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ABSTRACT OF THE DISSERTATION
Virtual Element Method for Elliptic Interface Problem
By
Frank M. Lin
Doctor of Philosophy in Mathematics
University of California, Irvine, 2021

Professor Long Chen, Chair

We developed a simplified formulation of the existing immersed finite element (IFE) meth-
ods for solving the second order elliptic interface problems. A virtual body-fitted mesh is
generated using the intersection points of the interface and the underlying shape regular
triangulation. We define an immersed virtual element local space. By deriving an error
equation and performing convergence analysis base on it, we not only create a more concise
formulation and convergence proof of partially penalized IFE method, but also brings a con-
nection between various methods such as body-fitted FEM, IFEM, VEM, etc. In addition,

our approach has the advantage that it is easier to generalize into three dimension case.

X



Chapter 1

Finite Element Methods Review

This will be a short chapter, on reviewing the basics of conforming linear finite element
method on Poisson’s equation. We aim to set the foundation here, as all the methods in

later chapters can be viewed as generalization or extension of it.

Finite element methods are based on the variational /weak formulation of the partial differ-
ential equation. We break the given domain into union of small triangles(the mesh), define
the finite dimensional discrete function space on it. On the discrete space we then solve the
approximated (finite dimensional linear algebra) problem, and proceed to prove the error of

the approximated solution converges in desired way.

1.1 Equation and Discrete Problem

The model problem is the Poisson equation with Dirchlet boundary condition.

—Au = f on



and

u = 0 on 0f2

Through integration by parts, the variational formulation is to find v € Hg () such that

a(u,v) = (f,v)

where a(u,v) = [, Vu-Vodr and (f,v) = [, fodz.

Under the assumption that f € L?(Q), there is a well known regularity result, that the

solution u € H?*(2) and

[ullrz2@) < Cllf 2@, (1.1)

The domain {2 is cut into union of simplex (Triangle or Tetrahedron, for mesh generating
algorithm, see for example [16]), called mesh. Then we define the discrete, finite dimensional
function space using the mesh, and find an approximated solution. We say a triangulation
Th satisfies the minimum/maximum angle condition if minimum/maximum angle of each
triangle in 7;, is uniformly bounded below/above. We say a triangulation is shape-regular if

it satisfies both minimum /maximum angle conditions.

Given a shape regular triangulation 7y, the discrete linear finite element space is defined
to be Vj, := {vjv € C(Q),v|, € Pi(7),¥7 € Ti,}. Then we solve the discrete problem, find
uy, € Vj, such that

ap(un,vn) = (f,vn) Yo, € V3

For each triangle 7, the local stiffness matrix A, (matrix form by fT Vo, - Vo;dr where ¢;)

can be computed exactly, and is given below,



Theorem 1.1.1 (Local stiffness matrix). Let 0; denotes the interior angles of T,

cot () + cot(63) — cot(f3) — cot(6s)
A= % — cot(f3) cot(61) + cot(63) — cot(6q)
—cot(6s) —cot(6q) cot () + cot(6)

1.2 FEM error estimate

To estimate uy, we first establish the projection and interpolation estimates, then we use an

orthogonality argument to show that w, converges in the same way.

Theorem 1.2.1 (Bramble Hilbert Lemma (Special Case)[11]). For u € H*(K), where K C
R? is a bounded star-shaped domain with diameter hy, there exists a linear polynomial p,

such that,

lu=pllog + hilu = plie S hilul2o

where the constant is independent of hy but depends on the star-shaped constant.

For uw € H', we define the nodal interpolation u; by u; € V3, u; and u match values on

verticies of all triangles 7 € 7Ty,

For the nodal interpolation u; we have the following estimate,

Theorem 1.2.2 (Interpolation Estimate[11]). For u € H%*(Q), Q C R? V, linear finite

element space on shape-reqular quasi-uniform triangulations Ty, we have

lu —urli0 S hlul2g

Then we have the following H! estimate of the discrete solution



Theorem 1.2.3 (Interpolation Estimate). Foru and uy, being the solutions of the continuous

and discrete equations, when u € H*(Q) N H (), we have the following estimate.
[u—unho S hllull2e
Proof. From the continuous and discrete equation, we have
a(u,v) = (f,v),Yv € Hy(Q)

and

a’(uhav) = (fa U),VU € Vh
Therefore for all v € V}, we have the orthogonality a(u — uy,v,) = 0, which implies

I9 (=) = int V(= wn)]

The equation above combines with Theorem 1.2.3 gives the desire result. ]



Chapter 2

Virtual Element Methods Review

In this chapter we review the frameworks of the virtual element methods, and some lemmas

needed for the convergence analysis.

2.1 Introduction and model problem

Virtual element method (VEM) [6] can be viewed as an extension of the finite element method
(FEM) on triangle and tetrahedral elements to general polygonal and polyhedral elements.
Since some local basis functions have no closed form formulas, not every quantities can be
computed by degrees of freedom (see more detail in section 3.1). The degrees of freedom
in the VEM space are defined in such a way that many integral quantities or matrices (e.g.
stiffness matrix) can be approximated from them without computing non-polynomial basis

functions.

The aim of this and next chapter is to present the optimal order of error estimates of VEM
with relaxed geometric assumptions on the three dimensional mesh. Consider the following

weak formulation for a model Poisson equation with zero Dirichlet boundary condition in a



3-dimensional Lipschitz domain : given an f € L*(Q), find u € H} () such that

a(u,v) := (Vu, Vo) = (f,v) Yo € Hi(Q)

and (-, -) is the inner product on L?(9).

We will define the VEM spaces in section 3.1. Roughly speaking, the two dimensional local
VEM space of order k£ € N is defined by the space of functions that are continuous piecewise
polynomial of degree at most k on the boundary, and inside the domain the Laplacian of the
function is a degree at most k —2 polynomial. For three dimensional local VEM space, inside
the domain the Laplacian of the function is still a degree at most k — 2 polynomial, while on
each face on the boundary the function is in a modified VEM space so that the L? projection
is computable from degrees of freedom. The basis functions of the local VEM space are well-
defined, but their values or gradient are not explicitly computed. Each local bilinear form
contains an orthogonal H!'-projection term that can be computed exactly from the degrees
of freedom. The global conforming VEM space of degree k, denoted as V}, (See definition
3.1.9), glues the local spaces together using continuity condition across inter-element faces.

ie.,

ap(u,v) = Z [(VHKU, VHKU)K + Sk(u, v)], (2.1)

KeTy

where I is the H'-projection operator (see Definition 3.1.3) to the space of degree k

polynomials on K, and Sk(-,-) is a stabilization term to ensure the coercivity.

In the traditional norm equivalence VEM approaches, the stabilization term is defined to



satisfy k-consistency,

a(u,p) = ap(u,p) for p € Pp(K) VK € T,

and the following norm equivalence between the exact form on H} and the approximated

form on V,(See definition 3.1.9),

< ap(u,u) < a(u,u), for u eV, (2.2)

~

a(u,u)

in which both constants in the inequalities are independent of u. With this property the finite

dimensional approximation to the weak formulation using the VEM discretization (3.10)

is well-posed, and the H! seminorm error estimate is optimal. One possible choice of the

local stabilization on K is given in [6]: for u,v in the VEM space

Nk
SOE(y, v) = Z Xr(u — gu)x, (v — gov) (2.3)
r=1

where Ng is the number of degrees of freedom (see Definition 3.1.2) on K, x, is each

individual degree of freedom.

Under certain geometric assumptions of the polytopal mesh, the aforementioned norm equiv-
alence (2.2) is established with a proper choice of the stabilization, and the optimal order
error estimates can be achieved (see [6]). Typical geometric assumptions include that (1)
the mesh is star-shaped with chunkiness parameter [12] uniformly bounded below, and (2)

the distance between neighboring vertices are comparable to the diameter of the element.

However, it has been observed in numerical experiments that the optimal convergence rates

for the virtual element methods can be achieved with relatively little geometric assumptions



[16]. In [8], different choices of stabilization terms are analyzed in detail, and further relaxed
the geometric assumptions for two dimensional mesh by including short edges. Recently,
in [12], it is shown that one can allow small faces on a three dimensional mesh and still
achieve the optimal order with only uniform star shape assumption. However, several error
estimates still require faces to be uniform star shape and the error estimate depends on the

logarithm of the longest to the shortest edge ratio of the faces.

We shall use a different approach, which was first proposed in [14] to handle the 2D cut mesh,
to relax the geometric assumptions further on three dimensional meshes and still achieve the

optimal order.

Instead of working on a stronger H'-seminorm, the error analysis is performed toward a
weaker “energy norm” |[|-|| := a,ll/ ?(-,+). Similar to that of the Discontinuous Galerkin (DG)-
type methods, an error equation for ||u;, — us||, is derived. This error equation breaks down

the ||up—usl| into several standard projection and interpolation error estimates. Our method

does not rely on the norm equivalence property of the stabilization term.

Instead, different from the above so-called identity matrix stabilization (2.3) above, the
stabilization term is concocted from the “boundary term” emerged from the integration by
parts (see section 3.2 for detail), while equipped with correct weights to remain the optimal

order for the error estimates.

The following new stabilization term is proposed in this chapter, which partly agrees with

the conjecture in [12] and is “singularly conforming” in the sense that the term which keeps



the conformity of the method may have a small constant in front it.

Sk (u,v) = hi' Z [(QKU — Qru, Qxv — Qpv) .+

FCOK

(2.4)
erhp Z (u — Qru,v — QFU)J )

eCOF

where Qr, Qr are L*-projection operators (see Definition 3.1.4) to the local space of degree
k polynomials on K respectively. The e is related to the chunkiness parameter of pg (see

Definition 2.2.1) of each polygonal face F' on the boundary of a polyhedral element K.

This new approach, comparing to the existing approaches, allows us to deal with the mesh
that has less constraints on the shape regularity. For example, the chunkiness parameter pg
of each face I’ on an element K may no longer be uniformly bounded below. In addition, the
constants in the new estimates do not depend on logarithm of the longest and the shortest
edge of each face. As a result, we obtain the optimal order error estimate on a weaker energy
norm (3.3.5) with a set of relaxed geometric assumptions 4.2.1 that are introduced in section

3.3.

A final remark before we go to the next section, for each inequality with constant we will
put extra emphasis on whether the hidden constant depends on the chunkiness parameter of
the domain or not. In the next chapter, our main result, the error equation will be derived,
and then based on this error equation, the optimal order of the a priori error estimate under

appropriate geometric assumptions can be achieved.



2.2 Approximation Theory on Star-Shaped or Convex

Domain

In this section, we shall review some existing results on VEM projection (2.2.6) and inter-

polation error estimates (2.2.8).

Definition 2.2.1 (Star-shaped polytope). Let D be a simple polygon or polyhedron. We
said D s star-shaped with respect to a disc/ball B if for every point y € D, the convex hull
of {y} U B is contained in D. If D is star-shaped with respect to a disc/ball with radius php.

We define the supremum of p to be chunkiness parameter pp.
Lemma 2.2.2 (Bramble-Hilbert estimates on star-shaped domain [10]). Let D be a star-

shaped domain, then we have the following estimates,

igg lu— qlrmpy < Clpp)'a" ™ u|gis1(py, Yu € HH(D),1=0,1,...k,m <1  (2.5)
qcly

where C'(pp) is inverse proportional to pp.

As pp — 0, the above estimate will be less suitable to apply (e.g. to a face with small pp).

In the following version of Bramble-Hilbert estimates the constant is independent of pp.

Lemma 2.2.3 (Bramble-Hilbert estimates on convex domains [20]). Let D be a convex

domain, there exists a constant C' independent of pp,

ing lu— glgmpy < CRS ™ u| g py, Yu € H(D),1=0,1,....k,m < (2.6)
qel;

The following scaled trace inequalities are often used when we need to bound norm on

boundary faces by norm on elements.

10



Lemma 2.2.4 (Trace inequalities on star-shaped domain [12]). Let D be a star-shaped do-

mazin, then

||U||%2(3D) S hﬁlHuHiz(D) + hD|U|§11(D)aVU € H'(D) (2.7)
Let F be a face of D C R3, we have

holuli ey S Tulinp) + hpluliep), Yu € H*(D) (2.8)
where in both cases, the constant in < is inverse proportional to pp.

In the following Poincare inequality, the constant in estimation can be written explicitly in

term of only the diameter, if the domain is convex.

Theorem 2.2.5 (Poincaré inequality on convex domain [4]). Let D C R" be a convex domain

with diameter hp. Then

hp
lullz2py < —[Vullz2m)
for all w € H'(D) satisfying

/D w(w)dz = 0

By combining the Bramble-Hilbert Estimates, and the stability of projection operators (Qp

and Ip) [12] in L?, H!, and H? norm, we can obtain the following projection error estimates.

Theorem 2.2.6 (Projection Error Estimate). Let D be a star-shaped domain. Let I be I1p

or Qp then form, I,k € N, 0 <m <2, min(1,m) <1<k, u € H*(D) we have
[ = ]|y, p < [C(pp) )™ " [l p (2.9)

where C(pp) is inverse proportional to pp.

11



Theorem 2.2.7 (Projection Error Estimate on Convex Domains). Let D be a convex domain,

then there exists a constant C independent of pp such that

lv = Qpul

0.0 < ChE )i p, (2.10)

and

|u—HDu]1,D S Cth|u|l+1,D- (211)

The optimal order of interpolation operators are much harder to prove. Brenner and Sung
[12] construct an auxiliary semi-norm to prove the following interpolation estimates. We
will list the result here and refer the reference for the detail (Although the estimate of
lu — Qpur|i,p is not explicitly given in [12], the derivation follows from H' stability of Qp
and almost identical procedure of deriving the estimate of |u —IIpu;|1,p). The interpolation

estimates for three dimensional element require the uniform star-shaped condition.

Theorem 2.2.8 (Interpolation Error Estimate). Let D be a star-shaped domain. Let u; be
the nodal interpolation of the function on the local VEM space defined in 3.1.10. We have,
for1 <1<k, Yue HT(D)

lu — U1|17D + |u — HDUI|1,D + |u — QDU1|1,D S [C(PD)hD]l|U|l+1,D (2.12)

lu—Tpuglsp S [Clpp)hnl Hulitap (2.13)

12



0.0 S [Clpp)hp] ™ ulis,p (2.14)

llu —urllo,p + ||lu — @purllo,p + [Ju — Ipus

The constants C(pp) is inverse proportional to pp.

13



Chapter 3

A Conforming VEM for Poisson

Equation in Three Dimensions

In this chapter, we go into detail of the virtual element space apply virtual element method

to solve 3D Poisson’s equation.

3.1 VEM Preliminaries

In this section, we introduce the definition of the VEM space, modified spaces and the
corresponding degrees of freedom. The motivation behind the modified space is to make L?

projection of the VEM function computable from degrees of freedom.

In this section, we will use standard notations for differential operators, function spaces and

norms that can be found, for examples in [1].

The domain € is partitioned into a three dimensional mesh 7, and for simplicity Q is

assumed to have a polygonal boundary so that there is no geometric error of 7, on 0f2. Let

14



K be a simple polyhedral element in 7,. F denotes a face of the element, and e denotes
an edge of a face. D denotes a general domain in two or three dimensions, and hp is the
diameter of D. e C OF or F' C 0K are used to denote the edge or face is one of the edges

or faces on the boundary of F' or K.

3.1.1 VEM spaces

To define the three dimensional VEM space, first we need to define the two dimensional local
VEM space Vj, ([5]) and the modified space W}, ([2]). Notice when defining the local VEM
space on a face, the surface Laplacian operator Ar on a face F' shall be used. Let k£ € N
and let Py (D) be the space of polynomial functions with degree up to k (where P_; contains

only zero polynomial) on D.

Definition 3.1.1 (Local two dimensional VEM space on a face F).

Vi(F) :={v € H'(F) : Apv € Py_o(F), v|or € Bx(OF)}, (3.1)

where

By(0F) := {v € C°(OF) : v|. € Py(e) for all e C OF}. (3.2)

The degrees of freedom of the space in Definition 3.1.1 can be defined using the scaled

monomials.

Let D be a two dimensional simple polygon or three dimensional simple polygonal domain,

and (¢, Ye, z.) be the center of mass of D. Then the scaled monomials are polynomials of

the form mg = (%52¢)* (42)2(522)* where a1, az, as are non-negative integers. We

define the degree of the polynomial to be @ = a3 + as + a3 (or without z and ag if in two

15



dimension).

Definition 3.1.2 (Degrees of freedom). The degrees of freedom of vy, in Vi.(F') are defined

as follows:

1. The value of vy, at the vertices of F.

1
2. The moments up to order k — 2 of vy in each edge e. That is, |—| /vhma where my, 18
€ e

a scaled monomial for a < k — 2.

1
3. the moments up to order k — 2 of v, in F. That is, m/ UMy Where my, 1S a scaled
F

monomial for a < k — 2.

With the degrees of freedom above, the following projection operator IIx in the gradient

inner product can be defined.

Definition 3.1.3 (Gradient orthogonal projection operator). 1% : H'(D) — Py(D), v

1% v satisfies
(V(H’fjv — ), Vp)D =0, VpePy(D).
where the constant kernel is determined by the following constraint:

/(H’,gv —v) =0, k>2, (3.3)

or

/ (v —v) =0, k=1. (3.4)

On a polygonal domain D, to compute the gradient projection of v, € Vi(D) to P(D), it is

16



sufficient to compute (Vuy,, Vq)p for all ¢ € Px(D). Integration by parts
(Vor, Vg)p = —(vn, Aq)p + (vn, Vg - n)ap, (3.5)

then the first term of the right hand side can be computed via internal moments of v, in
D (See Definition 3.1.2), and the second term can be computed because it’s a polynomial

integral (See Definition 3.1.1).

However, for a three dimensional polyhedron D, a naive generalization of the degrees of
freedom for the local space V(D) mimicking what of the polygonal version in Definition
3.1.2 is not sensible. In the three dimensional case, part of the second term (vs, Vg -n)p in
equation (3.5) is a surface moment integral on F' that is not computable if F' is not triangular.
The reason is that only the moments of v, on a face FF C 9D up to degree k — 2 are given as
degrees of freedom (See definition 3.1.2), yet for ¢ € Px(D), Vg -n|p € Pr_1(F). To compute
this, we need to be able to compute the L?-projection onto P,_;(F') for a VEM function vy,.

To this end, modified face spaces such as W(F) or W, (F) are to be introduced.
Definition 3.1.4 (L? orthogonal projection operator). Q% : L?(D) — Py(D), v — Qv

satisfies

(QIBU_U7Q)D :07 vCIGHJ>]€(‘Z))

When D is a polygonal face on the boundary of a polyhedron K, the above L? projection
is not computable through the internal moment degrees of freedom for Vi (F') in Definition

3.1.2, in that the moments (vy,q)p for polynomial ¢ being degree k or k — 1 are unknown.

However the space Vi (F) defined above can be enriched in a certain way ([2, 12], see definition
3.1.5 and 3.1.8) such that the L-projection is computable from the same degrees of freedom.

These are the motivations behind defining the modified space such as Wy (F) and Wy (F),

17



instead of using a direct generalization from Vi (F') to Vi (D) for a polyhedron D.

When the order of the projection operators are omitted, we assume it is k, the same as the

order of the VEM space.

Definition 3.1.5 (Local modified VEM space). Let f’k(e) be the space of degree exactly k

monomials, then the local modified VEM space can be defined as:

Wi(F) :={ve H'(F): Apv € Py(F),v|or € B(0F),
(3.6)

(v,9)F = (T80, q)r, Vg € Po(F) UB,_1(F)}.

Note that W), and V;, share the same degrees of freedom, but the L? projection of a function
in W}, is now computable. In W}, we can replace (vy, q) by (IT%vy, q)x for ¢ being degree k

or kK — 1 and the later integral is computable (just polynomial integral).

The three dimensional local VEM space can be defined as follows:

Definition 3.1.6 (Local three dimensional VEM space on an element K).
Vi(K) :={ve H'(K): Av € Py_o(K),v|ox € Br(0K)}, (3.7)
where By(0K) := {v € C°(0K) : v|p € Wi(F), v|. € Py(e)}.

Any function in V;(K') can be uniquely determined by its degrees of freedom ([5]) defined in

the following paragraph.

Definition 3.1.7 (Degrees of freedom of three dimensional VEM space). We can take the

following degrees of freedom of vy, in Vi (K), where K is a three dimensional element.

1. The value of vy, at the vertices of K

18



2. The moments on each edge e up to degree k — 2. That is, \le| fe VLMo where my, 1s the

scaled monomaials with o < k — 2.

3. The moments on each face F up to degree k — 2. That 1s, |—;| fF VMo Where my, 18 the

scaled monomaals with o < k — 2.

4. The moments on the element K up to degree k — 2. That is, = [ vama where my is
K| JK

the scaled monomials with o < k — 2.

An alternative definition of the modified VEM space [12], that allows us to compute both
H' and L? projection from degrees of freedom is the following. We denote such a space
Wk(D), where D can be a polyhedron domain in any dimension. For convenience we shall
define Wk(e) = Py (e) for e being 1 dimensional edge and higher dimension spaces are defined

recursively.

Definition 3.1.8 (The modified local W, space). Let D be a two or three dimensional
polygon or polygonal domain, define the space Wi(D) by v, € Wi(D) satisfies,
1. vy, is continuous on O0D.

2. vy, restrict to each F C 0D (face of polyhedron, edge of polygon), is a function in
Wi(F)

3. Awy, is a polynomial of degree k in K.
4. v, — Q% vy is a polynomial of degree at most k — 2.

When computing L? projection in Wy, we first write Q% vy, = Tk vy, + w, w € Py_y, and the

corresponding integrals can be computed using internal degree up to k — 2.

We shall use the following W, for the global VEM space for the rest of the chapter.

19



Definition 3.1.9 (The global spaces). For a given mesh size h. We define V,, Wy, W, the
global VEM space. That is, u 1s in the corresponding local VEM space Vi, Wi, Wi for each

element and is continuous on the boundary between elements.

We shall only use the W), for the global VEM space for the rest of the chapter, so that L2

projection is computable for any three dimensional element.

We then have the following natural definition of the nodal interpolation.

Definition 3.1.10 (The local nodal interpolation of the function). Let K be an element and
u € HY(K), then we define u; as a function in Wk(K) that has the same degrees of freedom

as u.

Definition 3.1.11 (The global nodal interpolation of the function). Let u € H(S2), then

we define u; as a function in Wy, that has the same degrees of freedom as w.

We use the same notation u; for both local and global interpolation, but under the proper

context it should not be confused.

The following choice of stabilization term is motivated by the error equation that will be

derived in the next chapter.

Definition 3.1.12 (Stabilization term and discrete bilinear form). On an element K, the

stabilization term is defined as follows:

Sk (u,v) = hy' Z (Qru — Qpu, Qv — Qpv)p

FCOK

+erhr Y ((u=Qru), (v = Qrv))e|,

eCOF

where €p o< pgp' is a mesh-dependent parameter (where pr is the chunkiness parameter of
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F), and the discrete bilinear form is given by

ap(u,v) = Z [(VHKu, VIikv) . + Sk(u, v)] (3.9)

KeTy,

Then the VEM approximation problem is: to seek wu, € Wj,, where W), is the virtual element

space (see definition 3.1.9)

ah(uh,vh) = Z (f, QKUh) Y, € Wh. (310)

KeTy,

3.2 A priori error estimate

In this section, we first derive identities on the discrete bilinear form. A priori error estimate
(3.2.4) then can be derived from the error equation (3.12). After that the optimal order of

error estimate can be derived from estimating each term in the error equation.

Recall that on an element K, the bilinear form and the stabilization term are defined in

equations (3.9) and (3.8) and the VEM approximation problem is (3.10).

The bilinear form (3.9) can be used to induce a seminorm ||u|| = a}/ ?(u, u), and the following

lemma verifies that it is a norm on the VEM space with the boundary condition imposed.

Lemma 3.2.1. ||-|| is @ norm on V,, N Hy ().

Proof. 1t suffices to verify that if ||v|| = 0, then v = 0. By definition, when a,(v,v) = 0, we
have IIxv, = 0 on each K, and Qgv, = Qpvy on each F' C 0K.

By the boundary condition of the space, Qrv, = 0 for F on 0f). Because Qgv, = Qrvp
on each F' C 0K, that makes Qxv, = 0 for K contains at least a boundary face. For the

same reasons, Qv = 0 for K that shares a face with K’, an element that contains at least
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a boundary face. Repeat this argument we have Qxv, = Qv = 0 for each K.

In addition, on each face v, = Qpv, = 0. That makes the degrees of freedom of v, on each

K equal 0, that implies v, = 0 by unisolvence of the VEM space [5]

, which completes the proof. O

Lemma 3.2.2 (The approximated bilinear form). For u that is the solution to (4.3), u, that

is the solution to (3.10), and any v € V}, the following identity holds,

an(un,v) = Y (VIgu, VIgv) g + > (V(u—Tgu) - n, Qxv — Qrv)ox (3.11)
KeTy, KeTy

Proof. First we apply the integration by parts to u, v, [Ixu, Q kv, and use the definitions of

H'-projection Il and L?-projection Qg to get

—(Au, Qgv)k = (VIIgu, VQgv)k + (Vu - n, Qrv)ox,
(Allgu, Qgv)x = —(VIIgu, VQgv)k — (VIIgu - n, Qrv)ox,

and — (Allgu,v)x = (VlIgu, Vo) + (VIIgu - n, Qpv) sk .

Adding above equations together and notice that (Allxu, Qxv)x = (Allgu,v)k. By the

definition of Qx, we get

—(Au, Qgv)x =(VIgu, Vo)
+<(VU — VHKU) - n, QKU>8K

+(VIgu - n, Qprv)ok-

By definition, the first term can be rewritten as (VIIu, VIIv)g. By the continuity of Vu - n

across the interelement faces, and the fact that @ pv is single value at the face F', ) KeT, (Vu-

22



n,Qrv)ox = 0. As a result, recalling the VEM approximation problem in equation (3.10),

we arrive at the following identity

an(un,v) = — Z (Au, Qv)k

KeT,
= (Vlgu, Vo) + Y (V(u = xu) -7, Qrv — Qro)ox.
KeT, KeTy

]

Theorem 3.2.3 (Error equation). Under the same setting with Lemma 3.2.2, let uy be the

VEM interpolation in (3.1.11), the following identity holds,

ah(uh - UI,Uh) = Z

KeTy

+ Z <(V(HKU —u) -n, Qrvy — Qpvn)r
o (3.12)

- h;(l(QKUI — Qrur, Qrvn — Qpup)p

(VIIg(u —uy), VIIgvy)

—ephp Z (UI — Qrur, vy — QFUh)e>]

eCOF
Proof. Tt follows directly from Lemma 3.2.2 and stabilization term definition in 3.8. O

Corollary 3.2.4 (A priori error bound). The following a priori error estimate holds for uy,
and uy (defined in 3.1.11) with a constant independent of the chunkiness parameter for prp

of each face in the underlying mesh, and ep x pp

lan =il S 7 IV =l + Y (Al V(T =) - nl

KeTy, FCOK
_ 3.13
+ b |Qrur — Qruslls p +er Y ||UI—QFUIH3,6>] (3:13)
eCOF

Proof. From the error equation, plug in v, = u;, — uy and apply Cauchy-Schwarz inequality,
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we have

o = wrl® S [H(VHK(U — ur)lfo,x [ VILkvn|lo,x

KeTy,
+ 3 (WAIVWew = ) - nllo phi l1Qcen — Qronlo s
FCOK (3‘14)

+ i 1Quur — Qrurllo phic | Qvn — Qronllo.rt

>~ erll(ur = pup)llocerl (v = Trvn)l )|

eCOF

The second part of each term is clearly parts of ||u, — u;|| and therefore can be bounded by

llun, — ur||. After cancelling ||u, — us|| we get the estimate. O

3.3 Geometric conditions and error estimations

In this section, based on the a priori error estimate in Corollary 3.2.4, the energy norm
estimate follows from estimating each term in (3.13). The necessary geometry conditions

motivated by (3.13) to have optimal order of convergence are proposed as follows.
Assumption 3.3.1 (Geometric conditions). For each element K € Ty, the following three
geometric conditions are met:

1. Number of faces in K is uniformly bounded.

2. K 1s star-shaped with the chunkiness parameter px defined in 2.2.1 bounded below.

3. For each F' C OK, F is star-shaped, but the star-shape constant may not be uniformly
bounded.
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Lemma 3.3.2 (Optimal order error estimate of the stabilization term on face). Let u €
H*(K), and u; be the VEM space interpolation defined in 3.1.10. Suppose the geometric

assumptions 3.3.1 hold, then

I Qrur — Qrurllor S Miluligr, b > 1 (3.15)
Proof. By triangle inequality,

hi 1 Qcur = Qrurllor = hi*1Qr(Qrcur — ur)llor
< h 21 Qrur — urllor

< hid P (1Qur — ullor + lu — willo.r)

(3.16)
S b (1Qkur — ullo + flu —urllox)
+ (|Qrur — uly x + |u— url1 k)
< hlcluliersx
where Theorem 2.2.6, 2.2.8, 2.2.4 are applied. O

Lemma 3.3.3 (Optimal order error estimate of stabilization term on edge). Let u € H*(K),
and uy be the VEM space interpolation defined in 3.1.10. Suppose the geometric assumption

3.8.1 hold, then for a mesh dependent constant ep o< pk,

erllur = Qrurlloe S Mplulpii g, k> 1 (3.17)
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Proof. By the Theorem 2.2.4 and triangle inequality, under the star-shaped condition 2.2.1,

s — Qrurlloe < €58 (hp " |lur — Qrurllor + hil*|ur — Qrug|ir)

—1,3-1/2

S et (P (ur — ullor + lu— Qrurllor) + hil*(lur —uly e (318)

+ |u — Qrusli,r))

where each except the last term has optimal error order by Theorem 2.2.8. In order to use
Theorem 2.2.8 on the face, pr need to be included because we do not assume it is uniformly
bounded below, therefore the constant e o pk is introduced. For the last term, we apply

the polynomial norm equivalence and the triangle inequality.

lu— Qrurlir S |u—Hpur|p+ |Hpur — QrurlyF
S lu—purlyp + EElhfleHFUI — Qrugljor (3.19)

S lu—purlyp + GElhEIHHFUI —uyllor + EElhfleUI — Qrus

0,F

where each term has optimal error order by Theorem 2.2.8. Similarly the inverse inequal-
ity (polynomial norm equivalence) depends on pr [12] (and we do not assume pp is uniformly

bounded below), a mesh dependent constant ey oc p% is introduced to compensate. ]

Now we derived the estimates of the other terms in the a priori
error bound (3.2.4).

Lemma 3.3.4 (The projection type error estimates). Let u; be the interpolation defined in
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3.1.10, then

VI (u — )l S Ry ulex, k> 2, (3.20)
WV (xew — w)lor S B ulew, k> 2. (3.21)

Proof. By Theorem 2.2.6 and Ik is the projection under | - | k,
IV (u—un)flox S lu—urhx S i fulkx
In addition, by Theorems 2.2.4 and 2.2.6
RNV g — ullor S Mrew — uly g + b gw — ulo e S Rl x

]

Theorem 3.3.5 (Energy norm error estimate). Let uy be the interpolation defined in 3.1.11,

then Suppose the geometric assumptions 4.2.1 hold, then for k > 1 the followings hold,
et — urll S B¥fulsa (3.22)

Proof. (3.22) follows immediately from the bound of each term in the a priori error estimate

(3.13) by Lemmas 3.3.4, 3.3.2, and 3.3.3. O
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Chapter 4

Elliptic Interface Problem

4.1 Introduction

In this chapter we go over the equations of the elliptic interface problem, and give an overview
of various numerical methods ([30, 31, 26]) to solve it. We shall go over the detail of each

method in the next few chapters.

We consider a two dimensional domain €2, which is formed by two different materials sepa-
rated by a closed smooth curve I' € C!, i.e., I' separates ) into sub-domains QF and Q~
such that Q = Q+U Q- UT, cf. Fig. 4.1. The coefficient 3 is assumed to be a piecewise

positive constant function on €:

B, (z,y) € QF,
B(z,y) =
g, (z,y) € Q.
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We consider the approximationm problem to the following elliptic interface problem,

—V-(fVu)=f inQ
(4.1)
u=0 on 0f.

We further assume that the data f € L?(2) and the true solution satisfies the following jump

conditions
vt =u", BTVu -ntT+B Vu -n =0 on I’ (4.2)

where n* denotes the unit outward normal vector to the corresponding domains QO and Q~
on I, respectively. With slight abuse of the point-wise values of u, for a point x € I', u* and

u~ are defined as u™(z) := lim o+ u(x — e-n') and v (z) := lim. o+ u(z —€-n")

The weak formulation of (4.1) is: to seek the solution u € H}(2) such that
a(u,v) := (BVu, Vo) = (f,v) VYo € Hy(Q). (4.3)

where (-,-) is the L*inner product on Q. The existence and uniqueness of the solution is

well-known by Lax-Milgram lemma due to the positivity of # and the Poincaré inequality.

Under the assumption that f € L*(Q2) and T' € C'"!} it can be shown that (see e.g. [28, 29, 19])

the solution v € H*(Q2T UQ™) and

ull 72 @+ua-) < Cp=l| fll 2, (4.4)

where, for k£ > 1,

HY QT UuQ) = {ue H(Q) and u™ € H*(QF)}

The main challenge of using standard finite element methods is that the solution of equation
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(4.3) is not in H?(Q), which makes the well-known optimal approximation results for linear
finite element methods (FEM), ||u—up| g1 ) S hlu|a2) not achievable if the mesh does not
fit the interface. In order to achieve the optimal convergence order, two major approaches
in the literature are proposed: (i) modify the mesh to fit the interface and then apply either
continuous or discontinuous Galerkin formulation, (ii) modify the finite element spaces to

encode the jump conditions into the discretization.

The first approach, also known as the body-fitted finite element methods, generates a shape
regular mesh in a way that the interface cannot intersect element interior and can be well-
approximated by edges of elements [16, 29]. The approximated interface separates the do-
main to Qf Defining 3, = B8* according to the subdomains Qf and modifying the bilinear
from in (4.3) to be ap(u,v) = (B,Vu, Vv). The error estimates then follow the standard
Céa’s Lemma by taking advantage of the fact that the error caused by the mismatch be-
tween the interface and the approximated interface is of higher order of the desired rate of

convergence [34, 9, 18, 29].

The latter approach aims to circumvent the burden of generating interface-fitted mesh as
this procedure could be non-trivial and expensive for geometrically complicated or moving
interface. It includes, for example, the CutFEM [13], the mutiscale FEM (MsFEM) [19]
and the immersed finite element (IFE) to be discussed in this paper and many others.
The methods modify finite element spaces on interface elements, i.e., those elements are by
interface, and thus can be used on unfitted meshes and still obtain the optimal convergence
order where the hidden constant is independent of interface location relative to the mesh.
In particular, for the IFE method, a set of local basis functions on the interface elements are
devised as piecewise polynomials that include jump conditions (4.2) in their connection in
a pointwise or averaging sense. The convergence of IFE methods have been established in

[30, 31, 26] and improved recently in [21, 24].

We shall present a new formulation and a convergence analysis of the immersed finite element
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method using the methodology of virtual element methods (VEM) [5, 7]. In this new ap-
proach, there is a underling linear virtual element space that is defined on an interface-fitted
polygon mesh. As an analogy to VEM, we define I1xu;, to be the projection to IFE space on
non-fitted mesh. A stabilization term is then added to the discrete bilinear form to ensure
the coercivity. To summarize, the proposed discrete bilinear form follows the standard VEM

projection—stabilization split as follows,

ap(up, vp) = Z [(5hVHKUh, VIlgvp)k + Sk (up — Hgup, vy, — HKUh)]7 (4.5)

KeTy,

where Ilx is an orthogonal projection to a local IFE space defined in definition 5.9, and
Sk(+,-) is a stabilization term that preserves the approximation property to the correct
order. The choice of stabilization for VEM is flexible, and in this paper, we opt for a

tangential derivative-type stabilization in [33, §].

This new formulation may inherit the advantages of both VEM and IFE in the following
sense. First, it is still able to solve the interface problems on unfitted meshes with optimal

convergence order

llun = wll < hllwll m2@rue

where ||-|| is defined using ay(, -). Second, compared with other penalty-type methods in the
literature [24, 31], the proposed new formulation based on VEM needs only on edge term and
is more local as the stabilization term does not need interaction of neighbor elements. Third,
compared with the anisotropic analysis for VEM [12, 14], as the virtual space is projected
onto the IFE spaces, the anisotropic subelement shape of interface elements can be easily
handled by the properties of IFE spaces including their trace inequalities and approximation

capabilities which are all independent of interface location, i.e., the cut points.
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4.2 Body-Fitted FEM and VEM

In this section, we shall review the body-fitted FEM and VEM method of solving the elliptic

interface problem.

Let 7, = {K} be a shape regular triangulation of the domain Q. A triangle K is defined as
an interface triangle if meas(K N Q") > 0 and meas(K NQ2~) > 0. Throughout the paper

we make the following assumptions on the interface I' and the triangulation 7.
Assumption 4.2.1 (Assumptions on meshes and the interface). For each interface triangle
K:

1. TNOK consists of exactly 2 points, called cut points;

2. these two cut points cannot be on the same edge of K.

These assumptions can be satisfied if the triangulation 7y, is fine enough [19].

Due to the discontinuity of the coefficient 3, the solution to (4.3) is not in H?(Q2) globally.
Under the assumption that f € L*(Q) and T is of class C? (e.g. [28, 29, 19]), it can be shown

that the solution u € H*(QT U Q™) and

ull 2 @rua-) < Cp || fll 2@, (4.6)

where, for k£ > 1,

g QtuQ) = {ue H(Q) and u* € H"(Q*)}

and the piecewise H* norm is defined by [|ullfxqriqy = lullfngey + lullfmqy for any

ue H QT uQ).
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4.2.1 The body-fitted Finite Element Method

Given a shape regular triangulation 75, which may not resolve the interface, we can use the
Delaunay triangulation of the interface points, that include vertices of all interface element
and cut points (algorithm details can be found in [16]), to generate an auxiliary body-fitted
triangulation 7. It has been proved in [16] that the so-called maximum angle condition

4.2.2 is satisfied.

Definition 4.2.2 (Maximum Angle Condition). We said that a family of meshes T, satisfied
the maximum angle condition if the mazimum angle in Ty is bounded uniformly away from

mas h — 0.

Using the procedure in [16], we can generate a discrete interface I'y, a subset of edges of tri-
angles in T, such that T';, € Ss5(T") and 6 = O(h?), where S5(I") is the tubular neighborhoods
of the interface I': S5(I") := {x € Q : dist(z,T') < §}. The domain Q is split into Q3 by I'j,.
In addition, define 8, = 8% on Q. Note that 3 # 3, since in general Qi NQF # &, but the

mismatch of 8 and ), occurs in an area with small measurement, e.g., K; in Figure 4.2.

As I', C Ss, we have the following trivial conclusion.

Lemma 4.2.3 (I';, approximation property). Suppose the curvature of I is bounded above
and the mesh is fine enough so assumptions 4.2.1 holds. Let Qs :={x € Q:  # B}. We
have |Qs| = O(h?).

Proof. Under the assumption on I' and mesh, we have § = O(h?), that makes |K;| =
O(h?). Because the number of interface triangle is of O(h™!), we reach the conclusion

Q5] = O(h?). O

It can be shown that, under the maximum angle condition, the body-fitted linear finite

element method can achieve the optimal order of convergence [17]. We first present an
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inequality [17, 29], that could be derived from Gagliardo—Nirenberg interpolation inequality.

Lemma 4.2.4. [17, 29] Let D be a bounded domain in R* with Lipschitz boundary Up. Let

Sy(I'p) ={x € D : dist(z,I'p) < o} be the c—neighborhood of I'p. Then we have

ullz2(s, rpy) S Vollulla oy

for all w € H'(D). Furthermore, the constant is independent of o.

We then define the local and global discrete spaces of the body-fitted linear FEM.

Definition 4.2.5 (Local linear FEM Space). Given a triangle K, the local standard FEM
space is simply Py (K), the linear polynomial space on K. The degrees of freedom are values

of the function at vertices of K. We emphasize that these include nodal values at cut points.

Definition 4.2.6 (Global body-fitted linear FEM Space). For any triangulation Ty, of €,
define Vi, as the continuous and piecewise linear finite element space on the auziliary body-

fitted mesh Ty, satisfying the boundary condition of H}(S2).

The standard conforming finite element approximation in the body-fitted finite element space

is: find u;, € V}, such that

an(un, vn) = > (B Vun, Vo) = (f,vn)  Vou € Vi (4.7)

KeTy,

The following lemma [34, 18, 29] on the interpolation error will be useful for the error analysis
of the solution on the body-fitted meshes. For the completeness and later usage, we present

the results below.

Lemma 4.2.7 (Approximation of the nodal interpolation). Let u € H2(QT U Q™) N HL(Q)

and let Tj, be the body-fitted mesh generated by Algorithm 1 in [16] that satisfies mazimum
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angle condition. Let Inu be the nodal interpolation to the body-fitted linear finite element

space Vi,. Then we have the following estimate with the constant independent of 3, By:

lu — Tyulloo + | V(e — Tyu)|log S B2||ull a2@+ue-)

Proof. Apply Sobolev extension theorems [32] to u™ to get Eu® € H*(Q2) and || Eu™ || g2(0) S
||| g2+ Where the constant depends on © only. For K C Qi write u—[u = (u— Eu®) +
(Eu* — I,Eu®) and by triangle inequality it is sufficient to estimate each term. Note that
Iy Eu® = Iyu*. Then, apply the standard interpolation error estimate on triangles with the

maximal angle condition [3], we obtain
|Bu® — IEu™ o + BV (Eu™ — LiEu)|lox S 02| Bull pzie) S B2 |lull 2 )

for K C Q)f, and we write the similar inequality on v~ for K C Q, .

On the other hand, for u — Eu* on K C Qf, this term is only non-zero on K N€2s, the region
with width O(h?). Then by the Lemma 4.2.4 and the stability of £ in H' and H? norm.

We have ||u — EuiH&K < h2HU||H2(Q+UQ—) and ||V (u — Eui)H(LK S h|ull 2 ua-)-

Combine the results of the last two paragraphs give the desire estimate. O

With the interpolation error estimate, the approximation of the discrete solutions can be
obtained (e.g. [29, 17]). The procedure is standard but lengthy, we shall present the result

and skip the proof here.

Theorem 4.2.8 (Approximation of the linear finite element on body-fitted meshes). Let
u € H2(QTUQ™) be the solution of (4.3), and uy, € Vi, be the solution of (4.7), then

IV (u—un)lloe S hllwl g2@ruo-)-
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4.2.2 Virtual Element Methods

In this section we review the virtual element method (VEM) approach on the interface
problem [5, 7, 16]. We will only use the linear VEM space. The mesh is generated in similar
way as in the body-fitted FEM. Let I, be the interface-fitted polygonal mesh generated
by algorithm in Section 2 of [16]. In 2D, given a polygonal mesh, the interface-fitted mesh
is simply separating interface polygons into two by the cut points. We start our review of

VEM by some definitions [5, 7).

Definition 4.2.9 (Local linear VEM space). Given a star-shaped polygon K, the local linear
VEM space U,(K) is defined by Up(K) = {u € H'(K)|Au = 0,ul. € P!(e),u|sx € C°(OK)}.
That is, a harmonic function that is continuous and piece-wise linear polynomial on the

boundary.

Definition 4.2.10 (Global VEM space). The global virtual element space can be defined as
U, = {u S HI(Q),U|K € Uh<K)\V/K € 771}
Definition 4.2.11 (Degrees of Freedom of VEM space). The degrees of freedom of uy, € Uy,

are the values of the function at vertices x € Ny, (K) in the mesh Ty,.

Definition 4.2.12. For u € H' () N C(Q), the interpolation function u; is defined by the
unique uy € Uy, (proof of uniqueness and existence can be found at [5]) that has identical

degrees of freedom as .

The interpolation operator on VEM space satisfies standard optimal error estimates property

provided the mesh is uniform star-shaped [8, 15, 12].

Lemma 4.2.13 (Interpolation Error Estimate). Given a polygon K, and let hy be the
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diameter of K, we have

IV(u—ur)lox S hrlulzx (4.8)

where the constant in the inequality depends on the star-shaped constant of K.

Notice that the polygon mesh I, obtained by connecting cut points may contain anisotropic
elements K so that the interpolation error estimate (4.8) on K is useless. Fortunately we

shall only use (4.8) on shape regular polygons.

Before defining the discrete bilinear form, it is necessary to define a local H'-projection

operator.

Definition 4.2.14 (Local H' Projection). Let K be a polygon and u € H'(K), we define
the projection M u € Py(K) the linear polynomial that satisfies (Vu,Vq)x = (VIlgu, Vq)k

for all ¢ € Py(K). In addition, Z Z Hgu(x). That is, the average value of

zeV(K) zeV(K)
the function across the vertices of K remains unchanged after projection.

The projection operator can be computed without explicit formula of the basis function of

local space, but only need the degrees of freedom of the function [5, 7].

Now for the interface problem we define
ahK(uh, Uh) = (6hVHKuh, VHKU}L)K -+ SK(uh — HKuh, Vh — HKUh)

for a suitable choice of the stabilization Sk. The global bilinear form then is defined as

ay ™™ (up,, vp) Zah up, ) and ||-|° = Z al*(-,-) is the corresponding energy norm.
KeTy

Stabilization Sk g has to be chosen in the way that, the following conditions are satisfied.

Assumption 4.2.15 (VEM stabilization term assumption). The Sk g has to be chosen in
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the way that, aX (p,vy,) satisfies

o Consistency: a(p,v) = a®(p,vy) for all vy, € V,(K) and p € Py (K)

e Stability: ak (vy,vy) =~ a® (v, vy) for all vy, € Vi (K)

The discrete problem is: find u;, € Vj, such that

ay M (un, vn) = (frovn)  Yon € Vi (4.9)

If these assumptions hold, the error of the discrete solution can be bounded by standard

interpolation and projection error estimates [5].

Lemma 4.2.16 (VEM error estimate [5]). Suppose Assumptions 4.2.15 holds. Let uy, be the

solution of (4.9). Then we have the error bound

1/2
llw = unll Sl = wrll+ (Yl = Treulli) " + 1 = fally; (4.10)
K

More detail and higher order cases can be found on, for example, [5, 7, 17]. The analysis
involves proving each term converges with optimal order. Different choices of the stability
term Sk and the proof of norm equivalence (4.10) with respect to each choice of Sk, can be

found on [5, 15, §].

4.3 Immersed Finite Element Methods

In this section, we review another approach, the immersed finite element method (IFE), of

solving the elliptic interface problem.
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In TFE methods [31, 26|, the mesh is not fitted into the interface I'. Instead, the local space

on interface triangles is changed to fit the behavior of the solution across the interface.

We shall review the IFE method that can be found on [31].

Definition 4.3.1 (Local IFE Space [31]). Given a triangle K and a curved interface T'.
Assume T intersects 0K at D and E (on the different edges of K). Let L = DE and L
cut K into K*. Let n™ be the outward normal vector of KT on the edge L. Denote the

restriction of u to K= by u*. We define u € Py(K) if and only if

1. Ui €P1<Ki>
2. ut=u" on L

3. BTOp+ut + B 0,-u” =0 on L

Note that as u € Py(K) is piecewise linear, the continuity of the function value can be
ensured by that on the two cut points: ut(D) = v~ (D), u™(E) = v (F). And the flux

condition can be imposed at any point on L.

Definition 4.3.2 (Global IFE Space). For a triangulation Ty, of Q, define u € V¥ if u is
continuous on non-interface edge and is in Py(K) for each interface element K and Py (K)

otherwise.

Notice the function value at the cut points are not degrees of freedom, but are determined
elementwise, and might be different in two elements sharing the cut point. Thus in general
VI is not a subspace of H'. The discontinuity across the cut points make the penalization

term in the bilinear form necessary.

Let ¢'F be the nodal basis function of the global IFE space, that is, ¢IF € VI ¢!F(2) =1

and ¢'F(z) = 0 for x € N(K),z # 2. Then, the piecewise-defined nodal interpolation I;*(-)
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for any v € CY(Q) is as follows:
B - ") |
n (@) > u(z)ef (x) (4.11)
zeN(K)

We need the following approximation property for the interpolation operator.

Lemma 4.3.3 (Interpolation Error Estimate 31, 24] ). For u € H*(QTUQ™) N H}(Q) sat-
isfying the interface jump condition (equation (4.2)), there exists a constant C, independent

of cut points location, such that

1

2

o= 8]+ (Z = szunipm) < CRull v (.12
TE7—}L

The bilinear form of partially penalized IFE approach in [31] is: for arbitrary parameters e,

a>0,and o7 >0

ay’ (un,vn) == (B, Vup, Voy )

_ ;/e({gv@bh “Ne }[on] + L BV - 1} un]) (4.13)

+3 [ it

where the set of all edges with cut points is denoted &r and the standard notation for jumps

[-] and averages {-} are used. That is,

{U}e = —U|T1 + U|T2

5 , and [v], == v|pny + v|pne,

where e is the edge share by T} and Ty. The discretization in [31] is: find the u; € V¥ such
that

ay (up,vp) = (f,on) Yo, € ViF(Q). (4.14)
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With this formulation the approximation property of u; can be achieved provides u €

H*(QTUQ),

Theorem 4.3.4 (Convergence analysis of the discrete solution [24]). Let u be the solution

of equation (4.3) and uy, be the solution of equation (4.13), then provided u € H*(QTUQ™)
s = wnll S Bllull o (4.15)
where || - || is the discrete energy norm defined by the bilinear form (4.13).

In [31], the estimate required H3-norm is due to the usage of IFE trace theorem ([27]) on
the H%-norm on the edge, this is later removed in [24]. In our approach we seek to keep this

advantage and simplify the formulation further.

In the end of this section we briefly review the result in [26]. It is shown that by using the
non-conforming IFE space f/hIF constructed in [27] with some modifications on the penalty

term, we can have a contrast independent estimate, assuming only H? regularity.

The discretization of partially penalized IFE approach in [26] is: Find the u, € f/}fF such
that
ap(up,vp) == (6Vu, Vo)g

-3 / {BVuI] + {8V} [u)

e

#3000 [+ f e

S E vV + L [ [V [Ve]) = (fv) Ve € TEQ
Sty L Falvel+ 5 [ 199D = (0 @)

(4.16)

for a penalty parameter v > 0.

Theorem 4.3.5 (Convergence analysis of the discrete solution [26]). Let u be the solution

of equation (4.3) and uy, be the solution of equation (4.16), then provided v € H*(Q U Q™)
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lu = wunlln ShIVB~([Dull2@-) + | Dl L20-))+

VB IDul 2oy + [|1D%ul| p2())]

where || - ||, is the energy norm defined by the bilinear form (4.16).
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Chapter 5

Virtual Element Methods on Elliptic

Interface Problems

In this chapter we present our main result of virtual element method of solving the elliptic
interface problem. We not only create a more concise formulation and convergence proof
of partially penalized IFE method, but also brings a connection between various methods

reviewed in earlier chapters.

5.1 Preliminary

In this section, some definitions and notation are introduced, and certain existing results,

which are essential to our error analysis, are reviewed as well.

Let T, = {K} be a shape regular triangulation of the domain 2 that may not be fitted to
the interface. A triangle K is defined as an interface triangle if meas(K N Q%) > 0 and
meas(K N Q) > 0, where meas(-) denotes the measure of a domain; otherwise K is called

a non-interface element. Throughout the chapter we make the assumption 4.2.1 on the
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triangulation 7y, which can be satisfied if 73, is fine enough [19, 21] provided that T" € C'1.
Let H*(D) k > 0 be the standard Hilbert space on a domain D with the norm || - | Dy and
the semi-norm | - [gx(py. Due to the discontinuity of the coefficient 3, the solution to (4.3)
is not in H?(2) globally. Under the setting introduced in section 4.1 that f € L?(2) and

[ € CY1) it can be shown that (see e.g. [28, 29, 19]) the solution v € H*(QT U Q™) and

ull 72+ u0-) < Cp=ll fllz2 (), (5.1)

where, for k£ > 1,

a*QtuQ) = {ue H(Q) and u* € H*(Q*)}

and the piecewise H*-norm is defined by [lullxqsu0-) = [ullfwgry + lullfpqy for any
u € HF(QT U Q™). Next, uf := Fu™ € H?*(Q) denotes a smooth Sobolev extension that is
bounded in the H?-norm (see e.g., [1]). If there is no danger of confusion, in the following
discussion, we shall employ a simple notation for the norms: || - [[xp = || - [|zxp) and

| lk,0-up+ = || - [l e (p-up+), and the semi-norms similarly.

For a non-interface element K, the local finite element space is simply defined as the linear
polynomial space P;(K) where the standard Lagrange elements are used. If K € Tj, is an
interface triangle (see Figure 5.1), D and E denote the intersection points of the interface
and edges of K, and we let ' = DEFE. In addition, we let £x be the collection of cut
segments from the original edges of K, for example £ = {BC,CE, EA, AD, DB} for the

interface element K in Figure 5.1. In other words, we treat K as pentagon.

We define the union of cut segments T'¥ of all the interface elements as the approximated
interface I',. I'j also separates the original domain €) into two subdomains Qf, in which
the + are determined by the area overlap with Q*. Define 3, = B* on Q,jf For each
interface triangle K, Ky is the subset of K such that § # (), (i.e. mismatch region). Using

Figure 5.1 as an example, without loss of generality, K := AADE and K~ the quadrilateral
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complement formed by BC'E D, and the relevant definitions and proofs follow similarly when

+ swaps.

In the rest of this chapter, all constants in < are 8 dependent but cut point location inde-

pendent unless stated otherwise.

The stabilization term Sg(-,-) in (4.5) will be defined using a broken 1/2-seminorm on
the boundary of each element, which has the sharpest estimate among other choices of

stabilization. Let e be a line segment, and for an admissable function w, we define

2 [w(z) —w(y)[?
= dz dy.
|w’1/2,e /e/e ’x _ y’2 rday

By direct calculation, 1/2 semi-norm of any linear function on a straight line segment is

equivalent to its (weighted) tangential derivative. Specifically, let w be a linear function

defined on a line segment e with the endpoints a, and b., then
whja.e = [w(be) = wlac)| = he'*wl .
Then the broken 1/2-seminorm on 0K can be defined as,

(Wl jpe = D [0l (5:2)

eclk

Now we review some fundamental estimates that are crucial for our analysis. The following
result can be found in [17, 29] which we can use to estimate the mismatch between /5 and

B in the following section.

We will also use the following trace theorems and Poincaré inequality.

Theorem 5.1.1 (Poincare inequality [14]). Let P be a polygon with the number of edges
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uniformly bounded, fan ds =0, then we have

lwlloor < B |w)ijaep,

where Ep denotes the collection of edges of P. In addition, the constant in this inequality is

independent of star-shaped constant.

5.2 Virtual Immersed Spaces

In this section, we first briefly review the linear virtual element space and the IFE space
defined on interface elements as well as their properties. Then we describe the associated

projection and interpolation operators.

5.2.1 Spaces

For each interface element K, we begin with a virtual element space that involves the interface

information:

Vi(K)={v : V- (B, Vv) =0, v|. €Py(e), Ve € Ex, v € C(OK)
(5.3)

v satisfies the jump conditions on I'y }.

Clearly Vj,(K) C H'(K). This space can be understood as a generalization of the usual
linear virtual space in the literature [5, 7] to the case of discontinuous coefficients. Then the

global space is defined as
Vi={ve HyQ) :v|g € Vu(K) if K €T and v|x € Pi(K) if K € T;"} (5.4)

which is a H!'-conforming space.
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However, due to jump conditions involved in (5.3), the standard linear polynomial space
P, (K) is not an appropriate choice onto which the virtual space (5.3) is projected in a manner
of the usual virtual element method [5, 7], since the jump information will be missed. As
the linear IFE space consists of piecewise linear polynomials satisfying the jump conditions
on 'K naturally it can be used as a computable space to project the virtual space (5.3) in

computation.

So let us review the linear IFE space. Consider the approximate jump conditions to (4.2)

defined on the segment '~

Vol -t=Vu -t, BtVuT-n=p3Vou -n, (5.5)

where t and n are the unit tangential vector and normal vectors to ' respectively.

The local IFE space on K is then defined as

VIF(K) := {vp| g+ € P1(KF) : vy, satisfies(5.5)} (5.6)

It can be immediately proved that the IFE space (5.6) has the dimension three since the
jump conditions in (5.5) defines a bijective mapping from one side to another. Besides the
dimension, it also shares some other nice properties as the standard linear FE space. For

example, the following trace theorem for IFE functions can be found in [22].

Theorem 5.2.1 (Trace theorem for IFE function). Let e be an edge of K. Then Yw €

VI (K), there holds

o e Brwlloe S \Z—JW}NWHO,K

o W23y Vwllor, S <=8 Vwlox

NG
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where the hidden constant is independent to B and cut point location.

It can be shown that the IFE space V;¥(K) is unisolvent by the nodal values at vertices
of K [21], which gives the Lagrange type IFE shape functions. The nodal value degrees
of freedom (DoF's) are then widely used in the IFE literature [21, 24, 31] for both analysis
and computation. However, the proof of the unisolvence with respect to nodal DoF's is in
general very technical and relies on mesh assumption [25], and the unisolvence may not hold
for some problems [23]. However we highlight that both the analysis and implementation of
the proposed method do not rely on the nodal value DoF's of the IFE space as it only serves
to projecting the underling virtual space. Roughly speaking, the usual nodal IFE shape
functions will be replaced by Ilx@;n, 1 = 1,2,3,4,5, where ¢;, are the shape functions of
the virtual space associated with the element nodes and interface-cutting points and Ilx is
the projection operator defined in (5.9) below. This is one of the major difference of the

proposed method from those classical penalty-type IFE works.

In order to compute the projection, one only needs to find a basis of the gradient space of

VIF(K) to perform projection of which the explicit form can be written as
vii € VVI(K), with v, ., = e; in K, and v}, = Me; in K, (5.7)

where e; and e, can be any two linearly independent vectors in R?, and M is a matrix
involving the jump information

n2 + pn? — Dnin
- 2ty (p—Dning (5.8)

(p=D)mny  ni+pnj

where i = [ny,n9], t = [t1, 3] and p = 7 /3. Here the matrix is constructed according to
the jump conditions in (5.5). Then each shape function in the virtual element space V;,(K)

is projected to the IFE space by these two basis functions through the projection operator
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described below. It is an advantage in both computation and analysis since it circumvents

the issue of the existence of IFE shape functions and makes the implementation more easily.

5.2.2 Projection and Interpolation

For the proposed immersed virtual element method, both the error analysis and computation

rely on a weighted Galerkin projection Iy : H'(K) — V;IF(K):

(ﬁhVHKU, V’Uh)]( = (BhVu, Vvh)K, V’Uh € V;F(K),
(5.9)
and Bfl/z(uh —gup) ds =0
oK

This projection exactly mimics the the usual one used in the VEM literature, and the only

difference is the non-smooth coefficient [3j,.

Similar to standard projection, the approximation result of IIx follows from the smallest
distance property and the approximation of another interpolation operator for IFE functions
such as those in [21, 26]. But the analysis in the next Section shows that we need the
approximation of each polynomial component of Il on the whole element K, which needs
some special treatment. For this purpose, we need to use a quasi-IFE interpolation operator
introduced in [26] as an intermediate tool. So let us provide its interpolation for readers’

sake. For any interface element K, we first define its patch as

WK ‘= U T.

TET, KNT#)D

For u € H?(Q~ U Q") satisfying the jump condition (4.2) with the extension u%, we let

Jrug be L2 -projection of uz to P;(wk) and let 79 be the middle point of TX. Still, we let

and t be a fixed unit normal and tangential vector to I'Y, respectively. Then, the quasi-IFE
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interpolation It u is given by the following definition

I u(wo) = Ig (o) = Jrug(wo),

VI u(zg) -t = VI Tu(zo) - t = VJguf (o) - t, (5.10)

*u denote the two polynomial components of I}xu. It is important to note that

where I}(F
these two polynomials can be naturally defined and used on the whole patch wg. Moreover,
these two polynomials have the desired optimal approximation to their corresponding func-

tions uf also on the whole patch which is given by the lemma below. This crucial property

serves as the key to in our analysis.

Lemma 5.2.2 (Quasi IFE interpolation error estimate [26]). Foru € H*(Q~UQT) satisfying

the jump conditions (4.2), there holds

IF,+ _
ug — Il S hie(llupllz.n + lugllap)- (5.11)

In the following discussion, without causing confusion, for any subdomain D C €2, we denote

luzsllo.p = llug 20 + llugllp-

A similar estimate for Hii( can be established on the whole patch wx where, again, Hfi( denote
the two polynomial components from the definition. The analysis needs to employ the quasi

interpolation I[I(F’* as the bridge which is postponed to the next section.

50



5.3 A New Formulation and The Error Equation

In this section, we first present a new method to solve the elliptic interface problem based

on the IFE method based and the virtual element method.

5.3.1 A Virtual Immersed Scheme

The key idea is to use the virtual element space defined on the background mesh for ap-
proximation and project the virtual functions to the IFE spaces on interface elements for
projections as the immersed elements described above satisfy the jump conditions thus offer-

ing sufficient approximation locally. Consequently, we define the local discrete bilinear form

on an interface element K as: af (-,-) : H'(K) x H'(K) — R where
ahK(uh, Uh) = (ﬁhVHKU,h, VHKU}L)K —+ SK(Uh — HKuh, Vp — HKUh). (512)
The stabilization term above Sk(-,-) is

Sk(YV.Z) =" B(Y. Z)1p2e

eefK

where Y = ), — Hguy, and Z = v, — gy, Be = BT depends on e C K+, and

(Y. Z)1ne = //(Y(l‘) —Y(y)(Z(x) - Z(y)) dudy.

|z —y|?

Since both Y and Z are linear functions on each e, a simple formulation of the stabilization

term can be obtained:

SK(Y> Z) = Z Be(Y(be) - Y(ae))(Z(be) - Z(ae))' (513)

e€li
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For each non-interface element, 11k is simply the identity operator and Sk vanishes since the
stabilization is applied on (I — IIx). Therefore, the bilinear form on non-interface elements

reduces to

ar (up,vp) = (BnVun, Vop) k.

As a result, some key estimates on non-interface elements fall into the standard FEM regime,
as such, the results on these elements will be omitted, and the focus is on the interface
elements. In the rest of this section, on each element K, the notions of Il and Sk, regardless
of being interface element or not, are adopted to maintain a consistent and concise set of

notations.

The proposed virtual immersed scheme is to find u, € V}, such that for all v, € V},

ap(up,vp) == Z ar (up,vy) = Z (f, Igvp) k. (5.14)

KeTy KeTy,

There are several major differences of the proposed virtual immersed scheme above from the
classic penalty-type IFE scheme [31]. First, the proposed scheme does not require those edge
terms originated from the integration parts, but only the stabilization term. As a result,
the discretization is parameter-free, and yields a symmetric system which can be solved by
fast linear solvers. Second, it does not need the interaction between two neighbor elements
such that the computation is more parallelizable. However, compared with the classical IFE,
there are more DoF's locally on each interface element, of which the extra are associated with

the cutting points.

5.3.2 Error representation

Now we proceed to derive an error equation for the numerical solution uy,. Given each

u € H*(QUQT), denote u; as the interpolation of w in Vj,. Namely, it is the standard linear
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Lagrange interpolant on non-interface elements, but a special non-polynomial function on
interface elements. Due to the conforming property of the virtual elements, there always
holds u; € HY(). To estimate the error sourcing from different terms, we shall derive an

error equation for u, — u; under the bilinear form induced norm |[-||* := ax (-, ).

Lemma 5.3.1 (Error equation). Let u € H*(Q2~UQ") satisfy the jump condition (4.2), and

denote vy, = up — uy, then the following identity holds

llonll* = (81 VIk (u = ur), VIgon)x

KeTy
(5.15)
+ (ﬁhV(u — HKU) -1,V — HKU}L)@K — SK(U] — HKU[,Uh — HKUh)
+ ((B = Brn)Vu, VIkvp) i
Proof. We start by using the equation —V - (Vu) = f in Q~ U QT to obtain
’”Uh|H2 :Gh(uh —ur, Uh) = Clh(uhwh) - Gh(ul, Uh)
= > (f. Txvn)k — anur, vp)
KeTy,
5.16
= (=V - (8Vu),dxvy)k — an(ur, vp) (5.16)
KeTy,
= Z ﬁVu VHKU}L) (ﬁVu n HKUh)E)K] — ah(ul,vh)
KeTy, >

) (I1)

where in the last identity we have also used the integration by parts on each subelement K*,
the flux jump conditions of v and the continuity of IIxwv, on K. For the term (I) in (5.16),

using the definition of Ilx we have

(1) = (BnVu, VIIgvp) ik + ((8 — Br)Vu, VI

= (B, VUku, VIIgvp)k + (8 — Br)Vu, VIIgvn)k

(5.17)
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For the term ([1), since it is defined on 0K, 8 exactly matches /3, and thus we obtain

(II) = (ﬁhVu - 1, HKUh)BK = (ﬁhVu -1, HKUh — Uh)BK- (518)

where in the second identity we have used v, = uj, — u; being continuous across each edge
as it is in the virtual element space V. Using integration by parts on the subelements K f,
the flux jump conditions of the IFE functions on T'Y, v, — [Ixv, be continuous across I'X,

and definition the projection Il in (5.9), we have

(BrVIgu -0, v, — Hgvp)or = Z(ﬁhVHKU "1, Up — HKUh)aK;

s==%
= (B VIxu, V(v, — gv)), (5.19)
s=%
= 0.
Thus, (5.18) further becomes
(L) = (BnV (u — Hgu) - n, gop — vp)oxk. (5.20)

Putting (5.17) and (5.20) into (5.16), and using the format of aj(us,vy), we obtain the

desired result.

In the derivation above, there are two steps involving integration by parts in which the one
in (5.16) is for the exact solution u with respect to the subelements K* and another one in
(5.19) is for virtual and IFE functions with respect to the subelements K;-. The different
manners are according to their corresponding jump conditions imposed on I" or I'X such that

those extra terms occurring on I' or I'X can be cancelled.
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5.4 Error Estimates

In this section, we proceed to estimate the solution errors. Based on the error equation in

Lemma 5.3.1, we first get the bound of the error u, — u;.

Theorem 5.4.1 (A priori error bound). Let u € H*(Q~ U QT) satisfy the jump conditions

n (4.2), then the following estimate holds

1/2
llonll < Z 118y 2V Tk (u = ug)llox
KeT,

+ 1182V (u — i) - nlloor + |8y (ur — Tgcur)|1j2.60

+ ”ﬂrln/aZXVUHO,Ka]'

(5.21)

Proof. Note that § # B, only on Ks. So for the error equation in Lemma 5.3.1, applying

the Cauchy-Schwarz inequality, we have

lonll” < 37 (18 Vet = wn)llo 182V TTcunlo,
KeTy,
+184"*% (u = Tgeur) - mllo,oxcl| 8 (vn = Ticon) o0 (5.22)
+ 18, (wr = Trcun)o.eic 8, (on = Ticon) e

1832V ullo e, | B2V ol ).

In the bound above, it is clear that ||B}1L/ZVHKUhHO,K and |6,1/2(vh —ITgwvn)|1 /2.6, are bounded
above by ||vx||, and Hﬁrln/fXVHthHOK is also bounded above by |[|vs|| with a 5 dependent

constant.

Then it remains to estimate the second term in (5.22). Note that [, 6,1/2(% —Tlxvp)ds = 0.

So by Theorem 77, there holds
18y (o — Txvn) loox < hil*18 (on — Tikcvn) |1y S il ol
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Combining the estimates above and cancelling out a [|v|| from the left hand side, we get

the desired a priori estimate. O

Now our task is to estimate each term in the right hand side of the error bound (5.21).
Before getting into the estimate, we emphasize that the set £x consists of the edges formed
by element vertices and cut points. So in the following discussion, for each edge e € £ that
connects the element vertices and cut points, we will use é to denote the extension of e to
the actual edge of the triangle K (e.g. ¢ = AD to é = AB). Now, let us first dervie the

estimate of the first term in the right hand side of the error bound in (5.21).

Lemma 5.4.2. Let u € H*(Q2™ U Q") satisfy the jump conditions in (4.2), then on each

interface element K there holds
183V (w = un)lo.xc S Pl |z (5.23)

Proof. By the definition of projection, we immediately have

18Y/ 2V e (w0 — w12 =(Bn VT (w — up), VI (u — up)) i

=B, VI (u —ur), V(u— ur))k.

Using integration by parts on the subelements K ff, 1) (u — uy) satisfying the jump condition

on 'k and u — u; being H', we have

W}i/QVHK(“ - UI)H%,K =(BpVIlg(u — ur) -0, u — up)ox

(5.24)

<||8y*VILk (u — ur) - nlloorc |8y (u = ur)lloox-

For each edge on 0K, applying the IFE trace inequality in (5.2.1), we obtain
185V i (u = wr) - mlloe < 18, VI (w—ur) - mllo. (5.25)

< 28y PV g (u — up) o -
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Putting (5.25) into (5.24) and cancelling out the term ||ﬁ,1l/2VHK(u —uy)|lo.x leads to
1889 e = un)llosc S byl 1 = ) oo (5.26)

So it remains to estimate the right-hand side above. Notice () is constant on each edge in
Ex. Without loss of generality, we focus on an edge e C K*. Then by the interpolation
estimate on this edge, we have

182 (u = up)lfoe S B2 ulsae S

~Y

h%ﬂ“ﬂsn,e S h?}(/zlujg\g,K (5.27)

~Y

where in the last inequality, we have also applied the trace inequality in [14, Lemma 6.2].
Putting (5.27) into (5.26) gives the desired estimate on this edge. Similar arguments apply

to the case e C 0K~ which together finishes the proof.

To estimate the second and third term in the right-hand side of the error bound (5.21), we
need to establish the estimate for I1x, particularly its every polynomial component Hf( on

the whole element K.

Lemma 5.4.3. For u € H*(QQ™ U Q") satisfying the jump conditions (4.2), then on each

interface element K there holds
up — Mguh,w S hie (lugllzwe + 1upllzec) + lublue, + lughx,. (5.28)

Proof. By the jump conditions on 'Y and employing the matrix in (5.8), we first have the

following identity for gradients of an IFE function v, € V;/¥'(K):

Vv = MV, .
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It clearly shows
Vo [ 2= Vo, || (5.29)

where || -|| are just Euclidean norms for vectors, and the hidden constant depends on 3. Now
let us move to the estimate in (5.28), and without loss of generality, we only discuss the +

piece. We have the following trivial split

Jup — Miulx S Jug — H?{“‘u{; + g — H;_(u‘l,l(; : (5.30)
7 7
WV Vv

(1) (I1)

The estimate for (I) follows from inserting u

lujf — H};MLK; S lu— H}L<U|1,K}j +lu— UE|1,K;

S u— Ll i+ [uly kg, (5.31)

S h(Jufllzwie + Nugllzwe) + ubli g, + luglx,

where in the second inequality we have used the smallest distance property for Ilx under
energy norm which is equivalent to the |- |; x norm. The more difficult one is (/1) as we
need to analyze it on K, . The idea is to insert the quasi [FE interpolation I/¥" as it already

admits the desired estimate for each component:

IF, IF,
Jug — H%“h,f{; < lup — I, +“|1,K; + 1, H};uh,K; : (5.32)
(ITa) (1Tb)

(IIa) immediately follows from the approximation capabilities of If" in Lemma 5.2.2. For

(I11b), noticing I,{FﬂLu — IT};u is one polynomial component of the IFE function I}*u — I xu.
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So applying the equivalence in (5.29) together with the triangular inequality, we obtain

IF,— -
(11b) S |1, u— HKU|1,K;
IF,— -
Sy - u|1,K; + fu— HKU’LK; (5.33)

S h(Jufllzwie + upllzwe) + ubl ks + luglx,

where the argument for the second and third inequalities are similar to (5.31). Putting

(5.31)-(5.33) into (5.30), we have the desired result. O

Next, we estimate the second term in the right-hand side of the error bound (5.21).

Lemma 5.4.4. For u € H*(Q™ U Q") satisfying the jump conditions (4.2), then on each

interface element K there holds
16V (u — Tcu) - mlloarc € i llullow + b, (5.34)

Proof. Without loss of generality, we only consider + side. Given an edge e € £k with

e C K, and its extension é as an edge of K, we apply the trace inequality to obtain

182V (u — Txw) - mlloe < (85)2[IV (up; — Mjeu) - nllog

S hiPlub — Wil ke + byl ublo x

which yields the desired result by Lemma 5.4.3.

Then we estimate the third term in the right-hand side of the error bound (5.21).

Lemma 5.4.5. For v € H*(QQ~ U Q") satisfying the jump conditions (4.2), then on each
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interface element K there holds

18y (ur — i) 1o S hacllubllowse + b1 (5.35)

Proof. 1t suffices to establish an edge-wise bound |- |2 by (5.2). For each edge, since (3} is

a constant, we have

|ﬁ}1l/2(uf — Hxur)lijze S ’\ul - HKU|1/2,5+lHK(u R u1)|1/2,5-

(1) (1)

In the following discussion, without loss of generality we only consider the e C K, . For (I),

since it is linear on e, and u and u; match at the end points a. and b, of e, we obtain

be

Qe

/8e(u — IMju) ds

€

be

Qe

(1) = [(ur — M)

— |(u - ITju)

< 12| (u = Tew)| (5.36)

< hé/2|u - H}u|17e.

Replacing u by its extension u}, and recalling that I} -u is a polynomial being trivially used

on the whole element K, we apply the standard trace inequality and Lemma 5.4.3 to get

(1) < hl?|uf, — Wheulr o S Jup — M)k

~Y

(5.37)

< hicllugllows + [uglx,-

For (I1), applying the trace inequality for IFE functions in Theorem 5.2.1 and Lemma 5.4.2,
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we obtain

(I1) = Mg (u — ur)|2

/86HK(U —uy)ds

<hY Mg (u—up) e S hiPhY 2| (u — up)|yx (5.38)

~Y

<hi[[upll2.w-

Here we note that Iy (u—uy) is a piecewise polynomial used on the whole element and thus
the standard trace inequality is not applicable; instead we need to use the trace inequalities
for IFE functions in Theorem 5.2.1. Combining the estimates of (/) and (1), we have the

desired result. 0

Remark 5.4.6. In the analysis of classical VEM on anisotropic elements [14], the main
difficulty s to obtain an error bound that is independent of element anisotropy such as
shrinking elements. We highlight that one of the key obstacles for anisotropic analysis is the
failure of the standard trace inequalities as the height supporting an edge may very small.
For example for the present situation, in the estimation of (5.25) and (5.38), the standard
trace inequality can not be applied directly to each polynomial on each subelement as it may
shrink, and thus the hidden constant may not be uniform with respect h anymore. So the
estimation for VEM generally requires some special analysis techniques such as the Poincaré
inequality on an anisotropic cut element developed in [14]. However, we note that these
special treatments are not needed in the proposed method and analysis since the IFE functions
even as piecewise polynomial do admit the trace inequalities on interface elements, and the
constants are independent of cut points as shown in Theorem 5.2.1. These trace inequalities
actually significantly simplify the analysis as it is more close the the analysis on isotropic

elements.

Combining the results of Lemma 5.4.2, 5.4.4 and 5.4.5 and the error bound in Theorem 5.4.1,

we achieve the following conclusion.
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Theorem 5.4.7. Let u € H*(2~ U Q") satisfy the jump conditions and u;, the I[FE-VEM

solution, then the following estimate holds
llw = unll < Pllull20-var- (5.39)

Proof. Triangle inequality yields [|u—up|| < [|u—wr||+ ||ur —un||. For ||u; —up]|, combining

the results of Lemma 5.4.2, 5.4.4 and 5.4.5 and the error bound in Theorem 5.4.1, we have

s —unll S D hicllullog + D (hicllugllow, + luih.g;)
KeTm KEeT;! (5.40)

< hllugllze < hllullze-vos.

where we have used the finite overlapping property of wx and the strip argument in Lemma

?? to control |uly i, and finally the boundedness for Sobolev extensions.

Then we proceed to estimate ||u — u;||. Since it is trivial on non-interface elements, we only

need to estimate it on interface elements. By the triangular inequality, we have

e —wrll £ 37 182 VTTk (u = ur)llo + 1 — ugliyoe, (5.41)
KeT}

The first term can be handled by Lemmas 5.4.2. For the third term, given e € £k and
without loss of generality assuming it is K", by the interpolation estimate in 1D and the

standard trace inequality on K, we have

lu—urlijoe S helulsoe S heluflspe S hillufllex (5.42)

where ¢ is the extension of e. Putting (5.42) to (5.41) and applying the boundedness for

Sobolev extensions, we have the desired result.
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