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Metamaterials based on plasmonic nanoshells and loss-compensation
using fluorescent dye molecules and quantum dots

Salvatore Campione and Filippo Capolino*
Dept. of Electrical Engineering and Computer Science, University of California, Irvine, CA 92697-
2625, USA

ABSTRACT

Composite materials based on plasmonic nanoparticles allow building metamaterials with very large effective
permittivity (positive or negative) or e-near-zero; moreover, if clustered or combined with other nanoparticles, it is
possible to generate also effective magnetic permeability (positive or negative), and an ad-hoc design would result in the
generation of double negative materials, and therefore backward wave propagation. However, losses are usually
significant and affect the metamaterial performance. In this work, we report on the possibility of adopting fluorescent
dye molecules or quantum dots, optically pumped, embedded into the dielectric cores of the employed nanoshell
particles, and provide loss-compensation in ordered 3D periodic arrays at optical frequencies. Each spherical nanoshell is
modeled as an electric dipole. We consider nanoparticles with gold and silver shells. We then find the modes with
complex wavenumber in the metamaterial, and describe the composite material in terms of homogenized effective
material parameters (refractive index and permittivity). Furthermore, in case of loss-compensation, we compare the
results obtained from modal analysis with the ones computed by using two different homogenization methods: (i)
Maxwell Garnett homogenization theory and (ii) Nicholson-Ross-Weir retrieval method. We show the design of two -
near-zero metamaterials with low losses by simulating gain material made of dyes or quantum dots with realistic
parameters. A brief discussion about the employment of the two kinds of active gain materials adopted here is given in
the end.

Keywords: loss-compensation, mode analysis, metamaterials, plasmonic nanoshells, homogenization theory.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

Periodic arrays of plasmonic nanoparticles in three dimensions (3D) are examples of metamaterials at optical
frequencies. These arrays can be employed to guide backward modes, and create artificial dielectrics, narrow band
absorption, artificial magnetism, quasi-dark modes. Here we focus on 3D periodic arrays, which can be represented by
effective parameters, such as permittivity and refractive index, under certain circumstances of polarization and
excitation. This effective medium representation allows for the design of interesting properties at specific frequency
bands, such as e-near-zero (ENZ) metamaterials, useful for cloaking applications [1] and singularity-driven nonlinear
phenomena [2], guiding waves, etc. However, losses are usually found to be significantly large and affect the
metamaterial performance, thus loss-mitigation mechanisms are inherently required to overcome this issue. A possible
solution involves the use of active photonic materials, such as fluorescent dye molecules (DMs) and quantum dots
(QDs): the gain experienced through the emission of an active medium is capable of counteracting the metamaterial
absorption losses. The usage of the gain medium with metamaterials can provide a larger effective gain than when used
alone, due to the strong local field enhancement inside the metamaterials [3-4].

In this paper, we provide the analysis of loss-compensated metamaterials at optical frequencies by using DMs and QDs,
in order to compare their performance. In particular, we consider 3D periodic arrays of nanoshells as in Fig. 1, designing
two loss-compensated ENZ composite materials (one with each kind of gain material). We compare the results obtained
from (i) modal analysis (Mode-SDA) with the ones computed by using (ii)) Maxwell Garnett (MG) homogenization
theory and (iii) Nicholson-Ross-Weir (NRW) retrieval method.
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Recently, optical loss compensation has been experimentally observed in [5-6] by using Coumarin C500 and Rhodamine
6G fluorescent DMs inside the dielectric shells of randomly dispersed nanoshell particles. Note that fluorescent DMs
have low emitting and absorption cross sections with respect to other active materials (e.g., QDs) and high
concentrations of DMs may diminish the overall compensation due to fluorescence quenching and/or other non-radiative
phenomena. Homogenized effective parameters of metamaterials made of nanoshells have been simulated in [7] by
artificially setting the imaginary part of the dielectric core to fixed ideal loss/gain conditions, and in [8] by using QDs
emitting in the near-infrared. In [9], it has been shown that the fluorophore IR800 has enhanced properties when adjacent
to metallic nanoparticles such as nanoshells and nanorods, showing the potential for contrast enhancement in
fluorescence-based bioimaging. Similarly, in [10], an emission enhancement of Ruby DMs inside the dielectric core of
randomly dispersed nanoshell particles has been observed with respect to the case in absence of the metallic shell.
Theoretical estimations using realistic parameters of fluorescent DMs in 3D periodic arrays of nanoshells have been
analyzed in [11] (and references therein). Loss-compensation has also been shown in [12] using the fishnet structure by
using epoxy doped with Rhodamine 800 fluorescent DMs, where the experimental results, along with numerical
simulations, directly demonstrated that the proposed sample had mitigated losses.

Here, as already shown in [11], each nanoshell is modeled as a single electric dipole, using the single dipole
approximation (SDA) [13-15], and the metal permittivity for the two employed metals is described as in Appendix A.
We compute the modes following the procedure described in [14,16]. Then, for transverse polarization (with respect to
the mode traveling direction), we treat the metamaterial as a homogenized medium, and study loss-mitigation
techniques.

The structure of the paper is as follows. The formulation to perform modal analysis in periodic arrays of nanoparticles is
summarized in Sec. 2. The dispersion diagrams for the modes in case of transverse polarization in 3D periodic arrays of
nanoshells are reported in Sec. 3 (gain is not considered to be present in this section). Then, in Sec. 4, we report three
possible methods to retrieve the effective parameters of the analyzed composite material. We describe loss-compensation
techniques in an ENZ frequency band by using DMs or QDs in Sec. 5. Conclusions are in Sec. 6. The employed metal
permittivities are described as in Appendix A. The DM and QD permittivities are described in Appendix B.
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Fig. 1. 3D periodic array of nanoshells embedded in a homogeneous medium with permittivity &, . The core
radius is 7 , with permittivity &, ; the shell outer radius is #, , with permittivity &, ; a, b and ¢ are the periodicities

along x-, y- and z-direction, respectively. The two active gain materials in the cores considered here are
fluorescent dye molecules and quantum dots.

2. MODE ANALYSIS IN PERIODIC ARRAYS OF NANOPARTICLES

The aim of this section is to briefly describe the formulation adopted to perform mode analysis in periodic arrays of
nanoparticles. A more detailed formulation and explanation is in [14-18]. Notice that the formulation outlined here is
general, and is adopted in the following sections to characterize particular array cases. The monochromatic time

harmonic convention, exp(—iwt), is assumed and is therefore suppressed hereafter. Bold letters refer to vector

quantities, a bar under a bold letter refers to dyadic quantities and a caret on top of a bold letter refers to unit vectors.
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According to SDA, each plasmonic nanoparticle at optical frequencies acts as a single electric dipole and can be
described by its induced electric dipole moment

p — aeeEIOC’ (1)

where o, is the electric polarizability tensor of the nanoparticle, and E'° is the local field acting on it [14-15]. For
isotropic nanoparticles (e.g., spherical), the polarizability tensor @, degenerates into a diagonal matrix with entrance
o, . For nanoshells, and according to Mie theory [13,19], it follows that

_ b7ig gy yy(kry)A—myyi(kry)B

Hee = , A=w{(mykr,)—C y{(mykr 2
ee K &1 (kry) A —my & (kry)B Vilmakny) = Crilmak) 2)

and
myyn (mzkrl )‘//f (m1k7’1 ) —my| (mzkrl )l//1 (m1k7’1 )
my (mZkrl )‘//' (mlkrl ) —my (mZkrl )‘//1 (mlkﬁ) ’

B =y (mykry) = Cy(mykry), C= 3)

with y(p)= pir(p)=sinp/ p—cosp. &(p)=ph" (p)=(~il p-1)¢* and 7 (p)=-py(p)=cosp/p+sinp the

Riccati-Bessel functions [20] (a prime denotes a derivative with respect to the argument), g, is the relative permittivity
of the host medium, k = w,/¢;, /¢y = ky+/€;, 1is the host wavenumber, where k; denotes the free space wavenumber, ¢,

the speed of light, &, is the free space absolute permittivity and my = /& /&), , my, =/, /&, are the core and shell
relative refractive indexes, with & the relative permittivity of the core (of internal radius 7), and &, the relative
permittivity of the shell (of external radius r, ). The relative permittivity of the two metals employed here is modeled as
outlined in Appendix A.

Consider now a periodic array of nanoparticles, immersed in a homogeneous background, with relative permittivity &, ,

for which each nanoparticle is placed at positions r, =r,+d,, where n=nj,n,,n; =0,21,£2,..., is a triple index,

noe
andd,, = maX+ nyby + nycz in 3D periodic arrays, ¥y = xoX+ ¥y + 2oZ , and @, b and ¢ are the 3D periodicities along x-
, y- and z-direction, respectively. Suppose that the array is either excited or a mode (a periodic field) is present, with

wavevector kg =k, X +k,y +k.z . Consequently, each nanoparticle will have a dipole moment equal to p,, = poeikB'd" .

Then, the local field acting in absence of excitation on a nanosphere at position ry =0 is given by
1 ~ 00
E® (1o, kg ) =G" (r9.%.kp) Po» “4)

which represents the electric field produced by all the nanoparticles but the one at position r,, and G~ (ro,ro,kB)

represents the regularized periodic dyadic Green’s function (GF). The computation of this GF for 1D periodic arrays can
be found in [17], in [21] for 2D periodic arrays, and in [16] for 3D periodic arrays. We have found very convenient to
use the Ewald method to represent the periodic GF in periodic structures. The Ewald method allows for a very rapid
convergence of the GF series representation, and analytic continuation into the complex ki wavenumber domain,

which is required when searching for complex wavenumbers.

Substituting then the expression for the local field given in (4) into (1), it follows that
Po = %G” (X%, kg ) Py ©)
which leads to the linear system

eG” (rg.1p.kp). (6)
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The properties of A(kB) can be found in [16-18]. The mode dispersion analysis in the periodic array is then obtained

by computing the complex ky of the homogeneous linear system in (6), or, in other words, by solving
det[ A(kg)]=0 ™

for complex k.

3. MODE DISPERSION DIAGRAMS FOR 3D PERIODIC ARRAYS OF NANOSHELLS

We study here the two structures reported in Table 1, where Structure I has nanoparticles with gold shells and cores with
DMs, and Structure II silver shells with QD cores. The parameters have been designed keeping in mind the objective of
an ENZ composite material with low losses around 430 THz (see details in Sec. 5), which corresponds to a free space
wavelength of 698 nm. The choice of gold in the first case and silver in the second one is an authors’ choice; other
designs may provide with results similar to the shown ones. Note also the need of designing two different structures
because of the following reason: large concentrations of DMs are needed to provide enough gain, thus Structure I needs
to have nanoshells’ cores to contain them, and each nanoparticles has a diameter of 70 nm. Conversely, small QDs of
nanometer size already provide sufficient gain, therefore much smaller dimensions for Structure II need to be designed,
and each nanoparticle has a diameter of just 10 nm.

Table 1. Parameters of the two analyzed 3D periodic arrays of nanoshells to achieve ENZ behavior around 430

THz.
. Core Outer shell Core Shell & a.b.c
Metal Gain radius radius ermittivit ermittivit ! o
Structure material p Y p Y [nm]
shell ry [nm]
core i [nm] & &
I Gold Dye 30 35 g, (Sec.5.1) | &, (Appendix A) | 2.25 100
molecules
11 Silver | Quantum 4 5 gqp(Sec. 5.2) | &, (Appendix A) | 2.25 15
dots
0.075
0.07
0.06
I
®
= 0.05
0.04
01 02 04 06 08 003005 01 015 02 025
kzc/rr kzc/n

Fig. 2. Dispersion diagram, obtained by solving (7), for both the real and the imaginary part of the wavenumber
k, = B, +ia, versus the host wavenumber £ for transverse polarization, using the nanoshell Mie polarizability in

(2), for (a) Structure I and (b) Structure II, in absence of gain.
The dispersion diagrams for the two proposed structures in absence of gain (i.e., transparent condition, that is & =2.25
for Structure I and & =5.9 for Structure II) are shown in Fig. 2 for both the real (solid blue curve) and the imaginary
(dashed red curve) parts of the wavenumber &, = S, +ia, of the “dominant” mode (i.e., the one that contributes most to

the field in the array, see [16] for a detailed study in a 3D periodic array of plasmonic nanospheres) with respect to the
host wavenumber £ in the case of transverse polarization. We assume k, =k, =0, i.e, propagation along the z
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direction only. In each graph, only the mode with o, >0, i.e., the one with power flow toward the positive z-direction,
is shown (for reference we report also the light line S, = k as the dashed-dotted black curve). This mode follows a

typical dispersion curve which is almost straight at low frequencies corresponding to an effective medium slightly denser
than the host medium with small attenuation; then, increasing the frequency, the dispersion curve bends exhibiting large
phase constant. Further increasing frequency, it experiences a bandgap with a strong attenuation; finally, at higher
frequencies it reenters a propagation band with small attenuation. Note however that other modes with attenuation
constant larger than the one shown here are present, but not reported here since they dramatically decay as a, >> k.

4. EFFECTIVE PARAMETERS OF HOMOGENIZED MEDIA

The aim of this section is to summarize the three methods that are used in Sec. 5 to retrieve the effective parameters of
homogenized media: modal analysis (Mode-SDA), Maxwell Garnett (MG) and Nicholson-Ross-Weir (NRW) retrieval
method. Note that both Mode-SDA and MG use the nanoshells’ Mie polarizability in (2).

4.1 Mode analysis (Mode-SDA)

Assume that it is possible to compute the modes that could be excited in a specific composite slab (as proposed in Sec.
2), and that furthermore this could be treated as a homogeneous material. The effective refractive index can be then
computed as

k.
Refr =5 )
0

where k&, is the complex wavenumber of the “dominant” mode (as the one shown in Fig. 2 for the 3D periodic array of
nanoshells in Sec. 3) computed from modal analysis (i.e., by solving (7)), and k, is the free space wavenumber.
Moreover, at plasmonic frequencies, for this kind of composite materials, magnetic effects are negligible, thus one can

compute the effective relative permittivity as . = ngff with good approximation.

4.2 Maxwell Garnett (MG)

In general, Maxwell Garnett theory [22-24] can be applied to retrieve the relative effective permittivity of a composite
medium as

&
Eop = &) + h ©)

_ _ k? 1
Nilere, | al +i ——
D ©0 h{ ee 67[808h:| 3

where Nj = f/V,, with f the volume filling fraction of the mixture, ¥, is the volume of each inclusion (the

nanoparticle). Note that in (9) the dipolar radiative loss term ik’ /(67[) has been subtracted, to account for the

cancellation of scattering losses in a periodic metamaterial [25], whereas the procedure leading to the electric
polarizability in Sec. 2 includes all radiation losses. More details about Maxwell Garnett homogenization theory can be
found in [26-29].

4.3 Nicolson-Ross-Weir (NRW)

Transmission and reflection coefficients for a stack of layers are here used to retrieve the effective refractive index of the
composite material by using the Nicholson-Ross-Weir (NRW) method [30-35]. Treating the composite slab as a uniform
continuous medium with same thickness #, according to NRW, the complex effective refractive index can be retrieved by

4[1—R2+T2j
COS T
— N 27q

kot kot

(10)

Neff
where R and T are the complex reflection and transmission coefficients, g is an integer to be determined, and ¢ = Nc¢ is

the equivalent thickness of the metamaterial sample, with N denoting the number of layers and ¢ the separation
between two contiguous layers. We address the reader to [33-34] for guidelines on how to choose ¢ and +/- in (10). As in
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Sec. 4.1, we recall that at plasmonic frequencies the magnetic effects are negligible, thus one can compute the effective
relative permittivity as €. = nesz with good approximation.
We analyze propagation for Structure I in Table 1 made of 4 layers of nanoshells stacked along the z-direction (in

presence of gain in the nanoshell cores as described in Sec. 5.1), by using (i) HFSS and (ii) the SDA with the Mie
polarizability in (2). The stack is illuminated by a normally incident plane wave traveling toward +z, and the magnitude

of transmission 7" and reflection R of the stack are shown in Fig. 3, together with the absorption A= 1—|T |2 —|R|2.

Results in Fig. 3 show good agreement between the HFSS full-wave simulation and the SDA theoretical results. In the
evaluation of the SDA results we have used the Ewald representation of the dyadic GF for 2D periodic arrays reported in
[21].

A
e/27 22
3
2
k=
O — —* o0 %ﬁ
=

4 \ ‘ .
200 410 420 430 440
Frequency [THz]

Fig. 3. Magnitude of transmission 7, reflection R and absorption 4 coefficients for a stack of 4 layers of Structure
I in Table 1 (only a transverse cut in the xz plane of a 3D array is shown), in presence of gain as in Sec. 5.1.
Results obtained by using the SDA and HFSS are in agreement.

5. EFFECTIVE ENZ FREQUENCY BAND IN 3D PERIODIC ARRAYS OF NANOSHELLS
IN PRESENCE OF LOSS-COMPENSATION

The aim of this section is to alleviate propagation losses in a frequency region in which the real part of epsilon is close to
zero (either negative or positive), by using either fluorescent DMs or QDs. Results are compared by using the three
analysis methods outlined in Sec. 4. In this section, the results retrieved using the NRW method are based on reflection
and transmission coefficients computed by HFSS.

5.1 Fluorescent dye molecules (DMs)

In this subsection, we assume that Rhodamine 800 dye molecules are dispersed into the dielectric core of the nanoshells.
We assume here that the collection of the fluorescent dyes within the core can be approximated as an effective
homogeneous material (modeled with relative permittivity ¢, , see also Appendix B) with gain that electrodynamically

interacts with the metal nanoparticle (i.e., quenching effect and other non-radiative phenomena within the core, whose
effects increase for increasing molecular concentration, that usually lead to a reduction of the gain in the system, are not
taken into account).

Gain materials are described by using the same four energy level system formulation as in [11], that at stationary regime
provides (plotted in Appendix B)

O, (721 _Tlo)rpump &

2 . 2
o +iAo,0-a] 1+(T3 + 721 +710) Tpump €0

) (11)

where &, =225 is the relative permittivity of the dielectric hosting the DMs, w, =2xf,, with center emission
frequency f, =422 THz (711 nm), wavelength linewidth is A4, =26.7 nm, and consequently Aw, =27 Af,, with

frequency linewidth Af, =cyA4,/ /13 =15.9 THz. The pumping wavelength (between level 0 and level 3) is 680 nm
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(441 THz), and the decay rate from level 2 to level 1 is 1/7,;, with 75; =500 ps, 73, =779 =100 fs . The coupling

3

constant is o, =1.71x 1077 C2/kg . We set the density of dye molecules as ]\_/0 =6x10"% cm™ corresponding to about a

concentration of 10 mM (which corresponds to a high concentration value) and the pumping rate to be

9 -1
I pump =6.5x107 s

We study here Structure I in Table 1 in presence of gain. We are interested in alleviating propagation losses in an ENZ
frequency region. The effective refractive index and relative permittivity are shown in Figs. 4 and 5.

1 : 15 :
— Mode-SDA /_o ‘ = Mode-SDA
0.8} == MG P == MG
NRW /’ . \ NRW
4
506 V4 K
= K / S N
2 04 7 K N
M ” 0.5
——
0.2 \ ,
(@) ®) e
‘ A pemrmmm=
200 410 420 430 440 200 410 420 430 440
Frequency [THz] Frequency [THz]

Fig. 4. (a) Real part and (b) imaginary part of the effective refractive index around the ENZ frequency band for
Structure I in presence of gain computed in three different ways: by mode analysis (Mode-SDA); by Maxwell
Garnett, by using the polarizability in (2) (MG); and by Nicholson-Ross-Weir (NRW) method based on HFSS

results.
1 e 1 T
/—"— k —Mode-SDA
0.5 g 08 -= MG §
s NRW
/ g 06 \
i o
" —Mode-SDA E 04k \
y
""""""""" - MG o \
NRW 0.2 RN
’ \\.\b 2 -
(a) (b) N ﬁ_
F00 410 420 430 440 00 410 420 43 440

Frequency [THz] Frequency [THz]

Fig. 5. (a) Real part and (b) imaginary part of the effective relative permittivity around the ENZ frequency band
for Structure I in presence of gain computed in three different ways: by mode analysis (Mode-SDA); by Maxwell
Garnett, by using the polarizability in (2) (MG); and by Nicholson-Ross-Weir (NRW) method based on HFSS
results.

Notice how the Mode-SDA and NRW results in Figs. 4 and 5 are in good agreement with each other. The result
computed using MG provides less accurate values because field retardation effects between nanoparticle interactions are
not included. Notice that with NRW the zero crossing of the real part of the effective relative permittivity happens at a
frequency slightly lower than the one predicted by the Mode-SDA: however, this can be adjusted by performing a fine-
tuning of the nanoshells volume filling fraction, as proposed in [8]. Note also how the Im[geff] around 422 THz in the

loss-compensated case is very small in value (close to zero). Indeed, we have performed an HFSS simulation for the
same array in absence of losses (not reported), and by using the NRW result, we have observed a reduction of the

extinction coefficient Im[ n. | from 0.33 to 3.5x10™* at f ~ 422 THz, in the ENZ frequency band. The figure of merit
Re[neff] / Im[neff] in presence and in absence of loss-compensation is shown in Fig. 6, obtained from NRW result, and it

shows clearly higher values in the case of loss-compensation.
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Fig. 6. Figure of merit Re[neff] / Im[neff] for Structure I, obtained from NRW result, with and without gain.

5.2 Quantum dots

In this subsection, we assume that an InP/ZnS QD with the physical dimensions as in [36] constitutes the core of each
nanoshell. The QD dielectric function in presence of gain, assumed to be homogeneous, is calculated using the
formalism in [36-37] as

S

o 3 +i2wy

(12)

gQD :gb"r

with the realistic data taken from [36]: background dielectric constant &, = 5.9, emission at f, ~ 444 THz , broadening

parameter y ~ 7.59x10"?s™", and § = 47xsf, , with transition strength s ~1.38x10"rad/s (see also Appendix B).

We study here Structure II in Table 1 in presence of gain. We then focus again on an ENZ frequency band and the
effective refractive index and relative permittivity are shown in Figs. 7 and 8.

8 T 8 T T
. —Mode-SDA p — Mode-SDA
h -~ MG 6t -- MG
61 NRW 7 \ NRW
— —
5 ! 5\
=
=4 2, ™
2 | E 7
20 0 7 A R
(3\»_ A o 21®) v
e %, | i i
200 420 440 460 480 500 400 420 440 460 480 500
Frequency [THz] Frequency [THz]

Fig. 7. (a) Real part and (b) imaginary part of the effective refractive index around the ENZ frequency band for
Structure II in presence of gain computed in three different ways: by mode analysis (Mode-SDA); by Maxwell
Garnett, by using the polarizability in (2) (MG); and by Nicholson-Ross-Weir (NRW) method based on HFSS
results.

The three methods provide with results in good agreement with each other. Note the resonant behavior of the
real part introduced by the presence of the QD, which also is the reason of the negative peak in the imaginary
part. Two interesting regions can be analyzed, one with Im[ £, |<0 (i.e., gain) and one with Im[ &4 |>0 (i.e.,
loss-compensation). A negative Im[z. | is observed between about 440 — 446 THz, which means that

amplification is present in the system. Instabilities and overall gain should be further studied in the future.
However, this result shows over-compensation capabilities, thus opening up possibility to efficient loss-
compensated designs. A positive Im[geff] is observed in the frequency range 436.5 — 440 THz, where the real
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part is negative around the value —3.5, and in the range 446 — 460 THz, where the real part is close to zero
(between —0.3 and 0).

2n : E—

i A | — Mode-SDA |
0 AN -=MG
H NRW
-2 k 2
i 1 I \
ﬁo 4} Fa O T
3 / £ 0 : .
6] —Mode-SDA | i
== MG -2 |
-8 |
@] NRW (b) y
-1 4 L L 4 i
200 420 440 460 480 500 400 420 440 460 480 500
Frequency [THz] Frequency [THz]

Fig. 8. (a) Real part and (b) imaginary part of the effective relative permittivity around the ENZ frequency band
for Structure II in presence of gain computed in three different ways: by mode analysis (Mode-SDA); by Maxwell
Garnett, by using the polarizability in (2) (MG); and by Nicholson-Ross-Weir (NRW) method based on HFSS
results.

6. CONCLUSION

We have studied the modal dispersion diagrams in 3D periodic arrays of nanoshells for transverse polarization with
respect to the direction of propagation. Under this polarization, we have embedded an active gain material made of either
fluorescent dye molecules or quantum dots into the nanoshell cores. By using realistic parameters to model their
permittivity versus frequency, we have designed two ENZ metamaterials with loss-compensation mechanisms around

430 THz. In the case of dye molecules, we have been able to reduce the extinction coefficient Im[ny | from 0.33 to

3.5x1074, according to the NRW result based on HFSS full-wave simulation. In the case of quantum dots, we have
observed loss-compensation and even amplification (i.e., over-compensation capabilities) thus opening up possibility to
efficient loss-compensated designs or possible lasing systems using composite materials. The results shown in this paper
demonstrate the possibility to obtain ENZ metamaterials with virtually zero losses in specific frequency bands.

APPENDIX A: HOW TO MODEL THE METAL PERMITTIVITY AT OPTICAL FREQUENCIES

The relative permittivity of the metal can be analytically modeled using several equations to match the experimental
results provided by Johnson and Christy in [38].

One of these equations is the Drude model

a)2

D
_ _ 1
Em = e o(w+iy) (13)

where ¢, is a high-frequency fitting parameter, @, is the plasma frequency of the metal (expressed in rad/s) and y is

p

the damping factor (expressed in s7! ). In general, the Drude model provides a reasonably accurate description of the
dielectric properties of the metal across the infrared and optical frequency ranges (focus of this paper). For some
frequency bands, this model underestimates the metal absorption, and the effect of interband transitions should be taken
into account in the metal permittivity response [39].

The adopted Drude parameters to model gold and silver as in (13) are reported in Table 2.
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Table 2. Drude model parameters for gold and silver.

Metal | &, | @, [rad/s] y [Us]

Gold | 9.5 | 1.36x10'° | 1.05x10"

Silver | 5 | 1.37x10' | 27.3x10'2

The real and imaginary parts of the relative permittivity computed with (13) for gold and silver using the parameters in
Table 2 are compared with the experimental results provided by Johnson and Christy in [38] in Figs. 9 and 10 in a
frequency band of interest to this paper. Note that for gold the real part is well modeled in the entire frequency range; as
previously mentioned, instead, the model underestimates the imaginary part for increasing frequency. However, the ENZ
frequency band under analysis in Sec. 5.1 is in the range 400 — 440 THz, so we can assume that the gold behavior is well
modeled by the Drude model. Regarding silver, instead, the Drude model roughly approximates the experimental results
across the frequency range 400 — 500 THz used in Sec. 5.2. Therefore, in this paper we use (13) to model the gold
permittivity, and an interpolation of the experimental data in [38] to model the silver permittivity.

== Johnson and Christy
== Drude

40 = Johnson and Christy |

= -
(a) == Drude (b) i
500 400 500 600 900 400 500 600
Frequency [THz] Frequency [THz]

Fig. 9. (a) Real and (b) imaginary part of the permittivity of gold retrieved using (13) with the parameters in Table
2, compared to the experimental results in [38].

‘\ = Johnson and Christy
-10+ ‘\ == Drude
-20r
oE
27230
o
o
40} S
. 02t S
50 —Johnson and Christy | "'-.___”_
(a) == Drude (b) Il
950 400 500 600 foo 400 500 600
Frequency [THz] Frequency [THz]

Fig. 10. As in Fig. 9, for silver.

APPENDIX B: BRIEF DISCUSSION ON FLUORESCENT DYE MOLECULES AND QUANTUM
DOTS

We report in Fig. 11 the real and the imaginary parts of the relative permittivity of DMs in (11) and QDs in (12). Note
that QDs have a more pronounced and narrower resonance than DMs: this means that QDs strongly modify the
metamaterial behavior with respect to the case without gain. Also, DMs provide less gain (as dictated by the

smaller|1m[g] ).
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Fig. 11. (a) Real and (b) imaginary part of the permittivity describing the two active gain materials employed in
this paper.
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