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Abstract

The theory of biset functors, introduced by Serge Bouc, gives a unified treatment
of operations in representation theory that are induced by permutation bimodules.
In this paper, by considering fibered bisets, we introduce and describe the basic
theory of fibered biset functors which is a natural framework for operations induced
by monomial bimodules. The main result of this paper is the classification of simple
fibered biset functors.

Introduction

In [Bou96] and [BoulOb] Serge Bouc introduced and developed the theory of biset functors.
This notion provides a framework for situations where structural maps that behave like
restriction, induction, inflation, and deflation, or a subset of them, are present. Typical
examples of biset functors are the various representation rings, as for instance the Burnside
ring, the character ring, the Green ring, and the trivial source ring of a finite group G.
The Brauer character ring of G and cohomology groups in fixed degree of G are other
examples (no deflation in these cases). The theory of biset functors proved to be the
right framework to prove striking results: The determination of the Dade group of endo-
permutation modules of a p-group (see [BT00] for the final result, or [T07] for an overview)
and the determination of the unit group of the Burnside ring of a p-group (see [BoulOa] or
[Boul0Ob]). Both the Dade group and the unit group of the Burnside ring provide further
examples of biset functors.
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Biset functors are additive, abelian group valued functors on the biset category, whose
objects are finite groups and whose morphism sets are given by the Grothendieck groups
B(G, H) of finite (G, H)-bisets. The composition is induced by a construction that imi-
tates the tensor product of bimodules. Restriction, induction, inflation and deflation can
be seen as particular transitive bisets.

Recently, a category analogous to the biset category, whose objects are finite sets and
morphisms are correspondences between them, together with functors on this category
have been considered by Bouc and Thévenaz, see [BT15]. Again surprising connections
to other areas, for instance to lattice theory, came to light.

In this article we strive to systematically develop a similar theory of fibered biset
functors. The motivation comes from the fact that representation rings of finite groups
carry more structure, by considering multiplication with one-dimensional representations
as structural maps. Monomial Burnside rings have been introduced by Dress in [D71] in
great generality and utilized by the first author in the formalism of canonical induction
formulas, see [Bol89] and [Bol98al. See also [Ba04] and [R13] for some basic properties.
Let A be a multiplicatively written abelian group. The A-fibered Burnside ring B4(G)
is the Grothendieck group of A-fibered G-sets, i.e., G x A-sets with finitely many orbits
which are free as A-sets. A Z-basis of B4(G) is parametrized by G-conjugacy classes
of pairs (H, ¢), where H is a subgroup of G and ¢ € Hom(H, A). Similarly one defines
A-fibered (G, H)-bisets and their Grothendieck groups BA(G, H) = BA(G x H). Also
fibered bisets allow a tensor product construction which gives rise to the A-fibered biset
category over a commutative ring k, denoted by Ci*. Its objects are again finite groups
and its morphism sets are given by B{(G, H) := k ® BA(G,H). The k-linear functors
from C{! to ,Mod together with natural transformations form the abelian category Fi! of
A-fibered biset functors over k. If k = 7Z, we usually suppress the index k. In the case that
A is the unit group of a field K, one obtains a natural linearization map from B4(G) to
various representation rings of K G-modules, by mapping the class of (H, ¢) to Ind% (K )5
where K4 denotes the one-dimensional K H-module associated with the homomorphism
¢: H— K*. Using the linearization map one can interpret these representation rings as
additive functors on the A-fibered biset category with values in the category of abelian
groups, i.e., as A-fibered biset functors.

One has a natural embedding B(G) — B#(G) and also a natural splitting map
BA(G) — B(G) of this embedding in the category of rings. The embedding allows to
view the biset category as a subcategory of the A-fibered biset category. To view an
A-fibered biset functor F' via restriction as a biset functor means forgetting some of its
structure. Thus, if a biset functor comes via restriction from an A-fibered biset functor
it is worth trying to understand its richer structure as an A-fibered biset functor.

The main goal of this paper is to determine the simple A-fibered biset functors. For
this we first need to study the tensor product of A-fibered bisets and how transitive A-
fibered bisets can be factored through smaller groups. This is done in Sections 1 and 2.
The situation for bisets is as follows: It is shown in [BoulOb] that a transitive (G, H)-
biset (G'x H)/U, with U < G x H, is equal to the product of five canonical bisets. More



precisely, one has

GxH
( i ) = Ind$ prnfg/K XP/K Cpir.0/L XQ/L Defg/L x o Resg. (1)

Here, P = p1(U) and @ = po(U) are the first and the second projections of the subgroup
UL GxHand K =p(UN(P x1))and L = po(U N (1 x @Q)). In this case, the
groups P/K and @/L are isomorphic and a canonical isomorphism 7 is determined by
U. Moreover, X, denotes the product of bisets. See 2.7 for the description of the factors
appearing in (Il). We usually write a transitive A-fibered (G, H)-biset X in the form
(GUXf ), where U < G x H is the stabilizer of the A-orbit of a chosen element x € X and
¢: U — A is the homomorphism arising from the action of U on this A-orbit. Different
choices of x lead to G x H-conjugates of (U,¢). In Corollary we derive a Mackey
formula for the tensor product of two transitive A-fibered bisets and use it to show an
analogue of the decomposition in (Il). As above, U determines a quintuple (P, K, 7, L, Q)
Further, the homomorphism ¢: U — A determines the following data: Let ¢ x oyt

the decomposfcmn of the restriction of ¢ to K x L and let K (resp. L) be the kernel of qﬁl
(resp. ¢5'). We write (U, ¢) = (P, K, ¢1) and r(U, ¢) = (Q, L, ¢3) and call them the left

and the right invariants of (U, ¢). In Proposition 2.8 we prove the following decomposition

Gx H
(72

) = Indg XRap Infﬁ/k ®AP/RY ®AQ/ﬁ Defg/L ®AQ Resg. (2)

Here, Y is a transitive A-fibered (P/K,Q/L)-biset with stabilizing pair (U, ¢) such that
the first and the second projections of U are surjective, and the homomorphisms ¢; and ¢,
are faithful. In contrast to the theory of bisets is that in general the A-fibered biset Y can
be factored through groups of smaller order than P/ K and Q / L. The problem remains
to decompose Y further by factoring through a smallest possible group. It is solved
in Section 10 under additional assumptions on A, see Hypothesis [[0.I, which hold for
instance if A is the group of units of an algebraically closed field. Under this assumption,
we decompose X as follows. For simplicity, assume P = G,Q) = H ,K =1land L = 1.
Set K =G'NK and L = H' N L, where G’ (resp. H') denotes the derived subgroup of G
(resp. H). We construct a triple (G, M, 1), where G is a central extension of G/K by K
M is a subgroup of G x G, and p € Hom(M, A), with additional properties as described
in Section [I0, and also a triple (ﬁ[ , N, 1) with analogous properties related to H, L, and
L, such that
Y = Insg ®,6 X ®,7 Del?

where X is an A-fibered (G, H)-biset which is reduced, that is, cannot be factored further
through a group of order smaller than \G | = |H|. Here the insertion fibered biset InsZ
inserts the section K/K into the group G and the deletion fibered biset Del deletes the
section L/ L from the group H. Unfortunately, the construction of InsG and Delg uses
choices which make them not canonical.

In Section 3 we introduce A-fibered biset functors and recall basic properties of such
functor categories from [Bou96]. In order to determine the simple A-fibered biset functors
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over a commutative ring k one needs to find the simple modules of the endomorphism
algebra E}(G) = BA(G, G) of a finite group G which are annihilated by the ideal I;}(G)
of endomorphisms that factor through groups of smaller order. In order to determine the
simple E{(G)/I{(G)-modules we consider the subalgebra E;°(G) of E{}(G) spanned over

k by the isomorphism classes of covering transitive A-fibered (G, G)-bisets (GUXf , le.,

satisfying p;(U) = G = po(U). This subalgebra of E{*(G) covers E{(GQ)/I#(G) and it is
isomorphic to a product of matrix rings over group algebras kI'(¢ k). Here, I'¢ i x) is the

group of isomorphism classes of covering transitive A-fibered (G, G)- blsets ( T ) with

(U, ¢) = (G,K,k) =1r(U,¢). This result is proved in the course of Sections 4, 5, and 6.
In Section 4 we introduce the central idempotents of E¢ which split the algebra E¢. into
matrix rings. In Section 5 we determine an equivalence relation on the pairs (K, k) whose
equivalence classes will parametrize the various matrix components. And in Section 6
we prove that E]f “(G) has the announced structure. In Section 7, the groups I'(¢ k)
are identified as extensions of a subgroup of the outer automorphism group Out(G/K)
(determined by k) and the group Hom(G/K, A). Section 8 is devoted to understanding
which simple modules of Ef. are annihilated by Eg N Ig. For a given matrix component,
indexed by (K, k), this only depends on the pair (K, k). Pairs that will lead to simple
Eg/Ig-modules are called reduced pairs. Unfortunately, for general A we do not have a
handy criterion when (K, x) is reduced. PropositionB.6]gives a necessary and a (different)
sufficient condition for (K, k) to be reduced.

In Section 9 we show that the simple A-fibered biset functors are parametrized by
equivalence classes of quadruples (G, K, k,[V]), where G is a finite group, (K, k) is a
reduced pair, and [V] is the isomorphism class of a simple k' k .)-module. This equiv-
alence relation involves the notion of linkage of two tripes (G, K, k) and (H,L,)\) by a
pair (U, ¢) with U < G x H and ¢ € Hom(U, A) such that [(U,¢) = (G, K, k) and
r(U,¢) = (H, L, \). In Proposition 5.3l a group cohomology criterion is given to deter-
mine if two triples are linked. There exist examples of such linked triples with G and
H not isomorphic. They lead to a negative answer of a question asked by Bouc, see
Remark 0.8, which has been observed independently by Romero in [R12].

In Section 10, we show that under a further hypothesis on the group A, one can show
that a pair (K, k) is reduced if and only if K < Z(G) NG’ and & is injective. This uses
lengthy computations in the cohomology groups H*(G/K, A) and related cohomology
groups. Finally, in Section 11 we realize some representation rings as simple fibered biset
functors over appropriate fields of coefficients.

Notation Throughout the paper, we will adopt the following conventions:

If G is a group, H < G is a subgroup and = € G, then “H = xHz'. By H < G
we indicate that H is a proper subgroup of G, i.e., H # G. If k is a commutative ring
we denote by kG or k[G] the group algebra of G over k. If H < G and M is a left
k[H]-module then “M is the k[“H]-module with underlying k-module equal to M and
"H-action given by zhz™! -m := hm, for h € H and m € M. If A is an abelian group,
¢: H — A is a group homomorphism and x € G, then we define the homomorphism
Y. "H — A by vha=! s ¢(h) for h € H.



For any ring R, the isomorphism class of an irreducible left R-module V' is denoted
by [V] and the set of isomorphism classes of simple left R-modules is denoted by Irr(R).

Acknowledgement Work on this paper began 2007 during a visit of the second
author at UC Santa Cruz. Since then both authors have enjoyed the support of the
following institutions while working on this projects: UC Santa Cruz, MSRI, Bogazigi
University, Nesin Mathematics Village, Centre Interfacultaire Bernoulli. We would like
to express our gratitude to these institutions.

1 A-Fibered Bisets

Throughout this article, we fix a multiplicatively written abelian group A. For every finite
group G, we set

G" := Hom(G, A)

and view G* as an abelian group with point-wise multiplication.

1.1 The categories gset” and gsetsh. Let G be a finite group. An A-fibered G-set is
a left A x G-set X which is free as an A-set and has finitely many A-orbits. A morphism
between two A-fibered G-sets is just an A x G-equivariant map. The A-fibered G-sets
and their morphisms form a category which we denote by gset?.

We often consider a left G-set X also as a right G-set via

rg = g_lx

for any x € X and g € G and vice-versa. However, when we view a left A-set as a right
A-set we always do this via
ra = ar (3)

and vice-versa. Elements of A play a similar role as the elements of a commutative ring
k, when switching sides for modules over the group algebra kG.

If also H is a finite group we denote by the category gsets of A-fibered (G, H)-bisets
as the category g msetd. By the above convention, we can view an object X € gy pset?
as equipped with a left G-action, a right H-action and a two-sided A-action through (3],
all three commuting with each other.

1.2 The set Mg = MA(G). For a finite group G, we denote by M4(G) the set of
all pairs (K, k) where K is a subgroup of G and x € K*. Often we will just write Mg
for MA(G). The set Mg has a poset structure given by (L,\) < (K, k) if L < K and
A = K|r. Moreover, G acts on Mg by conjugation via K, k) := (K, %) for g € G.
Note that conjugation respects the poset structure. We denote the G-orbit of (K, k) by
[K, I{]G.

Let also H be a finite group and let (U, ¢) € Mgxy. We denote by

p1:GxH—-G and p,: GXxH—H
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the projection maps and set
ki(U):={9€G|(g9,1) €U} and ko(U):={he H|(1,h)eU}.

We also set
E(U) =k (U) x ko(U) < U,

the largest ‘rectangular’ subgroup of U. Furthermore, for i = 1,2, we define homomor-
phisms ¢; € k;(U)* by
Olrw) = ¢1 x 93"

The reason we use ¢, - in the above equation is that later formulas will look nicer. Finally,
we associate to (U, @) its left invariants and right invariants

(U, ¢) == (p(U), k1 (U),¢1) and (U, ) := (p2(U), k2(U), ¢2) -
Sometimes we will only be interested in part of these invariants and also define
lo(U,¢) := (k1(U),¢1) and  ro(U, ) := (k2(U), d2) -
1.3 Proposition Let (U, ¢) € Mgxy and set
(P,K,k):=1(U,¢) and (Q,L,\):=rU,¢).

Moreover, set

K :=ker(k), L:=ker(\), K:=KP'NK and L:=LQ NL.
Then, clearly,

ISKSK<SKK<LEP<LG and 1<L<L<KLZ H.

O
/A

Moreover:
(a) K, K and K are normal in P, and L, L and L are normal in Q.
(b) K/K is central in P/K and L/L is central in Q/L.

(c) One has group isomorphisms
P/K=2U/(K xL)=Q/L
which are induced by the projection maps U — P and U — (). The resulting isomorphism
n=nu:Q/L— P/K

is characterized by
n(gl) =pK <= (p,q) €U,

forqe @ and p € P.



(d) One has group isomorphisms
K/K = ker(¢| )/ (K x L) = L/L
induced by the projection maps K x L — K and K x L — L. The resulting isomorphism
(=C(ue: L/L - K/K

is characterized by

CIL) = kK < r(k)=X(),
forle L and k € K.
() If K =1, K = K and P = G then |G| < |H]|.
Proof Parts (a), (b) and (c) are easy verifications and are left to the reader. Some parts
of these statements are also known as Goursat’s theorem.

(d) We only show that the projection

Cker(¢lz,;)/(K x L) = K/K, (k1) (K x L) — kK,

is an isomorphism. (The other isomorphism is proved with the same arguments and the
last statement follows easily.) Clearly, p; is a well-defined group homomorphism, and
it is easy to see that p; is injective. To show that p; is surjective, let k € K. After
multiplying k with an element from K we may assume that k € P'. Then, there exist
elements g1, 91, ..., gn, g, € P such that

k=191, 91" [gn, gh] -

By the definition of P there exist elements hy,h), ..., h,, k!, € @ such that
(giy hi), (g}, hl) € U fori=1,...,n. Set

[:=[hy,B}] - [hn,hl) € Q.

Since K K we have | € L.

~

1.
Since [ belongs also to @', we have [ € L and p(k,1) = kK.
(e) This follows immediately from parts (c) and (d). U

It follows that (k,I) € U’, which implies that gb(lgr, ) =
k

1.4 Stabilizing pairs. Let X be an A-fibered (G, H)-biset. We will denote the A-
orbit of the element z € X by [z]. Note that G x H acts on the set of A-orbits of X by
(g,h)[z] == [(g,h)z]. For x € X, let S, < G x H denote the stabilizer of [z].

We define a map

X — MGxH7 X — (Sm7¢.’£)7 (4)

with
Op: Sy — A



determined by the equation
(9. h)x = ¢a(g, h)x

for (g,h) € S,. We call (S, ¢,) the stabilizing pair of x. With the notation introduced
in the previous paragraph, we also obtain group homomorphisms

¢x,1: kl(Sx) — A and ¢x72: k2(5x) — A
determined by the equations

¢r1(9)r =gr and ¢,o(h)r =2h,

for g € k1(Sz) and h € ko(S,). Since the action of G x H and A on X commute, the
definitions of ¢, ¢, 1 and ¢, 2 do not depend on the choice of x in its A-orbit. Note also
that for (¢, h) € G x H, we have

h
(S(g,h)xa ¢(g,h)x) = & )(Sx> ¢x) ) ¢(g,h)x,1 = g¢:c,l 5 ¢(g,h):c,2 = h¢:c,2 .

Thus, the map defined in (4]) is constant on the A-orbits of X, and considered as a map
on the A-orbits of X it is G x H-equivariant.

1.5 Transitive A-fibered (G, H)-bisets. Let X be an A-fibered (G, H)-biset. It is
clear that the A x G x H-action on X is transitive if and only if the G x H-action
on the set of A-orbits of X is transitive. In this case we call X a transitive A-fibered
(G, H)-biset. There exists a bijective correspondence between the isomorphism classes of
transitive A-fibered (G, H)-bisets and the G x H-conjugacy classes of Mg, . We describe
this correspondence. If X is a transitive A-fibered (G, H)-biset, choose an element x € X
and associate to X the class [S;, ¢.|axnm as defined in (). Conversely, given a pair (U, ¢)
we construct an A-fibered (G, H)-biset X by X := (A x G x H)/Us, where Uy is the
subgroup of G x H x A consisting of all elements (¢(u™"), ), with u € U. If we start with
the conjugate pair (g’h)(U, ¢) instead of (U, ¢), we obtain the conjugate subgroup (1’g’h)U¢
of G x H x A and therefore, we obtain isomorphic A-fibered (G, H)-bisets. It is easy to
see that these two constructions are mutually inverse.

For (U, ¢) € Mgy we denote the corresponding transitive A-fibered (G, H)-biset and

its isomorphism class by
G x H and GxH
U, ¢ Uée¢ |’

1.6 Opposite of an A-fibered biset. Let X be an A-fibered (G, H)-biset. We define
the opposite X°P € psetd of X as the A-fibered (H,G)-biset which has X as underlying
set, but endowed with the left A x H x G-action given by

respectively.

(a,h,g)r = (a" ', g,h)z.



In particular, if X = (GUXf ) then X°P = (Uf,fpxg,p) with

UP:={(h,g) € HxG|(g,h) €U} and ¢*(h,g):=¢(g,h)"".
Thus, ky(U®P) = ky(U), ko(UP) = k1 (U), (¢°P)1 = @2, and (¢°P)2 = ¢1.

1.7 The Grothendieck group. We denote the isomorphism class of an A-fibered
(G, H)-biset X by [X]. Let X and Y be two A-fibered (G, H)-bisets. The disjoint union
XIIY of X and Y is the categorical coproduct. On the set of isomorphism classes it
induces the structure of a monoid [X]+ [Y] := [X ]I Y]. The corresponding Grothendieck
group is called the Burnside group of A-fibered (G, H)-bisets and is denoted by B4(G, H).
Every A-fibered (G, H)-biset X is represented by a class [X] in B4(G, H) and the elements

[GUXf}, with [U, ¢lgxr € G X H\Mgx, form a Z-basis of the abelian group B4(G, H).

We will denote again by —°P: BA(G, H) — BA(H, G) the isomorphism induced by taking
opposite fibered bisets. With this we have a canonical isomorphism B4(G, H) = BA(H, Q)
of abelian groups.

As a special case, when H is the trivial group we obtain the Grothendieck group
BA(G) of the category gset? with respect to disjoint unions.

1.8 Remark (a) The group B#(G) can be interpreted as the result of the —, construc-
tion, see [Bol98al, applied to the group rings ZG* = ZHom(G, A).

(b) Assume that A = £*, the unit group of an integral domain k. Then B4(G) can
also be interpreted as the Grothendieck group of the k-linear additive category rgmon of
finite G-equivariant line bundles over k, which was introduced in [Bol01].

2 Tensor product of fibered bisets

In this section, we introduce the tensor product of fibered bisets. The usual product
construction of bisets does not work in the fibered case, since under this product, the
A-action may not remain free. The remedy is to consider the subset of free A-orbits
in the product. We will call this construction the tensor product. After establishing
associativity of the tensor product, we prove an explicit formula (see Corollary 2.5]),
called the Mackey formula, for the tensor product of two transitive A-fibered bisets, and
a first level decomposition of a transitive fibered biset into a product of standard (fibered)
bisets (see Proposition 2.8). The latter we call the standard decomposition. The middle
factor of this decomposition will be decomposed further in Section [0 Both the Mackey
formula and the standard decomposition are completely analogous to formulas in the biset
category, see [BoulOb, Section 2.3].

2.1 The tensor product. Given finite groups G, H, K and objects X € gsets and
Y € Hsetf}, we will define their tensor product X®@agY € GsetIA}. First recall the definition



of the product X X g5 Y of the right A x H-set X with the left A x H-set Y: It is the
set of A x H-orbits of X x Y under the action

“M,y) = (@™ 7). (0 h)y)

for (a,h) € A x H and (z,y) € X x Y. We will denote the A x H-orbit of (z,y) by
[z, y|ag. Note that we have [za,ylay = [z,ay]ag and [xh,ylag = [z, hy|ay for a € A
and h € H.

The set X x4y Y is an A-set via a|x, y|ag = [ax,y|any = [z, ay|amg and it is a (G, K)-
biset via (g, k)[z,y]am = [gz,yk~'|ag. These two actions commute so that X X 4g Y is
aleft A x G x K-set. However, in general the A-action is not free. Note that the action
of G x K permutes the free A-orbits of X x 45 Y. This allows us to define

X ®@apgY € Gsetf}

as the union of the free A-orbits of X x g Y. If the stabilizer of [z,y|am in A is trivial,
e, if [x,ylag € X ®ag Y, we will write x ®4p y instead of [z,y]ay. Note that the
construction X ® 45 Y is functorial in X and Y. It is clear from the definitions that the
tensor product respects disjoint unions:

X][X)®an Y = (X @4 Y)[[(X @anY),
X @ang YY) =2 (X @4 V) [[(X ®an V'),
for X, X' € gsets and Y, Y’ € gsetit. It is also straightforward to verify that
(X ®@agY)P =2YP g X7,
as A-fibred (K, G)-bisets, under the map [z,y]| — [y, z].

2.2 Associativity. Let G, H, K, L be finite groups, let X € gsety, Y € pgsetist and
7 € gset? be A-fibered bisets. We will show that there exists an isomorphism

(X ®anY)®ax Z =X @ap (Y @ak Z)

which maps (r @apg Y) @akx 2 10 T Qag (Y Qax 2) forx € X, y € YV and z € Z. Tt is
well-known that the map

(XXAHY)XAKZ—)XXAH(YXAKZ), (5)

(2, ylam, 2], = [ [y, 2)ax]

AK AH’

is a bijection. It is also clear that it is an isomorphism of A X G' x L-sets. Since (X ®ag
Y) ®ax Z is a subset of the left hand side and X ® 4y (Y ®ax Z) is a subset of the right
hand side, it suffices to show that the above isomorphism restricts to these subsets. Note
that [[z,y]am, 2Jax € (X ®an YY) ®ax Z if and only if the stabilizer Sy of [z, y|ag in A
is trivial and the stabilizer Sy of [[x,y]am, z]ax in A is trivial. Since S; < Sy, this is
equivalent to the statement that Sy = 1. Similarly, [z, [y, 2]ax]|ay € X @an (Y Qax Z) if
and only if the stabilizer T of [z, [y, z]ax]ay in A is trivial. But since the map in ([f) is
an A-equivariant isomorphism, Sy = T3, and the proof is complete.
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2.3 Our next aim is to find an explicit formula for the tensor product of two transitive
A-fibered bisets. For this purpose, we will need the following notation. Let G, H and
K be finite groups, let U < G x H and V € H x K be subgroups, and let ¢ € U* and
1 € V* be homomorphisms satisfying

B2 ko (@)1 (V) = V1 ko ()1 (V) - (6)
Following [Bou96|, we set
UxV :={(g9,k) € G x K | there exists h € H with (g,h) € U and (h,k) € V'}.

Moreover, we define ¢ x 1 € (U x V)* by

(P x)(g, k) == d(g, h)(h, k),

where h € H is chosen such that (g, h) € U and (h,k) € V, a construction that has also
been used in [BoulOc|. Note that, by the condition in (@), this does not depend on the
choice of h € H.

For the following proposition, we fix transitive A-fibered bisets X € gsets and Y €
msety, and also elements # € X and y € Y. Let (S,, ¢r) € Maxy and (S, ¢,) € Muxx
denote their stabilizing pairs. Also, set H, := ps(S,) and H, := p1(S,). Note that every
A x G x K-orbit of X x4y Y has an element of the form [z, hy|am, with h € H.

2.4 Proposition Assume the above notation.

(a) Let t,t' € H. The elements [x,ty|ag and [x,t'y|ag belong to the same A x G x K-
orbit of X X 4p Y if and only if H,tH, = H,t'H,,.

(b) Let t € H. The stabilizer of [x,ty|apg in A is trivial if and only if

Guolr, = Dyalm,

where H; := ko(S,) N %1(S,).

(c) The elements [z,tylag € X Xag Y, where t runs through a set of representatives
of the double cosets H,\H/H, such that ¢,o|n, = tqby,1|Ht, form a set of representatives
for the A x G x K-orbits of X @45 Y. Fort € H with ¢,9|n, = t¢y71|Ht, the stabilizing
pair of [z, ty|ag is equal to

(Sy * BVS, ¢, % WVp,) .

11



Proof (a) This follows from the following chain of equivalences:

[2,ty]az and [z, t'y]ag belong to the same A X G x K-orbit
< dgeG ke K,ac A: [x,t'ylan = [agz, tyk]an
< 3Jge G, ke K,abe A he H: (v,t'y) = (agzh™'b7", hbtyk)
«—3JgeGkeK,abeAheH: (gh) €S, ' 'ht,k ") e,

0e(g,h) = a™'b, ¢, (' 'ht, k7Y) = b

—3dgeGheHkeK: (gh) €S, (' 'nt, k") es,
«3JheH:heH,t 'hteH,
< 3JheH,: teht'H,
—te Ht'H,.

(b) Let a € A. Then we have the following chain of equivalences:

(@, tylag = @, aty|an
«—3Jhe Hbe A: (z,ty) = (zh~'b7", bhaty)
< 3Jh e H,be A: h € ky(S,),t "ht € ky(S,)
Gea(h™) =b,¢y1(t 'ht) =a 107!
= 3h € ky(S,) N E1(Sy): Dy1(h) = a  dua(h)

) t,_
—ac 1m(¢x,2|Ht : %,HHt) .

Thus, the stabilizer of [x,ty|ay in A is trivial if and only if ¢, 2|, = t¢y71| H,-

(c¢) With the results from (a) and (b), we only have to verify the statement about the
stabilizing pair of [x,ty|lan. Let (W, \) € Mgxx denote the stabilizing pair of [z, ty|am,
and let (g,k) € G x K and a € A. Then we have the chain of equivalences

(9,k) € W and A(g,k) =a
< [gz, tyk Y ang = [z, aty]an
< dbec A he H: (gzh b, hbtyk™") = (x, aty)
<= e AheH: (g,h)x=bx,(t  ht,k)y=ab 'y
< (g,k) € Sy * (t’l)Sy and there exists h € H such that
(9,h) € Sy, (h,k) € VS, and @Y, (h, k) = ag.(g, h)™
> (g,k) € S, * ®US, and (¢, * “Yo,)(g, k) = a.

Thus, W = S, * (t’l)Sy and \ = ¢, x (t71)¢y. [l

The following Mackey formula is completely analogous to the formula for bisets, see
[BoulObl, Lemma 2.3.24].
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2.5 Corollary (Mackey formula) Let (U,¢) € Mgxy and (V,¢) € Mpyxi. There
exists an isomorphism of A-fibered (G, K)-bisets,

(GxH)@ (HxK)N 11 ( Gx K )
AH = )
U¢ V. tep @/ (v) \U % IV 65 Dy

t
¢2lm,= ¥1|H,

where H, := ky(U) N %1 (V). The above isomorphism maps the trivial coset of the t-
component of the right hand side to the element U, ® g (t,1,1)Vy.

Proof This is an immediate consequence of Proposition 2.4(c) by choosing = = U, and
y = Uy, to be the trivial cosets of (G x H x A)/U, and (H x K x A)/U,, respectively. [

The proof of the following proposition is straightforward and is left to the reader, see
also [BoulObl Lemma 2.3.22] for Parts (a) and (c).

2.6 Proposition Let (U, ¢) € Mgxg and (V,¢) € Mpgxk.
(a) One has

ki(U) S iU V) <pi(UV) <pi(U)  and ky(V) < k(U V) < pa(U % V) < pa(V)
(b) Assume that the restrictions of ¢o and 1 to ko(U) N k1 (V') coincide. Then
o(U,0) <l(UxV,¢x1p) and ro(V.y)) <ro(U*V,dpx1).

(c) Let ny: po(U)/ko(U) — p1(U)/k1(U) be the isomorphism from Proposition [[.3(c).
Then one has

k(U V) [k (U) = s (p2(U) 0 ks (V) ko (0)) /(1))

(d) If r(U, ¢) = L(V, %) then (U x V, ¢ x1p) = (U, ¢) and r(U * V, ¢ x 1p) = r(V, ).

Next we want to show that every transitive A-fibered (G, H)-biset X is the tensor
product of the canonical operations restriction, deflation, inflation, induction (which them-
selves are bisets) and a transitive A-fibered (G, H)-biset Y for certain sections G and H
of G and H, respectively. First we need the following notations from [Bou96].

2.7 Notation (a) Let G and H be finite groups. For any subgroups Hy < H; < H and
any group homomorphism f: H; — G, we set

sAHz) = {(f(h),h) [ h € Ha} <G x H.
For any subgroups G5 < G7 < G and any group homomorphism f: G; — H, we set

Ap(G2) = {(g,f(9)) | g€ G2} <G x H.
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Moreover, if f is the inclusion map of a subgroup, we only write A(Hs), resp. A(Gy).

(b) For a finite group G, a subgroup H of G and a normal subgroup NN of G one defines
the objects

GxH Hxd
Ind$ = (ﬁ) € gsety, Res$ = <ﬁ> € psets,

G x G/N G/N x G
Infg/N = <m> S Gseté‘/Nu Defg/zv = <m> € G/NSEté,

where 7: G — G/N denotes the canonical epimorphism. These objects are called induc-
tion, restriction, inflation and deflation.

The following proposition is a straightforward verification, using the explicit formula
in Corollary 2.8 It is completely analogous to the proof of Lemma 3 in [Bou96l Section 3]
or [BoulOb, Lemma 2.3.26].

2.8 Proposition Let G and H be finite groups and let (U, ¢) € Mgxg. Then, with the
notation from Proposition[I.3, one has the decomposition

<G><H

Q/L

T ) = Indg @ap Infy 2 ® 4pyi) X Oy Defes ; @ag Resg ,

where . .
P ( P/K xQ/L )
U/(K x L),¢)
In the above proposition the homomorphism ¢: U/(K

X
and the group U/(K x L) is viewed as a subgroup of (P/K)
isomorphism

ﬁ) — A is induced by ¢
X (Q/L) via the canonical

A

can: (P x Q)/(K x L) = (P/K) x (Q/

).
_ Note that setting G := P/K, H = Q/L, U = can(U/(K x L)) < G x H, and
¢: U — A (using the above isomorphism), we have

p(U) =G, ker(¢n) ={1}, p2(U)=H, ker(¢z)={1}.

3 A-fibered Biset Functors

Throughout this section, let k£ denote a commutative ring. In this section we recall and
use the general results in [Bou96], Sections 2 and 4] on functor categories, and we specialize
the approach in [Bou96, Section 3] to our situation.

3.1 Definition (a) By C = C{! we denote the following category. Its objects are the finite
groups. For finite groups G and H, we set

Home (G, H) := B{(H,G) := k® BAH,G) .

14



If also K is a finite group then composition in C is defined by

the k-linear extension of the bilinear map induced by taking the tensor product of A-
fibered bisets. The identity element of G is the element {%}

(b) An A-fibered biset functor over k is a k-linear functor from the k-linear category Ci!
to the k-linear category ;Mod of left k-modules. By F = F{! we denote the category of A-
fibered biset functors over k. Their morphisms are the natural transformations. Since the
category yMod is abelian, also the category Fi! is abelian, with point-wise constructions
of kernels, cokernels, etc. As explained in Section 2 of [Bou96], this allows to define

subfunctors, quotient functors, simple functors, projective functors, etc. If M € F,
m € M(H) and b € B{(G, H), we will usually write bm instead of (F(b))(m).

3.2 Remark (a) Two finite groups G and H are isomorphic as groups if and only if they

are isomorphic in C. In fact, if ¢: G — H is a group isomorphism then [%} is an

isomorphism between G and H in C. Conversely, assume a € Bi*(G, H) and b € B{(H, Q)
satisfy ab = 1 and ba = 1. Then, the equation ab = 1 and the Mackey formula imply
that there exist standard basis elements [%} and [I{/—fﬂ such that U x V. = A(G).
Proposition 2.6(a) then implies that ki (U) = {1} and p; (U) = G. Now Proposition [[.3|c)
implies that G is isomorphic to a section of H. Similarly, ba = 1 implies that H is
isomorphic to a section of G. Thus, G and H are isomorphic groups.

(b) By Part (a), one may replace C with a full subcategory as long as every isomorphism
type of finite groups is represented and one obtains a functor category that is equivalent

to F. Thus, we may assume that Ob(C) is a set, without changing the equivalence class
of F.

The following remark shows that F also has some functorial properties and rigidity
when changing the abelian group A.

3.3 Remark (a) If f: A — A’ is a homomorphism of abelian groups then one obtains
an induced k-linear homomorphism B (G, H) — B (G, H) for any two finite groups G
and H. Moreover, these homomorphisms induce a k-linear functor Ci* — C¢', and by
restriction along this functor a k-linear functor F;* — F{ between the associated functor
categories. If f is an isomorphism then all these induced k-linear homomorphisms and
functors are isomorphisms.

(b) The inclusion torA C A induces a k-linear isomorphism B{*™4(G, H) = B(G, H)
for any two finite groups G and H, and further k-linear isomorphisms C{*4 — C;! and
FA S Fora

3.4 We recall several constructions from [Bou96l Section 2].
For a finite group G let Eg = Ei(G) denote the endomorphism algebra of G in C{, i.e.,

Eg = E}G) := Ende(G) = B (G,G) .
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Clearly, E¢ is a k-algebra, and for any fibered biset functor F'; the k-module F(G) has
the structure of a left Eg-module. This way one obtains a functor, given by evaluation

at G,
Eq: Fit — g Mod

which maps a functor F € F{! to F(G) and a natural transformation n: F — F’ to 1q.
The evaluation functor £; has a left adjoint which we now describe. To a left Eg-module
V one associates the functor Lg,y € F7', which is defined on an object H of C by

Loy (H) := Home(G, H) ®p, V = B{{(H,G) ®g, V ,

where Home (G, H) is considered as a right Eg-module via composition of morphisms. If
also K is an object of C and if ¢ € Home (K, H) then Lg v (¢) is given by composition
with ¢ in the first factor of the tensor product. This way one obtains a functor

Lg._: p;Mod — Fi!
which is left adjoint to &g.

Lemma 1 in [Bou96] specializes in our situation to the following Lemma.

3.5 Lemma Let V' be a simple left Eg-module. Then the A-fibered biset functor L¢g v
has a unique maximal subfunctor Jg . Its evaluation at a finite group H is given by

Jov(H) = {Zx ©v; € BH.G) ®pe V | Yy € BH(G H): Yy 2:)(v;) = o} :

)

12

Moreover, the simple head S¢,v of Ly satisfies Sgv(G) = V.

3.6 The essential algebra. For a finite group G we set

|H|<|G|
The sum runs over all finite groups H of order smaller than |G|. Obviously, I is an

ideal of Eg and we denote by Eq := Eq/Iq the factor k-algebra. It is called the essential
algebra of G.

3.7 Proposition (a) Let S € F be a simple functor and let G be a finite group such
that V := S(G) # {0}. Then V is a simple Eg-module and S = Sg v in F.

(b) Let S € F be a simple functor and let G be a finite group of smallest order
satisfying S(G) # {0}. Then the simple Eg-module S(G) is annihilated by Ig. In
particular, every simple functor S € F is isomorphic to Sg,y for some finite group G' and
some simple Eg-module V' which is annihilated by Ig.

(c) Let G be a finite group and let V' be a simple Eg-module which is annihilated by
I¢. Then G is a minimal group for Sgv, i.e., Sqv(G) # {0} and for every finite group
H with S¢v(H) # {0} one has |G| < |H|.

(d) For finite groups G, H and simple modules V' € g ,Mod and W € g,Mod one has
Sav = Spw if and only if Sqv(H) = W as Ey-modules.
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Proof Part (a) follows from a short argument given at the beginning of Section 4 in
[Bou96]. Part (b) is immediate from the definitions and Part (a). To prove Part (c)
assume that |H| < |G|. Then the description of Jgy(H) in Lemma implies that
Leyv(H) = Jgv(H). Thus, Sgv(H) = {0}. Finally, Part (d) follows immediately from
Part (a) and the last statement in Lemma U

4 Idempotents in Eq

In this section, we introduce idempotents in F¢ that will play an important role later.

Recall that G acts on Mg by conjugation. We will denote the G-fixed point set by
ME. A pair (K,k) € Mg is G-fixed if and only if K is a normal subgroup of G and &
is a G-stable homomorphism. Note that if also H is a finite group, (U, ¢) € Mgy and
p1(U) = G then, by Proposition [L3[(a) and (b), one has lo(U, ¢) € M&.

4.1 Definition Let G be a finite group and let (K, x) € M&. We define the A-fibered
(G, G)-biset By as
GxG
Frkoy=—7+1—1,
(Hor) <AK(G)7 ¢n>

where

Ag(G) :={(g1,92) € G x G| 1 K = 92K} = (K x {1})A(G) = ({1} x K)A(G)
and  ¢u(g1,92) = k(g5 '91) = k(9195 ") -

Note that Ax(G) is a subgroup of G x G, since K is normal in G, and that ¢, is a
homomorphism, since x is G-stable. Note also that E&%R) > Ek r)-

4.2 Proposition Let G and H be finite groups and let (K, k), (K', k') € M&. Moreover,
let (U, ¢) € Mgxy with (U, ¢) = (G, K', k).

(a) One has l(Ak(G), ¢x) = (G, K, k) = 7(Ax(G), dx).

(b) One has

Jég , if e
By (% )~{@ i el lacnx

U,Cb = (( GxH

le)U,mz:) ) jf’f|KﬂK' = /‘f/|KnK',
where (k- ¢)((k, D)u) := k(k)p(u) for k € K and u € U. Moreover, in the second case,
one has
(K x 1)U, k-¢) = (G, KK', k- ).

In particular one has

0, if K|lgni' # K koK,

E . ® E !t = .
o) G T {E(KKI,H.FJ), if k| gk = K|k
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(c) Assume that (K, k) < (K', k). Then

GxH\ _(GxH
E(kx) ®ac W = Uo |

In particular, one has E .y ®ac E(xr vy = By and B ) @ac Ekr) = Bk g).-
(d) Assume that py(U, ¢) = H. Then

Gx H 9 GxHOng
0o A\ g = Bk w)

Proof Part (a) is an easy verification. Parts (b) and (d) follow immediately from the
explicit Mackey formula in Corollary Part (c) is a special case of part (b). [

in gsetd.

4.3 For (K, k) € ME we set
C(K,k) ‘= [E(K,n)] € B,‘:(G, G) = Fq.
Note that e;,1) = 1 € Eg. By Proposition 1.2, we have

ekLry), if Klknr = Akni,
C(K.r) " € = 7
()~ L) {O, otherwise, (@)

for all (K, k), (L,\) € M&. This implies that, we obtain a commutative subalgebra

D ke (8)

(K,n)EMg
of Eg. For (K, k), (L,\) € M&, let Ik ), (1,n) denote the Mdbius coefficient with respect
to the poset M&. Since r is determined by X if (K, k) < (L, \), this coefficient is equal

to the Mobius coefficient pj ; of K and L with respect to the poset of normal subgroups
of G. For (K, k) € ME&, we set

ferwy = > Ik, LE(LN) (9)
(K k)<(LA)EMS

and obtain by Mobius inversion that

ek k) = > fwn - (10)

(K,R)<(LA)EME

It follows that also the elements f(x x), (K, x) € M&, form a k-basis of the algebra in (8).
Moreover, note that

Z f(Kﬁ) =ea1) = 1e EG . (11)
(K,H)GMg

The next proposition shows that these basis elements are mutually orthogonal idempo-
tents.
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4.4 Proposition For all (K, k), (L, \) € M& one has

f(L,)\)7 lf (K7 K) < (L7 >\)7

e fr = froyews = {0 otherwise

and
N fkwy, i (K k) = (L, M),
Ty =

0, otherwise.

Proof First note that equations () and (@) imply immediately that ek ) fiLxn) = fzn
when (K, k) < (L, A). Recall also that ek ) and f(z ) commute.

Next we prove the remaining statements of the proposition by induction on d =
d(K, k) +d(L,\), where d(K, k) is defined as the largest n € Ny such that there exists a
chain (K, k) = (Ko, ko) < -+ < (K, kn) in ME.

If d = 0 then (K,x) and (L,\) are maximal in ME. Thus, fice = ey and
fiey) = ewn- We only have to show that ek e,y = 0 when (K,x) # (L,A). So
assume that ek ey # 0. Then equation (7)) implies that k|xnr = Agnr and that
there exists a pair (KL, x)\) € M with (K, x) < (KL,k\) = (L,\). Since (K, k) and
(L, \) are maximal in M, we obtain (K, k) = (KL,k\) = (L, ).

Now assume that d > 0 and that the proposition holds for smaller values of d. We
first show that if fix . fz,n # 0 then (K,x) = (L,A). In fact fix ) fz,n 7# 0 implies,
after expanding f(x ) and f(; ) according to equation (9)) and using equation (7)), that
I{|KQL = )\|KﬂL and that

fuem fony € D ke p) -

(KL,kN)<(M,p)eMG,
This implies that exr o) fixmfieyy = fuerfieny by Equation (7). Assume that
(K,k) # (L,\). Then ( k) < (KL kA) or (L,\) < (KL,k\), and by induc-
tion we obtain ey, n)\)f(Kn) = 0 or ey, n)\)f(L x = 0. In either case we obtain

famFwn = e funfay =0, a contradlcmon
Next we assume (K,k) = (L, ). By the result of the previous paragraph and by
induction we have

2
2 2
E(K,k) = e(Kﬁ) = < Z f(K’,n’)) = f(K,,i) + Z f(K,,H/) .

(K R)<(K' ' )EME, (K.w)<(K' k") eEME

Comparing this with Equation (I0) we obtain f(QK,R) = fik.r)
Finally, Equation (I0) implies that

e(K,n)f(L,)\) = Z f(K’,n’)f(L,)\) .

(K, R)<(K' k"eMS

By induction and by what we already proved, the latter sum is equal to f(. 5 if (K, x) <
(L, \) and equal to 0 otherwise. [

In Section [0 we will need the following lemma.
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4.5 Lemma Let G and H be finite groups and let (U, ) € Mgy with p;(U) = G and
po(U) = H. Set (K, k) :=ly(U,¢) and (L, \) := ro(U, ¢). Then

lGxH

Gx H Gx H
U0 I'{f(L,)\) = f(K,n)é

U0 L'{f(L,A) If(K,ﬁ)él 0o

Proof We only prove the first equation. The second one follows by a similar argument or
by applying —°P. Set z := {GUL;} Note that e(x )z = = (see Proposition 4.2(c)). Using
the definition of f( .y, it suffices to show that ek .y@ frx) = 0 for all (K', ') € M with
(K',K") > (K,k). By Proposition A.2(b), we have ek .z = {vaf} for some (V,9) €
Meawn satisfying [(V, ) = (G, K', k') and r(V,) = (H, L', \') for some (L', \') € M%
with (L, \) < (L, N). By Proposition [[.3[c), we have G/K = H/L and also G/K' =
H/L/ Since K < K/, this implies L<1L. ThLIS, 6(K/’,£/)£L'f(L’)\) = E(K/’,{/)ZL'6(L/’)\/)f(L’)\) =0
by Proposition [£.4], and the proof is complete. [l

5 Linkage

In this section, we introduce an equivalence relation, that we call linkage, on the set M
of G-fixed elements in M. The linkage classes will be used in later sections, especially
in the determination of the parametrizing set for the simple fibered biset functors.

5.1 Definition (a) Let G and H be finite groups and let (K, k) € M& and (L, \) € M.
We say that (G, K, k) and (H, L, \) are linked if there exists (U, ¢) € Mgy with [(U, ¢) =
(G,K,k) and r(U,¢) = (H,L,\). In this case we also write (G, K, k) (;@(H, L, ) or

just (G, K,k) ~ (H,L,)\). Note that if also I is a finite group and (M, u) € ML and
if (V1) € Myy; is such that (H, L, \) (‘%)(I, M, ) then (G, K, k) (U*%ﬁw)(l, M, p).
Therefore, the relation ~ is an equivalence relation.

(b) As a special case we also say that elements (K, k) and (K’, ") of M& are G-
linked if (G, K,k) ~ (G,K',Kk"). We use again the notation (K, k) ~¢g (K’ k) or just
(K, k) ~ (K’ k). Note that if (K, k) ~¢ (K', k") then G/K = G/K' by Proposition [[3]
and therefore, |K| = |K'|. We write {K, k}¢ for the G-linkage class of (K, k).

5.2 Let G be a finite group and let K < Z(G). Let 0: G/K — G be a section of the
canonical epimorphism 7: G — G/K (ie., m oo = idg k). Then o defines a 2-cocycle
a € Z?(G/K, K) by the equation

o(x)o(y) = a(x,y)o(xy), forz,ye G/K. (12)

When o runs through all possible sections of 7 then « runs through a full cohomology
class [a] in H?*(G/K, K). We say that o describes the central extension 1 -+ K — G —
G/K — 1.
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5.3 Proposition Let G and H be finite groups and let (K, k) € M& and (L, \) € M.
Assume that k and X are faithful and let « € Z?*(G/K,K) and 8 € Z*(H/L,L) be
cocycles which describe the central extensions 1 - K - G - G/K — 1 and1 — L —
H — H/L — 1, respectively. Then the following are equivalent:

(i) (G,K,k) ~ (H,L,\).
(ii) There exists an isomorphism n: H/L — G /K such that

roa] =[XofBo (™ xnh)

as elements in H*(G/K, torA).

Proof Let o: G/K — G and 7: H/L — H be sections of the canonical epimorphisms
such that

o(z)o(y) = alz,y)o(ry) and 7(w)7(2) = B(w, 2)T(w2)
forall x,y € G/K and w,z € H/L.

We first show that (i) implies (ii). Let (U, ¢) € Mgy with (U, ¢) = (G, K, k) and
r(U,¢) = (H,L,\). Then we obtain an isomorphism n: H/L — G/K from Proposi-
tion L3l(c). Weset 7/ := 7o t: G/K — H and 8 := B0 (n ! xn7t) € Z*(G/K,L).
For all z,y € G/K we obtain

K(O’
¢(°’ o(y)oley ‘%T’<x>f<y>r'<xy>‘l)

o(o(),
() (y

I |
\_/ \]

where pu: G/K — torA is defined by p(x) = ¢(o(z),7'(x)). Note here that, by the
definition of 1 and 7, we have (o(x),7'(z)) € U for every z € G/K.

Next we show that (ii) implies (i). We define
U:={(g;h) e Gx H|gK =n(hL)}.

Then k1(U) = K, ko(U) = L, pr(U) = G and po(U) = H. We only need to show that
k x A1 € (K x L)* can be extended to a homomorphism ¢ € U*. Consider the central

extension
1-KxL—->U—U/(KxL)—1

and note that p;: U — G induces an isomorphism p;: U/(K x L) — G/K. Furthermore,
note that, with

T ::Ton_lzG/K—>H and [ ;:ﬁo(n_lxn_l)eZz(G/K,L),
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the function
p: G/K - U, x> (o—(:c),T’(x)) ;

is a section of the surjection U — U/(K x L)% G/K and that
Y1 G/K x G/K = K x L, (z,y) = (a(z,y),8(z,y)),
defines a cocycle v € Z?(G/K, K x L) such that

p(x)p(y) = v(z,y)p(ry)

for all x,y € G/K. This means that p' := pop;: U/(K x L) — U is a section of
U — U/(K x L) with corresponding cocycle v :=vo (p; x p1) € Z*(U/(K x L), K x L).
Now, k x A\~ € (K x L)* extends to a homomorphism ¢ € U* if and only if in the following
part of the Hochschild-Serre five term exact sequence (see [K87, Theorem 1.5.1)),

-+ ——Hom(U, torA) ——Hom(K x L,torA)LHz(U/(K X L),torA) ——— - - |

the homomorphism x x A™* € Hom(K x L, torA) belongs to the kernel of the connecting
homomorphism §. However, by [K87, Theorem 1.5.1], one has 6(k x A™!) = [(kx A™!) o]
Therefore, it suffices to show that [(k x A™1) o] =1 € H*(G/K, torA). But

1

(e x A o) (@) = £(ale,y) - A(B'(x,9) = pl@)py)p(ey)™

for some function p: G/K — torA, by the hypothesis in (ii). a

5.4 Remark (a) Let G and H be finite groups and let (K, x) € Mg and (L, \) € M.
Let K := ker(k), L := ker(\) and set

G:=G/K, K:=K/K, H:=H/L, L:=LJL.

Furthermore, let & € K* and A € L* denote the homomorphisms that inflate to x and A,
respectively. It is easy to see that

(G, K, k) ~ (H,L,\) <= (G,K,&)~ (H,L)).

Therefore, the question if (G, K, k) is linked to (H, L, A) can be reduced to the case where
k and A\ are faithful and can be answered by the criterion in Proposition 5.3

(b) Proposition 5.3 is still true if H%(G/K, torA) in (ii) is replaced by H*(G/K, A).
The proof is exactly the same, mutatis mutandis. Note also that the natural map
H?*(G/K, torA) — H*(G/K, A) is injective by the long exact cohomology sequence, since
H'(G/K, A/torA) = Hom(G/K, A/torA) is trivial.
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5.5 (a) Recall that, for (K, k) € M, we denote by {K, k}¢ the G-linkage class of (K, k)
in M&. The partial order on M induces a partial order on the linkage classes, defined
for (K, k), (L, \) € M& by
{K, I{}G < {L, )\}G

if and only if there exists (K',x") € {K,k}q, (L', N) € {L,\}¢ with (K', k') <
In order to see that this relation is transitive it suffices to show that if (K, k)

in Mg and (K',K') ~¢ (K,k) in M then there exists (L', \) € M Wlth (K, m’) <
(L', N) ~g (L, ). The existence of (L', \') is seen as follows. Since (K, K) ~g

there exists (U, ¢) € Mgxg with (U, ¢) = (G, K, k) and r(U, ¢) = (G, K', k). We can

write
GxG\ _(GxG
By ®ac 0o )=\ Vo

for some (V,9) € Mgxe. Using (K, k) < (L, ), Proposition [L.2(b) implies [(V, ) =
(G,L,\). Now Propositions [[3(a) and Z6[b) imply r(V,¢) = (G,L,\N) for some
(L', N) € MS with (K', k") < (L', N) ~g (L, )\), as desired.

(b) For (K, k) € M& we define the elements

Clrme = D, e € BR(G,G)
(K/N'{,)E{Kvﬁ}G

and

fikme = > firn € BR(G,G).

(Klv’i/)e{Kvﬁ}G

The following proposition now follows immediately from Proposition [4.4]
5.6 Proposition Let (K, k), (L,\) € M&. Then

ek rtefiLane = firaelixnye =0 unless {K, k}q < {L, A}q,

eik o f{Kmte = fikric®{krie = fikrye and

f f _ f{K,H}G , if {Kv ’KL}G = {L7 >\}G;
Hrle/{LAe 0, otherwise.

6 The algebra E¢ and the group ' x .

This section is devoted to the study of the structure of the subalgebra E¢ of Es gener-
ated by the classes of transitive A-fibered (G, G)-bisets whose stabilizing pairs have full
projections. In Section [ it will be shown that this algebra covers the quotient Eg. In
this section we will show that it is isomorphic to a direct product of matrix algebras over
certain group algebras kI'¢ k ). These group algebras, together with the linkage classes,
will be the main ingredients of the parametrization of the simple fibered biset functors in
Section
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6.1 The algebra E¢ and the group I'¢ k). (a) Let G and H be finite groups and
let (U,¢) € Mgxm. We say that (U, ¢) is covering if p;(U) = G and po(U) = H. We
denote by M¢,, , the set of all covering pairs of Mgy g. Note that if (U, ¢) as above is
covering then ly(U, ¢) € ME and ro(U,¢) € ME. If also K is a finite group and also
(V,4) € M5, i then, by the Mackey formula,

lGx H] | [Hx K] _ {[vaf;iw} L i ¢ =y on ky(U) NI (V),

U, ¢ &%
with (U xV, ¢ %) € M, ;- in the first case. This implies that the k-span

0 otherwise,

Eg = E;*(G) = B“(G,G)

of the canonical basis elements [GXG} of B¢ = BXG,G), with (U,¢) € M, 4, is a
k-subalgebra of E; = B{(G,G). Note that e (K)s J(K k) €K mdas Jikmye € E& for all
(K, k) € M.

(b) Let G be a finite group and let (K, x) € ME&. It follows from Propositions 2.6](d)
and (4.2 that the standard basis elements [Gx(ﬂ of B¢ with (U, ¢) = (G, K, k) = r(U, ¢)
form a finite group I'(¢ k) under multiplication, with identity element e g .y and inverses
induced by taking opposite fibered bisets.

(c) More generally, assume that (K, x) € M& and (L, \) € M and set

H
(G,K,R)F(H,L,)\) = {[GUX¢ ‘| | l(U> ¢) = (Ga K> K’)> T(Ua ¢) = (H>L> )‘)} :

This set is non-empty if and only if (G, K, k) and (H,L,\) are linked. Assume from
now on that this is the case. Then it is a (I'(g,k k), I'(m,,x))-biset and each of the groups
I e xx) and 'y r ) acts transitively and freely on (g k. )I'(#,2,0). This is easily verified

by tensoring with opposites of standard basis elements and using Proposition 2Z.6](d).

GxH
U,¢

} € (a,k,x)l (m,1,») induces an isomorphism
Gx H|?”
U, ¢ ’

Therefore, each element {

HyH

GXH]

T =T ) 5 —
Y Ll(H.LN (G,K k) Yy [ U o

GxH
Ul’(bl

and if also { } € (k)L then the resulting isomorphism +' satisfies 7' =

¢, o7y, where z = [g,x(ﬂ é[GIIf}Op € Imry. As (Do), U,y )-biset we have
~ [TG.rmxT

.k = {W}, where A, = {(v(v),v) | v € Twzn}. As a conse-

quence, one obtains a canonical bijection

Irr(kF(Hva,\)) :) II‘I‘(]{?F(QK,H)) (13)

induced by the category equivalence ]{3[((;’ Kl (L, ,\)] 8 S between the category of
left kI'(f,z,n-modules and the category of left £I'(q i »)-modules. Its inverse is given by
tensoring with the bimodule k[0 k0] = l{:[(G,Kﬁ)F?}}’L’A)]. The bijection in (I3
coincides with the one given by transport of structure via the isomorphism ~.
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The goal of this section is the following theorem describing the structure of the k-
algebra ES, = B{*(G, G).

6.2 Theorem There exists a k-algebra isomorphism

B  Matyxwye (kL erm) — B
{Kk}geME /~

with the following property: For every (K,rk) € WM&, writing {K,k}c¢ =
{(Ky, k1), ..., (K, kp) }, the element fik, ., € E& Is mapped to the diagonal idempo-
tent matrices e; = diag(0,...,0,1,0,...,0) € Mat(xxio|(F(cx0))s 1 = 1,..., { K, K}al,
in the { K, k}g-component.

Before we can prove the theorem we need a few auxiliary results.

6.3 Lemma Let (U, ¢) € M, and let (K, k), (L,\) € M&. If fx ) [
0 then {K, I{,}G = {L, )\}G

Gl frrne #

Proof If the above expression is non-zero then there exist (K’ k') € {K,k}¢ and

(L',N) € {L,A}g such that fixs . {deﬂ faway # 0 in EE. Expanding fr/) as in

Equation (@), we see that there exists (L”,\") € M with (L', ) < (L”,\") and
GXG]

fogr v { } ey 7 0. So also [GXG} ey is non-zero and of the form for

U,
some (V ¢) € Mg, . satisfying ro(V,¢) = (L”, \") and (K", k") := 1y(V,¢) = lp(U, $) b
Proposition 2.6(b). By Proposition 1.2, we now have

G x G
U,¢

G x G
O # f(KI,K//) [ ‘| L// )\II)

] 6(L1/7)\// f(K’ E(Ku ) [ U ¢

which implies (K", k") < (K’, k") by Proposition 4.4l Altogether, we obtain

{L,\}e ={L N}te <{L", X'}e < {ro(V,¥)}e = {lo(V.¥)}e
- {K//v /}G X {K/v’% }G - {K7 H}G-

Similarly, we can prove {K,r}e < {L, A\}q. [

6.4 Corollary Let G be a finite group. The elements fix ., {K,k}c € ME/ ~, are
mutually orthogonal central idempotents of ES, = By°(G, G) and their sum is equal to
1. In particular, one has a decomposition

EG= @  fumeks (14)
{Kvﬁ}GEMg/N

of E¢ into two-sided ideals.
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Proof We already know from Proposition that the elements fix.yo, {K,K}e €
MG/ ~, are mutually orthogonal idempotents of E¢ and we know from Equation ()
that their sum is equal to 1. From this and from Lemma [6.3] we obtain the three decom-
positions

Eé = @ f{Kv‘%}GEé = @ f{K7R}GEéf{K7“}G = @ Eéf{K7R}G
where each of the three sums runs over {K,r}g € M/ ~. Since fixme Eéfinye C
f{K,H}GEEJ and f{K,n}GEg;f{K,n}G - E&f{Kﬂ}G, we obtain equality

f{Kvﬁ}GEé = f{Kv’i}GEéf{Kv’i}G = Eéf{Kv’i}G

for every {K,k}q € M&/ ~. Now let b € ES be arbitrary. Then

Z f{K»’i}Gb =b= Z bf{Kv’i}G

{KN‘{}GGMg/N {Kvﬁ}GeMg/N

and we obtain fix .0 = bfikry, for every {K,rk}e € M&/ ~ by the equality of the
above decompositions. This completes the proof. [l

6.5 Besides the decomposition (I4]) of E§ into ideals we have a second natural de-

composition of E&, this time into k-submodules, again indexed by M%/ ~. For
{K,k}e € ME/ ~, we denote by ESY™ the k-span of all standard basis elements
[GUX(ﬂ with (U, ¢) € M¢., . satistying lo(U, ¢) € {K, k}c. Note that this last condition is
equivalent to requiring ro(U, ¢) € {K, k}g. We have the obvious decomposition

Ec= @ B (15)
{Kvﬁ}GEMg/N

into k-submodules. The next lemma provides a connection between the latter decompo-
sition and the one in ([I4]).

6.6 Lemma Let G be a finite group and let (K, k) € M.

(a) Let (U,¢) € MS, .o with ro(U, ) = (K, k) and let (L,\) € M& with (K, r) &
(L, A). Then [S€] fi =0.

(b) One has

c,{L,A c
D EGY = D Egfine -
{Kvﬁ}Gg{LvA}GeMg/N {Kvﬁ}Gg{LvA}GEMg/N

(¢) The projection map

w: Eg{K’K} — Eg,‘f{K,f{}G ) b— bf{Kvﬁ}G ’

with respect to the decomposition (I4)) is an isomorphism of k-modules whose inverse is
the projection map with respect to the decomposition (I17).
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(d) Enumerating the elements of {K,r}q as (Ki,k1),...,(Ky, Ky,), the isomorphism
w is the direct sum of the k-module isomorphisms

Wij k[(G,Ki,ni)F(G,Kj,Rj)] — f(Ki,ni)Ef;f(Kj,nj) ;o bij = f(Ki,m)bijf(Kj,nj) ,

fori,j €{1,...,n}.

(e) Let i,j, l, m & {1, s ,n}, bij c k[(G,Ki,m)F(G,Kj,nj)] and blm c k[(G,K;,m)F(G,Km,nm)]-
If j =1 then byby, € k(G kim0 L (G Kpxm)]- I any case one has

Wi (big ) Win (bim) =

{wil(bijblm), Ifj = l, (16)

0, ifj#1.
(f) The map

k[F(G,K,n)] — f(K,H)Eéf(K,H) ,  ar> f(K,Ii)a’f(K,f{) ’
is a k-algebra isomorphism.

Proof (a) One has

G xd G xd
[ U0 ‘|f(L,)\) = [ U0 ]e(K,n)f(L,A) =0

by Propositions [£.2)(c) and 4

(b) The left hand side of the equation is an ideal of E¢ by Proposition 2.6(b), and it
contains fyy, xy, for every {L, \}¢ > {K, k}g. This shows that the left hand side contains
the right hand side. Conversely, let (M,u) € M& with {M,u}te # {K,r}c. Then,
by Part (a), the left hand side annihilates f{as,),. But the right hand side equals the
annihilator of the set of all fius 1, With {M, u}e 2 {K, k}q, by Corollary 6.4l This shows
that the left hand side is contained in the right hand side.

(c) Note that the subsums of both sides in the equation in Part (b), that are indexed
by {L,\}¢ > {K, k}q, are also equal. In fact, this follows by applying (b) to the elements

{L, A\}¢. Therefore, Eg{K’”} and ¢, fik x}o are both complements to the same submodule
of the direct sum in (b). The assertion is now immediate.

(d) By definition we have a direct sum decomposition into k-submodules
gl _ él ks TGt ) - (17)
ij=
Since fix xie = fikimm) T+ f(Knrn) is an orthogonal idempotent decomposition and
since fix x} is central in B¢, we also have a decomposition
B firewso = Fieme e e = @ Fucimo B f i)

ij=1
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into k-submodules. Moreover, by Part (a) and its left-sided version we have, for b;; €
Kl ximol (@555

w(bij) = f{Kv"f}Gbijf{Kﬁ}G = f(Kivﬁi)bijf(Kjvﬁj) € f(KuHi)Eé‘f(Kj’“j) :

Since w is an isomorphism of k-modules, also each w;; is an isomorphism of k-modules.

(e) If j = I then we have b;;jbjm € k[, K,k (G, Kmokm)] DY Proposition2.6[(d). Moreover,
in this case, by the same argument as in the proof of Part (d), and since f{x .} is central
in ¢, we have

Wij (i )Wim (bjm) = fixc,mbig Fi; ) Oim S Kmmm) = FKim)big FicmyOim (Ko )
= f(Ki,m)f{K,n}Gbijbjmf(Km,Hm) = f(Ki,ni)bijbjmf(Km,nm) = wim(bijbjm) .

On the other hand, if j # [ then w;;(bij)Wim (bim) = fix, w0 big [, 0) f (K1) Otm f(Eom i) = 0,
since f(Kj,,{j)f(Klm) = 0.

(f) This is an immediate consequence of Part (e) by choosing i € {1,...,n} such that
(K, k) = (K, ki) and considering w;. O

Now we are ready to prove Theorem

6.7 Proof of Theorem 6.2 Let (K,x) € M&. By Corollary [6.4] it suffices to show
that there exists a k-algebra isomorphism between E¢ fix .}, and Matn(k;F(G, Kﬂ)) which
maps f(k, ;) to the diagonal idempotent matrix e;, where (K, K1), (K2, K2), . . ., (K, kp)
enumerate the elements of { K, k}q.

For each i = 1,...,n, we choose an element (U;, ;) € M., with ly(U;, ¢;) = (K, k)
and ro(U;, ¢5) = (K, K;), and set z; == {gf{ﬂ € Eg{K’”}, for i = 1...,n. For any two
elements 7,5 € {1,...,n} we claim that the k-module homomorphism

oij: kD@ k) = Klaxom)Da ke, a—r xPax;,

is an isomorphism. In fact, first of all, 2;"az; € k[ k. x)] @,k .x;)] Dy Proposition Z6(d).
Secondly, the map b +— x;62;" is an inverse to oy, since ;- 27" = €(xx), T5° - Ti = €(K,ry)5
and eg 0 = ae(kr = a and e, )b = bek, ;) = b by Proposition B.2(c) and (d).
Moreover, we have, for a,a’ € kI'¢ k) and 4, 5,1 € {1,...,n},

01y(@)(d') = oulad') (18)

since x7vax;x a'y; = 7 aek, «ya' v = x; aa'z;, again by Proposition B2(c) and (d).
Taking the direct sum of the maps o;; and using the direct sum decomposition in (I7) we
obtain a k-module isomorphism

o: Matn(kF(QK,,ﬁ)) — Eg{K’H} .
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Thus, we have a k-module isomorphism

n

= E¢figmyes  (ai) Z i(oij(aiz))

p:=woo: Mat, (kG Kk x) = EG [n)

For (a;;), (ay,,) € Mat,, (k¢ k x)), Equations (16]) and (I8) now imply that p is a k-algebra
isomorphism:

pllas)o(eh)) = (32 wisloas) ) ( 3 wamlom(at))

1,j=1 l,m=1
n

S woa) - win(@mla)) = S wi(0ian) - wm(oim ()

i,7,0,m=1 i,5,m=1
= Z Wim (Uw(aw) ajm(a;-m)) = Y wim (Uz'm(aij@;'m))
t,7,m=1 2,5,m=1
= 3 (0 (3 @) = (o (01) - @) = l(as) - ()
i,m=1 =1
Finally, one has p(e;) = wii(0ii(1)) = fik, .m0 €(kumi) fiKimi) = fiiim,) as desired. O

7 The structure of I' ¢ g )

In this section we show that, for (K,x) € MS, the group '@ k,x) 1s an extension of a
certain subgroup of the outer automorphism group Out(G) with the group (G/K)*, under
the assumption that s is faithful. By passing from G to G/ ker(x) one could avoid this
assumption at the cost of more complicated notation. In subsequent sections we will only
need to consider the case where k is faithful.

7.1 Let (K, k) € M& and assume that x is faithful. Then K < Z(G). Forn € Aut(G/K)
we set

Uy :={(91,92) € G x G [ n(g2K) = 1 K} .
Clearly, U, satisfies

pl(Un) = p2(Un) =G, and kl(Un) = k2(Un) =K. (19)

Conversely, every subgroup U < G x G satisfying ([19) is of the form U, for some 7 €
Aut(G/K). Moreover, if (hy, hy) € G x G then

(hth)U’? = Un’ )

where 7/ = Chykcn(hs i) © T € Aut(G/K). This implies that the map n — U, induces a
bijection between the outer automorphism group Out(G/K) and the G x G-conjugacy
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classes of subgroups U < G x G satisfying ([I9). It is easy to see that, for ny,n, €
Aut(G/K), one has
Upione = Uy, * U, -

Thus, we obtain a well-defined group homomorphism
GxG ] o
Uy, ¢ ’

7 Digre) = Out(G/K), l

where 7 := nlnn(G/K).
Let a € Z?(G/K, K) be a cocycle that describes the central extension 1 — K — G —

G/K — 1. We denote by Aut®°(G/K) the subgroup of Aut(G/K) consisting of those
elements n satisfying

[koao(ntxn ™ =[koal € H(G/K,torA).

In other words, Aut®(G/K) is the stabilizer of [k o o] in Aut(G/K) with respect to the
natural action of Aut(G/K) on H*(G/K,torA). Note that the inner automorphism group
Inn(G/K) of G/K fixes [a] € H*(G/K, K) and therefore also [k o a] € H*(G/K,torA).
In fact, if 0: G/K — G is a section of the canonical epimorphism 7: G — G /K such that

holds then the cocycle avo (c;! x ¢ 1) is defined by the section %o: x — go(z twz)g !,
y z 4

for every z := gK € G/K. We set
Out’(G/K) := Aut’(G/K)/Inn(G/K) < Out(G/K) .

It follows from Proposition (.3 that, for given nn € Aut(G/K), there exists ¢ € (U,)* such
that lo(U,, ¢) = ro(Uy, ¢) = (K, k) if and only if n € Aut’(G/K). In other words, the
image of 7 is equal to Out®(G/K).

Recall that Uiy = Ag(G) = A(G)(K x 1). For every § € (G/K)* we can define a
homomorphism 6 € (Ag(G))* by

0(gk,g) == r(k)0(gK),

for k € K and ¢ € G. Note that 1 = ¢, from Definition @1l Tt is straightforward to
verify that the map

GxG
v (G/K) = Takr, 0 |———s|,
is an injective group homomorphism and that ker(7) = im(¢).

The following proposition is now immediate from the preceding discussion.

7.2 Proposition Let (K,x) € M& and assume that k is faithful. With the notation
from [7.1] one has a short exact sequence

1——(G/K) —t>T ¢ rm—"—->0ut’(G/K)—>1.
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7.3 Remark (a) If {GUX(bG- € I'g i with U = U, for some n € Aut’(G/K) and if

0 € (G/K)* then, with the explicit formula from Corollary 25 it is easy to verify that

—

Ag(G),00n7!

lGxG] [ G xG ] lGxGrp_
Uo¢ | |Ak(@),6]]| Uo |

GxG }

which shows that the induced action of Out’(G/K) on (G/K)* is the usual canonical
action.

(b) We do not know if the sequence in Proposition [7.2] splits.

8 Reduced pairs and the simple E;-modules

We keep the notation from the previous sections. Thus, £ denotes a commutative ring.
We also fix a finite group G for this section and we will classify the simple Fg-modules.
This is the last step before the classification of the simple fibered biset functors.

8.1 Notation We define the subset Rg = Ri(G) of M by
Ro = RAG) = {(K. k) € M | eqn ¢ I}

We call (K, k) € Mg a reduced pair if (K, k) € Rg. Thus, every pair in Mg~ M is
by definition not reduced. Note that if (K, k), (K’,x") € ME are G-linked (cf. Defini-
tion [B.1I(b)) by a pair (U, ¢) € ME, o with (K, k) = ly(U, ¢) and (K', ") = ro(U, ¢) then
(K, k) is reduced if and only if (K’ k') is reduced. In fact,

_GxGOp GxG_GxGOp GxG
W= 1T | ¢\ Ue | | Ue | ¢ TTs |

by Proposition [4.2(c) and (d). We write R/ ~ for the set of linkage classes in Rg.
Note also that for (K, ) € ME&, one has

(K,k) < (K',K) € Rg = (K,k) € Rg, (20)

by Proposition [4.2(c). ) )
In the sequel we will denote the image of an element b € Fg in Eg by b.

8.2 Lemma The ideal I of E¢ is generated as a k-module by the standard basis elements

[GUX,E} with (U, ¢) € Maxc satisfying

(i) p1(U) # G or
(ii) p1(U) = G and lo(U, ¢) ¢ Re-

Proof First we show that every element in I can be written as a k-linear combination

of elements [GUX(ﬂ with (U, ¢) € Mgy satistying (i) or (ii). To that end, let H be a

finite group with |H| < |G| and let (V,¢) € Mgymg and (W, pn) € Mpyg. It suffices
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to show that [vaf } 0 [ﬁ;fﬂ can be written as such a linear combination. But every

summand occurring in this product is of the form [%} for some (W', i) € Mpyxa.
We may assume that py(V « W’) = G. Otherwise (i) holds and we are done. So we have
WV« W' s u') = (G, K, k) for some (K, k) € M&. We need to show that (K, k) ¢ Re.
By Proposition [2.6[(a) and (b), we have [(V, ) = (G, K', x") with (K, k') < (K, ). Thus,
if (K, k) € R¢ then (20) implies that (K', k") € R and we obtain the contradiction

E(K'w) =

Gx H GxHOpel
Vo |H| Vi “

Conversely, assume that (U, ¢) € Mgy with p;(U) < G. Then the decomposition in
Proposition 2.8 implies that [GXG} € Ig. Also, if p1(U) =G and (K, k) :=ly(U, ¢) ¢ R

U,¢
then ek ) € Ig and {GUXf} = €K {GUXf} € Ig. U

8.3 Remark Since I is stable under the map —°P: Eg — FEg, we may replace the
conditions (i) and (ii) in the previous lemma also by

(") p2(U) # G or
(ii") p2(U) = G and ro(U, ¢) ¢ R.

8.4 Proposition (a) One has

ES + I = Eg
and
Eéﬂ](; = @ f{Kﬁ}GEé" (21)
{K.rygeMG/~
(K,k)¢RG

(b) The canonical epimorphism Eq — Eq maps the subalgebra

@ f{Kﬁ}GEg}

{K,x}gERG/~

of E¢, isomorphically onto Eg.
(c) For each (K, k) € Rg, the map

kL k) = ficmBEafr, a fucmafig
is a k-algebra isomorphism.

Proof (a) Lemma 82 and Remark B3 imply immediately that a standard basis element
[GUff} of Eg belongs to E¢ if (U, ¢) € Mg, o, and it belongs to I if (U, ¢) & M, .
This implies the first equation.
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Lemma implies that E¢ N I is generated as k-module by the canonical basis

clements [XC] with (U, ¢) € Mg, ¢ with lo(U, ¢) ¢ Re. Thus,

C _ C,{K,R}
{K.rygeME/~
(K,k)€Rag

But, by the property in (20) and by Lemma [6.6, the latter direct sum is equal to the
direct sum in Equation (2I]).

Part (b) follows immediately from Part (a) and Corollary [64] and Part (c) follows
immediately from Part (b) and Lemma [6.6(f). [

Now we are ready to classify the simple Eg-modules. Set
Sa = 8P (G) = {((K, k), [V]) | (K, k) € R, [V] € Irr(kT(6,k.0) } -

We call two elements (K, k,[V]),(K',x,[V']) € S¢ equivalent, if (K,r) and (K’ k')
are G-linked and [V] corresponds to [V'] via the canonical bijection Irr(kT (g, k) —
Irr (kL. ) from [6.0](c). If R denotes a set of representatives of the linkage classes of
R then

SG = {((K> K), [V]) | (K’ '%) S 7?(% [V] S Irr(kF(G,Kﬁ))}

is a set of representatives of the equivalence classes of Sg. By the canonical isomor-
phism from Proposition BA(c), we can view each simple kI'(g i )-module V' as a simple
firx )y Ea fx -module, and we can view Eq f(x ) as (Eq, kL' i x))-bimodule.

8.5 Corollary With the above notation, the map
(K, k), [V]) = V == Ec fie) ®nrie e V- (22)

induces a bijection between the set of equivalence classes of Sg and Irr(Eg).

Proof By the isomorphism in Proposition B.4i(b), one obtains a bijection between Irr(E¢)
and the set of pairs (K, &), [W]) with (K, k) € Rg and [W] € Irr(fix ryo B2E)- By the iso-
morphism p: Mat, (kLG k.x) = fixxyo & used in the proof of Theorem[6.2] one obtains a
bijection between Irr( fix . £&) and Irr(Mat, (k¢ i ))). Finally, since Mat,, (kI'(¢,k x))
and kI'(¢ i x) are Morita equivalent, Irr(Mat, (k' k x))) is in bijection with Irr (AL (¢ k x))-
If (K, %) € Rg, [V] € t(kT(¢.k.)), and (K, k) = (K;, #;) in the enumeration of {K, k}¢
in Theorem [6.2], then we use the Morita equivalence given by tensoring with the bimodule
Mat,, (kI'(,xx))€i, where e; := diag(0,...,0,1,0,...,0), and k['(¢ k) is identified with
e;Mat,, (kL' i x))e; via a — e;ae;. Thus, [V] € Irr(kl(¢ k,x)) corresponds to the class of
Mat,, (kI (¢, x))€i 8 P T Irr(Mat,, (kI'(¢ k.x))). Choosing x; := ek ) in the defi-
nition of the isomorphism p (in the proof of Theorem [6.2]), the isomorphism p transports
this latter irreducible module to the irreducible module f{x .1, E& f(x x) g S

Eéf(K,li) ®kF(G,K,~) V> since f{K,n}GEg‘f(K,n) = E&f{K,H}Gf(K,Ii) = Eé‘f(K,n)- And ﬁnaHY>
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via the isomorphism in Proposition B.4(b), the latter simple module corresponds to the
module V' in the statement of the corollary. [l

The following proposition gives a necessary condition and a sufficient condition for a
pair (K, k) € M& to be reduced. For special cases of A, we will see in Section [0 that
the sufficient condition in Part (b) is also necessary.

8.6 Proposition Let (K, k) € M.
(a) If (K, k) € Rg then k is faithful and K < Z(G).
(b) If k is faithful and K < G’ then (K, k) € Re.

Proof (a) By the decomposition in Proposition 2.8 we obtain that ker(x) = 1. Then,
K < Z(G) by Proposition [L3(b).

(b) Assume that ek € Ig. Then, by the definition of I there exists a finite
group H with |H| < |G| and pairs (V,9) € Mgxn and (W, u) € Mpyyg such that the

standard basis element ek .) occurs as a summand in {vaf } 0 [h{;fﬂ By the Mackey

formula in Corollary 20 it follows that there exists a pair (W', u') € My« such that
(A (G),¢x) = (Vx« W' 4 x ). By Proposition 2.6, it follows that [(V,¢) = (G, K', k')
with (K’, k") < (K, k). Now, by Proposition .2(b), we have e(x ) B [GXH} = {GXH} with

Vi Vi
(V' ') € Mgxp satistying [(V' ¢") = (G, K, k). Proposition [L3(e) applied to (V', /)
implies that |G| < |H|, a contradiction. U

8.7 Example The converse of Part (b) in the previous Proposition does not hold in
general: Let A := {£1}, G the cyclic group of order 4, K its subgroup of order 2, and
k: K — A the unique injective homomorphism. Then an easy computation shows that
erx) € Ig. Thus, (K, k) is reduced in G, but K is not contained in G" = {1}.

We conclude this section with some additional results around the notion of being
reduced.

8.8 Proposition Let G be a finite group and let (K,x) € M. The following are
equivalent:

(i) (K, k) ¢ Rg.

(i) There exist a finite group H with |H| < |G| and (L, \) € M such that (G, K, k) ~
(H,L,\).

Proof (i) = (ii): If (K,k) ¢ R¢ then e € Ig and there exists a group H with
|H| < |G| and pairs (U, ¢) € Maxu, (V,1) € Mpuyq such that the standard basis element
ey of Bi{(G,G) occurs with non-zero coefficient in the tensor product [GUXf } i H,Xf}
The Mackey formula and Proposition 2.61(a),(b) imply that p;(U) = G and that (K, k) >
(U, ¢). We set H := py(U) and write e(Kk) [Gxg} = {Gfﬂ with (U, ¢) € Mg, ;.

gl U¢ U,p
Then

\H| < |H|< |G|, p(U)=H, and I(U,¢)= (G, K,k)
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by Proposition E2(b). Thus, (G, K,x) ~ (H,L,\) with (L, ) :=r(U,¢) € ML

(U.9)
(il)=(i): Let (U, ¢) € Maxn with (U, ¢) = (G k) and r(U, ¢) = (H, L, \). Then
Proposition .2(d), implies e(x .y = [ XH} [G <H1™ ¢ [ and therefore (K,k) ¢ Rg.

Since the condition in Proposition R.8(ii) is independent of k, we have the following
immediate corollary.

8.9 Corollary Let G and H be finite groups. The subset Ri(G) of Mg is independent
of k.

8.10 Definition Let G and H be finite groups. A pair (U, ¢) € M, ,, is called reduced
if Io(U, ¢) € R and ro(U, ¢) € Ry. By Corollary [8.9] this notion does not depend on k.

The following proposition justifies this terminology.

8.11 Proposition Let G and H be finite groups, let (U, ) € M%, y, and set (K, k) :=
lo(U, ¢) and (L, \) := ro(U, ¢). The following are equivalent:

(i) (U, ¢) is reduced.
(ii) |G| = |H| and {GXH} does not factor through a group of order smaller than

|G| = |H|, i.e., there exists no group I of order smaller than |G| = |H| such that [GXH} €
BA(G.1), BT H).

Proof (i)=(ii): Since {GXH} 5 [GXH}OP = e(k,x) by Proposition4.2(d), and since (K, ) €

U, U,g
R, we obtain |H| > |G|. Similarly one proves that |G| > |H| to obtain |G| = |H|. If
[%} factors through a group of order smaller than |G/, so does e ) = [GUX;{} M [GUX;{} v

which contradicts (K, ) € Rg.

.. N . G . G .
(ii)=(i): By Proposition E2(c) we have [ Uxf] = e(Kﬂ/,)é[ Uxf} L e Now, (if)

immediately implies (i). [

9 Simple A-Fibered Biset Functors

We keep the notation from the previous sections: A is an abelian group, k is a commutative
ring, C = C; is the category introduced in Section B and F = F{ is the category of k-
linear functors from Ci! to yMod . For a finite group G, we continue to write Eg :=
B{(G,G) = Ende(G,G) and Eg = Eqg/lg, where Ig denotes the ideal of Eg of all
morphisms factoring through groups of order strictly smaller than |G|. The goal of this
section is the classification of the simple objects in F.

9.1 Recall from Proposition B.7] that for every finite group G and every simple Fg-
module V' one obtains a simple functor Sy € F and that every simple functor arises
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that way. Also, recall from Corollary B.H that if (K, k) € R¢ and if V' is an irreducible
kTG K x)-module then

V = Bofuen @i, V (23)

is an irreducible Eg-module. Therefore, we obtain a simple functor
S(G,K,I{,V) = SG,\~/ - f

It is clear that if V' =V as kI'(q i ,x)-modules then V2V as Eg-modules,
as functors in F, and therefore, S, = S,

G,V )
and L, 7, respectively. We denote by Irr(F) the set of isomorphism classes [S] of simple

functors S € F. Moreover, we set
S=8'={(G,K,k[V])| G€ObC),(K,k) € Ra,[V] € Irr(kl'G.x.n))} -
Two quadruples (G, K, k, [V]) and (H, L, \, [W]) in S will be called linked if (G, K, k) ~
(H, L, \), cf. Definition 5.1l(a), and
V 2 klermlmen] @y W

as kI'(g i )-modules, cf. [6.l(c). In this case we write (G, K, s, [V]) ~ (H, L, A, [W]). Note
that linkage is an equivalence relation on S. We denote by S = Si! the set of linkage
classes [G, K, k, [V]] of §. By all the above, we have now defined a function

w: S = Irr(F), (G, K,k [V]) =[S rrv- (24)

G,V = LG,\7’
in F as the unique simple factors of L

The goal of this section is to prove the following theorem.

9.2 Theorem The function w from (24) induces a bijection
w: S = Irr(F), [G K,k [V]] = [Scrmv) -

Before we can prove the theorem we will need three Lemmas as preparation.
9.3 Lemma Let G and H be finite groups and let (K, x) € M& and (L,)\) € MA&.

(a) If M € F and ¢,k x)lm,0.0 # O then, for every x € (¢ k1,1, the map

f(Lv)\)M(H) — f(Kﬁ)M(G), m—Tm,

is an isomorphism of k-modules with inverse m — x°®m.

(b) Assume that (K,k) € Rg and (L, \) € Ry and that (G, K, k) ~ (H, L,\). Then
G| = |H].
Proof (a) This follows immediately from the relations

23 = ey, TPT=ewn,  exmfin = frn,  eanfn = fien- (25)

(b) Let (U, ¢) € Mgxg satisty (U, ¢) = (G, K, k) and r(U, ¢) = (H, L, \) and assume

that |G| > |H|. Then e ) = [GUXf} M [G[ffrp = ek € lg, contradicting (K, k) € Re.

Similarly, we obtain a contradiction if we assume |G| < |H]|. [
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9.4 Lemma Let (H,L,\,[W]) € S and let W be the irreducible Ey-module defined as
in (23).

(a) If G is a finite group with |G| = |H| then Ig - Sy, (G) = {0} and Sy, 5(G) can
be viewed as Eg-module. ’ 7

(b) One has a kI’ (g, 1, x)-module isomorphism f(Lv)‘)SH,ﬁ/(H) =~ V. Here, f(Lv)‘)SH,ﬁ/(H)
is viewed as kI'(y 1y -module via the k-algebra isomorphism kT 1z — faonEffon
from Lemma [6.6(f).

Proof (a) We may assume that S, 5 (G) # {0}. Then, with H, also G is minimal for
S

HW>

(b) Recall from Lemma that SH,VT/(H) >~ W o= EH]F(LM\) ®kp(§ym) W as Egy-
modules. Thus, using Part (a) for G = H, we have f Sy 5(H) = fonSy5(H) =
f(L,,\)EHf(L,,\) QKT (41,10 W as f(L’,\)EHf(L’,\)-modules. Using the k-algebra isomorphism in
Proposition R4(c), we obtain the desired isomorphism. 0

since |G| = |H|. The result now follows from Proposition B.7(b).

Let G and H be finite groups. Generalizing the notation from [6.I[(a), we define
B;{"“(G, H) as the k-span of the standard basis elements [GUX(ﬂ of B{{(G, H) with (U, ) €
M¢. g, ie., such that p;(U) = G and po(U) = H.

9.5 Lemma Let G and H be finite groups and let (K, k) € M& and (L,\) € M.
(a) If |G| = |H| then the map

o kT iy = facnBe (G H) finy, b fambfoy

is an isomorphism of (kI'G k), kI'(m,,0))-bimodules, where f(K,K)B]?’C(G, H)fy is
viewed as (kLG k x), kL' (#,0,0))-bimodule via the isomorphism from Lemma [G.6/(f).
(b) Assume that (H, L, \,[W]) € § and that |G| = |H|. Then there exists an epimor-
phism
ki wmT i) ®urgr W= fucn Sy i (G)

of kI'¢, k x)-modules, where fk .S

1 (G) is viewed as kT'(g k x)-module via the isomor-
phism from Lemma [6.6(1).

Proof (a) First we treat the case that (¢ i« I'(m,z,)) is non-empty and we pick an element
x from it. Consider the diagram of left kI'(¢ k )-module homomorphisms,

— . xop
klrmlimny] —2—— kTG k)
Q l
A,c N H xopf(Kﬁ) c
foemyBr (G H) firny ——— fucm EES (k)
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where the right vertical map is the isomorphism a — fix x)af(x,x) from Lemma G.0(f).
By Lemma [L.5] we have

fkmrfiny =ofwy and  fonr™ fixe = 2% fkr) - (26)

This implies that the diagram is commutative. And together with the relations in (25])
it implies that the top horizontal map is an isomorphism with inverse — P and that the

bottom horizontal map is an isomorphism with inverse .7 fn- Thus, also a is an

isomorphism.

Next assume that i x)l(#,z,) is empty. Let (U, ¢) € Mg,y and set b := [GUX;I} €
B?’C(G, H), a general standard basis element. It suffices to show that fix .)bfiz,n) = 0.
Set (K,,H,) = lo(U, (25) S Mg and (L,, >\,) = To(U, ¢) S Mg Then b = 6(1(/’,{/)()6@/7)\/).
By Proposition 4] we may assume that (K’ x’) < (K, k) and (L', X) < (L, A). We will
show that a pair (U, ¢) with these conditions cannot exist. Assume it does. Then

Gx H Gx H
W1 T g [N T TV

for some (V1)) € Mgy satistying [(V,¢) = (G, K, k) and I(V,v) = (H, L, \) by Propo-
sition L.2(b). Thus (V,¥) € ks (#,L,5), a contradiction.
(b) Recall from B.4] that, for every finite group I, the evaluation L, () is given by

Ly (D) = B, H) @, W = B{(I, H) @5y, En iz @krgy, W

Similar to the functor L i we define a functor My w € F via

Muw(I) = B (I, H) @5, Enfiwx @, W= Bi (L H) firx) ®krg,. W

The functor is defined on morphisms in the same way as L namely via composition

HW>
in the category C from the left. Since the (Ey, kI'(,1,))-bimodule EHf (L,\ is a factor
module of the (EH, kT (,1,x))-bimodule Ey fizx), we obtain an epimorphism of functors

Mygw — Ly Composing it with the natural epimorphism L, 5 — S} 5 we obtain
an eplmorphlsm w: Mgw — S ;i of A-fibered biset functors. In partlcular we have an
epimorphism

el B?(Ga H)f(L,A) ®kF(H,L,>\) W — SH VT/(G)

of Eg-modules. If (U, ¢) € Mgxu ~ MG, 5 then Wg({GXH} ®w) = 0 for all w € W.

In fact, this follows from the decomposition of [GUXf } as in Proposition 2.8 and from

|G| = |H], since S}, 5. (I) = {0} for all finite groups I with |I| < |G| = |H|. Thus, we also
obtain an epimorphism

BI;LLC(Gu H)f(L,)\) ®kF(H,L,)\) W — SH,ﬁ/(G>
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of Eg-modules, and after multiplying with the idempotent f(x ) we obtain an epimor-
phism
A,c
fucmyBe (G H) fion) @kr gy W= fiaem) Sy i (G)

of fixr)yEé f(k x-modules. Using the isomorphism from Part (a) and the k-algebra iso-
morphism AT (¢ xx) = fx.0) L& frx) from Proposition B4(c), we obtain the desired epi-
morphism of kL' i x)-modules. U

9.6 Proof of Theorem 9.2 (a) First we show that the map w in (24]) is surjective. So
let S € F be simple. Choose a finite group G of minimal order such that S(G) # {0}.
Then, by Proposition B.7(a), U := S(G) is an irreducible Eg-module and S = Sgp.
Since S(H) = 0 for all finite groups H with |H| < |G|, the module U is annihilated by
I and comes via inflation from an irreducible Eg-module which we again denote by U.
By Corollary 8.5, we obtain U = ng(K,{ ®kF(GK ., V for some (K,k) € Rg and some
irreducible kI'(¢ i «)-module V. Thus, U = V as defined in 23) and S = Sgp = S ~ =
S(G,K,K,V)

(b) Next we show that if (G, K, &, [V]), (H, L, \,[W]) € S are linked then S kx,v) =
Swawy. First, (G, K, k,[V]) ~ (H,L, A, [W]) implies |G| = |H|, by Lemma @.3(b).
Further, by Lemma 0.4(a), S, 5(G) is an Eg-module. Since [ Sy 5(H) = W,
by Lemma [0.4(b), and since (G,K,x) ~ (H,L,\), we obtain fx.. Spw(G) # 0,
by Lemma [03|a). Moreover, since (G, K,r,[V]) ~ (H,L, A\ [W]), we have V =
k[(G,K,H)F(H,L,A)] ®kF(H,L,>\) W and Lemma (b) implies HomkF(G,K,K)(V f(KJ.€ (G)) 7é
{0}. But

HomkF(G’K’H) (‘/, -ﬁK7“)SH,W(G)) = Homkr(G,K,n) (V, HOHIEG (Eg_]E(Kﬂ), SH,W(G)))
=~ Homg, (Ecfucm @i Vi Sy i(G)) = Homp (V, S, 5(G)) .

Thus, HomEG(\N/, Sy (G)) # {0}. Since both V and Sy (G) are simple Eg-modules,
we obtain V 2 Sy (G). Now Proposition B.7(d) implies that S, = S, 5

(c) Finally, we show that if (G, K, k,[V]), (H,L,\,[W]) € S satisfy S k) =
Saw) then (G, K, K, V) ~ (H,L,A\,WW). Note that, since GG is a minimal subgroup
for S, ;- and H is a minimal subgroup for S}, & (by Proposition[3.7(d)), we have |G| = |H|.
Thus, IG annihilates S, 7.(G), and SHW(G) is an Eg-module, by Lemma [0.4(a).
Since S,y = Sy, we have isomorphisms fK,iSHﬁ/(G) = jF(Kﬁ)SG";(G) =~V as
kL (G.K r) modules by Proposition @.4(b). By Lemma[@.5(b), there exists an epimorphism
k[(G,K,n)F(H,L,)\)] 0 N fK,H va(G) = V of kI'q i ,x)-modules. In particu-
lar, ¢ w0, 7# 0. Since ke o)l (0,0 kT W is a simple kD' i x)-module
(see [61(c)), we obtain k[, (#,0.0)] kg W =V as kg k x-modules. Thus,
(G, K, k,[V]) ~ (H, L, A\, [W]), and the proof of Theorem is complete. 0

The next proposition shows that the evaluation S(H) of a simple functor S
parametrized by the quadruple (G, K, ,[V]) vanishes, unless H has a section that is
related to the triple (G, K, k) in very strong sense.
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9.7 Proposition Let (G, K, k,[V]) € S and let V be the associated irreducible Eq-
module from (23). Assume that H is a finite group such that S, ;(H) # {0}. Then there
exist subgroups Hy < Hy < H such that [ := Hy/H; has the following property: There
exists a pair (L,\) € M} with faithful X\, such that (G, K,k) ~ (I,L,)\), G/K = I/L,
KNG =ZLNI,and|I| > |G|.

Proof Recall that S, = L /J, 3. Since S, (H) # {0}, we have a proper inclusion

JG,\7(H) - LG7‘~/(H) = Bl?(Ha G) ®Eg V= Bl?(H’ G) ®Eg E_IGf(Kﬁ) ®kF(G,K,I€) V.

By the explicit description of J, +(H) in Lemmal[3.3, and since Eq f( Kux) = f{ Kv,{}EG f( Ko)s
there exist elements (U, ¢) € Mgxy and (W, 1) € Mpgxg such that the standard basis
elements

Hxd
W,y

] € B{{G,H) and y:= [ ] € Bi'(H,G)

U,¢
satisfy :Eﬁyéf{Kﬁ} ¢ Ig. This implies that there exists (f(, k) € {K,k}qg such that

Ty, f(f{’;i) ¢ Ig. By the decomposition in Proposition 2.8 we obtain immediately
that r(W,v) = (G, K, %) with faithful &. Moreover, since xf{yc}f(f{ﬁ) ¢ Ig and y =

YLy Proposition B4l implies that (K, &) < (K, ). Again by Proposition @4, we have

yéf(f{ﬁ) = yée(f{,f%)f(f{,;%)' Thus, replacing y with the standard basis element Y &)

and using the dual version of Proposition X2(b), we may assume that r(W,¢) = (G, K, &)
with (K, %) € {K,k}q. Since po(W) = G and & is faithful, one can decompose y according
to Proposition 2.8 as

]XG]

y = Indjj, i Inf}%} [ S
with Hy := pi(W) and H, := ker(¢1), where ¢y € ky(W)* is defined as in [L2, and
I := Hy/H;. Note that (W, ,v¢) = (I, L,\) with faithful A € L* and that r(W,¢) =
r(W,1) = (G, K,&). Thus we have (I, L,\) ~ (G, K,&) ~ (G, K, k). Parts (c) and (d)
of Proposition now imply that H/L = G/K and that LN I’ = K N G’. Finally, since
:Eﬁyéf{Kﬁ} ¢ I, and y factors through I we also have |G| < |]. U

9.8 Remark It will frequently happen that G and H are non-isomorphic finite groups
and that (K, k) € Rg and (L, \) € Ry are reduced pairs such that (G, K, k) ~ (H, L, \).
All one needs is a pair (U,¢) € Mg with [(U,¢) = (G, K, k) and r(U,¢) = (H,L, \).
If W is an irreducible kI'(y 1 y-module and V' := k[ k' (m,0n)] @k o0 W IS the
corresponding irreducible kI'(q i x)-module, then S := SG7‘~/ = S v and the minimal
groups G and H for S are non-isomorphic, answering a question of Serge Bouc (cf. [R12
Conjecture 2.16]) to the negative. See for instance [R12, Example 12], giving an example
of (U,¢) € Mgxn where G is the quaternion group of order 8 and H the dihedral group
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of order 8. For this example to work, A needs to be an abelian group which contains
an element of order 4. A pair (U, ¢) with ¢ of order 4 is explicitly constructed. In
this example, (K,x) = (Z(G), k) and (L,\) = (Z(H), \), where £ and X are injective
homomorphisms to A. Note that (K, k) and (L, \) are reduced by Proposition B.6[(b).

10 Reduced pairs revisited

In the previous section, we parametrized the simple fibered biset functors by equivalence
classes of quadruples (G, K, k, [V]), where (K, k) is reduced in M. The indirect definition
of being reduced makes it very difficult to determine which pairs (K, k) are reduced in M.
The goal of this section is to establish a more explicit characterization (see Corollary [[0.13))
of being reduced under additional assumptions on A. These assumptions are satisfied in
all the cases of interest to us; for instance when A is the multiplicative group of an
algebraically closed field F.

10.1 Hypothesis The group A has the following property: There exists a (unique) set
7 of primes such that for every n € N, the n-torsion part {a € A | a™ = 1} of A is cyclic
of order n,. Here, n, denotes the m-part of n.

10.2 Remark (a) By 7’ we will denote the subset of primes which is complementary to
7. For an abelian group B we denote the m-torsion subgroup of B by B;.

(b) Note that Hypothesis [[0.1] implies that torA is divisible, i.e., for every a € torA
and every n € N there exists b € torA such that 0" = a.

(¢) The important part of A is its torsion subgroup torA. Nothing in what follows
changes if we replace A with torA, see Proposition [[0.3[c). But we want to keep the
freedom to choose A as the multiplicative group of a field or of an integral domain. Then
Hypothesis [[0.1l means that, for any given prime p, if the field has a primitive p-th root
of unity then it must have a primitive p™-th root of unity for every n. It is not difficult to
see that Hypothesis [[0.1lis equivalent to having an isomorphism torA = (C*), = (Q/Z),
but we want to keep the freedom to choose the ring or field more naturally depending on
the situation.

The following propositions list some consequences of Hypothesis [I0.1] on A.

10.3 Proposition Assume that torA is divisible and that, for every n € N, the n-torsion
group A, is finite. Furthermore, let G be a finite group acting trivially on A.

(a) The group B?*(G, A) of 2-coboundaries has a complement in the group Z*(G, A)
of 2-cocycles.

(b) The group H*(G, A) is finite and has exponent dividing |G]|.
(c) The canonical map H?*(G,torA) — H?*(G,A) is an isomorphism and every 2-
cohomology class in H*(G, A) can be represented by a 2-cocycle with values in Ag|.
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Proof Parts (a) and (b) are proved in the same way as Theorem 11.15 in [I76], us-
ing Lemma [I76, Lemma 11.14]. The proof of Theorem 11.15 in [I76] also shows that
C*(G,A)g - B*(G,A) = Z*(G,A). This proves the surjectivity of the canonical map
H?(G,torA) — H*(G, A) and the existence part of the statement in Part (c). The injec-
tivity of the above map follows immediately from the long cohomology sequence, see also
Remark [5.4](b). a

Recall the notation B* := Hom(B, A) for any abelian group B.

10.4 Proposition Assume Hypothesis[I01], let S be a finite group and let B be a finite
abelian group.

(a) One has |B*| = | B|.
(b) For every subgroup C' of B, the sequence of natural maps

1-(B/C) =B —-C"—1

is exact.
(c) One has N,ep- ker(p) = By

(d) The canonical map
¢ Br = (BY)", b (e p(d),

is an isomorphism.

(e) Let T'< S be an abelian subgroup with |T'| = |T|,. The restriction map S* — T*
is surjective if and only if S'NT = {1}.

(f) The cohomology group H?(S,torA) is finite and the group B*(S,torA) of cobound-
aries has a complement in the group Z*(S,torA) of cocycles. Here, we assume that S acts
trivially on torA.

Proof (a) This follows immediately from Hypothesis [0 and the structure theorem for
finite abelian groups.

(b) Since Hom(—, A) is left exact, the sequence is exact everywhere, except possibly
at C*. By Part (a), this implies that the restriction map B* — C* has image of order

|B*/|(B/C)*| = |Bl«/|B/Clx = |Clx = |C7].

Thus, the map B* — C* is surjective.

(c) Since A has trivial 7’-torsion, it is clear that B, C ker(u) for every homomorphism
i € B*. Conversely, assume that b € B has order n with n, # 1. Let a € A be an element
of order n, (which exists by Hypothesis [0.1)). Then v: (b) — A, b+ a, defines a group
homomorphism. By Part (b), v can be extended to a homomorphism p € B*. Thus, we
have p(b) = a # 1 for some pu € B*.

(d) By Part (c), the map e is injective. By Part (a), we have |B;| = |B|, = |B*| =
|B*|, = |(B*)*|. Thus, € is also surjective.
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(e) Assume first that S’ N7 contains an element ¢ # 1. Since T is a m-group, there
exists a homomorphism vy: (t) — A with 14(¢) # 1. By Part (b), this homomorphism
can be extended to a homomorphism v, € T*. Then 15(t) # 1 and, since ¢t € S’, the map
vy is not in the image of S* — T™.

Now assume that S’NT = {1}. Then S'T'/S" is canonically isomorphic to 7" and
every homomorphism S"T'/S" — A can be extended to a homomorphism S/S" — A, by
Part (b). Thus, S* — T is surjective.

(f) This follows immediately from Proposition [[0.3l [

10.5 Notation Let S be a group and let B be an abelian group. We set
M(S) := H*(S,torA),

regarding torA endowed with the trivial S-action. If A = C*, the unit group of the
complex numbers, then M(S) is the well-known Schur multiplier of S. There exists a
natural group homomorphism

U: H?(S, B) — Hom(B*, M(S)),
[a] = (> [poal).
Here, we denote by [a] the cohomology class of a cocycle a. As usual, for an abelian

group C' we denote by
Ext(C, B)

the subgroup of H?(C, B) consisting of cohomology classes of cocycles a: C' x C — B
satisfying a(cy, ca) = a(cg, ¢q) for all ¢1,co € C. These cohomology classes correspond to
abelian extensions of C' by B. Here we assume again that C' acts trivially on B. Note
that one has a natural group homomorphism

v Ext(S/S', B) — H*(S, B),
[a] = [ao (v x V)],

where v: S — 5/S" denotes the natural epimorphism. It is shown in [K87, Lemma 2.1.17]
that ¢ is injective and that the image of ¢ is equal to the subgroup

H(S, B) < H*(S, B)

which is defined as the set of cohomology classes whose corresponding group extensions
1-B—X—S— 1lsatisfy B Z(X)and BNX'={1}.

10.6 Remark Assume that GG is a group and that K is a normal abelian subgroup of G.

Moreover set K := K NG’. Then the maps defined in T0.5 give rise to a commutative
diagram
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Hom((K/K)*, M(G/K))
1 SExt(G/KG, K)—1 s H2(G/K, K)—21sHom(K*, M(G/K))— 1

€1 €39 €3

| SExt(G/KG, K)—2 HX(G/ K, K)—2Hom(K*, M(G/K))— 1

[

1

Here, €1, €5 and €3 are induc~ed by the inclusion K — K and €4 is induced by the nat-
ural epimorphism K +— K/K. Also, in the domains of the maps ¢; and t9, we identify
(G/K)/(G/K) with G/KG' in the obvious way.

10.7 Proposition Assume that A satisfies Hypothesis[I0.1l Let G be a finite group, let
K be a subgroup of Z(G) with |K|, = |K|, and set K := K NG".
(a) The two rows and the right column in the diagram in Remark [[0.0] are exact.

(b) Let o € Z*(G/K, K) be a cocycle describing the central extension 1 — K — G —
G/K — 1. Then, in the diagram in Remark[10.6, one has (¢, o VU1)([a]) = 1.

Proof (a) The column is exact since, Hom(—, M(G/K)) is left exact and since 1 —
(K/K)* — K* — K* — 1 is exact by Proposition [0Z(b).

We only show exactness of the first row. The exactness proof for the second one is
analogous. For the exactness of the first row we refer to the proof of [K87, Theorem 2.1.19]
in the case A = C*. The same proof works for A satisfying Hypothesis[I0.1l The injectiv-
ity of ¢; and that im(s,) = HZ(G/K, K) is proved in [K87, Lemma 2.1.17]. The exactness
at H*(G/K,K) can be proved with the same arguments as in [K87, Theorem 2.1.19],
using Proposition [[0.4(e) and that K is a m-group. The surjectivity of ¥, is proved
with the same arguments as in the proof of [K87, Theorem 2.1.19], using the results in
Proposition [[0.4{(d) and (f).

(b) There exists a function p: G/K — G such that

p(r)p(y) = a(z,y)p(ry),

for all 2,y € G/K. Every element in (K/K)* is of the form i for a homomorphism
p: K — A with u|; = 1. By the definition of Uy and e, it suffices to show that [poa] =1
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in M(G/K), for each such p. From Proposition [[0.4(e) we know that fi can be extended
to a homomorphism G/ K — A. Then, also i can be extended to a homomorphism
fi: G — A. Applying [ to the above equation and setting v(x) := i(p(x)), for z € G/K,
we obtain

v(z)v(y) = pla(z,y))v(zy)
for all z,y € G/K, showing that [poa] = 1. 0

The motivation for the following definition is given in Proposition 10.9. It will be
heavily used in Lemma I0.10

10.8 Definition Let S be a group and let B be an abelian group (endowed with the
trivial S-action). For n € N, let F(S?", B) denote the abelian group of functions from
S?" to B. For each o € Z%(S, B), we define functions a,, € F(S?", B), n € N, recursively
by setting

a1 (51, 82) 1= a(s1, s2)a(sy, s1) ta(syst, sy sy t) talssy, sytsy Da(1, 1)1
for s1,s9 € S, and by

Oén(Sl, ce ey S2n) ZZOén—l(Sl, ce S2n—2)a1(82n—1a Szn)'

: OK([Sh 32] cr [5211—37 S2n—2]7 [S2n—17 32n]) )

for n > 2.

10.9 Proposition Let S be a group, let B be an abelian group (with trivial S-action),

let o € Z*(S, B) and let n € N. The function a,,: S** — B has the following properties:
(a) If

1 B—t T T8 1 (27)

is a short exact sequence of groups with «(B) < Z(T) and if o: S — T is a section of 7
(i.e., mo o =idg) such that

o(s1)o(sy) = t(a(sy, s2))o(s182) (28)

for all s, sy € S, then one has

[o(s1),0(s52)] - - - [0(520-1), 7 (520)] (29)

= t(an(s1, 82, -, S9))o([s1, S2] -+ [Sen—1, S2n]) ,

for all s1,...,80, € S.
(b) One has (af3), = a,B3, for all a, B € Z*(S, B).
(c) If f+ § — S is a group homomorphism then (avo (f X f))n = ano (f X -+ X f).
(d) If also C' is an abelian group with trivial S-action and f: B — C is a group
homomorphism then (f o a), = f o a,.
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(e) If S is abelian and « is symmetric (i.e., a(sy, $2) = a(s2, s1) for all s1,$2 € S) then
«, is the constant function with value o(1,1)7L.

(f) If there exists a function p: S — B such that a(s,t) = u(s)u(t)u(st)™ for all
s,t € S then
an(slv ey 32n) - ,U/([Sh 82] T [8211—17 SQTL])_l )

for all sq,...,89, € 5.

Proof (a) Assume that we have a short exact sequence as in (27)) with «(B) < Z(T') and
a section o of m such that Equation (28) holds for all s1,s, € S. Then Equation (28]
implies

o(1) = v(a(1,1)) (30)

and
o(s)™ = va(s, s a(1,1) o (s (31)

for all s € S. We prove Equation (29) by induction on n. For n = 1, Equation (28] yields

[0(s1),0(s2)] = 0(51)0(82)(0(52)0(31))

= o(s189)ta(sq, 82)0(8281)_1La(82, 81)_1 )

-1

Now applying Equation (B1), for s = sy, to the third factor in the last expression, we
obtain the desired formula. For the induction step from n— 1 to n we see by first applying
the induction hypothesis and the case n = 1, then Equation (28)), that

[0(s51),0(s2)] - [o(S2n-1), 0(S2n)]
= 1, _1(s1,. .., sgn_2)a([31, Sa] -+ [San—s, szn_2])ba1(s2n_1, S21)0 ([S2n—_1, Son])
= U([Sl, 82] tet [S2n—1> S2n])ba([31, 82] T [S2n—3, S2n—2]> [S2n—la S2n])'
L0 1(S1,y - -y Son—2)t0 (Son—1, Son) -

Parts (b), (c), (d), and (f) follow immediately from the definition of «,, using induction
on n. And Part (e) is an easy consequence of Equations (29]) and (30]). [

10.10 Lemma Assume Hypothesis[I01lon A. Let G be a finite group, let K < Z(G) be
a m-group, let k € K* be faithful and set K := K N G’'. Then there exists a short exact
sequence of groups

1 Kt sG- T ,G/K 1 (32)
with i(K) < Z(G) N G' and an element (M, 1) € Mg, & such that, after identifying K
and i(K) via i, one has

n(M) =G, kh(M)=K, my=r, and p2(M):éa k2(M):K7 f2 = K| .

In particular, with & := k|, one has (K, &) € Rg, by Proposition B6(b).
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Proof Consider the short exact sequence

1 K—+t-5G—"T5G/K — 1

with ¢ the inclusion and 7 the canonical surjection. Let o: G/K — G be a section of 7
and let a € Z%(G/K, K) denote the cocycle satisfying Equation (28)) for all s1,s, € G/K.
We consider the commutative diagram from Remark[10.6l By Proposition[I0.7(b) we have
€4(¥1(a@)) = 1. As the right hand column and bottom row of the diagram are exact, there
exists 5 € Z2(G/K, K) such that e5(U5([3])) = ¥i([a]). Tt follows that e ([5])~" - [a] €
ker(¥,) and, by the exactness of the top row, there exists a symmetric v € Z?(G/KG', K)
such that ¢1([7]) - €2([f]) = [a]. After changing 8 and v by a coboundary, we may assume
that 5(1,1) = 1 and that v(1,1) = 1. After changing the section o, we may also assume
that

a(s1, 82) = (51, 52) B(s1, 82)

for all si,s0 € G/K, where § denotes the image of an element s € G/K under the
natural epimorphism G/K — G/KG'. It follows that «(1,1) = 1 and that (1) = 1. By
Proposition [0.9(e), we have

V(51500 yS2) =1 (33)

and by parts (b) and (c) of the same proposition, we obtain

(81, .-y Son) = Bu(s1,. .., San) (34)

for all s1,...,89, € G/K and all n € N.

Next, we define the group G, using the cocycle f, as the set K x G /K with multipli-
cation

(ifl, 81)(];?2, s2) := (B(s1, 82)];?1/;?2, 5152)
for k’l,k’g € K and 51,80 € G/K. We obtain a short exact sequence as in (32) with
i(k) == (k,1) and 7(k,s) := s, for k € K and s € G/K. With the section
5:G/K =G, s—(1,s),
of ™ we obtain
0 (s1)0(s2) = i(B(s1,52))5(5152) (35)

for all 51,5, € G/K. Note that since 3(1,1) =1, also (s, 1) = B(1,s) = 1 for all s € 5.
This implies that (1,1) is the identity of G and that I(K) < Z(G).

Next, we define M < G x G by

={(g.(k,5)) € G x G| n(g) = s}

We will identify K with i(K) and view K as a subgroup of G. It is now clear from the
definition of M that



Next, we want to define u € M* such that p extends k x 1 € (K x 1)*. By Propo-
sition [[0.4l(e), it suffices to show that (K x 1) N M’ = 1. So let £ € K and assume
that (k,(1,1)) € M’'. Then we can write (k,(1,1)) as a product of n commutators
(g3, (kiy 53)), (gl (K, s0))] of elements in M, i = 1,...,n. Note that, since the above ele-
ments belong to M, we have 7(g;) = s; and 7(g}) = s for i = 1,...,n. Note also that,
since K is central in G and K is central in G, we may replace g; by o(7(g;)) = o(s:), gl
by o(s;) and we may replace k; and k! by 1. This way, we see that we can write

(k, (1,1)) = [((s1),5(51)), (0(51), 5 (s1))] - - - [(0(5n), 5 (sn)), (0(5,), 5(s,))]

for certain element si,s),...,s,,s, € G/K. It follows from Proposition [[0.9] and Equa-
tion (B4]) that

[(0(s1),5(s1)), (0(51), (1)) - - [(0(sn), 5 (sn)), (0(s3,), 5(s7,))] (36)
:<an(sl,...,s;)a([sl,sg] Jsns 50])s (Bulsts o8 ),5([51,53]...[sn,s;])))

:(ﬁn(sl,...,s;)a([sl,sg] Tsms 501): (Bulsns 8 )a—([sl,sg]...[sn,s;]))>.

This implies that &([sq, $}] ... [sn, s,]) = 1 and that §,(s1,...,s,,) = 1. Moreover, the first
of the last two equation implies that [sq, s] - - - [sn, s,,] = 1 and that o([s1, s}] - - [sn, sh]) =
o(1) = 1. Altogether, we obtain that k = 1.

Now we know that there exists u € M* with p|xx; = £ X 1 and we choose any such
. Then clearly puy = k.

Next, we show that
A(K) = {(k, (k, 1)) | ke K} <M’

Let k € K. Since K € @', there exist elements 91,91, - 9n, 9, € G such that k =
/

[91,94] - -+ [gn, ¢,,]. Since K is central in G, we may assume that g; = o(s;) and g, = o(s,

fori =1,...,n and elements sq,...,s, € S. Thus, we have
k= lo(s1),0(s1)] [0 (sn),0(s),)]
= Ba(s1,. -, 5;)0([51’ ‘9,1] T [Sm ‘9;1]) )
by Proposition and Equation (34). This implies that o([sy,s)]---[sn, 5.]) € K
and, consequently, that [si,s}]---[s,,s,] = 1. Thus o([s1,s}] - [sn,s;,]) = 1 and
= Bu(s1,...,5,). With Equation (B0]), we see now that

(k. (k. 1)) = [(0(s1),3(51)) (0(51): 5(51))] -+~ [(0(5), 5 (50)), (0 (57,), 5 (s7,))]
since (1) = 1. Therefore A(K) < M'.
Since A(K) < M’, we have

L= p(k, (k, 1) = pu(k)uy " (k)

for all kekK. This implies that py = |z = k|- Finally, since A(K {) < M’, we have
(k, (k1)) € (G x G) = G' x G’ and therefore (k,1) € G’ for all k € K. Thus K <G 0
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10.11 Definition Let G, K, , G, and (M, p) be as in Lemma [0.J0. By abuse of
notation, we define the A-fibered (G, G)-biset

Insg = <G]w>< G) ,
»

the insertion from G to G (which inserts the section K/K into G), and we define the
A-fibered (G, G)-biset

Delg := (Ins&)P,

the deletion from G to G (which deletes the section K/K from G).
Note that (G, K, k) does not determine G' and (M, ;) uniquely, so that InsZ and Delg

are not well-defined elements. But all that matters for our purposes is the existence of G
and (M, ) with the properties from Lemma [[0.10, for given (G, K, k).

Next we decompose the biset X from Proposition further. Recall the properties of
X mentioned in the paragraph following Proposition 2.8

Recall from Definition B.I0 that, for finite groups G and H, we call a pair (U, ¢) €

G reduced if 1g(U, ¢) € Re and 79(U, ¢) € Ry

10.12 Proposition Let G and H be finite groups, let (U, ¢) € Mgxn, and set X =

(GUXf) Assume that p1(U) = G, po(U) = H, set K := ky(U), L := ko(U), and assume

that K := ¢1 € K* and \ := ¢ € L* are faithful. Then there exists a decomposition

X 2Insg ®,6Y ®,5 Deld

with the following properties:

(a) The group G is a central extension of G/K by K := KNG and the group H is a
central extension of H/L by L := LN H'.

(b) One has an isomorphism Y = (GUX—;{) for a reduced pair (U, ¢) € Mg, ; satisfying
kl(ﬁ) :Ka kZ(U) :I’a Q;l :K'|f{a &2 :)\|f,

Proof We define YV := Delg ®Rag X Qan Inst{. All the statements of the proposition
follow from Lemma [[0.I0, Proposition £.2(b) and (c) and from the associativity of the
tensor product. 0

Assuming Hypothesis [[0.1, we have now a simple criterion for a pair to be reduced,
thus simplifying the classification of simple fibered biset functors.

10.13 Corollary Assume that A satisfies Hypothesis [I01, let G be a finite group, and

let (K,x) € M&. Then (K, k) is reduced in G if and only if K is a cyclic T-subgroup
contained in Z(G) N G" and k is faithful.
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Proof It was already proved in Proposition[B.6[(b) that the condition is sufficient for (X, )
to be reduced in G. Conversely, assume that (K, k) is reduced in G. By Proposition[R.6(a),
we know that x is faithful and K < Z(G). This implies that K is a cyclic m-group, by
the hypothesis on A. Assume that K is not contained in G’. Applying Proposition
to the the pair (Ag(G), ¢) shows that ek ) € I¢, since G| < |G]. U

Combining Propositions 2.8 and [10.12] we obtain the following refined decomposition
of an arbitrary transitive fibered biset under Hypothesis T0.1l

10.14 Theorem Assume that A satisfies Hypothesis[I0.1. Let G and H be finite groups,
let (U, ¢) € Mgxu, and let

K<K<KK<P<LG,L<KILKL<KQ<H, ki=¢, € K*, and \:=¢o € L*

be defined as in Proposition [I.3
There exists a decomposition

<G><H

~ G P P/K Q/L Q H
U0 >_IndP®Inf @ Insy " @ X @ Del 27" @ Def 5 - ® Res) ,

P/K G Q/L

where X = (GUX;{) is a transitive A-fibered (G, H)-biset such that (U, ) € MG, 5 Is
reduced, where G is a central extension of P/K by K/K and H is a central extension of
Q/L by L/L, and ¢, = Elg i and ¢ = 5‘|E/£' Here, & € (K/K)* and A € (L/L)* are
defined as the unique homomorphisms inflating to k and A, respectively.

11 Examples

In this section, we look at several examples of fibered biset functors. We give a criterion
for a fibered biset functor to be simple and we apply it to some functors. As before, A is
a multiplicatively written abelian group and £ denotes a commutative ring.

More precisely, we will identify the simple functors Sy 13,1,k for some choices of A
and k as well-known objects in the representation theory of finite groups. Note that if G
is the trivial group then (K, x) = ({1}, 1) is the only reduced pair and I'(;1},11},1) is again
the trivial group, so that k is naturally a kI'((1},11},1)-module.

For any functor F' € F;' and any class H C Ob(C) of finite groups we define subfunc-
tors Zpy and Kpy of F' as follows. For a finite group G' we set

Irn(G) = Hz;{ im(F(z): F(H) = F(G)) C F(G),
t€BA(G,H)

Krn(G) = () ker(F(y): F(G) - F(H)) C F(G).

HeH
yeB (H,G)
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It is clear that Zp 4 and Ky are subfunctors of F'.

The following proposition gives a criterion for F' to be simple. It holds for more general
functor categories with the same proof. See also [TW) Theorem 3.1] for a similar result
for Mackey functors.

11.1 Proposition Let F € F{! be an A-fibred biset functor over k and let H be a finite
group such that F(H) # {0}. Then, F is a simple functor if and only if the following
three conditions are satisfied:

(i) F(H) is a simple Eyx-module.

(i) Zruy = F.
Proof We first assume that F' is a simple functor. Then F(H) is a simple Ey-module
by Proposition B.7(a). Further note that Zppy(H) = F(H) and Kp i (H) = {0} (use
r =y = idg in the definition of Zpyy(H) and Kpyay(H)). Thus Zpmy is a non-zero
subfunctor of F' and K g} is a proper subfunctor of F'. Since F' is simple, the properties
(i) and (iii) follow.

Next assume that the conditions (i)—(iii) are satisfied and let L C F' be a subfunctor
of F. Then, L(H) is an Ey-submodule of F(H). Since the latter is simple, by (i), we

have L(H) = {0} or L(H) = F(H). First assume that L(H) = {0}. We'll show that this
implies that L = 0. In fact, for every finite group G we then have

{0} =Krun(@) = () ker(F(y): F(G) — F(H))

yeB{}(H,G)
SLE) N () ker(F(y): F(G) — F(H))
yeB} (H,G)
= HﬂH ker(F(y): L(G) — F(H)) = L(G),
yeB}} (H,G)

since F(y)(L(G)) C L(H) = {0} for all y € B{}(H,G). Finally, we assume that L(H) =
F(H) and will show that this implies L = F'. In fact, for every finite group G we then
have

F(G)=Irum(G) = Y (Fla): F(H) = F(Q))

z€B(G,H)

= > im(F(2): L(H) > F(G)) € L(G),

z€B (G, H)

since F(z)(L(H)) C L(G), for all z € BX(G, H). [
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MTA. THE FUNCTOR Bj!

Canonically identifying a finite group G with G x {1}, we have
Bi{(G) = Bil(G x {1}) = Hom¢a ({1}, G) .

Thus, we can view Bj as the Yoneda functor Hompea ({1}, —): Ci¥ — yMod. For any A-
fibered (G, H)-biset X, the map B{([X]): Bif(H) — B;i*(G) is induced by composition
with [X] on the left. The functor B; is called the A-fibered Burnside functor over k. Note
also that Bj' is isomorphic in F{! to the functor Ly, where {1} is the trivial group and
k is the regular E¢j;-module, identifying Eyy = Eyjy = k as k-algebras, cf. 3.4 and [3.6

Given a transitive A-fibered (G, {1})-biset (G;‘Eﬁl}), we simply write [U, ¢|q for its

image in the B{(G). With this notation, the k-module B{(Q) is freely generated by the
elements [U, ¢|g as (U, ¢) runs through a set of representatives of the G-orbits of M.

11.2 Theorem Assume that k is a field. The functor B{ in F{! is a projective and
indecomposable object. It is a projective cover of the simple functor Sy {13,1,k)-

Proof The first statement is an easy consequence of the Yoneda-Lemma. The second
statement follows from the first, the observation that the functors L) and B! are
isomorphic, and the fact that Siiy, = Sy, 113,1,%) s the only simple factor of the functor
Ly O

In the following subsections we identify the simple functor S} (13,14 for various
choices of A and k.

MTIB. THE FUNCTOR kRc

Let A = C*. For a finite group G, we denote by Rc(G) the character ring of C[G]-modules.
Recall that there is a linearization map

ling: B (GQ) = Re(G), [H, )¢ — indS(¢),

and recall that it is surjective, by Brauer’s induction theorem. It follows from [Boul(c,
Theorem 1.1] and the explicit formula in Corollary 2.5 that

lingx i ([X]) @ch lingxx([Y]) = lingxx ([X] H[Y])

in Re(G x K). This implies first that G — R¢(G) gives rise to a C*-fibered biset

functor Rcx by mapping the standard basis element [GUXf } of B (G, H) to the map

Re(H) — Re(G), [M] = [Ind§*"(Cy) ®cy M]; and secondly that the maps ling form
a morphism of fibered biset functors. Clearly, one can extend scalars from Z to any
commutative ring k and lin: kB®" — kR¢ becomes a morphism in Fr .
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11.3 Theorem Let k be an arbitrary field. The C*-fibered biset functor kR¢ over k is
isomorphic to the simple functor Si1y,11y,1,k). Moreover, lin: kB — kRc is a projective

cover in the category Fy .

Proof It suffices to show that kR¢ € .F,‘EX is a simple functor. Since lin: kB — kRc
is surjective, Theorem then implies the rest. To see that kR¢ is simple we apply the
criterion from Proposition [T.Ilwith H chosen as the trivial group {1}. We will show that
the three conditions (i)-(iii) hold.

Clearly, kRc({1}) = k is a simple module for Ey;; = k and the first condition holds.
To see that the second condition holds, we need to show that for every irreducible char-
acter x of G there exists z € B (G, {1}) = B (G) such that (kRc(z))(1) = x, where
1 € k = kRc({1}). But, with the above identification, (kRc(z))(1) = ling(z). And
since ling is surjective, the second condition holds. Finally we show that the third con-
dition holds, namely that Kyp. (13(G) = 0 for any finite group G. In other words, we
need to show that for any non-zero k-linear combination f of simple CG-modules, there
exists * € B ({1},G) = BS(G) such that zf = (Re(z))(f) # 0 € kRc({1}) = k.
However, for # € BY(G) and any CG-module V', with the above identifications, we
have z[V] = ling(z) G[V] € Rc({1}), where o Rc(G) x Re(G) — k is induced by

(W, V) — dimg(W ®cg V), for left CG-modules V and W, where W is the right CG-
module with W as underlying space and G-action wg := ¢ 'w for w € W and ¢ € G.
Thus, choosing x € BY ™ (G) such that ling(x) is the dual of an irreducible constituent
occurring in f with non-zero coefficient « € k, we obtain zf = a # 0. a

[IIIC. THE FUNCTOR kRg

Let A = Q* and let Ryp(G) denote the character ring of finitely generated QG-modules,
where (G is a finite group. Since Q* C C*, the C*-fibered biset functor R¢ restricts to
a Q*-fibered biset functor. Considering Ro(G) as subgroup of Rc(G), we see that Rg
becomes a subfunctor of R¢ as Q*-biset functor and thus is a Q*-fibered biset functo in
its on right.

On the other hand, any Q*-fibered biset functor restricts to an ordinary biset functor.
Further, recall that, by [BoulObl Proposition 4.4.8], for a field k of characteristic zero, the
functor kRg = k® Rgq is simple as a biset functor. Therefore, the Q*-fibered biset functor
kRg is also simple. Since kRg({1}) # {0}, the trivial group {1} is a minimal group for this
functor and the classification of simple fibered biset functors from Section [@ implies that
it is parameterized by the quadruple ({1}, {1},1,%). The map ling: Bf (G) — kRcx (G)
from [IIIB restricts to the map

ling: BY (G) = Ro(G), [H,¢lg— indS (),

and therefore defines a morphism of Q*-fibered biset functors. It must be surjective, since
kRgx is a simple functor in F . Thus, using Theorem T2, we now have the following
result.
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11.4 Theorem Let k be a field of characteristic zero. Then there is an isomorphism
Sk = kg

of Q*-fibered biset functors. Moreover, lin: kB — kRq is a projective cover in the
category F, SX )

I1ID. THE FUNCTOR OF TRIVIAL SOURCE MODULES

Let F' be an algebraically closed field of characteristic p > 0. For any finite group G,
we denote by T'(G) the ring of trivial source F[G]-modules, also known as p-permutation
FG-modules, see [Be95, Section 5.5], [Br85], or [T95, §27]. Again we have a linearization
map

ling: B"(G) = T(G), [H,¢lg— [Ind%(Fy)].

With the same arguments as at the beginning of Subsection 11B one obtains that T is
an F*-fibered biset functor and that the maps ling form a morphism of F'*-fibered biset
functors. Note that ling is surjective (see [D75], [Bol98b|, or [BK05]). Now let k be a
field. Then the functor kT := k ® T is a quotient of the functor Bf". Since B{! has
a unique simple quotient isomorphic to Sy 13,1,k (see Theorem [I1.2), also k7" has a
unique quotient functor, isomorphic to Si1y,11y,1,k)-

We will now use Proposition [Tl applied to H := {1} in order to show that kT is not
a simple functor. More precisely we show that K7 113 # 0. In fact, let G = C), x C,, be the
elementary abelian p-group of rank 2 and let Hy, ..., Hy;; denote its subgroups of order
p. Then, the map ling: B¥(G) = B(G) — T(G), [G/P] — Ind$(F), is an isomorphism,
since GG is a p-group. Here B(G) denotes the Burnside ring of G. Moreover, identifying
B ({1},G) = B({1},G) with B(G), the map kT([G/P]): kT(G) — kT({1}) = k is
given by [G/Q] — |P\G/Q| - 1k, for @ < G. Now it is easy to see that the element
plG/G] — ([G/Hi] + -+ -+ [G/Hpi]) + [G/{1}] € kB(G) = kT(G) is a non-zero element
in Krr,113(G). Thus, we have the following result.

11.5 Proposition Let k be a field. Then the F*-fibered biset functor kT is not simple.
It has a unique quotient functor and this quotient is isomorphic to Sy 13,1,k)
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