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Diagrammatic Representations of Finitely-Generated

Generalized Temperley-Lieb Algebras

by

Sarafina Isabel Ford

Abstract

In this paper, we give an overview of the classical Temperley-Lieb algebra, reviewing
some of the basic results about the algebra. Then we will discuss the construction
of the generalized Temperley-Lieb algebras from Coxeter groups, and the connection
between fully commutative elements of the Coxeter group and the reduced elements of
the corresponding Temperley-Lieb algebra. Finally, we will look at the diagrammatic
representations of some finite-dimensional Temperley-Lieb algebras, specifically those of

type B,, D, and F,, and describe their bases.

il



1 Introduction

The defining relations of the classical Temperley-Lieb algebra, T'L,,, were first described in
1971 by Temperley and Lieb [1]. They occurred in the relationships of transfer matrices,
which are used to solve problems in statistical mechanics. These relations were studied
independently by Jones in 1983 [2]. He proved many of the well-known facts known about
the algebra, and later used T'L,, to define a knot invariant, the Jones polynomial [3]. In
1987, Kauffman found a faithful diagrammatic representation of T'L,, [4].

Jones proved that T'L,, could be defined as a quotient of the Hecke algebra of A,,_;
by a subspace generated by certain elements of the Kazhdan-Lusztig basis [3]. In his
thesis, Graham generalized this definition of T'L, (0) to create Temperley-Lieb algebras
associated with other Coxeter groups, I', denoted by T'L(I", §) to reflect their dependence
on a parameter 0. We will survey and summarize some of the literature on the subject
of these generalized Temperley-Lieb algebras, focusing especially on the diagrammatic
representations of these algebras.

The elements of the Kazhdan-Lusztig basis that generate the kernel of the quotient
map are those which correspond to braid moves. These are the maximal words generated
by pairs of adjacent elements of the Coxeter graph. For example, for A,,, these elements
of the KL-basis are indexed by the elements a;a;,1a; for e = 1,...,n—1, where a; denote
the vertices of the Coxeter graph. These elements correspond to braid moves in the
Coxeter group (e.g. a;a;11a; — G;110;0;41).

If no braid moves can be applied to any reduced expression for an element w of the
Coxeter group, then we call w ‘fully commutative’ [5]. These ‘fully commutative’ elements
of the Coxeter group index a basis for TL(I',§) [6]. In 2017, Ernst et al. published an

algorithm [7] to find the fully commutative element associated with any given diagram



from the diagrammatic representation of 7'L,,(9).

Graham was further able to determine which of these algebras are finite dimensional:
those whose Coxeter groups are finite, as well as those corresponding to E,, G,, and H,.
Since his thesis, faithful diagrammatic representations have also been created for some of
these finite dimensional algebras, namely for those of type B, D, and E,, ([8], [9], [10]),
by adding decorations to the diagrammatic representations of T'L,,.

We have extended the algorithm of Ernst et al. to the diagrams of type D,,, giving
a fully commutative element corresponding to any diagram. In his proof that the dia-
grammatic representation of type D,, is faithful, Green created an algorithm to find the
word in T'L(D,,) corresponding to a given diagram, which in turn corresponds to a word
in D,. We then used combinatorial properties of the word to show that it was indeed a
reduced expression for a fully commutative element of D,,.

We also looked at the diagrammatic representation of T'L(E,). The idea for the
representation was first described by tom Dieck [8], who added ‘pillars’ to the diagrams
for T'L,,_1 to represent the exceptional generator of F,. He defined relations on these
pillars that respect those of TL(FE,), ensuring that there is a well-defined map from
TL(E,) to the algebra of T'L,,_; diagrams with pillars. However, he only showed that
this map is faithful for T'L(Eg), and did not describe the image of the map. While
constructing a knot invariant, Green indirectly showed that the map is faithful for all
n [10]. This showed that there is a subalgebra of diagrams that is in bijection with
TL(E,). He also gave a necessary (but not sufficient) condition for a diagram to be in
the image. We extended this condition to a description of a basis for the diagrammatic

representation, and an alternate proof that TL(E,,) is finite.



2 The Temperley-Lieb Algebra (of A,)

2.1 The Origins of the Temperley-Lieb Algebra

The classical Temperley-Lieb Algebra T'L,,(d), for a constant § € C, is the algebra over

C generated by 1, ey, ..., e,_1 with the relations
e = de; (2.1.1)
€;€i+1€; = €; (212)
e;e; = eje; for i —j| > 1 (2.1.3)

H. N. V. Temperley and Elliott H. Lieb first described a version of this algebra
indirectly in 1971 [1]. They used the algebra in the form of ‘transfer matrices’ to make
calculations about planar lattices, which they were using to work on “ice”-type problems.

Similar relations were studied independently by Jones in 1983 [2], in the context of
subalgebras of a von Neumann algebra with a faithful normal normalized trace. He used
idempotent generators, which yielded slightly different relations than the now standard

relations:

a? = a; (2.1.4)
A;Ai41Q; = TA; (215)
a;a; = a;a; for |i — j| > 1 (2.1.6)

He called the algebra generated by 1,a4,...,a, and these relations A, (7).

Kauffman was the first to give the relations in their current form [4]. For Kauffman,



the relations originated from a diagrammatic algebra obtained by removing the crossings
from n-strand braid groups, which we will describe in Section 2.3.

We can convert between T'L,,1(6) and A, (7) by

a; =0 te; and T=0" (2.1.7)

Then

and

aiajai = 57361'6]‘61‘ = ’7'(57161' = Ta;

for |i — j| = 1. So we see that the two are equivalent.

This difference in relations was not relevant for Jones’ combinatorial results, since he

was working with words in eq,...,e,_1 under the relations
(
6? ~ €;
€i€it1€; ~ €; : (2.1.8)
eie; ~ €;€; for [i — j| > 1
\

Importantly, these results showed that 7'L,,(9) is finite dimensional and gave a normal

form for a basis of T'L,, in terms of the generators eq, ..., e, 1.

Definition 2.1.1. A word in ey, ..., e, is called reduced if it is of minimal length under

the relations (2.1.8). A word of the form

(€1€j1-1 €k )(€ja€5-1" "~ €hy) (€7, €jn=1 " Ekyy) (2.1.9)



where j; > k;, jiv1 > Jj; and k; 1 > k; is said to be in ‘decreasing normal form.” There is
an analogous form wherein the indices increase rather than decrease (so j; < k;), which

we call ‘increasing normal form.’
Lemma 2.1.1. 1. In a reduced word, the mazimal (minimal) index occurs only once.

2. Words in decreasing (increasing) normal form are reduced, and each reduced word

can be written uniquely in decreasing (increasing) normal form.

3. The number of unique reduced words is the (n + 1)th Catalan number, Cpiq =

).

Proof. These are ([2] Lemma 4.1.2), ([2] Aside 4.1.4), and ([2] Aside 5.1.1), respectively.
A summary is as follows.
1. By induction on the length of the word.
If the word has length one, then clearly the maximal index occurs only once.

Suppose that the result holds for words of length less than or equal to k and we
have a reduced word w of length k + 1 in which the maximal index (m) occurs
twice. Then

w = wW1enW2en, W3

such that wy does not contain e,,. Since w is reduced, w, is reduced as well and its

length is less than &, so the maximal index of wy occurs at most once.

By choice of m, this means that e,,_; occurs at most once in ws, and e,,; never

occurs. If e,,_; doesn’t occur in wsy, then wy commutes with e,,, so

w ~ ’w1€72n’LUQ’w3



is not reduced. If e,,_; occurs in wq, then wy = whe,,_w}j such that wh, wi commute
with e,,, so

W~ W WeCn €1 Crp W W3
is not reduced. This is a contradiction. Thus, no such w exists.
2. Push the largest letter with maximal index as far right (left) as possible.

3. The words in decreasing normal form are in bijection with the paths on the integer
lattice between (0,0) and (n + 1,n + 1) that stay on or below the diagonal. It is

well known that the number of such paths is the (n + 1)th Catalan number.

In particular, we can associate to

(€1 €j1-1 " €r )(€ja€ja—1" "~ €hy)  ** (€5, €jn=1 " Ekyy)

the path of 2m steps whose (2¢)-th step is to (j;, ki—1) and (2¢ + 1)-th step is to
(Jis ki), letting kg = jo = 0 and jpy1 = kme1 = n+ 1, and each path gives us a

word in the decreasing form.

2.2 As a quotient of a Hecke algebra

Later, in 1987, Jones revisited the algebra in defining a knot invariant known as the Jones
polynomial. He used it as a representation of a braid group, and showed that A, (7) is a

quotient of the Hecke algebra of A,, [3].

Definition 2.2.1. For a scalar u and n > 2, let H(n,u) be the algebra generated by



g1, - - -, Gn_1 With relations

g =W’ —1)gi+q (2.2.1)
9i9i+19i = Yi+19i9i+1 (2.2.2)
9i9; = gj9;  for [i —j| > 1. (2.2.3)

This algebra is called the Hecke algebra of type A, _1.

In section 11 of [3], Jones showed that A, (7) is the quotient of the Hecke algebra

H(n 4+ 1,u) by the ideal generated by

9i9i9i + 9i9; + 9;9; + 9i +9; + 1 (2.2.4)

for all |i—j| = 1 by choosing 7 = (u+u~')"? and make the substitution g; = ua; —(1—a;).

The following is the analogous result for T'L,,(d).

Proposition 2.2.1. There is a scalar u such that TL,(5) is a quotient of the Hecke

algebra H(n,u) by the ideal generated by

9i9i9i + 9:9; + 9;9: + i + g; + 1 (2.2.5)

for all |i — j| = 1.

Proof. Choose u such that § = u +u ™.

We want to show that H(n,u) modulo the relations

9i9;9i + 9i9; + 9;9i + 9i +9; +1 =0 (2.2.6)



for |i — j| = 1 is isomorphic to T'L,(5). Note that the relations (2.2.6) imply (2.2.3),

since (2.2.6) implies that

6i9;9; = —(9:9; + 9;9; + g + 9; + 1) = 9;9:9;,

so we only need show that (g1,...,9,-1/(2.2.1),(2.2.2), (2.2.6))

(2.2.7)

is the equivalent to (eq,...,e,-1[(2.1.1),(2.1.2),(2.1.3)). To see this, make the sub-

stitution

gi = ue; — 1.

Then (2.2.1) is equivalent to (2.1.1):

9 = gi(u® — 1) + o

(ue; — 1)* = (ue; — 1)(u® — 1) + u? = u(u® — 1)e; + 1

e? = (u+ut)e; = de;,

(2.2.8)

(2.2.9)
(2.2.10)

(2.2.11)

Clearly, (2.1.3) and (2.2.3) are equivalent, since g; = ue; — 1 and g; = ue; — 1 will

commute precisely when e; and e; commute.

Making the substitution in ¢;g;¢; + ¢:9; + 9;9; + g + ¢g; + 1 = 0 and applying (2.1.2)

yields

uleieje; — ulel + ue; =0
3 26 _
ueieje; + (—u 0 +u)e; =0

€i€;€; = €4,

(2.2.12)
(2.2.13)

(2.2.14)



so (2.2.6) is equivalent to (2.1.3). Thus

(g1, gna](2.2.1), (2.2.2), (2.2.6)) 2 {eq, . .., en1](2.1.1), (2.1.2), (2.1.3)).

]

It is this conception of the Temperley-Lieb algebra, as the quotient of a Hecke algebra,
that is generalized by Graham [11] to give us the generalized Temperley-Lieb algebras.
To generalize the relations, note that uw>(g;9;9: + 9:i9; + 9;9: + 9: + 9; + 1) (li — j| = 1)

are elements of a Kazhdan-Lusztig basis for H(q,n).

2.3 The Diagrammatic Representation of T'L,

Also in 1987, Kauffman [4] gave us another way to view the relations, as diagrams
rather than quotients. He defined the diagrammatic algebra DT'L,,(d) as the C algebra
spanned by (n,n)-diagrams modulo the bubble-popping relation (fig. 1), which is where
the constant o arises. He asserted that this diagrammatic algebra DT'L,, is isomorphic
to the Temperley-Lieb algebra T'L,,.

Westbury gave a proof of this isomorphism ([12] Section 3) by showing that the
diagrammatic algebra is generated by the diagrams FEi,..., E,_; and proving that the

dimensions of the algebras are the same.

Definition 2.3.1. An (n,n) diagram is a box with n nodes on the top and bottom faces
(labeled 1 through n), with non-intersecting edges such that each node is an endpoint of
exactly one edge.

We define the product of two (n,n) diagrams to be the diagram that results from

stacking the first diagram on top of the second (fig. 3).



We call an edge non-propagating if its endpoints are both on the same face of the
diagram (top or bottom). We call an edge a bubble if it has no endpoints.

We define DT'L,,(6) to be the algebra which is spanned by diagrams modulo the
“bubble-popping relation” (fig. 1), which is that a diagram with a loop is equivalent to
0 times the same diagram without the loop.

The element E; (fig. 2) is the diagram with two non-propagating edges connecting
nodes ¢ to ¢ + 1 on the top and bottom, and all other edges just connecting the corre-
sponding nodes on the top and bottom faces of the box. The identity diagram is the

diagram whose only edges connect the corresponding nodes on the top and bottom faces.

=9

Figure 1: the bubble-popping relation

%

1 ) i+ 1 n

Figure 2: F;, the i-th generator of DT'L,,

Lemma 2.3.1. The diagrammatic algebra DT L,, is generated by the diagrams E;.

Proof by induction. If n = 2, then there is only one loop-free diagram besides the identity,
which is Fj.
Let n > 2 and assume that the loop-free (m, m)-diagrams can be written as products

of Fv,...,E,,_1 for m <n.

10



Figure 3: the product E;FE, in DT L3

)¢ — 11
i ) G G
1 n—2 n-—1 n

Figure 4: A path that crosses n — 2 edges

Let D be a loop-free (n,n)-diagram besides the identity. Then D must have at least
one non-propagating edge. In particular, there must be some edge that connects nodes ¢
and ¢ 4+ 1 on either the top or bottom face. This gives us a path from the left face of D
to the right face that crosses n — 2 edges (fig. 2.3).

Then we can deform D so that it is composed of two (loop-free) (n—1,n—1)-diagrams
separated by one copy of E,_; (fig. 2.3). Since we know that each of these (n —1,n —1)-
diagrams can be decomposed into products of Fi,..., E, 5, we see that D is also a

product of F;. ]
Lemma 2.3.2. The dimensions of T'L,, and DTL,, over C are equal.

Proof. ([12], Section 3) We already know from Lemma 2.1.1 that dim(T'L,) = C,, by

putting the reduced words in correspondence with the lattice paths from (0,0) to (n,n)

11



- -

n—2 n-—1

~{
3 ¢

Figure 5: Deformed into two (n — 1,n — 1)-diagrams separated by one copy of E,,_;

1 2 3

Figure 6: Example of correspondence between diagrams and paths

that stay below the diagonal.

Now, we will show that DT'L,, = C,, as well, by putting the loop-free (n, n)-diagrams
in correspondence with those same paths.

First, we unfold the diagram into what we will call a 2n-cup diagram. This is a line
with 2n nodes and arcs (cups) connecting pairs nodes such that each node is either the
starting point or end point of exactly one arc. Then for the ¢th step in the corresponding

path, go
e right one if the 7th node is a starting point of an arc, or
e up one if it is an end point.

Note that the first step is always to the right, and the last step is always up.

12



Theorem 2.3.3. T'L, = DTL,

Proof. ([12], Section 3) We can see that homomorphism T'L,, — DTL, generated by
sending e; to the diagram Fj; is well defined, since the relations of T'L,, hold true in DT'L,,
as well.

This homomorphism is a surjection, since each (non-identity) diagram is a product
of the diagrams F;. Since both algebras have the same dimension and the map is a

surjection, it is an isomorphism. O

Given a word in ej,...,e, 1, we may easily find the corresponding a diagram in
DTL, by stacking the appropriate generating diagrams. Using the recursive method in
the proof of Lemma 2.3.1, we can also find a word in ey, ...,e,_; which corresponds to
a given diagram. Note that this word is not necessarily reduced. Recently, Ernst et al.
introduced a non-recursive algorithm which finds a word in ey, ..., e,,_1 of minimal length
(which is unique up to commutation) [7]. An example of this algorithm being applied
can be seen in fig. 7. In that example, we see that the diagram corresponds to the word
eqe1eseseaesegeses (e1eqesesese,e366€s, in decreasing normal form).

To show that each resulting word has minimal length, they show that each diagram is
associated to a “fully commutative” word in the associated Coxeter group. For that rea-
son, we will describe their methods further in section 3.3, after defining fully commutative

words in section 3.1.

3 Generalized Temperley-Lieb Algebras

In his 1995 PhD thesis [11], J.J. Graham extended the idea of presenting the classical

Temperley-Lieb algebra as a quotient of the Hecke algebra of A, to Coxeter groups of

13
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Figure 7: An example of the algorithm of Ernst et al. applied to an element of DT L.

different types, giving us the generalized Temperley-Lieb algebras, T'L(y). He further
proved that the finite Temperley-Lieb algebras are those whose associated Coxeter group
is finite or of type E,, F,, or H,, and that these generalized Temperley-Lieb algebras have
a basis indexed by the “fully commutative” elements of the corresponding Coxeter group.
Before we describe the quotient, we will review some relevant terminology about Coxeter

groups and define “fully commutative.”

3.1 Coxeter Groups and Fully Commutative Elements

A Coxeter diagram ~ is a simple, finite, undirected graph whose edges are labeled with
integers greater than two. For our purposes, the edges are usually labeled 3. Thus, if the
label of an edge is 3, we will omit the label.

Let S be the set of vertices of 4. For each s,t € S, we define a constant m(s,t) =

m(t, s) such that
1. m(s,t) =1 if and only if s = ¢,
2. m(s,t) = 2 if there is no edge connecting s and ¢, and otherwise

3. m(s,t) = p, where p is the label of the edge connecting s and t.

14



We can construct a Coxeter system (W (7),.S), where W () is the group with presen-
tation (s € S | (st)™*? = 1 for s,t € S), called the Cozeter group of v. As in [7], we
will refer to W (~y) simply as W.

Note that all elements of S have order 2, since m(s,s) = 1. Hence, for any s,t € S,

(st)™=H = 1 implies that

sts--. = tste-- . (3.1.1)
— ——
m(s,t) terms m(s,t) terms

Call this element w(s,t), the longest word in the subgroup generated by s and t.
Letting S* be the free monoid on S, we say that an element w € S* is an ezxpression for
w € W if w and w’ are equal when considered as elements of W. We call a subsequence

of w a subexpression, or a subword if it is a consecutive subsequence.

Definition 3.1.1. An expression for w is reduced if it is of minimal length. We denote
the length of this expression by I(w).
This gives us a partial order on W, the Bruhat order: we say that y < w if some

subword of a reduced expression for w is a reduced expression for y.

Definition 3.1.2. If m(s,t) = 2, this simply means that s and ¢ commute, st = ts, and

so this is called a commutation relation. If m(s,t) > 3, then sts--- = tst--- is
(sit) t (s:t) t
m(s,t) terms m(s,t) terms

called a braid relation. Replacing one side with the other is then called a commutation
or braid move, respectively.

Suppose that w and w’ are reduced expressions for an element w € W. As described
in Ernst’s paper ([9] Section 2), we say that w ~ w’ if w’ can be obtained from w with
one commutation, and w &~ w’ if they can be obtained from each other by a series of
commutations alone, no braid moves.

The equivalence classes of =~ are called commutation classes.

15



Definition 3.1.3. An element w of the Coxeter group W is fully commutative, and we
write w € FC(v), if it has only one commutation class. If F'C'(v) is finite, we say that -
is FC-finite.

Proposition 3.1.1 ([13], Theorem 3). If w and W' are expressions for the same element
of W, then there is a series of simplifications (commutations, braid moves and cancella-

tions) which can be applied to w and w' that will take them to the same expression.

In particular, this means that increasing the length of the word (by adding consecutive
pairs of letters) is not necessary to decrease the length of the word. Note also that if w’
is reduced, then no cancellations can be applied and the other moves can be reversed, so

there is a series of simplifications that take w to w’.

Corollary 3.1.2 (Matsumoto’s Theorem, [7], Proposition 2.1). If w and w’ are both
reduced expressions for w € W, then there is a finite sequence of commutations and braid

mowves that take w to w'.

Since commutations and braid moves preserve length, each word in the sequence must
be an expression for w. Hence, if no braid move can be applied to any reduced expression
for w, then the sequences must consist only of commutations, so all the expressions for

w must be in the same commutation class.

Corollary 3.1.3. ([7], Proposition 2.6) An element w € W is fully commutative if and
only if no braid operation can be applied to any reduced expression for w. In other words,

w 18 fully commutative if and only if sts--- never occurs as a subword of a reduced
m(s,t) terms
expression for w when m(s,t) > 2.

16



Thus w = s, - - - S5, is a reduced expression for w € FC(v) iff w' &~ w implies neither

SpSySe -+ (for m(sy,s,) > 2) nor s2 occurs in w’ for any z, y.
—_———

m(sg,Sy) terms

Proposition 3.1.4. Suppose w = s;---5, € S* and that whenever i < j and s; = s;,
there exist i < k < k' < j such that m(s;, sg),m(s;,sp) > 2. Then w is a reduced

expression for w € FC(7y).

That is, between every pair of copies of the same letter in w, there are two letters

which do not commute with it.

Proof. Proof by contradiction. Suppose that this property holds but that w is not re-
duced, or is an expression for w € W which is not fully commutative.

Then there is an reduced expression for w’ for w which either is shorter than w, or
to which a braid move can be applied.

By Proposition 3.1.1, since w and w’ are expressions for the same element and w’ is
reduced, there is a series of commutations, braid moves and cancellations which take w
to w'.

Thus there is a series of commutations which take w to w”, to which we can apply

a move which is either a braid move or a cancellation. That is, either s> or  sts- -

m(s,t)>2 terms
occur in w”, so there are two copies of s in w” which are separated by at most one other

term.
However, those copies of s in w are separated by at least two terms which don’t
commute with s. Since we’ve applied only commutations, these two terms must still be

between the copies of s. This is a contradiction. O

17



3.1.1 Heaps

Labelled partially-ordered sets, “heaps”, are a useful tool to understand fully commu-
tative words. They were used by Stembridge to determine which Coxeter groups are
FC-finite [5] and by Ernst et al. to prove that their algorithm produces a fully commu-

tative word [7].

Definition 3.1.4. Let w = s;---5, € S*. We can define a partial order on the set
{1,...,k} by taking the transitive closure of the relation i < j if i < j and m(s;, j;) # 2.
Label each element i of the poset s;. This labelled partially ordered set P, is called the
heap of w.

If multiple elements of P, are labelled s, we call the occurrences s, ... s such
that s < s+,

Let L£(Py) be the set of possible extensions of P, to a total order. For a total order

<p€ L(Py), there exists m such that ¢ <p j in this total order if 7(i) < 7(j). Let

Wep = Sp(1) " Sa(k)- (3.1.2)

Lemma 3.1.5 ([5], Proposition 2.2). Suppose w is a reduced expression.

Then w' ~ w if and only if w' = w_ for some <€ L(Py).

Note that every element of the commutation class has the same heap, so if w is a fully
commutative element then all its reduced expressions have the same heap, which we call
the heap of w and denote by P,.

A convex chain of a partial order < is a subset C' such that for any z,y € C, x and

y are comparable and if x < 2z <y then z € C.

18



Lemma 3.1.6 ([5], Proposition 3.3). For w € S*, w is a reduced expression for a fully

commutative element if and only if
e there is no covering relation i < i’ with s; = sy, and

e whenever m(s,t) > 2, there is no convex chain iy < iy < +-+ < im(s,t) Such that

Sig = S and s;,, =t.

In particular, if ¢ < j is a covering relation (i < k < j implies k¥ = i) and s; = s;,

then w is not reduced.

Definition 3.1.5. A connected subgraph 7 of a v is called a branch of ~ if
e 7 is of type A,
e there exists a unique ¢t € 7 and a unique s € v\ 7 such that m(s,t) > 2, and
e ¢ is an end node of 7, i.e. t either has order one or is the only vertex of 7.

In that case, s and t are called the points of contact of 7. We say that 7 is a simple

branch if m(s,t) = 3.

Lemma 3.1.7 ([5], Lemma 5.3). Suppose w € FC(vy) and P, is its heap. Let T be a
simple branch of vy with points of contact s € T and t € 7\ 7.
Let the copies of t in P, be tV) < .- <t®) Then if t < j <tV and s; = s, this

1s chain is unrefinable.

Importantly, since 7 is of type A and s is an end node, a word in 7 has at most one

copy of s.
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Lemma 3.1.8 ([5], Lemma 5.4). Suppose w € FC(vy) and P, is its heap. Let T be a
simple branch of v with points of contact s € T and t € T\ .
If there is an unrefinable chain iy < j1 < ... < Jjm < my1 such that s;, =t and

s;. = s for each k, then m < |7|.

Proof. By induction on |7].

Suppose |7| = 1. Then 7 = {s}, so s is commutes with any other element of ~. If
m > 2, j; < iy < js would be convex. Since m(s,t) = 3, this is impossible. Thus
m<1=|7|.

Suppose || > 1 and m > 2. Notice that 7/ = 7\ {s} is also a simple branch of ~,
with points of contact s’ € 7/ and s.

We must have ji < [ < jy41 with s, = §'.

Otherwise, since jp < igi1 < Jg+1 1S
unrefinable and s commutes with everything but ¢ and ', ji < iry1 < jep1 would be
convex.

By Lemma 3.1.7, jp < lp < jga1 is unrefinable. Thus, we have another unrefinable

chain, j1 <l < ... < lp—1 < Jm. Since 1 < |7\ {s}| < |7], by induction we know that

m—1<|r\{s}|=|r] — 1. Thus m <|7|. O

3.1.2 FC-finite Coxeter groups

In this section, we will give Stembridge’s proof that the Coxeter groups with finitely

many fully commutative elements are exactly those of types A, B,, D,,, E,, F,,, H, and

IQ(TL)
Lemma 3.1.9. Cozxeter groups of type H, are FC-finite.

To prove this, Stembridge showed that there are at most n copies of hy in a reduced
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expression for a fully commutative word. Between copies of hy are words from the finite

group H, \ {h1} = A,_1, hence there are only finitely many fully commutative words.

Proof. Suppose that P, is a heap for w € FC(H,) and hgl), cee hgm) are the elements
of P, labelled hy. To show that m < n, Stembridge noted that P, must have an chain
hgl) <1 < <Ay < hgm), where s;, = hg, since hy is the only element that does not
commute with hy. Because H,, \ {h;1} is a branch, we know this chain is unrefinable by
Lemma 3.1.7.

In a similar fashion, P, must have another unrefinable chain i1 < j; < -+ < j,,_2 <
im—1, where s;, = hg. If there were no i, < j < 4541 with j labelled h3 for some k, the
unrefinable chain hgk) < 1y < hgkﬂ) < g1 < hng) would be convex, since hg is the
only other element that does not commute with hs. That would contradict Lemma 3.1.6,
since w is fully commutative.

Since H, \ {hi, ho} is a simple branch, we know that m —2 < n —2, by Lemma 3.1.8.
Thus there are at most n copies of h; in P,,, so there at most n in a reduced expression

for any w € FC(H,,). Thus H, is FC-finite. O

Stembridge used the same methods to show there are at most n — 1 copies of f; in a
reduced expression for any fully commutative word. Since there are finitely many reduced

words in {f1, f3,- -, fu}, this shows that F, is also FC-finite.
Lemma 3.1.10. Cozeter groups of type F,, are FC-finite.

Proof. Suppose that P, is a heap for w € FC(F,) and f2(1), ceey f2m) are the elements

labelled f5.

Suppose fg(k) <j =< fQ(kH) such that j is labelled fi. Because {fi} is a simple branch,

+1)

this chain is unrefinable and there cannot be a copy of f; between fz(lC and f2(k+2) by
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Lemmas 3.1.7 and 3.1.8, respectively. So P, has at most one copy of f; between fQ(k) and

k+2
£,

k41 . . .
), Otherwise, since f7 is

For each k, there must be i, labelled f3 with fQ(k) < i < f2(
the only other element that commutes with fs, either f2(k) < fQ(kH) or f2(k) <7 = f2(k+1)
(with j labelled f;) is an convex chain. This is impossible, since w is fully commutative.

+2)

For each k, at least one of fQ(k) < 1 < f2(k+1) and fékﬂ) < g1 < fQ(k must be

convex, since there is at most one copy of f; between f2(k) and f2(k+2). Thus, if there is

D

no copy of f; between i, and iy, 1, then fQ(k) <k < fy < lpa1 OF 1 < fQ(kH) < fpy1 <

f2(k+2) is convex. As m(fs, f3) = 4, this is not possible, so we must have iy < jp < igi1

with 7, labelled f4 for each k.
Now,

1y <J1 < < Jme2 < U1

is an unrefinable chain, since Fy \ {f1, fa, f3} is a simple branch. Thus m —2 <n — 3, so
m < n — 1 by Lemma 3.1.8.
Hence there are at most n — 1 copies of f; in P, and in any reduced expression for

any w € FC(Fy). Thus Fy is also FC-finite. O

Lemma 3.1.11. Fvery FC-finite graph is either of type Y (p,q,7) or I(p,q,m), as shown

in fig. 8.
Proof. Suppose 7y is FC-finite. Then each of the following conditions must be met:

e There is (a) at most one vertex of order 3, and (b) no vertex of order 4 or greater.

(a) Suppose there exist two vertices of order 3 or greater. Then there is a subgraph
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Uy

(%1

Y(p,q,r) I(p,q,m)

Figure 8: Graphs of Type I(p,q,m) and Y (p, q,r)

which looks like fig. 9. Then

k
(53515283 * * SpSp+1Sp+2SpSp—1 - - S4)

(3.1.3)

is fully commutative for each k, since the only possible moves are to commute

51 and sy or s,41 and sp40.

S1

: :5p+1
S S
S9 3 p

Sp+2
Figure 9: Subgraph of any graph with two branching points
(b) Suppose sg is a vertex of order 4 or greater and that s,

..., 84 each share
an edge with it, as shown in fig. 10. Since the graph is necessarily loop-free,

m(sq, sit1) = 2 and m(sg, s;) > 2 for i > 0. So

(505152505354)" (3.1.4)

is fully commutative for each k.

e There is at most one edge with label 4 or greater.

23



S1 Sq
S9 X S3
Figure 10: Subgraph of any graph with a vertex of order 4.

Suppose that there are two edges with label 4 or greater. Then there is a path
81y ..., Sp41 such that m(sq, s2), m(sp41,5,) > 3 and m(s;,s,41) =3 for 1 <@ < p.
Then the words
(52515253« Sp—15pSp+1SpSp—1 - s3)F (3.1.5)
are fully commutative for each k, since they are rigid.
m m/

*—eo—----—o—o
S1 S9o Sp Sp+1

Figure 11: Subgraph of any graph with a branching point and an edge of label m.

e There cannot be a vertex of order 3 and an edge with label 4 or greater.

If there is, it will have fig. 12 as a subgraph, where m > 3. Then the words
(515283 * Sp—1SpSp+15pSp—1 - * - s3)" (3.1.6)

are fully commutative for each k, since the only move which can be applied to

S1
>_ m
——e-—o—
S S, S
S9 3 P p+1

Figure 12: Subgraph of any graph with a branching point and an edge of label m.

commute s; and Ss.
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Thus if v is FC-finite, it either has exactly one vertex of order three and all edges

labelled three, or no vertices of order 3 and all edges but one labelled three. These are

types Y(p,q,r) and I(p,q, m), respectively.

]

Lemma 3.1.12. The FC-finite Cozeter groups of type Y (p,q,r) can only be of type D,

or E,.

Proof. Suppose that Y (p, q,r) is FC-finite. Then

(i)

min{p, ¢, r} =1

If not, we can construct the following words:

(Sgsltlytgtﬂ)l Y S10U2U1 y)k (317)

Note that, for each k, between any pair of copies the same letter, there are two with
which it does not commute. For example, between any pair of s;, there are two

copies of y or y and s;. Hence these words are fully commutative by Proposition

3.1.4.

If r =1, then min{p, ¢} = 2.

If not, the following word is fully commutative for each k:

(ysit1yvitatiys, Sasststatiyvys152)"F. (3.1.8)

Again, between any copies of the same letter, there are two with which it does not

commute.
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Thus, FC-finite groups of type Y (p, ¢, r) can only be of type D,, or E,,. n

Lemma 3.1.13. The FC-finite Cozeter groups of type I(p,q,m) are of one of the fol-

lowing types: Ay, Bn, F,, H, or I(n).

Proof. Suppose I(p,q,m) is FC-finite. Then the following restrictions apply:

()

If m>5, thenp=qg=1.

Suppose p > 2 and m > 5. Then t;s1t151t; is fully commutative, so

(sltlsltlsQ)k (319)

is fully commutative, since the only move which can be applied is commuting #;
and ss.
If m =5, min{p,q} = 1.

Suppose p,q > 2 and m = 5. For each k, the following word is fully commutative,
since the only moves which can be applied are switching s; and ¢, or sy and t;, so

there are at most four terms in any string of s; and #;:

(t1t281t181t18281)k. (3110)

If m = 4, then min{p, ¢} = 2.

For this case, an infinite set of fully commutative words used by Stembridge is most
easily described using their heaps, as shown in fig. 13. We can see that these heaps

will satisfy Lemma 3.1.6.

Thus the FC-finite graphs of type I(p, ¢, m) can only be of type Is(m), B,, F,, or H,. O
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Figure 13: Infinite set of fully commutative words of Type I(p,q,4), p,q > 3

Theorem 3.1.14 ([5], Theorem 5.1). A Cozeter group is FC-finite if and only if it is

finite or of type E,, F,, or H,.

Certainly, the finite Coxeter groups are necessarily also FC-finite. From Lemmas 3.1.9
and 3.1.10, we know that H, and F,, are also FC-finite. Stembridge proved that FE,, is
FC-finite in a similar way, but we will provide a different proof in Section 3.4.3.

Combining Lemma 3.1.11 with Lemmas 3.1.13 and 3.1.12, we see that these are the

only FC-finite Coxeter groups.

3.2 The Construction of the Generalized Temperley-Lieb Alge-

bra

As discussed in section 2.2, T'L,(J) can also be defined as a quotient of the Hecke algebra
of A,_; by the subspace generated by elements of the form g¢;g;9; + gi9; + 9;9; + 9; +

gj + 1, |i — j| = 1, which are elements of a Kazhdan-Lusztig basis for H(n,¢). In his
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thesis, Graham generalized this definition of T'L,(0) to create Temperley-Lieb algebras

associated with other Coxeter groups, T'L(7, ).

Definition 3.2.1. For a Coxeter graph v with Coxeter system (W, S), we define H (v, u)
to be the algebra with basis T, for w € W over Z[u, v '] and multiplication defined by

the following relations:

(T, + 1)(T, —u*) =0 (3.2.1)

Tw1w2 = Twlng if l(wlwg) == l(wl) + l(w2) (322)

for any s € S and w; € W.

Note that, in particular, (3.2.2) implies that

T.IT, - =TT, - (3.2.3)
m(s,t;,terms m(s,t;rterms

for s,t € S. Additionally, if there are two expressions of minimal length for w, then
one can be reached from the other using only the commutation and braid relations by

Matsumoto’s Theorem. Thus, (3.2.3) implies (3.2.2). Hence

(T | (T + 1)(Ts —u?) =0, TIT, - = TTT; - -) (3.2.4)
m(s,;)rterms m(s,t)ﬂrterms

is a presentation for H (v, u).

In particular, H(A,_1,u) is generated by ¢; = T,, and so (3.2.1) becomes (g; +1)(g; —
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u?) = 0, which is equivalent to g7 = (u® — 1)g; + u* (2.2.1), and (3.2.3) becomes

9i979i = Tu,a;0; = Tajaia; = 95995 for |i —j| =1 (2.2.2), or

9595 = Tusa; = Taya, = 959;  for |i —j| > 1 (2.2.3).

So H(A,-1,u) is the same as H(n,u) from section 2.2.
Note that, for s € S, T, has an inverse, T, ' = u=%(T, — u* + 1). Thus we can define

an involution D on H (7, w) such that, for p,, Laurent polynomials with coefficients in Z,

D> pu(w)To) =D pu(u™)T, L. (3.2.5)

wey

In particular, D sends u to u~! and T, to T, !. This involution is a ring automorphism

of H(~,u).

Definition 3.2.2. The Kazhdan-Lusztig basis for H(7,u) is the unique set of elements

Cl,=u""™> " P, (u)T, (3.2.6)
y<w
such that
(1) Pw,w =1 and deg(Py,w) < [Z(W) - l(y) — 1]/2 if y<w
(2) D(CY,) =C,,

Note that C! = ! (Ty + 1), which is the same substitution that we made for e; in

Lemma 2.2 to show that T'L,, = H(n,u)/{g:9;9: +9:9; + 9;9:i+gi+9; +1 =0 |i—j| = 1),
Note also that

Cl

sts

=u(Tays+ Ty +Tis + T, + T + 1) = C.C,C, — C. (3.2.7)
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for s,t € S. Note that this means that the relations from the quotient are equivalent to

Cl,, =0 for s and ¢ adjacent.

Definition 3.2.3. Let § = u + u~! (also denoted [2] by some authors). Define T'L(~, )

to be the quotient of H(vy,u) by the ideal K generated by the elements C;)(s,t) for s,t

adjacent in 7, where w(s,t) = sts--- = tst---
m(s,t) terms  m(s,t) terms

For s € 9, define e := C% + KC. These elements generate T'L(7).

Note that w(s, t) are the words that represent braid moves, so this quotient effectively

removes the elements of H (W, u) that correspond to words in W that contain braid moves.

Proposition 3.2.1 ([11], Chapter 6). For s,t € S and 1 < m < m(s,t), let wy,(s,t) =

sts---. Then
t
Coay =™ D Ty = Quls,0), (3.2.8)
ygwm(s,t)
where
L me1—i
Qm(s,t) = Z (—1)1( . ) (C’;C’;C’; s ) (3.2.9)
i=0 t N——

m—2t¢ terms

In particular, this means that the relations in T'L(~y) from the quotient are

ms)2)
>

1=0

) (eseres -+ ) =0. (3.2.10)
1 —_——

m(s,t)—2i terms

Applying this to m(s,t) = 3 yields the familiar relation

eseies —eg = 0. (3.2.11)
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Proof. Note that Q,,(s,t) is fixed by the involution D because D is an automorphism

and C! is fixed by D for every x € S.

We can see that P, ,(u?) = 1 satisfies the first requirement for the Kahzdan-Lusztig

basis and @, (s,t) satisfies the second, so if we can show that

u " Z T, = Qm(s, 1),

y<w

then Q,,(s,t) must be the unique element C’ here wy, (s, ) = sts- - .
en @ (s,t) must be the unique element C; .\, where wp,(s,t) = sts

m terms
In order to prove this, we will proceed by induction on m.

For m =1, we see that
Qm(s,t) = Cl =u H T, +1).
For m = 2,

Qu(s.t) =CIC) = (T L+ T+ T,+ 1) =u? Y T,

y<st

(3.2.12)

(3.2.13)

(3.2.14)

Now suppose m > 2 and that Qy(s,t) = u™" > y<un(sy Ly for 1 <k <m. Let x = s

if m is odd, or t if m is even.

Since wy,(s,t) = sts--- and m < m(s,t), l(wy(s,t)) = m. Thus, y < wy,(s,t) if and

m terms
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only if y = wy,(s,t) or y € (s,t) and l(y) < m. Then

2. L= 2. T

y<wm(s,t) y<wm—1(s,t)

= Twm(s,t) + Tw7n,1(t,s) =T, ;T - J+TthE O

m terms m—1 terms

= | T T -+ LT T, - - | T,

m—1 terms m—2 terms
= > T,- > T,|T. (3215
y<wm—1(8,t) y<wm—2(s,t)

By our inductive hypothesis, Zy<wk(s n Ty = ukQp(s,t) for 1 < k < m, so we can rewrite

this equation as

Z T, — U Q1 (5,1) = (umlem,l(s,t) — um’sz,g(s,t)) T,, (3.2.16)

ygwm(sat)

which we can rearrange to get

Y Ty =0 Qe (L4 Th) — uQua(s, )T (3.2.17)

ygwm(svt)
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Since C!, = u= (T, +1), we have that C'T,, = u Y(T?+T,) = u(T,+1) = u*C".. Thus

[(m—2)/2] i —3 i
Qm—2(5, )T, = (—1)Z( ‘ > (clcict-- )T,
%/_/

m—2—2¢ terms

e
_ <—1>@( . )(Cgc;c;m)(c;m
~——— ——

m—3—2¢ terms

1]

m=2)/2 o
= Y (")) e @) = Qu sl (219
—_——

m—3—2¢ terms

By applying this to (3.2.17), we get

u Y Ty = Quei(5,6)C — Qua(s, 1) (3.2.19)

ygwnL (S,t)

Expanding Q,,_1(s,t) and Q,,_2(s,t), we get

u " Z T,

y<wm (s,t)

[(m=1)/2] 9 [(m=2)/2] 8

= > <—1>@( Z. )(O;O;O;---w;— > <—1>2( . )(0;020;--->
i—0 N—— i—0 1 N——

m—1—2¢ terms m—2—2¢ terms

L(m—1)/2] m—9 i Lm/2] =9 —
- Y (" Tacs Sen (M ) e,
N’ ] e

m—2i terms i=1 m—2i terms

(3.2.20)

Note that if m is even, the term for i = m/2 is zero for the second sum. Thus, in either
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case, this sum becomes

cac e S -y ("2 (")) ey

m terms - m—2i terms
lmvf2)
= ) (—1)2< , ) (creiet ). (3.2.21)
0 1 N’

m—2¢ terms

Again, if m is even, the term ¢ = m/2 in the sum of @,,(s,t) would be zero, so

L(m—1)/2] R
Y T, = Z (—1)2‘(7” ! )(c;c;c;-..)_Qm(s,t). (3.2.22)

m—2¢ terms
By induction, we have that Qn(s,t) =u™"3_ ., nTy for 1 <m <mf(s,t). O

Proposition 3.2.2. The algebra T'L(7,§) is generated by es for s € S modulo the rela-

tions

e? = de, (3.2.23)
ese; = ees  if m(s,t) =2 (3.2.24)
Lm(s.) .
. t)—1—
(1) <m(3’ ) Z) eseies - if m(s,t) > 2. (3.2.25)
i—0 1 w_/

m(s,t)—2i terms

Proposition 3.2.1 shows us that T'L(v,0) is the quotient of H(W (7),u) modulo the

relations

> y<w(s, )T, =0 (3.2.26)

for s,t € S such that m(s,t) > 2. This is how Green defines the generalized Temperley-

34



Lieb algebras in [9)].

We could also write these relations as

TTT, - =— > T, (3.2.27)
m(s,t) terms y<w(s,t)

from which we can see that these new relations imply the relations (3.2.3) for m(s,t) > 2.
Thus, if we use the alternative presentation for H(vy,u) 3.2.4, we see that T'L(v) is

generated by T, modulo the relations

(Ts + 1)(T, —u®) = 0, (3.2.28)
T.T, = T.T, if m(s,t) =2, (3.2.29)
Qusy(s,1) =0 if (s,t) > 3. (3.2.30)

By substituting e; = C” into these relations, we see that T'L(v,d) is generated by {e; |

s € S} modulo the relations

e? = de, (3.2.31)
eser = eies  if m(s,t) =2 (3.2.32)
[m(s1)] ,
. t—1—
3 (_1>z(m(s, ) Z) eseres - =0 ifm(s,t) > 2. (3.2.33)
7 ——

=0 m(s,t)—2i terms

We can see that this more closely resembles our definition of T'L,,. In fact, applying this
proposition to A,_; gives us TL,,.

Notice that this means that, for m(s,t) > 3, esees--- can be written as a linear
——

m(s,t) terms
combination of shorter words. Thus, it does not appear in any word of minimal length.
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Theorem 3.2.3. ([11], Theorem 6.2) The fully commutative elements of v index a basis
for TL(v) over Zlu,u™']. In particular, {T,, + K | w € FC(v)} is a basis for TL(~).

Definition 3.2.4. Let w be a fully commutative element of v. Let w = s;---s; be a

reduced expression for w. Define e,, = ey, - - - €,.

To see that this is well defined, remember that if w and w’ are two reduced expressions
for w, then w &~ w’. That is, w' can be reached from w by commutation alone, and any
commutation that can be applied to w can be applied to e,, without changing the word,

since ege, = ee, if st = ts.

Corollary 3.2.4. ([6], Proposition 2.4) {e, | w € FC(vy)} is a basis for TL(vy) over
Zlu,u™1.

Proof. Suppose that w € FC(v) and s; - - - S, is a reduced expression for w. Then

ew=¢een=0 ---C;, +K (3.2.34)
Since C! = uw YTy +1) and T,, = Ty, - - - Ts,,, we see that
ew=u"T,+Y a,T,+K (3.2.35)
y<w

for some a, € Z[u,u™]. Since {T,, | w € FC(v)} is a basis for TL(v), {e, | w € FC(v)}
must also be a basis.

]

Lemma 3.2.5. A monomial ey, -- - es, is of minimal length with respect to the relations

on TL(v) if and only if s1 -+ Sy 1S a reduced expression for w € FC(7).
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Proof. Suppose that ey, --- e, is of minimal length with respect to the relations on

TL(v). Then there is no way to commute the letters to get e? or eze;--- for m(s,t) > 3.
(s:1)
m(s,t) terms

Since eg and e; commute if and only if m(s,?) < 2, this means that there is no way to

commute the letters of sy ---s,, to get s*> or sts--- for m(s,t) > 3. By Proposition

m(s,t) terms
3.1.1, since a reduced expression for w = s; ---s,, can be reached using commutation,

braid moves and cancellation, w must be of minimal length. Since we cannot commute

to get sts--. for m(s,t) > 3, we see that w has only one commutation class. Thus w
m(s,t) terms

is a reduced expression for some w € FC(7).

Suppose that sy - - - s, is a reduced expression for w € FC(7y) and e, - - - €5, is not of

minimal length. Then there are s,..., s} such that k£ < m and
k
Cw = Z Ai€s; " Es, (3.2.36)
i=1

such that a; € Zlu,u™'] and each ey, ---e,, is of minimal length. Since they are of
minimal length, each s;, - - - s;, must be a reduced expression for some w; € FC(7).

Then e, = Zle a;ey,, which contradicts Corollary 3.2.4. O

Theorem 3.2.6 ([11], Theorem 7.1). The algebra TL(7y) is finite dimensional if the

corresponding Cozeter group W (~) is finite or if v is E,, F,, or H,.

Proof. By Corollary 3.2.4, T'L(7) is finite dimensional if and only if « has only finitely
many fully commutative elements. By Theorem 3.1.14, the only irreducible Coxeter
groups with finitely many fully-commutative elements are the finite Coxeter groups, as

well as F,,, F,,, and H,. O

37



3.3 Diagram Decomposition Algorithm

In this section, we will describe the algorithm developed by Ernst et al. in [7]. This
algorithm takes a diagram in ID7T'L,, and non-recursively returns a reduced word in T'L,,.

Let D be a loop-free diagram in D7T'L,,. The first step of the algorithm is to isotopically
deform D so that each edge is either never crosses the same vertical line twice or is itself
a vertical line. In other words, no edges in D double back on themselves.

Note that if we have a reduced word in the generators ey, ..., e, 1, then the corre-
sponding stack of Fy,..., E,_; is already in this form. By Theorem 2.3.1, each diagram
can be deformed into such a stack.

The second step is to add edges from each node on the top face of D to the corre-
sponding node on the bottom edge. These new edges divides D into n columns, and the
original edges divide each columns into regions.

Since every E; has an even number of edges crossing each column, and D can be
deformed into a stack of FE;, we see that each column of D must also have an even

number of edges.

Definition 3.3.1. The depth of each region is the number of regions between it and the
top face of the diagram. The top region in each column has depth 0. Call a region with
odd depth a 1-region and a region with even depth a 0-region.

We say that two regions are horizontally adjacent if they are in the same column and
share an edge.

We say that two regions are horizontally adjacent if they are in adjacent columns and
there is a path between the regions that does not cross any of the original edges of D.
Note that if one of the edges of D is a vertical line, then two regions may be in adjacent

columns and share an edge without being horizontally adjacent.
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We say that two regions are diagonally adjacent if there is a third region that is
horizontally adjacent to one region and vertically adjacent to the other.
We say Ry < R, if they are diagonally adjacent such that a third region Rj3 is

horizontally adjacent to R; and vertically adjacent to and below R,.

Note that these adjacency relations aren’t changed by deforming the edges.

Figure 14: The first step of the algorithm with the regions of odd depth shaded

Lemma 3.3.1 (7], Lemma 4.3). If Ry and Ry are horizontally adjacent, then

|depth(Ry) — depth(Rs)| = 1. (3.3.1)

Proof. Without loss of generality, suppose that depth(R;) < depth(Ry).

Proceed by induction on depth(R;). Suppose depth(R;) = 0, so R; is the top region
in its column. Since Ry is horizotally adjacent to Rs, there is a path from R; to Ry that
does not cross the original edges of D.

Consider the edge of D emanating from the node between R; and Rs. This edge must
cross the column Ry lies in, or else any path from R; (as the top region) to Ry would

cross the edge. Additionally, we know that Ry must be below the edge, or we have the
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same issue. If Ry lay below a second edge, that edge would necessarily end on the other
side of the column R; lies in, any path to R; would have to cross that edge.

Thus R; lies below just one edge, so depth(Rs) = 1.

Suppose that depth(R;) > 0. Then depth(R2) > 0 as well, so there are regions R}
and R, immediately above R; and Rs.

Since neither region has depth zero, Ry and R, must share a top edge, hence R and
R, share a bottom edge which is an original edge of D. So there must be a path from R}
to RS, which doesn’t cross the original edges of D. Since they are in adjacent columns,
they must also be horizontally adjacent. Note that depth(R;) = depth(R;) — 1, so, by
induction,

|depth(R;) — depth(Rz)| = |depth(R}) — depth(R5)| = 1. (3.3.2)
[

Lemma 3.3.2 ([7], Lemma 4.4). If Ry < Ry, then Ry is a 1-region if and only if Ry is

a 1-region.

Proof. Suppose Ry < Ry. Then there is a third region R3 such that which is horizontally
adjacent to R; and vertically adjacent to and below Rs.

Since R3 and R, share an edge and are in the same column, we can see that there
depth must differ by one. So Rj is a 0-region if and only if Ry is a 1-region. By Lemma
3.3.1, the depths of R; and Rj3 also differ by one so Rj is a O-region if and only if R; is
a l-region.

Therefore R, is a 1-region if and only if R, is a 1-region. ]

By taking the transitive closure of <, we can extend it to a partial order < on the

set R of 1-regions (the shaded regions in fig. 14). Label the elements of this partially
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ordered set so that a region in column i is labelled a;. This is a heap, which will call Pp.
Since adjacency is preserved when the edges of D are deformed, there is a unique heap

for each diagram.

Theorem 3.3.3 ([7]). , Theorem The heap Pp corresponds to a fully commutative word

wp in the Cozeter group A, 1.

Proof. Suppose Ry and R, are two of the 1-regions in the ith column of D, with

depth(Ry) — depth(R;) = 2. (3.3.3)

Then there is exactly one region between them, R3;. Note that Rj is vertically adjacent
to both, and below R;.

Since R; is a 1-region, we know there is an edge above the top edge of R3 in the ith
column. Since there are an even number of edges in the column and an odd number
above Ry, there must also be another edge below the bottom edge of Rs (top edge of
Ry).

Since there are edges above and below in the column, we know that neither the top
nor bottom edges of R3 can have ¢ or ¢ + 1 as endpoints. Thus they must also cross
the columns ¢ + 1. Let Sp,.S; be the regions in columns ¢ + 1 which share their top and
bottom edges with [Z3. Then these regions are horizontally adjacent to R, so S; < Ry.

Consider also the regions in columns ¢ + 1 whose top edge is the bottom edge of Rs.
These regions are horizontally adjacent to Ry, and below and vertically adjacent to .S;
(depending on the column). Thus Ry < S;. Note also that Ry < R;.

Thus, if we label the 1-region in column ¢ by 1 through m, from highest to lowest, we

have that R,, < --- < Ry. Thus, we have that the elements of Py, which are labelled a;
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form a chain, agm) <= agl). Additionally, for each 1 < k < m, we have ji, jo such
that

o <ol ) < o (354

So we see that

e there is no covering relation i < 7" where i and i’ have the same label, and
e no convex chain i; < iy < 73 such that 7, i3 are labelled a; and i, is labelled a;41.

By Lemma 3.1.6, this means that our heap, Pp, corresponds to a fully commutative

word. 0

Corollary 3.3.4 ([7], Theorem 4.7). The heap Pp corresponds to a reduced word in

€1,...,e,. The image of this word under the isomorphism e; — FE; is D.

By the previous theorem, Pp corresponds to some wp € FC(A,—1). Then let e,,, be
the corresponding word in ey, ..., e,. This word is reduced, by Theorem 3.2.4.

Remember that D can be deformed into a stack of the generators and that stack
will still have the same associated heap. The occurrences of a; in wp correspond to the
1-regions in the ith column of that stack, which are the occurrences of E; in the stack.

So we see that the image of e,,,, under the isomorphism e; — E; will be D.

\_)'\_)
VS

Figure 15: The decomposed diagram and associated heap
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3.4 The Diagrammatic Representation of Finite Dimensional

Generalized Temperley-Lieb Algebra

Since Graham introduced generalized Temperley-Lieb algebras, faithful diagrammatic
representations have been created for some of these finite dimensional algebras, namely
for those of type B, D,, and E, ([8], [9], [10]) by adding blobs, which we call decorations,
to the diagrams of DT'L,,.

While the relations on the undecorated (n,n)-diagrams are the same in every repre-
sentation, these decorations have different relations in each representation. Accordingly,
we will use different for blobs under different relations.

For B,, and D,,, Green used decorations that lie on the edges of the (n,n)-diagrams.

Of the (n,n)-diagrams with decorated edges, the following are of particular interest.

Definition 3.4.1. Define E to be the identity diagram with a single decoration on its
leftmost edge. Then Ej is defined to be EF;FE, which is F; with two decorations, one

each on the top left and bottom left edges.

o’
N

= G—(—e

— ¢
N ¢

2 n n

Figure 16: The decorated (n,n)-diagrams E and Ej

We say that a decoration is left-exposed if there is a path from the decoration to the
left edge which crosses no edges. If a bubble-free diagram has at most one decoration per

edge and all decorations are left-exposed, then that diagram is called a blob diagram.

43



3.4.1 The Temperley-Lieb algebra of B,

The Coxeter graph B, differs from A, in that m(a;, as) = 3, while m(by,be) = 4. This

is the only graph we are considering with m(s,t) > 3. This gives us a slightly different

Figure 17: Dynkin diagram B,

relation than usual. Applying Proposition 3.2.1, we have

2 .
Clyy = Quls,t) =Y (1)’ (3 N ) T.T,--- = C.CIC'Cl — 2C'CY. (3.4.1)

; (3
1=0 4—24 terms

Let b; = C; + K. Then, by Proposition 3.2.2, TL(B,) is the algebra generated by

bi,...,b, under the relations
b? = ob; (3.4.2)

To represent this new relation diagrammatically, Green used 2F; to represent b;.

Definition 3.4.2. We define DT'L(B,) to be the algebra of decorated (n + 1,n + 1)-
diagrams over Z[u,u™!, %] generated by Eji, Fs,...,E, with, in addition to the usual
bubble-popping relation, the following relations on the decorations:

(1) multiple decorations on the same line are equivalent to a single decoration on that

line, and
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(2) a bubble with a decoration is equivalent to 6’ = /2.

Figure 18: The additional relations on the decorations

Proposition 3.4.1 ([9], Proposition 5.1). The blob (n,n)-diagrams are a basis for the

algebra generated by E, E1, ..., E,_1 modulo the relations in fig. 18. This algebra is called
the blob algebra, denote by(6,0").

In particular, for every blob (n,n)-diagram, there is a reduced word in F and F;
(1 < i < n) which is equal to that diagram. Notice that copies of E and E; in such a
reduced word must alternate, or else we could commute to get E?, E?, or EyEyFEy, which
are not reduced.

We will now outline Green’s proof that this representation is faithful, which proved
that the map F; — 2E7 and E; — E; (1 < i < n) is an isomorphism. In order to do

this, Green described a basis for DT'L(B,,).

Lemma 3.4.2 ([9] Lemma 6.3). The algebra DT'L(B,,) has as a basis those diagrams
who are of one of the following types:

(1) there are no decorations and there is an edge from the first top node to the first
bottom node; or

(2) a blob diagram with at least one non-propagating edge such that the edge(s) with

the first top node and the first bottom node as endpoints are decorated.

Proof. Note that Ej; is of type 1 for ¢ > 1 and Fj is of type 2. Additionally, this set of

diagrams is closed under multiplication, so all diagrams of DT'L(B,,) must be of one of
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these two types. It only remains to show that any diagram of one of these types is in

DTL(B,).

If a diagram is of type 1, then it is in DT'L, ;. Since no edge crosses the first
column, we can see from the decomposition algorithm of Section 3.3 that it is a product

of Fy, ..., E, only, and thus is an element of DT'L(B,,).

Suppose that D is a diagram of type 2. Since it is a blob diagram, there is a reduced
word F,, in E, F4, ..., E, which is equal to D.

Since D has at least one decoration, F, must have a subsequence of alternating
copies of E and E; in F,. Because the edges with nodes 1 as endpoints are decorated,
DE = D = ED, by the first relation. Thus FE,, = F,, = E,,F, so the subsequence must
begin and end in F, since otherwise we could commute the letters of EF,, or F,E to get
EFE\E ={§E;.

Now, D = E,, is equal to a word in F1, Fs, ..., E, ([9], Lemma 5.4). To see this, note
that we can expand E,, by replacing the copies of E between pairs of F; with £2. Then
there are two copies of E for each copy of E7, and we can commute so that all copies of
E and F; occur in subwords EE1E = E;. Thus D € DTL(B,).

Therefore the diagram of type 1 and 2 form a basis for DT'L(B,,). O

Green then used the following lemma about the number of blob diagrams to show

that the dimensions of T'L(B,,) and DT'L(B,,) are the same.

Lemma 3.4.3 ([9], Lemma 5.7). There is an isomorphism ¢ from b,(0,1) to the subal-
gebra of DT Lo, (6%) spanned by symmetric diagrams such that ¢(E) = E,, /6 and ¢(E;) =

E,_iE,.;. Additionally, there are (n + 1)C,, distinct blob diagrams.

Proof. We can see that this mapping is a homomorphism. In particular, ¢(E)? = ¢(E?)
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(decoration cancellation) and ¢(E))o(E)o(E1) = ¢(F1) = 0'¢(E;) (decorated bubble
popping relation). Additionally, the symmetric diagrams of DT L, are spanned by FE,
and E,_;E,4; (1 <i<mn) (][9], Lemma 5.6). Thus ¢ is a surjective homomorphism.

We will show that the blob (n,n)-diagrams are in bijection with the symmetric
(2n,2n)-diagrams, which shows that ¢ is an isomorphism. Since there are (n + 1)C,
symmetric (2n,2n)-diagrams (9], Lemma 5.6), the second result follows.

Suppose that d is a blob (n, n)-diagram. Since all the decorations of d are left-exposed,
we can deform its edges so that all the decorations are on the left face of the diagram.

Then, break the edges where there is a decoration, so that the edge is divided into
two distinct edges, both of which have an endpoint on the left face. Finally, add the
reflection of this diagram across the left face. Now each of the broken edges is completed
to an arc connecting the two halves of the diagram and there are 2n nodes on the top
and bottom.

This new diagram is a symmetric (2n,2n)-diagram. The process can be reversed to
turn any symmetric (2n, 2n)-diagram into a blob (n, n)-diagram. Note that the symmetric
form of a blob diagram is its image under ¢, up to a constant.

This process is illustrated in fig. 19.

Nl =ory,

v &N R U

Figure 19: The bijection from blob diagrams to symmetric D7 Ls,, diagrams

47



]

Theorem 3.4.4 (9] Theorem 4.1). The algebra DTL(B,) over the ring Zlu,u™", 3] is
isomorphic to TL(B,). In particular, the homomorphism ¢p : TL(B,) — DTL(B,)

defined by by — 2FE7 and b; — E; for 1 > 1 is an isomorphism.

Proof. To see that ¢p is a homomorphism, we only need to check the relations with
E;. We easily can see that E;j commutes with E; for ¢ > 2, that (2F7)? = §(2FE;) and
(2E7)E2(2E7)Ey = 2(2E1E,). So the relations of T'L(B,,) are respected in DT'L(B,,).
Since DT'L(B,,) is generated by ¢p(b;), ¢p is a necessarily a surjection. Hence, to
prove that ¢p is an isomorphism, it suffices to show that their dimensions are equal. Fan

([16], Section 7.2) tells us that

|FC(B,)| = dim(TL(B,)) = (n+2)C, — 1. (3.4.6)

Note that the number of diagrams of type 1 is dim(D7T'L,) = C,,, since any diagram
of DT'L, can be converted into a distinct diagram of type 1 by adding two nodes and

non-propagating edge to the left side of the diagram.

The symmetric (2n,2n)-diagrams are in bijection with the blob diagrams such that
the edge(s) with nodes 1 as endpoints are decorated.

To see this, suppose D is such a diagram. Then we can unfold D into a symmetric
(2n+2,2n + 2)-diagram. Because there are decorations on the edge(s) from nodes 1 (top
and bottom) in D, in the unfolded diagram there are edges connecting nodes n + 1 and
n + 2. If we remove the nodes n+ 1 and n 4 2 and the edges connecting them, the result
is a symmetric (2n, 2n)-diagram.

If we reverse the process on any symmetric (2n,2n)-diagram, we will get a blob-
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diagram with decorations on the edge(s) with nodes 1 as endpoints.
Note that any diagram of this sort is £ or a diagram of type 2. Since there are
(n+ 1)C,, symmetric (2n, 2n)-diagrams in total, this means that there are (n+1)C,, — 1

diagrams of type 2.

Thus dim(DT'L(B,,)) = (n+2)C,, — 1 = dim(T'L(B,,)), so ¢p is an isomorphism. []

3.4.2 The Temperley-Lieb algebra of D,

Since all the edges in the Coxeter graph D,, are labelled 3, the quotient gives us essentially

the same relations as A,,.

Figure 20: Dynkin diagram D,

The algebra T'L(D,,) is generated by dy,ds, .. .,d, under the following relations, for

v,y €{L1,...,n} (let [T —y| = [1 —yl):

d2 = éd, (3.4.7)

d.d, = d,d, if | —y| #1 (3.4.8)

dydyd, = d, if |x —y|=1 (3.4.9)

Remember that a monomial in dj, ds,...,d,_1 is reduced if and only if it is indexed

by a reduced expression for some w € F'C(D,,) (Lemma 3.2.5). Let s, denote the element

of D,, corresponding to d,, and let dy, be the monomial indexed by an expression w.
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Lemma 3.4.5. If dy, € TL(D,) is reduced and we can commute its letters to get dyds,

then dy, contains only one copy each of di and dj.

Proof. Suppose we can commute dy, to get did;. Then the resulting word has a subword
that contains dyd; and one other copy of either d; or di. Since di;d; = did;, we can
commute to get a monomial d,, with a subword d., which has two copies of d, and no
copies of d,, where {x,y} = {1,1}.

Note that (d;,da, ... ,d, 1) = TL, (dy — ey, d; — ¢; for i > 1), so d, is equivalent
to a monomial in T'L,, with two copies of e;. This monomial is not reduced, by Lemma
2.1.1, since it has more than one term with minimal index. Since d., has a subword which
is not reduced, d, cannot be either. As dy and d, represent the same word and have

the same length, d, is not reduced. O]

Proposition 3.4.6. Each nontrivial reduced monomial in T L(D,,) can be written in one

of two forms, which we call form 1 and form 2, respectively:

(djidjy—1 -~ dodrdy - - - di J[djydjy o1 - - di] -+ [dy, dj o1 - - g, ] (3.4.10)

Im

or

(djy -+ dady ] |dj,, - doda o ][dj i 1+ ] - dy 1]

such that
(i) ji > ki, ji < Jix1, and k; < ki1 for all i
(ii) k; > 1 for i > m, and

(ZZZ) {1‘1,33_1} = {1,1}
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This is analogous to the decreasing normal form of T'L,.

(If j1 =1, then d;, - - - dody = dz.)

Proof. Let dy be a reduced monomial.

Suppose that dy, can be commuted to get d;dij as a subword. Then there are no other
copies of either d; or d; in dy, (Lemma 3.4.5).
Now, we can commute the letters of dy, to get did; as a subword and commute this

subword as far left as possible. The result is a monomial of the form

Aoy, didydyy, (3.4.12)

where dy,, are monomials in ds, . . ., d,—1. Again, dy, are equivalent to words in 'Ly L, 1,

so we can assume that they were commuted to be in decreasing normal form. Then
dw, = [dj,dj,—1 -+ - diy|[djpdjy1 - - - diy) - - - [dj,, dj —1 - - - dis, | (3.4.13)
where j; > k; > 2, j; < Jiv1, and k; < k;yq for all ¢, and likewise
dwy = [djy -+ dpg ] -+ [djs, -+~ s, ] (3.4.14)
where j; >k > 2, j; < ji,q, and ki < ki, for all 4.

Note that any occurrences of dy in d,, occur in [dj,dj,_1 - - - dy,]. Thus either m =1

and k; = 2, or d,,, is empty. Otherwise, we could commute did; further. So we have

Ay, didyd, = dj dj, 1 - - dodidydy, (3.4.15)
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(dyw, is empty iff j; = 1).
We now have the following cases: j; < ji, j1 > j1 > 2 and j; > j; = 2.

In the first case, let k; = 1 and relabel j!, k! as j;1+1, kir1. The result is a word of form

In the second case, note that dj commutes with dy and d; for 1 <@ < j; — 1. We

have as a subword

dji et deldIdji == djidji_ldjidji_z te dldj, (3416)

which is not reduced. Then d,, would not be reduced, so the second case is impossible.

In the third case, there is some m” so that j. < j; for i < m” and j. > j; for i > m”.
Suppose that j; > ji_; + 1 for some 1 < i < m”. Then dj commutes with d; for

1 <1<y, and di, so

dj - djy - dadyd[dy - dy ] [dy e di )dy

/
1

/ / .
1 i—1

Since this subword is not reduced, d,, would not be reduced.
Thus for all ¢ <m”, ji_, +1 <4/ > ji_,, so ji = ji_; + 1. Since j; = 2, this implies
Ji =1+ 1for i <m”. Since j; > k] > k_, > 2, we see that k] =i+ 1 as well. So

A, didydy, = djy - dydydydy - - - dppr[dyy |

!/
m/

cedy ) ldgy e diy ] (3.4.18)

m/!!

which is a word of form 1, since j/, > j; and K/, > k], = m”. Thus, if we can

commute to get dydj as a subword, dy, can be written as a word of form 1.
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Suppose that we cannot commute to get did; as a subword of dy,. Then
dw = dw,dj dw,di, -+ - dj, dw, .., (3.4.19)

where dy, € (da,---d,_1) and j; € {1,1}. Let {1,1} = {z1,2_1} so that j; = z_;. Note
that copies of d; and dj alternate, or else we would have a subword equivalent to a word
in T'L,, with two elements of minimal index. Thus j; = z(_y):.

We can commute d;, as far left as possible, so that
dW1dj1 = dw/ldjldw’l’- (3420)

Note that dy;,dywr, € (do,...,dp_1) = TL,_; are still reduced, since we reached them
from an reduced expression using commutation. Thus we can assume that they are in
decreasing normal form. Repeat this process, commuting so that

A, iy, = dyy djydr (3.4.21)

and dy ,dwr  are in decreasing normal form. Let dy = = dw» . So we can reach
1+1 i+1 m—+ m

1

dw djy dyy diy - - ‘dw;ndjmdw;,”r (3.4.22)

17

from dy, by commutation, and each dy; is in decreasing normal form, and d;; is as far
1

left as possible in the subword de d;; -

Suppose that j;i 1 > j;, ki1 > k; and j; > k; > 2, and that d, cannot be commuted
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any further left in the following word:

[dj, - di,) - [d), -~ dy,|day, (3.4.23)

Since d,,, commutes with d; for ¢ > 2 and 2 occurs as an index at most once, when
k1 = 2, we see that m = 1 and k; = 2. Thus, for i < m, either dy, is the identity or
dw; = dj; -+ da.

Since we cannot commute the letters of dy, to get dydi, we see that dy, cannot be the

identity for 1 <i < m + 1. Thus we have

dy = [dj, -~ dady_ ]+ [dj, -~ dady ][ dji—1 - iy ] - 1y, - i
(3.4.24)
where j; > 1 and j; > k; > 2 for i > 1. The case where j; = 1 is when d,,; is the identity.
Notice that k; < ko1 and j; < 7,41 for ¢ > m, so it only remains to show that
N<J2<- < Jmi

Suppose that j; > j;1q for some 1 < ¢ < m. Then j;1 > 2, so we have as a subword

dj - djyyy o dody | djy (3.4.25)
If 5,01 = 2, then dgdxH)idg is not reduced. If j; 11 > 2, then
dji e dji+1 e d2dx<,1)idj¢+1 = dji o .dji+1dji+1*1dji+1 e deﬂf(,l)i (3'4'26)

which is also not reduced. Thus this is impossible, and j; < j;41 for all .. Thus we can
write d, in form 2.

Therefore any reduced word in T'L(D,,) can be written in form 1 or 2. It can be
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written in form 1 if we can commute to get d;di, or form 2 otherwise. m
Proposition 3.4.7. All monomials of form 1 or 2 are reduced.

Proof. To see that the words of this form are fully reduced, we use Lemma 3.2.5. These
monomials are reduced if and only if they are indexed by reduced expressions for fully

commutative words.

(Form 1) Consider an expression of form 1 and suppose that it is not a reduced expression

for a fully commutative word,

[$518j-1 -+ 52518182+ Sk |[815850—1++ Ska] [ Sjn—1+* Sk (3.4.27)

If it is reduced but not fully commutative, we can commute to get s,s,5, with m(s,, s,) =
3. If it is not reduced, we can turn this expression into a reduced expression using
commutation, elimination and braid moves, by Proposition 3.1.1. Thus, in either case,
there must exist z € {1,1,2,...,n — 1} such that we can commute to get either s or
S28ySz-

In the subword

Sj1851—1 " 8258151 (3428)

that there is at most one letter of each index. Note that the other half of the expression,

S2° Sk [8j25ja—1 " Ska] [ Sjn—1 Skl (3.4.29)

is in decreasing normal form, so it indexes a reduced word and thus is itself reduced
(Lemma 3.2.5). Consequently, between any pair of letters in this subword, we have two

that do not commute with it (Lemma 3.1.4).
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Thus, one copy of s, must be in the subword (3.4.29), and the other must be in the
subword (3.4.28).

All copies of s, s1, ..., Sg, occur in the subword

Sky * v 52815182« Sy (3.4.30)

In this subword, however, between any two pairs of letters s,, we have two that do not
commute with it, either s, _; or s1,s7. Thus k; < z.

Then we must have a copy of s, in s;, -+ sg, 41, S0 k1 < s, < ji. Note that a copy of
Sy—1 occurs to the left of s, in the subword (3.4.28).

Since there is another copy of s, in the subword (3.4.29) and = > k;, it must be that
ko < s,. Since jo > j1 > S;, a copy of s,11 must occur to the right of s, in the subword
(3.4.29). Thus, between any occurrence of s, in the subword (3.4.28) and the subword
(3.4.29), there are two letters that do not commute with it.

Between any pair of letters s, in the expression, there are two letters that do not
commute with it. Thus, it is impossible to reach s2 or s,s,s, by commutation alone.

Hence the expression is a reduced expression for a fully commutative word.

(Form 2) Consider an expression of form 2,

05250+ 85+ 5280 [+ Skl -+ [s3,0 0, (3431

and suppose that it is not a reduced expression for a fully commutative word. Again,
this implies that there exists an index x such that we can commute to get s or 538y
First, consider z_;. Between any pair of s, ,, there is a copy of s,,. Between any

pair of s, , and s,,, there is a copy of sy. Thus there are two copies of so between the
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copies of s, ,. Thus x # x_;. The same holds for z;.

So x > 2. Since the subword

[sjm+18jm+1_1 o Skm+1] U [Sjm/ Sjpr—1""" Skm/] (3432)

is in decreasing normal form, we know that between any pairs of s,, there are two letters
that do no commute with it.

Thus the leftmost copy of s, in the pair must occur in
(S8t Sa] (85081 S25_yyn- (3.4.33)

In particular, it occurs in the subword [s;,5),1 - S25; for some i < m. Note that

(—1)1]
Jit1 > Ji = T

If © < m, then we have as a subword

[Sji [N Sm N 828:1:(71)1_][8%4_1 . e Sl"‘rlsx LR S$(,1)i+1] (3434)

If = m, then we must have k,,,1 < z or this is the leftmost copy of s, in the expression.

Thus we have as a subword

(S Sp 525,,:(_1),71][sjm+1 e Sp41Sz Sk - (3.4.35)

If z = 2, we have Sz and s3 between this copy of s, and the next. If z > 2, we
have s,_; and s,;;. In either case, there are at least two letters that do not commute
with s, between the leftmost copy of the pair and any copy of s, to the right of it.

Thus, between any pair of letters s, in the expression, there are two letters that do
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not commute with s,. Again, this implies that the expression is a reduced expression for

a fully commutative word.

Therefore, since expressions of form 1 or 2 are reduced expressions for fully commutative

words, any word of TL(D,,) in form 1 or 2 is reduced. O

To represent T'L(D,,) diagrammatically, we again use the diagram Ej, but we have

new relations on the decorations.

Definition 3.4.3. Call a bubble with a single decoration a decorated bubble.
We have the following relations for our decorations:
(1) any pair of decorations cancel, and
(2) a decoration bubble removes all other decorations.

There is no popping relation for decorated bubbles. We call the algebra generated by

Figure 21: The new relations on the decorations

F1, Ey, ..., E, 1 under these relations DT'L(D,,).

Lemma 3.4.8 ([9], Lemma 6.6). The algebra DT L(D,,) has as a basis diagrams of one
the following types

(1) there is a decorated bubble and at least one non-propagating edge, and there are
no other decorations, or

(2) a blob diagram whose decorations occur in pairs.

To prove this, Green used the following lemma.
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Lemma 3.4.9 ([9], Lemma 5.8). The number of decorations in a blob diagram D is equal

to the number of copies of E in a reduced decomposition of D.

In particular, this means that neither of the relations on decorations are used to
transform the decomposition into D. Thus this same decomposition will still yield D

under the decoration relations of DT'L(D,,).

Proof. Suppose D is a blob (n, n)-diagram with k decorations and let D’ be the symmetric
diagram which results from unfolding D.

Because D has k decorations, there are 2k edges crossing the nth column of D’
When we apply the decomposition algorithm of Section 3.3, this means that a reduced
expression for D" will have k copies of E,. Since the image of D under the isomorphism
¢ from Lemma 3.4.3 is a constant multiple of D’ and ¢(E) = E,, /¢, there is a reduced

expression for D in E, Fy, ... FE,_1 which has k copies of F. O

Proof of Lemma 3.4.8.

(Type 1) It is clear that any diagram with a decorated bubble must have no other dec-
orations, from the second defining relationship. Additionally, in order for a decorated
bubble to form, there must have been at least one copy of E7. Thus, there must be
at least one non-propagating edge. Hence any diagram of DT'L(D,,) with a decorated
bubble must be of type 1.

Now, suppose that we have a diagram D of type 1. Let D’ be D without the decorated
bubble. Then D’ is a non-identity diagram in DT L,,, and thus must have a nontrivial,
reduced decomposition into Ei,..., E,_1, which can be found using the algorithm of

Section 3.3. By Lemma 2.1.1, this decomposition has a unique term with minimal index,
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E).. Replace E) with

__ EiEq ifk=1
B, — (3.4.36)

EkEk;—l s EQEjElEQ s Ek—lEk: ifk>1

Because £ is minimal and Ek and Ej both commute with E; for j > k + 1 and do not
commute with Fj,, that making this replacement in any reduced decomposition for D’
will produce a decomposition which is equal to this one (up to commutation).

Note that the diagram E\; is E), with a decorated bubble, since FiFE; is E; with
decorated bubble. Thus, our new decomposition will yield D. Since D can be decomposed

into Ei, Ey, ..., E,, D € DTL(D,).

(Type 2) Note that there is a path from each decoration of Ei to the left side that
crosses no edges. The bubble popping and decoration deleting relations don’t create
any additional edges, nor does deforming the edges, so this path must still exist for any
decoration in a diagram of DT'L(D,,), since all decorations come from copies of Ej. Thus
the decorations must all be left-exposed. From the cancellation property and bubble-
popping property, any diagram of DT'L(D,,) without a decorated bubble is equivalent to
a blob diagram.

Because there is no popping relation for decorated bubbles, no diagram without a
decorated bubble is equivalent to any diagram with one. So for diagrams without dec-
orated bubbles, the second relation is never used. Since decorations are introduced in
pairs (E7) and removed in pairs (the first relation), any decorations in the diagram must
occur in equal numbers. Hence any diagram of DT'L(D,,) without a decorated bubble is

equivalent to a diagram of type 2.
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By Lemma 3.4.9, each diagram of type 2 can be decomposed into a reduced word in
E FE,...,E, 1 with an even number of copies of E. Since this word is reduced (with
respect to the relations of b,(d,1)), the copies of E and F; must alternate. Thus, if we
commute the (2i —1)— and (2i)th copies of E together for each i, all our copies of E will
be in subwords FEFE = Fi. Thus the diagram can be decomposed into a word in the
generators, F1, Fy, ..., E, 1, so it is an element of DT L(D,,).

Thus every diagram of type 1 or 2 is an element of DT'L(D,,), and every diagram of
DTL(D,,) is equivalent to a diagram of type 1 or 2. Therefore these diagrams form a
basis for DT'L(D,,). O

Theorem 3.4.10 ([9], Theorem 4.2). The map ¢p : TL(D,) — DTL(D,) such that
d, — E, is an isomorphism. Consequently, DT L(D,) is a faithful representation of

TL(D,).

Proof. Since DT L(D,,) is generated by ¢p(e,) and the relations of T'L(D,,) are respected
in DT'L(D,,), ¢p is a surjective homomorphism. To prove that ¢p is an isomorphism, it
suffices to show that dim(7T'L(D,,)) = dim(DT'L(D,,)).

From Fan ([16], Section (6.2)), we know that there are 22, — 1 fully commutative
elements in D,,. Since FC(D,,) indexes a basis for TL(D,,), dim(T'L(D,)) = “3C, — 1.

The diagrams of type 1 are in bijection with the non-identity diagrams of DT'L,,, so
there are C,, — 1 diagrams of type 1.

Exactly half of the blob diagrams are of type 2. To see this, take a blob diagram D
and toggle the decoration on the top left edge (the edge which has node 1 on the top face
as an endpoint). That is, remove the decoration if it has one, or add it if it does not.
Call the result D’. If you toggle the decoration on D', the result is D. Both D and D’

are blob diagrams, and exactly one of them has an even number of decorations. Since
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we can partition the blob diagrams into such pairs, exactly half of them must be have
an even number of decorations. By Lemma 3.4.3, the total number of blob n-diagrams
is (n +1)C,, so there are (), diagrams of type 2.

Thus the basis of DT'L, has 2£2C, —1 = dim(T'L(D,,)) elements. Since their dimen-
sions are equal, the surjective homomorphism ¢p is an isomorphism.

Therefore TL(D,,) = DT L,,. O

Proposition 3.4.11. The decompositions in Lemma 3.4.8 of diagrams into words in the

generators Ei, Eq, ..., E,_1 yield reduced words.
Proof.
(Type 1) A reduced expression in Ey, ..., E, 1 is equal, up to commutation, to an expres-

sion in decreasing normal form. Thus, the decomposition of D that we get by replacing
E}, with E; is equal, up to commutation, to a word of form 1 in Ei, Fy,..., E,_1. Since

words of form 1 are reduced, this decomposition of D must also be reduced.

(Type 2) Suppose that we have a reduced expression for the symmetric form of D in
DT Ly,. Then its image under ¢ is reduced in E, F;,..., E,_; under the relations of
b, (9,09, since ¢ is an isomorphism.

Under the relations of DT'L(D,,), a word in Ej, Ey,..., E, 1 is reduced if and only
if we cannot commute to get any word of the form E? E?, or E;E;1E;, ExErE,, or

E;F,FE.
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Notice that

E? = EE\E*E\E, (3.4.37)
EQEIEQ = EQEElEEQ == E(EQEIEQ)E’ (3438)
E1E>E; = EE\EE,EE\E = EE\E*E>E\ E, (3.4.39)

so none of these are reduced under the relations of b,(d,4"). Thus if a decomposition of
the symmetric form of D is reduced in DT Ly,, the corresponding decomposition of D in
DTL(D,,) is reduced.

If we use the algorithm of Section 3.3 to find a decomposition for the symmetric form
of D, then the resulting word in Ei,..., Fy, 1 is reduced. Thus the algorithm will give
us a reduced word in DT'L(D,,), which we can find by choosing a total order on the heap
such that E,(I%*l) <FE, 1<E, ;< ET(L%) and this chain is convex. It is possible to choose
such a chain because we know that we can commute to get a word in Ei, Eq,..., E,_1,

and commutations correspond to different total orders. O

3.4.3 The Temperley-Lieb algebra of F,

Green also showed that T'L(E,,) had a faithful diagrammatic representation ([10] 2007),

by elaborating on tom Dieck’s ‘bridges with pillars’ representation ([8] 1997). The re-

Figure 22: Dynkin diagram FE,,

lations of T'L(FE,) are very similar to those of TL(D,). The algebra is generated by
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€_g,€1,...,e, under the following relations:

6? — 561‘ (3.4.40)

eej = eje; if i —j| # 1 and {i,j} # {—2,3} (3.4.41)

;€€ = € if v —y|=1or {i,j} ={-2,3}. (3.4.42)
Remember that a monomial in e_s,eq,...,e,_1 is reduced if and only if it is indexed

by a reduced expression for some w € FC(F,) (Lemma 3.2.5). Let s, denote the element
of E, corresponding to e,, and let ey, be the monomial indexed by an expression w.
We have also have a form similar to that of Proposition 3.4.6 for the reduced mono-

mials in e_y, €1, .., e,, which form a basis for TL(B,,).

Lemma 3.4.12. A nontrivial reduced monomial in e_o, €1, ..., e, can be written in of the

following forms. If it contains no copies of ey, it can be written in form 1 or 2 (analogous

to those of Proposition 3.4.6)

[ej,€5, 1~ €36 a6 ep][€4uC 1 Ehy) * [€5,, €501 Ch ] (3.4.43)
or
€j1 €1 € a] (€5, €5, 1 €1y (€11 €1 T Chy] T (€5, €5 <1 ek ]
(3.4.44)
such that

(i) 3i > ki, 4i < jiv1, and k; < ki for all i
(i) k; > 2 for i > m, and

(iii) © = 2.
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If 1 =1, letej, ---eze_y = e_s.

If it does contain any copies of ey, then it can be written in the following form.:
Ewy " Cw,, (3.4.45)
where ey, s the identity or in form 1 or 2 and, for v <m,

Cw;, = [€l<1¢) elgi)_l ce 6(71)1%-—12] s [elfc?—lelgci)—l_

el [eli? el;(fi)—l - e9€] (3.4.46)

such that
(i) k; >3 cmdlgi) >2 forl<i<m,
(ii) 11 < 1) if j < j', and

(iii) For 1 <i<m —1, l,(c? < l%”l)

Proof. The first part is clear from the fact that (e_9,es,...,e,-1) = TL(D,_1) and
Proposition 3.4.6.

For the second, suppose that ey, is a reduced word and contains a copy of e;. Then

Cw = Ew, €5 Ewy * Cw,y 1€ 1 Cwrn (3.4.47)
where j; = 1 and w; € (e_y,€ea,...,e,1) = TL(D,—1). Commute e;, as far left as
possible, so that we get

w1 €j; = Ew! €5y Cyyt (3.4.48)
where ey, ewr € (e_1,€9,...,6,_1). Since ey is reduced, Cw! s Cwl/ Are reduced and so

they are the identity or we can assume that they have been commuted to be in form 1

65



or 2. Repeat this process so that

(3.4.49)

Cw) Cwis1Cjiy1 = €W§+1€ji ewglﬂ

where Ew!, |, Cwy,, are the identity or in form 1 or 2 and e;, is as far left as possible. Let

ew], = Ew" . So we can commute to get

Cw = CwlCjCwl " Cyyl € (3.4.50)
If we have a word of form 1 in e_o,€e9,...,€,_1,
[€j1€j1,1 crr€3€_9€g ekl][€j2€j2,1 e ekg] s [ejmejm,l tee €km], (3451)

then we can commute e_, and e; to get the following subword:

€_2€3 " €k [€j,€j0—1 " €ho| (€5 €jim1 " " k| € (E_2€3, ..., €En_1). (3.4.52)

For a word of form 2,

[%%—1 ey [ejmejm—l T 6(—1)%] [6jm+1€jm+1—1 T €km+1] T [ejm/‘fj,,/—l T ekm,],

(3.4.53)
if (—1)™x = —2, then we have the following subword
[ejmejm_l T 6(—1)’“96] [ejm+1€jm+l_1 T 6km+1] T [ejm/ejm/—l U ekm/] S <6—2€3’ s >€n—1>'
(3.4.54)

66



Otherwise, (—1)"x = 2, and we have the subword

[€j7n+1€jm+1*1 cee €km+1] s [€jm, €5 —1°"" €km/] - <€72€3, .. 7€n71>- (3455)

If a word is in (e_qses, ..., e,—1), then it commutes with e;. Thus, if e;, = e; is as far left
as possible, ey, cannot have any of these subwords, so it must be that

ewgeji = [6l(1¢) elgi)_l ce 6(71)1@1-—12] s [el@) €l<¢)

IR 6,2][(3[(@ HONPERE ese | (3.4.56)
k;—1 “k;—1 k; k;

.
for i < m. It remains to show that

(i) k:i23andl§i)22for1<i§m,

(ii) 1 < 1§ if j < j/, and

(iii) For 1 <i <m —1, l,(g? < ZYH).

If (i) does not hold for some i, then ej,_,ewre;, would have only one copy of ez, and
we could commute to get ejeger, showing that ey is not reduced. Consequently, ey is
not the identity, so lﬁi) > 2. Thus (i) holds, and we see that

By our choice of ey, we know that l]@ < l](.f) if 7 < j', so (ii) holds as well.

Suppose that 1 <i<m — 1, l,(fi) > lgiﬂ). By choice of 7, we have as a subword

el}(:i)_l s 6,26ll<€ii) te 6261€l(1¢+1) s 6(71)(1%-“71)2 (3.4.57)
i+1
If 1" = —2, then we have

67261](:) c+r€3€62€1€_9 = ell(:') cr€g€_9€3€_92€9€7,

which is not reduced, since e_, commutes with all letters but e3. Hence lgiﬂ) > 2. But
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then we have the subword
€itn) * - €2€1€,41) € (e1,...,en 1) 2TL, (3.4.58)

which has two elements of maximal index, so this word is not reduced either. Thus (iii)

must hold as well. O
Corollary 3.4.13. The Cozeter group E, is FC-finite.

Proof. We know from Lemma 3.2.5 that the reduced words of T'L(E,) are indexed by
the fully commutative words of E,,. Thus, it suffices to show that there are only finitely
many reduced words of TL(E,,).

Since T'L(D,,—1) has finite dimension, there are finitely many reduced words which
are the identity or type 1 or 2. By Proposition 3.4.12, we see that any other reduced
word can be written as

Cwy " Cw,, (3.4.59)

where ey, , €w,, is the identity or in form 1 or 2 and, for 1 < ¢ < m,

(i)_l cee 6261] (3460)

Cw;, = [elgi) elgi)_l ce 6(_1)1%712] tee [eléi) elm 1 672] [el](:‘) elk
1

i—1 k=1 i

such that 1\ < 1), if j < 7/, and 1{) < ({™Y. Thus 17,00, .. 0™, 0D s
an increasing sequence in 2, ..., n. Additionally, since k; > 3, we see that m < | 24| +1.

Since m is the number of copies of e; in the word, we see that there are fewer than n
of ey, which intersperse reduced monomials in (e_o, ey, ..., €,_1) = TL(D,). Since there
are finitely many such monomials (because T'L(D,,) has finite dimension), we see that

there are finitely many words of this form as well.
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Therefore T'L(E,,) is finite dimensional and E,, is FC-finite. O

Proposition 3.4.14. A nontrivial reduced monomial in e_o, €1, ..., e, which contains a

copy of ey can be written in the form described in Proposition 3.4.12. Labelling e, so
that

Cw,, — [ngm) cr+€3€_9€9 - 611] [ejém)ejém)_l cee 652] s [ej(m) ej(m)_1 cee elkm] (3.4.61)

km Jkm

or

[ejim ceee_gl e my e(,l)mx][ej(m em) _ ey ] [eme m

YR
Ik kA1 Jkm+1 It I -1

we can make the additional requirements that
(i) j7 > 5 for 1 <i<m
(2 (1
(v) If ky > 1, then j§ ) > j,(gl)
(vi) If ky = 1, then j,(j) > LW or
(
-2 ifi=2k=1

W= 1 e

G4 k=102
\

—1

Additionally, if m =1 and ey, is in form 1, then jfm) > 1, W,
If j,gf) < j](j) whenever i < i or i =i and k < k', we say that ey is in form 3.
Otherwise, we say that ey is in form 4.

Proof. We already know that we can write ey, in one of those two forms.

69



The first new requirement, (iv), follows from the same argument as (iii). The second
(v) does as well, since in that case ey, has a copy of —2.
Suppose that k1 = 1. Then ey, = €, " - €21
1

Suppose m = 2 and ey, is in form 1. If jY”) < ;M. then we have a subword
€ )+ * €9€1€ sm) €fer,...,en 1) =TL,

(unless € jim) = 2, in which case we can commute e_, and ey to get this subword), which
1

has two terms with maximal index and thus is not reduced. Thus, in this case, j§m) > LW,

Suppose that jEZ) < ;M and jfz) # —2. Then we have as a subword
€@ " eae1e) €fer,...,en1) =TL,

which has two elements of maximal index. Thus this is impossible.

Suppose that k£ > 1 ori > 2, j,Ef) <, and j,gf) #+ jg/)—l—l (where i =i and ¥ = k—1

ifk>1lorelsed =i—1and k' = k;_1).

)

Notice that " > &) if 1 < i < i or i =i and k" < k. Thus ;% > ;%) 4+ 1, and

in fact will commute with any such j,ff:/). Thus we can commute ey, to get the following

subword:

i ey

which is not reduced. Thus, (vi) must hold as well.

]

Proposition 3.4.15. Any word in form 1-4 is reduced. Thus the words of these types
form a basis for TL(E,,).
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Proof. By 3.4.7, words of form 1 or 2 are reduced, since TL(E,)/{e1) = TL(D,_1).

For forms 3 and 4, we use the same method as Proposition 3.4.7. That is, we show
that between any pair of copies of e,, there are two elements it does not commute with.
This shows that the word is reduced.

First, suppose that a word is in form 3. Since k; > 3 for 1 < ¢ < m, we see that
between any two copies of ey, there are at least two copies of es.

Since j,(f) < j,gf,) whenever ¢ < i’ or i = ¢ and k < K/, if we have a copy of ey, then

there is at least one copy of e3 between it and the next copy of e;. If both copies are in

ew, for some 7, then there are at least two copies of e3 between them, since we will have
€2€k; *** €3€_2€Ck, " -+ €4€3C2

for 2 < ky < ky. If they are in different copies of ey, then there is a copy of e; between
them. In either case, there are at least two elements e; does not commute with.

In a similar way, between any two pairs of e_5 there are two copies of e3.

Suppose ¢ > 2. If both copies occur in ey, , we are done because ey, is in form 1
or 2. So there is at least one copy in ey, for j < m. Then either the copy is followed
immediately by e;_1 or e_5 (if i = 3). The next occurrence will be preceded by e; 1, since
the indices are increasing from group to group.

Thus any pair of e, are separated by two elements with which they do not commute,
so words of form 3 are reduced.

Suppose that a word is of form 4. This only occurs when k; = 1. Notice that
Cwy = €, €€ and ey, - - €y, are in form 3 and thus are both reduced. Suppose
that one copy of e, is in ey, and the other is in ey, - - - €y,

If x = 1, then since ky > 3, there are two copies of e; between the first e; and any
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other. If x = 2, then since j?) = -2, jég) > 3, so we have the subword

62616_2€j(2) cc €362
2

and thus we have e; and e3 between this first copy of e; and the next.

If x > 2, then e, is immediately followed by e,_;. The next copy of e, either comes
immediately after e, q, or else x = j,(:) for some ¢ > 1. Note that if i = 2, then k£ # 1.
Then either jg_l) =x—1or j’(;;)l = x — 1, so there are two copies of e,_; between the
copies of e,.

Thus, between any pairs of copies of e,, there are two elements it does not commute

with, so words of form 4 are also reduced.

The second half follows from the fact that the reduced monomials form a basis for

TL(E,) and a monomial is reduced if and only if it is in one of the four forms. O

The placement of the branching point creates some new issues in a diagrammatic
representation, since the element corresponding with e_, must commute with both F,
and F, and not E3. In order to represent this, tom Dieck replaced the on-edge decorations
with ‘pillars’ [8], blobs which occur inside the regions bordered by edges. To represent
e_o, we add a new generator, E, which is the identity diagram with a decoration between
the 3rd and 4th edge. To get the desired relations on the diagrammatic algebra, we
require that

(1) two pillars in the same region are equivalent to one decoration with 4,

(2) a pillar in a bubble pops with no scalar multiple, and

(3) if there is a pair of decorations separated by only one region, the two decora-

tions and regions containing the decorations will become a single region with a single
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decoration, splitting the intermediary region into two.

1 2 3 n—1 n

Figure 23: The decorated tangle F

Figure 24: The relations on ‘pillars’

Theorem 3.4.16 ([10], Theorem 1.1). The diagrammatic algebra DT L(E,,) which is gen-
erated by E, E, . .., E,_1 under the given relations is a faithful representation of TL(E,).

In particular, there is an isomorphism such that e; — E; for 1 >0 and e_; — E.

Green proved this by showing that the diagrams create a non-degenerate Markov
trace.

Tammo tom Dieck noted that it is a necessary condition that each pillar be an odd
number of regions from the left edge. Green then formalized this by giving orientations

to the edges.

Lemma 3.4.17 ([10]). Let the odd nodes be oriented up, and the even down. This gives
each edge an orientation.
Under this orientation, any pillar in a diagram of DT L(E,) must occur in a region

that is oriented clockwise.
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Proof. Notice that E has this property, and that regions combined when composing

diagrams must have the same orientation. O

However, this condition is not sufficient. Consider the identity diagram with a single

decoration in the first clockwise region.

Figure 25: The condition 3.4.3 is not sufficient

Lemma 3.4.18. Suppose D is an (n,n)-diagram such that non-intersecting lines can
be drawn across the diagram for each pillar of a diagram D, and that each line passes
through at most 3 edges to the left of the diagram and n — 3 to the right. Then D is in

DTL(E,).

Proof. 1f such lines exist, we can deform the edges of the diagram and the lines so that
the lines are straight and cross exactly 3 edges to the left and n — 3 to the right.

To see this, first not that since any pillar is an odd number of regions away from the
left side, a line crosses either one or three edges. In the first case, we can deform the
edge it does cross so that that edge crosses it three times.

If n is odd, then the rightmost region, which has the right face as an edge, is oriented
counterclockwise. Then the line must pass through an even number of edges to get to it,
n — 3 — 2k for some k. Likewise for n even. Thus we can deform the edges which already
cross the line to cross it 2k more times, since there is at least one edge that already

crosses it, on the left side of the decoration.
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Once all the lines are straight and cross 3 edges to the left and n — 3 to the right,
we can replace these lines (and their pillars) with a copy of E, and the result is the
same diagram. Between copies of E will be undecorated (n,n)-diagrams, which can be
decomposed into words in Ey, ..., E, 1, using the algorithm of Section 3.3. Note that

not all such decompositions will give us a reduced word. O

This condition is not necessary, see the example in fig. 26 below. The diagrams are
all equivalent under our relations (applying relation 2), but one does not satisfy the

condition. They are all equal to

(EgEsE FE3EyEy)E(EsEy)(EyF3)E(FsEyEsEy)(EgEs EyFs) E(EyEyEsEyEs Feg)
(3.4.63)
Note that this counterexample has the maximum number of copies of E; for a word in
(E, Ei,...,E,1). In order to fully describe a basis of DT'L(D,,), we require some new

terminology.

Definition 3.4.4. An edge that connecting nodes ¢ and ¢ 4+ 1 on the top (bottom) face
of the diagram is called a cup (cap).

A cup or cap is empty if it doesn’t contain a pillar.

A pillar is in the top (bottom) left region if there are paths from the pillar to nodes
1 and 2 on the top (bottom) side of the diagram that do not cross any edges. In other
words, the top (bottom) left region has the segment of the top (bottom) face of the

diagram connecting nodes 1 and 2 as an edge.

Theorem 3.4.19. There is a basis for DT L(E,) which consists of diagrams which are
reduced under the relations (bubble-free and no pillars distance two apart) of the following

two types:
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Figure 26: The condition of Lemma 3.4.18 is not necessary.
(1) Every decoration is distance exactly 3 from the left.

(2) There is one decoration which is distance 1 from the left and all other decorations

are distance 4 from this decoration, and

(i) if the top left region has a decoration, there is an empty cup,

(ii) if the bottom left region has a decoration, there is an empty cap.

Notice that the top diagram in fig. 26 is an example of a word of type 2.

(©) (©)

Figure 27: Non-example of a basis element
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Figure 28: Example of a basis element of type 1

Proof. We can see that E, Ei, ..., E,_; satisfy the first condition.

If we compose two diagrams of this type and reduce it using only the relations on E;
and the first or second relations for pillars (E? = §F, EsEFEs; = Es), then the remaining
pillars in the resulting diagram cannot be further away than they were. Since they are
necessarily in clockwise-oriented regions, this means that they are either distance 1 or 3
from the left face, or else distance 2 or 4 from a pillar which is distance one from the left.
If applying the second relation removes the distance one pillar, then the pillars which
were distance 2 or 4 from that pillar are now distance 1 or 3 from the edge.

If there are no pillars which are distance 1 from the left, then all remaining pillars
are distance 3 from the edge. Suppose we combine one pillar distance three from the
edge to another pillar (at least 3 from the edge) using the third relation. The combined
pillar will be distance 3 from the edge. If this combination creates edges between that
move a pillar from distance 3 to distance 5, then there is a path that pillar to the edge
which passes 5 edges and through the combined pillar. Thus, either the combined pillar
is distance 1 (impossible) from the edge or distance 2 from the distance 5 pillar. So we
can combine all the pillars which are now distance 5 with the combined pillar which is

distance 3, and continue until all the pillars are distance three from the edge.
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Now, we can combine all pillars which are distance 1 from the left, since they are all
distance 2 from each other. So this word has at most one pillar which is distance 1 from
the left. Combining the pillars of distance 1 from the left does not change their distance
from the left, or their distance from the other pillars. The result is a word of type 1.

Suppose that, after applying the first two relations, a diagram has a pillar distance
1, call it the primary pillar. Notice that any pillars distance 3 from the left are distance
2 or 4 from the primary pillar, and any other pillar of distance 1 are distance 2 from the
primary pillar. Thus all pillars are distance 2 or 4 from a pillar which is distance 1 from
the left. Combining pillars will not increase their distance from other pillars, so if we
combine the pillars of distance 1 with the primary pillar, all pillars are now distance 2
or 4 from the primary pillar. Again, we can combine with the primary pillar so that all
remaining pillars are distance 4 from the primary pillar.

If we combine two pillars which are distance 4 from the primary pillar, and this causes
a pillar to be distance 6 from the primary pillar, then there is a path which crosses 6
edges and the combined pillar from the distance 6 pillar to primary pillar. Since the
combined pillar is still distance 4 from the primary pillar, the distance 6 pillar must be
distance two from the combined pillar. In the same way as with words of type 1, we
can continue combining until all remaining pillars are distance 4 from the primary pillar,
which is distance 1 from the edge.

To see that (i) and (ii) also hold, suppose that we have a pillar in the top left region. If
the top diagram in the composition was the identity or had a pillar in its top left region,
then we have our empty cup. Otherwise, the top diagram has some non-propagating
edge and the edge connected to node 1 is propagating. Therefore the top diagram has a

cup. Again, if this cup is empty, we are done.
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If it is not empty, the pillar within it is either distance 3 from the left face or distance
4 from a pillar from the which is distance 1 from the edge in the top diagram. In the
second case, since the edge from node 1 is propagating and there is no pillar in the
top left region, we can see that the path to the distance 1 pillar must cross that edge.
Consequently, it must be distance 2 from the top left region. Likewise, in the first case,
any path from it to the left face must cross the edge, so in both cases it is distance 2
from the top left region. Thus, we can use the third relation to combine this pillar with
the one which will be in the top left region. Combining them creates a non-propagating
edge which does not contain any pillars, so there will be some empty cup underneath it.

Thus, if there is a pillar in the top left region, there is an empty cup. The case for
the bottom left region is analogous.

Thus every diagram of DT'L(E,,) is of form 1 or 2.

All such diagrams are in DT'L(E,,).

Suppose that we have a diagram of type 1. Then there are non-intersecting lines from
each pillar to the left face which cross three edges. That such lines exist comes from the
fact that they are distance 3 from the left, and that they do not intersect comes from
the fact that if they do intersect, they can both go the same, shortest way.

Notice that the pillars must be in regions attached to the top or bottom face, and
that they must then have a path to a node 7 which does not cross any edges (or else we
could apply the second relation), for ¢ > 3 (if ¢ < 3, they must be less than distance 3
from the edge). Then there is a path from the node to the right edge which crosses at
most n — 3 edges, so there is such a path from the pillar. In the same way, we can ensure

that the paths do not cross.

Suppose that we have a diagram of type 2. Call the pillar which is distance one from
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the left the primary pillar. Consider the pillar which are distance 4 from the primary
pillar. They are necessarily distance 3 or 5 from the left. If a pillar is distance 5 from the
left, then the primary pillar must be between two edges which separate the pillar from
the left. Thus, if we apply the third relation in reverse, we can get a path to the edge
which is distance 3 from the left. Notice that after applying the relation, all pillars will
be distance 4 (or 0) from a pillar which is distance one from the left. Additionally, it will
not increase the distance from any pillar to the left. Thus, we can apply this relation
until all pillars are distance one or three from the left.

Again, for any pillars distance three from the left, we can find non-crossing paths
which cross three edges to the left and at most n — 3 to the right.

For the pillars which are distance one, we use the fact that there is a path from them
to a nodes on the top or bottom edge (or else we could apply the second relation). In
particular (because it is in an clockwise region) it will have paths to nodes 2i — 1 and 2i
for some 4. If ¢ = 1, then it is in the top or bottom left region, in which case we know
that there must be an empty cup or a cap (respectively). Then there is a path through
the pillar that follows along the top edge, except to avoid the cup or cap. This path
crosses through 1 edge to the left and exactly n — 3 to the right, and does not cross the
path of any other pillar. If it is not in the top or bottom left region, then ¢ > 1, and there
is a path to the right which follows the edge and crosses at most n — (20 — 1) <n —3
edges, and does not cross the path of any other pillar. We can achieve this by layering
the paths so that the path of the leftmost distance one pillar in a region is closest to the
face, as illustrated in fig. 29, and each path only avoids empty cups (or caps) and the
regions of the distance 1 pillars to the left of it.

Thus we can construct paths of the sort in Lemma 3.4.18 for any diagram of type 1
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_——— e - - - ~ ST,

Figure 29: The paths of regions distance one from the left
or 2. Consequently, all such diagrams are in DT L(E,,). O

Let E,(k) be the Coxeter graph which contain A, _; as a subgraph, and has an
additional vertex and edge connected to the kth vertex, shown in fig. 30. Notice that

E,(1)=A,, E,(2) = D,, and E,(3) = E,.

0
o—o-l—o—o
1 2 k

n—1 n-—1

Figure 30: The Coxeter graph E, (k)

In the paper where he introduced the diagrammatic representation for T'L(E,, ), Tammo
tom Dieck suggested that a similar representation could be used for TL(E, (k)), by rep-
resenting e by a pillar in the kth column. Call this diagram Ej, and left D(n, k) be the
diagrammatic algebra generated by E; and Ej, modulo the same relations as DTL(E,).
He showed that there was a surjective homomorphism from T'L(FE, (k)) to D(n, k) ([8],
Theorem 2.5), and conjectured that this homomorphism might be an isomorphism, as it

is for k < 3.
Proposition 3.4.20. If min{n—k, k} > 3, then TL(E, (k)) is not isomorphic to D(n, k).

Proof. If min{n—*k, k} > 3, then E,,(k) =Y (k—1,n—k—1,1) and min{k—1,n—k—1} >
2, so E,(k) is not FC-finite by Lemma 3.1.12. Since FC(E,(k)) indexes a basis for
TL(E,(k)), this implies that TL(F,(k)) is infinite dimensional.
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Under the relations on DT L(E,), there is at most one pillar per region. Each (n,n)-
diagram has finitely many regions, so there are finitely many ways to decorated a given
(n,n)-diagram. Since there are finitely many (n,n)-diagrams, there are finitely many
decorated (n,n)-diagrams. Since some subset of these decorated (n,n)-diagrams form a
basis for D(n, k), it is necessarily finite dimensional.

Since D(n, k) is finite dimensional and T'L(E, (k)) is not, they cannot be isomorphic.

[

For example, consider E5(4). This has an infinite set of fully commutative words,
{(505453555450565554535251575655545352)" | i > 1}, (3.4.64)

all of which yield the same diagram (up to a constant multiple) under the mapping
So Ek, s; +— FE;, shown in fig. 31. These fully commutative words index linearly

independent elements of T'L(E,(k)), but their images are linearly dependent.

%

LNV

Figure 31: The image of the words in equation 3.4.64
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