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The nonlinear optics of plasmas (NLOP) is a fundamental topic within plasma physics. A

sub-area of NLOP is laser-plasma interactions (LPI) that involve three-wave coupling. Three-

wave LPI processes are of interest for inertial fusion energy (IFE) and are a fundamental

nonlinear plasma physics research area. Stimulated Raman scattering (SRS) is one LPI of

interest where an incident pump laser decays into a scattered electromagnetic wave (EM)

and an electron plasma wave (EPW). There is much interest in SRS backscatter where the

direction of the scattered EM wave is opposite that of the pump. Much previous research

on SRS has involved the study of how plane waves propagate in plasmas. However, in IFE

the lasers are broken up into multiple finite-width and length speckles which are related to

Gaussian-limited laser pulses, which can be decomposed into Laguerre-Gaussian modes. A

Laguerre-Gaussian mode can have orbital angular momentum (OAM).

The interaction of finite-width Gaussian laser pulses with plasmas is investigated through

theory, fluid simulations, and fully kinetic particle-in-cell simulations. As a starting point,
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the reasoning for why a finite-width laser can have orbital angular momentum in vacuum is

carefully reviewed, including the conclusion that within a Laguerre-Gaussian mode defined

by a spot size w0 with an angular dependence eiℓφ each photon has an angular momentum

ℓℏ. This is referred to as the photon’s orbital angular momentum (OAM). The properties

of Laguerre-Gaussian modes are examined in terms of the laser’s power, peak intensity, and

spot size. The regimes of growth for one-dimensional SRS backscatter are also outlined and

reviewed. A regime of interest for IFE is the strongly damped regime where damping of the

EPW is sufficiently large that its spatio-temporal growth is altered.

Starting from the coupled envelope equations for SRS in a uniform plasma within the

paraxial ray approximation including a phenomenological damping term for the EPW, multi-

dimensional conservation laws for wave action, energy, axial and transverse momentum, and

angular momentum are derived. Sink terms for the otherwise conserved quantities from the

EPW damping are included. The expression for OAM in SRS is shown to be the sum over

the OAM expression for each of the three waves. The expression for the OAM of each of

the EM waves in plasma is identical to the known expressions for an EM wave in vacuum.

In normalized units the OAM of the EPW has the same form as that for the EM wave.

However, for the EPW the OAM is shown to be the result of the angular momentum of the

currents within the finite-width wave and not from the Poynting flux as is the case for the

EM waves.

It is shown that conservation of energy and momentum are equivalent to ω and k matching

of the three waves because ω and k are constant properties of the carrier and not the envelope.

A general wave is not a pure azimuthal harmonic so an effective or average ℓ is defined. The

average ℓ number is a property of the envelope and not the carrier of the wave. It is thus

argued that ℓ matching is not an absolute concept and is only true when the ℓ of each wave

is constant.

Simulations of SRS of a single Gaussian speckle are studied using the fluid code pF3D

which solves the three coupled envelope equations for SRS and the fully kinetic particle-in-
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cell code OSIRIS. Results from an ensemble of pF3D simulations are presented that explore

the effects of OAM, intensity, power, and spot size of the laser, as well as the temperature of

the plasma which controls the dimensionless parameter, kλD, which is a key determiner of

the collisionless damping of the plasma wave where k is the wavenumber of the plasma wave

and λD is the Debye length. The pF3D simulations show that for both SRS growing from

noise or well-defined seeds, OAM can be transferred from the pump to the decay EM and

EPW waves. It is found that the degree of SRS growth is mostly determined by the peak

intensity of the Laguerre-Gaussian mode indicating that for constant power and spot size,

SRS is reduced for pumps with larger ℓ numbers. Conservation of the effective ℓ number

arises for pumps with the highest intensities and the decay waves are not pure Laguerre-

Gaussian modes even when the effective ℓ number is near an integer. When SRS grows from

a well-defined seed and the reflectivity is low the EM mode often has no OAM.

Fully kinetic particle-in-cell (PIC) simulations of SRS from a single Gaussian speckle

reveal a different behavior. For pumps without OAM, SRS grows more rapidly with higher

peak and average reflectivity for otherwise similar parameters in the PIC simulations, and

it comes in narrower and more intense bursts. However, the trend that SRS reflectivity

is reduced for pumps with OAM and fixed laser power and spot size is also seen in PIC

simulations. OAM is seen to be transferred from the pump to the scattered light wave and

angular momentum is transferred to the particles. In cases where the pump has OAM, no

obvious additional kinetic effects of the EPW are observed.
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CHAPTER 1

Introduction

Fusion has long been promised as a clean, abundant, and sustainable source of energy for

humanity’s future. For over half a century, researchers have aimed to replicate the mecha-

nism of energy production in the Sun: thermonuclear fusion of hydrogen, other isotopes of

hydrogen, or other elements. With success of experiments at the National Ignition Facility

[BHin, Linin] culminating with the demonstration of ignition [Abu24], in recent years interest

in fusion has shifted from the realm of science fiction to one with well-defined roadmaps.

In the Sun, gravitational forces create the high densities and temperatures required for

hydrogen nuclei to overcome electrostatic repulsion, fuse into helium, and release energy. On

Earth such conditions can be met by either confining a moderate density plasma for long

periods of time (even steady state) via magnetic fields or a high plasma density for short

periods of time via inertia. A large device called ITER [SCM07] is being built in France

with the hope of demonstrating a burning plasma where more energy is produced than is

input into the device. Another approach for controlled fusion is to recreate the extreme

conditions at the core of the Sun on Earth through laser-driven inertial confinement fusion

(ICF), in which powerful lasers are used to either directly [CABin] or indirectly [Linin]

drive a rapid compression of a small fuel target containing deuterium and tritium, two

heavy isotopes of hydrogen. With respect to ICF, ignition refers to the threshold where the

fusion reaction produces more energy than the fuel absorbs, and, in December 2022, the

National Ignition Facility (NIF) reached this milestone for the first time [Abu24], marking

a significant breakthrough for ICF and fusion research in general. Extending the success of
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ICF experiments towards energy on the grid constitutes the subject of inertial fusion energy

(IFE).

In direct-drive ICF [CABin], multiple laser beams are spherically uniformly aimed directly

at a spherical capsule of D-T fuel. The temporal profile of the laser energy is designed so

that the pressure it provides leads to an energy-efficient compression of the fuel causing it to

ignite. In indirect-drive ICF [Linin], the capsule is positioned at the center of a hohlraum,

a cylindrical container coated with a high-Z material. Laser beams enter through holes on

either end of the hohlraum and are aimed as uniformly as possible at the inner walls. As

the interior walls heat, they in turn re-radiate the energy in the form of X-rays creating

a uniform blackbody spectrum within the hohlraum. This creates a spherically uniform

pressure bath of X-rays based on the Stefan-Boltzmann law. The radiation pressure causes

the outer layers of the capsule to ablate, driving a symmetric compression of the core, which

initiates fusion of the D-T fuel. As for direct drive, the temporal intensity profile is also

shaped to provide an efficient implosion. Compared to indirect drive where laser energy is

first converted into X-rays, direct-drive ICF can be more efficient. However, at present only

ignition from indirect drive has been demonstrated.

In indirect drive, as the walls are heated they can ablate and fill the hohlraum. As this

occurs, they can block the path of the incoming lasers thereby limiting the duration of the

laser and laser energy that can be used. This can limit the achievable energy gain. If the

hohlraum is filled with a low-density gas it can become ionized and heated to provide a back

pressure on the walls thereby preventing blowoff and permitting higher gain [Linin]. A gas

fill also helps to stabilize the plasma environment and ensure X-ray uniformity.

In the presence of the gas fill the incoming lasers must propagate through long distances of

tenuous plasma. Even at moderate plasma densities, the lasers are susceptible to laser-plasma

instabilities (LPI) [Kru88, Mic23] which can thus become a significant challenge in gas-filled

hohlraums. These instabilities reduce laser efficiency by deflecting and absorbing energy,

which can compromise the symmetry and performance of the implosion. In stimulated
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Brillouin scattering (SBS) [FKLinb, DKL74], a portion of the laser beam decays into a low-

frequency ion acoustic wave (IAW) in the plasma. Related to SBS is a process called cross-

beam energy transfer (CBET) [KWA96, MLG96, MDW09]. CBET leads to the exchange

of energy between laser beams that cross at small angles. This can be used to redistribute

energy between crossing laser beams to tune the distribution of X-rays [MDW09]. At higher

intensities it can also lead to an unpredictable redistribution of laser energy. Additionally,

stimulated Raman scattering (SRS) [FKLinb, DKL74] can generate an electron plasma wave

(EPW), which not only scatters the laser but may also preheat the fuel [EKL80, FKLina,

LLK79] by trapping and accelerating background plasma electrons. Mitigating these LPIs -

particularly SRS - is essential for improving laser-target coupling and optimizing performance

in gas-filled hohlraums.

Understanding and controlling SRS is therefore a central focus of efforts to optimize

future ICF experiments. Furthermore, the physical mechanisms behind SRS and related

instabilities are not limited to fusion applications alone. They are examples of a broader

class of wave interactions known as the nonlinear optics of plasmas (NLOP) [Kru88, Mic23].

This field has been investigated for over half a century, initially driven by applications in

both laser-driven ICF and ionospheric profile modification. At its core, NLOP encompasses

a set of parametric wave-wave interactions such as SRS, SBS, and the two-plasmon decay

instability (2ωp) [FKLinb, DKL74, LR76, SSW83]. In these interactions, a laser propagating

through plasma couples to new modes - scattering into an electromagnetic (EM) wave and

an EPW in the case of SRS, or into an EM wave and an IAW in the case of SBS. In the

2ωp process, the laser decays into two EPWs. In certain regimes, SRS and 2ωp can become

coupled where one of the decay waves is neither purely an EM or an EPW, forming what is

known as the high-frequency hybrid instability (HFHI)[AW95].

These interactions are governed by conservation laws [MR07, FKLinb, Kru88, Mic23,

BK95]: conservation of energy (frequency matching), conservation of momentum (wavevector

matching), and conservation of action (photon number). Because the wavevector is a vector
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quantity, the scattered waves can emerge at angles relative to the incoming beam, an effect

referred to as side scatter [LRW73].

Research on NLOP has steadily expanded over the decades. Early studies modeled ide-

alized plane waves in uniform plasmas, but later work incorporated more realistic features

such as density gradients [Ros72, LRW73], plasma flows, pump depletion [BSW98], dissipa-

tion, and kinetic effects [MO72a, WFM07, BBC13, VDB02]. However, these models often

still assumed plane-wave or monochromatic lasers, which differ markedly from the actual

conditions in ICF experiments.

In practice, ICF lasers are far from what is assumed in the basic theory. Instead, large

beams are broken into patterns of near-diffraction-limited beamlets, called speckles, through

the use of phase plates [SSK89]. In some designs, bandwidth is introduced to make the

speckle pattern evolve in time, with the lifetime of each speckle inversely proportional to

the bandwidth [LSB87]. As a result, the fundamental unit of an ICF laser beam is best

modeled as a single, localized Gaussian pulse (speckle). The plasma interaction dynamics of

such finite-width pulses have recently gained renewed attention, particularly in the context

of Raman and Brillouin amplification [VTA16a, ATH13], where a short seed pulse counter-

propagates against a longer pump. Despite their importance, single-speckle interactions

remain underexplored, especially in terms of the richer physics and additional conservation

laws they reveal within the framework of nonlinear optics.

Building on this foundation, recent work has begun to examine how beams with nontrivial

spatial phase profiles influence laser-plasma interactions. One especially promising avenue is

the use of lasers carrying orbital angular momentum (OAM) [ABS92, PCA04], which offer

both new physical insights and potential strategies for mitigating SRS.

It is well-understood that light carries spin angular momentum (SAM) when it is circu-

larly polarized [Poy09, Bet36]. In fact, the mechanical torque exerted by circularly polarized

light was measured as early as 1936 [Bet36], demonstrating that angular momentum can be

transferred from light to matter. More recently, it was shown that light can also carry orbital
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angular momentum when it has a spatially structured phase front [ABS92]. In contrast to

spin angular momentum (SAM), which is associated with polarization, OAM arises from the

helical structure of the wavefront itself, giving rise to a characteristic ring-shaped intensity

profile. For a laser with OAM, the direction of the polarization remains constant while the

phase varies across the spot. The interaction of OAM-carrying laser modes with plasma is

now an active area of research [cTT09, VTA16a, VTA16b, BNK19, BNK20, SVT18, HZN20,

TKD20], with implications for both fundamental physics and applications like instability

control in ICF.

Any finite-width laser can be described with various basis functions for the transverse

coordinates. A common choice is the Hermite- Gaussian (HG) [ABS92, PCA04] functions in

Cartesian coordinates (x, y). Another common choice is to use the Laguerre-Gaussian (LG)

[ABS92] expansion for the laser envelope in the variables (r, φ). The LG functions have an

angular index ℓ and radial index p which are both integers. The radial index quantifies the

number (p + 1) of intensity rings in r. The angular index appears in the phase factor eiℓφ.

LG modes (|ℓ| > 0) have helical wavefront surfaces and a phase singularity along the axis of

propagation.

In Ref. [ABS92], it was shown that the ℓ number of an LG wave describes the amount

of OAM. We call this the OAM number. As the LG solutions to the paraxial Helmholtz

equation constitute a complete eigenbasis, any light wave can be described as a composition

of pure OAM modes. Thus, in general, the OAM number of a light wave can be viewed as

a weighted sum over each LG mode, and is not necessarily an integer.

A variety of experiments have demonstrated the utility of light with OAM. LG beams

are able to manipulate single particles in the form of optical tweezers [OMA02] and to

trap multiple particles in an LG trap array [PMF04], which has widespread applications for

biophysics and biotechnology. OAM light has been used for resilient information encoding

[GCP04], and for quantum optics, with implications for quantum cryptography [MVW01].

In general, generating LG light can be achieved starting from non-OAM light. A specific
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LG mode can be generated by propagating a lowest order LG mode through a spiral phase

plate [BVS90]. Furthermore, LG modes have been generated from HG laser modes through

the use of two cylindrical lenses [BAv93]. A plasma can also be used to generate or amplify

OAM modes. Because it has been shown that angular momentum is conserved between SAM

and OAM in a plasma [HZN20], LG light can be generated from circularly polarized light

[Wan19].

While experiments with OAM lasers can still be challenging, LPI involving OAM can

be studied in simulations. Simulations have shown that OAM light can produce plasma

waves with helical shapes [MAT09], and that LG light waves in a plasma can induce large

static axial magnetic fields [SVT18, LF21]. Additionally, high-intensity OAM light can

be generated through Raman amplification [VTA16a] and Brillouin amplification [ATH13].

High OAM harmonic generation can be tuned according to an OAM selection rule [VTA16b].

High-intensity OAM pulses may also be achieved through reflection of an OAM pulse off of

an overdense plasma whose surface was modified by an intense non-OAM pulse [Wan19]. In

all of this work, pure LG modes were considered for both the incident and any nonlinearly-

generated light.

In this research, we examine SRS backscatter of single-speckle pulses with and without

OAM both as a basic science problem and due to its relevance to ICF. The issue of SRS in

ICF was addressed by lowering the density of the fill gas in the hohlraum, but this solution

leads to a lower fusion gain for a fixed laser energy.

As noted above, Vieira et al. [VTA16a] examined SRS in the context of Raman amplifica-

tion. This work was limited to non-kinetic and strongly coupled regimes where wave-particle

interactions are not important. In addition, as a seed (down-shifted in frequency from the

pump by the EPW frequency) and pump pulses with integer OAM numbers were used, they

were able to argue that, in addition to frequency and wavenumber matching, an ℓ matching

condition (OAM conservation) must also exist. The plasma wave is created by the pondero-

motive force from the beating of the pump and seed, so it can also be created with helical
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fronts. As a result, it is possible to create plasma waves with OAM. This is in contrast to

SRS of lasers with SAM, where the incoming laser is circularly polarized. In the case of

SAM, the resulting plasma wave cannot have angular momentum due to the form of the

ponderomotive force [cTT09].

Wave-particle interactions within the EPW complicate the growth of SRS. It is well-

known that linear (small amplitude) plasma waves can damp without collisions through

Landau damping [Lan46]. This damping depends on the slope of the distribution function

at the phase velocity of the EPW. For typical parameters on the NIF, SRS operates in

the strongly damped regime where kλD ≳ 0.3, and the growth rate predicted by linear

theory is smaller than the Landau damping rate. However, nonlinear effects associated with

trapped particles (those moving near the phase velocity of the wave) can lead to waves

evolving towards undamped or BGK waves that also have small nonlinear frequency shifts

and no damping [MO72a, ON65]. This occurs within several bounce periods for trapped

particles. Plasma wave experiments have, in fact, found greater backscatter growth than

expected based on linear theory in the kinetic regime [FCM00]. If the plasma wave grows

to a sufficiently large amplitude where the bounce time is smaller than the Landau damping

time, then the wave will become undamped and SRS transitions from the strongly damped

to the weakly damped regime. This transition was identified in kinetic simulations and is

referred to as inflation [VDB02, ESW12].

More recently, collisionless damping of waves with OAM is being explored [Men12,

BNK19]. Simulations show that a similar damping mechanism exists for plasma waves

with OAM and that the particle distribution function is modified in the presence of the wave

[BNK20]. However, it is still not clear how the process of inflation is modified when the

plasma wave has OAM. Electron trapping and its role in EPW damping in a helical plasma

wave is not yet well understood. If such a wave were to reduce particle trapping compared

to a plasma wave without OAM, the SRS growth rate should be modified and the transition

to inflation delayed.

7



Simulating SRS in nonlinear kinetic regimes is very challenging. Modeling only a sin-

gle speckle in three dimensions using particle-in-cell simulations [BL18] is state-of-the-art

[YAR09] and it is thus not possible to carry out large parameter scans. Therefore, when

modeling a full multi-speckle NIF beam, software that simulates SRS based on the envelopes

of each wave using a reduced fluid description is used. Developing phenomenological descrip-

tions of nonlinear kinetic effects of the plasma waves is ongoing. While the goal is to include

accurate nonlinear kinetic damping models into fluid descriptions, this has yet to be achieved.

In Chapter 3, we carry out parameter scans of SRS of a single speckle in a uniform

plasma with and without OAM using the fluid code pF3D [BSW98]. While pF3D can

include ion physics and non-uniform plasmas, we operate it in a mode where the ion density

does not evolve and is uniform. For the simulations presented later, pF3D solves the envelope

equations for the three relevant modes (vector potential for the incident laser and reflected

light wave, and density fluctuation of the EPW) of SRS backscatter and it includes Landau

damping for the EPW. A pump which can have OAM is incident on a plasma whose noise

source is determined from thermal fluctuations of the density in equilibrium. In some cases,

we send a seed pulse with well-defined integer OAM value backwards towards the pump.

This effort is a precursor to investigating nonlinear kinetic effects of SRS of lasers with

OAM. We explore a range of k2λD in pF3D simulations with a particular focus on the kinetic

regime, 0.3 ≤ k2λD ≤ 0.4, where linear theory predicts that the damping rate is large and

SRS can be in the strongly damped regime. As pF3D does not include nonlinearities of the

plasma wave, inflation is precluded. However, as we show in Chapter 3, pF3D provides an

excellent test bed for studying geometric effects associated with SRS of OAM pulses.

As we show in Chapter 2, the envelope equations have 3D conservation laws for action,

energy, momentum, and angular momentum. The conservation laws thus provide expressions

for the angular momentum of each wave. These expressions apply for when the envelopes

consist of mixtures of LG modes. Thus, the conservation of angular momentum is more

general than just ℓ number conservation. Diagnostics for angular momentum can thus be
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included within pF3D.

The simulations show that when comparing SRS of lasers with and without OAM that

there are three important variables, the spot size (which defines the diffraction length), the

power, and the peak intensity. For LG modes, the spot size defines the diffraction length,

regardless of the ℓ value. This spot size is different from that obtained by the weighted

average of r2 over the intensity. However, for a given spot size and fixed total power, the

peak intensity decreases with the ℓ number. The simulations show a reduction in laser

reflectivity when pumps with OAM are involved when the power and peak intensity of the

incident light are kept constant. Additionally, results with a well-defined seed are compared

to an ensemble of 1D numeric calculations of seed gain. Conservation of OAM is confirmed

through measurements of angular momentum for the various waves. Simulations show that

the reflected light and the EPW do not necessarily have pure OAM values throughout the

simulation box.

In Chapter 4, we present three-dimensional PIC simulations using OSIRIS [FST02] of

SRS of lasers with and without OAM. The simulations are computationally expensive so only

a limited set of cases were carried out over a more limited time domain. The simulations

also indicate that SRS reflectivity is reduced for lasers with OAM if the power and spot size

are kept fixed. The behavior of SRS is also shown to be qualitatively and quantitatively

different in the kinetic simulations. The reflectivity occurs in bursts and no steady-state

spatial growth is seen. The peak amplitude of the reflectivity is higher and the duration of

the peaks is narrower. Nonlinear frequency shifts of the EPW are seen for pumps with and

without OAM.

In Chapter 5, the results are summarized and some final thoughts on directions for future

work are offered. Finally, in Appendix A a review of general conservation laws for energy,

momentum, and angular momentum including fields and discrete or continuum particle

descriptions is provided.
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CHAPTER 2

Theory

2.1 Introduction

As described in Chapter 1, the aim of this dissertation is to address new aspects of stimulated

Raman scattering (SRS) that arise when the pump and/or decay waves have intrinsic angular

momentum. In this chapter, we lay the groundwork for Chapters 3 and 4 by reviewing

previous work and providing new analysis of SRS involving pumps and/or scattered light

with orbital angular momentum (OAM).

It has been known for more than a century that electromagnetic waves can have angular

momentum and this can be transferred to particles [Poy09]. In Appendix A, we review the

general conservation laws including that for angular momentum between fields and particles.

The fact that electromagnetic (EM) waves described by Laguerre-Gaussian (LG) solutions

to the paraxial wave equation in vacuum can have both quantized spin angular momentum

(SAM) and orbital angular momentum (OAM) appears to have been first described by Allen

et al. in their seminal 1992 paper [ABS92].

This work shows that the concept of OAM for an EM wave is inherently a 3D effect and

can easily be understood by considering LG modes, which are characterized by an expansion

in azimuthal mode numbers, eiℓφ [ABS92, PCA04]. In their seminal work, Allen et al. argued

that for a pure LG (a single ℓ value) mode, the average OAM per photon is ℓℏ, while for a

circularly polarized beam, the average SAM per photon is ±ℏ. [ABS92]

OAM is not a type of polarization, but rather a property of the beam’s phase [PCA04].
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It arises when the phase of a wave depends on the azimuthal angle, φ, producing a helical

phase front structure. To study SRS involving OAM, one must consider a full 3D description

of finite-width modes (where ∂φ does not vanish) and cannot rely on the normal plane wave

analysis. The combination of angular momentum due to polarization (SAM) and phase

(OAM) can become complicated [APB99].

Polarization and OAM are independent concepts that can be combined such as the case

of a circularly-polarized LG mode. The electric field of a laser defines the polarization vector.

In linearly and circularly polarized beams, the polarization vector does not vary within a

wavefront (i.e. across the laser spot). In a circularly polarized beam, the polarization vector

varies along the propagation direction. Vector beams, on the other hand, have spatially-

varying polarization across the phase front. One example of a vector beam, is a wave that

is radially polarized where the polarization vector, ê, points outward from the propagation

axis like spokes of a wheel, ê = r̂. By rewriting r̂ = x
r
x̂ + y

r
ŷ and recognizing the field

amplitude is a Gaussian times r, it can be seen that such a mode is a superposition of low

order Hermite- Gaussian (HG) modes with cross-polarization [APB99]. In general, vector

beams are defined by polarization vectors that depend on r and φ, or x and y. A vector

beam may also have OAM, that is, both the phase and polarization vary across the wavefront

[APB99]. It is even possible for the polarization pattern to be entangled with the helical

phase structure due to OAM [PCA04].

In this chapter, we set the stage for the rest of this dissertation by first providing a review

of angular momentum for EM waves in vacuum. This includes describing the family of LG

modes in vacuum or linear media in both real and Fourier space. We then review how a single

or pure LG mode carries quanta of OAM and how circular polarization adds quanta of SAM.

Next, we review the theory of SRS for plane waves and derive the 3D paraxial ray equations

and envelope equations. SRS of plane waves has been studied extensively [FKLinb, Kru88,

Mic23]. The effect of SAM in the form of circular polarization on SRS for plane waves has

also been addressed [VTA16b]. However, there have been limited simulations and theoretical
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studies of SRS of 3D Gaussian lasers, including those with OAM [MTT09, VTA16a]. In

this chapter, we turn our attention to SRS of lasers with OAM by deriving the coupled

equations for the fluid regimes so that we may later investigate kinetic and finite-width effects

through pF3D and particle-in-cell (PIC) simulations using OSIRIS [BDG01, LSA16]. We

consider the 1D limit of these equations to review various regimes (weakly damped, strongly

damped, temporal growth, and spatial growth), followed by a discussion of how nonlinear

kinetic effects related to electrons trapped in electron plasma waves (EPW) can transition

the relevant regime for SRS from a kinetic to a fluid regime [MO72b, VDB02, YAR09].

We finish the chapter by using the 3D envelope equations to obtain conservation laws

for action, energy, momentum, and angular momentum in terms of the wave envelopes and

discuss the relationship between the local energy and momentum conservation laws and ω

and k matching for plane waves. We also offer a physical interpretation for the resulting

expression for the OAM of an electron plasma wave and we conclude by showing how the

conservation law for OAM pertinent to SRS is related to what others have referred to as ℓ

matching [VTA16a].

2.2 Angular momentum of light

In Appendix A, we reviewed the derivation of general conservation laws for fields and particles

for energy, momentum, and angular momentum. These are based on the full set of Maxwell’s

equations and the Vlasov equation [BL18]. However, to investigate SRS it is useful to obtain

formulae for angular momentum of the fields based on the paraxial ray approximation (in

terms of wave envelopes).

Consider a light wave propagating in a plasma. The vector potential, A, obeys the wave

equation (
c2∇2 − ∂2t − ω2

p

)
A = 0 (2.1)

12



where ωp is the plasma frequency. We assume the vector potential can be written as,

A =
u

2
eikz−iωt + c.c. (2.2)

where k is the wavenumber, ω is the frequency, and ω2 = ω2
p + c2k2 where c is the speed of

light in vacuum. We define the envelope, u(z,x⊥, t) = uê, where ê is the polarization vector

and we assume that u has a slowly varying amplitude and phase, i.e.,

|∂tu| ≪ ω|u| (2.3)

|∂zu| ≪ k|u| (2.4)

Under these assumptions and assuming ∇ê = 0 , the envelope satisfies the paraxial wave-like

equation (PWE) [DM00, DMT96],

ω

(
∂t + vg∂z −

ic2

2ω
∇2

⊥

)
u = 0 (2.5)

where vg is the group velocity,

vg =
c2k

ω
(2.6)

In vacuum, ω = ck and vg = c. For some situations of interest, the laser pulse length is

much longer than a Rayleigh or diffraction length. In that case, ∂t can be dropped leading

to the common form for the PWE,

ω

(
vg∂z −

ic2

2ω
∇2

⊥

)
u = 0 (2.7)

Equation 2.7 has general solutions that form a complete set for a given frequency based on

either Hermite- Gaussian (HG) or Laguerre-Gaussian (LG) modes [APB99]. With respect

to investigating the angular momentum of light, the LG modes are most useful.

2.2.1 Laguerre-Gaussian functions

It can be shown that there exist solutions to the PWE in cylindrical coordinates that form

a complete set. These so-called Laguerre-Gaussian modes form an eigenbasis indexed by

13



two integers, p and ℓ. The radial index, p, is associated with the number of rings in the

transverse profile of the envelope. The azimuthal index, ℓ, describes the helicity and, as we

will show, the orbital angular momentum. LG solutions to the PWE are given by envelopes

upℓ,

upℓ(r, φ, z) =
C√
1 + z2

z2R

(
r
√
2

w(z)

)|ℓ|

L|ℓ|
p

(
2r2

w2(z)

)
e
− r2

w2(z)
+ ikr2z

2(z2+z2
R

)
+iℓφ+i(2p+ℓ+1) tan−1 z

zR (2.8)

where zR is the Rayleigh length, w(z) is the beam waist, and C is a constant. Lℓp is the

associated Laguerre polynomial, also called the generalized Laguerre polynomial, which is

defined as

Lαn(x) =
x−αex

n!

dn

dxn
(
e−xxn+α

)
(2.9)

The first two associated Laguerre polynomials are

Lα0 (x) = 1 (2.10)

Lα1 (x) = 1 + α− x (2.11)

The beam is focused at z = 0 and the width of the beam varies as

w(z) = w0

√
1 +

z2

z2R
(2.12)

where w0 is the size at best focus. The expressions for upℓ(r, φ, z) are based on the PWE,

and thus they are approximate solutions to Maxwell’s equations. However, at a given z and

for a given frequency, the upℓ form a complete set of functions.

2.2.1.1 LG modes in Fourier space

We can look to the Fourier transform to understand the propagation and k-space structure

of a specific mode. For simplicity, we consider the envelope at z = 0 for modes with p = 0,

u0ℓ(r, φ) = C

(
r
√
2

w0

)|ℓ|

e
− r2

w2
0
+iℓφ

(2.13)
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The Fourier transform of a function F (x, y) is

F̃ (kx, ky) =
1

2π

∫ ∞

−∞
dx

∫ ∞

−∞
dye−ik·x⊥F (x, y) (2.14)

where k = kxx̂+ kyŷ and x⊥ = xx̂+ yŷ. We can rewrite equation 2.14 as

F̃ (k⊥, θ) =
1

2π

∫ ∞

0

drr

∫ 2π

0

dφe−ik⊥r cos(θ−φ)F (r, φ) (2.15)

where k⊥ =
√
k2x + k2y and θ = arctan(ky/kx). Therefore, the Fourier transform of u0ℓ(r, φ)

is

ũ0ℓ(k⊥, θ) =
C

2π

(√
2

w0

)|ℓ| ∫ ∞

0

drr|ℓ|+1e
− r2

w2
0

∫ 2π

0

dφeiℓφ−ik⊥r cos(θ−φ) (2.16)

The integral in φ can be simplified using the Bessel function identity,∫ 2π

0

dψeiℓψ−iz cosψ = 2πiℓJℓ(z) (2.17)

where Jℓ is the Bessel function of the first kind. Substituting equation 2.17 using ψ = φ− θ

and z = k⊥r leaves

ũ0ℓ(k⊥, θ) = iℓeiℓθC

(√
2

w0

)|ℓ| ∫ ∞

0

drr|ℓ|+1e
− r2

w2
0 Jℓ(k⊥r) (2.18)

The term eiℓφ in upℓ, which produces a helical wavefront, is replicated in k-space. For ℓ = 0,

equation 2.18 reduces to the well-known radially-symmetric result for a Gaussian beam,

ũ00(k⊥, θ) = C
w2

0

2
e−

k2⊥w2
0

4 (2.19)

or

ũ00(kx, ky) = C
w2

0

2
e−

(k2x+k2y)w2
0

4 (2.20)

where we have used the identity,∫ ∞

0

drre−(ar)2J0(br) =
1

2a2
e−

b2

4a2 (2.21)

with a = 1
w0

and b = k⊥. For ℓ = 1, equation 2.18 becomes

ũ01(k⊥, θ) = ieiθC

√
2

w0

∫ ∞

0

drr2e
− r2

w2
0 J1(k⊥r) (2.22)
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which is also a standard integral and has the solution

ũ01(k⊥, θ) = ik⊥e
−iθC

w2
0

23/2
e−

k2⊥w2
0

4 (2.23)

or

ũ01(kx, ky) = i(kx + iky)C
w2

0

23/2
e

−(k2x+k2y)w2
0

4 (2.24)

In general, understanding the k⊥ dependence requires calculation of the Gaussian-weighted

ℓ-order Hankel transform of r|ℓ|e
− r2

w2
0 ,∫ ∞

0

drrµ+1e−a
2r2Jµ(br) =

bµ

(2a2)µ+1
Γ(µ+ 1)e−

b2

4a2 (2.25)

Therefore, the solution to equation 2.18 for all ℓ is

ũ0ℓ(k⊥, θ) = iℓk
|ℓ|
⊥ e

iℓθC
w

|ℓ|+2
0

2|ℓ|/2+1
e−

k2⊥w2
0

4 Γ(|ℓ|+ 1) (2.26)

or

ũ0ℓ(kx, ky) = iℓC(kx + sign(ℓ)iky)|ℓ|
w

|ℓ|+2
0

2|ℓ|/2+1
e

−(k2x+k2y)w2
0

4 Γ(|ℓ|+ 1) (2.27)

where Γ is the Gamma function, which is simply the factorial function for integer arguments,

Γ(n+ 1) = n! for n ∈ Z≥0 (2.28)

Because |ℓ| is a positive integer for upℓ, Γ(|ℓ|+1) in ũ0ℓ can be replaced with |ℓ|!. Rearranging

terms leads to the general result for the Fourier transform of a Laguerre-Gaussian mode with

p = 0 at z = 0,

ũ0ℓ(k⊥, θ) = C
w2

0

2
|ℓ|!
(
ik⊥w0√

2

)|ℓ|

e−
k2⊥w2

0
4

+iℓθ (2.29)

or

ũ0ℓ(kx, ky) = C
w2

0

2
|ℓ|!
[
iw0√
2
(kx + sign(ℓ)iky)

]|ℓ|
e−

(k2x+k2y)w2
0

4 (2.30)

We have shown that, in addition to the dominant k in the ẑ-direction, the LG modes also

have k⊥ that rotates about the z-axis. If k is interpreted as representing the magnitude

and direction of the momentum, then this shows that the LG mode carries field angular

momentum.
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2.2.2 OAM of an EM wave

In the previous subsection, we found that the Fourier transform of the wave envelope depends

on the azimuthal coordinate in k-space, indicating that the fields have angular momentum.

To make this clearer, we next follow the derivation in Ref. [ABS92] to show that a wave whose

envelope is described by the LG mode, upℓ, has orbital angular momentum proportional to

ℓ and the average angular momentum per photon is quantized.

It is well known [APB99] that the fields of an EM wave have momentum density given

as

G ≡ E ×B

4πc
(2.31)

and, therefore, the angular momentum density in the fields of a light wave, M , can be

defined as,

M ≡ r ×G =
1

4πc
r × (E ×B) (2.32)

where it is the time average, ⟨M⟩, that is of interest. Equation 2.32 is valid when E and B of

an EM wave are described exactly. However, much can be learned if they are approximated

using the LG modes which are based on the PWE. The time-averaged linear momentum

density is half the real part of G,

⟨G⟩ = 1

8πc
ℜ(E ×B) =

1

16πc
(E∗ ×B +E ×B∗) (2.33)

To get an approximate expression for ⟨G⟩ based on the envelope, we start from

A(z,x⊥, t) =
1

2
u(z,x⊥, t)e

ikz−iωt + c.c. ≈ 1

2
u(x⊥)e

ikz−iωt + c.c. (2.34)

Although we assume a mostly transverse wave, u must have a z component to satisfy the

gauge condition ∇ ·A = 0 (Coulomb gauge or Lorenz gauge if φ = 0),

∇ ·A = ∇ · 1
2
(u⊥ + uzẑ)e

ikz−iωt + c.c. = 1

2
(∇⊥ · u⊥ + ikuz) e

ikz−iωt + c.c. = 0 (2.35)

Therefore, we can rewrite the envelope as

u = u⊥ +
iẑ

k
(∇⊥ · u⊥) (2.36)
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Substituting equation 2.34 and equation 2.36, we can write the electric field as

E = −1

c
∂tA =

iω

2c
ueikz−iωt + c.c. = iω

2c

[
u⊥ +

iẑ

k
(∇⊥ · u⊥)

]
eikz−iωt + c.c. (2.37)

Furthermore, the magnetic field can be expressed in terms of the envelope as,

B = ∇×A = ∇×
(
1

2
ueikz−iωt

)
+ c.c. =

1

2
eikz−iωt (∇⊥ + ikẑ)×

[
u⊥ +

iẑ

k
(∇⊥ · u⊥)

]
+ c.c. (2.38)

Substituting E and B into equation 2.33 to calculate the linear momentum density yields

⟨G⟩ = − iω

16πc2
u∗ × (∇⊥ + ikẑ)× u+ c.c.

= − iω

16πc2

[
u∗

⊥ − iẑ

k
(∇⊥ · u∗

⊥)

]
× (∇⊥ + ikẑ)×

[
u⊥ +

iẑ

k
(∇⊥ · u⊥)

]
+ c.c. (2.39)

Using the following vector identity,

a× (∇× b)− b× (∇× a) = A(a, b) +∇× (a× b)− a(∇ · b) + b(∇ · a) (2.40)

where we have defined an operator A whose ith component is

Ai(a, b) = aj∂ibj − bj∂iaj (2.41)

and noting that ∇ ≈ ∇⊥ because we have assumed the envelopes are slowly varying in z,

we can substitute a = u∗ and b = u and rearrange the vector identity to get

u∗× (∇⊥×u)−u× (∇⊥×u∗) = A(u∗,u)+∇× (u∗×u)−u∗(∇·u)+u(∇·u∗) (2.42)

We can also show that, using the properties of vector triple products,

u∗ × (ẑ × u) + u× (ẑ × u∗) = 2|u|2ẑ − u∗(ẑ · u)− u(ẑ · u∗) (2.43)

By utilizing equations 2.42 and 2.43, we can rewrite equation 2.39,

⟨G⟩ = − iω

16πc2
[A(u∗,u) +∇⊥ × (u∗ × u)− u∗(∇⊥ · u⊥) + u(∇⊥ · u∗

⊥)

+ 2ik|u|2ẑ − iku∗(ẑ · u)− iku(ẑ · u∗)] (2.44)
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where we have also replaced ∇⊥ · u with ∇⊥ · u⊥. Next, we substitute the z component of

the envelope,

ẑ · u =
i

k
∇⊥ · u⊥ (2.45)

and note that several terms will cancel because

u∗(∇⊥ · u⊥) + iku∗(ẑ · u) = 0 (2.46)

and, similarly,

u(∇⊥ · u∗
⊥)− iku(ẑ · u∗) = 0. (2.47)

Therefore, we can write ⟨G⟩ as

⟨G⟩ = − iω

16πc2
[A(u∗,u) +∇⊥ × (u∗ × u)] +

kω

8πc2
|u|2ẑ (2.48)

If we now assume linear polarization, u⊥ = ux̂, equation 2.48 becomes

⟨G⟩ = − iω

16πc2
(u∗∂yu− u∂yu

∗)ŷ +
kω

8πc2
|u|2ẑ (2.49)

where terms smaller by factors of 1
k

or more have been dropped so that the gauge condition

implies ∂xu is negligible. We can write a general form for the momentum density of a linearly

polarized wave as

⟨G⟩lin = − iω

16πc2
(u∗∇⊥u− u∇⊥u

∗) +
kω

8πc2
|u|2ẑ (2.50)

When considering angular momentum, we are typically interested in Mz, so the term with

u∗∇⊥u − u∇⊥u
∗ is most relevant. We will show later on that the same u∗∇⊥u − u∇⊥u

∗

expression appears in conservation laws for the wave envelopes in SRS.

Substituting upℓ for a Laguerre-Gaussian wave, we find

u∗∇⊥u− u∇⊥u
∗ = 2i|u|2

(
krz

z2 + z2R
r̂ +

ℓ

r
φ̂

)
(2.51)

which can be used to write equation 2.50 as,

⟨G⟩ = ω

8πc2
|u|2

(
krz

z2 + z2R
r̂ +

ℓ

r
φ̂+ kẑ

)
(2.52)
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Equation 2.52 implies that the Poynting vector, which is equal to c2⟨G⟩ and measures energy

flux, points along a twisting spiral [AP00] for a Laguerre-Gaussian beam due to the φ̂

component. The r̂ component contributes to diffraction, while the ẑ component represents

forward propagation.

Thus, the time averaged angular momentum density can be obtained by substituting

equation 2.52 into equation 2.32, and calculating the cross product assuming a linearly-

polarized Laguerre-Gaussian wave,

⟨M⟩ = ω

8πc2
|u|2

[
−zℓ
r
r̂ + kr

(
z2

z2 + z2R
− 1

)
φ̂+ ℓẑ

]
(2.53)

Dividing equation 2.53 by power and integrating over the beam profile, i.e.,
∫∞
0
drr

∫ 2π

0
dφ,

leaves only the ẑ-component because the r̂ and φ̂ components are cylindrically symmetric.

Thus, we find the relationship between ℓ and Mz for an LG wave,

8πc2

ω2
⟨Mz⟩ =

ℓ

ω
|u|2 (2.54)

The OAM, which points in the direction of propagation, is directly proportional to ℓ, the

azimuthal index.

2.2.3 SAM of an EM wave

When the wave is circularly polarized, spin angular momentum also contributes to Mz. To

derive the SAM contribution, we assume u = uê where ê is a circular polarization vector

which can be written as

ê =
1√
2
(x̂+ iσŷ) (2.55)

where σ depends on polarization,

σ =


−1 right-hand circular polarization

+1 left-hand circular polarization

0 linear polarization

(2.56)
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In equation 2.48, the term with u∗×u cancels for linear polarization where ê∗ = ê. However,

substituting equation 2.55 and calculating the cross product explicitly yields

∇⊥ × (u∗ × u) = ∇⊥ × (iσ|u|2ẑ) = iσ∇⊥|u|2 × ẑ (2.57)

which we substitute into equation 2.48 to arrive at the circular polarization form of equation

2.48,

⟨G⟩circ = ⟨G⟩lin +
ωσ

16πc2
∇⊥|u|2 × ẑ =

ω

8πc2

[
u∗∇⊥u− u∇⊥u

∗

2i
+
σ

2
∇⊥|u|2 × ẑ + k|u|2ẑ

]
(2.58)

We can write the cross product of the gradient of the intensity in cylindrical coordinates as,

∇⊥|u|2 × ẑ =
1

r
∂φ|u|2r̂ − ∂r|u|2φ̂ (2.59)

For a Laguerre-Gaussian wave, the intensity |upℓ|2 has no azimuthal dependence, i.e., ∂φ|upℓ|2 =

0. Therefore, for a circularly polarized LG wave, the linear momentum density is

⟨G⟩ = ω

8πc2

[
krz

z2 + z2R
|u|2r̂ +

(
ℓ

r
|u|2 − σ

2
∂r|u|2

)
φ̂+ k|u|2ẑ

]
(2.60)

and the angular momentum density is

⟨M⟩ = ω

8πc2

[
−z
r

(
ℓ|u|2 − σr∂r|u|2

)
r̂ + kr

(
z2

z2 + z2R
− 1

)
|u|2φ̂+(
ℓ|u|2 − σr

2
∂r|u|2

)
ẑ
]

(2.61)

The angular momentum in the propagation direction, with both OAM and SAM, can now

be written as
8πc2

ω2
⟨Mz⟩ =

ℓ

ω
|u|2 − σr

2ω
∂r|u|2 (2.62)

where the SAM term depends on σ, and equation 2.62 reduces to the linear polarization

case (equation 2.54) when σ = 0. Note the SAM depends on the gradient of |u|2, and we

comment on the implication of this in the next section.
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2.2.4 Quanta of angular momentum per photon

Although the calculations are purely classical, it is possible to define quanta of OAM and

SAM per photon. Integrating equation 2.62 over the transverse directions,

8πc2

ω2

∫
dx⊥⟨Mz⟩ =

ℓ

ω

∫
dx⊥|u|2 −

σ

2ω

∫
drdφr2∂r|u|2 =

ℓ+ σ

ω

∫
dx⊥|u|2 (2.63)

and dividing by the number of photons,
∫
|u|2dx⊥/(ℏω), we determine that the average OAM

per photon is ℓℏ and the average SAM per photon is σℏ. The total angular momentum per

photon is a combination of SAM and OAM, (ℓ+σ)ℏ. Note that for SAM the Mz contribution

depends on ∂r|u|2 and thus, to go to the plane wave limit, one must first integrate over r

rather than first assuming ∂r|u|2 vanishes. Otherwise the SAM of a plane wave would vanish.

We have shown that light waves described by LG envelopes have a well-defined OAM

proportional to ℓ. Next, we will describe SRS of a laser in plasma in terms of the wave

envelopes in order to arrive at conservation laws and an expression for the OAM of a plasma

wave.

2.3 SRS

In this section, we review the physics behind stimulated Raman (SRS) backscatter. SRS

is one process encompassed by the subject of the nonlinear optics of plasmas (NLOP). The

focus of this dissertation is new aspects of SRS when pumps with OAM are considered.

Within the NLOP are 3-wave parametric processes in which an incident light wave de-

cays into a scattered light wave and a forward going longitudinal mode such as an electron

plasma wave (EPW) and an ion acoustic wave (IAW). For both processes, it is important to

understand how an individual electron behaves in the fields of single or multiple lasers.
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2.3.1 Single particle motion in a laser field

Before moving to the plasma fluid model, we derive the force on a single particle in terms of

the laser envelopes. The equation of motion for an electron is given by

dp

dt
= −e

(
E +

v

c
×B

)
(2.64)

where p is the momentum of the electron, v is the velocity, and e is the elementary charge.

Assuming a transverse light wave, the scalar potential can be neglected, i.e., ϕ = 0. Under

this assumption, the force on an electron, in terms of the vector potential, is

−e
(
E +

v

c
×B

)
= −e

(
−1

c
∂tA+

v

c
×∇×A

)
(2.65)

Expanding the cross product, equation 2.64 can be rewritten as

dp

dt
= −e

(
−1

c
∂tA− v

c
· ∇A+∇A · v

c

)
(2.66)

Upon recognizing that the time rate of change of A as seen by the electron is

dA

dt
= ∂tA+ v · ∇A (2.67)

then equation 2.66 may be rearranged as

d

dt

(
p− eA

c

)
= −e∇A · v

c
(2.68)

which shows that the canonical momentum is conserved in directions for which there is

translational invariance. For an electron in a laser, p and eA/c are preferentially in the

perpendicular direction and thus,

d

dt

(
p⊥ − eA⊥

c

)
= −e∇⊥A⊥ · v⊥

c
(2.69)

Furthermore, for a finite-width wave for which there is not translational invariance, the right-

hand side scales as 1
k0w

eA⊥
mc2

times smaller than the terms on the left-hand side where w is the
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beam waist. Therefore, for k0w ≫ 1 (which is assumed when using the PWE), we find, to a

high degree of accuracy,

p⊥ ≈ eA⊥

c
(2.70)

where it is also assumed that the electron starts at rest in front of the laser. In inertial

fusion energy (IFE), the laser intensities are not large enough for the electrons to acquire

relativistic speeds. In this case, the normalized form of equation 2.70 can be written as

p⊥

mc
=

v⊥

c
=
eA⊥

mc2
≡ a (2.71)

where a is called the normalized vector potential (or quiver velocity),

a =
eA⊥

mc2
= 0.853× 10−9

√
I(W/cm2)λnm (2.72)

We are interested in the time average of equation 2.69 which leads to slow changes to the

particle’s motion. Substituting a on the right-hand side and averaging yields

d

dt
⟨p⟩ = −mc2⟨∇a · a⟩ = −mc

2

2
∇|a|2 (2.73)

The time averaged force is therefore

⟨F ⟩ = Fp ≡ −mc
2

2
∇|a|2 (2.74)

and this is referred to as the ponderomotive force of a laser [Kru88, Daw61]. The pondero-

motive force points in the direction of lower intensity, −∇|a|2. The force is independent of

the sign of the particle because the phenomenon is second order, and the behavior depends

on the kinetic energy, |v|2. However, Fp is inversely proportional to mass (|a| ∝ 1/m), so

the ponderomotive force is much smaller on ions.

Motivated by investigating three-wave instabilities, consider a vector potential made of

two light waves at different frequencies with the same polarization, ê. For SRS or SBS, the

waves are the incident and scattered light. In this case, the normalized vector potential is

a = ê
(
b0e

ik0z−iω0t + b1e
ik1z−iω1t

)
+ c.c. (2.75)
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Substituting equation 2.75 into the ponderomotive force, we find that an oscillating force

exists at the beat frequency of the two waves,

Fp = −mc
2

2
∇
(
|b0|2 + |b1|2 + b0b

∗
1e
i∆kz−i∆ωt + b∗0b1e

−i∆kz+i∆ωt) (2.76)

where ∆k = k0−k1 and ∆ω = ω0−ω1. This force will drive a resonant response in a plasma

when ∆k and ∆ω satisfy the dispersion relation for an EPW [FKLinb, Kru88]. Similarly,

SBS is the case where ∆k and ∆ω excite an ion acoustic wave instead of an EPW. For

SBS, Fp still acts on the electrons and the resulting space charge force acts on the ions. So

∆k = k2 and ∆ω = ω2 are still at the wavevector and frequency of the third wave, which is,

in this case, the IAW.

The ponderomotive force changes the momentum of the particles. Assuming the enve-

lope is slowly varying compared to the phase, the equation of motion in the direction of

propagation is
d

dt

( pz
mc

)
=
Fpz
mc

= −ick2
2
b0b

∗
1e
ik2z−iω2t + c.c. (2.77)

This is the dominant motion in 1D SRS or in SRS when the light waves obey the PWE.

However, for light waves with OAM, the plasma wave may also have helicity.

2.3.1.1 Helical plasma wave generation

When either or both of the incident and scattered waves have OAM, then Fp transfers the

net OAM to the plasma. Consider two lasers with different helicities, i.e., different ℓ and

different OAM. For a pump signal with b0 ∼ eiℓ0φ, and a backscattered signal with b1 ∼ eiℓ1φ,

the ponderomotive force will now have a cross term with ℓ2 = ∆ℓ = ℓ0 − ℓ1. A plasma wave

driven by this force develops a helical structure due to the eiℓ2φ dependence. The phase

mismatch can be used to understand the spatial distribution of the force,

Fp ∼ ∇
[
fp(r)e

ik2z−iω2t+iℓ2φ
]
=

[(
i
ℓ2
r
φ̂+ ik2ẑ

)
fp(r) +∇fp(r)

]
eik2z−iω2t+iℓ2φ (2.78)

where fp is proportional to the product of the laser amplitudes (b0b1) and ∇fp(r) can be

dropped to lowest order. The singularity at r = 0 in the φ̂ direction is resolved by the fact
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that at least one of the lasers must have zero intensity on axis when ℓ2 is nonzero. The

strength of the azimuthal force is proportional to the helical index of the plasma wave, ℓ2.

When the two lasers have equal helicity (ℓ0 = ℓ1), the resulting plasma wave can have zero

azimuthal dependence, i.e., ℓ2 = 0, even if the transverse profile has a central dark spot due

to the overlap of the laser profiles. In reality, the physics is more complicated, as the spot

size, w, can be different for the two waves, and they may be made of a superposition of ℓ

numbers (combinations of LG modes).

This view of the ponderomotive force as a driver of an EPW does not paint a fully self-

consistent picture, but it is a useful tool to isolate the evolution of a plasma wave. For a

deeper understanding of SRS, we must also consider the way particle motion affects light

waves in the many-body setting that is a plasma. There has been some recent work in this

area [VDB02, YAR09, ESW12].

2.3.2 Laser plasma coupling

In the previous section, we used single particle motion to describe how lasers with OAM

could couple to a plasma through the ponderomotive force, Fp. In SRS, the Fp of a pump

EM wave and a backscattered EM wave drives an EPW. The pump then scatters off the

EPW, reinforcing the backscattered wave. Thus, a full description of SRS requires equations

for how an EPW is driven and how the presence of an EPW modifies the propagation of EM

waves.

To make analytical progress, we will resort to the two fluid description of a plasma. We

quickly review where this fits within the hierarchy of plasma descriptions.

The most exact description is through the Klimontovich distribution function (phase

space density),

Fs(x,v, t) =
N∑
p

δ(x− xp(t))δ(v − vp(t)) (2.79)

where s stands for species, p for particle, N for the total number of particles, and xp(t) and
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vp(t) for the position and velocity of particle p. We assume all particles have non-relativistic

speeds. The Klimontovich, Fs satisfies

∂tFs + v · ∇Fs +
F

ms

· ∇vFs = 0 (2.80)

where F /ms is the acceleration of a particle at position x and velocity v, and ∇v has compo-

nents [∇v]i = ∂vi . Equation 2.80 says that phase space density is constant following particles

(it is either zero or a delta function). The phase-space probability distribution function, fs
is obtained by averaging Fs over an ensemble of equivalent (same macroscopic properties)

Klimontovich distributions. The smoothed Fs is called the single particle distribution func-

tion. For a large number of particles per Debye sphere, which has volume 4
3
πnλ3D, where

λD = ve/ωp is the Debye length, fs obeys the Vlasov equation,

∂tfs + v · ∇fs +
Fs

ms

· ∇vfs = 0 (2.81)

where the force Fs is also smoother than the F in equation 2.80 as it is based on the fields

generated by a smoother distribution function.

When details of how the distribution function, fs, depends on v are not important, a

fluid description can be appropriate. The fluid equations are obtained from moments of the

Vlasov equation [BL18]. Taking the zeroth moment of equation 2.81, yields∫
dvv0

[
∂tfs + v · ∇fs +

F

ms

· ∇vfs

]
= 0 (2.82)

which becomes

∂tns +∇ · nsus = 0 (2.83)

where ns ≡
∫
dvfs is the density of species s and the fluid velocity, us, is

us ≡
∫
dvvfs
ns

(2.84)

Taking the first moment gives

∂tu+ u · ∇u = − e

m

(
E +

u

c
×B

)
− 1

mn
P (2.85)
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where we drop the subscript s and assume electrons, and define the pressure tensor as

P ≡ m

∫
(dv)(v − u)(v − u)fs (2.86)

Rather than taking the next moment to obtain an equation for P , we close the system of

equations by assuming an equation of state. The simplest choice for SRS is an adiabatic

equation of state,

P = P0

(
n

n0

)γs
= kBTn0

(
n

n0

)γs
(2.87)

where kB is the Boltzmann constant and P = PI, i.e., the pressure is isotropic. This is

justified by carrying out a fully kinetic description using the Vlasov equation and arguing

that the divergence of the heat flux is small in an EPW. Thus, the full set of Maxwell,

two-fluid equations are

−∇×E =
1

c
∂tB (2.88)

∇×B =
4π

c
J +

1

c
∂tE (2.89)

∇ ·E = 4πρ (2.90)

∇ ·B = 0 (2.91)

where the current density is J =
∑

s qsnsus and the charge density is ρ =
∑

s qsns; and

∂tns +∇ · nsus = 0 (2.92)

∂tus + us · ∇us =
qs
ms

(
E +

us

c
×B

)
− P0s

msns
∇
(
ns
n0s

)γs
(2.93)

where γe = 3 (adiabatic) and γi = 1 (isothermal). We can also rewrite the pressure term,

P0

mn
∇
(
n

n0

)γ
=
γkBT

m

(
n

n0

)γ−2

∇ n

n0

(2.94)

which, for γ = 3, becomes 3
2
v2e∇

(
n
n0

)2
where the electron thermal velocity is ve =

√
kBT/m.

Next, we use these equations to describe SRS, motivated by our interest in OAM. Thus,

we retain the three-dimensional effects. The analysis follows unpublished notes from a grad-

uate class at UCLA. We also assume the ions are immobile and drop the s in the equations
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as these are only equations for the electron density and fluid velocity. We can substitute

E = −∇ϕ− 1
c
∂tA and B = ∇×A into equation 2.93 to obtain

(∂t + u · ∇)u = − e

m

(
−∇ϕ− 1

c
∂tA+

u

c
×∇×A

)
− 3

2
v2e∇

(
n

n0

)2

(2.95)

which can be rewritten as

∂t

(
u− eA

mc

)
=

e

m
∇ϕ+ u×∇×

(
u− eA

mc

)
−∇|u|2

2
− 3

2
v2e∇

(
n

n0

)2

(2.96)

where we have used the vector identity,

(u · ∇)u =
1

2
∇|u|2 − u×∇× u (2.97)

Upon taking the curl of equation 2.96 we obtain

∂t∇×
(
u− eA

mc

)
= ∇× u×∇×

(
u− eA

mc

)
(2.98)

which is an equation for P = mu− e
c
A, the canonical momentum. We define ∇×P = V

as the general or canonical vorticity so that equation 2.98 becomes

∂tV −∇× u× V = 0 (2.99)

Suppose V = 0 everywhere at t = 0. Then the vorticity equation says that V will remain

zero everywhere for all t. If there is no applied magnetic field, and the plasma starts at

rest with A = 0 (laser is far from focus at z → −∞), then, as the laser propagates from

z → −∞, u will adjust so that V = 0, or equivalently

∇× u = ∇× eA

mc
=
eB

mc
(2.100)

Therefore, we may neglect the term in equation 2.96 containing ∇× (u− eA/mc). Substi-

tuting E = −∇ϕ− 1
c
∂tA and multiplying through by m, equation 2.96 now reduces to

∂t(mu) = −eE −∇m|u|2

2
− 3

2
mv2e∇

(
n

n0

)2

(2.101)

where −∇m|u|2/2 is the fluid version of the ponderomotive force (equation 2.74).
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The next step is to obtain paraxial ray approximation equations for SRS that encompass

lowest order finite spot size effects and that describe SRS for lasers with OAM. In SRS a

laser (pump EM wave) enters a plasma and decays into an EPW and a backscattered EM

wave (daughter waves). Starting from Ampere’s Law and rewriting E and B in terms of

the vector potential gives

∇2A− 1

c2
∂2tA = −4π

c
J (2.102)

where the Coulomb gauge, ∇·A = 0, has been used. The current due to the electron motion

is −enu. In general, from the canonical vorticity we have

∇×
(
u− eA

mc

)
= 0 (2.103)

As mentioned above, to lowest order, a laser is described by its components perpendicular

to k = ẑk0, or by A⊥. Consider a laser linearly polarized along the x̂ direction. Then, from

equation 2.103, we can write

∂z

(
ux −

eAx
mc

)
= ∂x

(
uz −

eAz
mc

)
(2.104)

where all quantities oscillate at the laser frequency, and thus, the components are related as

ux −
eAx
mc

≈ 1

ik0w0

(
uz −

eAz
mc

)
(2.105)

Furthermore, based on the Coulomb gauge, |Az| ∼ | 1
k0w0

A⊥| and uz ∼ |A⊥|2. If Ay is not

zero, an equation similar to 2.105 can be written for uy − eAy/mc and we reach the same

conclusion. Thus,

u⊥ − eA⊥

mc
≈ O

(
1

(k0w0)2
,
A2

⊥
k0w0

)
(2.106)

or u⊥ = eA⊥/mc to a high degree of accuracy even in multi-dimensions. Therefore, the

current may be written

J⊥ = −enu⊥ = −e
2n

m
A⊥ (2.107)

If we define the plasma frequency,

ωp =

√
4πe2n0

m
(2.108)
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then replacing J⊥ in equation 2.102 yields

∇2A⊥ − 1

c2
∂2tA⊥ −

ω2
p

c2
n

n0

A⊥ = 0 (2.109)

Next, we separate the electron density into n = n0 + n1, where n1 is a density perturbation

about n0, and multiply through by c2 to obtain

(
∂2t + ω2

p − c2∇2
) eA⊥

mc2
= −ω2

p

n1

n0

eA⊥

mc2
(2.110)

The density perturbation is normalized to n0 and A⊥ to mc2/e and, substituting the nor-

malized vector potential, we have

(
∂2t + ω2

p − c2∇2
)
a = −ω2

p

n1

n0

a (2.111)

In SRS, recall that an incoming laser decays into a backscattered EM wave and a forward

going EPW. The instability arises when the RHS of equation 2.110 resonantly drives the

LHS. This requires ω and k matching. We also need an equation for a density perturbation

driven by the two light waves. To obtain this equation we start from the continuity equation

for electrons,

∂tn+∇ · nu = 0 (2.112)

or

∂tn1 + n0∇ · u+∇ · n1u = 0 (2.113)

The third term drives harmonics, but if n1 is O(ϵ) then this term is O(ϵ2) and can be dropped.

Taking the time derivative of the continuity equation gives

∂2t n1 + n0∇ · ∂tu = 0 (2.114)

which, upon normalizing to n0 and substituting equation 2.101 divided by mass, leads to

∂2t
n1

n0

+∇ ·

[
− e

m
E −∇|u|2

2
− 3

2
v2e∇

(
n

n0

)2
]
= 0 (2.115)
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The last term can be rewritten by separating n into n0 + n1 and assuming n2
1 is O(ϵ2),

∇ · 3
2
v2e∇

(
n

n0

)2

=
3

2
v2e∇2

(
n0 + n1

n0

)2

≈ 3v2e∇2n1

n0

(2.116)

Additionally, by using Gauss’ Law, ∇ ·E = −4πen1, equation 2.115 reduces to

∂2t
n1

n0

+
4πe2

m
n1 − 3v2e∇2n1

n0

=
1

2
∇2|u|2 (2.117)

and, rearranging, we reach

(
∂2t + ω2

p − 3v2e∇2
) n1

n0

=
1

2
∇2|u|2 (2.118)

We can separate out the contributions of u to those from the laser and those from the EPW,

u = uL + u1 (2.119)

and recall for the laser the ⊥ components dominate while for the EPW the z-component

dominates. Thus,

u2 = u2⊥L + u2z1 (2.120)

and the u2z1 only generates harmonics of the EPW. Furthermore, recall that the laser contri-

bution can be written in terms of the normalized vector potential,

u⊥L

c
=
eA⊥

mc2
= a (2.121)

and so, using this definition, equation 2.118 becomes

(
∂2t + ω2

p − 3v2e∇2
) n1

n0

=
c2

2
∇2 |a|2 (2.122)

Finally, the two coupled differential equations describing both the EM and EPW waves in

stimulated Raman scattering (in unnormalized form) are

(
∂2t + ω2

p − c2∇2
) eA
mc2

= −ω2
p

n1

n0

eA

mc2
(2.123)

(
∂2t + ν∂t + ω2

p − 3v2e∇2
) n1

n0

=
c2

2
∇2

∣∣∣∣ eAmc2
∣∣∣∣2 (2.124)
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where we drop the ⊥ subscript on A. To be consistent with the literature, we have intro-

duced a phenomenological plasma wave damping factor, ν, and assumed the light wave is

undamped. However, if ν represents Landau damping, then it is improper to include it in

this way as it is not a local operator in space and time. We drop it for now but add it back

when dealing with the envelope equations where it is properly defined.

In order to understand the creation of a backscattered light wave and a plasma wave

in the presence of an incident laser, we separate the vector potential into a larger, pump

component, A0, and the responsive scattered light, A1. To first order, the pump light is

not modified by the interaction. However, with large amounts of SRS, the incident laser can

become depleted as the backscatter grows. Separating A and keeping only the first order

terms, we arrive at the following wave equations,

(
∂2t + ω2

p − c2∇2
)
A1 = −ω2

p

n1

n0

A0 (2.125)

(
∂2t + ω2

p − 3v2e∇2
) n1

n0

=
e2

m2c2
∇2(A0 ·A1) (2.126)

The equation for pump depletion must include the second order term, n1A1,

(
∂2t + ω2

p − c2∇2
)
A0 = −ω2

p

n1

n0

A1 (2.127)

A dispersion relation can be obtained by assuming

eA0

mc2
=

a0

2
ei(k0z−ω0t) + c.c. (2.128)

eA1

mc2
=

a1

2
ei(k1z−ω1t) + c.c. (2.129)

n1

n0

=
n̄1

2
ei(k2z−ω2t) + c.c. (2.130)

where a0, a1, and n̄1 are constant, and ω and k matching is assumed,

ω0 = ω1 + ω2 (2.131)

k0 = k1 + k2 (2.132)
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and ωj and kj are complex. However, if pump depletion is to be included then the use of

the envelope equations is required. The envelope equations are also useful for identifying

different regimes of growth.

2.3.2.1 Envelope equations

When studying three-wave interactions it is often useful to use the envelope equations. In

this approach, rather than letting ωj and kj be complex, we separate each wave into a

normalized, complex envelope and a phase factor,

eA0

mc2
= êb0e

ik0z−iω0t + c.c. (2.133)
eA1

mc2
= êb1e

ik1z−iω1t + c.c. (2.134)
n1

n0

= b2e
ik2z−iω2t + c.c. (2.135)

where now ω’s and k’s are real. The amplitudes, bj, are now complex functions of position

and time. The polarization vector is ê and is constant. In the case of stimulated Raman

backscatter, we define ω1 and k1 so that vg1 is negative and the scattered light wave propa-

gates backwards. Substituting these forms for the envelopes and dropping second derivatives

in t and z by assuming ∂2t b≪ ω2b and ∂2zb≪ k2b, i.e., the envelopes are slowly varying com-

pared to the fast phase factor, leads to

∂2t (be
ikz−iωt) ≈

[
−2iω (∂tb)− ω2b

]
eikz−iωt (2.136)

∇2(beikz−iωt) ≈
[
2ik (∂zb)− k2b+∇2

⊥b
]
eikz−iωt (2.137)

Equation 2.125 in terms of b1 then becomes

[
−2iω1 (∂tb1)− 2ik1c

2 (∂zb1) + (−ω2
1 + ω2

p + c2k21)b1−

c2∇2
⊥b1
]
eik1z−iω1t + c.c. = −ω2

p

n1

n0

eA0

mc2
(2.138)

We assume ωj and kj for each wave satisfies its own fluid dispersion relation. Thus, −ω2
1 +

ω2
p + c2k21 sums to zero, so this term cancels out. The left-hand side has a term involving
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b1e
ik1z−iω1t and a separate term for the complex conjugate, b∗1e−ik1z+iω1t. The right-hand side

thus has 4 terms after being converted into the envelope format,

n1

n0

eA0

mc2
= b0b2e

i(k0+k2)z−i(ω0+ω2)t + b0b
∗
2e
i(k0−k2)z−i(ω0−ω2)t + c.c. (2.139)

For SRS backscatter to grow, the ω and k matching conditions (equations 2.131 and 2.132)

must be satisfied for resonant interactions. These conditions are equivalent to a statement

of conservation of energy and momentum, which will be discussed in detail in the section on

conservation laws later in this chapter. Thus, only the term with b0b∗2 should be included on

the right-hand side of the envelope equation when b1 is on the left. (The complex conjugate,

b∗0b2, drives b∗1.)

Therefore, the equation for the evolution of the envelope of the backscattered light is

ω1

(
∂t +

c2k1
ω1

∂z − i
c2

2ω1

∇2
⊥

)
b1 = −i

ω2
p

2
b0b

∗
2 (2.140)

Following the same method, the plasma wave equation becomes

[
−2iω2 (∂tb2)− 6ik2v

2
e (∂zb2) + (−ω2

2 + ω2
p + 3v2ek

2
2)b2−

−3v2e∇2
⊥b2
]
eik2z−iω2t + c.c. = e2

m2c2
∇2(A0 ·A1) (2.141)

which can be rewritten as

−2iω2e
ik2z−iω2t

(
∂t +

3v2ek2
ω2

∂z − i
3v2e
2ω2

∇2
⊥

)
b2 + c.c. = e2

m2c2
∇2(A0 ·A1) (2.142)

when we assume −ω2
2+ω

2
p+3v2ek

2
2 = 0. The right-hand side corresponds to the ponderomotive

force and can be written as

e2

m2c2
∇2 (A0 ·A1) ≈ −c2(k0 − k1)

2b0b
∗
1e
i(k0−k1)z−i(ω0−ω1)t

− c2(k0 + k1)
2b0b1e

i(k0+k1)z−i(ω0+ω1)t + c.c. (2.143)
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where we drop the ∇2
⊥ contribution. Neglecting the term with b0b1 and including only the

resonant mode which satisfies the matching condition yields the envelope equation for the

evolution of b2,

ω2

(
∂t + ν +

3v2ek2
ω2

∂z − i
3v2e
2ω2

∇2
⊥

)
b2 = −ik

2
2c

2

2
b0b

∗
1 (2.144)

where we have included a phenomenological damping term ν(ω2, k2) which can correspond

to Landau damping if needed. Lastly, the envelope equation for b0 resembles that of b1, and

we choose b1b2 on the right in order to satisfy the matching conditions for resonant coupling,

ω0

(
∂t +

c2k0
ω0

∂z − i
c2

2ω0

∇2
⊥

)
b0 = −i

ω2
p

2
b1b2 (2.145)

Upon defining a normalized thermal velocity,

u2e ≡ 3
v2e
c2

(2.146)

we can rewrite the full set of coupled envelope equations,

ω0

(
∂t + vg0∂z − i

c2

2ω0

∇2
⊥

)
b0 = −ic0b1b2 (2.147)

ω1

(
∂t + vg1∂z − i

c2

2ω1

∇2
⊥

)
b1 = −ic1b0b∗2 (2.148)

ω2

(
∂t + ν + vg2∂z − i

u2ec
2

2ω2

∇2
⊥

)
b2 = −ic2b0b∗1 (2.149)

The envelopes, b0, b1, and b2, are complex functions and c0, c1 and c2, are real constants. The

coupling factors are c0 = c1 =
ω2
p

2
and c2 =

c2k22
2

, and the group velocities of each wave are

vg0 = k0c
2/ω0, vg1 = k1c

2/ω1, and vg2 = u2ek2c
2/ω2. We have also assumed that |∇⊥| ≪ |k|

which is the basic assumption behind the paraxial ray approximation.

Note that we have assumed the plasma density is uniform (∇n0 = 0) and neglected

damping of the EM waves. It is straightforward to include both effects in these equations.

However, for simplicity throughout the remainder of the dissertation, we assume a uniform

plasma and negligible damping of EM waves.
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2.3.3 SRS growth

Next, we review the growth rates (and, similarly, the characteristic gain length) in four

regimes relevant to the simulations to be presented in Chapters 3 and 4. These regimes

are delineated by whether the damping of the EPW is important and by whether we are

interested in temporal and spatial growth. We will assume that ∇2
⊥ can be neglected to

simplify the derivations. We also briefly address convective and absolute growth. The

material in this section has benefited greatly from ref. [Mic23] and unpublished class notes

from a graduate course at UCLA.

2.3.3.1 Temporal growth

In order to derive the temporal growth rate, we neglect ∂z in equations 2.148 and 2.149. This

is equivalent to examining the growth of a noise source with the k of the fastest growing

mode present at t = 0. We are then left with ∂t and ν in the plasma wave equation (equation

2.149). In the case of weak damping, ν is negligible. On the other hand, if damping is strong,

ν is much greater than ∂t and damping is the dominant effect on b2. Marginal damping,

where neither ∂t nor ν can be neglected, can also be studied.

Weak damping For weakly-damped temporal growth of SRS, we drop ∂z and ν in equa-

tions 2.148 and 2.149. We are therefore left with

ω1∂tb1 = −ic1b0b∗2 (2.150)

ω2∂tb2 = −ic2b0b∗1 (2.151)

The coupled equations can be combined to form a second order differential equation for b1
or b2. Taking ∂t of equation 2.150 and substituting the complex conjugate of equation 2.151

gives,

∂2t b1 = −i c1
ω1

b0(∂tb
∗
2) = −i c1

ω1

b0(i
c2
ω2

b∗0b1) =
c1c2
ω1ω2

|b0|2b1 = γ20b1 (2.152)
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where we have defined the temporal growth rate,

γ0 ≡
√

c1c2
ω1ω2

|b0| =
cωpk2
2
√
ω1ω2

|b0| (2.153)

We are assuming that pump depletion is negligible and the pump is non-evolving so that

∂tb0 = 0. The solutions to equation 2.152 are exponential in b1 with growth rate γ0 i.e., eγ0t.

The growth rate, γ0, is proportional to the amplitude of the pump wave, b0. In a low density

and cold plasma ω1 ≈ ω0, ω2 ≈ ωp, and k2 ≈ 2ω0/c, in which case

γ0 ≈ ωp

√
ωp
ω0

|b0| (2.154)

Strong damping The SRS growth rate is modified when plasma wave damping is signif-

icant i.e., ν ≫ ∂t. Consider equation 2.148 and equation 2.149 when the dominant term on

the left-hand side of equation 2.149 is νb2. The two coupled equations become

ω1∂tb1 = −ic1b0b∗2 (2.155)

ω2νb2 = −ic2b0b∗1 (2.156)

where the equation for b1 is the same as the weakly damped case (equation 2.152), but

the EPW equation has changed. Substituting the complex conjugate of equation 2.156 into

equation 2.155 gives

∂tb1 = −i c1
ω1

b0

(
i
c2
ω2ν

b∗0b1

)
=

c1c2
νω1ω2

|b0|2b1 =
γ20
ν
b1 (2.157)

where by assumption the damping rate, ν is real. We define the strongly damped growth

rate as

γs ≡
γ20
ν

(2.158)

Solutions to equation 2.157 take the form eγst. In this case, the growth rate is proportional

to the square of the pump amplitude, |b0|2, which is the pump intensity. We have assumed

∂t/ν was small, which can be checked a posteriori,

∂t
ν

=
γ20
ν2

(2.159)
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so strong damping arises when γ0 ≪ ν and the ratio of the strongly damped growth rate to

the weakly damped growth rates is
γs
γ0

=
γ0
ν

(2.160)

which, as expected, is also small in this case.

2.3.3.2 Spatial gain

When the backscatter grows spatially, as opposed to purely temporally, we calculate the

growth rate by neglecting ∂t in equations 2.148 and 2.149. This is equivalent to assuming

the noise source is an EM antenna oscillating at a fixed ω1 at a given location. Just as in

the previous case, we can look at both the weakly damped scenario where ν ≪ vg2∂z and

the strong damping scenario where ν is sufficiently large so that ν ≫ vg2∂z.

Weak damping For weakly-damped spatial growth we drop ∂t and ν everywhere in the

coupled equations to obtain

ω1vg1∂zb1 = −ic1b0b∗2 (2.161)

ω2vg2∂zb2 = −ic2b0b∗1 (2.162)

We can combine these equations by substituting the complex conjugate of 2.162 into the

spatial derivative of 2.161 to obtain

∂2zb1 =
c1c2|b0|2

ω1ω2vg1vg2
b1 =

γ20
vg1vg2

b1 = β2
0b1 (2.163)

where we have maintained the assumption of a constant pump, b0. Solutions to equation

2.163 take the form eβ0z, where the growth rate is

β0 ≡
γ0√
vg1vg2

(2.164)

Note that, for spatial growth, one must determine the direction for growth. We can argue on

physical grounds that, for SRS, it grows backwards, because the group velocity of the light
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wave is much greater than that of the forward moving EPW. To determine the direction

mathematically requires a complicated analysis of inverting the Laplace Fourier Transform

of the Green’s function for different types of noise sources that naturally introduces the idea

of convective and absolute instabilities [Bri64, Ros72].

Strong damping If the damping rate, ν, is sufficiently large, we can neglect ∂z in equation

2.149, which yields

ω1vg1∂zb1 = −ic1b0b∗2 (2.165)

ω2νb2 = −ic2b0b∗1 (2.166)

where equation 2.165 is the same as in the weakly-damped spatial case. The group velocity

of the plasma wave, vg2, no longer plays a role in the SRS gain. Substituting the complex

conjugate of equation 2.166 into equation 2.165 gives

∂zb1 =
γ20
vg1ν

b1 = βsb1 (2.167)

The solutions have a gain rate of βs and grow as eβsz where

βs ≡
γ20
vg1ν

= β2
0

vg2
ν

=
γs
vg1

(2.168)

which is the temporal growth rate for strong damping divided by the group velocity of the

backscattered light wave. The condition for being in the strongly damped spatial regime is

vg2∂z ≪ ν or
vg2
ν
βs =

vg2
vg1

γ20
ν2

≪ 1 (2.169)

Note that one can simultaneously be in the strongly damped spatial regime but in the weakly

damped temporal regime because vg1 ≫ vg2. In that case, both of the following conditions

are satisfied,

ν

γ0
≪ 1 (2.170)√

vg1
vg2

ν

γ0
≫ 1 (2.171)
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In the above, we concentrated on purely temporal or spatial growth. These are strictly

relevant when the noise source is either a sinusoidal perturbation at the wave number with

the maximum growth rate or an antenna with the frequency of maximum growth at one

point in space. In reality the noise sources are more complicated. If the noise source is

a delta function in both space and time, then the instability can be classified as absolute

or convective. Briggs [Bri64] provided precise methods for understanding the behavior of

instabilities based on the properties of the dispersion relation or equivalently the Green’s

function. The analysis is beyond the scope of this dissertation, but we do provide a high-

level summary of such an analysis for SRS.

In a convective instability, the asymptotic behavior is described by a signal that has a

finite width that convects such that the growth at one point in space initially grows and

then decays, while an absolute instability spreads out and grows indefinitely at one point in

space. Thus, a requirement for an absolute instability is that the group velocity of the two

daughter waves are in opposite directions.

For the three wave equations, as the pulse convects and grows, the location of the max-

imum growth convects at a velocity ≈ (vg1 + vg2)/2 and the peak grows with the temporal

growth rate. Thus, for SRS where vg2 ≪ vg1, the maximum amount of growth is e2γ0L/vg1

where L is the distance the packet has convected. This corresponds to a spatial growth

rate of 2γ0/vg1. As convective growth occurs in response to many noise sources, eventually

the growth can reach a steady state with the spatial growth β0 ≡ γ0√
vg1vg2

which is
√
vg1/vg2

times larger than the convective gain rate. The convective growth can be extended to include

damping [Mic23]. In this case the growth of the peak and the spatial growth rate are the

same.

SRS can also grow as an absolute instability with a growth rate,

γabs =
2γ0
√
|vg1||vg2| − ν|vg1|
|vg1|+ |vg2|

≈ 2γ0

√
|vg2|
|vg1|

− ν (2.172)

In the absence of EPW damping the absolute growth rate is γabs and the threshold condition
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Weak Damping Strong Damping

Temporal γ0 =
cωpk2

2
√
ω1ω2

|b0| γs =
γ20
ν

Spatial β0 =
γ0√
vg1vg2

βs =
γ20
vg1ν

Table 2.1: Growth rates for purely temporal or spatial growth with weak or strong EPW

damping. In a real scenario, both temporal and spatial gain can occur and damping may be

neither negligible nor dominant.

for absolute growth is,

γ0 >
ν

2

√
|vg1|
|vg2|

. (2.173)

Note that this is also the approximate condition for transitioning from weakly to strongly

damped spatial growth. For parameters of relevance to NIF, the threshold for absolute

growth is not satisfied and furthermore SRS occurs in a density gradient which can also

prevent absolute growth.

2.3.3.3 Growth rates summarized

The temporal and spatial growth rates are summarized in table 2.1. For weak damping, the

growth rate is always linear in |b0|, the amplitude of the pump laser. Whereas, for strong

damping, the growth rates are proportional to the intensity of the pump, |b0|2. The growth

rates derived here are a useful tool to explore the limits of extremely weak or strong damping,

and purely temporal or spatial growth.

At the National Ignition Facility (NIF), the lasers enter the laser entrance hole and then

propagate in a density gradient that begins at less than 5% of the critical density and rises

towards above the critical density as the laser approaches the wall. The resulting SRS EPW

has a k2λD that decreases from larger than 1 at the lower densities to around 0.3 near

10% critical density. At this k2λD SRS can begin to be significant. The laser intensity is

1015 W/cm2 and the laser wavelength is 351 nm, which corresponds to a normalized vector
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potential of a0 = 0.01. For n0/nc ≈ 0.1, the parameter k2λD lies between 0.3 and 0.35, and

thus for this value of a0, γ0/ν ≈ 0.3 and (γ0/ν)
√
vg2/vg1 ≈ 0.1. Thus SRS generally begins in

the strongly damped regime. As we discuss below, it can transition into the weakly damped

regime if the EPW nonlinearly evolves into an undamped BGK-like mode.

2.3.4 Reflectivity

In the previous subsections, we quantified the growth by assuming b0 remained constant. In

reality, the pump will deplete thereby lowering and saturating the reflectivity. The regime

of interest in this dissertation is the strongly damped limit. In this subsection, we derive

well known expressions for the reflectivity in this regime that account for pump depletion

[BSW98, FKLinb]. The derivation also introduces the idea of conservation of wave action

that is discussed in more detail later. We consider steady state reflectivity and start from

equations 2.165 and 2.166 augmented with the equation for the pump,

ω0vg0∂zb0 = −ic0b1b2 (2.174)

and substitute equation 2.166 into equations 2.165 and 2.174 to obtain

ω0vg0∂zb0 = −c0c2
νω2

|b1|2b0 (2.175)

ω1vg1∂zb1 =
c1c2
νω2

|b0|2b1 (2.176)

where vg0 > 0 and vg1 < 0. Note that if |b0|2 is constant (no pump depletion), then equation

2.176 recovers equation 2.167 where b1 ∝ eβsz and βs ≡ c1c2
νω1ω2|vg1| |b0|

2 is the spatial gain

coefficient in the strongly damped regime.

To include pump depletion, we take linear combinations of equations 2.175 and 2.176 to

obtain

ω0vg0(b
∗
0∂zb0 + b0∂zb

∗
0) = ∂z(ω0vg0|b0|2) = −2

c0c2
νω2

|b1|2|b0|2 (2.177)

ω1vg1(b
∗
1∂zb1 + b1∂zb

∗
1) = ∂z(ω1vg1|b1|2) = 2

c1c2
νω2

|b0|2|b1|2 (2.178)

43



Adding equations 2.177 and 2.178 and noting that c0 = c1 leads to

∂z(ω0vg0|b0|2 + ω1vg1|b1|2) = 0 (2.179)

or

∂z(ω0vg0|b0|2 − ω1|vg1||b1|2) = 0 (2.180)

and we define N0 = ω0vg0|b0|2 and N1 = ω1|vg1||b1|2 where N0 is related to the wave action

or number of photons as described later. Using these definitions, equations 2.177 and 2.178

can be rewritten as

∂zN0 = −Γ0N0N1 (2.181)

∂zN1 = −Γ0N0N1 (2.182)

where

Γ0 ≡
2c0c2

νω0ω1ω2|vg1|vg0
(2.183)

We consider a plasma slab of length L where the pump enters at z = 0 and the backscattered

light originates at z = L. Thus, we have ∂z(N0 −N1) = 0 which leads to,

N0(z)−N1(z) = N0(0)−N1(0) = N0(L)−N1(L) (2.184)

Using equation 2.184, equation 2.182 can be rewritten as,

∂zN1 = −Γ0N1 [N1 +N0(0)−N1(0)] (2.185)

Defining N1

N0(0)
≡ Ñ1, N1(0)

N0(0)
≡ R, and N1(L)

N0(0)
≡ b, and integrating equation 2.185 leads to

Ñ1(z)

Ñ1(z) + (1−R)
= C0e

−2βs(1−R)z (2.186)

where C0 is an integration constant.

Evaluating equation 2.186 at z = 0 gives R = C0 and then evaluating equation 2.186 at

z = L gives [BSW98, FKLinb],

R =
b

1−R + b
e2βs(1−R)L (2.187)

44



which shows that

R =
ω1vg1b

2
1

ω0vg0b20
= be2βsL (2.188)

when R ≪ 1 and b ≪ 1. As R increases, the scaling with βs becomes less strong due to

pump depletion.

2.3.5 Wave-particle interactions

The above analysis is based on the fluid approximation where wave-particle interactions are

neglected. While the envelope approximation is advantageous in understanding the evolution

of SRS, we have only included lowest order wave-particle interactions as a damping term in

equation 2.149 which can be used to include Landau damping. In the previous section, we

only allowed for a damping rate of the form ν∂tb2 in the equation for the EPW where ν is

a constant. However, in regimes of interest, we must study the origin of the damping rate,

ν, and estimate the ways in which ν can evolve due to changes to the plasma distribution

function as SRS proceeds.

We assume the distribution function of a thermal plasma to be Maxwellian with respect to

velocity in all directions. An electron plasma wave with phase velocity, vph, near the thermal

velocity, ve, can interact with particles whose velocity is near vph. For SRS and k2λD ≲ 0.3,

the phase velocity of the wave is resonant with the tail of the distribution function and does

not affect the bulk of the particles. However, particles with velocities near vph can oscillate

in the potential of the wave, which is moving very slowly in their reference frame. The EPW

has periodic potential wells in which particles can become trapped and bounce back and

forth. The wave accelerates particles with velocities below vph and decelerates particles with

velocities above vph which leads to a flattening of the distribution function.
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2.3.5.1 Bounce frequency

We can determine the bounce frequency by assuming that the electric field of a plasma wave

is E0 sin kx in the frame of a resonant particle (v ≈ vph). For a particle trapped in the wave

executing small oscillations, the electric force is nearly linear because sin θ ≈ θ for θ ≪ 1.

Therefore, the particle behavior may be approximated as

d2x

dt2
= − e

m
E0 sin kx ≈ −eE0k

m
x (2.189)

and we define the bounce frequency, ωB, from the second order differential equation as

ωB ≡
√
eE0k

m
(2.190)

Trapped particles, in turn, affect the growth of the EPW. Landau damping occurs when there

are more particles with velocities slower than vph than with velocities faster than vph. If the

slope of the distribution function near vph is large and negative, the Landau damping rate

is significant. Although Landau damping is a linear process, the effect of trapped particles

can be complicated [Lan46, ON65, MO72b].

2.3.5.2 Inflation

In the linear phase of growth for SRS, the EPW can be linearly Landau damped. However,

after a bounce period, TB = 2π/ωB, the distribution function, f , flattens near vph. While

this is a nonlinear process, it can also be viewed as a renormalization of the distribution

function [MO72b]. The flattened distribution can then be used to determine a modified

Landau damping rate,

ν ∝ −df

dv

∣∣∣∣
vph

(2.191)

The damping rate may no longer be significant because the magnitude of the slope of f near

vph has decreased. The modified ν can be much lower, transitioning SRS into the weakly

damped regime where growth is stronger. This process is referred to as inflationary SRS

[VDB02, VDB07].
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Inflationary SRS results in high levels of reflectivity for conditions where fluid theory

predicts a strongly-damped regime and little growth. We detect inflation in simulations

where we can analyze the particle distribution function by measuring the slope near vph.

There has been much interest in mitigating inflationary SRS by disrupting the wave-particle

interactions that lead to distribution function flattening. An applied magnetic field is one

idea to do this [VDB02, VDB07, SBM17, Mic23, RFT26].

The motion of trapped particles in helical plasma waves is therefore of interest in this

effort. SRS of a laser with OAM can produce a plasma wave with OAM. The azimuthal

variation of the wave will affect particle resonance and delay the transition to inflation.

Thus, we are motivated to study SRS of light with OAM in the regime for which linear

theory predicts strong damping. In Chapter 4, we perform PIC simulations of SRS with

OAM pumps to investigate if EPWs with OAM delay inflation.

2.3.6 Conservation laws

We are motivated to understand the exchange of angular momentum in SRS. In this subsec-

tion, we derive conservation laws for the multi-dimensional SRS envelope equations (equa-

tions 2.147, 2.148, 2.149) based on the paraxial ray and fluid approximations. To our knowl-

edge these have yet to appear in the literature. We aim to derive conservation laws for action,

energy, momentum, and angular momentum in terms of the wave envelopes, b0, b1, and b2.

At the end of this research it was recognized that the 3 envelope equations, equations 2.147

through 2.149, can also be obtained from a Lagrangian density. A Lagrangian can be used

to obtain these conservation laws through Noether’s theorem [PCT26]. We note that some

of the conservation laws obtained from the Lagrangian are identical to what is described

below for uniform plasmas.

47



For brevity, we define 3 operators,

L0 = ω0

(
∂t + vg0∂z − i

c2

2ω0

∇2
⊥

)
(2.192)

L1 = ω1

(
∂t + vg1∂z − i

c2

2ω1

∇2
⊥

)
(2.193)

L2 = ω2

(
∂t + ν + vg2∂z − i

u2ec
2

2ω2

∇2
⊥

)
(2.194)

so that we can rewrite equations 2.147, 2.148, and 2.149 as

L0b0 = −ic0b1b2 (2.195)

L1b1 = −ic1b0b∗2 (2.196)

L2b2 = −ic2b0b∗1 (2.197)

and we define a real constant,

Γ2 ≡
c2
c0

=
c2k22
ω2
p

(2.198)

Noting that c0 = c1, we identify the following property,

b∗0L0b0 = −b1 (L1b1)
∗ = − 1

Γ2

b2 (L2b2)
∗ = −ic0b∗0b1b2 (2.199)

which we will use to form linear combinations of equations 2.195, 2.196, and 2.197 in order

to obtain conservation laws for action, energy, momentum, and angular momentum. The

conservation laws will be in the form

∂tQ+∇ · ΓQ = 0 (2.200)

where Q is a scalar or a vector and ΓQ is the flux of Q.

2.3.6.1 Conservation of action

We begin by examining the action of each wave. This leads to what is commonly referred to

as the Manley-Rowe relations [MR07]. To derive the conservation of action, we begin with

the linear combination,

b∗0L0b0 + b1 (L1b1)
∗ = 0 (2.201)
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Substituting the operators L0 and L1, equation 2.201 becomes

ω0b
∗
0∂tb0 + ω1b1∂tb

∗
1 + ω0vg0b

∗
0∂zb0 + ω1vg1b1∂zb

∗
1 −

ic2

2

(
b∗0∇2

⊥b0 − b1∇2
⊥b

∗
1

)
= 0 (2.202)

Next, in order to form total derivatives and find a conservation law resembling 2.200, we add

the complex conjugate to equation 2.202 and rearrange to find

∂t
(
ω0|b0|2 + ω1|b1|2

)
+ ∂z

(
ω0vg0|b0|2 + ω1vg1|b1|2

)
+∇⊥ · − ic

2

2
[(b∗0∇⊥b0 − b0∇⊥b

∗
0) + (b∗1∇⊥b1 − b1∇⊥b

∗
1)] = 0 (2.203)

where we have used the fact that b∗∂b+ b∂b∗ = ∂|b|2 and

b∗∂2b− b∂2b∗ = ∂ (b∗∂b− b∂b∗) (2.204)

The right-hand side of equation 2.203 would be nonzero if we included light wave damping

in equations 2.147 and 2.148. We identify equation 2.203 as a conservation law for the action

ω0|b0|2+ω1|b1|2. For the light waves, the classical action is related to the number of photons

which is conserved [MR07, Kru88] as we discuss below.

We can show that ω0|b0|2 + ω2

Γ2
|b2|2 is conserved through the same approach, except now

a sink is present due to EPW damping. We take the following linear combination,

b∗0L0b0 +
1

Γ2

b2 (L∗
2b2)

∗ + c.c. = 0 (2.205)

which becomes, by the same simplifications,

∂t

(
ω0|b0|2 +

ω2

Γ2

|b2|2
)
+ ∂z

(
ω0vg0|b0|2 +

ω2vg2
Γ2

|b2|2
)

+∇⊥ · − ic
2

2

[
(b∗0∇⊥b0 − b0∇⊥b

∗
0) +

u2e
Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2)

]
= −2ν

ω2

Γ2

|b2|2 (2.206)

We note that it is also possible to obtain an equation for the conservation of ω1|b1|2− ω2

Γ2
|b2|2

by the same approach.

As noted above, ωj

Γj
|bj|2 is the action and can be identified as the number of quanta per

unit volume for the jth mode. Consider the EM waves, j = 0 and 1 with Γj = 1. For these
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waves, bj is the normalized vector potential and

|E| ∝ |∂tA| ∝ ωb (2.207)

Thus, ωb2 ∝ |E|2/ω and recall that the photon density is |E|2/ℏω. Thus, aside from the

normalizations, ωb2 is the number of photons divided by volume. It is also referred to as the

action of the wave, a = ωb2. If equation 2.203 is integrated over all space then it says that

the time derivative of the number of photons is zero. Therefore, equation 2.203 implies that

as the pump loses a photon, it shows up as a photon in the backscattered wave.

2.3.6.2 Conservation of energy

In the case of conservation of energy, we begin the derivation by constructing a single equation

which is a linear combination with all 3 waves included,

ω0b
∗
0L0b0 + ω1b1 (L1b1)

∗ +
ω2

Γ2

b2 (L2b2)
∗ = 0 (2.208)

where we have used the frequency matching condition, ω0 − ω1 − ω2 = 0 to eliminate the

coupling terms. Adding the complex conjugate and rearranging yields,

∂t

(
ω2
0|b0|2 + ω2

1|b1|2 +
ω2
2

Γ2

|b2|2
)
+ ∂z

(
ω2
0vg0|b0|2 + ω2

1vg1|b1|2 +
ω2
2vg2
Γ2

|b2|2
)

+∇⊥ · − ic
2

2

[
ω0 (b

∗
0∇⊥b0 − b0∇⊥b

∗
0) + ω1 (b

∗
1∇⊥b1 − b1∇⊥b

∗
1)

+
ω2u

2
e

Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2)

]
= −2ν

ω2
2

Γ2

|b2|2 (2.209)

We identify this as the energy density because ω2b2 ∝ |E|2. The energy, ω2
0|b0|2 + ω2

1|b1|2 +
ω2
2

Γ2
|b2|2, is thus a conserved quantity in the interaction, and the plasma wave damping creates

an energy sink proportional to the energy of the plasma wave. As noted in reference [Mic23],

for the 1D case where ∇⊥ is neglected, this equation is not linearly independent from the

set of conservation of action equations.
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2.3.6.3 Conservation of momentum

Because momentum is a vector, we need conservation laws for each component. For the z

component, we take the linear combination,

k0b
∗
0L0b0 + k1b1 (L1b1)

∗ +
k2
Γ2

b2 (L2b2)
∗ = 0 (2.210)

where we use wave number matching which implies k0−k1−k2 = 0 to eliminate the coupling

terms. Adding the complex conjugate and making some algebraic manipulations leads to

∂t

(
k0ω0|b0|2 + k1ω1|b1|2 +

k2ω2

Γ2

|b2|2
)
+ ∂z

(
k0ω0vg0|b0|2 + k1ω1vg1|b1|2 +

k2ω2vg2
Γ2

|b2|2
)

+∇⊥ · − ic
2

2

[
k0 (b

∗
0∇⊥b0 − b0∇⊥b

∗
0) + k1 (b

∗
1∇⊥b1 − b1∇⊥b

∗
1)

+
k2u

2
e

Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2)

]
= −2ν

k2ω2

Γ2

|b2|2 (2.211)

where, again, the plasma wave damping term leads to a sink.

To examine the transverse momentum, p⊥, we note that Eq. 2.209 relates the momentum

and energy flux (up to a factor of c2). Therefore, we expect an equation for the transverse

momentum to take the following form,

p⊥ = − i

2

[
ω0(b

∗
0∇⊥b0 − b0∇⊥b

∗
0) + ω1(b

∗
1∇⊥b1 − b1∇⊥b

∗
1)+

ω2

Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2)

]
(2.212)

A conservation law for the transverse momentum must include ∂tp⊥. We note that the

following combination will be included,

∂t

[
− iω0

2
(b∗0∇⊥b0 − b0∇⊥b

∗
0)

]
= − i

2
[(∇⊥b0)− b0∇⊥]ω0∂tb

∗
0

+
i

2
[(∇⊥b

∗
0)− b∗0∇⊥]ω0∂tb0 (2.213)
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Thus, we construct a linear combination of the envelope equations which, in this case, does

not sum to zero, but instead can be written as the total derivative of a coupling term,

i [(∇⊥b0)− b0∇⊥] (L0b0)
∗ + i [(∇⊥b1)− b1∇⊥] (L1b1)

∗ − i

Γ2

[(∇⊥b
∗
2)− b∗2∇⊥]L2b2

= c0∇⊥ (b0b1b
∗
2) (2.214)

Adding the complex conjugate to equation 2.214 and regrouping yields a conservation law

for the expected form of p⊥. To show this we expand the terms with L0b0 and (L0b0)
∗ to

obtain

i [(∇⊥b0)− b0∇⊥] (L0b0)
∗ − i [(∇⊥b

∗
0)− b∗0∇⊥]L0b0 = ∂t [iω0 (b

∗
0∇⊥b0 − b0∇⊥b

∗
0)]

+ ∂z [iω0vg0 (b
∗
0∇⊥b0 − b0∇⊥b

∗
0)] +∇⊥ · c2

[
b∗0∇2

⊥b0 + b0∇2
⊥b

∗
0

2
−∇⊥b∇⊥b

∗
]

(2.215)

The same can be done for the L1b1 and (L1b1)
∗, and L2b2 and (L2b2)

∗ terms. Defining a

symmetric rank-2 tensor, T , as

T ≡ c2
[
b∗0∇2

⊥b0 + b0∇2
⊥b

∗
0

2
I −∇⊥b0∇⊥b

∗
0 +

b∗1∇2
⊥b1 + b1∇2

⊥b
∗
1

2
I −∇⊥b1∇⊥b

∗
1

−u
2
e

Γ2

(
b∗2∇2

⊥b2 + b2∇2
⊥b

∗
2

2
I −∇⊥b2∇⊥b

∗
2

)
+ c0 (b0b1b

∗
2 + b∗0b

∗
1b2) I

]
(2.216)

and grouping terms from equation 2.215 and the analogous equations for b1 and b2, we arrive

at the conservation law for p⊥,

∂t

[
iω0 (b

∗
0∇⊥b0 − b0∇⊥b

∗
0) + iω1 (b

∗
1∇⊥b1 − b1∇⊥b

∗
1) +

iω2

Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2)

]
+ ∂z

[
iω0vg0 (b

∗
0∇⊥b0 − b0∇⊥b

∗
0) + iω1vg1 (b

∗
1∇⊥b1 − b1∇⊥b

∗
1)+

iω2vg2
Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2)

]
+∇⊥ · T = −2ν

iω2

Γ2

(b∗2∇⊥b2 − b2∇⊥b
∗
2) (2.217)

T represents the flux of momentum in the transverse direction, and I is the identity matrix.

The symmetry of T has physical implications. Namely, the plasma has no external rotation

and no net torque from internal forces.
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2.3.6.4 Conservation of angular momentum

In this dissertation, we are primarily interested in the angular momentum. More specifically,

we are most interested in the component of angular momentum in the propagation direction,

Mz. The angular momentum in ẑ, Mz, follows from the conservation law for p⊥. We start

from the definition of Mz,

Mz = xpy − ypx = (x⊥ × p⊥) · ẑ = rpφ (2.218)

where r =
√
x2 + y2, and note that

(x⊥ ×∇⊥) · ẑ = ∂φ (2.219)

in cylindrical coordinates. We can rewrite equation 2.217 as a conservation law for Mz by

taking the cross product with x⊥ and noting that ∂tx⊥ and ∂zx⊥ are zero. Substituting

equation 2.219 yields

∂t

[
iω0 (b

∗
0∂φb0 − b0∂φb

∗
0) + iω1 (b

∗
1∂φb1 − b1∂φb

∗
1) +

iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2)

]
+ ∂z

[
iω0vg0 (b

∗
0∂φb0 − b0∂φb

∗
0) + iω1vg1 (b

∗
1∂φb1 − b1∂φb

∗
1)+

iω2vg2
Γ2

(b∗2∂φb2 − b2∂φb
∗
2)

]
+ x⊥ × (∇⊥ · T ) = −2ν

iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2) (2.220)

Equation 2.220 is not quite a conservation law because the term x⊥ × (∇⊥ · T ) is not yet a

total derivative. Examining the components, we find

[x⊥ × (∇⊥ · T )]i = ϵijkxj∂lTlk = ∂l (ϵijkxjTlk)− ϵijkTlk∂l(xj) (2.221)

and, upon recognizing that ∂lxj = δjl, we can rewrite the last term as

ϵijkTlkδjl = ϵijkTjk (2.222)

However, T is a symmetric tensor, Tjk = Tkj, and ϵijk is anti-symmetric. The product of

symmetric and anti-symmetric tensors vanishes. Therefore, we can rewrite this term as a

total derivative,

[x⊥ × (∇⊥ · T )]i = ϵijkxj∂lTlk = ∂l (ϵijkxjTlk) = [∇⊥ · (x⊥ × T )]i (2.223)
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Substituting equation 2.223 into equation 2.220 yields a conservation law for Mz,

∂t

[
iω0 (b

∗
0∂φb0 − b0∂φb

∗
0) + iω1 (b

∗
1∂φb1 − b1∂φb

∗
1) +

iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2)

]
+ ∂z

[
iω0vg0 (b

∗
0∂φb0 − b0∂φb

∗
0) + iω1vg1 (b

∗
1∂φb1 − b1∂φb

∗
1)+

iω2vg2
Γ2

(b∗2∂φb2 − b2∂φb
∗
2)

]
+∇⊥ · (x⊥ × T ) = −2ν

iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2) (2.224)

Just as for action, energy, and momentum, the plasma wave damping can act as an OAM

sink proportional to ν. The conserved angular momentum in the ẑ-direction for the three

waves is therefore

Mz = iω0 (b
∗
0∂φb0 − b0∂φb

∗
0) + iω1 (b

∗
1∂φb1 − b1∂φb

∗
1) +

iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2) (2.225)

which we have derived directly from the envelope equations. The angular momentum of a

single EM wave with envelope b and frequency ω therefore takes the form

Mz = iω (b∗∂φb− b∂φb
∗) (2.226)

while the angular momentum of the EPW is

Mz =
iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2) (2.227)

Note that the expression in equation 2.226 is identical to that in Allen et al., up to normal-

ization factors, where now the waves are propagating in a plasma.

2.3.6.5 Physical interpretation of plasma wave OAM

The expressions for transverse momentum, p⊥, and the angular momentum, Mz, for the

light waves are the same as those from the work of [ABS92]. However, it is worth noting

that the expressions derived here are valid in a plasma (medium) where ki is not simply ωi.

In addition, the analogous expression for the transverse and angular momentum for a plasma

wave has not appeared before. It is thus important to attach a physical interpretation for

this expression.
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To lowest order, a plasma wave is longitudinal (electrostatic) and can thus be described

by a scalar potential. Therefore, there is no field momentum associated with it as B vanishes;

the momentum density must therefore come from the fluid motion, p⊥ = nmu⊥. As for the

EM waves, we are interested in the time average of this quantity.

We assume that ϕ, n, and u⊥ are the complex amplitudes of the envelopes which all have

the same frequency and wavenumber. We can write Gauss’ Law as

−∇2ϕ = (k22 −∇2
⊥)ϕ = −4πen (2.228)

where we have assumed ∂zϕ is negligible. Using a Taylor expansion in ∇2
⊥ to approximately

invert equation 2.228, we obtain

ϕ = −4πe

k22

n

(1− ∇2
⊥
k22

)
= −4πe

k22

[
1 +

1

k22
∇2

⊥ +O

(
∇4

⊥
k42

)]
n (2.229)

Next, we rearrange the momentum equation (Euler’s Law) assuming ∂tu⊥ = −iω2u⊥

u⊥ =
ie

mω2

∇⊥ϕ− 3i
v2e
ω2n0

∇⊥n (2.230)

Upon substituting equation 2.229, equation 2.230 can be rewritten as

u⊥ ≈ − i

ω2

∇⊥

[
4πe2

mk22

(
1 +

1

k22
∇2

⊥

)
+ 3

v2e
n0

]
n

= −
iω2

p

ω2k22
∇⊥

(
1 + 3k22λ

2
D +

1

k22
∇2

⊥

)
n

n0

(2.231)

where we have used the definition of the Debye length

λD =
ve
ωp

(2.232)

From the fluid dispersion relation for an EPW, we can substitute ω2
2/ω

2
p for 1 + 3k22λ

2
D in

equation 2.231. Therefore, replacing n/n0 with b2, we can write equation 2.231 as

u⊥ = −
iω2

p

ω2k22
∇⊥

[
ω2
2

ω2
p

+
1

k22
∇2

⊥

]
b2 ≈ −iω2

k22
∇⊥b2 (2.233)
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where we can obtain higher order terms through the Taylor expansion approach. Thus, the

time average of p⊥ can be expressed in terms of b2,

⟨ p⊥

n0mc
⟩ = 1

4n0c
(n∗u⊥ + nu∗

⊥) =
1

4

(
b∗2
u⊥

c
+ b2

u∗
⊥
c

)
=

iω2

4ck22
(−b∗2∇⊥b2 + b2∇⊥b

∗
2) (2.234)

Recalling that Γ2 =
c2k22
ω2
p

, equation 2.234 becomes

⟨ p⊥

n0mc
⟩ = − i

4Γ2

ω2

ωp

(
b∗2
c

ωp
∇⊥b2 − b2

c

ωp
∇⊥b

∗
2

)
(2.235)

which is the same expression as that in equation 2.212 up to normalization constants. Thus,

we have shown that the expression for p⊥ obtained from the conservation laws which were

based on the envelope equations can also be given a physical interpretation obtained by a

Taylor approximation approach.

2.3.6.6 OAM index of an arbitrary wave

In this subsection, we consider under what circumstances the conservation of Mz can be

described as an ℓ matching condition, in analogy with how the conservation of energy and

momentum are described by ω and k matching conditions. Recalling the connection to the

derivation of the OAM per photon of a pure LG mode in vacuum as ℓℏ, we can use the

conservation law to define an effective OAM index for any envelope. The effective OAM

index for wave j is the ratio of the angular momentum density integrated over dx⊥ to the

wave action integrated over dx⊥,

ℓ̄j =
− iωj

2

∫ (
b∗j∂φbj − bj∂φb

∗
j

)
dx⊥

ωj
∫
|bj|2dx⊥

. (2.236)

In general, we can expand an arbitrary envelope, b, as a superposition of OAM states each

with integer ℓ,

b(x⊥) =
∞∑

ℓ=−∞

bℓ(r)e
iℓφ (2.237)

The effective OAM index, ℓ̄, (equation 2.236) is the weighted average,

ℓ̄ =

∑
ℓ ℓ|bℓ|2∑
ℓ′ |bℓ′ |2

(2.238)
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For a pure Laguerre-Gaussian envelope in vacuum with envelope eiℓ0φ, the index ℓ0 is recov-

ered. Note that the action of the wave with frequency ωj is defined as aj ≡ ωj
∑

ℓ′ |bℓ′ |2 so

the OAM of the wave is ℓ̄jaj.

In the literature, the concept of ℓmatching has been invoked with respect to SRS [cTT09].

This can be easily argued if each wave is a pure OAM Laguerre-Gaussian mode. Consider

b0 ∝ eil0φ, b1 ∝ eil1φ, and b2 ∝ eil2φ. In order for each wave to be resonantly driven, the RHS

of each wave equation (equations. 2.147 to 2.149) must have the same ℓ as that on the LHS,

which leads directly to ℓ0 = ℓ1 + ℓ2.

However, this implies that the ℓj number of each wave cannot change. The same assump-

tion is true for ω and k matching, where it is implicitly assumed that the ωj and kj of each

wave does not change. However, these quantities are not part of the envelope, while OAM

is an intrinsic property of the envelope itself. Thus, the OAM selection rule or ℓ matching

is more subtle than for ω and k.

To clarify the above discussion, it is illustrative to see how ω matching follows from

the conservation of energy equation. The same arguments apply to k matching and the

conservation of momentum equation. Consider the conservation of energy equation after

integrating over dx⊥,

∂t (ω0ā0 + ω1ā1 + ω2ā2) + ∂z (vg0ω0ā0 + vg1ω1ā1 + vg2ω2ā2) = 0 (2.239)

where ā ≡
∫
adx⊥ and a2 is defined as 1

Γ2
|b2|2. This equation can be expanded as,

ā0(∂t + vg0∂z)ω0 + ā1(∂t + vg1∂z)ω1 + ā2(∂t + vg2∂z)ω2

+ ω0(∂tā0 + ∂zvg0ā0) + ω1(∂tā1 + ∂zvg1ā1) + ω2(∂tā2 + ∂zvg2ā2) = 0 (2.240)

which can then be rewritten as

ā0(∂t + vg0∂z)ω0 + ā1(∂t + vg1∂z)ω1 + ā2(∂t + vg2∂z)ω2

+ (ω0 − ω1 − ω2)(∂tā0 + ∂zvg0ā0) = 0 (2.241)
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if the conservation of action equations (equations 2.203 and 2.206) are used. Equation 2.241

is satisfied if ω0 − ω1 − ω2 = 0, and each frequency is constant. Thus, ω matching follows

from energy conservation only if each ωj does not change. Analogous conclusions can be

made for k matching by combining the momentum and conservation of action equations.

Following the same arguments, we can combine conservation of OAM with the conserva-

tion of action equations,

ā0(∂t + vg0∂z)ℓ̄0 + ā1(∂t + vg1∂z)ℓ̄1 + ā2(∂t + vg2∂z)ℓ̄2

+ (ℓ̄0 − ℓ̄1 − ℓ̄2)(∂tā0 + ∂zvg0ā0) = 0 (2.242)

which makes clear that ℓ̄matching, ℓ̄0−ℓ̄1−ℓ̄2 = 0 is only true if each ℓ̄ remains constant. This

is generally not true, so ℓ̄ matching is not an absolute concept in SRS while the conservation

equation for Mz is absolute.

In the next chapter, we explore OAM resonance and under what conditions ℓ matching

is satisfied through simulations of SRS growth from noise and with various combinations of

pump and seed OAM. We analyze the evolution and exchange of OAM with equation 2.236

and study conservation of angular momentum in pF3D and PIC simulations.

2.4 Summary

In this chapter, we presented a theoretical framework for the study of stimulated Raman

scattering with orbital angular momentum. First, we reviewed the derivation for the orbital

angular momentum of light and the modes whose envelopes can be described by Laguerre-

Gaussian modes which are expansions in azimuthal mode numbers, eiℓφ. The OAM per

photon in a single mode is ℓℏ. Additionally, we reviewed the derivation of the contribution

to angular momentum from circular polarization. These reviews were done with significant

detail. Next, we discussed the motion of a single particle in an EM field and reviewed the

derivation of the ponderomotive force. We expanded the single particle picture to a plasma
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by deriving the fluid plasma equations from the Vlasov equation. From the continuity and

momentum equation we obtained two coupled differential equations describing both the EM

and plasma waves in SRS including the lowest order effects of finite-width lasers. We then

split the light wave into a large pump wave and a smaller seed or backscattered wave and

assumed all waves could be described by a slowly varying envelope. This led to the full set

of coupled envelope equations.

By examining the temporal and spatial limits of the envelope equations, we defined

growth rates for strong and weak EPW damping. These growth rates will be used in the

next chapter. We briefly discussed the relationship to the growth rate of convective and ab-

solute instabilities; and discussed the reflectivity in the strongly damped regime. Next, we

discussed inflation and the behavior of a single particle trapped in a plasma wave which can

also affect SRS growth. Finally, we derived conservation laws for action, energy, momentum,

and angular momentum from the envelope equations which led to a physical interpretation of

the OAM of a plasma wave. To our knowledge, these conservation laws for SRS backscatter

within the validity of the paraxial wave equation have heretofore not appeared in the liter-

ature. We used the conservation law for angular momentum to show under what conditions

there is an effective ℓ matching condition.

This chapter outlined the necessary theory and equations to compare simulations of

stimulated Raman scattering with and without orbital angular momentum. The next chapter

(Chapter 3) discusses fluid simulations using pF3D and compares the gain of a seed to

the growth rates derived here. The following chapter (Chapter 4) covers particle-in-cell

simulations using OSIRIS and the changes to SRS which arise when single particle or kinetic

behavior is considered.
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CHAPTER 3

Fluid simulations of Stimulated Raman Scattering

3.1 Introduction

As described in the previous chapters, this dissertation is focused on studying Stimulated Ra-

man Scattering (SRS) of finite-width lasers (a single speckle), with an emphasis on studying

how SRS differs when the incident speckle does or does not have orbital angular momentum

(OAM). In SRS, a pump laser incident on an underdense plasma can spontaneously decay

into a backscattered light wave and a plasma wave. SRS can also involve the amplification of

a well-defined backscattered seed from a pump. In Chapter 2, key physics concepts involved

in multidimensional SRS were reviewed, and new results regarding conservation laws (for

action, energy, linear momentum, and OAM) were presented that are appropriate within

the fluid and paraxial ray approximations. The role of kinetic effects in plasma waves with

and without OAM was also discussed.

To understand how the presence of OAM affects SRS, it is thus important to isolate

the roles of fluid effects and kinetic effects. Therefore, in general, although the physics of

SRS can depend on wave-particle interactions, we can still learn about fundamental trends

and important behavior by using a fluid code. In this chapter, we present results from fluid

simulations of SRS of speckles with and without OAM. The results will be compared against

theory and will be interpreted using concepts from Chapter 2. The results will also be used as

a starting point for Chapter 4 where results from fully kinetic simulations will be described.

The fluid code to be used in this chapter is pF3D [BSW98, BDG01, LSA16, WHL12]
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which is a general purpose code that can model SRS as well as Stimulated Brillouin Scattering

(SBS), self-focusing, and filamentation in plasmas including plasma flows and heat flux. It

can simulate non-uniform plasmas and model multi-speckle lasers generated from phase

plates, including smoothing from spectral dispersion (SSD). pF3D is based on the envelope

approximations and the paraxial ray approximation that were used to generate the three

coupled wave equations in Chapter 2. Landau damping for the EPW and collisional damping

of the EM waves can also be included. For the purposes of this dissertation, the plasmas are

uniform, plasma flow and ion dynamics are disabled, and damping of only the EPW from

Landau damping is considered. For SRS the only nonlinearity is pump depletion. For the

purposes of this work, the antenna in pF3D was modified to launch a single speckle with

OAM.

In this chapter, we first examine SRS growth from noise, in contrast to Raman am-

plification of a well-defined seed pulse, which is explored subsequently. Small background

fluctuations can be amplified spontaneously, and a spectrum of modes within some resonant

region can grow into backscatter, even in the absence of a well-defined seed. We study how

the presence of OAM in the pump laser affects the reflectivity and compare to a Gaussian

laser with no OAM based on various comparison metrics. We also explore the effect of

Landau damping by changing the temperature to scan the behavior of SRS between the

strongly-damped and weakly-damped regimes. We compare the gain of a seed for different

OAM combinations of the pump and seed. Because each simulation is not computationally

intensive, we are able to generate a large amount of data to study different laser and plasma

configurations.

3.2 Overview of pF3D

In this section, we provide a brief overview of the relevant equations in pF3D that are used

to simulate SRS. The code solves three envelope equations based on the fluid dispersion
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relations which we derived in the previous chapter (equations 2.147, 2.148, and 2.149) to

advance the three waves (pump, backscattered wave, and forward propagating EPW). For

convenience, we repeat equations 2.133, 2.134, and 2.135, which show how the complex

envelopes, b0, b1, and b2, are defined,

eA0

mc2
= ê0b0e

ik0z−iω0t + c.c. (3.1)
eA1

mc2
= ê0b1e

ik1z−iω1t + c.c. (3.2)
n1

n0

= b2e
ik2z−iω2t + c.c. (3.3)

where A0 and A1 are the vector potentials of the incident and backscattered light, and n1

is the plasma density perturbation. We simulate linearly polarized light (ê0 = x̂) which

precludes spin angular momentum (the equations can be modified to include circularly po-

larized light). As shown in Chapter 2 the envelope equations for SRS in a uniform plasma

are

ω0

(
∂t + vg0∂z − i

c2

2ω0

∇2
⊥

)
b0 = −ic0b1b2 (3.4)

ω1

(
∂t + vg1∂z − i

c2

2ω1

∇2
⊥

)
b1 = −ic1b0b∗2 (3.5)

ω2

(
∂t + ν + vg2∂z − i

u2ec
2

2ω2

∇2
⊥

)
b2 = −ic2b0b∗1 (3.6)

where the ω’s and k’s satisfy the fluid dispersion relations,

ω2
0 = ω2

p + c2k20 (3.7)

ω2
1 = ω2

p + c2k21 (3.8)

ω2
2 = ω2

p + 3k22v
2
e (3.9)

as well as the three-wave matching conditions,

ω0 = ω1 + ω2 (3.10)

k0 = k1 + k2. (3.11)
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As noted previously, for this convention ω1 > 0 and k1 < 0. The OAM number for each

wave, ℓ̄0, ℓ̄1, and ℓ̄2, can be calculated from the envelopes using equation 2.236,

ℓ̄j =
− iωj

2

∫ (
b∗j∂φbj − bj∂φb

∗
j

)
dx⊥

ωj
∫
|bj|2dx⊥

. (3.12)

which we also use to confirm our implementation of pure OAM (Laguerre-Gaussian) laser

modes created by the antenna.

In pF3D, SRS can grow from noise or from a well-defined seed where a small amplitude

Laguerre-Gaussian mode is launched from the right boundary (the pump is launched from

the left boundary). The initial values for b2 are determined based on assuming a thermal

plasma and the initial values for b1 come from the interaction of the pump and the plasma.

The noise source is random so there should be negligible azimuthal asymmetry (or OAM).

To confirm this we measured the angular momentum in both the background plasma and

electromagnetic noise by calculating ℓ̄2 and ℓ̄1 from equation 2.236 from the wave envelopes

at the start of the simulation, and found them to be zero. Therefore, the initial state of the

plasma has no OAM.

The plasma density is 0.14nc where nc is the critical density which is defined as

nc ≡
mω2

0

4πe2
=
ω2
0

ω2
p

n0. (3.13)

The density is uniform except for a ramp at the entrance and exit planes of the pump laser.

The laser is focused at the center of the simulation box and has a wavelength, λ0, which

corresponds to 0.3512 µm. The size of the simulation region is 48λ0 × 48λ0 × 200λ0. The

cell size is 0.5λ0 in the transverse directions and 4λ0 in the propagation (z) direction. When

the beam waist is w0 = 4λ0, the box length is about 4zR where zR ≡ π
λ0
w2

0 = 16πλ0. Recall

that this expression for zR holds for all Laguerre-Gaussian modes with the same w0 in the

exponential. We also performed simulations with w0 = 8λ0, and for these cases the box

length was either zR (same length in laser wavelengths as before) or 4zR. We explored a

range of cell sizes and found that the results were well converged for the chosen resolution.
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3.2.0.1 Obtaining the normal EPW modes

In the envelope equations ν = ν2 comes from Landau damping. Collisional damping for

b1 and b2 is negligible for the parameters considered. For plasma conditions of interest,

determining the real and imaginary parts for ω2 requires solving the fully kinetic dispersion

relation where the wavenumbers, frequencies, and EPW damping rate depend on the plasma

density and temperature. We use an analytical solver to find all parameters for various

plasma densities and electron temperatures. We assume the plasma is in local equilibrium

so the electron distribution function is a Maxwellian. The necessary equations start with

the kinetic dispersion relation for an EPW,

1− 1

2k22λ
2
D

Z ′
(

ω2√
2k2ve

)
= 0 (3.14)

where Z ′ is the derivative of the plasma dispersion function [FC61],

Z(ζ) ≡ 1√
π

∫ ∞

−∞

e−t
2

t− ζ
dt (3.15)

and the Debye length, λD, is the ratio of electron thermal velocity to the plasma frequency,

λD ≡ ve
ωp

=

√
kBTe
4πn0e2

(3.16)

where kB is the Boltzmann constant. The Debye length is a fundamental length scale in

a plasma which characterizes the collective shielding behavior for electric fields. The two

matching conditions for the real parts of ω and k (equations 3.10 and 3.11), and the three

dispersion relations form a set of equations for the frequencies and wavenumbers of the three

waves. We assume a fluid dispersion relation for each of the undamped EM waves,

ω2
i = ω2

p + c2k2i (3.17)

where i is 0 for the pump and 1 for the backscatter or seed, and the wavenumbers and

frequencies are real. For frequency and wave number matching, we allow complex ω2, where

the imaginary part determines the EPW damping rate, ν. The kinetic solver calculates

frequencies and wavenumbers given n0/nc and ve/c.
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Figure 3.1: (a-c) Real and imaginary parts of the EPW frequency normalized to ωp and

EPW wavenumber normalized to λ−1
D as a function of density and temperature computed

from a non-relativistic kinetic solver. We are interested in −Im(ω2) because strong damp-

ing occurs for larger negative values. (d) Real part of ω2 as a function of k2 compared

to the Bohm-Gross dispersion relation ωBG

ωp
=
√

1 + 3(k2λD)2. (e) The negative imag-

inary part of ω2 as a function of k2 compared to the asymptotic Landau damping rate

−γL
ωp

=
√
π

k2λD(1+3(k2λD)2)3/2
e
− 1

2(kλD)2
− 3

2 . The curves in (d-e) correspond to a density of 0.14nc
and a range of temperatures.
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In figure 3.1 we show the EPW parameters for a range of densities and temperatures.

In (a-b), we plot the normalized real and imaginary parts of ω2 for densities from 0.08nc to

0.16nc and temperatures from 1.27 keV to 13.1 keV (ve from 0.05c to 0.16c). At the highest

temperatures relativistic corrections can be important, but we have not included them here.

The damping rate, ν, is −Im(ω2). For low density and high temperature, Re(ω2)/ωp is

1.7. Conversely, for high density and low temperature, Re(ω2)/ωp is near 1. In panel (b),

−Im(ω2)/ωp ranges from 0 to 0.5. Panel (c) shows the normalized wavenumber, k2λD which

varies from 0.1 to 0.7 for the parameters scanned. The white lines in (a-c) show contours of

constant values. In panel (d), we plot the real part of the frequency vs k2λD and compare

to the Bohm-Gross dispersion relation for a Langmuir electron plasma wave,

ωBG
ωp

=
√
1 + 3(k2λD)2. (3.18)

Additionally, in (e), we compare the solver results for −Im(ω2) vs k2λD to the analytical and

asymptotic Landau damping rate formula [Lan46, Jac99],

−γL
ωp

=

√
π

k2λD(1 + 3(k2λD)2)3/2
e
− 1

2(kλD)2
− 3

2 . (3.19)

For panels (d-e), the density is constant at 0.14nc and the temperature varies such that

k2λD scans from 0.1 to 0.5. As expected, the Bohm-Gross theory aligns with the solver results

for low k2λD (below 0.2) and diverges as k2λD increases. The Landau formula matches the

solver best for k2λD from about 0.35 to 0.4 but matches well for all values below 0.4. For

this research, we focus on the strongly damped regime where k2λD is greater than 0.3.

These parameters relate to those in plasmas where SRS occurs on NIF in gas-filled

hohlraums. However, we are only studying the basic physics of a single speckle in a uniform

plasma and not the behavior of multi-speckle NIF beams under complex plasma and laser

conditions.

Figure 3.2 shows curves in k2λD vs. intensity space in order to examine various damping

regimes as described in Chapter 2. It is assumed that n0 = 0.14nc. In (a), intensity is
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Figure 3.2: Three conditions for a transition from the strongly to weakly damped regime

shown on linear (a) and logarithmic (b) scales. Each line represents the intensity where the

transition condition is satisfied as a function of k2λD. Both k2λD and the damping rate, ν,

depend on the plasma density and temperature. The blue line shows the intensity for which

the temporal growth rate is greater than the damping rate (the strongly-damped temporal

transition) as described in Chapter 2. The highest transition intensity (orange) corresponds

to the transition from the weakly-damped to the strongly-damped spatial regime. The green

line shows the intensity where the spatial gain exponent of the field (power) exceeds 10

(20) so that the backscatter grows by a factor of e10. The gain exponent is βsL where L

is the simulation box length which is 200λ0. The space between the blue and orange lines

represents parameters where SRS is simultaneously in the weakly-damped temporal regime

and the strongly-damped spatial regime.
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on a linear scale, while in (b) it is on a logarithmic scale. In both plots three curves are

shown, which correspond to three regime transitions or boundaries. The temporal behavior

transitions at the boundary,
γ0
ν

= 1 (3.20)

where γ0 is the temporal growth rate and ν is the EPW damping rate which comes from the

kinetic solver. This corresponds to the transition from the weakly damped (γ0/ν ≫ 1) to

the strongly damped (γ0/ν ≪ 1) temporal regimes. The orange curve shows the transition

boundary from the weakly damped to strongly damped spatial regimes,

γ0
ν

√
vg2
|vg1|

= 1 (3.21)

where vg2 is the group velocity of the EPW and vg1 is the group velocity of the backscattered

light. The green curve corresponds to the parameters where the strongly damped spatial gain

exponent exceeds 10 so that the noise source for the field amplitude grows by 10 e-foldings,

e10 amplification,

βsL = 10 (3.22)

where the box length L is 200λ0 which is about 4zR when the beam waist w0 is 4λ0. We

often show plots of the reflectivity of the intensity rather than amplitude so this boundary

corresponds to 20 e-foldings of growth of that quantity. We will indicate the spatial regime

threshold in the reflectivity data plots presented later in this chapter, in order to compare

pF3D simulations to 1D theory, as well as plots of the predicted reflectivity from equation

2.187 in Chapter 2.

In the simulations presented here, the simulation box length is significantly larger than

the Rayleigh length, zR, and therefore the intensity of the Gaussian beam is 20% of the peak

value at the entrance and exit of the plasma. For lasers with finite-width, the peak value for

a0 is used to examine the regimes of growth and thus the peak intensity is used to calculate

βs in equation 2.168. If
∫
βsdz is used instead of βsL, the estimated spatial gain exponent

decreases by a factor of two.
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As mentioned in Chapter 2, one can simultaneously be in the strongly damped spatial

regime but in the weakly damped temporal regime. That is demonstrated in figure 3.2 where

the temporal threshold (blue) is far below the spatial threshold (orange) for high k2λD and

high intensity. For most cases of interest (k2λD ≈ 0.34), SRS is in the strongly damped

spatial regime.

3.2.0.2 OAM laser shape

Beyond understanding the effect of damping, we are interested in how SRS proceeds in the

presence of OAM. In order to properly examine the effect of OAM, we first compare the

transverse shapes of lasers with ℓ = 0, 1, 2, 3. The intensity profiles are radially symmetric

even when the envelope includes eiℓφ. When ℓ ̸= 0, there is zero intensity on axis, and the

profile forms a ring (or multiple rings when p ̸= 0 which is not considered here). For the rest

of this chapter, we assume ℓ is always positive, so that we can neglect the absolute value

whenever we give relevant formulae. We compare simulations across ℓ by matching two out

of the three parameters that characterize the laser envelopes, peak intensity, power, and w0.

The relationship between these three is explained in detail below.

The intensity of light with OAM is not in general peaked on the r = 0 axis. Specifically,

Iℓ, goes as |u0ℓ|2 which is r2ℓ|u0|2 where u0 is equal to upℓ in equation 2.8 with p and ℓ equal

to 0, i.e., u0 = u00 [ABS92]. The peak intensity and power of the beam depend on ℓ. In

what follows we only consider the p = 0 situation.

We calculate the location of the peak of the intensity profile by taking the derivative,

∂rIℓ = ∂r|u0ℓ|2 = ∂r

C2

(√
2r

w0

)2ℓ

e
− 2r2

w2
0

 =

(
2ℓ

r
− 4r

w2
0

)
|u0ℓ|2 (3.23)

which is zero at a radius w0

√
ℓ/2. The peak value of the intensity is thus

Ipeak = Iℓ

(
r = w0

√
ℓ

2

)
= C2ℓℓe−ℓ (3.24)
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Recall that for any OAM, this definition of w0 defines a diffraction length zR = πw2
0/λ,

upℓ ∝
1√

1 + z2

z2R

. (3.25)

As ℓ increases, the intensity is distributed at larger r for a fixed w0. Additionally, the power

of a laser is the integral of the intensity over the transverse plane,

P =

∫
dx⊥I =

∫ 2π

0

dφ

∫ ∞

0

drrI (3.26)

For the envelope u0ℓ, the power is

P =

∫
dx⊥Iℓ = 2π

∫ ∞

0

dr|u0ℓ|2 = 2πC2

(√
2

w0

)2ℓ ∫ ∞

0

drr2ℓ+1e
− 2r2

w2
0 (3.27)

Using a variable substitution to simplify the integral leaves

P = πC2w
2
0

2

∫ ∞

0

dxxℓe−x =
πC2w2

0

2
Γ(ℓ+ 1) =

πC2w2
0

2
ℓ! (3.28)

where Γ is the Gamma function and, because ℓ is a positive integer, Γ(ℓ+1) can be replaced

with ℓ factorial. Therefore, the ratio of power to peak intensity is

P

Ipeak
=
πw2

0

2

ℓ!

ℓℓ
eℓ (3.29)

For a Gaussian laser (ℓ = 0), the ratio of power to peak intensity is πw2
0/2. We can thus

define an effective width for a laser with OAM,

wℓ ≡ w0

√
ℓ!eℓ

ℓℓ
(3.30)

such that the ratio of power to peak intensity may be written in the same form as for a

Gaussian beam,
P

Ipeak
=
πw2

ℓ

2
(3.31)

The parameter wℓ is therefore the width of an equivalent Gaussian beam with the same

total power and peak intensity as the LG mode with OAM ℓ. We note that wℓ is neither a

geometric beam size like the radius of peak intensity, r0 = w0

√
ℓ/2, the root-mean-square
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OAM index, ℓ Effective beam width, wℓ

w0
=
√

ℓ!eℓ

ℓℓ
Approximate numerical value

0 1 1

1
√
e 1.65

2 e√
2

1.92

3
√
2
3
e3/2 2.11

4
√
6
8
e2 2.26

5 2
√
6

25
e5/2 2.39

Table 3.1: The relationship between power and peak intensity depends on ℓ for lasers with

OAM. For a Gaussian laser (ℓ = 0), the ratio of the power to peak intensity is π
2
w2

0, where

w0 is the spot size. For nonzero ℓ, we define an effective width wℓ so that P
Ipeak

= π
2
w2
ℓ . The

table shows how wℓ/w0 varies with ℓ for ℓ = 0, 1, 2, 3, 4, 5.

width of the intensity distribution,
√
⟨r2⟩ = w0

√
(ℓ+ 1)/2, nor a spot size, w0, that defines a

diffraction length zR = πw2
0/λ. Rather, the effective width provides a convenient measure of

how the transverse distribution of intensity associated with OAM reduces the peak intensity

for a fixed power. As ℓ increases, wℓ increases, representing the decreasing concentration of

power near the radius of maximum intensity. Table 3.1 shows the numerical values of wℓ/w0

when ℓ = 0, 1, 2, 3, 4, 5.

In practice, we only define ℓ, Ipeak, and w0 for a laser in pF3D simulations. It is not

possible to compare lasers with different OAM that have the same power, peak intensity,

and w0 simultaneously. Instead, we adjust the values of Ipeak and w0 depending on ℓ to

match two out of three (power, peak intensity, and w0).

Figure 3.3 shows the intensity profiles for the three approaches for matching lasers with

OAM used in this chapter. The laser without OAM (ℓ = 0) is the same in every case, but

the lasers with OAM vary in either Ipeak or w0. In (a), the power and w0 are kept the same

but Ipeak is varied, in (b) the peak intensity and w0 are kept the same but power is varied,

and, in (c), the power and peak intensity are kept the same and w0 is varied. The laser
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Figure 3.3: Radial laser profiles for ℓ = 0, 1, 2, 3. To compare lasers with different amounts

of OAM, we match two of the following three parameters: power, peak intensity, and w0. In

(a), power and w0 are the same for each laser; in panel (b), peak intensity and w0 are the

same; and, in panel (c), power and peak intensity are matched. In (c), w0 changes for each

ℓ while the effective width, wℓ, is constant. For (a-b), w0 is 4λ0 and for (c), wℓ is 4λ0.
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profile for each ℓ is plotted at the plane of best focus, which is at the center of the box.

In (a) and (b), w0 = 4λ0 in each case. In (c), to choose w0 so that wℓ = 4λ0 and P/Ipeak
is the same for all ℓ, we set w0 to (4.0, 2.4, 2.1, 1.9)λ0 for ℓ = 0, 1, 2, 3 respectively. These

are tightly focused lasers. Figure 3.3 shows that power, peak intensity, and the beam waist

must all be considered.

With respect to inertial fusion energy (IFE), the quantity that matters is the reflectivity.

With this in mind, we comment on some observations from Figure 3.3. As can be shown

from equations 3.26-3.31 and seen in figure 3.3, the distribution of the intensity with radius

varies with respect to the ℓ number depending on which pair of the three quantities, power,

peak intensity, and spot size, are kept fixed. In (a) (and from equation 3.29) it is seen that

if the power and spot size (w0) are kept fixed then the peak intensity decreases and the

effective spot size (wℓ) increases with increasing ℓ. In this case, the peak laser intensity is

lower but intensity is spread out over a wider range of radii. In (b) it can be seen that for

fixed peak intensity and spot size, the width of the intensity distribution with r is nearly the

same, but the radius at which the intensity is peaked is larger for higher ℓ. Finally, in (c)

for fixed power and peak intensity it can be seen that both the location of the peak and the

distribution of the intensity remain fairly similar for all values of ℓ shown. As ℓ increases w0

must decrease to keep P/Ipeak constant which also decreases the Rayleigh length.

Keeping in mind that the reflectivity is the gain of SRS across the spot divided by the

total power and the gain is proportional to the intensity in the strongly damped regime, we

can make some qualitative inferences. For (c) it would be expected that that the reflectivity

would be similar for nonzero ℓ values since the power is fixed and the intensity has a similar

distribution (so long as diffraction is not an issue). In the case of (b), it would appear that

the total gain would be larger for nonzero ℓ values since the cross-sectional area of large

intensity increases with ℓ. However, the power also increases, so the normalized reflectivity

would remain similar. On the other hand for (a), the power is fixed while the peak intensity

decreases with ℓ indicating that the reflectivity would decrease with ℓ for this case.
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Figure 3.4: The ratio of the integral of e2βsL to the power at best focus for varying intensity

and power. Panels (a)-(c) use laser profiles that correspond to figure 3.3 (a)-(c) respectively.

In the next section, we present results of pF3D simulations of SRS. We measure the

average reflectivity to quantify the amount of SRS and compare to the threshold for the

strongly damped spatial regime. However, to illustrate some of what was just discussed in

the preceding paragraph, we plot
∫
dr2πr exp[2βs(r)L]∫

dr2πrI(r)
. The results are shown in figure 3.4 for the

three cases which were explained in figure 3.3. It can be seen, as just discussed, that for fixed

power and spot size there is progressively smaller gain as ℓ is increased due to Ipeak gradually

decreasing while being spread out to larger r. However, for the other two cases there is very

little variation with ℓ. As we show next, for the pF3D simulations there can be variations

with ℓ for the latter two cases because of pump depletion, diffraction, and spatially varying

noise effects.

3.3 Spontaneous SRS

We aim to compare SRS growth from noise for different amounts of OAM in the pump laser,

different laser intensities, and different plasma temperatures. For a broad comparison, we

measure the average reflectivity of each simulation. In this chapter, reflectivity is the ratio

of backscattered “power” (|b1|2) to incident “power” (|b0|2) at the left boundary,

R̂(t) =

∫
|b1(x⊥, zmin, t)|2dx⊥∫
|b0(x⊥, zmin, t)|2dx⊥

(3.32)
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where zmin is the entrance plane of the pump laser. We note that the bj’s are the vector

potentials so the ratio of
E2

1

E2
0

=
ω2
1

ω2
0

R̂(t) (3.33)

and in Chapter 2 we had defined R =
k1b21
k0b20

.

In the first few picoseconds of a simulation, reflectivity grows quickly when SRS is present.

Afterwards, the reflectivity fluctuates due to the finite transit time of the light waves and

pump depletion. We determine a single average reflectivity value, ⟨R̂⟩, for each simulation

by averaging R̂(t) over a time duration much longer than the transit time. Instantaneous

and average reflectivity are used to assess the amount of SRS in a simulation.

The random noise in pF3D can be created in either the b1 (EM) or b2 (EPW) fields. While

details of the full options for setting the noise levels in pF3D can be found in [BSW98], for

simulations carried out for this dissertation there was only an initial noise for the EPW which

was set assuming a local thermodynamic equilibrium for the chosen absolute density and

temperature. For the analysis of the reflectivity to be presented later, we note that we have

found empirically that this noise source for b2 has an average amplitude near[BSW98] 10−11

in units of the critical density when the electron temperature is 4.0 keV. The plasma noise is

randomly distributed in space. There is no external noise source for the backscattered light

(b1). Instead, the backscattered light wave only grows in the presence of the pump and the

EPW. Spontaneous SRS creates the backscattered wave when the pump light interacts with

the EPW thermal noise. Therefore, the spatial distribution of the amplitude of b1 depends

on the transverse shape of b0 even when the pump intensity is very low and reflectivity is

small. Figure 3.5 shows the noise signals at the right side of the simulation box, opposite the

laser entrance plane. The top row shows the intensity of the pump, backscatter, and EPW

when the incident light amplitude is zero. In the second row, a low amplitude pump excites

a small signal in b1. In both cases, random thermal noise appears in b2, the EPW. We have

run with other pump strengths and found that the initial b1 level scales with b0.

75



−20 −10 0 10 20

−20

−10

0

10

20

y 
(λ

0)

(a)
|b0|2

−20 −10 0 10 20

−20

−10

0

10

20 (b)
|b1|2

−20 −10 0 10 20

−20

−10

0

10

20 (c)
|b2|2

−20 −10 0 10 20
x (λ0)

−20

−10

0

10

20

y 
(λ

0)

(d)

−20 −10 0 10 20
x (λ0)

−20

−10

0

10

20 (e)

−20 −10 0 10 20
x (λ0)

−20

−10

0

10

20 (f)

0 0 0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

×10−11

0

1

2

3

4

5

×10−1

0

2

4

6

8
×10−9

0

1

2

3

4

5
×10−10

Figure 3.5: At the start of the simulation, random thermal noise exists in the EPW as shown

in panels (d) and (f). Panels (a) and (c) show the pump laser intensity (|b0|2) and (b) and (e)

show the reflected light intensity (|b1|2). In the top row, the pump intensity is zero, i.e., no

laser exists. In the second row, a small pump is present and therefore a corresponding signal

appears in panel (e) due to the interaction of the pump and the random thermal plasma

noise. The units in panels (d) and (e) are W/cm2, and panels (c) and (f) are in units of the

critical density.
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3.3.1 Simulations without OAM at constant temperature

As a reference guide, we carried out a sequence of pF3D simulations for ℓ0 = 0 lasers with

different peak intensities under the same plasma conditions. Figure 3.6 shows the variation in

reflectivity where the pump laser has no OAM, w0 = 4λ0, and the peak intensity varies from

1× 1015 W/cm2 to 4× 1016 W/cm2. Panel (a) in figure 3.6 shows instantaneous reflectivity,

R̂(t), over 10 ps for 8 intensities. The density is 0.14nc and the electron temperature is

4.09 keV. According to the numerical solver, k2λD is about 0.32 and ν/ωp is about 0.02.

Instantaneous reflectivity rises sharply at the start of the simulation, and then oscillates

around an average level in every case. The reflectivity peaks are seen to occur at the same

time for all simulations because the box size, EPW noise level, and group velocity of the

EM waves are constant. As expected both the average reflectivity and peak instantaneous

reflectivity increase as the laser intensity increases. Figure 3.6 (b) shows the relationship

between average reflectivity, ⟨R̂⟩, and intensity, where the average is taken over the entire

10 ps simulation. Average reflectivity grows steeply for intensities between 5 × 1015 W/cm2

and 1.8 × 1016 W/cm2, and the curve is flatter at the highest and lowest intensities. The

approximate threshold intensity for transition from the strongly to the weakly damped spatial

regime, from equation 3.21, is 2.52× 1016 W/cm2. Therefore, the strongly damped regime is

relevant for all intensities where the reflectivity rapidly increases and initially saturates.

In figure 3.6 (b) we also show the predicted reflectivity from equation 2.187 in Chapter

2. The prediction depends on the noise level and the spatial growth rate, βs, and their

dependence on r. According to the best fit of the data shown here, the appropriate noise

level, b ≡ |k1||b1(L)|2, is about 10−12 where the definition of b is explained in the previous

chapter. The exponent in equation 2.187 is 2βs(1 − R)L where R ≡ |k1||b1(0)|2, which

was derived from a 1D model. In practice, the amplitude of the pump wave and noise

source depend not only on the radial position but also on the axial position, z, because

we are modeling a tightly-focused Gaussian laser. Therefore, βsL should be replaced with
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Figure 3.6: Panel (a) shows R̂(t), reflectivity variations over time for 10 ps. Each line is

a time series from a simulation with a different peak laser intensity and the intensities are

listed in the legend in (b). Panel (b) shows average reflectivity for many simulations with

different intensities. The markers on the curve in (b) show ⟨R̂⟩, the average reflectivity,

for the eight cases where R̂(t) is plotted in (a). The time average is taken over the entire

simulation (10 ps). The black dashed line in (b) shows the threshold for transition from

the strongly-damped to weakly-damped spatial regime which occurs at 2.52 × 1016 W/cm2.

The dashed curve labeled “R (theory)” shows the numerical solution to the equation 2.187.

Every simulation uses a Gaussian pump laser with no OAM.
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an effective average α
∫
dzβs where α is a numerical factor. We note that there is not

a straightforward way to include this into the theory on reflectivity given in Chapter 2.

Through experimentation with methods of adjusting βsL, we found that the best fit comes

with a factor of about α = 0.62 to incorporate the reduction in gain due to diffraction. For

a plasma length of 200λ0, a reduction to 62% produces an effective length of 124λ0. In the

next section we discuss how to best fit the effective length for simulations with OAM.

3.3.2 Simulations with different temperatures

We analyzed the relationship between average reflectivity, ⟨R̂⟩, and k2λD for different amounts

of OAM in the pump laser. The density is constant at 0.14nc and the electron temperature

varies. In these cases βs varies due to changes in damping for each scan with ℓ.

In figure 3.7, we plot ⟨R̂⟩ as k2λD is varied from 0.25 to 0.4 for different values of ℓ of the

pump compared with three techniques. When ℓ = 0, the pump intensity is 2× 1016 W/cm2.

Panels (a-c) use w0 = 4λ0 for the case with no OAM and (d-f) use 8λ0. The box size

is constant. In (a) and (d), the different OAM simulations have the same power and w0.

Therefore, the peak intensities for the cases with OAM are lower and more diffuse in r. In

(b) and (e), w0 and peak intensity are both held fixed, while the power of the pump varies.

In (c) and (f), the power and peak intensity are both held fixed but w0 is varied to maintain

constant wℓ. For the simulations in (c) and (f) the peak intensity is 2 × 1016 W/cm2, and

the effective width, wℓ, is constant. Therefore, for these panels, the spot size w0 decreases

as ℓ increases and it is approximately 2λ0[4λ0] for ℓ = 3 in (c) [(f)].

The threshold for the transition to the strongly-damped spatial regime depends on k2λD
and Ipeak. Therefore, the threshold is the same for all OAM in panels (b-c) and (e-f).

On the other hand, in (a) and (d), the threshold varies as Ipeak varies. When the peak

intensity is 2×1016 W/cm2, the transition occurs at k2λD = 0.31. The transitions are shown

as the vertical dashed lines. All simulations follow the trend that ⟨R̂⟩ decreases as k2λD
increases. The damping rate, ν, increases with k2λD and increased EPW damping decreases
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Figure 3.7: Average reflectivity vs k2λD for simulations with different OAM. In (a) and

(d), the lasers have the same power and same w0, while the peak intensities differ. The

peak intensity for the case without OAM is 2 × 1016 W/cm2. This is the same in each plot

so the blue line is the same in each plot. In (b) and (e), the peak intensity is the same

(2× 1016 W/cm2) for all OAM, while the power differs, and in (c) and (f) w0 changes so that

power and peak intensity are the same for all OAM (constant wℓ). Panels (a)-(c) use a spot

size of 4λ0 for ℓ = 0 and panels (d)-(f) use a spot size of 8λ0 for ℓ = 0. The threshold line

shows the value of k2λD where SRS transitions from the weakly damped to strongly damped

spatial regime. In (b-c) and (e-f), the threshold is k2λD = 0.31 because all simulations have

the same Ipeak. In (a) and (d), the peak intensity depends on ℓ so the threshold value of k2λD
changes. The dashed lines labeled R (theory) represent the solution to equation 2.187 where

the best fit parameters are determined separately for ℓ = 0 and ℓ = 1. The fit parameters

are given in the text.
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the reflectivity.

The trends seen in figure 3.7 can be qualitatively understood based on the discussion of

figures 3.3 and 3.4 and the analytic formula for reflectivity, equation 2.187. We are plotting

the reflectivity vs. k2λD and not intensity as was the case in Figure 3.3. However, the spatial

gain coefficient βs is proportional to intensity and inversely proportional to ν. And in figure

3.1 (e) it can be seen that ν varies nearly linearly in k2λD when k2λD falls in the range 0.3

to 0.4. Thus, arguments for how the reflectivity depends on intensity can be applied for how

it depends on k2λD.

As discussed earlier, there are significant differences in the reflectivity as a function of

ℓ when the power and spot size are held fixed. In this case, the peak intensity decreases

and the distribution of intensity spreads out to larger r as ℓ increases. The decrease in Ipeak
leads to a noticeable decrease in the reflectivity. On the other hand, when the peak intensity

and spot size remain fixed, the simple geometrical arguments given above in section 3.2.0.2

indicate that the reflectivity would be insensitive to the ℓ number, and this is confirmed

in the pF3D simulation results shown in panels (b) and (e). This is because although the

value of r for which the location of highest intensity, and hence the cross-sectional area for

which that corresponds, increase with ℓ, the reflectivity is normalized to power, which also

increases with ℓ in proportion. For constant power and peak intensity, panels (a) and (d),

the simple arguments indicate no difference in reflectivity with ℓ. However, as can be seen

in panels (c) and (f), there are differences although these are less than in panels (a) and

(d). In this case diffraction becomes progressively more important for higher ℓ because in

order to keep power and peak intensity constant the spot size needs to be reduced. The fact

that diffraction is important is confirmed when comparing panels (c) and (f) as there is less

difference for the 8λ0 size where the box length is kept fixed in laser wavelengths and not

Rayleigh lengths.

We have also included plots of the reflectivity by using equation 2.187 for ℓ = 0, 1 in

each panel. We experimented with the coefficients and show examples that roughly agree
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with the plots. For w0 = 4λ0 (panels (a)-(c)) we used b = 5.9 × 10−12 and α = 0.377 for

ℓ = 0. For ℓ = 1 we used b = 1.3 × 10−9 and α = 0.095 in panel (a), b = 1.34 × 10−11 and

α = 0.45 in panel (b), and b = 1.11 × 10−10 and α = 0.205 in panel (c). For the w0 = 8λ0

simulations (panels (d)-(f)), we used b = 1.81× 10−11 and α = 0.52 for ℓ = 0. For ℓ = 1 we

used b = 3.73 × 10−10 and α = 0.6 in panel (d), b = 2.59 × 10−11 and α = 0.6 in panel (e),

and b = 1.25× 10−11 and α = 0.52 in panel (f).

We do not have precise arguments for how to choose the noise level, b, and the βs reduction

factor α. However, we can comment that as expected in each case the reduction factor is

smaller for the w0 = 4λ0 case because of diffraction effects and that the reduction factor is

smaller for ℓ = 1 when power and spot size are kept constant.

3.3.3 Simulations with constant temperatures

Due to the nonlinear dependence of the EPW damping k2λD, it is not trivial to separate the

⟨R̂⟩ dependence on ℓ and k2λD over the full parameter space. Thus, in this section we study

the dependence of ⟨R̂⟩ solely on the laser parameters. We keep the density and temperature

constant at n/nc = 0.14 and 4.69 keV which yields k2λD of 0.34 according to the kinetic

solver. At this temperature and density, the damping rate ν is significant as indicated in

figure 3.1. The spot size, w0, is set to 4λ0 except when we simultaneously keep the power and

peak intensity (and by definition wℓ) fixed as OAM number changes, i.e., w0 must decrease

as ℓ is increased.

We measured average reflectivity for a range of intensities and powers with ℓ0 = 0, 1, 2, 3.

Figure 3.8 shows the change in average reflectivity as the power increases from 108 to 2.1×

109 W for different amounts of OAM in the incident laser. We note that for w0 = 4λ0 and ℓ =

0 this corresponds to the peak intensity ranging from 3.2×1015 W/cm2 to 6.7×1016 W/cm2.

As was the case when varying the electron temperature, a laser without OAM (ℓ0 = 0) shows

significantly more SRS than a laser with OAM for fixed power. Furthermore, the average

reflectivity decreases as the OAM of the pump increases for the same power. For ℓ0 = 0, ⟨R̂⟩
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Figure 3.8: Average reflectivity, ⟨R̂⟩, vs power of the incident laser for different amounts

of OAM. The transition intensity from the strongly to weakly damped spatial regime is

1.87 × 109 W for the ℓ = 0 beam but increases for other ℓ due to shape. Transitions for

higher OAM exceed the bounds of the plot. The dashed curves labeled R̂ (theory) represent

solutions to equation 2.187 for fitted parameters which are separate for ℓ = 0 and ℓ = 1.

The fitting parameters are shown in the text.
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increases steeply as power increases until reaching a saturated state where further increases

in power have little effect. This indicates that pump depletion has occurred. On the other

hand for nonzero OAM number ⟨R̂⟩ increases more slowly with power and the increase is

less steep as ℓ increases from 1 to 3. For these nonzero OAM numbers ⟨R̂⟩ does not saturate

within the range of powers shown.

This comparison clearly illustrates that for fixed power and spot size there is a drastic

difference in reflectivity for pumps with different OAM for a given power. As described

earlier, when power and w0 are constant for different ℓ, the lasers with OAM have a much

lower peak intensity. (The top panel of figure 3.3 shows the profiles for this case.) The power

threshold is 1.87 × 109 W for the ℓ0 = 0 mode and increases with OAM so much that it is

not within the bounds of the plot.

Curves generated from equation 2.187 are also shown in figures 3.8, 3.9, and 3.10. Good

agreement was found for ℓ = 0, 1 if b = 2.67 × 10−12 [b = 4.25 × 10−11] and α = 0.517

[α = 0.554] for ℓ = 0[1] for figures 3.8 and 3.9. In Figure 3.10, the parameters for ℓ = 0 are

the same, but for ℓ = 1, b = 1.32× 10−11 and α = 0.303.

We note that this situation is the most relevant for the IFE application where the laser

power is the metric that determines the strength of the pressure on the capsule. Thus, if it

were possible to make each speckle have some OAM it would be possible to suppress SRS.

This suppression is a purely geometrical effect that indicates it is useful to limit the peak

intensity of individual speckles, while keeping the power fixed.

We also compared lasers with different OAM at the same peak intensity and w0. Figure

3.9 shows the relationship between intensity and reflectivity for a range of intensities from

1015 to 7×1016 W/cm2. A laser with OAM has a moderately higher average reflectivity than

a laser with ℓ0 = 0. The reflectivity is nearly insensitive to the OAM number for ℓ0 ̸= 0.

All lasers with OAM have zero intensity on axis and, as ℓ increases, the radial position of

maximum intensity moves further from the axis. The ℓ0 = 0 case (no OAM) is unique in that
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Figure 3.9: Average reflectivity ⟨R̂⟩ vs Ipeak for lasers with different OAM. The transition

intensity is the same for each ℓ and is equal to 6.04 × 1016 W/cm2. The spot size is 4λ0 in

each case and the OAM beams have more power at the same intensity due to their different

shape. The dashed lines labeled R (theory) show solutions to equation 2.187 with fitting

parameters in the text.
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there is a signal at r = 0. Therefore, a clear distinction exists between ℓ0 = 0 and ℓ0 ̸= 0,

but more OAM seems not to significantly change ⟨R̂⟩. This was also seen and explained in

figures 3.4 and 3.7.

Figures 3.8 and 3.9 suggest that the reduction in average reflectivity for OAM light at

the same power is due to the reduction in peak intensity. When compared at the same peak

intensity, the relative difference between the average reflectivity for pumps with and without

OAM flips because in this case the higher OAM lasers have more power. We have also shown

that the shape of the ⟨R̂⟩ versus intensity curve for SRS growth is the same regardless of

OAM, suggesting that the same saturation mechanism applies in all cases, but the threshold

power shifts when the pump has OAM.

To further understand the effect of peak intensity and OAM, we adjust the shapes so that

we can compare SRS of lasers with different OAM at the same power and the same intensity

simultaneously by matching wℓ. Figure 3.10 shows the average reflectivity in this case,

plotted against peak intensity (bottom) and power (top). In general, reflectivity decreases

as ℓ0 increases even when compared at the same power and the same peak intensity. Thus,

the change in reflectivity due to OAM cannot simply be explained by power or intensity.

Instead, the shape of the laser profile also plays a role in determining the amount of SRS.

There is a clear reduction in reflectivity for OAM light when the power is held constant.

We have shown this for both constant w0 and constant peak intensity. pF3D simulations

show that the spatial distribution of intensity due to OAM affects the average reflectivity,

⟨R̂⟩, and, thereby, the amount of SRS. A laser with more OAM shows less SRS due to this

geometric effect in two out of three cases.

There are no individual particles in pF3D, and the Landau damping only depends on

k2λD calculated at t = 0. Therefore, the only culprit for the change due to OAM is the

distribution of intensity across the transverse plane. Particle-in-cell (PIC) simulations are

required to study any other kinetic effects. We address this with OSIRIS simulations in the

next chapter.
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Figure 3.10: Reflectivity ⟨R̂⟩ vs. intensity and power when the different OAM modes have the

same effective spot size, wℓ, of 4λ0 and therefore w0 is (4.0, 2.43, 2.08, 1.89)λ0 for ℓ0 = 0, 1, 2, 3.

Adjusting w0 with ℓ allows for the different OAM cases to be compared at the same power

and intensity simultaneously. The transition, which depends only on peak intensity and

plasma conditions, is the same for all ℓ. The dashed lines labeled R̂ (theory) represent

solutions to equation 2.187 for fitting parameters given in the text.
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3.3.3.1 OAM and ℓ̄ matching

In Chapter 2 we discussed how the 3-wave equations naturally lead to an equation for

conservation of OAM and how this equation leads to a conservation equation for the effective

ℓ number which we label ℓ̄. This equation shows that ℓ̄ matching, ℓ̄0 = ℓ̄1+ ℓ̄2, only arises in

regions of time and space where a steady state is reached. In this section we examine how

the effective ℓ numbers for each wave evolve and under what conditions ℓ̄ matching arises in

the pF3D simulations.

The OAM in each wave changes throughout the simulation when SRS backscatter is

significant. We use equation 2.236 to examine the effective OAM index of b0, b1, and b2.

At the start of a simulation, ℓ0 is set to 0, 1, 2, or 3 ( pure LG modes are launched from

the left boundary) , and b1 and b2 have no initial OAM (in the absence of a seed laser). As

the amplitudes of b1 and b2 increase, ℓ̄1 and ℓ̄2 become detectable. For low values of wave

amplitude the effective OAM indices fluctuate significantly. For larger pump intensities and

hence larger reflectivities for ℓ0 ̸= 0 both ℓ̄1 and ℓ̄2 can acquire larger (and non-integer) shifts

from 0 and evolve slowly in space (and time) on the entrance side of the simulation box. For

ℓ0 = 0 both ℓ̄1 and ℓ̄2 are also 0 for high intensities and reflectivities. In all values of ℓ0 at

high intensities, once the ℓ̄j vary smoothly, ℓ̄0 − ℓ̄1 − ℓ̄2 is approximately 0.

The definition of the OAM index based on equation 2.236 results in non-integer values

of ℓ̄ that are function of time and space. We will show that on the right side of the box,

away from the laser entrance plane, the backscatter amplitude is near the noise level, leading

to large fluctuations of ℓ̄ even when reflectivity is large. Even for large intensities and near

steady state the effective OAM, ℓ̄j, for the daughter waves is not necessarily an integer, even

when ℓ0 is a fixed integer for the pump. We calculate the OAM after the simulation reaches

a near steady state.

These results are summarized in figure 3.11 , which shows ℓ̄0, ℓ̄1, and ℓ̄2 for many simu-

lations at 5.4 picoseconds. The color of each line is determined by the initial peak intensity
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Figure 3.11: Effective OAM for all simulations as a function of z at t =5.4 ps. Panels (a),

(b), (c), and (d) show simulations where the pump laser has OAM equal to ℓ0 = 0, 1, 2 and

3. The color of each line depends on the incident peak intensity of the pump light where a

darker color represents a higher intensity laser. Higher intensities also correspond to greater

reflectivity as shown in previous figures.
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of the pump. The lines in panel (a) correspond to results from simulations with ℓ0 = 0 (no

OAM) while in panels (b), (c), and (d), ℓ0 = 1,2, and 3 respectively. The yellower lines

correspond to cases where the intensity (and therefore reflectivity) is low. The simulations

with and without OAM are compared at the same w0 and peak intensity.

Several observations can be made. Note that the diagnostic for calculating ℓ̄ does not

give an exact integer for ℓ̄0 due to the use of finite difference ∇⊥ operators. For the pump,

the effective OAM of the pump tends to be constant near the initial value of ℓ0 for the lower

intensities. However, at the highest intensities, where there is significant pump depletion

on the right-hand side of the box, there can be modifications to ℓ0 leading to variations up

to 10%. In addition, there can also be detectable changes to ℓ̄0 on the left-hand side if the

reflection is large enough. For high reflectivity, the beating of the reflected light and EPW

can alter the OAM of the pump even in regions of space towards the entrance plane where

its amplitude has not changed much.

It can also be clearly seen in each panel that as the intensity and hence reflectivity

increase, the effective OAM of each wave stabilizes (there are only gradual changes in z)

near the entrance plane of the laser; however next to the exit plane they continue to show

fluctuations in regions where the scattered intensity and EPW amplitude are low. In general,

low amplitude waves seem to show more fluctuations in their effective OAM based on its

definition having the power in the denominator.

It can also be seen that the OAM of the EPW is independent of the pump intensity for

z > 50λ0. This is because there has been little amplification of the EPW within this region

and ℓ̄2 in this region is essentially that of the noise. Although the noise levels of the OAM

of the EPW are very small, the OAM index can be large since it is the ratio of the OAM to

the power which are both small numbers.

In the ℓ0 = 0 case (panel (a) of figure 3.11), the scattered light and EPW also have an

effective OAM index of zero. When ℓ0 = 1, 2, and 3 (panels (b), (c), and (d)), the effective

OAM of the scattered light and the EPW increase with increasing reflectivity. The effective
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OAM can also be negative. It can also be seen that ℓ̄1 ≈ 0 for I ≤ 2.5 × 1016 W/cm2, i.e.,

when the reflectivity is low.

Despite all of the above complications, it can be seen in the bottom row of each panel

that OAM matching roughly holds on the left side of the simulation box for sufficiently large

pump intensities. In these panels, ℓ̄0 − ℓ̄1 − ℓ̄2 is plotted as a function of z. For large pump

intensities, the values of ℓ̄1 and ℓ̄2 vary slowly in z on the entrance half of the simulation box

where the amplitudes of these waves are also large.

It is important to note that although ℓ̄ matching roughly holds in this region, neither ℓ̄1
nor ℓ̄2 are integers. Thus, these waves are not pure LG modes. In order to study the way

OAM is distributed between b1 and b2 and the change in ℓ̄0− ℓ̄1− ℓ̄2 in z as one moves closer

to the entrance plane, we examine a single intensity for pumps with different OAM.

In figure 3.12 we show the effective OAM index ℓ̄ for each of the three waves, as well as

the sum, ℓ̄0− ℓ̄1− ℓ̄2 from four simulations with ℓ0 varying from 0,1,2, and 3 while the pump

intensity was kept constant at 2.5 × 1016 W/cm2 and all lasers use a spot size of 4λ0. This

is 35.7% of the highest intensity used for figure 3.11 and the data corresponds to the same

time, 5.4 ps.

As can be seen in the top left panel of figure 3.12 when ℓ0 = 0, there are large fluctuations

in ℓ̄j (it is noisy) for j = 1, 2 at values of z in the exit half of the box, and the fluctuations

range from −1 to 1 approximately. For values of z in the entrance half of the box, however,

all waves have ℓ̄j equal to zero and the matching condition is well satisfied.

For the ℓ0 = 1 case (top right), the ℓ̄j of the EPW and backscattered light waves in the

left half of the box are not constant and they do not have integer values. At the entrance

plane where backscattered amplitude is greatest, ℓ̄1 is about 0.25, ℓ̄2 is about 0.75, and

ℓ̄0− ℓ̄1− ℓ̄2 ≈ 0. On the right side of the box the OAM indices fluctuate for all waves except

the pump. Thus, ℓ̄ matching is roughly satisfied in regions where the ℓ̄j’s have stabilized.

In the cases with ℓ0 = 2 and ℓ0 = 3 the backscatter wave has very little OAM (small
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Figure 3.12: Effective OAM at constant peak intensity for four simulations with different

OAM in the pump light at 5.4 ps. The intensity is 2.5×1016 W/cm2 in each case for which the

reflectivity is low. The blue lines show the OAM of the pump light which is constant in every

case because pump depletion is low. The orange line shows the OAM in the backscattered

light and the green line shows the OAM in the EPW. The red line shows how well OAM is

conserved through the variation in ℓ̄0 − ℓ̄1 − ℓ̄2.
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values of ℓ̄1) relative to the plasma wave (ℓ̄2). The plasma wave eventually acquires an OAM

index approximately equal to that of the pump while that of the scattered light roughly

remains close to zero. In all cases shown, the pump OAM, ℓ̄0 stays at its original value, ℓ0,

because there is little pump depletion.

Conservation of ℓ̄ is represented by the red line which plots ℓ̄0 − ℓ̄1 − ℓ̄2. As noted above,

when the pump has OAM, the summed value is small but not exactly zero. Although the

simulations have reached a steady state, the sum of the effective ℓ̄ numbers is approximately

but not perfectly conserved. We comment that for higher intensities (as seen in figure 3.11)

the value of ℓ̄1 can deviate significantly from 0 for all values of ℓ0 except 0.

3.3.3.2 Spatial shape

As shown above, the OAM indices of the waves are not integers indicating that the waves

are not pure LG modes. Thus, it is of interest to investigate the structure of the modes more

closely. This is best done by examining the modes in real space, using 2D cuts in both the

(x, z) plane at y = 0 and the (x, y) plane at a z near the entrance plane of the pump laser.

Reflectivity ⟨R̂⟩ measures the power of the reflected signal which is integrated over x⊥

and the OAM index is a measure of a quantity obtained by averaging over x⊥. Therefore,

in this section we investigate the shape in the 2D cuts of the wave intensities for cases with

different OAM. In all cases the pump has a spot size of w0 equal to 4λ0.

In figure 3.13, we show the spatial distribution of the intensity in cuts in (x, z) of each

wave to demonstrate that |b1|2 and |b2|2 do not have the same distribution of intensity as |b0|2

when the pump has OAM. The peak intensity for the case without OAM is 2.4×1016 W/cm2

and the peak intensity for the three cases with OAM is 2.0 × 1016 W/cm2. It can be seen

that the incident light is tightly focused at z = 0 and the two daughter waves are largest

near the laser entrance, at zmin. Each column shows a simulation with a different amount of

OAM. The top row is the intensity of the incident pump light in W/cm2, the middle row is
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Figure 3.13: Intensities of the three waves from simulations with different pump OAM and

SRS growth from noise. Each column represents one simulation. The top row shows the

intensity of the pump light, the middle row shows the intensity of the scattered light, and the

bottom row shows the intensity of the plasma wave. Although the pump is tightly focused

at z = 0, the scattered waves are strongest near zmin. The vertical dashed white line shows

the location of the transverse slices in figure 3.14. The peak intensity for the case without

OAM is 2.4× 1016 W/cm2 and for the three cases with OAM it is 2.0× 1016 W/cm2.
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the intensity of the backscattered light in W/cm2, and the bottom row is the EPW density

in units of nc. All cases are in a highly-damped, low reflectivity regime, where the pump

signal is not perturbed by SRS (if pump depletion occurs the pump is depleted near the exit

plane).

The backscattered light and EPW show similar spatial intensity patterns which is consis-

tent with the growth of SRS. When the pump has no OAM both daughter waves are intense

near the axis, x = 0; and they appear symmetric about x. On the other hand, for cases

with OAM, the signals are strongest off axis as is the case for the pump. As ℓ0 increases, the

regions of largest intensity for the daughter waves moves further from the axis. Additionally,

the pump light is more spread out because of the OAM.

The main point is that the scattered waves with OAM in figure 3.13 appear asymmetric

with respect to the propagation axis. Recalling that the intensity distribution for a pure LG

mode is symmetric about the z axis, it can be concluded that neither daughter wave is a

pure LG mode. This is consistent for situations where the effective OAM number is not an

integer. However, this indicates that even when the index is nearly an integer, the mode is

still a superposition of pure LG modes.

This is more easily seen by examining cuts of both the intensity and the fields in the

(x, y) plane for values of z where the daughter waves are large. By inspecting equation 2.8,

it is clear that the intensity of a pure LG mode does not vary in φ. In Figure 3.14 we show

the intensity cross-section for each wave near zmin where the scattered signals are largest. As

was the case for figure 3.13 the top row is for |b0|2, the middle row is for |b1|2 and the bottom

row is for |b2|2; and the columns are simulations with different OAM in the pump. For ℓ0 = 0

the two daughter waves both have intensity patterns that match the pump and which have

no φ dependence. On the other hand, when ℓ0 ̸= 0, the scattered light and electron plasma

wave both show a distinct spiral pattern, where the number of lobes is 2 (for ℓ0 = 1) or 3

(for both ℓ0 = 2, 3). This indicates that the mode is a superposition of pure modes.

To understand this structure in more detail, in figures 3.15 and 3.16 the real part of
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Figure 3.14: Transverse slices of intensity for the pump and daughter waves for different

pump OAM. The slices are taken near zmin as shown by the dashed white lines in figure

3.13. The top row shows the pump light intensity, the middle row shows the scattered light

intensity, and the bottom row shows the EPW.
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each wave for five different intensities and therefore different reflectivities is displayed for

ℓ0 = 0, 1, 2, 3.

Figure 3.15 shows the real parts of the wave envelopes for ℓ0 = 0, 1. The top half of

the figure is for a pump with no OAM. Each column is a simulation with a different pump

intensity. The intensities are listed at the top of the columns and are equal to 1 × 1016,

2 × 1016, 3 × 1016, 4 × 1016, and 5 × 1016 W/cm2. The reflectivity increases with pump

intensity so the amplitude of the daughter waves increases from left to right in the figure.

The scales change between columns so that the signal can be clearly seen in each case. This

sequence of plots confirms that for ℓ0 = 0 the two daughter waves appear symmetric about

the axis, i.e., they have no φ dependence. Their spot sizes are both narrower than that of

the pump. They also appear to have a nonzero p dependence based on equation 2.8. It can

also be seen for the highest intensities (and highest reflectivities) that the pump is locally

depleted near the axis.

The lower half of the figure shows data for a pump with ℓ0 = 1. Unlike the case without

OAM, the signals are asymmetric about the axis. The pump has a spiraling shape where

the amplitude of the wave clearly oscillates once when rotating in φ. Dark blue and bright

yellow correspond to different signs for the fields. Just as for the ℓ0 = 0 case, the scattered

light wave and EPW do not necessarily have the same width as the pump. Furthermore, it

can be seen that the EPW has a similar dependence in φ as the pump while the scattered

light wave has a more complicated profile. It appears to be made of a superposition of ℓ and

p values.

Figure 3.16 shows the same organization of plots for pumps with ℓ0 = 2 and ℓ0 = 3.

The fact that the EPW has a profile that more closely resembles that of the pump is more

clear. It is also clear that the profile is less uniform, indicating the EPW is made up of a

superposition of pure LG modes. The scattered light profile is even more complicated. It is

interesting that as seen in figures 3.11 and 3.12 the EPW structure and its ℓ̄2 tracks more

closely that of the pump while the light wave’s ℓ̄1 number is closer to 0. However, the phase
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Figure 3.15: Cross sections for different pump intensities from simulations which use pumps

with ℓ = 0 and ℓ = 1. The top half shows the results for ℓ = 0 and the bottom half shows

results for ℓ = 1. The top row of each half shows the real part of the pump wave, the second

row shows the real part of the scattered light wave, and the third row shows the real part

of the plasma wave. Each column corresponds to a different pump intensity. The intensities

are listed at the top and are equal to 1 × 1016, 2 × 1016, 3 × 1016, 4 × 1016, and 5 × 1016

W/cm2. Each plot is on a different color scale in order to maximize visible detail. Colorbars

are excluded for brevity.
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Figure 3.16: Cross sections for the three waves for different pump intensities from simulations

which use pumps with ℓ = 2 and ℓ = 3. The top half shows the results for ℓ = 2 and the

bottom half shows results for ℓ = 3. The top row of each half shows the real part of the

pump wave, the second row shows the real part of the scattered light wave, and the third

row shows the real part of the plasma wave. Each column corresponds to a different pump

intensity. The intensities are listed at the top and are equal to 1× 1016, 2× 1016, 3× 1016,

4 × 1016, and 5 × 1016 W/cm2. Each plot is on a different color scale in order to maximize

visible detail. Colorbars are excluded for brevity.
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and radial structure of b1 are still complicated. As the reflectivity increases, the spiraling

shapes of the backscatter wave and EPW evolve. The waves also diffract as they propagate

whereas the slice shown in the figure is at a particular value of z.

We have demonstrated that the daughter waves generated from spontaneous SRS are not

pure Laguerre-Gaussian modes. In the next section, in order to isolate the coupling between

specific OAM modes of the pump and backscattered light, we examine the amplification of

a well-defined seed laser.

3.4 Growth of a well-defined seed

So far we have explored spontaneous SRS from a well-defined pump and from a broad noise

source for the EPW. In this section, we examine the amplification of a smaller seed laser

with a well-defined OAM (a pure LG mode) to understand the resonance of individual

modes in the backscattered light. We modify the initialization of the simulations to include

a counter-propagating seed laser launched from the right-hand boundary. This also permits

the exploration of the coupling between different OAM pumps and seeds in a precise manner

and allows examining the local conservation of OAM, and the evolution of each wave’s OAM

index in a more controlled way. For simplicity the spot size of both the pump and seed are

w0,1 = 4λ0 and k1 = 2π/λ1 is determined through ω and k matching based on the density

(n0 = 0.14nc) and temperature (Te = 4.72 keV). The pump and seed are both focused at

the center of the box at z = 0. The intensity of the seed laser is 10−6 times the intensity of

the pump laser in all cases. We explored a range of pump intensities from 1015 W/cm2 to

2.9× 1016 W/cm2.

We compare the growth of a seed to linear gain calculations using the growth rates

derived in Chapter 2. We examine the gain of 1D SRS in terms of R = k1|b1(zmin)|2 and

b = k1|b1(zmax)|2 where R/b = |b1(zmin)|2/|b1(zmax)|2 is the ratio of the intensity of the seed

at zmin (post-amplification) and the intensity of the seed at zmax (pre-amplification). The
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reflectivity, R, is calculated from a modified version of equation 2.187,

R =
b

1−R + b
e(1−R)ᾱ

∫
dz2βs (3.34)

where βs is the 1D spatial growth rate which we now heuristically allow to depend on the

local pump amplitude, and ᾱ is a fitting parameter (which differs from α we used earlier

because in equation 2.187 we let the argument in the exponential be α2βsL where βs was

determined with the peak intensity). The shape of the pump laser determines βs = βs(x⊥, z)

as a function of position and the noise level b comes from the shape of the seed at zmax.

Therefore, we can calculate R = R(x⊥) for every point in the transverse plane.

We assume every point in the plane (rings for azimuthal symmetry) grows independently

of its neighbors in order to estimate an average gain, Geff . For a seed with an initial trans-

verse normalized intensity profile b(x⊥), we construct a weighted average of the amplified

seed intensity. The 3D gain, Geff , is a combination of growth rate calculations at each

location in the transverse plane, which is defined as

Geff ≡ ln

(
R3d

b3d

)
= ln

[∫
dx⊥R(x⊥)∫
dx⊥b(x⊥)

]
(3.35)

where R(x⊥) comes from solving equation 3.34. The integral becomes a sum over discrete

cells in the simulation. Thus, we can estimate a gain coefficient when the pump and seed have

different transverse profiles, which correspond to different OAM. When diffraction arises,

each ring does not behave independently, which is why we need the fitting parameter ᾱ.

If R is small, then R ≈ beᾱ
∫
dz2βs = beG where G ≡ ᾱ

∫
dz2βs, and equation 3.35 becomes

GR≪1 ≡ ln

(
R3d

b3d

)
≈ ln

[∫
dx⊥b(x⊥)e

G(x⊥)∫
dx⊥b(x⊥)

]
(3.36)

From the simulation data, we measured the gain of the seed as G = ln[|b1(zmin)|/|b1(zmax)|],

using the seed amplitude at the left and right sides of the simulation. We applied this

equation to the data to find ᾱ and then compared the theory and simulation results for G

and Geff .
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Figure 3.17: The solid lines show the gain from simulations with pumps and seeds with

different OAM. Panel (a) shows cases where the pump laser has no OAM. The blue lines

are for a seed with no OAM, the orange lines for a seed with ℓ1 = 1 and the green lines for

a seed with ℓ1 = 2. Panels (b) and (c) show the same for pumps with ℓ0 = 1 and ℓ0 = 2.

The dashed lines are the calculated predictions from equations 3.35 and 3.34. The fitting

parameters are in the text.

Figure 3.17 summarizes the results for pumps with ℓ0 equal to 0, 1, or 2 and seeds with

ℓ1 equal to 0, 1, or 2. The dashed lines show the calculation from equations 3.34 and 3.35.

The solid lines show the simulation data for the combinations of pumps and seeds. Panel

(a) shows the results for a pump with no OAM, panel (b) shows the results for a pump with

ℓ0 = 1 and panel (c) shows the results for a pump with ℓ0 = 2.

The value of the fitting parameter ᾱ varies for each pump and seed combination. For the

ℓ = 0 pump, ᾱ is 0.69 when the seed has ℓ1 = 0, 0.38 when the seed has ℓ1 = 1, and 0.32

when the seed has ℓ1 = 2. When the pump has ℓ0 = 1, the value of ᾱ is 0.82 for a seed with

ℓ1 = 0, 0.76 for a seed with ℓ1 = 1, and 0.60 for a seed with ℓ1 = 2. Finally, for a pump with

ℓ0 = 2, ᾱ is 0.74, 0.81, and 0.75 for seeds with ℓ1 = 0, 1, and 2 respectively. Determining
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how to choose ᾱ before a simulation is performed is left for future work.

3.4.1 Spatial shape and OAM indices

In this section, we present more results from simulations with pump and seed combinations

with ℓ0 = 0, 1, 2, 3 where all lasers have w0 of 4λ0 and the box length is 240λ0. We also show

details on the spatial profiles of each wave and how OAM is transferred between the three

waves.

Figure 3.18 shows the intensity of the pump and seed, and the density of the plasma

wave for a simulation where neither the pump laser nor seed laser has OAM. The right

column shows a longitudinal slice along x = 0. In the left column, we show a transverse

slice of each wave. This slice corresponds to the dashed white line in the plots in the right

column, at approximately z = −108λ0. The seed reaches its maximum intensity due to SRS

amplification as it exits the plasma at the left boundary around z = −112λ0. It is seen that

as expected all three waves have a similar profile with an intensity peak on axis.

Next, in figure 3.19, the pump and seed both have OAM and ℓ0 = ℓ1 = 1. All three waves

have no intensity on axis as is the case for pure waves with OAM. However, the plasma wave

does not necessarily have OAM, even though the density forms a ring in the cross-sectional

slice. Recall, in order to have OAM the phase of the wave (not intensity) must vary in φ.

We also simulate Raman amplification of a seed which has a different OAM than the

pump. Figure 3.20 shows the wave envelopes for a simulation where the pump does not have

OAM (ℓ0 = 0) and the seed has ℓ1 = 1 initially. Due to SRS, the shape of the seed evolves

to a transverse profile which is no longer radially symmetric. The resulting shape suggests

that the seed is no longer an OAM mode with ℓ̄1 = 1. The plasma wave develops a similar

transverse shape and the effective OAM index, ℓ̄2, grows in order to conserve OAM of the

three waves and compensate for changes to ℓ̄1.

When the OAM combination of the pump and seed is reversed, i.e., ℓ0 = 1 and ℓ1 = 0,
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Figure 3.18: Two dimensional slices in (x, y) and (z, y) of the pump, seed, and EPW. The

pump and seed both have ℓ = 0 (No OAM). The (z, y) slice is shown in the right column,

which is a slice at x = 0. The left column is an (x, y) slice at the location shown by the

dashed white line on the right plot, near z = −108λ0.
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Figure 3.19: Two dimensional slices in (x, y) and (z, y) of the pump, seed, and EPW. The

pump and seed both have ℓ = 1. The (z, y) slice is shown in the right column, which is a

slice at x = 0. The left column is an (x, y) slice at the location shown by the dashed white

line on the right plot, near z = −108λ0
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Figure 3.20: Same plots as in figures 3.18 and 3.19 except the pump laser does not have

OAM but the counter-propagating seed has ℓ1 = 1. The plasma wave develops OAM. The

amplified seed and plasma wave profiles in both (x, y) and (z, y) are not radially symmetric,

indicating a change in OAM due to SRS.
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the seed OAM does not change as much as in the previous case. However, the transverse

profile of the seed is amplified in an off-axis ring as shown in Figure 3.21. The intensity

on axis is not as strong but is not necessarily 0 due to the transverse group velocity of the

waves.

In order to illustrate how OAM is transferred between the three waves, in figure 3.22

we plot ℓ̄j for each wave. As the seed grows it does not remain a pure OAM mode. Figure

3.22 shows the change in OAM when the pump has no OAM and the seed has ℓ1 = 1 or

ℓ1 = 2. When the pump is small, the plasma wave has OAM opposite that of the seed

in order to conserve OAM. As the seed grows, it loses OAM due to the non-OAM pump

and it becomes an ℓ = 0 mode. The plasma wave also evolves to a mode with no OAM.

However, this transition happens at a slightly different axial position. Therefore the total

OAM, ℓ̄0 − ℓ̄1 − ℓ̄2 is nonzero for a small region (where the ℓ̄j’s are not slowly evolving) as

shown in the figure.

In figure 3.23 we plot ℓ̄j of each wave for simulation where the pump has ℓ0 = 1 and the

seed has ℓ1 = 0 or ℓ1 = 2. In the left panel, the seed maintains its lack of OAM and ℓ̄1 ≈ 0.

The OAM of the plasma wave is approximately equal to the OAM of the pump, ℓ̄2 ≈ ℓ0,

and the pump OAM appears unchanged. Thus, OAM conservation holds across the entire

simulation region. When the seed has ℓ1 = 2 (panel (b)), the plasma wave develops ℓ̄2 = −1

on the right-hand side of the box where the OAM of the seed is also the same as its original

value, ℓ̄1 = ℓ1 = 2. Additionally, the pump loses some OAM in this region and ℓ̄0 decreases

by about 20%. On the left side of the box where the seed amplitude is larger, the OAM of

the pump is constant at its original value, the OAM of the seed tends towards the OAM of

the pump, and the OAM of the EPW increases toward 0. OAM is not as well conserved on

the left side of the simulation region, as well as the far right side which is shown by the red

line. Panel (b) shows a more complicated distribution of OAM compared to panel (a) where

the seed does not have OAM, and figure 3.22 where the pump does not have OAM.
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Figure 3.21: Same plots as in figures 3.18 - 3.20 except a seed without OAM is amplified by

an ℓ0 = 1 pump. The plasma wave develops OAM, and the shape of the seed is modified.
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Figure 3.22: The effective OAM of the seed and plasma wave changes when the pump has

no OAM. As the seed grows, it loses OAM. The plasma wave initially has OAM opposite the

seed and then it also evolves toward zero. The intensity for the pump is 4.9× 1016 W/cm2.
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Figure 3.23: The effective OAM when the pump has ℓ0 = 1 and the seed has either ℓ1 = 0

(a) or ℓ1 = 2 (b). The intensity in both cases is 4.9 × 1016 W/cm2. The OAM of the seed

does not change into the OAM of the pump like in the ℓ0 = 0 case.

3.5 Summary

This chapter presented the results of pF3D simulations of SRS of pumps with and without

OAM where the instability grows from noise and from a seed. We discussed the use of an

analytical solver to obtain the normal EPW modes where the frequency ω2 is complex in the

kinetic dispersion relation and all other frequencies and wavenumbers are real. The negative

imaginary part of ω2 is the Landau damping rate which we use along with the peak intensity

of the pump to determine the damping regimes discussed in Chapter 2 for both temporal

and spatial growth. We compared results for reflectivity to the thresholds for transition from

the weakly-damped to strongly-damped regime.

It was also shown that lasers with OAM can be compared at the same power and w0,

same peak intensity and w0, or same power and peak intensity where we introduced the

effective width wℓ. The spatial growth rate βs is a function of intensity and can therefore

be considered a local quantity. We used
∫
βsdz to predict the amount of SRS for every
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(x, y) and combined the results to determine an average theoretical value. We introduced

the fitting parameter α to modify the growth rate and, in general, reduce it.

We analyzed many pF3D simulations to scan a range of intensities as well as temperatures

while keeping the density constant but varying k2λD. We found that lasers with more OAM

produce lower reflectivity when compared at the same power. However, when compared at

the same peak intensity, it is the non-OAM laser which has the lowest reflectivity. This trend

holds over variation in k2λD for a single intensity, and when intensity is varied for a single

k2λD. We showed that the difference between reflectivity with and without OAM is reduced

when the spot size is 8λ0 instead of 4λ0.

We examined the OAM of each wave and found the ℓ̄0 − ℓ̄1 − ℓ̄2 is best conserved where

the intensity of each wave is large. Next, we considered Raman amplification of a seed where

the seed can also have OAM which may or may not match that of the pump. We showed

that seeds without OAM tend to have the greatest gain. Finally, we showed that the OAM

of the seed and plasma wave can change along z as reflectivity grows.

The large ensemble of pF3D simulations we have presented lays the groundwork for

comparison to a small number of OSIRIS simulations in the following chapter.
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CHAPTER 4

Particle-in-Cell Simulations of Stimulated Raman

Scattering with Orbital Angular Momentum

4.1 Introduction

In Chapter 3, fluid simulations were conducted to investigate how the use of pump lasers with

OAM modified the behavior of SRS in the regime of high k2λD where linear Landau damping

is important. The only nonlinearity included within pF3D is pump depletion. In Chapter

2, the concept of kinetic inflation of SRS was also reviewed, where nonlinear modifications

to the damping of the EPW can enhance SRS; these modifications can also modify the real

part of the frequency and detune SRS. In this chapter, results from fully kinetic particle-

in-cell (PIC) OSIRIS simulations of SRS of lasers with OAM are presented. The central

goal of the PIC simulations is to confirm whether, when power is held fixed, OAM reduces

SRS, if OAM is transferred from the pump to the daughter waves when kinetic effects are

included, and if there are noticeable differences between the wave-particle interactions within

the EPW arising from SRS driven by pumps with and without OAM. In PIC simulations,

the motions of individual particles are followed self-consistently. Unlike the large parameter

scans conducted with pF3D, the extreme computational cost of 3D particle-in-cell (PIC)

simulations limited our study to a few detailed cases. Each simulation provides great detail

at high spatial and temporal resolutions, allowing us to study the small-scale kinetic effects

that change SRS of waves with OAM.

111



Case a0 Intensity (W/cm2) Power (GW) γ0

ν
γ0

ν

√
vg2

vg1

ℓ0 = 0

A 0.036 1.4× 1016 0.45 2.52 0.78

B 0.043 2.1× 1016 0.64 3.01 0.94

C 0.054 3.2× 1016 1.00 3.78 1.18

D 0.065 4.7× 1016 1.46 4.55 1.42

ℓ0 = 1

E 0.030 1.0× 1016 0.84 2.10 0.65

F 0.040 1.8× 1016 1.50 2.80 0.87

G 0.053 3.1× 1016 2.63 3.71 1.15

H 0.060 4.0× 1016 3.37 4.20 1.31

I 0.073 5.9× 1016 4.99 5.11 1.59

Table 4.1: Summary of parameters for SRS simulations with and without OAM. Individual

simulations are labeled A through I. The antenna in simulations with OAM uses ℓ0 = 1 and

those without OAM use ℓ0 = 0.

4.2 Simulation setup

The simulations were performed using the OSIRIS framework [FST02], a fully relativistic,

three-dimensional, parallelized PIC code. OSIRIS models the plasma response to an incident

light wave from first principles by solving Maxwell’s equations for the electromagnetic fields

and the Lorentz force equation for the charged particles. SRS emerges from the evolution of

these fundamental equations as was described theoretically in Chapter 2.

Table 4.1 explains the nine PIC simulations carried out to generate the data described in

this chapter. Table 4.2 lists parameters that were unchanged for all simulations. We used a

laser spot size of w0 = 4λ0 and we modeled SRS growth from noise using pump beams with
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Parameter Normalized Physical

Density 0.14 nc 1.26× 1021/cm3

Thermal Velocity 0.0888 c 4.03 keV

Box Length (x1) 625 c/ω0 ≈ 100 λ0 35.0 µm

Box Width (x2 and x3) 200 c/ω0 11.2 µm

Wavelength 6.28 c/ω0 0.3512 µm

Spot Size 4 λ0 1.40 µm

Max Time 5100 ω−1
0 0.95 ps

Debye Length 0.237 c/ω0 0.0133 µm

Time step 0.17 ω−1
0 0.0317 fs

Cell size 0.295 c/ω0 0.0166 µm

Particles per cell 64

Table 4.2: Parameters used for all simulations in both normalized and physical units. The

box length is 100λ0, the spot size is 4λ0, and the box width is 8w0 or 32λ0.
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either a Gaussian (ℓ0 = 0) or a Laguerre-Gaussian (ℓ0 = 1) profile. The plasma density is

ne = 0.14nc, and the temperature is Te =4.03 keV which corresponds to an electron thermal

velocity of ve = 0.0888c. For this density and temperature, a numerical solver predicts

k2λD = 0.32. Even with numerical dispersion corrections, this is the approximate value seen

in the PIC simulations.

In all cases, the box length is 625 c/ω0 which is about 100 λ0 or 2zR. There are 64 particles

per cell and 678 × 678 × 2121 cells. Thus, the total number of particles is 6.24 × 1010 and

the cell size is 0.295 c/ω0 in the propagation direction, corresponding to ≈ 24 cells per laser

wavelength in the plasma. The transverse size of the simulation box is 200 c/ω0 (≈ 8w0 and

32λ0); the cell size is also 0.295 c/ω0 in the transverse direction. We use quadratic particle

shapes and the simulation boundaries are periodic in the two transverse directions, open for

light waves, and a thermal bath in the axial direction. The Debye length is about 0.237 c/ω0

so the cell size is about 1.25 λD (≈ 15 cells per EPW wavelength) in each direction. The

time step is 0.17 ω−1
0 which is 0.0317 fs. Most simulations have a maximum time of 0.95 ps

which is 5100 ω−1
0 and 3 × 104 iterations. The two lowest amplitude simulations were run

for twice as long, i.e., 1.90 ps, 10200 ω−1
0 , and 6 × 104 iterations. For comparison, recall

that pF3D simulation times are greater than 10 ps and the box length is up to 240λ0 with a

cell size of 4λ0. In this chapter, we also present pF3D results for simulations with the same

domain size as for the OSIRIS simulations.

The laser is launched from an antenna which stays on during the entire simulation. The

nine different cases are summarized in table 4.1. For the cases without OAM (ℓ0 = 0), we

used a laser with a peak value of a0 of 0.036, 0.043, 0.054, and 0.065, which correspond to

peak intensities of 1.4×1016, 2.1×1016, 3.2×1016, and 4.7×1016 W/cm2 and powers of 0.45,

0.64, 1.0, and 1.5GW for the laser spot size. The ratios of the temporal growth rate to the

Landau damping rate (predicted by a numerical solver) are 2.52, 3.01, 3.78, and 4.55. The

value of γ0
ν

√
vg2
vg1

is 0.78, 0.94, 1.18, and 1.42. For the cases with OAM, the laser has ℓ0 = 1

and the values of peak a0 we explored are 0.030, 0.040, 0.053, 0.060, and 0.073. These peak
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Figure 4.1: Electric field (in the x3 direction) of the incident pump lasers early in time. The

plots are slices in (x2, x3) at x1 shown by the white dashed line and in (x1, x2) at x3 = 0.

A Gaussian laser with no OAM (top) and a Laguerre-Gaussian mode with ℓ0 = 1 (bottom).

The right column shows the wave propagation and the left column shows a transverse cut

taken at best focus which is shown as the dashed white line on the right side plots.

amplitudes correspond to an intensity of 1.0 × 1016, 1.8 × 1016, 3.1 × 1016, 4.0 × 1016, and

5.9 × 1016 W/cm2 and a power of 0.84, 1.50, 2.63, 3.37, and 4.99 GW respectively. Recall

that the ratio of power to peak intensity also depends on the OAM index of the laser, ℓ0,

even when w0 is constant. For the cases with OAM, γ0/ν is 2.10, 2.80, 3.71, 4.20, and 5.11,

and γ0
ν

√
vg2
vg1

is 0.65, 0.87, 1.15, 1.31, and 1.59 respectively. Thus, the simulations explore the

strongly and weakly damped spatial regime as described in Chapter 2.

We confirmed that the antenna launches a Laguerre-Gaussian beam. Figure 4.1 shows

the electric field of the incident pump waves at the start of the simulations. The incident light

propagates through the entire simulation region and then maintains its maximum amplitude

well before reflectivity occurs. The top row of figure 4.1 corresponds to a case without OAM.
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The upper left plot shows a transverse slice of the field at best focus and the upper right

plot shows a slice in the (x1, x2) plane along x3 = 0 after the wave has propagated across

the entire box. The dashed white line represents the location of the transverse slice (in the

(x2, x3) plane). The lasers are focused at the center of the box. The bottom row shows the

same slices for a case where the antenna launches a Laguerre-Gaussian OAM laser mode

with ℓ0 = 1. The pattern of an LG ℓ = 1 mode in which there is a null in the field on axis

is seen in both slices. Although not shown, we verified that the fields have the expected

Rayleigh length. The plots show the value of a0 or equivalently vosc/c. The maximum value

for the case without OAM is 0.041 and the maximum value for the case with OAM (bottom

row) is 0.052.

4.3 Diagnostic Methods

To extract physical quantities from the raw field and particle data generated by OSIRIS, we

employed several diagnostic techniques. Some of these techniques or similar methods have

been broadly utilized in two-dimensional OSIRIS simulations of laser-plasma instabilities

including SRS. Three-dimensional OSIRIS simulations of laser-plasma instabilities are not

as common, so we discuss the diagnostics in more detail, including those developed for this

research on angular momentum and OAM of light waves.

4.3.1 Measuring Reflectivity

In order to measure reflectivity in OSIRIS, we start from the cold plasma limit of equation

A.80,
∂

∂t

(
E2 +B2

8π
+

1

2
mnv2

)
+∇ ·

(
c(E ×B)

4π
+ v

nmv2

2

)
= 0. (4.1)
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To order of the field amplitudes squared, there is no plasma kinetic energy flux, so the total

wave energy flux comes entirely from the Poynting flux for a0 ≲ 1,

S ≡ c

4π
(E ×B) . (4.2)

The Poynting flux measures the flow of energy and electromagnetic momentum, G (see

Appendix A, G = S/c2). The incident laser energy flows predominantly in the +x1 direction

and, when integrated across x2 and x3, is constant when pump depletion is negligible. Energy

in the scattered wave flows in the opposite direction. We measure the time-averaged change

in S1 to analyze reflectivity,

⟨S1⟩ =
c

4π
⟨E2B3 − E3B2⟩ (4.3)

The time averaging over several periods of both counter-propagating light waves which have

different frequencies, ω0 and ω1 produces a smooth signal. Next, we integrate over the

transverse plane to reduce the data to the x1 dimension and then select a particular slice

in x1 in order to identify a single time-series. The pump laser creates positive ⟨S1⟩, and the

bursts of SRS have negative ⟨S1⟩. The net time averaged Poynting flux is the sum,

⟨S1⟩ = ⟨S1⟩pump + ⟨S1⟩SRS (4.4)

The reflectivity is normalized to the incident pump. When determining the reflected light

we subtract the Poynting flux the pump would have had in the plasma if there had not been

SRS, and call this the unperturbed pump which is constant in time. Thus to isolate the

effects of SRS we calculate the difference between the net time-averaged Poynting flux and

that caused by the pump alone. We calculate the constant pump flux level directly from the

simulations by measuring it at early times when there is no SRS,

⟨S1⟩pump(x, t) ≈ ⟨S1⟩(x, t = 0) (4.5)

Thus, the flux due to SRS is ⟨S1⟩pump subtracted from the total flux,

⟨S1⟩SRS(x, t) = ⟨S1⟩(x, t)− ⟨S1⟩(x, t = 0) (4.6)
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and ⟨S1⟩SRS is negative because light is scattered in the (−x̂1) direction. We examine a

single value of x1 near the entrance plane of the laser and integrate over x2 and x3 to find

the flux at a particular plane over time. Additionally, we normalize ⟨S1⟩SRS to ⟨S1⟩pump

integrated over the same plane to determine the reflectivity,

R̃(t) =
−
∫
dx⊥⟨S1⟩SRS∫
dx⊥⟨S1⟩pump

= 1−
∫
dx⊥⟨S1⟩(x1 = 0,x⊥, t)∫

dx⊥⟨S1⟩(x1 = 0,x⊥, t = 0)
(4.7)

where we note that R̃ = (E1B1)/(E0B0) = (k1ω1b
2
1)/(k0ω0b

2
0) = (ω1/ω0)R where the sub-

scripts refer to the wave and not the component of the field and R was defined in Chapter

2. Equation 4.7 allows us to compare simulations with ℓ0 = 0 and ℓ0 = 1 because of the

integration over x⊥. We calculate the average reflectivity, ⟨R̃⟩, by averaging over the entire

simulation time which can capture multiple reflectivity spikes representing bursts of SRS.

The average value is sensitive to the maximum time of the simulation. We note that when

an EM wave exits a plasma that E does not change but B → E and thus E ×B → |E|2.

Thus, in vacuum the reflectivity will be E2
1

E2
0
= ω1k0

ω0k1
R̃ =

ω2
1b

2
1

ω2
0b

2
0
. In what follows in this chapter,

we plot R̃ for both the OSIRIS and pF3D data.

The finite-width reflected waves vary across x⊥ depending on the OAM of the pump,

producing a different shape in k-space for ℓ0 = 0 and ℓ0 = 1. In combination with equation

4.7, the Fourier transform of E1 and E3 over time on axis for ℓ0 = 0 and near r = w0/
√
2 for

ℓ0 = 1 are used to measure reflectivity by filtering the field near the k of the backscattered

light.

For a pump laser polarized in x3, the backscattered light is also in the E3 component,

and the (longitudinal) EPW appears in the E1 component. The Fourier transforms of E1

and E3 show distinct signals for each wave: the incident light, the backscattered light, and

the EPW. From the k-space diagnostic, we can also see nonlinear frequency shifts in the

waves which we will discuss later.
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4.3.2 Measuring Orbital Angular Momentum

We are interested in OAM in the propagation direction, M1, which depends on S2 and S3

and therefore on every component of the electric and magnetic fields. For an EM wave, the

dominant field is E⊥ (the x̂2 and x̂3 directions for our geometry), but there is a small E1

component to satisfy Gauss’s law or the Coulomb gauge condition (∇ · A = 0 when using

A),

E1 =
i

k
∇⊥ · E⊥ (4.8)

Additionally, the magnetic field is

B =
1

ω
k ×E (4.9)

where to a high degree of accuracy k ≈ kx̂1. The Poynting flux, which is the cross product

of E and B,

E ×B = E ×
(
1

ω
k ×E

)
=

1

ω
|E|2k − i

ω
(∇⊥ ·E⊥)E (4.10)

can be split into a term which points in the propagation direction, k, which is proportional to

|E|2, and a term perpendicular to k that represents transverse energy flux. When integrated

across the transverse coordinates the net transverse flux vanishes.

As is well known [SDM98], the momentum flux from the fields, G = S/c2 so to get

the momentum flux we can also use the above expression for E × B. The field angular

momentum can thus be written as,

M = x× 1

4πc
(E ×B) ∝ |E|2

ω
(x× k)− E · k

ω
(x×E) (4.11)

and in the propagation direction which is along k1, the term with x × k vanishes leaving

only the term with E · k. Therefore, the angular momentum is related to the product

(x × E⊥)(∇⊥ · E⊥) which, in the x1 direction, strongly resembles the expression based on

the envelopes b∂φb.

In the previous chapter, we used equation 2.236 to calculate ℓ̄j in terms of the wave
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envelopes,

ℓ̄j =
− iωj

2

∫ (
b∗j∂φbj − bj∂φb

∗
j

)
dx⊥

ωj
∫
|bj|2dx⊥

. (4.12)

Identifying that |E(j)|2 ∝ ω2
j b

2
j and considering a laser polarized in x3, the analogous expres-

sion for the effective OAM index of wave j in terms of the fields is

ℓ̄j = 2kj

∫
dx⊥x2E

(j)
1 E

(j)
3∫

dx⊥|E(j)|2
(4.13)

where E(j)
a is the ath component of the electric field filtered for the signal of the pump (j = 0)

and scattered (j = 1) light wave. The effective OAM varies in both time and along x1, i.e.,

ℓ̄j = ℓ̄j(x1, t). We have averaged it over several wavelengths in the x1 direction to reduce the

noise.

We estimate the OAM of the EM waves by filtering the E1 and E3 fields for the cor-

responding k and analyzing equation 4.13. For a particular kj, the filtered version of Ea
is

E(j)
a (x1,x⊥, t) = F−1

x1

[
Ẽa(k,x⊥, t) for |k − kj| < ∆k

]
(4.14)

where the width of the filter, ∆k, is determined through experimentation. The effective

OAM indices of each wave are not necessarily integers. When launched from the antenna,

the incident light has either ℓ0 = 0 or ℓ0 = 1, but as the simulation proceeds the ℓ̄ of each

wave can vary to any value.

Figure 4.2 demonstrates that the OAM diagnostic gives the correct ℓ̄ when a laser is

launched using the OSIRIS antenna configuration with either ℓ0 = 0 or 1, simulations B and

G (which have a0 = 0.043 and 0.053) in table 4.1. Although the signal is noisy, the OAM

of the pump light according to equation 4.13 with j = 0 is clearly near its original value

of either zero (orange) or one (green). The OAM of the background noise is also measured

and found to be zero (blue). The line for the pump without OAM is less noisy than the

background noise data because the background amplitude is small so the denominator in

equation 4.13 is smaller than in the case where a large signal is present and measured. The
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Figure 4.2: OAM of the pump laser early in time. ℓ̄ is measured for a simulation with an

antenna that launches a pump with ℓ0 = 0 and an antenna that launches a pump with

ℓ0 = 1. Additionally, ℓ̄1 is measured for the background noise before any SRS signals have

appeared.

OAM was measured at a time ω0t = 1360 by which time the laser has fully propagated across

the box, but for which no reflectivity has appeared.

The plasma wave OAM, on the other hand, is stored in the particles and not the fields

because the wave is electrostatic (the momentum flux of the fields vanishes). At the writing

of this dissertation, we do not have a satisfactory diagnostic for the OAM of the EPW. For

future work, there are several options to explore. One idea would be to filter out the density

perturbation at the k of the EPW and then obtain the envelope through various techniques.

The OAM fluid operator could then be applied. Another option is to determine the average

angular momentum per particle and divide this by the average momentum/k. This would

give the OAM number. However, the momentum of a plasma wave is proportional to the

current. While a wave generates a current, this induces an electric field that tries to cancel it.

As a result it would be necessary to separate out the average current from the wave and that

from induced electric field. There is also a drift induced by the EM waves so this also needs

to be separated out. Another option used by Blackman et al. [BNK19, BNK20, BNK22]

would be to concentrate on the electrons near the phase velocity of the wave. Determining

the OAM of the plasma wave from SRS simulations is an area for future work.
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Figure 4.3: Particle phase space distribution at the start of the simulation. The horizontal

axis is momentum in the x1 direction and the vertical axis is angular momentum in the x1
direction. The color represents the count of particles at each point in the (p1,m1) plane

where the brightest spot is the highest concentration of particles.

We note that for data plotted in a later section, we did calculate the angular momentum

in the x1 direction for the electrons. We summed

m1 = x2p3 − x3p2 (4.15)

over all particles in the transverse direction to obtain the total particle OAM in the x1

direction. As a reference, figure 4.3 shows the distribution of particles at the start of the

simulation in terms of momentum, p1 and angular momentum, m1. The average value of

both p1 and m1 is zero at t = 0.

4.4 Results and Discussion

We now present the results of SRS from the PIC simulations, organized to first show the

differences in reflectivity from pF3D and OSIRIS and the high-level impact of OAM on SRS

reflectivity, followed by a detailed analysis to illustrate some of the underlying field and

particle dynamics that explain these effects.
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4.4.1 Comparison between pF3D and OSIRIS

For reference, we show results from pF3D for identical physical parameters as for the PIC

simulations. In Chapter 3 the axial box length was 200λ0; however due to computational

constraints the PIC simulations had a box length of 100λ0. We thus start by showing in

figure 4.4 the reflectivity over time for pF3D simulations with the same ℓ0 and a0 that are

simulated in OSIRIS for the box lengths of 100λ0 and 200λ0. Reflectivity curves are from

pF3D simulations for the parameters of each simulation in table 4.1 for axial box lengths

of both 100 and 200 λ0. In figure 4.4, we define the reflectivity as ω1k1|b1|2
ω0k0|b0|2 as discussed in

section 4.3.1.

In the top row, results from pF3D simulations corresponding to simulations A-D in table

4.1 are shown. On the left, the results correspond to Lz = 100λ0 while on the right, the box

length is Lz = 200λ0. As expected, the longer box length provides more gain and higher

peak and average reflectivity. Furthermore, there is negligible reflectivity for the smallest

intensities, a0 = 0.036 and 0.043 on the left, and for just a0 = 0.036 on the right. In the

bottom row, results for pF3D simulations corresponding to simulations E-I in table 4.1 are

shown where ℓ0 = 1 in each case. For all Lz = 100λ0 cases, observable reflectivity is only

seen for a0 ≳ 0.05. On the other hand, observable reflectivity is seen for a0 ≳ 0.04 for ℓ0 = 0

or ℓ0 = 1 for Lz = 200λ0.

With these results in mind, we now compare pF3D results with those from OSIRIS. In

OSIRIS the simulations were run up to 5000ω−1
0 or about 1 ps, while in pF3D they were run up

to 20 000ω−1
0 or about 4 ps. In each PIC simulation, the incident laser starts from ω0x1/c = 0

and propagates to the right (+x̂1). Once the laser reaches its maximum amplitude, the

Poynting flux is constant. When bursts of SRS occur, the Poynting flux decreases because

the backscattered light is traveling in the opposite direction of the incident laser (−x̂1).

Averaging over several periods of both the incident and backscattered light and integrating

across the transverse plane generates a smooth reflectivity curve.

123



0.0

0.1

0.2

0.3
R
ef
le
ct
iv
ity

ℓ=0

L=100 λ0
a0= 0.036
a0= 0.043
a0= 0.054
a0= 0.065

L=200 λ0
a0= 0.036
a0= 0.043
a0= 0.054
a0= 0.065

0 2500 5000 7500 10000 12500 15000 17500
ω0t

0.0

0.1

0.2

0.3

R
ef
le
ct
iv
ity

ℓ=1

a0= 0.030
a0= 0.040
a0= 0.053
a0= 0.060
a0= 0.073

0 2500 5000 7500 10000 12500 15000 17500
ω0t

a0= 0.030
a0= 0.040
a0= 0.053
a0= 0.060
a0= 0.073

Figure 4.4: Comparison of reflectivity for pF3D simulations for each simulation in table 4.1.

The top row shows results with ℓ0 = 0 and the bottom row corresponds to simulations where

ℓ0 = 1. The results in left panels use a box length of 100λ0 and the right panels use a box

length of 200λ0.
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Figure 4.5: Reflectivity in OSIRIS (blue) and pF3D (orange) for simulations B-D in table

4.1. pF3D simulates longer times than OSIRIS. Reflectivity in OSIRIS comes in sharp bursts

and average reflectivity is greater.
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Figure 4.6: Comparison of reflectivity for OSIRIS (blue) and pF3D (orange) for simulations

E-I in table 4.1. OSIRIS simulations have higher peak and average reflectivities.

A comparison of the reflectivity between OSIRIS and pF3D is shown in figures 4.5 and

4.6. It can clearly be seen that for pumps with either ℓ0 = 0 or 1 that the reflectivity in PIC

is described by bursts which are narrower and the peak reflectivity is higher than in pF3D.

The reasons for this are discussed later. In the left panel of figure 4.5 (a0 = 0.043) there

is no reflectivity for pF3D while there is a very small burst between 2500 and 5000 ω−1
0 in

the OSIRIS simulation. For progressively higher peak intensities the bursts in OSIRIS show

more reflectivity, and there are more of them. In all cases, the reflectivity is nearly zero for

the first ≈ 1000ω−1
0 and the first spike appears at gradually earlier times as the intensity is

increased. The average reflectivity also increases in both OSIRIS and pF3D which will be

quantified later. In figure 4.6, these trends are also seen for the ℓ0 = 1 cases. Furthermore,

to make the behavior of the reflectivity clearer in the different PIC simulations, we replot the

OSIRIS data in figure 4.7 where the time axis only goes out to 5000ω−1
0 . It can be seen that

the peak reflectivity of each burst is the same, but as the intensity is increased the number

of bursts increases.

We also ran the two low amplitude cases (simulations A and E) for twice as long in order

to study the reflectivity near threshold. Figure 4.8 shows the two cases where the time of

the onset of SRS is now greater than 6000ω−1
0 for both simulations. The incident lasers in
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Figure 4.7: Reflectivity over time for OSIRIS simulations with and without OAM. At later

times and for the highest intensity (red curve), the use of periodic boundary conditions

begins to alter the results.
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Figure 4.8: We simulated two cases with a pump laser at lower intensity for a longer time in

order to measure low reflectivities. For the case without OAM, the peak value of a0 is 0.036,

and for the ℓ0 = 1 case the peak value is a0 = 0.030, corresponding to simulations A and E

in table 4.1. Both simulations show very little SRS until ω0t > 6000.

these two simulations are: one without OAM and a0 = 0.036 and another with ℓ0 = 1 and

a0 = 0.030. For both, the first burst of SRS is just beginning or is still in progress. In

contrast, for the highest intensity cases shown in figure 4.7 the first SRS burst grows rapidly

near 1500ω−1
0 and there are about three reflectivity bursts .

We also quantified the average reflectivity. In figure 4.9 the average reflectivity is calcu-

lated from 1600ω−1
0 − 5100ω−1

0 for each simulation in table 4.1. For reference, the average

reflectivity is also shown for the corresponding pF3D cases. The left panel shows the rela-

tionship between average reflectivity and peak amplitude, a0, for lasers with and without

OAM (and with the same spot size). For the same amplitude (peak intensity), the OAM

pumps (ℓ0 = 1) provide slightly greater amounts of SRS. This trend is also seen in the pF3D

simulations although they have smaller reflectivity than the PIC simulations. In the kinetic

simulations, it appears that average reflectivity starts to deviate significantly between cases

with and without OAM at the highest intensities. More simulations are needed in this regime

to make a definitive statement. On the other hand, in the right panel, the dependence of

reflectivity on laser power (and with the same spot size) is shown. In this case the lasers

with OAM produce less SRS than the lasers without OAM for the same power which is also
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Figure 4.9: Average reflectivity versus a0 (left) and power (right) for OSIRIS and pF3D

simulations. The blue line represents PIC simulations where the pump laser has ℓ = 0 and

the green line shows PIC simulations where the pump laser has ℓ0 = 1. The corresponding

pF3D simulations are also shown in orange (for ℓ0 = 0) and red (for ℓ0 = 1). The trend for

OSIRIS and pF3D simulations is similar between ℓ0 = 0 and ℓ0 = 1, but the OAM simulations

show higher reflectivity for the same a0 and lower reflectivity for the same power.

seen in the pF3D simulations. As explained in Chapter 3, this is due to the fact that for a

fixed power the OAM laser has a lower peak intensity. In this chapter, all simulations use

the same spot size. Therefore, it is not possible to match amplitude and power of the laser

simultaneously between the ℓ0 = 0 and ℓ0 = 1 cases.

4.4.2 Field Dynamics and Wave Structures

OSIRIS simulations provide detailed and well-resolved field data. We analyzed the Fourier

transform (FFT) along x1 of a single (x2, x3) position over time in figure 4.10. The top

row corresponds to simulation C where the pump does not have OAM (ℓ0 = 0) and a0 is

0.054, and the bottom row is from simulation G where the pump has ℓ0 = 1 and a0 is
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Figure 4.10: Fourier transform of E1 and E3 at a single (x2, x3) position. For the simulation

without OAM (top row), the lineout is along the axis at x2 = 0, x3 = 0 and for the ℓ0 = 1

case (bottom row), the lineout is at x2 = 0, x3 = w0/
√
2 ≈ 18c/ω0 which is near the r of

maximum amplitude for an LG mode. The left column shows E1, the middle column shows

E3, and the right column shows a lineout at ω0t = 2210. The three dashed vertical lines in

the plots in the right column represent the k of each wave.

0.053. For the pump without OAM, we take a lineout on axis at x2 = 0, x3 = 0 and for

the pump with OAM, we use a position near x2 = 0, x3 = w0/
√
2 ≈ 18c/ω0 where the

field amplitude is large. For a Laguerre-Gaussian laser with ℓ0 = 1, there is zero intensity

on axis. The left column of figure 4.10 shows the Fourier transform (FFT) of E1 along a

line in x1 at every tenth timestep. The middle column shows the same for E3, the field

component which contains the dominant pump signal. The rightmost column is a lineout

at ω0t = 2210 showing the Fourier transform (FFT) of each field at this time. Additionally,

the three dashed vertical lines in the plots on the right show the values of k0, k1, and k2. It

is clear that the signal peaks align with the k of each wave. The time is chosen when SRS

is just beginning.

At later times, nonlinear frequency (wavenumber) shifts (due to kinetic effects) appear as
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shown by the widening signal in the k vs t plots. The scattered wave and EPW are no longer

at a single k1 or k2 mode, but instead the structure becomes broader and more complicated.

For the case with ℓ0 = 0 shown here, the peak value of a0 is about 0.054 (C in table 4.1) and

for the ℓ0 = 1 case, it is 0.053 (G in table 4.1).

We can isolate the field structure of each wave individually in real space by filtering the

wave number. In order to determine filtering ranges, we use the theoretical wavenumbers.

The wavenumber for the pump k0 is 0.93ω0/c, for the seed k1 is 0.41ω0/c, and for the EPW

k2 is 1.34ω0/c. We isolate k ± 0.16ω0/c for each mode. Figure 4.11 shows each wave at

ω0t = 2600 during a burst of reflectivity for a simulation without OAM. In the top panel,

the pump laser is shown. The middle panel shows the backscattered light which is maximized

on the left side of the box. The wavefront appears to have significant curvature.

This is partly due to the structure of the EPW. The bottom panel of figure 4.11 shows the

plasma wave oscillation where there is wavefront bowing due to nonlinear frequency shifts

of the EPW (larger shifts on axis where the field amplitude is largest) from kinetic effects.

Such structures were shown previously in 2008 by Yin et al. [YAB08]. Although the plasma

wave is growing to the left, the waves themselves travel to the right. The EPW is narrower

than the scattered light wave. The backscattered light diffracts as it propagates backwards

while diffraction of the EPW is much slower.

Figure 4.12 shows a burst of SRS in the fields of a simulation where the pump laser has

OAM (ℓ0 = 1) at ω0t = 2992. The top panel shows a slice of the OAM incident light where

it has propagated across the box. For this slice, the single laser looks like two lasers moving

side by side (one on the “top” and one on the “bottom”) propagating near each other. The

middle panel shows the backscattered light. Although the pump has no amplitude on axis,

the backscattered light is nonzero there due to diffraction. This is different than in the pF3D

simulations (figure 3.13) where the scattered light wave also has no signal on axis.

The wavefronts of the EPW inside both the “top” and “bottom” transverse slices show

wavefront bowing due to nonlinear frequency shifts. This indicates that to lowest order SRS
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Figure 4.11: EM fields at the beginning of a burst of SRS in a simulation where the incident

light does not have OAM. The top panel shows the field of the Gaussian pump laser, the

middle panel shows the backscattered light wave, and the bottom panel shows the field of

the EPW.

for a laser with OAM occurs independently for each transverse slice. However, the width of

the EPW is narrow (only a few laser wavelengths) leading to significant diffraction of the

laser so it no longer has a null on axis.

4.4.3 Kinetic Effects and Particle Dynamics

As SRS proceeds, the particle distribution function is modified. The slope of the distribution

function near the phase velocity of the EPW becomes flatter as trapped electrons execute

bounce motion in the wave. The flattening can reduce the damping rate (∝ ∂f/∂v) and

decrease the frequency of the EPW (∝ ∂2f/∂v2) [MO72b]. By measuring the slope over

time we can correlate the timing of the changes to the slope with the timing of SRS bursts

(determined via other diagnostic techniques). Figure 4.13 shows the correlation between

SRS reflectivity, the shift in wave number, and slope of the distribution function near the

phase velocity vs time. The data is taken from simulations C and G in table 4.1.
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Figure 4.12: EM fields during a burst of SRS for a simulation where the pump is a Laguer-

re-Gaussian mode with ℓ = 1. The top panel shows the incident light, the middle panel

shows the scattered light, and the bottom panel shows the plasma wave.
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Figure 4.13: Nonlinear wavenumber (frequency) shifts are shown in k space over time at a

single radial position for a simulation with ℓ0 = 0 (left) and ℓ0 = 1 (second to the right).

The white line shows the reflectivity at the same times. The second and fourth panel show

the change in the slope of the distribution function where brighter spots correspond to a

flatter distribution function. For the case with ℓ0 = 1 (right), the change in f is significant

at later times due to the development of a current.
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The left two panels correspond to a simulation where the pump does not have OAM and

the peak a0 is 0.054. The first panel shows the Fourier transform of the E1 field on axis.

The field is maximum on axis when the pump is an ℓ0 = 0 mode. The white line shows

the reflectivity as measured by the Poynting flux diagnostic. The reflectivity peaks occur at

the same time as the bright bursts near the k2 of the plasma wave. In the second panel, we

show the change in the slope of the distribution function by plotting 1− ∂vf
∂vf0

to examine how

the slope deviates from the initial distribution function at t = 0. The bright spots indicate

where the distribution function is flatter than it was initially (where 1− ∂vf
∂vf0

> 0). This data

is taken over the entire simulation domain while the flattening will be strongest in regions

where the EPW is largest. So the actual change in the slope of f is likely to be much larger

than these measurements show. We can infer that changes to ∂2vf are largest where changes

to ∂vf are largest. In which case nonlinear frequency shifts would also be large in the bright

regions.

The right two panels come from a simulation with ℓ0 = 1 and a0 = 0.053. In the rightmost

panel the change in the slope of the distribution function is shown. After the first burst of

SRS has ended, the plasma develops a current which will be discussed in more detail later.

Therefore, the average p1 is shifted so much that the slope is significantly changed in a very

wide region. Thus, wave-particle interactions appear to be different for SRS driven by pumps

with OAM. Quantifying this better is an area for future work.

The Fourier transform (FFT) of the E1 field for the ℓ0 = 1 case is calculated at a single

slice at a radial distance of ≈ w0√
2

where the pump field is maximum. The timing of the

bursts of SRS correlate with the bright spots in the Fourier transform. The line near k1 = 1

that appears in the ℓ0 = 1 plot and not the ℓ0 = 0 plot comes from the E1 component of the

pump laser. The time when the frequency spreads out in k space is the same as the time the

burst ends. Thus, the nonlinear wavenumber (frequency) shift of the EPW due to changes

in ∂2vf is also correlated to changes in ∂f/∂v and the detuning affects the reflectivity.

In order to understand the evolution of the distribution function in more detail, we plot
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Figure 4.14: The change in the slope of the distribution function over time for simulations

C, D, G, and H in table 4.1. Brighter spots correspond to flattening of f . For the two cases

with ℓ0 = 1, a current develops at later times which affects the distribution function even

far from vph.

the change in the slope for different values of a0 and ℓ in figure 4.14. The four panels

correspond to simulations C, D, G, and H in table 4.1 where the antenna in C and D does

not have OAM and the antenna in G and H has ℓ0 = 1. It is clear that changes to ∂f/∂v
begin around the same time as the first burst of reflectivity. It is also clear that when the

pump has OAM, the distribution function is more drastically changed.

Next, we examine the average momentum and angular momentum of the particles as well

as the change in ℓ̄0 and ℓ̄1, to determine how the presence of OAM in the pump affects the

wave-particle interactions.

4.4.4 OAM in the waves

We measure the OAM in the pump and backscattered EM waves using equation 4.13. Figure

4.15 shows the OAM of each wave at a time when reflectivity is high, ω0t = 3400. The

simulation (G) has a pump with ℓ0 = 1 and a0 = 0.053. It is clear that ℓ0 = 1 for the pump

across the entire simulation box. On the other hand the effective ℓ1 of the scattered light
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Figure 4.15: Light wave OAM at ω0t = 3400 when reflectivity is high. The pump in this

simulation (G) has ℓ0 = 1 and a0 = 0.053. The OAM of the pump (blue) is approximately

the same as its initial value of ℓ0 = 1. The OAM of the scattered light (orange) varies across

the box with a maximum ℓ̄1 ≈ 2.

wave starts at 0 at the right edge and then grows to ≈ 1 at the left edge. This shows that

OAM can be transferred to the scattered light wave growing from noise. As noted earlier,

this occurs to lowest order if SRS grows independently within each transverse slice. At the

moment, we do not have an accurate diagnostic of the OAM for the EPW. However, if OAM

matching is approximately satisfied then the OAM of the EPW would be ≈ 0.

Although we do not yet have a clear diagnostic of ℓ̄2, we can measure the average mo-

mentum, p1, and angular momentum, m1 in the particles from the distribution function. In

figure 4.16, we show how the average momentum and angular momentum change over time

and how that change aligns temporally with reflectivity. The left column shows two cases

where the pump does not have OAM. The two simulations use pumps with a0 = 0.054 (blue)

and 0.065 (orange). When the pump laser does not have OAM, the average p1 and average

m1 are zero. However, when the laser has ℓ0 = 1, a current develops as shown in the right

column of figure 4.16 where three cases are compared. Each case has a pump with ℓ0 = 1 and

a0 = 0.053 (blue), 0.060 (orange), and 0.073 (green). This corresponds to simulations G, H,

and I in table 4.1. The average momentum deviates from zero at approximately ω0t = 3000.

In all cases, the significant change in average p1 occurs after the first burst of reflectivity has
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ended. The average momentum is larger for cases with higher a0.

The bottom right panel of figure 4.16 shows the average angular momentum in the

particles for the three simulations where the pump has ℓ0 = 1. The particles develop an

average m1 early in the simulation. The timing aligns with when the pump laser has traveled

across most of the simulation region. At later times, the average m1 returns to zero and

then, in all cases, m1 is briefly positive. When a0 = 0.060, the average m1 is positive, then

slightly negative, and then constant and positive again at ω0t = 5000. In the other two cases

with ℓ0 = 1, the average m1 is positive at first and then negative and does not rise again

before the end of the simulation.

We also show the particle distribution in phase space for two simulations in figure 4.17.

In the top row, the simulation uses a pump laser with ℓ = 0, a0 = 0.043 (B) and the data

is shown at ω0t = 3910. The bottom row shows data from a simulation with a pump that

has ℓ = 1, a0 = 0.053 (G) and the time is ω0t = 2890. For both cases the time chosen aligns

with the peak of the first burst of reflectivity.

The left column of figure 4.17 shows the particle distribution in terms of x1 and p1 limited

to the region where p1 > 0. In both rows, the distribution is not uniform in x1, meaning

that there is some spatial variation. In the bottom row, there is an increase in average

momentum at higher values of x1, on the right side of the box. The second column shows

the distribution of p1 and m1, the angular momentum in the x1 direction. In the bottom

row, it is clear that a wider spread develops in m1 at higher values of p1. The third column

shows the average value of m1 vs x1. For the pump without OAM, the average value is

nearly zero. At lower values of x1, the average m1 is slightly greater than at higher values

of x1, but the average is zero. However, for the case with the ℓ0 = 1 pump (bottom), the

difference in m1 is significant between the left side of the box and the right side, and the

average m1 is nonzero.

Figure 4.17 demonstrates that SRS involving a pump with ℓ0 = 1 affects the angular

momentum of the particles. Although we have not calculated ℓ̄2, we have shown that the
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Figure 4.16: Average linear and angular momentum of the particles. The left column shows

data for simulations C (blue) and D (orange) in which the pump does not have OAM. The

right column shows simulations G (blue), H (orange), and I (green) which all include a pump

with ℓ0 = 1. In every case with ℓ0 = 1, the plasma develops an average p1 that is negative,

and an average m1 that varies but is nonzero. The top row shows reflectivity measured from

the Poynting flux in order to demonstrate the correlation of the timing of the SRS bursts

and changes to the distribution function.
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Figure 4.17: Phase space distributions for simulations B (top) and G (bottom). The left

column shows the distribution of particles in p1 and x1, the middle column shows p1 and m1,

and the right column shows the average angular momentum along x1. For both simulations,

the data is shown at a time when reflectivity is at its peak.

average angular momentum increases in the whole simulation region. Additionally, the

average is higher in the left half of the box where reflectivity is high. Thus, future work

is needed to examine the average m1 in a smaller region where the EPW is large, and the

lower right panel of figure 4.17 suggests that it will be even higher because m1 is not uniform

in x1.

4.5 Summary

We have presented simulations from OSIRIS of SRS of lasers with and without OAM. As

OAM is intrinsically a three-dimensional process, we carried out 3D OSIRIS simulations

which are computationally intensive. These simulations provide copious amounts of data.

We compared the reflectivity from OSIRIS to that from pF3D simulations with otherwise

identical parameters. We simulated a few intensities for light with ℓ0 = 0 and ℓ0 = 1 and
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used w0 = 4λ0 for all cases. We notice the same trend as in Chapter 3 where the pump

with OAM shows lower reflectivity when compared at the same power but higher reflectivity

when compared at the same intensity (a0). We found that SRS reflectivity comes in intense

bursts in the case of PIC with higher average reflectivity as well when compared to pF3D.

Exploring the importance of the noise level on these differences is an area for future work. It

was also confirmed that OAM is transferred to the backscattered light wave when the pump

has OAM and that changes to the distribution function are correlated with the behavior of

SRS. These changes can modify the damping rate and frequency of the EPW. Quantifying

the effect of these changes is an area for future work.
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CHAPTER 5

Conclusion and directions for future work

In this dissertation, results from an investigation of new aspects of stimulated Raman

backscatter (SRBS) that arise when the pump wave has intrinsic or orbital angular mo-

mentum (OAM) were presented. In SRBS an incoming electromagnetic (EM) wave decays

into a backscattered EM wave and a forward-propagating electron plasma wave (EPW). This

concluding chapter summarizes the overarching findings and offers some suggestions for fu-

ture work. An electromagnetic wave that carries OAM is three-dimensional by nature in the

sense that the laser has a finite extent in directions transverse to its propagation direction.

In Chapter 2, the dissertation includes a review of key aspects of SRBS in plane waves,

and to set the stage for studying SRBS of lasers with OAM, a review of Laguerre-Gaussian

modes is offered. Additionally, a derivation is given of the multi-dimensional envelope equa-

tions for SRBS valid within the paraxial ray approximation in a uniform plasma including

a phenomenological damping term for the EPW. Starting from these envelope equations,

we identified several conserved quantities defined in terms of the envelopes b0, b1, and b2

of the pump, scattered EM wave, and EPW, and their spatial derivatives. These quanti-

ties were action, energy, axial momentum, transverse momentum, and angular momentum.

Conservation of momentum is derived separately for the axial and transverse components.

While the conservation laws for action, energy, and axial momentum are well known within

the one-dimensional limit, the multi-dimensional versions are yet to appear in the literature.

The resulting expressions also included sink terms from the EPW damping. The angular

momentum in the axial direction can be defined and it depends on the transverse momentum
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(and transverse derivatives). It is now commonly referred to as the OAM of a wave. We

derived an angular momentum conservation law where the total OAM is simply a sum over

the OAM of each light wave and the EPW. For each light wave, the angular momentum is

Mz = iω(b∗∂φb− b∂φb
∗) (5.1)

and the angular momentum of the EPW is

Mz =
iω2

Γ2

(b∗2∂φb2 − b2∂φb
∗
2) (5.2)

The OAM of the light waves in a plasma is identical to that previously obtained in vacuum

through the momentum associated with the Poynting flux. Thus, it was found that the OAM

of an EM wave in a tenuous plasma is the same as that in vacuum. Additionally, we found

that the OAM of the EPW has the same form but with different normalizations as that of

an EM wave although the EPW has no Poynting flux. We then connected the expression for

the OAM of the plasma wave to a physical interpretation based on Gauss’ Law and Euler’s

equation where the OAM is carried by the current within the EPW.

We investigated the OAM of an arbitrary wave envelope by measuring the effective OAM

index, ℓ̄j which can be a function of z. An arbitrary wave is a superposition of Laguerre-

Gaussian modes with different ℓ numbers. The effective ℓ number is a weighted average

and is thus not necessarily an integer. Finally, we addressed the question of ℓ-matching and

explained that a matching condition for the ℓ number of each wave only holds when the

OAM of each wave is constant. This is a new result. Thus, while ω and k matching are

fundamental concepts associated with three-wave couplings such as SRBS, ℓ matching is not

fundamental. This is because ω and k are properties of the carrier which are constant while

ℓ is a property of the envelope which evolves. We analyzed ℓ̄0 − ℓ̄1 − ℓ̄2 in simulations to

show that ℓ-matching is indeed not necessarily satisfied everywhere.

In Chapter 3, we used the fluid simulation code pF3D to study SRS of finite-width lasers

with different amounts of OAM. In pF3D the only nonlinearity is pump depletion. We
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simulated SRS for a range of intensities and plasma temperatures to scan different growth

regimes where the theory presented in Chapter 2 would predict that SRS can occur in either

strongly or weakly damped temporal or either strongly or weakly damped spatial growth. We

focused on the strongly damped spatial regime as it is relevant to laser-plasma interactions

in inertial fusion energy (IFE) and we compared our data to a theoretical model of SRS

reflectivity even in the presence of pump depletion.

We found that to compare lasers with different OAM, there are three parameters that

must be considered, the peak intensity, the power, and the spot size, w0. Only two of these

can be simultaneously held constant. We showed that in order to compare beams with the

same intensity and power simultaneously for different ℓ, the effective beam width, wℓ (defined

as πw2
ℓ/2 ≡ Power/Ipeak) should be matched instead of the spot size, w0 (the parameter that

defines the diffraction or Rayleigh length for each Laguerre-Gaussian mode), and we derived

the formula for wℓ/w0. For the same w0, a beam with OAM has more power at the same

peak intensity than a beam without OAM. Thus, when comparing SRBS of beams with the

same power and w0, it needs to be taken into account that the OAM light has a lower peak

intensity and its energy is spread out over a larger transverse extent. Within IFE, the laser

power needs to be at a fixed value. Thus, the use of lasers with OAM might be a path to

reduce SRBS reflectivity.

We measured reflectivity when SRS grows from noise in pF3D using pump lasers with

ℓ0 = 0, 1, 2, and 3. We scanned different temperatures to change the damping rate of the

plasma wave which depends on k2λD which increases as temperature increases.

When SRS grows from noise, lasers with OAM show lower reflectivity if compared at the

same power. However, when compared at the same peak intensity, a laser with OAM shows

higher reflectivity than an ℓ0 = 0 beam. When we adjusted the spot size, lasers with OAM

show lower reflectivity. However, when we used an effective spot size of 8λ0 instead of 4λ0,

but kept the plasma length the same, the difference decreases. This is because diffraction is

less important for the larger spot size. We fit the reflectivity data to theoretical predictions
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involving the spatial gain rate calculated at different radial positions and integrated over

the transverse coordinates to account for the different shapes of the laser. Through this

technique, we were able to utilize the 1D theory to make predictions for differently shaped

3D beams.

We measured the effective OAM for each wave and found that the variation in ℓ̄ changed

as intensity and reflectivity changed. As noted above, we showed that the effective OAM

is not necessarily an integer. We found that OAM was best conserved when SRS reached

a steady state. When we included a seed laser, the plasma wave OAM changes in order

to maintain conservation if possible. We showed that in regions where reflectivity was low,

OAM is not conserved in our simulations, even when the laser does not have any OAM.

We examined the 3D shape of daughter waves from pumps with OAM and showed that

the scattered light develops a similar spatial structure with a central dark spot and a spiral

structure which depends on the ℓ0 of the pump. The scattered light and plasma wave create

doughnut shapes even if they do not all have large amounts of angular momentum as long

as the pump has OAM. Every wave is a superposition of LG modes and not a pure OAM

beam.

We included a seed with OAM to examine the resonance for different combinations of

ℓ0 and ℓ1. When an ℓ0 = 0 pump amplifies an ℓ1 = 1 seed, the effective OAM of the seed

decreases and tends toward the OAM of the pump. However, when a pump with OAM

amplifies a non-OAM seed, it is the plasma wave which develops OAM equal to that of the

pump in order to maintain OAM conservation.

In Chapter 4 we presented results from particle-in-cell OSIRIS simulations, which include

kinetic effects and nonlinear frequency shifts that are not modeled by pF3D. The combination

of different simulation techniques allows for a diverse set of data that probes different SRS

regimes. We simulated pumps with ℓ0 = 0 and ℓ0 = 1 in a plasma without a seed so

SRS grows from noise. We measured reflectivity through changes in the Poynting flux. We

showed that reflectivity is higher for pumps with OAM when compared at the same peak
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intensity. We ran five simulations with OAM pumps and four simulations using pumps that

do not have OAM. We simulated about one picosecond for seven of the cases and about two

picoseconds for the other two cases. When reflectivity is compared at the same power, the

lasers without OAM show more SRS. We filtered the data in k-space to separate out the

pump and scattered EM wave. We were then able to determine the OAM of each wave and

showed that OAM is transferred to the scattered light wave.

We showed nonlinear frequency shifts in the EPW and hence the scattered light waves.

Additionally, we separated the waves by frequency to explore the spatial behavior and dis-

played wavefront bowing of the scattered light. We also showed that the plasma distribution

function changes during bursts of SRS. In particular, the slope becomes flatter near the

phase velocity of the plasma wave. We showed that the change in slope coincides temporally

with bursts of reflectivity in the Poynting flux as well as frequency-resolved signals.

We close by noting that the results from this dissertation open up new ideas and directions

for future research. For example, towards the end of this research it was recognized that

a Lagrangian exists whose Euler-Lagrange equations directly lead to the three envelope

equations. Furthermore, this Lagrangian can also account for non-uniform plasmas in which

the density depends on the axial coordinate. This Lagrangian can then be used to derive

conservation laws using Noether’s theorem. Such a Lagrangian can also be used to examine

convective growth through the use of trial functions. Another area for future research is to

examine the OAM of multi-speckle beams. Even if the OAM of the plasma and pump are

essentially 0 at the beginning, there can be local regions of space and time in which OAM

arises from SRBS. Investigating if local regions develop OAM even if there is no global OAM

is another area for further investigation. It would also be of interest to see if methods can be

developed such that a multi-speckle beam has global OAM and/or individual speckles have

OAM.

There is also much work left for studying OAM in kinetic simulations. This includes

studying wave-particle interactions within EPWs with OAM and running simulations longer
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and with more particles per cell. The PIC data is vast so it is important to strategically

dump particle data in relevant regions of space and time. It is also important to develop

diagnostics of the OAM of the EPW. This is complicated by the fact that it is hard to filter

out the contributions of a single particle’s linear and angular momentum from each wave

and that there is return current generated that needs to be filtered out when calculating

the wave momentum. So developing better data analysis is important. Last, we note that

the simulations indicate that lasers with OAM can reduce SRBS reflectivity when the power

is held fixed as this leads to broader transverse laser profiles so that the peak intensity is

lower. If such a geometrical effect and not an OAM effect is the reason for the reduction of

SRBS then 2D and not 3D simulations can be used to simulate how higher order laser modes

can reduce backscatter. In these 2D simulations the laser would be expanded into Hermite-

Gaussian rather than Laguerre-Gaussian modes. This would permit PIC simulations of

multi-speckle beams.
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APPENDIX A

Conservation laws for fields and particles

Conservation laws are useful and powerful tools to understand fundamental constraints on

field and particle dynamics in plasma. In this appendix, we review how to connect the

microscopic and macroscopic descriptions of the interaction of charged particles and electro-

magnetic fields. We follow discussions in [SDM98, Jac99, Cha60]. We derive conservation

laws for energy, momentum, and angular momentum systematically, and then transform

from particle-based to fluid-based representations. This derivation lays the groundwork for

inclusion of arbitrary laser fields, such as those with orbital angular momentum, by explicitly

relating the fields to the moments of the distribution function. In Chapter 2, the conserva-

tion laws for energy, momentum, and angular momentum are obtained for the paraxial ray

and envelope equations pertinent to SRS.

Conservation laws take the general form

∂tϕ+∇ ·Φ = 0 (A.1)

where ϕ(x, t) is the density of the conserved quantity and Φ(x, t) is its associated flux.

While equation A.1 is for a scalar, it can also be generalized to situations where ϕ is a

vector or a tensor, as is the case for momentum. The aim of the following derivations is to

write conservation laws for energy, momentum, and angular momentum in terms of E, B,

and moments of the plasma distribution function, f : the density, n, bulk flow velocity, V ,

pressure tensor, P , and heat flux tensor, Q.

In order to treat E and B symmetrically, we temporarily allow for the existence of mag-

netic monopoles in the form of a magnetic charge on a particle, qm. To derive conservation
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laws, we write Maxwell’s equations and the equation of motion as if there were a magnetic

charge density, ρm, and current density, Jm. Once we have derived the conservation laws

in terms of charge and current densities and we are ready to move on to the plasma fluid

model, we will set qm to zero for all species, as is physically accurate.

∇ ·E = 4πρ (A.2)

∇ ·B = 4πρm (A.3)

−∇×E =
4π

c
Jm +

1

c
∂tB (A.4)

∇×B =
4π

c
J +

1

c
∂tE (A.5)

dp

dt
= qE + qmB +

qv

c
×B − qmv

c
×E (A.6)

The charge and current densities can be written as a sum over particles with electric charge

qs, magnetic charge qm,s, velocity vs, and position xs,

ρ(x, t) =
∑
s

qsδ(x− xs) (A.7)

ρm(x, t) =
∑
s

qm,sδ(x− xs) (A.8)

J(x, t) =
∑
s

qsvsδ(x− xs) (A.9)

Jm(x, t) =
∑
s

qm,svsδ(x− xs) (A.10)

In Chapter 2, we reviewed the concept of phase space and the Klimontovich distribution

function, F . In terms of F ,

ρ =

∫
dpsqsFs (A.11)

J =

∫
dpsqsvsFs (A.12)

When moving to a continuum distribution function, fs, the same definitions hold.
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A.1 Conservation of Energy

We begin our search for a conservation of energy law by evaluating the time derivative of

the total energy in the particles which is the sum of the energy of each particle. The energy

of a particle with mass ms and momentum ps is

γsmsc
2 =

√
1 +

p2s
m2
sc

2
msc

2 (A.13)

where p2s = ps · ps. Examining the momentum of a particle will lead to a conservation

law because we know how to relate the time derivative of the momentum to the EM fields.

Differentiating the energy then isolates dps/dt,

d

dt

∑
s

γsmsc
2 =

∑
s

1

γs

ps

ms

· dps

dt
=
∑
s

vs ·
dps

dt
(A.14)

We can substitute dps

dt
for each particle using equation A.6 to get∑

s

vs ·
dps

dt
=
∑
s

vs ·
(
qsE + qm,sB +

qsvs

c
×B − qm,svs

c
×E

)
(A.15)

The terms with vs · (vs×B) and vs · (vs×E) are identically zero because the cross product

of two vectors is orthogonal to both vectors. Noting that we can substitute J and Jm into

equation A.15, the remaining terms become∑
s

vs · (qsE + qm,sB) = J ·E + Jm ·B (A.16)

Next, we rearrange equations A.4 and A.5 to isolate the currents,

J =
c

4π

(
∇×B − 1

c
∂tE

)
(A.17)

Jm = − c

4π

(
∇×E +

1

c
∂tB

)
(A.18)

which can be substituted into A.16,

J ·E + Jm ·B =
c

4π

(
∇×B − 1

c
∂tE

)
·E − c

4π

(
∇×E +

1

c
∂tB

)
·B (A.19)
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The left-hand side will later be replaced by plasma fluid quantities. The right-hand side will

be simplified into the form of a conservation law. The goal is to only be left with time and

spatial derivatives. Upon noting that for both E and B,

1

4π
(∂tE) ·E = ∂t

(
E2

8π

)
(A.20)

and using a vector identity for the divergence of a cross product,

(∇×E) ·B − (∇×B) ·E = ∇ · (E ×B) (A.21)

we arrive at

J ·E + Jm ·B = −∂t
(
E2 +B2

8π

)
−∇ · c

4π
(E ×B) (A.22)

At this point, we can set Jm = 0 and write everything in the conventional form of a conser-

vation law:

∂tε+∇ · S + J ·E = 0 (A.23)

We have labeled the field energy as

ε ≡ E2 +B2

8π
(A.24)

and defined the Poynting vector,

S ≡ c

4π
(E ×B) (A.25)

The Poynting vector represents the flow of energy in the EM fields. We will show that it

is proportional to the field momentum when we derive the conservation law for momentum.

The term J · E will be addressed in the section on plasma fluid quantities. For now, it

represents the energy and energy flux outside the EM fields.

A.2 Conservation of Momentum

We will follow a similar method as before, combining Maxwell’s equations and the equation

of motion. Starting from the time derivative of the total momentum summed over particles,

149



we plug in equation A.6 to get

d

dt

∑
s

ps =
∑
s

dps

dt
=
∑
s

(
qsE + qm,sB +

qsvs

c
×B − qm,svs

c
×E

)
(A.26)

where we can rewrite the right-hand side in terms of the charge and current densities,∑
s

dps

dt
= ρE + ρmB +

1

c
(J ×B − Jm ×E) (A.27)

Using Maxwell’s equations to replace charge and current densities with E and B yields∑
s

dps

dt
=

1

4π

[
(∇ ·E)E + (∇ ·B)B +

(
∇×B − 1

c
∂tE

)
×B −

(
−∇×E − 1

c
∂tB

)
×E

]
(A.28)

For both E and B, we use the following vector identity,

(∇×E)×E = (E · ∇)E − 1

2
∇E2 (A.29)

which, when added to (∇ · E)E, forms a sum that can be written as the divergence of a

dyadic product, which is the rank-2 tensor formed by the outer product of the vector with

itself. Noting that,

(∇ ·E)E + (E · ∇)E = ∇ ·EE (A.30)

we identify the tensor EE = E ⊗E, whose components are

(EE)ij = (E ⊗E)ij = EiEj (A.31)

Thus, we can simplify the sum appearing in equation A.28 to the divergence of a rank-2

tensor,

(∇ ·E)E + (∇×E)×E = (∇ ·E)E + (E · ∇)E − 1

2
∇E2 = −∇ ·

(
1

2
E2I −EE

)
(A.32)

where I is the identity matrix, whose components satisfy Iij = δij, where δij is the Kronecker-

delta,

δij ≡


1 i = j

0 i ̸= j

(A.33)
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Next, the terms in equation A.28 with partial time derivatives can be combined because

(∂tE)×B − (∂tB)×E = (∂tE)×B +E × (∂tB) = ∂t(E ×B) (A.34)

Therefore, equation A.28 becomes

∑
s

dps

dt
= −∂t

(
E ×B

4πc

)
−∇ ·

(
E2 +B2

8π
I − EE +BB

4π

)
(A.35)

Defining the field momentum vector,

G ≡ E ×B

4πc
=

S

c2
(A.36)

and plugging in equation A.27 with ρm = 0 and Jm = 0, we arrive at the conservation law

for momentum,

∂tG+∇ · T + ρE +
1

c
J ×B = 0 (A.37)

where we have defined the electromagnetic stress tensor,

T ≡ εI − EE +BB

4π
(A.38)

whose components are

Tij = εδij −
EiEj +BiBj

4π
(A.39)

The divergence of a rank-2 tensor such as T is a vector, and the conservation law for mo-

mentum is a vector equation. The conservation law for the ith component of momentum

is

∂tGi + ∂jTij + ρEi +
1

c
ϵijkJjBk = 0 (A.40)

where ϵijk is the Levi-Civita symbol,

ϵijk =


1 if (i, j, k) is an even permutation of (1, 2, 3)

−1 if (i, j, k) is an odd permutation of (1, 2, 3)

0 if any 2 of (i, j, k) are equal

(A.41)

151



and the ith component of the field momentum vector is

Gi =
1

4πc
ϵijkEjBk (A.42)

In equation A.40, the repeated indices (j and k) are summed over.

A valid conservation law must only contain terms which are time or spatial derivatives.

Thus, we will later rewrite ρE + 1
c
J ×B as the derivative of fluid quantities.

A.3 Conservation of Angular Momentum

As before, we begin with the time derivative of the angular momentum of the particles and

isolate dps

dt
. Using the fact that dxs

dt
= ps

ms
is parallel to ps to eliminate dxs

dt
×ps = 0, we have

d

dt

∑
s

xs × ps =
∑
s

(
dxs

dt
× ps + xs ×

dps

dt

)
=
∑
s

xs ×
dps

dt
(A.43)

Substituting equation A.6 and replacing the sum over particles with current and charge

densities gives∑
s

xs ×
(
qsE + qm,sB +

qsvs

c
×B − qm,svs

c
×E

)
=

x×
(
ρE + ρmB +

J

c
×B − Jm

c
×E

)
(A.44)

which indicates that we should calculate the cross product of the position vector and equation

A.37. We will go through each term in this equation and rewrite it as a total derivative to

show that angular momentum is conserved.

x×
[
∂tG+∇ · T + ρE +

1

c
J ×B

]
= 0 (A.45)

The position vector is time independent so we can simplify,

x× ∂tG = ∂t (x×G) (A.46)

Examining the cross product of x and the divergence of the EM stress tensor, we have

[x×∇ · T ]i = ϵijkxj∂lTkl (A.47)
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Given that ∂lxj = δlj, we can rewrite this as

ϵijkxj∂lTkl = ϵijk [∂l (xjTkl)− δjlTkl] = ∂l (ϵijkxjTkl)− ϵijkTkj (A.48)

The outer product of a vector with itself, like EE or BB, is a symmetric tensor, as is I.

Therefore, the EM stress tensor, T is symmetric. The Levi-Civita symbol, on the other

hand, is antisymmetric. The contraction of a symmetric and antisymmetric tensor, like

ϵijkδjk, vanishes.

ϵijkAjk = 0 if Ajk = Akj (A.49)

Therefore, we have shown that the cross product of x and the divergence of a symmetric

tensor can be written as a derivative of a single expression,

x× (∇ ·A) = ∇ : (x×A) (A.50)

whose components are

[∇ : (x×A)]i = ∂jϵjklxkAli (A.51)

The resulting derivative is suitable for inclusion in a conservation law, and thus, the conser-

vation law for angular momentum is

∂t(x×G) +∇ : (x× T ) + x×
(
ρE +

1

c
J ×B

)
= 0 (A.52)

The full set of conservation laws for energy, momentum, and angular momentum are

∂tε+∇ · S + J ·E = 0 (A.53)

∂tG+∇ · T + ρE +
1

c
J ×B = 0 (A.54)

∂t(x×G) +∇ : (x× T ) + x×
(
ρE +

1

c
J ×B

)
= 0 (A.55)
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A.4 Rewriting particle contributions as fluid plasma quantities

To connect the conservation laws to plasma properties and include only derivative terms, we

need to rewrite the expressions containing ρ and J in terms of fluid quantities. In terms of

the plasma distribution function, f , the current and charge densities are

J =

∫
dvf(v,x, t)qv (A.56)

ρ =

∫
dvf(v,x, t)q (A.57)

We have already eliminated magnetic monopoles in the previous section, so we do not need

to consider them here.

A.4.1 Conservation of energy with fluid quantities

Defining the force on a particle as F ,

F ≡ qE +
qv

c
×B (A.58)

we note that the particle contribution term in the conservation law for energy, J ·E, can be

written as

J ·E =

∫
dvfqv ·E =

∫
dvfv ·

(
F − qv

c
×B

)
=

∫
dvfv · F (A.59)

where v · v × B vanishes because v is orthogonal to any cross product with v. When we

rewrite v as a gradient,

v = ∇v
v2

2
(A.60)

where

(∇v)i = ∂vi (A.61)

we note that ∇v · F = 0. Assuming that f tends to 0 for particles with high energy so that
v2

2
F f
∣∣∣∞
−∞

is negligible, integrating equation A.59 by parts yields

J ·E =

∫
dvf

(
∇v

v2

2

)
· F = −

∫
dv
v2

2
∇v · (fF ) = −

∫
dv
v2

2
F · ∇vf (A.62)
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In a Maxwellian plasma, for example, the distribution function depends on velocity as e−v2/v2e

where ve is the thermal velocity, equal to
√

T
m

where T is the temperature, and we typically

have that ve ≪ c, so f tends to zero sufficiently fast.

Next, we use the Vlasov equation,

∂tf + v · ∇f +
F

m
· ∇vf =

df

dt

∣∣∣∣
c

(A.63)

which can be rearranged as,

F

m
· ∇vf = −∂tf − v · ∇f +

df

dt

∣∣∣∣
c

(A.64)

where df
dt

∣∣
c

represents changes in f due to collisions. Substituting equation A.64, equation

A.62 becomes

J ·E =

∫
dv
mv2

2

(
∂tf + v · ∇f − df

dt

∣∣∣∣
c

)
(A.65)

which, upon noting the independence of x, v, and t in order to move ∂t and ∇ outside the

integrals over v, can be rearranged as a sum of 3 integrals,

J ·E = ∂t

∫
dv
mv2

2
f +∇ ·

∫
dv
mv2

2
vf −

∫
dv
mv2

2

df

dt

∣∣∣∣
c

(A.66)

To make progress in simplifying equation A.66, we separate velocity into bulk flow and

fluctuations,

v = V + vr (A.67)

where ∫
dvvf = nV (A.68)

and ∫
dvvrf = 0 (A.69)

By definition, the fluctuations are symmetric about V in terms of velocity dependence, and,

while vr = vr(v,x, t), V is only a function of x and t. Substituting equation A.67 into the

first integral in equation A.66 yields∫
dv
mv2

2
f =

m

2
V 2

∫
dvf +mV ·

∫
dvvrf +

m

2

∫
dvv2rf =

1

2
mnV 2 +

1

2
Pii (A.70)
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where we have defined the pressure tensor

P ≡
∫
dvmvrvrf =

∫
dvm(v − V )(v − V )f (A.71)

and Pii is the trace of P . The pressure tensor depends only on the fluctuations and not the

bulk flow. Substituting equation A.67 into the next integral in equation A.66, the integral

becomes∫
dv
mv2

2
vf =

∫
dv
mv2

2
(V +vr)f =

1

2
(mnV 2+Pii)V +mV ·

∫
dvvrvrf +

m

2

∫
dvv2rvrf

(A.72)

and, noting that

mV ·
∫
dvvrvrf = V · P (A.73)

equation A.72 simplifies to∫
dv
mv2

2
vf =

1

2
(mnV 2 + Pii)V + V · P +

∫
dv
mv2r
2

vrf (A.74)

The dot product of a vector, V , and a rank-2 tensor, P , is a vector. Next, we must define

a higher-order quantity, Q,

Q ≡
∫
dvmvrvrvrf =

∫
dvm(v − V )(v − V )(v − V )f (A.75)

so that ∫
dv
mv2r
2
vrjf = Qjii (A.76)

Q is the rank-3 heat flux tensor, which is the third moment of the distribution function,

whereas the pressure tensor P is the second moment. Plugging in equation A.76, we have

∇ ·
∫
dv
mv2

2
vf = ∇ ·

[
1

2
(mnV 2 + Pii)V + V · P +Qii

]
(A.77)

which can also be written as

∇ ·
∫
dv
mv2

2
vf = ∂j

[
1

2
(mnV 2 + Pii)Vj + ViPij +Qjii

]
(A.78)
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Substituting equation A.70 and equation A.78, equation A.66 simplifies to

J ·E = JiEi = ∂t

(
1

2
mnV 2 +

1

2
Pii

)
+∂j

[
1

2
(mnV 2 + Pii)Vj + ViPij +Qjii

]
−
∫
dv
mv2

2

df

dt

∣∣∣∣
c

(A.79)

The last term cannot be modified without assuming a model for collisions. We neglect that

discussion in this dissertation and instead refer to [Cha60].

Plugging equation A.79 into equation A.53 produces a valid conservation law for energy

in terms of EM fields and plasma fluid quantities. The full form is

∂t

[
E2 +B2

8π
+

1

2
mnV 2 +

1

2
Pii

]
+

∂j

[
c

4π
(E ×B)j +

1

2
(mnV 2 + Pii)Vj + ViPij +Qjii

]
=

∫
dv
mv2

2

df

dt

∣∣∣∣
c

(A.80)

or, equivalently,

∂t

[
ε+

1

2
mnV 2 +

1

2
Pii

]
+

∇ ·
[
S +

1

2
(mnV 2 + Pii)V + V · P +Qii

]
=

∫
dv
mv2

2

df

dt

∣∣∣∣
c

(A.81)

This equation relates the energy and energy flux in the EM fields to the plasma fluid quan-

tities and the right-hand side allows for a sink or source of energy due to collisions.

A.4.2 Conservation of momentum with plasma fluid quantities

The plasma contribution in the conservation law for momentum is ρE+ 1
c
J×B which, upon

plugging in ρ, J , and F , can be rewritten

ρE +
1

c
J ×B =

∫
dv
(
qE +

qv

c
×B

)
f =

∫
dvF f (A.82)

With the intention of isolating F · ∇vf so that we may substitute the Vlasov equation as in

the previous case, we explicitly insert a factor of ∇v · v in order to integrate by parts:∫
dvF f =

∫
dv(∇v · v)F f = −

∫
dvv∇v · (F f) = −

∫
dvvF · ∇vf (A.83)
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Substituting this result into equation A.82, we have

ρE +
1

c
J ×B = −

∫
dvv(F · ∇vf) (A.84)

Plugging in equation A.64, this becomes

ρE +
1

c
J ×B =

∫
dvmv

(
∂tf + v · ∇f − df

dt

∣∣∣∣
c

)
(A.85)

which simplifies to

ρE +
1

c
J ×B = ∂tmnV +∇ ·

∫
dvmvvf −

∫
dvmv

df

dt

∣∣∣∣
c

(A.86)

and substituting ∫
dvmvvf =

∫
dvm(V + vr)(V + vr)f = mnV V + P (A.87)

where V V is the dyadic product, into equation A.86 yields

ρE +
1

c
J ×B = ∂tmnV +∇ · (mnV V + P )−

∫
dvmv

df

dt

∣∣∣∣
c

(A.88)

Revisiting equation A.37, we arrive at the conservation law for momentum in terms of fluid

quantities by plugging in equation A.88,

∂t (G+mnV ) +∇ · (T +mnV V + P ) =

∫
dvmv

df

dt

∣∣∣∣
c

(A.89)

A.4.3 Conservation of angular momentum with plasma fluid quantities

The last plasma term remaining in the set of conservation laws is x × (ρE + 1
c
J × B),

which encompasses the angular momentum in the particles. Following the same procedure

of substituting ρ and J in terms of integrals, integrating by parts, and substituting the

Vlasov equation, we have

x×
(
ρE +

1

c
J ×B

)
= −x×

∫
dvvF ·∇vf = x×

∫
dvmv

(
∂tf + v · ∇f − df

dt

∣∣∣∣
c

)
(A.90)
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Applying the result for ρE + 1
c
J ×B (equation A.88) yields

x×
(
ρE +

1

c
J ×B

)
= x×

[
∂tmnV +∇ · (mnV V + P )−

∫
dvmv

df

dt

∣∣∣∣
c

]
(A.91)

We note that

x× ∂tmnV = ∂t (x×mnV ) (A.92)

because ∂tx = 0. The divergence term can be rewritten,

[x×∇ · (mnV V + P )] = ∇ : [x× (mnV V + P )] (A.93)

using the identity in equation A.50 because V V and P are symmetric tensors. Thus, the

complete conservation law for angular momentum is

∂t [x× (G+mnV )] +∇ : [x× (T +mnV V + P )] =

∫
dv(x×mv)

df

dt

∣∣∣∣
c

(A.94)

or, equivalently, the ith component is

∂t [ϵijkxj (Gk +mnVk)] + ∂j [ϵjklxk (Tli +mnVlVi + Pli)] =

∫
dvm(ϵijkxjvk)

df

dt

∣∣∣∣
c

(A.95)

The term on the right-hand side represents a sink or source of angular momentum due to

collisions. We define the EM angular momentum as

M ≡ x×G = x× E ×B

4πc
(A.96)

We have derived conservation laws for fields and fluid quantities from Maxwell’s equations

and the equation of motion. Table A.1 summarizes the important quantities we have defined

for both the fields and the particles.
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Variable Definition Meaning Tensor rank

ε E2+B2

8π
Field energy 0

S c
4π
(E ×B) Poynting flux, flow of energy 1

G E×B
4πc

Field momentum 1

T εI − EE+BB
4π

Flow of momentum 2

M x×G Field angular momentum 1

n
∫
dvf Plasma density 0

V 1
n

∫
dvvf Bulk flow velocity 1

P
∫
dvm(v − V )(v − V )f Plasma pressure 2

Q
∫
dvm(v − V )(v − V )(v − V )f Plasma heat flux 3

Table A.1: Scalars and tensors derived from conservation laws for fields and particles includ-

ing plasma fluid moments of the distribution function
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