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Abstract. Extremal ideals are a class of square-free monomial ideals which dominate and
determine many algebraic invariants of powers of all square-free monomial ideals. For ex-
ample, the rth power Eqr of the extremal ideal on q generators has the maximum betti num-
bers among the rth power of any square-free monomial ideal with q generators. In this
paper we study the combinatorial and geometric structure of the (minimal) free resolutions
of powers of square-free monomial ideals via the resolutions of powers of extremal ideals.
Although the end results are algebraic, this problem has a natural interpretation in terms of
polytopes and discrete geometry. Our guiding conjecture is that all powers Eqr of extremal
ideals have resolutions supported on their Scarf simplicial complexes, and thus their reso-
lutions are as small as possible. This conjecture is known to hold for r ⩽ 2 or q ⩽ 4. In
this paper we prove the conjecture holds for r = 3 and any q ⩾ 1 by giving a complete
description of the Scarf complex of Eq3. This effectively gives us a sharp bound on the betti
numbers and projective dimension of the third power of any square-free monomial ideal.
For large i and q, our bounds on the ith betti numbers are an exponential improvement over
previously known bounds. We also describe a large number of faces of the Scarf complex
of Eqr for any r, q ⩾ 1.
Keywords. Free resolutions, bounds on Betti numbers, extremal ideals, monomial ideals,
powers of ideals, Scarf complex, discrete Morse theory
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1. Introduction

In Commutative Algebra, the study of relations between homogeneous polynomials, viewed as
generators of an ideal, is a difficult problem that is connected to many other areas of mathematics
including Algebraic Geometry, Combinatorics, and Computational Algebra. The main tool for
this purpose, going back to Hilbert’s work in the 19th century, is the construction of a free res-
olution: an exact sequence of free modules built recursively from the relations, called syzygies,
between the polynomials.

The problem becomes notoriously more difficult when studying powers of the ideals, or
equivalently, products of the polynomials. Due to its difficulty, the best types of results one can
expect for powers of arbitrary ideals, or even for special classes such as monomial ideals, are
upper bounds for the size of a minimal resolution, which is measured by the betti numbers of the
ideal.

Diana Taylor’s thesis [Tay66] in the 1960’s, followed some decades later by Bayer and Sturm-
fels [BS98] and then many others (see [BPS98, Mer12, Lyu88] for examples) established that a
free resolution of a monomial ideal I with q generators can be realized from the chain complex
of a cell complex on q vertices. In this case, we say that the cell complex supports a resolution
of I . A lower bound for a minimal free resolution of I using this point of view is the Scarf com-
plex S(I) [BPS98], which is typically too small to support a resolution, but every free resolution
must contain it. An upper bound is the Taylor resolution [Tay66] coming from a full simplex
on q vertices, which we will denote by T(I). The Taylor resolution provides sharp binomial
bounds for betti numbers: the ith betti number βi(I) is bounded by the number of i-faces of the
simplex so that βi(I) ⩽

(
q

i+1

)
, and there are ideals I for which equality holds.

A closer inspection, however, reveals that when I has more than one generator, some faces
of the simplex T(Ir) never appear in a minimal free resolution of Ir when r > 1, resulting in an
increasing gap between the binomial bounds and the actual betti numbers for a given q as r grows.
Extremal ideals were born from this observation by Cooper et al. in [CEKF+21, CEKF+24].
The authors in those papers showed that if Eq is the extremal ideal on q generators, and I is any
square-free monomial ideal with q generators, there is a ring homomorphism ψI which maps Eqr
onto Ir for all r, and using ψI they showed:
Theorem 1.1 ([CEKF+24, Theorem 7.9]). If I is generated by q square-free monomials, then
for all i ⩾ 0 and r ⩾ 1,

βi(I
r) ⩽ βi(Eqr).

It turns out that extremal ideals also bound many other invariants for powers of square-free
monomial ideals. Indeed, in [CDF+26] it is shown that the homomorphism ψI : Eqr → Ir

preserves most algebraic properties of powers of square-free monomial ideals, including many
difficult invariants. This makes understanding Eqr extremely important as it provides a universal
object for understanding powers of square-free monomial ideals. This also means that study-
ing Eqr is deceptively difficult. Although Eqr has a concrete definition and clear symmetries,
the combination of all difficulties encountered when studying powers of square-free monomial
ideals is, in a sense, embedded in the study of Eqr. Thus a clear understanding of Eqr, such as
one that comes from having a concretely described minimal free resolution, is highly valuable
but expected to be very difficult to accomplish.
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In [EKFcS24] it was speculated that Eqr has a Scarf resolution. We formalize this into a
conjecture based on the additional evidence we now have, including results of this paper.

Conjecture 1.2. If r, q ⩾ 1, then Sr
q = S(Eqr) supports a minimal free resolution of Eqr.

Establishing Conjecture 1.2 would result in effective bounds for minimal free resolutions
of powers r ⩾ 1 of any square-free monomial ideal I with q generators, in terms of chain
complexes C of Scarf complexes:

C(S(Ir)) ⊆ Minimal Free Resolution of Ir ⊆ C(S(Eqr)). (1.1)

This paper is anchored in understanding the simplicial complex Sr
q = S(Eqr). This is a

simplicial complex with dimension at least
(
q
r

)
−1 that can be represented in a (q−1)-dimensional

affine subspace of q-dimensional space with integer lattice point vertices; see Example 4.8.
Several findings of [EKFcS24] provide evidence for Conjecture 1.2. One such result is that

for all r and q the first betti numbers of Eqr are Scarf. This was shown by finding a multigraded
free resolution of Eqr with only Scarf multidegrees in the first homological degree. Another
result is that Sr

q supports a minimal free resolution of Eqr when q ⩽ 4 or r ⩽ 2. These cases
were settled by providing a full characterization of Sr

q, where the minimal nonfaces are edges.
In the next smallest case, a triangle is among the minimal nonfaces of S3

5 (Theorem 5.5). Thus
it is no surprise that a new type of facet appears when r = 3 (Proposition 5.2). This suggests
that the problem becomes more difficult as q or r increases. Indeed, we prove that Sr

q inherits
the complexities of all Sr′

q′ for all smaller q′ and r′.

Theorem 1.3 (Theorem 2.5). For positive integers r and q, if Sr
q supports a resolution for Eqr,

then so do Sr
q−1 and Sr−1

q for Eq−1
r and Eqr−1, respectively.

In this paper, starting with the first unknown case, we show that the minimal free resolution
of Eq3 comes from its Scarf complex. In order to determine this complex, in Sections 3 and 4
we use discrete geometry to develop tools that, for arbitrary r, greatly simplify determining
whether or not a given set of vertices forms a face in Sr

q. In fact, the faces can be described
as intersections of pairs of parallel half-spaces; see Theorem 3.2. This description of Sr

q has
curious connections to well-known structures in combinatorics such as partitions of integers or
Postnikov’s permutohedra [Pos09] (Remarks 3.3 and 4.13), and is combinatorially appealing
though computationally challenging. For the specific case of r = 3, we go on to give a complete
description of every facet and minimal nonface of S3

q for every q in Theorems 5.3 and 5.5.
The final tool we need is discrete Morse theory, which we will use in Section 6 to systemat-

ically eliminate the extra faces from the Taylor complex all the way down to S3
q , proving that the

latter supports a free resolution. When the ideal is Eq3, this cell complex is the Scarf complex,
so the resolution is necessarily minimal. In other words, we show the following:

Theorem 1.4 (Theorem 7.3). For any q ⩾ 1, the Scarf complex of Eq3, namely S3
q , supports a

minimal free resolution of Eq3.

Theorem 1.4 is a positive answer to the first open case of Conjecture 1.2. Of particular
interest is enumerating the number of faces of Sr

q, which in turn will provide a sharp upper bound



4 Trung Chau et al.

for betti numbers of powers of square-free monomial ideals via (1.1). When r < 3, the simplicial
complex Sr

q is well understood [CEKF+21, EKFcS24], but r = 3 is a threshold where new
types of faces appear, and seem to persist based on computational evidence; see Proposition 5.2.
In Section 8 we use Theorem 1.4 and straightforward counting arguments applied to the faces in
the Scarf complex of Eq3 to show the following.
Theorem 1.5 (Theorem 8.2). Let q ⩾ 5 be an integer. For every i ⩽

(
q
3

)
−1, a polynomial pi of

degree 3i+2 is given in Theorem 8.2 such that for every square-free monomial ideal I generated
by q elements

βi(I
3) ⩽

( (q
3

)
i+ 1

)
+ pi(q) and pd(I3) ⩽

(
q

3

)
− 1

and these bounds are sharp in that equality holds for every i when I = Eq.

Remark 1.6 (Theorem 8.4 and Theorem 8.3). The asymptotic bound
((q3)
i+1

)
from Theorem 1.5

is a more than exponential improvement, by a factor of 2q2 , over the bounds on betti numbers
given by the Taylor complex.

We note that sharp bounds for the cases r ⩽ 2 or q ⩽ 4 were obtained previously by
El Khoury et al. [EKFcS24], and alternative bounds (for every power r and every q) to Tay-
lor’s bound were provided in [CEKF+24]. In Figure 1.1, we compare our bound from Theo-
rem 1.4, which comes from Sr

q and which is sharp, to Taylor’s bound and to the bound given
in [CEKF+24], which comes from a complex denoted Lr

q. Due to differences in order of mag-
nitudes of known bounds, we graph the bounds using an exponential scale. Below we compare
specific values given by the bounds when q = 6.

Taylor’s bound The bound in [CEKF+24] Our bound (Theorem 1.5)
β2(I

3) 27 720 19 660 4710
β3(I

3) 367 290 230 360 19 845
β4(I

3) 3 819 816 2 118 790 58 530
β20(I

3) 1 346 766 106 565 880 67 327 446 062 800 0
β40(I

3) 41 648 951 840 265 10 272 278 170 0

The graphs in Figure 1.1 illustrate that our bounds are exponentially better than Taylor’s or
the bounds in [CEKF+24]. Our results lead us to the following questions, which can be seen as
a strengthening of the original question asked in [EKFcS24].
Question 1.7. Let q ≫ 0 and r be a fixed positive integer.

1. Does a square-free monomial ideal I generated by q≫0 elements satisfy pd(Ir)⩽
(
q
r

)
−1?

Is the dimension of Sr
q equal to

(
q
r

)
− 1?

2. For every i, is there a (possibly zero) polynomial pi(q) such that for every square-free
monomial ideal I generated by q elements:

βi(I
r) ⩽

( (q
r

)
i+ 1

)
+ pi(q)

and for every 0 ⩽ c < 1, if i = c
(
q
r

)
then lim

q→∞

pi(q)((qr)
i+1

) = 0?
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Figure 1.1: A comparison between known bounds for betti numbers of the third power. The
y-axis represents the value of the betti number, while the x-axis represents homological degree.
In the non exponential scale, our bound is not visible as a consequence of the difference in orders
of magnitude. Moreover, graphs for higher q look extremely similar because of the asymptotic
behavior of the three bounds.

We note that even though our original motivation is to study bounds on betti numbers of pow-
ers of square-free monomial ideals, results in this paper can be stated from different perspectives.
As an example, due to results in [EKFcS24], the definition of the Scarf complex of Eqr can be
given in a completely combinatorial language, in terms of a series of integer programs. Since the
bounds in Theorem 1.5 come from the number of faces of the Scarf complex of Eq3, one can state
Theorem 1.5 as a computation of the f -vector of a simplicial complex defined via sets of lattice
points that satisfy different sets of inequalities. For an exact statement of this form see Section 3.
We further note that in view of the importance of these Scarf complexes in Commutative Al-
gebra, a systematic study of the combinatorial properties of such complexes could have deep
consequences to the study of free resolutions of powers of square-free monomial ideals.

Finally, we note that it is likely that bounds for arbitrary monomial ideals need to be larger
than the ones from Theorem 8.2. For results regarding bounds for arbitrary monomial ideals,
see [CFM25].

The paper is organized as follows. In Section 2 we provide a brief introduction to multigraded
resolutions, including the Scarf complex, and we introduce the q-extremal ideal Eq. We also
highlight the doubly inductive nature of the questions in this paper by proving Theorem 1.3. This
indicates that as the power or number of generators grows, so does the complexity of the problem.
In Section 3, the connections of this work to discrete geometry are explored. Combining discrete
geometry with the inductive nature of the question, a recursive means of characterizing faces of
the Scarf complex of Eqr is provided in Section 4. Section 5 focuses on the case r = 3, with
all faces of S3

q being completely described in the section. Section 6 develops tools using Morse
theory, along with a specific order, that lead to a proof in Section 7 that Eq3 is Scarf for all q.
Using this result, Section 8 provides specific sharp bounds on the betti numbers of I3 where I
is any square-free monomial ideal.
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2. Extremal ideals

We start with some general background on multigraded free resolutions. If S = k[x1, . . . , xn] is
the polynomial ring over a field k, then a free resolution of module S/I is an exact sequence of
the form

0 → Sct → Scq−1 → · · · → Sc1 d→ S

where the image of d is I . Thus the augmented sequence using the cokernel of d, which is S/I , is
also exact. A modification of this is to replace the final free module S by I , making d surjective,
and view the remainder of the sequence as a resolution of I . This approach simplifies numbering
later on and so will be used throughout this paper. The integer ci is the rank of the ith free
module in the resolution, which is the size of a (not necessarily minimal) generating set for the
ideal of ith syzygies. While for a given set of monomials m1, . . . ,mq (which is the purview
of this study) I = (m1, . . . ,mq) has many different resolutions, the minimal free resolution,
that is the resolution with smallest length and smallest values of the ranks ci, is unique up to an
isomorphism of complexes, and has the form

0 → Sβp → Sβp−1 → · · · → Sβ1 → Sβ0 → I → 0.

The positive integers β0, . . . , βp are called the betti numbers of the ideal I = (m1, . . . ,mq)
of S. The length p of the minimal free resolution is called the projective dimension of I . The
uniqueness of the minimal free resolution makes the projective dimension and the betti numbers
algebraic invariants of the ideal.

Taylor [Tay66] showed one could “homogenize” the simplicial chain complex of a simplex
to obtain a free resolution. The homogenization process works as follows:

Step 1 Label each vertex i of the simplex with the monomial mi.

Step 2 Label each face σ of the simplex with the monomial mσ which is the least common
multiple (lcm) of the monomial labels of its vertices. This labeled simplex is called the
Taylor simplex of I , denoted by T(I).

Step 3 In the simplicial chain complex of the simplex (which is acyclic as a simplex is acyclic),
replace each chain group by a free S-module of the same rank, and “homogenize” each
boundary map by giving it coefficients which are quotients of the labels of each face and
subface. Since we will not need the details of this construction for our purposes, we refer
the interested reader to the references, for example [CEKF+24], and Example 2.1.

The resulting exact sequence of free S-modules is then a free resolution of the ideal I . Bayer
and Sturmfels [BS98] generalized Taylor’s work, providing criteria for when a cell complex X
supports a free resolution of a monomial ideal I , in the sense that the cellular chain complex
of X can be homogenized to a free resolution of I .

Taylor’s resolution is powerful as it works for any monomial ideal, and as such, provides
binomial bounds for betti numbers of monomial ideals: each βi would be bounded by the number
of i-faces for a simplex. However, though the Taylor resolution is minimal for select ideals, hence
providing a sharp bound on betti numbers, it is too large for most ideals.
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At the other extreme, every cell complex that supports a free resolution of an ideal
must contain the Scarf complex of that ideal [Pee11, Theorem 59.2]. To define the Scarf
complex, we first introduce some notation. Let ∆ be the labeled Taylor complex
corresponding to I = (m1, . . . ,mq). Let σ ⊆ {1, . . . , q} be a face of ∆ with monomial la-
bel mσ = lcm(mi | i ∈ σ) ∈ LCM(I), where LCM(I) denotes the lcm lattice of I , i.e., the
set of least common multiples of the monomials in the minimal generating set of I , ordered by
divisibility. Then the Scarf complex of I is the labeled subcomplex Γ of ∆ given by

Γ = {σ ∈ ∆ | mσ ̸= mτ for all τ ∈ ∆ with τ ̸= σ}.

In other words, the Scarf complex is precisely the subcomplex of the Taylor complex consisting
of all faces with monomial labels that are unique in that no other face of the Taylor complex
shares the label.

Example 2.1. Let I = (xy, yz, zu) be a monomial ideal in the polynomial ring S = k[x, y, z, u].
In this casem1 = xy, m2 = yz andm3 = zu. The Taylor complex is the labeled simplex on the
left in Figure 2.1, and it supports a free resolution of I . Now homogenizing the simplicial chain

xyzu

xy

yz zu

xyzuxyz

yzu

xy

yz zu

xyz

yzu

Taylor complex of I Scarf complex of I

Figure 2.1: Complexes supporting a free resolution of I = (xy, yz, zu).

complex of a simplex with these labels results in a multigraded free resolution below, known as
the Taylor resolution of I ,

0 −→ S(xyzu)

 u
x
−1


−−−→

S(xyz)
⊕

S(yzu)
⊕

S(xyzu)

 z 0 zu
−x u 0
0 −y −xy


−−−−−−−−−−→

S(xy)
⊕

S(yz)
⊕

S(zu)

[xy yz zu]
−−−−−−−−→ I −→ 0 ,

where the notation S(xaybzcud) refers to the S-free module with multi-degree (a, b, c, d), or
simply xaybzcud. The multigrading is a refinement of the usual (degree) grading. In other
words, the Taylor resolution above is a regraded version of 0 → S → S3 → S3 → I → 0,
where the new grading helps keep track of which face of the simplicial complex is contributing
which part of the resolution.

The Scarf complex is obtained by removing the two faces with matching labels, xyzu. It is
shown on the right in Figure 2.1. The Scarf complex supports a minimal free resolution of I ,
which is the Taylor resolution with the two copies of S(xyzu) removed.

As every free resolution contains a minimal one, the Taylor resolution contains a minimal
multigraded free resolution of the ideal. It follows that each betti number βi(I) can be written
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as a sum of multigraded betti numbers βi,m(I), where for a monomial m, the multigraded
betti number βi,m(I) denotes the number of copies of S(m) in the ith homological degree in the
multigraded minimal free resolution of I . In particular, if βi,m(I) ̸= 0 then m ∈ LCM(I).

When we take powers of monomial ideals, the number of faces of the Taylor complex
that have monomial labels matching that of a subface increases drastically. To
observe this phenomenon, consider a monomial I with two minimal generators m1,m2.
Then I2 = (m2

1,m
2
2,m1m2), and then T(I2) will be a triangle (simplex on 3 vertices). No

matter what the monomials m1 and m2 are, the monomial label of the 2-face of the triangle
matches that of an edge, because lcm(m2

1,m
2
2,m1m2) = lcm(m2

1,m
2
2). In other words, the Tay-

lor resolution is never minimal for I2 when I has two or more generators, and it becomes further
from minimal as the powers and the number of generators of I grow.

By Theorem 1.1, this problem will be worst for powers of the class of ideals Eq called extremal
ideals ([CEKF+24]). Following [EKFcS24], we define for each integer q the q-extremal ideal,
denoted by Eq, as follows.

Definition 2.2. Fix an integer q ⩾ 1. The q-extremal ideal Eq is defined to be the ideal of the
polynomial ring Sq = k[xA : ∅ ̸= A ⊆ [q]] generated by {ϵi}i∈[q] where for each i ∈ [q]

ϵi :=
∏

i∈A⊆[q]

xA.

To illustrate this definition, the following example lists the generators of Eq when q = 4.

Example 2.3. For q = 4, the ideal E4 is generated by the monomials

ϵ1 = x1x12x13x14x123x124x134x1234;
ϵ2 = x2x12x23x24x123x124x234x1234;
ϵ3 = x3x13x23x34x123x134x234x1234;
ϵ4 = x4x14x24x34x124x134x234x1234

in the polynomial ringS4=k[x1, x2, x3, x4, x12, x13, x14, x23 , x24, x34, x123, x124, x134, x234, x1234].

Writing ϵϵϵa = ϵ1
a1 · · · ϵqaq , the generators of Eqr = (Eq)r are {ϵϵϵa | a1 + · · ·+ aq = r, ai ⩾ 0}

where a = (a1, . . . , aq). Note that in the Taylor complex associated to Eqr the monomial ϵϵϵa is
the label associated to the vertex a.

It was conjectured [EKFcS24] that Eqr has a Scarf resolution for any r and q. Our first aim is
to demonstrate that as either r or q grows, the difficulty level of this problem can only increase:
Theorem 2.5 implies that if Eqr is Scarf for some r and q, then so is Ets for all t ⩽ q and all
s ⩽ r.

For a monomial ideal I and a monomial m, let I⩽m denote the ideal generated by the
monomials in the minimal generating set of I which divide m. The following is an analog
of [CHM26, Lemma 2.14] for Scarf complexes, and generalizes a result of Faridi–Hà–Hibi–
Morey [FHHM24].

Lemma 2.4. If a monomial ideal I is Scarf, then so is I⩽m for any monomial m.
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Proof. In order to show that I⩽m is Scarf, we construct a Scarf resolution of I⩽m. Let F be the
Scarf resolution of I . By [HHZ04, Lemma 4.4], the complex F⩽m obtained by only keeping
multidegrees of F which divide m is a resolution of I⩽m. It follows from the definition of Scarf
multidegrees that a Scarf multidegree of I that divides m is a Scarf multidegree of I⩽m. Since
a Scarf multidegree of I⩽m is a Scarf multidegree of I that divides m, the result follows.

Theorem 2.5. For positive integers r and q, if Eqr ⊂ Sq is Scarf, then so are Er
q−1 and Eqr−1. In

other words, if Sr
q supports a resolution, then so do Sr

q−1 and Sr−1
q .

Proof. For positive integers q and r, let

m1 =
∏

A ⊆ [q]
A ̸= ∅, {q}

xA
r and m2 = ϵ1

∏
A ⊆ [q]
A ̸= ∅, [q]

xA
r−1.

Then, as ideals of Sq,

1. (Eqr)⩽m1 = (ϵ1, . . . , ϵq−1)
r = Eq−1

rSq, because a generator of Eqr that divides m1 cannot
be divisible by ϵq. Since ϵq is the only generator of Eq divisible by x{q}, the converse holds,
meaning every generator of Eqr that is not divisible by ϵq divides m1.

2. (Eqr)⩽m2 = ϵ1Eqr−1 because the generators of ϵ1Eqr−1 divide m2; conversely,
if µ = ϵa11 · · · ϵaqq is a generator of Eqr, then set A = {2, . . . , q} and note that xA | ϵj
for j ⩾ 2. Then if µ | m2, examining the power of xA yields

∑q
j=2 aj ⩽ r − 1 so a1 ⩾ 1

and µ ∈ ϵ1Eqr−1 as desired.

By Lemma 2.4, ϵ1Eqr−1 and Eq−1
rSq are both Scarf ideals of the ring Sq. Since removing

a common factor in every generator does not affect the Scarf property, we conclude Eqr−1 is a
Scarf ideal of Sq.

To show that Eq−1
r is a Scarf ideals ofSq−1, note that the lcm lattices of Eq−1

r as an ideal ofSq

and as an ideal of Sq−1 are identical, as they only depend on the minimal generating set of the
ideal. Hence the multigraded Taylor resolution and Scarf complexes are the same too. It follows
that if Eq−1

r has a Scarf resolution over Sq, then it also has a Scarf resolution over Sq−1.

It is known that when q ⩽ 4 or r ⩽ 2, the Scarf complex Sr
q supports a minimal free

resolution of Eqr by [EKFcS24]. Theorem 7.3 in this paper proves the case r = 3. These results
rely on a full characterization of the Scarf complex Sr

q in the aforementioned cases. Theorem 2.5
suggests that finding such complete descriptions of Sr

q will become increasingly difficult as q or r
increases. For an illustration of how the complexity can increase, note that when q ⩽ 4 or r ⩽ 2,
the minimal nonfaces of Sr

q are edges [EKFcS24], and when r = 3, minimal nonfaces include a
triangle, as will be seen in Theorem 5.5, and the list of facets when r = 3 includes the appearance
of a new type of facet (Proposition 5.2). Based on Theorem 2.5, it is expected that as r grows,
the number of classes of facets will also increase.
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3. Realizing the Scarf complex Eqr through polytopes

In this section, we expand on a result from [EKFcS24] to provide a description of the Scarf
complex Eqr in terms of convex polytopes and to develop new tools to identify the faces of Sr

q.
We will directly translate [EKFcS24, Proposition 4.2] to a recursive condition in the language
of polytopes and integer programming. Before doing so, we collect some notation that will be
used throughout the paper.

Notation 3.1. For q and r positive integers, a = (a1, . . . , aq) ∈ Nq, and A ⊆ [q], we use the
following notation:

• |a| = a1 + a2 + · · ·+ aq;

• 1 = (1, 1, . . . , 1) is the vector in Rq with entries all equal to 1;

• 0 = (0, 0, . . . , 0) is the vector in Rq with entries all equal to 0;

• ei is the ith standard unit vector in Rq;

• eA =
∑

i∈A ei is the characteristic vector of A;

• A is the complement of A in [q];

• N r
q = {a ∈ Nq : |a| = r};

• Tr
q = T(Eqr);

• Hr
q is the hyperplane of Rq with normal vector 1 cut out by the equation

x · 1 = x1 + · · ·+ xq = r.

Using this notation, we have a · eA =
∑

i∈A ai and a · 1 = |a|. Note that N r
q is the set of

lattice points in the first octant of Hr
q. It is also precisely the set of vectors a such that ϵa ∈ Eqr,

which is a minimal set of generators for Eqr by [CEKF+24, Proposition 7.3]. For this reason we
can denote the vertices of Tr

q by elements of N r
q . Restating [EKFcS24, Proposition 4.2] using

this notation, we have:

Theorem 3.2 (The faces of Sr
q (see [EKFcS24, Proposition 4.2])). Let σ = {a1, . . . , ad} be a

d-dimensional face of Tr
q. Then σ ∈ Sr

q if and only if

1. σ′ ∈ Sr
q for all proper subsets σ′ of σ; and

2. a1, . . . , ad are the only solutions w ∈ N r
q to the system of inequalities

w · eA ⩽ max
i

{ai · eA} (3.1)

where A ranges over all A ⊆ [q].
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Remark 3.3. Inequalities very similar to the ones in Theorem 3.2 were used by Postnikov [Pos09,
after Definition 6.1] to describe generalized permutohedra.

The existence of a vector w ̸= ai that satisfies condition (2) in Theorem 3.2 will be used
frequently throughout the paper to demonstrate that a given face of Tr

q is not in the Scarf com-
plex Sr

q. This will lead to Definition 4.9 of a witness vector w.
Algebraically, the conditions in Theorem 3.2 are designed to ensure there are no repeated

monomial labels on the faces σ of the Scarf complex. To interpret Theorem 3.2 geometrically,
note that each ai ∈ σ and each A ⊂ [q] yields a hyperplane and a half-space of Hr

q, which are,
respectively,

{x ∈ Hr
q | x · eA = ai · eA} and {x ∈ Hr

q | x · eA ⩽ ai · eA}.

Hence for a fixed set A, each point in σ yields a hyperplane of Hr
q with normal vector eA, and

so the hyperplanes associated to σ are parallel, resulting in a set of nested half-spaces of Hr
q.

For a fixed A, the maximum value of x · eA in N r
q corresponds to one of these half-spaces,

which we call HeA(σ), that is defined by one or more ai. Thus the solution set to the system of
inequalities (3.1) as A varies over subsets of [q] is the subset of Hr

q defined by the intersection
of half-spaces, ∩A⊆[q]HeA(σ), which by definition is a convex polytope of Hr

q. This means that
the integral solution set of the system of linear inequalities is contained in this polytope. There-
fore condition (2) of Theorem 3.2 means that the lattice points contained in this polytope are
precisely {a1, . . . , ad}. Although these polytopes are defined because of an algebraic problem,
they are also combinatorially interesting; see Remark 4.6.

The direction vector eA when situated at the origin lives in the first octant and so is not parallel
to Hr

q, hence eA does not lie in Hr
q. There is another way to get to the polytope containing the

integral solution set staying withinHr
q, allowing examples to be worked in the hyperplane, which

has one lower dimension. Denote the projection of eA onto Hr
q by ẽA.

Example 3.4. Set q = 3 and r = 2. In R3, the vector e3 = [0, 0, 1] is not in the plane con-
taining N 2

3 , but its projection ẽ3 = [−1/3,−1/3, 2/3] shifted to be in the plane containing N 2
3

connects the point (2/3, 2/3, 2/3) to (1/3, 1/3, 4/3). Once we have embedded ẽ3 in N 2
3 , we

select a point of view so that the resulting diagram appears in the plane.

(2, 0, 0)

(0, 2, 0)

(0, 0, 2)

(1, 1, 0)

(1, 0, 1)

(0, 1, 1)

e3

(2, 0, 0) (0, 2, 0)

(0, 0, 2)

(1, 1, 0)

(1, 0, 1) (0, 1, 1)
ẽ3
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Proposition 3.5. Let σ = {a1, . . . , ad} be a d-dimensional face of Tr
q, and let w ∈ N r

q .

1. if A ⊂ [q], then w satisfies (3.1) if and only if w · ẽA ⩽ maxi{ai · ẽA};

2. if A ⊂ [q], then ẽA = −ẽA;

3. if A ⊂ [q], then w · ẽA ⩽ maxi{ai · ẽA} if and only if mini{ai · eA} ⩽ w · eA;

4. w satisfies (3.1) for all A ⊆ [q] if and only if

min
i
{ai · eA} ⩽ w · eA ⩽ max

i
{ai · eA} for all A ⊆ [q].

Proof. Since 1 is the normal vector to Hr
q, it is straightforward to verify that

ẽA = eA − |A|
q
1, (3.2)

where |A| is the cardinality of the set A. Then, for any x ∈ N r
q ,

x · ẽA = x · eA − |A|
q
r,

so, for any x,y ∈ N r
q ,

x · eA ⩽ y · eA if and only if x · ẽA ⩽ y · ẽA.

Since w, a1, . . . , ad ∈ N r
q , then (1) readily follows.

Next note that eA + eA = 1. Then

ẽA + ẽA = eA + eA −
(
|A|
q

+
|A|
q

)
1 = 1− 1 = 0

in N r
q , by Equation (3.2), implying (2).

From (2) we deduce w · ẽA = −w · ẽA and maxi{ai · ẽA} = −mini{ai · ẽA}, implying (3).
Finally, as A runs over all possible subsets of [q], so does A, so (4) follows from (1) and (3).

Part (1) of Proposition 3.5 means that we can define the polytopes using ẽA in
place of eA. Geometrically, ẽA defines a hyperplane {x ∈ Hr

q | x · ẽA = ai · ẽA}, and
so {x ∈ Hr

q | x · ẽA ⩽ ai · ẽA} defines a half-space of Hr
q for eachA and each ai. The advantage

here is that ẽA lies in Hr
q.

As an immediate consequence of part (2), for each face σ ∈ Tr
q, the hyperplanes in Hr

q

corresponding to ẽA and ẽA are parallel, even though the hyperplanes in Rq corresponding to eA
and eA are not. Thus when we draw in Hr

q a region described by part (4), we form a “sandwich”
between two parallel hyperplanes.
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Example 3.6. Let r = 2 and q = 3.The hyperplane corresponding toA = {3} and ai = (0, 0, 2)
is the dashed horizontal line at the top of the diagram below. Since (0, 0, 2) · eA = (0, 0, 2) ·
(0, 0, 1) = 2 is the maximum value of ai · eA as ai runs through the points in N 2

3 , then for γ
the maximal face of the Taylor complex, which contains all ai ∈ N 2

3 , we have HeA(γ) is the
half-space below the dashed line. Now A = {1, 2} andHeA

(γ) is the half-space lying above the
dashed horizontal line at the bottom of the diagram, which corresponds to ai = (1, 1, 0), (2, 0, 0),
and (0, 2, 0), since ai · eA = ai · (1, 1, 0) = 2 for each of these three points. Notice that for each
of these three points w · eA = 0, which is the minimum value over all points w in γ of w · eA,
so the half-space lying above the lower dashed horizontal line can also be described using the
minimum value, as in Proposition 3.5.

To see that σ = {(0, 0, 2), (1, 1, 0)} is not an edge in S2
3, consider the convex region for σ.

As above, for A = {3} and A = {1, 2} the region is the “sandwich” bounded by the two dashed
lines. For A = {2} and A = {1, 3} the region is bounded by the lines with mixed dashes and
dots, and forA = {1} andA = {2, 3} the region is bounded by the dotted lines. The intersection
of these regions is a parallelogram containing (1, 0, 1) and (0, 1, 1), which are not in σ. Therefore
by Theorem 3.2, σ is not a face of S2

3.
Similarly, τ = {(1, 1, 0), (1, 0, 1), (0, 1, 1)} is a face in S2

3. Note that the hyperplane corre-
sponding to A = {3} that maximizes the value of ai · eA over τ now passes through (1, 1, 0)
and (0, 1, 1). The intersection of the regions for τ is the central triangle in the figure, whose only
lattice points lie in τ.

Continuing in this manner, one can see that the facets of the Scarf complex S2
3 are represented

by the four shaded triangles in the right hand diagram, recovering a result from [EKFcS24].

(2, 0, 0) (0, 2, 0)

(0, 0, 2)

(1, 1, 0)

(1, 0, 1) (0, 1, 1)

(2, 0, 0) (0, 2, 0)

(0, 0, 2)

(1, 1, 0)

(1, 0, 1) (0, 1, 1)

(2, 0, 0) (0, 2, 0)

(0, 0, 2)

(1, 1, 0)

(1, 0, 1) (0, 1, 1)

Note that for q ⩽ 4, the techniques above suffice to determine the Scarf complex Sr
q for all r.

Example 3.7 (The case where q ⩽ 3). When q = 1, there is only a single point, the vec-
tor (r) = re1. When q = 2 the hyperplane Hr

2 is a line for all r and when q = 3 the hyper-
plane Hr

3 is two-dimensional and so can be depicted in a plane as in Example 3.6. In these two
cases, it is straightforward to explicitly describe the Scarf complex for all r. For q = 2, all lattice
points inN r

2 are necessarily colinear, so if σ∈Tr
2 contains two points that are not adjacent, then σ

is not in the Scarf complex. For q = 3 one can verify using the same technique that the Scarf
complex is a collection of triangles as depicted below when r = 4. The pattern holds for all r.

It turns out that q = 4 (see Theorem 4.7 and Example 4.8) is the limit for using just the
techniques above to describe all of the faces of Sr

q. When q ⩾ 5 unexpected behavior occurs and
additional faces appear. As r grows, the number of classes of vertices inN r

q that are distinct in the
sense of not being equivalent under permutation grows significantly, increasing the complexity
of types of potential faces of Sr

q. Computations show that the unexpected behavior persists as q
and r increase. Indeed, as q and r grow, the problem becomes increasingly difficult, which can
also be seen from Theorems 2.5 and 4.2.
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(r, 0)

(1, r − 1)

(2, r − 2)

(0, r)

(r − 1, 1)

(r − 2, 2)

. . .

(a) q = 2 any r as a hyperplane in R2.

(4, 0, 0)

(3
, 1
, 0
)

(2
, 2
, 0
)

(1
, 3
, 0
)

(0, 4, 0)

(3, 0, 1) (0, 3, 1)

(2, 0, 2) (0, 2, 2)

(1, 0, 3) (0, 1, 3)

(0, 0, 4)

(b) q = 3 and r = 4 in the hyperplane H4
3.

Figure 3.1: Example 3.7.

4. The faces of Srq
In this section, we describe sets of faces that are guaranteed to appear in the Scarf complex,
and show how to use the recursive nature of some such faces to visualize higher dimensional
complexes in some settings. Theorem 3.2 gives a recursive condition for checking if a subset
of N r

q is in the Scarf complex, which leads, in turn, to other characterizations of the faces of
the Scarf complex. Several of these are summarized in Theorem 4.2. Throughout the rest of the
paper, we will use the following notation in addition to Notation 3.1:

Notation 4.1. For positive integers p and q, and a = (a1, . . . , aq),b = (b1, . . . , bq) ∈ Zq, use
the following language.

• a is square-free if ai ∈ {0, 1} for all i ∈ [q];

• a ⩽ b means ai ⩽ bi for all i ∈ [q];

• max(a) = max{a1, . . . , aq};

• Supp(a) = {i ∈ [q] : ai ̸= 0};

• a ∩ b = (min(a1, b1),min(a2, b2), . . . ,min(aq, bq));

• a0p, 0pa ∈ Zp+q are vectors obtained by appending p 0’s to the right and left of a, respec-
tively;

• π(a) = (aπ(1), . . . , aπ(q)) for a permutation π ∈ Sq.

The following theorem makes precise what happens to the faces of the Scarf complex when
the vertices are translated or are embedded in a higher dimension. It also shows that permuting
the coordinates preserves Scarf faces.
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Theorem 4.2 (The faces of Sr
q). Let p, q, and r be positive integers, and σ = {a1, . . . , ad} ∈ Tr

q.
The following are equivalent.

1. σ ∈ Sr
q;

2. for every C ⊆ [d] the only solutions w ∈ N r
q to the system of inequalities

w · eA ⩽ max
i∈C

{ai · eA} for all A ⊆ [q]

are {ai | i ∈ C};

3. for every C ⊆ [d] the only solutions w ∈ N r
q to the system of inequalities

min
i∈C

{ai · eA} ⩽ w · eA ⩽ max
i∈C

{ai · eA} for all A ⊆ [q]

are {ai | i ∈ C};

4. σ0p = {a10
p, . . . , ad0

p} ∈ Sr
q+p for every p ∈ N;

5. 0pσ = {0pa1, . . . , 0
pad} ∈ Sr

q+p for every p ∈ N;

6. πσ = {πa1, . . . , πad} ∈ Sr
q for every permutation π ∈ Sq;

7. σ+v = {a1+v, . . . , ad+v} ∈ Sr+|v|
q for every v ∈ Zq when ai+v ⩾ 0 for each i ∈ [d].

Proof. Items (1) and (2) are equivalent by Theorem 3.2 by noting that C represents a subface
of σ. Item (3) is also equivalent to (2) by Proposition 3.5.

To see that (1) implies (4) suppose w ∈ N r
q+p satisfies

w · eA ⩽ max
i∈C

{ai0
p · eA}

for all A ⊆ [p + q] and all C ⊆ [d]. Write w = w10
p + 0qw2 where Supp(w1) ⊆ [q]

and Supp(w2) ⊆ {q + 1, . . . , q + p}. If w2 ̸= 0, selecting A = Supp(w2) and C = [d]
gives a contradiction since ai0

p · eA = 0 for all i. Thus Supp(w) ⊆ [q].
For A ⊆ [p + q], write A = A1 ∪ A2 where A1 ⊆ [q] and A2 ⊆ {q + 1, . . . , q + p}. Note

that ai0
p · eA = ai · eA1 and w · eA = w1 · eA1 . Thus

w1 · eA1 ⩽ max
i∈C

{ai · eA1}.

So w1 = ai for some i ∈ C and w = ai0
p as desired.

To see that (4) implies (1), notice that if w ∈ N r
q satisfies

w · eA ⩽ max
i∈C

{ai · eA} for all A ⊆ [q]

then w0p satisfies
w0p · eA ⩽ max

i∈C
{ai0

p · eA}}
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so by (4), we have σ0p ∈ Sr
q+p, so w0p = ai0

p for some i by (2). Thus w = ai.
The equivalence of (1) and (5) is similar.
Next, if A ⊆ [q] and π ∈ Sq define π(A) = {π(i) | i ∈ A} and notice that

w · eA ⩽ max
i∈C

{ai · eA} ⇔ π(w) · eπ(A) ⩽ max
i∈C

{π(ai) · eπ(A)}

since for x ∈ N r
q andA ⊆ [q] we have x ·eA = π(x) ·eπ(A). Then the equivalence of (1) and (6)

follows immediately.
The equivalence of (1) and (7) follows from (2). To see this, note that

(w + v) · eA − (ai + v) · eA = w · eA − ai · eA.

Thus w · eA − ai · eA ⩽ 0 if and only if (w + v) · eA − (ai + v) · eA ⩽ 0. Fix C ⊆ [d].
Assume w ∈ N r

q is a solution to the system

w · eA ⩽ max
i∈C

{ai · eA} for all A ⊆ [q].

Then w lies in the convex polytope associated to σ = {ai | i ∈ C}. Since ai + v ⩾ 0 for all i,
the convex polytope associated to σ + v = {ai + v | i ∈ C} lies in N r+|v|

q . Since w + v is in
this polytope, w + v ∈ N r+|v|

q . Thus if σ ̸∈ Sr
q then there exists a w ∈ N r

q with w a solution to
the system but w ̸= ai for all i ∈ C, which implies w+ v ̸= ai + v for all i ∈ C. The converse
also follows using −v for v.

Example 4.3. The labels in Figure 3.1(a), setting r = 4, correspond to the right-hand side
of the full triangle in Figure 3.1(b), illustrating how faces can be embedded in higher dimen-
sions as in Theorem 4.2(4). In the diagram below, note that σ = {(4, 0, 0), (3, 1, 0), (3, 0, 1)}
and τ = {(2, 0, 2), (1, 1, 2), (1, 0, 3)} satisfy σ+v = τ where v = (−2, 0, 2). Moreover, all tri-
angles in this orientation are translations of σ. Note that ρ = {(2, 0, 0), (1, 0, 1), (1, 1, 0)} ∈ S2

3

(see Example 3.6) so if v′ = (2, 0, 0) we have σ = ρ+v′ ∈ S4
3, so translations in Theorem 4.2(7)

can change r. Note that adding v′ to every face of S2
3 yields a copy of S2

3 embedded in the lower
left corner of the picture of S4

3 below. This type of embedding can be generalized so that one
can see multiple copies of Sr′

q in Sr
q whenever r′ < r.

Finally, if π∈S3 is given by π=(132), then πτ=γ where γ={(0, 2, 2), (1, 2, 1), (0, 3, 1)}.

(4, 0, 0)

(3
, 1
, 0
)

(2
, 2
, 0
)

(1
, 3
, 0
)

(0, 4, 0)

(3, 0, 1) (0, 3, 1)

(2, 0, 2) (0, 2, 2)

(1, 0, 3) (0, 1, 3)

(0, 0, 4)
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As r grows, Theorem 4.2 provides a way to use inductive arguments algebraically on the
vertices to identify faces of Sr

q.

Example 4.4. We can use Theorem 4.2 to show that {(3, 0, 0, 0), (1, 0, 1, 1)} is not a face of S3
4:

{(3, 0, 0, 0), (1, 0, 1, 1)} ∈ S3
4 ⇐⇒ {(2, 0, 0, 0), (0, 0, 1, 1)} ∈ S2

4 by Theorem 4.2(7)
⇐⇒ {(0, 0, 0, 2), (0, 1, 1, 0)} ∈ S2

4 by Theorem 4.2(6)
⇐⇒ {(0, 0, 2), (1, 1, 0)} ∈ S2

3 by Theorem 4.2(4),

but this last statement is false, by Example 3.6.
Similarly, we can show {(2, 1, 1, 0), (2, 0, 1, 1), (1, 1, 1, 1)} is a face of S4

4.

{(2, 1, 1, 0), (2, 0, 1, 1), (1, 1, 1, 1)} ∈ S4
4

⇐⇒ {(1, 1, 0, 0), (1, 0, 0, 1), (0, 1, 0, 1)} ∈ S2
4 by Theorem 4.2(7)

⇐⇒ {(1, 1, 0, 0), (1, 0, 1, 0), (0, 1, 1, 0)} ∈ S2
4 by Theorem 4.2(6)

⇐⇒ {(1, 1, 0), (1, 0, 1), (0, 1, 1)} ∈ S2
3 by Theorem 4.2(5),

and this last statement is true, by Example 3.6.

Theorem 4.2 lays the foundation for our current methods of finding faces of Sr
q for arbi-

trary q, r. Theorem 4.7 below, quoted from [EKFcS24], gives us a backbone for building Sr
q in

terms of square-free vectors. See also Remark 4.13.

Definition 4.5 (U r
q , U r

a , and Ur
q [EKFcS24]). For r, q ⩾ 1, a = (a1, . . . , aq) ∈ Nq let

• U r
q denote the set of all square-free q-tuples with r nonzero entries, i.e.,

U r
q = {eA : A ⊆ [q], |A| = r} = {a ∈ N r

q , ai ∈ {0, 1} for all i ∈ [q]};

• U r
a = a+ U r−|a|

q = {(c1, . . . , cq) ∈ N r
q | ai ⩽ ci ⩽ ai + 1 for all i ∈ [q]}.

• Ur
q is the simplicial complex described by its facets, as follows:

Ur
q = ⟨U r

a : a ∈ Nq, r − q < |a| < r⟩.

Remark 4.6. The realization of U r
q as a polytope in Nq is a hypersimplex [GGL75], i.e., the

realization is the convex hull of every 0/1-vector in Nq whose coordinates add up to a fixed
integer. See also [dLST95] and [Zie07, Example 3.3]. Many invariants of a hypersimplex count
interesting combinatorial objects; for example, its volume counts permutations by number of
ascents (Eulerian numbers) [dL86, Sta77]. More generally, a polytope that is the convex hull
of 0/1-vectors is called a 0/1-polytope [Zie00]. Many well-known polytopes are the convex
hull of sets of 0/1-vectors corresponding to combinatorial objects. These include permutation
polytopes [BHNP09], matching polytopes [EMVM25], and matroid polytopes [ABD10]. The
matroid polytope of a uniform matroid is a hypersimplex and vice versa.

The simplicial complex Ur
q has a nice and inductive structure, and it turns out that a large

part of Sr
q consists only of Ur

q, as we state below.
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Theorem 4.7 ([EKFcS24, Theorem 5.9 and Corollary 6.4]). For r, q ⩾ 1, Facets(Ur
q) ⊆

Facets(Sr
q). Moreover Sr

q = Ur
q when q ⩽ 4 and r ⩾ 1.

To better understand these important facets, we provide an example.

Example 4.8. We illustrate Definition 4.5 and Theorem 4.7 starting with small r and q. For q = 3
and r = 1, T is a triangle with square-free vertex label so U1

3 = S1
3 = T1

3. Now r − q = −2
and r = 1 so if r − q < |a| < r we have |a| = 0. Thus U1

3 = U1
3 = U1

0 .
Now for q = 3 and r = 2, we have −1 < |a| < 2 in the definition of U2

3. If |a| = 0 we
have U2

3 = U2
0 consists of three square-free vectors forming a central triangle in the figure below.

Note that the remaining three triangles are e1 + U1
3 = U2

e1
, e2 + U1

3 = U2
e2
, and e3 + U1

3 = U2
e3
.

So U2
3 = ⟨U2

3 ,U2
e1
,U2

e2
,U2

e3
⟩ = S2

3.

(1, 0, 0) (0, 1, 0)

(0, 0, 1)

(2, 0, 0) (0, 2, 0)

(0, 0, 2)

(1, 1, 0)

(1, 0, 1) (0, 1, 1)

Next we consider q = 4. If r = 1, then T1
4 is a tetrahedron with vertices labeled e1, e2, e3, e4.

Again S1
4 = T1

4 = U1
4 = U1

4. For q = 4 and r = 2 we again have S2
4 = U2

4 by Theorem 4.7.
To understand U2

4 notice that once again −2 < |a| < 2 so U2
4 = ⟨U2

4 ,U2
e1
,U2

e2
,U2

e3
,U2

e4
⟩.

Now Uei = ei+U1
4 is a shift of a tetrahedron. These four facets are the four corner tetrahedra of

the subdivided tetrahedron in Figure 4.1(a). The octahedron that remains after truncating these
four corner tetrahedra is U2

4 , whose vertices are the six points (1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1),
(0, 1, 1, 0), (0, 1, 0, 1), (0, 0, 1, 1). Note that algebraically these six points form an abstract five-
dimensional simplex in S2

4, so every subset of those points is a face of S2
4. But the embedding

of those points in N 2
4 , a three-dimensional hyperplane in N4, represents this five-dimensional

simplex degenerately as a three-dimensional octahedron, a hypersimplex. In other words, every
subset of vertices in this octahedron forms a face of S2

4, even if we do not draw those faces in
the diagram. The advantages of drawing S2

4 this way in the diagram include: it illustrates the
adjacencies to other facets of S2

4; it allows us to see symmetries and transformations, such as
those illustrated in Theorem 4.2; and finally it is easier to see a three-dimensional picture than a
five-dimensional picture.

When q = 4 and r = 3, we again see, in Figure 4.1(b): ten translated copies of U1
4 (tetrahedra

with a triangular base at the bottom), one at each of the four corners, and one along each of the
six edges; four translated copies of U2

4 (octahedra); and one copy of U3
4 (tetrahedron near the

bottom of the diagram with a triangular base at the top). The (square-free) vertices of U3
4 , which

are located at the centroid of each triangular face, are shown larger to make this new face easier
to identify. Note that U3

4 is a reflection of each of the translated copies of U1
4 . We also again see

four translated copies of S2
4, one in each corner of the diagram.

The pictures above are reminiscent of edge-wise subdivisions of simplicial complexes; we
refer the interested reader to Remark 8.5.
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(2, 0, 0, 0) (0, 2, 0, 0)

(0, 0, 2, 0)

(0, 0, 0, 2)

(1, 1, 0, 0)

(1, 0, 1, 0) (0, 1, 1, 0)

(1, 0, 0, 1) (0, 1, 0, 1)

(0, 0, 1, 1)

(a) S24 = U2
4

(3, 0, 0, 0) (1, 2, 0, 0)

(1, 0, 0, 2)

(2, 1, 0, 0)

(2, 0, 0, 1)

(0, 0, 0, 3)

(0, 3, 0, 0)

(0, 2, 0, 1)

(0, 1, 0, 2)

(b) S34 = U3
4

Figure 4.1: Sr
4 = Ur

4 for r = 2, 3. The top of U3
4 is the same as all of U2

4 with e4 added to each
vertex, and similarly for the other three corners of U3

4 with e1, e2, e3, respectively. See Exam-
ple 4.8. The complexes Sr

q and Ur
q are no longer equal for q ⩾ 5 and r ⩾ 3; see Proposition 5.2

and Example 5.4.

The equivalence of items (2) and (3) of Theorem 4.2 leads to the definition of a witness,
allowing for two formulations that can be useful. The existence of a witness tracks the failure of
a face of the Taylor complex to be Scarf. In light of condition (1) of Theorem 3.2, the terminology
allows for either condition of Theorem 3.2 to fail via the use of a subface σ′ of σ defined by a
subset C of the indices of ai defining σ.

Definition 4.9. A vector w ∈ N r
q is a witness to σ = {a1, . . . , ad} /∈ Sr

q if there exists aC ⊆ [d]
such that w ̸= ai for all i ∈ C, and one of the following equivalent conditions holds:

(i) for all A ⊆ [q]
w · eA ⩽ max

i∈C
{ai · eA};

(ii) for all A ⊆ [q]
min
i∈C

{ai · eA} ⩽ w · eA ⩽ max
i∈C

{ai · eA}.

Note that by Theorem 4.2, the two conditions in Definition 4.9 are equivalent when consid-
ered over all A ⊆ [q]. Either condition can be used, with the optimal choice depending on the
situation at hand.

As an example, consider Example 3.6, where it was shown that w = (1, 0, 1) is a witness
to σ = {(0, 0, 2), (1, 1, 0)} /∈ S2

3.
Definition 4.9 says in particular that faces of Sr

q correspond to polytopes defined by special
equations that have no interior lattice point. It is an interesting combinatorial question to study
which polytopes can arise in this way.
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In light of Theorem 4.7, our main goal is understanding the faces of Sr
q which are not in Ur

q

for q ⩾ 5. We start by identifying a large number of edges in Sr
q not in Ur

q.

Lemma 4.10. Let u,v ∈ N r
q . Let J ⊆ [q] and assume for all j ∈ J that uj = 1. Also assume

for some i ̸∈ J that 1 ⩽ vi < |J | and that ui = 0. Then if w ∈ N r
q is a witness to {u,v} /∈ Sr

q

then either wj = 0 for all j ∈ J , or wj = 1 for all j ∈ J .

Proof. Choosing A = J , Proposition 3.5 implies 0 ⩽ wj ⩽ 1 for all j ∈ J . We will show
that wj′ = wj′′ for every pair of distinct j′, j′′ ∈ J , from which the result follows immediately.

Pick J0 ⊂ J such that |J0| = vi − 1 and such that j′, j′′ ∈ J \ J0. It is possible to pick
such a J0 because 1 ⩽ vi < |J |. Let J ′ = J0 ∪ j′ and J ′′ = J0 ∪ j′′, and then let A′ = i ∪ J ′

andA′′ = i∪J ′′. It is easy to see that eA′ ·u = eA′ ·v = eA′′ ·u = eA′′ ·v = vi. Proposition 3.5
then implies that eA′ ·w = eA′′ ·w = vi. Then

0 = (eA′ − eA′′) ·w = (ej′ − ej′′) ·w = wj′ − wj′′ ,

as desired.

Proposition 4.11 (Edges incident to a square-free vertex). Let r, q > 1. If u ∈ U r
q and v ∈ N r

q

are such that Supp(u) ∩ Supp(v) = ∅, then

{u,v} ∈ Sr
q if and only if v ̸= rei for all i ∈ [q].

Proof. Assume v ̸= rei for all i ∈ [q], and assume w is a potential witness to {u,v} ̸∈ Sr
q,

Let J = Supp(u), and let i ∈ Supp(v). Since |J | = r and v ̸= rei, then 1 ⩽ vi < r,
and Lemma 4.10 applies. Then either: wj = 1 for all j ∈ Supp(u), in which case, w = u;
or wj = 0 for all j ∈ Supp(u), in which case w = v. Therefore w is not a witness. Since no
witness exists, {u,v} ∈ Sr

q.
Conversely, the only edges of Sr

q containing rei are of the form {rei, (r − 1)ei + ej}
by [CEKF+24], which contradicts Supp(u) ∩ Supp(v) = ∅. Alternatively, it is straightfor-
ward to check that w = (r − 1)ei + ej is a witness to {rei,v} ̸∈ Sr

q, where j ∈ Supp(v).

Corollary 4.12. Let r, q > 1. If a,b ∈ N r
q such that a−(a∩b) is square-free, then {a,b} ∈ Sr

q

if and only if

1. (r − |a ∩ b|) = 1 or

2. (r − |a ∩ b|) ⩾ 2 and b− (a ∩ b) ̸= (r − |a ∩ b|)ei for all i ∈ [q].

Proof. This follows immediately from Proposition 4.11 and Theorem 4.2(7).

Remark 4.13. Finding faces for arbitrary values of q, r is a very hard problem. In order to check
whether two vertices a and b share an edge in Sr

q, Theorem 4.2(6),(7) imply we may assume a
and b have disjoint support, and that the non-zero entries of each vertex are a weakly decreasing
sequence of positive integers (also known as a partition). See Example 4.4. Equivalently, to
fully describe edges of Sr

q for q ⩾ 2r, it is enough to understand the graph G(q, r) with vertices
the partitions of r, and two partitions λ = (λ1, . . . , λn) and µ = (µ1, . . . , µm) are adjacent if
and only if the vectors λ0m and 0nµ are adjacent in Sr

q.
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This equivalence of problems then implies that the number of edges of Sr
q can be computed

by an expression in terms of the edges ofG(q, r). In particular, this approach makes the problem
of finding edges more tractable. We have so far found every edge for r ⩽ 8 and arbitrary q.

We note that for the case of edges specifically, in [EKFcS24, Theorem 7.2] it is shown that
the number of edges of Sr

q is exactly the first betti number of Eqr. As a consequence, counting the
number of edges of Sr

q is equivalent to bounding the first betti number of powers of all square-free
monomial ideals.
Remark 4.14. Theorem 4.2(7) may be restated as saying that translations preserve whether or
not a set of vertices is a face of Sr

q. Similarly, other rigid motions, i.e., rotations and reflections,
also preserve this property. The corresponding algebraic interpretations are more involved, and
they are not helpful until r ⩾ 4, so we do not explore these further here.

5. The facets and minimal nonfaces of S3q

When r = 3, there are only three types of vectors a ∈ N 3
q up to permutation:

a = 3ei, a = 2ei + ej, or a = ei + ej + ek, for i, j, k ∈ [q].

Theorem 4.2 allows us to describe all faces of S3
q for any q.

We start by recalling the characterization of the edges.

Lemma 5.1 (The edges of S3
q (see [EKFcS24, Lemma 8.1])). Let q ⩾ 2 and a ̸= b inN 3

q . Then
{a,b} ∈ S3

q if and only if {a,b} is of one of the following forms for distinct indi-
ces u, v, w, i, j, k ∈ [q]:

{3eu, 2eu + ej} {2ei + ej, eu + ev + ew}
{2eu + ei, 2eu + ej} {ei + ej + ek, eu + ev + ew}
{2eu + ei, 2ei + eu} {eu + ei + ej, eu + ev + ew}
{2eu + ei, eu + ei + ej} {eu + ev + ei, eu + ev + ej}
{2eu + ei, eu + ej + ek}

Notice that all but two of the types of edges listed in Lemma 5.1 come from edges of Sr
q

for r < 3 that have been shifted in the sense of Theorem 4.2(7). For instance, the first type
listed has the form σ + v where σ = {eu, ej} ∈ S1

q and v = 2eu. When q ⩾ 6, edges of the
form {ei + ej + ek, eu + ev + ew} are not shifted but they are in U3

q . That leaves edges of the
form {2ei + ej, eu + ev + ew} for q ⩾ 5, which are of particular interest since they are neither
shifted nor in U3

q .
Many of the higher dimensional faces of S3

q are also either shifted from Sr
q for lower values

of r or are in U3
q .However, there is one class of faces that is new in the sense that it is not formed

in either of these two ways.
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Proposition 5.2 (A new face(t) of S3
q). Let q be a positive integer, and suppose i ∈ P ⊆ [q].

Then the simplex WP,i defined as

WP,i = {2ei + ej : j ∈ P \ {i}} ∪ {ej + ek + el : j < k < l ⩽ q, j, k, l ∈ [q] \ P}
∪ {ei + ej + ek : 1 ⩽ j < k ⩽ q, i /∈ {j, k}}

is

1. the facet U3
q when |P | = 1;

2. a facet of S3
q that is not in U3

q when 2 ⩽ |P | ⩽ q − 3;

3. a face of S3
q contained in the facet U3

ei
when |P | > q − 3.

Moreover, if WP,i = WQ,j for 2 ⩽ |P |, |Q| ⩽ q − 3, then P = Q and i = j.

Proof. Part (1) follows from the definition of WP,i by noting that in this case, P = {i} and the
first set in the definition is empty. The remaining two sets include all vertices inU3

q . Similarly, (3)
follows from noting that the second set in the definition of WP,i is empty and the remaining
vertices are in U3

ei
. If P ̸= [q], the containment will be proper.

Assume now 2 ⩽ |P | ⩽ q−3. Note that in this scenario, q ⩾ 5.We prove firstWP,i ∈ S3
q . By

Theorem 4.2(6), it is enough to prove the case P = [p] and i = 1 for some pwith 2 ⩽ p ⩽ q−3.
In this case, W = W[p],1 is defined as

{2e1 + ej : j = 2, . . . , p} ∪ {ej + ek + el : p+ 1 ⩽ j < k < l ⩽ q}
∪ {e1 + ej + ek : 1 < j < k ⩽ q}. (5.1)

Assume W /∈ S3
q . Let W ′ ⊆ W be a minimal subset of W (under inclusion) such that W ′ /∈ S3

q .
By Theorem 4.2 there exists a witness w ∈ N 3

q \W ′ such that

w · eA ⩽ max{a · eA : a ∈ W ′} for all A ⊆ [q] (5.2)

Observe that

max{a · e1 : a ∈ W ′} ⩽ max{a · e1 : a ∈ W} = 2 and
max{a · ei : a ∈ W ′} ⩽ max{a · ei : a ∈ W} = 1 for all i ∈ [q]∖ {1}

(5.3)

and hence (5.2), with A = {1} and A = {i} respectively, implies

w1 ⩽ 2 and wi ⩽ 1 for all i ∈ [q]∖ {1}. (5.4)

If w1 = 0, then (5.4) implies w = ej + ek + el with 1 < j < k < l ⩽ q. Then (5.2) gives

3 = w · e{j,k,l} ⩽ max{a · e{j,k,l} : a ∈ W ′} ⩽ 3.

There exists thus v ∈ W ′ such that v · e{j,k,l} = 3. Since j, k, l > 1 and W ′ ⊆ W , this
implies v = w, a contradiction.
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If w1 = 1, then (5.4) implies w = e1 + ej + ek for some 1 < j < k ⩽ q. As above, this
implies that there exists v ∈ W ′ such that v · e{1,j,k} = 3. It follows that

v = 2e1 + ej or v = 2e1 + ek or v = e1 + ej + ek.

Since v ̸= w, the only options are v = 2e1+eℓ with ℓ ∈ {j, k}. Moreover, since v ∈ W ′ ⊆ W ,
the definition of W implies ℓ ⩽ p; in particular j ⩽ p.

Now w · e{j,k} = 2 and (5.2) shows there must exist v′ ∈ W ′ with v′ · e{j,k} ⩾ 2. It follows
that v′ is a square-free vector

v′ = ej + ek + el with p+ 1 ⩽ j, k, l or v′ = e1 + ej + ek.

The first scenario is impossible because we know j ⩽ p and the second one is impossible be-
cause v ̸= w, ending our argument for the case w1 = 1.

If w1 = 2, then w = 2e1 + ej with j ∈ [q]. Then using (5.2) we have then

w · e{1,j} = 3 ⩽ max{a · e{1,j} : a ∈ W ′} ⩽ 3.

There exists thus v ∈ W ′ such that v · e{1,j} = 3, so our only option is v = 2e1 + ej = w, a
contradiction.

Now we show that W[p],1 is a facet of S3
q . Recall that q ⩾ 5. Assume that a ∈ N r

q \W[p],1.
Below we use (5.1) to consider each possible a, and in each case we use the list in Lemma 5.1,
or equivalently Theorem 5.5, to show that there is a vertex b of W[p],1 such that {a,b} /∈ S3

q ,
showing that W[p],1 ∪ {a} /∈ S3

q .

• a = 3ea with a ∈ [q]. Then let b = e1 + e2 + e3.

• a = 2ea + eb with 1, a, b distinct. Then let b = e1 + eb + ec with 1, a, b, c distinct.

• a = 2ea + e1 with 1, a distinct. Then let b = e1 + eb + ec with 1, a, b, c distinct.

• a = 2e1 + ea with a > p. Then let b = ea + eb + ec when p < b < c ⩽ q, and a, b, c
distinct.

• a = ea + eb + ec for some a < b < c where 1 < a ⩽ p. Then let b = 2e1 + ea.

We conclude that W[p],1 is a facet of S3
q .

Finally, notice that WP,i is not in U3
q since it contains a vertex that is not square-free. More-

over, since q ⩾ 5, WP,i contains vertices b = 2ei + ej with j ∈ P \ {i} and c = ek + el + eu
with k, l, u ∈ [q] \ P . Since b, c ∈ WP,i and Supp(b) ∩ Supp(c) = ∅, then WP,i ̸= U3

a for
any a ∈ Nq. Thus WP,i /∈ U3

q .
For the final statement, note that 2 ⩽ |P |, |Q| ⩽ q − 3 implies all three sets in the definition

of WP,i = WQ,j are non-empty. In particular, a nonsquare-free vector in WP,i = WQ,j

implies i = j, and the set {ej +ek+el : j < k < l ⩽ q, j, k, l ∈ [q]\P} implies P = Q.
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Theorem 5.3 (The facets of S3
q). The facets of S3

q are of one of the following types:

1. (when q ⩾ 1) U3
2ea = {2ea + ei : i ∈ [q]} for some a ∈ [q];

2. (when q ⩾ 2) U3
ea+eb

= {ea + eb + ei : i ∈ [q]} for some a, b ∈ [q] with a ̸= b;

3. (when q ⩾ 3) U3
ea = {ea + ei + ej : i, j ∈ [q], i < j} for some a ∈ [q];

4. (when q ⩾ 4) U3
q = {ei + ej + ek : 1 ⩽ i < j < k ⩽ q};

5. (when q ⩾ 5) The simplex WP,a for some P ⊆ [q] with 2 ⩽ |P | ⩽ q − 3 and a ∈ P .

In particular,
S3
q = U3

q ∪ ⟨WP,a : P ⊆ [q], 2 ⩽ |P | ⩽ q − 3, a ∈ P ⟩.

Proof. By Theorem 4.7 and Proposition 5.2, every item on the list above is a facet of S3
q .

Assume now that F is a facet of S3
q . If F ⊆ U3

q , then it follows that F = U3
q , so we may

assume F ̸⊆ U3
q . Then F must contain a nonsquare-free vector.

Assume first 3ei ∈ F for some i ∈ [q]. If F contains a vertex v other than 3ei,
then {3ei,v} ∈ S3

q and Lemma 5.1 implies v ∈ U3
2ei

for all v ∈ F. Thus F ⊆ U3
2ei

, and
hence F = U3

2ei
.

It remains to consider the case when 3ei /∈ F for all i ∈ [q], and F contains an element of
the form 2ei + ej with i ̸= j. Without loss of generality, assume 2e1 + e2 ∈ F and set

P = {u ∈ [q] : 2e1 + eu ∈ F, u ̸= 1} ∪ {1} .

Without loss of generality, we may assume P = [p], where 1 < p ⩽ q. Suppose F contains
another nonsquare-free vector 2ea + eb where a ̸= b and a ̸= 1. Then for every u ∈ {2, . . . , p}

{2e1 + eu, 2ea + eb} ∈ S3
q

and Lemma 5.1 implies that a = u and b = 1. This means, in particular that either 2e1 + eu,
with 1 < u ⩽ p are the only nonsquare-free vectors in F , or otherwise p = 2. In other words

F ⊆ {2e1 + eu : u ∈ [p]} ∪ U3
q or F ⊆ {2e1 + e2, 2e2 + e1} ∪ U3

q . (5.5)

Now suppose F contains a square-free vector ea + eb + ec with a < b < c. Then we have

{2e1 + eu, ea + eb + ec} ∈ S3
q where 2 ⩽ u ⩽ p.

By Lemma 5.1, we must have
a = 1 or a ⩾ p+ 1. (5.6)

Now, going back to (5.5), we will consider each case separately.

1. If F ⊆ {2e1 + eu : u ∈ [p]} ∪ U3
q then we see from (5.6) and (5.1) that F ⊆ W[p],1.

Recall p ⩾ 2. So by Proposition 5.2, and since we assumed F is a facet, we must
have F = W[p],1 or F = U3

e1
.
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2. If F ⊆ {2e1+ e2, 2e2+ e1}∪U3
q then take ea+ eb+ ec ∈ U3

q , where a < b < c. By (5.6)
we must have a ̸= 2. If a ⩾ 3, then

τ = {2e1 + e2, 2e2 + e1, ea + eb + ec} /∈ S3
q (5.7)

because we can pick a witness w = e1 + e2 + ea /∈ τ , and for all A ⊆ [q] we have

w · eA = |A ∩ {1, 2, a}| ⩽ max{(2e1 + e2) · eA, (e1 + 2e2) · eA, (ea + eb + ec) · eA}.

Thus we must have a = 1. On the other hand, since {2e2 + e1, e1 + eb + ec} ∈ S3
q ,

Lemma 5.1 shows that b = 2. We have so far proved

F ⊆ {2e1 + e2, 2e2 + e1} ∪ {e1 + e2 + ec : 2 < c ⩽ q} .

This implies F ⊆ U3
e1+e2

, and hence F = U3
e1+e2

.

We have proved that in all possible scenarios F is one of the facets listed above, and this
ends our argument.

Theorem 5.3 provides a formulaic description of all the individual facets of Sr
q. To better un-

derstand this list, we discuss the geometry of the facets and how they fit together in the following
example.

Example 5.4. (Picturing S3
5.)

The facets described in Theorem 5.3(1)-(4) are precisely those of U3
5, which has five over-

lapping shifted copies of U2
5 = S2

5, one in each corner, just as we found four shifted copies of all
of S2

4 in S3
4, in Example 4.8.

We also have the facets described in Theorem 5.3(5). In this case, |P | = 2 and a ∈ P ,
so we have 20 simplices of the form W{i,j},i, one for every choice of an ordered pair (i, j) of
distinct i, j ∈ [q]. Each such facet is a 7-dimensional simplex whose vertices consist of: one
vertex of the form 2ei + ej; six square-free vertices containing ei, and one square-free ver-
tex consisting of ea + eb + ec where {i, j, a, b, c} = {1, 2, 3, 4, 5}. The realization of each
of these facets is a polytope combinatorially equivalent to a 4-cross-polytope, with minimal
non-faces {2ei + ej, ea + eb + ec}, {ei + ej + ea, ei + eb + ec}, {ei + ej + eb, ei + ea + ec},
{ei + ej + ec, ei + ea + eb}. To see this, note that the midpoint between any two vertices in
a minimal non-face is the same: ei + (ej + ea + eb + ec)/2; and it is easy to see that the four
direction vectors, each pointing from one vertex in a minimal non-edge to the other vertex in
that minimal non-edge, are linearly independent.

We are now ready to describe all minimal nonfaces of S3
q . As a consequence, Theorem 5.5

shows that Sr
q is not a flag complex for r ⩾ 3, q ⩾ 5.
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Theorem 5.5 (Minimal nonfaces of S3
q). A non-empty subset τ of N 3

q is a minimal nonface
of S3

q if and only if τ is of one of the following forms

1. (edges) for distinct indices a, b, c, d in [q]

{3ea, 3eb} {2ea + eb, 2eb + ec}
{3ea, ea + 2eb} {2ea + eb, eb + 2ec}
{3ea, 2eb + ec} {2ea + eb, 2ec + ed}
{3ea, ea + eb + ec} {2ea + eb, eb + ec + ed}
{3ea, eb + ec + ed}

2. (triangles) for distinct a, b, c, d, e ∈ [q]

{2ea + eb, ea + 2eb, ec + ed + ee}.

Proof. (1): The listed edges are precisely the edges that are not of the forms described in
Lemma 5.1.

(2): (⇐=) Assume, without loss of generality, τ = {2e1 + e2, e1 + 2e2, e3 + e4 + e5}. The
conclusion follows from (5.7).

(=⇒) Now assume |τ | > 2. Since τ is a minimal nonface with |τ | > 2, every pair of vectors
in τ must form an edge of S3

q . In other words,

{u,v} ∈ S3
q if u,v ∈ τ. (5.8)

Claim 1. τ cannot consist of only square-free vectors.

Claim 1 follows directly from Theorem 4.7.

Claim 2. 3ei /∈ τ for any i ∈ [q]

Assume without loss of generality that 3e1 ∈ τ . Then by (5.8), {3e1,v} is an edge of S3
q ,

which by Lemma 5.1 is equivalent to v = 2e1 + ej . Therefore every other vector in τ is of
the form 2e1 + ej . This implies τ is contained in the facet U2e1 , and thus τ is a face of S3

q , a
contradiction. This settles Claim 2.

By Claim 1 and Claim 2 we can assume, without loss of generality, that

2e1 + e2 ∈ τ.

Set
P = {k ∈ [q]∖ {1} : 2e1 + ek ∈ τ} ∪ {1} . (5.9)

By Lemma 5.1 and in view of (1), we have that if b ∈ τ is not of the form listed in (5.9), then it
can have one of the following forms.

• b = e1 + eu + ev for distinct 1, u, v.
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• b = eu + ev + ew for distinct 1, u, v, w. By Lemma 5.1, {2e1 + el, eu + ev + ew} ∈ S3
q

if and only if l /∈ {u, v, w}, and we see that

b = eu + ev + ew ∈ τ =⇒ u, v, w /∈ P. (5.10)

• b = e1 + 2e2.

Claim 3. e1 + 2e2 ∈ τ .

If e1+2e2 /∈ τ , then we use (5.10) to see that τ ⊆ WP,1, and Proposition 5.2 implies τ ∈ S3
q ,

a contradiction.

Claim 4. τ ∖ {2e1 + e2, 2e2 + e1} ⊆ U3
q .

By (5.8) {e1 +2e2, 2e1 + ek} ∈ S3
q for all k ∈ P . However, Lemma 5.1 implies P = {1, 2}

and this gives τ ∖ {2e1 + e2, 2e2 + e1} ⊆ U3
q . This finishes the proof of Claim 4.

Claim 5. If b ∈ τ ∖{2e1+e2, 2e2+e1}, then b = eu+ev+ew where 1, 2, u, v, w are distinct.

By our previous arguments, b must be square-free. Assume b = eu + ev + ew
where u < v < w and u, v, w /∈ P. If u = 1, then by (1) we know {b, 2e2 + e1} /∈ S3

q ,
contradicting the minimality of τ . So u > 1.

By (5.10) and the fact that P = {1, 2} established in Claim 4, u > 2. This finishes our proof
of Claim 5.

Now choose b = eu + ev + ew ∈ τ with 2 < u < v < w, and note
that σ = {2e1 + e2, e1 + 2e2,b} is a nonface of S3

q by the reverse implication that we just
proved. Since τ is a minimal nonface of S3

q containing σ, we conclude that τ = σ.

6. A general Morse Theorem

Recall that our goal is to show the subcomplex Sr
q of Tr

q supports a free resolution of Eqr. To
achieve this goal, we will use a homogenized version of Morse matchings due to Batzies and
Welker [BW02]. In this section we develop a general matching strategy that uses the minimal
nonfaces of a simplicial complex. We will then use this strategy on the minimal nonfaces of S3

q

that were described in previous sections. Specifically, Proposition 6.6 can be used to show that
under certain conditions, all the nonfaces of Sr

q can be eliminated from Tr
q via a homogeneous

acyclic matching, and as a result the remaining faces, which form Sr
q, support a resolution of Eqr.

We start by setting up the notation and language for discrete Morse theory, which was first de-
veloped by Forman [For98] in a topological setting, and later adapted to the study of free resolu-
tions of monomial ideals by Batzies and Welker [BW02] by using a translation of Chari [Cha00].

Let V be a finite set, and Y ⊆ 2V a set of subsets of V . We call the elements of Y cells. A
cell of cardinality n is called an (n− 1)-cell. We define the directed graph GY as a graph with
vertex set {σ | σ ∈ Y } and with directed edges EY consisting of

σ → σ′ with σ′ ⊆ σ and |σ| = |σ′|+ 1.
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A matching of GY is a set A ⊆ EY of edges of GY with the property that each cell of Y
occurs in at most one edge of A. Given a matching A, let the directed graph GA

Y be the same
graph as GY except that the direction of the arrows in A are reversed. The matching A is said to
be acyclic if GA

Y contains no directed cycles. The cells of Y that do not appear in the edges of
the matching are called A-critical cells.

Given an ideal I , minimally generated by t monomials, we consider Y to be labeled Taylor
complex T of I . Recall that the label of σ ∈ T is denoted mσ, and it is equal to the lcm of
the monomial labels of the vertices in σ. In this context, we say that a matching A on GY is
homogeneous if mσ = mσ′ for all directed edges σ → σ′ ∈ A. The following special case
of a result of Batzies and Welker [BW02, Proposition 1.2, Theorem 1.3] translates information
given by a homogeneous acyclic matching on the Taylor complex of an ideal into a CW-complex
supporting a free resolution of the ideal.

Theorem 6.1 (Resolutions from acyclic matchings, see [BW02]). Let I be a monomial ideal
and let T be the Taylor complex of I . If A is a homogeneous acyclic matching on GT, then
there is a CW-complex XA supporting a free resolution of I whose i-cells are in one to one
correspondence with the A-critical i-cells of the Taylor complex of I .

Remark 6.2. If the set ∆ of A-critical cells of T is a simplicial complex, then ∆ itself supports a
free resolution of I . Indeed, in this case, it can be seen that the differential of the CW-complexXA

described in [BW02, Lemma 7.7] coincides with the differential of the homogenized cell com-
plex of ∆, up to the identifying the cells of the two complexes; see also [CK24, Proposition 5.2].

Lemma 6.3 (Cluster Lemma [Jon08, Lemma 4.2]). Let V be a set and Y ⊆ 2V , (Q,≽) a poset
and {Yq}q∈Q a partition of Y such that

If σ ∈ Yq and σ′ ∈ Yq′ satisfy σ ⊇ σ′, then q ≽ q′.

Let Aq be an acyclic matching on GYq for each q. Then A :=
⋃

q∈QAq is an acyclic matching
on GY .

Lemma 6.4. [CEKF+22, Lemmas 3.2, 3.3] Let Y ⊆ 2V .

(1) If Y ⊆ Y ′ ⊆ 2V and A ⊆ EY , then A is an acyclic matching of GY ′ if and only if A is an
acyclic matching of GY .

(2) If A is an acyclic matching of GY and A′ ⊆ A, then A′ is an acyclic matching of GY as
well.

(3) If v ∈ V , then
Av

Y =
{
σ → σ′ ∈ EY : v ∈ σ and σ′ = σ ∖ {v}

}
is an acyclic matching on GY .
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Construction 6.5 (A partition of Y ). Let V be a finite set, and N ⊆ Y ⊆ 2V be such that for
every γ ∈ Y there exists σ ∈ N such that σ ⊆ γ, and N is given a total order ≽.

For each σ ∈ N , define

Y≽(σ) = {γ ∈ Y : σ = max
≽

{τ ∈ N : τ ⊆ γ}}. (6.1)

In other words, Y≽(σ) consists of all cells γ of Y for which σ is the largest cell of N that is
contained in γ.

Observe that {Y≽(σ)}σ∈N is a partition of Y with the property that for σ, σ′ ∈ N ,
if γ ∈ Y≽(σ) and γ′ ∈ Y≽(σ

′), then γ ⊇ γ′ implies σ ≽ σ′.

Proposition 6.6 (A Morse matching induced by a special order). Let V be a finite set,
and N ⊆ Y ⊆ 2V be such that for every γ ∈ Y there exists σ ∈ N such that σ ⊆ γ, and N is
given a total order ≽. With notation as in (6.1), assume that

ω : N → V

is a function such that

1. ω(σ) /∈ σ for each σ ∈ N ;

2. if γ ∈ Y≽(σ) then γ ∪ ω(σ) ∈ Y≽(σ).

For each σ ∈ N , construct a set of directed edges

Aσ = {γ → γ ∖ {ω(σ)} : γ ∈ Y≽(σ), ω(σ) ∈ γ}.

Then Aσ is an acyclic matching of GY≽(σ), and A :=
⋃

σ∈N Aσ is an acyclic matching of G2V

such that the set of A-critical cells equal to 2V ∖ Y .

Proof. Let σ ∈ N . First, observe that if γ ∈ Y≽(σ) and ω(σ) ∈ γ, then γ \ {ω(σ)} ∈ Y≽(σ)
as well. Indeed, since ω(σ) /∈ σ, we have σ ⊆ γ \ {ω(σ)}. If τ ∈ N and τ ⊆ γ \ {ω(σ},
then τ ⊆ γ trivially. Thus σ ≽ τ , and hence γ \ {ω(σ)} ∈ Y≽(σ).

The fact that Aσ is an acyclic matching is then a consequence of Lemma 6.4(3). Observe
that all cells γ ∈ Y≽(σ) appear in an edge of Aσ. Indeed, if ω(σ) ∈ γ then γ → γ ∖ {ω(σ)} is
in Aσ. If ω(σ) /∈ γ, then γ ∪ ω(σ) ∈ Y≽(σ) by (2) and γ ∪ ω(σ) → γ is in Aσ. Thus, the set of
Aσ-critical cells is empty.

Then, Lemma 6.3 gives that A =
⋃

σ∈N Aσ is also an acyclic matching on GY and its set
of critical cells is empty. Using Lemma 6.4(1), we conclude that A is also an acyclic matching
on G2V , with set of critical cells equal to 2V ∖ Y .

We apply Proposition 6.6 below with V being the set of monomial labels of the vertices of
the Taylor complex corresponding to a particular ideal I , recalling that we identify vertices with
their monomial labels.
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Theorem 6.7 (A Morse resolution from the minimal nonfaces of a simplicial complex). LetT
be the Taylor complex of a monomial ideal I minimally generated by monomials m1, . . . ,mt,
and let ∆ be a subcomplex of T. Let N denote the set of minimal (with respect to inclusion)
nonfaces of ∆ equipped with a total order ≽, and let Y denote the set of all nonfaces of ∆
partitioned by Y =

⋃
σ∈N Y≽(σ) as in (6.1).

Assume that
ω : N → {m1, . . . ,mt}

is a function such that for each σ ∈ N

1. ω(σ) /∈ σ;

2. ω(σ) | lcm(σ);

3. if τ ∈ Y≽(σ) then τ ∪ ω(σ) ∈ Y≽(σ).

Then ∆ supports a free resolution of I .

Proof. By Proposition 6.6 there is an acyclic matching A on the faces of Tr
q whose critical

cells are exactly the faces of ∆. The condition ω(σ) | lcm(σ) ensures that this matching is
homogeneous. It now follows from Theorem 6.1, in view of Remark 6.2, that ∆ supports a free
resolution of I .

The next result offers a path towards proving condition (3) in Theorem 6.7. In our discussions
below, for a finite set V and a total order ≽ of 2V , we will use the total order induced by ≽ on V
itself, defined by

v ≽ u ⇐⇒ {v} ≽ {u} for v, u ∈ V. (6.2)

Also, by v ≻ w we mean v ≽ w and v ̸= w, and for σ ∈ 2V , we denote max≽(σ) by max(σ).

Lemma 6.8. Let V be a finite set whose power set 2V is endowed with a total order ≽ such that

σ ≽ τ =⇒ {max(σ)} ≽ {max(τ)} for σ, τ ∈ 2V . (6.3)

Let ∅ ̸= N ⊆ 2V and

Y := {τ ∈ 2V : σ ⊆ τ for some σ ∈ N}.

Consider a function ω : N → V , and let σ ∈ N satisfying the following property:

(#) if α ∈ N is such that ω(σ) ∈ α and α ≻ σ, then max(α) ̸= max(σ), and there
exist σ′ ⊆ σ and σ′′ ⊆ α∖ {ω(σ)} such that

σ′ ∪ σ′′ ∈ N and max(α) ∈ σ′′ .

If τ ∈ Y≽(σ), then τ ∪ {ω(σ)} ∈ Y≽(σ).
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Proof. Let τ ∈ Y≽(σ). Ifω(σ) ∈ σ then since σ ⊆ τ we have τ∪{ω(σ)} = τ , so there is nothing
to prove. Assume ω(σ) /∈ σ. Since σ ⊆ τ , we also have σ ⊆ τ ∪{ω(σ)}, hence τ ∪{ω(σ)} ∈ Y .
Then τ ∪ {ω(σ)} ∈ Y≽(α) for some α ∈ N . Assume τ ∪ {ω(σ)} /∈ Y≽(σ), therefore

α ≻ σ and ω(σ) ∈ α.

By property (#) in the hypothesis, we have

γ := σ′ ∪ σ′′ ∈ N for some σ′ ⊆ σ, σ′′ ⊆ α∖ {ω(σ)} with max(α) ∈ σ′′.

Since α ⊆ τ ∪ {ω(σ)}, we have α ∖ {ω(σ)} ⊆ τ . Further, since σ′ ⊆ σ ⊆ τ
and σ′′ ⊆ α∖ {ω(σ)}, we conclude

γ ⊆ τ. (6.4)

But τ ∈ Y≽(σ) and γ ∈ N , and from (6.4) we conclude σ ≽ γ, and hence

max(σ) ≽ max(γ). (6.5)

Since α ≻ σ and σ′ ⊆ σ, we must have max(α) ≽ max(σ) ≽ max(σ′). Also max(α) ∈ σ′′

and σ′′ ⊆ α implies max(α) = max(σ′′). In particular, since γ = σ′ ∪ σ′′, we have

max(γ) = max(α) ≽ max(σ). (6.6)

Then (6.5) and (6.6) together imply that

max(α) = max(γ) = max(σ),

contradicting (#). This ends our argument.

Next we define an order in the case of interest, with V = N r
q for integers r, q, for which 2V

is the Taylor complex Tr
q. We first define an order on V , and we use this order to induce an order

on 2V .
If a = (a1, a2, . . . , aq) ∈ N r

q , then we let λ(a) denote the vector a written in partition form,
obtained by ordering the integers ai in non-increasing order. For example, if a = (2, 3, 3, 1),
then λ(a) = (3, 3, 2, 1).

Definition 6.9 (A total order on the cells of Tr
q). We define a total order ≽ on the cells of Tr

q

starting from a lexicographic order on the partition forms of their vertices.

1. For a = (a1, · · · , aq), b = (b1, · · · , bq) ∈ N r
q ,

• The lexicographic order ⩾lex is defined as follows: a ⩾lex b means a = b or a ̸= b
and a >lex b where

a >lex b ⇐⇒ a1 = b1, a2 = b2, . . . , ak = bk, and ak+1 > bk+1 for some k ⩾ 1.

• The total order ≽ is defined as follows:

a ≽ b if λ(a) >lex λ(b), or λ(a) = λ(b) and a ⩾lex b.



32 Trung Chau et al.

By a ≻ b we mean a ≽ b and a ̸= b.

2. We order the minimal generators of Eqr as follows: given ϵϵϵa, ϵϵϵb two minimal generators
of Eqr, we write

ϵϵϵa ≽ ϵϵϵb if a ≽ b.

3. For σ = {a1, . . . , as} and τ = {b1, . . . ,bt} in Tr
q such that

a1 ≽ a2 ≽ · · · ≽ as and b1 ≽ b2 ≽ · · · ≽ bt,

we say σ ≽ τ if σ = τ or for some k ⩾ 1,

a1 = b1, a2 = b2, . . . , ak = bk, and s > k = t or ak+1 ≻ bk+1.

In Definition 6.9 with V = N r
q as the vertex set of Tr

q, we first defined an order on V , and
then we used this order to define an order on 2V = Tr

q. Observe that the order on Tr
q in (3) above

induces an order on N r
q in the sense of (6.2), which coincides with the one in (1).

The order on the cells of Tr
q introduced in Definition 6.9 is the one we will use to show

that Eq3 is Scarf in Section 7.

7. Eq3 is Scarf

We are now ready to show that the Scarf complex S3
q supports a resolution of Eq3 by eliminating

all other faces of the Taylor complex T3
q using the Morse matching from Theorem 6.7.

Construction 7.1 (A function ω : N → N 3
q ). In Theorem 5.5 we found all elements of the

set N of minimal nonfaces of S3
q . For the convenience of the reader, we list the witness ω(σ)

for each non-edge σ of S3
q in the table below (these choices come from [EKFcS24, Lemma 6.1,

Remark 6.5]). For a subset A ⊆ [q] and i ∈ [q] let

ti = |A ∩ {i}|.

Then the table below helps the reader verify that for each σ = {a,b},

ω(σ) · eA ⩽ max{a · eA,b · eA}.

σ = {a,b} a · eA b · eA ω(σ) ω(σ) · eA
{3ea, 3eb} 3ta 3tb 2ea + eb 2ta + tb
{3ea, ea + 2eb} 3ta ta + 2tb 2ea + eb 2ta + tb
{3ea, 2eb + ec} 3ta 2tb + tc 2ea + eb 2ta + tb
{3ea, ea + eb + ec} 3ta ta + tb + tc 2ea + eb 2ta + tb
{3ea, eb + ec + ed} 3ta tb + tc + td 2ea + eb 2ta + tb
{2ea + eb, 2eb + ec} 2ta + tb 2tb + tc ea + eb + ec ta + tb + tc
{2ea + eb, eb + 2ec} 2ta + tb tb + 2tc ea + eb + ec ta + tb + tc
{2ea + eb, 2ec + ed} 2ta + tb 2tc + td ea + eb + ec ta + tb + tc
{2ea + eb, eb + ec + ed} 2ta + tb tb + tc + td ea + eb + ec ta + tb + tc
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We list them below, using our ϵ notation rather than vectors as our next arguments will be
easier in this language, together with a choice of ω(σ) ∈ Eq3 such that ω(σ) /∈ σ and ω(σ) |
lcm(σ) for all σ ∈ N . The choice of b recorded below comes from the proof of Theorem 5.5
for the triangles. Note that when q < 5 some of these faces may not exist. (For example, one
needs q ⩾ 5 in order to have faces of Type III.)

Type σ ∈ N ω(σ)

I
II
III

{ϵ3i ,n}, n ̸∈ {ϵ2i ϵj : j ∈ [q]}, ϵ3i ≻ n
{ϵ2i ϵj, ϵiϵ2j ,n}, i < j, n ∈ U3

[q]∖{i,j}
{ϵ2i ϵj,n}, i ̸= j, n ∈ Qi,j

ϵ2i ϵj, j = min (Supp(n)∖ {i})
ϵiϵjϵk, k = min (Supp(n))
ϵiϵjϵk, k = min (Supp(n)∖ {i, j})

where
Qi,j =

{
ϵ2aϵb : a ̸= b, a ̸= i, ϵ2i ϵj ≻ ϵ2aϵb ̸= ϵiϵ

2
j

}
∪ ϵjU2

[q]∖{i,j} .

Below we use the total order ≽ defined in Definition 6.9 and use the notation in (6.1) with
this order.

Lemma 7.2. In the setup of Construction 7.1, let σ∈N and τ ∈Y≽(σ). Then τ∪{ω(σ)}∈Y≽(σ).

Proof. To prove the statement, we will prove (#) in Lemma 6.8. Let α ∈ N with ω(σ) ∈ α
and α ≻ σ. To verify (#) of Lemma 6.8, it suffices to show

max(σ) ̸= max(α) ̸= ω(σ) and {max(α),m} ∈ N for some m ∈ σ. (7.1)

Indeed, if (7.1) holds, then (#) holds with σ′ = {m} and σ′′ = {max(α)}.
Since σ, α ∈ N , they are both of the types introduced in Construction 7.1.
Assume σ = {ϵ3i ,n} is of Type I. Then ω(σ) = ϵ2i ϵj and since α ≻ σ, α is of Type I as well.

Therefore α = {e3k, ϵ2i ϵj} for some k ∈ [q]. If k = i, then α = {ϵ3i , ϵ2i ϵj} /∈ N , a contradiction.
Hence k ̸= i, implying max(α) = ϵ3k ̸= ϵ3i = max(σ) and also max(α) ̸= ω(σ), and we
know {ϵ3k, ϵ3i } is a Type I face of N , and thus (7.1) holds with m = ϵ3i .

Assume σ = {ϵ2i ϵj, ϵiϵ2j ,n} or σ = {ϵ2i ϵj,n} is of Type II or III, hence ω(σ) = ϵiϵjϵk is
square-free. Assume α is of Type I, then max(α) = ϵ3l for some l ∈ [q], implying max(α) ̸=
max(σ) and max(α) ̸= ω(σ). If l ̸= i, then {ϵ3l , ϵ2i ϵj} is a Type I face of N , which proves (7.1)
with m = ϵ2i ϵj . If l = i, then {ϵ3i ,n} is a Type I face of N , thus (7.1) holds with m = n.

Assume α is of Type II. Since ω(σ) = ϵiϵjϵk and ω(σ) ∈ α, we must have

α = {ϵ2aϵb, ϵaϵ2b , ϵiϵjϵk} where {a, b} ∩ {i, j, k} = ∅ and a < b.

Then max(α) = ϵ2aϵb ̸= ϵ2i ϵj = max(σ) and max(α) ̸= ω(σ). Observe that {ϵ2aϵb, ϵ2i ϵj} is a
Type III face of N , hence (7.1) holds with m = ϵ2i ϵj .

Assume α is of Type III. Since ω(σ) = ϵiϵjϵk and ω(σ) ∈ α, we must have

α = {ϵ2aϵb, ϵiϵjϵk} where {a, b} ∩ {i, j, k} = {b} and b ̸= a.

In particular, a ̸= i, or else a ∈ {a, b}∩{i, j, k}, implying a = b, a contradiction. We have then
max(α) = ϵ2aϵb ̸= ϵ2i ϵj = max(σ) and max(α) ̸= ω(σ). Also, {ϵ2aϵb, ϵ2i ϵj} is a face of Type III,
hence (7.1) holds with m = ϵ2i ϵj .
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We now have the tools in place to show the main result of the paper. When combined with
results from prior sections, the theorem below provides a complete combinatorial description of
a simplicial complex that supports a minimal free resolution of Eq3.

Theorem 7.3 (Eq3 is Scarf). For any q ⩾ 1, S3
q supports a minimal free resolution of Eq3.

Proof. Let N be the set of minimal non-faces of the S3
q and let ω : N → N 3

q be defined as in
Construction 7.1. We use Theorem 6.7 with ∆ = S3

q and the order defined in Definition 6.9.
Conditions (1) and (2) of Theorem 6.7 are clear from Construction 7.1, and Condition (3) is
proved in Lemma 7.2.

8. An upper bound for projective dimension and betti numbers of the third
power of square-free monomial ideals

Now we are ready to go back to where we started: bounding betti vectors of powers of square-
free monomial ideals by f -vectors of simplicial complexes. Recall that for a monomial ideal I of
projective dimension p and a simplicial complex ∆ of dimension d, the betti-vector and f -vector
can be defined, respectively, as

β(I) = (β0(I), β1(I), . . . , βp(I)) and f(∆) = (f0(∆), f1(∆), . . . , fd(∆)),

where fi(∆) denotes the number of i-faces of ∆. The three simplicial complexes we consider
are

Sr
q ⊆ Lr

q ⊆ Tr
q. (8.1)

The complex Sr
q = S(Eqr) supports a minimal free resolution of Eqr when r ⩽ 2

by [CEKF+21] and when r = 3 by Theorem 7.3 above. The complex Lr
q was defined

in [CEKF+24], and supports a free resolution of Ir where I is minimally generated by any q
square-free monomials. The complex Tr

q is the Taylor simplex of Eqr with
(
q+r−1

r

)
vertices. As

a result, we can write

β(Ir) ⩽ β(Eqr) = f(Sr
q) ⩽ f(Lr

q) ⩽ f(Tr
q) (8.2)

where I is any square-free monomial ideal and r ⩽ 3. The first inequality holds for all r by
Theorem 1.1 ([CEKF+24]). The equality is conjectured (Conjecture 1.2) to be true for all r.
The last two inequalities hold for all r and are strict when r > 1 and q > 2. When r = 1, the
three complexes in (8.1) are equal. When r ⩽ 2, S2

q = L2
q and the corresponding f -vector is

already known:

Theorem 8.1 (See [CEKF+21, Theorem 4.1], [CEKF+24, Theorem 7.9]). Let I be an ideal of
a polynomial ring minimally generated by q ⩾ 1 square-free monomials. For any i ⩾ 0 we have

βi(I) ⩽ βi(Eq) =
(

q
i+1

)
and pd(I) ⩽ pd(Eq) = q − 1

and

βi(I
2) ⩽ βi(Eq2) =

((q2)
i+1

)
+ q
(
q−1
i

)
and pd(I2) ⩽ pd(Eq2) =

{(
q
2

)
− 1 if q ⩾ 3

q − 1 if 1 ⩽ q ⩽ 2.
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An algebraic consequence of Theorems 1.1 and 7.3 is that the number of faces of each di-
mension of S3

q gives a sharp upper bound to the betti number of the third power of square-free
monomial ideals.
Theorem 8.2 (A sharp bound for the betti numbers of the third power of a square-free
monomial ideal). Let I be a square-free monomial ideal generated by q ⩾ 1 generators. Then
for any i ⩾ 1, we have

βi(I
3) ⩽ βi(Eq3) =

( (q
3

)
i+ 1

)
+ q

(
q − 1

i

)
+

(
q

2

)(
q − 2

i− 1

)
+

q−3∑
s=2

q

(
q − 1

s− 1

)((q−s
3

)
+
(
q−1
2

)
i− s+ 2

)
+ q

(
q − 1

2

)( (
q−1
2

)
i− q + 4

)
+ q(q − 1)

( (
q−1
2

)
i− q + 3

)
+ q

( (
q−1
2

)
i− q + 2

)
(8.3)

and

pd(I3) ⩽ pd(Eq3) =


(
q
3

)
− 1 if q ⩾ 5(

q
2

)
− 1 if 3 ⩽ q ⩽ 4

q − 1 if 1 ⩽ q ⩽ 2

Furthermore, if q > 5 then βt(I3) ⩽ 1 for t = pd(Eq3).
All the inequalities turn to equalities when I = Eq.

Proof. By Theorem 8.1, it suffices to prove the equalities when I = Eq3. In view of the fact
that Eq3 is a Scarf ideal with resolution supported on S3

q (Theorem 7.3), the projective dimen-
sion pd(Eq3) is equal to the dimension of S3

q , and the betti number βi(Eq3) is equal to the number
of i-faces of S3

q . Using the list of facets of S3
q in Theorem 5.3, we compute the sizes of the facets

of S3
q in the following table, for distinct a, b ∈ [q] and P ⊆ [q] with 2 ⩽ |P | ⩽ q − 3.

Facet q ⩾ Elements Size
U3
q 4 ei + ej + ek 1 ⩽ i < j < k ⩽ q

(
q
3

)
U3
ea 3 ea + ei + ej 1 ⩽ i < j ⩽ q

(
q
2

)
U3
2ea 1 2ea + ei 1 ⩽ i ⩽ q q

U3
ea+eb

3 ea + eb + ei i ∈ [q] q

WP,a 5 See Proposition 5.2 |P | − 1 +
(
q−1
2

)
+
(
q−|P |

3

)
Observe that(

q
3

)
=
(
q−1
2

)
+
(
q−1
3

)
=
(
q−1
2

)
+
(
q−2
3

)
+
(
q−2
2

)
=
(
q−1
2

)
+
(
q−2
3

)
+ (q−2)(q−3)

2

⩾
(
q−1
2

)
+
(
q−|P |

3

)
+ 2|P |

2
>
(
q−1
2

)
+
(
q−|P |

3

)
+ |P | − 1.

When q ⩾ 5, we always have (
q
3

)
⩾ max(

(
q
2

)
, q)

thus dim(S3
q) =

(
q
3

)
− 1 = dim(U3

q). Moreover when q ⩽ 4 we have S3
q = U3

q . Hence

pd(Eq3) = dim(U3
q) =


(
q
3

)
− 1 if q ⩾ 5(

q
2

)
− 1 if 3 ⩽ q ⩽ 4

q − 1 if 1 ⩽ q ⩽ 2.
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We now proceed to count the number of i-faces of S3
q for i > 0. We first show that this

number equals( (q
3

)
i+ 1

)
+ q

(( (q
2

)
i+ 1

)
−
((q−1

2

)
i+ 1

))
+ q

(
q − 1

i

)
+

(
q

2

)(
q − 2

i− 1

)

+

q−3∑
s=2

q

(
q − 1

s− 1

)(((q−s
3

)
+
(
q−1
2

)
i− s+ 2

)
−
( (

q−1
2

)
i− s+ 2

))
(8.4)

• The number of i-faces in the facet U3
q is

((q3)
i+1

)
. This accounts for the first term in (8.4).

• The number of i-faces in a facet of type U3
ea is

((q2)
i+1

)
and there are q such facets. Out of all

the i-faces of a facet of this type,
((q−1

2 )
i+1

)
are also faces of U3

q and hence have been counted
before. Moreover, U3

ea ∩ U3
eb

⊂ U3
q for a ̸= b. This takes care of the second term in (8.4)

• We next count the number of i-faces in a facet of type U3
2ea which were not previously

counted as faces of facets of type U3
q or U3

ea . Such a face σ must contain a vector of the
form 3ea, otherwise it was already counted as a face of U3

ea . There are
(
q−1
i

)
such faces.

Since there are q facets of type U3
3ea and U3

3ea ∩U3
3eb

= ∅ for a ̸= b, this gives us the third
term in (8.4).

• We now count the number of i-faces in a facet of type U3
ea+eb

that have not been previously
counted as faces of facets of types U3

q , U3
2ea or U3

ea . For a fixed a and b such a face must
contain both vectors 2ea + eb and ea + 2eb. Thus there are exactly(

q−2
i−1

)
such faces. Finally, there are

(
q
2

)
facets of type U3

ea+eb
, and moreover, if ea+eb ̸= ec+ed,

U3
ea+eb

∩ U3
ec+ed

⊆ U3
q ∪

q⋃
t=1

(Uet ∪ U2et) .

This accounts for the fourth term in (8.4).

• Finally, we count the number of i-faces σ in a facet of type WP,a that have not been previ-
ously counted as faces of facets of the types U3

q , U3
2ea , U3

ea , or U3
ea+eb

.
For any such σ, if 2ea + eb1 , . . . , 2ea + ebs−1 are all the nonsquare-free vectors in σ, then
there exists a unique set P = {a, b1, . . . , bs−1} ⊆ [q] and a unique index a ∈ P such that σ
can be written as a disjoint union

σ = σ1 ∪ σ2 ∪ σ3 with
σ1 := {2ea + eb : b ∈ P ∖ {a}} (8.5)
σ2 ⊆ S2 := {ej + ek + el : 1 ⩽ j < k < l ⩽ q, j, k, l ̸∈ P} (8.6)
σ3 ⊆ S3 := {ea + ej + ek : 1 ⩽ j < k ⩽ q, a /∈ {j, k}}. (8.7)
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Since σ is not a face of U3
ea , we must have |σ2| ⩾ 1.

Conversely, for any integer s with 2 ⩽ s ⩽ q − 3 and for any choice of

– an index a ∈ [q];
– a set P satisfying a ∈ P ⊆ [q] and |P | = s;
– a non-empty set σ2 satisfying (8.6) and a set σ3 satisfying (8.7), such

that |σ2 ∪ σ3| = i− s+ 2;

and with σ1 defined as in (8.5), the set σ := σ1∪σ2∪σ3 is an i-face of the facetWP,a, and
is not a face of any facet of the types U3

q , U3
2ea , U3

ea , or Uea+eb . There are q choices for a
and

(
q−1
s−1

)
choices for P containing a. There are

((q−s
3 )+(q−1

2 )
i−s+2

)
−
((q−1

2 )
i−s+2

)
choices for σ2∪σ3

because |S2| =
(
q−s
3

)
and |S3| =

(
q−1
2

)
, and S2 and S3 are disjoint, but we cannot pick all

the elements of σ2∪σ3 from S3, since |σ2| > 1. Therefore, the number of possible faces σ
is equal to

q

(
q − 1

s− 1

)(((q−s
3

)
+
(
q−1
2

)
i− s+ 2

)
−
( (

q−1
2

)
i− s+ 2

))
.

This explains the last term in (8.4).

Using the Chu–Vandermonde identity (see, e.g. [Mer03, p. 54]),(
a+ b

k

)
=

k∑
j=0

(
a

j

)(
b

k − j

)
, (8.8)

we can remove one of the terms from the summation in (8.4) as follows:

q−3∑
s=2

q

(
q − 1

s− 1

)( (
q−1
2

)
i− s+ 2

)

= q

 q∑
s=1

(
q − 1

s− 1

)( (
q−1
2

)
i− s+ 2

)
−

∑
s∈{1,q,q−1,q−2}

(
q − 1

s− 1

)( (
q−1
2

)
i− s+ 2

)
= q

(
(q − 1) +

(
q−1
2

)
i+ 1

)
− q

((q−1
2

)
i+ 1

)
− q

(
q − 1

2

)( (
q−1
2

)
i− q + 4

)
− q(q − 1)

( (
q−1
2

)
i− q + 3

)
− q

( (
q−1
2

)
i− q + 2

)
= q

( (q
2

)
i+ 1

)
− q

((q−1
2

)
i+ 1

)
− q

(
q − 1

2

)( (
q−1
2

)
i− q + 4

)
− q(q − 1)

( (
q−1
2

)
i− q + 3

)
− q

( (
q−1
2

)
i− q + 2

)
.

Plugging this back into (8.4), some cancellation of terms gives Equation (8.3).
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Theorem 8.2 gives us a sharp bound for the betti numbers of the third power of a square-free
monomial ideal I with q generators. In Figure 8.1 we compare the bounds from Theorem 8.2 to
the other bounds in (8.2), namely, fi(T3

q) and fi(L3
q). Counting faces of the Taylor complex T3

q ,
and restating [CEKF+24, Corollary 6.2] for ease of reference, we have:

fi(T3
q) =

((q+2
3

)
i+ 1

)
(8.9)

fi(L3
q) = q

(
q − 1

i

)
+

((q
3

)
+ 2
(
q
2

)
i+ 1

)
(8.10)

Figure 8.1: A comparison between known bounds for betti numbers.

We now give a more algebraic analysis of the comparison of these three bounds. We will
show in Theorem 8.4 that the pattern demonstrated in Figure 8.1 continues to hold and becomes
more pronounced as q grows: the bound given by fi(S3

q) is significantly better than the bounds
given by fi(T3

q) and fi(L3
q). A close examination of Figure 8.1 shows that the improvement

in the bound becomes more significant as i grows relative to the projective dimension of E3
q .

In contrast, if we fix an i, for q large relative to i the improvement is not apparent, as seen in
Theorem 8.3.
Theorem 8.3. Fix i ⩾ 0. Then the dominant term of fi(S3

q) is
((q3)
i+1

)
. In particular, fi(T3

q), fi(L3
q),

and fi(S3
q) are all O(q3i+3).

Proof. First note that the degree in q of the binomial coefficient((q−t
b

)
c

)
is bc. We will use this to see that the dominant term of fi(S3

q) is
((q3)
i+1

)
, a polynomial of

degree 3i+3. Each of the other binomial terms in the sum is a polynomial of lower degree. The
only term remaining is

∑q−3
s=2 ps(q), where ps(q) = q

(
q−1
s−1

)((q−s
3 )+(q−1

2 )
i−s+2

)
. Now

(
q−s
3

)
+
(
q−1
2

)
is a

polynomial of degree 3, so ps(q) is a polynomial of degree 1+(s−1)+3(i−s+2) = 3i−2s+6.
In particular, p2(q) has degree 3i + 2. Each of the other terms in the summation has degree at
most 3i− 1, since s ⩾ 3 for those terms; adding up q− 5 such polynomials increases the degree
by at most 1, giving a total degree for the summation of the s ⩾ 3 terms of at most 3i. Therefore,
the entire sum

∑q−3
s=2 ps(q) has degree 3i+ 2.

Using the same tools, it is apparent that fi(T3
q) and fi(L3

q) are also polynomials in q of
degree 3(i+ 1).
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The bound on betti numbers given by fi(S3
q) is sharp, since it is achieved by βi(Eq3). Thus

Theorem 8.3 for r = 3, and [EKFcS24, Theorem 5.9] more generally, show that for fixed i, if
q is allowed to grow then Taylor’s bound is asymptotically sharp for betti numbers of powers
of ideals. Yet Figure 8.1 shows that, when we fix q instead of i, our bound fi(S3

q) is expo-
nentially smaller than the other bounds fi(T3

q) and fi(L3
q), and that the ratios fi(T3

q)/fi(S3
q)

and fi(L3
q)/fi(S3

q) increase rapidly as i grows. We will verify and quantify this observation in
Theorem 8.4.

Our point of view is to treat fi(T3
q), fi(L3

q), and fi(S3
q) as functions of i for a fixed large value

of q. In fact, each one is, asymptotically (for large q), a binomial function
(
u
i

)
in i, for some u.

We compare these functions by first comparing their peak values at i = u/2, which is where the
binomial function is maximum. We then analyze the growth of the functions as i ranges from 0
to dimS3

q+1, the maximum value of i for which fi−1(S3
q) ̸= 0. We focus, however, not on i itself

but on the proportion c = i/(dimS3
q + 1). We do this by fixing c, and letting q go to infinity.

The resulting functions of c show the limit behavior of fi(T3
q), fi(L3

q) and fi(S3
q). Theorem 8.4

shows that as q grows, our bounds on the higher betti numbers given by the Scarf complex are
more than exponentially better than those given by the Taylor complex.

Theorem 8.4. The following statements hold:

1. Asymptotically in q, the ratios

maxi fi(T3
q)

maxi fi(S3
q)

and
maxi fi(L3

q)

maxi fi(S3
q)

are
2q

2+O(q)√
1 + 6/q

.

2. Fix 0 ⩽ c < 1. Define i = c(dim(S3
q) + 1). Then, asymptotically in q, the ratios

fi−1(T3
q)

fi−1(S3
q)

and
fi−1(L3

q)

fi−1(S3
q)

are
(

1

1− c

)q2+O(q)

O

(
exp

(
−3cq

1− c

))
.

Since 1/(1− x) ⩾ ex for x in the range 0 ⩽ x < 1, this ratio grows faster than exponential
in i.

Proof. By Theorem 8.3, fi−1(S3
q), fi−1(T3

q), fi−1(L3
q) are all polynomials in q of degree 3i, so

for large q, we may consider only the dominant term of each:

S(q, i) =

(
s(q)

i

)
, T (q, i) =

(
t(q)

i

)
, L(q, i) =

(
ℓ(q)

i

)
,

respectively, where

s(q) =

(
q

3

)
=

1

6
q3 − 1

2
q2 +O(q)

t(q) =

(
q + 2

3

)
=

1

6
q3 +

1

2
q2 +O(q)

ℓ(q) =

(
q

3

)
+ 2

(
q

2

)
=

1

6
q3 +

1

2
q2 +O(q).
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Since t(q) and ℓ(q) agree up to O(q) terms, we will only analyze t(q). Calculations with ℓ(q)
are similar.

It will be helpful to note these easy calculations:

t(q)− s(q) = q2 +O(q), and
t(q)

s(q)
= 1 +

6

q
+O(q−2). (8.11)

Also recall Stirling’s approximation,

n! =
√
2πn(n/e)n(1 +O(n−1)),

and the product limit definition of ex,

(1 + x/n)n = ex−(x2/n)+O(x3/n2).

Proof of (1): The maximum value of any binomial function
(
n
i

)
is achieved at i = n/2.(

t(q)
t(q)/2

)(
s(q)

s(q)/2

) =
t(q)!

s(q)!

(
(s(q)/2)!

(t(q)/2)!

)2

=

√
2πt(q)(t(q)/e)t(q)(1 +O(q−3))√
2πs(q)(s(q)/e)s(q)(1 +O(q−3))

(√
πs(q)(s(q)/2e)s(q)/2(1 +O(q−3))√
πt(q)(t(q)/2e)t(q)/2(1 +O(q−3))

)2

=

√
s(q)

t(q)
2t(q)−s(q)(1 +O(q−3)) =

2q
2+O(q)(1 +O(q−3))√
1 + 6/q +O(q−2)

= 2q
2+O(q)/

√
1 + 6/q,

where the second equality is by Stirling’s formula, and the fourth equality is by Equation (8.11).
Proof of (2): First note that i = c(dim(S3

q) + 1) = c
(
q
3

)
= cs(q). Then

O(s(q) − i) = O(s(q)(1 − c)) = O(s(q)) = O(q3), since c is constant. Similarly,
O(t(q)− i) = O(q2 + s(q)− i) = O(q2) +O(s(q)− i) = O(q3). Therefore,

T (q, i)

S(q, i)
=

(
t(q)
i

)(
s(q)
i

) =
t(q)!

s(q)!

(s(q)− i)!

(t(q)− i)!

=

√
2πt(q)(t(q)/e)t(q)(1 +O(q−3))√
2πs(q)(s(q)/e)s(q)(1 +O(q−3))

√
2π(s(q)− i)((s(q)− i)/e)s(q)−i(1 +O(q−3))√
2π(t(q)− i)((t(q)− i)/e)t(q)−i(1 +O(q−3))

=
t(q)t(q)

s(q)s(q)
(s(q)− i)s(q)−i

(t(q)− i)t(q)−i

√
t(q)(s(q)− i)

s(q)(t(q)− i)
(1 +O(q−3))

=

(
t(q)

s(q)

)t(q)
1

s(q)s(q)−t(q)

(
s(q)− i

t(q)− i

)t(q)−i

(s(q)− i)s(q)−t(q)

√
O(q6)

O(q6)
(1 +O(q−3))

=

(
s(q)− i

s(q)

)s(q)−t(q)(
s(q)

t(q)

)−t(q)(
s(q)− i

t(q)− i

)t(q)−i

O(1 + q−3),
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where the third equality is by Stirling’s formula. We now deal with the first three factors sepa-
rately.

The first factor simplifies as follows:(
s(q)− i

s(q)

)s(q)−t(q)

= (1− c)−q2+O(q)

by Equation (8.11).
The second factor expands as follows, by the product limit definition of ex:(

s(q)

t(q)

)−t(q)

=

(
1− t(q)− s(q)

t(q)

)−t(q)

=

(
1 +

t(q)− s(q)

−t(q)

)−t(q)

= exp

(
(t(q)− s(q))− 1

2

(t(q)− s(q))2

−t(q)
+O

(
(t(q)− s(q))3

(−t(q))2

))
.

Similarly, the third factor expands as follows, by the product limit definition of ex:(
s(q)− i

t(q)− i

)t(q)−i

=

(
1− t(q)− s(q)

t(q)− i

)t(q)−i

=

(
1 +

−(t(q)− s(q))

t(q)− i

)t(q)−i

= exp

(
−(t(q)− s(q))− 1

2

(t(q)− s(q))2

t(q)− i
+O

(
(t(q)− s(q))3

(t(q)− i)2

))
.

When we multiply the second and third factors, we get

exp

(
1

2
(t(q)− s(q))2

(
1

t(q)
− 1

t(q)− i

)
+O

(
(q2)3

(q3)2

))

= exp

(
1

2
(t(q)− s(q))2

(
−i

t(q)(t(q)− i)

)
+O(1)

)
= O

(
exp

(
1

2
(t(q)− s(q))2

(
−i/s(q)

t(q)(t(q)/s(q)− i/s(q))

)))
= O

(
exp

(
1

2
(q2 +O(q))2

(
−c

(q3/6 +O(q2))(1 +O(q−1)− c)

)))
= O

(
exp

(
1

2
(q2 +O(q))2

(
−6c

((1− c)q3 +O(q2))

)))
= O

(
exp

(
−3c

1− c

q4 +O(q3)

q3 +O(q2)

))
= O

(
exp

(
−3cq

1− c

))
,

using Equation (8.11) in the third equation. The result now follows from multiplying together
the four simplified factors.

We close the paper with an interesting observation about the betti numbers of Eqr.



42 Trung Chau et al.

Remark 8.5 (Log-concavity of betti numbers when q ⩽ 3). When q ⩽ 3, it is shown in Exam-
ple 4.8 that Ur

q is completely determined by facets of type U r
a , where |a| = r−1. In this case, the

complex Ur
q has appeared before in the context of subdivisions of simplicial complexes. More

specifically, for q ⩽ 3 the complex Ur
q is the r-fold edgewise subdivision of a (q − 1)–simplex.

Properties of f and h-vectors of edgewise subdivisions of complexes were studied in depth by
Athanasiadis and Jochemko in [Ath22, Joc18].

In [Joc18] it is shown that, when r ⩾ q, the coefficients hi of the h-polynomial of the r-fold
edgewise subdivision of a (q − 1)–simplex are a log-concave sequence. That is

h2i ⩾ hi−1hi+1.

This implies the coefficients are also unimodal, that is, for some k

h1 ⩽ · · · ⩽ hk−1 ⩽ hk ⩾ hk+1 ⩾ · · ·hd.

For q ⩽ 3 and r ⩾ 1, [Len13, Lemma 4.2] together with the main results of [EKFcS24, Joc18]
and some simple computation for boundary cases imply the betti numbers of Eqr are log-concave,
and hence unimodal.

When r = 3, using our previous results which characterize the faces of S3
q , we can check

using Macaulay2 [GS] that the f -vector of S3
q is log-concave for q ⩽ 8.

Question 8.6. The following are natural questions that arise from Remark 8.5.

1. (Unimodality) Is the betti vector of Eqr always unimodal? In other words, for a given r, q,
is there a k such that the following inequalities hold?

β1(Eqr) ⩽ . . . ⩽ βk−1(Eqr) ⩽ βk(Eqr) ⩾ βk+1(Eqr) ⩾ . . . ⩾ βpd(Eqr)(Eqr)

2. (Log-concavity) Is the betti vector of Eqr always log-concave? In other words, does the
inequality

βi(Eqr)2 ⩾ βi−1(Eqr)βi+1(Eqr)

hold for all q, r and i?

As log-concavity implies unimodality, Question (2) is stronger than Question (1). A possible
strategy to positively answer either question might be: Prove Conjecture 1.2 to reduce the prob-
lem to one about face numbers of the Scarf complex Sr

q; generalize Theorems 8.2 and 8.3 to r > 3
in order to establish a formula for the face numbers of Sr

q, and show that the dominant term in that
formula is a binomial coefficient; and then rely on the log-concavity of binomial coefficients. In
particular, a positive answer to Question 1.7 could lead to a positive answer to Question 8.6.
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[GGL75] A. M. Gabrièlov, I. M. Gel′fand, and M. V. Losik. Combinatorial computation
of characteristic classes. I, II. Funkcional. Anal. i Priložen., 9(2):12–28; ibid. 9
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