uoQEP0IQ2EJjAM7zCm5VbL9a79bEYrVjlzjH8gfX5A7/ekw8=</latexit><latexit sha1_base64="0oxWFdx2YEbPU8z/A5hLlWhy1K0=">AAAB+XicbVBNS8NAFHypXzV+RT16WSyCp5KooBeh6MVjhdYW2hA22027dLMJu5tCCf0nXjwo4tV/4s1/46bNQVsHFoaZ93izE6acKe2631ZlbX1jc6u6be/s7u0fOIdHTyrJJKFtkvBEdkOsKGeCtjXTnHZTSXEcctoJx/eF35lQqVgiWnqaUj/GQ8EiRrA2UuA4rB9jPSKY561ZcGnfBk7NrbtzoFXilaQGJZqB89UfJCSLqdCEY6V6nptqP8dSM8LpzO5niqaYjPGQ9gwVOKbKz+fJZ+jMKAMUJdI8odFc/b2R41ipaRyaySKmWvYK8T+vl+noxs+ZSDNNBVkcijKOdIKKGtCASUo0nxqCiWQmKyIjLDHRpizblOAtf3mVPF3UPbfuPV7VGndlHVU4gVM4Bw+uoQEP0IQ2EJjAM7zCm5VbL9a79bEYrVjlzjH8gfX5A7/ekw8=</latexit>

⇠<latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit>

⇠<latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit><latexit sha1_base64="UrHUPPa1meIHmTwRbRmRjPT5j7Q=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NXrJkd+/YnRPCkd9gY6GIrT/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGtzP/8YkbKxL9gJOUh4oOtYgFo+ikVs8KRfrVml/35yCrJChIDQo0+9Wv3iBhmeIamaTWdgM/xTCnBgWTfFrpZZanlI3pkHcd1VRxG+bzY6fkzCkDEifGlUYyV39P5FRZO1GR61QUR3bZm4n/ed0M4+swFzrNkGu2WBRnkmBCZp+TgTCcoZw4QpkR7lbCRtRQhi6figshWH55lbQv6oFfD+4va42bIo4ynMApnEMAV9CAO2hCCxgIeIZXePO09+K9ex+L1pJXzBzDH3ifP3a+jnE=</latexit>

a, K3
<latexit sha1_base64="ijhlXK1AkGzGTDzaOGVxTgcVVLQ=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwIWVGBV0W3QhuKtgHtMNwJ820oZnMkGSEYai/4saFIm79EHf+jZl2Ftp6SOBwzr3k5PgxZ0rb9rdVWlldW98ob1a2tnd296r7Bx0VJZLQNol4JHs+KMqZoG3NNKe9WFIIfU67/uQm97uPVCoWiQedxtQNYSRYwAhoI3nVGpzigTkh6DEBnt1NvXOvWrcb9gx4mTgFqaMCLa/6NRhGJAmp0ISDUn3HjrWbgdSMcDqtDBJFYyATGNG+oQJCqtxsFn6Kj40yxEEkzRUaz9TfGxmESqWhbybzkGrRy8X/vH6igys3YyJONBVk/lCQcKwjnDeBh0xSonlqCBDJTFZMxiCBaNNXxZTgLH55mXTOGo7dcO4v6s3roo4yOkRH6AQ56BI10S1qoTYiKEXP6BW9WU/Wi/VufcxHS1axU0N/YH3+ACCLk8k=</latexit><latexit sha1_base64="ijhlXK1AkGzGTDzaOGVxTgcVVLQ=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwIWVGBV0W3QhuKtgHtMNwJ820oZnMkGSEYai/4saFIm79EHf+jZl2Ftp6SOBwzr3k5PgxZ0rb9rdVWlldW98ob1a2tnd296r7Bx0VJZLQNol4JHs+KMqZoG3NNKe9WFIIfU67/uQm97uPVCoWiQedxtQNYSRYwAhoI3nVGpzigTkh6DEBnt1NvXOvWrcb9gx4mTgFqaMCLa/6NRhGJAmp0ISDUn3HjrWbgdSMcDqtDBJFYyATGNG+oQJCqtxsFn6Kj40yxEEkzRUaz9TfGxmESqWhbybzkGrRy8X/vH6igys3YyJONBVk/lCQcKwjnDeBh0xSonlqCBDJTFZMxiCBaNNXxZTgLH55mXTOGo7dcO4v6s3roo4yOkRH6AQ56BI10S1qoTYiKEXP6BW9WU/Wi/VufcxHS1axU0N/YH3+ACCLk8k=</latexit><latexit sha1_base64="ijhlXK1AkGzGTDzaOGVxTgcVVLQ=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwIWVGBV0W3QhuKtgHtMNwJ820oZnMkGSEYai/4saFIm79EHf+jZl2Ftp6SOBwzr3k5PgxZ0rb9rdVWlldW98ob1a2tnd296r7Bx0VJZLQNol4JHs+KMqZoG3NNKe9WFIIfU67/uQm97uPVCoWiQedxtQNYSRYwAhoI3nVGpzigTkh6DEBnt1NvXOvWrcb9gx4mTgFqaMCLa/6NRhGJAmp0ISDUn3HjrWbgdSMcDqtDBJFYyATGNG+oQJCqtxsFn6Kj40yxEEkzRUaz9TfGxmESqWhbybzkGrRy8X/vH6igys3YyJONBVk/lCQcKwjnDeBh0xSonlqCBDJTFZMxiCBaNNXxZTgLH55mXTOGo7dcO4v6s3roo4yOkRH6AQ56BI10S1qoTYiKEXP6BW9WU/Wi/VufcxHS1axU0N/YH3+ACCLk8k=</latexit><latexit sha1_base64="ijhlXK1AkGzGTDzaOGVxTgcVVLQ=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwIWVGBV0W3QhuKtgHtMNwJ820oZnMkGSEYai/4saFIm79EHf+jZl2Ftp6SOBwzr3k5PgxZ0rb9rdVWlldW98ob1a2tnd296r7Bx0VJZLQNol4JHs+KMqZoG3NNKe9WFIIfU67/uQm97uPVCoWiQedxtQNYSRYwAhoI3nVGpzigTkh6DEBnt1NvXOvWrcb9gx4mTgFqaMCLa/6NRhGJAmp0ISDUn3HjrWbgdSMcDqtDBJFYyATGNG+oQJCqtxsFn6Kj40yxEEkzRUaz9TfGxmESqWhbybzkGrRy8X/vH6igys3YyJONBVk/lCQcKwjnDeBh0xSonlqCBDJTFZMxiCBaNNXxZTgLH55mXTOGo7dcO4v6s3roo4yOkRH6AQ56BI10S1qoTYiKEXP6BW9WU/Wi/VufcxHS1axU0N/YH3+ACCLk8k=</latexit>

scattering 
parameters

scattering theory

three-body 
finite-volume formalism

scattering amplitudes

finite-volume spectra & 
matrix elements

two-body 
finite-volume formalism

LSZ

iT'b =
<latexit sha1_base64="V7cPaVDK8qrsCheFElBuSVxq9IE=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KokIuhGKblxW6AuaECbTSTt08mBmUighCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wplUlvVtrK1vbG5tV3aqu3v7B4fm0XFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzJXeH3plRIFkdtNUuoG+JRxAJGsNKSZ9aYE2I1Jphn7dzLnCkWyZghH+U3Vc+sWw1rDrRK7JLUoUTLM7+cYUzSkEaKcCzlwLYS5WZYKEY4zatOKmmCyQSP6EDTCIdUutn8iRydaWWIgljoihSaq78nMhxKOQt93VlcLJe9QvzPG6QquHYzFiWpohFZLApSjlSMikTQkAlKFJ9pgolg+lZExlhgonRuRQj28surpHvRsK2G/XBZb96WcVSgBqdwDjZcQRPuoQUdIPAIz/AKb8aT8WK8Gx+L1jWjnDmBPzA+fwA7qpfK</latexit><latexit sha1_base64="V7cPaVDK8qrsCheFElBuSVxq9IE=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KokIuhGKblxW6AuaECbTSTt08mBmUighCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wplUlvVtrK1vbG5tV3aqu3v7B4fm0XFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzJXeH3plRIFkdtNUuoG+JRxAJGsNKSZ9aYE2I1Jphn7dzLnCkWyZghH+U3Vc+sWw1rDrRK7JLUoUTLM7+cYUzSkEaKcCzlwLYS5WZYKEY4zatOKmmCyQSP6EDTCIdUutn8iRydaWWIgljoihSaq78nMhxKOQt93VlcLJe9QvzPG6QquHYzFiWpohFZLApSjlSMikTQkAlKFJ9pgolg+lZExlhgonRuRQj28surpHvRsK2G/XBZb96WcVSgBqdwDjZcQRPuoQUdIPAIz/AKb8aT8WK8Gx+L1jWjnDmBPzA+fwA7qpfK</latexit><latexit sha1_base64="V7cPaVDK8qrsCheFElBuSVxq9IE=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KokIuhGKblxW6AuaECbTSTt08mBmUighCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wplUlvVtrK1vbG5tV3aqu3v7B4fm0XFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzJXeH3plRIFkdtNUuoG+JRxAJGsNKSZ9aYE2I1Jphn7dzLnCkWyZghH+U3Vc+sWw1rDrRK7JLUoUTLM7+cYUzSkEaKcCzlwLYS5WZYKEY4zatOKmmCyQSP6EDTCIdUutn8iRydaWWIgljoihSaq78nMhxKOQt93VlcLJe9QvzPG6QquHYzFiWpohFZLApSjlSMikTQkAlKFJ9pgolg+lZExlhgonRuRQj28surpHvRsK2G/XBZb96WcVSgBqdwDjZcQRPuoQUdIPAIz/AKb8aT8WK8Gx+L1jWjnDmBPzA+fwA7qpfK</latexit><latexit sha1_base64="V7cPaVDK8qrsCheFElBuSVxq9IE=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4KokIuhGKblxW6AuaECbTSTt08mBmUighCzf+ihsXirj1I9z5N07aLLT1wIXDOfdy7z1+wplUlvVtrK1vbG5tV3aqu3v7B4fm0XFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzJXeH3plRIFkdtNUuoG+JRxAJGsNKSZ9aYE2I1Jphn7dzLnCkWyZghH+U3Vc+sWw1rDrRK7JLUoUTLM7+cYUzSkEaKcCzlwLYS5WZYKEY4zatOKmmCyQSP6EDTCIdUutn8iRydaWWIgljoihSaq78nMhxKOQt93VlcLJe9QvzPG6QquHYzFiWpohFZLApSjlSMikTQkAlKFJ9pgolg+lZExlhgonRuRQj28surpHvRsK2G/XBZb96WcVSgBqdwDjZcQRPuoQUdIPAIz/AKb8aT8WK8Gx+L1jWjnDmBPzA+fwA7qpfK</latexit>

iM'b =
<latexit sha1_base64="/Ceyv7mlKRELeMeU00TiY8/VDLE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXgRKtgPaEKYbDft0s0m7G4KJeTgxb/ixYMiXv0R3vw3Jm0O2vpg4PHeDDPz/JgzpS3r21hZXVvf2KxsVbd3dvf2zYPDjooSSWibRDySPR8U5UzQtmaa014sKYQ+p11/fFP43QmVikXiQU9j6oYwFCxgBHQueWaNOSHoEQGe3mVe6kxAxiOGfZxdVT2zbjWsGfAysUtSRyVanvnlDCKShFRowkGpvm3F2k1BakY4zapOomgMZAxD2s+pgJAqN509keGTXBngIJJ5CY1n6u+JFEKlpqGfdxYXq0WvEP/z+okOLt2UiTjRVJD5oiDhWEe4SAQPmKRE82lOgEiW34rJCCQQnedWhGAvvrxMOmcN22rY9+f15nUZRwXV0DE6RTa6QE10i1qojQh6RM/oFb0ZT8aL8W58zFtXjHLmCP2B8fkDMJ6Xww==</latexit><latexit sha1_base64="/Ceyv7mlKRELeMeU00TiY8/VDLE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXgRKtgPaEKYbDft0s0m7G4KJeTgxb/ixYMiXv0R3vw3Jm0O2vpg4PHeDDPz/JgzpS3r21hZXVvf2KxsVbd3dvf2zYPDjooSSWibRDySPR8U5UzQtmaa014sKYQ+p11/fFP43QmVikXiQU9j6oYwFCxgBHQueWaNOSHoEQGe3mVe6kxAxiOGfZxdVT2zbjWsGfAysUtSRyVanvnlDCKShFRowkGpvm3F2k1BakY4zapOomgMZAxD2s+pgJAqN509keGTXBngIJJ5CY1n6u+JFEKlpqGfdxYXq0WvEP/z+okOLt2UiTjRVJD5oiDhWEe4SAQPmKRE82lOgEiW34rJCCQQnedWhGAvvrxMOmcN22rY9+f15nUZRwXV0DE6RTa6QE10i1qojQh6RM/oFb0ZT8aL8W58zFtXjHLmCP2B8fkDMJ6Xww==</latexit><latexit sha1_base64="/Ceyv7mlKRELeMeU00TiY8/VDLE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXgRKtgPaEKYbDft0s0m7G4KJeTgxb/ixYMiXv0R3vw3Jm0O2vpg4PHeDDPz/JgzpS3r21hZXVvf2KxsVbd3dvf2zYPDjooSSWibRDySPR8U5UzQtmaa014sKYQ+p11/fFP43QmVikXiQU9j6oYwFCxgBHQueWaNOSHoEQGe3mVe6kxAxiOGfZxdVT2zbjWsGfAysUtSRyVanvnlDCKShFRowkGpvm3F2k1BakY4zapOomgMZAxD2s+pgJAqN509keGTXBngIJJ5CY1n6u+JFEKlpqGfdxYXq0WvEP/z+okOLt2UiTjRVJD5oiDhWEe4SAQPmKRE82lOgEiW34rJCCQQnedWhGAvvrxMOmcN22rY9+f15nUZRwXV0DE6RTa6QE10i1qojQh6RM/oFb0ZT8aL8W58zFtXjHLmCP2B8fkDMJ6Xww==</latexit><latexit sha1_base64="/Ceyv7mlKRELeMeU00TiY8/VDLE=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXgRKtgPaEKYbDft0s0m7G4KJeTgxb/ixYMiXv0R3vw3Jm0O2vpg4PHeDDPz/JgzpS3r21hZXVvf2KxsVbd3dvf2zYPDjooSSWibRDySPR8U5UzQtmaa014sKYQ+p11/fFP43QmVikXiQU9j6oYwFCxgBHQueWaNOSHoEQGe3mVe6kxAxiOGfZxdVT2zbjWsGfAysUtSRyVanvnlDCKShFRowkGpvm3F2k1BakY4zapOomgMZAxD2s+pgJAqN509keGTXBngIJJ5CY1n6u+JFEKlpqGfdxYXq0WvEP/z+okOLt2UiTjRVJD5oiDhWEe4SAQPmKRE82lOgEiW34rJCCQQnedWhGAvvrxMOmcN22rY9+f15nUZRwXV0DE6RTa6QE10i1qojQh6RM/oFb0ZT8aL8W58zFtXjHLmCP2B8fkDMJ6Xww==</latexit>

one-body 
finite-volume formalism

iT'b ⇠
<latexit sha1_base64="zgk9G04njjpXGwJsev+1kKwPo4I=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxmWFvqAJYTKdtENnJmFmUighOzf+ihsXirj1F9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVdbWNza3qtu1nd29/QP78Kir4lRi0sExi2U/RIowKkhHU81IP5EE8ZCRXji5K/zelEhFY9HWs4T4HI0EjShG2kiBfUo9jvQYI5a18yDzpkgmYwpDmHuK8lpg152GMwdcJW5J6qBEK7C/vGGMU06ExgwpNXCdRPsZkppiRvKalyqSIDxBIzIwVCBOlJ/N/8jhuVGGMIqlKaHhXP09kSGu1IyHprM4Wi17hfifN0h1dONnVCSpJgIvFkUpgzqGRShwSCXBms0MQVhScyvEYyQR1ia6IgR3+eVV0r1suE7DfbiqN2/LOKrgBJyBC+CCa9AE96AFOgCDR/AMXsGb9WS9WO/Wx6K1YpUzx+APrM8f7jyZUA==</latexit><latexit sha1_base64="zgk9G04njjpXGwJsev+1kKwPo4I=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxmWFvqAJYTKdtENnJmFmUighOzf+ihsXirj1F9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVdbWNza3qtu1nd29/QP78Kir4lRi0sExi2U/RIowKkhHU81IP5EE8ZCRXji5K/zelEhFY9HWs4T4HI0EjShG2kiBfUo9jvQYI5a18yDzpkgmYwpDmHuK8lpg152GMwdcJW5J6qBEK7C/vGGMU06ExgwpNXCdRPsZkppiRvKalyqSIDxBIzIwVCBOlJ/N/8jhuVGGMIqlKaHhXP09kSGu1IyHprM4Wi17hfifN0h1dONnVCSpJgIvFkUpgzqGRShwSCXBms0MQVhScyvEYyQR1ia6IgR3+eVV0r1suE7DfbiqN2/LOKrgBJyBC+CCa9AE96AFOgCDR/AMXsGb9WS9WO/Wx6K1YpUzx+APrM8f7jyZUA==</latexit><latexit sha1_base64="zgk9G04njjpXGwJsev+1kKwPo4I=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxmWFvqAJYTKdtENnJmFmUighOzf+ihsXirj1F9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVdbWNza3qtu1nd29/QP78Kir4lRi0sExi2U/RIowKkhHU81IP5EE8ZCRXji5K/zelEhFY9HWs4T4HI0EjShG2kiBfUo9jvQYI5a18yDzpkgmYwpDmHuK8lpg152GMwdcJW5J6qBEK7C/vGGMU06ExgwpNXCdRPsZkppiRvKalyqSIDxBIzIwVCBOlJ/N/8jhuVGGMIqlKaHhXP09kSGu1IyHprM4Wi17hfifN0h1dONnVCSpJgIvFkUpgzqGRShwSCXBms0MQVhScyvEYyQR1ia6IgR3+eVV0r1suE7DfbiqN2/LOKrgBJyBC+CCa9AE96AFOgCDR/AMXsGb9WS9WO/Wx6K1YpUzx+APrM8f7jyZUA==</latexit><latexit sha1_base64="zgk9G04njjpXGwJsev+1kKwPo4I=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxmWFvqAJYTKdtENnJmFmUighOzf+ihsXirj1F9z5N07aLLT1wIXDOfdy7z1hwqjSjvNtVdbWNza3qtu1nd29/QP78Kir4lRi0sExi2U/RIowKkhHU81IP5EE8ZCRXji5K/zelEhFY9HWs4T4HI0EjShG2kiBfUo9jvQYI5a18yDzpkgmYwpDmHuK8lpg152GMwdcJW5J6qBEK7C/vGGMU06ExgwpNXCdRPsZkppiRvKalyqSIDxBIzIwVCBOlJ/N/8jhuVGGMIqlKaHhXP09kSGu1IyHprM4Wi17hfifN0h1dONnVCSpJgIvFkUpgzqGRShwSCXBms0MQVhScyvEYyQR1ia6IgR3+eVV0r1suE7DfbiqN2/LOKrgBJyBC+CCa9AE96AFOgCDR/AMXsGb9WS9WO/Wx6K1YpUzx+APrM8f7jyZUA==</latexit>

iM'b ⇠
<latexit sha1_base64="VF/laUF0Z1D7dciTwjr9DNi5ETk=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxo1QwT6gCWEynbRDZyZhZlIoITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89YcKo0o7zbVVWVtfWN6qbta3tnd09e/+go+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vin87oRIRWPxoKcJ8TkaChpRjLSRAvuYehzpEUYsu8uDzJsgmYwoDGHuKcprgV13Gs4McJm4JamDEq3A/vIGMU45ERozpFTfdRLtZ0hqihnJa16qSILwGA1J31CBOFF+Nvsjh6dGGcAolqaEhjP190SGuFJTHprO4mi16BXif14/1dGVn1GRpJoIPF8UpQzqGBahwAGVBGs2NQRhSc2tEI+QRFib6IoQ3MWXl0nnvOE6Dff+ot68LuOogiNwAs6ACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1opVzhyCP7A+fwDjG5lJ</latexit><latexit sha1_base64="VF/laUF0Z1D7dciTwjr9DNi5ETk=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxo1QwT6gCWEynbRDZyZhZlIoITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89YcKo0o7zbVVWVtfWN6qbta3tnd09e/+go+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vin87oRIRWPxoKcJ8TkaChpRjLSRAvuYehzpEUYsu8uDzJsgmYwoDGHuKcprgV13Gs4McJm4JamDEq3A/vIGMU45ERozpFTfdRLtZ0hqihnJa16qSILwGA1J31CBOFF+Nvsjh6dGGcAolqaEhjP190SGuFJTHprO4mi16BXif14/1dGVn1GRpJoIPF8UpQzqGBahwAGVBGs2NQRhSc2tEI+QRFib6IoQ3MWXl0nnvOE6Dff+ot68LuOogiNwAs6ACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1opVzhyCP7A+fwDjG5lJ</latexit><latexit sha1_base64="VF/laUF0Z1D7dciTwjr9DNi5ETk=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxo1QwT6gCWEynbRDZyZhZlIoITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89YcKo0o7zbVVWVtfWN6qbta3tnd09e/+go+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vin87oRIRWPxoKcJ8TkaChpRjLSRAvuYehzpEUYsu8uDzJsgmYwoDGHuKcprgV13Gs4McJm4JamDEq3A/vIGMU45ERozpFTfdRLtZ0hqihnJa16qSILwGA1J31CBOFF+Nvsjh6dGGcAolqaEhjP190SGuFJTHprO4mi16BXif14/1dGVn1GRpJoIPF8UpQzqGBahwAGVBGs2NQRhSc2tEI+QRFib6IoQ3MWXl0nnvOE6Dff+ot68LuOogiNwAs6ACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1opVzhyCP7A+fwDjG5lJ</latexit><latexit sha1_base64="VF/laUF0Z1D7dciTwjr9DNi5ETk=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLoxo1QwT6gCWEynbRDZyZhZlIoITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89YcKo0o7zbVVWVtfWN6qbta3tnd09e/+go+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vin87oRIRWPxoKcJ8TkaChpRjLSRAvuYehzpEUYsu8uDzJsgmYwoDGHuKcprgV13Gs4McJm4JamDEq3A/vIGMU45ERozpFTfdRLtZ0hqihnJa16qSILwGA1J31CBOFF+Nvsjh6dGGcAolqaEhjP190SGuFJTHprO4mi16BXif14/1dGVn1GRpJoIPF8UpQzqGBahwAGVBGs2NQRhSc2tEI+QRFib6IoQ3MWXl0nnvOE6Dff+ot68LuOogiNwAs6ACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1opVzhyCP7A+fwDjG5lJ</latexit>
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Figure 1: A schematic depiction of the workflow used to produce the numerical checks
for the amplitudes Mφb and Tφb presented in section 4.3, and for the trimer coupling gt
presented in section 5.2. Specifically, Mφb, Tφb, and gt can be obtained both using the
infinite-volume formalism and LSZ reduction formula as described in section 2, and the
three- and two-body finite-volume formalisms summarized in section 3. This is numerically
validated in the results shown in figures 4 to 6.
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(4.26)

which recovers eq. (4.22).

4.3 Numerical evidence

In this section, we provide numerical evidence for the two results that were analytically
derived in the previous subsections. In the first part, we explore a simple toy model that
supports a two-body bound state. Within this model, we demonstrate two things. First, we
show that in the kinematic region below the three-body threshold, the finite-volume spectra
and matrix elements are equally well described by the two- and three-body formalism.
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Second, we produce the same numerical values for the infinite-volume amplitudes, Mφb

and Tφb, using the finite-volume formalism and the integral equations. These two checks
provide empirical evidence of the equivalence found in section 4 and the fact that the finite-
and infinite-volume formalisms are self-consistent.

In figure 1, we give a graphical depiction of the procedure we used to perform this check,
which we proceed to describe. Throughout this numerical demonstration, we set K3 = 0,
and fix the two-body phase shift using a single value of the scattering length k cot δφb = −1/a,
with ma = 1.5. This leads to a bound state mass of mb ≃ 1.49m, see eq. (2.13). We focus
our attention on energies below the three-body threshold, E < 3m, where the system should
be well described as a three- or two-body system.

With these inputs, we can obtain the three-body amplitudes by solving the integral equa-
tions using the now standard techniques described in, for example, refs. [59, 63]. The Mφb

and Tφb amplitudes can be obtained using the LSZ procedure, as reviewed in section 2.

Having Mφb, we can determine the finite-volume spectrum using the two quantization
conditions given in eqs. (3.1) and (3.4). Out of convenience, we will introduce two functions
of energy and volume, which we will label as QCφb and QC3,

QCφb(E,L) = F−1
φb (E,L) +Kφb(E), (4.27)

QC3(E,L) = (F iso
3 (E,L))−1. (4.28)

From the quantization conditions, eqs. (3.1) and (3.4), we see that the spectra in a finite
volume correspond to the zeroes of these functions. By considering values away from the
zeros, we are also able to evaluate the numerical residues needed for the finite-volume matrix
elements.

Figure 2(a) shows an example of these two functions being evaluated numerically for a
volume of mL = 14. As a stylistic choice, we plot the inverse of these functions, such
that the energies are seen as the infinities of QC−1

3 and QC−1
φb . One can immediately see

that the locations of the poles of these functions agree by eye. In figure 2(b) we show the
difference between the spectra obtained using these two functions for the three-lowest states
for a range of volumes. As can be seen, these spectra agree up to exponentially suppressed
errors.

To obtain Lellouch-Lüscher factors, R3φ,n and Rφb,n, given in eqs. (3.3) and (3.12), we will
need to evaluate the residues of these functions. We do this by evaluating the product of
the inverse of the QC functions times (E −E3φ,n) in the vicinity of a solution, E ≃ E3φ,n,
and interpolating to the desired kinematic point,

R3φ,n = lim
E→E3φ,n

(E − E3φ,n)QC−1
3 (E,L) (4.29)

Rφb,n = lim
E→Eφb,n

(E − Eφb,n)QC−1
φb (E,L). (4.30)

An important subtle point is that although the spectra using QC3 and QCφb are exponen-
tially close to one another, one can not use the spectrum of one in obtaining the residue of
the other. These minor differences lead to arbitrarily large systematic errors. Correlatedly,
although the pole locations are close, the residues are not.
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�E0
<latexit sha1_base64="Kr6DH8VvwwJtx8YnfUxqagBMhsk=">AAACHnicbVBLSwMxGMzWV62vVY9egkXwICXb2tet+ACPFWwtbJeSTdM2NPsgyQpl2V/ixb/ixYMigif9N6bbHrR1IDDMzJd8GTfkTCqEvo3Myura+kZ2M7e1vbO7Z+4ftGUQCUJbJOCB6LhYUs582lJMcdoJBcWey+m9O76c+vcPVEgW+HdqElLHw0OfDRjBSks9sxx300tsMXSdGBUqdauMameogKpVq17UxCqVKqiedK8oVxjG1z2UJD0zrxMp4DKx5iQP5mj2zM9uPyCRR31FOJbStlConBgLxQinSa4bSRpiMsZDamvqY49KJ043S+CJVvpwEAh9fAVT9fdEjD0pJ56rkx5WI7noTcX/PDtSg5oTMz+MFPXJ7KFBxKEK4LQr2GeCEsUnmmAimN4VkhEWmCjdaE6XYC1+eZm0iwVLl3h7nm9czOvIgiNwDE6BBaqgAW5AE7QAAY/gGbyCN+PJeDHejY9ZNGPMZw7BHxhfP53unmw=</latexit><latexit sha1_base64="Kr6DH8VvwwJtx8YnfUxqagBMhsk=">AAACHnicbVBLSwMxGMzWV62vVY9egkXwICXb2tet+ACPFWwtbJeSTdM2NPsgyQpl2V/ixb/ixYMigif9N6bbHrR1IDDMzJd8GTfkTCqEvo3Myura+kZ2M7e1vbO7Z+4ftGUQCUJbJOCB6LhYUs582lJMcdoJBcWey+m9O76c+vcPVEgW+HdqElLHw0OfDRjBSks9sxx300tsMXSdGBUqdauMameogKpVq17UxCqVKqiedK8oVxjG1z2UJD0zrxMp4DKx5iQP5mj2zM9uPyCRR31FOJbStlConBgLxQinSa4bSRpiMsZDamvqY49KJ043S+CJVvpwEAh9fAVT9fdEjD0pJ56rkx5WI7noTcX/PDtSg5oTMz+MFPXJ7KFBxKEK4LQr2GeCEsUnmmAimN4VkhEWmCjdaE6XYC1+eZm0iwVLl3h7nm9czOvIgiNwDE6BBaqgAW5AE7QAAY/gGbyCN+PJeDHejY9ZNGPMZw7BHxhfP53unmw=</latexit><latexit sha1_base64="Kr6DH8VvwwJtx8YnfUxqagBMhsk=">AAACHnicbVBLSwMxGMzWV62vVY9egkXwICXb2tet+ACPFWwtbJeSTdM2NPsgyQpl2V/ixb/ixYMigif9N6bbHrR1IDDMzJd8GTfkTCqEvo3Myura+kZ2M7e1vbO7Z+4ftGUQCUJbJOCB6LhYUs582lJMcdoJBcWey+m9O76c+vcPVEgW+HdqElLHw0OfDRjBSks9sxx300tsMXSdGBUqdauMameogKpVq17UxCqVKqiedK8oVxjG1z2UJD0zrxMp4DKx5iQP5mj2zM9uPyCRR31FOJbStlConBgLxQinSa4bSRpiMsZDamvqY49KJ043S+CJVvpwEAh9fAVT9fdEjD0pJ56rkx5WI7noTcX/PDtSg5oTMz+MFPXJ7KFBxKEK4LQr2GeCEsUnmmAimN4VkhEWmCjdaE6XYC1+eZm0iwVLl3h7nm9czOvIgiNwDE6BBaqgAW5AE7QAAY/gGbyCN+PJeDHejY9ZNGPMZw7BHxhfP53unmw=</latexit><latexit sha1_base64="Kr6DH8VvwwJtx8YnfUxqagBMhsk=">AAACHnicbVBLSwMxGMzWV62vVY9egkXwICXb2tet+ACPFWwtbJeSTdM2NPsgyQpl2V/ixb/ixYMigif9N6bbHrR1IDDMzJd8GTfkTCqEvo3Myura+kZ2M7e1vbO7Z+4ftGUQCUJbJOCB6LhYUs582lJMcdoJBcWey+m9O76c+vcPVEgW+HdqElLHw0OfDRjBSks9sxx300tsMXSdGBUqdauMameogKpVq17UxCqVKqiedK8oVxjG1z2UJD0zrxMp4DKx5iQP5mj2zM9uPyCRR31FOJbStlConBgLxQinSa4bSRpiMsZDamvqY49KJ043S+CJVvpwEAh9fAVT9fdEjD0pJ56rkx5WI7noTcX/PDtSg5oTMz+MFPXJ7KFBxKEK4LQr2GeCEsUnmmAimN4VkhEWmCjdaE6XYC1+eZm0iwVLl3h7nm9czOvIgiNwDE6BBaqgAW5AE7QAAY/gGbyCN+PJeDHejY9ZNGPMZw7BHxhfP53unmw=</latexit>

�E1
<latexit sha1_base64="Bp3cvhxwLIpbNgHUFjiQEvW3NR8="></latexit><latexit sha1_base64="Bp3cvhxwLIpbNgHUFjiQEvW3NR8="></latexit><latexit sha1_base64="Bp3cvhxwLIpbNgHUFjiQEvW3NR8="></latexit><latexit sha1_base64="Bp3cvhxwLIpbNgHUFjiQEvW3NR8="></latexit>

�E2
<latexit sha1_base64="fxFrQTimhgHubrfwV7piGtFF4w4="></latexit><latexit sha1_base64="fxFrQTimhgHubrfwV7piGtFF4w4="></latexit><latexit sha1_base64="fxFrQTimhgHubrfwV7piGtFF4w4="></latexit><latexit sha1_base64="fxFrQTimhgHubrfwV7piGtFF4w4="></latexit>

(a)
<latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit><latexit sha1_base64="OgmmF/uTRgUZiC88x4RBtPBzJJE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhjLZbtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lo5kkzI9wKHnIKRorPVTxvF+uuDV3DrJKvJxUIEejX/7qDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfjY/dUrOrDIgYaxsSUPm6u+JDCOtJ1FgOyM0I73szcT/vG5qwms/4zJJDZN0sShMBTExmf1NBlwxasTEEqSK21sJHaFCamw6JRuCt/zyKmld1Dy35t1fVuo3eRxFOIFTqIIHV1CHO2hAEygM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gCIq41K</latexit>

(b)
<latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit><latexit sha1_base64="nvmtgWEx7qwPdQ+Ek+1IsFecZyE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzU475crbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6qHluzbu/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGKMI1L</latexit>
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'b
<latexit sha1_base64="unKw5MF3z1HCrv/arZfaxgefakg=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIg2hh0JaBlMY5mAeUB2s8xOJsmQ2Qczs4Ew7CfY+Cs2ForYWtr5N06SLTTxwIXDOfdy7z1BwplUjvNtra1vbG5tF3aKu3v7B4f20XFLxqkgtEliHotOgCXlLKJNxRSnnURQHAactoNxbea3J1RIFkcPappQL8TDiA0YwcpIvn2BnJ6uZK5iIZVQuyKEjVrma3eCRTJiMMh6+gpl0LdLTtmZA64SlJMSyFH37S+3H5M0pJEiHEvZRU6iPI2FYoTTrOimkiaYjPGQdg2NsNnv6flDGTw3Sh8OYmEqUnCu/p7QOJRyGgamM8RqJJe9mfif103V4NbTLEpSRSOyWDRIOVQxnKUD+0xQovjUEEwEM7dCMsICE2UyLJoQ0PLLq6R1XUZOGTUqpepdHkcBnIIzcAkQuAFVcA/qoAkIeATP4BW8WU/Wi/VufSxa16x85gT8gfX5A3PHnDQ=</latexit><latexit sha1_base64="unKw5MF3z1HCrv/arZfaxgefakg=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIg2hh0JaBlMY5mAeUB2s8xOJsmQ2Qczs4Ew7CfY+Cs2ForYWtr5N06SLTTxwIXDOfdy7z1BwplUjvNtra1vbG5tF3aKu3v7B4f20XFLxqkgtEliHotOgCXlLKJNxRSnnURQHAactoNxbea3J1RIFkcPappQL8TDiA0YwcpIvn2BnJ6uZK5iIZVQuyKEjVrma3eCRTJiMMh6+gpl0LdLTtmZA64SlJMSyFH37S+3H5M0pJEiHEvZRU6iPI2FYoTTrOimkiaYjPGQdg2NsNnv6flDGTw3Sh8OYmEqUnCu/p7QOJRyGgamM8RqJJe9mfif103V4NbTLEpSRSOyWDRIOVQxnKUD+0xQovjUEEwEM7dCMsICE2UyLJoQ0PLLq6R1XUZOGTUqpepdHkcBnIIzcAkQuAFVcA/qoAkIeATP4BW8WU/Wi/VufSxa16x85gT8gfX5A3PHnDQ=</latexit><latexit sha1_base64="unKw5MF3z1HCrv/arZfaxgefakg=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIg2hh0JaBlMY5mAeUB2s8xOJsmQ2Qczs4Ew7CfY+Cs2ForYWtr5N06SLTTxwIXDOfdy7z1BwplUjvNtra1vbG5tF3aKu3v7B4f20XFLxqkgtEliHotOgCXlLKJNxRSnnURQHAactoNxbea3J1RIFkcPappQL8TDiA0YwcpIvn2BnJ6uZK5iIZVQuyKEjVrma3eCRTJiMMh6+gpl0LdLTtmZA64SlJMSyFH37S+3H5M0pJEiHEvZRU6iPI2FYoTTrOimkiaYjPGQdg2NsNnv6flDGTw3Sh8OYmEqUnCu/p7QOJRyGgamM8RqJJe9mfif103V4NbTLEpSRSOyWDRIOVQxnKUD+0xQovjUEEwEM7dCMsICE2UyLJoQ0PLLq6R1XUZOGTUqpepdHkcBnIIzcAkQuAFVcA/qoAkIeATP4BW8WU/Wi/VufSxa16x85gT8gfX5A3PHnDQ=</latexit><latexit sha1_base64="unKw5MF3z1HCrv/arZfaxgefakg=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIg2hh0JaBlMY5mAeUB2s8xOJsmQ2Qczs4Ew7CfY+Cs2ForYWtr5N06SLTTxwIXDOfdy7z1BwplUjvNtra1vbG5tF3aKu3v7B4f20XFLxqkgtEliHotOgCXlLKJNxRSnnURQHAactoNxbea3J1RIFkcPappQL8TDiA0YwcpIvn2BnJ6uZK5iIZVQuyKEjVrma3eCRTJiMMh6+gpl0LdLTtmZA64SlJMSyFH37S+3H5M0pJEiHEvZRU6iPI2FYoTTrOimkiaYjPGQdg2NsNnv6flDGTw3Sh8OYmEqUnCu/p7QOJRyGgamM8RqJJe9mfif103V4NbTLEpSRSOyWDRIOVQxnKUD+0xQovjUEEwEM7dCMsICE2UyLJoQ0PLLq6R1XUZOGTUqpepdHkcBnIIzcAkQuAFVcA/qoAkIeATP4BW8WU/Wi/VufSxa16x85gT8gfX5A3PHnDQ=</latexit>
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<latexit sha1_base64="2X0H94YCOVR2La8UKcQ+cxTXsk8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRa0GWxG5ct2Ac0aZlMJ+3QySTMTIQyZOnGX3HjQhG3foI7/8Zpm4W2HrhwOOde7r0nSBiVynG+rZXVtfWNzcJWcXtnd2/fPjhsyTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsY16Z++4EISWN+ryYJ8SM05DSkGCkj9e0T1+npSuYpGhEJtSci2KhlfX2V9fSFm8G+XXLKzgxwmbg5KYEc9b795Q1inEaEK8yQlF3XSZSvkVAUM5IVvVSSBOExGpKuoRyZvb6ePZLBM6MMYBgLU1zBmfp7QqNIykkUmM4IqZFc9Kbif143VeGNrylPUkU4ni8KUwZVDKepwAEVBCs2MQRhQc2tEI+QQFiZ7IomBHfx5WXSuiy7TtltVErV2zyOAjgGp+AcuOAaVMEdqIMmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w8Fopiv</latexit><latexit sha1_base64="2X0H94YCOVR2La8UKcQ+cxTXsk8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRa0GWxG5ct2Ac0aZlMJ+3QySTMTIQyZOnGX3HjQhG3foI7/8Zpm4W2HrhwOOde7r0nSBiVynG+rZXVtfWNzcJWcXtnd2/fPjhsyTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsY16Z++4EISWN+ryYJ8SM05DSkGCkj9e0T1+npSuYpGhEJtSci2KhlfX2V9fSFm8G+XXLKzgxwmbg5KYEc9b795Q1inEaEK8yQlF3XSZSvkVAUM5IVvVSSBOExGpKuoRyZvb6ePZLBM6MMYBgLU1zBmfp7QqNIykkUmM4IqZFc9Kbif143VeGNrylPUkU4ni8KUwZVDKepwAEVBCs2MQRhQc2tEI+QQFiZ7IomBHfx5WXSuiy7TtltVErV2zyOAjgGp+AcuOAaVMEdqIMmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w8Fopiv</latexit><latexit sha1_base64="2X0H94YCOVR2La8UKcQ+cxTXsk8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRa0GWxG5ct2Ac0aZlMJ+3QySTMTIQyZOnGX3HjQhG3foI7/8Zpm4W2HrhwOOde7r0nSBiVynG+rZXVtfWNzcJWcXtnd2/fPjhsyTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsY16Z++4EISWN+ryYJ8SM05DSkGCkj9e0T1+npSuYpGhEJtSci2KhlfX2V9fSFm8G+XXLKzgxwmbg5KYEc9b795Q1inEaEK8yQlF3XSZSvkVAUM5IVvVSSBOExGpKuoRyZvb6ePZLBM6MMYBgLU1zBmfp7QqNIykkUmM4IqZFc9Kbif143VeGNrylPUkU4ni8KUwZVDKepwAEVBCs2MQRhQc2tEI+QQFiZ7IomBHfx5WXSuiy7TtltVErV2zyOAjgGp+AcuOAaVMEdqIMmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w8Fopiv</latexit><latexit sha1_base64="2X0H94YCOVR2La8UKcQ+cxTXsk8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4sSRa0GWxG5ct2Ac0aZlMJ+3QySTMTIQyZOnGX3HjQhG3foI7/8Zpm4W2HrhwOOde7r0nSBiVynG+rZXVtfWNzcJWcXtnd2/fPjhsyTgVmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsY16Z++4EISWN+ryYJ8SM05DSkGCkj9e0T1+npSuYpGhEJtSci2KhlfX2V9fSFm8G+XXLKzgxwmbg5KYEc9b795Q1inEaEK8yQlF3XSZSvkVAUM5IVvVSSBOExGpKuoRyZvb6ePZLBM6MMYBgLU1zBmfp7QqNIykkUmM4IqZFc9Kbif143VeGNrylPUkU4ni8KUwZVDKepwAEVBCs2MQRhQc2tEI+QQFiZ7IomBHfx5WXSuiy7TtltVErV2zyOAjgGp+AcuOAaVMEdqIMmwOARPINX8GY9WS/Wu/Uxb12x8pkj8AfW5w8Fopiv</latexit>

Figure 2: (a) Demonstration of the pipeline to obtain energy levels and the correspond-
ing residues of the quantization condition. The top two panels show the inverse of the
QCs, while the bottom two show the remainders of the residue determination, defined in
eq. (4.32), for a fixed volume of mL = 14. (b) The absolute difference between the energies
obtained from the two- and three-body quantization conditions as a function of the box
size for the three lowest energy levels obtained.

Finally, to illustrate the quality of the determination of the residues, we introduce two new
functions, which are expected to be smooth functions of energy,

∆QC3 ≡ QC−1
3 − R3φ,n

E − E3φ,n
, (4.31)

∆QCφb ≡ QC−1
φb − Rφb,n

E − Eφb,n
. (4.32)

In the two lower panels of figure 2(a), we show the inverse of these functions determined for
the same parameters and kinematic region as the QC functions. We see that, as expected,
the ∆QC functions are indeed smooth in this region. This provides some evidence that the
spectra and residues are being obtained with sufficient precision and accuracy.

Figure 3 summarizes the spectra obtained for a large range of volumes using these two
methods, which are visibly indistinguishable. This spectrum also shows evidence of a pos-
sible shallow three-body bound state below the φb threshold. We will discuss this further
below.

Having obtained the spectrum using the three-body quantization condition, we can then
input this into the φb quantization condition, eq. (3.1), to independently determine the
Mφb amplitude at those energies. In figure 4, we show the real and imaginary parts Mφb

as a function of s = E2 obtained using this technique. This procedure only allows for a
finite discrete set of determinations of the amplitude, which are shown as orange circles.
For comparison, we show the numerical solutions of the integral equations, which can be
constrained with arbitrary resolution. As is shown from the figure, one sees perfect agree-

– 22 –



10 15 20 25
mL

2.5

2.6

2.7

2.8

2.9
E

L
/m

E'b = m+mb
<latexit sha1_base64="xFmKVzBYOLqZJ72pntIu7mniHPA=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCIIRdEfQiBEXwGME8IFmW2clsMmRmdpmZDYQl4K948aCIV7/Dm3/j5HHQxIKGoqqb7q4o5Uwbz/t2lpZXVtfWCxvFza3tnV13b7+uk0wRWiMJT1QzwppyJmnNMMNpM1UUi4jTRtS/HfuNAVWaJfLRDFMaCNyVLGYEGyuF7uFdmLcHWKU9hqLRNRLoTIRR6Ja8sjcBWiT+jJRghmrofrU7CckElYZwrHXL91IT5FgZRjgdFduZpikmfdylLUslFlQH+eT8ETqxSgfFibIlDZqovydyLLQeish2Cmx6et4bi/95rczEV0HOZJoZKsl0UZxxZBI0zgJ1mKLE8KElmChmb0WkhxUmxiZWtCH48y8vkvp52ffK/sNFqXIzi6MAR3AMp+DDJVTgHqpQAwI5PMMrvDlPzovz7nxMW5ec2cwB/IHz+QPhc5TE</latexit><latexit sha1_base64="xFmKVzBYOLqZJ72pntIu7mniHPA=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCIIRdEfQiBEXwGME8IFmW2clsMmRmdpmZDYQl4K948aCIV7/Dm3/j5HHQxIKGoqqb7q4o5Uwbz/t2lpZXVtfWCxvFza3tnV13b7+uk0wRWiMJT1QzwppyJmnNMMNpM1UUi4jTRtS/HfuNAVWaJfLRDFMaCNyVLGYEGyuF7uFdmLcHWKU9hqLRNRLoTIRR6Ja8sjcBWiT+jJRghmrofrU7CckElYZwrHXL91IT5FgZRjgdFduZpikmfdylLUslFlQH+eT8ETqxSgfFibIlDZqovydyLLQeish2Cmx6et4bi/95rczEV0HOZJoZKsl0UZxxZBI0zgJ1mKLE8KElmChmb0WkhxUmxiZWtCH48y8vkvp52ffK/sNFqXIzi6MAR3AMp+DDJVTgHqpQAwI5PMMrvDlPzovz7nxMW5ec2cwB/IHz+QPhc5TE</latexit><latexit sha1_base64="xFmKVzBYOLqZJ72pntIu7mniHPA=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCIIRdEfQiBEXwGME8IFmW2clsMmRmdpmZDYQl4K948aCIV7/Dm3/j5HHQxIKGoqqb7q4o5Uwbz/t2lpZXVtfWCxvFza3tnV13b7+uk0wRWiMJT1QzwppyJmnNMMNpM1UUi4jTRtS/HfuNAVWaJfLRDFMaCNyVLGYEGyuF7uFdmLcHWKU9hqLRNRLoTIRR6Ja8sjcBWiT+jJRghmrofrU7CckElYZwrHXL91IT5FgZRjgdFduZpikmfdylLUslFlQH+eT8ETqxSgfFibIlDZqovydyLLQeish2Cmx6et4bi/95rczEV0HOZJoZKsl0UZxxZBI0zgJ1mKLE8KElmChmb0WkhxUmxiZWtCH48y8vkvp52ffK/sNFqXIzi6MAR3AMp+DDJVTgHqpQAwI5PMMrvDlPzovz7nxMW5ec2cwB/IHz+QPhc5TE</latexit><latexit sha1_base64="xFmKVzBYOLqZJ72pntIu7mniHPA=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GQyCIIRdEfQiBEXwGME8IFmW2clsMmRmdpmZDYQl4K948aCIV7/Dm3/j5HHQxIKGoqqb7q4o5Uwbz/t2lpZXVtfWCxvFza3tnV13b7+uk0wRWiMJT1QzwppyJmnNMMNpM1UUi4jTRtS/HfuNAVWaJfLRDFMaCNyVLGYEGyuF7uFdmLcHWKU9hqLRNRLoTIRR6Ja8sjcBWiT+jJRghmrofrU7CckElYZwrHXL91IT5FgZRjgdFduZpikmfdylLUslFlQH+eT8ETqxSgfFibIlDZqovydyLLQeish2Cmx6et4bi/95rczEV0HOZJoZKsl0UZxxZBI0zgJ1mKLE8KElmChmb0WkhxUmxiZWtCH48y8vkvp52ffK/sNFqXIzi6MAR3AMp+DDJVTgHqpQAwI5PMMrvDlPzovz7nxMW5ec2cwB/IHz+QPhc5TE</latexit>

three-body spec.
two-body spec. 
free spec.

Figure 3: Comparison of the energy levels as a function of the box size L, obtained from the
three-body quantization condition (orange markers) and the two-body one with a particle-
dimer phase shift obtained after solving integral equations (red lines). Grey lines indicate
the finite-volume energy levels of two particles of mass m and mb assuming that they do
not interact.

ment between the two methods. This evidence of the self-consistencies of the finite- and
infinite-volume formalism was previously observed in refs. [61, 63].

We are now in place to perform a numerical test of the three-body formalism for decays
in the particle-dimer regime. Analogously to the procedure followed for Mφb, we can
obtain the J → φb transition amplitude Tφb following two approaches: directly in infinite
volume via integral equations, and using the finite-volume formalism as an auxiliary tool.
The infinite-volume method just amounts to feeding the solutions of the integral equation
into eq. (2.31). These approaches are schematically depicted in figure 1. Again, this is
conceptually straightforward using the techniques presented in ref. [59, 63].

The finite-volume method follows from the observation that the finite-volume matrix ele-
ment must satisfy two equalities, eqs. (3.3) and (3.13). By equating these two, we can solve
for the ratio of |Tφb|2/|A|2:

|Tφb|2
|A|2 =

1

|1− iKφbρφb|2
∂((F−1

φb +Kφb)
−1)

∂E
∂(1/F iso

3 )
∂E

(4.33)

=
1

|1− iKφbρφb|2
R3φ,n

Rφb,n
, (4.34)

where we have written the final expressions in terms of the already determined residua,
R3φ,n and Rφb,n. This leads to the absolute value of the transition amplitude in units
of A. The energy-dependent phase of Tφb can be inferred using Watson’s theorem, i.e.,
Tφb = |Tφb|Mφb/|Mφb|8.

8There remains a possible overall phase that is not energy dependent and is not fixed by this procedure,
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Figure 4: Comparison of the real (top) and imaginary (bottom) parts of the particle-
dimer scattering amplitude obtained following two methods. The orange dots are obtained
by using the two-particle Lüscher formalism on energies obtained from the three-particle
quantization condition. The teal line is obtained by solving the three-body integral equa-
tions in combination with the LSZ reduction formula. The vertical grey line labels the
particle-dimer threshold, sφb = (m+mb)

2.

Figure 5 also shows the agreement between the finite and infinite-volume determinations of
the transition amplitude. As in Mφb, we see that Tφb shows evidence of a pole right below
threshold, which is consistent with the fact that there is a shallow three-body bound state.
This provides perhaps the strongest self-consistency check of the formalism, as well as a
numerical validation of Watson’s theorem in the three-particle case, which was analytically
shown in section 2.4.

5 Recovering the trimer-coupling

Having analytically continued these results below the three-particle threshold, we can take
this continuation further and consider the limit where the three-particle system supports a
trimer.

5.1 Analytic derivation

We first comment on the finite-volume effects in the trimer mass. If we consider the trimer
as a particle-dimer bound state, the asymptotic volume dependence is known from the

either 0 or π to assure that the imaginary part of the amplitude is consistent with unitarity. In order for
these two methods to agree, it must be π. This explains the relative minus sign of the amplitudes shown
in figures 4 and 5.
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Figure 5: Real (top) and imaginary (bottom) parts of the J → φb transition amplitude,
Tφb, as a function of s = E2 obtained with two methods. The teal line corresponds to the
result obtained by solving the integral equations, while the orange dots are obtained from
the finite-volume Lellouch-Lüscher factors as described in the text. The result is shown
in units of the mass m times the arbitrary constant A. The vertical grey line labels the
particle-dimer threshold.

two-particle finite-volume formalism

∆mt(L) ∝
1

L
e−κtL, (5.1)

see e.g. eq. (42) in Ref. [21]. Since we have already shown that the three-particle formalism
reduces to the two-particle one for the particle-dimer system in section 4.1, we expect that
eq. (5.1) describes the leading exponential dependence of the trimer mass.9 We neglect
such exponential effects in the derivation below.

Next, we turn to the formalism for current insertions. Using the definition of the physical
decay constant in terms of A and purely hadronic quantities, we can investigate the finite-
volume matrix element in the limit E = EB ≪ 3m. With K3 = 0, the finite-volume matrix
element is related to A via eq. (3.13), and thus, an expression for F iso

3 in that energy region
is needed.

In the trimer limit, eq. (4.3) is dominated by the trimer pole in dL, which is inherited from

9Note that eq. (5.1) differs from the expression for the volume-dependence of the trimer energy in the
unitarity limit [84, 86], i.e. ∆mt(L) ∝ 1

L3/2 e
−2κL/

√
3. The apparent discrepancy in the exponent can

be understood as a different definition of the binding momentum in refs. [84, 86], mt = 3m − κ2/m (c.f.
eq. (2.23)), while the different power of L is a feature of the unitarity limit related to the proximity of the
three-particle threshold.
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eq. (2.40). Thus, we only consider the third term in eq. (4.3), we can write

F iso
3 ≃ −

∑
k,p

[
F

2ωL3
M2LdLM2L

F

2ωL3

]
kp

≃
∑
k,p

Fkk

2ωkL3

Γ (k) Γ(p)

s−m2
t

Fpp

2ωpL3
, (5.2)

where we have used eq. (2.40), and that in the trimer limit [dL]kp ≃ d(k,p). Using the
relation for Fkk in eq. (4.6), and replacing sums by integrals, it follows that

F iso
3 ≃ 1

s−m2
t

(∫
k

ρ̃(k)

2ωk
Γ(k)

)2

, (5.3)

where, up to exponentially suppressed corrections, sums have been replaced by integrals.
Note that the same result can be recovered from eq. (4.1). In particular, below the particle-
dimer threshold, F iϵ

φb vanishes up to exponentially suppressed effects that decay with κt,
and thus F iso

3 is dominated by the second line of eq. (4.2). However, eq. (5.3) holds even if
there is a trimer without a two-particle bound state.

Starting with the definition for gt in eq. (2.43), and using eqs. (3.13) and (5.3), one gets
that

g2t =

(∫ ∞

0

dk k2 ρ̃(k)

(2π)2ωk
Γ(k)

)2

A2 (5.4)

= L3
〈
A+

1 , L |J | 0
〉2( ∂s

∂E

)
E=Et

(5.5)

= 2EL3
〈
A+

1 , L |J | 0
〉2

, (5.6)

which recovers eq. (3.14), i.e., the standard relativistic normalization needed to correct for
the fact that the finite-volume states have been normalized to 1. In the above, E = Et is
the FV energy corresponding to the trimer state, obtained by solving eq. (3.4) below the
mb +m energy threshold.

5.2 Numerical evidence

We now turn to a numerical check for the computation of the coupling of a trimer to a
current, gt. Following the approach of the previous section, we will use two methods that
utilize the finite-volume formalism, as well as the integral equations in the infinite volume.

First, one can compute gt from the residue of the pole in Tφb using eq. (2.38) after having
obtained the trimer pole residue γt from eq. (2.24). Second, gt can be computed using the
QC3 as described in eq. (3.15). This can be rewritten in terms of residue as,

g2t /A2 = lim
L→∞

2E0R3φ,0 , (5.7)

where R3φ,0 is the residue of the lowest finite-volume state. These two approaches are
schematically shown in figure 1. For eq. (5.7) to make sense, the ground state must be
below threshold and asymptotic to an energy below threshold as the volume is taken to
infinity. From the finite-volume spectra shown in figure 3, we see good evidence of there
being such a state in our toy model.

– 26 –



In figure 6, we show the results obtained from determining the energy of this state relative
to the φb threshold and the coupling using the finite- and infinite-volume formalisms. For
comparison, on the top of the two panels, we show the volume in units of the m, and in the
bottom axis, we write it in units of the binding momentum of the trimer κt.

As can be seen, both the energy shift and the coupling do approach their infinite-volume
values, but the convergence is slow due to the remarkably small binding momentum of the
trimer. This is consistent with the expectation that the finite-volume errors should scale
with e−κtL rather than e−mL for a shallow bound state. This emphasizes that the finite-
volume formalism must be used to treat the volume dependence of such shallow-bounds
states. Neglecting to do so would lead to large systematic errors, or it would require a
larger order of magnitudes of resources to suppress these exponential effects.

But the key message here is that both the finite- and infinite-volume formalism self consis-
tently recover the same binding energies and matrix elements for three-body bound states
when the appropriate limits are taken.
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Figure 6: Comparisons of properties of the trimer obtained with the finite-volume (orange)
and infinite-volume (blue) methods. For the finite-volume method, the orange line shows
the energy shift (top) and coupling to the current in units of A (bottom) of the trimer as
a function of the box size in units of the binding momentum of the trimer. The blue lines
are the same quantities obtained by solving the integral equations. The top horizontal axis
shows the volume in units of m, while the bottom horizontal axis shows it units of the
binding momentum of the trimer, κt.
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6 Summary and outlook

In this work, we have performed consistency checks of the infinite- and finite-volume three-
body formalism describing three-body scattering and decays derived in ref. [34, 35, 81]. In
particular, we have focused in the case in which the two-body subsystem contains a two-
body bound state, a dimer. This way, the three-particle formalism below the three-particle
threshold describes a particle+dimer (φb) system.

First, we have shown that in the elastic region of φb scattering, both the three-particle quan-
tization conditions and the formalism connecting finite-volume matrix elements to infinite-
volume transition amplitudes reduce to the well-known generalizations of the Lüscher two-
body quantization condition and Lellouch-Lüscher factor. This was shown first analytically
and then numerically in section 4. The main figures demonstrating this are figures 4 and 5,
where the amplitudes from the integral equations, or via the finite-volume formalism are
visibly indistinguishable. Indeed, only small exponentially-suppressed differences are ob-
served.

In section 5, we have also performed numerical and analytical consistency checks in the
regime in which there is a three-particle bound state, a trimer, below the φb threshold. In
this case, the finite-volume determinations of the trimer mass mt and coupling to a current
gt must be exponentially close to the same objects obtained from integral equations. This
is indeed demonstrated in figure 6.

Beyond these consistency checks, this work implements integral equations to compute tran-
sition amplitudes for the first time. This is a necessary step towards transitions to three
particles from lattice QCD, for which no lattice QCD application are yet available, but are
expected in the future.

Phenomenologically relevant three-particle electroweak transitions include γ∗ → 3π and
K → 3π. These, however, involve three-pion final states at non-maximal isospin. Thus, the
generalization to generic three-pion isospin also presented in refs. [81, 82] must be used.

As lattice QCD applications keep evolving, it will be necessary to solve integral equation
of more complicated systems. While we expect the fundamentals to be simple, this will
involve additional challenges, such as multichannel integral equations and higher partial
waves. Work in this direction has already started, see refs. [74].

Ultimately, the goal is to establish a first-principles pipeline to compute form factors and
transition amplitudes involving unstable hadrons, and this work provides a crucial verifica-
tion for some of the required tools.
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A Equivalence for non-zero isotropic K3

In this appendix, we extend the results of sections 4.1 and 4.2 to K3 ̸= 0 within the isotropic
approximation, i.e., K3 is simply a function of the total energy.

We first show the equivalence of the two-body and three-body scattering amplitudes in the
infinite-volume case. For this, we need the result for the scattering amplitude at non-zero
isotropic K3 from Ref. [35]:

M(u,u)
3 (p, k) = D(u,u)

S (p, k) +
L(p)L(k)[

F iso
3

]∞
+K−1

3

, (A.1)

where all quantities have been defined in the main text. Applying the LSZ procedure, one
can obtain the generalization of eq. (2.18) to the non-zero K3 case:

Mφb = g2

(
dS(qφb, qφb) +

σ(qφb)
2[

F iso
3

]∞
+K−1

3

)
, (A.2)

where, as in the main text, the energy dependence of the quantities is omitted.

We now derive the equivalence of the quantization conditions. The three-body quantization
condition is [34]

F iso
3 = −K−1

3 . (A.3)

Next, we can use the expression for F iso
3 derived in section 4.1. In particular, eq. (4.1)

describes the relationship between F iso
3 and Mφb in the K3 = 0 limit. In this expression,

we can substitute Mφb with its value at K3 = 0, namely g2dS , and get

F iso
3 =

[
F iso
3

]∞
+ g2σ(qφb)

1(
F iϵ
φb

)−1
+ g2dS(qφb, qφb)

σ(qφb) . (A.4)

Combining the previous two equations, one can write:

(
F iϵ
φb

)−1
+ g2

(
dS(qφb, qφb) + σ(qφb)

2 1([
F iso
3

]∞
+K−1

3

)) =
(
F iϵ
φb

)−1
+Mφb = 0, (A.5)

and thus, the two-body quantization condition is satisfied.

We now prove that three-body formalism for three-body decays is equivalent to the corre-
sponding one for two-body systems below the three-body threshold independently of the
value of the isotropic K3. To do this, we start with the expression of the finite-volume
formalism for decays for non-zero K3:

| ⟨A+
1 , L| J |0⟩ |2 = |T (k)|2

L3

∣∣1 +K3

[
F iso
3

]∞∣∣2
|L(k)|2

(
∂(F iso

3 )−1

∂E
+

∂K3

∂E

)−1

. (A.6)
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In order to obtain the relation, it will be useful to express

(F iso
3 )−1 +K3 =

(
1 +K3

[
F iso
3

]∞)[
F iso
3

]∞{(
F iϵ
φb

)−1
+ g2dS

}
+ g2σ(qφb)2

((
F iϵ
φb

)−1
+Mφb

)
, (A.7)

which follows after algebraic manipulations using eq. (A.4). In the vicinity of a finite-volume
solution, where the numerator vanishes, the previous equation can be approximated as:

(F iso
3 )−1 +K3 ≃

1

g2σ(qφb)2

∣∣∣1 +K3

[
F iso
3

]∞∣∣∣2 {(F iϵ
φb

)−1
+Mφb

}
, (A.8)

using the two-body quantization condition in the denominator. Note that this also assumes
that

[
F iso
3

]∞ is real, which is true below the three-body threshold. Plugging in eq. (A.8)
into eq. (A.6) and using that the derivative is evaluated at the finite-volume solutions, as
done in section 4.2, one can recover eq. (4.22).
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