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ABSTRACT 

The form of' the equations given by Faddeev for the problem· of 

1 • 

,' three ... pa.rticle scattering is analyzed in the case in which the amplitudes -

.. ·< 

of the two-body subsystems are a.oDrl.na.ted by a finite number or pole terms. 

It is shown that 8.n important sintplification can be made • reducing the 
, I 

Faddeev equations to a syst~ of' coupled integral equations in one 

variable only .. 
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The n~erous · achiev.ements of the ideas or L •. D~. Faddeev, on the 

l 

, . I .. ; 

I, INTRODUCTION 

proper mathematical formulation of the scattering of t~Wee pe.rticles in J 
terms of two-body 1D.teractions,1 ~ve been pointed out! by several ~uthors, 2 .. 5 r ,, 

They are mainly due to the fact t.hat all the tfo-body subsystems 

are taken into account exactly, so that the integral equations given by 

Faddeev do not involve at &11 any two-body potential, but only the actual 
. . 

' f 
! 

.I 
I 
I 

exact solution of each two-body subsystem• Thus the three-body problem appears 
.! . 

to be f9rmulated in such a way that, as long ~s.one knows the exact two-body' 

' 

scattering amplitUde off the energy sheihl, one should be able to derive· '• 

all the properties of three-particle states • 
. · ' 

In the domain of strong interactions; where the ·Faddeev equations will - . . . 

:presumably receive much attention, one is fac.ed with a quite. hope:fu.l situation. 

In fact, it .. is well known that in that damain.one has ~uch greater information 

about the properties of the scattering amplitade itself (on the :energy shell) · 
i . 

, I 

than about the original potentials which give rise to it' moreover, it has 
. l . . : . 

often proved quite ·satisfactory: to assume that a two-body scattering 

amplitude is dominated by a certain number of pole~ that correspond to. 

bound states.and resonances. 
I 
I 

i 
I. 

1'• 

· Furthermore, the properties ot the oft-sheJ:li.two-b'ody amplitude i 

. . . 2 3 
· have been studied in great detail by c. Lovelace. • He has shown, in 

. i 
particular• :that in the neighborhood.· or a pole, ·the scattering amplitude. 

i 
factorizes in the initial and f'inal oft-shell momenta, and thus· can be · . . . .· . . . .• . . 

i .·· 
I 
'i 
, . 

. J i 
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I 
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I 

. ! . 
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I 
where· p and p' are the ott-shell initial and final momenta, s .is 

. I .· 
the total energy,. and t indicates the partial wave in which ve find the· .. 

. I ! . . 

pole; g(p) and g(p') are· called the resonarice or bound~state "torm factors," 
. . ,. . '-'~ 

and t R.~ 8) the "propagator e II [n. the case ~f a bound 'sta\e. Eq~ ( 1). is. . .. 
. .. . . . ;' . . .. ! . . ... 

well known; the function g(p) is related to the bound-state wave function 
I 

I \ ,. 
i 

. ! .. 

· ... I 
g(p) (l.a) 

... · . 'i' 
and tt(s) ~~· tor instance, be given the stmple form 

j 

( ) ; ,-1 .. 
tR.s u:(s+·Ea .'·e'. ··:·. (l.b) 

where EB is the. energy of the ~ol;nd. statee The "form factor" g(p) can s~ill 

be defined for a resonance,3 and. the various forms one can give to t 1 (s);\~e 
' ' 

discussed .in great detail by LOvelace in ~eference 3.· 
'I . . I 

It is on these gr&und~ that Lovelace3 ~as able to show an important 
' 

·;. I 

simplification of the Fadde~v equation. Assuming that the influence of. 
' . 

. regions far from the poles is not too great, so that one can give the . 
I 

amplitude any.arbitr~ form as long as it reproduces. the known one near 
. I 

I 

.the pole;, Lovelace notice~ that a separable tvo .. body potential gives 
. I • 

satisfactory bthavior or/the amplitude in. the vicinity of the pole 9 provided 

·. that it chosen to give ~he tw-particle bound-state vave function correctly., 

From this standpoint, LOvelace calculates the two-body scattering amplitude, 

and shows that one can detine some kind 'of "potentials". corresponding to . 

the scattering of a. bound state or a resonance by an elementary particle, 

and then derives from the' Faddeev equations ~wo-b~ Lippman-Schvinger 
. ' 
~ " . ; I 
:' • I 
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In this paper, we want to show that the a~ep of the sep~rable 

potential is perhaps uimeces.saey 0 and that Eq·. (1)' can be directly ; .. · 
. . .~ ! 

inserted ·in the Faddeev equations vi thout the making of lfltlY assumption on the. · · ·. ,. 
. ' ' I • • I 

p~op.agat~ tR;(s) •. _and lea~ ~o consi~e~able s.impl~ic~~ions. We ~ill shov .. i ·.,,.:· .. 

this on a P.artic:ule.r example ~n Section IIo. while the general case v.ill 

be dealt with in Section IIIo 
I. 
' I' 

; 

Our assumptions are quite simple; we suppose that each two-body . , . 
. amplitude can be approximated by a finite number of pole terms, and·that 

. the contribution ot a pole to the or.t-shell two-body amplitude is tactorizable · 
., .. I 

in the initial and final momenta 0 tor all v~~ea of energy. We will consider 
\ 

that Eq. (1) is· the exact ~pression ot T(p,p' ;sh valid for ill energies. · . . . . 'I . . · . ! . .\ ' 
I I 
' I 
i 

II. · A SIMPLE CASE: J = 0 
(. 

For the sake of claritye we will first show our result on a,very 

s,imple example. Following the notations of reference 4., where the total 

, angular momentum J and its proJection on a body-fixed axis M are chosen 
. I ' . 

. ~ •' 

I 

•. 

{ 

i·. · . as quantum numbers, we will suppose that the total angular momentum is 

.. ' 

J = 0, so that we can suppress all indices but one in Eq. {~4) of reference 

4'. The Faddeev equations thus are written, in the kernel notation; 
I 

i . Hi · 
1 J 1 . · j . k . 

T {w·f; •"') a!;>/ {w' .• w) - K (w' ,w") [T (w" ,w) + T (w" ,w) ]d~" •, " I 

I . j 
where w represents the whole set (w1 ,w2 ,w

3
)

1
and dw- dw1dw2dw3; wi being 

' I 

the energy of particle .i 0 in 'the :total. cent~r-of-mass system.o Furthermoreo 
. , . . I . 

we approxima~e eaCh tvo-b:. a~litt ;~;f·;~gle: pole ;•rm,'. so that~'~; .·· · .. ·· 

. ,,, 

-:.. . . 

i 
,·.I ·. .. ' . 

~. ' . ' . . 
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'• . . ~ 

·~ •• '· ·" • , t ,. • I 

~ ' • J .. ~:' : ... '• • ·., • • • i' .' • • '. 
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.. .. ·.-

I 

K1 (w' 1 ~~J") a (~mtnJHm1p1')~1~(11J't .... w"1)(t w"
3 

• z)-l . . . 

I I • ~ • 

)C t i .t(w' ·~'' .z>l t,o • ( Y 1' ,o)Y.t,o< y" i,o) 
; ; . 

I I 
I I 

where m1 is the mass of /p~ticle i and ·p1 ' its momentum, z , is the 
. . I " 

··.total energy of' the three-particie system, the functions Yn ave .the ,.,,m 
spherical harmonics.- R. is'the. spin of the composite ·system of particles 

. . 

··~· 

(3) 

(J) 

.. 

and (k); each of which is ass~ed to be spinless, 
: . • I 

is a function of w' and/y"1 is·e. tunction of C810
• 

Y'i• define~ in reference 4e 

The twoabody amplitude is 
. · ' I I . . . · ) 

writ teQ, according to Formula ( l) 11 · 
! j I 'I 

I. 

' .i 

~ R,t- I fl. ). ( t 2) ( t1 2) ( t ) 
"'·i w 1 w 11 Z = g pJk g pJk · t z .. w i IJ ( 4) 

' ' ·,I 
I • 

[where p jlt is the r~lative momentum· of particles .1 and k in ~heir 

relative C&m. system, and is related to the momenta of t~eae particles in 
the total c.m. system 9 by 

tor, as the angular momentum has been separated, the form factors depend 

only on the absolute values of tbe momenta., and we have replaced s ~;y its 

value :!.n terms of the total energy z We can thus write 
I 

and 
i 

~ t{ ' 91 . )" ( ' )b ( ") "'1 Iii ,w .z I'll ill w ,z i w • 0 { 5) 

j' 

/. 
i 
I 

... 

. ~, ..... 

\,-,· 

~ 

' . 

• i 

I ·• 

i 
The kernel defined by Eq. {3) 1 then, can be written in a simple form 9 omitting I 

i 

the variable z 1 which has no importance in this matter, I. • 

i . 
' K (w' ,w") .tl ( 6) 

'· 

and the system of integral equations in three variables then· seems to be. 

quite simple, as the kerneL is separable except tor a. part which, in fact 9 

i : 
.. 

. ' .. , .. ' .. . 

-- 1•. 
•• < 

. .. . '._· 

i 
J 

I . 

i .' 
I, I . 

. i' 
I 
I 
I 
I 

. {.; 
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. will 'give rise to ·a product'·or convolution in one variable; this convolution, 

... 

''. 4 ~ .. -

' ' ~ .. . . •( 
•• .,. ' ! 

. :1 
furthermore, is very .s.imple 1 as it involves a Dirac diatribution. We are 

... ; 

. , .. i." / 
• l .. 

now able· to write ·t~e Faddeev equation as 

•ih.• ,w)• ~= :;1 1(.,•.~.,) • ll1 (., 1 ) J ~1(.,"}6(,. \ • ~\ )[TJ (.,• ,w) 

. r , 

+i~((!)",w)]~", • l. :· . 
;. 

. I . I . 
I (7) 1 ..• 

and the solution can be written quit~ naturally; . .I 
i .· i . . 

T (w',w). m·';}. (w',w)._ ... Ai(w')Bi{w•
1

;w) • ' 

Now, in~~rting (8) into (7) 1 ~d changing the names ot the variables in a 
' .. 

very obvious way, we obtain a new· s.et · o:f· integral equations 1 involving 

• 
where we have introduced the functions . ' ' 

and 

B
1

(x,w·) · r:s.J ~1(w")o(x- w
1
")[;ij{w" 1w) + v;J k(caJ"•~·)]dw" ; ' ·. · 

I. 

}'.'[as the inhomogeneous terms;;1 1 are known, s
1 

(x,w) ·is .a. 

pertectly well kn~wn fUnction] , 

K1j(x,x')_ = (1- o1.1>J ~1(w)A.1(w).o(x- caJ1 )4(x' - wJ )dw • 

I 
(8) I· 

I . . ! 
I 

./ 
·I 
I 

I 

(10) ,, 
!' 

·I 

(ll) 

In E.q. (9) w has.the importe.itce o~ .an ~ndex, and we c.an write that ; .. 

. 'equation i~ the symbolic f'or.m 

Si(x,caJ) 0 ' K12· Kl3 ' 

IIi . B1 (x,w) ·• K21, 0 jK2j. 
l 

.s3Cx,!") · .:: · .... 
. : ~ :. : ; : . ; -. . . 

.. ..:. ) • !..:: ·,~ ; • • J'· 

' ., ··J~. · .. ··, ~-< ·; .~· .. ~ ~·. ~ .. : ·; ~ -: .. 

0 

•': ,"" 

:· -... 
.. 

'.: ·';: 
·. ~ 

... 

I B1(x,w) . ·. 
I .. •· I 

B
2

(x 0w) . ' 

(~2) 
.i . 

·I 
·:. 

.. .. 

.. 
:-· 

. .: 
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It will Qe shown ·.in Section lii that ·the results of the very siniple case · · 

. considered here (J = 0 and only one pole term in each t~o-body system) can 

perfectly well be extended to the seneral case in which the two-body 

amplitudes are approxtmated by the sum of a finite number of pole terms, ? 
~: . 

whatever be the angular momentum. The only change is • in fact • an inc~ ease 1.> 
. ' 

of the dimensiona.li~y or ~he Kij ~trix co~sidered above, as one.increases 

the number of ~nput!pole terms.and the angular.momentum. On the other. 

hand, it is obvious that all the reductions coming from the separation of 
I . 

parity ~nd the identity of part$.cles are appl.ic~ble to these equations·· 
I '·. 

well as to the original ~a.ddee~ equat~one j 
. I 

The form of the eq~tions we have.obtained is quite analogous to; 
;· 

that of the original Faddeev equations; what must be pointed out as 

extremely important from a prac~icBl point of view is that we have now a·' 

problem involoving a. system of coupled integral equations' in one variable 
. I . 

I • 

onJ.y. This means; ia particular Q that· the. use of a· computer is now much 

easier, and will lead to reliable n~erica.l results~. One can easiiy imagine 
( 

the enormous difference·between solving an integral .equation in three 

variables .and one in one variable only. 

Ov.r result is more general than that of Lovelace 0 who also ob~ains 

equations in one variable 1 for tvo reasons: 

. . . ( i) We h~ve made no as~\.unp;tion. on the form ·of' the pr~pagato~ ;tR. ( s;). 0 . 

while he has taken that given ·'by· _a separable, potential. · . . I . . . 

(ii) Our result (see Section III~ is valid:ev~n ~hen there.is:more 
: I ! 

into· 

·"' 

' . 

.. 

'' '. 

.. '!. 



·> . ... 

~ ... - . 

f' 
,. .. 

\.~.: 

' 

1 ·, . .. : t ~ I j '·. I I' :1--

J. ,!· ' 
I 

·, !· . 
·i I -1-
j I ., 

\" I 
CASE. I 

' III. QENERAL i 
i 
' 

We vill 'derive our equations directly from the equations of reference 
. . . . . ! 

. 4,.where a~ar moment~· has been s~parated. 
, I , 

Let us s':lppres·s the index J 11 and malte some slight JllOdifications 
(;'-

. in the notations;. ·the equations then appear to be 
' . . ... _. 

T!, M( .. ' ,w) :~ ::1 !'M i w 1 ,,;,) - J ~ •M" lw; ... ~ )[T~i.,• ,,.) + T:.Mc ... ,w) 1 w." 

where 

i' 

·t.x."[f FJk(~• ,w" ,z .;. w'·i"u)~'M(-a;_}eiMu~"("i")du 
.. M : 

·! 

Fo11owing·reference 6, we can make.~ partial-vave·expansion, and write 

F (w' w" z .... w' u) = \ f'( ll.)(w' (1.1" z .. CAl' )(2~. ·•·. l)P (cosv'co~v" Jk .• • . i. . : L Jk II . II. . 1 . .t I • I 

R. . 

+ siny~si~y"cosu) 

. :~ 

Choosing, as in reference Q• the z axis to be perpendicular _:to the plane 
•., 

the momenta, and integrating over u, we obtain 

·l{_i (" ' ") 
I-'I'M" ~ ,w 

.. • I . . I 
. . -.· ..... · 

'• . 
·: .. 

.. . . ' ; ~. :·.'.. • ! ,,· ... 

0 

·I u 
! . 

·I .• r. 

t '. . .. . ,. 
,' · ... 

... 

',•. 

J . 

• 
(13). 

., 

I 

! 
! 
/. 
I 

I • 

I 

(15) 1-. 

of. ' . I 
. 1 

-I 

i- .· . . ... 
!I :i ... 

i; 
:: 
'I .. . ' 

·! l 

1 . 



where (reference 6) 

I 

j 

I 

• (l7f 

·( ':Che ~"M 1 are defined in referenc~ 7. ) Now we assum~ that each partial-vave 
. . 

amplitude is dominated by a certain number of pole terms, characterized by an 
. . ' 

index of degeneracy• s, so that, folloving Eq. (5) we can .write 

• (18) 

If we now make the assumption that only o. finite number or pole terms w:tll 
i 

actually contribute significantly to the two-body amplitude in the energy 
I ' 

range we_ are considering• the kernel or the Faddeev equation.s becomes, upon 

inserting (18) into (16}, 

KMi ( t It ) ~ ( • It) w a u w1· • w1 'M" •w 

where we have transformed the pair index (J,k) into the single (i); from 
l 

(17) and (19) 1 we see that Eq. (13) nov becomes 

T~ 1 M(w' 1 Cil) a :Ji•iw' ,w) .. '[ 

.t,s 

ALi,s(···' ,z) \ y* (. 1 O)tl ... 2_,. i.tJ ·y i' -M'~ 
lJ 

and, in exactly the same vay as in Eq. (8) 1 the. solution is 

I 
I 
I 

'· ;< 

:,. . ';. ~ 

.·, . . : .. 

'; 

' . 

1 
' 

(19) 

(20) 

. ' . 

.• 



'• 

. '. 

,, ' . .. 

',• 

. I 
-9-

where we insist on the £act that B(t s) M<~i,w) depends only on one 
' . t J.l 

• I 

variable~ (1)1, besides (1)
1
• which can here be considered .~s a simple index; 
I ' . 

without any 1»-"actica.l. influenaeo We now insert {21) into (20) a.nd 1 indenti.tyine; 
, I . . ;; * ": 

.to zero the coefficien~s of the functions A
1 

18((1)' ,z)YLIJ~Yi ,o), which are 

. independent functions of· three variables 1 we ()btain the equations~; 
'' I. 
I' 

• • I , i .. 
where the'definition of B(L,s)~(x 1(1)) is quite obvious and analogous to 

' '·f t t., 

Eq. ( 10) • and where the matrix kernel·-· 

,. 
i(•>.,a)v 

. r <~. y). 
;' ' .J (I. t B) 1J. 

Js defined by 
.., 

.. ' . . . 

I ~ 

(22) 

(23) 

Equation (22) is closely analogou.s to (12), except that the dimensionality of. 

the matrix is greater.· In practical cases, one must s~ that these equations 

are much simpler than what they seem to be here •. for the number . of pole terms . 

fn each two-"Qody channel will not be very;".large. 
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