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THE 3-TO-3 AMPLITUDE AND THE TRIPLE-REGGE VERTEX 

Michael N. Misheloff 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

March 13, 1969 

ABSTRACT 

We develop a.Reggeizedmodel for the 3-to-3 amplitude using 

group theoretical variables. The triple-Regge vertex is defined by the 

asymptotic form of the amplitude. We show that the Veneziano model has 

the asymptotic form predicted by our model . 
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I. INTRODUCTION 

Since practical scattering experiments generally have only two 

particles in the initial state, theoretical physicists have ;focused 

most of their attention on such reactions. From a broad theoretical 

point of view, on the other hand, there is no reason to exclude processes 

with more than two particles in the initial state. Indeed, both crossing 

and unitarity imply that an understanding of processes with two particles 

in the initial state is intimately related to more general processes. 

The use'fulness of Regge-pole expansions for the description of 

the asymptotic behavior of the 2-to-n amplitude is well knoWn. Expres-

sions for the amplitude in terms of group theoretical variables have 

been particularly convenient for the formulation of the Regge-pole 

hypothesis. Such variables were first introduced by Tollerl for the 

2-to-2 amplitude, and were extended to the general 2-to-n amplitude by 

Bali, Chew, and Pignotti. 2 The resulting expression for the 2-to~n 

amplitude can be schematically represented by a tree diagram. The 

diagram has n + 2 external lines, n - I internal lines, 2 vertices 

wi th two external lines and one internal line, and n - 2 vertices 

with one external line and two internal lines. In the asymptotic region, 

each internal line corresponds to the exchange of a Regge poie, and a 

vertex function is associated with each vertex in the diagram. 

For the general m-to-n amplitude, more complicated tree diagrams 

can be drawn, diagrams containing vertices with three internal lines 

becoming possible. Recently, Toller3 has suggested a,particular set of 

variables for an arbitrary tree diagram, his objective being an allrplitude 

free of kinematic singularities and constraints. 
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, 
In this paper, we extend the Regge~pole hypothesis to the 

tree diagram with one t,hree-internal-line..,vertex for the 3-to-3 ampli-

tude. This is the simplest tree diagram containing a vertex with, three 

internal lines. In Section II we define a set of variables'for the 

3-to-3 amplitude which are more similar to those used by Bali, Chew, 

and Pignotti 2 than to the, new ,Toller variables. 3 We believe that the 

Regge analysis is more transparent in our variables. In Section III 

we relate our variables to the invariants, and in Section IV we define 

an asymptotic region of the variables and extend the Regge-pole hypoth-

esis to the description of the amplitude in this region. The triple-

Regge vertex is defined by the asymptotic behavior. In, Section V we 

study the 3-to-3 amplitude in the narrow resonance (Veneziarlb) approxi-

mation and find that it Reggeizes in the exPected manner. 

.. 
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II. DEFINIT,ION OF VARIABLES FOit THE 3-TO-j AMPLITUDE 
1 

Let us consider the process A + 'B. + C A + B + C i J. i ~ f f:, f' 

For this process there are two possible tree diagrams, which are shown 

in Figs. 1 and 2. 

The analysis as'~ociated with Fig. 1 is very similar to the 

usual multi-Regge analysis for the 2-to-4 amplitude and is not expected 

to yield any essentially new information, whereas the analysis' of 

Fig. 2 is more complicated andcootaiJ?-s' the concept ofa.tripJle-

,. Regge vertex. Therefore, in the following we confine our attention to 

the tree diagram of Fig. 2. 

For simplicity we assume that all the particles are spinless 

and that they all have the same mass, m. We adopt. the convention that. 

incoming particles have positive energies whereas outgoing particles 

have negative energies. 

We define ~ by 

, (x = A,B,C) (2.1) 

Energy-momentum conservation can be written as 

(2.2) 

Since Q~ is aspacelike vector, there is a Lorentz frame in 

which Q~ points in the positive z·direction. To specify this frame 

further, we require the thiee,-vector p. to ,pqint' in the zdirection. 
rvJ.A 

,Let this frame be called "frame a 
p " Four-vectors in this frame 



. 
. have a superscript 

a 
p P, and 

fA 

a . 
p. 

[~ (m
2 
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·a 
Equation (2.1) completely determines p.p , 

J.
A 

[0, 0, 0, 

We define frames b 
p and cp in an analogous manner. Thus, 

and 

b 
p. P = 

J.B 

b 
P P 

f 
B 

b . P 
Q'B 

c 
. P 

l'f . 
C 

= 

= 

, 

[ 
2 - (m -

[0,0,0, He)'!] 
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Since Q.A is spacelike, there is a frame in which Q.A and 

are of the form 

[u, v, 0, w] 
, 

. '.:. 

where 2 22 
u - v = tB + w Using (2.2), we 

can write 

where 

2 2 
u - v 

',; 

A.(x, y, z) 
. 2 2 2 = x + y + z - 2xy - 2xz - 2yz 

Since t A < 0, A.(~A' t B, t c) and 2 '2 have the u' - v same 

If- 2 v
2 > 0, there is frame, designated by u - a 

(2.4) 

'sign. 

a r' in 

which Q'A points in the pos i ti ve z-direction and only the z and t 

components of Q'B are.nonzero., 2 2 If u - v < 0, there is a frame, 

designated by a~, in which Q'A points in the positive zdirection, 

only the x and z components of Q'B are nonzero, and the x 

.' component of Q'B is greater than zero. 

':L'herefore, we have two cases to consider. The two cases.are 

distingUished by the sign of A.(tA, t B, t C). We note that a different 

choice of variables, e.g., the newvariabies of TOller,3 would.allow 

us·to unify the two cases. However, a. judicious parameterization of 

Toller's variables is a·nontrivial prob~em. 
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a a 
We have completely determined QA r, and Q'B r is determined 

by (2.2) up to the sign of the t component. We have 

a 
~r 

a 
Q r 

C 

= ~(-tA)~ [± A~(tA' t B, tel, 0, 0, tA + tB - t e] 

~(-tA)-i [~J(tA' t B, tel, 0, 0, tA +te - tB] . 

By application of a z boost of magnitude q b' where a . 

to the frame a we arrive at a frame, called b , in which 
r' r 

Similarly, by an application of a z boost of magnitude qbc' where 

to the frame b, we arrive at a frame which we call frame c. In r r 

this frame 

(2.6a) 

(2.6b) 



o 

. ~. 

C 1 1 

Q'A 
r ~(-tC) -2 [± A,2( t A, t

B
, = 

c 1 [ ..1 

Q'B 
r 

~( -tC) 2 +,.} (t A' t B, = 

c. 
[ 0, 

1 

Q,c 
r 0, 0, (-tC)2) = 

A z· boost of magnitude q. where 
ca' 

sinh q ca 

t C)' OJ 0, tk + 

t c )' 0, 0, tB + 

applied to frame cr takes us back to frame ar . 

UCRL-18809 

tc - t B] 

tc - tAJ 

(2.6c) 

Frame Xr is related to frame X by a Lorentz transformation 
X X p 

which preserves Q P Q r . . X = X ,1.e., an element of the three-

dimensional Lorentz group. We may parameterize gx by a rotation 

through an angle !-lX around the z axis; a boost of magnitude ~x in 

the x direction, and a final rotation around the zaxis through an 

angle v
x

. Therefore, we have 

(X = a,b,c) 

The set (tA, vA' ~a' !-la' t B, vB' ~b' hlo' t c ' vc ' ~c'!-lc) is 

our set of Toller variables for the case in which A,(tA; tB,tC) > 0. 

Of c'ourse, the amplitude can depend upon only eight independent variables. 

We show below how to eliminate four of the above variables;· but it will 

be convenient in Section IV to express the amplitude as a fUnction ·of 

all twelve variables. 
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Frame ap has· been specified only up to an arbitrary rotation 

about. the z axis. A redefinition of frame a by an arbitrary artgle 
p 

¢ is equivalent to replacing by· ~a ~a+ ¢. Therefor~ the iurrplitude 

must be left invariant by the transformation ~a ~~a + ¢, i.e., it 

is independent of ~a (a kinemati·cal dependence on ~a would appear 

if particle A. or particle Af had spin). Similarly, the amplitude 
. 1 

can not depend upon ~ or ~C. 

Frame a r is also specified only up to an arbitrary z 

rotation, and redefinition of this frame by an arbitrary angle ¢ 

is equivalent to the following change of variables: va ~ va + ¢, 

vb ~ vb +¢, and v c ~ v c + ¢. This implies that the. amplitude can 

depend upon and only in the combinations 

and W ca' whe,re 

etc . (2.8) 

. Clearly,· W b + w.. + W = 0. Therefore, the amplitude depends upon a .occa 

only eight independent variabies. 

a' 
Q r 

C 

Q'B 

Qc 

a' r 

a' r 

Equation (2.2) completely determines 

We have 

1 1 

- 1 ( )--2" -t
A 

2 {o, [ -A.( t
A

, t
B

, t
C

) J2, 

1 1 

= 1 ( ) ---"2 -tA 2 [0, -[-A.( t
A

, t
B

, t~)J2, 

0, tA 

0, tA 

a' 
r 

Q'B ' 

+ tB - t C) 

+ tc - t J B 

and 

(2.9a) 

)0 i 

I 



... 
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A rotation abdut the y-axis through an angle eab' where 

::: 

carries us from frame a' r to frame 

through an angle ebc' where 

b' . 
r 

, (2.10a) 

A rotation about the y axis 

, (2 . lOb ) 

carries us from frame b' to frame c'. A-rotation about the y axis 
r r 

through an angle e ,where ca 

sin e ca 

carries us 

In 

b' 

from 

frame 

frame c' r back 

b' r 

1 

to 

Q'A 
r 1 ( )-- (0, -[-,,-(tA, = 2 -tB 2 

b' 1 

QB 
r [0, 0, 0, (-t )2] ::: B 

b' 1 

Q,c 
r I ( ) --,; (0, [ -,,-(-tA' t .- -', .-t <. '. B 

(2.10c) 

frame a' . 'r 

1 

t B, t
e

) f2, 0, tA + tB - t
e

} 

1 

te)F', 0, tB ,+ tc t A) -B' 
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c ' 
QA 

r 

c ' 
~r 

In frame c f 

r 

1 

= 1 ( ) ---2" -tc 2 

1. 

= 1 )--2"( -tc 2 

(0, [-A(tA, 

(0, -[-A(tA, 

= 
1 

[0, 0, 0, (-tC)2"] 

1 

t
B

, tc)]~' 0, tA + tc - t } 
B 

1 

t B, t
c

)]2", ° t· + t t } -'B C A 

Frame X' is related to frame X by an element of the three-
r p 

dimensional Lorentz group, denoted by g " X· 

eX = a,b,c) (2.11) 

Th' t (t I 1'1 I t I I' I I t I I' ' '}' 
e se A' va' "'a' J.la ' B" vb' "'b' J.lb' 'c' v c' "'c' J.lc 1.S 

our set of variablesrfor A(tA, tB,·tC) < 0. As in Case I, the allplitude 

can not depend upon The removal of the fourth J.l I. 
C 

'dependent variable is more complicated, however. It arises from the 

fact that frame a ' is defined up to an arbitrary yboost. A 
r 

redefinition of frame a ' by a boost of magnitude ~ amounts to the r 

following transformation of variables: 

cosh ~* ~ cosh ~i = cosh ~* cosh T) + sinh ~i sinh 1) sin Vx 

cos v' ~ cos " X Vx sinh ~X cos vi/sinh ~i 

sin v' .~ sin II· 

X Vx (cosh ~x sinh TJ + sinh ~~ cosh TJ sin vi)/sinh ~i 

(X = a,b,c) (2.12) 

.' 
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Therefore, the amplitude must be left invariant by the transforma.tion 

(2.12) . 

The inelegance. of (2.12) arises from our parameterizat"iori. of 

g)C' A different parameterization can lead to a simpler expression of 

the covariance condition. For example, the parameterization 

g' = 
X 

(X a,b,c) , (2.13) 

replaces (2.12) by the statement that the amplitude depends upon TJa , 

~ and TJ only in the combinations 
'0' c 

where 

o .. 
1J 

= (2.14) 

However, the parameterization (2.11) is mote suitable for the ana.lysis 

of Section IV than (2.13). 
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III. EXPRESSION OF THE INVARIANTS IN"TERMS OF OUR VARIABLES 

In frame a, 
P 

a 1 a P - r ~ is given by"~ ~ L(ga ) ~ . Using 
2 (p. + Q_). The result 

lA ~B 
(2. 3a), (2. 5a), and (2.7), we can calculate 

is 

2 
We can express (Pi + QC) and 

B 

2 (p. + Q'A) by cyclic permutations 
lC 

of (A,B,C) in Eq. (3.1). 

In frame a, p. is given by 
p lB 

b 
= L(ga-l qab -1 gb) Pi p. Using (2.3a), (2·3b ), 

B 2 
we can calculate (p. + p. ). The result is 

lA lB 

(2.6a), and 

- 2 
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2 
(m2 t 

We can express (p. + Pf ) by changing the sign of B) in 
J.A B ~. 

(3.2); (Pf )2, (m
2 tAl 

+ p. by changing the sign of 4)2; and 
A J.

B 
2 . l 

by changing the signs of both' {m - tA/4)2 and 

Expressions for the other two-particle invariants can 

be obtained by cyclic permutations of (A, B, C). All the other 

invariants can easily be expressed in terms of the two-particle 

invariants. 

We note that the invariants depenq. upon va' vb' and 

only in the combinations 

depends upon ~a' ~, or ~c' 

Case II: f...(t
A

, t B, t C) < 0 

~c' and and that no inv$,riant 

The calculation of the invariants is similar to Case I. The 

results are 

'and 

2 
(p. + Q'B) 

J.A 

, 
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- sinh S' sinh Sb' [cos v' cos a . a 

+ sin v' sin vb')]] 
,a 

other invariants can be expressed by appropriate sign changes ~nd 

permutations of (A, B, C) in (2.3) and (3.4). 

We note that the invariants do not depend upon , 
!-La' 

!-L' and that they are left unchanged by the transformation (2.12). c 

or 



.,. , 
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IV. ASYMPTOTIC BEHAVIOR OF THE AMPLITUDE AND 

DEFINITION OF THE TRIPLE REGGE VERTEX 

Case r:,,(tA, t E, t C) > 0 

Let the amplitude be written as f(tA, ga' t B, gb' t c' gc)' 

We can expand its dependence on ga in terms of its projection onto 

the unitary irreducible representations of the three-dimensional 

Lorentz group. We write this projection as 

where -inll e 

J -imv . a 
d.g e a 

, 

is a unitary irreducible 

-inll a e 

(4.1) 

representation 

of the three-dimensional Lorentz group. The inverse formula for the 

amplitude is given by 

00 

=L 
m,n=-oo. 

where 

::: 
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The functions 
£ can easily be related to 

If we assume that f £ is meromorphic in the £ plane, the 
ron 

leading term in the asymptotic expansion of f is controlled by the 
ron 

and the residue of the leading pole in 
, £ 

f . 
ron 

assume that the residues are factorizable, we have 

a(t
A

) 
fmn (tA, Sa' ·tB, gb' t c' gc) ~ Pn (tA) [cosh Sa J 

S -+ 00 a 

The expression for the full amplitude is 

a(tA) 
f(tA, ga' t B, gb' t c' gc) ~ ¢(tA, Ila ) [cosh ~aJ 

S -+ 00 a 

with 

00 

I , 
n=-oo 

and 

= 

If we 

(4.4a) 

(4.4b) 

I 
;- I 



.. 
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'Since the amplitude can not depend upon Ila' we have Pn(tA) = p(tA)5no 

... and 

)( 

We repeat 

¢(tA, va' t
B

, gB' 

¢(tA' va' 

a(tA) 
~ p(tA) [cosh ~aJ 

~ ~ cO a 

t
B

, gb' t c ' g ) 
c 

the above analysis for the dependence of 

t c ' gc) on .~ and g . The final result c 

f(tA, ga' t B, gb' t c ' gc) ~ p(tA) p(tB) p(tc) 

~a ~b ~c -700 

(4.4c) 

is 

(4.6) 

The triple Regge vertex, ¢(tA' va' t B, vb' t c ' vc )' for; the 

case ",(tA' t
B

, t
c

) > 0 is defined by Eg. (4.6). Remembering the 

dependence of the amplitude on and we can write 

In terms of invariants, Eg. (4.6) is of the form 



-18- UCRL-18809 

X vetA' t B, t c' Kab , ~e' Kea) " (4.8) 

where 

2 
S (Pi, + Q'B) a 

A 

2 
(4.9) sb (p. + Q'C) 

lB , 

(p. 2 s + Q) e lC 'A 

sab -- (p. + Pf 
)2 

lA B 

s ' ' (p. + P
f 

)2 (4.10) be lB C , 

(p. 2 S == + P f 
) ea, lC A 

and 

s aSb It , 

Kab == 
sab -

01 
Sbse 

(4.11) ~c = --sbc 

s s e a K, 
ea s ca 
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The analysis of f(tA, g~, t B, g~, t c' g~) proceeds in the 

same way as in Case 1. The final result for the asymptoticbeha~ior 

of the amplitude is 

(4.12) 

Equation (4.12) defines the triple Regge vertex, 

¢, (tA, v~, t B, vb' t c' v~) for Case II. Equation (4.12) must be left 

invariant by transformation (2.12). Asymptotically, (2.12) becomes 

cosh Sx ~ cosh C' -x cosh sX(cosh 11 + sinh 11 sin v' ) x 

cos v' 
,vX -) cos " X cos Vx ::: 

co.sh + sinh sin v' (4.13) T} T} 
X 

sinh '~ + cosh T} sin v' 
sin Vx -) sin " 

X Vx cosh T} + shih T} sin v' 
X 

This implies that the triple-Regge vertex must satisfy the condition 



. i 
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== .1 

a(t
B

) a(t
C

) 
X (cosh 11 + sinh 11 sin v1) (cosh 11 + sinh T] sin V ~) 

(4.14) 

for arbitrary 11. 

The covariance condition (4.14) of the triple-Regge vertex 

assumes a simpler form when we express our results in terms of the 

parameterization (2.13). For this purpose vle need the relation between 

the two paranleterizations: 

cosh Sx == cosh YX cosh 11X 

(4.15) cos v' == sinh YX/sinh r' X "'X 

sin v' X == cosh YX sinh T]x/sinh Sx 

In the asymptotic region (4.15) becomes 

cosh S' X cosh Y
X 

cosh 1lx 

cqs v,. '" (cosh.1lx)-1 X 
• (4.16) 

sin v' X 
tanh 

1lx 
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The asymptotic behavior of the amplitude is given by 

where 

¢" (tA' t B, t ) C' 1)a' ~, 1)c 

, (4.18) 

In terms of invariants, Eq. (4.12) is also of the form (4.8) 

except at the isolated. points cos v' = 0, a cos vb = 0, or cos v' = 0. c 
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V. THE ASYMPTOTIC FORM OF THE AMPLITUDE 

IN TaB NARROW RESONANCE APPROXIMATION 

UCRL-18809 

An explicit expression for the six-line connected part in the 

4 narr9w resonance approximation has been given by Chan. In our 

notation, this expression is 

-l-a(s ) ~l-a(s) 
X (1 - u1 ) ab (1 - u

2
) b 

a(s b)~(tB)-a(s ) 
r1 (1 _ u ) ] a a X I' - u1 2 

where a(s) = 13.+ bs .. 

-l-a(t ) 
C u

3 

The asymptotic form of this expression is given by 

aCtA) a(t) a(t ) 
f (-s) . (-s) B (-s) C 1 sa l ,I Sb l ,Is C 1-7 00 rv abc 

K b'K.. ,K fixed a DC ca' 

, 

where 



'" 

-23'" . 

v2 

-l-a:(t ) . B 

UCRL-18809 

Cbmparing (5.2) with (!~.8), we see that the asymptotic behavior 

of the amplitude in the narrow resonance approximation is correctly 

predicted by the group theoretical arguments of the preceding sections. 
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V. CONCLUS!ON 

We have extended the Regge-pole hypothesis to the 3-to-3 

amplitude. From the point of view discussed here, our hypothesis is 

as plausible as previous Regge-pole hypotheses. The concept of a triple­

Regge vertex arises naturally in our considerations. We have seen that 

the narrow resonance approximation of the 3-to-3 amplitude Reggeizes 

in the predicted rnanne:r; lending credibility to our hypothesis. The 

considerations discussed here can evidently be extended to an arbitrary 

process. 

(1 
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. i ~: FIGuRE ,CAPTIONS 

Fig. ,'1. Tree' dia.:graIn ~i~h no three-internal-line vertex for the 3-to-3 

amplitude. 
", , .~" , 

Fig. 2. Tree diagramiwith one three-inte:dial-line vertex for the 3-to;"3 

, fMlIPli tude. 
. \' 

t·' 

'" 

" 

" 

;.;,.:, 



-28 ... . UCRL-18809 

p. 
Ie 

XBL 693 -2227 

Fig. 1 

" 



I 

-29- UCRL-18809 

<I 

I 

I 
I 

p. 
Ie P f . c 

XBL693-2228 

Fig. 2 



LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa­
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in­
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro­
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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