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INTRODUCTION

‘This thesis is concerned with the determination of the
dynamic rate constants of the éarbon reduction cycle (Calvin
Cycie) and with the mathematical and computationai tools
required. The rate constant problem has been an'open problem
for ovef twenty yéars. |

The dynamibs of photosynthesis can -be desqribed by a
system.of eighteéh Qrdinary non-linear differentiéi equations:-
which_confain twéhty-twé unknown parameteré - the.raté
constants. |

_Determinéfibn of these constants from QbSefvable data
is the concern of this thesis. Mathematically,:it reduces
-to a non-linear fitting problem which in turn réduces to
optimizing a transcendental function that is ﬁot known in
closed form, but,it éan be evaluated pointwise through
(laborious) computafion.

The literature on opfimization is vast,and ménj algorithms
are. in use. The'problem at hand can only be solvea‘if a
powerful, computationally efficient, non—stagnatingioptimi-'
zation algorithm is used.

'Thus the firét part of the fhesis is.concerned with
the éomparison of different optimization algorithmé and
their performance on a variety of test problems. This is
a mathematical—numerical problem in its own right which in
turn is clcsely related to the probleﬁ of rootfinding for

systems of leyhOmials and transcendental functidds in many



’variébles; Thé research shoWédlthat'the optimiéation}algorithm
by H. Brmermann outperformed all others téstéd._“ -

In applyihg the_optimizatioﬁ algdrithm to:thé photo-
synthesis pfoblem anofher problem was encountergd. The dynamic
equations that-déécribe photosynthesis turned ouf to be |
very stiff and standardrintegration algorithms (Runge-Kufta)
failed. Rate constants defermihation is ah itérativé process
that requires %épeated integration.of>thevdynamic équatiéns
and a special.stiff method (Gear's‘method) héa‘to be
adapted to,thefproblem. | | R

'The eafiier work of J. Swartz [ 83 ] whiéh solves
similar but smaller and simpler parémeter determination
problems'showed theuimbortance of an error analysis. Due
to the intrinsic nature ofvthe péfameter determination problem,
noise in the (exgérimental) data éan-result in.é percentageb
error that Cah'véry greatly (by orders of magnitﬁde) between
pérametefs. ﬁenéé an error analysis of the ekpeéted variance
of the paramefers is required if the results’are td be
meaningful. Iﬁ‘the cése of photosynthesis, tﬁis analysis
involves matrides,of partial derivatives of the system's
equationsvwith so many.tefms, that even a‘very”small
probability of making a mistaké during‘symbol manipulation,
results in a viftual certainty of erroneous terms in the
complete'matrices. Since, in this case, human error in
symbol manipulatibn cannotvbe médé small enough, automation

of symbol manipulation proved necessary.— To this end we
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used a new experimental language calleo ALTRAN (éigebra
Translator). ALTRAN is a language and‘system for performing
symbolic computafions on algebraic data. The basic
capability of the language is to perform operations on
rational expressions in one or more indeterminants. The
system is-designed-to handle very large problems involving
such data, with oonsiderable efficieﬁcy. | | |
Our mathematical description of.tbe kineticeof the
Calvin Cycle is a non—linear system.of ordinarv differential
equatione.» Determlnatlon of the rate constanto.(klnet1C~
parameters) is based on the knowledge of the trajecborles
of the 1ntermed1ate< of the system (the concentratlon of
the 1ntermed1ates change with time). A problem for which
the trajectories are known and the parameters bave to be
determined is called an "inverse problem". ﬁxperimental
error can cause errors in the obseryafion of thé.trajeotories
which.in turn.can‘cause large errors in the determination of
the parameters.' Such a problem is called "ill-condiﬁioned".
Parameter identification of the Calvin Cycle turned out to
be an ill-conditioned problem if only one set of initial
conditions isvused. ‘To overcome the ill-conditioned nature
of our model if‘is,necessary fo obtain‘accﬁrate exberimehtal
data using several initial conditiohs,lthat is, performing
several experiments.with different initial concentration.
The experiments to obtain accurate data are elaborate,

costly and requireva substantial amount of time. - M. Calvin,
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J. A. Bassham and co-workers at the Chemical Biodynamics
Laboratory at the University of California, Berkeley, will
furnish sufficient experimental data for use in the parameter

identification problem.
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-Abstract

This thesis is concerned with the determination of
kinetic parameters of the Calvin photosynthesis cycle and
the numerical tools required. A mathematical model with
seventeen héﬁ;linear‘ordinary:différential}equations des-
cribing this cycle ié presented; its unknown barameters are
to be'determinéd using data from observatibns‘of'the state
variables and an opfimization technique de?élaped herein.
This method fbf‘barameter identification involves a non-
lihear 0ptimiiation algorifhm, first developedvby Haﬁs_'
Bremermann, aAcomputer”routine;for numericalaintegration
of stiff systéms and an error analysis techﬁique, based on
a method ova§Senbrook and Storey which.was‘implemented and
tested by Joel.SWartz. Bremefmann's optimization algorithm
vis tested and compared to other techniques frequently used
on opfimization and root-finding problems. TFinally, in.order
to test botﬁifﬁe mathematical model and paréﬁefer identifica-
tion techniéue, an arbitrary choice of parameter-valuesvwas
designated as thé correct or éxact parametef values and the |
technique Qas implemented usingusimulated "observational"

data.
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PART

I

NON-LINEAR CPTIMIZATION



1.0 INTRODUCTION TO PART I

The first chapter of this thesis will,éehtef on dis-
cussing the problem of non-linear optimization. A survey
on different methods is carried out with the aim of obtaining
an undeﬁéfanding of the difficulties encountered while
optimizing a reallvélue function of many variables. Of
central iﬁportance to this study is the perfpfmance pf aﬁ ,
algofithm,as-it depends on the dimensionality;‘i;e.,'the
number of independent. variables of the functiéﬁ whose extremum
is sought. Thefe>is no theory,which'determinesihow the number
of variables will.affect the peffofmance of'an_algoritth
- Moreover thé pfeparation of an algorithm to bé'used in a
computer may tﬁrn out to be a very laborious'task, Some
algorithms require a subroutine containing the Jacobian or
the.Heséian matfix; if a real valued function of fhree-
variables is Eeing optimized then the calcﬁlatioﬁfof>the
Jacobian matrix-wiil involve three formal differéntiation of
the function with-respect to the variables, 'in that case,
the Hessian will require nine differentiations. This éomputa—'
tion ecan accufately be performed in a reasonéble”amount of
time, but a fifty dimensional prdblem requires fifty
formal differentiations to obtain the Jacobian éna 2500 to
obtain the Hessian. With only fifty variableé this task is.
humanly impossible. As the dimensionality of a function
‘increases the calculation of a Hessian matrix growsv
quadratically;; Furthermore, some algorithms reqﬁire the”

- inversion or diagonalizationof large dimensional "linear
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systems and‘these_tasks are cumbersome and réquiﬁe a signifi-
cant amount of éOmputing.time. |

Becausesof:the difficulties mentioned above there exists
a gap in the understanding of the perfopmancs ofvalgorifhms
on problems-df'large dimensibnality. As the fiéld of non-
linear optimiZatioﬁ evolved, ths performance'of an algorithm _
was tested not on theoretical grounds but rather by applying
the a1g§rithmdto some "test" prbbleﬁs forvwhichvsucqess or
failﬁre couldibeleasily dstermined.

In this-Chaptef a comparison of Bremermann‘s optimizer,
‘which has evolvéd as an.algorithm to simulate the prosess of
evolution, andlsome of-the'prominent'algofitﬁms.fbund in the
literature is made. Initialiy we compared their performances
on functions having up to four variables and”fﬁen on fifty
dimensional broblems.

The preparation of subroutines for use in an algorithm
has to be considered. Since Bremermann's algorithm does hot
require any special subroutine except one that evaluates ;
function, we wiil ses that Bremermann's optimizer is easy
to implemént;

The literature of non-linear optimizstion is vast and
therefore it is_difficult to describe all the methods which
deal with the optimization problem. We extrééted from the
literature a representative set of_algofithms‘and discussed
their main featdfes with the sole purpose of'acduiring a basic
knowledge of thé methods and.difficuities'encountersd in

their use.



1.1 . OPTIMIZATION: KEY TO PARAMETER DETERMINATION

- In the next Chapter, non linear optimization will be
used in determining the kinetic parameters of the carbon:
reduction cycle (Calvin Cycle). Because of fhe many kinetic
parameters included in the Calvin Cycle and because derivatives
cannot readily be computed, many optimization aigorithm
fail on this problem, in any case an optimization process for
this maﬁy parameters is costly and computationélly demanding
Thus,'the principal purpose of this CHapter is to explore:
different algorithms considered prominent in the literature.

We shall discuss the main features of.these methods and compare
their actﬁal perforinance with Bremermann's opfimization

algorithm in solving several "tests" problems.

1.2 UNCONSTRAINED OPTIMIZATION

The unconstrained minimization problem can be stated as

( follows:
Minimize F[X] for x € R"

where F[x] is a nonlinear function in n-variables; X is
an n-dimensional vector, i.e., X = (xl, ceas xn)- and K
is the n-dimensional Euclidean space.

Definition: The function F[x] for which a minimum value

is sought is called the objective function.

Definition: A point X% is said to be a solution of the

unconstrained minimization problem if
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FL%*] < F[R] for V % € K

and x* does not have to satisfy any constraints.

1.3 COMPUTATIONAL DIFFICULTIES IN OPTIMIZATION |

Given an objective function F[X] the task of finding
a global optimum (a solution to the optimizatibn pboblem),
in general is nontrivial. The computional difficulties can

be classified irito several categories:

1) Convergence properties of the_method

2) ‘Sensitivity_of the method to initial guesses

3) Computationél cost

In the next section we shall survey the main features of

methods in optimization which are most widely used,

1.4 SURVEY OF METHODS OF UNCONSTRAINED O?TIMIZATION

The methods most widely used can be classified into two
broad categoriés;
1) Direct search methods

'2) Descent techniques

1.4.1 Direct Search Methods
Direct search methods do not require the calculation of
~derivatives but rather the evaluations of the objectivé

- function. Some examples of search methods follow:



1.4.2 Pattern Search Method: Hooke-=Jeeves tlgﬁl]

‘This method consists of two kinds of moves: exploratory

and pattern moves. In an exploratory move, the algorithm

examines the local behaViop’of the function trying to locate
'a decrease in the objective function. When the value of

the objective fungtion’deéreases, there is an indication»that
a;"valley" is present. A pattern move utilizes thé-infor;b
mation obtained from an exploratory move by pfogressingA
along such a "Valley". v

The Exploratory Move. This move consists of the

follohing procedure: A steplength A is chosen arbitrarily.

Starting from the current iterate, x = (xl, N xﬁ)‘,.a
'singlebstep is taken along the direction of oné coordinate

(by adding preset increment, X , to the partig@iar
coordinate cbnsidered). 'if the value of the objective
funétion at thié pointvdecreased”br remainéd.undhanged
compared with its initial value,ltheﬁ this step is considered
successful, if its value increases the step is considered
‘unsuccessful ahd that cheoice is not'used. When.an unsuccessful
step is‘present, replace A Dby =-X and chéck ifvthe new |
value of thé objective function is smaller.  if it'increaées
the value then it is unsuccessfui;‘choose aﬁother coordinate
and perfdrm the pfeviOUS~procedure. If in this.éxplorafion

a point y = (yl,...., yn)_ is founa for which  F[?] < F[i]'_
then 'y willlbe.retained.as a new inifial point. When all |
n-coordinate directions have been tried the ékpioratory move

is complete.
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We shQuld'ﬁote that the point y obtained by the
exploratory mer may.or may not be distinct from the initial
point X . If‘this is the case, it can be understooa.that
‘either we are very close to the minimﬁm or thét the steplenth
A is toé bié_to.succeed in reducing the value of the
objective function F . Thuswa reduction of the stepleﬁth
is desirable‘and further‘explorationsvgan be cbntinued.

Mathematically the exploratory move is as follows: Let

<1

g ° (xl, cees xﬁ)' be an initial guess; a = X; for
1 <3j<n, i an integer,be the current coordinate being

~

considered;_'x-i (§1,...,§n) the vector sought by an
exploratory'mOVe; F(xl,...,xn) is our initial value of

the objective function:

The basic iferation of the exploratory move ié:
1) Initialize J i.e. J ? 1
2) a = X3 | | |
) AE [FGRy,ee Ry 1y X4, eeox) < F(Rpsenes®s 1> Xs5oeensk)]
. then set..a = xj + A, go to. Step 5. Otherwise go to

Step 4 but if you have been to Step 4 for the same j

go to Step:s; | | |
4) Set X to -A"  and go to Step 3.
5) X. = a gs to Step 6.

6) 3 = j+1 go to Step 2.

When all n-coordinates directions 'xj

been tried the exploratory move is complete . and we will

j =1, ..., n have

. . -~ A A ‘
have arrived at a new point x =.(xl, cees xn) .



The Pattern Move This move consists of a single
.o = L =7 L U ) nh v
step from the present p01nt X . From the point x _optained‘

in the exploratory move, obtaln a new p01nt _Gbé (wl,..:,wn),

_by taklng a step along the approx1mate gradlent dlrectlon .

E; i.e. o
’ . S . I
-— A -
_ W= X +. 85 ) :
Lo LT PR ST SRS S TS R SRR P, SURT
where s = (x - x)
SO e e BF g et e Deplin e s et
A | -
= - x X, - .o - X
{(xl _ l?: ( ? x2) ‘y(xn : D)}.‘ L
N ORI BRI e eyt e - Tl T

- The 1nteractlon of Exploratory and Pattern Moves.

The method lS 1t°rat1ve

£l e . PPN

- R A [ S : s .

1) Exploratory.Move + 2) Pattern Move » 3) Exploratory‘Move.
Each time‘thatléuchiaféeoﬁendéioﬁihove'isiperﬁormedg'a'
comparison of the value of the oBjective function at the

points obtained by consecutive exploratory moves 1is made.

The algoritnm'isidégbribEd*below:¢ co ,?}V' T
R ””“ﬁé?ffﬁ 5; theip01nt obtalned 1n l)‘
;L;£u3§ “B%”the p01nt obtalned in 3) | ]
Then e . 5i‘ e 'uf

% Al Te T :
a) TIf FIx] < F[x] go to b. Otherwise go to Step C -
| A e
b) Perform a new Pattern Move (using the Point x),
followed by an Exploratory Move., Return:to Step 1.

c) A‘=‘A/2 . Start an Exploratory Move around the Point, x

8

and follow 1t by a Pattern and Exploratory Move.m

- S ‘:\) adi

Then go to_a)
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‘The iterative scheme is terminated when the size of the step-

length X 1is less than a given value Yy .

1.4.3 METHOD OF ROTATING COORDINATES

It was first suggested byaRosénbrook [léGOj_that the
'coordinéte sysfém be rotated,~from the current point of itera—
tion, in suéhvé way that one axis is.oriented’toward fhe
"locally estimafed direction of a local minimum“ and the

other axes are normal to it and mutually orthogonal.

‘The ifefation steps of the algorithm
1) Let S = {sy5 855 54, ... s} be an arbitrary orthogonal
set of vectors in IR . ”pet A = (xl, ..ﬁ; An) be an
arbitrary n%tuple of numbers which will be used as the
initial steplengths.' Let X =-(xl, ...,_x&) be an
n-tuple of”feal numbers represénting a.veétor in i
where X = X185, * X8, * ... * X s/,

guess. Let F: IR* 5 IR be the function to be minimized.

5 % is the initial
2) This step is called "a sequence of minimizétions". Its .
Primary object is to obtain.a new vectér.
% = (R, &y, ..., &) which satisfies F[R] < FIR]
A secondary\efféct'of this step is to.provide information
about "suéceésfui stéplengths" ("succesSfulﬁ'Will be

defined below).
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: ' n : n
If F + A,)s, + ' X.S. < F .S, th

Al is successful. Try Al 2Al » repeat until you are no

longer successful then ,§1 = Xy + Al . Change to the next

coordinate. Otherwise (i.e.

. : n ' n . :
ive. FI| (x; + x;)s, + } x.s.l > F X:S2 ) is

unsuccessful. Try kl = 1/2 Xl repeat until you are

successful. Then x = X, *+ A, change to next coordinate.

1 1

——~

For the j-th coordinate: if

jgl . n
F X.5. * (x. + A.)s. + X, S <
i=1 I gEger KR~

T i

F X.s. *+ X.S

i=1 . k=3 33
Then Aj I's successful. Try Aj = 2Aj ‘repeat until you are
no longer successful then §j = xj‘+ Aj N bhange to next
coordinate. Otherwise Aj is unsuccessful. Try Aj = 1/2 Aj
repeat until you are successful then X%. = X. *+ A. , change

J : ]
to next coordinate. '

3) Let ei denote the sum of all'the'successful_stéplengths

in the direction s; (note: 6, # 0).

4) Calculate a set of independent directions.

P = (P15 Py +v+» Pp)



5)

6)

00y 044

c:
P
e
-
o

11

(Plapza- .. ,bp_n)=(sl,52, “ e ,Sn)

Note: If 3.i 3 8, =.0 the procedure is terminated.

Using GraméSchmidt orthogomalization procedure generate
a new setVOf orthogonal directiocns.

Let Wy =.pl

"
Lo
}.J
1
3B~ e

and w.
- i

where ‘I‘j = -

.i]z
e [
=
1]
—
o)

will be the new search directions.

Repeat the procedure'from_Step 1, using the point X

found in Step 2 and the new_orthogonal-difeétions,_L,

found in Step 5.

The search for the minimum is terminated when:

1) Either A is smaller than a predetermined tolerance Yy

or

2) The magniiude  "p0" of the progress of several steps is

less than a predertimined minimum value.
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1.4.4 Simplex Method: Nelder & Mead [1965]

For the purpose of this method we use the féllowing

definition™:
Definition: ‘"simplex" in wR" ~is a set of n+l vectors
- 1 2 - n oanel
X = {xl, xz, x3, cee, X0,0XD lj in R"

The main feature of the simplex.method is that at each
iteration we éhange a simplex'(thé'current iterate) by
operations called: reflection, expansion, contraction (defined = = .
below). These operations éhange ohly one.of.the vectors at
a time. |

The one changed is usually - that for which the objective
function F[Q] is the greatest.

. Let %" be the vector corresponding to the maximum

value of F on

1>

5 i.e.
FLX] = max FLx']
. i .

Let iz be the vector corresponding to the minimum

value of F on X, i.e.:

PI*] = min FLE']
, 1

®*yithin the context of topology a simplex is defined
differentely, see Spanier, Algebraic Topology [ 80 J.
In the context of optimization theory (constrained and
unconstrained) the above definition is sufficient.
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Let §O’kbe the centroid of {X* | i#h} , i.e.:

i=1
i#h

‘The three basic operations of the simplex method are

defined below, where a, Yy, B are arbitrary real numbers.

Reflection: %~ is replaced by x° defined by

%L = (l+d),§0 - ax" o > 0

(This corresponds to reflection through an opposite face¥®)

Exgansion: X is replaced by %€ defined by:.

- %= y2 + -y %y > 1
- (This corresponds to expanding the simplex in the direction

praa LN

-h =C

Contraction: X' is replaced by x defined by:

-c -h 0

X~ = Bx + (1-B) x 0 < B <1

(This corresponds to contracting the simplex by effectively

reducing 1z - 2.

Melder and Mead found that "good" values for the constants

ére  a =1,y = 2, B = .5.

The stopping criterion is based on the comparison of

the standard deviation of F at the (n+l) ‘vectors'with

a preselected tolerance T > 0 i.e.

ntl g -0
1 [Elx71 - PIx"31°0 < 7
i=1 n -

211/2




The following flowchart describes the entire process:

Initialize | - - < PG > PGt >
' | o
xF = (1+a)x0—axh :] . v - ~
Compute M(x") ‘ ’ No|[Yes Replace x by x -

. r, - 2 - A s r, . Y
F(x ) < F(x7) ' F(x7) > F(x) o

v

- X = ‘ Xh+(l“8 )XO
l<¥es Compute M(x")
Yes
xe = Xr+(l'Y ) xo . v
. )
Compute M(x ) <1 F(x) > F(Xh) :>

Y
# No ~ |Yes

- No
<: F(x® F(XQ) :>“l———" Replace <P by x"

Replace xi by
,%{xl+x) all i

Yes

Replace xh by x©

Yy

Replace xh by x©

\

<:> No Is convergence ~ \ YeS Exit
criterion satisfied?

Further development on this method was done by Paviani,

Himmelblau [19691].



-

1.u.5 Random Methods

| Thése methods have the property that pandom searches
do not require{dériQatives which may be difficﬁlt to compute
if functional evaluation is a bit noisy. - |

Random JumE;ngv

Let F: Hfi* IR be an objective function for which a

minimum x* E-Dﬂ{ is sought. Let 71 = (xy5...5% ) be the

~initial guess.

Define aﬁ'hyperchbe by

a. < X. < b.
- =i

1 1

where a;, bi € R and are lower and upper bound of x. for

S >

each i . 1In what follows, § = ( ceos sn) is called a

Sl,

random vector because each componernt, S5 » is a random number

uniformly distributed between 0 and 1

The basic iteration is as follows:

1) k=1

2) Find a point % = (% ceey §n) € R"; pick:a random

1)
vector, s, then

. = . - a.)s. + a. i=1, ..., 1
X5 (bl 1) i i ’ . M

15

3) If FLx] i"F[ik] go to Step Uu. Otherwiseifind a new random

A

vector S_='(§1, ceey §n). Go to Step 2.i B
~-k+ A -k+ . .. - ‘
k+1 = . x and -xk 1 is the new estimate of x*. Go

4) Set x

to Step 5.
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5) If ﬂF[§k+l] - FLRFIN < €  where, € 1is a predetermined
tolerance. Terminate the procedure. Otherwise go to

Step 1.

Random Direction Stepping

The iteration step for this method is:

0 ¢ r 'is the initial guess

0

1) k=0, %
A2)_ Choose a set A = (A°, ..., A of steplengths, n any
positive integer.

C kK _ ..k Ky . -
~3) Find a vector s = (Sl’ cees Sn) whose components are
-random numbers between 0 and 1.

4) A new point 1is determinéd by

Ky

T K eask for 2 €00, L.,
where FL[RX + 2557 = min FIRS  aisk)
1<1<k ' '

5) If two consecutive values of F differ by less than
a predetermined value 1T terminate the procedure.
Otherwise go to Step 6.

6) If k = n .stop. Otherwise go to Step 3.

1.4.6 Descenthechhiqueé

These techniques use the gradient of F[x] , which is
the vector normal to the local contour surface and is

- denoted by V F[x]. Its components are the first order
1

‘partial derivatives of a differentiable function F[x] € C~ ;

that is



- = F 9F _\T
C v F[x] = et s ey nNo
-: (axl axn

where T indiéates the tranSbose.

. Sincevthe gradient vector VFti] points in the
direction in which the function decreases most rapidiy. It
seems reasondﬂlé to follow the‘gradient in 6rder to reach
a minimum. 'Gradient.méthods impleﬁént this:idgé. They
require repéétéd evaluation of partial derivatives of the

‘objective fuhction Flx]

Let % denote the K th iteration of a process;

n -k

§k € R" be a N direction. in R 3 x € Rr"

a point
in the n-dimensional space.
=k

A unit vector Sk is said to be a descent
L 15 | _ escent

=k

direction with respect to F[ik] at the point x € RrR"  if

3 a scalar -Ad_> 0 Vv scalars A satisfying

0 < X < A we have
PIRFYLY = PIRN + 2551 < PIEMD

if F is differentiable, 5K "is a descent direciton if

F[§k1+.a§k] - FLRN] W GR

13
Lm. o _ -k %
S .

a+0

SX.vFLR<1 < 0

where VF[X] denotes the gradient of F[X] evaluated at

the point (§k)v. Note that by definition the product

17



(3% vr[x®1  is nothing other than the directional derivative

of FI[x] in the direction of Ek evluated at % . If this

. . . . . . . T =k .
directional derivative exists and 1s negative then s 1s a

descent direction.
Now we are ready to demonstrate a typical descent
iteration:

k

Let X  be the point obtained from the K- th

iteration

a) ,cdmpute,‘according to some rule, a déscent direction
-k k k

S = (Sl’ o o e Sn)

b) Compute,.according to some rule, a descent steplength

c) obtain a new point using

§k+l - ik +_»)‘kgk

A sequence of k-descent steps sfarting from a point

o to the point %K is given by

%

k-1 . . k-1 . .
s x4 § oatst o= oo+ 7 GI o xh
0 . L : 0 . L
- 1=0 1=0
_ o k=l
= X, + Z. Ax
i=0
where Ax' = (§l+1 - %) .
: .th . . . ' .
At the k-~ iteration defines the matrix Axk.
axy = [ax%, a%h, ..., AR

18



i.e. the columns of Axk are the k-descent steps
-0 =1 -k-1 k .

A~ AXT, .., AX preceding AXx .
The literature describes numerous deScent,techniques
which differ in the rules for cdmputing sk"and Ak'fand

k k

which differ in the use of s° , A° and Ax, . We shall
consider someirépresentatives of this class,:bﬁt before this,

we shall discuss some preliminary concepts.:

1.4.7 Lagrangian Multipliers

- Suppose we want to find the minimum éf the objective
function ' F[X] constrained by g[k] (a constraint is a
condition that an objective function must satisfy).

L(x,u) = FE§3 -;

uy gj(i) is defined to be Lagrangian
J .

He~1g

1
Function corresponding to the constrained mihimization
problem

min {F[%]1 | lgs(R) 20 3 =1, ..o, ml}
X L C

The éomponents Ugs eees U of 1 are qalléd the Lagrange

Multipliers. .

Definition. A pair of points (%%, G%*) such that
n

L(x%,0) < L(Z*,0%) < L&,0% Vv X,1€R

will be called a saddle point of the Lagrangian{ In‘partic-

ular if our problem is:

19
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Find the min F[x]
subject to the equality constraint
g(i) = 0
i.e. min {F[x] ! [g(x) = 01} , then the saddle point

(x*,u*) is characterized by:
v L(X*,0%) = 0 and vuL(i*,G*) =0

where 'Vx -and Vu are the'gradients of X and u
respectively. These results will be used in the following

section. [l,u.8]

1.4.8 Descent Directions

Definition: The distance between two .points in R~ , the

%

n-dimensional space, is defined as:

T )]l/2

d(xq,%,) = [(xl - X,5) vA(xl - %,

where the superécript T on the vector (§l - iz) denotes .

the transpose and A is a-positive definite nxn symmetric

matrix. We assume A to be positive definite to assure
d(xl,xz) >0 for any Xy 3 Xy -

Onée distance, d, 1is defined én Eflr.a metric ié
established then the role of the matrix A is tovintroduce
a new metric relative to the old coordinate systém. Keeping
the matrix A fixed during an iterative process will fix

the metric. For example, if A 1is the n-dimensional



identity mafrix I xn then d(il, §2) = Euclidean Metric.
Changing the ﬁ§trix- A is equivalent to reé¢aling the
vériables, ahd by inné so we generate a neﬁlﬁgtric relative
to the old cdbrdinates. o

| Cleafly,fthe locus of ?oints at.a diétance d from
a point §k,€ r" is given by- the n—dimeﬁsional ellipsoid

cat stk - 9T A - 1

with center x° .

- Now 1ét”ﬁs consider a step A%< from'gik onto this
ellipsoid suéh,that'the'value of F is the least, in

other words: .

2.

F9TaaxS) = a?y

(MIN PLRM+aX5T 1 (ak

"F can be expanded in a first order Taylor approximation

.

around X%~ to get

FIR+A%<] ~ F(R5] + [ax¥1T wr(RX)
since FL[%"] is constant, we can reduce our problem to
>finding

MINCCAR<1TvrrE}1 1 a? = (ax*1Taraz*n

The saddle point can be found by the method of Lagrange
multipliers: |
LI%,p] = [ARS1TVELRNT - w{fax¥1a08%%] - 4%}

and at ‘the saddle'point
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(1) 3L - gprRF] - 2ualaz€] = o
X
(2) 3 s aE AR - d® = o

From the first condition

which indicates that the step A% is taken in the direction’
of ATTVF[E®] . "The Lagrangian multiplier can be found by
sdlving (1) and (2).

Thus the direction of locally steepeét descent is

given by
(3) ¢ = - a3 tvriE4

The matrix A has been denoted by Ak to indicate that this
matrix may.change from step to step. Now Ak was taken to

be positive definite and symmetric, and if VFLRX] # 0 then

(s%1TvrrK1 = - rvrr11%ca, 11 vk < o
k .

Since the inverse of a positive definite matrix is also
positive definite, the directions sX  as defined by (3)

are descent directions.

1.4.9 Gradient Descent Methods

Gradient descent techniques differ in the choice of A,

The simplest choice of Ay is the nxn dimensional

identity matrix In'n’ that is, A, = 1 V.. For this choice

of Ak we havg



00 woad023) 2
o , | - 23

s = - vrrEF1
This clearly is a descent direction since
(X 1TvrreRy = - e naTuriRRl < o

This method‘is’termed the steepest descent technique, and its

implementation involves only first order differentiation.

For further discussion on some specific algorithms
see Forsythe and Motzkim [1951] and Gradient Partan
("Parallel Tangénts") Shah, et al [19641,

Second Order Gradient Technique

iThis teéﬁnique is very well knowh as'Newton's Method.
In this metﬁbd‘ﬁhe matrix .Ak is chosen to be.ghe Hessian
Matrix (Hess [ik]). The Hess [X°]1 is defined as the matrix
whose elements are thé second partial derivéfiyeé.of,a

"
twice differentiable function <(i,e. F € C“):

B hll e hln |
Hess[x] = I he h.. = ;EEELEJ—
= . | where iy T 3Roa%.
. ) l ]
nl hnq_

Note: The Hessian is the second order term of the Taylor

. . L -k
series expansion of F at x .

Now, since F 1is a c? function the Héssian is a
symmetric matrix. If in addition the Hessian is positive

definite and non singular, then we have:



s = - [Hess[%X117% vr[&K]
The direction, sk , defines in this way a descent

direction since

(5%1Twrrx*1 = - (vErRF11TIHess (X117 vELRFT o

The vector :§k .is called a "second order gradient direction".
Among.thé vast number of methods using second

derivatives we shali.mention some of the prominent tech-

niques which are most often quoted in the literature |

(for reference see £ 30], B3, 53 1. Some examples follow:

_Greenétadt's Method [1967], Fiacco and MacCormick [19681],

Marquardt;Levenberg (19637, [19uu], Mathews and Davies

[1969] and [19711].

1.4.10 Techniques Using Conjugate Directions

The search directions iﬁ second order gradient
techniques are generéted using the Hessian matrix, butvin
many cases the derivatives of the objective function are
not available in an explicit form and in such caées we would
like to generate the search direction without the use of
derivatives. To this end we shall consider the’éonjugate

method without calculating derivatives.

Conjugate Direction Techniques

Definition. Given two vectors v and W  we say that v

and w are "conjugate" with respect to some positive

24



25

00w od440235 3
definite symmétric matrix ‘A if:
T oAw = 0
: Definition."A set A of nonzero vectors which are pairwise
conjugate with respect to the same matrix A  will -be
called a set Qf conjugate directions, i.e.“ A E {vl; ..;, Vn} )
where viAvj'E O for i # j. Note that the n-conjugate

directions are'iinéarly independent.

Definition. If"an”objective function is quadratic then

- the method is.éaid‘to have guadratic convergénqé'if it finds
the exact minimum in a finifé‘number of itéfétibns;
Note. Secoﬁd order gradient techniqués,.discuésed
previously, haQe quadratic convergence..

The thédry of conjugate m@thod$ deals'Erimafilz with
quadratic functions. This particular charactéristic is dué
to the fact thaﬁ if an objectiQe function F[il_'is quadratié

i.e.

FIX] = X A% - 2bT % + ¢ A€GL(n), € R [1.01

where A is any positive definite symmetric matrix, BT is

- an n-vector and c¢ 1is a constant.
It is pOésible to find the exact miniﬁﬁm bylusing
conjugate directions in a finite number of itérations.
The conﬁugate directions are obtained_as follows:

pick ¥, §g, §§ arbitrarily in R" , find ii satisfying



%, €5, = {x | x = x¥ + a¥} and Flx;] < FIX] V X €5,

 then a; is a steplength satisfying §i = §§ + v

for i = 0,1 thereby obtaining Xgo §l . Then the direction

W defined by

is conjugate to v , i.e. V AW = 0 . Since:

Theorem: If the minimum of F[x] in the subspace

si = {x€RrRY | %= x4 a§2 , o € R}

is at §i , for i = 0,1 then (il - EO) is conjugate

to Vv , with respect to A .

Proof. For i = 0,1 and the definition of ii we obtain

Taking the partial derivatives with respect to A and
substituing x. + Av for X in Equation [1.0] we’

obtain
AF (2, + A91 = 2 [k + aTAR, + a9 - TR D) + el
The right expression ‘implies

=T, = )
v (Ax:-L - b)) =0

and conSidering this expression for 1 = 0 and 1 we get

UT(Aiol- b) 0 and GT(Ail - b) respectively.

26
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Subtracting the first expression from the sSecond we obtain

the desired result, i.e.

=T - - _
v A(x1 - XO) =0

- This shows (by definition) that v islconjugate to

Q = (%] - %) S B | Q.E.D.

In the next section we discuss an example.

1.4.11 Powell's Algorithm Without Using Derivatives

DeScriQﬁion of the basic prOcedure'of the algorithm. 

..J

This method starts with an initial guess X to the
minimum, initially the set of conjugate directions .

- l n ) .- . . - . ) : . ~ . . .

Vi eeey v are chosen to bé the columns of the identity

matrix Inxn . Let A = {Al, cees An} be a set of given

steplengths. The basic iteration of the method is as
follows: |
1) initialize k =1

-

2) evaluatev,:[ik] , save this value

3) solve the problem of minimzations_along:a:line;-i.e.,
find A, that minimize f[xk + Xka] § where X is the
stepleﬁgth‘ih the k-th iteration, W is the. kth

search direction and %° is the current iterate.

4) with the Ak found in Step 3 perform the‘current

S N

- descent step, i.e., .
5) if k <n , set k = k+1 and repeat from Step 2.

Otherwise continue to Step 6.



6)

7)

8)

9)

10)

11)

if Ixi - Xil <€ ,1=1, ..., n where €. are
predetermined minimum steplength values, terminate the
iteration. Otherwise continue to Step 7.

find the integer j , 1 < j < n such that

6 = max (F[®37171 - rrxID

1<j<n
set [y = FIR'1 F, = F[X"] and obtain Fy by
F, = FL2%" - x']
if either
Fy > F, or (F,=2F,+F,)(F,-F,-¢)% > & $(F,-F,)°

3 = "1 1 2 73 1 -2 - 2 13
The present n-directions 31,,..., v7 will be retained
and used in the next_iterafion.' Set % =X, k=1

repeat from Step 2. Otherwise continue to Step 10.

-n =1

set v o= (ZX7-%) N v = (31, ...,'Gn) and- find

As such that F[§n+ksvs], is a minimum with this value

of As set

determine the new set of conjugate directions, i.e.

- ..— 24 ' -- P
{vl, cees v3 1, v l, ...,'vn l, v}

The current direction vJ for j found in Step 7 1is

discarded, and a new direction, v obtained in Step 10

is added set k = 1 and repeat from Step 2.

28
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Tﬁe-above.meth§d was first impleﬁenfed_by Powell [1964]
It turned ouﬁ:that this procedure generatesbliﬁearly
dependent dirgctions, which causes diffichifies in the
impleméntatidn of the algorithm. Powell [1944], Zahgwill
[1967] and Brent [1973] modified the algorithm to overcome

this problem.: 

l.4.12 Conjpgéte_Gradiént Techniques.

The Cbnjugate'gradient techniques reéﬁlf from
combining the-éonjugate method with first ofder gradient
methods. |

“ These techniques use a sequence of descent steps
rather fhanvindividual steps. The gradientlofi Flx] , VF[i],
is used to genéraﬁe.conjugate directions. ;The method 1is
designed.fof:quadratic objective functioné'or_for
algebraic fuﬁctions that can be approximatédlby a
quadratic fuhction. Thus the method will'genefate mufually
conjugate directions with respect to any poéitive definite

- matrix A, corresponding to the quadratic function

T T

CF[R] = a + B'x +.% 7TA%

where a is a constant x,b € R" , A € GL(n). The minimum

sought %% will have to satisfy
VF[x] = b + Ax* = 0

Hence the probiem of finding the unique solution x* of

Ax + b = 0 is equivalent to.finding the

29
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min [a+BT% + Sx'AR] . [1.1]

It turned out that finding x* by éél?ing the linear system
is much more cohputational demanding than to minimize [1.113,
since [1.1] 1is only a local approximation of F . and

a and b as well as A vary with X .

-We shall‘examiné now the process of solving the
minimization pfoblem when F[x] is.quadratic, using
"conjﬁgate-and gradiént directions. There ekist‘several
methods using this general approach: first a method
developed_by Pietch§r.aﬁd Reeves [1964], second, the
"supermemory gradient méthod", Miele and Cantfell [19691;:
Gragg and Levy [1969] and third, the "prdjecfed-gradient
method", Myefs.[1968], Pearson [1969], Sorenson [1969].

Since the method of Fletcher and Rée&es (1964] has
been tested intensi?ely we will outline the basic iteration

of the technique.

1.4.13 TFletcher and Reeves Algorithm [1964]

TheAdescent direction of the method:

,50, El, cees Ek—l; s¥  be conjugate directions

Letv

defined by the recurrence formula:

-0
-]

- VFPIx]

gk Bl sl-l ,

- VF[x] +

"t~ x

i=1

where Bl- are chosen to be scalars such that ‘Ek is

conjugate to all previously used descent directions,
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50, .s.,.Ek_lv,' The formula for Bk is:

gk = [VF}E‘};”;VF@ELT:‘ S [1.2]
[vrlx" 11 vElx 1

The iteratiéh of the method is: -

Let Ak ='{X§, cees Aﬁ} ‘be a set Qf.giVen steplengths,
1) given‘ §Q‘;nevaluate Ff;ol, set k = Og-:’

2) find the gradient at %X, i.e. VE[RX]

3) if "VF[;k]" less than the predetérmihééifolerance.
Terminafé the iteration. Otﬁerwise confinue td.Step 4,

4) find the deécent direction for the kth*iteratioh, i.e.

55 - - urRN) 4 gX gkl
BK is foQﬁd from formula [1.2J 
normalizéf sk ; i.e. 1k = 1 ,

5) find Ak'>tﬁat minimize F[X© + A5¥]
use Akgk found in Step 5 to perform a”descent steep
i.e. | N

Skl =k, kek

7) evaluate:>F[§k+;]

8) if F[ikﬂ-] - FIXRT < ¢ 3y E. a"pr’edete?miﬁed improvement
value and CakEkn < ¢ j T a predeterminéd,steplength.
Terminate the iteration. Otherwise gozté Stép 9.

95 Accept the point §k+1 and if k < n ‘set k = k+1 ;
otherwise set §0_= zeHl ; k = 0 3 in both cases repeat

from Step 2.



l.4.14% Variable Metric Techniques

These methods involve finding conjugate directions that
under certain‘cbnditions approach second order gradient
directions (see page 23). They are referred to in
‘the literature as quasi-second order or quasi-Newton tech-
niques. An important contribution in the aréa qf descent
téchﬁiques was made by Davidon [1959] and extended by
Fletcher and Powell [1963]. Good references dealing with the
theoretical and'practical aspects of thése fechniques have
been published b? Adachi [19711, Huang [19703; Huang and
Levy [1970], Pearson [1369]. |

As we mentioned earlier, the gradient tééhniques
differ basically.in the chbice of the matrix A#. The variable

metric techniques start with an arbitrary positive definite

matrix; in most cases AO = I, the nxn dimensional identity
matrix and in each of the following steps At o= AT of

| K K+1
the matrix is updated. '

The basic iteration procedure .is:

a) given a point %9 and a positive definite matrix. A

0
(in most cases Ay = I), set k = 0 and compute VF[§O].
b) Obtain a new point 'L from the point 'ikz'obtained

from the k—th iteration according to

=k+1 -k kT
X

= & - Aap VPLRF]

where we have to find -Ak that minimizes

T

X vFLRF11. .

FLRE - AA
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c) ‘Compute fhe:gradient at %<t , l.e. V FLx<* T .

d) Update inverse of the matrix to obtain A, ,, . The.
various methods in this class differ in the manner
in whicﬁ they update A, .

e) Set k = k+1 repeat from Step b.

The descent direction 5% used in the variable.

metric techniques are computed by

=k T

s = - Ak k]

v Flx

As we mentioned earlier the method by Davidon Fletcher
and Powell is of major importance hence we will outline

the main iteration step of their technique.

“l.4.15 Davidon-Fletcher-Powell Variable Metric Technigue

The basic iteration of the method consists of:
a) Obtain the value of the bbjective function FLXY1 at
a given point 0 ; set k = 0 |
b) Compute the gradieﬁt at the point z< ,:i.e;
v FLE<1 |
c) Compute the matrix Hk ,‘(where Hk is the inverse of
the matrix A,) | |
Cl) For the initial step HO = I, the nn 'ideﬁtity matrix,
Go to Step d. For k > 0 go to ¢, ..
02) The updating of Hy is obtained using
| Hl = H

k+1 5 Pk T Y
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da)

e)

£)

g)

h)

i)

3)

34

where
, -k -k, T
Tietl © KTk “K\T ., =k
and where
AR = 7K 2K ang 5R - v orrERYl - rrRK

Compute the ‘descent direction Ek according to

8% = - HL v F[X]

=k =ky

and normalize s= , i.e. HIs™l =1

Calculate the normalized derivative of the objective

function F[§k] in the descent direction

x . 1GOT yrrEFa)

. T
Iy FLRCII

I < <ep o, v FLR<IN < €, terminate iteration

(el, €, are predetermined tolerances). Otherwise

go to g.
1f T v r(R¥1> 0 set 5= - 5% and reset H
- to Hk = Ian

Solve the problem of minimization along the line

< + asK i.e. find K that minimizes Ffik

Define ARXS = RKgX

+ A55]
Obtain a new point according to

-



k) Evaluate the objective function at the point zk+l
ice. FLR<1]

1 and 1A%kl < 62 terminate

. the iteration. '(61 is predetermined minimal improve-

1) If FIEF] - PIR**) <6

ment of the function and 6, is a predetermined step-
length). Otherwise go to m.

“k+1

m) Accept the point x and if k < n set k = k+l;

-0 -k+1
X

otherwise set k = 0 , x = . Repeat from Step b.

There exiét variants of the variables metric methods
and séme of those have been propbsed by Bfoyden_[1967],
[1970], Huang [1970], Pearson [1969], Greenstadt [1970a,b],
Goldfarb [1970],>and Murtach and Sargeant [19701].

‘ In general the variable metric techniques perform
better for general non-duadratic functions than many other
quadratically convergent methods.

These methods have the advantage of fast convergence

near the minimum.

1.4.16 Other Algorithms Considered

. A) Two prominent algorithms have récentiy been the
subject of ‘a paper by E. Polack [ 70 1. 1In that paper
a comparison of his method, a gradiént secant method, with
the BréntsfShananskii.discrete Newton algorith is made.
Two fiffy dimensional problems are discussed. It is of
interest to éompare their results with the performance of
Bremermann's optimizer on probleéms haVing mahy variables.

To this end we are introducing these two algorithms. The
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full descriptions of these methods can be found via the
.aforementioned paper. |

B) Since root-finding for algebraic objective
functions is a special case of minimization we would like
to mention a new technique developed by S. Smale. He has
developed "A Global Newton Ralphson" method for.finding
a zero of a system of non-linear algebraic equatlons.
The algorlthm is still in 1ts early developments and it
is a very promlslng method on the basis of its performance
on somettest problems.. The algorithm views a system of
non-linear'algebraic equations as a system of non-linear
ordinary dlfferentlal equqtlons, and u81ng concepts of
global analy51s it is able to follow the tra]ectorles whlch

will lead to a zero. of the system.

1.5 BREMERMANN'S ALGORITHM (THE "OPTIMIZER") [1970]

This method was developed by Bremermann-and grew
~out of simulationpof biological evolution as a search and.
optimization process. |

Bremermann observed that the computatiOnal cost of
 elaborate choices of search or descent directions often
bexceeds the benefits derived from it. He observed that by
' searching along randomly chosen directions (rather than |
along computed directions) the overall speed of}convergence
(in computer'time) is faster than when he searched along

gradients. In the following material we will investigate



this phenomena, not only in comparison with gradients but
with respect fo a representative sample 6f all the methodé
described so far.

This method fihds the gloﬁal maximum or minimum
of an objective funétidn with a polynomial of degree four
or less of many variables. Thé method is iterative and
theoretically guaranteed to converge qu polynomials of
several variables up to the fourth degreé.' A detailed
theoretical analysis of the optimizer's convergence
pfoperties, and other theoretical considerations can be
found in [11].

Description of the Method

=(0)

1) F 1is evaluated for the initial estimate x .
2) A random direction R is chosen. The probability
distribution of the R 1is an n-dimensional Gaussian

with 01 3 0p = e =0, = 1. o; 18 the standard

deviation of the ith coordinate.

3) On the line determined by 2% and R the restriction

of F to this line is approximated by five-point

(0)

Lagrangian interpolation, centered at X and
equidistant with distance H , the preset steplength

parameter.

L) The'Lagrangiah interpolation of the.restriction of F
is a fourth-~degree ﬁolynomial in a paraméter A
describing the line x%° + AR . (It describes T
exactly, up to round-off errors, if F is a foﬁrth—

order function.) The five coefficients of the Lagrangian



5)

6)

1)

8)

. the method is_stopped and'the value of F and the value

provided that F(

interpolation polynomial are determined.

‘The derivative of the interpolation polynomial is a

thifd-degree polynomial. It has one or three real

roots. The roots are computed by Cardan's formula.

If there is one root A

0 .
from the point z¢0) +'AO§ with a new random direction

i(O) (O)).

, the procedure is iterated

* AgR) < F(x If the latter
inequality does not hold, then the method‘is iterated
from %° with a new random direction.

v 1 ,.Az s 13 ,'then_

the polynomial (or F ) 1is evaluated at

When there are three real roots A

20 4 A 7309 4 AR, and %49+ AR . Also

1 2 3
considering the value rex(0y

, the procedure is
iterated from the point where F has the smallest value
(if F has a minimum value at more than one point, then

the‘proceduré»chooSes one of them).

When a predetermined number of iterations has been run,

of % are printed.

A FORTRAN program implementing the prdcedure is

listed in the Appendix.

Features of the optimizer

1) Preparation of a problem for use with Bremermann's

optimizer is easy. It consists of:
a) the optimizer requires a subroutine that

evaluates F at any desired point.
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b) Very few changes have to be made to optimize
different functions‘(i.e., number of variables,
number of iterations, a steplength parameter)
besides providing a routine that computes the
objective function F[x] .

2) It doesrndt require élose.initial estimates for
cqnvergence'to the:global minimum,

3) It does nof require the gradient or Heséian of an
objective function. Hénce the optimizer can‘be

applied with a minimum of effort.

1.6 TEST PROBLEMS

'When developing an algorithm we have to be concerned
with the theoretical as well as with the practical properties
of the method. The best way to verify how well it
performed:is to actually try to solve Specific problems.

In the field of optimization some functions having
pathological properties were formualted with the intention
of.determining how well. an algorithm is able to overcome
varioﬁs difficulties. Examples of difficulties include:
local minima, number of variables, slow speed of conver-
gence, accufacy of the resuit obfained, singular Jacébian
or Hessian and ill conditioned problems;

Historically these functions carry the name of their

originators or the name of the particular difficulty inherent

39
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in the problem. (e.g. Rosenbrook 18960, Singular Powell 1864).
The purposé of formulating these functions is to test how
robust is an algorithm in a wide range of different problems.

To this end we have compiled eleven known test problems

which; in thé literature, are considered difficult to
optimize.

Thé.test probleﬁs in this Chapter were obtained from
a) D. M. Himmelblau's paper "A uhifdrm evaluation of
unconstrained optimization techniques"; b) Richard Brent's
book, "Algorithm for minimization without derivatives"; and
c) E. Polak's paper, "A modified secant method for

unconstrained minimization".
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The Test Problems are:

1. Rosenbrook 1960: F[x] = lOO(xz-xlz_)2 + (l—xl)2

Descent methods tend to fall into a parabolic valley
before reaching the true minimum at (1,1).
: . 3 iy42
2. Beale 1956: F[x] = [ci-xl(l-x2)]

181
where ¢, = 1.5 , c2'= 2.25 , ¢y = 2.626 . The global

minima is F[x] = 0 at x = (3, 1/2).

y

. o1 - L 2.2
3. Engwall 1966: F{x] = X, *ox, f 2x1x2 - bxy + 3
The global minima is F[x] = 0 at X = (1,0).

4. Zangwill 1967: FL®] = (1/15) [16x’ + 16x) - Bx x, - S6x -

256x. + 991]
1

—

The global minima is F[x] = -18.2 at the point x = (4,9).

: 2 2
(xl—x2+x3) + (—xl+x2+x3) +

S. Zangwill 1967: F[x]

(x,+x

2
1¥%,7%3)

The global minima is F[x] =0 at x = (0,0,0)

6. Engvall 1566: Flx] = .§ fi(i) where
i=1 '
fl(i) = xi + xg + xg -1
“fz(i) = xi + xg + (x'3-2)2 -1
f3(§) = %) tx, txy -1
£,(x) = x P X, - x3 + 1
fg(i) = xi + 3x§ + (5x3-xl+l)2 - 36



7.

10.

Global minima is F[x] = 0 at x = (0,0,1)

Fletcher and Powell 196U4:

=] 1 TX) TR, [ X%, ‘
Flx" = : > + sin ———7—3 + exp —= -2
' 1+(x L 2

17%y)
x global minima is FI[X] = 3 at x = (0.78547,

0.78547, 0.78547).

2

_ | 2 . N 3
Wood: lOO(xz—xl) + (l-%,)° + 90(xu-x3) + (l-x3) +

1
F10(x.-1)2 + (x.-1)2 + 19.8(x.-1)(x, -1)
2 4 19.8(xy-1)(xy

This function has a local minima that may ‘interfere in
finding the global one. Global minima is F[x] = 0

at ® = (1,1,1,1) . .

Singular (Powell 1962):

- L 2 2 n Y
F(x) = (xl+10x2) + 5(x3-xu) + (xz_zxa) +‘10(x1_xu)

In this function most of the known algorithms failed
to pass the stopping criterion since the Hessian at the

-minimum value 0 1is doubly singular. Global minimum

is F[{xl =0 x = (0,0,0,0)

-Rosenbrook: 50 dimensional "banana'
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2
+ 2 7 (x, - x.,)5 +
iz20
29 ,
+ (x - O.SX- ) +
1225 1+l
i 2
49 v (-1)
-40.5
+ 3 Z X. = 1 X . +
i=30 1 3 i+l
20 4 25 4
* 2 .2 (xg=xgy_3) L (xgmxgy )
i=1 1521

Global miriima is F[x] = 0 at =x = 0

11. "Bowl" Type. 50 dimensional

? ' '
PG - <1 e P /1oo.>

Global minima is F[x] = 0 at x = O .



1.6.1 Algorithms Used in the Comparison with the Optimizer

For the‘purpose gf comparing the optimizer performance
on the test problem, having up to 4-variables we have
chosen 15 prominent algorithms. ‘Our basis forvthe comparison
will be the results obtained by D. M. Himmelblau in his

paper, "A uniform evaluation of unconstrained optimization

techniques"

Detailed'descriptions of each technique are not
included and the reader is referred to proper references
at the end.of this chapter. |
V The 15 algorithms will be classified into two:
categories:

a) Algorithms using analytical derivatives

b) Derivative frée‘algorithms'

“Algorithms using analytical derivatives

The algofithm used were:
1) DPF Davidon—Flefcher;Powell_Rank 2 (Fletcher,.Powell 1963)
2) B Broyden (Rank 1) 1965 | |
3) P2 Pearson No. 2 (1969) without reset
4) P3  Pearson No. 3 (1963) without reset
5) PN Projected Newtonv(Pearson) 1959
6) FR Fletcher Reevés (1964) reset each n+l itefation
7) CP 'Continued Partan (Shah et. a. 1964)
8). IP Iterated Partan (Shah et. al. 1964)
9) GP Goldstein-Price 1967

10) F Fletcher 1370

by
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Derivatives Free Algorithms

11) HJ Hooke-Jeeves (1961)
12) NM  Nelder-Mead (1965)
13) P Powéil'(lssu)

14) R Rosenbrook (13960)

15) . S Stewart (DPF with numerical derivatives) 1967

: All algorithms in the compariéon performed by Himmelblau w
‘were tested in a CDC 6600 computer. Bremermann's optimizer
performance on‘the test problems was also tested on a CDC 6600
computer, though in a different facility. |

In using the optimizer on large dimensional problems,
we chose to compare it with the results obtained by E. Polak
in his papef "A modified secant method for uncbnstrained
minimization" [1973]. In this paper a new gradient-secant
method is presented, and its perfofmance on two 50~dimensional
problems is compared with Brent-Shamanskii's discrete
Newton Algorithm

E. Polak shows that his algorithm'is éuperior to most
of the various conjugate gradient methods described in the
literature; he also hés a heuristic argument to justify his
method's supefiority over the variable metric techniques.
Morever, the paper compares the Brent-Shamanskii algorithm
with his method and he cbncludes that the new gradient-
secant method will emerge "as one of the more efficient
methods fof‘the solution of certain classes of unconstrained

optimization problems". A full theoretical discussion of

both methods is given 1in
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.

The methods compared by E. Polak were teéted»Qn a CbC

Sy ‘e
6400 in the computer facility cf U.C. Berkeley. - ,
Our comparison with Polak's results were obtained using
the same computer and facilities.
1.6.2 Discussion .. = T o

In order to compare Bremermann's optimizer with other
algorithms, it is! necessary to.detepmine a criterion by which
all the :algorithms:‘can;be .fairly .compared.: . . = -

“Inr the literature:‘[ssl;‘[ngs [713], .thé most ;- T IrTE

¥

» common poilnts for comparison _are: © ... .0 % R - L

1) The:nUmber,ofifunctionEevaluations-required tO»obtain
the :minimum withirn:.a predetermined accuracy . -
2) How robust:is:the -method. (correct solutibn on.a.wide . i - ..

number;of,test,pnqblemé). o S I P

3) Number of iterations. -

4) Total computafional time. required to obtain the desired_, o

optimum value. o —_
We shall e€laborate ‘on‘these points. ' roe
St f ~<14i;::-JI. B T L A Jf NS S S o o - ‘?n
1) .Function.Evaluations. This criterion has different
[~y E — T T L R s [ . . - M 1, o .- -
meanings for differgnt.authorﬁ. .Some consider the evaluation
. DRI ] T ORI LI R . T R - L fhae

of a Jacobian or Hessian as one function evaluation, while in

fact a nx1 Jacobian requires n function evaluations and a

. . 2 . . .
nxl Hesslan_ requires n°~ function evaluation. Furthermore,
AF RS BRI, . N . . . . .- B o
it is possible to reduce the number of functions evaluation
T v T K _ AR S -
by a different. time-consuming test, such as: matrix operations,

heuristic operations, numerical derivatives, etc. Therefore
- P - . [
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we should be very cautious when considering_fuhction evalua-
tion as the sole criterion for a comparison. | |
2) To determine how robust an algorithm is, it is

necessary to test it in a wide range of problems. Each of
these problems exhibits a particular difficultvahich>an
algorithm must overcome. The algorithms used for the comparison
including the optimizer, were applied to eléven test problems;
which are considered as "classics" in the literature. It is
important to emphasize that even though an algorithm might
solve all eleveh of the test prbblems, it ié very possible
that there are pathological objective functions for that algo-
rithm.

| 3) The criteribn for comparison based on number of
iterations is very misleading since it means search directions
in variable metric techniques and conjugate methods, but has
a different meaning in the othérs. In particular an iteration
step in methods using‘conﬁugate difections'will have a substep
of minimizing a1ong a line x< + A3K , i.e. find 2K such
that minimize FLX< + A5%] , while other methods, like
Bremermann's optimizer, consider such a line minimization to
be a sihgle iteration of the procedure, therefore, when we
interprete results in the literature we shouldvalways'understand
what is-meant by the'"number of iterations" required to obtain
the global minimum in any comparison between algorithms.

4) By the total computational time: we mean the actual

time required to run an algorithm on a specified computer.

This time will include the time for: function evaluations,



48

derivatives evaluations, matrix inversions, and Heuristic
operations, etc. It is of interest to note that in 1968,

A. R. Colville after éomparing thirty different algorithms cn
eight optimization problems found that totoal computational

" time is a more valid performance index than the number of

function evaluations alone.

1.6.3 Effects of the Computer on fhé Resulfs
When comparing distinct algérithms, we should be aware
that the numerical results were possibly obtained on differeﬁt
computers having different machine precision. To determine
the effect on the results, due to such computer differences we
tested Bremermann's optimizer on a CDC SHOO,'CDC 6600 and
CDD 7800 computers. All of these have'the.same précision.
‘The results of this comparison are recorded in Table f1.01].
Central processing time is.used for comparing the
performance of various algorithms on different comﬁuters.
‘'The purpose of this comparison is to show that the fimé i.e.
central processing time, can be varied over a large:pange
simply by varying the computer; in later sections, we use
central processing time on the same computer as a téol for

comparison Qf’optimiZation algorithms.

l1.6.4 Test Procedure

a) Dimensionality of the Problems

In the literature of optimization comparison among

algorithms has concentrated primarilly on test functions of



Table 1.0

Comparison of Central Processing Time (in seconds) when Bremermann's
Optimizer is Used on a Variety of Problems with Various Computers

COMPUTER PROBLEM . _ o
' - 50 Dimensional 50 Dimensional 2 DIM 2 DIM Fletcher &
"Banana' Type 'Bowl" Type Zangwill Rosenbrook Beale Engwall Zangwill Engwall Singular Powell A
: (1967) (1960) (1958) (1966) (1967) (1966) (1962) (1963) s
» _ &
CDC ' : ' _ v .
6400 15,345 9.809 - 0.032 0.295 0.196 . . 0.167 0.136 0.923 -+ 0.056. 0.041 _ -
Computer g ' : -
CDC . v ' _ M
6600 4,110 2.378 0.008 0.076 0.039 0.038 0.023 0.180 0.023 0.013 N
Computer ' , .
v , _ . : : N
cDC ' O
7600 0.688 - 0.432 ’
Computer - o '

The termination criteria are given in page 50.

" The number of iterations for a particular problem did. not vary from computer to computer.

bh
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a few variables, usually less than five. When a}particular
algorithm is applied to problems of a few variables we elude
the difficulty pf'dimensionality. For example, in mefhods
where second derivatives ;re required, the_procéss for
obtaining analytical derivatives may be humanly_impossible,
(for n = 100 the Hessian has 10.000 terﬁs) while numerical
differentiation may introduce errors. Furthermoré, the
inversion of a Heséién matrix can be time consuming and
inaccurate, in particular, if the process is itgrative-and
at each iteration an inversion of Hess[x] is perfbrmed.

To take into account the problem of dimensionality we
shall consider the following two classes of optimization
problems: | |
a) Préblems with up to four variables

b) 50 dimensional'problems

b) Termination Criteria

Each class of problems will have the same termination
criteria. for functions of up to four variables termination
will occﬁr when both of the following conditions are
satisfied: |

if x* 1is the true minimum then

1) |FLx*) - FIX¥]| < 107°

‘ and

=k

2)  |x* - ¥ < 107°

where k denotes the k—th iteration.
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These conditions were set by Himmelblau when comparing its
leading algorithms on test problems with up to four
.variations. For functions of 50 variables, termination will

.occur when:
1) F[x€1 < 107°
and

2) % < 1078

' These conditions were set by Polak when he compared his method,

"a new secant method", with Brent-Shamanskii algorithm.

1.6.5 Results Obtained with Bremermann's Optimizer

The results on functions of 50-variables were. obtained
using a CDC-6400 computer in the Computer Center of the
University of California at Berkeley. -

The results are recorded in the following tables.



Table 1.1

RESULTS OBTAINED ON TWO 50 DIMENSIONAL TEST PROBLEMS
USING BREMERMANN'S OPTIMIZER
ON THE CDC 6400 COMPUTER

ROSENBROOKASO-bIMENSIONAL BANANA TYPE

INITIAL FUNCTION VALUE 1019,004

= Flxyl =
FINAL FUNCTION VALUE = Flx] = 65,736 E-20 %
OBTAINED .
GLOBAL MAXIMUM SOUGHT = F[x] = 0
Iteration # - FIlx1 Iteration # B ':FEQJ
20 ﬁg,uoo_ 180 ' 2,3092 E-8
Ty 2,492 200 | 9,611 E-10
60 : 1,690 E-1 220 1,654 E-11
80 2,575 E-2 240 1,526 E-12
100 3,566 E-3 260 4;500 E-15
120 . 4,235 E-u 280 3,175 E-18
140 4,917 E-é 300 _ 6,573 Eon
160 1,641 E-6

*In this and the following tables E-n, n any integer,

will denote 107™ for example 65,736x-20 = §5,736x107 2"
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Table 1.1 (continued)
50-DIMENSIONAL BOWL TYPE
INITIAL FUNCTION = F[x,] = 0.116312
FINAL FUNCTION - )
VALUES OBTAINED FLx] = 1.3509 E-10
| GLOBAL MINIMUM SOUGHT = F[X] = 0
Iteration # FL x} Iteration # F[ x]
20 1,2851 E-3 120 1,4866 E-9
40 7,0999 E-5 140 1,4866 E-9
60 2,4575 E-6 - 160 1,3509 E-10
80. 1,0753 E-7 180 1,3509 E-10
100 3,0119 E-9 200 1,3509 E-10
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OBJECTIVE FUNCTION VALUES

85

103 |
PROBLEMS PRESENTED
102 :
Zangwill (1967)
10 " FLETCHER-POWELL (1963)
POWELL SINGULAR (1862)
ZANGWILL (1966)
107t
BEALE (1958)
1672
ROSENBROOK INITIAL
3 VALUES (-1.2, 1)
10 -
ROSENBROOK WITH
107 INITIAL VALUES
(3.2, 5.1)
107° ENGVALL (1966)
Alo-s WOOD -
10”7
1078
10'--9 5
1g- 10 )
1o~ 1t
.
_ 6
10713
el -
S
-15
10 ' 1 { !
|} | .I. i
100

NUMBER OF ITERATIONS

Table 1.2: Graphic Representation of Table 1.1.

Results obtained using Bremermann's optimizer on several
test problems.

1



Table 1.3

_Rosénbrook (1960)

Initial Values X '= (-1.2,1)

1.0000000240

4

xl'=
Final Values ' i
Obtained ' Xy = 1.0000004770.-
Trug ValueS' : X, = 1 Xé 1
Iteration " Objective Functicn
No. Value '
' Flx1 .
0 24,2
20 0.534
40 3.621  E-3 ]
60 5.576 E-6
80 4.771 E-9 !
100 5.863  E-12
Function
Values -
10°
10
10-3}
1078 ;
v lOfg 4
10_12 i i i

20 40 60 90 100 Iteration

- 56
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Table 1.4
Rosenbrook (1960)
Initial Value X = (3.2,5.1)
Obtained
x2 = 0999999863880
True Values X1‘= 1l X 2 =

Iteration No.

Objective Function

Value F[x]
0 2646.8
20 0.512
40 1.467  E=2
60 5.931  E-u
80 1.522 - E-8
100 1.867 E-11

Function
Values

i

20 40

60

80

100

Iterations

57



" Table 1.5 -
Beale (1958)

Initial Values x = (1,8) .
g x; = 3.0000000026
Final Values _ i
 Obtained Xy = 14.9998999922
True1Valges- X; = 3 x2:=2 5
‘Iteration Objective Function'|
No. - Value F[x]
0 . 9.828869
20 0.149
40 7.027
60 1.796
'80: 2.117
100 2,111
Function
Values
i !
1073 |
1078
10-9 .
lOflz-
-5 ;
20

50

60

80 100 Itérations
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Table 1.6

Engvall (19

66)

Initial Values x = (5,2)
|Final Values %, = 10000003008
Obtained 1
x2 = 0.0000640257
True Values xS 1
Xy = 0
Iteration Objective Function
Number ' Value
Flx]
0 19.0625
20 3.375 E-3
T 40 3.165 E-4
60 1.647 CE-Y4
80 8.295 E-6
100 8.199 E-6
Function
Values

Iterations

59



Table 1.7

Zangwill (1967)

. Tnitial Values X = (3,8)
| Final Values | x. = 3.9999992813
Obtained - o
. X2-= 9.000003345
True Values | Xy = b
' Xy = 9
Iteration Objective Function -
Number - Value
4] : . =16.6
10 - -18.2

Function
Values

-16.2

l L -1 1

-18.2- L0 60 80 100

Iterations
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Table 1.8

Zangwill (1967

44

i
L0
Loy

)

Initial Values

-}-{- = (100,"1’2-5)

-8l

Final Values X, = -4,5963931176 E
Obtained 1
_ x, = =3.9523165246 E-9
x3 = 7.6403456058 E-S
True Values X =0 Xy = QA Xq = 0
Iteration Objective ngctidh Value
Number F[x]
0 29,726
20 9,496 E-7
40 1,455 E-12
60 . 6,959 . E-15
Function B
Values
1 i
80 100

Iterations




. Table-l.9

‘Engvall (1966)

T t-aao
Pina1» : 'xl = 0.0000063'
Values X, = 0.0000007
Obtained Xy = 1.0000032
$§§§es. % = (O’O’l?

J - Fx]
0 - S 2,424 E-2
40 T8.302  E-3
80 © l.us2 E-3
120 N 4.101 E-S
160 - 7.891 E-g
200 - 1.007 . E-11
Function
Values -1
© 1074
1073 ]
107° ]
‘10’7.
107% o
107 , 1 s
0 ) 80 120 160 200

Itératibns



Table 1.10

Fletcher & Powell (13863)

xl = -1
Initial :
Values v x2 =0
x3 =0
X, =1
Final 1
Values x2 = 0
Obtained
x3 = 0
True S - ‘
J ,  F[x]
0 2500
9 ]
Function -
Values i
10°
108

! 1

20 40 60 80

Iteration



Table 1.11

Powell Singular (1964)

Initial = |
| Values X = (3,-1,0,1)
x, = -1,00065692829 " E-L
Final x, = 1,00065692869 E-5
Values = Co E
Obtained X5 F 0
x, = -2,7535001022 - E-8
True xp 20 % =0
Values - - -
_ x3—0 XM-O
J Flx]
0 215
20 4.816
Function
A .3
Values 10° L
1
10
10
10
1071° bt
40 60 80

Iterations

6U
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1.6.6 The Comparison of Bremermann's Optimizer with

other Algorithms

A. In the comparison on the SO-dimepsional probleﬁs,
Bremermann's optimizer clearly performed‘bétter than the
Bfent?Shamanskii'method and the new gradientfsécant
method. |

The Rosenbrook Banana Type (Tables 1.12, 1.13)

in.central processing time (C.P.U.) on the CDC 6400 computer,
the dptimizer is twice as fast as the Bréﬁt Shamanskii method,
and three times faster than the new gradient—éecant method.

The optimizer needed 16,044 fewer fupdtion evaluations
than the Secant method and 8,050 less than the Brent-Shamanskii
method. (Note: Here clearly fuﬁction evaluation is not a
good criteria for comparison.)

The 50-Dimensional Bowl Type (Tables 1.12, 1.1u)

Here again the optimizer performed better in terms of
both tiﬁe and number of function evaluations. The optimizer
needed 1,043 function evaluations compared fo 9,093 and 9,771
for the Brent Shamanskii method and the new Secant method,

respectively.

B. In the problems with up to 4 variables the optimizer
proved itself a robust method on the given~tést problems.
It was a little sldwer than Fletcher's method in terms of
time coﬁparison, but in all problems was comparable to those
algorithms which are generally classified in the literature

as "good algorithms", Himmelblau [1973]. The results are
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Tablel 12 RESULTS OF OPTIMIZER ON 50 DIMENSIONAL PROBLEMS TESTED ON A CDC 6400 COMPUTER

All problems satisfied the stopplng crlterla, i.e. F[x] < 10" lxk k+l‘< 1076
o : o o -Compdtational :
S . - Number of  Initial Function Number of  Processing Time . Solution
" Function Variables Value -~ Iterations (in.seconds) ' :
Rosenbrook ii = 0,
- 50-dimensional o ' .
type "Banana" _ 50 Flx] = 1019 199 15.3 i=1,...,50
50-dimensional R - : : §i = 0,
Bowl type ‘ 50 F{x] = 0.1163 149 ' ‘9.8 .

99



Table 1.13 COMPARATIVE RESULTS ON THE 50-DIMENSIONAL ROSENBROOK TYPE "BANANA"

Number of - Number of Function C.P.U.
Method : Iterations Evaluations _ Second
Brent-Shamanskiil . 58 : : 9,443 _ 37.5 o
(B-S) ‘ : _ _ _ o o |
3 : ‘-
New Secant Method ' 170 17,537 48.25 ‘
(SEC) . o
Bremermann's 199 1,393 . 15.34 «
Optimizer : , , ' I
(OPTIM)
_ &
<
e
' inigial Value of . Computation was w
Method PFlx, 10 : Terminated when [
. &
B-S TS E 1vFLz 10 < 107°
. i = 1, " e a9 50
S b4l BoFlx, 1 < 107°
' i =1, ..., 50
13 - -9
OPTIM 1.019 x 10 - : IF[x]I < 10

and

| %pey | < 207°

L9




Table 1.14

COMPARATIVE RESULTS ON'THE 50-DIMENSIONAL FUNCTION "BOWL" TYPE

Number of

Number of Function

C.P.U.

x

and =
x| :
k “kt+l

< 107°

fMethbd Iterations- Evaluations Second
B-S 98 9,093 3977
- SECANT 93 9,771 16.5
OPTIM 149 1,043 9.809
._Ihigial Value of ‘Computation was
Method HF[xo]", Terminated when
B-S 0.0047 CheFrlx, 0 < 107°
SEC 0.0047 IveLz 10 < 1079
_ V ‘ ' . ';_lo
OPTIM 0.0116 IF[x. Il < 10"

89



PROBLEM CHARACTERISTICS:

Number'bf

Function Number of Initial Values Total Time Exact Valves
Name Variables Chosen Iterations in Seconds Sought
Rosenbrook 2 (-1.2,1) 91 0.066 (1,1)
2 (3.2,5.1) 9y 0.071 (1,1)

Engvall (1966) 2 (5,2) 46 0.032 (1,0)
Zangwill (1967) 2 (3,8) 11 0.008 (4,9)

Beale (1958) 2 (1,8) 53 0.030 (3,5) N
Zangwill (1967) 3 (100,-1,2.5) 35 0.020 . (0,0,0)
Fletcher & '

Powell (1967) 3 (-1,0,0) 9 0.013 (1,0,0)
Engvall 3 (1,2,0) 115 0.098 (0,0,1)

| Powell (1962) L (3,-1,01) 25 0.023 (0,0,0,0)
Wood 4 (-3,-1,-3,-1) 0.5 (1,1,1,1)
Table 1. 15

Results for Test Functions with up to u-variables using Bremermann's Optimizer

on a CDC-6600 Computer.
i.e., F[x] < 107

and !xk-xk+l| < 107, (where

5

All the problems satisfied the stopping criteria,
k denotes the k

th

iteration)



Table 1.16 Central Proce831ng Time of the leferent Algorithms on Various Test Problems
With a CDC 6600 Computer (Dimension < 4)* _

. PROBLEM ' : ' ' ' Powell Fletcher
Method Zangwill Rosenbrook Beale Engvall Zangw1ll Engvall Singular & Powell = Wood
Using 1867 - 1960 1958 1966 . .1967 - 1966 . 1963 - 1863 = '
Derivatives- ' R S . o o - R g
' e o L Number of Variables’ ‘
2 - 2 2 2 -3 3 4 4 4
Davidon
Fletcher : : ' )
POWell 0006 . 0030 F** -016 0010 -028 ‘079 00"}7 ,085
Broyden .008. .031  F*% 017 017 - .056 112 047 .089
. Projected
Newton ' o _ o '
(Pearson) .007 043 .031 017 .032 .073 .125 .134 Fk#*
Fletcher | ” o ' ' : ‘ o
Reeves .010 . .07 .033 .019 .021 154 .691 N .222 - - . 330
Continued_ - | | | |
Spartan R I : o . . . o ( o
(Shah et al) .009 ~ ~ .043 .04l ~ 020 ~ .017  ~.u89 .536 .256  .410
. Goldstein. - o - : o _ - _
Price , .007- .027 024 .020 .018 . Ol - .065 061 - .089
Fletcher 004 .022 .013  .008 .00 .022 . .062 .036 - .024

*A11 the'al% rlthms except Bremermann's optlmlzer were tested by H. Hlmmelblau at another

location.
#% F = Failed

0L



- Table 1.16

(Continued)

Powell Fletcher

- Wood

Optimizer .008

. . Zangwill Rosenbrook Beale Engvall Zangw1ll Engvallv81ngular & Powell
Derivatives 1967 - 1960 13858 1966 1967 1966 13963 1967
Free
Methods | Number of Variables
2 2 2 2 3 3 4 Y y

Hooke & :
Teeves .009 .056 .024 .008 .014. .012 .015 .21y 0.152
Melder & :
Mead .02y .035 .029 .025 .086 .087 .153 .118 0.154
Powell .010 .038 .021 - .017 014 .052 <114 .017 0.041
Rosenbrook .018 .053 .052 .026 . 067 114 .183 146 0.378
Stewart .008 .026 .024 .016 .020 .0u8 .230 .090 0.171
Bremermann's : .

.066 .030 .032 .020 .098 .023 .013 0.i51

TL



72

recorded in Tables

1.7 ROOT-FINDING

Given an objective function F: R’ IR; a vector

x = (%, e x ) € IR" . Finding a minimum of F involves
solving
%g- =0 i=1, ..., n
i .

(

To find the'cfitical point of'this.system, in particular
if this system consists of non-linear algebraic equations,
the critical point. is a "zero" of the system. Hence Optimi-
zation is closely related to root-finding of non-linear
algebraic equations. |
The root finding problem can be stated as follows:

Given n—nonelinear algebraic equations fi i=1, ..., n

find the value x% of the n-dimensional vector x such

that
fi[§*3 = 0 i=1, ..., n

There ‘exist an ektensive‘and detailed literature dealing
with the robt—finding problem on non-linear algebfaic ‘
equations. In particular, all methods which minimize»a
function in n-variables can be used for solving such systems

by minimizing an objective F[x] such that

2
(fi[xl, cees xn])

ne~-13

Fx] =

i=1



where thé global minimum is obtained where F[x*] = 0 ,
i.e., ‘fi[iﬁj % 0 iz 1, ..., n . GObd feferencgs can
be found in [19], and [73].

In previousvsections we have compared Bremermann's
roptimizef pefformance with fifteen prominent:minimization
algorithms. ‘Wé can consider a minimizatioﬁlprocedure a
root finding algorithm. | ”

We haQe further investigated the_perfofmance of
Bremermann's optimizer.on various test problems including
root finding. _ | | |

The followihg'test problems were kindly'furnished by

S. Smale.

1.7.1 The Test Problems Were:

fl[xl,x27x3,xu,x5] = xi,+ aixlx5 *t a,
fz[xl,xz,xa,xu;xs] = xg'+ DX,k * b2
fa[xl,kz,xsgxu?xs] = xg + élxzx3 + c2x5.
£,0x 50k 0xg] = xg 4 G xD) * dyxg
fs[xl,%z,k3,x4,xsl = xg + PXyX, +-p22224

The initial-guesses and coefficients values are as follows:

Case I:

Coefficients:

u
n
1

[

)

[*0)
1]

e

og
"

',_l

o

4

o
n
|

4

/e ez op P 000



Initial Values:

Set 1: (xl,xz,xa,xu,xs)
Set 2: "
Case II:
Coefficients: a; +-11, a, =
¢, = -13, C, =
4 = -, 4 -

Initial Values:

Set 1: (Xl’XZ’X3’Xu’X5)

1] 6 . 11

Case I1I:

Coefficients: -0.11, a

21 7 2
cl_= -0.13, c,
P, =v—0.15, P,y

- Initial Values: Set 1 to Set

7

"

will have

[
o
1]

w
(a7
"
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(1,2,3,4,5)

(5,4,3,2,1)

2

= '153 P2 = 5 

(40,40,30,40,30)

1
o
’_J
(N}

U

i
o
N

|
O
e
=
-
Q
3]
[an}
s

the same initial

values as the ones in Case II.

1.7.2 Root Finding Results

The' results obtained by using the optimizer are recorded

on Table 1.17,

©



- Total
Execution Time

Final Values
of the Objec-

ROOt Found

Table 1,17 RESULTS ON ROOT-FINDING

" (in seconds) tive Function
Case I:
— - - =95 -
Set 1 2.2 F{x] < 10 and x, = -0.054
. = IR -1y x. = ;31
Set 2 . 2:1 lxk+l"xk| <10 7 X2 'U'; _31 L
) . . X = 0
3
.xu = .18
. ) xg = —1.84
Case II: w - _ . _
 Set 1) ' X = (0.18, 0.34, 0.33, 0.47, 0.49)
Set 2 . x = (10.5, 11.02, 11.8, 15.1, 10.1)
Set 3 All sets F{%] < 10725 % = (-8.9, 0.023, -2.8, 10.6, 7.2)
Set 4 »  together took and N % = (0.29, -2.1, -0.03, 0.016, 0.3)
Set 5 13.1 sec %% | < 10712 % = (0.18, 0.34, 0,33, 0.47, 0.49)
Set 6| : ‘ x = (10.5, 11.02, 11.8, 15.1, 10.1)
Set 7} % =.(-8.9, 0.023, -2.8, 10.6, 7.2)
o S . S o R
- Case ITI S '
=E5E s Ay B
Set l} : ‘
Set 2 : X) = -0.u7
Set 3 All sets Flx] < 10 x, = =0.59
Set u >  together todk afd } 15 > X3 = -0.22
Set‘5. 4.4 sec |xk+l - xkl <10 x, = -0.05
Set © Xg = 0.09
Set 7
J _
J .

SL



When optimization of F finds a root, this, in general,

will be one of many roots (a system of p—th order poly-
nomials in n-variables has up to p" roots). In one
variable, Qhén a root X, has been found, then the poly-
nomial can be divided by x-x, and a root of the'remgining
polynomial can be found, etc. This method 1s not -available
, for several variables. However, multiple roots can be found
by optimiiation'combined with the method of deflation. We
shall néw discuss the different aspects of finding multiple
roots of a non-linear algebraic system. |

'1.7.3 Finding Multiple Roots

Bremermann's optimizer was used to find multiple roots

of a given non-linear system. In this context, we use the

deflation techniques that have been studied in the one
dimensional case by J. H. Wilkinson [19631]. |

Basicaily defiation techniques work so that once a root
r of the system Q° has4been found, a new system is formed.
This new system has the same roots of the original systemv
except for the root r . (A good discussion of deflationv
techniques'caﬁ be.found in theipaper of K. Brown_aﬁd W.
Gearhart [19]. | -

Deflation Matrices

Let F be a system of N real non-linear algebraic

n

equations in n-unknowns. Let IR~ denote the n-dimensional

Euclidean space.
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Definition:

For each element P € R", let N = N(i;p)' 0 c y'> >R

matrix on 'Bf]‘ where X belongs to an open set C9/<3f Rr"

and P is- the closure of such a set We w1ll call the

function, N ;va Deflatlon Matrix 1f‘for any dlfferentlable

n

funotion' P;vﬂ% + R"  such that _F[P]j=-0\fand__F'[§] is

nonsingolar,,we have
1lim Inf ﬂN(x ,P)e F[x ]" >0
>

for any sequence Xx; > P where x; € ﬁ

Definition:

Let G = N(%X,P) F[X] then we shall call G the

"Deflated Function" or the function obtained from F by

"deflating out" the simple zero % = T

If wevapply an iterative procedure to find additional
roots the function G will have the'following representation:
R . wles 5y s
Glx] =N (x,Pk)X_...XN (x,P,)xN (x,Pl)X_F[x] H

o

l’ ceey k

b Three basic methods of deflatlon are found in the

where we deflated-out- K—simple roots P

literature:

1) norm deflation

* 2) inner product defletion

3) gradient deflation

(In the followingg'theISubscripted vector Pi_vie the ith roof
found.) - | o - o
e eczap koD 00

n?

77
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2)

3)
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In the norm deflation the ith deflation matrix

Nl(i;ﬁi) is.taken to be:

I%-p. |
1

‘where A is nonsingular matrix of R" and the norm I I

can be any well defined vector norm.

In the inner product deflation the ith NY(%,P) matrix

is always a diagonal matrix and the j—th diagonal’

element of Nl(§,§i) is given by

(i) (1)

where a1 75 eeey @ are nonzero vectors belonging

to R" s 1 =1, ..., k and < > denotes the

inner product.

If the above agl) are chosen to be

ajf.l) = VF[P,] i =1, ..., k

The method is called gradient deflation. And the ;-th

components of: the function G will be denoted by:

Gj[§<]= =1, «.., k



1.7.4 Methods:Used in the Comparison for Mulfiple Root Finding:

In the paper of K. M. Brown and W B Gearhart {19]
two methods were used to find" multlple roots of 4 different
systems. The methods were-. | o
vl) dlscretlzed form of Newton s method
2) a ouadratlcally convergent method due to K M. Brown
In the Lomparlson all three deflatlon techn1que° were us ed‘.
by . each of the above algorlthms |

For the ‘purpose of comparing the algorlthms performance
with the optlmlzer, the best of the deflatlon technlque for
‘each method was ‘chosen, whlle the optlmlzer used ‘the same
norm, i.e. “(al, cees a )l = max (fa |, lazl, e lagDd
for‘three of the test problems and the euclldean norm for

the fourth problem.

1.7.5 The Test Problems for Multiple Root—Pinding

The test problems used for flndlng multlple roots were
formulated by K M. Brown and W. B. Gearharu»

The test'problems used were

1) The cubid pdrabola

‘yxa,— 3x - y

2
x" -y

. Fany]

thx,y]

"

The system has three roots:

= (0,0) P, = (-0.75, 0.5625)

1 3

P, = (l,l):: P2



2)
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This‘éystem has a'"magnetic zero", with respect to
Newton'symethod, which is defined as a Zero'fér which_
a particular method tends to converge, irrespectively'
of tﬁe stértihg'ggess.

The existence of magnetic zero together with theltech-
nique used in finding multiple roots will detefmine a
region of convergence. For different methods tﬁe
region of convérgence can vary, hence it is bossible that
one technique will be able to find all-the roots of the
system while another will fail to obtain some of these
roots. |

The four>c1usfer

F(x;y) (x—yz) (x-sin y)

(cosy -x) (y=-cos x)

G(x,y)

has four roots:



Pl = (0.68, 0.82)
P, = (0.64, 0.80)
Py = (0.71, 0.79)
Pu = (0.69, 0.77)
Y ' x=cosY
14 Y=cosx
1T
: I1I
IV
.5+ | x=Y2
Xx=sinyY |
 07 .% . 1 v B pd

This syétem has‘distinct roots nearly,cloée together in
 the first'quadraﬁf of the x-y plane. . Heré‘round-off
errors.and the region of convergence Qf a particular
techniQue'may cause that not all of the roots can'bé
found. |

3) The Hypérbola Cifcle’

Xy - 1

2w g? oy

'-F[ng]
Glx,y]

- has four zeros,

£

=5
fa
!
i
-
_
o0
o

81



4)

P, = (0.517, 1.93)

P, = (1.93, 0.517)

P, = (-1.93, -0.517)
P, = (-0.517, -1.93)

This system has the "bad" property, that some algorithms

might diverge to infinity on the first attempt to find

'a root. The "right" combination of both, the deflation

technique and the method used in finding the roots will
determine the extent of success in finding all roots . of
this system.

The 3x3 system

2 2
Flx,y,z] = x° + 2y° - 4
Glx,y,z] = %% ¥ y2 + 2z - 8
) 2 2
HIx,y,2] = (x-1)° + (2y-2)° + (2-5)° - 4.

has two roots:

P (0, V2, 6)

1

P

2 (2, 0, &)
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ROOT TFINDING: RESULTS OF COMPARISON

Table 1.18
: DISCRETIZE NEWTON'S BREMERMANN'S
BROWN'S METHOD METHOD OPTIMIZER
 ‘.#’OF Number of Deflation _‘Number of 3Déf1atibn Numbeflof Deflatiom
PROBLEMS ROOTS - . Roots Found| Method ‘Roqts Found] . Method‘r Roots Found Mgthod
{With all
Cubic - Uniform : 3 typesof \
| | Parabola 3 : 3 Norm 2 deflection 3 1 ALL
only 2
roots were PROBLEMS
found
The Four Euclidean Euclidean ' .
2 Cluster t 2 Norm 2 Norm 4 WE USED
Euclidean- s . THE
; EYPebela 4 | 4 & Uniform | 2 Gradient 3 op 4 S
treLe Norm orm . MAXIMUM
Y . The 3% 3 2 9 |Euclidean 9 Eg?l;dean 2 NORM,
System - Norm - - .. Norm X

INITIAL POINTS FOR ALL PROBLEMS_IN-THE
COMPARISON WERE THE SAME; THE POINTS WERE:

*DEPENDS ON INITIAL POINT; FOUND 3 ROOTS FROM SAME
INITIAL PCINT AS OTHER METHODS BUT FOUND ALL 4 ROOTS .
WHEN ALLOWED TO START AT ANOTHER INITIAL POINT.

PROBLEM

 STARTING POINT

1 X, = (0.8,0.55)
2 Xy = (0.9,1)

3 Xy = (0,1

n Xg = (1,0.7,8)

€8
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These systems will increase the compﬁtational difficulty
and will cause difficulties when applying the inner product
or gradient norms.

1.7.6 Results on Multiple Root-Finding
All four préblems were tested with a CDC 6400 computer

and all roots were found to within 12 digits accuracy. The

results of the comparison are recorded in Table [1.18].

1.8 CONCLUSIONS
- In this Chapter we tried for the firsf’time to,évaluafé

the péfformance~of the Bremermann optimizer. We can

conclude the following:

1) The Bremermann optimizer has performed Well compared to
15 leading algorithms in solving test problemé involving
4 or feﬁer variables.

2) The Bremermann optimizer.performed very_well on n-
dimensional problems; in our case, 50-dimensional.

3) The Bremermann optimizer is a good-algorithm to be used
in findihg a root as well as multiple roots of nonlinear
systems. |

"4) There is‘a need to éontinue to investigate the different
multipliers and steplength‘stfategies. |

5) Execution time is small and preparation of a problem for
use with Bremermann's 6ptimizer is easy, facts that few

algorithms can claim.



6) The optimizer can be applied with a minimum of effort
since it does not require the Hessian or Jacobian
of an objective function. Furthermore very few changes

have tc be made to optimize different functions.

1.9 NOTATION

A matrix o

1]

A matrix_(the K index indicates that this matrix may

change from step to step.

I = identity.matrix
3 = Jacobian matrix
J = iteration
L = Lagrangian function
F' = objective funcfion
T = superscript refering to the transpose of ‘a vector or matrix
i,j = indexes used for variables |
K = superscfipt refering to iteration number
n = number of'variables
s = vectop- (Sl’ cees Sn)_indicating direcfion
X = vector (Xl’ cees Xn) of variables
A= steplenght'
V = gradient [e.g. VF(Xl,...,Xn) = ( %§I, giz, cees g§ )T
d = distance in n-dimensional space
“h = elementsbof Hessian
r,p = root

2

U,G = vectors
N matrix on EN used for finding multiple roots

(X,P)

=

optim. Bremermagn'ﬁ optimizerty [ 1 'G, 1]
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PART II: DETERMINATION OF THE KINETICVPARAMETERS OF THE

PHOTOSYNTHESIS CALVIN‘CYCLE
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2.0 INTRODUCTION TO PART II

All life on earth is dependent on photosynthesis by
plants, the pfocess by which carbon dioxide, COQ, in the
presence of light is fixed and reduced to organic matter.

Photosynthesis is carried out by both procaryotic and
eurayotic cells. The procaryotes include the blue green
algae and some bacteria; the eucaryotes include higher green
plants, red,.green,aﬁd brown algae, dimofiagellatés, and
diatons. |

Photosythesis consists of two proceéses, a light-
dependent phase (light reactions), and a light-independent
phase (darklreactions). In the light reactions, light.energy,
phofons, are.convéfted into chemical energy, storéd in ATP
(ademosiné-S'-triphosphate)»and'NADPH (reduced nicotinamide
adenine dinucleotide phosphate). The dark reactions, on the
other hand, refer to  the enzymatic reactions in which CO, 1is
incorporated into reduced carbon compoundé'previously
encountered in carbohydrate metabolism. |

The pathway wheréby CO2 is reduced to carbohydrates
and other organic compounds was first discovered by M. Calvin,
J. A. Bassham et al [3]. |

Although the pathway of the pentose phosphate cyclev
(Calvin cycle) has been known since 1954, knbwledge of the
dyhamic changes (kineties) of its intermediatés has remained
incomplete. The cycle involvesseventeen intermediates which
conversion to each other 1is hediated by different enzymes.

Each step from one intermediate to another can be described



mathématically byseVenteen non-linear, first.order differential

equations which contain twenty-two kinetigvparameters. These

parameters determine the kinetics; their calculation will

‘be the object of this Chapter. . There are major difficulties

in this calculation, since the parameters must be determined:

simultaneously for the following reasons:f- 

a)

b)

c)

some intermediates are involved in several reactions
some reactions reach equilibrium too fast for accurate

measurement when tested in isolation from the rest of

_the reaction of the cycle.

the reactions depend on the .enzymes present whose
activitieg, in turn, are affected by other metabolite
pool sizes in the cycle. |

Though the data of the cycle has been available for

a number of years, the mathematical computatiocn has

remained beyond reach for five main reasons:

a)

- b)

c)

d)

e)

fhe system was too large for computétional techniques;
poWerfullcomputers to handle large scale problems were
not'availablé;

the set of available data was incompleﬁé:fo defermine
the kinetics of pool size changes;

there wéfe no adequafe techniques'er labelling the
intermediates of the cycle; |

only recently have good techniques for handling stiff
equations’ (differential equations that are'difficult

to integrate numerically) become available.
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However, recent advances in experimental and computational
techniques have brought the problem within reach.

The determination of the kinetic parameters is known
mathematically as "systems identification” or "parameter"
identificatioh.

Previously to our attempt, Heinmets [ 45 1] evolved
a large non—iinear model formualted for an enzyme induction
system through automatic computarized parameter identifica-
tion. Roth and Roth [ 76 ] used Bellman's method of quasi-
linearization for testing Heinmets model. The attempt wae
unsuccessful and it pointed to the need for investigating
the numerical problems'involved.

Such an investigation of these numerical probiems
wae carried oot by Joel Swartz [ 83] ‘He implemented
many methods proposed by Bremermann (10 1, [9 1 and,
based upon the method of Rosenbrook and Storey [75 1,
developed and tested a theory of how experlmental errors
affect the accuracy of determination of parameters.

Wlth work done in the area of numerical analysis one of
our tasks wae the gathering of reliable biochemical data.

We were interested in determining the pool eizes of inter-
mediates.of the Calvin cycle‘under certain biochemical
conditions and after disturbance of such a system. With this
informationIWe should be able to determine simultaneously the

kinetic parameters of all reactions involved in the cycle.
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2.1 EXPERIMENTAL DATA

With the discovery of Clu

, a radioactivé isotope of
carbon, it was recognized the usefulness of this isotope as
a label fop:the identification of compoundSQiﬁ biological
processes. In 1946, M. Calvin,.J. A. Bassham et al set out
to trace thé path of caybon in photosynthesis using cl”oz as
one of their.principal tools. o |
Early'éxperiments wére conducted wifh'léaves of plants
in a closed qﬁamber containing cérbon dioxide labelled with
Clu; After.photosynthesis was allowed in a leaf for a given
period,_biochemical activity was halted by;immersion in
alcochol. -The alcchol inaétivates'the enzymes.which are
needed foﬁ'the'creation of various intermédiates, Qithout
which the reactions must stop. Because it was recognized

‘that in this technique even a very small delay in alcohol

immersion would lead to misinterpretation of the results,

a new method was needed through which more reliable data could

be obtained.

To obtain greatér precision in this.fespect a single-
cell green aigae -- chlorella pyrenoidoisa.-f was adapted
as the'subjéct forvany,experiments. Data about metébolic
changes underivarious conditiohs were obtained as follows:
chlorella was grown under steady-state cénditions. At time
zero, unlapelled C02 wasvreplaced by CluOé and Clu—labelled
bicarbonate»Was injected into the cultufe médium to effect

a step function switch from unlabelled to labelled carbon in

the CO2 uptake of the system. Aliquots were killed, i.e.
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immersed in alcohol, at an interval of one touseveral minutes
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2.1.1 Abbreviations

The following are the intermediates of the Calvin
Cycle and the abbreviations that will be_uéed in the state
equations;

co - Carbon-Dioxide

2
RUDP ‘Ribulose - 1,5 - Diphosphate
PGA | 3;- Phosphoglyceric Acid
GAL | | Glyceraldehydé-3 —»Phosphater
FDP 'Frpctose - 1,6 - Diphosphaté 
F6P Fructose - 6 - Phosphate
ERY '7Efy£hrosé - 4 - Phosphate
SDP | Sgdoheptulose - 1,7 = Diphbsphaﬁé
S7p Sedoheptuldée - 7 - Phosphate
XYL Xy;ulose - 5 - Phosphate
RusSP Ribulose - 5 = Phosphate
ADP o Adeqbsine - 5' - Diphosphate
ATP Adenosine - 5' - Triphosphate
NADP+ Nicotinamide Adenine Dinucleotide ?hosphate
NADPH , Reduced Nicotinamide Adenine Dinucleotide Phosphate
G6P - Glucose - 6 - Phosphate’ |
DHAP Dihydroxy Acepone Phosphate
RSP ﬁibose - 5 - Phosphate‘
Pi— Inorganic Phosphate "
H* sHydrogeh Proton

~5y
5
Y
o
5
w
ay
3
-
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THE CALVIN CYCLE
ATP ’

G6P

ADPG

%

STARCH

R

5\

ATP
RuDP
CO>
FATTY ACIDS
AMINO ACIDS
PROTEINS

XBL758-4226

& . . . . . . . : .
Thilis intermediate 1s not being considered in the mathematical
model (see page 10Wu4)

The dark lines represent regulatory points of the cycle
where the reaction proceeds onlyv in the direction of the
arrow. The rest of the reactions are consicdered to be
reversible.
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As a result of mahy experiments, it was found that
carbohydratés are not the sole organié proddéf of photo-
synthesis.butjserve for further biosyntheéis-of fats, amino
acids and ﬁrbteins. |

Aftef the main intermediates and enZymés of the Calvin
Cycle were found, interest concentrated on the regulation of
fhe enzymes invol§ed in this cycle. Since thle leaves and

chlorella turned out to be a very complex system to study

regulatory sites, attempts were made to isolate the choroplast,

the compartmeht where the reductive pentose'phosphate cycle
- is located .and bperating. |

In 1966 J. A. Bassham and R; G. Jensen [ 54 ]
deveioped a ﬁew technique for'isolafing chlor@plast. ‘The
isolated chldfophaét becéme the subject for study regulatory
sites of the Calvin Cycle. In this new system photosynthetic
reactions could be isolated from reactions:Of.the cytopiasm,
aﬁd the cell wall could be eliminated as a bérrier to the
assimilation of various added metabolites and=chemicals.
This new characteristic greatly facilitated the‘study of
the mechanisms of enzymic transformatioh and metabolic -
control in thé’reactions of photosynthesis;fi

Wﬁen isdiated chloroplasts were studied‘a special

difficulty arose. 1Initially the measurements of co, fixation

of whole épinach leaves was far greater than the corresponding'

rate in isolated chloroplats. However, as a result of
improvements made in the isolation procedures, the rate of

CO0, fixation by isolated chloroplats gradually rose until

LS Z0pb0DM00
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it reach¢d>50% or.more of the rate for intact spinach
leaves [ 6 1.

To'furthef eliminate problems of chemical transport
across the chloroplast membrane and'to enhance more metabolic
control over the Calvin Cycle, J. Bassham and co-workers
developed a new technique useful in studies 6f,regulatory
mechanisms of’photosynthesié. The new techni@ue consists of
fracturing the chloroplast and combining its contents with
soluble comﬁonents from lysed chlorbplast. Thié is called

a reconstituted chloroplast system. When phtosynthesis 1s

allowed in this sytem the resulting products are principally
intermediaté compound of the Calvin Cycle.

When whole leaves or chloroplasts are used the
observed radiocactivity comes from'a mixtﬁre of unlabelled,
partially labelled and fully labelled compounds. This
mixture cannot be untangled for conversion into concentration
data necessary for solving the’parameter identification
problem. However the new technique of fracturing chloro-
plasts and reconstituting the photosynfhetic system in'
vitro eliminates the problem of paftial labelling because
of the following reasons:

a) .After 602 is removed (nitrogen gas is flushed
through the flask, for sevefal minutes), fhe system 1is
reactivated by introduction of one or several of the
follbwing substancés: |

L
1 NaHCl‘OB, radioactive sodium bicarbonate

2) CluO2 radioactive carbon dioxide



3) p32

radicactive phosphate
4) 1labelled primers such as, labelled PGA, and labelled

glucose

b) 'Endogendus metabolite,concentratioﬁ.are small due

'fo dilutioﬁ of chloroplast volume into flask volume and
therefore the specific activity by adding a primer with known
S.A. (uc/yu mdié) does not chahge hence by khdwing the
radicactivity in a labelled compound the metabolifes is
directly convertible into concentrations. New ﬁethods of
counting and automatic collection of radioaqﬁivity counts

have contributed to a greater accuracy of the data, This

data can be used for determination of the kinetic parameters.

The enzymes in the reconstituted system are alsc
dilﬁted in.thé'flask, but the concentrationé are sufficiently
high to mainfain high rates of photosynthesis.

LFor the cycle to be operative at satiSfaétory level
1/10 of amillimolar of ADP and NADP is added‘to the flask.
Furthermorevin_the'fiask, the ratio of the soluble part of
chloroplasts:to the.chloroplést membrane system (lamellae)
is increased by fourteen to one (1lu4:1) compared to whole

‘chloroplasts.

2.1.3 . Design of an Experiment

The following teéhhique was applied to obtain kinetic
data from the reconstituted system.
Two batches of spinach chloroplasts were isolated

according to the method of Jensen and Bassham [ 5% ] .
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The leaves were cut into small pieces and placed in a
solution.‘jThe leave pieces and the solution are cooled to
0°, and afe blended for five seconds at high speed. The
slurry was filtered through several layefs of cheesecloth
and the resulting juice was centrifuged for fifty seconds.

Eécﬁ chioroplast was -suspended 1in a solution and
cooled to 05. ‘ |

To fracture the chloroplasté the peilets of both
batches were suspened in a solution cooled to 0°. After
ten minutes the suspension was centfifuged and the super-
natant solution containing soluble components from the
chloroplast was stored at 0° until the reconstitution of
the system.

The pellet was resuspended in a solution and washed.
After ten minufes was centrifuged and stored at 0°.

The resuspended green pellet and the soluble solution
were placed into a flask.

Further additions were made, i.e., PGA as the primer,
NADP, ADP. Photosynthesis is carried out in flasks
stoppered with a serum cap. The flasks are_mounted on a rack
which holds 16 flasks and moves in a circular motion in the
horizontal plane.“ This swirling distributes the suspension
of chloroplast ﬁniformly in the flask.
| The flasks are held in a water béth and are illuminated
through the tfansparent bottom of the bath.

Nitrogen is flushed through the flask to remove any éir

COZ‘ The system was "starved" of CO2 for five minutes. Then
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labelled pfimer‘(Clu, PGA, or Clu—glucose 'and P32)is injected
 through the serum cap. Lamellae are injected and a pre-
illumination periéd follows. After preillumination NaHCluO3

luO2 ié_injected to the syétem and_phthsynthesis proceeds.

dr C
The shaking.device is frequently stopped fo:allow sampling
.from the fiaSks. These samples are killed'in.a methanol
solution and thus stoppingthé’biochemicai reéction.

The aliquots are analyzed by using two dimensional

~paper chromatography and radiocautography.

2.1.4 Paper Chromatography and Autoradiography

For thé identification of the intérmediate of the

Calvin Cycle the technique of two dimenSiQhai paper chroma-

tography was used. This ‘technique éllows”to_séparate
individual'components of a mixture by theirvéizé and charge.
‘The principle of this téchnique is based oh the distribution
of Qompounds between a stationary phase (the‘paper) and a
meing phase (organic, inorganic solvents thch move by
capillar forces or gravity through the papér)l The different
affinity and"éolubility to the stationary phase and the moving
phase, respectively, separate the individual éompénents from
each other. The method is described as folllows:

A sampie of the solutioﬁ killed in mehanol and containing
the 1abelled.intermediates of the Calvin Cyéle'is applied to
a sheet of}éhromatography paper (staticnary phase) near one
corner. An edge of the paper adjacent toitﬁe corner is
immersed in an organic solvent (moving phase); the whole
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assembly is placed in a vaﬁor tight box. While the solvents
are moving through the paper separation occurs. As a result,
the'compohnds'will be distributed in a rbw in one dimensional.
Depending on the_solubility of the compdunds and the nature

of the solvent used, some compounds may stillIOQérlap one
another. _Repeating the same procedure with a different
solvent travélling orthogonal to the first difection will
separate the compounds in a second dimension.

Since most of the compouﬁds are colorléés,»special
techniques are required to locate them on the papef. And
since the compounds aré labelled with either_Clu, P32 or .
both, the technique of radiocautography is'applied.. |

The chromatography paper is placed in contact with a
sheet of X-ray film for a few days. The compounds that ére
radioactive wiil appear as "foot‘pfint§'on,the X;ray film.
Further comparison between chromatographs and radiographs
will identify the éompounds and their exaét 1oéation on the
paper. The spots that contain a specifié compound are then.
cut out from the paper and mounted on a tape fbr‘automatic
counting. ’Couﬁts of the radioactive deéay of Clu or P32_
are recordedvaufomatically and entered into a éomputeb,'where
theAcouhts per compound are cénverted as amounts in u 'mole;/mg

chlorophyl.
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2.1.5 Data'Used For Determining The Kinetic Parameters
The datalused fof.detefmining the kinetic parameters is
obtained from ekperiments with the réconstit@ted system.

The success in obtaining "preliable data" has not been

' able to be predicted from experimental experiménts. (Some

exporlments have led to con81otent results whlch in turn
.deflne what 13 meant by rellable ddta ) Thepefore_lt is
not unusual toiperform several expe;lnents untll satlsfactory
kinetic data can be obtalned One dlfflculty ln obtalnlng
such data 11es ‘in the fact that such experlments are very
costly and requlrt aubbtantlal dmountc of tlme (sometimes
one or two mcnths).

In thiéffhesiéione'set of data will bé Qsed. In a
later section (2;5.l) we shall -discuss thé néed-for‘several

sets of data . to determine accurately the‘kinetic parameters.

.2.1.6 Derivation of the‘Dynamic Equations Deécfibing the

Calvin Cycle

Given any arbitrary chemical reaction

where A,B,C and D are compounds; kl, k2 are kinetic para-
meters of this reactionj; the arrows indicaté'the direction
of the flux. It is possible to describe the rate of change

of a particular compound in the following way:



The rate of formation of a compbund, say A, 1s given by

the flux entering the pool of this compound, i.e.
k,Lclip]

" The rate of decomposition is given by the flux leaving the

" pool of A and is given by
k,[AllB]

The total rate of change of compound A is the net result
of the forward flux given by kl[A][B] and the backward flux

given by k,[CI[D], i.e.

A |
98 - 5, [eIDT - Ky [AT(B]

where a4 denotes the rate of change of compound A with

dt
respect to time. By a similar way we obtain,
dA _ dB _ dC _ dD . - . ' -
T ax& - F:@® T Using the schematic representatlog

(on page 102)  of the Calvin,Cycie we' can apply'the same
procedure over all the reactions. Thus obtaining the rate
of change with respect to time of each of the intermediates

of the cycle.

The calculation of these equations is crucial for the -

success and validity of our results. . Therefore it is
important not to err while deriving the equations since a
missing term or a wrong sing can give equations that belong

to a completely different system. We derived the equations
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several times with great care, but afterwards, when checking
we found each time a missing term or a wrong sign. To be
sure that our description is without mistakes we decided
to generate the equations automatically by computer: This
is possible because of the logical structure inherent in
the derivations of the équations. To this end I adapted

a computer program written in machine languagé (COMPASS),
by Keith DaQenport as a joint term project.fof a course

in computer science and a course in biomatheﬁatics, to
derive the rate equations (differential equations),
describing‘fhe.Calvin Cycle. This program will génerdte
any system.of differential equations which satisfies

the mass action laws.



102

2.1.7 Schematic Representation of the Pathways of the Calvin

Cycle and the Kinetic Parameters

- (The arrows denote the direction of the reaction)

a) CO2 ® RUDP —_— 2 PGA

k) ©

b) PGA © ATP + NADPH 2 . ADP + GAL + NADP® + p2-

1
c) GAL ‘ e DHA

d) GAL ® DHA - — FDP

e) TFDP 8 . Fep

£) Fep © GAL | 3  ~  ERY ® XYL
g) ERY ® DHA 12 . spp

h) SDP ' _ . S7P

i) S7P ® GAL _— RSP ® XYL

j) RSP — 16 _  grusp
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k) XYL pR—

1) RUSP ® ATP — " =  RUDP @ ADP

m) F6P | o 2L+ gsP

2.1.8 Chemical Kinetics

Given any chemical reactions we can describe them by

rate equations of the form:

)'(i = fi(xl,.’-oo, Xn) ' i=l = l, --o; n

where x. is the concentration of the ith species; and

the fi are polynomials in.the X; . The degree of the
polynomial fi is the order of the reaction. When two mole-
cules unite to form a product, a second ordef term arises.
‘When a molecule decomposes into parts, a lineér term arises.
When three molecules combine a third order térm appears

in fi ; however, USually three molecules fifst combine .in a
pair, forming an intermediafe product whicﬁvthén reacts with
the third molecule. Thus third order rate equations are a
simplification of second order equationé with an additional
intermediate»product.

The Calvin Cycle will be described by;seventeen non-

linear, first-order differential equations, wnich coéntain

) +

=
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twenty-two kiﬁetic parameters. The polynomials in the rate
equations are mostly of second degree. The equations have

 the form

- dx
1 z 1 1
——— = Kox. + X K..x.X.
dt ;171 173 13717)
: dx
: n n h
T Z Kixi + .Z Kijxixj
1 i,] -

where X; represents the state variables.(measured as gon—.”
céntrations) of the system; i.e. the seventeen'intérmediates
of the cycle, and K? -and ng afe the’kineticvparameter

of the system._ The concentrations Xs i ='i, cees n véby
with time and Qili be of major importance ih the aetermina-
tion_of the parameters. Ki_ and .Kij .

Note:. Some of the equations will have thirdor foﬁrth order
reactions due to a simplification of the path ffém the inter-
mediate PGA to the intermediate GAL. The reaséﬁifor this
simplification is that there exists'aﬁ intermediate, 1-3
.phosphogIYCerate, (DPGA), whose half-life is very small;
.therefore, it is difficult to measure its concentration.

Hence the reactions
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1

H* ® PGA © ATP ~— DPGA © ADP + p2-~
. “ .

and
DPGA © NADPH ———» GAL © NaDP'
‘____.__——
l.€. .
H+ ATP < > ADPt NADPH -~ > NADP r i
— PGA- ;J’ - DPGA ~— s — GAL —
Y » : o\ : : 'Y - . J
First Reaction A Second Reaction
can be considered equivalent to
H* ® PGA ©® ATP ® NADPH +—————" GAL ® ADP ® NADP + Pi-
l.e.
p2-
H+ ATP l NADPH ADP T NADP i
---——a»3 PGA i —GAL - - J

This last reaction will be presented in sdmé_differential equations
as a .term having three or four interacting state variables.v
| As of now we.have considered the biocﬁemical reactions
- of the cycle without introducing enzyme kinetics. Since the
enzymes have a kinetic system of their own Which considerably

affect the rate of biochemical reactions, we should discuss

73
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discuss the basic characteristics of such a system.

2.1.9 Some Aspeots of Enzyme Kinetics Michaelis-Menten
An enzyme is a protein that functions as a catalyst
' for a biochemical reacticn. In any enzymatic reaction we

encounter the phenomenon of saturation with substrate

(Qompound which is being transformedj. This.phenoménon can
be described as follows: with a fixed enzyme’concentration,
an increase of substrate will result at first iﬁ a very rapid
rise in reaction rate. As the substrate coﬁcenfrétion
cdntinues to increase, the reaction rate begins to decrease
until, with a large subétrate concentration, no furthefv
change in the reaction rate is observed. The reaction rates.
at low substrate concentrations are known.asAtﬁe "first
order kinetics"; when the_reaction‘rafe sfafts to decrease
due to theiincrease of substrate we have a "mixture of zero
and first-order kinetics"; andAfinally when nq_chénge in
the rate of reaction occurs this stage is calledb"zero

order kinetics".



107

‘The mathematical equation that defines the quantitative'rela-
tionship between the rate of an enzyme reaction and the

substrate concentration is the Michaelis-Menten equation.

Vinax [s1] o 12.1]

KM + LS

V =

where V 1is the observed velocity (rate of change) at a

given substrate concentration [S]; X,, is the Michaelis

M
constant expressed in units of concentration‘(mole/lite?);
and Vmax 'isAthe maximum velocity at saturating concentra-
tion of substrate.

Any typical enzyme-reaetion'involves_the formetion of

an enzyme-substrate complex (ES) which eventually breaks

down to form the enzyme E and the product P. Thus

E+S —— = (ES) —— =E+P
K2 ky,
where " ki, kz;'k3, k, are the rate constants for each
reaction.

The Michaelis Menten constant Km is defined to be:

The maximum velocity Viax LS attained when the total enzyme
concentration [E] in the system is present as the [ES] complex.

In that case, the initial rate V of an enzymatic reaction

e ez op R 0000
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is proportional to the concentration of the ES complex we

can write

vV = k, [ES]

3

'In particular when the total enzyme concentration, [E], is
in ES complex form, then the rate of reaction is at its

maximum and

If we have the case that V = 1/2 Vmax’ then'from the

Michaelis-Menten equation we can easily derive that

Ky = [S]

which implies that K is nuﬁerically equal to the substrate

M
concentration at which the velocity is half the maximal
velocity. .

Furthermore, if we let the concentration of the

substrate be Qery large in Equation [2.1]1, K, can

™
be neglected ahd_the rate of change v is equal to the

maximal velocity, i.e.

which 1is an ihdication of a 2ero order reaction..

So far, we have considered enzymes that possess
independent substrate binding sizes, i.e. the binding of one
molecule of substrate has no effect on the stfuctural

or electronic changes of the vacant site. If such changes

A



oécur, the velocity curve will not follow:the Michaelis-
Menten kinetics, and the enzyme will bé-claséified as an
"allosteric" or "regulatory"‘enzyme.- Thésé enZymes show
signoid kinetics (and S-shaped curve).

Séme-of the enzymes reacting in the'Calvin Cycle are
allosteric, [5]. Hence along the pathways of the cycle
we will encountef regulatory points. At thése points the
enzymes act as "valves" regulating the speed of the biochemical-
reactions.

In the_reconsituted system, however, it was possible
to obtain steady state conditions [4] , i,é. the "valve"
maintainé the flux through the regulatory poihfé at constant
rate. Hence fhe kiﬁetiC'parameters, kl’ sy k22., of the
mathematical model [2.1.10] will be assumed'té be constant
throughout the cycle. Having discussed the enzymes and the
general biochemical_aspects'of the Calvin CyCie, we shall

now introduce our mathematical model.

2.1.10 ThevFollowing are the Differential Equations that

Describe the kinetics of the Calvin Cycle

K, to K,, are the parameters that are being'detefmined, H* is
a constant and its value is 1071 in pH 7.

d(RUDP)/dt = +K(20)(ATP)(RUSP) = K(l)(RUDP):V

d(PGA)/dt = +K(3)(GAL)(ADP) (NADP+) (P{™)

K(2)(PGA)(ATP)(NADPH)(H+) + K(l)(RUDP)(COz)

d(ATP)/dt =.QK(20)(ATP)(RUSP) + K(3)(GAL)(ADP)(NADP+)(P§—)

- K(2) (PGA) (ATP) (NADPH) (H*)

SSEeZobB B0 DD
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d(ADP)/dt = +X(20)(ATP)(RUSP) - K(3)(GAL)(ADP)(NADP+)(Pi‘)
+ K(2) (PGA) (ATP) (NADPH) (N*)
d(NADPH)dt = +K(3)(GAL)(ADP) (NADP+) (P{ ™)
-K(z)(PGA)(ATP)(NADPH)(H*)
A(NADP+)/dt = -K(3)(GAL)(ADP) (NADP+) (P27)
| o +K(2) (PGA) (ATP) (NADPH) (H*)
d(GAL)/dt = +K(6)(FDP) - K(5)(GAL) +,Kt4)tDHA)v |
- K(3) (GAL) (ADP)(NADP+) (PZ7)+K(2) (PGA) (ATP) (NADPH) (H)
+ K(15) (XYL) (RSP) - K(14)(S7P)(GAL)

+ K(lO)(XYL)(ERY) - K(9)(GAL)(F6F) - K(7)(GAL) (DHA)

d(DHA)/dt = +K(11)(SDP) - K(7)(GAL)(DHA) + K(6)(FDP)
 4K(5)(GAL) - K(7)(DHA) - Ktlé)(DHA)(ERY)
d(rDP)/dt = -K(8)(FDP) + K(7)(GAL)(DHA) - K(6) (FDP
d(£f6P)/dt = +K(22)(Gép>_é‘K(21)(F6P) + K(10) (XYL)(ERY)
| | _K(3) (GAL) (F6P) |
d(ERY)/dt = -K(12)(DHA)(ERY) + K(11)(SDP)

K(10) (XYL) (ERY) + K(3) (GAL) (F6P)
d(XYL)/dt = +K(18)(RUSP) - K(15)(XYL)(RSP) + K(14)(S7P)(GAL)

-K(10) (XYL) (ERY) + K(9)(GAL)(F6P) - K(19)(XYL)

d(SPD)/dt = - K(13)(SDP) + K(12)(DHA)(ERY) - K(11)(SDP)
d(S7P)/dt = + K(15)(XYL)(RSP) - K(lu)(S?P)(GAL) + K(13) (SPD)
d(RSP)/dt = - K(17)(RS5P) + K(16)(RUSP) - K(15)(XYL)(R5P)

+ K(14)(S7P) (GAL) | |

d(RUSP)/dt = K(17)(RSP) - K(16)(RUSP) + K(19)(XYL)
- K(18)(RUSP) - K(20)(RUSP) (AYP)

d(G6P)/dt = - K(22)(G6P) + K(21)(F6P)



2.2 DESCRIPTION OF THE METHODOLOGY FOR DETERMINING
THE KINETIC PARAMETERS
The following assumptions and notations will be used-

a) We have a system of non-linear ofdinary differential

equatidns

X = f(x,k,t) %X(0) = ¢
where x = (xl, cens xn) € R , is the vector of the .
state variables; f = (fl, ceas fn) is the n-=dimensional

~vector function describing the system§ 

k = (kl? ;.., kp) € Hﬂi is the vector of parameters;
t € R 1is a real variable representing.time. A solution,
x, of the syétem is a function of k and t , i.e.
X = X(E;t). S

b) The points obsérved in the experiments will be denoted
by §(t),= (yl(ti, cees v (1)) € RrRY , ot o= (tl, “ens tn)

These points are subject to an error n , i.e.

y(t) = x(t) + n
where 'yi(tj) is the observed concentration of the ith
intermediate at time- t = t. .

J.

The methodology

- Let us integrate, numerically, the system of differential
equations § ; f(x,k,t) , x(0) = ¢ , using an assumed set
of parametefs, k . Let us define.a newvfunction Flk] where
F is obtained by summing over the square of the discrepancies

between the measured values y(t) = X(t) + n  and the

@6 e 20k 000
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computed values obtained in the above integration, then:.

FLK] = Pf 5Te ) - 2Tk, t0¢ W d5ce )' - x(K,t_)
1 Y vtp' Tt vy Y r *r
[2.21]

where §(tr) is the measured value at time ’tr 5 §(K,tr)
the computed véer‘at time t, and W, is a éymmetric
positive matrix (for which there are different choices,
the choice of W, ‘used in our technique will be discussed
in Section 2.4 ), We are interested in minimizing

F[K] over the space of parameters, i.e. we wish to obtain

a value, K , such that

FIR] < FLR] v ke RP

The procedure will consist of several parts:

a) Make an initial guess,vK = (kl, ..;,,kp) , of the

arameters K = (k cee, K.
P \ 1° » 5p

b) Integrate numerically the non-linear system-[Q-Zv]5

using the parameters values obtained in Step a, and

one set of initial conditions x(0) = ot

1

(¢ € R" representing the first set of initial

values).

c) Apﬁiy Bremermann's optimizer discussed iﬁ Chapter I.
To minimize the function F[K] as déescribed previously
the new parameters vaiues, say KO = (kg, . oy kg),
obtained after the optimization will be considered

A

a new first approximation to the value K sought. -



d)

e)

£

g)

h)

1)
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For the system X% = f(Xx, ko, t) , choose several
different initial values %(0) = CV , %(0) = C%

- 3 Y

2¢0) = ¢c3, %(0) = ¢, Rcoy = ¢°

, %(0) = c®. (The

number:of initial values were chosen -arbitrarily. For
example we can‘chooée different values for some
intermediates of the'Calvin Cycle by taking twice the
initial concentration of one,.half the concentration
of another and son on.)

Integréfé the system mentioned in Step d1from each of
the different initial values.

Obtain the experimentalvdata of the Calvin Cycle

§i, i=1,2,3,4,5,6 using each of the initial values

mentioned in Step d..

Reform the function F:

o, o & My i 4T
FLK™1 = 3 ) y (t) - (x7(k,t))

1=1 -r=1

-3 i |
Wr{y (t) - (% <k,tp))2

Minimize P[KO] using Bremermann's,optimizer over fhe
space of parameters and obtain the‘best valué of .
Determine the accuracy of the parameters in'relation
to the assumed errors n in the data; using én error

analysis techniQue, a la J. Schwartz and based upon

the methods of Rosenbrook and Storey.

LER T OB PO DO



- The procedure described above has three.major numerical
tasks:

1. Non-linear optimization

2. -Numerical integration

/

3. Error analysis evaluation

1. In our fifst Chapter we discussed many aspects of
non-linear optimization. We observed that many of the
prominent’techniques use descent techniques for which,
firsf and éecond partial deriQatives are requiréd. This re-
quirement implicitly assumes that the objective functioﬁ
is in closed.form and derivatives can'be obtainéd. But
since the objectivé function F of‘ouf procedure is given
point-wise rather than in closed form, this ¢ﬁaracteristic
eliminates- the use of techniques involving derivétives;
‘Furthermore the minimization of F has to be pérfopmed over
twenty-two kinetic parameters. Very few algorithms which

do not require derivatives have been used in large scale

problems, and those that had gave unsatisfactory results [ 58 ].

Therefore it was a natural choice to use Bremermann's

optimizer since it does not require derivatives of the

objective functioh F. Our comparison, in Chapter I, has
shown that the>algorithm is for large dimensional problems
(SO-dimensiQnal) faster convergent than any ofhér algo-
rithm tested.
2. The function F depends on the solutioh of the

system x = f(x,k,t). The solution, x = x(k,t), is

11y



obtained by integrating the system numerically since no
closed form solution can be obtained.

The choice of the method used to integrate numerically
é system of ordinary differential equations depends on the
behavior of the system. If a linear approximation of the

system has eigenvalﬁes of the same order of magnitude then

the system is called a "well-posed system". - However, if
the ratio of the largest to the smallest eigenvalue is very

large, the system is called a "stiff system". It turns out

that our system is stiff. The difficulty invited by
integrating a stiff system is illustrated by the following

example: Let

1lu + 9/2 v

Ce
13

18u - 1llv

<o
[l

with initial values x(0) = X (2,3) = (uo, vO) with

solution

-2t ~-20t

u(t) 2e + e

-2t

v(t) = he - 220t

Numerical infegration ofhthis system requires a ?ery small
stepsize because the first terms in the expression_for u

and v decay much slower than the second terms. Integra—
tion is unstable, i.e. when too large a stepsize is chosen
the solution oscillates in a way different from the correct

solution. TFor more explanation see [ 40 1.
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We have chosen an elaborate iﬁtegration technique, Gear's Methcd,
since it 1is accufate and stable over a larger domain than
the standard methods. We shall discuss with more details
.the aspécts of integration in Section [2.3].

3.‘ Error analysis of the results is a very important
- feature of theiﬁethod. Because We want to find a measure
of the efror on the best set of parameters found, in
rélationship-to errors in the experimental data.

An inverse problem for which small errors in the data

can lead to very large errors in the parameters is called

an "ill-conditioned system" (and example of a linear
ill—conditioﬁed system is given in Section

Since the inverse problem assoq}ated with theVCalvin
Cycle is potentially ill-conditioned we should be very care-
ful when intérpreting our results. Therefore, an errcr
analyéis*is required to check the wvalidity of the kinetic
parémeters obtained by our method.

The error analysis performed herein, based upon the
methods of Storey and Rosenbrook and implemented and tested
for'smail.systems by J. Swartz, HSection [2.4]1 is

entirely devoted to a theoretical analysis of this technique.

2.2.1 Characteristics of the Objective Function F

The objective function F will have to satisfy the
following. criteria:
a) The state variables of the system are non-negative

This is due to the fact that the state variables



X.y 1 = 1, <.+ n of the mathematical model represent the

30
. concentrations of the intefmediatgs of the Calvin-Cycle.
These concentrations have to be non-negative to be
meanihgful.v )
b) The system (modelled by F) satisfies nine linear
Pelations between the parameters. |

By coﬁsidering the thermodynamics of fhé Calvin Cycle
we are able to find a linear relatién betwéén the parameters
for the forward direction, KF ; and back@ard direction,
KB , of a pérticular reversible reaction;' (In thevschematic
representatipn in Séction [2.1.7] the forward reaction was
denoted by an arrqw pointing to the righf; ——> , and the
backwapd reaction by an arfow pointing to the left, «— .)
These linear.relations allow us to optimize over fewer
parameters”-é thirteen, instead of twentyftﬁo. Once we have
determined thirteen of them we obtain the other nine from
the linear‘felations.
In the next section we shall discuss thérmodynamical

properties used to obtain the linear relations between

reversible reactions.

2.2.2 Thermodynamic ‘Considerations of the'Cycie

Standard free energy of formation:

It is customary to define, for each element at one

atmosphere of pressure, an arbitrary standard state in either

- the solid, liquid, or diatomic gas phase. When this is

defined, the .standard free energy of formation of a compound

beezZoEbHNT00

117



AG', is defined as the difference in free energy between
one mole of the compéund at one atmosphere pressure at a
particulér temperature and the total free energies of its
eleménts in their standard states at the same temperature.
Suppose we have.a system composed of four Species
reacting according to:
K

aA + bB «——B5  oC + dD
—x—
F

The steady state free energy, AG , change is given by

a b
o [A1%0B]

1) ' AG = AG' - RT
[c16rp1@

where AG‘ is the standard free energy, R 1is the universal

gas constant, T is the temperature in degrees Kelvin,

[Al, [B], [c], [D], are the concentrations of the species.
When the concentrations of these four compounds are at

equilibrium_the steady state free energy AG 1is equal to

zero. Thus

When AG = O

Equation 1) becomes:

[c1°rn1d

AG' = - RT &n
(a1®e1?
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[c1°ro1?

- since :
[A1%[B1°

representé the proportion between the

concentrations at equilibrium, this expression has a constant

value known as the equilibrium constant, 'k ; of the.

reaction; i.e.

2) AG' = -RT %n K .

The equilibrium constant K represents the net value of
- K. : = K

the forward reaction ——£—> and the backward reaction 4——3—— 5
"

i.e. K = These forward and backﬁafd reactions are

7
o |

the parameters of the dynamical system.'
Therefore, if we know AG' then we can determine a
and Kg ; from 2) we get

linear relation between KF

. t
3) Exp[—%%—] Ky = Kp

The values of AG' were obtained by - [5] and
are recorded in Table ([2.0].

Note: The S£andard free energy AG' is a constant which

does not change under different experimental conditions
or in different systems. Therefore, its value is the same .
inside of the reconsituted system as well as inside of a

system with whole leaves or chloroplasts.



Table 2.0
Standard Free Energyv of the Calvih Cvcle
Reaction . AG' Reaction AG'
A . -8.4 R H -3.4 R
B +4.3 U I +0.1 U
C -1.8 U J '+0.5>U
D -5.2 U K +0.2 U
E -3.4 R L -5.2 R
F +1.5 U M -0.5 U
G -5.6 U

Abbreviations A through M: See Section [2.1.7]

R, probable sites of metabolic regulation

Rl, possible sites of

7"

”

U, unregulated and freely "reversible" reactions

The following are the linear relation, between the focrward

and backward reactions using the parameters

(.701
(.209
(.651
(.794

(.128

x

x

x

X

10
10

-3

2

)
)

10%)

10~

5

10

Ly

)

(.844) KlS

(.429) Ky

(.713) Kl8

(.232 x 10%) K

in Section

1]

"

K1y

Ki6

Kig

22

= X

21
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2.3 NUMERICAL IﬁTEGRATION.OF STiFF SYSTEMS.

A system'df non-iinear difféfential*éqﬁétions is called
"stiff" if.it-is a system whose linearizatiéh has eigen-
values of very different magnitudes. For example consider

the equation’

ac =N y(0) =0
with solutibn y = cert
For‘values of A< 0, y decays expoﬁentially, i.e.
by a,fac’tor*"e"1 in time -1/X ., the lasf'expression is

called the tiﬁe constant. The "sfiffnessﬁ'bf the system

is due to the existence of greatly differing time constants.
In a system vy = Fly] different cémbonenté decay at

different rates (especially in physical:énd biological

problems).' These decay rates are related[¥ocally to the

partial dériQatives %5 ; if somevreactiéns~are slow and
others are fést, the fast ones will contrdl the stability

of the method of integration, and the slowbones will determine
the magnitﬁdé of the truncation error.

The mathematical model ofuthe Calviﬁ C&Cle is.a stiff
éystém df'differential%equations. Theréfdfeé the integra-
tion of our system will be a majcr step iﬁthe process of
obtainiﬁg-thé kinetic parameters. .

After each successful iterative step of our optimiza-

tion we obtain a new set of parameters. Using these

parameters, we integrate our system; at this point we may

2
g
>
o
Ey
o>
i
2
e 3
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find that Wifh’the new set of parameters our system became
more stiff. Thus, a good and reliable method of integration
is required to cbtain the desired result. To this end,
iﬁifialiy we tried a ch—order Runge Kutta Method; but the
method is not suitable for our problem bécause bf its
computatiénal instaﬁility as well as inaccﬁracy for a
reasonably small step size h.

Finally we settled on a combination bf two methods:
the Adams-Moulton prediction corrector méthqd and Gear's
method up to éth order. This is a package developed and
implemented by Clifford Risk at the Uhiversity of California

Berkeley Computer Center.

2.3.1 The Adams Moulton Predictor Corrector Method
" For the purposes of clarity consider a single
differential equation. These results can be easily extended

to systems. Suppose we have the initial value problem
vy = f(x,y), y(0) = ¢ . [2.3]

where f(x,y) is defined and continuous in-the strip
a<x<b -® < y <® . a, b are'finite; and the'equation
satisfies a Lipshitz condition.

This equaticn satisfies the identity

x+d
y(xtd) - y(x) = [ f(t,y(t))dt [2.41]

X
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For any twolpoints x and x*d in [a,b] .

The-AdgmsfMoulton method is based oﬁ'replacing the
function f(x,y(x)), which is unknown, by an interpolating
polynomial, P(x) » having the values fn = f(xn;yn) on a I
set of points xn where Y has alreadyﬁbeen.computed;

0

constant and p 1is an integer. The first backward difference

Let us, assume that X, = X + ph , where h is a

of a function f(x) at the point X = xéj,is defined to be:

Vf_ = f - f where - f_ = f(x_)
P S T
A q-ordeb. backward difference is obtained from:
vif = v(vedTie )
P P

also by definition Vofp = fp

Now, by inductibn we can obtain the following representa-

tion for qup in terms of the function values f

where

<c1> is the binomial coefficientf and

ay - 4. q) . a(g-1)(g-2)...g-m+1 . i} |
(O) 1 (m) N 1,2,m - . m 1,2,3....



> L L ~ : 3 1 . r
If we require “to! find a representation- for the values;of

£' in terms of.differences, 'qup , we use mathematical

U N uifﬁx»fg;,§wkt_lom <q;)vmf ;g = 0,1,2,3,.0%
s fvmﬂypiq:r“qunf o mwsévg-\ ’ E
RLAC el yoadS L el [2.5]

Nowyiusing:tl 2.5:]y, and -assuming we have the interpolating

points,; xp, Xp-l’

polynomfaf’;Pfxxg GeAWL ;

£
k)
*U’;
G
X
~
L} .
o~
~
1.
[l
V .
E]
———
!
0
N
<3
=]
H
]
o
)
~o
(03]
hed

f-..

¢ o0 s Te ¥l
R e Lt e ; . '
“T QL"'_s “ V‘v‘( t [2 N 7]

i
o g
©~
<
=]
<

~where h 1is a steplength chosen and

cees X , we can form the interpolating
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P /o -
* m -1 ")
X5-1
/s
m
= (~1) [ <m> ds
' 0
. %* . ,
-Numerical values of Y, are given in Table 2.17.
Table 2.1
m g 1 2 3 y 5 . 6
* 0, _r 1 L _ 18 3 _ 863
Tm 7. 12 20 20 160 60480
Now assuming that we know an approximation y(O) (the

subscript ( ) denotes the approximation) of a solution of

Equation [ 2.7 1 , we calculate f;O) = f(xp,yéO))' and
form the differences | '
1.(0) _ ~(0) -2..(0) (0)
v°f = f - f ; V°f =vf_ "7 - Vf oo
p p - p-l’ 7P P p-1°

*

(1)

Then, a better approximation y is obtained from
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: (
+h § y*v'f

(1)
y
m=0 m P

-y 0)
p p-1

£2.91]
Following the same procedure, we can improve the value of
y(l) . In general a sequence y(V)‘

p r
of approximations is obtained recursively from the relation

v =0, 1, 2, ...

[2.l0]

(v) _ (v), -
where fp :— f(xp,yp )

L
SO (@

These sequences of numbers p *Yp Y

will convebge to yp for.sufficiently small valueé of h

and this solution is unique (Henrici 1962, pp. 216). 1In actual
ﬁumerical cdmputation, there is no need to evaluate [ 2.7 1]

at each iteration step. We can subtract two consecutive

expressions and obtain

- vmfév‘l) [2.11]

(v+l) _ v

(v)
p Ip

= h
m

- 0

& (oMl
; Y: (V'f

mevo vmf(vfl)) - f(v) _ f(v—l)

and since (V
v p P P D

Equaticn [2.11]
becomes

(v) _ f(v—l))

a _
= h Ro(f
mZO Y Sy - [2.1]

and if Setv.Yg + y? + y® + .., + y® = R m=0, 1, 2, ...

Then
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L(v+l) ¢V = h 8 (f(v) _ f(-v--l))
p P q P P
The solution Yo of [ ] is now obtained by summing

up the terms of the series

(1) (1) (3) (2)
Yo ] + [yp Y5 1+ L.

yo =y s

%

Practically, the computation is stopped when

lf(V) _ f(v-l)l <e e > 0
where € 1s a preselected small value. Since in this
procedure there is no need to carry differences explicitly
using [ 2.71  we can express differences in terms of function

values. Thus,; Equation [ 2.7] becomes:

where

w
a3
©

"

—~

!
=
N
pe)
©
\/
<
©
4 ‘
o
O +
=
N—
-
0
+
o)
+
4+
N
© .0
\_/
<
0O s

q =0, 1, 2, 3, ..., 0= 0,1, vvey q .

Some numerical values for B* " are recorded in Table 2.2

Foe 200
L
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Table 2.2 Coefficients of Adams-Mouiton Method

p 0 1 2 3 B
%
281p 1 1
126¥ 5
20 5 81 -1
2ug’ 9 19 5 1
3p -

7208} 251 646  -26Y 106 -19
1uuoe§p 475 1427 -798 482 -173
Note: A formula which provides a first approximation
for y(O) » 1s called a predictor formula and a formula

like [ 2.10] 1is called a corractor formula. Furthermore
since the new value Y5 is obtained by solving a non-
linear equation that involves the function f +the method

is called an implicit methrod,.
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2.3.2 Gears Mefhod

In this section we shall discuss some characteristics
of Gear's method. Further details: can bevfognd in [40]
| Let h be a fixed positivé real number and A complex
number with negative real part. Then:

Definition: . A multistep method of integration is absoluteiy

stable for those values of ha such that roots of the

characteristic equation
P(z) + hx Q(g) = 0 [2.13]
are i'l in absolute value. Where

Lk . g
P(g) = ) «a. Ck-l and Q(g)

1]
ne~x
>
™
—/
N
.
'._J
I~
i

Definition (Gear 1964), a method is stiffly stable if in the

region R, = {hA| Re(hr) < D < 0} it is absolutely stable,

- and in the region R, z {hA|D < Re(hX) < a, a > 0 , and

[1IM(hA)| < 8} it is accurate.
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Gears method has all the characteristic roots, g ,
equal to zero af Ah = = only. The k-step mefhodé of order
k with Q(z) = ck are shown to be stiffly stable for
k < ’ for some D, a and © . To obtain this result it
is required to compute P(g) from Q(C)_'so~as to get an
order k-method

" For a stiffly stable method, Q(z) has to be a poly-
nomial of degree at least edual to the degree of P(z) .
Otherwise; one root at hi = = is = . iThiS property
implies that stiffly methods are implicit, therefore it is
necessary to solve a corrector equation.

Geérs method calculates the solution of a stiff system

according to the following corrector equation

Ly = § a3 v_i * hByf, [2.15]
The values of o and 60‘ for the method are given in
Table 2.3.
If we consider the characteristic equation
P(Z) + Ah Q(z) = 0 , the locus Ah with roots ¢ = e'® of

modulus 1 1is given by a continuous closed curve:

ie
Ah = P(z) _ P(e™ ")

= = v 0 < 68 < 27 [2.16]
Q(z) Q(ele) - -

These curves will describe the region of absolute stability

of the method.
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e

Reglon of absolute stablllty for stlffly stable methods
of order one through six.
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Table 2.

3

Coefficients of Gear's Stiffly Stable Method

K 1 2 3 4 s , 5

8, * 2/3 6/11 12/25 60/137 60/147
oy % 4/3 18711 48/25  300/137 360/147
a, ® -1/3 -9/11 -36/25 =300/137 -450/147
aq ® 2/11 16/25 200/137 400/147
o, % -3/25  =75/137 -225/147
o % 12/137 72/147
ag % -10/147
*For ~k = 1 we obtain the backward Euler method i.e.

Yp =y

P—

1

+ hE(y)) + 0(n?)
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2.4  ERROR ANALYSIS OF'THE'KINETIC PARAMETERS
As earlier studies have shown, J. Swartz [83]

it is necessary to estimate the expected error of the

kinetic parameters from the measurement errors in the data.

To this end we will discuss the error anaiyéis technique,

a la J. Swartz, which is based ﬁpon Storey and Rosenbrook
£ 75 1,

Note: Although we fqllOwéd the main ideas of Stbrey and
Rosenbrook, gaps in their presentation made it necessary

to give an independent derivation of the error analysis.

Error Analysis

The purpose of the error analysis is to verify the
accuracy of the parameters found after applying the optimi-
zation and integration procedure. By hayingva measure of
the error in the parameters we shall obtain an insight into
the following points:

1) Consistency of the model and the data
2) The estimated error of the parameters due to errors
in the data.
To this end let us consider a dynamical system of the

form:

X = £(%,K,0)  x(0) = c [2.17]

The following assumptions will be used:
' %

a) The paraméters values, k , obtained at the end of the

optimization procedure are in reasonably good agree-

ment with actual values, k of k .
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b) Let % = x(t,k) denote a solution of [ 2.171 , where
kK is a particular value of X . Denote by z(a) a
solution of [ 2.17] depending on a € rP "~ such that
z{a) = x(t,k+a) . Denote by e(a) the error in X
which results from an error, o , in k, i.e.

ela) = z - X o
= ®x(t,k+a) - %(t,k)

c) A first order Taylor expansion of f = f(X,k,t) around
the point (%,k,t) is
f(x+E, k+a, t+At) = f(X,k,t) + f_ e + f}2 a +

X -
£At + 0 ((e+a+at)?)
similarly for % = x(k,t) at (k,t)
CR(k+a,tat) = R(K,t) + R a + X At + 0 ((a+at)?)
where ,
' afl af . af . axi _ Ix
f = — f = —_— f 2 e f R T e ; X = =
% an > " ok . > Tt at] > %K ok t 3f]
] ]
In all that follows we are only interested in the case
when At = 0 and only considering the first order terms
in € ‘and a .

I
ik - kl < @ for some sufficiently small a € R

+
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Now, ccnsider a system on non-linear ordinary

differential equations
x = £(R,k,t) , ®(0) = ¢

(t,k) be a general solution of this system, then

<1

Let x =~

?ﬁ"u

varying slightly would only change avparticular'

solution slightly; i.e. we will obtain a solution
X + & = x(t,k+a)

where € is the perturbation of X due to small changes

in k . This is equivalent to saying that the general
solution of [ 2.171 is a continuous function of the

parameter k . This is certainly true locally since

Theorem. Let Equations [2.17] be given where

f. _
f(x,k,t) and ;i ~are defined and continuous in domain,
: i
ntp+1 - L ‘ < L
B € R . If (xo,to,k) belongs to B (k 1is a value

of k) , then there exist positive numbers r and q such
that: v
. 4 - e I ' : :
1) Given k such that 0Ix - kll < q , there exist a unique
.—‘
solution x = x(t,k) of [2.17 1] defined for

-
|t - t5]l < r and satisfying x(ty,k) = x4

2) The solution is a continuous function of t and & .

A proof of this theorem can be found in [77].
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.Now‘fhat we established'fhat small pefturbations in
X will'genérate sméll errors in X we aré interested in
finding:
a) A time relation describing the dependenée of X upon
variations o of k around K , and
b) a relation describing the dependence of « upon

variations n around x(t) .

Therefore, given a solution i(t,E+a) a first order

approximation is given by:

%(t,k+a) = %(t,k) + o x (t,k) (2.18]
ok :
set x(t,k+ ) - ®(t,k) =€ (1), 9X (¢,K) = D(t) and
ak
a)-( - _ -
a — (t,k) = e(t)
3k
X = e
a — (t,k) = e(t)
9k '
‘I)é(t K) = 8(t) + Y 3x for some e rl [2.19]
’ 3t ° Y s .

where 1D denotes the total derivatives. Then Equation [2.18]

becomes:

e(t) = D(t)a | [2.20]

for t = t - e(tr) D_a , Where Dr = D(tr) =

r

' '

~
r+
o
~



where D_r is a " nXp matrix which gives the dependence of
i(t,i)’ upon variations “a of k around k . Since we
wish to find the changes of D with time let us introduce

the errors € and o into Equation [ 2.17 ] and obtain:

X + € = f(t,x+e , k+a) g - x(0)

T
0

.2
€(0) [2.21]

1]
O

" By keeping t fixed and éxpanding this expression in a

Taylor series using only first terms and considering [ 2.19]

we get
X+ E = f(to,i,i)'+ Ae + Ba’ [2.22]
and
é :A€l+ Ba' [2.23]
where
afi 2
A = (Al]) = _3—;-(_- (X,k,to)
J
Bfi _ 2
B = (Blj) = _a}_(‘ (Xaksto)
]

Both matrices are functions of t but not of € or a,
also A ié nxn andv B is nxp . Since the above
calculations do not depend on to , differentiate Equation
{2.20 ] ‘with respect to fime and substitute the result
into Equation [ 2.23 ], then: |

69 e zapbF 0000

[
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Da = ADa + Ba . [2.2u4]

since a .is a scalar, cancelling it we obtain:

D(t) = A(t)*D(t) + B(t) [2.25]

D(O) = O

The nxp matrix D(t) will contain all fhe informa-
tion pertaining to the dependence of the»eolution %(t) on
errors in the parameters.

Equation [ 2.25 j is called "the variationel equation”
of the system [ 2.17] , for further properfies“of this
equation, see [uul, [50]1, [77]. | |

At fhis point we are ready to determine'the;relation ‘
between the errocr n 1in the observation (data) and a
in the parameters. Consider the function F described
in Section t 2.2 1 . By minimizing T over the space

of parameters k we will obtain a set éf‘parameters

which is an estimate of the value k of k . Let
k+a be such a set for which F[§+a] is a minimum. Then

Equation_[ 2.2 1 becomes

M .
= ) =T -T, 2 k=l =
Flk+al : g Yt ) - X% (kta,t ) W, y(tr)-—_x(k+a,tr)

and at the minimum k+a L2.261]

oF I -
5‘& [k+a] .— 0
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or
M

d E -T ~-T, = - _ :. )

TaT L)Y () - B Gera,t ) W) - RGora,t ) o= 0

1 r=1
or

M .

3_ ¢ T T =T T -T T, . i
Wj-_ le X (tr‘) * p = (x (tr)+€r) wr X (tr,_ + n - (x (tn/+€) = 0
or

M
-3— z nT - aTDT W ln - D« =0
aa . -t r r l T
1 r=l

T.T

M
L0 T T _ . T.T
- aai rgl nrwrnr - nrerra & Drdrnr ta

D W D a
rrr

This is a scalar equation. Hence when taking the partial
derivatives with respect to the ith component of the

vector = we get

M T , 7 . T -

L - [n wa;]. - [prwrnq]. ¥ [? Drer;J. ¥ [#rerré]. =0
=1 1 1 i 1 1

Since the ith component of a vector and transpose are the

same we get that



M -
T T -
) -2E%%mJ.+ 4DW<J = 0
r=1 -1 - 1
or
M _ M
T _ T
) [#rwrnri ) [brerPQ}
r=1 r=1
_ M
- T
Let H = rgl[prer;] » then

Ha i

When. the symmetric matrix H is non-singular,
Equation [ 2.27 ] gives the relation between n and o
sought. | |

At this point we are read& to calculate the expected
error a dﬁé to error -n in the observations (data).

It’is reasonable té aséume that the-érror vectors
{ni} corresponding to different sets of measurements will

be statistically independent, i.e.
ST - D4 s [2.28]
E[pinj] = 0 i# 3

where E denotes the "expectation values" of n; », and

is the operation of taking the average over a large number

) D w.nr] [2.27]
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of similaf experimenfs. In contrasf the individual components
of each vector 'n  are not assumed to be independent. Then
the expectatioh values are represeﬁted by a matrix called
thé‘covariance matrix i.e.

ELninzj = M. S [2.29]
where M is thé covariance matrix.

The expectation value of a 1is zero, (since its

components are independent)'therefore we are interested
in finding the covariance matrix of the components of a ,
that 1is, the expected value, p , of a. Assuming that

the expectation values are known, it follows from Equatibn

[ 2.28 ] that:

[ T.] T T | '
BI_Haa H] = E ] DW_n_n WD [2.30]

";leZ
r .

ness 2

1

Let P be the covariance matrix representing the expected

values of o 1i.e.

r -t _ . T| _ - .
E[&ia.J = Pii and E[qiaj] = 0> Pij-0,1#3
i#1

Then since the expectation of each component in Equation [2.301]

is well_defined we obtain:
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M
- T
HPH = ] D W MWD [2.31]
p=] T rrrr
If we choose W, = (MP)“l to be the weighting matrix, for
each r,wr has the following representation
[ 1 7
-2
o1 p 0. . .0
W= .
P -
: 1
0 L] L] * L) Orzl )
| T
where Oi = the variance of a, (t)
and Equation [2.31 1 becomes
M .
HPH = J D WD [2.32)
, rrr

r=1

The right side of this equation is defined equal to

thus

HPH = H

If H is non-singular then

which determines P .

[2.33]

[2.34]
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From Equation [2,27] we observe that a is a linear
function of N, - Its probability density will be Gaussian

[66 ] , and is given by

an‘la [2.35]

exp |-

ST

1
(2P 2/ TPT

and, the expected variance oi for the parameters in the

direction b 1is given by

: 5T g ~ [2.36]

=N

where b 1is a unit p-vector in the parameters space. By
By choosing b parallel to the direction of one of the parameters,
i.e. b, = 1, bj = 0, i #j we obtain the variance of this

parameter, i.e.

62 = pP.. o [2.37]

This result is of central importance because it determines

the relatioﬁship between a measurement of experimental

| error in the data and a measurement of error in the calculated
parameters. Furthermore it indicates how well the data

fits the model.
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2.4.1 Implementation of the Error Analysis Technique

on the Dynamical Equation of the Calvin Cycle
The main difficulty in implementing the error analysis

isvthe.délculation of Equation [2.257] , i.e.

in spite of‘thé nice analytical represetnation, this
calculation can run into a major difficulty, which is,

the calculation of the matrices

If we try to obtain the. partial derivatives by formally
differentiating, the ‘task is almost humanly:impossible,
since the dimension of A is 17x17 and B is 17x22
the chances for human mistakes while taking derivatives
is very high. This is especially true since each entry
of these matrices has many terms. Furthermore forming the
product, A°*B , requires over 7000 multiplications of the
Aentries‘ Since all entries have five terms on the average,
the 35000 multiplication réquired makes the existence of
a mistake a virtual certainty.

This computational problem.is simply a result of the
size of the system of'equations. For a smaller problem
analytic differentiation can be performed by hand and

checked efficiently.



We héve'oVebcomed this problem by empioying the .
computer itself to perform analytical differentiation'using
a new experimental computer language called ALTRAN
(Algebra Translator).

ALTRAN is a language and system for performing

S

symbolic computaticns on algebraic data. The basic capability

of the language is to”perform'operafions on rational
expressionsvin one or more indeterminahts. .The system is.
‘designed to héndle-vefy large problems involving such
data, with considerable efficiency.

'-Operations on integers rational and real (floating‘
point) data are also included together with computer
procedures. for dealing with truncated power series and
systems oftlinear equations.

- The ALTRAN language is still an expérimental language
in its eérly development and only few institutions have it
in operational form in their computer installations.

Thelusefullness of the ALTRAN languége can be
stressed by considering the following aspect in the

calculation of the matrix D . The matrix D is equal to:

D(t) = A(t) D(t) + B(t)
‘ : afl afi axi
where A = s==; B = g=, D = s
j 3 3

eL ez 0o 0000

145



Now let us consider what is the probability of making
no mistakes in the actual computation of'tﬁese partial
derivatiVeé, when it is not done by a compufer.

Let p be the probability of making a mistake when
taking the partial derivatives of a term in an entry of
matrix B, fhén l-p 1is the pfobability of not making a
mistake. Since each time we take a deriQative we can make

a mistake, we can consider that each time is an independent

event.

Assume that each entry of the matrix B has an average

of five terms then we get that the probability of making

no mistakes is:

2000

if p = I%ﬁ i.e. one out of 100, then
1 20
(l-p)p ~ »e'ZOOOP

which implies that it is almost impossible to compute it
by hand.without havihg a mistake unless p < 10”

a similar computation and assumptions for the matrix A we

get that -

(1-p) F7<L7) xS 1445
or

1
(l-p)p

-1500p
e

= (1-p) ~ (1-p)

lue



If we note that our matrix D 1is the result of the computation
of matrix A and B then we can conclude that if we have a
large system and we try to compute the matrix D by hand,

then we almost certainly will make a mistake in the

computation since for most people the error rate is much

y

larger than 107' [u61, [871].

To avoid an almost certain error, we obtained the
matrix b » by writing and implementing a computer program
written in the ALTRAN language. The matrix D so obtained
has 82 nonzefo entries. Each entry contains on the averege,
about 15 algebraic terms.
From_ouf experience in deriving the matrix b, we can
~conclude that the error analysis could‘net be implemented
unless we used the ALTRAN system. It is intereeting tc note
that in our initial attempts in trying to obtain the matrix
5, by;pepforming formal differentiation by hand,YWe foﬁndv
that we always generated mistakes. Thus the reader'shouldA

be aware that the use of ALTRAN as a new tool is of utmost

importance.

2.5 ILL-CONDITIONED SYSTEM OF EQUATIONS

In our previous section we discussed thevtheoretical
aspects of an error analysis. Our ﬁain result was a measure
of the expected error in the kinetic parameters due to error
in the data. The variance, o2 , was represented by a matrix

P, the matrix equation D = AD + B required the calculation

of the matrix A and B. The natdre of these matrices was

L e T OB EOO0OD
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never'discussed. Thus it is of interesf to determine how
errors in the data affect such matrices. To this end we
shall carefully analyse the behavior of the solution x ,
of a t&ﬁical linear system MX = b , M is an invertible
nxn matrix, when variations are'made in the value of M and
b. When large changes in x vresult from small changes in
M aﬁd :E we speak of the matrix M as "ill-conditioned"
or the system as "ill conditioned". In this section we
present standard results on this topic. We also givé a
~geometric interpretation of the results by applying them
to the matrix P.

Sensitivity of a Linear System to Perturbations

Let Mx = b be a linear system, where M is a
nonsingular matrix of order n , g is an n-dimensional -
vector and X 1is the n-dimensional‘solution_of the system.

We are interested in finding some kind of measure of
the error affecting the solution ' X reSuiting from
errors in the vector b , and the dependence of errors
in % on errors in M .

The "norm" of a matrix M; iMI , is a number which
measures the magnitude of avmatrix. The norm satisfies
the following properties:

1) IMDP >0, IMI =0 iff A =0
2) “cM" = |c “M"' where ¢ € R'
3) Q< Imb + Hql |

) Mgl < Iul- gl



There exist different ways of defining M which
satisfy the above conditions. . In this work we will mention
two kinds of norms:

m , 1/2

) ) m; where mi. are the entries
i=1 j:l ] : 3 .

1) - imMl

of m . This norm is called the Euclidean norm,

o
2) IMmb - )]J‘/2 where Ai(MM )denotes an

max[Ai(MMT
i

eigenvalue of MMT , and MT is the transpose of M .

This norm is called the spectral norm.

These two norms are defined for any mxn matrix.

Definition. Let IMI, IM™11  denote the spectral norm of M

and M_1 reépectively; The condition number of a matrix M
-1y

is the scalar K such that K = IMi.lM . We shall denote

the condition number of M by K(M) .

Note. The norm of a vector is defined in the Euclidean

sense as Izl = (xTx)%/? - | x|

Proposition.  Let X represent a small error in X due

t0o a small error B :then:

Bazl | | abl |
A7 <y LT-L I | [2.37a]
Il bl

where ! | is the spectral norm.
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Proof. Since M(x+AX) = (b+Ab) , and MX = b by definition

then

Ax = M “Ab [(2.38]

taking norms on both sides

Iazt < I~h sl | [2.39]
we also have

1ol < IMI I%H

Now multiplying Expression [ 2.38 ] by Expression [2.39]

we get

1R YRR Ve Y IR PN A H1

and dividing by [Ibl-lxl we obtain our result

Baxl o yy=2p.opp. . 12D
Ixl — | 5l
Q.E.D.

Notice that this result depends on the choice of the

norm. For the spectral norm the condition number k(M)

of a matrix M turns out to be given by:

IMleIM~ L1 =
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The condition number k(M) is a measure of the maximum |
distortion which the linear transformation M makes on
tabl

represents the
fpl - |

the unit sphere. The expression

vﬂAxﬂ
P x

is the

relative error in the vector b » and
relative error in the vector solution x ‘due to error in
the vector E . |

So far we considered the matrix M as ifvit‘were,khown
precisely. We now look at the system Mx = g wﬁen 3 |
an error AM in M ‘énd b 1is also known precisely. Again
as iﬁAProposition 1 we are interested in determining how |

AM affects the solution vector X .-

Let (%+A%) = (M+AM)™1 b. be given

Proposition. If M 1is the matrix representing the error

in the matrix M and X results from this error then

_géj%_ < K(M) Bamlt
ﬂx+AxH - _ ] Mﬂ
Proof. . Clearly A% = (M + AM)™'b - M™1§

11

or A% = [+ a7t - m7lp

 This equality can be rewritten as

MLm= meamy 1 oA~y

Ax

MTraM(ean) Tt b _ [2.40]

9L R ObPOODO0

- 1581
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~ Now since  (x+Ax) = (M+am)™1 b Equation [ 2.40]  becomes

Ax = - M- IAM(R+AR)
Taking norms on both sides we get
Paxd < I LBenaMle IR+ARN

or

Aaxl oy oyt Tadb | [2.41]
Ix+axh = iml

which is the desired result.

Q.E.D.

Expression [ 2-41] means that the relative error in
the vector solution X is bounded by the relative error

in the matrix M times the condition number of K(M) .

2.5.1 Ill-Condition: "An Example

After discussing sensitivity properties of a matrix
M consider an example of an ill-conditioned linear

system: M 1is a real symmetric matrix such. that:



The eigenvalues ' Al - Az , of M are found by taking

the determinant of M and solving a quadratic equation, i.e.

1-, .99
_ 4 _ 2 _
= (1-3)€.98-1,) - .99° = 0
- .99 .98-X,
We find that A, = - .00005 and X, = 1.98005 . The

condition number of M is given by

K(M)

(1.9005)2
(~.00005)°

= 39.600

So K(M) 1is a very large number. Now consider the problem

of finding the point of intersection of two lines:

Thevsolution to this system 1is xl'= 1 %, =1 but for

X, = 3 and Xy = -1.0203 we obtain
xl-+ .99x2 = 1.989903
.99x1 + .9822 = 1.970106

Aé?%{}bf
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~.000097]

Therefore a change Ab =

+.000106

+2.0000
can give = X =

-2.0203

Now, we can calculate IAxl and obtain Haxl = 2/7

Similarly Ixl = /72 , thus né?“ x 2
' hx 1
. - -y y - | 1apl 107"
since labpl =~ 10 v2 and bl = 2/7 , - then =y =
: ‘ : ‘ . Fo i
Hence, using
lax| < K(M) lﬁgi we see that
Tx0 - bl
-4
2 < K(M) l%——

For this to be true K(M) has to be at least 40.000 since

we found that K(M) 39,600, we found approximéteiy the worst
case. Therefore if b is known to have an error of above
.00001, then the vector x can only be known to within

two units of each of its components. This system is an

example of a very ill-conditioned problem. Geometrically
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this means that the point of intersection of these two
lines is hard to determine, i.e. the lines are practically

coincident.

N
F
++

p
4.

1 | 2 Xl

2.5.2 Geometric Interpretation of the Condition Number

of a nxn matrix A

The condition number is a measuré of the maximum
distortion which the linear transformation with matrix A
makeé on the unit sphere.

Using the spectral norm, assume that A is a real
symmetric matrix and the condition numbef K(A) 1is one.
This implies that we have an undistorted sphere, and A
" and A-l stretch all directions by the same factor. Since -
the eigenvalues, A; of A are all equal in magnitude, i.e.
Ikll = IAZI = ... = IAnl it will be impossible for N
to stretch AB more than B itself, in other words, the
relative uncertainty of the vector solution X 1is the
-1

same as that of B_. However, when K(A) 1is 1010 A

stretches one direction lO10 times as much as another

>3

T
e
5T
T
oy
o3

8/ ¢
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direction, in this case if b gets the short stretch, Ab

Baxl  ouid be 10%°

may ‘get the long one, and T
X

_ I
times Ab

and our original unit sphere becomes distorted

into a hyﬁefellipsoid. When the deformed sphere is very
elongated the implication is that our matfix is nearly
singulér. The closer the eilipsoid is to a sphere the
farther it is from singular ahd the eigenvalues (associated
with the codrdinates of.this ellipsoid) would be similar in
magnitude. .

In our discussion of the error analysis our main

result,

= b Pb {2.42]

representsvthe vafiance of the parameters. Ki in the b
direction. P is a real symmetric matrix, hence its
eigenvalues are reél, and its eigenvectorSiare real and
orthogonal.

Now consider the hyperellipsoid 2 héving the eigen-
vectors of P as the directions of the pfincipal axes and
the length of éach principal Semidiameter is equal to thé'
square-root of the corresponding eigenvalues.

In any direction b the distance from the origin to

the hyperellipsoid is ETPE =0y . If P is already a
diagonalized matrix, the diagonal entries are the eigen-

values, 'Ai s and the axes of the ellipsoid 2 have 1ength'
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equal to /Xi i =1l, coey N ..
The geometric interpretation of [ 2.421 - i.e. for the

matrix P , implies

|"min™" "] < 0% < lAmaX(P)I | [2.43]

Thus the expected error of the parameters is between - A o
and Amin . If the ratiQ between the larger to the
smaller>eigenvalue_isbvery large our ellipsoild would be
very elongated. This will imply that some parameters are
poorly determined and they might be very.sensitive to the
noise in the data, or equivalently the expected error in
some parameters is very large. |

| Now, suppose we have a set of parameters found by oﬁr
technique using one set of initial values, and suppose
that after the error analysis some parametePSvére,poorly
determined, i.e; K(P) 1is very large. Then the following
question arises: What can be done to make P better
conditioned? Or equivalently, how can we better determine
our poorly determined parameters?

To consider‘this question let us reconsider the badly

ill-conditioned problem discussed in [ 2.5.1]:

"Find the point of intersection of the lines

X, + .99x2 1.99

1.97 represented by Mx = b"

.99x1 + .98x2

LS Z0PED0TDD



If instead of having only one piece of data i.e.

1.989903
say bl = :
1.970106/
which we have shown to satisfy
3.0000
- Mx = b for x =

-1.0203

Suppose we have two data points, that is, sdppose we have

1.989999

bl as above and b2 =

1.870050

If we use both data points the proﬁlem is no longer
linear buf it is better conditioned in the following seqseQ
Our motive is to obtain the best value of x .from the data
given. One optimization scheme is described by:

2

1) Find the vector ; € R which minimizes

IMx - blﬂ2 + IMx - b2"2  [2.u4]

The question of ill-condition revolves around the

nAbﬂ'

(where Ab is
ﬂbiﬂ :

concept: what accuracy in the data

the error in b) 1is required to insure a desired accuracy

faxl
hxq

in the answer,

(where Ax 1s the error in x)?
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The ratio of the mean b = % (bl_+ b,) to the square

root of the variance (standard deviatioh),

demon

\/;bl-g)z + (bz-l.))2 =g is defined to be the signal

to noise ratio of the data.

Thus the data really contains information corresponding

fant in théAstatisticaly form: —— .
Ibi LR

" to
The previously mentioned optimization scheme utilizes
this information. Therefore, we can infer that statistical

faxh
Bl
‘utilized than only one is used. In other words: the signal-

knowledge of is better when two data points are

to-noise ratio or accuracy of x can be predicted via

2.37a1 1i.e.

baxl o k) & [2.45]
ixl il
using bl*'and' b, we obtain 02 = 6.176 10”9
Paxl  kea) -2~ (3.6x10”)1(“6'176x10 )
ixt = ibh E 2v/2

~ 3.6%.785
2v2
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which isxan improvement over the expected accuracy, 1.8,
‘when only one piece of data is.used.

Using this idea we wefé able to "better condition"
fhe parametér identification problem. Consider Stepvg
Section 2.2. Now for each x(0) (inifial’value) we can
get a set‘df parameters for our dynamical system. . This
set would contain some poorly determined parameters. This
means that for each set of parameters Kii, 9y is very
large and more information is needed to determine these
parameters. Clearly the union of the sets Ki contains
more information about our system than each individual set.
Therefore it is natural to consider the sﬁh F and
minimize over the space of parameteré to get a set of
parameters which Best éatisfiés‘our system under several
ihitial'conditions.

In our dynamical model for the Calvin cyc1e5 we were
unable to»becover our exact parameters?'with reasonable
error,'with one or three different initial»?alues'(though
there was a big improvement from one initial value to three).
But we were able to recover all of the parameters with
some reasonable error.bouﬂds with six initial conditions
[2.6].

When calculating the variance of the kinetic parameters
of the Calvin cycle due to six percent error in the data,

it was found that, when using only one initial value the
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parameters were poorly determined and their variance
range from 107% to 10%. wWhile when using six initial values
the parameters found were well determined, and their

-5

variance range from 10 ~ to 10" -- see Table 2.7.

Cleérly fhe matrix P, obtained by using the best
parametefs fdund'ié still ill condition, but the ratio
between the maximal to the hinimal variance in the para-
meters has imporved.by éix order of magﬁitude. This
improvement indicates that we were.able to better determine
thé valuesEof’some parameters and therefore reduce the
vélue of the expected errors significéntly enough sd as

to improve the condition number of P.

2.6 TEST OF THE NUMERICAL MACHINERY USED IN THE PARAMETER

IDENTIFICATION PROBLEM

, We will now perform a test of our numerical machinery
in order to doublevcheck.that if really works and in
order to test our error estimates. The coﬁputation of the
error eétimates involves linearization and is valid sfrictly
only for small errors in the kineticparameters;
. The idea of this test is as follows:
We do not know the dynamics of the actual system,
_,however,‘if our méthod really works, then our equations'with

the parameters values that we have developed should be a
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good approximation of the real system.  If this ié the case
we can generate simulated data (synthetic data, tﬁis will"
be defined in Section 2.61 ) from our eqﬁatiqns. We

then feed this data to our numerical maéhinery and éompute
parémeter valﬁeé from the simulated data. To make this
process realistic we should also simulate experimental
efror, .This can easiij be done by adding noise (from a
random number generatér) to the simulated.data. Then we
should perform the error énalysis and see WHether the :
computedAparameter values are within the'érror bounds. If
"this is not:the case then our numerical machinery cannot

be trusted. If repeated festsv(with different simulated
experimentél error) give the expécted resuit it still

does not 3bsolutely prove that our computéd values are

the true rate constants of the Calvin cycle, but it ié a

strong indication that the values are reliable. The

ultimate test must be prediction of experimental results.

2.6.1" Implementation of the Numerical Machinery

Definition: The set of integrated values of a dynamical

system, having the exact parameters will be called

"synthetié data", "generated data" or "perfect data".

In this Section we wiL&.discuss how all the parts
previously considered; performed under simulated conditions.
The main procedure involves the optimization and

integration routines. We first started with the assumption



that our technique should be able to perform well on a

small linear system, before considering the larger non-

linear one. To that end we chose the following test problem

dyy | .
I ¢ Y1 - 4y, _yl(O) = 1
' [2.u6]
V2 + .( ) =
I TNty y(0) =70
with closed form‘solution
ety B3t et LGBt
Y1 2 Yo n

This solution is the source for our synthefic data. The
technique was implemented as follows: Using the set of
pdrameters kl = 1, k2 = 4, k3 = 1, ku = 1 we integrated

the system using our integratiqn routines. We took fourv
iﬁtermediate poiﬁts dn the trajectory (solution curve).

These points will be considered "perfect data". We perturbed

the data uniformly by 10% noise using the following

formula

2P
100

=% 1+ (R-.5)

'whefe %0 is the ekact data point; X is the perturbed
data point; R is a random number uniformly distributed

between 0 and 1 generated by the random number generator

=
vl

fAZNEEOO0D
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on the CDC 6&@0 computer at the University of California;
Berkeley; P ié fhe maximum percentage noise in the data
(in our case 10%).

'inforder>to begin optimization we chose our first
iterate by perturbing our original set of ki i = 1;2,3,4
uniformly by 100%. |

The task is to recover the original parameters, i.e.
.'kl =1, Ky = 4, kg - 1, k, = 1. We started with one initiali
condition yl(O) = l,-y2(0) =0 éfter 10900 iterations.
Using Bremermann's optimizer we were able to recover only
two of‘the paraheters with 15;2 accuracy. We stopped the
érocedure due to the amount of time consumed and the little
prdgreSs toward the recovery of gli fhe'parameters.

Normally, the set cf parameters found after such a
computaticn is used as a étarting guess for our multi-
initial‘value pféceddre.A But in this case we choée to
start with our original guess and use;multi-initial'values.,

We chose two different initial valﬁes such that the

two sets are not a scalar .multiple of each other. The

sets chosen were

11
H
b

v, (0) y;_(O)

n
[}

y,(0) y2(0) 1.

Again, performing our technique, but with two simultaneous
initial values, we succeeded in recovering three of the four
parameters within lO-3 accuracy. This was achieved after

300 iterations using Bremermann's optimizer. Consequently
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we tried the technique with 3-initial values

1]
)

1]
o
o} =

yl(O), yl(O) yl(O)

9
o
"
o]
1]
N

_y2(0) y2(0) y2(0)
After 150 iterations Qe_succeeded to recover all the
parameters sought within lO‘s'accuracy; These results
are recorded in Table 2.4..

At this stage we were ready to perform the technique
on oﬁr-dynamical model describing the Calvin cycle.
This system is largé, non-linear, and stiff. For'tﬁis -
purpose we generated synthetic data by integrating the
system for a'specifiedvinitial condition and a set of
parameters chosen abbitfarily'as "perfect parameters".

We followed the same steps tried in the 2x2 system
but this time we started with.one'initial condition,
continued with three>and six initial conditons.

'With six initial conditions we recovered all the 22

parameters after 72 iterations and with accuracy up to 1-

10% error of the initial parameters, clearly we could
have recovered all of them with better.accuracy if we’
would have run our program for longer time.  The results

are recorded in Tabie



Table 2.4: Results on the Determination of the Parameters of System [2.46] Using

Synthetic Data with up to 10% Noise.

1

Perfect parameters value 1.0 4.0 "~ 1.0 _ 1.0
Initial parameters values . .23 ' 7.19 . 1.47 2 1.71
After 150 iteractions
Calculated parameters values . 984 3.967 .398 1.02
After 300 iterations : ‘ _
Calculated parameters values 1.000002 3.999999 .999999 .99999
Final function value Total C.P.U, time (in a
(after 300 intenations) was *F = ,702 10-9 ’ C.D.C. 6400) 320 seconds
3 4 V.-y
*Here F = J] | [—=2—=
1=1 1=1 y; |
3 is the number of distinct initial values , §i is the sYnthetic data
"4 is the number of time intervals : §. the integrated data

(It is interesting to compare these results with the results obtained using perfect

data without noise and using the initial guess, perturbation of 100% in the exact parameters.)

89T
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Table 2.5

Perfect parameters values 1.0 4,0 1.0 1.0
Initial parameters Values .13 3.189 1.811 .356
After 150 iterations : _

Calculated parameters values .6159 4.112 1.042 1.022
After 300 iterations _ : :

Calculated parameters values .9986 4.0009 1.00005 .99913
Final function value Total C.P.U. time (in a
|(after 300 iterations) was *F = .803 10°° C.D.C. 6400) 340 seconds
]

3 4 fo A \2
‘ yi=y

*Here F = § ) l_ =

j=1 i=l Yy

3 is the number of distinct initial values §i ‘is the synthetic data
4 - is the number of time intérvals §i the integrated data

L9T



Table 2.6:

Parameters Obtained After Testing The Numerical Machinery Using Synthetic

Data With 3% Noise

(CDC 7600) Number of

Parameter® Exact Values Initial Values Values Found Function Value®** C,P,U.Time Iterationg
K(1) .68 .28 .68 Initial F =
K(2) 1.99 1.79 1.97 284,87
K(5) 1.38 2.29 1.48
K(7) 1.83 1.04 1.81
K(8) .096 12 .099
K(9) 21.27 29.28 22.01
K(12) 22.85 38.96 24,59
K(13) .12 .11 .12
K(1y4) 4,46 8.63 3.99
K(17) 11.52 17.14 11.71
K(19) 6.91 6.5 7.00
K(20) 100.58 130.18 101.21 . _
K(21) .83 .68 .84 Final F =

| 1.66 400 120

ot

These thirteen parameters were obtained by our pPOLedure.
using the linear relations in Section [2.

6

F= 7}

§=1 i=1

§i is the perturbed data (i.e. 3% noise)

’yi-yi‘

Yi

.21,

using 6 different initial values and 14 times intervals.

§ is the integrated values.

3

The other nine are obtained by

89T



Table 2.7  Error Ana‘lysis with 3% Noise in the Data and-

Using Six Sets of Initial Values

[

(o]

w0

|

_ Percentage
: Value Found of Actual
; - Exact When Expected Error (WFT) |
Parameter  Value. F = 1.66 Actual Error Error Exact Value |
1 .68 .68 0 1.x107° 0%
2 198 197 .02 8.x107° 1%
3 2835.85  2807.34 28.51 2.x102 1%

4 © 066 - .070 .004 1.x107° 6%
5 1.38 1.48 .1 1.x1072 7.2%
6 .000280 .000277 ©.000003 1.x107° 1%

7 0 1.83 1.81 .02 3.x1072 1%

8 .096 .099 .003 ~ 8.x107° 3.1%

9 21,27 22,01 .74 a1 3.4%
10 267.78 277.10 9.32 2.x102 3,42
11 .0017 .0019 0002 4.x1077 11..7%
12 22.85 24.59 1.74 .25 7.6%
13 12 .12 0 1.x1077 0%

14 ' 4.46 3.99 047 .28 1%

15 5.26 4.71 .55 1.x103 10.45%
16 26.72 27.16 .44 5. 1.6%
17 11.52 11.71 .19 . 1.6%
18 . 9.67 9.8 .13 . 1.3%
19 6.91 7.00 .09 .65 1.3%
20 100.58" 101.21 .63 36 .6%
21 .83 .84 .01 3.x107% 1.2%
22 .34 .35 .01 6.x107° 1.3%

Y
47

‘o

P Bt
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Table 2.7: continued

Error Analysis with 6% Noise in the Data

Expected Expécted
_ " Error with error
Value Found one set of with six Percentage
Para- When Actual Initial - Initial of absolute |
meter Exact Value F = 4.1 * Error ‘Values Values ~ error *% 1

1 .68 68 0 . 3x107% 9«0 -

2 1.99  1.52 47 324073 Lact T = 2a

3 2835.85 2166.0 '.66_7'103 a3x0® L32x10° ~ 23%

4 .066 . .064  .002  .5x107° . ,25x107° 3%

5 .38 1.3 .04 .36 L17x1072 2.5%

6 .00028  .00025 .00003  .94X10™% .18x107 10%

7 1.83 1.6 23 - a0t sa0T ~ 127

8 .09 .09 ©  .006 LS5X1070 28x107° x e

9 21.27  19.5 1.77 2x10°2 .16 ~ 8y
10 267.78  245.70 22,08 1xX10’ Jex10t .~ 8z
11 .0017 L0015 L0015 - .25%107° .20x107% o~ 117
12 22.85 21,2 1.65 T O SR ~ 7%
13 g2 a2 0 4x1070 L52x107° -
14 4.46 5.5 1.04 .17x10° 86x107r 267

15 5.26 - 6.4 1.14 a0’ Lsexiot x 2y
16 26.72 26.9 .18 .22510° 6. ~ 9%
17 1.52  11.7 .18 .28¥10° .93 ~ 1.7
18 9.67 9.5 .17 .55x10° .16 0~ 1.3%
19 6.91 6.84 07 230 . Lkt~ 1y
20 100.58  105.4 5.18 7sxiot 1okt~ sz
21 .83 .64 19 69x1072  Usex1073 o~ 227 |
22 S 3 Y S U2 TS 1.5 L R 1
*

The mean of the error is 9.77% .
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2.6.2 Graphiéal Display of Results

In this Section we will present the graphs of each
intermediate of the Calvin cycle. Theseigfaphs were
obtained using the best sét of parameters found bv using
our numerical machinery (Table 2.7 ) . For graphical
represehtation we have written a computer subroutine
which implements the task of graphing any set of data with
greatvaccuracy. |

Each graph will represent:

a) The trajectory of an intermediate using an initial

guess of the parameters.
b) The trajectory of an intermediate using the exact

parameter values. This is a set chosen arbitrarily

and considered to be the "exact" parameter.

¢) The trajectory of'anvintermediate using the best

parameters found after applying our numerical

machinery.
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2.6.3 Using Real Experimental Pata

As we mentioned earlier in Section 2.1, the process
by which experimental data is obtained is very laboriéus
and_costly. After the initial success of Qﬁr'methodology
in Jénuary of 1975, A. Bassham's laborafory did varicus
experimerits which, if successful would have given'ﬁs data
for an accurate determination of the parameters. Unfor-
tunétely these_did not give useful data because either séme
impuritieé were present in the reconstituted system or gcod

-steady-state concentration levels of the intermediates could
not be 6btained. The reader should be aware that usually
when an experiment fails to obtain its objective, results are
discarded and many days (eyen months) of research Ly several
scientists are wasted.

Since an experiment requires much time (including
fractufing the chloroplast, paper chromatography, auto-
radiography, computer outputs, graphs preparation, etc) data
is not yet available for use in this prcblem. We expect that
the needed data will soon be available and that implementaticn

will then be complete.

189



1390

2.7 SUMMARY
By implementiné our technique using synthetic data,

our purpose was

1) How well can we determine our set of parameters assuming
we had gbpd experimental data (for this purposé we
‘génerated synthetic data). |

'2) How céuld“we.make_our.ilivconditionéd problems
“better-conditioned".

3)  Can we recover the original parameférs.

Aftef applying odr numerical'machinery we can certainly
state that given a good Séf of data (abouf'io% noise)
with several initial conditions, our technique wiil make
the problem a "better conditioned" and by doing so we

can recover the set of parameters that govern the dynamic

system with better accuracy.

3.1 CONCLUSION

Our géneral task wés the ideﬁtification of the kinetic
parameters of the Calvin cycle. To this end we used synthetic
data and a set of parameters (arbitrarily chosen) to check
the performance of our numerical machinery. The Pesults 
'indicate that our technique is a reliable tool for para-
meter identification and in particular for the determination
of the parameters of the Calvin cycle. “The numerical routines,
though elaborate, can be édapted fairly easy to systems of

a different nature than the Calvin cycle. An extension
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of our methodblogy_to other biochemical and metabolic
systems should be fairly straightfbrward'and of direct
biological importance. |

In the process of developing our method we have put
'togethef the pieces of'a very comblex system using informa-
tion from differeﬁt fields'of sciencé; such as non-linear
optimization, numerical integration of stiff sysfems,
algebraic manipulation with computers, errdr analysis of
the results, biochemical kineticé, thermodynamiCS properties
of the system and the chemical pathway of the Calvin cycle.

‘For the first time we.have‘obtaingd'anbapproximafion .
of thé'parameters Qélue which determine the kinetics of
the Calvin cycle. |

The resultsrjustify our encburaggment for further
investigation in the following areas: |
1)'vDetefmination of more éccﬁrate paraméters vaiJ;
: from better data. o | |
2) The incorporation of the enzyme kinetic of the Calvin
| cyéle to qurrmathemaficél model.
3) The analytical investigation of the multi-initial

value probiem.

4) The introduction of controls into the system.

Once the kinetic parameters are known we can introduce
new control parameters that would determine the maximum
output desired by "steering" the system toward such an

output.
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Cteeax
CHregEn
CHEBEX
Cretke
CHRERN
Chtndn
Cxexse
Chxadd
Cheass
Cortik
Cesxan
Cteket
Cakask
C

C

C

C--RUD
C-==xY

302

"READ2,

17
224

501
502

23

FROGRAM MATH{INPUT ,OUTPUT ,PUNCH,TAPEG630UTPUT)
PROGRAM MATH IS THE MAIN PRCGRAM, IT CONTAINS EREMERMANZS
ALGORITHM, MATH CALLS FUNCTION F(Z). THIS FUNCTION 1S THE
FUNCTION DESCRIBED IN SECTION 2,2,

" FUNCTION F({Z) CALLS THE INTEGRATION ROUTINE #DRIVES# WHICH
IS THE INPLEMENTATIONGOF GEARS METHOD DISCUSSED IN SECe 24302
YNI= INITIAL CONDITIONS FOR VHE DYNAMICAL SYSTEMS . :
E = ARRAY CONTAINING THE DATA PCINTS (SYRNTHETIC,CR EXPERIMENTAL)
DR = ARRAY CCATAINIC THE INTEGRATEDN VALUES NBTAINED BY USING
GEARS MF THOD. '

K3 = NUMBER OF SETYS £EACH OF #HICH CONTAINS 17 INITIAL VALUES,
K2 = NUMBER CF DAYA POINTS (=13) :
K1l = NUMSER (OF STATE VARIABLES (THE 17 INTERMIDIATES OF THE

CALVIN CYCLFE )
IT = NUMRER OQF [TERATIONS
N = NUMBER IF VARIABLES
X = ARRAY OF VARIAELES
P ~=e-FEP~~==DHAP===-FGA~===ADP == ATP==~FDP~== == SDPw==~G6#~=~~STP
Le-R3Pce--USP—m=—= GALP p-~———e NERY~=—e e NADP=—a e «~«NADPH~~=waa=—
COMMON C2(13) - ’
COMMNIN/JAIME/F
CONNON /EIN/DPR
COMMON /DOG/YN
CCMMCN/ZF ISH/PI
DINENSION XX (1
DIMENSION VAL (
OINVENSION HHH{
DIMENSION R(20
LOGICAL WARN
NDATA Kl ,K2,K3/
DATA HHH/24(.0

0"'
-\

«O0lyeldrs

READ 3CO 4N
READ 300

K3)

- e
- -
o
N~
X }
o 4
-
N
-
or
o W
O -
-e

(
FORMAT (7
READ 17
FORMAT (
FRINT 3
FORMAT

READ S0

- D N\ -
-

- PDome o Nw \
- Os VLN

ERS VALUES *l//(lx,6(€20.l0' 1X¥/7))
K2) l=|'Kl)'K | 8 K3)

=I'K2) '!=|'KI)QK=I'K3’
/701X, B(F10e6,5X)/7¢1H 45(F1066,5X)/77))
=l|K2)'l=1|Kl)'“=|'K3’

T Ne ~ tteme
- -
Coen L N
o Ze = XDHW
A-AZRXKOwb=N O~
~(Nwrew Do wm
o e

-

£o 223 1

0
NITIAL FUNCY [ON VALUFE % , E20.,10)

Z6T1
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AEGINNING OF THE OPYINIZATIC

"KG = 0

KE€a=n

39

40

& w
- (0

43

44

DC 10 4 = 1, IT ) : «
RANDCM DIRFCTIPR GENF FATOR
RANF (D) RETURNS A RANDOM NUMBER UNIFOR"LV DlSTRlBU?ED BETUEEN
ZFRO AND INE AT FACH CALL
R{TL) HAS A GAUSSIAN DISTRIPUTICN

KE =0 .

KG = KG ¢ 1}

$2 40 I = 1, N

XY = -ALOG(RANF(0))

YY = —~ALDG(RANF(D))

IF (YYeLTeCoS%(XY-1,0)%%2)GC YO 39
REI) =SIGN{XY ,RANF{Q) =,5)
RETDI=R(L)EXXLT)

CCNTINLE
FCRMATICN CF FCURTH CFDEF PCLYNCMIAL

F = DISTANCE RBETWEEN THE POINTS QF LAGRANGIAN (NTERPOLAYION
KEa=K5A+ L

IF{KSA,GCT.ACIKSGA=]

N:HHH(KSA)

N0 41 1 = 1y N
XCU) = xxX(1) ¢ 2. #* 6(1) * H

F2 = F(7)

CN 42 1 = 14 N

X(I) = XX(f) + R(I) ® N

Fi = F£(2)

"N 4§z 1, N

() = xXX(1) = F(1) & H

FME o= F(Z7)

NN a4 | = 1y, N

X(l) = XX{1) - 2¢ % R(I) % H

FM2 = F(Z7)

Az (F20FNMD)/E,4F0=2 % (FL4FM1 )/ 3,

Aoz (FF-FMP)/4,~-(FI-FNmL)/2, :

C = Aet(F14FML )/ 305 4F 0/2 o= (FZ4FN2) /120
D = DeR(FV=FMIY/Ve=(Fi-FM2)/12,

IS (ARS(A).CEL1,F=-20) GUTOD £9

LINEAR SOLUTTON

Yi, = - 0 o/ C
GO TH €1

CUIC - SOLUTTON

CNT ROTY

Pz C/E-TRE2/ (A,0A8%2)

£6T
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[2¥al gl

[aXala!

o
N =

60

61

64

62

65
63

70

30
a2

G = C/ZA-BRC/(3e%AF%2 )42 ., ¥8%¥J/ (27 +%A¥%X]3)
DELTA = 4.%N%%3 +$27, uQ%%2

ILF (CELTAJWLE.C.) GO 1O 6¢C

RLCCY =SQRT(DELYA/Z108.)

AA ==Q/2. +000T

BA==-Q/2.~RCCT

Y1=SIGN{ARS(AA)®&( 14/ 2:) gAA}+SIGNIABS(BAYS¥(1a/3)4BAI-B/(3,%A)

IFLARS(Y1).GT+5C0+. ) GO TO 83

b €2 I= 1N

X(E) = Xx(1) ¢ Y1 * R(}) %= H
FULNC = F(2) :

GO TN ¢

THRES RCOTS

SQRT(27)1%Q)/7(2,9P%*SCRT(~P))

FHI = ASIN{L

U = SORT(-P/3.) & 2,

Vs = P /(2. % A)

€ = SIN(PHI)

CS = COS(PHI) * SART(2e) 7/ 2.

YI = 1 % (CS + 0.5 % S) + V

Y2 = -uU % € 4+ V

Y3 = ~U * (CS =005 * S) + V
IF(AAS(Y1)+GT4500. ) GO TC B4
IF(ARS5(Y¥2).GT«5CCe) GC TC 84
IF(ABS(Y3)«GT.500.) GO ¥G 84

MINIMUM DF THE FCLYNOMI AL

FFL1 = A/4,. % Y1244 & B/3., % Y1%%3 ¢-C/2.
FE2 = A/a, % Y2%4&4 + B/3. % Y2%%3 & C/ 2.
FF2 = A/6, % Y3%%0 4 B/3. % Y3%%3 ¢ C/2e
IF ((FFL1JLEFF2).AND(FF1.LE,FF3)) GO YO
IF ((FF2.LEFF1).AND.(FF2.LE.FF3)) GO TO
DO 61 1 = 1y N _

X(I) = XX(I) + Y3 % R([) ® H

FUNC = F(2)

GO T3 70

DT 62 1 = 1y N

X(E) = XX{1) ¢ Y2 ® R(I) ® H

FUNC = FLZ])

GO T 7¢C

0N 63 1 = 1y N . ,

XE1) = XxX(I) + Y1 * R(I) % H

FUNC = €(Z) :

CONT INUE

FUNC 1S THE FUNCTICN VALUE AT THE END

IF (FUNC - Ff) 80, 81, 81

FO = FUNC
DN A2 1=1,4N
xx(I) = x(I)

‘GO TQ 72

Y /3.

& Yi*$2 ¢ D % Y1 & FO
% y2¢%2 + O * Y2 + FO
* Y3#%2 + D % Y3 + FO
65
64

OF EACH ITERATION

h6T



- . ' w4 CONT I

@D . 24 CONTINLE

[Sa TN ol 27 )
o o1 PRINT =27 . .
i 223 ENAT( FTHIS FUNCTICN 1S LCCC * )

. o - 2 ,lF(J.L(. Y) o0 v 71 )
s 3 : _ o _ xr(m «2) GO TN 12 -
. . C . .
- C. r-:.n»v (LTPLT : ) o S
\,aj P . . g
71 FIINT 2p g,F0 ) o : :

L 2> FOSWATE® O 1°%F, T54 12Xy ® FUNC IS ¥, F20,10)

KG = 0 . ‘
o IFIVEDIMJ g 1) af Gelt) C” 1O te-
“f IF(JeNELIT)Y GO YO 0

: 1h CONY LIGF C
B S0 609 [zl 4N
= 60D var ()= xo(x(1))
) : FRINY 224, (V‘L(','l—lph’
b : 19 cnuvIur )
: PRIATHE2,{(B2(140)3J=14KZ)l=1,4K))
PLNCH ‘1‘1").((!"’('.-‘),.‘-‘-‘ '\2’.'-‘ K‘,
ROE  FIOARNMAT(LLXY g 7F 1%a€9/ €1 Cot ). . )
: FUNCH 1 7,VvAL . :

o Lyoe
F . £N7

S6T



FUNCTION F(2)
Cusadsy F = THE FUNCTICN T7C BE CFTIM!ZED.
Chus CZ = ARRAY CONTAINING 22 KINETIC PARAMEYERS,THLCIR DEYFRMINATION
Cokskk IS OUR MAIN CRJECTIVF »
’ COMMON CZ2(13)

COMMIN/JAINME/ZFE (LT, 13,€6)yK14K2,K3
CCMMCON /EIN/DR(1T7413) X {13 )N
CCMMON /7DCG/YHNTI(1 741 4E€)
(of 2-3 2.3 4 T = ARRAY CONTAINIC TrE 13 TIME INTERVALS.

. DIVERSTON  T(12)
CREEEE 00, TC TLAST Y RO FRS, MF KELAG, YMAX|ERROR 1PW FSAVE ARE
CHExsn NO = Nﬂ. (813 STA'F VﬁR!ABLESo
C K p i O = INITIAL TIME
Chhkkx TLAST-TC = INTERVAL OFf XNTEGRATION.
CHh%hkxi MF RQEFERS TN YHF METHOD CF INTEGRATION.
Cxkdxxk  MF = 107 IS5 ADAMS-MCULTON  MF = 22 [S GEARS METHOD.
Cttx2%  FFES 13 LCCAL ACCURACY CF INTEGRATION,
Chuhkk KFLAGyFPRNOR,FSAVE,PWw ARE ARRAYS DESCRIBING SCME thEFNAL
Caxxlenxk PARAMCTERS OF THE INTEGRATING ROUTINES,
CxHos yMax = UPPFP ROUND CN THE STATE VARTABLES.
FEAL Y(17,12)
REAL YMAX(17),EFFOR(17),Pn(306),F5AVE(34)
CﬂMMUN/FlSH/Pl(l’).lEC
DATA T/‘SQ'RO,Q.'IOQ'lco"f‘.'(l0’240'270'310'3-0'-e0"‘./
R 1Ca J=1 4N )
CZ(J)= EXP{X(J))
103 CCANTINUE

NO =K}
HC=42200CC00CCS
CP3=,1

12=0.

DN 23 M=1,K2
{EC=m
TLAST=T(M)

CHa%3xk  QDUT INF DRIVES INTECRATES ThE DIFFERENTIAL EQUATIONS o
CALL DRIVFSINC TCyTLAST Y 110 EPS yMF ¢KFLAG,YMAX,ERROR, PU'FSAVE’
TC=TLAST
DN 20 K=1,K1
NR(K,W)=Y{K,yl)

CaDR(K,MI/E(KyM,L)
F=F4(le-C)¥%2
30 CONT INUE
FETURN
END
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+C2(16)

+CZO173xY(1S)-C2(16)*¥Y(16)+C2(19)*¥v (12)~-C2(18)*Y(16)-CZ{2

Yav(23)

3 )

}==CZ(22)3Y (17)+C2(21)%2Y(10)
13 .

«41)50 TO

922) .
ARAMFTIFERS VALUES %*///(1X,6(E20,10, 1X)77))

-Q
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Cesane
Ceeses

SUBRIUTINF CAT(X)

THIS SUCPOUTINE WILL PERTURE THE EXACT DATA ORTAINED USING

AN EXACT SEY OF PARAMETERS o OV A
COMMON/JAIME/ZE(17412,6€) ¢K1gK2,K3 '
PER=.9%6 .

PO 1 K=|'K3
DO 2 I=1,K1

S DC 3 J=24K2

-

SIR=RANF(O)=-.5

E(lyJeK)= FITI, 0 K)E(L e ¢ SIRCPER)
CONTYINUF .

CCONT INUE

CCATVINUE

RE TURN

ENC

PREDETERMINFC PERCENTAGE .

6€T



connks
CHaans
Cokens

- 31

SUBRODUTINF NOISC(X)

THIS SUBROUTINE WILL PERTURB AN EXACT SEY OF PARAMETERS
{ARBITRARLY CHCSEN) BY A PREDETERMINED PERCENTAGE ACCORDING
THE FORMULA DISCUSSED IN SECTICN 2.6.1.

DIMENSION X(13)

PER=2,

DO 31 i31,13

SIR=RANF(0)=-,5

X(I)= X(I)*¥(l. ¢ SIR¥PER)

CONT INUE

RE TURN i

END :

T0o

00¢



AANIOIAAINAANIONANAOAND

PROGRAM ALEF( INPUT, OUTPUT yPUNCH , TAPET =P UNCH , TAPEQ, TAPEQ) :
THIS PROGRAM USES THF ALTRAN LANGUAGE DISCUSSED IN SECYION  2.4.3,

IT CALCULATFS THF MATRIX D=NOT- NESCRIZEN IN SECTION  2edels
THE PRIGRAM DEFEnaMS FORMAL DIFFFRENTIATION IF ALGCERAIC NATA,
Y{M1= THE NUMAER OF £QUATINNS USEN AS ALCEFRAIC DATA. h
NIM2=. THT NUMRER OF PANAMITERS [N THE ALCEPRATC DATA,

NIVIz THE MAXIMUM NUMEER CF NONZERA ENTEEES OF D=01T-,

C7= NOTATIQON FC2? THE PAPAMETERS,

NY= FQUATTONS F THE SYNAMICAL SYSTFY{ALGEHRAIC DATA),

CALTIAN

PENCEDURE MAIN

INTEGER DIMI=17,N142=22,Nfv 3I=G~ .
LCNG ALGEFRALC (C7(1ADIM2)Aal, Y(I1ADTMI)AY) DY, A, ,ADN
ALTRAN LONG ALGTERAIC CFPO=SODFRN

ACGRAY(DIMT ) DY
INTESGF K ATFAY (DML, T 1uM2) n

INTERED [ 4dy TNDTIX=NIMY (K
REAL T1 4,72, T3, T4,T3,72,T7,TR
I T=1,01IM)

RrAn DY(L)

ICT NN .

vV OCONMDUTE THT MATRI X T3 Y CALCULATING THE PARTITAL DERIVATIVES Wek oT o K2S
Y=Y IME() .

voOTNLY  THT NUNZFERRD B TMEMTS NF R OADE COMPYTEN, THEY ARL STORTH AY I0wS

v '\p\ TAC". ({ .

VOONLY. TR INNEX O THE INDETECMINATED 1S STOKE IN D,

WRTTE £TW4T FOLLCATNG LTIST CEPRFSENTS THE NIINZFRN ELEMENTYS OF 2 AND . Ng
BRI RN KB

nNr [:['Q[M]

SN =1, M2

A=OFEPA(NY (T}, C2C(I )

-

~
-
-

!l
“
-

Y G T S
VX4

{NE X

DT ,J)

n

Al
Hm L@
- "

DI~ "N
boA D

b
—a =7

> -~

G J

SOTHE T EFCUYIBEDR Ty COPUTE MATZ X O A Dt ela

R A JTNE R T
TV I

Jra it T M Jomoms = jm~
LR S P T

k"
.

T0¢



v CAMPUTE TS MAT 2T A Y CALCULATING THE DARY AL RIIIVATIVES NDF oY
v ALL YWD TL-MENTS CF A ARE STORD Nty ROWS N YAFTL O
Ti=vive() .
WRITE 2TH™ FOLL T4 LIST DFPROCCENTS Tul N7 FEL SLFACHTS F A
DN I=1,D1V
Ne J=1,"1v1
A=NEPAENY(T)Y, V(J))"‘
WRIY-(a) A
IF(AFENGN) G TY HAY
WOLTY ([ ,4,A
CATA
NCENN -
DOFND
T2=TIMI(TL) ' . i .
WRIYZ 2T2 16 THF T4 EFQUILEN TN COMBUYTE MATRIX A #2,T7°
4 =4NULL, :
ENDETL(3)
VOPUNCH SLEMONTS OF 'Y INCOVPAT THLE FORMAT
NO INDI Yz §,714
WRITS INDFXNYLINDTY)
WETT-(7) INOOX,BY(INTEX)
NDNEND
WRITE eCLFMENTS OF MATRIX A%xen 2
REWIND(8)
REWIND( I
1r\q=x=n[v1
T7=v1M7 ()

121,141 ) . )
v Ny 5 USFr TN STHOVE A FOw NF A ’
NN Jg=1,NImMg
READ(Q) NY(J)
NCFNDY .

D J=1, 14> .
TFINUT, 0) eFNel) OGN Y1 HZFON

INOFY=TADE sy

vV OTASD r X T NANZERT CL M NT NF R

FTAC(Aa)Y AN

NE K=1,31%4%

[FUNIK 4 J) eTNe 7eNReNY(X)EQLC) . GO TP CRY

Arr_anonV(x)ﬁV(n(m.J))

CRYA

DATND

wWPITE J.rnnax,xnn

wulrr( INDT X, ADR

}7200NA

DCiIIND

DCEAN

TA=VIME(T ™) .

ARITE 278 IS THE TIME FEOUIRED T COMPUTE MATRIX A%D+B AND QUTPUT #,T3
F MDY ’

o« FNE
C ALGFREOALIC CATA
-CZ(1)Y5v(l) +CZ(2N)2Y (3heY(15)
“C2(2NEY ()Y (4)xY(2)4C2(2)AY(AYAY( 7)AY(S)ICCZ(LIY ()
.. “C2(P)%Y LIV RYIBIEY(2)0CZ( IRV (R RV 7IRY(S)-CZU 2212V (16)8Y(

20



+CZ2(20¥1%v{16)*Y(

3)

( )
( 3

(s)
VEV(O)XY(RI4CZ(IL)*

7)xy
czq(r

b SR B
FOU=H ~
~l Ay
U - ot 7 e
O — N
Nw >Ny
Ur g+
P~~~
—~e g~
[Fal- SR Y VI
-~
> rN>H#
#ROUK~

~em |~

203)¥%y (3)

-
N~

MM e~ >
o (o N+ 3

> > >y

-

-

R e
—en > T
CNE M T m e

—Cv?(.?l)frf=

Y(ll)*Y(l?)t(?(Q)*Y(l()*V(é)ftZ(ll)*Y(l‘)—C?(l?)*

i~ 2l O e
~m PN LY > -
e M N NN

Y(19)

Y(l11)%y (&)

12)+4C7(14)RYL14)YEY(AY-CT7(

- NN
e uUu
N
-

1o
-
A
>
#

-

¥

-

Ao

>

#*

- -

< <

-t -

b 0

# R

C/(17)“Y(XS)-(Z(]ﬁ)ﬁv(lh)0C7(IQ)*Y(12)-f7(11)“V(16)-C7(

xy{t1h)aY(3)

2¢)

SC72022VY (17 )4C2(20 7Y (10)

<ENE

203



1203440 CY4s21C/775 NUTPUT

FROCRANM PLCTUINPUY OUTPUT ,TAPEGY) ) )
THIS IS A FLCTTING ROUTINE WHICK CAN BE IMFLEMENTED AY ThE COMPU

TER CENTER OF THE UNIVERSITY OF CALIFORNIA BERKELEYe

SPECS, ARC PARAMETERS CF THE. GRAPHICAL DISPLAY SYSTEM,THEY SPECIFY
THE LENGTH CF A COORCINATE SYSTEW NUMBER OF SUBCIVISIONS,TYPE OF C
CORDINATCS (FOLAK,RECTANGULAR), AND ETCe

THE PRUGRAM REQUIRES THAT THE TRAJECTORIES OF THE SOLUTION AND € XxP
FRIMENTAL CATA RE CGIVEN e '

2.21,22 APE THF PGINTS REZPRESENTING 1) AN EXFEFR INENTAL DATA FCINT
2) AN INTFGRATED DATA PCINT, 3) A POINT CN THE TRAJFCTORY WFEN USI
NG AN INITIAL GUESS CF PARAMETERS VALUES. '

M= NUMRBER OF INTERMECIATES OF THE CALVIN CYCLE.

N= NUMBER CF DATA POINTS(OR TIME INTERVALS).

[a¥a¥a¥alalaYalalalaXatalateialalakalaXaleXatlalalalalalalals!

DIMENSICN SPFCS({3C)y2(14),21(14),7(14),C(17)
DIVMENSION 22(14) .
ODIMENSTION E(17,14),CR(17,14),TR(17,14)
DIMENSIUON RUFX({S00),BUFY(500) ’
DIMENSION LINF(17)
CIMENSION LABC(2)
DIMENSION GIVEN(T)
NDATA T/700 1SS0 90990 31Ce912e6916092169248¢927093106935¢93849481,./
M=17
N=14
LA3C(2)=0 )
READ 3 ,(LINE(]) ,I=1,¥)
3 FORMAT(2(8A10/7),1AL10)
READ 1,((E(f4J)9J=1 N ),yI=1,M)
RPEAD 1,{{(DR{14J)Yyd=1 4N),I=1,M)
READ l.((rn(l.J)'le"\).lzl'M)
1 FCRMAT(H8F10.H,/,6F10,8) -
2 FORMAT (2(8F1Ce6/),1F10e¢€)
SFECS{1) =145
SPRECS{(2)=1 45
SPFCS({2)=41.
SPFCS(4)=0.

koe
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gresyzare:

[

CALL SYMKEY(RULE  48HTRAJECTCRY CBTYAINED USING EXACT PARAWETER VALY
1ES,SPFCS)

cPECS(I6)'13

CALL PSLILI(T,2Z1,4SPECE)

CALL PFLILI(T,21,BUFX,BUFY,SPECS)

SPECS(23)=.6

CALL SYMKEY(RULE,47HTFAJECTGRY OBYAINED USING BEST PARAMETERS FOUN
10, SPECS) ' v
SPECS(1€)=5

CALL PSLILI(T ,Z2,SPECS)

CALL PFLILI(T,22,BUFX ,BUFY, SPECS)

SPECS(23)=,.3

CALL SYMKEY(RULE,SOFTRAJECTCRY DETAINEC USING INITIAL GUESS OF PAR

1AMETER VALUES, SPECE)
IF(J.EQ.M)CO ¥O 20
CALL NXTFRM(SPECS)

20 CONTINUE : .
CALL GDSENC(SPECS)
sT0P
END

902



PROUGRAYM ERROR( INPUT, ouTPUT PUNCHy TAPLCH6 =QUTRPUT )
Cx&xax THIS PRUCGRAM GIVLS AN E%TIMAI’E CF THE EXPECTED LRRO% IN TH&
Caxakk PARAMETERS VUL TO ERROR IN THE DATA, :
CHkui% IBOY 1S THE FIKRST JATA PUINT,
Cosmdd ITUP IS THE LAS]T DATA POINT,

COMMUN C2(113) :

CUMMEN 4, DF

CEIMENSTION YNT(17,1,06) .
DI MFNSIEGN H()c’,<2),DL(Z‘?.?‘J),E('I'I.IQ,é) )
DIMENS TN {20, 22)y P(22)4yPI () yEIVU(22) ,0D(22)
ODINMINSION R(22,22)Y 4, T(20,22),502,22)
CUNERNSTUN AINV(DP2,22) ,A0Z22,22) o
DIMeNSION erHLA(;??)
UlMt\;qu DUMMY (22,22
DATA L2/ MY/ L 3UT /1,1 TP /137 (KL 76/
L RE AL 11. ((VNK(I,l,L),l=l.M),L—l.<l)
I 17 FURNMAT (2( 371 Ca6/),7 1 0sb)
™ READ 106 ,(CZ00) , 1=1,413)
16 FURMAT (RF 1 Cey /3 SH1De0)
1;:} REAL SO, 000 (Tedyr)yu=1,1TUrRr) (=1 "4)"(“"(‘,
SC1 FORMAT (S 16l 2y y5b 1 hal 3y /7, 3F 10l ii
- DU /50 1=1,K
<5 OO 750 Ju=1,K
H{lsJd)=0v
g 750 - CONTINUT
"o : pr: 2 Keaz]l ¢x ]
DO 1 T=1,XK
™ DO 1 J:1,x
Hllyd)=¢C
. DE(T,J9 =6
F ' T CONTINUE
vh 2 =107, 1P
'y Cekexx INTGRL = A SUCROUT INE TO HE USED T FIND Tl VARLANCE 3F [HE
CEE B UK PARAMITE? S ’ : ’
" CALL INTOGULYN T L oF ¢ IH0T gK g My KK )
=3 DL S1 §=1 44 : :
[o 3 1831 CXX=THU DAYA ASSYIMING 06 PLACIENT WIISE IN T .
. (.xX:l./(( 1 L'RK) £ 1,0 KK :
CXX=Cxx%10 OOO./M).
. GO Sl s=1 4%
Ty . ' CSCIyIdECAREDLE T 4 J)
) ECJ,1) 2001, 4)
. 51 CONTINGCL
2 1a=x
| RS '
1C=x

C avmta SU il T INS MAMUL PORCGHY S 44T X AUl T IPL JCAT 1 INS .
CALL MANMULE I ,,S 1A 1t 10,T)
O a)l 1-1,k

06 4t 3=1,K
CAardmdes CALZJLATION OF THE MAYlX 4 (IS TUNSTD) BN S8 Z e P2efiele )
O 4 )) 2 bl gd) + T(1,0) '
ACTyd)=101, )
i I'J);-'"(lyj)/ho
41 CONT INUY
2 CONT T

L0¢



21 CUNYINUE

0O 106 J=1,K
DO 100 I=z}),yK .
PRINT 11,y Jelen(J,1)
11 FORMAT(LIH 4I5,15,E£156.8)

100 CONT ENJiC

NOIM=22 .
N=22
NUYEx=D

Coesne HOCRS ROUTINE TO FIND CIGENVALUES OF MATRIX P,
, CALL HOGUR{ FyNOIMy Ny . IVUyNOYES yOUM 4Y )
D0 204 1z1,K
EEVUCL)= 140/FIVUL(T)
304 CLNT INUL

) PRINT 302,(EIVULITIYyl=1,K) .
302 VORMAT{AHX,y & EIGENVALUES OF M & //7/(1X 4622010, 1X)/7)
N= K .
A=z -
INnGr=¢
(€23 33 ] LINVAF = RIJUTINE TN | IND THRE [NVERSE OF o (aHICH [S THE MATRIX

C wdsdof P OISCUSED IN SECTIGN 2440l
SALL LIMV2FLAN,1A,A mv,m,r WKARIZAY FER)
VC 4% I=31,4K
L(l)‘Al‘vv(l.!)
DU 99 =1 ,K
PRINT llp('J'AlNV‘t'J’
@9 CONTINUE
DO 97 =l 4K
PI(T)=2(1)
97 CONT INJK
PRINT 30h8, (PICT),i=
306 FORMAT(uX, % VARIANC
17)
N=K
TA=K
IDGT=0
CALL Lll\V)i {RyNeTLAy AINV,TDGT 1WKAREA, LER)
DO 101 I=1,4K
FPPOLI=AINVII 1)
0O 131 J=1eK
PRINT 11,1 4J0AINVCI )
101 CUNT I AU : : :
CR&kG i PRINT OQUT I THE VARIANCE (OF Pe (THE ELAPECTED FRROR I THE
C*&kx¥ PARAAETERS,)
PRINT 0SS, (PRP(1),I=1,K)
365 FLFMAT(OoX y ¥ VARI NC’ CF FARAML_T[. QS #///(lx,ot-go.lo,lx )//)

1¢x) ’ )
COWITH SUX O INITEAL VALUES #///7(1X,6620410,1XY/

STu
END .
SUBRUGUTINE MAMUL (B,S,1A,I8, IC,T)
DIMENSTON B(22,22),T(22422)45(22,22)
D 1 I=1,1A
D 1 J=1,1C
1('|J,=\)
1 CONTINUC
DO 2 1=1,1A
DG 2 J=1,1C

80¢



DO 2 LK=1,1H4
TEIgdd= TCUy4d) ¢ OUL,LKIESILK, )
2 CONTINUE .
RE TURN
END .
SUIRDUTIWE YOUT(ND BY 4y TLAST , TNy MF )
CUMMON/STCRIN2 /M NQ G H
REAL Y{NO,13)
RETUIN
END
SUBROUTINE INTGRL (YN L gE ¢ 1037, Ky ¥yKK)
CUMMON C2(113)
COAMIN 34D

OINCNSIEN 3(22 4322)4C08(22,,22)
DIMENSTON YNTICL7,41 000yt (17,14,40) .
DINCNSTAON T (1 3) : .
ny CxBi g% YDLIC18) YO YyNAT(82) RE T NON ZERD ZLEMENTS OF THL ENTERILCS
ik S CEERNE Or Tk O—4ATRLX DKSCUSSED IN SCCTIUN 2440l
PLAL Y (132,13)
0 CROCAL YAAX(S2) yERRIR( 32 ) e Fa(dln) yF SAVE( 194)
- DAT A T/lo'...‘o'“. 10 e gb e ,}.,IJ.,lZ-.l.)...?C..?A..‘h) /
- , , MUY =32
By DO 19 1 =14M0M
. YMALK({I)-1,
™ 19 CONTINUT

IF{L-T13UT )1, 1,2
- 1 CONTINULG
™ DO 13

44y MOGM
. . .

N : 3 CONT
e 2

by 21 COUNT

e HO=0.001
, : LPS=0,.301
y . TO=0e
&3 : ME 222
2 CONTINJE
e 3 v : TLAST=T

30 (ge)

L TRE N T

o <€
PR NP RPN
RN N e e
IR NV VR R
o v e o e O -

~
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THZ

I

FinNTRY
CZL 20)%¥(15)%Y(23) + Y(3rev(1

IS A NUN-ZERL
+

=

TGULATE U NS

Y{i)

FILLLWING
+ C2020)%¥ (3) %Y (30)

e

WDF Tt

CZLLy=Y (14) —
C2CL)Y(16)

FACKH
MAT 2 [ X
YDCT (1N

CHmnun
Ckidega
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12.42,37 09710/75 OUTPUT

- PROGRAM MOOMAK (INPUT'OUTPUT)

C THIS PROGRAM wWILL GENERATYE THE DYNANIC EQUATIONS USING THE RELATIO
C
C NS DISCUSSED IN SECTICN 2.1e4.
C : .
C - THE PROGRAM [€ SET UP ' TC GENERATE UP TC 100 OIFFERENT INTERACTIO
C . ] N . . ,
C THE PROGRAM IS WRITTEN IN FORTRAN ANDC COMPASS(MACHINE LANGUAGE).
B -
C TO GENERATE THF EQUATIONS THE FOLLOWING DATA (S REQUIRED:
C
C THE NAMES OF THE INYERACTING SPECIES(DENOTED AS THREE ALPHANUMERIC
C ) .
C CHARACTERS) »
c .
C THE SPECIES INTERACTICN EQUATIONS.THIS EQUATICNS FOLLOW THE LOGICA
C -
C L STRUCTURE OF THE SCFEMATIC REPRESENTATION OF SECTION 241440
c - , : .
¢ : ) .
REAL K(100),X(20),DIFFX(20)
INTEGER CHARAC(B0) ;LCCATE,NTERMS yNERRORS ,SPETAB2(20)
COMMON /COM2/LOCATE,NTERMS /7COMI/SPETAB2 :
1000 FORMAT(1H] ,$MATHEMATICAL MCDEL3//)
1091 FORMAT(8A10)
1002 FORMAT (80R1)
1003 FORMAY(/1X,8A10)
1004 FORMAT(1X,80R1)
1005 FCRAMAT(/1X,4SPECIES LIST QVERFLQOWH/)
1006 FORMAT(/LIX,*INTERACTICN LIST QVERFLOWS/)
1007 FORMAT (1 X ,#UNCEF INED SPECIES®*/)
1008 FORMAT(/1X,$CONTROL CARD ERRCR, JOB TERMINATEC®)
1009 FORMAT(IX,¥SYNTAX ERRCR*/)" : '
1010 FORMAT(/1X,*CIFFERENT [AL ECQUATICN TOC LARGE, JOB TERMINATED®)
1011 FORMAT(1X,&NUMBER QF ERRQORS [S *®,[4,% J0B TERNINATEDY)
1012 Fcnmn/xx,von A3,%#)/DT = #,5(Rl, SK(¥,13,8)8,A10,2X)o(/14%X,5(R]1,*
IK(%,t3,%)% 410 .2X)l) .
1013 FORMAT(/1X,%PROGRAM OVERFLCW, JOB TERMINATED®)
1014 FORMAT(EL12,5)
1015 FORMAT( /(1 X4%RATE CONSTANT K(%,13,%) = #,E12.5))
1016 FORMAT(/ (1X,A3,% = ¥ ,E12.5))
1017 FCRMAT (/{1 X, 4D{*,A3,%)/DT = %,E12.5))
- C
DO 900 1=1,2
PRINT 1000
NERRQORS=C
RE AD lOOl.(CHARAC(I), l=1.8)
IF(CHARAC( 1) +EQe L1OHSPECIES LI ANDo. CHARAC(2) +EOC. 10HST

1) GO 10 1
FRINT 1008
sSTOP .
1 PRINT 1003,(CHARAC(I), 1=1,8)
READ 1002,CHARAC

9T1¢



1

1

5 -

1

0

PRINT 1004,CHARAC

CALL MCDIl (CHARAC)

IF(CHARAC(3) JLEC,
IF{CHARAC(1) .EC,
IF(CHARAC(2) LEG,
READ 1002,CHARAC
FRINT lbOQ CHARAC
CALL ALTI(CHAPAC)
GO I 2 .

FRINT 1009
NERRQORS = NFanpSO‘
GC T3 5

PRINT 1009
NERRQRS=NLCRRNPNS ¢ 1
REAC 1001 ,(CHARACY(
IF{CHARPAC(1) +EQ.

¢AND e CHARAC(3) oF

PRINT 1004
sTaP

0) GG 7O 13
0) GG 10 S
9) ¢O TC &

PRINT 1003.(CHARAC(I).

READ 1002,CHARAC
PRINT 1004 ,CHARAC
CAtLL “GD?(CHARAC'
IF(CHARAC( 1) oNE.
IF(CRARAC(G) oCCo
1F(LOCATE +.£Q.,
IF(CHARAC(2) ohEo
FRINT 1009
NERRORS=NEKRCKRS+1)
IF{(CHARAC(2) JNE.
PRINT 1007
NERRINS=NFRRORS+ 1
IFI(CHARAC(4) JNE,
PRINT 1026
NERRODIYES=NERRORS ¢ 1
IF(CHARAC(S) oNF,
PRINT 1032

READ 1002,CHARAC
PRINT 1C04 ,CHARAC

"CALL ALTY2(CHAFAC)

2

k]

-

GO 1C 7
IF(NCRRORS ,GY,
N=1

c)
¢)
n1)
(o}
c)

o)

0}

CALL NCD3'CHADAC N)

PRINT lOlZ.(CHARAC(I)
IF(LOCATF oEQe SG9) G

N=N¢1l

CALL ALT3I(CHARAC4N)

GC 70 13
PRINT 101C
STap

SYCP

cO

€0

10

TC

0) GC TC 16

v 1=1
c v0

> Y

l=l'8)

JNTEAME)
15

GO 1O (Ql.QZyGJ.QQ.GCC'QCOD'

M=13

CHARAC( 2}

10HWTERACTYIOUN
) GO 70 6 . '

LTZ




92 M=
N=€
GO YO 99
93 M=3
Nz=8
GO Y0 99
Q6 M=z=3 .
N=8 . '
99 READ 1014,(K(J) J'l.N)[(X(,]" Jzl,M)
PRINT 1015,(Jok{ )y J=1yN)
PRINT 1016,(SPETAB2(J)yX{J), J=] M)
CALL MODELA(K,X,DIFFX)
PRINY 1017,(SPETAB2(J)DIFFX{J)y J=] ¢M)
900 CONT INUE :
<ST0OP
16 PRINT 1011 ,NERRORS
stToP :
END

8T¢



BLCCKS

FROGRAM®
cOm}
cCom3

BINARY CONTROL CARDS.

IDENT
END

TYPE

LOCAL

COMMON
COMMON

ENTRY POINTS .

MOC1

EXTERNAL SYMAJILS.

DUMPREG

SPETARY
INTAB
AVAIL
NUNMSF
NUMIN
TOF

SPETAR2

NAME

fp'

TIOENT
ENTRY
USE
BSsS
ASS
8SS
/SS
aSss
PSS
USE
USE
8ss
USE
MACRO
ax3
Be XREG?2
AX 3
l* XREG2
Be XREG2
ENDM

.

MOD 1

MOD

AQDRESS LENGTH
o] 61
(o} 1130
(o) 24
ALTL - 7
MOC1 4, ALT1
/COM1/
96
401
10C
1
1
1
*
/CCM3/
20 }
b

HASH, NAME, XREG1 o XREG2
XREG1

XE3x3

12

XI+XREG2

XREG2%XS

219



-

MACRN SEARCH,NAMA gREGX pREGH ,P 1 ,P?

NANMA SAl RECP¢SPETARL )
ZR X1,P1 :
Bx3 X1-RFGX
Ax 3 3€
zP X2,P2
Sx2 RECR4S.
BX4 X3¢x5
SeREGB X4
JP NAMA
ENDM

* .

2RFGISTER 11 HOLCS THE AUDRFSS OF CHARACI(I)
*REGISTER 82 CUUNTS THE NUMBER OF SPECICS
*RESGISTFR B3 HOLCS THE NUMBER 20

*REGISTER H4 SERVFS VARICUS PUHRPOSES

*REGISTYER RS 3ERVES AS A FLAG

*REGISTER B6 [S AN INCeXx 1

*REGISTER A7 HCOLDS THE NUMBER 8C

¥RFGISTER X0 SERVFS VARICUS PURPCSES

AEGISTERS XD pX2¢X34Xa8,6 SERVE VARICUS PURPOSES
*¥NEGISTER X1 HCLDS CHARACILI)

FREGISTIRK X5 HOLNDS A S=-[Ty, RIGHT JUSTIFIED MASK
EDEGISTER X7 HOLDS THF NUMEETR? 5503

% . :
¥THE A-REGISTERS SEAVE ONLY TC PUT THE PROPER VALUES INTO THE X-REGISTERS
*

MOC1 ass272 1 o
#*FIRST CLEFAR [HE ARRAY SPETAR]
$A2 32
SXF 0
ALPHA SH2 32-1
SAA B32+5PETABI]
GY 32,80 ,ALPHA
SA6 T NUMSP
SAl MQOC1t
Bx6 X1
. Sag ALT1!
R JP ¥e2
ALTYI r5S2 1
SAS NUNSP
sB2 XE
sB83 20 :
SHS P : SEY FLAG DCwWN
sS3e -1 T
s87 g9 )
Sx < 379 SET S5-317V, RIGHT~JUSTIFIED MASK IN x5
Sx7 358 S3S8 DISPLAY CGOE FNR ILANK
30 TA S 16+ 1 B : )
£EQ FELA74NU TESY FOR END OF CARD
SA1 1 ¢A6 LEAD CHARAC(I)

¥DETERMINE WwWHAT TYPE OF SYMBOL CHARACC(I) IS

0Z¢



*F [IRST CHARACTER
GANFMA NE
SX0
PL
sSBa
s$8s
Bx2
JP

221

X1-45A
X0, GAMMA

X1+578

X0 ,PERIOD

X0, ERRQOR] ILLEGAL CHARACTER CHECK
X1-558

X0,BETA »

X0,ERRQOR1 ILLEGAL CHARACTER CHECK
COMMA S ‘

IN SFECIES NAME MUST BE A LETTCR

30 ,8S,CELTA
X1-338

X0y ERRCR1 )
3

1 SEY FLAG UP
X 1 o

3ETA '

A SOECIES NAME CAN FAVE A MAXIMUM CF ONLY 3 CHARACTTRS
*FORMATYION OF A SPECIES NAME

NELTA . SPa 34-1
Lx2 6
Bx2 Xi+x2
GT B4 ,EQ,BETA '
) RJ =XDUMFREG
ERRQR1 SX€E 0 ERRQR IN SYNTAX
RY =XCUMPREG
SAE 3141
- JP aLTt
COMMA EQ BO,HS,3ETA
’ SB8S 0 SET FLAG DOWN
ASPSCIES LIST CAN FAVE A MAXIMUM OF 20 NAMES
ZETA EQ 42,83,FRROR2
LP1 - S84 fga-1
€Q B4,80,THETA
LX2 6
8x2 X2+X7
JP LP1
% . _ ‘
THETA HA SH X2 ¢ X4 .
S84 X 4 STORE HASH VALUE IN 34
Lx2 a2
*HASH SEARCH
ICTA SE ARCH X2,B84,KAPPA,BFTA

*PLACE SPECIES NAWE

y WITH FOINTERS, INTO SPECIES TATJBLES

RFIRST PCINTER IS ITS INDEX NUMBER IN SPETAH2

KAPPA -BX6
SA €
Sx 3
\xa
LXa
BX €
axe
SA6

»

X2
B2+SPEYTABZ2
A2

X3

18

X2+X3
XE+xa
B84+SPETABI



. s82
¥CAMMA ,PERTIOO, END
EQ

, LT
LANGA SXe
_ SAG
vy SXE
SAE

- Sa

PERIOC EQ
. SBS

BT

N ~ EQ
‘ - s8s
: JP
FRRCP2 SX6
- SAG
JP
CEND

‘B8zt

-OF-CARD CHECK

A5, B0, RETA
8BS PO oMU

0

91

32

NUNMSP

ALTI
30,85,LAMDA
1

ZETA
80,85 ,MU
-1

ZETA

0 .
142
ALT1

SPECIES LIST OVERFLOW -

222



223

BINARY CONTRCL CAPDS.
IOENT MOD2

END
aLCCKS TYPE - ACDRESS LENGTH
FROGRAME LOCAL 9 15
LITERALS®T LOCAL 165 : 2
ccMmi COMAON v o 1130
COM3 COMMON ¢ ' 26

ENTRY POINTS,
MCD2 - 1  ALTY? - 12



IDENT
*
SPETAB1
INTAB
AVAIL
NUMSP
NUMIN
TOF
SPETAE2

S INHOLC
*

NAME

NAMA

#CD2

MQOD2

ENTRY

USE
8SS
ass
BSS
8ss
85€S
ess
USE
USF
8sSsS
(P1:13
85sZ

MACRO
ax3

Be XREGZ2
AX23
[eXREG2
Be XREG2
ENCM

MACRQO
SA1t
ZR
Bx3
AX3
ZR
SX3
BX4&
S*»REGE
JP
ENDM

8ssZ

MOC2,AL T2

/CCM1/
96

acCl
10¢

HASH,NAME , XREG 1 y XREG 2
XREG]

XE¥x3

12

X3+XREG2

XREGZ2#XxS

SEARCE,NAMA ;REGX,REGB ,P1,+2
RECE+SPETAR]

X1,F1

X 1-REGX

3e

X3,P2

RECE+S

X3#X5

X4

NANA

224



SA1 Moc?2

BX6 xt
SA6 ALT2
$SET AVAILABLE SPACE STACK INITIALLY TC ZERO
586 100
" §X6 o )
ONE SB6 B86-1
: SA6 AG+AVAIL
GY A6 B0 ,0NE
SA6 NUMIN
SAl NUNMSP
BX6 X1 ,
SA6 TOF
+ e 42
MT2 8SSZ . 1
SA1 U NUNIN
S8 2 X1 RETRIEVE NUMBER OF INTERACT{ONS
SB6 -1 INIVIALIZE
SB7 8¢ :
SX0 seg SSA DISPLAY CODE FOR ELANK
5X5 37¢ SEY 5-BIT, RIGHT-JUSTIFIED MASK IN X5
sae 0 SET FLAG DOWN
" #CHECK FCR ENC CARD .
: sAl a1
Sxa X1-538 538 DISPLAY CODE FOR §
NZ X4 ,Tw0
SXE€E 0
SAE 91
SAE R4S
P AL T2 : -
WO $86 . 8641 [=1¢1
€EQ B6,R7,ERRORA TEST FOR END QF CARD
SAlL B81486€ _ LOAD CHARAC(I)
SXxa X1-558 S58 DISPLAY CODE FOR BLANK
2R X4 ,Tu0
SXa x1-338
NG X4  TRREE
ERRORA SX6E 0 ; SYNTAX ERRCR DEVECTED
- SA® A S '
SA6 A1+])
- P . ALT2
THREE Bx2 X1
SBS BE+2
S84 3
LP1 S8 6 BE+1 I=1¢1 ,
EQ A€,87,ERRORA
SA1L Al +86 LOAD CHARAC(I)
SXa x1-473 478 DISPLAY CODE FCR ¢
IR Xa,FOUR -
sxa x1-608 60B CISPLAY COCE FOR I
IR X4 ,F [ VE : .
Sxa X1~-558. SSR DISPLAY CODE FOR BLANK
ZR X4 ¢LF1 j

GZ¢



SX4 : X1-458 IS CHARAC({I) A LETTYER OF A NUMBER

PL X4 ,ERRORA
sBa g84-1 : o
$SPECIES NA:S CAN H:VE A MAXIMUM CF CNLY 3 CHARACTERS
L _
BX2 "X24X1
ST - LPL
FOUR Sx 1 B8S-2
NZ ~ X1,ERRQRA
SBS 1
LP2 sBa - Ba-1
' €0 B84 ,80,SIX
LX2 6
B8x2 X24x0
JP . LPz
$LP2 FILLS OUT THE SPECIES NAME WITH BLANKS
FIVE Sx1 B85-1
IR X 1 yERRURA
. T LP2
sIX HA SH X2 X4
sea xa
Lx2 42
#HASH SEARCH .
SEVEN . SEARCH  X2,P4,ERRORE,EIGNHT
EIGHT sx3 - B85-2
PL X 2,NINE
BX7 - Xt
T Two
NINE - sB3 - 1C0 ' :
: Eg ' e§.$g.ennon INTERACTION LIST OVERFLOW
' : x3,TEN
#CCNSTAUCTION OF EINARY INTERACTION LABEL OF FORM (XXX)(XXX)
x2 1€
8x3 o X7ex2 : MASK INTO X3 IST SPECIES NAME
X2 54 '
8xa X1#x2 MASK INTO X4 2ND SPECIES NAME
. Lxa 24 ' . :
- 8X6 Xa+4X3 ' .
SA3 =2-Z€7777772526777777258 ( ) )
8x6 X6 4X3 FLACE PARENTHESES AROUNC LABEL
s813 - BZ+101
SA6 B34 INTAB STURE LABEL INTO INTAB
*CONSTRUCTION OF BINARY INTERACTICON CCDE wORD
Lx2 36
8x3 X74x2
Bxa X14Xx2
AX 4 18
AXE T X24xa CCOE WCRD FORMED IN X6
SA 3 Bzl :
SAG BI4INTAR STORE CODE WORC .INTO INTAH
JP ELEVEN :

#CCNSTRUCTION OF UNARY INTERACTION LABEL OF FORM (XXX)
_YEN MX 2 18

92¢



B8Xx3

LXx3

SAS
BX6&

583

SA6
SCONSTRUCTION
LXx2
Bx3
Sxa
8Xx6
SB3
SA6
ELEVEN . 586
EQ
TWELVE SAl
SX7
ZR
SX7
ZR
SX7
IR
SX7
. NZ
SX€
SA6
SBS
. JP
THYEEN SX6
SA6
sBsS
FORTEEN sB86
EQ
SA1L
SX7
ZR
. SX7
ZR
SX7
ZR
SX7
R
PL
GT:
SX7
PL
SBS
SR 4
8x2
JP
*FORMATION OF
FIFTEEN 584
EQ

X1$X2
&

€4
==2€7777772522222222228 { )
FLACE PARENTHESES AROUNC LABEL

STORE LABEL INTO INTASB

X3¢+xe
R2+4101
B341INTAB

OF UNARY INTERACTION

36

X18x2
7777158
X3+X4
R2+1
A34INTAB
B6+1
B6,B7,0UT
B1¢R6
X1-55An

X7 ,ELEVEN
X1-578
X7,0UT
X1-4€ER
X7, THYEEN
X1-458

X7 JERRORA

0
S INFOLD

0

FORYEEN

10C0E

STNHOLD

5 .

AR6¢1
BE,B7,SIXTEEN
B1+E6

X1-SSR

X7 FORTEEN

-
m
0
2.
o)
p o]
>

5¢90,F IFTEEN
1-338
7 «FRRORA

(== 3 X DX X x X X

X1
FORYEEN

SPECIES NAME

R4-1
B4 ,R0,ERRORA

CCDE wOROD

3

CCDE WORD FORMEC INTO [NTAB8

[=1¢1

TEST FOR END OF CARD

LOAD CHARAC(I)
558 DISPLAY COOE

DISPLAY CODE FOR
4€B DISPLAY CODE

458 DISPLAY CODE

I=1+1

FOR EBLANK
.

FOR -

#OR +

TEST FOR END OF CARD

LOAD CHARAC(I)
558 DISPLAY COCE

S7R DISPLAY COOE
468 DISPLAY CODE
4%A DISPLAY CODE

IS THE CHARACTER

FOR BLANK
FOR o

‘FOR =

FOR +

A LETTER
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SIXTEEN

SEVTEEN

EITTEEN
NINTEEN

. TWENTY

LXx2 6
8x2 Xzexi
JP . FOFYEEN
ZR BSERRORA
SsSB4 Ba-1
EQ BA.EO,SEV?EEN
LX2 € :
B8x2 X24+x0 FILL SPECIES wW]ITH BLANKS
JP SIXTEEN T - -
HASH X24 X4 : .
s84 xa : :
Lx2 42 ) . .
SEARCH X29B4,ERRORE,NINTEEN i :
SX2 1778 . FCRM 7-BIT , RIGHT-JUST IFLED MASK IN X2 :
8x3 X1#¥x2 : MA SK LDCAthN POINTER lth X3
SA4 X34AVAIL
Lx2 11 .
Bx7 Xi8x2 MASK POSITION POINTYER INTC X7
AX7 15 : : :
SX7? X7+1
s8S X7
SA2 SINKHOLOD
B8Xx4 Xqaa4x2
Sx2 A3 _ ‘
B8xa X4+x2 PACK SIGN AND PCINTYER [NVC BEAD FIlELD
LXxa 10 . .
sSBS 35-9
EQ BE,A0, TWENTY
Lx? 15 - . :
BXE€ X7+x3 PACK PCATERS INTC ONME wCRD
T Mx2 42 : : ‘
Bx2 X2#¢x1
BX6 XE+X2 REPACK SPETAB1 WwWORD
SA6 B4 +SPETABIL
BXE L
SA6 X3sAVAIL
LT 86,687, TWELVE
JpP OUY
tPLACE MODIF TED LISY EEAC EACK INTO AVAIL
SA2 TCF
ax? X2
sBS X7-99
‘GT 8€,B0,ERRORD ERRCR IF AVAIL OVERFLCWS
BX 6 CXT7eXy
SAE X3+4AVAIL
MX2 42
.B8x6 X1ex2
‘BXE XEexX7
SA6 B4 4SPETABL
sSxX7 X741 INCRENMFAT TOP
SA7 T0e :
JP TWELVE
LT 86,874, TWELVE
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i

U

g

- auY - X6 R2+41

SA6 NUMIN

JP

ERRORE SX€
SA6

SAE
JP .
ERRORC SX6
‘ SA€
SA6

JP

ERRORD SX6
SAE

SAE€

JP
END
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BLCCKS

PRCGRAMS

CODE
coMli
coM3
comz

BINARY

10ENTY
ENC

TYYPE

LOCAL

COMMON
COMMON
COMMCN

COMMON

ENTRY POINTS.

MOD3

SYORE.
MOCEL

LOADX

*

SPETABIL
INTAB
AVAIL
ANUMSP
NUMIN
TapP

JOENTY

"ENTRY

USE
B8SsZ
8s5s2

MACRO
SA4
BX6
ouP
LX6
SA6
s83
ENDM

USE
8SsS
B8SS
BSS
BSS
B8SS
8Ss
USE

CCNTROL CAROS.
MOoC?2

ACCRESS

-Y-Y-Y-T-)

13 ALY -

MOC3
MOC3,ALT3
/CCDE/
01
1943

*
INSTR ) XREG o N
INSTR
XREG*X4
Ny 1

30
B3I+MODEL
B3+1

/7CCML/

LENGTH

- 117
4304
1130
24

2

S

INCREMENTY LOCATION COUNTER

0€e



- SPETAB2

LCCATE
NTERMS

TYPE L

TYPE2A
YYPE28B
TYPE2C
TYPE 20D
*

TYPE3B
TYPE 3C
*

IYPE S
TYPES
TYPE6
TYPE?

*
~“CD3

LRl

.USE

8ss
USE
USE
8582
8ssSz
USE
vFD

VFD
VFD
VFD
VvFO

VFD
VFD

VvVFD
VFC
vFO
vFD

85SZ
SA1l
8XE€
SRA3
SA6
s83
MX 0

LX0

S5Al
sS87
sBeé
SA1l
nx2
AX}
Sx3
SX7
Ix7
IR

/7CCM23/
20 -

*
/CCM2/
1

1

* .
12761408,18/STORE (30/46C0C460008

30/72415146000R0,33/5111000C0008
30/ 2425246CC08,30/5122CC0€008
30/7243£3406128, 3075132000003
30/46000406638,30/51640000008

30/24252406120, 30/5122CC0CC0D
3Cr746CCCa60C0R,30/51€64CCOCCOR

33/771600C2000P,30/2066C46CC08
30/720€€1246568,30/5114CC0CCOB
30/74600C€4697008, 30/5163C00CCOB
12,€2C08,18/M0DEL,3C/7 0P

1
TYFEIL ”
X1

1
33+4MCOEL
2

18
18
NUNMIN
X1 BT +OLDS NUMRER OF INTFRACTYIONS

1
B6+INTAE
X1%XC

1€

R6-1
777758
X2-xX7

X7 4ABE

B3 IS A LOCATICN CCLATER

*LOAC CODE FCR COMPUTING: RATE CONSTANT#BINAKY JANTERACTICAN FACTOR

L
».CAC COCE F(R cCQwp
LOADX
LOADX
LOACX

ABE

LOACX
LOADX
LtoACx
LCADX

SHE

LE

TYFE2A,X3,1

TYFE2R ¢gX1 41

TYPE2C X2, 1

TYFE2L 4X3,0

36+1

Be,E7,LP1}

ABES :
UTING RATE CONSTANT®ULNARY INTERACTICN FACTCR
TYFE2A,X3,1

TYFE2N 4 X1,1

TYFE2C4X3,0

T€Z



ABES

ALT3

ABLE -
Lp2

BAKER
CrARLIE

roc

sBo6

SX6
SAé
SA1l
8X6
SAG
JP

BSSZ
SA 1
SR3
SA2.
SX0
SXS
587
SA6
SAl
BX6
SA6
583
SAL
AX6
SA6
SA1
S8 s
Lx1
8x2
2R
£Q
sxa
axo
NZ
SXé
SAE
P
SX&
SAH
Y
BxX6
SA6
sBe
sna
SA3
BXx €&
SA6
SH €
Sx2
NZ
LOsDX
JP
SA4
exa

R3+MOCEL
83+1
XO+SPETAR2
X1

371
XO+AVAIL

5

50

X1%x5
X24FOX
R6,87, ERRORF
10CcH
X1$Xx4
XCyBAKER
4cp -
B1+4E6
CHARLIE
46E

B14R6

86+

X2

R1+E6

RE+]
xX2+100
BA+INTAB
X3

R14B6"
BE+1

Xz2-1

X0 ,006 :
YTYFES ¢ X241
EARNESTY
YYFES
XZ4+X4

SET 9-BIV, RIGHT~JUSTIFJED MASK [N XS

IDENTIFY DIFFERENTIAL EQUATICN IN OUTPUTY

MASK USED TO DETECT PREDENCE OF -SIGN
450 DISPLAY CODE FCR ¢

4€EB DISPLAY CODE FCR -~

IDENTIFY RATE CONSTANT IN GUTPUT

SET UP INTERACTION LABEL FOR QUTPUT

£
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S d

)

] axé
$LOAC CODE FOR COMP
LX6

EARNEST

FOX

ERRORF

LX&

SA6
s83
S8S
GV
LX1
a8xo
JP
SX6
SA6

- SA2

SX 2
LOADX
SX 6
SA 6
SALl
sXx2
IX3
NZ
SA 1l
8xé6
SA6
SX&
SA6
JP
SX6
SA6
JP
ENO

15
X0+¢ x4

Y;ING VALUE CF lIﬂIDlFFERENTlAL EQUATICA

AIA+MODEL
A3+l

B8S5-1
B3E,80,LP2
50

X1%Xx5
ABLE

x2-1
TYPEG X2, 1
83
LOCATE
NUMSP
X241
X1-X%2
X3,ALT3
TYFE?

X1
B3¢NCCEL
356
LCCATE
ALT2
1001
LCCATE
ALT3

INCREMENY LOCATION COUNTER

PLACE END JUMP INSTRUCTION IN MODEL ARRAY

DIFFERENTIAL EQUATICN TCO LCANG

EET
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BINARY CONTROL CARDS .

{DENT MOOELA
END
BLLCCKS TYFE ACCRESS
FROGFAME® (OCAL ' 0
CODE COMMON ()

ENTRY PQOINTS,.

MODEL A - 0
IDENT MOCELA
ENTRY MOCELA
: USE /CCOE/
STORE BSSZ 101
MCOEL 8ssz 942
USE %
MODEL A BSSZ 1
RJ MCCE
JP MCOEL A
ENC

LENGTH

3
2024

hee
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