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ON FINITE GYRO-RADIUS CORRECTIONS TO THE 
HYDROMAGNETIC EQUATIONS FOR A VLASOV PLASMA 

Alan Macmahon 
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ABSTRACT 

A systematic procedure for expanding velocity moments of the 

V1asov equation in the mass-to-charge ratio is presented and its relation 

to the strong magnetic field expansion of the Vlasov equation and to the 

guiding center description of the particle motion is discussed. It is 

shown that the expansion of the ·v1asov equation implies a condition on 

the form· of the distribution function at the initial time. Scaling of these 

and MaxwelPs equations is studied, and both the ordering scheme lead-

ing to ordina.ry hydromagnetics and the so- called 11finite gyro- radius 11 

{ FGR) ordering are considered. 

A hydromagnetic description of a two-component plasma is easily 

found from the moment equations for the seJ?arate components. For the 

first of the above orderings FGR effects produce small corrections to 

ordinary hydromagnetics which are found through first order for an 

arbitrary plasma configuration. For FGR ordering,· 11£inite gyro- radius 11 

terms, which include second-order corrections to the pressure tensor, 

appear in even the lowest-order approximation to the moment equations: 
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The corresponding modified hydro:m:agnetic equations are derived and, 

for the special case of low plasma pressure and uniform magnetic field, 

previous results are recovered. 

Because of transport along the field lines, closed moment equa-

tions are not obtained in general for either ordering. In addition, for 

FGR ordering and non-uniform magnetic field .. an analogous but inde-

pendent closure problem arises because of transport across the field 

lines. For this reason applicability of the hydromagnetic equations for 

FGR ordering to finite-pres sure systems is limited. Closed hydromag-

netic equations are obtained, however, for low..,frequency, finite-pres-

sure interchange modes, and these equations are used to find finite-

pressure modifications of the well known FGR stabilization of these 

modes. Closed equations are also obtained for the (finite-pressure) 

"firehose 11 instability and FGR corrections to the condition of marginal 

stability are found. A hydromagnetic description of finite-pressure 

"long-term" equilibria, and "minimum-B 11 configurations in particular, 

is also obtained. 

-vi-



CHAPTER-·! 

Introduction 

In spit~ of interest in "finite gyro- ra.dius 11 corrections to the 

hydromagnetic equations, no complete derivation of these effects has 

been given for a Vlasov plasma. _In particular, the corrections to the 

pressure equations of Chew, Goldberger, and Low ( CGL), 
1 

and second-

order corrections to the ._pressure tensor have not been discussed in gen-

1 P . k h b . h . . 1 Z, 3 1. d b era . . rev1ous wor _as een e1t" er 1ncomp ete or comp 1cate y 

the inclusion of collisions and restricted to a local Maxwellian velocity 

'· 
distribution in lowest order (e. g. references 4 and 5). Rosenbluth and 

Simon, 
6 

in work partly concurrent with ours, discuss the complete set 

of moment equations describing weakinstabilities of a low-pressure 

plasma in a uniform magnetic field. The present work includes an al-

ternate derivation of their basic equations and, for certain interchange 

motions,. an extension of these equations to include the effects of finite 

plasma pressure. 

We outline here a systematic expansion of the moment equations 

for a Vlasov plasrna in a strong magnetic field. This expansion is the 

same as the usual B .,.l expansion of the Vlasov equation, and is equivalent 

to treating the particle motion as adiabatic. The form of the expansion 

. -1-
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depends on how the time scale; -~lect:ric field, plasma pressure, and 

other. quantities are assumed to behave in the limit of small gyro-radius 

and short gyro-period. Ordering of the time scale of interest with respect 

to the gyro-period is of particular importance because the accuracy with 

whiCh the plasma acceleration is required, hence the importance of the 

so called 11£inite gyro- radius11 effects, depends on how long the motion. 

is followed. A careful examination of ordering is therefore essential if 

the expansion procedure is to be unambiguou-s. 

Our object is to present a systematic and self,- contained discus-

sion of the expansion of the moment equations for a Vlasov plasma in 

a strong magnetic field, and in this way to find all 11finite gyro-radius 11 

corrections to the ordinary hydromagnetic equations. No a priori as-

sumptions are made concerning the plasma pres sure or form of the dis-

tribution function, and careful atte.ntion is paid to the ordering of the 

various important quantities. Our discussion is more general than those 

h h . 1 , 6, 7 . f.C .c 1 t at ave prev1ous y appearea, .s1.nce e _._ects of _._inite p asma pres-

sure and magnetic field curvature are considered. We apply the expan-
. - . ·. 

sion directly to the exact velocity moments of the Vlasov equation rather 

than to the Vlasov equation itself. Although the latter procedure is more 

1 
1, 3, 6 .h f . 2, 8 . . .. 1 

usua , t e ormer l.S s1mp er in many respects, if moment 

equations are desired, because unneeded details of the velocity distri-

bution are eliminated at the outset. 
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Details of the distribution function, and effects such as wave-

particle resonances which depend on these details, are lost if the dis-

tribution function is described by a few of its velocity moments. Thus, 

although resonance effect~ may be important and may be associated with 

finite gyro-radius effects, they are beyond the scope of a purely hydro-

magnetic approach and are not included in th~ present discussion. Our 

interest is in extending the hydromc.gnetic equations to include finite gyro-

radius effects; we give examples (but attempt no survey) of applications 

of the equations obtained. 

One area of recent and current interest in which finite gyro-radius 

effects are important is that of 11 universal 11 instabilities. 
9 

These instabili-

ties are character'ized by long but finite wavelengths along the magnetic 

field and are most unstable when their tra.nsverse wav:.:~engths are com-

parable to the gyro-radii. Because, in the absence of collisions, closed 

moment equations are not obtained in general for plasma motion along the 

field lines, because our discussion assumes small gyro- radius, and also 

because the moment equations do not describe wave-particle resonances, 

these instabilities will not be discussed here, although an approximate 

hydromagnetic description of those that do not depend on resonances is 

"bl 10 poss1 e. 

A macroscopic or fluid description of a gas or plasma is possible 

only if there is a strong constraint on the motion of the particles 
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that inhibits their random motion. Fro.m a formal point of view, the 

problem of obtaining a fluid description of a gas or plas.ma .is that of 

closing the infinite set' of coupled equations obtained. by taking velocity 

moments of the relevant kinetic equatio~ (e. g., the :Boltzmann or 

Vlasov equations). 

Strong collisions provide such a constraint .. maintaining the 

distribution close to a local Maxwellian; closed moment equations are 

then obtained, for example .. from the well-known Chapman - Enskog ex-

. 11. 12 . . . 
panswn · of the Boltzmann equation, the expansion parameter being 

the ratio of collision time or mean free path to macroscopic times or 

distances. When this parameter is small a given particle makes many 

collisions while traversing a ·macroscopic distance. 

For a Vlasov plasma in a strong magnetic field, gyration about 

the field line.s replaces collisions as the dominating feature of the particle 

1 8 . . . ·. , . . . . . 
motion; ' under certain circumstances, closed moment equations may 

be obtained from an expansion in the ratio of gyro-period or gyro-radius 

to the macroscopic time or distance (the adiabatic parameter E). This 

is the well k...."'lown expansion of the Vlasov equation in inverse powers of 

magnetic field strength, equivalent to treating the particle motion as 

adiabatic. The expansion may equally well be carried out on the exact 

velocity moments of the Vlasov equation; this latter procedure will be 

followed in this paper. 



The adiabatic expansion or guiding cent-er picture provides an 

asymptotic description of the particle motion valid in the limitE~· 0. 

When this expansion is applied to the moment equations, it is the zero-

order terms that are of primary interest, although higher-order cor-

rections may als·o be considered. The zero-order equations require 

first- or higher-order terms in the expansio·n of the particle motion; 

they are not simply equivalent to the zero-order guiding center motion. 

Their particular form dep~nds on how the time scale, electric field, 

plasma pressure and other quantities are assumed to behave in the limit 

Single-fluid hydromagnetic equations are. easily obtained for a 

fully ionized two-component plasma from the separate moment equa­

tions for each component. 
13 

If the time scale of interest is not too long 

(of order E -l times the gyro- period T ) , the single-fluid equations ob-
g 

tained from the lowest-order approximation to the moment equations 

1 
are just the hydromagnetic equations of Chew, Goldberger and Low. 

Deviations from C(JL theory arising from higher-order correc-

tions to the moment equations (corresponding to higher-order terms of 

the adiabatic expansion of the par:ticle motion) are usually referred to 

as "finite gyro- radius 11 
( FGR) effects. These effects are the subject 

of this paper. 

The FGR terms of the moment equations are small because the 

gyro- radius is assumed to be small in order to apply the adiabatic 

5 
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expansion. However,. d-epending on/how the time scale is related to the 

gyr·o-period in the limit~-....,. 0, these terms will be either small correc-

tions to CGL theory or essential modifications of that theory. If the time 

scale is short ("'T /E) FGR corrections to CGL theorv are small. For g J 

2 
long time scales ( T" /E ) , on the other hand, the FGR terms must be in­

g 

eluded e..-.ien in the lowest-order moment eq--v.at ioris; CGL theory is then 

no longer applicable. 
14 

This is the most interesting case, and the one 

usually considered, because the 11finite gyro- radius:' effects are iinpor-

tant even if the gyro-radius is very small. These "FGR" effects are 

thus associated with the length of the time scale rather than with the· 

size of the gyro-radius; we suggest that they are more appropriately 
I 

described by the term !!finite drift time" rather than the conventional 

term 11finite gyro-radius. 11 In keeping with this convention, however, we 

retain the designation 1'FGR 11 for these effects. 

If closed moment equations are obtained for a Vlasov plasma in 

a strong magnetic field,. it is because the. velocity transverse to the mag-

::netic field of every guiding center is close to the 1'E X B 11 velocity. Guiding 

centers initially on neighboring field lines then tend to remain on neigh-

boring field lihes. Motion of the guiding centers along the field lines is 

not strongly constrained by the magnetic field. Because of special sym-

metries, however, this parallel guiding center motion may be unimportai1t, 

and closed· moment equations may then be obtained. Thus, in addition to 
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those required for ad~abaticparticle motion, two independent conditions 

must be satisfied if closed rnoment.-equations describing a Vlasov plasma 

in a strong magnetic field are to :be obtained: motion of the guiding 

centers along the .field lines; must be unimportant, and guiding centers 

initially on neighboring field lines ,must remain on neighboring field 

lines. The former of these conditions is well known, being satisfied, for 

example, if the magnetic field direction is constant in space and time, 

if there are no gradients in this direction, and if there is no plasma mo-

tion along the field lines. The latter condition depends on how the time 

scale of interest is ordered with respect to the gyro-period. It is there-

fore related to the importance of FGR effects and is.important for the 

subject of this paper. Even if the moment equations are not closed, 

however, they may form a useful guide to the processes that may be 

expected. 

Scaling of the single-particle equation of motion, the velocity 

moments of the Vlasov equation, and Maxwell's equations is discussed 

in the first chapter following this introduction~ Two orderings of the 

dimensionless parameters which characterize the solutions of these 

equations are of pr.imary interest. The first, which will be referred to 

as 11CGL orderi.ng, 11 characterizes. motion occuring on a time scale of 

.... order T /E. If thiE> or<;lering is assumed, CGL hydro1nagnetic theory is . g j 

obtained from the lowest-order approximation to the moment equations; 

FGR effects are then small. The second of these orderings characterizes 



/ 

8 

2 
motions occuring on a time scale of order T.: /E and slow enough to ap­

g 

pear as static equilibria on the shorter time scale of CGL ordering: 

''weak" instabilities
14 

are motions of this type. Because of the long 

time scale associated with this ordering, "finite gyro-radius" effects 

are important, and the CGL equations must be modified, even in the 

limit E-+ 0. The conventional designation 11FGR'' will be used for this 

ordering. 

We will apply the small E expansion directly to the e~act velocity 

moments of the Vlasov equation. The expansion of the Vlasov equation 

itself is more familiar, however, and will be useful for the discussion of 

the moment equations. It is briefly reviewed in Chapter III. This review 

3 
·follows Thompson, and indicates how his method must be modified if 

FGR rather than CGL ordering is assumed. This modified expansion 

has also been discussed by Kenne1
15 

and, for the special case of a low,.. 

pressure plasma in a uniform magnetic field, by Rosenbluth and Simon. 
6 

We also discuss in Chapter III a condition on the form of the initial dis-

tribution function which i•s. necessary for the small E expansion to apply. 

This condition is illustrated in Appendix B. 

In Chapter IV an expansion procedure for the exact velocity mo-

ments of the Vlasov equation is discussed, these equations are put in a 

form convenient for application of this expansion, and their relation to 

single-fluid hydromagnetic equations is indicated. The expansion is car-

ried out and the results are discussed in the remaining chapters. 

l'.t' 
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First~order FGR corrections to_ CGL theory, obtained when CGL 

orde:::ing is assumed,, are discus sed in Chapter V. These FGR 'effects 

are small. The equa-tions obtained resemble t~e hydrodynamics of a 
,, 
·~ 

non-ideal fluid. The CGL pressure equations are modified by the appear-

ance of transverse heat flows and other effects. The transverse heat 

flows involve fourth moments of the zero-order velocity distribution. 

In the absence of collisions this distribution is not necessarily Maxwel-

lian, and at the initial time the fourth moments must be specified inde-

pendently of the density and kinetic temperatures. Their time dependence 

is given by relations similar to the CGL pressure equations. 

In Chapters VI through X the lowest-order approximation to the 

moment equations for FGR ordering is discussed. The results of the ap-

propriate expansions for the general case are presented in Chapter VI. 

These results are specialized to the case of a magnetic field of constant 

direction and their relation to the guiding center description of the par-

ticle motion is discussed. 

As mentioned above, for FGR ordering the moment equations are 

closed only under rather special circums~ances., The most irnportant 

case for which they are closed is that of a low-pressure plasma in a 

uniform magnetic ·field. This case has been discussed by Rosenbluth 

and Simon, 
6 

who find avery simple formulation of the moment equations, 

from an expansion of the Vlasov equation. Their basic equations, and 

the equivalent single-fluid hydromagnetic equations, are obtained in 
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Chapter VII as a special case of the restiltS of Chapter VI. We thus pro-

vide an alternate derivation of the Rosenbluth ... Simori equations which 

emphasizes their relation to equations describing more general configura-

tions. 

In Chapter VIII the Rosenbluth- Simon equations (and the equivalent 

single-fluid hydromagnetic equations) are extended to include the effects 

of finite plasma pressure for certain interchange motions. It is shown 

that under certain circumstances the variational methods of Rosenbluth 

16 
and Simon also may be extended to apply to these finite pressure modes. 

Closed moment equations are not obtained for more general finite pres-

sure modes with constant magnetic field direction. 

Another finite pressure mode is discussed in Chapter IX: the 

I f. h . . b .1. 17 f Alf 1. 1 . f 1 1re ose" 1nsta 1 1ty o an ven wave trave 1ng a ong a un1 orm mag-

netic field in a uniform plasma with sufficiently large pressure in the 

direction of the magnetic field. Near the condition of marginal stability, 

FGR ordering applies; simple closed hydroma gnetic equations which in-

elude the FGR effects are obtained for this mode, and FGR corrections 

to the stability condition are found. Our results contradict those of 

Yajima and T~niuti7 8who failed to include all the FGR terms and found 

h FGR ff b 1 b .1. . s t 19 . k t e · _ e ects to e strong y sta 1 1z1ng. a o, 1n wor concurrent 

with ours, has obtained FGR corrections to this instability from a direct 

solution of the Vlasov equation which assumes Gaussian equilibrium 
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distributions .. His results are a special case of ours, but his conclusion 

that the FGR effects can not be described by modified hydromagnetic 

equations is incorrect. We also find the particle orbits for this mode, 

and discuss the relation between FGR modifications of these orbits and 

the FGR terms of the hydromagnetic equations. 

In Chapter X the equilibrium moment .equations are discussed 

and, in particular, the equations describing configurations which are 1n 

equilibrium over the long times associated with FGR ordering. This 

discussion is motivated by Northrop and Whiteman's 
20 

discussion of 

finite-pressure "minimum B" equilibria for which the pressure is a func-

tion of the magnetic field strength B only. They discuss these equilibria 

from both the CGL equations and from the general theory of adiabatic 

particle motion, and find the same class of solutions by both methods. 

The CGL equations give only "short term" equilibrium ( T ~ T /E); they 
. g 

do not differentiate between "~ong term" equilibrium ( T ~ T /E 2
) and slow, 

g 

low-frequency motion. To find these equilibria from adiabatic theory, 

however, Northrop and Whiteman used some (but not all) of the condi-

tions for "long term" equilibrium and assumed the electric field to van-

ish through first order. We extend their discussion by applying the hydro-

magnetic equations for "long term" equilibrium to this class of configura-

tions_, and in this way include the effect of first-order electric fields. 

Albegraic details of the calculations presented 

in Chapters IV through VI are outlined in Appendix A. In Appendix B we 
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. . 21 
discus·s a. contradiction, noted by Northrop:,. between expressions for 

the off-diagonal. components of the pressure tensor found from the. small 

E expansion and results which are obviously correct for a simple special 

case. This contradiction arises because the special case considered does 

not satisfy the initial condition found in Chapter III. It is shown by cal-

cula tion of the particle orbits that for this special cas·e the pressure 

fluctuates rapidly, whereas, if the initial condition is satisfied, it does 

not, and. has the value given by the small E expansion. This· calculation 

also completes· Kaufman's
2 

instructive discussion of the· relation be-

tween the collisionless viscosity and the particle orbits by including the 

effects o-f. magnetiC induction. 

Some of the material of the present paper has been reported pre­

viously by the author.
21

a This· material,. which includes part of Chapter 

II, most of the results presented in Chapters· IV and V,. and some of the 

results of Chapters VI and Vll, is covered in greater detail here. 
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CHAPTER II 

Ordering ofthe Dimensionless Parameters 

2. 1 Scaling of the Particle Motion 

In the following sections of this paper we discuss the velocity 

moments of the Vlasov equation in the limit of large magnetic field or 

small m/e, corresponding to adiabatic particle motion. To make the 

ordering of small quantities unambiguous, and to clafiry the situations 

for which "finite gyro- radius" effects are important, we discuss in this 

section the dimensionless forms of the equations. 

Since the particles of a Vlasov plasma move independently in the 

Vlasov fields, we first review the scaling of the equation of motion of a 

. . 22 
single charged particle in pven f1elds. We consider, therefore, the 

equation of motion of a particle of mass m and charge e, moving in a 

magnetic field !2, and electric field ~with projections §J.. and E 11 

perpendicular and parallel to]?, respectively, and gravitational field g. 
'-""' 

To put this equation in dimensionless form we introduce the dimension-

less quantities 
... 

.~' = ~JB 0 , E' - E /E 
.... ,_. 'M'- .1. - ....,. L .L Q ' 
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whe.re B 
0 

, E .l.Q , E 
110 

, g
0 

, and v 
0 

are characteristic magnitudes of 

!? ' ;§j_ ' ~II ' f' and v , respectively. In addition we introduce the time -
T and distance L which characterize the variation of § and .§. in time 

and space, and scale time with respect to the variations of !;. and § 

seen by the moving particle. Our dimensionless time variable is therefore 

t' 
-1 . . 

= t(T + v 0 / L). 

When written in terms of these dimensionless variables the 

equation of motion may be put in the form 

. R 

·c l _g_) Qo T + L 

dv' cE · 
= v 1 X B' + .LO E' 

_. """" v B -.L 
0 0 

R g L 
+ _g_(-. 0 ) g! 

L 2 ""' vo 

· cE 
+ JIO E' b 

B 1\-. ' vo 0 

where QO = eB
0

/mc and Rg = v 
0

/ QO are the characteristic gyro­

frequency and gyro-radius of the particles and }2 = ]_/B 

(2. 1) 

. ~l 
Our basic assumption is that both (Q

0 
T) and Rg/L are small 

h. h 23 d d . . 24, 25 sot at t e adiabatic expansion an guiding center escnptlon 

of the particle motion are applicable. Among other things we will be 

interested in situations such as low-frequency waves for which 

(QOT)- l « R I L . 
. g 

Our basic expansion parameter is E = R /L. 
g 

The 

parameter L/v 
0 

T then relates ( QO T) -l to E by the identity ( QO T) -l = 



\' .. 

15 

€ (L/v 
0 

T) .i 

Equation (2. l) shows that the acceleration of the particle is of 

-1 
order E: The transverse acceleration is of this order because of the 

rapid gyration of the particles, but, since the velocity must remain of 

order v 
0 

for the expansion to apply and the gyration only slightly affects 

the parallel motion, the parallel acceleration must be of non-negative 

order in € • The parameters entering Eq. (2. 1) are therefore restricted 

as follows: 

(2. la) 

The guiding center description of the particle motion represents 

an asymptotic expansion of the particle motion valid in the limit E: ~ 0 . 

The value of E = mcv
0

/eB
0

L appropriate to a given physical system may 

be. decreased in a number of equivalent ways: by increas·ing B while 

keeping the geometry (i. e. , 'L), v 
0 

, and m/ e fixed; by increasing L while 

keeping B , v 
0 

and m/ e unchanged; by decreasing v 
0 

or m/ e without 

changing the other quantities; or by some combination of these operations. 

The other dimensionless parameters may be related to E: in any way 

i 

consistent with the conditions (2. la), MaA.--well's equations, and the 

plasma dynamics. 
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In addition to these parameters, which appear explic.itly)n Eq. 

( 2.. l), others are required to characterize the plasma motion; for ex-

2.1nple 11axwell 's equations introduce the pres sure parameter p and the 

relativistic parameter v 
0 

/c, consideration of a t'\vo- component plasma 

i::.1t1·od'J.ce s the ion- electron mass ratio. Other parameters, such as the 

ratio L ., /L, · of gl'"adients parallel and perpendicular to B may also be 
h - ....., 

impol'"_te>.nt. 

Of particular impo1·tance is- the total time scale of interest, since 

the accuracy with which the velocity or acceleration must be determined, 

hence the importance of 11finite gyro- radius 11 effects, depends on how long 

the• motion is followed. The total time lapse T 
0

, which need not be of 

the same order as T, will be specified by the parameter L /v 
0 

T 
0

. 

Our basic expansion parameter is E • For convenience we refer 

to 

and any other parameters of interest, as !'auxiliary parameters. 1' The 

first three of these are the most important. The total tilne scale is 

specified by L /v 
0

,. 
0

, the s calc o:C time de l'ivative ~ by L /v 
0
,., while 

cEJ..
0

/v
0

B
0 

is directly related to both the transverse guiding center. and 

transverse plasma velocities. Since the only zero-order contribution to 

these velocities is the 11E X B 11 drift, they are of zero order only if 

rE /v B "" l - .LO 0 0 . 
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The Vlasov equation and its velocity moments describe the same 

physical process as the single-particle. equation of motion; hence all 

these equations scale with the same parameters and in a similar way. 

This scaling may be found by w·rit.ing the eq1,1ations in dimensionless form, 

or, more simply, from a compar~son of Eq. (2. 1) with its dimensional 

form. From this comparison it is clear that the ordering of terms in 

any oft{~-:: equations may be determined by regarding :f.,.. and 'V as inde-

-1 
pendent of E and the other parameters, m/ e and 0 as proportional to 

E , and a/ at , E and g as proportional to L/v
0

T , cEO..L \ /v
0

B
0 

, and 
..L.,II ,\ , 

2 
g

0
L/v 

0 
, respectively. Thus, for example, the dimensionless form of the 

transverse equation of motion for one plasma component, Eq. (4. 3), is 

cE .LO b [ au' v· P' 

] '1M L """" MA. 

u' u' = E}3i X + u' V''u' + 
-.L vOBO m-E vo T at'' - - p 

( 2. 3) 

;;;/v 0 ' 
2 

t/T. where u' = P' = g/n
0
mv

0 
and t" = 

""" ' 

It is evident that this equation :tnay be obtained either by transforming to 

the dimensionless variables, or directly from Eq. (4. 3) by use of the 

above rules. The dimensionless forms of the other moment equations 

are similar to Eq. (2. 3) . 

We ernphasize that the ordering of terms in the asymptotic expan-

s ion of the particle motion (e. g. , the drift velocity) and in the expansiotl 

of the moment equations, will depend on the particular ordering chosen 
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for the auxiliary parameters. The appropriate ordering of terms in the 

expansions thus depends on specification of how TO, T, El_O, E 110 , g0 , 

13 , L !1/ L J.. , and other parameters that may be important behave in the 

limit E ~ 0 

2. 2 CGL and FGR Ordering 

The accuracy with which the velocity or acceleration is required 

to obtain the displacement of the plasma to a given order, hence the im-

portance of the so-called "·finite gyro-radius" effects, depends on the 

order of L/v 
0 

T 
0 

with respect to E • Since we make the approximation of 

adiabatic particle motion, which is an asymptotic description valid in 

the limit E ~ 0 , our primary interest is in the zero-order displacement 

of the plasma. If consideration is limited to 11 short 11 times of order 

-l 
(E Q) , L/v 

0 
T 

0 
"" l , only the zero-order plasma velocity will be im-

portant. In this case the lowest-order approximation to the moment equa-

tions leads to the familiar hydromagnetic theory of Chew, Goldberger, 

l 2 -1 
and Low. Over 11 long 11 times of order (E Q) , however, first-order 

velocities will also produce zero-order displacements and therefore m.ust 

be included even in lowest order. ·These 11 long 11 times correspond to 

L/v 0 T 0 "' E 

The zero-order transverse plasma and guiding center velocities are ' 

just the "EX B 11 drift produced by the zero-order electric field, .. 
hence zero-order displacement of the plasma occurs during times of 
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-1 
order (EQ) only if cE

0
..t /v 

0 
B

0
"' l. Similarly, time derivatives are 

important on this time scale only if L /v 
0 
T"' 1 and gravitational effects 

2 
will be negligible unless g

0
L /v 

0
"' 1. Motion occuring during times of 

-1 
order (EO) , and in particular motion described by CGL hydromagnetics, 

is therefore characterized by the 11CGL ordering" 

( 2. 3) 

2 
For these motions the important plasma accelerations are of order v 

0 
/L .: 

the pressure tensor and other stresses are therefore required only in 

zero order. 

If the time scale is extended to be of order (c
2
n) -l, however, 

first- order velocities and accelerations as small as E
2 

v ~ /L also contri-

"bute to the zero-order displacement. The CGL equations are then no 

longer a consistent approximation to the moment equations, but must be 

modified even in lowest order. 
14 

These modifications, which are usually 

referred to as "finite gyro-radius 11 effects, take the form of first- and 

second-order corrections to the pressure tensor, corresponding correc-

tions to the CGL pressure equations, and suitable modifications of the 

generalized Ohm's .law. 
13 

The ordering of T 
0 

with respect to E may be considered from the . 
.: .. "";: 

point of view of a mirror confinement system. Guiding center motion in 

such a system may be characterized by the period of oscillation along 
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the field lines T.p_''-' (EQ) -l, and the "drift" time TD"' (ln) -l required 

for a particle to drift a zero-order distance accross the field lines in 

the absence of a strong electric field. 

The CGL hydromagnetic theory describes motion occuring during 

the "longitudinal" time T.R., a strong ~.i. being necessary for non-neg-

ligible transverse motion to occur during this time. This corresponds, 

in lowest order, to regarding the gyro-period as infinitely short ("-' ET.R.) 

and the "drift" time and as infinitely long (~ T .R. /E) compared with the 

time of interest. 

Extension of the theory to describe motion occuring during the 

drift time T D, on the other hand, corresponds to regarding both the 

gyro-period ("-' lT rJ and "longitudinal" time T.R. ("-' ET D) as infinitely 

small and T D as finite, the time of observation being increased with 

. T D as E -+ 0 so that T D remains finite with respect to the time scale 

T 
0 

rather than being regarded as infinitely long. It might be more ap-

propriate, therefore, to refer to the modifications of the lowesf-order 

theory (e. g., CGL theory) that must be made when the time scale is 

extended to be of order T D as "finite drift-time 11 effects, and reserve 

the term ''finite gyro-radius" for non-adiabatic effects, or at least for 

effects. which are unimportant in the limit E -+ 0. 

A further indication of the inappropriateness of the term "finite 

gyro- radius 11 in this connection is that the current which enters CGL 

theory includes the effects of the first-order transverse drifts. These 
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drifts would seem to be as much effects of "finite gyro-radius" as the 

first-order plasma velocity and small accelerations which become im-

portant on the longer time scale. 

It is conventional, however, to describe these effects by the term 
\~ 

"f' ','.d. 11.6,?,-1 4'1 k . '·. h ' h 1nite gyro-ra 1us.. . . n .eep1ng w1t convention we use t e desig-

nation "FGR" for these effects, but prefer to associate the words "finite 

drift-time 11 with this designation, rather than 11finite gyro-radius. 11 

Processes occuring during the drift time are of particular interest 

if no motion occurs on the longitudinal time scale, corresponding to a 

static CGL equilibrium .. In this paper discussion of motion occuring 

during the drift time will be limited to this case, which includes low 

frequency waves, 11weak 11 instabilities, and 11 long term" equilibrium. 

. ' . 2 -1 
These motions are characterized by a time scale of order (€ Q) and 

velocities of order Ev 
0 

, and therefore by the 11 FGR ordering 11 

(2. 4) 

It should be emphasized that the appropriate ordering, as well as the 

value of E , depends on the process under consideration, rather than only 

on the properties of the plasma. The interchange mode of a plasma in a 

weak gravitational field, for example, may be characterized by FGR 

ordering while the magnetoaccoustic wave propagating across the mag-

netic field will be described by CGL ordering. The appropriate "low (3 11 
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condition also depends on the motion considered. 

2. 3 Scaling of Maxwell's Equations 

The dimensionless forms of Maxwell's equations may be written 

(2. 5} 

V' X E' = - (v 
0

B
0

/ cE
0

} (L/v T) oBI I at" 
"""" 0 --

(2. 6) 

(cE ) 
( v >) (:a) 

2 oE' 
~·· ~ 0 

-··-fHo.·· 
'V' X B' = -..--

"""' E2. v
0

B
0 

at" 
(2. 7) 

In these equations E
0 

characterizes the contribution of~ to \7· _E or 

current densities; and w 
p 

= cj/n
0

ev
0 

with p and j the charge 
- c ..,.,.. 

2 ·1. 
is the plasma frequency (ne /m_} 2 

and 

These equations involve two new independent dimensionless parame-

1./ 

2 
ters; the three paramers rl.+rl._/wp , f3 , and v 

0
; c being related by the identity 

(2. 8) 

The assumption of non-relativistic motion already implies an expansion 

in v 
0

/ c ; ordering of this parameter with respect to E is discussed below. 

,··~. 
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Equation ( 2. 5) shows that the charge separation 6-n' is small 

for high plasma frequency; because we assume low frequencies and 

small gradients, .6-n' will-be small except for very low densities as 

shown by Eq. ( 2. 5) and the relation ( 2. 8). Thus 

( 2. 9) 

The importance of the charge separation is indicated by the mag-

nitude of the electrostatic stress. This stress is of order 

( 2. 10) 

. . 2 
For CGL ordenng only stresses of order N

0
mv

0 
are required 

in lowest order and the electrostatic stress is negligible unless 

( 2. 11) 

This condition holds also for FGR ordering, even though stresses of 

2 2 
order E n

0
mv O become important in lowest order, because then 
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Thus the electrostatic stresses are negligible in lowest order, 

and the approximation of quasi charge-neutrality applicable, if ( v 
0 

/c) 
2 

"" E/3 or smaller. 
2 

Note that (v
0

/c) "'E is thecondition that relativistic 

corrections to the plasma motion be negligible in the limit E - 0. 

The strength of the magnetiC; field produced by a plasma current 

of given order is indicated by Eq. ( 2. 7). If ~"' 1 the zero-order field 

is produced by the first-order current; for this reason the zero-order 

plasma dyn'l..mics, e. g., CGL theory, requires the first-order current. 

Furthermore, for i3 "'l there can be no zero-order current if the particle 

motion is to be adiabatic. The restriction this places on the applicability 

of our equations is discussed in Section ,4. 8. 

Equation ( 2. 7) may be written in the form 

( 2. 12) 

Thus, since L /v 
0 

T cannot be large, the displacement current is small 

whenever An' is. 
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- CHAPTER III 

Expansion of the Vlasov Equation 

3. 1 Expansion Procedure. 

Our interest in this paper is in the macroscopic equations ob-

tained by taking velocity rpoments of the Vlasov equation, and, in 
·, 

particular, the small E expansion of these equations. This expansion 

., 
may be carried out either before or after taking the velocity moments. 

We will follow the latter procedure 
2

• 
8 

although the former procedure 

. l 1, 3, 26 H 1s more usua . owever, because the two procedures are equiva..: 

lent, it is useful to have the form of the expansion of the Vlasov equa-

tion in mind when the expansion of the moment equations is considered. 

Furthermore, the Vlasov equation and its expansion clarify the relation 

between the expansion of the moment equations and the adiabatic expan-

s ion of the particle motion. 

In this section, therefore, we review briefly the small E expan-

3 
sion of the Vlasov equation following the discussion given by Thompson, 

and briefly discuss the initial conditions necessary for its applicability. 

The small € expansion of the Vlasov equation, 

of(_;,:::, t) jot + u · Y'f + ( e /m) [ ~ + ( v /c) X B] 

-25-

Y'f = 0, 
v 

( 3. 1) 
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is carried out by transfo·rming from the velocity variable y to the var-

iable C = v - u ( r, t), where the velocity u( r, t) is as yet uns,pecified, 
/I.}J- ,v.. ,.. - ,.,... ,_ 

and by representing C. by its cylindrical components C ( r, v, t), 
"""" l\ - -

C (r,v,t), and <jl(r,v,.t): 
l ~ ~- ~ ~ 

where the e. are the basis vectors of a local Cartesian coordinate sys­
""1 

tern with ~l in the direction of the magnetic field. The vector .$_
2 

may 

be taken in the direction ~l. V'.$.
1

, but this is not necessary. 

When transformed to the variables r,. C ,. C , ¢, and t, Eq. ( 3. 1) 
- II ..!.. 

takes the form 

where n is the gyro_;·frequency eB/rnc and. 

[~E rn II 

a 
ac,, 

c 
.L ''< <:\ - (V' • u'•) u z .1. 1\M. ac .L 

a * - · · a { [ 
au l + cos <P CL 8- + C .L ( D ~) 2 - (~)· ac 

Xz X2 II II 
. . 

n ( u - u ) ] _L } + sin cp· { c [-a · + c 
-- ,.... E 3 ac · L ax .L 

L 3 

au l (D~<b) _ c~\ 
- 3 ax3) 

\I 

( 3. 2) 



27 

cos 2cp 
I : { (C

2
\7b) __£[_ + c ( V'u~:~) - 3-} + 

2 vOIO .L ..... oC .!.. - sc If ). 

sin 2<!> { 2 of c ( 'Y'u~~) -
8 

} + I ( c.L 'V' 1:) acl, -2 y· .1.. .- ac .L 

sin p [SJ(u _ u ) + (D~:<u~:~) l + [cos 2cp I _ sin 2<!> 1 l: 
CJ. .... -E. 3 - 2 . 2 y 2 . ...-() 

( 3. 3) 

with D>:< = a I ot + u . 'V' + ell b . \I, 
~ -·· ....... 

1 . = u + C
1 
b, I. = -

2
( e 

2 
e 

3 
+ e 

3 
e 

2
), 

. t~ y Ill' '\/" ..,...... ""'"' 

1 ' . 
and .J.6 = z(!:2~2- ,::3~3) • 

The small E expansion of the Vlasov equation is based on the 

- lG". form ( 3. 2) and the assumption that SJ ....,£ rv E f. 

This condition will be satisfied if all the functions entering this 

equation are slowly varying in space and time and if_::.= ~E + 0(Ev
0

). 

These conditions reflect the equivalence· of this expansion to the adiabatic 

expansion of the particle motion. The condition that f be slowly varying 

in time is discussed in Section 3. 3. 

The operator :D takes its simplest form i. f u = uE. , and it is 
.-.J,. ~ 

convenient to choose u
11 

= (v;, f(O)) ;(£( O)). These choices are usually 

made. Our discussion of the moment equations, however, corresponds 

to taking u equal to the actual flow velocity Of the plasma component ...,_ 
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( vf) I (f): For this reason we leave ~ unspecified in Eq. (3. 3) . ,... 

If n -lp f "' E f , the expansion of Eq. (3. 2) is straightforward. 

Th d . . 'b . f t' f . d d . th f f(O) +" f(l) e 1str1 utlon unc 10n 1s expan e 1n e orm ..L 
I • • • 

In lowest order Eq. (3. 2) reduces to the familiar statement 

of ( 0) 1 o<P = o , (3. 4) 

and the first-order terms of Eq. (3. 2) are 

(3. 5) 

Since f(l) must be single valued in <P , integration of Eq. (3. 5) over all <P 

gives 

or (3. 6) 

Equation (3. 6) is the zero-order Vlasov equation. It describes 

the zero- order distribution of guiding centers and is easily derived, in 

fact, from the conservation of guiding centers, the zero-order guiding 

center motion, and the conservation of the magnetic moment 

.. 21 .. = mC.J... 2B. That th~<: conservation o£ m~gnetic moment is con· 

tained in Eq. (3. 6) is made evident by transforming from the variable 

c .L to fJ. , the coefficient of a f(O) I OfJ. iri the transformed equation 

vanishing by use of Maxwell's induction equation. 
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( 1 ) 
Integration of Eq .. ( 3.: 5) with respect to <j> gives f in the form 

(1) -1 s<P . (0) (1) 
f = n ( . . d<J> 1 p ) .£ + h ( c.~- • c" 1 ! . t) . ( 3. 7) 

Thus only the <j>-dependent part of f( 
1

) is determined by Eq. ( 3. 5). 

. . (0) (1) 
Th1s suggests that f = f + f + . . . be divided into 

<P:-dependent and <j>-independent parts: 

= f..+. ( C 1 C 1 ..+. 1 r, t) + h( C , C 
1

, r, t), 
't' ..J.. II 't' """ .L I ..,... 

with ( 3. 8) 

and h
( i) 

+ • 

Integration with respect to <P of the expansion of Eq. ( 3. 2) then gives 

where the <j>. are determined by the condition that the <j>-averages of 
1 

f( i) vanish, and 
<P 

1 r 1 s<P . i-1 = - 2'lT J d <P p n .'P £ d <PI . 
. <Pi 

( 3. 1 0) 
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E . ( 3 9) . . 1 . . f( i) . quahon . 1s a recurs1on re ahon express1ng 1n terms 
<? 

off( i-l) while Eq. ( 3. l 0) is the i th order Vlasov equation. Solution of 

the Vlas.ov equation for h through ith order thus immediately gives f<P 

through order i + l. 

The zero-order Vlasov equation ( 3. 6) and the expression ( 3. 9) 

f f ( l) . . 1 
or <? are qu1te s1mp e. 

3 
Thompson discusses these equations, and 

from them derives the CGL hydromagnetic equations and the contribu-

( l) 
tions of f<P to the pressure tensor and heat flow vectors. 

Except for very simple configurations, however, evaluation of 

even the first-order Vlasov equation and the expression for f~ 2) is 

tedious. Carrying out the expansion directly on the exact moment equa-

tions is algebraically simpler in many ways because details of the distri-

bution function and the complications of the velocity transformation are 

eliminated at the outset, and gives results in a form convenient for iter-

ation to higher order. 

The characteristic feature of the expansion of the Vlasov equa-

tion is the separation of f into <?-dependent and <?-independent parts. 

The manner in which this feature carries over into the small E expan-

sion of the moment equations will be discussed in Section 4. 1. 

3. 2 FGR Ordering and "FGR"Effects. 
,;.~ 

The above outline of the expansion procedure is oversimplified 

in that the operator i) is itself given by an expansion in E because of 

... 
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the expansi. ons of E, B, and u. Th~ ordering of the various terms of p 
,.,. "" tw-· 

depends on the ordering o.f the auxiliary parameters with respect to E. 

Thompson 
3 

implicitly assumes CGL ordering, and therefore ob-

tains the CGL equations in lowest order. For FGR ordering, however, 

the expansion takes on .a quite different form. This form. is .discus sed in 

greater detail by Kennel
15 

and, for the special case of a low-13 plasma 

in a uniform magnetic field, by Rosenbluth and Simon. 
6 

We illustrate 

the form of the expansion for FGR ordering by discussing the lowest-

order Vlasov equation for the case of straight field lines, transverse 

motion, but finite f3. 

We consider, therefore, the operator P under the following con-

ditions: .£ constant in space and time, £ · V = 0, ~l = ;:E, 

f( Cit) = f(- C 11 ), and FGR ordering. Under these conditions f) is of first 

order. The zero-order Vlasov equation ( 3. 6), which should read 

( 3. 11) 

is therefore automatically satisfied. The first order Vlasov equation 

. . ( 1) (1) 2 
. becomes, s1nce }> h "'E , 

( 3. 12) 
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F CGL d . th t" f f( O) h th f ( 3 ll) or · or er1ng e equa 1o:p. or as e orm . . .. 

When FGR ordering.is considered this equation is modified in form, by 

the "FGR" term on the right-hand side of Eq. ( 3. 12). This term arises 

from the first- order drifts and ·appears in Eq. ( 3. 12) because of the long 

time scale associated with FGR orde.ring. 

For the special case under consideration here, 

5) ( O) = c.Lfcos cj> a! + sin cj> a! ]·' ( 3. 1 3) 
- . 2 3 

and the lowest-order Vlasov Equation ( 3. 12) becomes 

( 3. 14) 

The FGR term on the right-hand side of Eq. ( 3. 14) may be understood by 

recalling that under the present assumptions the lowest-(i. e., first) 

order drift velocity is just -~E + ..YB, where ~B = (c.: /2r2)}: X VB /B 

is the well-known "gradient B" drift. 
22 

The FGR term of Eq. ( 3.14) is 

thus - 1"B · V'f, and the FGR modification of the zero-order Vlasov equa­

tion, in this case, is obtained simply by substitutingthe first-order drift 

1 "t f h d d "f 1 . ( O) ve oc1 y 2E + _y B or t e zero- or er r1 t ve oc1ty ~E appearing in 

Eq. ( 3. 11). 

When Eq. ( 3. 14) is written in terms of !J. instead of CL, the 

coefficient of of ;a!J. again vanishes. For the special case considered 

"• • • •·••··•·· • --~ ••• • •• -•·•~•·•• ••·•··~····~••·•·•-••••• •o·T-,..,,. •·•:-··,.·-·•-.~•••,-.,. ''• ,,.,. ··-.-•·•·•-• ·•··, ,, ,., •·-~~ ,, ,., ~- '"'•"'••• ,, , ···~·--····, .··.-••""'''''''~"'"7-· •···--• •.•••• . ••• ·•-· ., .'". ,, ••,- ..---·•••••• 
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here the magnetic moment is therefore conserved over times of order 

( c
2
n) -l, even in the presence of strong transverse magnetic field gra-

clients 'il B ""E B /R ·. Equation ( 3. 14) thus describes particles of con-
~ g . 

stant !-!. which move along the field lines with the constant velocity v
11 

and in the transverse direction with the first-order guiding center vel-

ocity uE + v . Zero-order curvature of the .field lines produces addi-
"' ...,..B . 

tional first-order drifts and first-order variations of !J., hence addition-

al FGR modifications of Eq~ ( 3. 10). 

3. 3 Initial Conditions. 

The expansion of the Vlasov equation outlined above is based on 

the as surnption that n-l~ f ""E f. This condition requires that both f and 

the fields E and B be slowly varying in space and time, and thus that the ...... ,_ 

particle motion be adiabatic. Adiabatic particle motion is not sufficient, 

however, to insure that f varies slowly in time; its form must be such that 

it does not fluctuate rapidly because of the gyration of the particles. We 

show in this section that·this condition·constrains the form off at the 

initial time. This constraint is illustrated in Appendix B. 

The constraint on: f( 0) follows from Eqs. ( 3. 4). In particular, 

for i = 1 and· t = 0, and by use of Eq. ( 3. 6), 

( 3. 15) 
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We note from Eq. ( 3. 3) that Eq. ( 3. 15) does not involve the inital time 

derivatives of h( t). Equation ( 3; 15) therefore gives the first- order 

<!>-dependence of f(O) in terms of h(O)I E, B, oE/ot, and oB/ot at -
the initial time. " 

This argument is easily carried to any order. For this purpose 

it is convenient to introduce the operator 

By use of this operator, Eqs. ( 3. 9) may be written 

and summing over all i gives the formal result· 

f<P = If~i) =[f)*+ .D>:~.P~:~ + ... 1 h. 

i 

( 3. 16) 

(3. 17) 

( 3. 18) 

The time derivatives of h are easily eliminated from Eqs. ( 3. 17) 

and ( 3. 18) by use of Eqs. ( 3. 1 0), but this introduces arbitrarily high 

time derivatives of E and B. Equation ( 3. 18.) then gives a formal ex-..,... ...... 

pression for f<P ( 0) in terms of h(_::, 0), ~(;:_, t), and ~(;:, t). 

The time dependence of E and B is determined by the initial 
/t-' ,,.,. 

values of E, B, oE jot, oB/ot, and the distribution function for each 
~ ,.,. ""'" 

species of particle. Equation ( 3. 18) therefore yields, in principle, a 
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constraint on f<P ( 0) . This constraint is much more restrictive than the 

requirement that the initial current be consistent with the given field B( 0) . .-

In the following chapters of this paper we consider the small-E 

expansion of the exact velocity moments of the Vlasov equation, equivalent 

to moments of the expansion outlined in this section. The constraint on 

f<P( 0) carries over to that expansion as a constraint on the initial values 

of the moments of f<P. These moments, however, will be expressed (by 

use of equations equivalentto moments of Eq. ( 3. 18)) in terms of the 

moments of h and the flow velocity. The constraint on the initial values 

of these moments is therefore automatically satisfied. The constraint on 

f<P ( 0) must not be overlooked, however, when ail actual distribution func-

tion corresponding to a given solution of the moment equations is desired; 

this is illustrated in Appendix B. 
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CHAPTER IV 

Expansion Procedure for the Moment Equations 

4. 1 p-Dependent and p-Independent Moment's. 

·In this chapter we consider application of the small E expansion 

directly to the exact velocity moments of the Vlasov equation describing 

one plasma component, and put these equations into a convenient form. 

The relation of these equations to the single-fluid description of a two-

component plasma is also discussed. The actual expansions are carried 

out in the following chapters. 

Expansion of the exact moment equations is equivalent, of course, 

to the expansion of the Vlasov equation reviewed in the previous chapter. 

The characteristic feature of that expansion is the separation of the 

distribution function f into cp-dependent and cp-independent parts. f cp an.d 

h. A straightforward recursion equation is obtained relating fcp in any 

order to ~' :§, and the lower order f. On the other hand, h is given 

by a differential equation in the variables r, v, .- ,... and t which involves 

E only through the appearance of fcp. 

Velocity moments of the expanded Vlasov equation will therefore 

yield recursion equations expressing the moments of,fcp in any order 

-36-
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in terms of E, B, and moments of lower order, and differential equa-
. -'It' ..... . 

tions in r and t for the moments_of 1:t which involve E only through the ... 
moments of f<j>. 

Since f<j> is defined so that its average over <j> vanishes, non-van­

ishing velocity moments of f are obtained only when it is multiplied by 
<j> . 

a <j>- dependent velocity function. Non-vanishi.ng moments of h, on the 

other hand, are obtained only when the velocity function has a non-zero 

<j>-average. 

Thus, corresponding to the separation of f into the parts f<j> and 

h, the velocity moments may be divided into those of the form <a ( <j>) f), 

where a ( <j>) is a velocity function with a vanishing <j>-average, and 

· < {3f), where {3 is a velocity function independent of <j>. (The brackets 

<)indicate integration,over all velocities.) We refer to moments of the 

first type as "<j>-dependent" since they depend on f<j> only and correspond 

to <j>-dependant velocity functions. Moments of the second type will be 

called "<!>-independent". The terms "<j>-dependent" and "<!>-independent" 

describe the velocity function used to form the particular moment. The 

moments themselves, of course, are not functions of <j>. 

When the exact velocity moments of the Vlasov equation are ex-

panded in E, therefore, they will separate into recursion equations for 

the <j>-dependent moments and differential equations for the <j>-independertt 

moments in which E does not appear expliCitly. 
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4. 2 Velocity Moments Of the Vlasov Equation. 

The velocity moments of the Vlasov equation describing one 

plasma component may be written 

ap 1 at + v · p 2 = o, ( 4. 1) 

(dul dt) - g 
- ll II 

-1 + p (V' . P) 
"""II 

(elm)E 11 = 0, ( 4. 2) 

-1 [ -1 J u - u = r2 b X dul dt - g + p V' · P , 
...,...._L """"""E """"" ,_ """"' Nl'-

( 4. 3) 

G = dP I dt + pV' . u + V' ; Q + [ p . Y'u] s = n[ p X b] s, 
/lA/'- ,.,... ~ """""' ~ l'tl"' ..,... . ~ """"" 

( 4. 4) 

.H::dQidt+QY'· u+'V. R +[Q· Y'u]s- [p- 1
PV'·P]s=D[QXb]s, 

"""""' /"tN ~ /\~"""' ...y... ........ ~ ...-. ~ ~ 
( 4. 5) 

and 

dMNI dt + MNY' • u + Y' • S + [ MN • Y'u] s + [p -lMN• 
1
.V' •. P] 5 .·= n[M Xb] s, 

NIA """' """ !W' """ ....... ........ - """ ..W.N .... 
( 4. 7) 

where dl dt = ol ot + u · Y', and the various moments of the distribution -
function£ are defined as follows: 

the mass and number densities p = mn = m(f); 

the flow velocity 
-1 

u :: p m(vf); ....... ,-

the pres sure tens or = v- u; - -
the heat flux tens or Q = m(vvvf); 

/"tfVoo ,;y..'\A'Yo 

and the higher moments s = m( vvvvvf) - ,.,.- .... -~ ' 

and ,¥N = m( v. • • vf) with N factors of v , N ?: 2. - - -
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Following the notation of the previous chapters, e and m are the charge 

and mass of the particles, E and B the electric and magnetic .fields, 
"""" 

g .... 
the gravitational acceleration, b is the unit vector in the direction B, ·- ..._ 

r2 = eB /me' EE = cE: X ~ /B 
2
, and the subscripts i and II indicate pro-

j ections perpendicular and parallel to B. 
""" 

The superscript s indicates that the quantity is to be symmetrized 

by adding to it all cyclic permutations of its vector factors (or tensor 

indices). Thus 

[ P :>< b) s = P X b 
;w. ·...- . """' 

b.X P, - -
{ [ Q . \7u] s}, k = 

""" - lJ 
Q .. auk/ox + Qk. au. /ax + Q.k au. /ax 

lJn n 1n J n J n 1 n 

We note that this operation produces a symmetric 'tensor only when applied 

to a tensor which is already symmetric with respect to all but one vector 

factor or tensor index. 

The derivations ofthe continuity equation ( 4. l) and of the equation 

of motion, which we have written in the form ( 4·. 2) and ( 4. 3), need not 

be reviewed here. The remaining equations are not so familiar; their 

derivation is outlined in Appendix A. 

It is easily verified that these equations do in fact separate in the· 

manner described in Section 4. l. Recursion relations are obtained for,. 

,, 

and only for, those moments which appear in the dominant terms of the 

moment equations. These terms, on the left hand side of Eq. ( 4. 3) and 
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the right hand side of Eqs. (4. 4) through (4. 7), are those resulting from 

the gyration term of the Vlasov equation, hence involving only <\>-depen-

dent moments. 

From each of the tensor equations ( 4. 4) through ( 4. 7) we thus 

obtain both recursion relations for the <\>-dependent moments and differ-

ential equations for the <\>-.independent moments which appear in the ten-

This separation is carried out below. 

The transverse velocity ~..L is not simply related to <\>-dependent 

and <\>-independent moments, since u enters into the definition of <\>, but 
""" 

~ .l. resembles the <\>-dependent moments in being given by the recursion 

equation ( 4. 3). 

In zero order (n -+- co) we see from the moment equations that 

.~ .1. = ~E and that all the <\>-dependent moments vanish. This corresponds 

to the zero-order particle motion, and to the zero-order solution of the 

Vlasov equation. 

4. 3 The Pressure Tensor. 

In order to express the tensors P, Q, R, · · · in terms of <\>-dependent 
..... --

and <\>-independent moments, it is conv~nient to introduce the local, ortho-

norrnal, right-handed basis vecto1·s .!tl = E• 2z• and ,;..
3

. We may choose 

,;;
2 

to be al,ong the principal radius of curvature of ~~ but this is not 

necessary; We will, in fact, obtain representations of the tensors in 

which ~ 2 and ~3 do not appear. 
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Components of the velocity moment tensors in the e. coordinate 
. ~1 

system are easily expressed in terms of <P-dependent and <P-independent 

moments. The six component's of P may be written: -

p.L = (l 12 ) ( p 22 + p 33) 
2 

= (ml2)(~f), 

{ 4. 8) -

= m ( ~ v11 sin <P f) , 

. 2 . 
= ( m I 2) , (v .L sin 2<P f) ; 

and 
2 

= ( m I 2} ( v .L cos 2<P f) . 

Thus p.l. and p
11 

are <P-independent while P 
12

, P l3' P 
2
3' and P 

0 
are 

· <P- dependent. In terms of these components the tensor P may be written 
-v-

( 4. 9) 

where _r. is the transverse projection operator e
2

e
2 

+ e e =I- bb and 
_... It/ItA ...... ...,..a3 ..... 3 ,.... ............. 

( 4. l 0) 

represents the contribution of the <P-dependent moments toP. 
"""' 

These relations may be expressed more compactly by use of the -

quantities 



I := ( 1 /2) ( e e - e e ) -o -2-2 -3-3 

and I 
-y 

Thus Eqs. ( 4. 8) may be written 

p
11 

= P: bb, 
·"""""' """'iAo 

P.~.. = (1/Z),:f:J.v· 

and since 

II takes the form 
"""' 

P 2 3 = ( 1 I 2) E : ly , 

P s: = ( 1 /2) P : I , 
u ..... ""0 

- (P·b) , 
- - J. 

II = P I + P I + [ ( P ·b) b] s. 
NV' '{""''{ 0 ... 0 - - J.. -
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( 4. 11) 

( 4. 12) 

( 4. 1 3) 

The recursion relations for the <!>-dependent components of P 
"""' 

are obtained by using the representation ( 4. 1 3) 

in Eq. ( 4. 4). The results are 

-1 
Ps: = -(40) G:I 

u I"M, ,.,." , 

and 

s 
to evaluate ( P X b) 

. - -

( 4. 1 4) 

Substitution of these results into Eq. ( 4.13) gives a representation for 

II in terms of G 
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The first of these expressions follows irri.mediately from Eq. ( 4. 13). The 

second, which is. convenient because it does not involVe e
2 

or e , is .... -3 

easily verified by evaluation of its components. The derivations of these 

results are outlined in Appendix A. 

4. 4 The Pressure Equations. 

The differential equations for p..L. and p , the <!>-independent 
II 

components of the pressure tensor _E, obtained by forming the contrac-

tions of Eq. ( 4. 4) with ±I.L and ±bb, are 
..... """'" 

dp /dt + p 'i1 • u + 'il· cf + ( P · 'ilu) :I + P: bdb /dt + b · Q : 'ilb .l J... ~ 1\iM ,-w.. ,.,.. -'J.. ~ .,.... ,... 1\M'" ,...,. ol\o4& 
0 ( 4. 16) 

and 

.!.dp /dt + tP 'i1 • u + 'i1 • q 11 + ( P • V'u) : bb - P : bdb /dt - b · Q : 'ilb 
2 If '' ~ lfltA. "'""" jiN6 ~ """ """"" ...... ~ A4o ...... AM 

0, 
( 4. 1 7) 

Where J.. and q 11 h fl f d 11 1 h 1 <i are t e uxes o transverse an para e t erma energy - -
to :I.L and to :bb. 
~ ~ """",...Nolo 

The usual energy equation o£ .kinetic theory is obtained by adding 

Eqs. (4.16) and (4.17), which gives one-half the trace of Eq. (4. 4): 

. dK /dt + KV' · u + 'il· q + P :'ilu = 0, 
"""""' ,_ ,.,.,.. ,........ 

( 4. 18) 
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2 
where K.= p..t.. + ±P

11 
= (m/2)(v f) is the total thermal energy density 

and.q = q.1. + q" is the total heat flow vector. The first four terms in 

Eq. ( 4. 16) and in Eq. ( 4. 17) are similar in form to this energy equation. 

These terms represent the rate of increa·se of the thermal energy density 

of a given fluid element, the rate of increase of the volume of the fluid 

element, the transport of thermal energy out. of the fluid element, and 

the work done on the fluid element by the fluid motion. The remaining 

terms occur with opposite signs in Eqs. ( 4. 16) and ( 4. 17), and repre-

sent an exchange of energy between the transverse and parallel thermal 

motion. The first of these terms arises from the rotation of the magnetic 

field direction seen by a moving fluid element; the origin of the. second 

is more difficult to visualize. 

4. 5 The Heat Flux Tensor. 

The heat flux tensor .£ has ten independent components. It may 

be expressed in terms of the quantities · 

fl 2 
q (m/2)~v,,f), 
,.._ 

.l 2 
q ( m /2) ( ~li.. f) , -0 2 
q ( m /2) ~':t. cos 2cj>) , 

qy 2 
sin 2cj>) . and ( m /2) (~lj_ ..... 

It is easily verified from these definitions that L· 
related by the identity 

0 
3.L, and y q.).., -

( 4. 1 9) 

are 

,, 
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q.!. =.·I··q" +I ·q0 

- .1. -'{ - -6 ..... 
( 4. 20) 

hence only two of these three vectors are required in representation of Q. 
"'" 

. . . II 
The flows of parallel and transverse thermal energies are q 

..}.. . : . . . •. ' 
and q , respectively . The other vectors represent more complex fluxes. -

It is evident that the only cj>-independent components of Q are the 
. --

II .!. 
parallel heat flows q and q . The tensor Q therefore has the form 

II II ""' 

Q = 2q 11 
( b b b) + .l ( b I ) s Q 

11M II ,.... ""' - qll --.1. + ..,.. cp' ( 4. 21) 

where Bcp represents the contribution of the cj>-dependent moments. It 

may be written in the form, easily verified by evaluatio;_,_ of the components, 

( 4. 22) 

The second term of this expression is actually symmetric, although this 

is nof self- evident, ·pecause of the identity Eq. ( 4. 20). 

By use of this representation for Ecp Eq. ( 4. 5) may be inverted to 

give the recursion relations for the cj>-dependent components of _2: 
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,, 
( 1 /2Q) b X ( H: b b) , ( 4. 2 3) 3.1. = """"' """""" ""'"",.,.. 

I 
(lj2Q) b X (H:IJ.), ( 4. 24) q- = 

.... .L - --
0 

( l /6 Q) bX(H:I) + (2/3)I ·q·l, ( 4. 25) 5.~. = ,...,.. 
- "'"'I I"''Q -

q'{ = ( l /6 Q) b X ( H : I ) + (2/3)I.·qJ., ( 4. 26) 
,_..1. ,.... ..... -6 -'{ -

0 
- ( 1 /4Q) b · H :I , ( 4. 27) q ~~ = 

- - -y 

a 'I = ( 1 j4Q) b · H: I . ( 4. 28) 
~,, ,..... ..... -6 

These recursion relations may be substituted back into Eq. ( 4. 22) to· give 

Q.~.. in forms analogous to the representations ( 4. 15) for IT. The resulting 
~<.V ,._ 

expressions are too cumbersome to be very useful, however, and will 

not be given here; a convenient representation of the first-order terms 

of ,9cp is given in Section 5. 3. 

The "equations of motion" for the <?-independent components of 

Q, rt and J. · t h t t' f E ( 4 5) · h 1bbb d 1I b q
11 

q
11

, are JUS t e con rae 1ons o q. . w1t 2_ _,...an 2-.L-: ,... 

dq
11 

/dt + q'' v. u - 3q
11 

• (db /dt) + 
II fl ""' ,... .L ,... 

dq.l. /dt + q.!. v. u + < Zq'' - q.l.) ~ db/dt + ±br.L: 
II If - -.1. -.L - ,.._ 

= 0' 

( 4. 2 9) 

( PV · P) s l 
(Q • Vu) s - _,.... __ -__ J = 0 
~ ,..,.. p -

These equations are not often useful because, in the absence of collisions, 

closed moment equations which require the parallel heat flows are obtained 

!>• 
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only in special cases .. Equilibrium configurations, however, may be 

described in terms of p and p ; Eqs. ( 4; 29) and ( 4. 30) then take the 
..I.. 1\ . 

form of constraints on the form of the equilibrium distribution function. 

4. 6 The Fourth Moments. 

Evaluation of Q requires the fourth velocity moment tensor R. 
~ """ 

Of the fifteen independent moments entering this tensor only three are 

<j>- independent: 

2 2 
(m/2)(v

11
lj_f), and R

3 
4 

(m/2)(~ f). 

The tensor R may be written 
NV' 

\ .[e. ( e .I ) s} s + R,~.., L ltflt'-1 ~1-J.. ~ "t' 

i=Z, 3 
( 4. 31) 

where ].<!> represents the contribution of the twelve <!>-dependent moments. 

Representation and evaluation of j'<P is straightforward but will not be 

required here. 

The <!>-independent components R. are required, however; they 
l 

are determined by the differential equations obtained from Eq. ( 4. 6): 

dR /dt + R V' • u - 4bb: R: bdb /dt + bb: S~:<: bb = 0, 
1 1 !'W\t .. .w ~ ..... ,.... ,...,... ~ ... """" 

dR
2 

/dt + R
2

V · ..... u + (I - bb) :R: bdb /dt + ~I : s~:<: bb · = 0, 
' ~J. ---- ,_. - ..- ,.......!.. ..-. ............ 

and dR /dt+ R Y'·u- 2I,:R:dbd/dt+ ii:S~:<:I.L 
3 . 3 ,... -- ""' .... -.!. ....... - 0' (4. 32) 

with " S [ R " } s [ p- l.Q" . p. } s . v• + • vu v 
~ ,...... ~ ,..- ....... 
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The relationship between given values of the R. and the form of 
1 

distribution function is most easily seen by comparing R
1 

and R 
3 

to 

their values for distributions of Gaussian form, and R 
2 

to its value for 

a distribution which separates in v.l.. and v
11 

• We therefore introduce 

the quantities 

. 2 
Rl = pRl /3pll ' 1 

Rl = pR 2 /p" p.t.' ( 4. 33) 
2 

Rl 
3 

= 
2 

pR
3

/4p.L. 

The R~ have been defined so that for a Gaussian distribution of 
1 

v
11 

or v R 1 = 1 or R 1 = 1 
..L 1 3 ' 

respectively, while Rz = 1 if f = £
1 

( v
11

) £
2

( v.L). 

. 27 
By a simple modification of the proof of the Schwarz inequality, 

it is straightforward to show that 

R 1 
:::: 1/3 

1 
and ( 4. 34) 

the equalities corresponding to a o :..function distribution of the velocity. 

Ri and R 3 are thus measures of the spread of the distributions of v
11 

and v..t about their mean square values. Large values of R
1
1 and R 1 ... 

. ~ 

occur if only a small fraction of the par:ticles make a significant contri-

bution to the pressure, Rl and R3 being proportional to a for a distri"' 

bution of the form 6 ( v
2

) + .a£
1 

( v), a << 1. 
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The quantity R Z is related to the correlation between the trans-

verse and parallel thermal motions. It is evident from its definition 

that R 2 ;:::: 0, the equality corresponding to a situation in which the trans-

verse and parallel thermal motions are carried out by different groups 

of particles [i.e.' to a distribution of the form Ci('i_ )fl (v(\) + o(v/1 )fz('i_ )}. 

If there is no correlation between the transverse and parallel thermal 

motions, f is separable in \j_ and 111 , and R 2 = l. As is the case 

for R' and R
3
', large values of R' correspond to situations in which 1 . 2 

,. I ' 

only a small fraction of the particles contribute to the pressure. 

4. 7 The Single-Fluid Equations. 

Before discussing the expansion of the moment equations we 

will briefly review the relation between the equation of nwtion for each 

component of a two-component plasma and the equivalent single-fluid 

. 13 
equatlons. 

The two-component plasma is described by the variables p +' ~+' 

g +' p _, ;::. _, and!'_, where the subscripts + and - refer to ions and 

electrons of charge and mass ±e and m±. The single-fluid equations 

are obtained by transforming from these variables to the total density_ 

p t = p + + p _, the charge density p c = e (n+ - n _), the mass velocity 

y = (llpt)(p+~+ + P_!;:-_), and the currentl = (elc)(n+!;:+- n_~_). 

When this is done the two continuity equations yield conservation 

equations. for the total mass and charge, 

op I at + "V • p v = o . and 
t t- ap 1 at +" · j = o. 

c </'!'< 
( 4. 3 5) 

The sum of the ion and electron equations of motion expresses conserva-

tion of momentum for the fluid as a whole: 



p DV /Dt = 
t ""'" 

v·P +jXB+pE+pg 
,....... t "'" ..- c- t.-

where D /Dt = a I at + v . v, and -
P = P + p (u - V) (u - V) + P + p (u V) (u - V) 

,....t ...... + +--+ ,-. -+ ..... ,...._ - "'"- ...... ,.._ 

is the total pressure referred to the velocity V . ...,.. 
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( 4. 36)' 

( 4. 37) 

In addition to the momentum equation' ( 4. 36), the generalized 

Ohm's law~ 3 
obtained by subtracting m+/m_ times the electron equation 

of motion from the ion equation of motion, is required. The resulting 

equation is rather complicated in general, but it becomes very much 

simplified if either the charge ~eparation or electron inertia is negligible. 

For small charge separation an expansion may be made in 

6n 1 = p c /n0 e . To lowest order in this expansion we set n ...~.. = n in the 
' I -

moment equations, drop Poisson's equation for ,£, neglect the displace-

ment current, and find 'V • j = 0. In this approximation the generalized 
....... 

Ohm's law takes the form 

m -m j , .. tv· C:: p 

E v X B 
+ ....... 

B 
. m"'' 

:~) + = X + 
"""' """' m+ + m ne ,.... e 

( 4. 38) 

D (~) 
j v [ ~ -m+ -m j 

}, - ..... 
+ 

Dt 
+ 

ne m+ + m ne 

where m~:< = m+m- /(tn+ + m_) is the reduced mass. 
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Equations ( 4. 36) and ( 4. 38) are the basis of the "single-fluid" 

description of a quasi-neutral two-component piasma. To obtain a closed 

theory the total pressure P ·must be determined. This is the object of 
f""'t 

the expansion carried out in the following chapters of this paper. 

If n and u remain finite in the limit m -+- 0, electron inertia - ~- . -

is unimportant and the single-fluid equations· take on a simple form inde-

pendently of the approximation of quasi charge-neutrality. In this limit 

the electron pres sure may remain finite, 

and 

v = 

p = p + p 
.-t -+ ..--

~+' 

The ion forms of Eqs. ( 4. 2) and ( 4. 3) may then be written 

+ -~ l b [ ny 'V·P ,... ..... 
;il. = ~E +-X --+ 

Sl Dt pt 
+ 

and 

0 = ( DV /Dt) + -l(V'·P+) - g II - ( e /m +) E 11 • 
tw> II pt ,... II 

( 4. 39) 

( 4. 40) 

( 4. 41) 

These are the transverse and parallel components of Ohm's law appro-

pria te to this case; they are easily transformed into the more usual 

forms 

E + V X B = ( m /e) [ DV /Dt - g + p -l'V. P ] 
!'VIA AN' M' + - _. t -+ 

( 4. 42) 
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and 

E + V X B = ( 1 /n e) ( j X B ·- V · P ] 
"M ...... ""' + ,.... - ,...-

( 4. 43) 

Equation ( 4. 43) is also obtained from Eq. ( 4. 38) in the limit m _ - 0, 

but it is not dependent on the approximation of small charge separation 

as is Eq. ( 4. 38). 

One advantage of the single-fluid equations over the corresponding 

two-fluid equations is that j, E, and p may be eliminated from the 
,... ..... c 

single-fluid equations by use of Maxwell's curl B equation, Poisson's 

·.equation, and the generalized Ohm's law. This is very easily accomplished 

if charge separation, displacement current, and electron inertia are 

negligible. Then 

j X B - ( 4. 44) 
"""' ...... 

{ [ -1 2 . 2 ]} DB /Dt + B'\7, · V ::: - b · V X ( ne) ( B b · 'Vb - 'V B - V · P ) , 
...... ,.,...... fto\Ao ,.... ........ .J., ,.._. -

( 4. 45) 

and 

Db /Dt = ( 4. 46) -
Because the transverse motion of every particle approaches 2E 

as m - 0, neglecting electron inertia is a good approximation if the 

~· 

plasma motion is transverse to the magnetic field. Charge separation 

and displacement current are unimportant unless the plasma density is 

very low.,' 



53 

If there is plasma motion along the field lines, however, electron 

inertia may be important, but closed moment equations are obtained only 

in special cases. For the present discussion, therefore, these motions 

are of limited interest. 

4. 8 Expansion Procedure. 

.• 

The small E expansion of the moment equations is carried out by 

using the recursion relations to eliminate the <)>-dependent moments from 

the differential equations for the <)>-independent moments. Thus, for ex-

ample, P is found from Eqs. ( 4. 15) through ( 4. 17) by using Eqs. ( 4. 25) 
/I.M 

through ( 4. 28) to eliminate Bq,. This procedure corresponds to the de­

termination of f<j> by the recursion relation ( 3. 9) when the small E expan­

sion is appiied directly to the Vlasov equation. 

Since this procedure is carried out order by order, we expand 

in E all quantities appearing in the moment equations, writing them in 

(1) (2) -1 
the form p = p . + p + ... , and regarding. m /e and r.l as propor-

tional to E. As discussed in Chapter II, the particular form these expan-

sions will take depends on the ordering of the auxiliary parameters with 

respect to E. 

To simplify notation, the expansions of E and B (hence also """' ,_ 

]?. = ,.$
1

, s.
2

, and ,;,_
3

) will not be carried out explicitly. 

these quantities will be required in any expression will be evident by insp~c-

tion. 
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It was shown in Chapter II that the relation between the expansions 

of E and B and the expansions of the moments depends primarily on 
"""" """ 

the ordering of the pressure parameter f3 and the relativistic parameter 

v /c with respect to E. Three cases are of interest: 
0 

f3-vl, 
2 2 

f3 -v E » v 
0 

/c , and f3 -v E 

2 
1 v 0 

with-­
f3 2 

c 

'V 1. 

The approximation of quasi charge-neutrality is applicable in the first 

two cases. It is not in the third, however, and that case will be considered 

briefly in Section 7. 3. 

Our primary interest is in the finite pressure case f3"" 1. A cur-

rent of given order then generates a magnetic field of one lower order 

[see Eq. ( 2. 7)]. The zero-order current must th~refore vanish, and 

B ( O) . d . . d b . ( l) F f' . r.>. d d 1s eterm1ne y J . or 1n1te · 1-' zero-or er currents pro uce 
. .,... -
field gradients of order B /R , in violation of the basic requirements for 

. g 

adiabatic particle motion. 

Because charge separation is negligible for this case, and the 

zero-order transverse velocity of every particle is the same, j ( O) 
~l.. 

ishes automatically. The requirement that j 1~ O) also vanish, however, 

:rel!ltricts our ¢quations to situations in which the pa:~,·allel motion of the 

electrons closely follows that of the ions. For these motions electron 

' 
inertia may be neglected, at least hi 'lowest order, and the simple singlei> 

fluid equations of the previous section may be applied. Effects of finite 
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electron mass are considered, for example, in references 10 and 28. 

Because the magnetic field does not strongly constrain the mo-

tion of the particles along the field lines, the small E expansion is not 

sufficient to produce closed .moment equations. Closed equations are 

sometimes obtained by ignoring the parallel heat .flows on the grounds 

that very weak collisions will inhibit them but have no other effects of 

importance. To obtain closed equations in the absence of collisions, 

however, an additional expansion is required. Usually gradients of b -
and gradients along b are considered small compared with gradients 

"""' 

transverse to b. Closed equations are then obtained if u , 
- . q 

.l. q , and 
II 

other parallel transport terms are assumed proportional to L!f /LJ.., and 

Lrr /L.J.. is of order E. To lowest order in this additional expansion 

L - u - q.L - q11 
- 0 This case is discus sed for CGL ordering in II .- It - II - II - • 

Section 5. 6, and for FGR ordering in Section 6. 6, and Chapters VII and 

VIII. For FGR ordering additional closure problems arise because of 

the transverse collisionless heat flows; theseare independent of, but 

analogous to, those associated with parallel motion. 

For the special case of an Alfven wave travelling along a uniform 

magnetic field in a uniform plasma, linearization of the equations is suf-

ficient for closure; this property is independent of the expansion in E. 

Low-frequency stability of this Alfven wave is discussed in Chapter IX. 

The assumption of equilibrium, in addition to the small E expan-

sion, is also sufficient to produce closed moment equations. Equilibria 
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may be described in terms of p and p , the differential equations for 
.1. II 

the ¢-independent moments (e. g., the pressure equations) then become 

constraints on the higher moments of the <j>- independent part of the distri-

bution function. The equilibrium moment equations and, in particular, 

"long- term 11 equilibria, are discus sed in Chapter X. 
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CHAPTER V 

Finite Gyro-Radius Corrections td the CGL Equations 

5. 1 The CGL Equations. 

In this chapter we discuss the zero- and first-order corrections 

to the moment equations as,suming CGL ordering (i.e., we consider the 

-1 . 
time scale of interest to be of order {E"r2) , hence short compared to 

the drift time T D"' (E
2

r2) -l). The zero-order approximation to the rna-

ment equations, which we discuss in this section, is then the familiar 

CGL hydromagnetic theory. 

First-order corrections to these zero-order equations are pre-

sen ted in the following sections of the chapter. Since these effects vanish 

with E, they may more appropriately be regarded as effects of "finite 11 

gyro-radius than the modifications of the zero-order moment equations 

necess.ary when the time scale is ext~nded to be of .order TD, These 

latter effects are discussed in the following chapters of this paper. 

The effects to be discussed in. the following sections of this chap-

ter are equivalent to the first-order terms in the expansion of th~ Vlasov 

ll 
equation, and analogous to the first-order terms of the Chapman-Enskog,;' 

expansion. The equations obtained in this chapter have been incorrectly 

applied to low-frequency waves characterized by FGR ordering. ?, 
18 

-57-



58 

The difference in form between the first-order equations of this chapter 

and the zero-order equations obtained for FGR ordering are therefore 

of special interest. The latter are described in Chapters VI through X. 

If CGL ordering is assumed, the zero-order terms of the single-

fluid equation of motion (4. 36) are 

p DV /Dt 
t -

( 5. 1) 

. 2 2 
where charge separation has been assumed to be small ( (3 » E v 

0 
/c ) , 

pt' V, P, and B are taken to zero order, j is first order, and 
,_ - ,...... 

p( 0) 
= p(O)I + p ( O) bb ( 5. 2) 

-t .L -.L 1\ ""''W' 

+ + 
with ~ = l) + ~ and p = p" + p . 

• .L II II 

The zero-order terms of the generalized Ohm's law simply state 

that V ( O) = u or .... E 

E+VXB=O. -
+(0) -(0) 

The pressure components p , p . 
J.. ..!... 

( 5. 3) 

+(0) -(0) 
p , and p are 

II II 

determined by the zero-order terms of the pressure equations ( 4. 16) 

and ( 4. 17). By use of the zero-order forms of P and Q and the equality - """ 
+(0) -(0) 

of u and u , the zero-order terms of the ion and electron pres-
""' -

sure equations may be added to give the CGL pressure equations
1
' 

8 
m 

the form · 

. . .. . . . -~: '·' , ... ·-.,·. '. , ..... '·"'". -~.-:;.:. :.:.. ... ·:· .. :;.;,- ;: ::.- .. ::, --~-.:,.' ·-··· ... 
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DJi /Dt + P.l. ('V. ,Y + V.J.. · "J.) = - BY'· ( q~£/B), ( 5. 4) 

and ( 5. 5) 

where, in these eq~a tions only, 
.J.. \1 

q and q are added over ions and 
1\ . II 

electrons. 

Equations ( 5. 1) through ( 5. 5), togeth~r with the continuity equa-

tion and Maxwell's curl Band induction equations, comprise 'the familiar 

CGL hydromagnetic theory. These equations are not closed in general, 

because of the parallel heat flows. 

If the terms on the right hand sides of Eqs ( 5. 4) and ( 5. 5) vanish 

or are neglected, these equations are easily integrated by use of the 

continuity equation and the zero-order induction equation in the form 

( 4. 45) to give the well known CGL double adiabatic conditions 

D( P_,_ /pB) /Dt = 0 
( 5. 6) 

and 
2 3 

D ( B P 11 /p ) X Dt = 0 . 

5. 2 The Pressu·re Tensor. 

The CGL equations may be extended to give the plasma velocity 

through first order and the current through second order by including the 

first- order corrections to P in the single-fluid equation of motion and -
the first-·order terms in the generalized Ohm's law. 

(l) 
The cp-dependent components of P . - (i. e. , 

( 1) ' 
IT ) are found from --

the recursion formulae ( 4. 14). By use of the zero-order forms for E 

•o • ' '' '' '' '''''' o• '''' 'o o o •••~•·- ••o• '•'' • ' '' ••••••M+•o•••••••••', o ,,.:,,,,.,,,, ._._,, '' , ... •••-•••,•••,•• '••'•••··-~·'•'•''''''•'h •'o 'o>' '•''' • ,•,•••,-,.•• ···-·-·••••-••:• ,,.,,,_,, ••,*••••-,.,, •..,-,••• • ··~··-- •·· 
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and Q ,..... these equations give 

p ( 1) . 1 J..Y'b} ( 0) = ( 2SJ)- I. : [ p vu: + 
6 -y ,_ qll ..... , 

( 5. 7) 

p(l) -1 [ Y'u + l.Y'b}(O) = + ( zn) lo: P 
23 - ql\ - , 

and 

( b · P) = n-lb X [ { p - p ) db /dt + P. b · Vu + p ( Y'u) · b 
11N """ ..1- ~ II .1.. N- 1\ I'I,AA- "'~""" .1- --" """""" 

( 5. 8) 

The time derivative dh/dt may be eliminated from ( b · P) by 
,.,.,.. IY- "YA .J.... 

use of Maxwell's induction equation in the form of Eq. ( 4. 46): 

(b·P) = n- 1
bx[ (2p - p )b·Y'u+p (V'u} · b+ 2(q'' - q"'- )b.Y'b + V'q.t.] ( O). 

N<- """" .J... ~ ll ..1... "\No .M4 .Jr. ,..,. . ,_ tt II ""- .-.. . II 
( 5. 9) 

The terms of Eqs. ( 5. 7) and ( 5. 9) proportional to V'B_ are the 

collisionles s viscosity terms. · They are well known in the isotropic case 

(e. g., references 11 and 12) and have been given for an anisotropic R ( O) 

2 3 
by Kaufman and by Thompson. 

Thompson's calculation is outlined in Chapter II. His results for 

P l 
2 

and P 
1 3 

are incorrect, however, because of an algebraic error i the 

correct expressions are easily obtained from his distribution function. 

( 1) 
Kaufman ha.s shown how the components of II are related to -

the first-order corrections to the particle orbits in the adiabatic approxi-

mation by studying these orbits for special cases. His calculation of P 
1
k 
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and P 
13 

is incomplete, however, because he assumes a constant mag-

netic field. This is inconsistent with a nonzero (b.~ Vu) and Maxwell's 
. IVJ>o ,.,.. .J,.._ 

Calculation of the additional contribution to II( 
1

) ,..,... induction equation. 

from the particle orbits is outlined in Appendix B.' 

The remaining terms of Eqs. ( 5. 7) and ( 5. 9) represent stresses 

. . . ( 1) 
produced by the. zero-order heat flows. Because of these stresses II 

. . """" 
d · h 'f ( O) 0 I Ch IX h h b f nee not van1s even 1 u = • . n apter we s ow t at ecause o ,.,.,.. 

these terms an equilibrium parallel heat flow tends to destabilize a low 

frequency Alfven wave. 

Explicit representations for 11( 1) may be obtained by substituting 

these results into Eqs. (fo. 15). Thus 

( 1) 
II ,.,... 

or 

= ( 2 Q) -Ib X {p [(Vu) s . I 
,_ _,_ """""' """".i 

- I V ; u} ( O) + q L[ ( Y'b) s - I V' · b] } 
-.L .L - 1/ - ..-.J_ -

+.[b(b.P)( 1)]s. 
~ - """"J.. 

( 5. 10) 

( 5. 11) 

Equation ( 5. 11_) is often useful because J'Y and j
0 

have been eliminated. 

5. 3 The Heat Flux Tensor and Fourth Moments. 
. . . . ( 1) . . . 

The evaluation of 9<j> from the recursion formulae ( 4. 23) ;;· 

through ( 4. 28) is outlined in Appendix A. The results are 

• • • •'• ••, 7." ••:•: o: '> -• • ' • \ "~ .-,,-, 0 •'>"'0'•' :·•o•,.•,•••, 0 ',',•'; • -;"''"."•'~ .r,,-,•:-;--.~ .,.., ";' ,•oo, '•'' ,, •'• 



where 

y ( 1) 
q 
.-j. 

-1 . 
p p "i1 • P + ( R - 3R ) b · "ilb 

II """'" 1 2 ~ -

0 
q 
.-l. 

= . .!I . qJ. ( 1) 
2-o ..... .L 

= 
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( 5. 12) 

( 5. 1 3) 

( 5. 14) 

( 5. 1 5) 

If the terms q.!. and q':, are neglected, the transverse heat flows 
. " 

given above agree with those given by Thompson, 
3 

who assumed that 

.~..(0) 11 (0) . · · 
q and q van1sh. Thompson 1 s fluxes appear to d1£fer from ( 5. 12) 

It II 

and ( 5. 13) because they are referred to the zero-order velocity 2E + u ~lO) ]:;:_, 

whereas ours are referred to u; The corresponding difference in P is - ,.-

of order [ u - u ( O)] 
2 

hence does not appear in Eqs. ( 5. 7) and ( 5. 8). 
- N"" 

A representation of the tensor Q ( 
1

) is obtained by substituting 
. --- . 

Eqs. ( 5. 12) through ( 5. 15) into Eqs. ( 4. 21) and ( 4. 22). It is easily 

verified that the resulting tensor 1nay be expressed in the form 

Q = q'' b b b + ql. ( bi ) s + ( q II b b) s + ( l /2) ( qJ. I ) s 
~ If--"""" I{ .w-J. ....:..L-""' -.,1..-l-

( 5. 16) 
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In the presence of strong collisions, the zero-order distribution 

function is constrained to a local Maxwellian form. The zero-order 

pres sure is then isotropic, and the fourth moments Ri appearing in the 

expressions for ..9<j> are determined by the pressure and density: 

2 
= 3p /p J 

2 = p /p J and 
2 

= 4p /p. 

For this case of a local Maxwellian f( O) the sum of q.L and. q'1 gives the 
-...L. ..-.l-

well-known transverse coll'isionless heat flow 
4 

= q l. + q 1/ = 
.... ..l... .... .L 

( 5 /2pms-2) pb XV( p /n) . .- (5.17) 

In the absence of collisions, however, £( O) need not be Maxwellian 

and independent equations are required to determine the R. ( O) • These 
1 

equations are the zero-order terms of Eqs. ( 4. 32): 

,, -1 = 8q p (V· P) + 4S
2
v._b- V· (S 1 ~), II ,.... II -

- V • u) 
.L -

-1 = 2qttp (V·P) +.(s
2

- S
3
)V·I?.-V·(S

2
}2), (5.18) 

ll ..... n ·-

and 

dR
3

/dt + R
3

(V·_u + 2V.L. ·_2) = - 2S V·b- 2\7· (S b) 3 ,.... 3.-. J 

where all quantities are taken to zero order and the S. are the <j>-inde-
1 

pendent components of the fifth velocity moment tensor _§: 

3 2 
( m /2) ( v v ) , 

II .1.. 
( m/2) (v v ~ • 

" .L. I 
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of the 

absence of collisions the So are not determined by a closed set 
1 

• 0 If f( 0) 0 d b f 0 • 0 moment equatlons. 1s assume to e o an1sotrop1c 
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Gaussian form, Eqs. ( 5. 18) yield no new information, but are consistent 

with the CGL pressure equations. 

These equations for the RiO) are similar in form to the CGL 

pressure equations and, if the terms on their right hand sides vanish, 

they may be integrated in the same way to obtain: ''adiabaticrr conditions 

for the R~ O) • These adiabatic conditions take the form 
1 

dR ~ ( 0 ) /d t = 0 , 
1 

( 5. 19) 

where the R! , defined by Eqs. ( 4. 33), are related to the form of the 
1 

distribution function. In this special case, therefore, the form of the 

distribution is preserved by the plasma motion. In particular, f( O) 

will remain Gaussian, but not necessarily isotropic, if it has this form 

initially. 

5. 4 The Pressure Equations. 

We consider now the first-order terms of the pressure equations 

( 40 16) and ( 4. 17), and of the energy equation ( 4. 18). Of particular 

interest is the term P: 'Vu of Eq. ( 4. 18) which represents the energy 
o'IN'- -

transfer between the fluid and thermal motions. The corresponding ter~~~ 

of Eqs. ( 4. ·16) and ( 4. 17) give separately the energy transfers between 

the fluid motion and the transverse and parallel components of the thermal 

motion. 
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By use of Eqs. ( 4. 9), (5. 9), and ( 5. 10) we obtain 

( 5. 20) 

where 

and 

-1 I r = 2r.l q-(V'u): (I Is: - Is:I ) :V'b 
n. "P -y .... u -u"""Y ""'""' 

In zero order only the first two terms of this expression are present; 

they represent the anisotropic compressional heating. The third term 

arises from the contribution of the collisionless viscosity to P 
12 

and 

P 
13

. (There is no contribution from the parts of P 
23 

and P 
0 

proper-

tional to \7;::. ) This term is somewhat analogous to ordinary viscous dis-

sipation in that it arises from the contribution of the collisionless viscosity 

to P: V'u and is quadratic in u. The net transfer of energy between the 
AM- -- -

fluid and thermal motions thus does not vanish in general, as might be 

expected for a collisionless system. This collisionless energy transfer 

is not dissipational however, as it may have either sign. The collisionle~s 

·viscosity modifies the propagation of waves, but does not cause them to 

be damped; it may even be a mechanism for wave propagation. A speci<fl 

example of such a "viscosity wave" appears in Section 9. 2. 
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The term r of Eq. ( 5. 20) represents the energy transfer between 

the fluid and thermal motions arising from the first-order stresses pro-

duced by the zero-order heat flows. Because zero-?rder heat flow can-

not occur in the presence of strong collisions, these terms have no 

analogy in ordinary hydrodynamics. 

The complete equation for the total thermal energy K through 

first order is 

dK /dt + KY' · u + p \!· u + p ( b · "Vu) · b t \l · q 
N- ·.,!_ ...1- ..- \\ - - """"" ,.... 

( 5. 21) 

+ ( P n PJ_ ) ( o) a.1 = r. 

. ( 1) 
By use of the representation ( 5. 16) for Q · , the pressure equations --
( 4. 16) and ( 4. 17) through first order become 

..., .~..(1) (0) 
dp /dt + p ("V·u+\1, ·u) + v•q - p a. 

J.. . J... - - ..... ....-..1- .L 1 
( 5. 22) 

2 
= - B"V · ( q ... b /B) + r + 0 ( E ) , 

tl- .L. 

and . 

(l/2)dp /dt + p [(3/2)\l·u- \l ·u] + "V·q't(l) + (O) _a. 
II II .- ..J... - ,.... .L. P,, ~ 2 

(5.23) 

qJ.b·"VB+ r- r.L + O(E
2
), 

11"'"'--

,;, 

6 

where r is defined following Eq. ( 5. 20) , 
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and 

The energy transfer produced by the collisionless viscosity is again given 

by the a
1 

terms, which now include also the contribution of the collision­

less viscosity to [P: (bdb/dt)} (l) = n(l) :[b(b·Y'u)}(O). We note that 
,.,._ - - ~ -.. ......... ..-

even if the contribution of these energy transfers to dK/dt vanishes be-

cause p
11 

= p , their contributions to dp /dt and dp /dt separately may 
.L II .L 

not vanish, and have opposite signs. If a
1 

is nonzero, therefore, the 

collisionless viscosity tends to produce anisotropy in the pressure. 

The a
2 

terms of Eqs. ( 5. 22) and ( 5. 23) represent a transfer of 

energy between the parallel and transverse thermal motions which arises 

from b · Q: Y'b in Eqs. ( 4. 16) and ( 4. 17). First-order effects of the - ..,.... ...... 

zero-order parallel heat flows are represented by r and :s_ 

5. 5 The Single-Fluid Equations. 

II ( 0) 
Except for q.!.. and q through first order and the S. , Eqs. 

II II 1 

(4.1) through (4. 3), (5. 7), (5. 9), (5.12), (5.13), (5.18), (5. 22), 

and ( 5. 23), for each component! together with Maxwell's equations, 

determine the transverse motion of each component through second ordef• 

and the other quantities through first order. 



68 

The corresponding single-fluid equations for a two- component 

plasma, which determine the plasma v·elocity through first order and j 

2 
through order E: , are obtained by taking P, E, and B through first 

. ........ """""' 11"\1'-

order in Eq. ( 4. 36) and including the first-order terms of the generalized 

Ohm 1 s law ( 4. 43). The electrostatic force is negligible unless 

f3 ""'E ( v 
0 

/c) 
2 

and will not be considered her~. These equations apply in 

the limit of small electron mass but non-negligible electron pressure. 

1 

The electron thermal velocity is then large, of order ( m + /m _) 2 ti:r;nes 

1 

the ion thermal velocity, and the electron gyro- radius of order ( m /m ) 2 
- . - + 

compared to the ion gyro-radius. 

The transverse flow velocities ].: and ~.~., on the other hand, are 

bo.th of order ~E and we assume that u~1 and u~ are also of this same 

order. The electron collisionless viscosity terms are therefore negligible, 

but the current produced by the electron pres sure gradient and the electron 

heat flow is of the same order as the corresponding ion effects. 

The pressure tensor appearing in the equation of motion (4. 36) 

is therefore 

= P I + P bb + IT ( l) + 0 ( E2), 
.L- j_ II "'"~ ...-+ ( 5. 2.i) 

where IT( l) is given by Eq. ( 5 .. 10) or ( 5. 11). 
-+ 

Equations for P_,_ and ~~ are obtained by adding together the ion¥ 

and electron forms of the pressure equations ( 5. 22) and ( 5 .. 23), taking· 

' 
account of the first-order difference between ~ and~-, and the tern1s 

•• 
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f Q ( 1) . 1 o not proporhona to u . 
~- ~-

The fourth moments enter these equations for P~ and ~~ in the 

~:< 
form R. 

1 

+ - ( 0) 
= R. - ( m /m+) R. . 

1 - 1 
The equations for the R~:~ have exactly 

1 

the same form as Eqs. ( 5. 18), since the ion and electron forms of these 

zero-order equations are identical. 

Because the zero-order ion and electron pressures are required 

separately in the first-order pressure equations, the generalized Ohm's 

( 1) + + 
law, and IT , the zero-order equations for yither p and p

11 
or p 

~ ~ ~ 

and P,, are required in addition to the first-order equations for P..L and ~~ 

The extension of CGL theory to determine the plasma velocity 

through first order is thus comprised by the equation of motion with the 

pressure tensor of Eq. ( 5. 24), the generalized Ohm's law ( 4. 43) including 

first-order terms, the two first-order pressure equations for P and 
..L. 

P 11 , two zero-order (i.e., CGL) pressure equations, and the three zero-

order equations for the 
''< 

R~· . 
1 

These equations simplify considerably if b is constant in space ,.,... 

and time and if the properties of the plasma are independent of position 

along the field lines; they form a closed set if u
11 

, 
.1. 

qll' 

irii tiall y. 
+ These quantities then remain zero, and p , 
II 

an:d the S. are no longer required. 
1 

· d II an q vanish 
II 

p ' II 

....... . • .r .. 

R~,, R;, 
II 

q ' .... .L 

The transverse components of the equation of motion become 

p DV /Dt - = - v ( p 
J. J. 

2 
+ iB ) - A. + p g, ,.... ( 5. 25;) 
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where 

=-I~: ·V[ (p+ /S1)I :VV] (O) +I ·V[ (p+ /S1)I :VV] (O), 
- u .i- -y .- -y .1.- -o - ( 5. 26) 

or 

A. =-(V·,Yl2 X V(p:/2S1) + (p_J2S1)]1 X v2y +~X (VV)s·V'(p; /2S1). 
- - (5.27) 

The first-order pressure equation may be written 

DP..L.. /Dt -1[ -+ 2P V' ·V + V ·q.:Lt.+ (ne) 2j·V'n/n- j·V'p] 
-L -L """""" ...L ........ ..L ,... """"'" .1.. 

= 0' ( 5. 28) 

where the last term arises from the differenc.e between u · and V, and -- ........ 

( 5. 29) 

is the total transverse flow of transverse thermal energy. 

- ( 0) 
The CGL equation for p becomes 

..!.. 

D -(O) /Dt + 2p-(O)V·V = 0, 
p~ ........ - ( 5. 30) 

~ r r 
and the fourth moment R; is determined by the conservation of R 

3
_ and R 

3
+, 

j :. 

( 5. 31) -~ 

The transverse motion o£ the fluid is described through first order by 

Eqs. (5. 25) and (5. 28) through (5. 31). 

--~ .... ~·, ... ·.:o·-··.··.···· ·- • • •••• ,_,,,y••,••'o''"'' '•.'•''•'•, ''"" •• •,,,,,,- •'o,'•''•'•"•n~·-· ., • • O•• •'<'•'~' •.-~•-•••·~~ •••'•"• ,,.,_,,;, 
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The first-order energy equation ( 5. 28) differs from the CGL 

pressure equation because of the last two terms. The heat flow of 

+ _ r r 
Eq. ( 5. 29) vanishes if p = p · and R

3 
= R in zero order. These 

.L ..L + 3-

zero-order equalities are preserved by the plasma motion. In this case 

the first•.-orderpressure equa'tion differs from the CGL form only by the 

·last term. If the electron pressure is small, on the other hand, this 

latter term is negligible but the unbalanced ion heat flow causes Eq. ( 5. 28) 

to differ from the CGL fbrm. 

In certain cases, such as perturbations of a uniform equilibria 

or one-dimensional configurations, the first-order press').l.re equation 

reduces to the CGL form for all distribution functions, and the CGL 

adiabatic condition holds through first order. In general, however, the 

adiabatic condition is modified in first order because of the first-order 

corrections to the pressure equation and to the generalized Ohm's law. 

This closed set of equations differs from those obtained on the 

. th t f ( 0 ) . . . M 11· 2 9 . h . h 1 assumptlon a 1s an 1sotr.op1c axwe 1an 1n t at t e sea ar 

pressure is replaced by ~ , and that the heat flow q of Eq. ( 5. 17) is 
,_ .L 

r r 
replaced by q .L of Eq. ( 5. 29) with R 1 and R 

3
_ conserved. Conserva-

-.L * 
tion of R~ implies that f( O) will remain Gaussian, but not necessarily 

l 

isotropic, if it has this form initially. The two energy equations then 

differ in form only by a factor 5 /4 in the expressions for the heat flows. ,
0 ,,. 

The above equations may be used to find FGR corrections to the 

frequency of a magneto-acoustic wave propagating across a uniform 
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magnetic,field in a uniform plasma ... It is. easily verified that the first­

order corrections vanish. For this simple case (linear perturbations of 

a uniform plasma) the second-order terms of the moment equations are 

easily found. These terms give a second-order correction to the fre­

quency which does not vanish, and differs from that found by Talwar 
30 

(who included only first-order FGR terms in his equations) by a numer­

ical factor which depends on the fourth moments of the equilibrium 

distribution. 



CHAPTER VI 

Lowest-Order Hydromagnetic Equations for FGR Ordering 

6. 1 FGR Ordering. 

In the remaining chapters of this paper we discuss the lowest-

order approximation to the moment equations obtained if the time scale 

2 -1 
is extended to be of order T D ""(E 0) . This discussion will be restric-

ted to situations in which no zero-order motion occurs on the time scale 

of CGL ordering, i. e. to motion characterized by the FGR ordering of 

Eq. (2. 4) . 

Because such motions are slow compared. to the thermal and 

Alfven velocities, they will occur only under special circumstances. We 

may consider, for example, the gravitational interchange instability. Or-

dinary hydromagnetic (CGL) theory gives for the frequency of this mode 

1 

W = (p I g) Z (6. 1) 

where p 1 is the equilibrium density gradient characterized by the scale 

distance L . The stability condition is 

(• 

p lg ;:::: 0. (6. zJ. 

-7 3-
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It is evident that w is of order 

for strong gravitational accelerations, 

d'2 and CGL ordering applies only 

2 .l 
( gL/v 0) 2 

"" 1. If it is assume.d 
1 

that ( gL/v~) 2 "" E, corresponding to a very weak gravitational acceler-

ation, the interchange mode is characterized by FGR ordering and the 

14 
results ( 6. 1) and ( 6. 2) no longer apply. . The FGR corrections to the 

1 . h b '1' 11 f 1 p, ,· 
6' 

7
' 
14 

weak gravitationa 1nterc artge insta 1 1ty are we known or ow t-' 

they are discussed for finite (3 in Section 8. 3. 

The relation gL/v~."" E
2 

may therefore be associated with FGR 

ordering. This is not a necessary condition for FGR ordering to apply, 

however, as a mode only slightly influenced by gravity might be of low 

frequency even in the presence of a strong gravitational field. 

More generally, a necessary (but not sufficient) condition for 

FGR ordering is the CGL equilibrium condition 

or 

-'V (P 
J_ 

\i'·P(O) + (pg)(O) = 0, 
""" t 

2 2 
+tB)+(B +P -P)b·'Vb-[b·'VP-(P -P)b·'YB}b 

-L 1\ ,..... """ ..- ll II .l. - ,..-

+ pg = 0' ( 6. 3) 

where charge separation has been neglected. Unless b ·'VB and b. 'VP . . .,._ ._. ,.,.. ll 

are small, this condition is a strong constraint on 

p _L ' 17, ' and B . ...... Except under rather special 
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circumstances, therefore, FGR ordering will be assoCiated with weak 

parallel gradients. 

The FGR ordering (,z, 4) thus does not specify all important aspects 

or-properties of slow, low-frequency motion. For the interchange mode 

it must be supplemented by the condition of weak gravity; for many waves 

by the condition of long parallel wavelengths; for the Alfv€m mode dis-

cussed in Chapter IX by the condition that the frequency obtained from 

ordinary hydro'magnetic thE?ory be small; and for long term equi~ibrium 

by the co~dition ( 6. 3) itself. 

We will be interested in the low-frequency interchang'e mode, but 

not in effects of strong gravitational accelerations. We therefore extend 

our definition of FGR ordering to include the condition: of weak gravity. 

We do not, however, include. the condition of '<.Veak parallel gradients. 

Furthermore, in keeping with our requirements that the motion be slow, 

. we assume that qJ., q'' • S., and higher parallel transport terms are 
" r• 1 

of first order. Our extended definition of FGR ordering is therefore 

( 6. 4)' 

( 2m 2n+lf) I 2m+2n+l 
"'- 'i_ VII nQ V 0 "' €' 

where m, n ~ 0. 
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Because the transverse guiding center velocity is directly deter-

mined by the electric and magnetic fields, the condition cE
0

.l_Jv 
0

B
0 

"'E « 1 

is sufficient to insure slow transverse plasma motion. In the direction 

of the magnetic field, however, only the acceleration of the guiding centers 

is determined by the fields. The parallel motion is therefore sensitive 

to variations in the fields, particularly El\ a:nd ]2_ • Y']_. This is especially 

true if both L 11 and the time scale are large, for then the acceleration 

. 2 -1 . 2 
acts over a long time. Thus, if T"' ( E Q) and L 11 "' R g /E , even a 

3 
parallel electric field of order E .v

0
B

0 
/c may drive a first-order parallel 

current. 

A variety of low-frequency waves exist which propagate nearly 

transverse to the magnetic field. Waves of this type provide .mechanisms 

f . b'l' . h' h 1 h .b .. 1 d' d 9•10•15 
or numerous 1nsta 1 1t1es w 1c recent y ave · een extens1ve y stu 1e ; 

These waves, however, are beyond the scope of a purely hydromagnetic 

treatment unless collisions are present, and they will not be discussed 

here. 

6. 2 Finite Drift- Time Effects. 

As discussed in Chapter II, extension of the time scale from 

T = 
P. 

-1 
(Erl) to T D = T /€ changes the ordering of terms in the small 

'I 

E expansion of the particle orbits and the moment equations, with the 

result that the zero-order approximation to the moment equations differs, 

from the CGL equations. These modifications are important, even in 
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the limit E ..., 0, because during the drift time T D very small accelera-

2 2 
tions ("'E v

0
/L) and velocities, ("'Ev

0
) contribute to the zero-order 

displacement of the plasma. It was suggested in Section 2. 2 that these. 

effects be described by the term "finite drift time'' rather than the con-

. ventional term ''finite gyro- radl.us. fl. 

The change in ordering may be illust:~;ated by the displacement 

produced by the first-order guiding center drifts. During the "longitudinal" 

time T these first..:.order velocities produce only first-order displace-

ments of the guiding centers. If the time scale is extended to be of 

order T D, however, the.se displacements become of zero order .. Guiding 

centers initially on the same field line then end up on quite separate field 

lines; this represents a serious breakdown of the fluid properties of the 

plasma. As a result, for. a time scale of order T D and, in particular, 

for FGR ordering, a hydromagnetic description of even the transverse 

plasma motion is possible only in special cases. 

2 2 
For FGR ordering the plasma acceleration is order E v 

0
; L 

(this may be seen explicitly from Eq. ( 2. 3)). The lowest-order approxi-

mations to the equations of motion ( 4. 2) and ( 4. 3) for each plasma 

component are therefore obtained by evaluating the terms of Eq. ( 4. 2) 

through second order and those of ( 4. 3) through third order. These 

equations then become 

- (e/m)E
11 

( 6. 5) 



and 

( 1) 
u 
.,-_l... 
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g] ( 6. 6) 

In these equatio_ns u
11 

appears only in first order, 2f, ;§:. P,. and p are 
""" 

required through second order, and ~.J.. (hence 1.~.·) is obtained through 

third order .. They differ in form from the zero-order. equations obtained 

for CGL ordering only by the appearance of II (which is required through 
"""' . 

second order). 

It is well known that the guiding center equations equivalent to 

CGL theory are: 

_:;::D 
g] ( 0) + 

. '~ 
( 6. 7) 

where ~D is the guiding center drift velocity and 

= o I ot + (_~E + v ( 
0

) b) · v 
-- Dn-

is the total time derivative following the guiding center motion; the equa-

tion for the parallel guiding center motion 

2 * 2 = (e/m)E11 + g
11

- (vJ. /2B)2·'VB+ ,llE' (D ~) +0(Ev
0

/L) ( 6. R) 

the relation between the transverse flow velocity u ( r) and the average --
transverse drift velocity of guiding centers at r 

' ' . ,..,..,.. 
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-1 2 
= (v (r)) + (ne) (V' X fJ.) + O(E v

0
), 

.-D ,.. ..1.. -t -L 
( 6. 9) 

where fJ. (.£_) is the total magnetic moment of particles with guiding centers 
-t .. . . 

. f h . . 2 ; at r; and the conservahon o t e magnehc moment fJ. = m'i 2B. - . . 
The 

relation for the parallel velocity components correspon~ing to ( 6. 9) is
25 

( 6. 10) 

but this relation is not required for CGL theory because only u~ O) ap-

pears in that theory. 

The first- and second-order terms of IT.. appearing in Eqs. ( 6. 5) 

and ( 6. 6) therefore correspond to the second- and third-order transverse 

guiding center drifts, the first- and second-order corrections to the paral-

lel guiding center equation ( 6. 8), the second- and third-order correc-

tions to the relation ( 6. 7), and the first-order terms of Eq. ( 6. 10). 

The zero-order transverse drift is just ~E while first-order 

drifts are produced by .Y'B and the zero-order guiding center accelera-

tion. We would expect the first modifications of the electric field drift 

2 
to be of order ( v 

0 
/rl) W~, corresponding to effects caused by variation 

of E over the particle orbit. For FGR ordering this term is of third ,.,_.. 

order, hence the only modification of the electric field drift required. 

Corrections to the V'B drift are also to be expected. 

The acceleration term of Eq. ( 6. 7) is just the drift corresponding 

to the electric field equivalent to the zero-order guiding center acceleration. 
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We would expect this form to remain unchanged in higher order. The 

modification of this term would then consist in substituting the guiding 

. . . ·~ ;' . . 

center acceleration through second order for the zero-order accelera-

tion, and in including the higher- order electric field drift. Since RE 

and a jot are small for FGR ordering, only the curvature drift 

(~ v
1

2
b · 'Vb) would contribute to this latter te-rm; the transverse acceler-

'""',.,... 

ation (a jot+ ~E · 'V)~E is already of second order, and the corresponding 

drift is therefore unmodified. 

In the equivalent moment equations ( 6. 5) and ( 6. 6), all these 

complications appear in the <j>-dependent components n of the pressure 

I. . h f t . . . th. t TI ( 2 ) . . 1' d tensor. · t :~,s t ere ore no surpr1s1ng a . 1s qu1te comp 1cate , 
. .IW" . 

but its calculation i!? straightforward and not prohibitively tedious. 

Fundamental difficulties arise in the evaluation of p and n , 
' . . .L rn 

however, because of the breakdown of the fluid properties of the plasma 

referred to above. These difficulties are analogous to, but independent 

of, those which arise in GGL theory because of transport along the field 

lines. 

These difficulties, and the situations for which they may be avoided, 

are easily understood in terms of the first-order guiding-center drift 

velocity~ For FGR ordering this velocity. For FGR ordering this veloci\y " 

is 

(1) 
v 
-D.L 

(1) -1 [ 2 . . 2 ] 
= ~E + r2 b X (v.L /2B)'VB + (vD 11 )~]?_·'V.£ . ( 6. 11) 
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S . (1) d . d h h 1 1 "t" . d "d" 1nce yDl.. epen s on t e t erma ve oc1 1es ~ an. vD , gu1 1ng cen-•. . • . 1\ 

ters initially on the same field line may develop large transverse separ-

ations over a time of order TD. Unless these separations are actually 

small, or unless all gradients in their direction are small, closed hydro-

magnetic equations are not obtained even in the absence of parallel 

transport. 

The most important case for which the first of these conditions 

is fulfilled is ·a low (3 plasma in a uniform magnetic field. Then 

(1) 
~Dl. 

(1) 
= ~E and in many ways the plasma again behaves as an ideal 

fluid. This case has been discussed by Rosenbluth and Simon, 
6 

and is 

the subject of Chapter VII. 

If small perturbations of a uniform magnetic field are considered, 

the guiding center separation produced by vD(i) is of the same order as 
- .1.. 

the amplitude of the perturbations; the linearized moment equations are 

then closed with respect to transverse transport, even for finite (3. 

The moment equations are alSo closed with respect to transverse 

transport if all zero-order transverse gradients are in the direction 

b·V'b. 
"'""" 

The second term of Eq. ( 6. ll) is then orthogonal to all transverse 

gradients and therefore unimportant. This type of configuration is illus-

trated by the finite (3 interchange modes discussed in Chapter VIII, and 

by the special ''long term" equilibria discussed in Section 10. 3. 



6. 3 Pressure Equations for FGR Ordering. 

The ¢-independent moments Il and P. for each plasma com­
n 

ponent are determined by the pressure equations ( 4. 16)- and ( 4. 17). 
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The zero-order terms of these equations have the forms ( 5. 4) and ( 5. 5). 

These zero-order terms vanish for FGR ordering because o/ot, u, 
""" 

q~, and q 11 are of first order; equations foJ:: p ( O) and p ( O) are then 
II ll ..1.. · 1\ 

obtained from the first-order terms of Eqs. (4. 16) and ( 4. 17). The first-

order terms have the forms ( 5. 22) and ( 5. 23) obtained for CGL order­

except that for FGR ordering u(O), q' .~-(O) and q 11 (0) allvanish,· rng, - ll It . 

and p...L. and p
11 

are taken to zero order wherever they appear. The lowest-

order pressure equations for FGR ordering are thus 

B V' • ( ..l. (l) b /B) q I\ N--

( 6. 12) 

and dp(O) /dt + P(0)(3Y'·ti- 2V'_l_ ·.~)(1) + \7•qu(l) 
II 1\ -' ~ ;v.J.. 

- a 
2 

( 6. 1.3) 

where a.
2 

is defined following Eq. ( 5. 23) and, !or FGR ordering, 

..l. (1) 
(2n)- 1b X ['VR 4p 

-1 
'V.P ( 4R

2 
R ) b . Vb} ( 0 ) , ( 6. J 4) q - p.L + ·-

-J.. - 3 - 3- . .,.. 

and 

II ( 1) -1 
[Y'R2 

- 1 
( Rl 3R ) b ·· \7 b} ( O) qj_ = ( 2Q) b X p 

PI\ 
Y'·P + ( 6. 15) - ,..,.. - 2- 'M .· 

·:. 

•. 

__J -·- ··--·····-·····----··-
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The important terms of Eqs. ( 6. 12) and ( 6. 13) are the divergences 

of the first-order transvers'e heat flows; these now contribute to p ( O) 
J_ 

and p ( O) because of the long time scale associated with FGR ordering. 
II 

Note that these terms introduce the R~ O) 
l 

and ( O) 
PI\ 

. . h ~-~-· f ( 0) 1nto t e equ=1ons or p. 
j_ 

For FGR ordering similar modificatipns must be made to Eqs. 

· (5. 18) for the R~ O), these quantities now being determined by the 
l 

first-order terms of Eqs. ( 4. 32), and the first-order fifth moments 

S (l) . d f" d (O) h d' (l) are requ1re to 1n R. . T e <P- ependent components of S 
"""' l """' 

may be found from Eq. ( 4. 7) in the same way that ,9~1 ) is obtained 

from Eq. ( 4. 5). In this way the cp-independent sixth moments enter the 

equations for the R.( O). Equations for the sixth moments bring in yet 
l 

higher moments. Closed moment equations are obtained only if this 

sequence terminates. 

This infinite sequence of equations represents, of course, the 

breakdown of the fluid properties of the plasma discussed in the previous 

section; it is readily verified that termination occurs for the special cases 

discus sed in that section: For B = constant \1. q..t. and \1. q 11 are indepen-
. - ""'.L _.~.. 

dent of the R.; linearization about a constant magnetic field produces 
l ' 

equations which depend only on the unperturbed values of the R.; while 
. l .~ 

if all transverse gradients are assumed to be in the direction b. V'b, .- ..,.. 

both \1. q.L and '1· q·;, vanish if j ( l) does . 
.- .1- """".l.. I\ 
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The equations of motion ( 6. 5) and ( 6. 6) require the pressure 

tensor, hence p and p ·, through second order. The second- and .L II 

third-order terms of the pressure equations are therefore required in 

addition to the first-order terms just discussed. Evaluation of these 

terms in general is straightforward, but tedious, and the resulting pres-

sure equations are quite complicated. It is easy to see, however, that the 

higher-order terms introduce no new closure problems; if the sequence of 

equations for p.i.. and p
11 

closes in lowest order, it closes in every order, 

but in higher order involves higher velocitymoments. 

Fortunately, use of these complicated higher-order corrections 

to the pressure equations may be avoided, because, in those cases for 

which the moment equations are closed with respect to parallel transport, 

the equivalent single-fluid equations may b~ formulated without use of the 

higher-order corrections to p.L and p
11

• This formulation is discussed 

in Sections ( 6.5) and ( 6. 6). 

6. 4 The Second-Order Pressure Tensor. 

In contrast to p and p , 
.L II 

evaluation of IT through second order ,..,.,.. 

causes no difficulty; it is only necessary to evaluate G in the recursion 
/W' 

equatiOl'lS ( 4. 14) or ( 4. 15) through first order . 

. · 
The tensor G may be written in the form 

/W'' 

s 
G = d ... C?d· ) /dt + P 'V • u + ( P · 'Vu) 
~ ~· ~d - ~d ~ 

' 
(6.16) 

+ dll /dt + IT'V. u + [ IT. V'u] s + 
,,\\'<<'o /'P' ,.,_ ;,;.,L 

_1. 
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where Pd = p I + p bb. In zero order only the first four terms of this 
_.. .L""'.l. II""'"""·. . 

expression are non-vanishing. For CGL ordering they yield the II( l) -
ofEqs.(5.8) and (5.7), (5.10), or (5.11). 

For FGR ordering these terms vanish in zero order and 11( l) 

vanishes. Then 

+ 'il·[q''bbb + q-'-(bi )s] 
ll ~ .y..""" II ......... ~.!. 

(6. 17) 

where now Pd = P(O) = p(O)I + p(O)bb u = u(l) 
""'" 11M d .L ..,.. .l. II · """"'" ' ...,.. 

d Q
( 1) . 

an """'cp 1s 

. . (0) (1) 
giVen by Eq. ( 5. 16) w1th u = 0. All terms of G 

""" ,.,... 
(l) 

except 'il · Q 
"""tP 

are thus identical in form to the zero-order terms of Eq. ( 6. 16). Except 

for the contribution from 'il·_9~l), therefore, E_( 2
) is given by Eq. ( 5. 8) 

. (0) .~.(0) u(O) 
and (5.7), (5.10) or (5.11) w1th u , q · , and q

1 
replaced by 

,.._ tl I 

their first- order values. (The form ( 5. 9) for b · II no longer applies, . . ,..;; ,...,.,.. 

however, because first- order corrections to the generalized Ohm's law 

· are now required. ) 

We denote this contribution to II ( 
2

) , of the same form as the 
/\/""' 

JL( l) of Eqs. ( 5. 7) and ( 5. 8), by .rr.i 2 ) and the additional terms arising 

from 'il· Q ( 
1

) 'by II ( 
2

) . This additional term occurs only in second order. -<P ...... 2 

From Eq. ( 5. 16) we find, as outlined in Appendix A, 
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= - ( a./r2) {[ (V'b) s - I V'. b) . [ (Va.) /a. - b. Y'b] 
""""" ,.,..J_ - """""" ~ 

- V' · [ ( Y'b) s - I Y' · b) } + r2 -
1 

b X { 2b · Y'q J. 
.- ~ .L ........... . ,.,p.. ,..,.,.. tl 

(6. 19) 

+ ( 2q .~- - iq.L ) · ( Y'b + I Y' · b) } , 
II 1.. ,- -.1.. .-

and 

( n ( 2) ) 
fH' 2 j_ .L 

( 6. 20) 

where 

[Y'. b + 2(b. Y'a.) /a.]Y' b}' - - -
and 

- ( 4q" 
_J. 

Some attempts (e. g., references 7 and 18) to extend the hydro-

magnetic equations to include the ''finite gyro radius 11 effects important 

for FGR ordering have omitted .!} ~2 ) because it was not recognized that: 

the collision1ess viscosity terms were actually of second order in this 

case. Although it is now well understood that the second-order terms 

are required, 
6 

we are aware of no general derivation of ]: ( 
2
). Rosen- ' 

bluth and Simon
6 

find those terms of IT( 
2

) necessary in the ''flute approxi-
.r 

mation"; their equations are reviewed in Chapter VII. 
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. ( 2) . . . . . 
Because IT is rather complicated in general, we restrict fur--- / 

ther discussion to cases for which closed moment equations are obtained. 

Before discussing these cases, in Chapters VII through X, we consider 

in the remainder of this chapter the single-fluid formulation of the 

moment equations for FGR ordering. 

6. 5 Single-Fluid Equations for FGR Ordering. 

For FGR ordering the lowest-order approximation to the single-

fluid momentum equation is obtained by use of the pressure tensor through 

second order in Eq. ( 4. 36). The electrostatic force (and displacement 

-1 2 
current) willbenegligibleunless f3"'E (v

0
/c) . Thatcasewillbe 

considered briefly in Section 7. 2; except in that section these effects 

will be ignored. 

The momentum equation ( 4. 36) is then 

(6. 21) 

and, if electron inertia is neglected, the total pressure is 

( 6. 22) 

Only the fit:st-order :fluid velocity J(l) appears in Eq. ( 6. 21), whereas 

J..L appears through third order and p.!- and ~ through second order. 
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If electron inertia is neglected, the generalized Ohm's law is 

given by Eq. ( 4. 42). In the present case terms of order E:
3

v 
0

B
0 

/c must 

be included in this equation, corresponding to the evaluation of B through 
"""' 

second order by Eqs. ( 4. 45) and ( 4. 46). The fluid velocity V therefore ,..,._ 

appears in the Ohm's law through third order, rather than only in first 

order as in Eq. ( 6. 21). For FGR ordering, therefore, a straightforward 

application of the single-fluid equations is not possible in general. 

The lowest-order terms of the Ohm's law ( 4. 42) may be used to 

evaluate B (O); these terms are 
/'W'o 

-1 + = ( ne) V' p 
..L 

(6.23) 

We will show in the next section that for the special case of constant 

magnetic field direction the condition ( 6. 3), necessary for FGR ordering 

to apply, may be used to obtain equations in which B ( l) and B ( 
2
), as 

well as P.L(l) and Pl 2
), do not appear; in this way a set of simple single-

fluid equations will be obtained. Simple single-fluid equations are also 

obtained for the Alfven mode discussed in Chapter IX. 

6. 5 Magnetic Field of Constant Direction. 

All the above equations are very much simplified if ..£.. is constant 

in space and time. These simplifications correspond to the vanishing of 

the 11curvaJure 11 drift in Eq. ( 6. ll) and terms in Eq. ( 6. 9) arising from 

variation ~f the planes of the particle orbits (which in general are not 

transverse to b). -



89 

Furthermore, the transverse and parallel plasma motions separ-

ate if there are no gradients in the direction of the magnetic field; only 

this transverse motion will be considered here. For this- case n
12 

and 

n
13 

are not required and the transverse components of 11 reduce to 

= ( p ( 0) /2 r2) ( I I
0 

- I I ) : Y'V ( l ) + 
J_ ,.. 'I"' "" 0""'1 ""' 

( 6. 24) 

or 

where the contributions of E~ 2) are represented by 

n- 1[ (p vp) /p - (Y'R ) /4] (O) . 
..1. J. 3 

Note that 

( 6. 26) 

2 
The factor [ ( p.L /p) - R 

3
)4] vanishes if the distribution of vJ. is Gaussian; 

, .. 
thus q''' vanishes if the distribution is Gaussian and the temperature --
constant. 

We may put l!, ( 2 ) in a more interesting form by noting that, for 

the present case, 

'··~. 

( u - u ) ( l) 
- -E. 

= (prl)-lb X Y' (O) 
~ 13_ .• (6.27) 
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The contribution of the 'Vp..J_:· terms of q 
IV"" 

IT
( 2) 

to is therefore 

( 2 n(1 
(I I + I I ) : { p ( 'Vu ) X b + ( u X b) 'Vp1 
-y-y -6""'6 . .I. p . - ,...p . - . 
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( 6. 28) 

- 1 [ ] [ 1 2] = ( 2 n) I I
6 

- I I : Y'u + p u u - z-I ( u ) 
""'Y"' ""'6""y ""'P -p""'p -.~.. ""P 

The pressure tensor thus takes the form 

P = P + pu u 
""' r- E -p"'p 

( 6. 29) 

where, from the form of Eq. ( 6. 29), 

ip(u )
2]I + (p(0)/2D)(J:y!

6
- I I ):'Vu(l) 

""'P N"-.l. ..... ~- - -6 .... y -E 
( 6. 30) 

may be recognized as the pressure referred to the velocity ~E rather 

than V = u · + u . 
-E """"P 

In the _:;E reference frame, therefore, the pressure tensor is 
I 

2 . 
given by the usual scalar term (m/2)((~.l. - ~E) f)JJ.., the ordinary col-

2 
lisionless viscosity terms which, as shown by Kaufman, are related to 

electric field gradients, and an additional second-order term depending 

. on gradients of the magnetic field strength and the fourth moment R 
3

. 

Returning to- the IT ( 
2

) of Eqs. ( 6. 24) and ( 6. 25), we see that 
IV"'-

d b '<"1p( 0 ) '!< h h ff an 'the contri ution of v to q toget er represent t e e ects 
_L 

·· · •:· ·~•w,..,,_ ·~. • ,.,-.... ,...o.·•··-
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of the electric field on the particle orbits and the difference between the 
,,, 

flow velocity and electric field drift:. while the remaining term of q''' --
arises from modifications· of the pp.rticle orbits produced by magnetic 

field gradients, and from stresses associated with the second .derivatives 

of the distribution·.function. 

For b constant and b · V = 0, the curl of the momentum equation ,_. ,.,..,.. 

. ( 6. 21) is in the direction b and of magnitude 
"""' 

b · "V X ( pDV ( l) /Dt) 
,.,.... - =- b·"V X ("Y·TI(

2
)) + b·"YX (pg), - - - ( 6. 31) 

where IT( 
2

) is given by Eq. ( 6. 24) or ( 6. 25). Equation ( 6. 31) may be 
"""" 

regarded as one equation to determine the two components of V.~.. in terms 
' ""' 

( 0) 
and R

3 
. Note that for FGR ordering all terms of this f B

(O) (0) 
0 ' p ' ..!.. 

equation are of the same order. 

The quantities B ( O) and p~ O) are determined by Eq. ( 6. 23), m 

the form of ( 4. 45), and Eq. ( 6. 12); these equations become 

( 6. 32) 

and 

= 0. ( 6. 33) 

If, for the moment, we assume that R~ O) may be evaluated in terms of 

( 0) ( 0') 
B , P1.. , • and ]J., Eqs. ( 6. 31) through ( 6. 33), plus one more 

..•... ,. ... ,._ ............. ., ....................... · ................................. --.......................... . 
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expression relating Y.J.. to these quantities, will form a closed hydromag-

netic description of the transverse plasma motion. 

Another equation for V is obtained by taking the divergence of -J.. 
the second-order terms of the momentum equation ( 6. 21), but this equa-

tion involves the first- and second- order corrections, to B and P.~,. • How-

ever, if it is assumed that temporal and spatialvariations do not occur 

independently, a relation o·f the desired form may be obtained by use of 

the zero-order terms of Eq. ( 6. 21), i.e., the condition for FGR ordering 

( 6. 3) , 

or 

[p: + p~ + B
2 

/2} ( O) = const. ( 6. 34) 

The desired equation for V is obtained from Eq. ( 6. 34), the lowest-
-~ . 

order ion and electron pressure equations, and Maxwell's induction 

equation, and is most easily obtained by expressing these equations in 

terms of ,.;;:"E. By use of the relations 

and 

± 
.~v. q -- = 

± ± 
u · Vp = 0 
-p .1-

± ± 
Zp V • u , 

.L -P 
I 
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the ion pressure equation ( 6. 33) and the corresponding electron pres-

sure equation give. 

-·­,,, 

( 6. 35) 
1 ~:~ (0) = rl - b • ('VB X 'VR 

3
) , 

+-

where R
3 

is defined following Eq. ( 5. 24); Maxwell's induction equation 

is simply 

( 6. 36) 

Combining ( 6. 34), ( 6. 35), and ( 6. 36) gives the desired result 

., ... 
b · [ ('VB) X 'VR ''] 
- . 3 

n + B ( B 
2 

+ 2P..~. ) 

b 

[ (7- + v:) xvrt] . 
( 6. 37) 

Equations (6. 31), (6. 32}, (6. 33), (6. 37), the lowest-order electron 

pressure equation, and the continuity equation for p describe the trans-

± . 
verse motion of the plasma if R 

3 
can be evaluated, or if the terms in-

± 
volving R 

3 
vanish for some special reason. 

Closed equations are obtained in the cases discussed in Section 

6. 2: for low (3, 'VB(O) = 0 and R~ no longer enters the equations; this 

case is discussed in the following chapter .. Even for finite (3 only the 
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f • 

± 
equilibrium value of R

3 
appears in the equations if they are linearized 

about an.equilibrium for which B is constant. Closed equations are 

also 9btained for motion of the interchange type, even for finite (3; these 

interchange motions are discussed in Chapter VIII. 

I 



CHAPTER VII 

The Low-Frequency Flute Approximation 

7. 1 The Flute Approximation. 

In this chapter we discuss slow, low-frequency; transverse mo-

tion of a low 13 plasma in a uniform magnetic field .. For this case the 

moment equations are closed; their single-fluid form is obtained by 

setting V'B equal to zero in the equations of Section 6. 6. 

These transverse motions are of particular interest in the study 

of stability, and especially the stability of equilibrium configurations that 

depend on only one coordinate. The assumptions of low 13, uniform mag-

netic field, transverse motion, and one-dimensional equilibrium together 

have be.en called the ''flute approximation. 116 In this approximation all 

effects of line curvature are simulated by an artificial gravity. 

For low 13 the plasma current is unimportant, and the plasma 

dynamics may be formulated in terms of the density of each component 

and Poisson's equation. Rosenbluth and Simon
6 

have obtained a formula-

tion of this type for the flute approximation and FGR ordering from 

moments of the expansion of the Vlasov equation outlined in Chapter II. 

Their equations are of remarkably simple form, especially when com-

7 
pared to the single-fluid equations used by Roberts and Taylor to find 

-95-
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the FGR corrections to the gravitational interchange instability. Rosen­

bluth and Simon show that their formulation is equivalent to single-fluid 

equations of the usual form} and obtain all components of the pressure 

tensor required in their approximation. Conversely} the Rosenbluth­

Simon equations may be obtained from our expansion of the moment equa­

tions; this derivation is outlined in Section 7 .. 3. 

The single-fluid equations for the flute approximation and FGR 

ordering are a special case of those of Section 6. 6. In the following 

section of this chapter we show that they also may be put in form which 

closely resembles} and in some respects is even simpler than} the two­

fluid Rosenbluth-Simon equations. Effects of charge separation are easily 

included in these single-fluid equations. 

The main content of reference 6 is a discussion o£ variational 

methods for determining stability from the eigenvalue equation obtained 

by linearizing the basic equations for the flute approximation and FGR 

ordering. In Section 7. 3 this eigenvalue equation is derived from the 

simple form of the single-fluid equations obtained in Section 7. 2. In 

Chapter VIII a very similar eigenvalue equation is obtained for certain 

finite-(3 interchange modes. 

The moment equations are closed for low (3 J magnetic field of 

constant direction} and transverse plasma motion because then 'VB = 0 

and the first-order drift velocity of Eq. ( 6. 11) reduces to £~1 ); thus the 
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plasma behaves in many ways as an ideal fluid. For FGR ordering, how-

. . (1) . (1) 
ever, the lowest-order plasma veloc1ty .:!::-.!. · may d1ffer from ;;E 

because of pressure gradients; the FGR effects result from this differ-

ence. 

The condition for the V'B drift to be negligible in first order, and 

that the terms which introduce R 
3 

into the single-fluid equations of Sec­

tion 6. 6 be unimportant, is just that V'B be of first-order (V'B( O) = 0). 

This implies that (3 be of order E, as may be seen from the dimension-

less form of Eq. ( 6. 34), which is 

I I I 2 , 
(3'V Jl + iV' ( B ) = ( 7. 1) 

or from the dimensionless Maxwell~'s equation ( 2. 7). The ''low (3" con-

ditions appropriate for the flute approximation are thus 

(3 -v E, const. , V' X E ( l ) = . V . l;li l ) = 0 . ( 7. 2) 

' ( 1 ) 
The first-order terms of Eq. ( 7. 1) relate V'B "R( O) h" to v :..L , but t 1 s r e-

1 . . t d d . B(l) . . d ahon 1s no nee e s1nce 1s not requ1re . By use of the conditions 

( 7. 2), the Ohm's law ( 6. 23) yields 

2 -1 + 
= (p S1) b·('Vp X V'p) 

"" .J.. 

( 7. 3) 

This result is also obtained by setting V'B ( O) equalto zero in Eq. ( 6. 37). 
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7. 2 The Single-Fluid Equations. 

The single-fluid momentum equation appropriate for the flute 

approximation and FGR ordering is obtained by taking B constant in the 

evaluation of IT ( 
2

) and its divergence from Eq. ( 6. 24) or ( 6. 25). The 
"""" 

divergence of Ei 2
) is then given, for example, by an expression of the 

form ( 5. 26) with n constant. Another expression for v · Ei 2), which 

considerably simplifies the momentum equation, will be discussed below. 

Evaluation of v · ]:~ 2 ) is straightforward for the present case. 

-·-
From the definition of q.,. following Eq. ( 6. 25) we find -

b·v x q 
-·­.,, 

= + + 
p v· u = 

.J. -p 
+ 

p v· V. 
..L ,..,.... 

By use of this result, Eq. ( 6. 25), and the identity,, valid for arbitrary 

a and q, that 

"""' 

v. [ a.(V'q) s] T = 2\7 · [ a ( v q) ] - v X ( a. v X q) , ( 7. 4) 

where the superscript T indicates the transpose, we obtain · 

v·IT(Z) (2n)- 1 [w.q~:~ -·-
- v X 

'•' 
) ] = (vx q -z ,..,... 

-1 >:..: -·-
[ v(v x q 

.,. 
) . b] X b} = ( zn) {w. q ( 7. 5) 

"""' - ,.,.. 

-1 ~:' + = (2r2) [V'V'·q b X vp "V· v]. 

"""' :.J.. -
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For the flute approximation, then, the second-order terms of 

the single-fluid momentum equation ( 6. 21) are 

( 7. 6) 

where 

2 - 1 . ~:~ 
1/1 = p.L + -}B + (2r2) 'V·q . 

"""" 

and 

A. = v · { ( p + 12 n) b x [ ( vv) s - I v · v 1 } . 
/1,/\A .J_ ,..,..,.. ;"1,/"t. IV'- .L Nwl\ 

The electrostatic force and displacement current have been ne-

glected in Eq. (7. 6). 
2 

This is a good approximation unless (l/{3)(v
0

/c) - 1. 

Modification of the single-fluid equations to :include these effects will be 

discussed below. 

Equation (7. 6) is identical with the single-fluid equation (A.l5) 

of reference 6 obta:lned by Rosenbluth and Simon, except that their un-

known function 1/1 is now determined. Since 1/1 involves p and B through 
.!-

second order, and also R ~O), it is clear that only the curl of Eq. ( 7. 6) 

is usefuL The additional equation required for V is just ( 7. 3) . .......,.. 

The set of single-fluid equations is completed by the continuity 

equation 

( 7. 7) 
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and the pressure equation 

( 7. 8) 

Equations (7. 3), (7. 7), (7. 8), and the curl of Eq. (7. 6) are the 

lowest-order hydromagnetic equations appropriate to the flute approxima-

2 . . 
tion, FGR ordering, and (I /(3) (v 

0 
/c) << 1. They are identical with the 

single-fluid equations obtained by Rosenbluth and Simon for this case. 

The FGR effects appear in the terms arising from IT ( 
2
), the non-zero 

. /W' 

divergence of V, and the last term of the pressure equation. -
7 

These_ equations differ from those used by Roberts and Taylor 

to discuss FGR modifications of the gravitational interchange instability 

at low (3 only by the term of Eq. ( 7. 6) arising f~om E ~ 2 ). For interchange 

(0) (O) . 
modes, however, V'p and V'p.J.. _ reman: parallel, V' · ::£. vanishes, and 

this additional term makes no contribution; Instead of using a pressure 

equation, Roberts and Taylor assumed the equilibrium temperature to 

be constant and neglec.ted perturbations in the temperature. This is con-

sis tent with Eq. ( 7. 8). Roberts and Taylor also included the acceleration 

and collisionles s viscosity terms in the generalized Ohm's law. They found 

that these tel"ms had a negligible effect, in agreement with Eq. ( 6. 23). 

The momentum equation (7. 6) may be put in a shnplel" form by 

writing 1_ in the form, obtained from the expression following Eq. (7. 6), 

'· 
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+ s 
A. = + Y' · { ( p /2 S1 )[ ( Y'V) - I Y' • V] X b} 

""""" -- ,..,.. "'- .L . """' """""' 

Y'[ p: /2S1) Y'. yJ} 
( 7. 9) 

+ + 
- (V'·V)Y'(p /2S1)} - \7[ (p /2S1) (\7 X V)·b], 

No/\ J.. :..L. ,...,..-., 

where use .has been made of the identity ( 7. 4). From Eqs. ( 7. 5) and ( 7. 9) 

we obtain 

(7.10) 

and 

p[ DV /Dt - -1 + + 
g] + S1 b X [ (V'V) • V'(p /s-2) - (Y'· V)Y'(p /s-2)] = 

""""""" ,//I..>A ,.,... _J_ ~ _._ 

( 7. 11) 

with 

1/1
1 = 1/1 - (p+ /Zs-2) (\7. X V) ·b • 

..L - -

Equation ( 7. 11), and especially its curl, is considerably simpler than 

Eq. (7. 6) with the usual expression ( 5. 26) for A.. 
"""" 

For the special assumptions of the flute approximation and FGR 

ordering, the transverse drift velocity of every particle is ~~ 1 ). For 

this reason the continuity and pressure equations take their simplest 

forms when expressed in terms of ~E rather than y. By use of Eq. (7. 3), 

Eqs. ( 7. 7) and ( 7. 8) reduce to the simple forms 
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= ( a 1 at + u ( 1 ) . v) p + ( 0 ) = o . 
,....E .1-

(7. 12) 

Rosenbluth and Simon 
6 

point out that the single-fluid equation of motion 

(7. 6) or (7. 9) is also simplified by transforming from the variable V ,_. 

to ~E. This may be accomplished by use bf the relation 

Du /Dt = 
"'"'P 

(pr.l)-lb X [("YV)·"Vp- ("Vp)"Y.V], 
,.,.,._ ,..,.,. _1,_ :.L """" 

(7. 13) 

obtained from Eqs. (6. 27),' (7. 7), and (7. 8), and the vector identity 

- u · V'u = 
-p -E 

( 7. 14) 

By use of these identities and the low f3 condition "Y·_JtE = 0, Eq. (7.11) 

becomes 

( 7. 15) 

This equation is identical in form to the original momentum equation 

( 7. 11) except that the terms arising from "V · II ( 
2

) and not contributing 
""' 

I 
to "V1/f are changed in sign. They are also simplified by the condition 

"V. u = 0. These properties of the transformed equation were pointed 
.-E 

out by Rosenbluth and Simon. 

The curl of Eq. ( 7. 15) may be written in the simple form, by use 

o£(7.14), 
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(7. 16) 

where 

D/Dt 
. + 

= a 1 at + u · 'V + u · 'V . 
-E "'"P 

In the derivation of Eq. ( 7. 16) the electrostatic force and displace-

2 . 
ment current were neglected. If 13"' ( v 

0 
/c) , however, these effects 

become important; they are then easily included in Eq. (7. 16). 

The total electromagnetic force on the plasma is 

j X B + p E = ('V X B) X B 
c- """" 

( oE /ot) X B /c + E'V · E, 
,..,. ~ ,..,.,._ A}<~'-

(7. 17) 

the last two ter,ms having been neglected in the above discussion. This 

2 2 
force is required through order E v 

0 
/L. Since 

and we assume 0/13) (v
0

/c) 
2 

is of order unity or smaller, only :§_( O) 

and E ( l) are required in these terms. In these terms, then, E may 
""" -

be written ( B ( O) /c)};_ X~~) with B and b constant. We then obtain 

the identity 

l.'V( ly: E E) 
Z r ..,.... ,_ 

( 7. 18) 
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The total electromagnetic stress thus takes the form 

( 7. 19) 

and the momentum equation ( 7. 16) becomes. 

( 7. 20) 

This equation, together with the continuity and pressure equations 

. . . ( 1) 
( 7. 12), and the condition v · ~E = 0, are the single- fluid hydromag-

netic equations for the flute approximation and FGR ordering expressed 

0 

• t. f th . 'do 1 ° ( l) Th 0 

1n erms o e gu1 1ng center ve oc1ty ~E . ese equatlons are con-

7 
siderably less complicated than those of Roberts and Taylor, but they 

are also more geneJ;"al because the effects of temperature variation, 

charge separation, and displacement current have been included. They 

are completely equivalent to the two-fluid Rosenbluth-Simon equations 

which are discussed in the next section. 

Only the terms p[ ( o /ot + 2E · 'V.)2E - g] of Eq. ( 7. 20) would ..,, 

have been obtained if CGL ordering had been assumed and the electro-

static forte and displacement current ignored. All FGR effects are 
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included in the term (n-
1

b X Y'p+)(O).V'u(
1

) That these effects arise 
,..,.. .L .-E . 

from the difference between the plasma and guiding center velocities 

is made explicit by the form of this term. Electrostatic effects produce 

2 
the terms proportional to ( B /c) . Thus, for the flute approximation, 

. . . 2 
these effects simply add the magnetic mass density ( ( B /c) in our units) 

to the plasma inertia; this result, previously obtained by Northrop, 
31 

holds for both FGR and CGL ordering. 

7. 3 The Rosenbluth-Simon Equat1ons. 

Rosenbluth and Simon 
6 

actually use a two-fluid formulation of the 

moment equations for the flute approximation and FGR ordering which 

consists of equations giving the density of each component through second 

order and Poisson 1s equation for E. They obtain their equation for the 
"""" 

density from moments of the expansion of the Vlasov equation outlined 

in Chapter II. 

Their equations for the density may also be obtained from the 

continuity equation ( 4. l) by using ( 4; 3) to obtain 2..L. through third 

order. For FGR ordering and the flute approximation, we obtain from 

Eq. ( 4. 3), by use of the expression ( 7. l 0) and the relation ( 7. 13), 

(7.21) 

Substitution of this result into the continuity equation ( 4. 1) gives 

····-,-·.····-·;••••r:···~:···.•:: v·•·•\'' •••• ·:·:--~"'""";'''''''"''•""".••,•••·- •'•.·,··~ •••:·•.••' , .• ,_ •. , • ..,.., -···.-. < c;:,•o¥,-,,,, '•''','~ •, •o'\<•O '" '"'."'' •;, ""•~=••'•!"" •o,;o.•o:''"•'•>': 
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5 
0(€ pQ) • ( 7. 22) 

Except for notation, Eq. ( 7. 22) is identical to Eq. (A. 1) of reference 6 ... 

2 
This equation determines p through order E mn

0
. Equation ( 7. 22) and ,, 

the second of Eqs. ( 7. 12) for each plasma component, together with 

Poisson 1 s equation, are the basic equations 0f Rosenbluth and Simon. 

. + 
The FGR effects again appear in the term u · · v of D /Dt. 

,.......D 

If FGR effects are 1?-eglected in the equation for the electron density, 

as is done by Rosenbluth and Simon, only the ion pressure and ion pres-

sure equation ( 7. 12) are needed. In this approximation the Rosenbluth-

Simon equations are equivalent to the single-fluid equations ( 7. 12) and 

( 7. 20), but perhaps are somewhat more complicated. 

The main content of reference . 6 is a discussion of variational 

methods for determining stability from the eigenvalue equation that results 

from linearizing the basic equations for the flute approximation and FGR 

ordering. In reference 6 .this eigenvalue equation is obtained from the 

tvvo-.fluid formalism just described, but it is stated that the same equa-

tion can be obtained from single-fluid equations of the usual form if all 

proper contributions to the stress tensor are included. Derivation of 

the eigenvalue equation from the single-fluid equations in the form ( 7. 12) 

and ( 7. 20) is very simple and will be outlined here. 

•"""•''"•''·•"•.o'•-•······"'""''·'"''''''·•·····''''''''"''"'"'"~···-- .. ·--···-·················--·······-······-·-····-··············- ····-·. ·-·······-········-· 

"'"e-· 
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Perturbations of the one-dimensional equilibrium are conveniently 

described by the Langrangian variable 
32 s, which gives the displacement 

W"' . 

of the guiding centers from their equilibrium trajectories. Thus, through 

first order 1n t 
'::> ' 

( 7. 22) 

where 2-E is the equilibrium value of _.;:E. Following reference 6 we 

assume that equilibrium quantities vary in the x-direction only, that 

~E is in the y-direction, and that 2?_ is in the z-direction, and we make 

a Fourier transform in the variables y and t. All perturbed quantities 

are then of the £orm a( x) exp i( wt + ky), where .a is proportional to s. 
+ 

From Eqs. ( 7. 12) the perturbations of p and p are 
.L 

p = - s p' 
X 

and 

where p 1 
and p 

1 
are the equilibrium gradients of p and p +. The con­

.L 

clition 'V · _:::.E = 0 becomes 

'V · ( a ;at + u · 'V) s = ( a ;at + u · 'V) 'V. s + ( 'Vu ) : 'Vs = o 
,...E - -E - -E ....-

or 

iks = - [ UE
1 ks /wl + s I l y X X ' 

( 7. 24) 

....... ··-.. ·· ··--··.· _,., .... ;,.,~,·-··.- ·····•.·• ... , ·····::-··-·--.-····.· -·-···:·. · •• •• ··•·.···~··-~-·.,-:··•,•:•·. •: •· r•.·.-.-.-:.,.••·· • ''''''',' ,, .... ,,., ••••','•# .. ••.-. o.c·.·,~·, ,., c·,·:: ,--,-~-: •::·:,.-,•it'•:''·'''-••.•: •,• ;· • ;;·•~-;..-,···;;· ''''!"',<,· c·•:.·••·:.-< .. •:••:= ·.:•,, •...• , .•.. , •. "·"'':•· .. :··or ,.,,,,,,.,.,,7 , .·., 
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where 

and 

By use of these results the linearized momentum equation ( 7. 20) 

becomes 

b · V X [ ( T - i g) g e - ( T /ik) g 1 

e } = 0, 
- ~X . X~ 

(7. 25) 

where, as in reference 6,. 

T 
2 2 2 r 

pw
1 

[ 1 + B /pc + kp /pw
1
rz} ( 7. 26) 

or 

(7.27) 

Equation ( 7. 27) is identical with the Rosenbluth-Simon eigenvalue equa-

tion ( 3. 12) of reference 6. 

The equations found by Rosenbluth and Simon from an expansion 

of the Vlasov equation are thus easily obtained from an m/e expansion 

of the familiar conservation equations of mass, momentum, and energy. 

The "finite gyro- radius'' terms of this expansion, expressed in Eqs. ( 7. 6) 
•· 

and ( 7. 8), are easily found from the exact moment equations if the special 

assumptions of this section are made at the outset. This procedure pro.l. 

vides an alternate derivation to that of reference 6. This alternate 
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derivation emphasizes the relation of the Rosenbluth-Simon equations to 

equations describing more general configurations. In particular we have 

shown that closed moment equations are obtained for FGR ordering and 

finite (3 only for rather special cases. 
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CHAPTER VIII 

Finite (3 Interchange Modes 

8. l Finite (3 Interchange Motion. 

In this chapter we obtain, by use of the lowest-order Vlasov equa­

tion ( 3. 14), c 1 o sed hydromagnetic equations for certain interchange 

motions of a finite 13 plasma. Except for allowing for finite pressure, 

we make the same assumptions as in the previous chapter; namely h,_ 

constant, no parallel gradients, transverse motion, one-dimensional 

equilibrium, and FGR ordering. These assumptions are a generalization 

of the low-frequency flute approximation to finite 13, and the equations 

obtained are very similar to those of the previous chapter. The equa­

tions of this chapter, however, are restricted to a class of interchange 

motions for which the gradient- B drift is always orthogonal to the gra­

dient of f( O), and the appropriate hydromagnetic equations (given in 

Section 6. 6) are closed even for finite 13. 

To obtain the equations for these modes we note that, by use of 

the result ( 6. 37), the induction equation ( 6. 32) may be written in the 

form 

( 8. 1) 



• 
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where 

~R 

The zero-order fourth-moments R~; required inthis equation may be 

evaluated by use of the lowest-order Vlasov equa'tion ( 3 .. 14) .. If functions 

f 0 (~, !J., t) and f
1 

(.?E, !J., t) are defined by the equations 

( 8. 2) 

and 

( 0) . 
f (~, c.L, t) = f

0
(_;:, !J., t) + f1(~, !J.,t), 

the V1asov equation ( 3. 14) may be written in the form 

. .. 

(;;B- 3R)·'Vf0 +[ojot + (~E + ,;;:B)·'V}fl 0. ( 8. 3) 

· (O) .(0) 
We now assume that the gradients of B ·· a:n,d f . · are parallel 

at time t = 0, and choos~ £
1 

( t= 0) = 0: Then, since Eqs. ( 8. 1) and 

. . . . ' ( 0) 
( 8. 2) are of the same form, 'V£

0 
remains parallel to 'VB throughout 

± 
the motion, ~B · 'V£

0 
= 0, and only fL contribute to the component of 

;lR parallel to 'V£
0 

. 

The ion and electron forms of Eq. ( 8. 3) then admit the solution 

the equations 

± 
These modes, for which f

1
" = 0, are characterized by 
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( 8. 4) 

they are thus simple interchange motions since both the guiding centers 

and magnetic field may be regarded as moving with the velocity .:;;:.11 ). 

8. 2 Hydromagnetic Equations for the Interchange Motions. 

For the interchange motions discussed in the previous section 

the hydromagnetic equations ( 6. 31), ( 6. 32), ( 6. 33), and ( 6. 37) become 

pg} = 0 ' ( 8. 5) 

( 8. 6) 

and Dp(O)/Dt = DB(O) /~t = D +(O) /Dt = p.L 

,,, 

DR-;/Dt = 0, ( 8. 7) 

where )\ is given by Eq. ( 7. 9) and 
""" 

( 8. 8) 

As is the case for low 13, Eq. ( 8. 6) takes a simpler form when 

written in terms of the average drift velocity ~D. For finite 13 .. 

~D = u + u 
-E ..-B' 

+ 
(p /pS":lB)b X V'B. - ( 8. 9) 

To transform Eq. (8. 5) from;::;· to _;;:D note that Eqs. (7. 13) and (7.14) 

hold for the finite 13 interchange motions, and, from Eqs. ( 8. 6), ( 8. 7), 

and ( 7. 14) : '· .f"• 

.. 
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V'·u = \i'.u = 0; 
-D ..... E 

(8.10) 

D'p D
1
B 

I + t :;:~ 
0 . = = Dp = D R

3 
= ' .L 

with 

a/at+ u ·V'· 
-w-D ' 

and 

u · V'u = ...,....B -E 
(8. 11) 

By use of these results Eq. ( 8. 5) may be written 

b·Y' X {.p[D
1 + ( - u )·V']u + Y'· II(

2
) 

,.... ~· .-..D -D -2 pg} - 0' 
Nv-

(8. 12) 

with 

u-u =u -u 
...... -w-D -w-p -B 

Since ·~D = :?-E and u - u = u for low f3, when written in terms of the 
- ·- ""' ~D ""'P 

average drift velocity, Eqs. ( 8. 1 0) and ( 8. 12) are of the same form, ex­

cept for V'· IT~~ as the corresponding low f3 Eqs. (7. 12) and (7. 16). 

The finite f3 effects are seen to be the terms ,;:B · V' of D
1 

and 

V' · ]~ 2 ) . The former is just the change in JO-n produced by the gradient- B 

drift. Since 'VB and V'~~ are in opposite directions (unless V'p~ is larger 

+ 
than and opposite to V'p_l..) the gradient- B drifts increase the stabilizing 

effect of the low f3 FGR effects. 
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By a calculation similar to the derivation of Eq. ( 7. 9) we find 

= (QB) -l[('VB) 'V · q~~ (8. 13) ,..... 

-·-~ F 

where q , given by Eq. ( 6. 26), represents effects of temperature gra-. ,._,. 

clients and deviations of the distribution of v.L from Gaussian form. For 

-·-
a constant-temperature Maxwellian plasma, q.,, vanishes and the FGR 

"""'" 

stabilization of the interchange mode is enhanced by finite f3. For more 

general distributions, however, the finite f3 contributions from v. n ( 2 ) 
rw-2 

do not vanish and may be either stabilizing or destabilizing. 

We emphasize that the finite f3 equations discussed in this sec-

. + -
tion apply only to the class of interchange motions for which f

1 
= f

1 
= 0. 

8. 3 Eigenvalue Eouation for Stability. 

The eigenvalue equation for the finite f3 interchange modes cor-

responding to the low f3 equation ( 7. 27) is easily found. To find the 

contribution of 'il· IT( 
2

) to the linearized form of Eq. ( 8. 13) we note that 
---2 

q = q - V( q£ ) ' 
,_ X 

( 8. 14) 

~:~ 

where q is the equilibrium value of q 

ward calculation leads to 

= 

From this result a straightfor-

i 
(8. 15) 
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Linearization of the remaining terms of Eq. ( 8. 13) leads to the result 

(8.16) 

where 

(8.17) 

Equations ( 8.16) and ( 8. 1 7) are the generalization of the low f3 Rosen-

bluth-Simon eigenvalue equation ( 7. 27) to the finite f3 interchange modes. 

The eigenvalue equation ( 8. 16) may be written in the form 

2 
w(0 2s) + 0 s w (o

1 
s) + = 0, 

3 X 
( 8. 18) 

where 

! 

01 s (PSI) I 2 
= k ps, ( 8. 19) 

o 2s (kas')' 3 
= - k Gts, ( 8. 20) 

and 

( 8. 21) 

with 

,, a - ( p jQ) ' + 2puE = ( '">=" ) p uD - ~uE · e y . 
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h 1 -"f. · d·t· for stab1.11·ty
32

' 
6 

-"J.·ollow from Eq. ( 8. 18) ·. T e usua su_._ 1c1ent con 1 1ons 

- C > 0 or, more generally, 

B
2 

> 4AC, (8.22) 

with 

A B -and c d x('o s . S 3 -·-
X 3 X 

These conditions are not strong enough to be very useful in general. 

However, just as in the low f3 case of reference 6, if a = 0 the con-

dition ( 8. 22) becomes necessary and sufficient for stability, analogous 

h 11 k · · 1 · · 1 33 f . ·1·b . d CGL tot ewe -_-nown var1ahona_ pr1nc1p e or static equ1 1 r1a an 

ordering. 

For a.= 0, the condition ( 8. 22) may be written 

S 3 { [ _ 2 - ,-, 2] [ , 2 2c 2] _, · 2} 
d x P ( uE) - q B ;nBk ( s ) + k "' + P gs > o. (8.23) 

This is a generalization of the low f3 condition ( 4. 16) of reference 6. 

For low f3 the second term of the first fa.ctor of Eq. ( 8. 23) vanishes, 

and thus, for a. = 0 and low f3, the net effect of FGR corrections and 

mass motion is stabilizing. For finite f3 this conclusiort holds only for 

uniform equilibrium temperature and Gaussian distribution of v-'--; under 
- \ 

more general conditions the finite f3 term from "V • IT ( 
2

) may be either 
-.2 

stabilizing or destabilizing. 

.. 
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For a simple example of finite 13 FGR effects we consider the 

gravitational interchange instability, and make the usual approximation 
6

• 
7

•
14 

that s is independent of x. The eigenvalue equation ( 8. 16) then reduces 

to 

[ T l3 - pg] sx = 0 , ( 8-. 24) 

which has eigenvalues 

"_r 
.:~ 

p 
- j]tBrk2]} 
. pr2B • 

( 8. 25) 

The condition for the stability of the finite 13 gravitational interchange is 

thus 

(8.26) 

where 

Rb.. /4 
_2 ~ 2 . 

R 3 - p I p :::: - 3p /.t±p 

represents deviations of the distribution fromOaussian form. This result 

may also be obtained from the conditio11 ( 8. 23). 

For an isothermal, Maxwellian plasma with equal ion and electron 

temperatures, this stability condition becomes 

( 8. 35) 



118 

the increase of the stabilizing low f3 FGR effect being due to the increase 

in the difference between the plasma and guiding center velocities pro-

duced by the 'VB drift. For more general finite f3 equilibria the FGR 

effects may be either more or less stabilizing, or even destabilizing. 

We emphasize that the discussion of finite f3 effects in this chap-

ter is limited to the special case of interchange modes for which the 

+ -
functions f

1 
and f

1 
defined by Eqs. ( 8. 2) vanish. Wave-particle reson-

ances have also been negle<;:ted. 
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CHAPTER IX 

FGR Correction.s ·to the Firehose Instability 

9. 1 The Alfven Mode. 

In this chapter we apply the equations of Chapter VI to find FGR 

·. .. . 17 
corrections to the '~Firehose" instability, the instability of an Alfven 

wave propagating along a uniform magnetic field in a uniform, finite 13 

plasma with sufficiently anisotropic pressure. 

Yajima and Taniuti lS have discus sed this problem by use of the 

7 
modified hydromagnetic equ~tions of Roberts and Taylor. They find 

these FGR effects to be stabilizing. Their calculation, however, omits 

h "b. f"Q(l). (2) t e contr1 uhons o v • A- to II . 
,_'!' """" 

These terms, which are not im-

portant for the interchange mode discussed by Roberts and Taylor, turn 

out to be the dominant FGR effects of the Alfven mode. When they are 

included, the FGR effects are found to destabilize the Alfven mode for 

most equilibrium distribution functions, but may have either sign depending 

on the choice of the equilibrium distribution. 

Sa to 
19 

has discussed this problem, in work concurrent with oursJ 

from a solution of the Vlasov equation which assumes the equilibrium 

distributions to be of Gaussian form. He emphasizes the importance of 

-119-
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the second-order terms, but incorrectly concludes that a hydromagnetic 

of all the FGR effects is not possible. 

In the following we restrict the ion and electron equilibrium distri-

butions only by the conditions spatial uniformity and vanishing electric 

field, and by the condition that the Alfven mode be near marginal stability. 

Our result, of which Sato 1s is a special case; exhibits the dependence of 

the FGR effects on the forms of the equilibrium distribution functions. 

The Alfven wave propagating along a uniform magnetic field is 

characterized, in the linear approximation, by the fact that the cplasma 

motion is transverse to the unperturbed field. This property depends 

only on the approximation of linearity, and is independent of the expan-

sion in E .• This may be ·seen from the Vlasov equation in the form ( 3. 2). 

If it is assumed that there are no transverse gradients, the ¢-average 

of this equation, with C = v = v 
M4l -.L -""'l. 

. c .L a£ 
~.<1- ~ 

- D ~ · ~ ac + 
-· :1.. 

( 9. 1) 

+ 
( ~ X _2: • Y'2) • ~ .r.. Cn 1 

l
b · vb 1 c~ - """ -

~} 
acp , 
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-·-
where n''' = '='/ '='t + v b " (J(J q,_·.v. When linearized about the equilibrium 

h = h(C..L, c1, ), f<P = 0, B = B = constant, and E = 0 
""'" ' 

Eq. ( 9. 1) becomes 

( 9. 2} 

~ 

where h is the perturbation of h. 

Equation ( 9. 2) for each component and Poisson 1 s equation for E 11 describe 

longitudinal electrostatic oscillations. The decoupling of these modes 

from the transverse waves for which h but not f<P vanishes is therefore 

independent of the expansion in E. 

For these transverse modes the perturbations of all cp-independent 

moments vanish. In particular 

p c = p t = v;\ - - _, -u = p = p = q- - q - 0 
..L II II - II - ' 

( 9. 3) 

the moment equations are very much simplified, and are closed to all 

orders in E. 

For frequencies of order ES1, E << 1, these modes are the ordinary 

hydromagnetic Alfven waves which propagate C).long the magnetic field. 

At higher frequencies they become cyclotron waves, and finally trans-

verse electromagnetic waves. 

The CGL hydromagnetic theory gives the well-known result 

2 2 2 . 
( k I p) ( B + P.L- - Ff1 ) ( 9. 4) w 
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for the frequency of these Alfven waves. The 11firehose'' (Alfven wave) 

instability occurs when this frequency becomes ilnaginary, or when 

~I 
2 

> B + p 
J._ 

It is produced by the centrifugal acceleration of the guiding centers 

( 9. 5) 

moving along the curved field lines. Restoring forces are provided by 

the magnetic field energy and the total magnetic moment of the particles. 

9. 2 FGR Corrections. 

The calculation leading to the result ( 9. 4) is applicable if the 

wavelength is long compared to the gyro- radius, provided that 

2 
B + P...L - P 11 -v 1; the small E expansion is then valid and the motion 

characterized by CG;L ordering. 

Near the condition of marginal stability, however, FGR effects 

become important. To investigate these effects we assume 

2 
(B + 13_ 

2 2 
-~1 )/B "'E. ( 9. 6) 

. 2 
The frequency w

0 
is then of order E Q, the motion characterized by 

FGR ordering, and the appropriate hydromagnetic equations are those 

of Section 6. 5. For the Alfven mode these equations are simplified by 

the conditions ( 9. 3) and ( 9. 6). 
'' 

.. 
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Note that separation of the transvers·e modes and the conditions 

( 9. 3) are independent of the forms of the equilibrium distributions of the 

p~rallel ion and electron velocities. The only restrictions on these distri-

butions are that j
11 

vanish and, for FGR ordering to apply, that w
0 

and 

the equilibrium parallel transport terms be small: We choose the coordi-

. . .. 
riate system so that the parallel flow velocity vanishes. 

By use of the conditions ( 9:3), the linearized single-fluid mo-

mentum equation becomes 

poV 1 at 
""" 

b·'V(b.II)( 2 ) 
,.,. -,.,.,... ' ( 9. 7) 

where all terms are evaluated through order E
3 

p nv 
0 

"' poV ( 
1

) I at, b 

~ 

and b are equilibrium and perturbed values of b, - and 

(b·II)( 2 ) - """-

- 2[ + + -1 + + + 
- Q ( R

1 
- 3R

2
) - p p ( p - p ) 

II ll J... 

( 9. 8) 
-1 + + 2 ·-

p (p - p )(B + p - p-)]b·'Vb 
II .L J.. IJ ,.._ -""" 

+ (2lrl)(q11
- qJ.)b X (b·'Vb) 

II II """' ""'" -

The result ( 9; 8) is obtained from equations ( 5. 8), ( 6. 19), and the 

first-order terms of Maxwell's induction equation in the form ( 4. 45). 

For the present case this last equation is 
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-- ~(O) 
p )b·Vb 0 

1\ t1"'JV\. 1\M,. 

( 9. 9) 

Equation ( 9. 8) is easily derived directly from the recursion formula 

( 4. 14) if the special assumptions of this section are made at the outset. 

The first term of Eq. ( 9. 8) is just the usual collisionless vis-

cosity; it is the only contribution to II included in the calculation of 
/W'<o • 

. ( 2) 
reference 18. The other terms arise from ]

2 
, from the FGR term 

of Eq. ( 9. 9), and from the equilibrium heat flows. 

Note that, because of the condition ( 9. 6), only b( O) is required ,..,... 

in Eq. ( 9. 7). Thus ( 9. 7), ( 9. 8), and ( 9. 9) are closed hydroma,gnetic 

equations for the Alfven mode. If the FGR terms in Eqs. ( 9. 8) and ( 9. 9) 

are dropped, these equations reduce to the CGL form. 

We now assume y and ,&. to be proportional to exp( iwt - ikx
1

), 

and from Eqs. ( 9. 7) through ( 9. 9) obtain the dispersion equation 

4 [ Z( w~ 2 2 2 2 2 
w· - - wl) + w2 + w

3
] w + 2( w

2 
+ w

3
) wqw 

( 9. 1 0) 
2 2 2 4 

+ ( wo - wl - w2w3) - w = 0' q 

where. 

2· 4 2 -1 
p ) ] ' wl = ( k I prJ ) [ R 

1 - 3R
2 p (PI/ - p.L)( 2Pil -

.L 

2 
p.L) ' w2 = (k lprl)(p 

. 1\ 

2 
p.L) ' w3 = .( k I pn) ( 2p 

It 

(9.11) 

and 
2 

( 2k 
3 I prJ) ( q 11 q~) w = -q II 
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represent the FGR effects. All moments in Eqs. ( 9. 11) refer to the ion 

distribution) the electron pressures having been eliminated from w
1 

and w
2 

by use of the condition ( 9. 6) in the form 

- ( 0) 
p" ) ( 9. 12) 

The frequency w
1 

represents the contributions from V' • .9.cp J and 

from the FGR corrections to the generalized Ohm's lawJ to b ·IT ( 
2

); 
. N'- /V"' 

w
2 

represents the FGR term of Eq. ( 9. 9) J w
3 

the ordinary collisionless 

viscosityJ and w the effect of the equilibrium heat flows. Note that 
q 

2 
w

1 
J w

2 
J w

3 
and wq are all of order E 0; hence all terms of the dispersion 

. 2 4 
equatlon ( 9. 10) are of order (E 0), . 

The four roots of Eq. ( 9. 1 0) are given by 

( 9.13) 

these roots correspond to the two polarizations and two directions of 

propagation of the waves. In the CGL limit all four frequencies have the 

magnitude I w
0 

1. Dege.neracy with respect to the direction of polarizati~n 

is removed by the FGR effects because n+ is no longer infinitely large, 

and the ion gyration defines a preferred polarization.· Degeneracy with 

respect to the direction of propagation is removed by an anisotropic 

equilibrium heat flow. 
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2 2 2 
An interesting special case arises when w

0 
- w

1 
= wq = 0. The 

frequencies ( 9. 13) are then w
2 

and wv. The frequency w
2 

corresponds 

to current waves produced by the FGR term of the generalized Ohm's 

law; for these waves the plasma velocity vanishes. The waves of fre-

quency w propagate because of the collisionless viscosity, without 
. v 

perturbations of the magnetic field. These s'imple waves exist for this 

special case because the equilibrium distribution is such that small 

amplitude disortions of the·magnetic field direction produce no stresses. 

The condition for stability of all four modes is 

2 
- I w I q ;::: 0' ( 9.14) 

which may be compared to the CGL result w~ :::::· o·. Yajima and Taniut/
8 

include only the terms represented by w
2 

and w
3 

in their calculation; 

the stability condition ( 9, 14) reduces to their result if the terms in w
1 

+ 
and w are omitted and p , set equal to ±P.L 11 , corresponding to their q .L,h . J 

assumption of equal ion and electron temperatures. It is evident from 

( 9. 14) that these terms are always stabilizing. 

By use of the relations ( 4. 33) and ( 9. 11), the stability condition 

may be written 

2 2 2,[ 2 wo + (k /prl) t p..L. 2] [ I 1 ] } ( 3 /4) p
11 

+ 3 p
11 

p-'- ( R 
2 

- 1) - J.1
1 

( R 
1 

- 1 ) 

(9.15) 

". 
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Only the first of the FGR terms in ( 9. 15) is pre sent if the equilibrium 

distribution function is separable in v.L and v11 , and the distribution 

19 
of v..L is Gaussian; Sato 1 s result corresponds to this term. The ad-

ditional FGR effects, produced by deviations of the distribution from 
, •. 

this simple form, are given by t."l}e remaining terms of Eq. ( 9. 15). The 

equilibrium heat flows are seen to be destabilizing. Other deviations of 

the .distribution from separable, Gaussian form may be either stabilizing 

o~ destabilizing. The relation between FGR terms of the stability con-

clition ( 9. 15) and FGR modifications of the particle orbits will be dis-

cussed in the following section. 

9. 3 Particle Orbits. 

The dispersion equation ( 9. 10) may also be obtained from the 

particle orbits. This calculation illustrates the relation between FGR 

corrections to the hydromagnetic equations and the corresponding modi-

fications of the orbits. 

We assume fields of the forms 

B = B{z + [bexp (iwt + ikz) + cc]} - ..- """" 

and ( 9. 16) 

E = E exp ( iwt + ikz) + cc. 
""" .NV' 
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Solution of the equation of motion for a particle moving in these fields, 

~ 

linearized in };?.. and &.., gives the velocity transverse to the unperturbed 

magnetic field in the form 

where 

v 
""""D 

( i) 
""'..L 

n2 
= 

n2 - w 

iQt i0 
= v a. e + v e + cc, 

.L~ -D 

0.. = ,...,.. I aj ( ie + e ) , 
..-x . ry 

{ ~ b + 
E X z 
"""' 'W\ 

+ r2 """" B 

r 
i w v z x 

It""' 

Q 

r 
w = w + kv11 , e = iw

1 
t + kz 0 ' 

( 9. 1 7) 

~ 

iw'E} b 
""" . f'V' 

+ ( 9. 18) 
QB ' 

and z 
0 

is the initial z- coordinate of the particle. The displacement of 

the particle in the z-direction is 

3 

{[~- n2 + r2 

bx] 
Q v.L 

w 
r = zo + v t cos q, 

z II 
(n2 - w'2) 2 n2 

[ ' l ( 9. 19) 
w b ,2 . 

n x - i( I + ~2 ) \ sin ~} i0 
+ e + cc, 

where q, is the azimuthal angle of the vector ~ exp ( i Qt) + cc with 

respect to the x-axis. 
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It is easily verified that this motion may be represented as a gyra-

tion with velocity v at frequency Q in a circular orbit normal to the 
...L. . 

vector 

[ 1 + (c..//n) 2
]b- 2i(w'/Q)(b X z) 

""' IW'- """' n = z + --------------=2:------
,... ['1 -··(w'/n) 2] 

( 9. 20) 

about a guiding center which moves with the velocity ~D + '{, ~. In the 

.... 
limit n- co n = b and vD = ::!:.E + v b, in agreement with the zero-

-.. ,.,.._ ,.,.. ... - Jt,. 

order guiding center velocity, and, in first order, l.n agrees with the 

well-know'n first-order drifts. 
22 

Higher-order corrections to the particle 

orbits take two forms: the well-known zero- and first-order drifts are 

increased in magnitude by the resonance denominator of Eq. ( 9. 18), and 

the normal to the plane of gyration deviates from the direction of the 

magnetic field. 

Derivation of the results (9. 17) through ( 9. 20) assumed w' :j: Q; 

if w' = Q no divergence occurs, but the time dependence of the orbit 

becomes secular. 

The total current equals the sum over all particles of the guiding 

center current plus the curl of the magnetic moment fl. = - ( mv
2
/ 2B) n. 

- :..L. -

Note that IJ· is parallel to b only in lowest order. The current is easily 
,- -

evaluated from Eqs. ( 9. 18) and ( 9. 20) if resonances are ignored
19 

( w' << ri) and the denominators are expanded. The resulting expression 
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for the current may be combined with Maxwell's equations to obtain the 

dispersion equation ( 9. l 0). 

If w ~En, so that CGL ordering applies, FGR effects are small 

and are easily understood from Eqs. ( 9. 18) and ( 9. 20). A first-order 

current is produced by the first~order guiding center drifts and the 

curl of the zero-order magnetic moment; this is the current of CGL 

theory. There are no first-order corrections to the CGL currents, but, 

because of the denominator in Eq. ( 9. 18) and the electron-ion mass di£-

ference, there is a second-order current proportional to the zero-order 

guiding center velocity. Another contribution to the second-order cur-

rent arises from the first-order difference between b and n. These are 
,_ -

orthogonal to the CGL current and cause the wave to become elliptically 

polarized, ·but do not change its frequency; they correspond to the col-

lisionless viscosity and first-order corrections to the generalized Ohm's 

law of Section 5. s·. This polarization may be considered as a superposi-

tion of a secondary Alfven wave on the original wave. 

2 
Third-order currents produce a frequency change of order E i1, 

corresponding to second-order corrections to CGL theory. They arise 

from the effect of the resonance denominators of Eqs. ( 9. 18) and ( 9. 20) 

. .. 

,. 
' .i )J 

on the first-order CGL currents, and from modifications of the CGL cur-

rents produced by the secondary Alfven wave. This latter effect may be 

regarded as resulting from the elliptical polarization of the secondary 
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Alfven wave, hence as a produce of first-order effects. The currents 

associated with the former effect are in the same direction as the 

CGL current; they therefore enhance both the stabilizing nature of p.L 

and the de stabilizing nature of p 
\1 • 

2 
H the frequency is low ( w

0 
-v E r.l), so that FGR ordering applies, 

all the above ef.f'ects bec-ome of the same order, but they still may be 

separated. The polarization effect is associated with FGR modifications 

of the electric field drift and magnetic moment of the iorts which are of 

first order for CGL ordering. They therefore appear in the moment 

equations as the collisionless viscosity (and the terms of II proportional 
M'" 

to q~' 11 
) , corrections to the generalized Ohm 1s law, and the contribu-

tion to 1J. ( 2 ) as so cia ted with the difference between the plasma velocity 

and the electric field drift. Thus, from the discussion of Eq. ( 6. 29), 

both the coll~sionless viscosity and the terms of 11~ 2 ) arising from 

"V • P, as well as the corrections to Ohm 1 s 1aw, are associated with the 
"""' 

polarization. In the stability condition ( 9. 14) these effects appear as 

w
2

, w
3

, wq, and the parts of w~ not proportional to R
1 

or R
2

. Only 

the R
1 

and R
2 

terms of w~, from the contribution of Y'·]_(O) to }!( 2
), 

arise from the enhancement of the CGL currents produced by the resonance 

denominators of Eq. ( 9. 18) and ( 9. 20). 

The stability condition ( 9. 15) may be written 



2 
w (3/Z)p }

2 
+ 

II 
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0 ( 9. 21) 

- ( 2k 
3 I p 0.) [ q J_ - q (I I 2: 0. 

II li 

In this form all polarization effects appear in the first and last FGR 

terms. Thus, in the absence of anisotropic equilibrium heat flows, 

these effects are stabilizing. The remaining. terms exhibit the effect 

of the enhancement of the CGL currents by the, resonance denominators 

of Eqs. ( 9. 18) and ( 9. 20). 
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CHAPTER X 

Long-Term Equilibrium 

.1 0. 1 Equilibrium Moment Equations 

I 

In this chapter we consider the moment equations that 

describe configurations which remain in equilibrium over the long 

times associated with FGR ordering. Since first-order velocities 

become important on the longer time scale, static "long-term" 

equilibria exist only in special cases. We will, however, assume that 

the zero-order plasma velocity and electric field vanish, corresponding 

to a static equilibrium on the CGL time scale. 

Mirror confinement configurations of the "mi~imum-B 1134 

type, for which the pressures are a function of the magnetic field 

strength only, are of particular interest. 
35 

Taylor has shown, by 

use of the CGL momentum equation, that equilibria of this type exist 

for low plasma pressures, and Northrop and Whiteman
20 

have extended 

the discussion to finite pressures. Both these discussions give 11 short-

term 11 equilibria. Northrop and Whiteman, however, have found this 

same class of finite-f3 equilibria (for the special case of vanishing 

electric field) by use of the general theory of adiabatic particle motion 

and some (but not all) of the conditions for long-term equilibrium. 

-133-
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In the following we indicate.how this theory is related to the hyd:r:o-

magnetic description of long-term equilibria of the Taylor-Whiteman 

typ·e, and. extend the discussion to include the effects of first-order 

electric fields. 

The equilibrium moment equations, and their CGL form 

for the static case, will be reviewed in the remainder of this section; 

extension to the longer time scale is discussed in Section 10. 2, and 

the special ''long-term mi:riimum-B 11 equilibria are considered in 

Section 10. 3. 

The fundamental equilibrium equation is the condition of 

momentum balance 

pV·W=-'V· P +jXB. 
- ""' -t """" _,_. 

( 1 0. 1) 

For equilibrium on the CGL time scale, only the zero-order terms 

of this condition are required; in order to distinguish between motion 

characterized by FGR ordering and 11long-term 11 equilibrium, however, 

the first- and second-order terms must also be considered. The <j>-

dependent components of P that then appear may.be expressed in 
NY"-

terms of <j>-inde:pendent moment by the recursion relation (4. 15). 

The condition (10. l) provides a relation between some of 

the <?-independent moments of the distribution functions and the magnetic: 

field. Additional constraints are provided by the equilibrium forms of 
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the ~'equations of motion 11 (4. 1), (4. 16),,(4. 17), (4. 29), (4. 30), (4. 32), 

for the <!>-independent moments n, p , · p , q .~., q 11
, R., etc . 

.._ ll It lt 1 

If the zero- order velocity vanishes, corresponding to a 

static GGL equilibrium, the zero-order terms of these equations 

are 

(oV/ot) = 'V_, P, + (P· - P) b · 'Vb ~ J.(
1

) >< B = 0, 
II"' .._ I\ ..!_ I'll"- /1/'A ;Yo/" """""" 

(1 0. 2) 

(oVIct) = b· 'VP - (p -P )b. 'VBIB = 0, 
,_ II ,._ II II J. ,_... 

( 1 0. 3) 

- a p 1 at = 'V · ( r ~) = o, (10. 4) 

-2 .1.. 2 
- B ap 1 at = b · 'V(q IB ) = o, 

..1. -. II 
(10. 5) 

(112B) op /ot = b' 'V(qlliB) + (qJ../B
2

) b · 'VB = o,· 
II """" !I II _,.,. 

( 1 0. 6) 

2 oq''lot = b· 'VR - (R
1

- ·.3R 2 )(~· 'VB)IB = 0, (10.7) 
' II ""'- 1 , ... 

·- oq~lot = ~· 'VR
2

- (R
2

- R/4)~· 'VB)IB = 0, (10. 8) 

- B-
1

BR/8t - ~· .'V(S
1

1B) + (4s
2

1B
2

) R._~ 'VB = 0, (10. 9) 

- B-
1

oR
2

Iot = ]2_ • 'V(S
2

1B) + [(S
2

- S~)IB 2 ]~· 'VB .. 0, (10.10) 

and (10. 11) 

where all quantities except j are of zero order. Equations (10. 2) 
-.1. 

and (10; . .3) .are the transverse and parallel components of (10. 1); 

Eqs. (10. 5), ·(10. 6), and (10. 9) through (10. 11) are the equilibrium 

forms of (5. 4), (5. 5), and (5, 18); and Eqs. (10, 7) and (10. 8) are 

obtained from (4. 29) and (4. 30) by use of the result (A. 33). The 

condition (10, 3) has been used· to simplify Eqs. (10. 7) through (10. 11). 

Equations '(10. 4) through (10. 11) for each component,, plus (10. 3) and 
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the parallel component of the generalized <Dhm's law (which· determines 

E)., are mo:nent of the zero-:order Vlasov equation (3. 11) ... These _,..,... 

equations .determine those <!>-independent moments that involve v 11 

(such as u
11 

, P. , q .... , q11
, R 

1
, _and R

2
) in terms of the magnetic field, 

ll . II II ·· 

the appropriate boundary conditions, and those that do not involve v
11 

• 

The condition (1 0. 2) and transverse components of the generalized 

Ohm's law are mo~ents of the recursion equation (3. 9) for f<P (
1

)_. 

' ' . 
The zero-order equations (10. 1) through (10. 11) do not 

distinguish between 11long-term 11 equilibrium and motion characterized 

by FGR ordering; the higher-order terms required to make this 

distinction are discussed in the following section. 

10. 2 "Long-Term" Equilibrium 

In order to describe 11long-term 11 equilibrium (T "'T cr!i) 
b 

all terms of the momentum balance condition (1 0. 1) must be evaluated 

through second order. Since we assume that the zero-order plasma 

velocity vanishes, this equation becomes 

V'. p 
-d 

v· rr( 1)- v· rr(2) +j x B 

3 2 + O(E pv /L), 
0 

(10. 12) 

where Ed. = ~ J.~. + ~ 1?1? • E(l) is given by Eqs. (5. 8) and (5,. 7) or 

(5. 11), and vanishes unless there is zero-order heat flow along the 

field lines; 11(2 ) is discussed in Chapter VI. The solutions of Eq. (10. 12) 

······ ........... , ... ········~····· ---·-~---~---- ·······'···-----.. ····· .. ,.,,.,_ .. ~-- -------~-...-, .. ,, ...... ' ..... '-:··· :···-· ..... •.··· ., ..... _ .... ~-.... --~----- ...... -.. _. .......... . 



137 

are only slightly different from those of ( 10. I). These differences may, 

however, distinguish between stable and weakly unstable configurations, 

as well as between long-term equilibrium and slow, low frequency mo-

tion. 

First-order corrections to Eqs. ( 10. 4) through ( 10. 11) and to 

the equations for the higher moments must a-lso be considered. The 

first-order terms of the continuity equation ( 4. 1) are, for each plasma 

component, 

= 0, 

where 

By use of the equilibrium condition 'V_L • ( B~E) = 0, this equation may 

be written 

(10.13) 

where 

1/1 = Q-lb·[(b·'Vb ·1- 'VB/B) X \7 p + (\7 X b)(b·Y'p )J(O) 
. -1 - - """ .L .L N- "'"' .L 

represents 11FGR 11 effects. The first-order terms of the pressure equa-' 

tions ( 6. 12) and. ( 6. 13) give the relations 

....... • , .... ,' .. • •"•'''' ... "'~···~·-~····•·•·-·• ..... , ... , .... , ..••...•• _ ....• •···•••'·"'"""'t"•··~··-·--······ .. ···~···•,·Y·r·· .-~•··~•·•~"~-·· •.~r.••·~···•• . .- ..• ~·-······· ,._._.,,.....""".~---•-:-.·•· •• -~-.,,. ,.,..~.,. ···~:·•·.· .. ,, ....• -., ... ~-,-..-•·~-,..·.~--- ~······· ·y-: .. ~- --- ,. -· .. ,., ' ····- ... ..,.. 



u~) · [ B
2

Y'( p I B 2
) p b. Y'b] b · Y'u (1) 

.- ..L. ..L- ,.,.,... p..l..""" . 1\ 

and 

( 1) 
-[BY'(p /B) 3p b. Y'b] 

(1) 
~E + p b · Y'u 

-II II~ "'..-\A. II"""" II 

where 

and 

with a
2 

defined following Eq. ( 5. 23). 

+ B2b. V'(q..L/B2) (1) 
~ II 

+ Bb . \7 ( It I B) ( l) 
- ql/ = 

138 

= 1/12 
( 10. 14) 

1/13, 
(10.15) 

- a 
2 

The equations for the higher-order cp-independent moments give relations 

of a similar form. 

The forms of the zero- order equations (10. 4) through ( 10. 11), 

and equations for the higher velocity moments as well, are thus modified 

in first-order by terms proportional to 2-.il) (which would have appeared 

in zero order if a zero- order electric field has been allowed), and by 

the 11FGR 11 terms 1/1 .• These modifications represent the effects of the 
l 

first-order transverse drifts. The modified equations determine first-

order corrections to moments that involve v
11 

; they are discussed in 

more detail in the following section for the special case of mirror con-

finement and, in particular, 11minimum- B 11 configurations of the Taylor-

Whiteman type. 

·'' 
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10.3 11Minimum-B" Configurations. 

We now apply the equations outlined in the previous sections to 

mirror confinement systems, and, in particular, to configurations of the 

1 Wh . 20, 3 5 . . B . h" d h Tay or- 1teman 11m1n1mum- 11 type; 1n t 1s way we exten t e 

"short term 11 hydromagnetic equilibria of Taylor and Whiteman to times 

-2 
of order E times the gyro-period. 

For mirror confinement systems the plasma density vanishes 

except over a finite portion of each field line; Eqs. ( 10. 4) through ( 10. 6), 

( 10. 9) through ( 10. 11), and the zero- order equations for the higher 

¢-independent moments which are even in v
11 

may be integrated along the 

field lines to show that u , 
1\ 

.l. 

q ' II 

\l s 
q ' . ' I( 1 

and higher moments odd in v 
II 

vanish in zero order. Thus the zero-order distributions are even in vtt , 

a result that may also be obtained from the zero-order Vlasov equation 

( 3.11 ). For mirror confinement systems, then, both the assumption that 

V ( 
0 ) . . h d h d" . h . ( O) . h f d" 

11 
van1s es an t e con 1t1on tat J

11 
van1s es, necessary or a 1a-

batic expansion to apply, are automatically satisfied. 

Equations (10.3), (10.7), (10.8), andthoseforthehighermo­

together with the boundary conditions, determine p ( 
0

) , 
It 

ments odd in 

and the other ¢-independent moments involving second and 

higher even powers of v
11 

. (O) (0) 
in terms of the moments p , p 

.L 

etc. which do not involve I, •·" 

For 11 long-term 11 equilibrium Eqs. ( 10. 13), ( l 0. 14), ( 10. 15), 

and the first-order terms of the equations for the higher ¢-independent 
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moments must also be considered. When integrated along the field lines 

Eqs. (10.13), (10.14), and (10.15) yield 

c ( 1) . 
j ds }:"E • [ BY'( p {B) - p ]l · V'_£} 

L 

S (1) 2 2 
d s 2:1E . [ B V' ( p .LIB ) 

L 

and 

S ( 1) 
ds uE · [ BV'(p /B) - 3p b · V'b} 

,_ fl 1\- ,... 
L 

= s ds1/13, 
L 

(10.16) 

( 1 0. 1 7) 

(10.18) 

where S . ds indicates the integral along those portions of the field lines 
L . 

that lie within the plasma volume, and the mirror boundary conditions 

have been used. The equilibrium equations for the higher cp- independent 

moments give conditions on ~~l) of a· similar form. The 11FGR 11 terms 

1/1. of these equations do not vanish, in general. Except in special cases, 
1 . . 

( l) . 
therefore, ~E does not van1sh for "long-term" equilibrium. Once the 

boundary conditions are specified and ~.il) is determined, the first-

order velocity moments involving "'t may be found by integrating Eqs. 

( 10. 13), ( 10. 14), ( 10. 15), · · · along a field line from the boundary to a 

point in the plasma. 

These first-order conditions have a simple physical interpreta-

tion: the FGR terms of Eqs. ( 10. 13) .. ( 10. 14), ( l 0. 15), · · · represent 
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the first,-order transverse gradient-Band curvature drifts. The con-

ditions ( 10. 16), ( 10. 17), (1 0. 18), ···simply insure that there be no 

accumulation of guiding centers on any field line. Unless S ds 1/t. ~ 0, 
L 1 

h d . t· . E (1) Th 11 1 t t t· t ese con 1-1ons requ1re a nonzero /\/'/', . e para e ranspor erms 

are then determined so that the distribution along the field lines of . . 

guiding centers, thermal energy, etc. remain constant. 

The equilibrium condition considered by Northrop and Whiteman 

in their discussion of the particle motion is equivalent to Eqs. ( 10. 16), 

(10.17)··· They assume that the magnetic field is self-consistent. 

Since they assume E( 
1

) = 0, they obtain only equilibria for which 
"""" . 

(' ds 1/t. = 0. We show in the following that the Taylor- Whiteman con­
jL 1 

figurations are of this type, and consider the effect of first-order 

electric fields. 

We first briefly review some properties of the low- (3 equilibria 

found by Taylor 
3 5 

and extended to finite- (3 by Northrop and Whiteman. 
20 

They assume that the plasma is confined in a finite volume by the mirror 

effect, and that the pressure components P.J- and P 11 are functions of 

the magnetic field stl·ength B only. Then the CGL equilibrium co11dition 

may be written 

"V ·x (vB) = 0, 
/'M 

where 

v = v (B) - p ) - 1 
..L ' 
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and, if it is assumed that b ·'VB = - BY'· b :f 0 - ' 
Eq. ( 10. 4) implies 

P I B-1, p 
1\ - \ I\ - p ) 

.L = 0' ( 10. 20) 

whe:::-e the prime indicates differentiation with respect to B. Whiteman 

obtained the simple form ( 10. 19) by showing that, for these equilibria, 

the first-order parallel current vanishes. Thus 

.(l) = [(vx. B)-b](O) 
J I\ 

= [B(v X b)·b] (O) = 0. 
,...... ~ 

(10.21) 

This property, which depends on the boundary conditions appropriate 

for mirror confinement, is easily recovered from ( 10. 19). Another 

important property of these equilibria, which follows from Eq. ( 10. 1 9) 

and the identity 

(v x b) = - b X (b·Y'b) 

is that the vectors v.L B and b · Vb are colinear. ,...,.. ,..,.. 

We consider now the 11 long-term 11 exten,sion of these Taylor-

Whiteman equilibria. Their characteristic feature is that P.L. and ~~ are 

assurned to be £unctions.of B Ol'lly. The 11 long-term 11 equilibrium equa-

tions, however, require higher velocity 1noments in addition to P...L and 

P
11 

; we assume that all cj>-independent moments are functions of B only. 

This assumption agrees with the distribution for the P( B) equilibria 
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found by Northrop and Whiteman from the general theory of adiabatic 

particle motion. With this assumption, the result ( 10. 21), and the 

colinearity of V'..LB and b·Y'b, the FGR terms 1/1. ofEqs.-(10.13) through 
--- ,_ 1 

( 10. 18) all vanish, since they are all of the form 

This is also true of the FGR terms of the equations for the higher <j>-inde-

pendent moments. These equilibria have this simplifying property because 

the first-order gradient-Band curvature drifts are everywhere orthogonal 

to the gradient of the zero-order distribution functions (the finite-f3 inter-

change modes discussed in Chapter VIII have this same property). 

Because of this result the conditions (10.16) through (10.18) are 

"f"d"fE( 1 ) "h satls 1e 1 ,_.,. ..L van1s es. Since E 1~ 1 ) vanishes if the ion and electron 

pressures and densities are equal (see Eq. ( 10. 22) below), 11long-term 11 

Taylor- Whiteman equilibria exist for which the electric field vanishes 

through first order; these equilibria correspond to those found by 

Northrop and Whiteman. 

. ( l ) 
Note that 1f _§.L vanishes, Eqs. ( 10. 16), ( 10. 17), and ( 10. 18) 

reduce to their :ze1·o~order t01'l'l'lS ( 10. 4), ( 10. 5), and ( 1 0 .. 6). Fo:r this 

case, in fact, the forms of Eqs. ( 10. 4) through ( l 0. 11), and those for 
:''f .. 
; ' 

the higher 'moments as well, are all unchanged in first order. The disth-

bution functions are therefore even in v
11 

in first order, as well as in 

zero order. 
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Th d . . th t E (1) . h . 1· "t . f e con 1tlon a van1s 1s an unnecessary 1m1 atlon o 
NV' 

the theory. The parallel electric field is determined by the parallel 

component of the generalized Ohm 1s law 

(10.22) 

where 

and the equilibrium condition ( 10. 3) has been used. 
( 1) 

Thus E 11 vanishes 

only if the ion and electron pres sure s are everywhere equal. 

If it is assumed that all ¢-independent moments are funCtions of 

B only, Eq. ( 10. 22) yields 

where 

SB .:..1[ + ,-
= - dB( n e) p' - p 

- 1\ Jl B . 
m1n 

-1 + B (p 
· It 

+ 
- p..L. 

The total electrostatic potential thus has the for.m 

where w
2

. is constant along every field line. 

(10.23) 

- p 
It 
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This potential yields 

(10.25) 

The first term of :;:i1 ), arising from w
1 

(B): is orthogonal to 

V'J..B, hence does not enter the constraints (10.16), (10.17), (10.18), · · · 

Thus for any £A there is always an electric field which satisfies the 

condition ( 10. 22) and leaves the Taylor- Whiteman equilibria essentially 

unaltered. 

The potential <1>
2 

must satisfy the constraints (10.16), (10.17), 

(10. 18), · · · . (In the quasi-neutral approximation Poisson 1 s equation 

need not be considered. ) It is not obvious whether solutions to these 

conditions exist although it is easily verified that, except for very special 

circumstances, _];X Y'<I>
2 

is not everywhere orthogonal to v..LB. Thus a 

potential <1>
2

, if it exists, would cause convection in the direction of V'_,_ B 

and the first- order distributions would no longer be even in v
11 

• 

To summarize the results of this section, we have shown from 

the extended-equilibrium hydromagnetic equations that the Taylor- White-

man equilibria are essentially unaltered by the electric field produced by 

unequal ion and electron pressures, and that for these configurations the 

first-order distribution functions are even in v
1
\ unless a nonzero paten-

tial <I>
2 

exists. The second-order corrections to Eq. ( 10. 19) may be 

found by straightforward calculation from the results of Section 6. 4. ·These 

corrections would be of importance only for a very detailed stability analysis. 
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APPENDIX A 

Algebraic Details 

A. 1 Velocity Moments of the Vlasov Equati·on. 

In this appendix we outline the tensor manipulations used to ob-

tain the results presented in Sections IV through VI, beginning with the 

derivation of the moment equations ( 4. 4) through ( 4. 7) from the Vlasov 

' equation ( 3. 1). 

Multiplication of the first term of Eq. ( 3. 1) by the mass m and 

N factors of v = v- u ( N ::::' 2), and integration over v gives ,.,.... ,..... 

< 
a£) mv···V-"'"" - at 

au au 
- ..£. (mv· · · vf) + (m __::::. v· · · vf) + (mv ___::: ... vf) at - ,.,.. at .... ...,.. - at -

au 
+ · · · + (mvv· ·.--.:::::.f) ......_,...,., Clt (A.l) 

= [
au l s .,.. 
-M at ;,.,..N-1 

.•. where MN = ( mv· .. vf), with N factors of v, N ?: 1, 
l ,.,..,.... ,.,.,._ IVA. 

th 
is the N order 

velocity moment tensor and s indicates the symmetrizing operation in-·· 

traduced ih Section 4 T· and discus sed in Section A. 3 below. Similarly, 

we obtain from the second term of Eq. ( 3. 1) 

-14 7-
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(A. 2) 

+ V' · M + M V' • u + [ ~N · V:.~] s . """ N + 1 /W'. N ,_ ~- --

Finally, the remaining term of the Vlasov equation gives 

( m ( v· · · v) [ ( e I m) ( E + u X B) + D v X B] · V' f) 
1'1/lA """"""' ,...,..,... ,...,... /\IV'- ,v- ~ • y 

= (e/m)(E+uXB)(m[v (v···v)]f) -D(m[Y' ·(vXb)(v···v)]f) 
NV"- 1'1/'..1"- """"""" v..,._ ,v.. v - N"" ,_ ,._ 

= (A. 3) 

Combining terms yields· 

d_MN 
+ M Y'· u + Y'· MN l + [ M · Y'u] s 

dt /V"'-N """' """"l + N-AN """ 
(A. 4) 

-1{ [d;!:_ 
+ p -*N-1 dt ;:, ( _g; + "' X &l]} = D (MN X h). 

"""- 1 AM 

Equation ( 4. 7) is obtained by use of Eqs. ( 4. 2) and ( 4. 3) in the form 

du/dt 
""' 

( e/m) [ E + u X B] = 
;VA """" .IV" 

-1 
p Y'· p 

11/V'-

to simplify the last term of the left-hand side of Eq. (A. 4). Equations 

-· 
( 4. 4), ( 4. 5), and ( 4. 6) are obtained from ( 4. 7) for n equals 2, 3, 

and 4, respectively. 
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A. 2 Tensor Notation. 

Use of direct products of vectors .and tensors is very convenient 

for our discussion. We adopt the convention that a dot or cross product 

between two tensors (or a vector and a tensor) operates on the vector 

factors adjacent to it. 
· "-(. r r r 

Thus, if]:= ~ 1!2 · · · ~N and~ = ~ 1 2: 2 · · · ~M, 

l 
with a. and a. arbitrary vectors, the N + M - 2 rank tensors 

""1 ""'1 

and 

·r r , 
(a ·a )(a ···a )(a ··· a ) . 
""'M -1 -1 -M-1 -2 -N 

If there is more than one dot between two tensors~ the scalar 

products are between successive pairs of vector factors, working out 

from the center. For example, the N + M - 2S rank tensor 

R 1 R r = ( ~N . ~ ~ ) (~N- 1 . ! ~) 
S :S ~-( I'J+M) dots 

X (a · · · a ) (a
1 

• • • a
1 

) • ,....1 ,...N-S -S+l ,....M 

The cross product between two tensors is handled in the same way, 

t l t 
(a ···a )(a X a )(a ···a ) 
-1 ""'"N-1 -N -1 "-"'2 ""'M 

being of rank N + M - l . 
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The gradient operator behaves in the same way as a vector as 

far as its vector properties are concerned. The differentiation acts on 

all factors to its right, up to the.first parenthesis. 

A. 3 The Symmetry Operation [ ] s. 

Because the velocity moment tensors }iN are completely sym-

metric, most of the tensor expressions of interest to us are also com-

pletely symmetric, or at least symmetric with respect to all but one 

vector factor. Expressions of this form may be symmetrized by sum-

ming over all cyclic permutations of their vector factors, this operation 

being indicated by the superscript s. 

When manipulating expressions of this form care must be taken 

to include all terms. Thus, if,£_ and ~ are arbitrary vectors and ,!N 

an arbitrary symmetric tensor of rank N ( N::: 1), 

(A. 5) 

rb~ ]s [ ]s Note that LM'\._;.N , · and also . J>IN · ;;;:., are sums of N + 1 terms, those 

Care must be exercised when applying the gradient operator to 

.. 
these symmetrized expressions. For example, 

··''' 

= ( v ·b) T + b · 'VT + [ bv · T ] s + [ T · vb] s. 
- -N """' """N ,.,.. /'MN tv-N ,..,.. 

(A. 6) 
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The dot product in this expression is between Y' and the left-hand vector 

s 
factor of each of the N + 1 terms of (j?J N) ; the first two terms arising 

from that term of (]21:N) s for which this factor is .:\?.· 

An expression which is unsymmetric with respect to more than 

one vector may be symmetrized by repeated application of the operation 

s. This has been done in the representation.( 4. 31) for ]:., which is 

discussed below. 

A. 4 The Tensors I and ]
6

• 

It is convenient to introduce the tensors 

I = ~2~2 + e e 16 = ~2~2 ~3~3) . - ..L """-3M\3 ~ .. 

(A. 7) 
I = !: 2;;.3 + 2.3~2' and I = _;:2~3 - !3~2. """'I ""X 

The tensor l..1.. is just the transverse projection operator. The rotation 

operator I is related to the cross product by 
~x . 

a·I 
,.,vo. """'X 

b X a 
._ -- and ac:I 

""'No'*. ,....X 
= b · (a X c) 

,......_ - ,_.. 
(A. 8) 

The operators Jg (s =..L, y,6,x) have the properties: 

1; =J;, 0) s I -/:- s; = 

(A. 9) 
,~, . 

I :I = I .: I = I :_!6 =-I :I = 2; 
N,..j_ .,y... ..l ""Y """'I ,...6 -x ""X 
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I . I = lo ·1o = .. I . I = I . 
-y -y --x -x -.L' 

(A. I 0) 
I . 1" = 1s; I · I = - I ·I = I ; 

.oM J.. ~s ,...6 -y -Y ,...o ,....x 

I · I = b X I =-I . I = - I X b = -10, -y ""'X 
,.,... -y ""'X '"'Y -y ~ 

I ·I = b X lo = - I ·I = - T X b ·- +I 
"""o -x - -x .WO ..;;;0 ..-. , 

"""Y 
(A. 11) 

bXI =I Xb 
,..,v.... --x ~x 

= j.L; 

I ·(bXa) = (]0 X ·b) · a ·- - I . a, 
;w.Q ,.,... "N'- - """" -y """" 

(A. 12) 
I · ( b X a) = (I X b) ·a = + I ·a. 
-y - - -y."""' """' ""'o """"'-

These rather trivial identities simplify the calculations considerably. 

For example 

(I q) :I = q·(I ·I) = q = (.!o :!_) =Jo, ""Y- -y """ """Y"""Y -..1-

(I q) =lo =·q·(I ·I ) = q. I = b X q, _.y.:;.. . N" -o ,.,...Y ,_ ,..x AM 

(A. 13) 
and 

(_2:~:!) : ]." = q · (I · I ) = - q · I = - b X q . 
~--u.~ ,. .. 

1 
~ ,.,.,..Y ,..,...Q ,..,.,.. NA.x jl"o/'A """""" 

I . 

Because of the orthogonality relations (A. 9) it is clear that the 

transverse part of any second-rank tensor (i.e., the 22, 23, 32, and 33 

components) may be written as a unique linear combination of the JS. 

This representation is discussed in the following section. 
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A. 5 Representation of P, Q, and R. 
,.,.... Ml'- NV-

Because of the orthogonality relations (A. 9) an arbitrary second-

rank tensor T can be written in the form 
/W'-

T = T.LJ..I.. + T I + ToJ& + T I + b(b·T) + ( T ·b) b + Tl, ]_;:"~, 
A/'A y-y X""X t-~-..L /"!~"'* ·- ..L.,.,. 

(A. 14) 

where Tc - .lT · T and Tn.· - T :bb. 2 . -s, 
'::> ~- NO. AM- ~---"' 

By symmetrizing this expr.ession we obtain. 

[ T] s = 2 ( I I + I I + I
0 

Is:: ) : T + { ~ ( ~. · ( _T) s],} s + 2 T
11 

,l> 1;>_ ( A. 1 5) 
/!~"""- N-o .L"""' J.. ,...,.... y...,...y l't/'Aa IV' u .,.,.., ,.- ~- ... 

which reduces to the form ( 4. 9) and ( 4. 13) for a symmetric tensor g. 

To show that Eq. ( 4. 21) is a representation of Q consistent with 
"""' 

the definitions ( 4. 19), and that the symmetry of Q implies the condition 
. """"' 

( 4. 20), we note that the definitions ( 4. 19) are recovered from ( 4. 22) by 

forming the contractions of this expression from the left with bb, I· , 
,..,.- ,__J_ 

I , and I
0

. Since the expression ( 4. 22) is clearly symmetric with respect -y • . . 

to its first two factors, the necessary and sufficient condition that it be 

completely symmetric is just 

( I q.... + I q y + I
0 

q 
0 

) : I = 0 , 
I I'M.J../#J- ,...,.y_.L II* IV-'J.. NI'X 

or 

b X ,9...1. + I ·b xq'~+I ·b X qo 
N"' ""Y - ~ """""6 ,_ -

b J. 'I 6 
0. X (q -I ·q - I . q ) = 

""" ,.,; .!.. """Y NV- - & ,.,.,. 
(A. 16) 
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This last condition is identical with ( .4. 20). We conclude, therefore, that 

this condition and the representation ( 4. 22) follow from the symmetry of 

Q ;:;md the definitions ( 4. 19). These conclusions may also be verified by 
/01'- • 

direct evaluation of the components of the various expressions. 

We outline now the derivation of the representation ( 4. 31) for the 

¢-independent part of the fourth velocity moment tensor R. This tensor 
N</'-

may be written 

R = 
/'J'A 

·.I p Rh. 'k ( ehe.e.~k) ' . 1J - ~1-J-

( h, i, j, k) 

where the sum is carried out over the fifteen distinct sets (h, i, j, k), 

I s h, i, j, k s 3; and the superscript p indicates a sum over all distinct 

P. ermutations of the vectors eh,e.,e., and -~·k· 
,..,... -1 .... J ··-

We require a representation for only the ¢-independent part of R. 
NJ'-

It is easily verified that there are ¢-independent contributions only to the 

(llll), (ll22), (ll33), (2222), (2233), and (3333) terms of (A.l7). 

The corresponding values of Rh. 'k are 
. 1J 

4 
Rllll = Rl ( m~1 f) , 

2 2 2 . < 2 2 ) 
Rll22 = Rll33 = (mv v cos ¢) = R2 (m/2) t.;

1 
v.Lf , 

1\ J._ . 

(l/4)R
3 

4 
R2233 = = (m/S)(~f), 

and 

R2222 = R3333 = (3/4)R
3

. 

' 



. i 

155 

Equation (A. 17) thus takes the form 

(A. 18) 

That this expression is equivalent to the representation ( 4. 31) may be 

seen by use of the identities 

and 

s s 
= [e.(e.e.e.) ] 

~1 ~1~J ~J 

s s 
= [e.(e.e.e.) ] 

""1 .. 1"'1-1 

i f. J ' 

These identities follow from the definitions of the operations p and s . 

A. 6 Eva1ua tion of Jl ( 1 ) . 

By use of the identities (A. 11) we find from the representation 

(A. 15) 

[ P X b] s = (A. 20) 
,.,.. """ 

The recursion relations ( 4. 14) and ( 4. 15) follow immediately from 

Eq. ( 4. 4) by use of this re-sult and the orthogonality relations (A. 9). 

The second form of Eq. ( 4. 15) is obtained by the use of Eqs. (A. l 0) and 

(A. 15), which give 
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The first-order terms of IT are obtained by substituting G( O) 
/W\. ,...,...._ 

into Eq. ( 4. 14) or ( 4. 15). Because IT ( O) and ,9 ~ O) vanish, 

G = { b [ ( P. - p ) db / d t + p ( b · Y'u ) + p ( V' u) · b + 2 ( 11 
- q.!. ) b . V'b + V' q.L ] } s 

,..,.. II .L -. I\ ""' ""' .L ..L .L- """ q It il - ""' .L II 

[ 
II .l ] + dp /dt + p

11
(2'V· ~ + -v; 1 • .L.t) + 2\7 · ( q b) - 2q v · b bb 

II ·-- ·- 1\"' II ""' ...,.w. 

+ [dp /dt + p (v·u + v •u) + b·Y'(q.L /B
2
)]I,. 

...l J_ ~ _L -.... ~ II I'N-..1-
(A. 22) 

When substituted into ( 4. 14) or ( 4. 15) the first three terms of this ex-

. . IT ( 1 ) . d' l pression g1ve __. 1mme 1ate y. 

sure ;equations (5.4) and(5.5). 

A. 7 
. . ( 1 ) 

Evaluation of 9<b 

The last two terms give the CGL pres-

The recursion equations for q 11 
, 

:1. 

..L y 6 
q

1 
, q , and q are found by 

""'" 
,_- IV"' 'V'I'-

use of the representation ( 4. 22) to obtain, from Eq. ( 4. 5), 

[ Q X b] s 

-1 = n H. 
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By contraction with bb, bi , ,.,........... ,.,.. 'Y"''I and J?J
0 

this result immediately yields the 

recursion equations ( 4. 23), ( ) ( ) ~~ y 0 4. 2 7 , and 4. 28 for q , q , and q . 
-v-.J.. It ll 

Contraction of Eq. (A. 23) with j,.~. gives the equation ( 4. 24) for q ..... : 
,..J.. 

( 2/ Q) b X H :I t~ X [ 4qJ. X b + 2I · ( q y X b) 0 
X b)} = + 2]6 . ( ~ 1. ~ - J_ """ .L ,.... --y - ..1. """ 

(A. 24) 

lb X [4qJ.- 21 . q 'I . 6] .L = ~6 "1 X b = q . z .... -.L ""'I N.l'- """- .-.L 

To obtain the recursion equations ( 4. 25) and ( 4. 26) for q 'I and q 
6 

we 
,._.J,_ -.L 

note that 

I : [ Q X b] s 2I . qJ. + 4qy X b 6 
= 2q ' -y ,.,... ,...6, -..L ..... ..L - -.L 

(A. 25) 

16: [9 X b] s = 2I . q-:, + 4 6 X b + 2q y. - I'M'{ ,... J- J..~- ,...... ,w.L. 

The solutions of these equations for q y and q 
0 

are just Eqs. ( 4. 25) and 
- .L. JIM. 1.. . 

( 4. 26). 

To find Q ( 1 ) we note that 
-""cp 

dQ d II db S 

,.,..... qll ( ) = 2 bbb + 2( II .L ) bb ~ 
d t dt - - - ' q II - q I\ - - d t 

and 

dqL db S 

• II · '-( -) + -- (bi s+ I -
d t ~-J qll ...... .l- d t 

s s s 
( PY' · P) = p ( I Y' · P) + p ( b bY' · P) , 

,.,... N.,., .l. ~..~... tv'~'- II ,/\..,_""'A- 1\1.1\o 

where all quantities are taken to zero order. 

(A. 26) 
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J· 

•· 

From this result and the exp.re~sion for \7-R(O} derived below we obtain 

{~}?[v.LR 2 
-1 

pi\{V'·J:)..L (R1 3R 2 )J:_·V'J2.. H = p + 
IV/' 

q.L [(V', u) · b} s 
s 

+ 2q 11 
( b · 'Yu) + + 2( \l - qJ.) db/dt]} 

-ll ,.,.,... /'oM ..1.. II -- ~ ql\ 
\\ - ... 

-1 s 
+ {j:l[ :}v.L R3 - p P..~.. (v. J_')_L + (R2 - R /4)b·V'b + qJ. db/ dt}} 

. 3 - ""'" II,... 

s 
where terms proportional to JE~ and (,.?}J have been dropped since 

they do not contribute to 9<P. (These terms give the zero-order terms 

of the 1'equations of motion 11 
( 4. 29) and ( 4. 30), for q~ and q 1

1
;.) The 

. . . ( 1) 
results ( 5. 12) through ( 5. 15) for the components of _9<P follow im-

mediately from this expression and the recursion relations ( 4. 23) 

through ( 4. 28) . 

A. 8 
. ( 0) 

Evaluation of v · R . 

Calculation of the divergence of the <P-independent part of R 
N""" 

from the representation (4. 31) requires evaluation of the expressions 

s s s s 
= [ e . ( e . I ) } · V'R . + R . \7 · [ e . ( e . I ) ] 

""'1 ""'1 ...... ..L J J - 1 ...,.. r'' .L 
(A. 28) 

It is easily verified that 

s 
[e.(e.I )s} ·V'R. = 2[(e.I )se.·Y'R. + {e.e.v .... R)s], 
-1 -1-..L J - 1-.L ""'1 J - 1 ""'1. 



hence 

and. 

\ "[ e . ( e . I ) 
8

] s · Y'R . = L -1 -1~.1. 3 
i= 2, 3 

By use of (A. 6) and the identity 

s 
4(_f.l.v..~..R) . 

s . s s 
[ a(bc) ] 

tv'" - ~ 
= [ (a b) s c] 

,..- -
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(A. 29) 

valid for arbitrary vectors a, b, and c, ·the second term of the ex-
. ,..,..... 1\'1'- N-o 

pression (A. 28) becomes 

s s 
v·[e.(e.I)] = 

~'~"'1 ""1"".!.. 

(A. 3 0) 

with 

vr..L. = - (Vb)b- bVb. 
,....,.. IV"' ~ ~ 

For i = 1, Eq. (A. 30) reduces to 

(A. 31) 



To evaluate the sum of (A. 30) for i = 2, 3, note that 

3 

Y · e = \ ( e . · Ye . ) · e . = - ( b · VD) · e . 
/W' i L - J "" 1 """J """" """ """1 

\' (e. · ve.) · e. , 
/__; J ""J """1 

, 
a no 

j=l 

v e. = 
-L""'1 

By use of these results 

\ s s 
; Y· f e· ( e.I ) ] 

LJ - ,.,..l 1-.l. 

i=2, 3 

j= 2, 3 

(\7 b)· e.b + (v e.)· I . 
'.-l""' "'"1""': ...!.""'1 -.L 

s 
- 4{[(b·Yb + b'Y·b)I] 

,IW'\. /'N"- """""- ~ ,..,....\...: 
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(A. 3 2) 

Combining Eqs. (4.31), (A. 28), (A.31), and (A.32) yields, finally 

v· (R- R ) = [b·'YR + (R - 3R )'Y·b]bbb """- . """<I> ,...... 1 1 2 ,.,... - ~ ~ 

(A. 3 3) 

• 



r .:' 

A. 9 E 1 
. II( 2) 

va uatlon 
2 

. 
"'"" 

The expressions ( 6. 19) 
( 2) 

a:nd ·( 6. 20) for E 
2 

are found by 

( 1) 
setting ;2 equal to E<j> in the recursion formulae ( 4. 14) and ( 4. 15). 

From Eq. ( 5.16 ) 

where 

with 

and 

( Y • q I( ) b b + [ b II • \i'b + q
11 

Y • b 
. ,w-L ,.. "'"' - q..l.. - "".L ....,.. 

+ bb · vq u + q'1 b . vb] s + ( v. ql.) I 
ll}l'w~ /Y"'" 1. 1'1'-..L~ N4 ,.,....L ,...v...,l_ 

+ v· Q , . 
~ <PJ., 

- a[ b x] 

X = b X [(~ b) 
8 

- I v · b] . 
~ -11/i'o ~ ~_\_ IYh 

By straightforward calculation we find 

[ b · ( v · Q ) ] = a [ ( v · X) - ( b · Vb) · X + X · v o./ a] 
,._. - <j>l ...l.. ,.wo. ..1... rM- """' ~ ,_ 
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and 
.. ... . ~ . '. 

r . ~·s 

LI·~(v"·Q )·IJ 
.r-.J...· ,;;,..<Pl ,y..._L . 

.. (vb)·Vbls 
J_.,... ,.,. 

- I [ v · ( b · Vb) - ( v b) : V' b} } · 
""'".l .L ...,... """" J._- ..L""' 

- 2 a. [ ( b · vo) b x { b . Vb) 1 s • 
,.,.... ....... ""' 

Equation ( 6.19) follows immediately from Eqs. (4. 14), (A. 34), and 

(A. 35). Equation ( 6. 20) is obtained from Eqs. ( 4. 15), (A. 34), and 

(A. 3 6) by use of the result 

• 



.. 

APPENDIX B 

Northrop's Pa_radox 

From Eq. (5. 9) the contibution of the collisionless viscosity 

to P
13 

is 

+ r2 -l[ (2P 
·II 

- P )(b."Vu.) + P (e • Y'u) · b] (O) 
..l - ,.. 2 ..1.. -2 """ -

(B. 1) 

For the special cas~ B =constant, FJ1 = 0, a·nd ~ = u(x1)~2 at time 

t = 0, x
1 

being the coordinate in the direction·)?., Eq. (B. 1) reduces to 

p(l) (0) = 
13 

-1 Q p ou/ ox1 =/= 0. (B. 2) 

A simple distribution function consistent with the above configuration is 

f(O) = ng(v~)o:(v11 ), with sco -~ gdv.l... = L 
0 

This distribution yields 

0. 

(B. 3) 

(.,-, .1.) 
.D •• 

There is thus a contradiction, pointed out by Northrop, 
21 

between the . 

result (B. 4) obtained from the simple distribution (B. 3), and also obtain­

ed by Kau£man
2 

from an examination of the particle orbits, and the result 

(B. l) obtained from the. adiabatic expansion of the moment equations or 

-163-
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Vlasov equation. 

This contradiction is resolved by the discussion of initial conditions 

give-n in Section 3. 3. The initial condition ( 3. 15), when .applied to the pre-

sent example, gives 

f (l) (0) 
<P 

= sin¢ 
Q. [

. of 
c_j_ wac . -
· II 

(B. 5) 

This condition is obviously not satisfied by the ¢-independent distribution 

function (B. 3); the s:rn~ll E. expansion and the result (B. 2) therefore do 

not apply for this choice of f(O). 

The non-zero f<P of Eq. (B. 5) is required to obtain a slowly varying 

f because of the db I dt associated with a non-zero (b • Y'E) by Maxwell 1 s 
~ -. #" ..L 

induction equation. This va:dation: of B amounts to a rotation of the mag-
. """' ' 

netic field direction at an angular frequency of order E .Q • After a time of 

-1 
order r2 , therefore, the particles described by the distribution (B. 3) 

will have velocities in the direction Jl(t) of order Ev 
0 

. These small paral-

lel velocities, together with the velocity of gyration, produce a P 
13 

which 

fluctuates at the gyro-frequency and therefore is not given by Eq. (B. 2). 

The discrepancy between Eq. (B. 2) or (B. 1) and Kaufman 1 s result is 

also due to the time variation of ·R; Kaufman ignores the induction effect 

and assumes a magnetic field constant in space and time . 

. In the following we find P 
13

(t) from the particle orbits obtained in a 

' ''•• '"" .~-
0 

'I' ''·' ''' ~••••'••-•••·"•••'' ,'' "•···• ~· ''"'' ,_ '"' '''''"' "• "'' •••- '''''•~··•·'' '•'•'•' •''' '' 'I'•' ..... , '"''' \ ' •. ,,.,, "'''•-<'•''; • ~. ·•'••'• ~ •·· • "•.:•"' •,•-.·• ''•' ••·" "''".'• •t•,w,••, '•''·' •''', '• , ;,.,, ... _, ..... , ........................... ; .. •, .... ,._ ... ,_ .. _-···:::····•""'• 
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rotating magnetic field. Equation (B. 5) will be recovered from the condi-

tion that P 
13 

(t) be slowly varying. In addition to illustrating the relation 

between the initial condition on f<j> (0) and the particle motion, this calcu­

lation will complete Kaufman 1s discussion of the collisionless viscosity by 

extending his derivation to include the effect of induction. 

We consider a uniform plasma in a u~form rotating magnetic field. 

The initial direction ~f the magnetic field is ~ (0) = ,Sil (0) . The vectors 

~i (0) define a fixed Cartesian coordinate system; in the following the spa-

tial coordinates x. refer to this fixed system. Vector and tensor compo-
1 

nents, however, will be referred to the basis vectors e.(t) which rotate 
·-1 

with the magnetic field. We assume that E vades only in the direction b . 
"""'" . """" 

Its initial value is· then ffi(O) =-Bwx 1 ~3 (where w .is the magnitude of 

dE,./ d t ); hence to lowest order the plasma flows initially in the direction 

~3 (0) with the velocity u(x 
1

) = +w x 
1 

. 

Kaufman 1 s calculation of P
13 

assumed that B.,· "V 2£ was small 

and neglected the time variation of b . In lowest order the contributions 
""" 

of b · \7E and db/dt to P
13 

will be additive; Kaufman 1 s calculation. there-
/W'o ,._ rl- . . . 

fore, may be completed by neglecting the electric field and considering 

the particle motion in the rota"Cing magnetic field. For this calculation the 

plasma may be considered to be initially at rest. 

For wt « 1 the equation of motion of a particle moving in the ro-

tating magnetic 'field is· 

• • • u •• , ' • '~ '. • •• ' • ••• :· ·: •• ' • - • 
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= 0.:;: X [~ 
1 

(0) + (wt) ~2 (0)] (B. 6) 

Through first order in w t and w/0. the general ·solution of this equation r 

for v may be written ,_ 

vl = c,, - (w/0.) c-L [sin (cp nt) - sin <P] , 

v..., = c ..L cos 

"' 
(cp s-2 t) (B. 7) 

v3 = ( w/ n) Cit + c.L sin (cp - nt) 

where the velocity components are referred to the rotating axes e. (t) , 
""'1 

and the parameters c .L , c tr , and <P specify the initial velocity. 

This solution shows that the particles spiral around the rotating 

field lines, drift in the. direCtion 2,_
3 

with the d_£/d t drift velocity, and 

also· oscillate with frequency n about their mean ·velocity along the field 

lines. More complicated orbits would be found if E were included in the 
N"' 

calculation; then there wouldbe a steady acceleratidn along B . 
22 

"""" 
The average velocity at tirne t is given by 

( v (t) ) = S d 
3 

c F (c) v ( c , t) , 
/v/tJo.. ,...,.,.. """" ,..,.., 

(B. 8) 

where 

s._ = c..L cos cp !
2 

(0) + c_!_ sin<P ,.;.
3
(0) + c 11 ~l (0) , 

and F(c). describes the initial distribution function.· By u:se of Eqs. 

(B. 7) and (B. 8) the condition that (v(O)) equals zero implies that 
{'/'-' 

. ·:_ .... : .... :.·: ............... ..: .. .: ....... : ... ::. 

·' 
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(B. 9) 

and that (v(t)) remains zero. 
"""" 

( 3) 
Let the contribution of d)3../ dt to P 

13 
(t) be P 

13 
(Kaufman 

denotes the contributions of au
1 

I ox
3 

and. 3u//Jx1 

P 
13 

(
2

) , respectively.) Then, by use of Eq. (B. 9) 

= (w/0) [ p
11 

(0) - p .L (0) ] 

by P (l) and 
13 

2 . 2 :+ m (c.Lc 11 sin<\>+ (w/Q) c.L sm <\>) cosrlt (B. 10) 

- m (c.Lc 11 cos<\>+ (w/2r2) c~sin 2<\>) sin :Itt 

+ (w/W)m [(c~ cosZo/) cosWt- (c~ sin 24>) sin znt] 

The first term of this express.ion equals the last term of (B. 1). The re-

maining terms show that in general P 
13 

oscillates rapidly about this 

value. If the initial distribution function is of the form (B. 3), Eq. (B. 1 0) 

reduces to 

p( 3) = - (w/rl)p (O) [1 +cos rlt] . 
13 . .L 

(B. 11) 

The failu1·e of (B. l) and (B. 2} to apply in this case is reflected by the 

"d "1' . £. p( 3) rap1 osc1 1at1on OJ. 
13 

. 

If P 
13 

is to be slowly varying, the initial distribution function ! 

must be such that the coefficients of the oscillating terms of Eq. (B~ 10) 
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• 
vanish, at least through first order in w/ iJ . A simple way of satisfying 

these conditions is to assume 

c\\ = s - (w/ &1) c..L sin <P , (B. 12) 

where s is a variable uncorrelated with <P. It is evident that Eq. (B. 12) 

and(B. 9) are sufficient to cause the oscillating terms of (B. 10) to vanish. 

From Eqs.- (B. 7) and (B. 12) it is seen that some of the particles must be 

moving initially along the ,magnetic field and that oscillations of v 
1 

are 

in phase with those of v 
3 

. 

Through first order in w/ &1, F(s:,_) may be expressed in terms 

of an arbitrary function H ( c.L , s) by the relation 

F (c~, c 11 , ¢) = H [ c.J..., c 11 + (w/&1) c:L sin¢] 

(B. 13) 
= H (c.!. , c,,) + (w/&1) c .... sin¢ oH/ oc 11 • 

'thus the ¢-dependent part of the initial distribution F(c) is derivable ..,.. 

from the ¢-independent part when rapid fluctuations are absent, in 

agreement with the general result derived in Section 3. 3 

Equation (B. 13) may be compared with Eq. (B. 5) , obtained di-

rect1y from the results of Section 3. 3 . The variable c in Eq. (B.l3) dif-.,... 

fers from the ~ of (B. 5) only by the drift velocity (w/ rl) C 11 $ 3 
; the 

cp-dependence of the distribution is independent of this change in variables, ,._; 

and the ¢-independent part is changed only in first order. Equation (B. 13) 
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thus agrees with the first term of Eq. (B. 5) . The second term of Eq. (B. 5) 

would have bee.n obtained if the effects of the electric field had been in-

eluded in the calculation . 

.. 
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sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 



• 




