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Advances in Stochastic Optimization for Machine Learning

Abstract

We discuss two advances made in Stochastic Optimization where they arise out of a general
problem, namely minimizing an objective function of the form f(z) = E¢[F(z,£)] for z € X C R",
where F'(x,&) is a stochastic function with some random variable &.

The first project, in Chapter 2, deals with minimizing an objective function of the form
fio---o fr(z) where fi(x) = E¢,[Gi(z,&)]. In this setting, we assume that each component f; is
smooth, and in addition, we assume the access of a first-order oracle that outputs noisy estimates
of the components and their derivatives. We introduce two algorithms that utilize moving average
updates, and we prove that they converge to an e-stationary point. The difference between these
two algorithms is the first uses a mini-batch of samples in each iteration while the second uses
linearized stochastic estimates of the function values. The sample complexities of the mini-batches
and the stochastic linearized approaches for obtaining an e-stationary point are (’)(6%) and (9(}4),
respectively.

The second project, in Chapter 3, discusses minimizing a convex function fy(x) = E¢,[Fo(x,&o)]
with functional inequality constraints fi(x) = E¢, [Fi(x,&)] < 0 (4 € {1,...,m}) using a zeroth-
order oracle. We assume that we have access to noisy function value evaluations. The algorithm
performs an extrapolation and numerically solves the dual optimization problem by performing
a gradient ascent and descent at each iteration. Finally, the numerical solution is the weighted
average of the iterates from the gradient descents. The number of calls to the oracle to find an
().

e-approximate optimal solution is O Next, we present an algorithm in the non-convex

setting based on [25]; utilizing our algorithm for the convex setting, the non-convex algorithm has

sample complexity O( (m€+731)n) :

v



Acknowledgments

This thesis would not be possible without the guidance of my advisor, Professor Krishna Bala-
subramanian. I was fortunate enough to work with Krishna on an interesting problem in Stochastic
Optimization with many applications in machine learning. I would like to express my gratitude to
him for introducing me to the field and providing constant attention and feedback to my research
progress.

I would like to thank Professor Shigian Ma and Professor Luis Rademacher for serving on my
thesis committee and providing valuable feedback on my qualifying exam and dissertation. In ad-
dition, I would like to thank Professor Miles Lopes and Professor Debashis Paul for being on my
qualifying exam committee. I would like to thank Miles Lopes again for suggesting that I contact
Krishna when I was looking for a PhD advisor. I would like to thank Saeed Ghadimi for his help in
my first PhD project. I would like to thank Stefan Wild for the work I have done on Zeroth Order
Optimization at Argonne National Laboratory during Summer 2020.

I would like to thank the first floor administrative people: Tina, Victoria, and Sarah. I would
like to thank my friends and colleagues at the Mathematics department for making my experience
enjoyable. I would like to thank Sky for his friendship.

Finally, I want to thank my parents and family. Without their support, I would not be the
person I am today. I am especially grateful to my mother who continues to show support, love,

and care.



CHAPTER 1

Introduction

Optimization lies at the heart of machine learning. Most machine learning methods utilize
optimization algorithms. When we train a machine learning model that makes predictions, so as
a first step, we need to optimize its corresponding loss function - it tells us how much error is
incurred from our training dataset. During training, one would optimize the model’s parameters
by gradient descent, an optimization algorithm that minimizes a convex, smooth function. In the
machine learning community, there are many scientific papers on deep learning - learning based on
a network of layered nodes. As part of the training process, backpropagation is used to compute
the gradient of the neural network and is used to optimize the weights through mini-batch gradient
descent.

So far, we have seen that Optimization plays a huge role in machine learning; in fact, it has a
huge intersection in the training phase of a learning algorithm - minimizing a function. Now we turn
our attention to a subfield of Optimization - Stochastic Optimization. This field refers to methods
for minimizing or maximizing an objective function where randomness is present. One application of
a stochastic optimization problem is least squares: minimizing || Az —b||3. To see this as a stochastic
optimization problem, we can rewrite the least squares problem as fj o fo(x) = ||Az — b||3 where
f1(z) = ||z]|3, f2(z) = Az —b, and these functions can be rewritten in the form f;(z) = E, [G;(z, &)
for i € {1,2} and random variables &1, &a.

In this dissertation, we examine two projects. The first project examines the T-level composition
problem:

min  fio fao---o fr(x),
z€XCRAT

where fi(z) = Eg[Gi(x,&)] with f; : R4 — R%-1 for each i € {1,2,3,...,T} (dp = 1), and

it proposes two stochastic algorithms to solve this problem. The second project examines the



following objective function with functional inequality constraints:
min T
reXCR"? fO( )

s.t. filx) <0, i=1,...,m,

where i € {0,1,...,m}, fi(x) = E¢,[Fi(x,&)], and it solves the problem in the convex and non-

convex setting using zeroth-order information.

1.1. Soft introduction to Stochastic Optimization

We focus on a stochastic optimization problem of the form

min {f(z) = Ee[F(x, )]} (1.1)

ze X CR"”
since this closely resembles our two projects. We discuss solving this problem using a zero-order
and a first-order oracle. Before doing so, we look at the following minimization problem

min f(a) (1.2)

where we do not know the form of f, in contrast to problem (1.1). We briefly discuss what zero-order
and first-order Optimization means - both use zeroth-order and first-order oracles, respectively.

In first-order Optimization, a first-order oracle grants access to the function value f(x) and
its gradient Vf(z) for each x € X C R™. Therefore, we can use projected gradient descent
method to find the minimizer. In the unconstrained case, our update is just gradient descent:
Tp+1 = ¢ — AV f(z) with A > 0.

For zeroth-order Optimization, we only have access to function values f(z) for each z € X = R"™.
We cannot use gradient information since we do not have access to such information, but we can
approximate the gradient using Gaussian smoothing. According to [99], we form the Gaussian

smoothing f, of f by the following formula:

fo(x) =E,[f(x +vu)] where u ~N(0,1I,) and v >0.

2



If we further assume that f is Lipschitz continuous, [99] says that
\fu(x) = f(z)| <vLpy/n forze X =R",

where L is the Lipschitz constant of f - see [99] for other error bounds when f has a certain degree

of smoothness. [99] showed that

flx+vu) — f(2)

v

E, u| = Vf,(x)

where v > 0 and
v
IV fu(x) = V@)l < GLos(n+ 3)3/2,

provided that f is continuously differentiable and has gradient lipschitz. Here, || - || denotes the

dual norm. We refer interested readers to [99] for other types of error bound depending on the

smoothness of f. We can use this gradient estimator and use gradient descent to minimize f(x).
In the zeroth-order setting for (1.1), we have a zeroth-order oracle: for each = € X, the

stochastic oracle outputs F'(x,§) such that

E[F(z,8)] = f(x).

Furthermore, an additional assumption in the stochastic oracle may include the following variance

assumption:

E[|F(x,€) — f()|3] < oF. (1.3)

As done previously, we need first-order information or some estimation of it, so we can come up
with a method to solve this minimization problem. One approach is to use Gaussian smoothing on

F(xz,¢) for fixed £. Therefore, we have

F(x 4+ vu,§) — F(w,f)u

o g »

We add this biased derivative estimate to our zeroth-order oracle assumptions and add a variance

assumption similar to (1.3). We can call this difference quotient expression G(z,{,u) which is



an unbiased estimator for Vf,(x) - see (3.1). From this, we can make the following variance
assumption: E[|G(x,&,u) —V f,(2)|%] < o? for some o > 0. These quantities F(x, ) and G(z, €, u)
would be our calls from the zeroth-order oracle, and we can perform a gradient descent method to
solve the perturbed problem - minimizing f,(x) over x € X = R".

Returning to problem (1.1), we discuss the set up of the first-order method. Remark: In the
first-order setting, we will use the notation G(z, &) instead of F(x,&) as our unbiased estimator of
f(z). Our first-order oracle will have the following setup: for each x € X C R", the stochastic

oracle delivers a random variable and vectors G(x,¢) and J(z, &) such that

E[G(z, )] = f(x),
E[J(z,6)] = V (),
E[|G(z,€) — f(2)|] < a8,

E[|J(x,€) = Vf(2)]] < o7,

where 0y, 01 are some non-negative constants, and we can perform a gradient descent using these
random quantities to achieve an acceptable numerical solution.

Depending on whether our problem is convex or non-convex, the metric of convergence would
measure how small E[f(2*) — f(2*)] is when f is convex and 2* minimizes f. In the non-convex

setting, we examine the smallness of the quantity E[||V f(z*)]||].

1.2. Introduction to Chapter 2: Optimizing nested functions

The research direction done in the first project - our contribution - started from [63]. In that

research paper, the authors examined the following optimization problem:

min f1 o fa(z), (1.4)

where fi(z) = E¢, [G1(z,&1)] and fo(x) = Eg, [Ga(z,&2)] are Lipschitz smooth with G, G2 being
some stochastic functions, and X is a closed convex set. To solve this, an approach used in [63]
utilizes a first-order oracle to obtain function and derivative estimates to our component functions

f1, fo. Using these information, the authors use a gradient descent and make appropriate updates
4



using moving averages; these updates include our approximate solutions, approximate gradients,
and other approximations.

In the unconstrained setting and for simplicity, our convegence metric for this non-convex
problem will measure in expectation how close our spatial iterates are to the local minimum and
to the stational point - see [63] for more information.

Here comes our contribution: we numerically solve the optimization problem of the composition

of T' > 3 functions where our assumptions are similar to the two-level nested problem.

1.3. Introduction to T-level nested problem

We consider multi-level stochastic composition optimization problems of the form

min {F(x) — flo--w0 fT(x)}, (1.5)

rzeX

where f; : R% — R%-1 for i = 1,...,T (dy = 1) are continuously differentiable function and X is
a closed convex set. We assume that the exact values and derivatives of f;’s are not available. In
particular, we assume that f;(x) = E¢,[G;(z,&;)] for some random variables §; € RY:

Note that when T = 1, the problem reduces to the standard stochastic optimization prob-
lem which has been well-explored in the literature; see, for example [27, 62, 79, 106, 115], for
a partial list. In this work, we consider stochastic first-order algorithms for solving eq. (1.5)
when 7' > 1. Note that the gradient of the function F(x) in eq. (1.5), has the form VF(z) =
Vfr(yr)V fr—1(yr-1)--- Vfi(y1), where y; = fiy10---0 fr(x) for 1 <i < T and yr = x. Our
goal is to solve the above optimization problem, given access to noisy evaluations of V f;’s and f;’s.
Precise assumptions on our stochastic first-order oracle considered will be stated later in section 2.1.
Because of the nested nature of the gradient VF(x), obtaining an unbiased gradient estimator in
the online setting, with controlled higher moments, becomes non-trivial.

Although problems of the form in eq. (1.5) have been considered since the work of [51], recently
there has been a renewed interest on this problem due to applications arising in mathematical
finance, nonparametric statistics, deep generative modeling and reinforcement learning. We refer
the reader to [22, 26, 38, 52, 63, 100, 125, 126, 129, 131] for such applications and various algorithmic

approaches for solving problem eq. (1.5). In particular [125] and [129] considered the case of
5



T = 2 and general T respectively, and analyzed stochastic gradient-type algorithms. Such an
approach leads to level-dependent and sub-optimal convergence rates. However, large deviation
and Central Limit Theorem results established in [52] and [38], respectively, show that in the
sample-average or empirical risk minimization setting, the arg min of the problem in eq. (1.5) based
on n samples, converges at a level-independent rate (i.e., the target accuracy is independent of T")
to the true minimizer, under suitable regularity conditions. Hence, it is natural to ask the following
question: Is it possible to construct iterative online algorithms for solving problem eq. (1.5) with
level-independent convergence rates? Recently, for the case of T' = 2, [63] proposed a single time-
scale Nested Averaged Stochastic Approximation (NASA) algorithm with complexities matching
the case of T = 1. This resolved the above question for 7' = 2. However, constructing similar

algorithms for the case of general T" had remained less investigated.

Main contributions. In this work, we propose two algorithms for solving problem (1.5)
with level-independent convergence rates in the stochastic first-order oracle setting, under mild
assumptions. Our complexity results are summarized in Table 1.1. The first algorithm is based
on an extension of the NASA algorithm from [63] (proposed for the case of T' = 2) to the general
T > 1 setting, requiring a mini-batch of sample in each iteration. Although this algorithm has
level-independent convergence rates, the sample complexity (i.e., the number of calls to stochastic
first-order oracle) does not match that of standard stochastic gradient algorithm for 7" = 1 or
the NASA algorithm for T" = 2. The second algorithm is based on a modification to the NASA
algorithm, motivated by the standard linearization technique [37, 45, 109, 110], mainly used for non-
smooth problems. For any T > 1, we show that this algorithm has the same oracle complexity as
that of the regular stochastic gradient algorithm for the case of T' = 1, thereby providing a complete
answer to the question above. We emphasize that unlike our first algorithm, this algorithm does

not require a mini-batch of samples in any iteration and hence is more suitable to the online setting.

Comparisons to related works. A summary of our results, in comparison to the most re-
lated work of [129] is provided in Table 1.1. We remark that the approach and the results in [129]
are provided only for the unconstrained setting. We also highlight the related work of [131] which
considered problems of the form min, pa, {F'(z) + H(x)}, with F'(z) being a multi-level composite

6



function as in eq. (1.5) and H(x) being a convex and lower-semi-continuous function. Typically
H (x) could be considered as an indicator function of the constrained set X to relate the above prob-
lem to our setup in eq. (1.5). The algorithm proposed in [131] is a proximal variant of SPIDER
variance reduction technique [53] and is a double-loop algorithm. Hence, it is predominantly appli-
cable for finite-sum problems and is not so suitable for the general online problems that we focus
on. Indeed, they assume that for a fixed batch of samples, one could query the oracle on different
points, which is not suited for the general online stochastic optimization setup. Furthermore, [131]
assume a much stronger mean-square Lipschitz smoothness assumption on the individual functions
fi and their gradients, to obtain a complexity bound of O (TGpT / 63), where p is a problem depen-
dent constant factor. Furthermore, to obtain their result, they also need a mini-batch of samples,
with batch sizes of the order T2p”, which makes their approach impractical to be used even for
moderately large values of T. As mentioned above, our second algorithm does not have any such
requirements, making it easy to be practically applicable for large values of T'.

Furthermore, our Algorithm 2 is similar to the one proposed more recently in [110] for multi-
level composition optimization. In his work, the author focuses on the nonsmooth case and provides
asymptotic convergence of the proposed algorithm to a stationary point of the problem by analyzing
a system of differential inclusions which requires the compactness of the feasible set X. The finite-
time convergence analysis however, from our communication with the author, is not complete in
the released manuscript. Hence we are not able to provide a detailed comparison of the sample
complexities and assumptions on the oracle. We also remark that our choice of Lyapunov function
in (2.15) is different from that used in [110], which makes an important part of our convergence
analysis, distinct. This enables us, unlike [110], to relax the boundedness assumption of the feasible

set thereby making our method applicable to the unconstrained applications as well.

1.3.1. Motivating Application. We now discuss a concrete motivating application for the
T-level stochastic composition optimization problem we consider in this work. Let z* € R? denote
an unknown signal that we wish to recover. Suppose we are allowed to observe measurements of

the form y = a'2* + ¢, where a € N(0, I) is the random measurement vector and e ~ N(0, 1) (for
7



Method Convergence Rate | Oracle Complexity
[129] O (N—4 (7+T)) O (1/6(7+T) 2)
Algorithm 1 O (N~1/?) O (1/€°%)
Algorithm 2 O (N~1/2) O (1/€4)

TABLE 1.1. Convergence rates and Oracle complexity results for finding an e-pair
z,z of eq. (1.5); see Definition 2.1.1 for details. Convergence rate refers to the upper
bound on E[V(z,z)] and oracle complexity refers to the number of calls to the
stochastic first order oracle to obtain a e-pair. Here, we only present the e-related
T dependencies. See Remark 2.1.1 and Remark 2.2.1 for more details.

simplicity) is the noise in the measurement. In this case, the following estimator,

& =argmin E(y —a'z)?,

zER4
that minimizes the expected reconstruction error servers as good estimator of the true signal. This
is indeed a single-level stochastic optimization problem. To actually get the minimizer, one could
run the standard stochastic gradient algorithm for N iterations with a single sample (y;, a;) € R4*!
in each iteration. Without further assumptions on z*, we require N ~ d to accurately estimate
x* [103, 108]. In compressed sensing [31, 42|, the signal x* is assumed to be k-sparse, i.e., it is
assumed to consist of only k non-zero entries. Denote by || - [|o, Lo norm of a vector counting
the number of non-zero coordinates of the vector. Then, under the sparsity assumption, for the

stochastic gradient algorithm, to solve the following problem,

T= argmin E(y—a'z)?

zER:||z||o<k

it is enough to require N = klogd (as opposed to N = d) samples for accurate reconstruction [3, 4].
Hence, when k < d, we get a huge improvement in terms of oracle complexity. Furthermore, real-
world signals, like images, are empirically observed to satisfy the sparsity assumption stated above.
Hence, the field of compressed sensing has revolutionized the field of signal processing [24, 49, 124].

Recently, motivated by the success of deep learning, [26] proposed a generative approach to
compressed sensing. Here, it is assumed that there is a latent signal vector z* € R¥, with k < d,
such that for a given neural network G : R¥ — R?, the true signal is given by z* = G(z*). In other
words, the true signal is assumed to lie in the range of a neural network, given the latent signal z*.

Similar to above, we are allowed to observe measurements of the form y = a'G(2*) + €. In this

8



case, the following estimator,
Z = argmin E(y — a' G(2))?,
z€ERF
was proposed in [26]; see also [70, 100, 128] for more details. Furthermore, the mapping G is
assumed to be deep neural network with depth 7. That is, G(z) = f1 o fo--- o fr+(2), where for
1 <i < T, the function f; : R%-1 — R% with dp» = k and d; = d. Here, each component of the

function [f;];, for 1 <14 < T is given by

[£i1j, (W) = Epgylo(g 'y — b)]

where o(s) is the activation function and p(g,b) € R4*! is a distribution over the weight and
the bias at each layer. Typically the activation function is the ReLU function o(s) := max{0, s} or
the sigmoidal function o(s) := 1/(1 + e~*) and the distribution p(g,b) is typically assumed to be
Gaussian. Hence, the problem is a special case of the T-stage stochastic composite optimization
problem outlined in (1.5). The statistical sample complexity of the above problem, for accurate
reconstruction, requires the number of measurement to be of the order of k [26]. However, efficient
algorithms for solving the above problem are less explored; see [70, 118] for some related works. Our
proposed algorithms in this work, could potentially be used to solve the above problem efficiently
— a thorough investigation is beyond the scope of the current project, however is interesting future
work. It is worth emphasizing that, in the case of ReLLU activation function, our smoothness
assumptions are not immediately satisfied. However, it is possible to construct accurate and smooth

approximations to ReLU functions, that satisfy our assumptions.

The rest of our project is organized as follows. In section 2.1, we present our first algorithm and
analyze its convergence analysis for solving eq. (1.5) with any 7' > 1. In section 2.1, we present a
modification of this algorithm and show that it can recover the best-known sample complexity for

(single-level) smooth stochastic optimization. Some concluding remarks are also given in section 2.3.



1.4. Introduction to Chapter 3: Zeroth order Optimization with functional

inequality constraints

Before we discuss our next contribution, we discuss the following optimization problem of

minimizing an objective function with functional inequality constraints:

:L‘EIEIQHR” f0($)
s.t. filx) <0, i=1,...,m; (1.6)
where f; is smooth for each i € {0,1,...,m} and X is a convex compact set. In [25], this stochastic

optimization problem is solved using a first-order oracle in the smooth convex and nonconvex
setting; the authors optimize the dual problem of (1.6). Hence, the algorithm in the convex setting
performs a gradient ascent and descent in each iteration. At the end of the algorithm, a weighted
average of the iterates from the gradient descent is set as the numerical solution to the convex
problem.

In terms of the convergence analysis metric, we examine the following quantities

Elfo(Zr) — f5] and  E[|[[max(fi(21),0), ..., max(fn(2r),0)]" 2],

where T is the number of iterations of the algorithm, and the authors show these quantities are
at most € for a certain sample complexity 7' := T.. This algorithm in [25] (known as the ConEx
method) is used in the non-convex setting.

The idea in the non-convex setting is to augment the objective and contraint functions with
strongly convex terms and use the ConEx method to numerically solve the augmented problem
K > 1 times. Next, randomly pick k € {1,..., K} (where each has uniform chance of being
picked), and return z; as the numerical solution to the non-convex problem.

The convergence rate measures how much in expectation the numerical solution deviates from
the KKT conditions - see [25]. The total number of calls to the first-order oracle to solve the
non-convex setting is O(T¢/e). These two methods lead to our contribution: in the convex and
non-convex setting, we solve these optimization problems using a zeroth-order oracle; the sample

complexities are O((m + 1)n/e?) and O((m + 1)n/e3), respectively.

10



1.5. Introduction to optimization of an objective function with funtional constraints

in Zeroth Order setting

We develop and analyze stochastic zeroth-order algorithms for solving the following non-linear

optimization problem with functional constraints:

min fo(z)
rzeX (17)
st. fi(z) <0, i=1,...,m,

where, for i € {0,1,...,m}, fi(x) = E¢,[Fi(x,&)] : R® — R, are continuous functions which are

not necessarily convex, &; is the noise vector associated with function f;, and X C R" is a convex
compact set. In the stochastic zeroth-order setting, we neither observe the objective function fy
nor the constraint functions f; directly. We only have access to noisy function evaluations of
them. Such zeroth-order optimization algorithms have been successfully applied to a diverse set of
fields including culinary engineering [117], chemical engineering [69] and water-plant treatment [66,
91]. Within the field of statistical machine learning, such algorithms have proved to be useful
for hyperparameter tuning [116] (see [65] for an overview of how Google uses such algorithms for
hyperparameter tuning for their products), reinforcement learning [34, 56, 90, 112] and robotics [75,
76].

The study of stochastic zeroth-order optimization algorithms for unconstrained optimization
problems goes back to the early works of [23, 73, 77, 97, 98, 105, 119, 121]. However, the study
of zeroth-order algorithms and their oracle complexities for constrained problem as in (1.7) is
limited (see Section 1.5.2 for details), despite the fact that several real-world machine learning
problems fall under the setting of (1.7) (see Sections 1.5.1). This serves as our main motivation for
developing stochastic zeroth-order optimization algorithms for solving (1.7), and analyzing their
oracle complexity.

Our methodology is based on the recently proposed constrained extrapolation based primal-
dual approach in [25] for the stochastic first-order setting. In this work, we extend this methodology
to the stochastic zeroth-order setting based on Gaussian smoothing based zeroth-order stochastic
gradient estimators. We characterize the precise way to set the tuning parameters of the algorithm

so as to mitigate the issues caused by the bias in the stochastic zeroth-order gradient estimates.

11



Based on this, we demonstrate that for the case when the functions f;, i = 0,...,m, are convex, the
number of calls to the stochastic zeroth-order oracle to achieve an appropriately defined e-optimal
solution for (1.7) is of order O((m + 1)n/e?). Furthermore, in the nonconvex setting, the number
of calls to obtain an appropriately defined e-optimal KKT solution of (1.7) is of order O((m +
1)n/€?). To our knowledge, these are the first non-asymptotic oracle complexity result for stochastic
zeroth-order optimization with stochastic zeroth-order functional constraints. We illustrate the
practical applicability of the developed methodology by testing its performance on benchmark
simulation experiments for functionally constrained optimization problems, and a hyperparameter

tuning problem which we discuss below.

1.5.1. Motivating Application. Our main motivation for studying constrained optimization
problems in the zeroth-order setting is their applicability to hyperparameter tuning for machine
learning algorithms. We refer the interested reader, for example, to [59, 71, 107, 116] for more
details. Automating the process of selecting the optimal hyperparameters is crucial for making
statistical machine learning methods widely applicable in practice.

In this work, we specifically concentrate on tuning the parameters of Hybrid or Hamiltonian
Monte Carlo (HMC) sampling algorithm. HMC, proposed by [44], and popularized in the statis-
tical machine learning community by [96] is a gradient-based sampling algorithm that works by
discretizing the continuous time degenerate Langevin diffusion [82]. It has been used successfully
as a state-of-the art sampler or a numerical integrator in the Bayesian statistical machine learning
community [32, 33, 64, 72, 127]. However, in order to obtain successful performance in practice
using HMC, several hyperparameters need to be tuned optimally.

Typically, the functional relationship between the hyperparameters that need to be tuned and
the performance measure used is not available in an analytical form. We can only evaluate the
performance of the sampler for various settings of the hyperparameter. Furthermore, in practice
several constraints, for example, constraints on running times and constraints that enforce the gen-
erated samples to pass certain standard diagnostic tests [60, 61], are enforced in the hyperparameter
tuning process. The functional relationship between such constraints and the hyperparameters is

also not available analytically. This makes the problem of optimally setting the hyperparameters
12



for HMC as a constrained zeroth-order optimization problem. In the context of HMC, [59, 71, 89]

used Bayesian optimization techniques to set the hyperparameters.

1.5.2. Related works. The methodology developed for zeroth-order optimization in the op-
erations research and statistics communities has a long and illustrious history to be summarized
entirely. Similarly, in the machine learning community, Bayesian optimization techniques have
been developed for optimizing functions with only noisy function evaluations. We refer the reader
to [7, 13, 28, 35, 55, 78, 81, 86, 92, 93, 113, 120] for more details. In what follows, we focus on rele-
vant literature from zeroth-order optimization and Bayesian optimization literature for constrained
optimization problems.

When the constraint set is analytically available and only the objective function is not, [84]
and [29] considered an augmented Lagrangian approach and an inexact restoration method respec-
tively, and provided convergence analysis. Furthermore, [5, 14, 78] extended the popular mesh
adaptive direct search to this setting. Projection-free methods based on Frank-Wolfe methods,
have been considered in [19, 111] for the case when the constraint set is a convex subset of R™. Fur-
thermore, [85] considered the case when the constraint set is a Riemannian submanifold embedded
in R™ (and the function is defined only over the manifold).

When the objective function f and the constraint functions f;, ¢ = 1,...,m are both not
available analytically, the methodology and the related analysis becomes relatively complicated.
For this case, in the deterministic setting (i.e., we could obtain exact evaluations of the objective
and the constraint functions at a given point), filter methods which reduce the objective function
while trying to reduce constraint violations were proposed and analyzed in [10, 48, 104]. Barrier
method in the zeroth-order setting was considered in [11, 12, 47, 54, 54, 67, 87, 88], with some works
also developing line search approaches for setting the tuning parameters. Model based approaches
were considered in the works of [16, 36, 66, 95, 123]. Furthermore, [15, 30] developed extensions
of Nelder-Mead algorithm to the constrained setting. Several works in the statistical machine
learning community also considered Bayesian optimization methods in the constrained setting, in
both the noiseless and noisy seeting. We refer the reader, for example, to [1, 8, 17, 18, 50, 57, 58,
68, 71, 80, 83, 102]. On one hand, the above works demonstrate the interest in the optimization and

machine learning communities for developing algorithms for constrained zeroth-order optimization
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problems. On the other hand, most of the above works are not designed to handle stochastic zeroth-
order constrained optimization that we consider. Furthermore, a majority of the above works are
methodological, and the few works that develop convergence analysis do so only in the asymptotic
setting. To the best of our knowledge, there is no rigorous non-asymptotic analysis of the oracle
complexity of zeroth-optimization when the constraints and the objective values are available only

via noisy function evaluations.
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CHAPTER 2

Stochastic Multi-level Composition Optimization Algorithms with

Level-Independent Convergence Rates

2.1. Multi-level Nested Averaging Stochastic Gradient Method

In this section, we present our first algorithm for solving problem (1.5). As mentioned in sec-
tion 1.3, the previously proposed stochastic gradient-type methods suffer in terms of the convergence
rates when applied for solving this problem [129]. The main reason is the increased bias when esti-
mating the stochastic gradient of F’, for T' > 2. Our proposed algorithm has a multi-level structure
— in addition to estimating the gradient of F', we also estimate the values of inner functions f;
by a mini-batch moving average technique, extending the approach in [63] for any 7" > 1. This
will enable us to provide an algorithm with improved convergence rates to the stationary points
compared to the prior work [129]. Our approach is formally presented in Algorithm 1.

We now add a few remarks about Algorithm 1. First, note that at each iteration of this
algorithm, we update the triple (z*, {w*}Z_,, 2¥), which are the convex combinations of the solutions
to subproblem (2.1), the estimates of inner function values f;, and the stochastic gradient of F' at
these points, respectively. It should be mentioned that we do not need to estimate the values of the
outer function fi;. However, we include w'f in for the sake of completeness. Second, when T = 2
and by = 1, this algorithm reduces to the NASA algorithm presented in [63]. Indeed, Algorithm 1
is a direct generalization of the NASA method to the multi-level case T' > 3. However, to prove
convergence of Algorithm 1, we need to take a batch of samples in each iteration to reduce the
noise associated with estimation of the inner function values, when T" > 2. We now provide our

convergence analysis for Algorithm 1. To do so, we define the following filtration,

G, 0 k 0 k .0 k 0 k .0 k
F=o({x”, .. 2% 20 2wy, w e wp, L wpu Ut ).
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Algorithm 1 Multi-level Nested Averaging Stochastic Gradient Method

Input: Positive integer sequence {by }x>¢ and initial points 20,20 € X, w? eER% 1<i<T,
for k=0,1,2,..., do

1. Compute
o = arg min {<z'f,y—x’f>+ﬂkuy—x’f||2}, 2.1)
yeX 2
stochastic gradients Jf“, and function values Gf’jl at wf_H fori ={1,...,7},5 ={1,...,bx}
by denoting wéﬁH = gk,
2. Set
P = (1 — Tk).l‘k + Tkuk, (2.2)
T
F =1 - )+ [ (2.3)
i=1
with = (1 — 7wk + 7, GFY, 1<i<T, (2.4)
where
1 &
Ak+1 k-+1
Gith = > oGt (2.5)
ki
Output:

Next, we state our main assumptions on the individual functions and the stochastic first-order

oracle we use.

AsSSUMPTION 1. All functions fi,..., fr and their derivatives are Lipschitz continuous with

Lipschitz constants Ly, and Lyy,, respectively.

k

ASSUMPTION 2. Denote w:’?H = z%. For each k, wﬁl being the input, the stochastic oracle

outputs Gf“ e R% and Jf'H € R4%*di-1 sych that

(1) ELJE] = [V £k )T, and BIGH ] = fiwk,,), for 1< < T.

(2) E[IG — fi(wh P17 < 0%, and E[|JE P15 < 03, for L < i < T. Here ||| is
any vector or matriz norm. For concreteness the reader could view them as the standard
Euclidean norm (for vectors) and the operator norm (for matrices).

(8) Given ZFy, the outputs of the stochastic oracle at each level i, Gf“ and Jf“, are
independent.

(4) Given Fy, the outputs of the stochastic oracle are independent between levels i.e.,

{Gf“}izlw’T are independent and so are {JikJrl}i:l’m,T.
16



Assumption 1 is a standard smoothness assumption made in the literature on nonlinear op-
timization. Similarly, Parts 1 and 2 in Assumption 2 are standard unbiasedness and bounded
variance assumptions on the stochastic gradient, common in the literature. At this point, we re-
emphasize that the assumptions made in [131] are stronger than our assumptions above, as they
require mean-square smoothness of the individual random functions G; and their gradients. Parts 3
and 4 are also essential to establish the converge results in the multi-level case; similar assumptions
have been made, for example, in [129]. In the next couple of technical results, we provide some

properties of composite functions that are required for our subsequent results.

Lemma 2.1.1. Define Fj(x) = fjo fit10--- fr(z). Under Assumption 1, the gradient of Fj is

Lipschitz continuous with constant

T j—1 T
Lyr, = Z Lvy, Hsz H L3,
j=i I=i  l=j+1
PROOF. We show the result by backward induction. Under Assumption 1, gradient of Fr = fr

is Lipschitz continuous and so does that of Fp_q since for any x,y € X, we have

IV Fr_1(2) = VEr 1)l = |V fr(@)V froa(fr(@) = V fr(@)V froa(fr(w)]
< V@)V fr-1(fr(x)) = V fro1(Fr(y))]
+ IV fra(Fr @)V fr(@) =V fr ()]
< (L3, Lvgry + Ly Ly gl — .

Now, suppose that gradient of Fj;; is Lipschitz continuous for any ¢ < 7T — 1. Then, similar to the

above relation, VF; is Lipschitz continuous with constant

LVFi :L%‘Hlvai + LfiLVFL.Jrl

T T 7j—1 T
2 2
=Lvs I] 2% +Ls > |Lvs 1] La 11 Z3
Jj=i+1 Jj=i+1 l=1+1 l=j+1
T 7j—1 T
:Z Lyy, HLfl H L2z
Jj=t =1 I=j+1



We remark that the above result has also been proved in [131], Lemma 5.2., with a slightly

different proof.

Lemma 2.1.2. Define F(z) = f;o fir10--- fr(x) and Vf;(z) = Vfr(2)Vfr_1(wr) -V fi(wir1)

for any z € X,w; € R% j=i+1,...,T. Then under assumption 1, we have
_ Ly,
IVF(@) = VE@)I < 3 72 Ls o Lyl Fea(@) = wynl]
j=i 1

ProoF. We show the result by backward induction. The case ¢ = T is trivial.

When i =T — 1, under Assumption 1, we have

IVEr1(x) =V fr(@)V froi(wr)l| = |V fr(@)[V fr-1(fr(z)) = V fr(wr)]]

< LVfolLfTHfT(w) - wTH-

Now assume that for any ¢ < T — 2,

T-1

IVFii1(z) - vﬁ-ﬁ-l(l‘)” < Z

j=i+1 N

Lyy,

Liy o L[ Fja(z) — wigall.
We then have

IVE;(x) =V fi(x)|| = [[VFi1(2)V fi( Fia(x)) — V fi(2)]]
<V fi(Fi1 (@) IV Fis(z) = V fipr (@) | + IV i @)V fi( Figa (2)) = V fi(wig) |

< Ly ||[VFip1(x) = Vfir1(@)|| + Ly, Ly, - Ly || Fipr(x) — wia |

T-1

Lyy,
< Ly, Z TLfi+l o 'LfTHFJ'-H(x) - wj-i-lH + Lys Ly, - 'LfTHFi-H(x) — w1l
j=i+1 T
T-1
=Y T 2Ly Lyl (@) —wjal|
j=i fi
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Lemma 2.1.3. Under Assumption 1, for any j € {1,...,7 — 1}, we have

T -1
I 0o fr(wria) — will < I f5wipa) —will+ > | ] Ls | Ifewerr) = wel.
(=1 \i=j

ProoF. We show the results by backward induction. For j =T — 1, we have

| fr—1 0 fr(wr41) —wr—1l] < || fr=1 o fr(wrsr) — fr—1(wr)|| + || fr—1(wr) — wr—1||

< Lgp_ N fr(wrsr) —wr| + || fr—1(wr) — wr—1]|.

Now suppose the result holds for j + 1,5 € {1,...,T7 — 2}. Then, we have

1fjo fiwr o fr(wrir) —will < I fj o fr(wryr) — fi(wir) + fi(wjr1) — wll

S Ly fivr0--o fr(wryr) —wiptl + [1fj(wjs1) — wy]|

T /-1

<Ly (I (wise) —wiall + D | T Lo | Ife(wesr) — will
t=j+2 \i=j+1

+ [ fj(wj+1) — wyl|

T -1
= 1£5(wja) —will+ D> TTZs | Ifelwerr) = wel,
(=j+1 \i=j
where the third inequality follows by induction hypothesis. =

Lemma 2.1.4. Define
Ry = Ly Lp, - Ly,
Rj=1Lp... Ly Lvplyp, Ly 1<j<T-1,
Cy = Ry,

Cj = RlLf20~~~ofj_1 + RQLfSO‘..ij_I + -+ Rj—Qij—1 + Rj_l with 2 < 57 <T.

Assume that Assumption 1 holds. Then for T" > 3,

T T—1
i VF(z) = Vir@) [ [ Virr-iwria)| <D Cillfi(wier) —wjll + Crll fr(x) —well.  (2.6)
=2 =2
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PrROOF. By lemma 2.1.2 and lemma 2.1.3, we have

T

HVF( ) — Vifr(z HVfT+1 i(Wri2—;)

T—
< Z illfj+r 0o fr(wrir) — wi
=2 j=1

= > Rjllfjr10--0 fr(wrir) — winll + Rroal| fr(wrsa) — wr|
7j=1

- T-2 T

/-1
Z illFir1(wipe) —wipa |+ Y Ry Y | T L | Ife(wern) = wel

j=1 j=1  f=j+2 \i=j+1
+ Ryl fr(wryr) — wrl.
The conclusion follows. To see this, term collecting || fa(ws) — wz||, we have Cs.
For 2 < j < T, term collecting || fj(w;+1) — wjl|, we have C;. "

The following result also shows the Lipschitz continuity of the objective function of the

subproblem (2.1). One can see [63] for a simple proof.

Lemma 2.1.5. Let n(x, z) be defined as

e =mig {Geoy—2) + Sy - alP}.

yeX

Then the gradient of n w.r.t. (z,z) is Lipschitz continuous with the constant

Ly, = 2\/(1 +B)2 + (1+ 52
In the next result, we provide a recursion inequality for the error in estimating f;(w;+1) by w;.
Lemma 2.1.6. Let {z*};>¢ and {wf};>0 1 <i < T be generated by algorithm 1. Denote
d* = uF — o, wh, =2 vk >0, Api = fi(wfjll) fitwk) 1<i<T (2.7)

a) Foranyie {1,...,T},

1
5t = Wb 2 < (L= m) i) = whIP+ Al + 7Rl 2+ 28
k k k k
ekt — w2 < 7 [ fiCwky) — wh )P + el 2 = 2l fiwl) —ub)], 29)
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where

et =2m e T A+ (L= ) (fiwh) —wh)), et = filwhy) - G (2.10)
b) If, in addition, f;’s are Lipschitz continuous, we have
1 fr (™) — w2 < (U= m) || fr(a®) — wh|® + Lpprilld®(|* + 7|1 + vt (2.11)
I fi(wit) = witH P < (1= m) | fiwiyy) — wf||* + L7, [Hfi+1(ZUf+2) —wi ) + e
+ 72| e 4 i 1<i<T -1, (2.12)
where
P = 2 12 (L fou (k) — why) + 7 (2.13)
Proor. Noting eq. (2.4), eq. (2.8), and eq. (2.10), we have
Ifi(wi) = wi P = Ak + filwig) = (= m)wf — 7 filwiiy) — e )2
= [ Ak + (1= m) (filwfiy) — wf) + el 2
= Ak + (1= 7) (fiwiy) = wh) >+ llef TP+ rf
Then, in the view of eq. (2.10), eq. (2.8) follows by noting that
1Ak + (1= bm) (fiwiyy) = wh) 1P = [ Al + (1 = 72 filwyy) — wf|?
+2(1 = 1) (A, filwhyy) — wf)
< Aal? + (= )2 fi(wiyy) — wf|?
1
(2= 1) Ml + = ) = P
1
= (L= )| filwfir) — wi|? + ;kllAk,z‘IP» (2.14)
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due to Cauchy Schwartz and Young’s inequalities. Also, eq. (2.9) directly follows from eq. (2.4)

since

k+1 k k+1 k k k_ k+1
lwi ™ = wi[* = [l7(GF T —wd)|? = R fiwih) —wf — e

=7t | fiwiy) = wf | + lef 12 = 2(ef ™ fiwiyy) — wi) |-
To show part b), note that by eq. (2.2), eq. (2.7), and Lipschitz continuity of f;, we have

1Rzl < Lypllwpty = whpall = Lepmeld®ll, Akl < Ly llwff —winll 1<i<T -1

The results then follows by noting eq. (2.8) and eq. (2.9).
[
We remark that the mini-batch sampling in (2.5) is only used to reduce the upper bound on the
expectation of Tk”ef-tll |? in the right hand side of (2.12). Moreover, we do not need this inequality
for i = 1 when establishing the convergence rate of Algorithm 1. Thus, when 7" < 2, this algorithm

convergences without using mini-batch of samples in each iteration, as shown in [63].

Denoting w := (wy,...,wr), we define the merit function
T-1
W(z,z,w) = F(z) = F* =z, 2) + > vill filwiyr) = wil* + 37l fr(z) — wr| (2.15)
i=1

which will be used in our next result for establishing convergence analysis of Algorithm 1.

Lemma 2.1.7. Suppose that {x*, 28 u¥ wl ... wk};> are generated by Algorithm 1 and
Assumption 1 holds.

a) If

,YO::O? ’Yl;)\>07 /8k552A+7T7

v =1L}, — A >0, AB=A=r)(yj =1Ly, =N >TC:  j=2,...,T, (2.16)

where C}’s are defined in Lemma 2.1.4, we have

N-1 T-1 N-1
A7 (117 + Y fi(wiyy) = wf P + [ fr(a®) —wil|?] < W(a®,2%u®) + Y R (217)
k=0 i=1 k=0
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where

T-1

T T—1
R = rt Y llef ™ me Y WL g el I + D et w4 mi(df, AT,
=1 i=1

=1

Lyr + Lyy) 7} L
(Lvr Vn) k Hdk”2+ 2V77||Zk+1 _ZkH27

+ 2
T T
AF =V fp(2F) H Vfrir-i(Wia;) — H VAR
i=2 i=1
and r¥ T 71 are defined in eq. (2.10) and eq. (2.13), respectively.

b) If parameters are chosen as

Y%=0 m=1 =2 Ly Ly ) 2<j<T,

2
1 T maxo<;<T Cz

A=< min (v —v-1L%, ), B=A+tqr+

2 1<i<T 4\

Then, conditions in eq. (2.16) are satisfied.

PROOF. First, note that by Lemma 2.1.1, we have
L
F(xk+1) < F(xk) + <VF(:Ek),l'k+1 I xk) + %H"Ek_‘_l . l‘kH2
k ky gk LVFT;? k|12
= F(*) 4 i VF(*), d%) + “208 k|2
Second, note that by the optimality condition of eq. (2.1), we have

(2F + Br(uF — a%), 28 —uky >0, (2F,dF) + B]|d¥]% < 0.
23

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)



Then, noting eq. (2.2), eq. (2.3), and in the view of Lemma 2.1.5, we obtain

n(xkak) - n(l‘k+1,zk+1) < <zkz + ,Bk(uk - :L'k),l‘k+1 _ $k> _ <uk - .CL‘k,Zk+1 _ Zk>

L
+ 2V17 [Hq:kﬂ k|2 ZkHZ]

(2% + Bd®, dF) — 7 (d* Hﬁﬂﬂ (2.23)
=1

L
n 2Vn [ka-i-l k2 sz+1 _ ZkHQ]

L

< Bl ? — T AL )+ S [N + 12— 2]
=1

(2.24)

Third, noting Lemma 2.1.6.b), we have
Z% (17l = w2 = W fiCwkin) = wf 2] + v (1@ = b2 = | () — wh)?]

T
k k k k ~k
< i {m (k) = b2 = B i o) = wha P = L3 el 2] + 2llel )2 + it |
i=1

r { =k [1r(@*) = whl2 = 23, 1a07] + 22 + k)

= —me{mllfi(ws) —wi | + 375 g — -1 Lf, I (wh) — wk)? (2.25)
T—1
+ Iy —yr Ly @) — whPY + e | D wLE el 1P + “YTHdkHQ] (2.26)
=1
T-1
+ 7 Z%He’““ll2 + > ekt (2.27)
=1 =1
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Combining the above relation with eq. (2.23), eq. (2.21), noting definition of merit function in

eq. (2.15), and in the view of lemma 2.1.4, we obtain

W("L‘k+1, Zk+17wk+l) _ W(%k, zk,wk)

T-1

< =7(Br =) d* 117 + || | D Cill fi(wj1) = wjll + Crll fr(x) — wr||| + R*
j=2

= il fi(wh) — wh|?
+ 355 = v L, k) = w2+ e = L3, fr(a®) — wh )2,
where RF+1 is defined in eq. (2.18). Thus, if eq. (2.16) holds, we have
W (b1 R bty (e, 2 b
N—-1 T-1
<A (1P D M fiwh) = wi P + L fr(a®) = wi ]| + REF
k=0 i=1

Summing up the above inequalities and re-arranging the terms, we obtain eq. (2.17). It can be

easily verified that condition eq. (2.16) is satisfied by the choice of parameters in eq. (2.20).

]
We introduce the following additional lemmas.
Lemma 2.1.8. Consider a sequence {73 }r>0 € (0, 1], and define
k=1 1 it 0 = 1,
Ty=T [J0-7) k>2  Ii= (2.28)
i=1 1— 75 otherwise.
a) For any k > 1, we have
1 if 7o = 1,

k—1

Ti .

i,k Fi—i—l k >t >Ry ZO i,k
1=

1 —-T% otherwise.
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b) Suppose that gr+1 < (1 — 7%)qx + pr k> 0 for sequences {qx, pi }r>0. Then, we have

qr < Ty

kel pA] 0 ifr=1,
a =

1 otherwise.

PRrROOF. To show part a), note that

T Tork e TiFk; Tgrk
ik — Lk ] = k
= 7

3
z+1 ) Fz+1

) =1-fa-n
ity z) F1( 0)-

To show part b), by dividing both sides of the inequality by I'y11 and noting eq. (2.28), we have

@ (1 = 70)q0 +po Geel o Gk | P o
Iy I Fg1 — Pk Fk+1
Summing up the above inequalities, we get the result. [

PROPOSITION 2.1.1. Suppose that Assumption 2 holds and (for simplicity) 1o = 1, B, = 5 >0
for all k. Then, for any k > 1, we have

T
BPE[||d"|[*| 7] < E[||z**|#] < [[ o7, (2.29)
i=1

T
E[|** = 2F|?1 7] < H (2.30)

If, in addition, the batch size by in Algorithm 1 is set to

max<;j<7 L2
by, = {Wfpﬂ k>0, (2.31)
Tk

we have

T
E[RM 7] < [ <]:[ ) (LVFHI; 45) LW) +Z%GG] =70, (2.32)

where R*1 is defined in eq. (2.18).

PROOF. The first inequality in eq. (2.29) directly follows by eq. (2.22) and Cauchy-Schwarz

inequality. Noting eq. (2.3), the fact that 79 = 1, and in the view of Lemma 2.1.8, we obtain
26



k—1
1
o (T
i=0 =1

By convexity of || - ||* and conditional independence, we conclude that
k-1 T
E[|l2"|2. 7] < ) ciskE HJZJrl
i=0 =1
k-1 T k— T T
<3 o TTE; 1451 < Yo (14 )~ TT%
i=0 (=1 i= =1 =1

Noting eq. (2.29), we have

2
E[ll 2"+ — %27 <

> _HJk+1

2

H Jk+1

<27 { (1271127 +
<2rf (H oy, + H%)

= 47? (H an>

Now, observe that by eq. (2.10), eq. (2.13), the choice of by, in eq. (2.31), and under Assumption 2,

we have
E[A*|.%,] = 0, E[eF™!.#,] =0, which implies E[rF™|.7] = E[FFT1.%,] = 0,
E k+1||2|y E 1 Gk+1 | F O-%;i < . 1 Tk 2
el 130 = Bl G2 = Awbo)F172] < T <min 1, oo
Noting eq. (2.18), eq. (2.29), eq. (2.30), and the above observation, we obtain eq. (2.32). (]

Observe that Lemma 2.1.7 shows that the summation of ||d*|| and the errors in estimating the
inner function values is bounded by summation of error terms R¥ which is in the order of Zivzl T2

as shown in Proposition 2.1.1. This is the main step in establishing the convergence of Algorithm 1.
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Indeed, € X is a stationary point of eq. (1.5), if u = Z and z = VF (&), where
. _ 1 2
u=argmin < (zZ,y — ) + —|ly — z||* ¢ . (2.33)
yeX 2

Thus, for a given pair of (Z, z), we can define our termination criterion as follows.

DEFINITION 2.1.1. A pair of (Z, z) generated by Algorithm 1 is called an e-stationary pair, if

E[\/V(z,2)] < €, where
V(z,2) = |lu—z|*+ |z = VF(z)|, (2.34)
and u is the solution to (2.33).

When X = R V(z,2) provides an upper bound for the ||VE(z)||?. One can see [63] for the
relation between V(Z, z) and other common gradient-based termination criteria such as gradient

mapping. Furthermore, as shown in [63], we have

V(a®, 2%) = max(L, B7) [u® — 2¥|* + ||2F — VF(")|?, (2.35)

where (zF, u*, 2¥) are the solutions generated at iteration k — 1 of Algorithm 1. Noting this fact, we

provide convergence rate of this algorithm by appropriately choosing 8 and 7% in the next results.

THEOREM 2.1.9. Suppose that {z*,2¥};>0 are generated by Algorithm 1, Assumption 1 and
Assumption 2 hold. Also assume that the parameters satisfy eq. (2.20) and step sizes {1y} are

chosen such that

N
Z Tl <clgy1 Vk >0 and VN > 1,c¢ is a positive constant. (2.36)
i=k—+1

(a) For every N > 1, we have

N
> mE[[VF (") = 2F|*|] < Bi(o?, N), (2.37)
k=1
where Nt . Nt
4eL*(T — 1) ~ ~
Bi(c?, N) = — W (2%, 20, w®) + o gﬁ 2|+ CH"?’K ;0 2, (2.38)
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o2 is defined in eq. (2.32) and

I’ = L2 o2y 2.39
max { VE> 11%1@%)% ( )

(b) As a consequence, we have

N
E[V (25, 2] < ! {Bl(GQ,N) + W [W(:fco,zo,wo) +J2ZT§] } (2.40)

= SN
D k=1 Tk k=0

where the expectation is taken with respect to all random sequences generated by the method and an

independent random integer number R € {1,..., N}, whose probability distribution is given by
T
PR =k = —x"—.
Zj:l Tj

(c) If, in addition, the stepsizes are set to

T0 = 1; T — \/:LN Vk = 17 -7N7 (241)
we have
m ppy 1 [ALAT = 1) [W (0,20 uP) + 207 Lo Ba(o%N)
E[IVF(z") — 277 < N 5 + 2@:1_11% == /N (2.42)
E[V (2%, 27)] < \/1N |:BQ(0'2,N) + W (W (22, 2°,w®) + 202]] , (2.43)
Bl () = wlf|?) € 1 [Wla®, 20, u) + 207 P LT (249

PRrOOF. We first show part (a). Noting eq. (2.3), we have
VF(zF) — M = (1 — ) (VF(2) — 2F) 4+ 7,(6F + 6% + AF),

where AF is defined in eq. (2.18) and

T ~ 2Ry — 2k
5 = V)~ V() [[ Vriuhag ), oF= VI

=2

Tk
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Denoting Ay, = (AF (1 — 7.)(VEF(2) — 2¥) 4+ 7,(6* + 6%)), we have

IVE@ ) = 25512 = (1= ) (VE(2") = 2%) + m(6" + M) + mZIAF]* + 2meAs

< (1= 7)[IVF(2*) = 28|* + 27 [!\5’“”2 + LY plld|* + Ax | + 77 AR,

where the inequality follows from convexity of ||-||? and Lipschitz continuity of gradient of F. Thus,

in the view of Lemma 2.1.8, we obtain
IVF(*) - 24| < mZ = (100 Zoplld P+ A SIAT)

which implies that

N N
Ti i 7 7
SorlVEES) =P = 23wl 3o (16717 + Lo el + A + T1A71°)

N-1 N
Tk
=2) (Z TiFi> (16812 + 2 p a1 + By + T A%))
k=0 i
<20 Y 7 (1687 + LR plld|” + A+ TAM2) (2.45)

where the last inequality follows from eq. (2.36).
Now, observe that under Assumption 2, we have

T 2

H Jéﬁ-l

/=1

E[AR K] =0,  E[|Ax]*| ] <E

T
2
< H 9
/=1
Moreover, by Lemma 2.1.4 and the fact that (321, a;)> < n > 1 a? for nonnegative a;’s, we have

T
F(z) = Vr@) [ Viri-iwria)

=2

16k]I* =

’ﬂ
L

<2T - ) C 1f5(wjg1) — w;l* + 2CF | fr(x) — wr*.

<.
Il
¥
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Combining the above observations with eq. (2.46) and in the view of eq. (2.39), we obtain

N N-1 T-1
S nEIVF(*) = 28?12 < 4eL(T = 1) Y 7 | > 1f5(wjv1) = will* + | fr(@) — wrl* + [|d*]|?
= k=0 =2

+ cH oy, Z i, - (2.46)
=1

Then, eq. (2.37) follows from the above inequality, eq. (2.17), and eq. (2.32).

Part (b) then follows from part (a), eq. (2.35), eq. (2.17), and noting that

ZN: TkV(ZEk’Zk)
E[V (27, 27)] = =k=1 .
[V( )] ¥

Part (c) also follows by noting that choice of 74 in eq. (2.41) implies that

ensuring condition eq. (2.36) with ¢ = 1.

REMARK 2.1.1. The result in (2.43) implies that to find an e-stationary point of (1.5) (see, def-
inition 2.1.1), Algorithm 1 requires O(pT T*/e*) number of iterations, where p is a constant de-
pending on the problem parameters (i.e., Lipschitz constants and noise variances). Thus, the total

number of used samples is bounded by

Zbk _ < TTG)

due to (2.31) and (2.41). This bound is much better than O (1/6(7+T)/2) obtained in [129] when

T > 4' . In particular, it exhibits the level-independent behavior as discussed in Section 1.3. Note

that, we obtain constants of order p’, for example, when ai in eq. (2.32) are all of equal. We

1Following the presentation in [129], we only present the e-related T' dependence for their result.
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emphasize that [129] and [131] also have such constant factors that depend exponentially on T, in

their proofs and the final results.

REMARK 2.1.2. The bound in (2.44) also implies that the errors in estimating the inner function
values decrease at the same rate that we converge to the stationary point of the problem. This is
essential to obtain a rate of convergence similar to that of single-level problems. Moreover, (2.42)
shows that the stochastic estimate z* also converges at the same rate to the gradient of the objective

k

function at the stationary point where x" converges to.

Although our results for Algorithm 1 show improved convergence rates compared to [129], it is
still worse than O (1 / 64) obtained in [63] for the case of T' = 2. Furthermore, the batch sizes by
is of order p’ for some constant p which makes it impractical. In the next section, we show that

both of these issues could be fixed by a properly modified variant of Algorithm 1.

2.2. Multi-level Nested Linearized Averaging Stochastic Gradient Method

In this section, we present a linearized variant of Algorithm 1 which can achieve the state-of-art
rate of convergence for problem (1.5) for any 7" > 1. Indeed, when T' > 2, we have accumulated
errors in estimating the inner function values. Hence, in Algorithm 1 we use mini-batch sampling
in (2.4) to reduce the noise associated with the stochastic function values. However, this increases
the sample complexity of the algorithm. To resolve this issue, instead of using the point estimates
of fi’s, we use their stochastic linear approximations in (2.47). With this modification, a refined
convergence analysis enables us to obtain a sample complexity of O(1/e*) with Algorithm 2, for
any T' > 1 without using any mini-batches. Here, we remark that similar linearization techniques
have been proposed as early as [109] in other contexts. Furthermore, it was also used in [37, 45]

and [110] recently for the two-level and multi-level cases respectively.

Algorithm 2 Multi-level Nested Linearized Averaging Stochastic Gradient Method
Set by, = 1 in Algorithm 1 and replace (2.4) with

wit = (1= m)wf + mGE + T (Wl — wk ), 1<i<T. (2.47)

To establish the rate of convergence of Algorithm 2, we need to make the following additional

assumption on the fourth-moments of the outputs of the stochastic oracle, similar to [129].
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ASSUMPTION 3. Denote wT+1 = o¥. Instantiate the conditions in Assumption 2. In addition

to that, the stochastic oracle satisfies, for 1 <i <T,

(1) E[lTFHMZ) < w5, BN = Vhiwh)IPF] < o5, BIJET = V fi(wha)|1*1 73] <

% ’

2

(2) E[IGF — filwi ) I'|Za] < K,

The above assumptions are trivially satisfied when the ;s are drawn from any light-tailed distri-

butions (for example, sub-Gaussian). Relaxing the bounded fourth-moment assumptions to the

bounded second-moment assumption, as in section 2.1 seems extremely challenging without strong

assumptions on the objective function and the constraint set X. The next result provides the

recursion on the errors in estimating the inner function values.

Lemma 2.2.1. Let {2*};>0 and {wf};>0 1 < i < T be generated by Algorithm 2. Define, for

1<i<T,

et = fi(wh ) — GFT M =V fi(wh ) — I

Z

k k
Ap,i = fi(wirll) fi(w z+1) Vfi(w z+1)( 2:11 - wfﬂ)-
a) Under Assumption 1, we have, for 1 <i < T,

L2
k k k: Vi k k
1fi(whs) = wl T < (1= o)l fi(whpy) — wfl? + 2wl — wb 1+ )l +

41y,
k k+1 k
HE TPl — wiall?,
where,
A= o e A+ (1= ) (i) — ) + 6 Gl b))

+ 2(é¢k+1(wff11 - wz+1> Api + (1= 7)(fi(w z+1) wf)).
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b) Furthermore, we have for 1 <i < T,

2

k k

i ™ = wi|? < 2Hfz( wipy) = wi |+ e+ S I P e - mez] + 2/t
k

725“ = T (— k“ T (fi(w 2-1—1) - wf) + JikH( fjﬁl - wf+1)>

40

k k k k k k

™ — |t < 7 6llfz( wipy) = wi ||+ 35]|ef T+ —2ll; Tl - wf+1|!4]
k

k1 k k k41 k k41 k
+ 4it [QTI?Hfi(wm) — wf|® + 7 leg P + 21|} Jr1||2sz‘:-r1 _wi+1H2} .

Proor. We first prove part a). When 1 < i < T, by definition of Ay ;, ekt Gf“,wkﬂ, and

(2

ff“, we have

k .
1fi(wiHD) = wi P
k k L k
= Ak + filwiiy) + Vfi(wi) (wi —wli) — (1= m)wf — Gt — T (i —wi )P
=[[ Ak + & (Wi = wi) + (U= m) (fi(whiy) — wf) + mrel T2

~k k
=[|&" Wi — Wi )P+ Ak + (1= m) (fi(wiy) —wh)|P + 7l T2+t

k -k ~k k
<Ak + (L= 7o) (filwiyy) — wi)® + e 2+ # + @ P lwih — wia |
Combining the above inequality with (2.14) and noting that under Assumption 1,

L. k k k k
[ Akl < 5 min {4Lfi||wif11 —wi |, Loy, Jlwit! — wi+1||2} ; (2.52)
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we obtain eq. (2.50).

We now prove part b). Note that by the definition of eq. (2.4) and eq. (2.48), Cauchy-Schwartz

and Young’s inequality, we have for 1 <7 < T,

k k k k k k
i = wf|? = (l(GF T = wf) + T (Wi = wi)|?

k k k k k k k k
= G = wf P+ 1T (i = wf )P+ 2m (G — ol T (w0 — wfig))

k k k k k k k
< TI?HGi—H — w; 12+ 21|J; +1H2||wij_11 - wi+1||2 + Tl?”fi(wi-i-l) — w; H2
k k k k
+ 273, (— '+1 oo +1( 1j11_wz+1)>

k k k
=27¢|| fi(w z+1) k”2+7'kH€ +1||2+2HJ )12 ”wzrll_wf+l‘|2

k L k k+1/, k+1 k
+ 27 (—el T T (fi(wfy ) — wf) + T (w T — W)
Computing the squared of both sides of the above inequality and noting that
{a,0+ ) < Jlal?[1b+ ¢l® < 2flall* + [1B]I* + fle]l*,

we obtain the last result.

[
We now require the following intermediate results to proceed.
Lemma 2.2.2. For two vectors x,y of equal dimension and any ¢ > 0, we have
2 o 2y 1 2
lz+yl" < @+ )l + {1+ 5 )yl (2.53)
4 4 1\’ 4
o+ wll* < (1+ )] + ( 5) ol (2:54)

ProoFr. By Cauchy Schwartz inequality, Young’s inequality, and the fact that

ooy — 2 V5w L\ < a2 4 191
<.’E,y>— xa\/S — HJ“H + 5 ’
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eq. (2.53) follows. Next, by eq. (2.53) and Young’s inequality, we have
4 2014 1\? 4 1 20,112
lz 4yl < @+ 0) ™ + {1+ 5 ) llyll® + 20 +6) [ 1+ 5 ) ll=[Flly]
20 (14 1\? 4 2 4 1\*1 4
< o2l + (145 ) Il + 0Pl + (14 5) Sl

1 3
=+ 0Pel+ (145 ) ol

Lemma 2.2.3. Let «;,p;, q;, be sequences such that a; = p; + a;11¢9; for 1 < ¢ < T. Then, for

1 <4< T, we have

T j—1 T
; = pi + Z pj (H qg) +ary <Hqg> :
=i

j=i+1 =i

ProOF. Base case for : =1 — 1, we have

ar—1 =pr-1+aoarqr—-1 = pr-1 +qr-1pr + 919707 +1-

Assume for all 1 < ¢+ 1 < T —1, the result holds. We show it holds for the ith case. By induction

hypothesis,
T j—1 T
Qit1 = Pit+1 + Z Pj ( H %) +art ( H (M) :
j=i+2 (=i+1 f=i+1
Then
T j—1 T T j—1 T
a; =pit+ ¢ |Pit1+ Z Dj < H C]e) tary ( H qg) =pi+ Z Pj (HW) tary (H%) :
j=i+2 l=it+1 f=it+1 j=i+1 =i =i
This proves the inductive step.
u

k1

In the next result, we show how the moments of ||w; w¥|| decrease in the corresponding order

of 1. This is a crucial step on bounding the errors in estimating the inner function values.
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Lemma 2.2.4. Under Assumption 1 and Assumption 3, for 1 < ¢ < T, and with the choice of

7o = 1 (for simplicity), we have

Elfwj ™ —wf|*| ] < & 7, (2.55)
Efw; ™ —wf||| ] < i i, (2.56)
where
)
1802, + (ZToh o8, + 03, ) Y]+ (ITEy 03 ) 52T for1<i<T -1,
i =14 32 O’éT_l + 18 aéT P+ (HiTzl ai) B2 fori=T—1,
T — .
5 O'%;T + (Hi:l ai) B2 [16L}T + 4Q3T + 203T] fori="T.
3107 k&, +© ()41 3107 Ky + 04a) for 1 <i<T—1,
¢ = § 3107 mépl + 3107 /i‘(l;T 24040 fori=T-1,
(3107 kg, +o0q [2%-3L% +2%- 355 + 2% 3k, | fori=1T.
with
7j—1 T-1
T := [ ] 18L5, + 803, + 407, ©:= ] 2% 3L}, +2° 35, +2*- 307,
t=t =i

(1]

2 2 2 8 4 7 4 4 4
¢ :=18L%. | +807, , +407,. ., =2"-3Ly,  +2"-3sx),  +2"-30,, |,

T T
U= [ 18L3, + 803, + 407, Q:= [ 2°-3Lj +27- 35, + 1207,
(=T—-1 =T-1

Before proceeding, we remark the order of & and ¢; could be O(CT) for some universal constant
C > 1. We did not try to optimize the constants appearing in the definition of ¢; and ¢;, as our

main focus in this work is on the convergence rates.

PROOF OF LEMMA 2.2.4. First, we start with some notations. Recall the definitions of

Api,eFTt b and define for 1 <i < T,

Dy = Ap + mpef ™+ e (whH — wly ). (2.57)
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Then, we have for 1 <¢ < T,
Fiwl) —wft = (1 =) (fi(wiiy) — wf) + Di. (2.58)

We now prove eq. (2.55). By equation eq. (2.58), Lemma 2.2.2 using § = 7%, we obtain

) — wf 2 < (1 - )= Ll ) -+ S e
< (1= mlfitutin) = b1+ 2Dy (2:59)
Moreover, we have
ST e ) — w4 27 (2.60)
rhe = ks el 2l — k) e e il - )

which together with the fact that E[7 ;|.%%] = 0 under Assumption 2, we have imply that

E[[| Drll*|- 7] = E |+ REllef %] + Ellef T (wi — wig) P 7]

ZE[|ef 125 + (4L3, + Bl P Bllwlf - wha 217, (261)

where the second inequality follows from (2.52). Hence, noting the result from Proposition 2.2.1.a),

w:’,i 1= z¥, and under Assumption 3, we have

T
0%y + (AL, + 03;) (H U3¢> 5_2] |
=1

Using (2.59) with ¢ = T, the above inequality, and Lemma 2.1.8 with the choice of 79 = 1, we have

T
o, + (403 +03.) (H a?,i> 5—2] . (2.62)
=1

Moreover, under Assumption 3 and Lemma 2.2.1.b), we have

E[|| Dy |?|75] < i

E[|| fr(z*) — wh||?.7] < 2

2

K+1 K W k+1 k K1k

Elllwiyy — will*| ] < ToE [Q\fz( whiy) — wfl* + [lef P + 7_2”‘]1' P lwi - wz+1’2‘<%c] ;
k

(2.63)
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implying that
T
El|wy™ — wi|*| 7] < 77 |50, + 2(8LF, + 205, +a7,) (H Ui) 6_2] : (2.64)
i=1
This completes the proof of eq. (2.55) when ¢ = T. We now use backward induction to complete

the proof. By the above result, the base case of i = T holds. Assume that E[||wff11 —wF |12 %] <

Ei+17',§ for some 1 < i < T. Hence, by eq. (2.60) and under Assumption 3, we have
E(l| Drill*| ] < 72[08, + (413, + 03,)%i11],
which together with Lemma 2.1.8, imply that
Ell|fi(wiy) — will*[Fa] < 2[02, + (4LF, + 07,)E+1].
Thus, by eq. (2.63), we obtain

B[t — wf|2| 7] < 72 (503, +2(4L3, + 0}, +20% )],

7 i

where after using Lemma 2.2.3, ¢; for 1 < ¢ < T — 2, is as defined in the statement of Lemma 2.2.4.

Hence, we obtain the claim in eq. (2.55) by induction.

We now start proving eq. (2.56). We start with ¢ = T. By equation eq. (2.58), Lemma 2.2.2

and setting § = 7, we get

1+7 3
1 fr (@) —whH It < (1 =722 (1= )l fr(a®) — wil|* + (7_3)”Dk,T”4

k

8
< (L =)l fr(e®) — wil|* + ;I!Dk,TH4-
k
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Now, by eq. (2.60), we have

k K k k sk k
1w = w1 4 4+ 2R e P (wi — w1

+Tk”€

+mmmw@m4HW+wF%mﬁ—wﬂm)
v (1Al + 72l 2 4 e ki = wh)IP)
i < 2 Apal? (TkHekHHQ + 1w = wi )P+ 2 (el e (Wl - wf+1)>>

k ~k k+1
+ 27 e T Plle T (wi — wi)I®.

implying that

k Sk k k sk k
IDsall* < 14wl + miclled It + 1165 (Wi — wh) It + 4rg e HPer  (wif) — wi) )12

k+1 k417, k+1
4| Apll? (Rl 2 + el (k! — wh) ) + ar (2.65)

k ~k k k ~k k k
= s (1Al + 721l 2 + b ol = wh)IP) + mill Apal P (e, e ! = whi).

By definition of d* and Assumption 3, we obtain ||Ag 7| < 2Lz, 7/|d¥|. By this inequality and by

applying Lemma 2.2.2 with § = 1, we have

1Dkl <8 [l Akl + 7ileh ™ + b tab?
< 8Tk [16L4 Hdk:H4 + Hek—‘rl Ak-‘rldkH4]

k ~k
< G (2L, ¥ + eI + e
By Assumption 3 and Proposition 2.2.1, we have

E[| Dyr [ i) < 644204, 04+ rby, + 564, 04)

Hence, by Lemma 2.1.8, we obtain

E[|l fr(«*) — wil*| k] < 8°[2LF, 00 + K&y + #5,04)-
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Now, by Assumption 3 and Lemma 2.2.1, we
E[[|w§™ — wh||*|.Zk] < 7 [3072{2L] 04 + K&y + 55,04} + 400405, + 35 - Ky, -

This completes the proof of eq. (2.56) when i = T. We now use induction to complete the proof.

By the above result, the base case of i = T holds. Assume that E[wajll — Wk | F] < i,

for some 1 < i < T. Then, note that by using eq. (2.58), we have

1+ 7 3
k k k k
Ik = w1 < (1= i) = b+ (S ) Dl

Since f; is Lipschitz under Assumption 3, [|Ag;|| < 2Lfi|]wf_t11 — wk,||. Using this fact and

Lemma 2.2.2 with § = 1, in eq. (2.65), we obtain
E[l| Dyill*| ] < 6473 [2L7,civ1 + K¢, + 5, cinal-
Using the above inequality, Lemma 2.1.8, and our setting 7p = 1, we obtain
E[|| fi(wiyy) — wi | Fa] < 8 [2L] civr + Ky, + 525 cisl.
By Assumption 3 and Lemma 2.2.1, we obtain
E[lwj*' — wf|*F] < 7¢[B0T2[2LY, civ1 + K, + 2, cima] + K, + 4kJ,ciral,

where after using Lemma 2.2.3, ¢; for 1 < i < 7T — 2, is as defined in the statement of Lemma 2.2.4.

Hence, we obtain the claim in eq. (2.56) by induction.

[
The next result is the counterpart of Lemma 2.1.7 for Algorithm 2.
Lemma 2.2.5. Recall the definition of the merit function in eq. (2.15). Define w* := (w¥, ..., wk)
for £ > 0. Let {a:k, 2k uk, w’f, e 7w§}k20 be the sequence generated by Algorithm 2. Suppose for
1 <4¢ < T, we have
— )\)
2 < Be=A) )
Zg%XT Cs < T (ib— ) (2.66)
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where C}’s are defined in Lemma 2.1.4. Then, under Assumption 1 and Assumption 3, we have
N-1 T-1 N—-1
A T [Hdk\z + > filwiy) = wf P + || fr(a*) - wHZ] <W(2®,2%u®) + Y R (2.67)
k=0 i=1 k=0
where, for any k£ > 0,

T 2

R . T Ly

RF = (E :viri-“*l) + & (Lo + Loy + 200 Lyl 12] + miela¥, Ag) + S5 = 252,
=1

L2
~k Vi k k ~k k k k -k
it = 47,? o = wi I+ lE Pl — whia |1 + mElle I + 7t

and Ay and ¥ are, respectively, defined in (2.19) and (2.51). Furthermore, notice that eq. (2.66)

is satisfied, when we pick

1
v =1, A=1/2, Br =8> 5+ 2T2%%XT0]?. (2.68)

ProOOF. Noting Lemma 2.2.1 and definition of ff“, we have

k k k k k k -k
”fi(wiill) - wiHHQ - ||fi(wi+1) — w; ||2 < *Tkai(wz'H) - w; ||2 + TiH’

(@) —wi P = (@) = wh]® < —mllfr(a®) — W )? + 5t

Combining the above inequalities with (2.21), (2.23), and noting definition of the merit function in

(2.15), we obtain
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W(l’k+l, zk-i-l’wk-‘rl) _ W({L‘k, Zk, wk)

T-1

< = Bemelld®|* + Y wCslld 1 (wfa) = wi | + mCr | fr(a*) — wi |
j=2

+ > =kl filwf) = wilP = yrel fr(@®) — wi]|? + RFH
=1

T-1 DY
= Bl + 3 mf (22 ) G = NI k) - )
j=1

+Tk\/ (%72) G = W) b

-1
+ Y —wmllfiwhi) = wf|® = el fr(a®) = wi]* + R

i=1

T-1
< = Al + Y I () = wf P+ () — o]+ B
=1

where the second to the last inequality follows by condition eq. (2.66) and last follows by Young’s
inequality. Thus, by summing up the above inequalities and re-arranging the terms, we obtain

(2.67). also It is easy to see that eq. (2.66) holds, by picking the parameters as in eq. (2.68). [

In the next result, we show the error terms in the right hand side of (2.67) is bounded in the

order of ch\;l 72 in expectation.

PROPOSITION 2.2.1. Suppose B, = 8 > 0 for all k and 19 = 1. We then have
T
B'E[|d*|*| ] < E[l|="]1*25] < H = pBlog Vk>1,

E[R*|.%,] < 6277
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where
Vf Cit1 2 = 2 ’YTLVfT
E Vi +0j.civ1 tog, | + + 2Ly, H oy,

1
2

QWTJJT 7 <H U?Ji) {Q'YTQ?]T + Lyr + Ly, + QC’TLfT}] . (2.69)
k \i=1

PROOF. Noting the convexity of || - ||4, the first inequality follows similarly to that of Proposi-
tion 2.1.1 and hence we omit the details. Noting E[Ax|.Z] = 0, definition of RFF!, ]E[?*f+1|35k] =0
for 1 <i < T, Lemma 2.2.5, Lemma 2.2.4 and Assumption 3, we obtain o2 as in eq. (2.69).

We remark that the ¢;11 in the right hand side of (2.69) indeed appears as 7ipc;+1 and so 7%
reduces the affect of larger constants in the definition of ¢;4;. However, for simplicity we just
removed the 73, in the definition of 2. We are now ready to state the convergence rates via the

following theorem.

THEOREM 2.2.6. Suppose that {wk,zk}kzo are generated by Algorithm 2, and Assumption 1
and Assumption 3 hold. Also assume the parameters satisfy eq. (2.68) and the step sizes {7y}
satisfy (2.36).

(a) The results in parts a) and b) of eq. (2.37) still hold by replacing o by &2.
b) If the stepsizes are set to (2.41), the results of part c¢) of eq. (2.37) also hold with replacing

a? by 62.

PRrOOF. The proof follows from the same arguments in the proof of eq. (2.37) by noticing (2.67),

and Proposition 2.2.1, hence, we skip the details.

REMARK 2.2.1. Note that Algorithm 2 does not use a mini-batch of samples in any iteration.
Thus, (2.43) (in which o is replaced by 6%) implies that the total sample complexity of Algorithm 2
for finding an e-stationary point of eq. (1.5), is bounded by O(cTC/e*) which is better in the order
of magnitude than the complexity bound of Algorithm 1. Furthermore, this bound matches the
complexity bound obtained in [63] for the two-level composite problem which in turn is in the same

order for single-level smooth stochastic optimization.
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2.3. Concluding remarks

In this project, we proposed two algorithms, with level-independent convergence rates, for sto-
chastic multi-level composition optimization problems under the availability of a certain stochastic
first-order oracle. We show that under a bounded second moment assumption on the outputs of the
stochastic oracle, our first proposed algorithm, by using a mini-batch of samples in each iteration,
achieves a sample complexity of O(1/¢®) for finding an e-stationary point of the multi-level compos-
ite problem. By modifying this algorithm and making a bounded fourth moment assumption, we
show that we can improve the sample complexity to O(1/e*) which seems to be unimprovable even
for single-level stochastic optimization problems, without further assumptions [9, 43]. For future
work, it is interesting to establish CLT and normal approximation results for the online algorithms
we presented in this work for stochastic multi-level composition optimization problems, similar to

the results in [6, 39, 103, 108, 130] for the standard stochastic gradient algorithm when 7" = 1.
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CHAPTER 3

Stochastic Zeroth-order Functional Constrained Optimization

Notations: Let 0 denote the vector of elements 0 and [m] = {1,...,m}. Let f(z) =
[fi(x),..., fm(2)]T; then, the constraints in (1.7) be expressed as f(z) < 0. Weuse € := [£1,- -+, &
to denote the random vectors in the constraints. Furthermore, ||-|| denotes a general norm and || ||,
denotes its dual norm defined as ||z« = sup{z7x : ||z|| < 1}. Furthermore, [z]; := max{x,0}

for any = € R. For any vector z € R¥, we define [z], as element-wise application of the operator

s

3.1. Preliminaries

We first describe the precise assumptions to be made on the stochastic zeroth-order oracle in

this work.

ASSUMPTION 4. Let || - || be a norm on R™. Fori € {0,...,m} and for any x € R", the zeroth-
order oracle outputs an estimator F;(x,&;) of fi(x) such that E[F;(z,&)] = fi(x), E[Fi(x,&)?] < 0]2%,
E[VF,(z,&)] = Vfi(z), E[||VEi(z,&) — Vfi(z)||2] < 02, where || - ||« denotes the dual norm.

The assumption above assumes that we have accesses to a stochastic zeroth-order oracle which
provides unbiased function evaluations with bounded variance. It is worth noting that in the
above assumption, we do not necessarily assume the noise &; is additive. Furthermore, we allow
for different noise models for the objective function and the m constraint functions, which is a
significantly general model compared to several existing works [40]. Our gradient estimator is then
constructed by leveraging the Gaussian smoothing technique [98, 99]. For v; € (0, 00) we introduce
the smoothed function f; ,, (z) = E,,[fi(z+v;u;)| where u; ~ N(0, I,,) and independent across i. We

can estimate the gradient of this smoothed function using function evaluations of f;. Specifically,
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we define the stochastic zeroth-order gradient of f;,,(x) as

Fi(x + viug, &) — Fi(x, &)u
v

Gi,l/i (.’E, gi: ’U,Z) -

i (3.1)

which is an unbiased estimator of V f; .. (), i.e., we have E, ¢, [G; ., (x,&,u)] = V f; . (x). However,
it is well-known that G;,,(z,&;,u;) is a biased estimator of V fi(z). An interpretation of the
gradient estimator in (3.1) as a consequence of Gaussian Stein’s identity, popular in the statistics
literature [122], was provided in [20].

The gradient estimator in (3.1) is referred to as the two-point estimator in the literature. The
reason is that, for a given random vector &;, it is assumed that the stochastic function in (3.1)
could be evaluated at two points, F(z + vu;,&;) and F(z,&;). Such an assumption is satisfied
in several statistics, machine learning and simulation based optimization and sampling problems;
see for example [2, 41, 46, 62, 94, 99, 120]. Yet another estimator in the literature is the one-
point estimator, which assumes that for each &, we observe only one noisy function evaluation
F(x 4+ vju;, &). Tt is well-known that the one-point setting is more challenging than the two-point
setting [114]. From a theoretical point of view, the use of two-point evaluation based gradient
estimator is primarily motivated by the sub-optimality (in terms of oracle complexity) of one-point
feedback based stochastic zeroth-order optimization methods either in terms of the approximation
accuracy or dimension dependency. For the rest of this work, we focus on the two-point setting and
leave the question of obtaining results in the one-point setting as future work. We now describe

our assumptions on the objective and constraint functions.

ASSUMPTION 5. Function F; has Lipschitz continuous gradient with constant L;, almost surely
for any &, i.e., ||VFi(y,&) — VEFi(z,&)|« < Lilly — x|, which consequently implies that |F;(y,&) —
Fi(z,&) = (VFi(,&).y —2)| < Gy —2[® fori € {0,1,...,m}.

ASSUMPTION 6. Function F; is Lipschitz continuous with constant M;, almost surely for any

£i7 i'e'7 ‘E(yvé-z) - Fl(xaglﬂ < MlHy - ‘IEH} fOTfL’ € {07 17 s 7m}'

The above smoothness assumptions are standard in the literature on stochastic zeroth-order
optimization and are made in several works [20, 62, 99] for obtaining oracle complexity results.

It is easy to see that Assumption 5 implies that for i € {0,...,m}, f; has Lipschitz continuous
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gradient with constant L; since |V fi(y) — Vfi(x)|l« < E[|VF(y,§) — VF(z,8)|«] < Lilly — ||,
due to Jensen’s inequality for the dual norm. By similar reasoning and Assumption 6, we also see
that f; is Lipschitz continuous with constant M;. Due to Assumptions 5 and 6, we also have the

following;:
[ f(z1) = f(@2)ll2 < Myl|z1 — 22,

17Ge1) = fGe2) =V Ge2) = )l < Lo =l (3.2

IV f(z2)" (1 — w2)l|2 < Myllay — 2],
for all z1,22 € R", where Vf(-) := [Vfi(:),...,Vfm(-)] € R™™ and constants My and Ly are
defined as

My o S 0 and 1y =[S I 3

We now state the definition of the prox-function and the prox-operator. The class of algorithms
based on prox-operators are called as proximal algorithms. Such algorithms have turned out to be
particularly useful for efficiently solving various machine learning problems in the recent past. We

refer the interested reader to [21, 101] for more details.

DEFINITION 3.1.1. Let w : X — R be continuously differentiable, L,-Lipschitz gradient smooth,
and 1-strongly convex with respect to || - || function. We define the prox-function associated with

w(+), Ve,y € R", as
W(y,z) = w(y) —w(z) - (Vw(z),y — ). (3.4)
Based on the smoothness and strong convexity of w(z), we have the following relation, Vz,y € R™:
Wi,2) < “2lle =yl < LW (,y) (35
For any v € R", we define the following prox-operator

prox (v, Z,n) = arfegin{@, x) +nW(x,z)}. (3.6)

48



The function W is also called as Bregman divergence in the literature. A canonical example of
W is that of the Euclidean distance function |z — y||?> which is useful when X = R". We will see
in Section 3.2.1 that our algorithm is based on the above prox-operator.

Finally, we have the following results which will prove to be useful for subsequent calculations.
Let u = [u1, -+ ,up] and Dx = sup, , \/m be the diameter of the set X. We start with the

following well-known result on the stochastic zeroth-order gradient estimator in (3.1).

THEOREM 3.1.1 ([99]). For a Gaussian random vector u ~ N(0, I,) we have
Ellull*] < (n+ k)" (3.7)

for any k > 2. Moreover, the following statements hold for any function 1 whose gradient is

Lipschitz continuous with constant L

a) The gradient of 1, (x) = Eu[v(x + vu)] is Lipschitz continuous with constant L, such that
L, < L.

b) For any x € R", we have

() = U(@)] < G Ln. (3.8)
Ve (@) = Vib(a) | < SLn+3)*>. (3.9)
¢) For any x € R™, we have
1/2
B+ v) — 9@ ul?) < DI+ 6)° 4+ 2n + 4)[Ve(a) (3.10)

Lemma 3.1.2. Let v = [v1, -+ ,vpn|, F(z,&,u) = [Fi(z +viu1, &), . . ., Fp (2 + Untim, £,)]7 and

fo(®) = [f1.,(®), ., fmuwm, (7)]T. Under Assumption 6, we have

Eyell|Fy (2, & u) — fu(@)lP] < oF,, (3.11)
where 0']2c7y = (X0 4(n+ 2)M2vE + Livin?) + 20]%, where U]% =3 01201_.

Proor or LEMMA 3.1.2. Note that

1 (2,6 u) = fo(@)|* = 002 (fiws () = Fi(w + viu, €))%
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By Young’s inequality, we have

|Fi(z + viu, §) = fiw,(2)]? = |[Fi(x + viu, ) — Fi(z,§)] + [Fi(2,€) — fi(@)] + [fi(z) = fip, (2)]]?

S Fi(x +viu, §) = Fi(w, &)1 + 4l fi(x) — fiw, ()] + 2| Fi(2,€) — fil2)[?
v? 2
<AMA2 |ul)® + 4 <2Ln> +2|F(z,€) — fi(z)]*
Now, by Assumption 6 and Theorem 3.1.1, we have
E|fipi (2) = Fi(x + viu, €)|* < 4AMPV} (n + 2) + 20F; + Livin®.
Consequently, we obtain

E|[F,(z, & u) = fiu(2)]|> < (5L, AMPVE(n + 2) + Livin?) + 20% =: 07 .

)

u
Lemma 3.1.3. Under Assumptions 4 and 5, we have
Euell|Giw(@,€,u) = Vi (2)|%] < 02, (3.12)
where 02-2% = v2L2(n+ 6)° + 10(n + 4)[0? + B, with B; := S Li(n+ 3)3/2 4+ L;Dx + M;.
PROOF OF LEMMA 3.1.3. First note that by Theorem 3.1.1, we have
~E {Fi(a +viu, &) — Fi(z, &) u)?] < VjLZ(n +6)° +2(n + 4)||VE(x, )|
V~2 u i iU, A S 9 i AU
(2
< 34 4(n+ 4)[|VF, 2
< 5 Liln+6)" +4(n + [[VEi(2,) - VSilz)]
+ |V fi(@)]]. (3.13)

Next note that

IV fii (@) | SV fii (@) = Vi(@)l| + [V fi@)]]

Vi

< fLi(n +3)32 4+ LiDx + ||V fi(z")||

V; ~
< éLz(n +3)32 + LiDx + M; =: B;,
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where M; is from Assumption 6. Taking the expectation with respect to £ on both sides of (3.13),

we have
V2 _
E[[|Giv (. & u)lI") < - Li(n+6)° + 4(n + 4) o7 + BY].

From the above inequalities, using Assumptions 5 and 6, Theorem 3.1.1, and Young’s inequality,

we have
E{|Gue (2,6, 0) = Vi (@) ] < 2E[|Goon (o, 0[] + 2V fis ()
< V2L2(n+6)3 + 8(n + 4)[o? + B + 2B?
< VELZ(n+6)® +10(n + 4)[0? + B,
which completes the proof. m

3.2. Stochastic Zeroth-order Constraint Extrapolation Method

In this section, we present our algorithm for solving the stochastic zeroth-order functional
constrained optimization problem (1.7). In order to extend the method in [25] to the zeroth-
order setting, we make several modifications to their framework that we illustrate below, and use
the Gaussian smoothing based gradient estimates to handle the unavailability of gradients. The
main challenge to overcome for our theoretical analysis is setting the choice of tuning parameters to
mitigate the bias present in the stochastic zeroth-order stochastic gradient estimates. We emphasize
that this becomes a non-trivial problem due to the fact that both the objective and the constraint

functions are only accessible through noisy function evaluations.

3.2.1. Algorithmic Methodology. The constraint extrapolation framework of [25] is a novel
primal-dual method that proceeds by (i) considering the Lagrangian formulation of (1.7), (ii) con-
structing linear approximations for the constraint functions, and (iii) constructing an extrapolation
operation which enables acceleration. Such an approach has the advantage that: (i) it does not
require the projection of Lagrangian multipliers onto a possibly unknown bounded set (which is

required by several other primal-dual methods), (ii) it is a single-loop algorithm with a built-in
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acceleration step. [25] showed that such an approach helps achieve better rate of convergence than
existing methods for solving (1.7) in the stochastic first-order setting.

The Lagrangian of (1.7) is given by

min max{£(z,y) := fo&) + Xy wifi(2)}- (3.14)

In other words, (z*,y*) is a saddle point of the Lagrange function L£(z,y) such that
L(z*,y) < L(=%,y") < L(z,y"), (3.15)

for all x € X,y > 0, whenever the optimal dual, y*, exists. Throughout this work, we assume
the existence of y* satisfying (3.15). In order to handle the zeroth-order setting, we also define

Lagrangian with the smoothed functions as

Lo(@,y) = fou () + 2021 Yifiw (@), (3.16)

Now, we describe the linearization in the context of the iterates directly as it will be easier to
understand in the stochastic setting that we are in. Let () be the sequence of the algorithm (to
be discussed later). The linearization of f(-) at the point z® | with respect to the point z(*~1) is

given by
£5(@0) i= J V) + T el )T (@0 - 0D),

where similar to Vf, we define Vf, (D) = [V, (z*D), ... V... (D). For the im-
plementation, we use the version of linearization with the Gaussian smoothing based stochastic

zeroth-order gradients. In particular, we define

(p(z®) = F, (0D 0= g1y

+ Gy(x(t—1)7E(t—nﬁ(t_l))T(x(t) _ x(t—l))’

where Gl,(m(t_l),g(t_l),ﬂ(t_l)) € R ™ ig given by

m

1y =(t=1) _(t— (1)
[Gl,lfl(x(t 1)’5575 )7u§t D)a--me,Vm(x(t 1),552 ),u(t 1))}
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Algorithm 3 Stochastic Zeroth-Order Constraint Extrapolation Method (SZ0-ConEx)

IHPUt: v> 07 (‘T(O)7 y(O))’ {’Yta Tty Mty 9t}t20, T.

1: Set (l‘(_l),y(_l)) — (gg(())jy(o))7
F (a0, €7 D) B, (@©,29 7)),
Cp (D) — Lp ().

2: fort=20,...,7—1do

. s® (14 0)0p(x®) — 0,05 (D).

yU D [y 4 L],
5 2D« prox <Go,yo (@, ug)

S G (), €0,y )y D), a:<f>,nt) |

107

6: return T = (Zf:_ol )L ZtT:_Ol (1)

t=1), respectively) realization of random

Here, by E(t_l),ﬂ(t_l) we mean an independent (of g1 4l
objects &, u, respectively.

Based on this, the overall procedure, termed as SZ0-ConEx is provided in Algorithm 3. Step
3, which is based on the linearization discussed above, forms the main methodological innovation
over existing primal-dual method. Step 4 and Step 5 respectively correspond to the gradient ascent
step and the proximal gradient descent step to solve the saddle point problem in the Lagrangian
formulation. At a high-level, the algorithm could be interpreted as using the constraint extrapola-
tion method of [25] for solving (3.16), as the gradients used in Algorithm 3 are essentially unbiased
estimators of the smoothed functions f,; (for i = 0,...,m). However, as the smoothing parameters
v; (for i = 0,...,m) tend to zero, L,(z,y) converges to L(x,y) defined in (3.14). On the other
hand, the parameters v; are in the denominator of the stochastic zeroth-order gradient estimators
(see (3.1)). Hence, we cannot let them tend to zero at any arbitrary rate. Picking the v; to bal-

ance this tension forms the crux of our analysis. This also makes our analysis significantly more

challenging and different from the stochastic first-order analysis of [25].

3.2.2. Convex Setting. We now provide our theoretical results for the case when the func-
tions f;, for i = 0,...,m, are convex. We start by describing the measure of optimality we consider,

for solving (1.7).
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DEFINITION 3.2.1. A point Z is an e-approximately optimal solution in expectation, for (1.7),
if it satisfies E[fo(Z) — f5] < € and E[||[f(Z)]+]|2] < €, where f§ is the optimal value of (1.7) and

the expectation is with respect to the randomness arising due to & and w; across all iterations.

The first part of the above definition corresponds to the standard optimality condition for the
convex problem. The next part corresponds to constraint violation. Our main result is described
in Theorem 3.2.8. We define Mx := sup,cx ||z||. Furthermore, we define o, == [01,4,,"** , Tm ol
where 0;,,, for i = 0,...,m are as defined in Lemma 3.1.3, ox ¢ = (JJ%W + D%|l0,]13)*/? (where
O'J%’y is as defined in Lemma 3.1.2).

Next, in order to obtain the oracle complexity of Algorithm 3, we define a primal-dual gap

function for the equivalent saddle point problem (3.14). In particular, given a pair of feasible

solution z = (z,y) and z = (z,y) of (3.14), we define the primal-dual gap function Q(z, z) as

Q(z,%2) == L(z,9) — L(Z,y). (3.17)

For the remainder of the project, we denote Q,(z,2) = L,(x,y) — L,(Z,y). Now we establish the

error between these two functions.

Lemma 3.2.1. Under Assumptions 4, 5 and 6, we have
Q(2,2) = Qu(z, 2)| < viLon + Mxn(3i viL])'/?, (3.18)

where Mx = sup,cx ||z||-

PRrROOF. First, we claim that the following is true:

1£(@) = fol@)| = 5 (i, v LD, (3.19)

o4



To see that, note that since the components f; of f have continuous Lipschitz gradient and using

Theorem 3.1.1, we have

= -0, V4L12)1/2-

1

Utilizing this relation, using Theorem 3.1.1 and Cauchy-Schwartz inequality, we have

1Q(2,2) — Qu(z,2)| = [L(z,y) — L(Z,y) — Lo(x,Y) + Lo (T, y)]
= |fo(z) + 7" f(x) = fo(®) = 4" F(@) = fouo(x) =T fo(2) + foue(T) +y" f.(2)]
< fol@) = fouo (@) + [fo(@) = fouo (@) + 157 [f(2) = fu(@)]] + " [f(2) = fu(2)]]
< fo(@) = fowe (@)| + [ fo(@) = fouu (@) + 19l11f(2) = fo@)] + Iyl £ (@) — £ (@)]
< fo(@) = fouo (@) + [ fo(Z) = fou (@) + Mx[[| f(z) = fu ()l + [/ (&) — fu(2)]]

<V Lon + Mx([n(31, v/ LY)Y?).

7

Kl

This concludes the proof. u

We also state the following results from [25], which is require in the proofs later.

Lemma 3.2.2 ([25]). Assume that g : S — R satisfies
9() = 9(=) +{g'(x),y — ) + WW(y,2), Vr,y €S (3.20)

for some p > 0, where S is convex set in R". If z = argmin,cg{g(z) + W(z,Z)}, then ¢g(z) +
W(z,2) + (u+ )W (x,z) < g(x) + W(z,Z), Vo € S.
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Lemma 3.2.3 ([25]). Let po, ..., p; be a sequence of elements in R™ and let S be a convex set in

R™. Define the sequence v;,t = 0,1,..., as follows: vg € S and

) 1 2
Vi1 = argmin(p, ) + §H$ —vl3.
zeS

Then for any « € S and t > 0, the following inequalities hold

1 1
{pr, vt — @) < Sllw — vill3 — *Ilfv vills + §||pt||%, (3.21)
1
S _olpvr — ) < §||fv—vo||2+ Z”PtHQ (3.22)
Lemma 3.2.4. Let {a;};>0 be a nonnegative sequence, mj, ma > 0 be constants such that ag < m;

and the following relation holds for all t > 1
a; < my+my Yy ag.

Then we have a; < mq(1 +ma)’.

Proor. We prove this lemma by induction. When ¢t = 0, we have ap < my by hypothesis.
Assume for all t > 0, a; < m1(1 + mo)’. By induction hypothesis on ay, for all k € {0,...,t} and

hypothesis, we have

are1 <ma+mae Y k_oar,
<my +ma Yk _gmi(1+ma)”

<ma [1+ma Y g_o(1+mo)¥]

(1+mg)*1 -1
ma

<my |1+ mo = my (1 4 mo)tTh.

Hence, we conclude the proof. m

Lemma 3.2.5. Suppose Assumptions 4, 5 and 6 are satisfied. Let B > 0 be a constant and assume

that {v¢, m¢, 7¢,0:} is a non-negative sequence satisfying

Yl = vi-1, VeTt < Ve—1Tt—1, TNt < M—1Mt—1, (3-23)

56



and

5 04 7¢(ni—1 — Lo — BLy)

Ty (ne—2 — Lo — BLy) 2
oM < 0,(My)* <
(M) 0,1 12 o 0u(My) 12 ’
1 Tr—1(nr—2 — Lo — BLy) r—1(nr—1 — Lo — BLy)
@M < 12 S M 12 = (3.24)

where My, Ly are defined in (3.3). Then, for all T > 1 and z € {(z,y) : « € X,y > 0}, we have

T—-1
1 Qu(z, 2) + Z% (68,20 — ) — (511, 4"+ — )]
t=0
Y070 YT-1TT—-1
< YomoW (2, 2Q) — yr_imp_ W (z, ™)) + TH?/ —y O3 - TH?/ —y D3
2 LD 2
+ ST o (19 + (P2l - BL)
T— 1 3v:6? 3yr— _

+ 3 et e — @3 + 22 llar — arll3. (3.25)

Here ¢ := (p(z®) — Lp(zV) g = £p(z®) — (2D, 6F = Lp(@®) — £;(z®) and §F :=
Gowo (2D, €, u) + iy Gins (2D, €0, u )yl — £, (@) = S £, (@D)y Y.

ProoF. Note that 51 = argmin,o(—s®, y)+ 2|y —y®||3. Hence, using Lemma 3.2.2 with

y — (—s® y) and u = 0, we have for all y > 0

_
~(sW g — ) < Sllly =y U3 = Iy = w13 lly — 5 V) (3.26)

) (t+1)

Z

Let us denote v; := fg (=) + Zze[m] fi Vz(
and V; := GO,VO( g(t) ) + Zie[m] G, (37( )75@ u(t))y(t+l)-

z’z [ B ]

Then using Lemma 3.2.2 with = — (V;, z) and the optimality of 1) we have for all z € X,

Vi, 2D — ) <y [W (2, D) — W (D 2O — W (2, D). (3.27)
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Due to the convexity of fo,, and f;,,, and since fo, f; are Lipschitz, and by the definition of /,

and the fact that yt1) > 0, we have

<Ut,x(t+1) —x) = <f6,u0(»”3(t)) + Zie[m] f{,ui (x(t))yl(t—i-l)’w(t-&-l) s

= (£ o (@), 2D — 2® 4 2O — ) 4 (f1 (2O)yEFD 2D 3O 40 _ g

Lo
2

n <y(t+1)’£f(x(t+1)) — £, + D £ (D) = £ (2))

”l,(t—i-l) o .T(t) H2

> fouo (@) = foue(@) + foun (@) = fou,(z1)

L
= fouo (D) = fou (@) + (L@ D) = £ (2),y @) = D)2 -0 (3.28)

Ot41

Combining (3.27), (3.28), noting that 67 = V; — v;, we have

Jowo (x(t+1)) — fowo () + (Zf(x(tJrl)) _ f,,(a:),y(t“)) 4 <6tG’x(t+1) _ 1)

< Wz, z®) — W (2D 2Oy — W (2, 2FD) + Oy 1. (3.29)
Noting the definition of @, (-,-) (see (3.17)) and, adding (3.26) and (3.29), we obtain

Qu(z" . 2) = (fu(@™ D), ) + (Lp (2T, y D) — (O y ) — ) 4 (57 20D — )

(t)”g t+1) (t+1)||%]

Tt
< S llly =y — |1y y O3~y -y

+ Wz, D) — W (2D 2Oy — W (2, 2V + 0,41 (3.30)

Note that we also have f;,, (z(+D)) — ¢4, (2(FV) < Li |2+ — 2|2, Then, using Cauchy-Schwarz
inequality and noting definitions of L, we have
(t+1) (t+1) Ly 1) _ 02
(Y, fula™) = £p (@) < llyll2 o277 =27

L ]
Cii1
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Noting the above relation and definitions of ¢; and 5,{11, we have
(Cp @),y D) — (£ (D), y) — (s, 5D —y)
> (Lp (), y ) — (@), ) — (5O, — ) — [lyllaCria
=(Lp(aD) — Oy —y) — |y [[2C1 1
=(lp (") = Lp(2®) = Oar, gD = y) — Ilyll2Cira

=(qer1, ¥ — ) — 0u{ar, vy — y) — Ou{qe, y" Y — 4 D) — (5F 1y — y) — ||yll2Cri1. (3.31)
Let B > 0 be a constant. Then

L BL
[yll2Ct4+1 = %(HZ/H? — B)[a+Y) — 202 4 f |2t — 22

L BL
Lillylls = Bl [|latD — 202 4 BEL 5000 _ 02

BL L¢Dx
< 2D = 2O + = (llylle - Bl — 2] (3.32)

By (3.30), (3.31), and (3.32), noting the definition of Oy and using the relation 3|la — b[|? <
W (a,b), we have

Qu(z'"™, 2) + {1,y — ) — Oulqr, ¥ — y) + (67, 2D — ) — (5], 4D —y)

<Ou(gr, y " —y @) — (57, 2 — 1)

.
W (2, 2®) — 0, W (2, 2HD) + i[lly —y D) — [y — )3 — ||y — yHV3]

L fDX

(e — Lo — BLAW (2, 200) 4 ZL2X [y, — B, 204D — 20, (3.33)
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Multiplying (3.33) by 7, summing them up from ¢t = 0 to 7' — 1 with 7' > 1, we obtain

Zt —o NQ (Z(Hl)a z) + E?:_ol [t (@e+1, ylh — y) — 10+ (g, y ") — y)]

+ 320 wl(6F, W —2) — (81,5 —y)]
< Z;‘F:_ol [Vebi(ar — G yt+ — y(t)> + Y:0¢ (. yt+) — y(t)> + (16¢, z(®) — Jf(t+1)>]
+ Yo 25ty =y @13 = 2ty — g VIE) - S ey — 03

+ Zz;ol e W (, 20) — W (, (D))

- LyD
= D |l = Lo = BLAW (&1, 21) - ( S e = Bl ) D =2 (3.34)
t=0 L 1
H(y,B)
where H(y, B) := Lf Xllyll2 — B]+. Now we focus our attention to handle the inner product terms

of (3.34). Noting the definition of g, we have

1ell2 = s () = p(@ D)2
= [Ifo @) + feNT @D = 2D) — f (27P) - f ()T (@D = 22
<o) = @)l + 17T @D =2+ 1 £ ()T @ = 202

< 20| — 2D 4 Myfla® — 20D, (3.35)

where we used the fact that || f,(z) — f,(y)|| < M¢llz — yl| and [|[£,(2)]T (y — )|z < My|ly — 2|,

which follows from an analogue for (3.2) and Theorem 3.1.1. Using the above relation for ||g/||2, we
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now obtain

_ T+
B (e, y D) — y Oy — T D) (012

3
22 —4L0 - BLf)W(x(t—1)7 (-2 _ Ye—1(nm—1 —4Lo - BLf)W(x(t)’x(t—l))
) VT,
<ubillanll2lly@ =yl = S Y g3
 Ye—2(m—2 —4L0 - BLf)W(l,(t—l)7 (=2 _ V=1 (-1 —4Lo - BLf)W(x(t)w(t—l))
YTt

L2Myb; 24D — 22y D — O, -

~ Ye—2(m—2 — Lo — BLy)
4
. Yi—1(ne—1 — Lo — BL -
_%Hy(ﬂrl)_y(t)”%_ t=1(—1 i 0 f)W($(t)7x(t 1))
<0, (3.36)

THZ/(HI) - y(t)Hg

W (@Y, 272 4 Myyfy el — 2y =y O

where the last inequality follows by applying the relation W (x,y) > %Hx — yl|, Young’s inequality

(2ab < a® + b?) applied twice, once with

(N2 ey _ (w-a(m—2— Lo — BLp)\'/? (t-1) _ (t—2)
a= () Ty =y, b= - oD — 22,

and second time with

(N2 ey oy (e = Lo = BLO\YE ) )
a= (1)l ), b= - o — 21,

and the fact that

MVt—2T _9—Log—BL 1/2 0 T o — Ls— BL
2M b < { Ye—2Te (1 212 0 f)} o (2Mf)29 t ¢ t (12 120 f)’
t—1
2_ 292 'Yt’Yt—th(nt—l — Lo — BLf) 9 Tt(ﬁt—l — Lo — BLf)
M7 < 5 & M7o, < - :
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where the equivalences follow due to (3.23). Using Young’s inequality, Cauchy-Schwarz inequality

and the relation u”v < ||ul|||v]|«, we have
_ VT, 3,07 _
Ye0e(ge — G,y =y @) — 2y =y D)3 < S g — @,
6 27'75
— Lo — BLy) %
56 2 _ ey el Dy (00 40y < 562 337
<7tt7x z > 4 (iL‘ y L ) nt_LO_BL ||tH*7 ( )

(3.38)

Using (3.36) and (3.37) for t =0,...,7 — 1 inside (3.34) and noting (3.23), we have

Z ’YtQ (t+ ) + YT— 1<C_IT7 - y + Z ’71‘/ 5t ) - $> - <5£|-17 y(t+1) - y>]
Y070 YT—-1TT-1
<vonoW (2, 20) — yr_ e W (z, 27)) + 5 =y —y93 - #Hy—ymllg
T-1
3'Yt‘9? _ 12 2y G2 2 2
— L — _ B
T ey s i ey ey 1

_r—2(nr—2 ; Lo — BLf)W(x(T—l)’ 202 _ Vr-1(nr-1 ; Lo — BLf>W(x(T)’ 27Dy,
(3.39)

where in the left hand side of the above relation, we used the fact that go = £p () —£p(z(=D) = 0.
Similarly, we see that gy = 0. Hence, we can ignore ||go — qol|3 term in the right hand side of the

above relation, after which we obtain

i T—_1TT—
- ’YT71<QT7?J(T) - y> - %Hy - y(T)H%
_ Yr—2(nr—2 ; Lo — BLy) W(x(TA),m(sz)) _ Yr—1(nr—1 ; Lo — BLy) W@(T)J(T*l))
’YT TT—
< Mpyr—1]a® — TVl — y)ly — =Ly — y@)3
Yr—1(nr—1 — Lo — BL
-l 3y (2T, 7 »+MQW1W — 2Ty g
VYT—1TT—1 yr—2(nr—2 — Lo — BLy) _ _ VT-1TT—1
| I3~ i Ew (@00, 212 - T 1y — g3
_Yr-1Tr-1 1TT 1
< ly™ = yli3, (3.40)
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where the last relation follows from (3.24), Young’s inequality and the fact that

Yr—277-177-1(N7—2 — Lo — BLy) }1/2 - (2My)? . Tr—1(nr—2 — Lo — BLy)

OM 71 < <
ST { 12 Or_1 12

) 1/2

Y¥¢_17r-1(nr—1 — Lo — BLy) o _ Tr—1(nr—1 — Lo — BLy)

Mevyr_1 < Mz < .
ST { 12 < M 12

Moreover, again using Young’s inequality and Cauchy-Schwarz inequality, we have

VYT —1TT—
(T)_y>_wuy_ (T)H

3vr— _
: T gr — gr3. (3.41)

2
<
2= 2774

—yr—1{qr — 1,y

Using (3.40) and (3.41) in relation (3.39), noting that ¢y — go = 0 and replacing the definition of
H(y, B), we obtain (3.25), which completes the proof. ]

Lemma 3.2.6. Suppose all conditions required for Lemma 3.2.5 hold. Then, for all T' > 1, we

have
Elfo(or) — fo(a")] < o [’YonoW(ﬂf*,w(O)) L0y O3 + S o2 E6712)
Ir m—Lo—BL;
n ( [t 1zz:9t n 13?11) (0F, + D%HUVH%)}
+ [VaLon + Mxn(30 viL2)1/2), (3.42)
EI[f @)+ ]l2] < I}T [wouy@)n% +3(ly 2 + 1)27070 + vomoW (2%, 2(©)

+ im0 w B {E[Héfnz] + (X Myl +1 - Bly )2} (3.43)
+ (ST I 2 4 200 63, 4 D) (3.4
+ R Lon + Mxn (X, vAL2)Y2),

where 'y := ZtT;()l v and 0, = (01,0, -+, Omou,,) With 0;,, as defined in (3.12).

PROOF. First, observe that yY is a constant conditioned on random variable

§[t—1]> Ujt—1]> Ejt—1]> Ug—1)- In particular,

E[(57, 2" — z)] = E(E, 06],2® —2) =0 (3.45)

—1]5U[t—1] 75_[75—1] YU[E—1)
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for any non-random x. This follows due to the following relation

G
E|§ U 1)1 Bt—1] [6t ]
_ t) () (1) t
Elé[tfl]7u[t71]a€[t71]aﬂ[t—1] [GO,VO <1'( )’ €O 7'U,0 ) - f(l),ljo (x( ))]
+ 2 yEtH)

= 0.

_ ! t
E'f[t—l}»U[t—l]’f[t—l]"a[t—l][ Z”l( gl ) 1 ) ’L}Vi(x())]

Similarly, we have

[<5t+17 (t+1) - y)] = E[GE‘&-M 7u[t]7g[t71]7a[t71] [515}:-1]? y(t""l) - y” = 07

for any non-random y. Here, we note that

_ F 1 _ _ (&) £t 7Oy _ (®)
E'ﬁ[t]:u[t]vg[t—l]7ﬁ[t—1][5t+1}_E‘g[t]7u[t]’£[t—1]’ﬂ[t—1][FV(J: &7, w0)] = fu(a)

+(Elﬁlt]’“[t]ﬂﬁ_[t_nﬂ[t—ﬂ[G”(x(t)’g(t al )] f”( ))T(x(tH)

(3.46)

—z®) = o,

(3.47)

where the first term in RHS is 0 due to E¢,F,(z,&,u) = f,(x), the second term is 0 due to the

EewGu(x, & u) = f(x) and the common fact for both the terms that ® 2+ are constants for

given f[t], upy, E[t_l], Uf—1]- We now note that

E[ll5{ 3] < 2E[| F (=Y, €47, al7D) — £, (@) | 3]

+ 2E[[[[G (2D, €070, al) — f @) (@ — D) ]

s

< 20%, 4 2E

=1

|G @0, 670, 0 7) = £, @) 2

1,04

M=

< 207, +2E

i=1

<203, +2D%|lov|[3.
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|

#(t— - _ B 2
{<Gm<w“*%§§t D) = 1, @) T @0 — o) ]

(3.48)



Then, in view of above relation and definitions of ¢, §;, we have

Elllg: — @tl13] = Elll£r (2¥) — £7(c?) = £p(2~V) + €4V 3]
2B[]|07"113] + 2E[]|6,71[13] < 8(0F, + DXl 13)- (3.49)

Taking the expectation on both sides of (3.25) and using relation (3.45), (3.46) and (3.49), we have

for all non-random z € {(z,y) : € X,y > 0},

Zt 0 'YtQ (2 (t+1) Z)]

-
<YonoW (z, ) — yr_1nr A EB[W (2, D)) + %H?/ —y )3

LD 2
ST i [ENSEIE + (28l - 51:)’]
i ( tT 11 127,07 4 12 1) (U%V + Do) (3.50)

Tt TT—1

where we dropped ||y — ™)||3. By Lemma 3.2.1, we have
Q2" 2) — [ Lon + Mxn(3X vIL)V?] < Qu (2D, 2).

Using this relation, multiplying both sides by =, summing from ¢ = 0,...,7 — 1, and taking

expectation on both sides, we have
E |31 QY. 2)] = BLon + Mxn(S7, vEL) Y20y <E | S %Qu (2040, 2)] . (351)

Using this relation, the convexity of fo(-) and f(-), and noting the definition of I'p, we have for all

non-random y > 0 and =z € X,

PrE[fo(zr) + {y, f(@1)) — fo(2) = (Fr, f(2))] = 5 Lon + Mxn(3i, v/ L) Ty
<E 210 Q0. 2)| — [ Lon + Mxn(L7, vALE) 2Ty

{Z ' v,Q, (20D z)] (3.52)
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Combining (3.50), (3.51) and (3.52), then choosing z = z*, y = 0 (which are non-random) through-

out the combined relation, observing that [0 — B]4+ = 0 for any B > 0, we have
LrE[fo(zr) — fola*) = (gr, f(2*)] = 5 Lon + Mxn(327, v/ LY)/?|Tr

<E S5 9Qu (=, (2%, 0))]

* * 707-0
< onoW (a*, 2) — yr_inr E[W (2, 2] + 1y 213 + 05 mfo% [ll6¢112]
T—1 12762 | 12yp_
+ (T e 2 ) (oF, + DR 0w 3): (3.53)

Ignoring the E[W (z*, z(T))] term and noting that f(z*) < 0 and 7 > 0 implies (77, f(z*)) < 0,
we have (3.42).

Now, we focus our attention to the infeasibility bound. First, we define R := |ly*||2 + 1.

Second, define an auxilliary sequence {yf} in the following way: yj = y© and for all t > 0, define

1 1
ar = argmin ——(6F ) + 2y — o7 B,
yeB? (R) Tt—1

where we recall that B3(R) = {z € R" : ||z| < R,z > 0}. Then in view of Lemma 3.2.3, in

particular relation (3.21), for all y € B2 (R) we have

1 1 1
;t<55r1,yf+1 =y} < Slly = wialls = 5lly — viall3 T ||5t+1||2- (3.54)

Multiplying (3.54) by ~;7¢, taking a sum from ¢t = 0 to 7'— 1 and noting the second relation in
(3.23), we obtain

T-1
>0 %(5511,1/2’“ —y) <Py - yill3 + Zt 0 277; 110 +1||2v (3.55)
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for all y € B2(R). Summing (3.55) and (3.25), we obtain

Sico 1Qu(z Y. 2) + 325 (e, e — ) — (80, 5D —y)]

07'0
< %01y — 4O 12 + [ly — y¥ 12 + YonoW (2, 2©)

T—1 37:0? 3 _
+ Z gtnt llgr — QtHz Z§ i llar — QT”%

_ L:D 2
+ S0 |aeay {1001+ (425 0ol - BL) )+ o] es0)

for all z € {(z,y) : v € X,y € Bi(R)}. Note that given £, up and &1y, up_1), we have

Yyt gy D] 2 are constants. Hence, we have

F

E[<5t+1’ D — it = E[<E‘§[t]vU[t]vg[tfl]vﬂ[tfl] [5t+1]73/(t+1) -

i)l =0, (3.57)

where second equality follows from (3.47). Choosing z = 2 := (z*,¥) in (3.56) where ¥ := (||y*||2 +
DIf @)+ l[f @)+t € BL(R), taking expectation on both sides and noting (3.57), (3.48),
(3.49), first relation in (3.45), we have

z /yT ~ v *
B [T Q=+, 2)] < R[5 — y O3 + [ — 1) + 2ol (o 20)

L¢D . 2
+ S0 tar (B + (P2 +1- B1)’

n ( T 1 127462 4 ZtT 01 Z: 4 12yp_ 1) (U]%,u +D§("JV||%), (3.58)

Tt TT—1

By Lemma 3.2.1, we then have Q (21, 2) — [ Lon+ Mxn(37, vAL)Y?] < Q, (2D, 2). Multi-

i=1VYi

plying both sides by ~;, summing from ¢ = 0 to T'— 1, taking expectation of both sides and dividing

by I'r, we have

B [S15 QG 2)] = [ Lon + Mxn(Si, v L)) < L [ S5 1Qu (040, 2)]

(3.59)

Noting the convexity of @) in the first argument, we obtain

EQ(er, 2)] < B [T Q. 2). (3.60)
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Now observe that we have L(Zr,y*) — L(z*,y*) > 0 which implies that fo(zr) + (v*, f(Z1)) —

fo(z*) = 0, which follows from complementary slackness. In view of the relation

(" f(@r)) < (" [F@o))e) <y ll2lllf (@r)] 2,

the above inequality implies that

fo@r) + y*ll20llf (Zr)l+ll2 — fo(z") = 0. (3.61)

Moreover, we have that

Q(Zr,2) = L(Z7,79) — L(z*, §r)
2 ['(CET’ ZQ) - ‘C(x*7 y*)

= fo(@r) + ([ly"ll2 + DI @7)] 42 = fole™),
which along with (3.61) implies that
Q(zr, 2) = |[f (@7)]+[|2-

The above relation, (3.58), (3.59) and (3.60) together yield

_ L [ o7 oy «
E[Il[f(:vT)MlzKFT[ 020 N5 — v @3 + 15— y3113] + oW (%, )

LD 2
o %{E[IME’II%H( LDy}, + 1 - Bl ) }

Tt

T 1 12+;62 T—1 12
+ (ST 1204 T 24 ) (02, + DRl 1)
+ V5 Lon + Mxn (312, v L7)'/2).

Noting the bound || — || < 2R and ||§ — @12 < 2||y?|13 + 2/|9/13 < 2||¥?||? + 2R? in the above

relation and recalling that R = ||y*||2 + 1, we obtain (3.43). Hence, we conclude the proof. ]

Lemma 3.2.7. Assume that {~;, 7,7} satisfy

9603
Tt(T]t — LO — BLf)
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for all t < T — 1 and constants R; and R satisfying the following conditions exist:

—1
96|, |12 s 48]0, 2 o L 070 o
1 < mm—Lo-BLy)) |200w T omeWen e ) Syt =yl

’YtTt ; L;D 2
3 + Yt =gy (Sl e — B+ )
+ (zﬁ Y (67, DY)+ b Lon + Man(SI ALY Pl )] (069

Ti

forallt<T —1 and

96| |13 ) 96|y |13
Ry > (1- 3.64
2 ( (nt —Lo— BL;))  ~veri(ni — Lo — BLy) (3.64)
forallt <T — 1 and i <t— 1. Then, we have
E[[|67)12] < Ri(1 + Ry)’, (3.65)

for all t < T — 1. In particular, if ||o,||2 = 0, then we can set Ry = 2037% and Ry = 0 implying
E[|0F[12] < 208 ,,-

PRroOOF. First note that by Lemma 3.2.1, we have
QY 2) — R Lon + Mxn(X7, vAL)Y?] < Q, (204D, 2).
Multiplying the above by ~; and summing up ¢ = 0 to ¢, we have
S0 iQEUTY 2) — B Lon + Mxn(37, vAL) YD1 < 3 1iQu (20D 2).

Replacing T for t + 1(> 1) in (3.25), we have

S Q20D 2) 4 S wl(88, 2 - z) — (35, y D — )]

7 T Ve,
< yonoW (2, 20) = v W (, 2D 4+ 221y — O3 — f; ly — 4|3

27, LD 2
+ Shoo reripy 1991+ ( fQX[Hsz—BH) ]

3: _
+ Zz 1 Zn lgi — @ill3 + ZE lge+1 = Geall5- (3.66)
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Observe that Q(z(”l), 2*) =20 fori=0,...,t by our saddle point assumption where z* = (z*, y*).
Choosing z = z* (both non-random) in the above relations, taking expectation, using (3.45) with

x = x* and (3.46) with y = y*, disregarding the term —v,mE[W (z*, z¢*+1D)] and noting (3.49), we

have

— g Lon + Mxn(3L, v L) V2I0 + 43 Elly* — y 3

L;D 2
SN [ wéff‘uz] + (%wy*uz -5,
127,62

+ (0 B2 120) (03, + DR Dl ). (3.67)
Now, let us define 5th' = G ul( fft), u; ) - i"l,i(ac(t)) for : = 0,...,m. As a consequence, we
have 6 = 07+ > 7" y ZHl 8¢%. Then, we have

E[||6¢]2] = E[|I85 + 37 o1 2]
2E[]|65|I7] + 2E[|| S 1y§t“>6§iuz]
2E[[|05H112] + 2E[(7, Iy Vo))

(id) .
< 2008, + Elly" Y IBZT 166 12)]

(ii)

< 2008 + Bl VIS Ble sy iy (101D

(2)2 2 Ellly®D 2 5m ;2

< 2[05,, T Ellly 1222121 07,,]]

=205, + llow|BElly TV 3)

<203, +4llou 31113 + Elly“ — y*[13))- (3.68)
Here, relation (i) follows due to the fact that [la + b[|2 < (||all« + [|b]l«)? < 2||al|? + 2/|b]|?, relation
(ii) follows due to Cauchy-Schwarz inequality, relation (iii) follows due to the fact that y**1) is a

constant conditioned on random variables £ _q), u—1j, £[t 1), Ujg—1) and relation (iv) follows from

the fact that 2 is a constant conditioned on random variables §[t71]7U[t71]7§[t71]7ﬁ[t71}-
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48[|ov |13

Adding 23t||y*||2 to both sides of (3.67), then multiplying it by e

and observing (3.68),

we have

V0

48HUVH2 * ’YOTO ’YtTt
{57 2] < 208, + — 2 {aom W (@2 0) + 252y =y O+ T3

¢ % L;D 2
+ 5 i (B2 ly e - Bl

12,02
(D B2 12 (0%, + DX o) + [ Lon + Mxn(S v fL?)l/Q}Fm}

t 96|ow |13 G
+ im0 WL(}&BM)E[H&Z’ [HE

In view of (3.62), we have that the coefficient of the §& term on the right hand side of the above
relation is strictly less than 1. Moving the §& term to the left hand side and noting the conditions

imposed on constants Rj, R, we have
E[||6F712] < Ra+ Ra o E[16712],

for all ¢t < T — 1. Using Lemma 3.2.4 for the above relation, we have (3.65). Hence we conclude

the proof. u

THEOREM 3.2.8. Suppose the functions f;, fori = 0,...,m, are convex and satisfy Assump-
tions 4, 6 and 5. Let B > 1 be a given constant and define H, = (LyDx[||ly*|l2 + 1 — B]4)/2. Set
y© =0 and {7, 0¢, e, 1} in Algorithm 3 according to the following: vy =1, 1y = Lo+ BLy + 1,

and 0; =1, 1 =71, where

\/2T[Hz + 08, + 4880 |[3]
?7 = max s
Dx

6B max{2Mjy, 4|02}
Dx ’

{max,f 2Dxmax{2Mf,4||ayuz}}
T = Imax B P B °
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Then, we have

E[fo(zr) — fo(z™)] < (Lo + BLy) D% + max{12My, 24||oy |2} BDx

T
1 V2¢*Dx V3Box
+—= + :
VI |12+ 03, + 8B ol V2

1
+ 202 + 03, + 48823 Dx
+ [V Lon + Mxn(S), vAL2)/?), (3.69)

and

12v6(|y*|2 + 1)* | 13B
B 46

O-X7f

E[J|[f(Zr)]+ ]l2] < + %{

+V2Dy [\/HZ +02,, + 4882|013

}

+ g Lon + Mxn(37" viL2)1?] +

¢2+H2
M2+ 0B, + 4880, |3

+

(Lo + BLs)D% + max{12M}, 24|, |2} Dx (B + W)
T b

(3.70)

where ¢ = 2e{03 . + || 3141y |3 + 75B%) + 2v/3]0, |2(2BH. + B,y + VASB? |, |2)
+VEDX oIl BlrdLon + Mxn(Y0, viL2) Y2 VTYY2,

Hence, by choosing,

1 2 1
Vo < min , , , 3.71
0 { TonvT (01 3P Li<n+6>3/2} (371

(3.72)

2 1
v; < min , )
{ (n+3)%2" 2M;\/(n + 2)m
1 1 1
L om

VELinym' \/2LinMxy/Tm' Li(n+6)32/m
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for i € [m], the number of calls to the stochastic zeroth-order oracle required by Algorithm 3 to

find an e-approximately optimal solution of (1.7) is of the order

o (t50m).

We are now ready to prove Theorem 3.2.8.

PROOF OF THEOREM 3.2.8. It is easy to verify that {0 m, 7} set according to Theo-
rem 3.2.8 satisfies (3.23). Note that (3.24) is satisfied if M? < W where M := 2M;.

This follows due to the fact that {7} is a non-decreasing sequence and 6; = 1 for all t > 0. Then

we have
Ty(n—2 — Lo — BLy) S 6MB2MDx y 1 M2
12 Dx B 12
Also, since (n; — Lo — BLy) > % and 7y > %, we have
7i(n — Lo — BLy) > 192||o, |13
for all ¢ > 0. In view of the above relation, we have
%llovlls ~ _1 (3.74)

m(ne — Lo — BLy) ~ 2’

hence (3.62) is satisfied. We also need to show the existence of Ry and Ry satisfying (3.63) and
(3.64), respectively. Using the fact that 4,7 and 7, are constants for all t > 0,79 > w

and noting (3.74), we obtain

-1
(1o Sth ) Sl el ey 2
T¢(ny — Lo — BLy) Y1 (n; — Lo — BLy) ™ Tox, s T’

where in the last relation, we used the fact that ox f > Dx/||o,||2. In view of the above relation

and (3.64), we can set

Ry = (3.75)

S
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Noting (3.63) along with the fact that £, > Z2XI=Bl gotting (O = o, using (3.74), (3.62),

_ V%TUXJ Yi _ t+1 VTDx 7, % _ t+1
NTE =T 2 Zz 0 ni—Lo—BLy ~— < \/2H2+UOV +48B2||0,,|12] dzz 1 TZ + T <
L for all t < T — 1, we can see that the RHS of (3.63) is at most

7 n V2T DxH? B T
2[208,% +48HUVH%{12Hy*H%+D§(+ +120% 5
T Bt o, + 8B, [} VIOTox T
| Bl Men(Z2, i) T
W6ox s
7 n. ., Dx 7—[* B2
<2208, + a8lou B 1B + 0% + DT naroy o
+ BlygLon + Mxn(327", V?L?)I/Q]\/TH
4V6ox s
< 2(208, +48||0,3 B 0
208, + 48l G507 + \/ = + I
6max{M,4lloy[s}BDx B | B?  BgLon+ Mxn(3L, v/ L)/IVT H
2max{M,4|lo,|2} Dx 8 4Wo6ox f
<2 [203,1,0 +28[|o [31ly* (15 + 150 B2 (|0 [|3 + V48]l [[2[2BH.. + (Boo,u, + V48B|oy|2)]
+2V6D ! |ov [l Blvg Lon + Mxn(3i2, v LI)V2VT
= Ry (3.76)

where in the last inequality, we used the fact that llovll2Dx < 1. Note that the last term in the

OX,f

above sequence of relations is a constant satisfying the requirement in (3.63). Hence, we can set
Ry = 2|20, + 28[|ov [13]ly*[13 + 15082 (|0, |13 + V48|l [|2[2BH. + (Boo,, + V48B? |0y |2)]

+2\/6D_)_{1”0—V”23[V3L0n+MXn(Z,:nl ?L2)1/2]\/7

(3.77)
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Then using Lemma 3.2.7 and noting (3.75), we have for all t <7 —1

408’1,0 if |oy|l2 = 0;

E[I5F 2 < .
Ry (1 + %) " < Rye?  otherwise.

Noting the above relation, (3.77) and the definition of {, we have
E[l67]2] < ¢?, Vt<T -1 (3.78)

Hence, according to (3.42) with y(®) = 0 and using (3.78), we have

27°¢?
n

Elfo(31) — fola")] < [m T Lo+ BLOW (@) +

2 T
T +12O_X,f;

+ [V Lon + Mxn(3 v L7)'?].

Using the bound W (z*,2(®)) < D%, we obtain (3.69). From (3.43) and (3.78), we have for T > 1

- 1 ) \ 2AC+HH)T 130% ,T
Ellf@r)l+llz < 7 (3(ly 2+ 1)%7 + (9 + Lo + BLy)W (z*,2©) + (€ )T 159k

n T
+ [V Lon + Mxn (372, v} L)),
Using bounds W (z*,z(?)) < D%, we obtain (3.70). Define

gp? :=2(140%), (3.79)

52 :=1+10(n + 4)[02 + [Lo(1 + Dx) + Mo)?], (3.80)

Gt = % +10(n +4)[0? + [L;(1 + Dx) + M;]*]  forie {1,...,m}, (3.81)

o° =1410(n + 4)[||o||3 + 2LF(1 + Dx)* + 2M7], (3.82)
ox.f = (2(1 +07) + D)2, (3.83)

1/2
=2 {502 +72(14)|y" |12 + 75B2) + 2V35(2BH, + Boo + VASBF) + \@D;EB} .

(3.84)
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2

<., and o,, we have
b2

By choice of vy, v; for i € [m], definition of UJ% U Bi, o

2 2 _ =2
O-f,l/<2+20-f _'Uf7
1

VaLon + Mxn (X0, vAL2)"?
B; < Li(1 4+ Dx) + M;,
080y < 1+10(n +4)[0g + [Lo(1 + Dx) + Mo,
1,4

1
02, < —+10(n+4)[0? + [Li(1 + Dx) + M;)}] =: 5% fori € [m],
m

lovll3 < 1410(n + 4)[|loll5 + 2LF(1 4+ Dx)* + 2M7] =: 5.

Using these relations, we see that ox r < ox, 5 and ¢ < (. Hence, we have

2 + max i
Elfo(r) — folat)] < (ot BLADx + e (6M,245) BDx

L] V2Dx(? | V3BIx;
VT | VH2 + 0} +48B2|0 |3 V2

+ [\/2(7{,% + 62+ 48B252) Dy + 1} (3.85)

1
VT
and

(Lo + BLy)D% + max(6M, 245) Dy (B n W)

E[[|[f (Z7)]+l2] <

T
L1 2ve(lyll+1)*  1BB|___
— + OX,f
VT B 46
=2
1 ¢ +H?
+ —=14 V2Dx |\/H2 + 5 + 488252 + *
ﬁ{ x|V VH2 +0F + 488203
1
L 3.86
VT (3:86)
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As a consequence, to obtain an (g, )-optimal solution with Algorithm 1, we need the number of

iterations to be

{ o5 5(Lo + BLy)D% + 5max(6M,245) Dx (B n W)
T := maxq —, ,
€ 9

Xy 2
52

60v/6(||y*[|2 + 1) 4 658
B 4/6

— 2
50 Dx (¢2 2
- DX\/H3+5§+4SB2E2+ x(¢F+ Hs) : (3.87)
: VHZ + 0f + 488703

)

Now, by the choice of v, and v; in (3.72) and (3.73) respectively, we see that the oracle complexity
is given by O((m + 1)n)/e?). L]

REMARK 3.2.1. Although the parameter settings of Theorem 3.2.8 and the right hand side
of (3.69) and (3.70) appear complicated to parse, the important take away message is that the
right hand side of (3.69) and (3.70) are of the order O(1/v/T) which leads to the oracle complexity
described above. Furthermore, the order of € in the oracle complexity is of the same order as that
in [25] for the stochastic first-order setting. The presence of (m + 1)n in the oracle complezity
18 due to the fact that we are required to estimate m + 1 gradient vectors, each of dimension n.
This also illustrates that the oracle complexity in the zeroth-order setting is linear in the number of
constraints m, for a fized dimensionality n. The dimension dependency is unavoidable even in the

unconstrained setting, as showed via lower bounds in [46, 74].

3.3. Meta-Algorithm for Nonconvex Setting

We now consider the case when objective function fy, and the constraint functions fi,..., fin
are nonconvex. In this case, [25], proposed a two-step meta-algorithm: (i) construct a sequence of
convex relaxations for the nonconvex problem, and (ii) leverage the algorithm developed for the
convex setting. Given our Algorithm 3, we leverage this framework to solve (1.7) in the nonconvex
setting. Before proceeding, we need a notion of optimality for the nonconvex setting, which we
discuss below.

We first define the exact Karush-Kuhn-Tucker (KKT) condition for (1.7) as follows. For a

convex set X, we denote interior as int X, the normal cone at x € X as Nx(x), and its dual cone
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as N (x). Let & denote the Minkowski sum of two sets. We refer to the distance between two sets

A, B C R" as d(A, B) = infaEA,bEB Ha — b”
DEFINITION 3.3.1. We say that z* € X is a critical KKT point of (1.7) if f;(z*) < 0 and
Jy* = [y},...,y5]T > 0 such that
y:fl(x*) =0, i€ [m],
d(Vfolz™) + > yiV fi(z*) @ Nx(z*),0) = 0.
The parameters {y;‘}ie[m} are called Lagrange multipliers. For brevity, we use the notation y*
and [y3,...,y5]7 interchangeably. With this definition, we also have the following approximate

KKT condition which is the standard approximate optimality condition for solving (1.7) in the

nonconvex setting.

DEFINITION 3.3.2. We say that a point € X is an (g,)-KKT point in expectation for (1.7)

if there exists (Z,y) such that f(z) < 0,7 > 0 and

ER - 1w fi(@)]] <e,
E[(d(V fo(Z) + Y1, iV fi(Z) ® Nx(Z),0))?] < e,
E[|lz - |%) < 0.
PROPOSITION 3.3.1. Consider solving (1.7) with both the objective and the constraint function

being nonconver and satisfying Assumptions 4, 6 and 5. Then, by running Algorithm 4 with K =

O(1/e€), we obtain (e,2¢/2ppc1)-KKT point. Hence, the total number of calls to the stochastic

o(2:).

PROOF OF PROPOSITION 3.3.1. The claim follows immediately by Theorem 3.2.8 and Corol-

zeroth-order oracle is given by

lary 3.19 from [25]. (]

To the best of our knowledge, we are not aware of a non-asymptotic result on the oracle com-
plexity of stochastic zeroth-order optimization with stochastic zeroth-order functional constraints,

in both the convex and nonconvex settings.
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Algorithm 4 Meta-Algorithm for Nonconvex Setting

Input: Input zg
1: fork=1,...,K do

2: Set:
Jo(z;wp—1) := fo(x) + 2p0W (z, 21—1),
filzyzp—1) = fi(z) + 20 W (z, 28-1), i € [m].
3: Obtain an e-approximately optimal solution to the
problem:

arg min fo(z;xp_1) (3.88)
zeX
st filzmyap—1) <0, i€ [m]. (3.89)

by using SZ0-ConEx in Algorithm 3. Denote it by xx, for k=1,..., K.

4: Randomly choose ke {1,...,K}

5: return Zj,.

3.4. Conclusion

In this project, we proposed and analyzed stochastic zeroth-order optimization algorithms for
nonlinear optimization problems with functional constraints. We consider the case when both the
objective function and the constraint functions are observed only via noisy function queries. Our
algorithm is based on leveraging the constraint extrapolation technique proposed by [25] and the
Gaussian smoothing technique. We characterize the oracle complexity of the proposed algorithm
in both the convex and nonconvex setting. We also apply our methodology for the problem of
hyperparameter tuning for the HMC algorithm and demonstrate its superior performance. For
future work, we plan to develop parallel versions of our algorithm for the case when the objective
functions and the constraint functions are available only locally in different machines. It is also
interesting to develop lower bounds on the oracle complexity of stochastic zeroth-order optimization

algorithms in the constrained setting. Finally, it is of great interest to find other applications of the
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proposed methodology in statistical machine learning, robotics, and other scientific and engineering

fields.
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