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MULTIPERIPHERAL DYNAMICS AT GENERAL MOMENTUM TRANSFER

l _Marcelio ciafalonit
» Départmentuof'Physics
University of California
~ Berkeley, California
Carleton DeTar and Michael N. Misheloff

Lawrence Radiation Laboratory

University of California
Berkeley, California

August 8, 1969 . .:

" ABSTRACT
We extend the group theoretical analysis_of the

multiperiphefal integral'eqUation'of Chew, Goidberger,

and Low to general momentum transfers. Using a set of -

variables for the multiparticle phasé space analogbus
to those of Bali, Chew, and Pignotti, we obtain, through

the 0(2,1) symmetry, a partial diagonalization of the

' equatioﬁ, without requiring asymptotic approximations to

the phase space. As an example, we apply our_technique

to a‘multi;Regge'model’and an AFS-type model.
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I. INTRODUCTION
~Interest in the multiperipheral model of Fubini and'collaboratorsl
revived when Chew, Goldberger, and Low2 (CGL) noticed that a generaliza-
tion of the model provided the framework for a bootstrap program dlrectly
1nvolv1ng Regge paraneters. 3 They proposed an 1ntegral equatlonuvwhlch
prov1des a powerful ‘tool for 1nvest1gat1ng the role of multlpartlcle
unltarlty in determining the dynamics of high energy peripheral processes.
" The equation -has been studied.both at zero momentum transfer (t = O):
h.and at t <0 by several authorsllL 7 who made use of various asymptotlc
_approx1mat10ns to the phase space in order to- achleve a. partial dlagon—.
1allzatlon of the equatloh.' Such»an approach is very fruitful since it
ylelds importaht information‘about the qualitative'features of the
model.“‘b
It is an emplrlcal fact however, that the 1mportant range of
1ntermed1ate-partlcle subenergies is not very hlgh We present here a
v_procedure for exploiting fully the 0(2;1) _symmetry of the CGL equation’
“with no approximations to the phase space. The'burden of more carefully
representing the low- andlntermedlate partlcle subenergies now 11es with
the ch01ce of the model. Our scheme should provide some 1ns1ght into
the valldlty of the approx1matlons made in the Mellin transform approach.
In partlcular it exhlblts some 1nterest1ng effects of correlatlons among_'
phase -space varlables which may be of consequence even in asymptotic
calculations. | |
The central probiem in diagonalizing the CGL equation’with an

exact treatment of phase space is to find a proper set of kinematical
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variables.g- Bali, Chew, énd Pigflotti9 (BCP) defined aé véfiables the
mohentﬁm'transferé squaréd and a set of "angulér" vériables which are
asymptotiéally Propo?tional tb the subenergiés...They Were; more -
preciseiy, the parametérs-of the threefdiménsiohal‘Loréntz group which
preserve the mbmeﬁtum'fransferé in the mﬁitipefipheral chain (Fig. 1). .
These variables were-adequaté for ‘the analysisvét ot =‘O,.whére thé‘
pfoduction'amplitude and its coﬁplex conjugéte‘in the unitarity integrand
may be expressed in terms of the same variableé.‘ Méking usevof factor-
'-;izatibﬁ at the Regge'polesJin.the.multipie' O(E;i)‘decomposition of the
-unitarifyliﬂtegrand,'Chew and DeTar " (CD) derived an equation for the

abéofptive part of the elastic amplitude at t = O; whicﬁ can be paftially'

diagonalized by uéihg.its ”0(3,1)\ symmefry.ll | 7 7 |
| AAt‘ t <.O'.thé amplitude and its complex conjugate are.nbvlohger‘

.siﬁuitaneously evaluatea'at thé same point in'phase.épacé, and gé Wé

' must:choose a new set of Variébles. Conéider_the.unitarity diagraﬁ.in

:iFig{,i with the.upp¢f and lower ﬁomentum‘tranéfers Q'

u
squares t, and _tjl;l2 In a reference frame in which the overall

1

‘and Q, with
momentum transfer @ has only a z component (-t)2, we have

: L : -
Qﬂ,u = (15, W i?( ‘t)‘> sy v

‘where both w and the magnitude of.theszrentz'threehvector k  are |
fixed in terms of tz and tﬁ. Therefbre the subenergy' Si 'isg for

fixed t,'s and t 's, a function of k. 'k

~1—1. K1 anq asymptotically

proportional to it.
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. We are léd in a natural way to consider théﬁliﬁtle groups of
the k's 'instead of those of fhe Qé's_'apd Qu's. Due to thevfact
that the most important contribution to the phasé spaée comes from .
spaceliké k's- (Sec. IT), these little groups are nongdmpact,‘oﬁe-
parameter O(l,l)'groﬁps,_and'these parameters will be-our "angular".
variablesi.
.Iﬁ'reconstfucting the CGL equation we first project the unitarity
integrand onto the‘O(l,l)'groupsf Tt is at the poles in the O(l,i)
_quantﬁm number'that we.wish to make the factorization assumption Whicﬁ
undéflies thé-CGLvmultiperiphefal model. Fér each Reggé pole ﬁifhv
factorizabie reSidue in the production aﬁplitUde, the O(l;l).partial4
wave‘amplitude Will‘éontain an infiniterseQuénce of ihtegrally s?aced
O(l,l)‘Pélés with factorizable residues. ‘For this apﬁroaéh'tb be useful
;we-assgme’tﬁét; by incluaingkonly a few leaaing O(l;l) poles,‘whicﬁ arérb
'déri&ed from tﬁe firsf few Regge poies, we obtain an_adeqﬁate average
refrésentatioﬁ.of ﬁhe loﬁ‘enefgy.regidn. Iﬁ is of course not_heceséary
that,this aésﬁmptiOn be made'ét every link in the.multiperipheral chaiﬁ.
We tfeat_a modei of-the type in Ref. 1 ("the AFS?typevﬁodelﬁ)_as an
exéﬁple:of_a model whicﬁ does. not require éuch-anléxtreme aésumpfion.l§ 
In the preseﬁt paper we.deal éséentially with the‘definitioﬁ'of
bur.vafiables and,the'Crsted partial -wave analysis §f the resulting - -
equation. ‘Thénprécise'ébﬁneétidn With‘ﬁhe BCP exbanéionxﬁiil bevdiscussed
in a forthcoming paper,.togethef with the 't =0 1limit. Moreovef; we
" do not study here the kinematical singuiarities of our production amplij

tudes in the nonieading 0(1,1) contributions.
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In Sec; IT we define our variables and we use them in deriving
an ék@ct eipression for the many—body phasé'space,which is suitable fof
,establishing éur muitipefipheral‘equation jTo»illustrate the use of
our scheme, we construct the 1ntegral equatlon for both the leading
.;_power:multl-Regge model and the AFS- type model in Sec. III. The crosééd.
‘partlalewave analy51s is glven in Sec. IV. A remarkable téchnical result
S is that the kernel of our partial -wave equatlon is analytlc aﬁd well
‘behéved in the rlght half £ plane, 51n§e we use a basis in whlch the
‘_relevant representatlon'functlons of the 0(2,1) group are second-type

' Legendre functions.
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II. KINEMATICS AND PHASE SPACE
The klnematlcal analys1s at "t <0 proceeds by dlrect analog&
with the approach of BCP and .CD. We hegln Wlth a rev1ew'of the key
features of their method . : “‘ o K | .
In expres31ng the multlpartlcle phase space 1n terms of group

varlables, BCP selected a sequence of standard Lorentz frames, correl

spondlngjto a given arrangement of the outgoing particles.in the process

C ga+ Lo - Opaﬂl + ceo 4 (n +1). R f' (2.1)

Assoclated w1th each four-momentum transfer Qz - (see Fig.-l)‘Were a

'>_'r1ght standard frame (zl, r) ‘in whicht2

-1

Q/Z,i - [O) O) .O) ( tﬂ,i) ]‘., .
| | (2.2)
Qﬂ,i}l = (_tﬂ,i+l) (51nh qz,i’.QJ'O?vCOSh qzzi)
and a left standard frame (4i, £) ‘in which’
,-- v‘. . N % .’ ‘.
Qg}i' = [O,v 0, 0, (-tﬂzit) ] )
| | (2. 3)
. . . —. ! ' 2
RS G 1> (-sinh qz 1217 Q O’ cosh g, 1)
The two frames were related by an 0(2, 1) transformatlon,'
-id u,, '—1K C -idJ v, v
gy = € 2 ",z Z}, which preserved the z axis.t
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" In terms of the parameters of g‘., the four-vector Q, . . assumed,
21 N Lyi-1

in the frame (Ei, r) the form

»zi’
I

- S1nh;q£,i_lslnh CﬁiSIn’vzi’ cosh.qz;i?l), . (2.4)

- Qz,i—l = (-t g 1—1) ( sinh qz _ycosh Qz , sinh Y 5 | sinh CﬂiFOS'V

From the gtandpoint of_the frame (£i, r) this was an adequate param--

eterization of Q,

4 i-l. under the assumption that t, . . <0 and

‘ _ “4,1i-1

tﬁi < 0. This observation facilitated the change‘of intégration
variables. The boost Cﬁi "was connected with the subenergy -
-E-Qﬂi'l iQ£i¥l’ thereby providing a f?amework for the multi-Regge
expansion ‘After linking the frames' (Bi, r). and (£ i+l, £) with a’
:pure z boost qﬁ , it is pos31ble to go from a partlcular rest frame of -

partlcle Zb. to a partlcular rest frame of patricle Eav via all

-,vintervening standard frames with the’transtrmation

Tra %0 €1 Y1 "7 8 na1 Yunel Top

(The rotations r,, and T, are taken in. the rest frames of particlés_
4a and fb.)
In constructlng a recursive expre331on for the (n + 2)-body

phase space, CD 1ntroduced the Lorentz transformatlon

a., = .b -r
L1 cla T da q

I

: v o o (2.5)
po Ser i T Y- Beioo o ;?)@
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- which transformed four momenta from thelr conflguratlon in the frame
(£i, r) to thelr conflguratlon in a general reference frame ‘The

1ncomplete-absorpt1ve.part B(az‘ t ), which appeared in the 1ntegral

‘ eQuation at t =0, Wasﬂa.function of a Lorentz transformation‘of the -

type a

,21 - The equatlon was partlally dlagonallzed by progectlng

: B(aﬂ; t ) onto representatlons of ‘the Lorentz group. 1L

At t < 0 we shall construct an analogous functlon B(a,< z,

g Wthh depends upon an 0(2 l) transformatlon a. Thls_transformatlonv.‘

.preserves the overallvfour-momentum transfer

e o= [0, 0,0, (01, (28

and plays~a‘rolejanalogous'to the 0(3,1) transformation’ a,. :

':: If’we_fik Q@ 'in this way throughout;]the‘componentsvof the four- -

15

momentum transfers

o
|

i = e Wy v 5(-6)] .
. . . B (2.7)
Q4 - Uy vy ";E(’t) 1
‘are partially determined by the constraints
Qi ™% = B Gy 7 Ty Qi = T o
- with the result that
- e
wi _: ( i )/2 2 ) )
lng'l" lfsl = _'x-(t‘giyr tui’, t)/ht ’ o : (2'8)

- < 2
‘Aay, by, ¢) = a” +b” +c” - 2ab - 2ac - 2be

t,)

-
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The key to the ehalysis af £ <0 is fo recogmize that the Lorentz
three-vector vk plays a role analogous to the Qz In.effecf.the
z~component has been set a51de, with the result that the O(B,l) symmetry
“is reduced to an 0(2 l) symmetry In place of 0(2, l), the group

- preserving the form of Q4 we introduce the 0(1,1) or 0(2) group,

which preserves the form of k,. As before, large ‘subenergies at
. flxed tzi"tui can occur only when the scalar product ‘kl 1 ’§i+l' is

large.

| »lExcept at the.ends of the chain for & flxed value of t, the
.g’s -arerspece~like7ln the sense ofvthreeevectors; Thls follows from
a'condition on.the iﬁvariant three-vector»masses'enalogous to the
.lfamlliar‘condition for space-like four—momentum transfers.'.Referring

to Fig. 2, one sees that if

2 : 2 22 .
~a,1-1 Z B x(mZa > Mya 2 ?)/ht ?
N _ (2.9)
52 2 2 ,
R G 1:w: :

"o 7 Tub ’

2 TP _ ' o2 ., 2
then. k.  <O. The minimum three-vector mass P, is m, , the four-
vector mass. Hence ﬁhe constraint (2,9) will automatically be satisfied
for a particular value of t- efter’a sufficientynumber'of particle

momenta have been. included in . and . .. For pairwise equal’
: : a,i-1 -™,Db : ,

: : : ; 2 . : o
masses -(mza =m,. and Moy = mUb). k. is negative when

e -
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- TFig. 2. Lorentz three-momentum diagrem corresponding to Fig. 1. . .

R ]
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S_ . +
a,i-1

- (2.10)

where. s = P?l is the foﬁr-vector mass. The p031tlons of the Regge
‘poles in the elastlc absorptlve part are determlned by the: central paft
- of” the chain;'the'ends of the chain sgrying only to define.the pole
i residués;' ﬁence for ﬁotational convenience we shall treat the more
impérfantﬂgaéebof spécéflike'internal %i -ahd‘shéll“iatér:indicate £h¢
.‘siMple‘géneralizatibﬁ tpvt;meflike ki? whiéh bcéurZinj at the en&s‘qf
 the chéiﬁ;‘ | | ” |

We defihé é:séqueﬁce of standard frameév (i,E) and- (i, r)f

by~analogy with  (2.2)-(2.k4). in_framév (i, f);6

o),

~i = (O, ki;_ P
(2.11)
5.£i+1‘ T '(ki+lslnh]qi”'ki+1§QSh 5 0) 5
~and in frame (1 2)
.ki = (O; ki’ O) s
_ _ ‘ (2.12)
ki = "(-k, .sinh 4;_1s k;_jcosh 1> Q) ,

i-1 i-17

V]

where k,° = -k. - k.
. 1 . !
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Because K, is along the x-axis in both frames,’ (i, ¢) and
(i, r) are related by an 0(1,1) transformation, namély_a'y boost ’gi
which preserVés at once the x- and,z-axes.»lHen¢e in frame v(i,'r)
sinh qi_lglph gi) .

k; 1 = (-ky_ysinhq; jcosh £, k, jcosh gy, k;

M-l 1 ;
»(2.13)‘
The Subenergy  $1 =.(Pi—l + Pi)gz i§_pr0portiona1_t§ ¢OSh ti ;fo; lérgé

Sp Y PRyly Ky 2Ky Ky, siohogg psinhogy cosh Gy o,

- (2.14) -
which follows from (2.11) and (2.13).
» :”‘We-have.intfoduced the x boost 'qi7.to relate'the frames
(i, r) Jand (i +1, £). From the constraints
Qi "% T P Bpo= Mmoo
'cbsh q; " can bé calculated‘as a function of the momentumvtraﬁsfers'or.l
equivalently, the k's and w's:.

” .

, - o 2 :
R Ry () T :

cosh q, = =z, (i =1,2,"+-,n)

S 2kiki

Ic]

<
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If k, -k in Eq. (2.11) had been positive, we would have

'wfitten

'  ki :=: (Ei’ Q,'O) ‘ o o (2'16)>
where Ei2 = gir ki' In this case the y boost Qi must be replaced
'by a Z-rOtatiQn ¢i [an O(2)ltransformation] as the transformation
relating the frames (i, £) and (i, r) and preserviné-the form of o

»5i.. The'form'(2.16)iis'réquired at the very ends of the chain. Here.

we define the frame‘~(a, r) in which

§ (an O)-O) '.

Qa; = -
| - (2.17)
k= '(k131nh qo,'klgosh g o) -,
‘the frame (b, £) in which
.Eb. = (Eb’ 0, O) k)
B (2.18)
.lnsn+l = ('kn‘,-!-ls.mh Qg1 ? Fne1C0Sh Gy Q)" -
and the frame (b, r). where : S0

Hd
1l

~p | (Eb’ O:'O>)

Koy = (Fygsinng o, kn+1°°Sh'qn+1c°S_¢b’ - K008k 4 sin G)

(2.19)
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Corresponding to Eq. (2.15) we find

m 2. E 2Kk’ (w. +w )2
. .. .0 a 1: a 1 =
sinh g, ' = = g
0 2F_k o
' ' Tal
(2.20)
' sinh q_ . = My " Ey tEpg (% - Vn+1)} .,

o+l 2Ebkh+l R N n+l

' From.theée rééuits'the procedure fof:ggheralizing to an arbitrary‘chqice
:Of SP;éeeiike.and timé—like three;méﬁeﬁtﬁm'ffansfers Shbuld be obViQus.

| _‘ For vertlces with adjacent space-llke k ﬁbn_ﬁofh sides;.it h
)_1s ev1dent from (2 15) that cosh q, ,.l -and.fromv(E;ll) we see_that N

q > 0 - o o (2.21)

: iff,Pi  is'to be forward time-like. ~From (2;19)‘it iSvebidént'that -
for: t1me~llke—space ~-like vertlces, q . may be negatlve

Pursulng our analogy further, . we define the 0(2 l)atra‘nsformationl7

ay = b, f,q, g1_‘11-'“‘11-1';1’ . o (2.22)

"ﬁhéfe ba:‘iévan érbifrary O(2 1)'transfdrmafioﬁ whicﬁ’ﬁreéér#es“ Q.
v‘The constructlon of the (n + 2)-body phase space in terms of the

o(1, 1)  and 0(2) group varlables Ci’_¢b? and the-varlables k., Wi"-
proceeds in much the same way as before. The familiar expression for

the phase space in terms of the four momenta,.
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d ®n+2(Pza’ sz)

::' dL*POS("')(POE - mog)_ d)"L,Plg(f)(Ple - ml?)...

I R ~ - o
d ;n+l6. (Pn+1" moq) 8 () Py S P Pp) - (2.23)

C may be Iewritten in terms of the: components of the four-momentum

. _LliyE
:.transfers Q= Jki, ; ( -t)° ]

e _ os(H)p 2 2y 3 ()2 _ 2y
d'®n+2(fﬂa’vab’_t) = 5 (B - myT) Tk dwyp 0 (P, - m %)

T T  O EEPE (2.24)

~n+l In+1 n+l’.

v We picture the phase space volume element as being defined for a fixed
'lnltlal 0(2,1). transformation b, which defines . and a fixed
overall 0(2,1) transformation by, which defines o

[

b, = by (P9, C1)q1 ’ n+l Ins1 ¢b : - (e)

If we 1ntegrate first over d5k dwl, next over ‘dBKé dwg, and so on,

from the standp01nt of the first 1ntegration a is a constant Lorentsz

2
-1 -l =1

transformation, since a, = by ¢b qn+l.'fc3 a5

does not depend'

. c ' . S =1 .
upon hl and Wy - Transforming kl by an brings, hl to its

configuration in the frame (2, r) where the parameterization (2.13)

applies. We make use of this parameterization to change variables,

d;kl - kl dkld cosh a d Cn
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"‘ffffﬁq; (2 19) to replace «d3k
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VlPrbeeedinéfto the d5k2dw2 1ntegrat10n, e - regard \a53~as-beihg'fi§éd

:by the subsequent 1ntegrat10n varlables Repeatlng thls argument we

Y

Cwl.

S0k o By Ak d ¢03h191<§;§i+1‘ . R ,,,eﬁgj?é?_'~
}efqr?;i"e”l;Q,-i. Flnally,regardlng b éslfiked; we5make;u§equj5f'l
?nfl’»~'

e lfml Sy Ry dstmhag, B @R
'f€'7The_mass;sheilﬁeonetraintf6n:“Pig.;may:beVUSed-;g.eliminéteﬂﬁhe iﬂtégfa-e*"

'tion'over-?qi:“jjf;” R

== (for i :_1,2,sa~,n),,;g;:
ﬂ.2k1k1+l T T

i

i7 mii)d??éb”qi E

7fnT;f, n+l %l~;fQ4?EbFn%lT'";' R SRR

: .”§‘ ~(PO"‘jm ‘)5' 2Eaki:§(§}nh Qova?o):,"“_ifer‘

;]Putfiﬁg]t¢gether:(2;2&)fandf(é-26)-(2a28)y we write, finally,

<

4 ¢n+2(baf'bb?_#) _=_,-5;§£———. dkldwldcedk dw dc

'dkp+l,qwn+l.d¢bf6(51nh 9., Zo) T ,”(é:?9)



17 S UCRL-19286

The range of variables O < ki:s o. and . <ew s Wy < % spans that portion

of the phase space in which gi is spaée—like. The complete phase space
must, of coursé, include an integration over dE,. dw, ag. for time-~
: , ‘ i i i+l

like k., where O <E,

;S -0 & W, < o. An additional constraint

1

upon the range of integration is imposed by the 8;function in (2.29),

since q, depends upon' all the integration variables through (2.25).
. . : g . C ' ’
This constraint places an upper bound on the Ei' which is eventually

reduced to zero after a finite distance along the chain.’

‘The recursive property of the phase space may be stated as

folloﬁé: -
o v L _ -
d ®n+2(ba’ Py t) T d ®n+l(ba’ #n+1” t). 2Eb dwn+l d¢b ’
i 7 N _ , . 1. .
A (s e t) = A 9(by, ay, b))k vy AL
(or s o12m), o
: , . 8(+)(sihh qb - ZO)
.vd Ql(ba’ al’ t) .= . 2E ) b
’ . : s ) va .
with the proviso that ,
by = g Y Hy
_ e g .31
45 &; 45 &4 0 (, 5 )

i

1 - -ba ¢a 9 Cl
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It may be helpful to remark that_when-the.s;funCtioh coﬁstraint is

satisfied in the integration dféi, it is automaticaliy satisfied in 7
1

d ¢i+1

(2.22) and (2.25). -

because.of the'Second'cdndition,(2.31);which is consistent with

Beéauée there was no rotational fréedomvleft in defining our
sfandard-framés in (2.11)-(2.13),we cannot use the simple device of'v
replacing a helicity sum with an intégratioﬁ cver a fotatibn in the
little group‘of 51 as CD did witﬁ tﬁe littie groups'ﬁf in. The sum
over spin»degreeé of freedom must be bérformgd explicitly, fherefdpef
The cbrrect procedure using‘the BCP ampiitudes wili-ﬁe described‘in a
forthcomingAéaper. :Heré,vfor the sake'of'simplicity, we shail_treat

~only pions in the intermediate states.
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III. FORM OF THE AMPLITUDE AND CONSTRUCTION OF" THE

MULTIPERIPHERAL INTEGRAL EQUATION

(A) Multi—Regge Mbdel

In order to construct the multiperipheral integral equation’for

Mj(n+2) and _M (n+2), the amplltudes for

‘the piocesses‘eZa +4b -0 + 1 + Zev + (n +1) and

va +ub -0 + 1 4 e + (n + 1), respectively, in terms of our variables.
The expre531ons are 31m11ar because our ch01ce of varlables is’ symmetrl—

cal w1th respect to the upper andlower amplltudes Ve therefore drop

- the labels~ "E"_ and """ for the_moment.

If M(n 2) is a square-integrable function of the 6y 'Sy it

can be written in terms of its projection onto the unitary irredueiblev

‘ representations of ‘the apprbpriate groups:

ne2), . o o -
ﬂM( | )(¢a’ G baans B3 Byy Wy Ky, Wl""kn+1’_w o Eb’ ¥ 3 t)
S _n+§' o +_ioo ieo - . o 'im¢
ny @ .+l . . ala
_H(Eﬁ) ,ﬂ"vzg: (-1) : g“l':'dun+l-e L
o mm i Jede S
_ b b imfy
X e cese’ e C
| ”(n+2) . o
X ( o Hl’ .’Hn+l’ 'mb’ E 9t 0 Wb: .t) . L (51)

Fernbn—square—integrable functiens of.physical interest, Eq;_(j.l) is

'valid_provided that the contour of'integration is deformed away from

the imqginary axis in an appropfiate way. ..
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- For example, 1f we assume that - M<n 2) 1s‘a“meromOrphie.function'-
.:‘of:the ul 's, poles at- u = fai glve_a_COntributioh‘to the7amplitude S

‘1of the form

(n+2)(¢a, Cl"ﬁ ’§n+l’ ¢b’ E_ ,w ,_t)

'[?; ."'7:' j{:;; im_ ¢ 1mb¢b - 1lti|"i-an+ilgn+i|:'..;
= const S e B ”_..-.-le, . ‘
o TL R :

X R<Ea: Wy kl’ Wl’ CEp b))
" where the pif_contour has been moved elther left or. rlght dependlng upon':fr

In order to obtaln a phy31cally meanlngful form for L (n 2), l t

'*};us evaluate the multl-Regge amplltude 1n terms of our varlables, keeplng :

= r? only leadlng-order terms The asymptotlc form of the amplltude 1s glven"j'

by

L ey S g ‘.,ms;m‘f Jo

) yn+l(tn+l)

ozm_( n) Y n’
n+l . .

o ~'n? n+l
S 51 j;, (tn’ n+1’

Ynf%gtn+lj ’~:‘
(5 3)

9

vvwhere wiLris the Toiréf angle.
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We must evaluate si and wl in terms of our variables. Recall

~ that the asymptotlc form of the subenergy (2. lh) is glven by

el

- ' N . i ' iy
s; A .kifl'ki+l s;nh 4.1 s1nthi e . - (3.4)
As for w, , e havel
W, = W, (k W, k W, | m, 2 ,t,sgn § sgn C )'. (3.5) -
W, l, l+l’ l+l, 2 1+l . . + ) . :

1

'Because the extra>var1ables sgn C are needed to label the re51dues
':.at the O(l l) poles, in the follow1ng ‘we dlscard the'-Qi,'dependence
.>(see Acknowledgment) . v' | '7
| Substltutlng Egs. (3.4) and (5.5) inthEq. (3{3); we easily -

~find that

. . - oy ‘ ' . V : ’ o : ) L
o | T , ST £ 16,
- (n+2 ‘ lma¢a 4l o 2 Ol}(’l( 1/71=11 .
,"M' :) :w N . ¢ f P '(Ea’ Ya? klf 12 Mo > t) e o

Wy, . .am(te)_léél'.)ﬂeqm(tn)lCnl"

- ‘X?A‘ B ko, Ky, Wy, m T, t).e

.Y -
Lo nntl : o -2
X B (kn; W, k

A ayn+l(tn+l)|€n}ll o
n’ “n+1’ "n+1’ M 0 - R

oF

Yh+l(k R, w, me,t) elmb¢b ,1, (5.6)

me A 'n+1? Y1’ Bpr Wy n+l”

where the kinematic factors . k, and sinh q; have been absorbed into

~the residue functions.
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Thus a Reggevpole at aYi(ti) in M(n+2)- generates, in
leading ordef, O(l l) poles at p, =+« -(t ). In general, we expect
a Regge pole to generate a 'sequence of O(l 1) poles spaced by 1ntegers
The re31dues at the,poleS‘are'fectorizable, enabling us to derive an
integral equation for the absorﬁtive part of the amplitude. We note
that whereas the O(l l) vertex functions depend upon the overall momentum
:_ transfer,‘9 the p051t10ns of the 0(1, l) poles, cons1dered as a functlon
. of _tg, and t are 1ndependent of it. |
. We are now in a pos1tlon to derlve an 1ntegral equatlon for-
”determlnlng A(b bB, t), the absorptlve:part of the amplitude |

_ (Za, zb —aua, ub) As noted in Sec. lI time—like 517 occur-onlj at

" the ends of the chaln, and SO do not affect the p051t10ns of the output

-Regge poles . For the sake- of convenlence, therefore,-we write the

" 1ntegral equatlon 1ntegrat1ng only over space-llke -ki.zo"We assume
.that Mz(n 2)- and M, (ne2) can be approxlmated by sums of O(1, l)
poles w1th factorlzable residues as in (3. 6) 'Restorlng the labels‘ "g"
' . : 1LY, '
. : _ i 1+l
,end' M, " 'we.deflne ma, mb?_ayi,‘and R T by
Ty = 'mZa T Ma? My = Mo ” mUb’
Oy s gy B) = o (8y0) F o (6g)
17i+1 _ s 2
R (kys Wy Kypgs W05 o t)
Y,. Y.
£i8i+l 2.
= By (g ss By pqs Wypgs By7s t)

.*-

X [ﬁ_d “lﬁl‘Ll(k. w., k, g 2 _vt)Jv'. " (3.7)

W m
i7 717 il iy’ i 2
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The derlvatlon of the 1ntegral ‘equation closely parallels that of CD.-

We merely ‘quote the results The 1ncomplete absorptlve part is the

_solutiOn'of the equatien

'Y’A [ ‘ 1 ’ | ‘Y" [ irt t 7
B' (a'; k', w, q) = (O)B (a 3 k', W' t)
+ ]2_- ' Zfdk aw dC., BY(Q; k, w, t) RW (k, w, k', w', mz;'_t),

X an¢ (x', W', t)lg'l

R 1))
' where
e e '4<3..9>__:
and |
' ‘edsh.q..= 2kk’ [k + k'2 +.<W'-IWL)2 + o) fl ‘1"- (5.lb)l

' The inhomogeneous term is given by

T T et . - _l_ . _ )
(O)B (a'; k', w'; t) = E . :gEa 5(sinh q, ;0)
) : aY’ (k',w',t) |¢' I

X e R (&_, wa, k', w', m", t) e
: £a ua o

2

(3.11)
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with a' =’¢a dq C'; - The complete absorptive part ‘A(ba-l b, t) is -
determined from B’ by | | '
-1 IR A O
A(ba b, 5 t) = EE; dk dw d¢b B (ba a; k, w; t)
S . - im ¢ .
s 2 e .
X Rm m (%, w, Eb’ Wy Mo, t);_.e ‘ PR ’ (5-'12)_
fa ua : : v ‘ :
with -

(B) AFS‘-type Mbdei
In the model of Fublnl and collaboratorsl theffacforizafion ‘
assumptlon 1n the’ productlon amplltudes is 1ntroduced through the flon—
':pole domlnance, and the bulldlng blocks of the multlperlpheral chaln |
:v“are the (off shell) pion-pion scatterlng amplltudes
In evaluatlng the unltarlty 1ntegral (Flg 3) we can make,on B
the momentum transfer; QEV and Qu s, the same change of varlablesv
.as 1nvSec II while the remalnlng loop 1ntegrals s1mply glve the off~
shell .elastic Tt Qross'secthn” Aé for ‘each llnk.of the chaln,

So we have .



-Fig. 3. Unltarlty contribution for: thle AFS-typemodel AR



T Y fﬁefémh; Go3 Byr 3 Kpr )

: X' _kl dk dw dcosh q d§l+l 6 Agl k. .o dw; el ds1nh q. i d¢b,

‘(Kifkn+l n+l 2(51nh qn+l’ kn+1, wh+l,eEbiiﬁb)>‘{_A:”..:_. ;_(55¥%);_

. where

’S:Agi;7? A (cosh q 3 1, w, ? ki+l’;wi?l)j*i

[

- C?éh:qiv. kai- * kifl +'$Wi:f ) _+ s >/2k k1+1

" (si">~uu2>7_*,i‘ N CECI

fand s1nh qo' is. deflned in a 51mllar way ‘ ‘ o

The analogy of Eq (5 lh) wlth the multl-Regge model is L
'appecent fT 6(cosh q -z ) ~1n the phase space is now replaced by
) | and ‘the’ Q-dependence of Eq (3 6) has now

(cosh a4y ) 9(q - ay, min

jjdlsappeared because theexchangedplons are not Reggelzed With the

'_,usua1<procedurel’loewe;get-an.equatlcn for,the 19complete-ab$orptiveﬁlf o o

part’ - B :ﬂ_ii-“
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B(a', t) = ("O)'Blv("a’,--t_) + jkg dk aw d cosh g at' |
o XB(aC—lq_l, t) ,G'(k,.»'?’).A’g'( cosh a3 k, w; k', Wy ‘(3;16-)'-

'kwhére,?if:iai'is parameterized by .
| .l;iIf¢_‘ 1K M 'VfiK £ '..2 _ e . o
e - e %o X e y Sl C (sa7)

- andf g[iis"the-éﬁérgy;ﬂfheﬁf f“”

B 3 O R A R
: S | S (ag)
smh no= [k - B .+-'(,W = W_a._) + s]/?kEa,_ o

S The ébmpléte abSorptiVé'ﬁafﬁ'ié'thainéd’frbm"ﬁ:,Bj the”'.
fj;fdfﬁula -

T e G e e el

. Ala,t) = k” dk dw d sinh q df B(a' ¢ ~ q 7, t)

Xoee W) a(einn gy kW By, w) - (3.9)
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'IV. CROSSED PARTIAL-WAVE ANALYSIS |
Equations (3.8) and (3;16)’have_0(2,1) symmetry teceuse both
>kernels are‘invariant under the transformationv a' sca', a - ca,
. where .c is.an arbltrary 0(2,1) transformation not affectlng b, -
"To exp101t thls symmetry, we shall expand B(a) (we drop the k, w
varlables for the moment) in terms of representatlon functions ofi_

_ .
, "O.(E,l)-.g*'

Because of the parameterlzatlon of a [Eqs (2.22)»and,(3.l7jj

:.we shall use.a mlxed basis, namely an - 0(2) basis assoc1ated.With'tinelike
ga,.@gd.anlo(l,l) basisge’gj associated with spacelike K,  where the
y—boostbgeneretors Ky is diagonal and has eigenvalue o (ew <.p_<t+m)s
The.representation functions.carry an extre index r = + .because'each

.eigenﬁalne'fp of Kyf occurs twice in the completeness relatlon The - -

- 'propertles of these representatlon functlons are glven in Appendlx A
, Wthh relles heav1ly upon the work of Mukunda 2?;
: vWe eXpand .
Bla) = | alzl (-1) [ @ S8 %ot (a) (h.1)
ST ~ Bur Do 1 ’ )
. KA . ~1co r : C

where |1 = ip, and we assume for simplicity that the helicity difference

m,=m, -m. = 0 C is an infinite contour along vRevﬂ -5, -and

alel = (8xi)Y (20 + 1) cot 72 a6 . (h-2)4v.
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The form of our equations is

Ba') = (o)B(a') * [d costi  at’ B(a't'™ ah) K(cosh q, £') ,

(k.3)
where
K(cosh q, ¢') = ®(cosh q - z) R ealc'li - (multi-Regge)
o (4.ha)
= G'Ay(cosh q)  (AFS-type model) , (L.lb)
-and All the irrelevant 1abels have been dropped fdr simpiicity;_
-SQbstituﬁing (4.1) into (4.3) and making use of the ideniity,
fv+ioo
-1 -1 TR RPUARS
<ac G LI I Gl I
'_—im . ;
(k.5)

we obtain the paitially»diagonalized equation
B’ - E: ( 1)du B
Tt (0) prer " ur ur,u rt 7
»‘ - X . . ‘()4‘.6)

where
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s

_ - : ’ HC i
‘.,jd COSh s dr K(COSh q C ) ¢ S ,dH r! Hr(q

_ -1
Hur, e )

e

(q

-1
Qe urt R

" o i{g(q I
el e e
. With our r-basis (Appendix A), We have

-9 law) = da,. .(q) = 0 >0) o (h.8)

'fl_prov1ded that the 1nternal vertex boost q > O Because we requlre B ——

t'pos1t1ve energles for the outg01ng partlcles thls 1s always true forlif’
'vertlces w1th adJacent space llke k's [Eq.. (2 21)] Therefore we' b"f_l

;,:-have, symbollcally, S
I B
R O R

R T L R e
B CG%“(Q)B*"f B," K, +B K, SR " '7”f3_(h;9b?’

P Note that{the + ampl1tude 1s decoupled and can be determlnedj

'°,1separately S1nce, as shown 1n Appendlx B the output Regge ‘poles are

;glven by the kernel K z' only, from now on we - shall concentrate on f

zf-e,that equatlon The relatlon between (-),_and-“(+) }amplitudeswwill4f:.

*1also be dlscussed in Apnendlx B. ‘Note that the representation function
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Y4 ;A ‘ 1 -24-2 | | E(L+Ll-pt)
d = d = cosh at e>: :
prtsptt p'pe o 2 B _Q) ‘ i S

-0

X (ef +;tanh“%q)fﬁ-l+“ (1 +'eC tanh %q)'ﬂi;'“

'w~ L 22 Sl y-(pp) D+ L+ )T+ 1 - ut)
= (81nh —q) (tanh éq) - F(2£ — 2) :

o - . . T o o .
X F[z +1l+p, 8+ 1 +p'; 20 +2; - (sinh §q) _] 5 ~(k.10)

and is thefeforé‘a pure Qé—type function. In particular

R PS|

- (i/n) Qz(éosh q) . o ..,_, (M.li)
‘EQuation,(h.9a).i§ sﬁill'aﬁ ihtégral equation in. 0 =;—ip,
_as.is ekpecféd inigenerai, Ne) bging the analog of the.intermediate_
helicity'in a t-channel two-body unitarity éum, Considerable simpli—:
fication 1s, however, achleved for the kernels (k.4) which'represent
- only the leadlng O(l 1) poles at each 11nk in the multlpartlcle
amplltude v |
| | In the AFS—type model qu. (ﬁ;hb)] the kernels Kﬁr’ contain
a ,5(§') factor, due to the lack of {-dependence (spinless particles).
By Factoring the S-function out and restoring the k,w' Variables,vwev

obtain ecasily
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‘B+£'(k.',-w') = (O)B (k',w ) + [kgdk dw Bf(kf.w)-Kz_(k,w; k',w’) ,
- .m. S o o (u.12)'
okt o= G(k,w)xg S :dz Ag(z; k,w;bk’Wf),Qé(z)' , '

where - Zoin >'l is the threshold value of- cosh q in (3 15) w1th s = hpgr.

.: Nete,fhat K? 1s the ‘same partlal—wave kernel as the one obtalned from
the Betheéselpeter equatlon'correspondlng 25 to the,unltarlty Eq; (B.lb).

26 15

.a Thls kezneJ can be obtalned either by means of a Wick “otatlon
- fhrough the_croseed part;al—wave analye;s.27
o 1In'the multi—Regge model we Can:appfeximate the'integrai'

'7,equat10n 1n"ue with a system of equations coupllng the O(l l) poles

.'together_ From Eqs (h ha) and. (k. 7) we have
o, . C O (k.13)

the'mOdifiCationibrfmo:e than one 0(1,1) pole beling obvious;e
bﬁe7to-the<analyticityrproperties in 'u,u‘. of dﬁ,ui'given in"
“Eq. (4.10), it is evident that -BQ;£  has both some "kinematical"

poles‘whieh can be factored out,

L (z +1 + u) F(ﬂ + 1 -Ap) :A»Ef o :e ; e
ut T T(2¢ + 2) T (.14)

and "dynamical" poles at u.=_fa. The meaning of the kinematical polés

can be,seen-ffom.theipartial wave projection of Eq. (3.12)
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>
I

.»ﬂ _' (2E ) /dk dw(-1) fdu Z ur dé,pr(q—l)-

'(er m = ﬁéb —vmub = 0). 3 o | | - (h.l5)

The pinchingfof the:poles. g.= o] andvip =4 +1 +n (Figl_h);
(neo,l,‘—a,giyes rise to a singularity in the é plane at £ =a - 1 - n,
»moving.with’ k and @; and thefefortho a Regge cﬁtbin Eq. (h.lB).28
» By leldlng the C 1ntegrat10n of Eq. (L. lO) into thé pie;esbA

(—w O) and (O +m) we can‘wrlte

Cor{e +1 +'u')_l (e +1-p")" d“,u'r(z +1 +p) (2 +1-p)

£
T LA | , (k.16)
My L -,
where duu, has only the poles p=£+1+n (n=20,1,"'*) in the -

~r.h. Q plane, and is.ﬁellb‘behaved wheﬁ .Revu — -, In terms of
}IB‘HAE our eé’uat'ion reads |
"5, - B = (1) du ;TE_t_QE» ﬁu?- Aﬁ,u | afq,gu,)

—iOO
(b.17)
We now displace the Q integration towards the left in the p plane

; 2 o .
for Gﬁ “, and towards the nght for ai“ RE picking up the dynamical
h -1, =L ;
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eoo [-I"' ' l*l £+2 RILH
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 XBL698-3422

Fig. L. Poles in the p-plane for the integration’ of Eq. (4.15)..
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-poles-at p = +@. If we neglect the remaining background integral we

get,finally,

I ) I UL C ), (x.18)
- . _

where 57? is the fesidue of.vﬁpz at the pble Bo= aYi.and we' have
' generalizedlﬁo the case of several 0(1,1) -poles.

-The background integrai represents'thezéontributionvof lower
‘fanking éingularitiesviﬁ the input 0(1,1) series. Neélécting this
'integpél ianlves aﬁ assumptién aboututhe convergence of oﬁr solﬁtion
as we inéiude successively ﬁore input singularities, For our method
fo_ﬁerSeful, the lo;ations.aﬁd fésidues.of the>leading singularities
"in.the'ﬁ.plané'of the solﬁtién should:be,detéfmined to a_good approxima-
tion bybé sﬁall number of leading singﬁlarities in the p planéf' Note
that the baékground integral has its first z-piahe sinéularity at
4 = ;M‘—.l‘von the left, where' ) ;_-M. is the position of the next
singularity‘in gpg,which has beep neglected. Thisvlends credenCe to.
the abpve stated assumptibn.

If we now restore_the: k,w variables, the approximate Eq. (4.18)

reads (7 isvéhort for Yh;fg)

B oy Lo 0y [ ax aw b ik
b (ku) (o)br' (k',w') = o« Z [dk dw b " (k,w)
(4.19)
VT Al -1 Y -1, '
X R (k,w: K'yw )[dd G ) do (a1 ,
vy v Ty : .
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" where

(o) T

~RYY?(k,w;
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o

g o -g-1-a
Y(x + tanh %q) LvY

o bl _.
"g?x,,(l + X tanh é q). a fY Cey

(1.20).

vy

LRI Gt

il

k')

., as.
X (smh q) R A R

"e:and ay~ and q have been deflned in EQS (3~7):and'(3-1d)r'-NOfé'théf

1

:the expr6531on glven above for RYY - 1s valld only for the leadlng

’“term.ln the

n'pdle ic the

- is general,

':gfbrvin'this

- The

°equence of O(l l) poles correspondlng to a s1ngle Regge

;BCP expans1on Though our crossed partlal wave analy51s o

these leadlng terms are the only ones expllc1tly accounted

-paper

mcst'singular part iﬁ,the-ﬂ plane of the kernel of Eq. (hgi9)

“is given by

i

i [ _
i B!

0 i

: Y, | g s e
o) = BB ()T (8, comh ) T P(g(izl ST Y T<Z )

Lo~
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-

* z( "y *{(sann £ 0) T+ (sann L o) "

(#+1-0)7" 2" 8
-

-f-1l+0 o, Q r o ’ .
k' . (4.21)

!
vy k T

X (sinh q)
w,it'is interesting to.compare it with the ‘kernels obtained by‘ﬁsing the
- Mellin- transform technlque w1th an asymptotic representatlon of the

phase space. eF T One strlklng difference is the presence of the last

three factors.. For small k' this term factorlzes in- 'k and k' and,

o _ o : 5 k-1
after a redefinition of bY?, yields a "threshold" factor (kg) =S,

: where fﬂé-% qu(#é) f,aYﬁ(tu) -Il.’ This factor. can be ﬁeglecte@ wheﬁ'
£ is.éloSe to'the_branchvpoiht, where the outpuf Regge pole’occufg in
weak.ceuﬁlinglmddels. This is also the limit in which fhe Meliin-
traﬁeform'apﬁroech is-mosf plausible. | | | |
An,additional feature of our kernel isvtﬁe presenee,zfﬁrough e
dependeﬁCe bn.:sinh.q; of a kiﬁematical correlation between fhev k
: and‘ik’ vafiables for. k, k' > m.,.whefeb_m\ is the'maes.efvthe eutgoing
particleé(s) at‘the vertex. - For iinear:inpufrtfajectories'this also

prbvides a.natural cutoff at large values of k.
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. 1of Mueller and Mu21nlch (see Appendlx C)

4
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APPENDIX A’
(a) 0(2 1) in a Noncompact Basis
We summarize here the propertles of the representatlon functions
of the O(2, l) group in noncompact bases Wthh are relevant to our
paper. The reason is that we use a sllghtly dlfferent.bas1s than

Muk'unda,22 and also that the representatlon functlons 1n the.

- 0(2) X e(l l) basis are not found in the llterature

We are interested in the.matrlx elements of transformations
like
ST ¢ CiK o K E - | |
e 2 e :X e 7 , U B (A1)
which cornect -time-like to space-like three-momenta and transformations
of the form
—JKE’ —JK n -jK E" . _ .
e Ve X Y B g o (A.2)
for the speee-like—spaceiikecase.v:Although the latter parameterization .
of the10(2,l) group is not,complete,.itiis sufficient for our purposes,
due to the form (2.22) of - a - We shall use the mixed basis for the .
transformations (A.1) and the 0(1,1) basis for (A.2), with the
definition
-iK M ' - .
; : X : £ =lyq%
m Ur(ﬂ) = <Z)m.’e l,@, pI'> = '[d“r;_’m.(ﬂ )] K4
(A.3)

-iK M - ,

" \' "‘\. Pxd & _l i % )
1'65,L X ‘f . .[d_-pvl,_"‘“r(ﬂ ):I y

)
a’ W)= (e e

ey ,‘l
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' where -

The representatlon of 0(2 1) sultable for the o(1 1).basisiig-
B 22 25 ' ) o
-deflned ©in the Hllbert space of the functlons : (E) ( =.1,2)

.w1th the scalar product | ‘ | A

Cew - Y[ wamew . am

'In thls Hllbert space we. shall choose, for the »]Z, p+) ’SﬁatGS,ithe;afg‘c

partlcular representatlon glven, respectlvely, by

AThls ch01ce 1s dlfferent from Mukunda s’ 22 ifhelx'boostfisffepfesented}ff'
?1n thls Hllbert space, by
e T () = £l(&) (n>0) 0 e (A6) o

50

“where” .
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fi(g) = _(Ch N+ chvg. sh 'q)-z_l fl(g") :

fé(é) = (cht shn=-ch n)'z'l £,(&1) o(ch € sh 0 - ch 7)

S+ (enm-engsh )V ey(e,) e(chn - cnksnm)

£ 1 3 1, - (A7)
ég' . e + th > n , egl N e - th > N
- g1 7 : -k L ’
1 + é° th 5 n e” th > 1 1
£ .1
e§2 ) e> - th 50

_(b): 0(1,1) Basis

By substituting (A.5-7) into the second definition (A.3), we

,’get,forjéxampleBl
£ A1y 1 e ' -£-1
du'+,u+(n ) = 3 g e (Ch,ﬁ * Cﬁ € sh 1)
X (A.8)

By using the relation .

- , \ v . " - o T
ch 4 +ch & sh i = (e + th % (e ° + th % 1) (eh % -,  (A.9)
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we can reduce (A 8) to a standard representatlon of a hypergeometrlc-"'

v'[functloq5 and.we,obta;n»'

‘ 2-'f5:('3l> 1 (

1 -24-2, *«uHPU+1 )Mz+1+u)
=d?u|+’,u+_ 211) ( hgn) - ‘

2 (‘z + 27

.(Afld)i“ 

: 5Ip'thé same_wayuwe_have::.

7 I-u 5 Q(Ch n - ch g sh n)
| (ch n.-_ch g sh- n)z+1

vv and byAChangiﬁgkVariabieSft@i
. we get the result

Ly grEel gl

NG B LAt

. A

As for the plus-minus matrix elements we discover thai_‘ 

e ) #
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"duf+;pr(n:7) .é,f H s +(n) ‘ ,(fqr_ i > 9){.  (Ai;u)ﬁ.

wthh shows the convenlence of our ba31s (A 5) Theilast”matrix o

' element is not zero and 1s

e-u(g(ch E:sh M.~ ch ﬂ)fﬁfl‘

) R e S | . e e
- (e @ =z (ads)

'-")

After a ¢hahge df»Variables-éimilaf to (A>l2)_wéf€€t;'i' 
Sy 1 -20-2 4 1 eyt

v o(mThy = : = =—(ch'=n).
du._1u+(ﬂ. ) = ) 5-(ch3m)

: ;‘I(£'% l-;‘H ) r(n = 2) o o v; . _L" ; ‘ s 31'2
! Ty FO I, bx -t ot v L (th gn)7)

Equatlons (A 10), (A 15), (A 1&), and (A 16) glve the des1red N
35 ‘ L ’ -

fesulfs;‘ In paltlcular
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£ ply L DBl o) Ry oy
du_,_,oi_(n . ) - Tl’.' F(z + l) Q:}e} (Ch T]) b
R ( ) (A.17)
L -1y 1 r(z+1 u o
d0+,uf(n ) = 7 F(ﬂ a7 I (ch ﬂ)
Weffinally mentioh, without pfobf,_the relation
‘ ) ' f R
‘cos e/ d “+(n ) = -cos np' d“ N u+(n ) +cos g d fiH'(n .),‘ :
L (A.18)

Valid when 1 > 0. It can be used to prove that Eq. (h 9b) of the text
is actually solved by the relatlon (B 1) between (- ) and (+) amplltudes :

derived below. L

'(c)v Mixed Basis .
L We can obtaln the representatlon functlons in the 0(2))( O(l 1)

bas1s by using the same Hllbert space as before, by u31ng the represen-.

22 23

B tatlon of the stateb |6m) in thls space * which is

m‘g)  , fm(g)._z L (ch g -B 1 (f‘ + 1e
£_.(€) (2n)2 1 - ie

,(A.19)' 

From (A.7), after some algebra, we obtain (n>0)

' +00 ]
: ' . - L,y img
'dﬁ+ m( -1) = = | ag e ug(-ch'g ch n £ sh 1) £-1g _'i(g) ,
t, N v : |

B )

1-(A.éO)
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- Q, function,

‘and from the fact that the
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where

._t.am : g, = (5 & th 2n) /(e th 20 1) L : -(A.ei)

For m=0, r.=+, (A.EO).is a standard representation of a

3L

~,

and we obtain, for 17 >0,

1r(f +1 =) 4+l

Y/ -1y 1 g, o p ; : :
du+,0(n ) = 3 Te+1) ¢t Qe”(l sh ﬂ)'=-duf,0(ﬂ), (A.22)
ere the Last eqtati PR~
where the last equation follows from the relation
iﬂjz‘ ‘ o - S - o
R

1+, 0 is even in . | | N
. For m=0, T = -, the r.h.s, of Eq. (A.20) is proportibnal '
to the analytic continuation of QE“(i'shIn) ‘from >0 to 7 <O

onto the Riemann sheet reached through the cut -1 <z < 1. Therefore,

: by'making‘use of ‘the discontinuity formulaB?.

QEH(X:+ i0) = vei““ Qﬂu(x = 10) -_invPE“(xj- i0) , (A.2k)

we get

R SO A - __ cos ﬂﬂ‘ Y 1
dp-,o(n ) = du+,o(”) - cos xf dpf,o(n )
~£-1, -1 .
. 4 .
1 F('E) H+:O(] ) (A,ES){

r(¢ +1) cos wg T(u-2) (- - £)
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: (d) Group Propertles of Q, Functlons
By the use- of the r index it 1s possible to have pure Qg-type
replesentatlon functlons, thus providing: group theoretlcal propertles

" for QEH(Z).--FOT 1nstance, using (A lh), we obtain

ik iKE 1K n2

(8, 00+ Je F e e 16, 04+) "
= : £ -1, pE £, -1 A
- d[.,t d0+,“p,+( Tll ) € du—{- O+(n2 ) ’ (A'26) )
and using (A.17) Wé-géf.the addition theorem (for zg = ¢ch ni)
X Zl ) le: et Z2 -~ cn - J
S . g TR 1! _-HE N
o o i S SUEEERTE

When» e§ > cth 2n cth 2n2, or if Zi7: i sh n 5 the 5 contour can be
'oclosed in Re o > O, plcklng up the poles of Q H at ‘u =0+ l +n

36

‘and g1v1ng (A 27) a form known 1in the llterature
The result (A 27) can be used to give the crossed parﬁial wave_
analys1s of the AFS type Eq. (3. 16) without expllclt use of the group -

theory. 31



=by- © UCRL-1928¢

APPENDIX“B' 
Relation Between + and - ‘Amplitudes .
We have seen in the text that thev'(+) amplitude can be
‘deﬁermined separately frém Eq.'<hf9a). Then EQ.'(ha9b) éives B_ﬂ
2 ' '

in terms of B,

. Note first that the only'additional.Regge'poles Which>can.arise

_erm'(M.9b);éome from the singular points of (1 - K__E)—l and, since
K;PE >is related to K++-£—l [Eq.s(A,l5)],'they are simply the.Regée
pdlés at the7syﬁmetric points - 4 =.-E;- 1. (Rémember that fhe output
amplitude A, s symmetric.ﬁnder y/ e;>—£‘~'l.) Therefore, only- |

K++£_Vis relevant for determinihg the_position‘of the.oﬁtput Regge
poles.

| on fhe‘other'hand, an explicit. simple relatidn between '(—)
andl (%) .amplifudes can'bé found if 7 >0 _in the paraﬁetérization

(3.17) of a. 1In such a case, from the definition (4.1) of B £
RS : : - Tur

and from the relation (A.25), we get

+oo 0 )
£ . uE /’ £ -1 ' '
B = at e . d sh ”'du+;o(“ _) B(n,g} ,
-0 » .. . 4 nmll’l ’
(B.1) -
| R » - B ]
£ . cos ;. £ n Ir(-£) Tpt
'Bu— - cos b Bu+ * r(¢ +1) cos x& I'(n - £) I'(-n - 2)

which solves explicitly, for this casc, the system of Egs. (4.9). This

can be verified in a straightforward way by using (A.18) given above to

0 Y -2-1 ‘
‘leldte K+_ to ,K++ and K++ : . -
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"Notérthat' 51nh 1, glven by (3 18),'can be negéfl&é ﬁhén the-]{
seneréy*"t%nE;?.; ‘?L- g t. Thls can occur, however, only for the 'ainit*ie” t»;
-flrst few llnks for any flxed t The fbregOlng-argument thErefOre’s:y'"'
%he,trlctly holds for that part of the absorptlve part Whlch Comes from’ o
uvlntermedlate states of suff1c1ently hlgh mult1p11c1ty 20 In some R
':imultlperlpheral models O£ e: g s ﬁ?nr and ;-N scatterlng, whenvrt't;:”a
is. ln the reglon of the forward peak the flrst average subenergy is:

halready large enough to make the case n <. O (and the occurrence of

- tlmellke k s) presumably unlmportant from the second llnk on. 1in,'uff'l

't such cases the procedure of footnote (20) 1nvolves only the separate'irl"

‘:'gg‘treatment of the elastlc unltarlty graph A (a)
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APPENDIX C
Generalization to Toller Angle Depeﬁdence
We indicate here, for.the sake of cémpleﬁeness, how our

equations are modified in the case of Tolier angle dependencé of the.
pfoduption amplitudes. We use a method Of Muel1ef and Muzinich,38
which essentially gonsiéts in adding an ex£ra indeg T :.sgh ¢t to thé
‘incbmpleté absorptive.part.

| As remarked in Eq. (3.5), the.Toller angle W, dépeﬁds on

7. and T
1

P41t This means that the residues at the pOles L =0a and

po= -0 are different.:_Théreforé, we must treat positive and negative
¢'s separately.

:The 0(1,1) expansion of the production amplitudes becomes

im @ rl

S st
mTy S 1Cl
Y OTls S(rt. ). ep L im % | (c.1)
X B © SiTobo B © ’ S o

12 v Tn+1"p

where the k,w .Variables have been dropped. For the incomplete

absorptive part we now have rthe equation

P
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_B,r-,r (af ;"1}:’_',LW'; t_)

: ’;; EE: ’/ﬁk dw dg' | ( *g?‘}§51;ﬂt)}er

Y,T

,-V “.“‘Y" . B
_(O)BTLa (a';"kf,wf;»t)-

f'X'AYURT;‘l_,(k,W; k')W,E t)e o o @(T'C') ‘ G e

‘*whéré 
LT T Ly

-:.gf S ; LN L e Tala
-‘(Q)BTF,,'- L 42 - '2Ea_,§(51?hﬂqo-  ?o) ¢

m, . ,m
- £4' ua

|

f.ghdi Rzr;; is deflned as in Eq. (M;Qd),;but*withvthe'Iollér”angléf EA

'depéhdenbe 1ncluded in gYY

iin'the diagonalizatibni*thefamplitudé‘-Bﬁr has only the pole'
_g“; -1 ;andifhe'parﬁially:diégohalized,Eq;l(4;6) is replaced by f
Burpigr T (0) u rir +]‘ -

LT -

~ +ico .

iy g mE
(-1) du Bll.r’,f-.-

p'r! ,pr

B T o B G F P (R R
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The'separatidn of r.h. and 1.h. kinematical singularities in

bﬁhe p-plaﬁe for dﬁ,+ Q+ ‘proceeds as- before except that, for a given
. ' = : , - ' " ’

7, only one of the functions ,dz , .and dz , contributes. The-
el ‘ ' , oM B S R oo
final equation is

% (k',w") A; bﬁ.. (k' W*) + o dk aw b’ (k w);

yrot T2 S (O) Tyt ' . ’ yooo

- . . . . ) T}T R . )
. A' YY" . . " . . /\E . - '-'l L . N\
X .BTTY(k’W"k W5 L) danyT'aY'(q ) 2 (0'5)

where , b % is defined as in Eq. (4.20), except that now é.g.
) " d 2 _’

(0) yr
T T :
.B = B (tg)T)'

- Equation (4.19) follows from (C.5) in the case of 7 independeﬁce

of the residue funcfioné.:
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Salﬁeter Approaéh to the Mnlti-Régge Bootstrap, -Uni?ersity of Utah
pfeprint, 1969. Hgfe we give the créséed parfial wave ahalysis
of the unifarity equation at. t < 0 directly.

1. To define g5 unambiguously, it is.necesgarj to fix the initial

and final 'z rotations Hog and  v ~byvattaching"to conditions

£1
(2.2)'aﬁd (2.3) a definition of the y axis. . This ¢an be éccomplishéd
by.gpegifyihg a standard form for Qﬂ;i+2 and- Qﬂ,i-Q respgctively |
in these framé& as.did BCP, or by making use of the spin degree of
freedom,as did CD. | | o -

15. .The thfee-vector‘ k alWays refers to thé-éomponents,“(Qt,vQX; Q&){

16.  This speéification defines the frames (i,r) and .(i,z) up to a
reflection in the x-z plane. There is no rotational freedom

left as in the BCP frames (Ref. 1L).
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‘We use the same symbol for the Lorentz transformations @, q, and

. ¢ as their parameters.

" In terms of the variables for M

20."

E’.

(cosmzi + cosh qzi)

i 2 : _ .
- 2( a3 .
= (tz,itz,i+1) (sinh q,;)"(sen £; sen €;,; + cosh q;)/

Ky ki+l(Sinh.qi)2
The 0(1,1) variables are defined ;n reference frames which are
partly determlned.by Q (2 6) So this t dependencevls not

surpr1s1ng. The 0(1,1) expansion is natural for fthe unitarity
1ntegrand but not quite for the productlon‘amplltudes themoelves :”'
It is always possible to-recast}an 1ntegral equation of‘the type
(3.8) in terms of’_E =B - Bn,‘where ‘Bn represents the sum of

the first n'tefms in B, obtained by iterating the original

~equation. Since the time-like k's disappear after a finite

" number of iterations, one can always obtain, with this device, an

: integral‘equation'involving strictly space like g"s.

2l.

22.

- M. Toller, Nuovo Cimento 37, 631 (1965).

N. Mukunda, J. Math. Phys. 8, 2210 (1967), and 'Matrices_of,Fihite |
Lorentz Transformations<in a Noncompact Basis: ITI: Contlnuous
series of 0(2,1), Tata Instltute of Fundamental Research, Bombay,

preprint,. 1968.

d. K. Kuriyan, N. Mukunda, and E. C. G. Sudarshan, J. Math. Phys.

9y 2100 (Loe).
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30.
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We assume that all Regge poles are to the left of Re £ = -% S0

that this expansion converges p

i

roperly. ‘When the poles move to the

right, the contours have to be distorted,éccordingly.

In Ref. 1 the construction is g

iven of a Bethé-Salpeter equation

whose absorptive part, due to the Cutkosky rules, is the unitarity

Eq. (3.16). If a Reégge-pole expansion of the off-shell x-x

amplitude is assumed, such an equation does possess the AFS cuts (Ref.13).

B. W. Lee and R. Sawyer, Phys. Rev. 127, 2266 (1962).

coming from dgiur(q—l), which
: 3 .

symmetric cut at £ = - in Az

seen by performing on BHZ and

L. Sertorio and M. Toller, Nuovo Cimento 33, 413 (1964).

.  As shown in Fig. 4, thére are also poles at p = +(£ - n'),

appeanSin (4.15) and not in (4.17).

‘The only effect of the additional pinchingé is to generate a

, as expected. This is most easily

dz decompositions similar to
O,ur -

(4.16). 1In this respect the p-plane singularities here are similar

to the fZ-plane singularities of
£ « -4 - 1) and a separation

the distortion of the contours.

o
0

Toller amplitudes (symmetric under

of 1.h. and r.h. poles Simplifies

o)

The expression for (O)bg is the one given below if -z, > O.

If z,<0, Q ¥ has to be replaced by a more complicated

expression derived from (A.25).

In the Appendices we adopt the
for the hjperbolic functions.

We préfer‘to give directly the
in the kernel (k.7) and in the

the expansion (4.1). They are

abbreviations. ch g, sh g, th g

representation functions occurring

amplitudes (B.1) instead of those in

related by complex.conjugation.
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“.iNew York 19)5), Vol I Sec 2. 12 t;?f;.fh:rf:rr jf:?'h f'j"i, S

53'

In our Qzu functlons the factor e1”“f7of_thezdefihition'in Ref:

RO -2 has been dropped throughout

- 3h.
f_56f*}F ,W Hobson, The Theory of Spherlcal and Elllp801dal Harmon1CS_ih,.
BT

B

”Ref (52), Sec 3 7

fRef (32),’Sec 3. h

'=5(Cambr1dge Unlver51ty Press, 1951), o 58h

M Clafalonl, Uhlver51ty of Callfornla-Berkeley (unpubllshed)

;»A H Mhellex and I J Mh21nlch Multlperlpheral Dynamlcs at *G;l;ffi_7

"5'Non—Van1sh1ng Values of Momentum Transfer, Brookhaven preprlnt

.'jBNL 13836, June 1969

B



LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.




TECHNICAL INFORMATION DIVISION
LAWRENCE RADIATION LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720





