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Abstract

We present a performance attribution method for levered strategies. This method
provides a framework for deciding whether and how much to lever. Essential ele-
ments are forecasts for the expected return and volatility of the fully-invested source
portfolio that is to be levered, borrowing rates, the covariance of strategy leverage
with the excess return to the source portfolio over the borrowing rate, compounding
effects and trading costs. In an empirical study, we show these elements provide a
complete explanation of the realized returns of three levered low-risk strategies. For
one of the strategies, market frictions cut friction-free cumulative returns over an
84-year period by a factor of 1000.
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1 Introduction

Even among the most conservative and highly regulated investors such as US public pen-
sion funds, the use of levered investment strategies is widespread and growing.! Initially,
these plans invested primarily in highly-rated bonds, without leverage. Subsequently, they
added equity to their portfolios, but still without leverage. More recently, they have added
real estate, commodities, private equity, and alternative investments, some of which (es-
pecially real estate and hedge funds) involve leverage. In the period since the financial
crisis, strategies such as risk parity that lever holdings of publicly traded securities have
emerged as candidates for these investment portfolios.

In a friction-free world, where both excess return and volatility scale linearly with
leverage, the decision to invest in a levered strategy is already subtle. In our friction-rich
world, leverage is entangled with borrowing and trading costs as well as management fees
and market impact, which lead to complex investment questions. For example:

e How does leverage affect a strategy’s realized return?

e How do levered strategies perform in different economic climates?
e What factors are relevant to the decision to lever?

e How much leverage is optimal?

To address these questions we show that the return to a levered strategy can be attributed
completely to simpler elements that an investor may be able to measure or forecast or
at least contemplate. The elements include the fully invested source portfolio that is to
be levered, the leverage, the borrowing rate and the trading costs. We show that these
elements provide a complete attribution of realization of return of the levered strategy.

1.1 Leverage and Market Frictions

Our focus in this paper is on the effect of leverage in the presence of market frictions. This
leads to a recipe for an investor with given beliefs about the distribution of future asset
returns to decide whether to lever, and if so, how; it applies whether or not the investor’s
beliefs are correct.

In a friction-free world, excess return to a levered portfolio in a single period is the
product of the leverage and the excess return of the source portfolio over the risk-free rate,
which is also the borrowing rate. This means that if the source portfolio excess return is
positive, more leverage means more excess return.

In our friction-rich world, the borrowing rate? exceeds the risk-free rate, and single
period return to the levered strategy is driven by the product of leverage and the expected

1See, for example, Kozlowski (2013).
2Leverage may be achieved through explicit borrowing. It may also be achieved through the use of
derivative contracts, such as futures. In these derivative contracts, the borrowing cost is implicit rather



borrowing excess return, which is the return to the source in excess of the borrowing rate.
In other words, there is a higher threshold for leverage to have a positive impact in a
friction-rich world than in a friction-free world: the return to the source portfolio must
exceed the borrowing rate.

Over a long horizon, the return to a levered strategy depends on the co-movement of
leverage and borrowing excess return. If the correlation between leverage and borrowing
excess return to the source portfolio is positive, all else equal, more volatility (for leverage
and for the source portfolio) means more excess return. In our friction-rich world, it is
again, the borrowing excess return that counts in deciding whether or not to lever.

The use of leverage results in turnover for two reasons. First, movement in the value
of the source portfolio changes the leverage; rebalancing is needed to maintain even a
fixed leverage target. Second, a leverage rule may call for leverage to change over time, in
response to market conditions, and this requires additional turnover.

These facts are summarized in Formula (9):

Et—r’ ] =E[A-1)(r°—1r")]
=EN-1E[r® —r"] +cov(\, 7% — ") — E [rTC].

This says that the expected return of the levered strategy minus the expected return
of the source portfolio is the product of the expectation of the leverage minus one and
the expected borrowing excess return of the source portfolio, plus the covariance of the
leverage and the borrowing excess return of the source portfolio, minus the expected value
of trading costs needed to implement the leverage rule.

Finally, the sample mean of realized arithmetic returns does not correctly account for
compounding. The compounding correction, which is given in Formula (11), involves ex-
pected returns and variances of the source and levered strategies. Specifically, we consider
the difference in log geometric average, log (1 + G), of a levered strategy and its source:

log (1 +G [TL]) — log (1 +G [TSD

~ B[] (1 _ERMrE [TSJ) ) ()

where G denotes the geometric average. Ranking by log geometric average is identical to
ranking by cumulative return. This formula says that to properly rank levered strategies
by excess cumulative return over their sources, the expected return of the levered strategy
minus the expected return of the source portfolio must be scaled and then corrected for
variance. For a given source strategy, the variance correction is quadratic in the leverage
and it may reverse the apparent performance of two levered strategies.

than explicit, but it is real and is at a rate higher than the T-Bill rate. For example, Naranjo (2009) find
that the implicit borrowing cost using futures is approximately the applicable LIBOR rate, applied to
the notional value of the futures contract.



1.2 Empirical Studies

We demonstrate the efficacy of our ideas by attributing the difference in expected excess
return of three levered strategies over a common source portfolio consisting of US treasury
bonds. The analysis is based on Formulas (9) and (11). One of our strategies explicitly
specifies a constant leverage. The other two are based on volatility targeting, and their
leverage is a consequence of the estimated volatilities of the source portfolio and target
volatility. Since they have a common source portfolio, the only difference between these
strategies is the timing and level of their leverage. Consequently, the degree to which
these three similar-sounding strategies perform differently in three different time periods,
and before and after transaction costs is both remarkable and unsettling. In the volatility
targeting strategies, it is the implicit leverage and not the explicitly specified volatility
that is the key to understanding strategy performance. We provide realistic, empirical
examples of the following phenomena:

e The covariance between leverage and borrowing excess return can make a substantial
contribution to the performance of volatility targeting strategies, both before and
after accounting for transaction costs. The contribution can be either positive or
negative.

e Even a linear model of transaction costs leads to a material drag on performance in
a levered strategy.

e Strategy performance depends on the start and end dates of the study period.

e Arithmetic and geometric averages can produce different rankings of leverage rules.
The leverage rule with the higher geometric ranking will produce greater value at
the end of the period.

1.3 Outline of this Paper

Section 2 decomposes the return of a levered strategy into simpler constituents. This de-
composition can be used to support decisions about when and how to lever. Section 3
describes various kinds of levered low-risk strategies and shows that our decomposition
provides a complete explanation of how these strategies have performed historically. Sec-
tion 4 sets out a recipe for deciding how to choose a source portfolio and whether and
how to lever it. Section 5 discusses the rationale behind the parameter settings in our
empirical strategies. Section 6 concludes.

Four appendices supplement the main narrative. Appendix A provides a brief survey
of the literature. Appendix B gives a detailed description of our data sources. Appendix C
outlines a novel methodology for determining turnover due to leverage. In this article, we
use a linear model to estimate the cost of leverage-induced turnover. Our model neglects
market impact; nevertheless, leverage-induced turnover is quite expensive. Appendix D



describes our derivation of Formula (11), which relates geometric return to arithmetic
return. It is the former, and not the latter, that reliably ranks strategies by cumulative
return over multiple periods.

2 Performance Attribution of Levered Strategies

A necessary condition for levering a source portfolio is that the expected return of the
levered strategy exceed the expected return of its source portfolio. An analysis of this
condition depends on an understanding of how leverage affects return in the presence of
market frictions. We map out that analysis here.

A levered strategy is built from a fully invested source portfolio and a leverage rule.
An investor has a certain amount of capital, L. He chooses a leverage ratio A, borrows
(A= 1)L, and invests AL in the source portfolio. In what follows, we assume A\ > 1.

2.1 Attribution of Arithmetic Return

In a friction-free world, the relationship between the single-period returns to a levered
portfolio, 7%, and to its source portfolio, 75, is given by:

=S — (A= 1)1/, (1)
where r/ is the risk-free rate. It follows that:
rL—rS:()\—l)(rs—rf). (2)

Since A > 1, Formula (2) shows that the levered portfolio will outperform the source
portfolio when the source return exceeds the risk-free rate, but not otherwise. To evaluate
a levered strategy over multiple periods, we take the expectation of Formula (2), which
gives:

Et =] =E[A-1)(r° —1/)]
=EN=1E[r® —r/] 4+ cov(A,r® — 7). (3)

Formula (3) shows that for the levered strategy to outperform its source strategy over
a long horizon, it is necessary that either the expected excess return be positive or the
correlation between the excess return and the leverage be positive, or both. If both con-
ditions are met, then increasing leverage will increase expected return (and also increase
the volatility of the strategy).

Note that we can interpret the expectation and covariance in Formula (3) in two ways:
prospectively and retrospectively. Prospectively, they represent the expectation and co-
variance under the true probability distribution (or alternatively, under the investor’s



beliefs about the true probability distribution). Retrospectively, they represent the real-
ized mean and realized covariance of the returns.?
In a friction-rich world where the borrowing rate, r°, exceeds the risk-free rate, the

relationship between the return to a levered portfolio and the return to its source is:
P =S — (A= 1)t (4)

Formula (2) for the single-period excess return of a levered portfolio over its source port-
folio is replaced with:

=S =\ —1)(r® —r"). (5)

Note that the bar for leverage to have a positive impact has gotten higher: the borrowing
excess return, S — r®, must be positive. Over multiple periods, Formula (3) is replaced

with:
E [TL — TS] =F [()\ - 1) (’I“S — rb)}
=E\—1E[r® —r"] +cov(\, 1% —1"). (6)

Note that it is the borrowing excess return that is relevant to the decision about whether
or not to lever in a friction-rich world.

The cost of trading that stems from leverage-induced turnover is a drag on the return
to a levered strategy. To take account of this effect, we extend Formula (4):

P =S — (A= 1)’ —rTC, (7)

TC ig the return that is sacrificed to leverage-induced turnover. This leads to an

where 7
extension of Formula (5) for the single-period excess return of the levered portfolio over

the source portfolio:
PSS =\ —1) (TS — rb) —rTC. (8)
and an extension of Formula (6) for the expected excess return:
Et—r3]=E[A-1)(r°=1r")]
=FEMN-1]FE [TS — Tb] 4+ cov(\, S —r?) — E [TTC} : 9)

Any estimate of rTC relies on assumptions about the relationship between turnover

and trading cost. We assume cost depends linearly on the fraction of the portfolio that

TC

turns over, and we use Formula (22) to estimate r*“ in our empirical studies. More

information is in Appendix C.

3Note that we take the realized covariance, obtained by dividing by the number of dates, rather than
the realized sample covariance, which would be obtained by dividing by one less than the number of
dates. The realized sample covariance is an unbiased estimator of the population covariance, but it is the
realized covariance that makes Formula (3) true.



2.2 Attribution of Geometric Return

In some circumstances, Formula (9) provides a reasonable basis for analyzing the difference
in cumulative return to a levered strategy and its source, and hence it informs the decision
to lever. However, Formula (9) is based on arithmetic expected return, which does not
properly account for compounding. The correction for compounding imposes a drag on
compound return that is not captured in the average of arithmetic returns. If the levered
strategy has high or unstable volatility, in response either to high or variable volatility of
the source portfolio or to high or variable leverage, the drag may be substantial.

Thus, a more complete decision rule is based on the geometric expected return,
which does properly account for compounding. If we have monthly returns for months

t=0,1...,T — 1 the geometric average of the monthly returns is:
T-1 1T
Glr] = <H(1 —l—rt)> —1 (10)
t=0

where r; is the arithmetic return in month ¢. Given two strategies, the one with the higher
geometric average will outperform the other, taking compounding into account. Since the
logarithm is strictly increasing, we obtain exactly the same ranking if we use the log
geometric average given by log (1 + G[r|) instead. The advantage of using log (1 + G[r])
rather than G[r] is that it has a simpler relationship to arithmetic expected return. In
Appendix 2.2, we show that the following holds to a high degree of approximation:

log (1+ G [r*]) —log (14 G [r®])

~ B[t rs} <1 B (%] ;— E [rS] ) _var (r) ;V&I‘ (r9) )

Geometric decision rules based on Formula (10) always produce the correct ranking, tak-

ing compounding into account. The approximation in Formula (11) is more convenient
and should in practice make little difference in ranking. Since the compounding correc-
tion involves a drag on return that increases with leverage, geometric decision rules will
generally give more stringent criteria for levering than arithmetic rules.

3 Empirical Studies

An investor may lever in connection with specified investment rules. In what follows,
we discuss three levered strategies. The first explicitly specifies constant leverage, while
leverage is implicitly determined by volatility levels in the second and third.

3.1 Three Levered Strategies

The simplest strategy we consider targets a fized leverage, and it is denoted FLT. If A < 1,
the fraction 1 — X\ of portfolio value is invested in a risk-free asset with interest rate rf
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and the constant leverage strategy is contrarian. This means that a decline in the value
of the source portfolio prompts buying, while a rise in the value of the source portfolio
prompts selling. If A > 1, then 1 — X times the equity in the strategy must be financed
at a borrowing rate r® > r/. In this situation, constant leverage is a momentum strategy,
in which a decline in the value of the source portfolio prompts selling, while a rise in the
value of the source portfolio prompts buying. The borrowing rate 7* may be explicit, as for
a margin account, or it may be implicit, for example, when leverage is obtained through
derivatives such as options or futures contracts. If the source portfolio is low-risk, then an
investor would typically choose A > 1 in order to achieve higher expected returns than
the unlevered low-risk portfolio could provide.

An alternative to constant leverage is volatility targeting, in which leverage is adjusted
up or down so that the estimated volatility of the strategy follows a target. We consider
two versions of this strategy. Volatility targeting is unconditional if the volatility target is
a fixed number; at each rebalancing, leverage is adjusted so that the estimated volatility
of the strategy matches the fixed target. A volatility targeting strategy is conditional if
the volatility target is a sequence of numbers obtained by estimating the volatility of a
target strategy; at each rebalancing, leverage is adjusted so that the estimated volatility
of the strategy matches the estimated volatility of the target strategy. Our unconditional
and conditional volatility strategies are denoted UVT and CVT. If the source portfolio is
low-risk, then an investor would typically choose an unconditional volatility target greater
than the volatility of the source portfolio, or a conditional volatility target strategy that
is more volatile than the source portfolio, in order to achieve higher expected returns than
the unlevered low-risk portfolio can provide.

An investor considering a levered strategy may want to think carefully about the
different choices outline above. All else equal, these similar-sounding strategies respond
differently to changing market conditions, and all three strategies call for additional in-
vestment in the source portfolio when its price rises. The details are in Table 1.

Table 1: Strategy Responses to Changes in Market Conditions
Response:
Trigger FLT UvT CVT
Increase in Target Volatility no change no change 7 leverage

Increase in Source Volatility mno change | leverage | leverage
Increase in Price of Source ~ buy source buy source buy source

Table 1: Responses of levered strategies to changes in market conditions.

We implement the three leverage rules just described when the source portfolio is a
US treasury bond index and the target is a US equity index. Strategies are rebalanced



monthly and volatility forecasts used to determine strategy weights are based on a 36-
month trailing estimate.

3.2 Performance Attribution of Three Levered Strategies

We carry out the performance attribution described in Formula (9) for each of our three
levered strategies, FLT, UVT and CVT. We first consider an 84-year long sample which
begins in January 1929 and ends in December 2012. We also consider two subperiods.
The first is the 20-year period beginning in January 1961 and ending in December 1980;
this period was marked by variable volatility that resulted in erratic leverage patterns for
UVT and CVT. The second is the 32-year period beginning in January 1981 and ending
in December 2012; the leverage in both UVT and CVT was relatively low and relatively
stable. In a base case that assumes no market frictions, the borrowing rate is taken to be
the T-Bill rate and trading is costless. In a more realistic setting, the borrowing rate is
taken to be the Eurodollar deposit rate and trading costs are estimated by the linear model
described in Appendix C. Turnover-induced trading costs are 1% during the period 1929—
1955, .5% during the period 1956-1970 and .1% during the period 1971-2012.* Summary
statistics for the strategies are in Table 2.

Table 2: Historical Performance

Average  Volatility ~ Sharpe  Skewness Excess
eve -] i it

Panel A: 1929-2012 Arithmetic
Sou : Bonds, Target: Stocks E. SS

Return

” ;
no trading costs

Stocks 6.95
Bonds 1.59

1.00 18.93 0.37 0.18 7.46
1.00 3.26 0.49 0.03 4.74

FLT (A =5) 7.97 6.84 7.97 6.84 5.00 16.32 0.49 0.03 4.74
UVT (o = 19%) 8.49 6.17 8.49 6.17 8.75 22.11 0.38 -0.29 4.55
CVT 9.44 7.68 9.44 7.68 6.82 19.80 0.48 -0.51 6.44

Volatility ~ Sharpe  Skewness Excess

s
Return Return  Borrowing
n

6.95 5.27 6.17 4.46 1.00 18.93 0.37 0.18 7.46
1.59 1.55 0.82 0.77 1.00 3.26 0.49 0.03 4.74

FLT (A =5) 4.22 2.92 3.44 2.14 5.00 16.34 0.26 -0.06 4.65
UVT (o = 19%) -0.45 -3.02 -1.22 -3.76 8.75 22.55 -0.02 -0.58 4.81
CVT 2.61 0.57 1.84 -0.20 6.82 19.91 0.13 -0.68 6.71

Table 2: Summary statistics of the source and target portfolios and the levered strategies
over the long sample period, December 1929—-January 2012.

3.2.1 The Covariance Between Leverage and Borrowing Excess Return Can
Substantially Affect the Cumulative Return to a Levered Strategy

The top panel of Figure 1 shows cumulative returns to FLT, UVT and CVT over our long
sample in a friction-free market. The levered strategies were financed at the risk-free rate
and trading is free. All three levered strategies earned more than the source portfolio. One
dollar invested in the source portfolio in 1929 was worth $68 in 2012. The corresponding

4This amounts to setting & equal to .01, .005 or .001 in formula (22).



Source: Treasury Bonds, Target: All Stock (1929-2012)
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Figure 1: Cumulative returns to five investment strategies over the horizon January 1929 to
December 2012; the CRSP value-weighted bond index (source), the CRSP value-weighted
equity index (target), bonds 5-fold levered (FLT), bonds unconditionally levered to a
19% volatility target (UVT), and bonds conditionally levered to the volatility of equity
(CVT). Also shown is the volatility of the conditional target. Top Panel: Leverage is
financed at the T-Bill rate and there is no charge for turnover-induced trading. Bottom
panel: Leverage is financed at the Eurodollar deposit rate and trading costs are based on
the linear model in Appendix C.
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amounts for the levered strategies are impressive: $4822 for FLT, $2841 for UVT and
$9301 and CVT. Note, however, that UVT returned less than the other levered strategies
despite the fact that it had the highest leverage, as shown in Panel A of Table 3.

Table 3: Performance Attribution (Arithmetic Returns)

Panel A: 1929-2012

Source: Bonds. Target: Stocks

r® = r¢, no trading costs FLT(5) UVT (19) CVT

EX-1] 4.00 7.75 5.82

E[r¥ — '] 1.59 1.59 1.59
E\—1]-E[r¥ — 7] 6.38 12.36 9.28

a(\) 0.00 20.51 12.25

o(r® —1?) 3.26 3.26 3.26

p(\, 75 — 1) 0.00 -0.08 -0.04
Cov(\, % — 1) 0.00 -5.46 -1.44
—E[r"] | 0.00 | 0.00 | 0.00
E[rt — ] | 6.38 | 6.89 | 7.84

Panel B: 1929-2012
Source: Bonds. Target: Stocks
r® = 3M-EDR, with trading costs FLT(5) UVT (19) CVT
E\—1] 4.00 7.75 5.82
E[r —rt] 0.82 0.82 0.82
E\ - 1]-E[r® —¢'] 3.29 6.37 4.79
a(N) 0.00 20.51 12.25
o(r® —r?) 3.27 3.27 3.27
o\, 75 — 1) 0.00 -0.07 -0.03
Cov(\, 15 —1?) 0.00 -4.98 -1.06
—E[r"¢] | -0.67 | -3.44 | -2.71
E[r" — ] | 2.62 | -2.04 | 1.02

Table 3: Performance attribution of the realized arithmetic return of the levered strategies,
FLT, UVT and CVT, in terms of their common source portfolio, a US treasury bond index,
over the period January 1929-December 2012. The performance attribution is based on
Formula (9). The results in Panel A come from a friction-free world in which borrowing is
at the T-Bill rate and trading is free. The results in Panel B are adjusted for transaction
costs; borrowing is at the Eurodollar deposit rate and trading costs are based on the
linear model in Appendix C. Arithmetic returns are estimated from monthly data and
annualized by multiplication by 12; they are displayed in percent.

Why did higher leverage translate into lower return? As shown in Formula (9), the
covariance of leverage with borrowing excess return of the source contributes to the dif-
ference in expected return of a levered strategy and its source. Panel A of Table 3 shows
that this contribution can be substantial: the covariance reduced realized return by 1.44%
per year for CVT and 5.46% per year for UVT. Note that the covariance term negated
almost half of the 12.36% annual return contributed by the product of excess borrowing
return to the source and expected leverage minus one. Of course, the covariance term was
zero for FLT by construction.
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3.2.2 Transaction Costs Can Substantially Affect the Cumulative Return to
a Levered Strategy

The study depicted in the top panel of Figure 1 was carried out in an idealized world
where leverage can be financed at the risk-free rate and trading is free. The bottom panel
of Figure 1 reports on an otherwise identical study that takes account of transaction costs
due to leverage. Financing is at the Eurodollar deposit rate, and trading costs are linear
in leverage-induced turnover. The close connection between leverage and leverage-induced
turnover in the three strategies is illustrated in Figure 2.

Note in Figure 1 that after transaction costs, both UVT and CVT underperform
the source strategy and the ranking of CVT and FLT is reversed. A dollar invested at
the beginning of the 84-year long sample become $30 for CVT, and $1.41 for UVT. A
dollar grew to $209 for the fixed leverage strategy, FLT. These amounts are, to put it
mildly, less impressive than the friction-free amounts. The results are explained, in part,
by trading costs, which drained .67% from FLT, 2.71% from CVT and 3.44% from UVT
in realized annual arithmetic return, as shown in Panel B of Table 3. Note, however that
CVT appears to outperform the source portfolio, when arithmetic return is used. This
conflicts with the ranking in Figure 1, a conflict that we will resolve shortly by considering
geometric returns.

An additional consideration is that the higher borrowing costs are more damaging to
strategies with higher leverage. An indication of the impact of realistic borrowing costs is
found by comparing the product of excess borrowing return to the source and expected
leverage minus one before and after transaction costs. The numbers are in Panels A and
B of Table 3; realistic borrowing costs cut the contribution roughly in half for all three
levered strategies.

3.2.3 Period Start and End Dates Can Substantially Affect the Cumulative
Return to a Levered Strategy

A different perspective emerges in the last three decades, where UVT outperformed both
FLT and CVT. Even after adjusting for transaction costs due to leverage, all three levered
strategies outperformed the source portfolio. A dollar invested in the source portfolio in
1981 was worth $9 in 2012, but it was worth $70 in UVT, $65 in CVT and $58 in FLT. In
this recent period, the leverage implied by the volatility targeting strategies was relatively
low and relatively stable, as illustrated in the bottom panel of Figure 2. As a consequence,
the average trading costs were relatively low as reported in Panel B of Table 4.

The era beginning in 1961 and ending in 1980 tells a strongly contrasting story. Even
before adjusting for transaction costs, all three levered strategies returned less than the
source portfolio. Leverage in the volatility targeting strategies was erratic and it reached
unusually high levels in the mid-1960s. The erratic leverage translated into high transac-
tion costs for the volatility targeting strategies, as shown in Table 5. This contributes ma-
terially to strategy performance. After accounting for leverage-related transaction costs,

12



Source: Treasury Bonds, Target: All Stock (1929-2012)

1
1
1
1
1
' ——FLT(5)
10- I —— UVT (19)
1
1
1
1
1
1
1

— CVT

Fraction of Net Equity
N}
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1
1

1

1

1

1 — FLT (5)

' ——— UVT (19)
: — CVT

' - = = Avg FLT
1 = = = Avg UVT
: = = =Avg CVT

Leverage Ratio

Figure 2: Top panel: Leverage induced turnover in FLT, UVT and CVT over the horizon
January 1929 to December 2012 where the source is the the CRSP value-weighted bond
index, the unconditional target is 19% per annum and the conditional target is volatility
of the CRSP value-weighted equity index. Bottom panel: leverage implicit in FLT, UVT
and CVT. The dashed vertical lines mark the subperiods, January 1960-December 1980
and January 1981-December 2012, discussed in Section 3.2.3.
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Table 4: Performance Attribution (Arithmetic Returns)

Panel A: 1981-2012

Source: Bonds. Target: Stocks

r® = 74, no trading costs FLT(5) UVT (19) CvVT

E\—1] 4.00 4.08 3.77

E[rS — ) 2.51 2.51 2.51
E[\—1]-E[r¥ —r*] 10.03 10.24 9.45

a(N) 0.00 4.37 5.35

a(rs —rP) 3.31 3.31 3.31

p(A, 15 —1?) 0.00 0.01 0.02
Cov(\, % — 1) 0.00 0.08 0.37
—E["°] | 0.00 | 0.00 | 0.00
E[r" —rf] | 10.03 | 10.31 | 9.82

Panel B: 1981-2012

Source: Bonds. Target: Stocks

r? = 3M-EDR, with trading costs FLT(5) UVT (19) CvVT

E\—1] 4.00 4.08 3.77

E[rS — ) 1.79 1.79 1.79
E\—1]-E[r¥ — 7] 7.18 7.33 6.76

() 0.00 4.37 5.35

a(r¥ —rP) 3.31 3.31 3.31

p(A, 15 —1?) 0.00 0.03 0.04
Cov(\, % — 1) 0.00 0.40 0.73
—E[r"°] | -0.18 | -0.23 | -0.27
E[rt — ] | 7.00 | 7.50 | 7.23

Table 4: Performance attribution of the realized arithmetic return of the levered strategies,
FLT, UVT and CVT, in terms of their common source portfolio, a US treasury bond index,
over the period January 1981-December 2012. The performance attribution is based on
Formula (9). The results in Panel A come from a friction-free world in which borrowing is
at the T-Bill rate and trading is free. The results in Panel B are adjusted for transaction
costs; borrowing is at the Eurodollar deposit rate and trading costs are based on the
linear model in Appendix C. Arithmetic returns are estimated from monthly data and
annualized by multiplication by 12; they are displayed in percent.

the value in 1980 of a dollar invested in the source portfolio in 1961 was $2.78; the anal-
ogous values for the levered strategies are $.70 for FLT, $.27 for CVT and only $.11 for
UVT! Note that these values are not adjusted for inflation, which was particularly high in
the latter part of the period. By comparing Panel B of Table 5 with Panel B of Table 4,
we see how different trading costs can be from one period to another. For example trading
costs for UVT led to a drag on return of 0.23% per year between 1981 and 2012, but they
were ten times greater at 2.32% per year between 1961 and 1980. FLT benefited from
lower leverage than UVT and CVT in a period when the source portfolio had negative
excess borrowing return, and from lower trading costs than UVT and CVT.

Table 5 also shows that leverage covaried negatively with excess borrowing return to
the source for UVT and positively for CVT, both before and after transaction costs. This
helps explain why CVT returns were slightly less disastrous than UVT returns over this
period.
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Table 5: Performance Attribution (Arithmetic Returns)

Panel A: 1961-1980

Source: Bonds. Target: Stocks

r* =74, no trading costs FLT(5) UVT (19) CcvT

E[\—1] 4.00 7.73 6.81

E[r® —rt] -0.25 -0.25 -0.25
E[\—1]-E[r¥ — 7] -0.99 -1.91 -1.68

a(\) 0.00 19.96 14.20

a(rS —rb) 2.93 2.93 2.93

p(\, 75 —1?) 0.00 -0.04 0.00
Cov(\, % — 1) 0.00 -2.56 0.20
—E[r"] | 0.00 | 0.00 | 0.00
E[r" —rf] | -0.99 | -4.46 | -1.48

Panel B: 1961-1980

Source: Bonds. Target: Stocks

r® = 3M-EDR, with trading costs FLT(5) UVT (19) CvVT

E\—1] 4.00 7.73 6.81

E[r® —rt] -1.40 -1.40 -1.40
E\—1]-E[r¥ — 7] -5.61 -10.84 -9.55

a(\) 0.00 19.96 14.20

a(rS —rb) 2.93 2.93 2.93

p(A 5 —1b) 0.00 -0.01 0.03
Cov(\,r® —1P) 0.00 -0.81 1.42
| | -0.32 | -2.32 | -1.80
E[r" —r¥] | -5.93 | -13.97 | -9.94

Table 5: Performance attribution of the realized arithmetic return of the levered strategies,
FLT, UVT and CVT, in terms of their common source portfolio, a US treasury bond index,
over the period January 1961-December 1980. The performance attribution is based on
Formula (9). The results in Panel A come from a friction-free world in which borrowing is
at the T-Bill rate and trading is free. The results in Panel B are adjusted for transaction
costs; borrowing is at the Eurodollar deposit rate and trading costs are based on the
linear model in Appendix C. Arithmetic returns are estimated from monthly data and
annualized by multiplication by 12; they are displayed in percent.

3.2.4 Compounding Can Substantially Affect the Cumulative Return to a
Levered Strategy

The impact of compounding can be seen over the long sample in a friction-free market.
If we rank the levered strategies by their average realized arithmetic excess return over
their common source portfolio, as in Table 3, UVT outperforms FLT. However, as shown
in Figure 1, a dollar invested in FLT in 1929 is worth more in 2012 than a dollar in UVT.
This reversal arises because average realized arithmetic returns do not properly account
for compounding.

Therefore, we turn to Formula (11), which expresses the difference between the log ge-
ometric returns of the levered stratey and the source, log (1 +G (TL)) —log (1 +G (rs)),
in terms of the diffrence in arithmetic returns, £ [rL — rs], and a compounding correc-
tion involving the expected returns and variances of the levered strategy and the source
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portfolio. Table 6, which shows that the adjustment for variance was much greater for
UVT, before and after transaction costs, than for the other strategies.

Breakdowns of geometric returns for our two shorter periods, January 1981-December
2012 and January 1961-December 1980, are in Tables 7 and 8.

Table 6: Performance Attribution (Geometric Returns)

Panel A: 1929-2012
Source: Bonds. Target: Stocks
7 = ry, no trading costs FLT(5) UVT (19) CVT
E[rl — 9] 6.38 6.89 7.84
1-0.5(E[rY] + E[r°]) 0.99 0.99 0.99
E[rt —7°]- {1 — 0.5(E[r] + E[r°])} 6.33 6.84 7.78
Var(rt) 2.65 4.86 3.89
Var(r®) 0.11 0.11 0.11
—0.5[Var(r®) — Var(r®)] -1.27 -2.37 -1.89
log(1 + G[r"]) — log(1 + G[r°]) | 5.08 | 4.45 | 5.86

Panel B: 1929-2012
Source: Bonds. Target: Stocks

r* = 3M-EDR, with trading costs FLT(5) UVT (19) CVT
E[rt — 9 2.62 -2.04 1.02
1-0.5(E[] +E[r°]) 0.99 1.00 1.00
E[r* —r*]- {1 - 0.5(E[r*] + E[+°])} 2.61 -2.03 1.01
Var(rk) 2.65 5.06 3.94
Var(r®) 0.11 0.11 0.11
—0.5[Var(r’) — Var(r®)) -1.27 -2.47 -1.91
log(1 + G[r*]) — log(1 + G[r®]) | 1.34 -4.61 -0.97

Table 6: Performance attribution of the realized geometric return of the levered strategies,
FLT, UVT and CVT, in terms of their common source portfolio, a US treasury bond index,
over the period January 1929-December 2012. The performance attribution is based on
Formula (11). The results in Panel A come from a friction-free world in which borrowing
is at the T-Bill rate and trading is free. The results in Panel B are adjusted for transaction
costs; borrowing is at the Eurodollar deposit rate and trading costs are based on the linear
model in Appendix C. Geometric returns are estimated from monthly data. The panel
shows log geometric returns log(1 + G(r)), annualized by multiplication by 12; they are
displayed in percent.

4 The Decision to Lever
The performance attribution scheme developed in Section 2 provides a framework for
choosing a fully-invested source portfolio, and determining whether and how to lever it:

(1) Choose a source portfolio, S, with a high forecast Sharpe ratio:

E(S) -1/

KSR -

over a given investment horizon.

16



Table 7: Performance Attribution (Geometric Returns)

Panel A: 1981-2012
Source: Bonds. Target: Stocks
r* = 74, no trading costs FLT(5) UVT (19) CVT
E[rE —r9) 10.03 10.31 9.82
1 - 0.5(E[rY] +E[r)) 0.99 0.99 0.99
E[r" — r*]- {1 - 0.5(E[r*] + E[+°])} 9.93 10.21 9.72
Var(rt) 2.74 2.54 2.46
Var(r®) 0.12 0.12 0.12
—0.5[Var(r®) — Var(r®)] -1.31 -1.21 -1.17
log(1 + G[r*]) — log(1 + G[r°]) | 8.66 9.04 8.58

Panel B: 1981-2012
Source: Bonds. Target: Stocks
r* = 3M-EDR, with trading costs FLT( UVT (19) CVT
E[rt — 7% 7.00 7.50 7.23
1 - 0.5(E[rY] + E[r°]) 0.99 0.99 0.99
E[r* —r*]- {1 — 0.5(E[r"] + E[+°])} 6.94 7.43 7.16
Var(rk) 2.72 2.52 2.45
Var(r®) 0.12 0.12 0.12
—0.5[Var(rt) — Var(r®)] -1.30 -1.20 -1.17
log(1 + G[r*]) — log(1 + G[r°]) | 5.67 6.26 | 6.02

ot

Table 7: Performance attribution of the realized geometric return of the levered strategies,
FLT, UVT and CVT, in terms of their common source portfolio, a US treasury bond index,
over the period January 1981-December 2012. The performance attribution is based on
Formula (11). The results in Panel A come from a friction-free world in which borrowing
is at the T-Bill rate and trading is free. The results in Panel B are adjusted for transaction
costs; borrowing is at the Eurodollar deposit rate and trading costs are based on the linear
model in Appendix C. Geometric returns are estimated from monthly data. The panel
shows log geometric returns log(1 + G(r)), annualized by multiplication by 12; they are
displayed in percent.

(a) Among candidate source portfolios with roughly equal forecast Sharpe ratios,
choose a portfolio with relatively high volatility, since the desired mean return
and volatility can be achieved with lower leverage.

(2) Estimate the borrowing Sharpe ratio:
(13)

for this portfolio. Assuming that the risk-free and borrowing rates are constant, the
forecast borrowing Sharpe ratio of S will also be high. However, unlike the Sharpe
ratio, the borrowing Sharpe ratio is invariant to the level of leverage, provided the
level of leverage is held constant. Thus, the borrowing Sharpe ratio provides a better
picture of the potential returns to the levered strategy than does the regular Sharpe
ratio.
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Table 8: Performance Attribution (Geometric Returns)

Panel A: 1961-1980
Source: Bonds. Target: Stocks
7’ =1}, no trading costs FLT(5) UVT (19) CVT
E[rt — 79 -0.99 -4.46 -1.48
1 - 0.5(E[r*] + E[r%]) 1.00 1.00 1.00
E[rt —r°]- {1 — 0.5(E[r*] + E[+°])} -0.98 -4.45 -1.47
Var(r) 2.12 4.08 3.25
Var(r®) 0.08 0.08 0.08
—0.5[Var(rt) — Var(r®)] -1.02 -2.00 -1.58
log(1 + G[r"]) —log(1 + G[r°]) | -1.97 -6.51 -3.05

Panel B: 1961-1980

Source: Bonds. Target: Stocks

r® = 3M-EDR, with trading costs FLT(5) UVT (19) CVT

E[rt — 79 -5.93 -13.97 -9.94

1 - 0.5(E[r*] + E[r9)) 1.00 1.00 1.00
Elrt —r°]- {1 — 0.5(E[r*] + E[+°])} -5.92 -14.00 -9.93

Var(r®) 2.11 4.24 3.31

Var(r®) 0.08 0.08 0.08
—0.5[Var(r®) — Var(r°)] -1.01 -2.08 -1.61
log(1 4 G[r"]) — log(1 + G[r®]) | -6.93 -16.20 -11.58

Table 8: Performance attribution of the realized geometric return of the levered strategies,
FLT, UVT and CVT, in terms of their common source portfolio, a US treasury bond index,
over the period January 1961-December 1980. The performance attribution is based on
Formula (11). The results in Panel A come from a friction-free world in which borrowing
is at the T-Bill rate and trading is free. The results in Panel B are adjusted for transaction
costs; borrowing is at the Eurodollar deposit rate and trading costs are based on the linear
model in Appendix C. Geometric returns are estimated from monthly data. The panel
shows log geometric returns log(1 + G(r)), annualized by multiplication by 12; they are
displayed in percent.

(3) Choose a leverage rule:

(a) Constant leverage is a reasonable default.

(b) If there is reason to believe that a particular leverage rule will produce a positive
correlation,

i. Estimate the trading costs. Does the extra return from the positive corre-
lation transcend the trading costs? If not, go back to constant leverage.

ii. Estimate the compounding correction. Does the extra return from a pos-
itive correlation survive after trading costs and the compounding correc-
tion? If not, go back to constant leverage.

(4) Choose the scale of leverage. Any leverage rule specifies a leverage profile that de-
pends on future market conditions. You can raise or lower the profile by multiplying
leverage by a scalar 7. Choose 7, keeping in mind:
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(a) Increasing v may increase expected return, but it also increases the volatility
of the strategy as well as other risks.

(b) Increasing ~ increases the impact of trading costs and the compounding cor-
rection. At each instant in time

i. The borrowing cost increases linearly in ~.

ii. Under our assumption of linear trading costs, which ignores market im-
pact, the trading cost increases roughly linearly in . However, in a model
taking into account market impact, the trading cost would likely increase
quadratically in 7.

iii. The compounding correction increases quadratically in ~.

(c) Increasing «y increases the risk of a forced liquidation of a levered strategy at
an inopportune moment. An example is the March 2008 collapse of Carlyle
Capital Corporation, whose source portfolio was Fannie Mae and Freddie Mac
guaranteed Mortgage Backed Securities, levered approximately 30 to 1; see
Werdiger (2008). This is a substantial risk that is beyond the scope of this

paper.

5 Setting Targets

There is no ideal way to create equivalent UVT and CVT strategies. In this study, we set
the unconditional volatility target to the realized volatility of US equity which was 19%
between January 1929 and December 2012, 16% between January 1981 and December
2012, and 15% between January 1961 and December 1980. An advantage of this method
is that volatility-adjusted return is easy to discern. Disadvantages of this method include
lookahead bias and disregard of risks beyond volatility.

In all of our studies, leverage in FLT is set to 5. This is approximately equal to average
leverage in UVT and CVT in the most recent period. However, it is below average over
the long sample, and in the period from between January 1961 and December 1980.

6 Conclusion

The potential for leverage to enhance the return to a portfolio is seductive, but there is
little to recommend a levered strategy that does not outperform its underlying source
portfolio. Looking backward, therefore, a rational assessment of a levered strategy is
taken relative to its source portfolio. Similarly, a rational decision to lever depends on the
expectation that a levered strategy will outperform its source portfolio over the investment
horizon in question.

In this article, we develop a platform that supports both backward-looking perfor-
mance attribution and forward-looking investment decisions concerning levered strategies.
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Specifically, in Formula (9), we express the difference between arithmetic expected return
to a levered strategy portfolio and its source as a sum of three terms:

Et—rS] = EN-1E[r® — "] + cov(\,r® —r) — E [rT¢].

The first term is the one that most easily comes to mind in the context of a levered
strategy; it is the product of average leverage minus one and expected borrowing excess
return of the source portfolio. If this term were the only consideration, then more leverage
would lead to higher expected return as long as the expected return to the source portfolio
is greater than the expected borrowing rate. However, as we have shown empirically in
three strategies that lever US treasury bonds, other factors have a material effect on the
cumulative return to a levered strategy. These are: covariance of leverage with the excess
borrowing return, realistic financing costs, trading costs and compounding effects. Our
studies demonstrate that any of these terms can reverse the ranking of strategies.

Formula (9) accounts for both the covariance term and transaction costs. However,
it neglects the effect of compounding, which imposes a drag on cumulative return that is
not captured in arithmetic expected return. If the levered strategy has high or unstable
volatility, the drag may be substantial. Hence a more complete attribution and a more
accurate decision rule depends on geometric expected return in Formula (11):

log (1+G [r]) — log (1 + G [+¥])

E [TL] + FE [rs]) _var (TL) — var (TS)

~ E[r*—1%] (1— ;

As we have shown, the volatility term,

var (T’L) — var (TS)

2 )

can be substantial enough to reverse arithmetic-rule-based rankings of strategies.

In this paper, we examine the realized performance of three levered strategies: fixed
leverage targeting (FLT), unconditional volatility targeting (UVT) and conditional volatil-
ity targeting (CVT). Some scholars have expressed the view that CVT is a poor strategy
compared to UVT.®> By contrast, we find that FLT, UVT and CVT are different from
one another in important ways, and they perform very differently under different market
conditions. In fact, it is the leverage that is implicitly determined by the volatility targets
in UVT and CV'T, and not the volatility itself, that interacts with the return to the source
portfolio to determine strategy performance.

The period following the financial crisis has featured Fed-supported interest rates that
are extraordinary low by historical standards. As quantitative easing comes to an end, the
cost of funding a levered strategy will rise dramatically, and historical precedent suggests

®See Asness et al. (2013).
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that the impact may well be amplified by declines in asset prices. These considerations
should be incorporated in any decision to lever.

Appendices

A Related Literature

A1 CAPM

Finance continues to draw heavily on the Capital Asset Pricing Model (CAPM) devel-
oped in Treynor (1961), Treynor (1962), Sharpe (1964), Lintner (1965b), Lintner (1965a),
Mossin (1966), and extended in Black and Litterman (1992).% Here, leverage is a means to
adjust the level of risk in an efficient portfolio and nothing more. In contrast, Markowitz
(2005) illustrates another facet of leverage in the context of a market composed of three co-
conut farms. In this disarmingly simple example, some investors are leverage-constrained
and others are not. The market portfolio is mean-variance inefficient; as a result, no mean-
variance investor chooses to hold it, and expected returns of assets do not depend linearly
on market betas.

A.2 Measurement of Risk and Nonlinearities

An impediment to a clear understanding of leverage may be the way we measure its
risk. Standard risk measures such as volatility, value at risk, expected shortfall, and beta
scale linearly with leverage. But as we know from the collapse of Long Term Capital,
the relationship between risk and leverage can be non-linear; see, for example, Jorion
(2000). Follmer and Schied (2002) and Féllmer and Schied (2011, Chapter 4) describe
risk measures that penalize leverage in a super-linear way. Recent experience suggests
that these measures may be useful in assessing the risk of levered strategies.

One contribution of this paper is to explain how the interaction between leverage
and market frictions creates specific nonlinearities in the relationship between leverage
and return. Understanding these specific nonlinearities provides a practical framework to
guide the decision on whether and how to leverage.

A.3 DMotivations for Leverage

If investors are overconfident in their predictions of investment returns, they may find
leverage attractive because it magnifies the returns when times are good, and because

6A history of the CAPM elucidating Jack Treynor’s role in its development is in French (2003).
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they underestimate the risk of bad outcomes.”

Perfectly rational investors may also be attracted to leverage by the low risk anomaly,
the apparent tendency of certain low-risk portfolios to have higher risk-adjusted return
than high-risk portfolios. An investor who believes in the low risk anomaly will be tempted
to lever low-risk portfolios, in the hope of achieving high expected returns at acceptable
levels of risk.

In a CAPM world, investors with below-average risk aversion will choose to lever the
market portfolio.® The low risk anomaly provides a rational argument for investors with
typical risk aversion to use leverage. Indeed, the low risk anomaly is arguably the only
rational argument for an investor to use leverage in an investment portfolio composed
of publicly traded securities.” Differences in risk aversion could explain some investors
choosing higher expected return at the price of higher volatility, but there is little reason
for a rational investor to choose leverage unless the source portfolio being levered offers
superior risk-adjusted returns, at a volatility below the investor’s risk tolerance.

A.4 Levered Low-Risk Strategies

Low-risk investing refers to a diverse collection of investment strategies that emphasize low
beta, low idiosyncratic risk, low volatility or downside protection. The collection of low-
risk strategies includes broad asset allocations, but it also includes narrower strategies
restricted to a single asset class. An early reference to low-risk investing is Markowitz
(1952) who comments that a minimum-variance portfolio is mean-variance optimal if
all assets returns are uncorrelated and have equal expectations. But low-risk strategies
typically require leverage in order to meet expected return targets. In an exploration of
this idea, Frazzini and Pedersen (2010) echo some of the conclusions in Markowitz (2005),
and they complement theory with an empirical study of an implicitly levered equity risk
factor that is long low-beta stocks and short high-beta stocks. This factor descends from
Black et al. (1972), which provides evidence that the (CAPM) may not properly reflect
market behavior.

"A positive relationship between overconfident CEOs and firm leverage is documented in Malmendier
et al. (2011). Shefrin and Statman (2011) identify excessive leverage taken by overconfident bankers as a
contributor to the global financial crisis.

8Note, however, that the market portfolio in CAPM includes bonds and other risky asset classes,
rather than just stocks. Levered strategies include the use of margin, and futures and other derivatives,
to assemble levered equity-only portfolios, which behave quite differently from levered portfolios in CAPM.

9There are, of course, other rational arguments for using leverage in other contexts. The leverage
provided by a mortgage may be the only feasible way for a household to buy a house, which provides a
stream of consumption benefits and tax advantages in addition to facilitating an investment in the real
estate market. Companies leverage their shareholder equity with borrowing to finance operations, for a
variety of reasons, including differences in risk aversion, informational asymmetries, and tax implications.
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A.5 Empirical Evidence on Levered Low-Risk Investing

There is a growing empirical literature indicating that market frictions may present in-
vestors from harvesting the returns promised by a frictionless analysis of levered low-risk
strategies. Anderson et al. (2012) show that financing and trading costs can negate the
abnormal profits earned by a levered risk parity strategy in a friction-free market. Li et al.
(2013) and Fu (2009) show that market frictions may impede the ability to scale up the
return of low-risk strategies through leverage.!”

Asset allocation that is based on capital weights has a long and distinguished his-
tory; see, for example Graham (1949) and Bogle (2007). However, rules-based strategies
that allocate risk instead of, or in addition to, capital are of a more recent vintage.
Risk-based investing is discussed in Lortscher (1990), Kessler and Schwarz (1996), Qian
(2005), Clarke et al. (2011), Shah (2011), Sefton et al. (2011), Clarke et al. (2013), Ander-
son et al. (2012), Cowan and Wilderman (2011), Bailey and de Prado (2012), Goldberg
and Mahmoud (2013) and elsewhere. Strategies that target volatility are also gaining
acceptance, although the literature is still sparse. Goldsticker (2012) compares volatility
targeting strategies to standard allocations such as fixed mix, and finds that the relative
performance of the strategies is period dependent.

A.6 The Effect of Leverage on Markets

Another important question is the extent to which leverage may contribute to market
instability. See, for example, Brunnermeier and Pedersen (2009), Adrian and Shin (2010)
and Geanakoplos (2010). We do not address that question here, as we restrict our analysis
to the effect of leverage on the return of investment strategies, taking the distribution of
the underlying asset returns as given.

B Data

The results presented in this paper are based on CRSP stock and bond data from Jan-
uary of 1929 through December of 2012. The aggregate stock return is the CRSP value
weighted market return (including dividends) from the table Monthly Stock—Market In-
dices (NYSE/AMEX/NASDAQ) — variable name vwretd. The aggregate bond return is
the face value outstanding (cross-sectionally) weighted average of the unadjusted return
for each bond in the CRSP Monthly Treasury (Master) table. In this table, the variable
name for the unadjusted return is retnua and for the face value outstanding is ioutIr.
All bonds in the table are used, provided the values for both retnua and ioutlr are not
missing.

0Ross (2004) provides an example of the limits to arbitraging mispricings of interest-only strips of
mortgage backed securities.
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The proxy for the risk-free rate is the USA Government 90-day T-Bills Secondary
Market rate, provided by Global Financial Data (http://www.globalfinancialdata.com),
covering the period from January of 1929 through December of 2012. The proxy for
the cost of financing leverage is the U.S. 3-Month Euro-Dollar Deposit rate, downloaded
from the Federal Reserve (http://www.federalreserve.gov /releases/h15/data.htm). The 3-
Month Euro-Dollar Deposit data is available from January of 1971 through December of
2012. Prior to January of 1971, a constant of 60 basis points is added to the 90-day T-Bill
rate.!!

C Trading Costs

We estimate the drag on return that stems from the turnover-induced trading required
to maintain leverage targets in a strategy that levers a source portfolio .S.

At time t, the strategy calls for an investment with a leverage ratio of A;. We make
the harmless assumption that the value of the levered strategy at ¢, denoted L, is $1.'2
Then the holdings in the source portfolio, or assets, are A; = \;. The debt, or liability, at
time ¢ is given by D, = A\ — 1.

Between times ¢ and ¢ + 1, the value of the source portfolio changes from S; to S;1
and the strategy calls for rebalancing to achieve leverage \;; 1. Just prior to rebalancing,

the value of the investment is
Ay = N(1+1D), (14)
the liability has grown to D, = (A; — 1)(1 4+ 7?) and the investor’s equity is:
L, = A, — D,
=M1+ — (= DA 41D, (15)

At time t + 1, the strategy is rebalanced according to its rules, and we let x; denote
the dollar amount of the change in value due to rebalancing, so that:

T = At+1 — A:ﬁ (16)

If we assume a linear model, the cost of trading z; is k|x;| for some x > 0. The cost
reduces the investor’s equity to:

Liy1 = L:e - "3|$t|

= (L 475) — (A = D)+ 78) — klay (17)

"The average difference between the 90-day T-Bill Rate and the 3-Month Euro-Dollar Deposit Rate
from 1971 through 2012 is 102 basis points. So our estimate of 60 basis points is relatively conservative.

12This assumption is harmless in a linear model of trading costs, which we develop here. It would be
inappropriate for a realistic model of market impact.
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in view of Formula (15), and the strategy rules combined with Formula (17) imply the
value of the levered strategy at time ¢ + 1 must be:

Arp1 = My L
=Xt (M@ +70) = e = D)X +17) — k[ze]) . (18)
Formulas (16), (18) and (14) imply:
e =M1 (ML +70) — (N = D) (L +17)) — Kla]) — M(L+77). (19)
In the case that x = 0, the solution is:
7 = (Ao = DX +77) = (A = DAa (1 +17))

The solution for general k is

0

Ty : 0
T it z; >0
t
Lo : 0
T v it z; <0

provided that KA\ < 1.

The reduction in return due to trading costs, rT€, corresponding to Formula (20) is
given by:
Kz . 0
1+I€)\tt+1 if L Z 0
rrC = (21)
Kt . 0
1—5/\(1“ it z; <0

Even though the return estimate depends on current- and next-period leverage, it is
possible to formulate »T€ without subscripts. Let F' denote an operator that takes maps
leverage in one period to leverage in the next. Then:

20 = (FO) = DAQ+7%) = (A= DFW)(1+7")

and .
KX : 0
T+RF (V) if 27 >0
rTC = (22)

D Geometric Return

Let L; denote the equity in a strategy at month ¢, where t =0,1,...,7.
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The correct ranking of realized strategy performance, taking compounding into ac-

count, is given by G(r), the geometric average of the monthly returns, minus one:

T_1 1/T
Lea] |
L,

Lt=0
[T—-1

T 1/T

= |JJ+r)

Lt=0

-1

(23)

As we shall see, log (1 + G((r)) meshes very nicely with our formulas for arithmetic
return. Because the logarithm is strictly increasing, G(r) and log (1 + G (r)) induce exactly

the same ranking of realized strategy returns.

log(1+G(r)) = %Zlog(l + 1)

Formula (24) approximates log (1 + r;) by its quadratic Taylor polynomial.'?

Thus, we have:

1 <= 152 (7B = (18)?
= S - -2 () Q(t)
t=0 t=0
1 L 8
_ 1 (TL_TS)(l ¢ t)
tho t t 2

2

 pp_ (1 CE(M)+E (TS)) var (V) — var (r5)

(26)

13Because the Taylor series for logarithm is alternating and decreasing in absolute value for |r;| < 1, the
error in the approximation of log (1 + ;) is bounded above by |r? \3 /3 for each month ¢. Since the monthly
returns are both positive and negative, the errors in months with negative returns will substantially offset
the errors in months with positive returns, so the errors will tend not to accumulate over time, in contrast

with the second order terms which are all positive.
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