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UNITARIZATION OF THE DUAL RESONANCE AMPLITUDE .

. ~ II. THE NONPLANAR N-LOOP AMPLITUDE”

Michio Kaku and ILoh-ping Yu

Lawrence Radiation Laboratory
University of California
Berkeley, California 94720

September 8, 1970

ABSTRACT-
Following our previous paper on the planar
»N-loop Veneziano amplitude, we derive the nonplanar
'VN-loop formula in this paper. The calculation is
_ ferformed by tracing over both the multiply
ﬁfagforized tree and the Sciuto three-

reggeon vertex functions.
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I. INTRODUCTION

ThlS paper is the second of three artlcles devoted to calculating
all multlloop amplltudes in- the dual resonance model. In the first
paper,l we presented the planar N-loop amplltude, we discussed
at length the pr1nc1pal axes method, the infinite cancellation technique,
the KSV 1nterpretatlon, the Jacoblan calculation, and the range of
integration., Because the planar and nonplanar 1oop calculations are
éimilar,”wéj“ present the nonplanar‘amplitudés iﬁ this paper without
many of these details. In the third paper, we wiil presént rules for
'writing down arbitrary planar, ﬁonplanar, overlapping, and nonorientable
loop'ampiitud_es.2 | | |

The nonplanar amplifudé differs from’thé planar one iﬁ three
major ways: | |

(a) Thg linear dependence correction is 1 - X)2 for each loop,

not (1 - X), where X 1is the multipliér of each projective transforma-
tion. |

(v) The factors raised to the 2 -1 power differ slightly, to

2
reflect the different quark topology [see (2.26) and (3.13)].
(c) There are variables of integration which lie between the

invariant points of each projective transformation.
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II. MULTIPLE FACTORIZATION FORMULATION
OF NONPLANAR MULTIPLE LOOPS
s in the previous papér,l we first consider the nonplanaf

3

single-loop amplitude, expressed in a general projective frame, and
;thén apply'the method without modificatibn to the nonplanar multiloop
diagrams. -

‘A. Nonplanar Single-Loop Amplitude

‘We first write downh the following doubly factorized tree

formula for the amplitudes corresponding to Fig. 1:

61 (a%,aP) =fﬂ/dyi{ys+2y

,

S8+ o S+i h o
X expﬁz (D) + ) (Pl (1)) -
i=0 : i=0 ;
;7;(i%d) o (i48)
(Y[R (M P(arL,B-1,0,8)M TR (@) [&7) p (2.1)
where 7., '  . D J
g i o Um0 )
Pa(l) = P(Ol,?‘f,l,afl:l) = (ya-}-]_ m oc-]_)(y"a _yi_) ’ (2.2a)
Py(1) = P(6;6-1,6+1,i)-. | (2.2p)

Applying the séwing prescriptionsl on the excited aQ,aB legs,

and uéiﬁg the principal-axes technique,l we obtain, from Eq. (2.1), the
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nonplanar‘ single-loop a.mplitude (Fig. 2), call it FNL(1):

.-z(k )-1 - ,
. - ‘AFNL(l) J [ : (l—t) [de Y82

(2.3)
Where L
e <'F’>
I = &l,(F [GH] (2.4)
. (det[A])2 » z C k D IE)
and
[z - [e1" .
(Al _= : ) (2'5)
[I] - [c] . 0 , . '
| @ o
[GH] = , - | (2.6)
[c1® | |
with
[6]. = M_T (ﬁ——'l-)Pa(g) M_P(oz+l',s-l,oc,(s)M_T Ps(oc), ' | (2.72)
s+l' _ . i ki |
|7 = Z | M_T(%—t_—-i> Pa[ 8 }ks ) C (2.7)
i0 . o+ 1k,
(ifkwp) |

, , By Z RA o ka>, . N ~(2.7¢)
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We then calculate Eq. (2.4), order by order in [GH] matrix, by

defining théiprojective operatqr

Q-l(x) = T -1 i (2.8)

ax) . (t t l)Cl _%> | L tx

and the projéctive operator corresponding to encircling the loop

/

Ryy = Ray = By QP Ry = By @ Ry (2.9)
‘where
L 1 : . ' » .
PB(X) = W = P’(B—l,B,B'Fl,X). . (2.108..) |
~ 1 Va4 — 7 i
Py }(x) = Vg - Byl — yB' ) , (2.10b)
L - X<_&_&L>
Yg-1 ~ Y41
Al -1,1 | ' 3
PB (x) = _PB (2). R | c , (2.10c)
From Eq. (2.9), we havé two identities
RM(y,) = - (2.11a)
FpaYal T Y+’ ' o - .
. RBa(yB) =“Ya+1‘ (2.11b)

These two identities, Eq. (2.1la) and (2.11b), enable us to get the

1

"invariant points" of RBa"
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"_We'find, after tedious calculation, the ekpression for 1I:

w , 841 - Lk
P TTW ty, - R ()1 T
: - i~ Rag . ,
j(det[A])z n=0 1i,j=0
(1,J£a)6)
S+, -ki'koc o - 1 Fa
/’\], . vy nyg
)( _ Vi T ¥y
1%a;5)
' -1 ] =k _+k_ .
(v, - ¥5) . Ro(yy) - x| ‘O‘ o . C (2.12)

K e -,

- We also separate out, in the factor {y S+2} of Eq. (2.3),

all factors containing y B

get, flnally,

_ 1
(det[A])2

(Y. I =

S+2

Y., and combine them w1th Eq. (2.12); we

B
S42 -1k, ok,
/-1/ _ i(n)(yj)] 1]

i,j=0

(1;J%a;5)

(n=0,1£3)

‘k S+l

-3 i = _ -1
71 /% %\ ¢ . - )O‘o
A1 V. - X - | Vs T Yia
sl i "1} i20 - , .

i=0" i= .
_(i%a,a) <?#a,a—1
‘ 6)5'1

2

-k
-1 o
(R@a(ya) X,
-1

Equation (2.13) continued



-6~ . UCRL-2005%5

Equation (2.13) continued
. ' _1 2_
dk -1

gy = Yo (g - oz+l)(y 2 Y, -t Ye)

(ya—l h a+l)(ys—l - y5+1)

L | a 1
v , 0
)( [y = Y1) gy = ¥pag)] (v, = 9 ) (3, - v ), - v)p -(2.13)
We ﬂOW‘éxpress our final answer in a projectively invariant
form by transforming the set of variables (t,yd,yB) into the new set
of variables (X,xl,xg). We first extract out all factors containing
t,yd,yB in Eq. (2.3). From Eqs. (2.3) and (2.13), they are

. L2 -1 2
| -2(k )-1 o -1+kk R - x
at ay,, ay, ¢ )™ () T e C&"(y‘i‘i ) .
P | (v, - ) @A, - v, )
ik 2_
: . : 25Xy
(Vyor ~ ¥y - a+l)( -9 - V)
(ya—l - o¢+1)(y -1 ” y5+l)
)
0 -1 S
X [0ga - oM_)(ya 1" Vg (v, = ¥) O - ¥ -~ 9)p
| ~ ' (2.1k)

F

The Jacobian calculation is quite involved, and details can

" "be found in Appendix A. We merely quote the result here. In the frame

X, = w,'xe = 0, the expression (2.1k) is equal to

dxfax, J[ax,}(1 - X)” X [G1 = W) g - Xyg )17
(2.15)



=T~ K - UCRL-20055

The unique projective generalization of the'expression (2.15)

is exactly similar to that found in the prévious;paper;l<it is

S (- v ), - v )G, - T,)
ax dxl dx2 X (04 (l - x 2 Ya b yb vyc2 yc ya
v ‘ (Xl - Xé)
_ a1
X [¥y-a - eo&@ﬂ) ] (x " Yp41)
'[Xl Ba(y&+l)]
do-l

g - Roq(¥g_1 )10 - 95 4)
[x, - RBOt(ya—l)]

(2.16)

Now we are ready to write down the nonplanar single-loop
formula. By combining Eqs. (2.16), (2.13) with (2.3), we obtain the

final form:

. -2 _
FNL(1) = fdhkaf ax X ko) l(1 - x)°

*1 (v, - ¥,)(, - v ), - ¥,)
)( dy, dx; dx [dy o Ldy, Iy, ]

(5, - x,)°
1aéa,s,a b,c)
S+l o -1
0
X /ﬂ/ 7 Vi)
' 1£a, -1 |
NG
7 Oto-lv ’ ' o
(Vg1 = Ry (g g )1y - 9g4) (Vo1 Baa (V1)1 (xy- ¥ 4)
R B - Faa W) Gy - Ro 1))

 Equation (2.17) continued
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Equation (2.17) continuted

T T e™ 1 T

1?4(1,'8) . (1:3?405)5) (n =0 17'43)
X Ly; - R*(“)w.)]'?ki'kj | (2.17)
i g Mgt .
where
(det[A]) I /r{ - xH)™, | (2.18)

' The ordering of Yi» 1=0,1,7°+,8+41, i £ a,8 and xX,,X, Wwill now be

discussed.  The variables of the multiply factorized tree, before sewing,
had the ordering

2 ¥y 2 Va1 22 yé-l =Yg =B+l —- "tz Is+1°

It is sufficient to specialize to the frame %y = ©, X, = 0 and

consider the case O < X < 1. After sewing, Eq. (2.11)gives the relations

Vo = X Va1 Vg o (2.19)
y"v=v xt V.o >y . (2.19b)
o+l o+l

B

These two relations imply two inequalities similar to Eq. (2.48) of

Ref. 1:
_l - LN BN 1 -. P .‘ )
X" Vg1 7 Vg 2 V40 2 2¥611 2952 Vg1 T X Vg0
(2.20a)
-l LAY .
X Vg T Ve 20 2 2 Vo1 > X Vg g (2.20b)
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Equations (2.20a) and (2.20b) force us to put x;- between gy @nd
yB_l, 2 "~ between Yo-1 ahd Yoe1® Therefore. we conclude that the

ordering is °

Vo 2¥p 2ttt 2T, 1>x 2 Yo ""Z.ys-l_lezyaﬂz"'3ys+1'
(2.20c)
Qne 9bserves that the nonplanar single-loop formula, Eq. (2.17),
is eséentialLy the prodﬁct of two planar sihgle-looﬁ formulas, one with
external legs outside the loop, and. the other with external legs inside
the loop. The interpretation of various fgbtors is exacfly parallel to
the interpretations discussed in Ref. 1; we will not repeat them here.
We sée that ‘the nonplanar singleridop formula, Eq. (2.17), is
hardly dlfferent from the planar s1ngle loop formula in Ref. 1, and as
we will see further, the nonplanar N-loop formula again is very 31m11ar

to the nonplanar single-loop formula.

B. The Nonplanar N-Loop Amplitude

In this subsection, we apply the techniques of the previous
subsectibn_to the nonplanar multiply factorized tree diagram (Fig. 3).

Each loop is labeled by two indices, e.g.,the (ap) loop is obtained

by sewing the excited « leg with the B leg. We adopt the convention

that the first index (e.g., a) of each loop [e.g., the (aB) loop]
corresponds to the complex parameter (N;l.
We now write downu the ggth-factorized tree amplitude corre-

spondihg to Fig. 3:
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gil;])(a’ )a 3 aY)aS;“_'.;a )a?\) =[/\]/.dyi£YS+2} “
i
‘ S+1 S+l -
X expt ICE |P< )|k ) + L (2P|, () |x;)
=1 i=0 p={L"}
- (GA) 1;48)
+ % (ad|Pa(r)M_P(a¥l,Y+l,a,'v) M_TPT(a)'IaY)
a, =X} ' ' -
(a#7)
+ % | E (a,B |P (a) M P(B-l 6-1,6,6) M_ PS(B) |a8).
8,0=(X} v
(B#3)
+ Z (aajpé(zs)_ M_p(a+1,a-1,a,a) M_T PS(OL) |a.8) ) (2.21)
ao=(L}
where -:' ' |
Pa(i) = P(a,a+l,d—l,i) , (2.22a)
P(1) = P(8,p-1,841,1), (2.220)
P.r'(i) = B(T,7+1,7-1,1), (2.22¢) :
.Ps(i) = P(5,5-1,5+1,i). (2.224) .
The‘sum : 2: is over one index. from each pair (aa),(va),°°-,(0x);

&'}

the total number of pairs is N.

index in the pair (a@B).

*
We will use Ei

UCRL-20055

to denote the second
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The variable taB corresponds to the propagator which joins
the a leg to the B leg. We first apply the sewing prescriptionsl simul-
¢ A a B L;
aneously on the N - pairs of excited legs a ,a”, (o) = {al}; then

we use the principal-axes techﬁique;l then we define the projective

responsible for circling the (aB) loop; then we use

5

‘operator R
P B

Eq. (2.11) to facilitate the infinite number of cancellations” leading

to the invariant points xéé) (2) of RB ; and finally we obtain the

nonplanar N-loop amplitude. (Fig. h):

—ﬂ(k ) -1 o -1+3k
FNL(N) 91—t

)
B B ap
0 (ap)- {sﬁ} Tor "o

Xf/leyi{YS+2}I’ | (2.23)
i ' ‘

where
I = — ) I = 1 | ﬁ
(qetfal)z ] 1 7 (aet[al)®  (4a), ... (v0) 1,30
e EIES)
. . oo ) S S+1
(n+l1) | ‘ ‘
7< /‘\](/yi ]Boc SY( ) v T
n=0 : : (CZB),"’ on), n=0
| | (v8)=(K) 174[66 =4)
+k, °k . , , -k, *k_
[Ri]ég))\o'( (1)) 1 v yi - y6 1 7
- [R® ](n) ( (2)) : ¥y - YY

BAATTYE T (o) A(10)

Fquation (2.2&) continued
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Equation (2.24) continued

(aB),(@'B')y2*, n=0 | 0B sta’ o\ s
(), (v8)=(L}
| () ) en) T
2 2
I ?B) [R*]f(sn%' MIG(< ?
. 1 n 2
- [R] .
C pla ”C ) (o8)4(a'p'),
(on)#(7d)
RETES R
/' ‘ yg)(yB Yy | ’l |
- ¥5) (¥, -y )
(o8), :éra TN Y (ap)A(re)  (om)=))
={Z }
-3k ok
a o

. Réa(yd) - RBa(yﬁ) Ry - Rgy(vg ) oy

x

Vg - Rgy(vp) Vg " Rﬁa(ya)

iAgain, separating out all Koba-Nlelsen variables ¥y ,yB
(o) = £} in {YS+2J in Eq. (2.23) and combining it with I of
Eq. (2.24), we get

. ) = —L f| | /rf /]T
S¥27 (aet[a])? . I

(GB), MR} vi)ej:O

()2 (134K

'

X - e o
“" S+1 P 11(n) g 1) iy
K /T T | l ' /W iii?%mg(e%
o B0 ()4(10)

;oo s(on), M
={;<} 2 dn -

Equation (2.25) continued
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Equation (2.25) continued
S+1

i=0

w @

(aB)’(a'B')J.'.) =
(on), (18)=(¥) |
' v Yy
, A0 [Ri]&l&"xcé%)> 2w, G2y |
2 n <~ (1 1 n (2
S I U R ]é o o@re D (eeytiare ),
(on)#(rd)
2
-%k .
R : )kof [ D) - Fom(v) Ro (3 - RBa(qu >
: vy, -9 ‘ : 1
K (%)=[£} @ b Yy - Rm(ya) Vg -RBa(ya)
| | o Lk 2.1
p /r‘r (Vg1 = Vo) Uy = V) Oy = Y)W = ¥p) | °
(0p)=(ZL ) (y a-1 a+1)(y B B+l)
a.-l
X (/y)\j;[(y - Vo) gy = Ypi)]
oB)= |
NECARESCAEE NIRRT AN (2.25)

- We note that the factors in the last brace in Eq.

(2.25) are not identical to the analogous factors in the nonplanar single-

1) . (2 _

loop case, Eq. (2.13). However, in the frame x, o8 s g 0,
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in which R reduces to its multlpller X -they are fortunately

Ba B’
,1dentlcal ; and thls is enough for our purpose. We can transform the
set of varlables_ [tOB? ya, yB? (aB)={5ﬂ}] into the new set of
variables ,[X o8’ x(l), xég); (ap)={K}] by performing the same
calculation as in the one-loop case, i.e. Egs. (2.1k4), (2.15), and

(1) «(2) _

(2.16). Each time we pick out a particular frame Xop =@ %y = 0,
we find a iinear dependence factor (1 - X, )2 for the (aB) loop, »
and obtaln an expression 31m11ar to (2.16). We then’repeat the calcula-
tion for the (76) loop, etc. Therefore, on comblnlng Egs. (2.25),

- (2.23), ahd (2.l6j,.we finally obtain the projectively invariant

nonplanar N-loop formula:

} T\r -z(k )-1 o
FI\IL(N-)’ = - X X (1 - Xy |

a={ZL (o)=L}

y TTo-m

R}

T8+l v ‘
(¥, ) (3,v ) (7,7, )
XJ o, 1 wxipla (2);[‘3’]0 O
B Praney T (X3  (ob)elg) 0 o

S+l

' .a ;l
x JTom”

Equation (2.26) continued
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Equation-(2.26) continued -

(l)- ao"l ' (04 ‘.L )

g1 FaoWar ) 5 Ve | O | W Raoa) M ¥, 5|
N A (xR (¥ )
S+1 ' 2 - -3k, ok,
)( / | l : l l | ‘l | (yi-‘[Rf]ég,)aY(yj)} o
i:vj=o (043),"',(7‘5.)=(i} n=0 ‘ ‘
(GIHLED . |
- 'V : -k, *k
x SH /"Tyi = [Ri]égzx(}@%)D s
, I ! t(n) (1)
i=0 (eB), +<(on), n=0 Pi ~ (R ]ea,m@m>
TE SR (RS A M | (02)4(7)
X (Q;KJ"'J/H;T
(1) m Ay L@ () e |
1 +.(n 1 2) - +-(n 2
B eate) e geadtedl
+{n +({n 2
Fap [R']B'a',xcé‘m) %op "~ F ]B'a'v,%"@“g ) (op)A(a'p")
(2.26)
where v |
(2) _ o (1) _ (2) (@) _
| Ri_ (2) - Z[XaB - onﬁ Xa@ ] o8 (1 XaB) , ' (2.27)
pa z(1 - XéB) + x(gé) Xéﬁ - xo%) v
and

R}

(aet[al)2 - /r_l/(l - xﬁ-)'h. | | (2.28)
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Tbe‘ordering.df yi;.xé?)a xég) can beis6én in Eqs;~(2.l9)_and (2.20),
and the result is shown in Fig. 5. —
| bThé region of integration and periodiéitiés are fully explained
in the nexf section [see (3.16)].
Wé see that fhe nonplanar N-lcop formula is little different
from the_préduct of planar loop formula,s.l The intefpretation of

various factors in Eq. (2.26) is again parallel to the previous paper.l

e
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.III, THE N-LOOP AMPLIfUDE IN THE FORMULAT;QM*OF SCIUTO
The nonplanar N-loop amplitude can also be calculated with the
» | 'lthree—reggeon vertex introduced by Sciuto. These vertex functions are
inserted in a scalar multiperipheral tree,as shown in.Fig. 7. We insert
a complete seﬁ of intermediate states IN%B><NaB| in the upper portion

of each loop;

y L a_a._a .. .a _a a
FNL(N) = d ka <0!a Vs' Ds Vs-l VB+1 DB+l Hjﬁ 21
a=(L}

a a a
X v -1'"V2 D, v, |o)a, (5_15)
where
1
- R_-o(k.)-1 :
D% = ax, x.* Y (1-x)"%,
1 i 1 i :
0
L= ab b _a_a .. _a a = ab
Iog = Oy Wy Dyg Dy Vo1 Voer Doun Wy 100
W% = em(a’li,) ex(a’,p), em(alky) exp(a,b)_ exp(d]ony,)
. o
V" o= exo(kg|a’) exp(k |a) ,
- = ab +10y + + + v +
. W = _exp(a lﬁa) exp(a ,b )_ eXp(a|ka) exp(a,b )+ exp(b [na),
1 | ;a(k )-1 |
- : p P = du uRb P @-uw )
: s ap ap ag’
Jo ,

[Notice that, for the moment, we have omitted the linear dependence
correction factor and the (1 - z)® factor associated with the Sciuto

vertex. ]
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We will use the identities

<O|b WB  ,DaB FGB = |
| l»_. : —a(k )-1 —c +
= as Lo (1 - ua) exp(a lkB + M+“aaha5)
o .
)( exp(alks +,M‘ uQB %OB) exp(-nB+l]uanaB) | ' (3.2)1
and
|— ab] ‘= éxp(a+|k '+ M AT)
! o -aB
X explaliy + M, 20 exp(ny | Ny )+ | (3.3)

1",

Using the techniques given in Ref. 1, we now contract over a

oscillators and find

C S
FNL(N) = du /{_1/;Xi
o a_{a”} | [ )= ) an-
X f |

(o8)= {;( }

dl%d.é> :75 u-oz(ka)-l(l ) uaB)-c .

—O!(ﬂ)-l _ f
X x (1-x)°_epo(k|J+lll-)

l,
11>g

X emah o+ (GFILeTln) + GBI + F1011A)

- Qi+ 67D - i), W



where

he
el

Bog, v

Daa; e

= Yap LIS Yg

1l

17,4) =

[(A]
[D]
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-1 M w

5 (for OL_§BV<Y<8)‘

0 otherwise ,

T

M_" vy ya-l M_ uy‘ﬁ(a <B<Y<3) or

(5 =p and 7= 0)
O otherwise ,

| a1
<
Uy M, ¥y ¥y M(a<B<T<?)

0 otherwise ,

-1M+(d<5<r<5)

T
M" ¥, Yy

O otherwise ,

-1 S

T =1 -1
= . k. + u M y. k.
Z Ugp M Vg ¥y IKg) Z op M V3 g ¥y
j:l ' j:B'{‘l
Yo "B+l
a-1 : S
: -1 . T -1
P k.) +
Z M, Yo ¥y k) + Z My vy (k) + )
j=1 | J=otl
(o < B always) (¥ < 5 always). We shall symmetrize as follows:
(o] + [p1T,
T
[c] + [B]". (3.5)

~[T]
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We nOW'perférm the integration over . "Then we get

) o 1 l "Ct(k ) -1 '_ )4
L) - | | e ey | |
- (ozs)=£:£} 0 | a=(ZL)

. -(X(ﬂ )-l -c. .
‘JP dx X (l - % )

IF) '
)( (det[A])2 exp Z <E| (F) cul® < > (3.6)

|E)

where we have used

| o (11~
[_G] = ’ ) »
' <[I] O‘>
o m N
: H] = (_ - ) )
. [c] D]
(4] = [6]-(dl. | G

At this point, we will find~it~useful to introduce the following

projective operator:

R = Yo Fga Vo

o 1 -y LY N
Py = ( B a_‘_l . - (3.8)
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With this projective operator, we can re-express all matrices as

2

follows:

0B

ap’

(E

“op !

e

Aop, vs

ag,rd

ap, 1o

i)

B, 1o

where

K(Z) =

S+1 -
-1
z K By Vg 9315
s+l
1 -1
ZK Yo V5 lk)’
j=0 .
941 v
K
z ( Jl ’
:  Q—
= 5 )
ga Yo ¥j
S+1
(x
Z (Jl ,
, )
j=0 K¥ ¥;
1, el 1

. (3.9)

Notice that we have
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assumed momentUm conservation in order to derive projective relations
for A, D, end C. When expressed in this fashion, all K's in [gH]"
neatly cancel. (Also: Vo 5 ¥ =1, ygq = 0.)

If we assume momentum conservation among the k's, then we can
contract over harmonic oscillator states and projectively manipulate

these expressions:
e ‘-ik.k_
5(ElR) =’ﬂ/ a(J S TR
' i,3 GB{ . o
) T . < v ‘ _.l.k'k'
. CONCORES

ete. ' _ " o (3.10)

Notice that we have imposed conservation of momentum everywhere, which

allows us to ignore "residue" terms which arise from binomial contrac-

n

. .- m~ 1 - . . .
~tioms, i.e., (M+)nm = i—:_§3) - 1. One disturbing fact is that

ya and ys are not the invariant points of R (as was found earlier).

op

When the binomial "residue terms" are added in, we get an infinite set

5

of cancellations which replaces Y., and y, with the invariant points
’ o

B

‘of _Rae (The cancellatlon is exactly as in the planar case, and hence

is not’ presented here. ). We merely state the result:
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@. i epr‘Z (k. li+l i k. . exp (E| (F>[A] ( >

1>J

T T oo™

n=0 (aB) -.m) {:,(1 i,3=0

if,p
’ Jrl-M
ifj if n=0
| k ' 2 S+l
-5 -2 2 55
)(((2) ) a((l)_y ( > a/“]/_y) iy
aB i>j
| (3.11)
. 2 o : 1
where éB) = RaB (zl), Zy # éﬁ)
(1) - ),
vxaB = RO(B(ZQ)’ 2?4
and w, =¥ if i # Lif} ,
@) .
wa = %QB = 1pvar1ant point,
_oJ(ny . . .
Wg = X' = 1nvar1ant.p01nt.

Now that we have all the tools to derive the answer, we are
< ready to puf in all (1 - z)Rv factors (appearing in each Sciuto vertex)

and the linear dependence correction,

Q- Xa) Yog Xatl Xp-1 S ‘ ‘
o o xoa+l)(1 "XB-1) . | (3.12)
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The linear dependence correction to nonplanar and overlapping
loops is a Simple c-number.6 The planar loops, however, have modified

‘ propagatérs. We have

ALY - [ | *"(ka"l
o <ae>{aﬁ}f me
S Cat) B e
)( (1 - uae)-c(l-xa) O‘/rrf ax, x, 1
o i E i=2 ' J0 ‘
| -d(n Y/ (@ -x ) Us % -
g+l a+l B-1
)((l‘x)(l‘“), G v [ ))

 ‘.S
% exp Z (‘ki|xj+l’»i|kj) exp ((E| (F|) N <|F)>

8>3

‘/f /[:;I) ‘/’ J/' dw (dw dW dw )-l,anB X:;:Z(ka)-l
ot (08)= g@

R n=0 1i,j=

ifo,B

JFN, 0

o . -2k X,

X R 6‘1 i (Rt.)éggm yj> ’
(@) -+ (on)=(K) ,

X vy = w)(w, - w ), - Wa)frr(w' T Vi

 Equation (3.13) continued
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Equation (3 13) continued

¥ ((l) (2)>
Y ]ao -1
1
(Xcgfls)'wgﬂ)(cxl 80 ;3+1)>( x Y5 - 1)(a+1 Boz Yo - l))\

(( )& ( 5+1)><(l) Rsa B- 1)> l ,

where we have:

L) _ o (2)

Xp = wy = RBd (zl), Zq # X082

@) ., = g (1)
e Yo ° RBOt(ZQ)’ ?éx

' _ 2 2 1
s ' fag T 2T q)as(@qg - )E
'Xdﬁ = multiplier of Rﬁa = 5 ’
where
Tr(R_ )
q}OﬁB — —"_"@g—"I y
7 [det(RBa)%
,WS+2 = Yo’
bwaz‘wB, and v, = fixed points,
1 2
O(y +l, +2) )yB l’ éﬁ), (gB) )
JaB = a(x X o+l .B’ 055)
2 ' :
v (1 - x_)D
I = L, | (5.1%)
Vo Vgl - tae)” Top
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here D =1 - N [; —w (1 -x) and B¢ (1-t )t
. s B op a’l Ty, o8 B’ aB’
S oo
o Ye¥o
_PﬁOé = ' ) ' (315)
e - e S (1L -x ﬂ
Ye¥a [ " Yop ‘o

_R = ya.PBa ya .

po
(Notice that PBa changes by a factor of 1 - x = when the (1 - z)R

Sciuto factor is correctly inserted; notice also that taB is defined

implicitly:
) |
%ust = Yobop
(&) _ 1
"%aﬁ = Y taB")

When the_caléulatidn is éctually performed, the région of integration
is actua}iy larger than ﬁhat was found earlier'(e;g.,fhe multiplier
ranges ffom'b to «). As in the planar case, we take the branch where
the multiplier'is.between zero and one. (When the multiplier is equal
to-one,-ﬁhe invariant points are equal to each other.)

Wé recover the usuél singlé-loop nonplanar amplitude if we let

o
1l

L= 01, @) = (o), €1 = (), Ry =X

o pa pQ
W _ xé;) ="o, .xéé) o . W = = L,
Y2 = (x(%_) = TS Wea D IW_B-Q ot Xc(xé) =0 =,
Woq S e Wy S W, S Moo < eee < wB+2 < WB+1 1< o= xéé)).
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Conveniently, we find that the cyclicbordering .of the Koba-Nielsen
variables mimics the ordering in Fig. 3 if we let W, and WB be the
invariant'points.

We are free to move external lines pdst‘loops, as required by

rubber band duality, because

tt W, <R (W )

w ¢ re e < <
B+l = g = =W 7V =
and ‘
W < W . < soe < W < ' < eee < W -
5 SWay < S Wyap S Wy oW S SWon S ( ) < Wy

Notice that variables trapped between Wy and WB always remain

trapped, while variables located betweén thé invariant points of
different, adjacent loops are free to move past these points.

(In the planar case, no variables'are allowed between Wy

and w_. C
B ), . | |
In studying these periodicity properties, we will find it
convenient to move these latter lines completely‘away from the region

occupied by the invariént points. A simple renumbering yields

(waiw‘ ...iw‘ <w)

S+1 1™

0S¥ "t S WM SWg It ZVWyn

(Notice that the factors in the braces in (3.13) change slightly,

depending on the quark topology.)

‘Since the operator .R -flips these latter lines across the

5.0
(aB) loop, the operator (RBG...RXU) flips these lines completely

around the diagram. The regions‘occupied by these '"rotated" lines are

disjoint from previously rotated lines. As we rotate these lines an
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infinite number of times, they asymptotically approach the invariant

points x(l) and x(g) of (RBa‘.'RxO) These points vx(l) and
x(g) sepérafé-the regioﬁ occupied by the invariant'points from the
regionvoccupied By these fofated.lines. Likewise, the lines lying

- between @? and wB ~are rotated by the action of R,.- We summarigze

B

these statements as follows:

_ L@ R () < e e (2)
U2 = [x ivRBa ng(wo) SWgg SWg St Sy < x» <
o B
TSl ST S Ve SR ) swp e S s <
Va1 £ S o E;RBQ(WB-l) S Wy S X ]. .(3_16)

. We subtract out periodicities by constraining one variable in each set

to lie betweéen y and R(y where y is arbitrary, i.e.
: 0 07’ 0

[Raﬁ;-."%w(yo) < Wy ¥ < X(?)-]

and
[WB _<_»_yB-§ Waq S RB@(yB-l)] for ea,gh (oB) in {gf}. Notice the

)_l, meaning that

complete symmetry between the R_ 's and (RQB...R

pa O
the distinction between outer and inner quark'ldops disappears. In
each case, external lines belbnging to each'quark loop are confined to
lie be#Ween:the invariant points of that loop. (In.the planar case,
we only(have outer'quéfkblines,i.e.,the lines betwéen WB and w, are
missing.)
These éonstraints are enough to determine Ul uniquely. (All
multipl;erévrange from O to 1, but now they are no longer independent.)
We understand~ﬁhat Prof. C. Lovelace and Dr. V. Alessandrini
have obtained similar reéu%ps.Y ?

- ' : [
]
: - |
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APPENDIX A. THE JACOBIAN CALCULATiON
We show how the variables t,'ya,yB in the expression (2.14)
are eliminated and transformed into the variables X,xl,x2 in Eq. (2.1%).

We first find d:set'of'idenfities that relate t v

)a;yB to X:Xl:X

o
' Using Egs. (2.8), (2.9), (2.10), and (2.2), we can express, the projective
! . ] .

operator : R-l, definedlin'Eq. (2.9) as

B
Q- Z(yﬁ ~ ay§+1) - (ydyﬁ,' Yo+l Yp+1 2)
R, (z) = P (A.1)
B z(1.- a) + (aya+l - ya) .
‘with
.t B
a = 7.4, t = =3, (A.2a)
- (v, - )Y, = Vaq)
4 = o =178 B-1 (A.2b)

o1 = Y1) gy - Ypaa?

- On comparison of Eq. (A.1) with the standard form in Ref. 1, we find

. the set of identities

Q- - 2@ -xh), 3 (8.2¢)
VTyaj' éy5+1 = a(x, - x'lxl), (a2a)
ey, -V, = A(XTT - x), | (A.2¢)

yaysi"y&+1ys%1§ = dxx,(1 'rx-ljf o (A.2f)

1
a(ya = ya+l)(y€+l - yB) 2

—~
o>
n
IS
N

-1 2
X (x1 - x2)
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From Eqs. (A.2d) and (A.2e), we can derive the identity

vy (22
B o X X_l - X

8 = —L (8.32)

. X5 - X xl
Ya41 T Yon 1 :

With the further identities

yB+l(X2 - xlX) - xlxg(l - X)

Yo :- RBO{(‘VBH_) yB*’l(l' - X) +,}§2X - %) ’ (A.3b)
A1y oA
v, = 2l ) - Yours (%p = ¥ X7) - xx,(1 - x7) (A.%¢)
) - - - -1 ’ o)
B pa Yo+l ya+l(¥. - X l)-+ XX " - x
+ i o
| + z(x2 - X xl) - xlx2(l - X*) , ]
j RBa(Z) = + + 3. (A.)d)
z(1 - X*) + XXT - Xy
R- (z) - x zZ -~ X o _
B T2 _ xt e , ' ' (A.3€)
R: (2) - %, 27 %
pat’ 71
Bly) - x R(v.) - x,
Bo_a L =T B (5 Y11 2 *;7 s (A.3f)
-1 - v, - R (¥ Y, - X, )
Wy = xR () - 7] | @ TeatpliMe T T2l
. one then can show that the.expression (2.14) is equal to
~ : B(t,ya,y ) ';ab-%kde s - q)2 | . ay-1
X ax, dx, m?l“x*z-y 8 A -1 = 51

: _ik 2 4
[Réé(xa) - Ry (v) - x,] "o Oy ) vy ) (v, -y,)

Oy - %G, - %) G Vo) U 5

(A;M)
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NOW‘wé specialize-to the frame Xy = © Xy = 0. Then Rga =X, and
Vo = X1 Yp =1 Yo = Xy SO Thato
, 3£B+l N X" Yon
L = =) 5
%X
Yo =X
. -1 ' ' =
e X You - (4.5)
Hence fhe‘expressioﬁ (A.4) reduces to
dx[d'),{l]k[deJ[J]lx . [y - Xy5+l)(yoc+l ) XyB—l)]
xé:O'
o -4(k_)+1 SN2 ,
x x  “ (a - 8)" . (4.6)

sCaxt

" The calcdlation of the Jacobian factor

| 3(t,¥4¥ ) : B " :

is rather complicated. Fortunately, it gives

Pa @-x2
o d)2 3 . . (A.8)

Proof. From Eq. (A.2a), taking derivatives of t with respect to X,

) 5%, and using Eq. (A.2b), we gét
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d a(a) a:YB) .
(a - 4)° oK, x; ,%,)

g o= (4.9)
In deriving Eq. (A.9), we havebused the theorem that the determinant
vanishes when two rows are identical. We now use Eq. (A.3a) to take

derivatives of a -with respect to X,xl,x and evaluate in the frame

2 .
Xl =®, X5 = 05 we get
9%, EYQ
X'l(y . . . X_l) le . dxg
. 4 - B+l a+l '
J“ (a - ) Wga1 * Yo ) ¥y W e
0%y, X,

We then caléulate, from Eqs. (A.3b), (A.3c), the derivatives of YoV

with respect to x =, X, = 0), we

,xél (evaluate in the frame x 5

1 1
finally get:
. _ 2 [ ! )2 s 5
a1 -x)°|Yaa T Yo+l & (1 - x)°
J o= 23 52 = 5T
(a - d) X x, X (a - @)~ X

1
Q.E.D. (A.11)

Substituting Eq. (A.11) in Eq. (A.6), we obtain Eq. (2.15):

-2(x );1» o~

X _a gy ~ XY 0 - Xy )] 0

)2
B+l -1

dx[axlj_[axg{ (1 - x)



e

in Appendix C, Ref. 1, but now both Yy and ¥y

-3h- o UCRL-20055

FOOTNOTES AND REFERENCES
This erk was supported in part by the U.S. Atomic Energy Commission.
M;'Kaku"and L. P. Yu, The Géneral‘Multiloop Veneziano Amplitudes,

UnivérSityrof Califdrnia-Berkeléy preprint, August, 1970; M. Kaku

‘and L. P. Yu, Unitarization of the Dual Resonance Amplitude. I.

Planar N-Loop Amplitude (Lawrence Radiation Laboratory Report -

UCRL-20054, August 1970), submitted to Phys. Rev..

‘M. Kaku and L. P. Yu, Unitarizaﬁion of the Dual Resonance Amplitude.

III.‘ General'Ru1es for Orientable and Nonorientable Multi-Loop

Amplitudes,-Lawrence Radiafion Laboratory Report UCRL-20104, to be

submittéd to Phys. Rev.

M. Kaku and C. B; Thorn; Unitary’Nonplanar Clbsed Loop, University
of Céliféfnia-Berkeley pfeprint;jto bé’publiéhed'in Phys. Rev;

C. B..Thorn,'Unitary Nonplanaf Closed>ioop."II.; Phys. Rev;, to

be ﬁﬁbiished."

L. P} Yu, Multifactorizations and the Four-Reggeon Vertex Function
in ﬁhébDual Résonance Models. I., Phys. Rev., to be published;

L. P. Yu, Geﬁeral'Tréatmeﬁt on the_Multiple Factorizations in the
Dual Résonance'Models—And‘thé‘N-Reggeon Amplitudes. II., Phys. Rev.,
to be publiéhed.

Thevinfiﬁite number of cancellations is similar to those discussed

5’ (aB):(Zﬁ], are

not the invariant points. The complication is twice as much as in

Ref. 1.



o35- - | UCRL-20055

M. Kaku, Linear'Depeﬁdehce=and the Multi-Loop Veneziano Amplitude,

' Uhiversity of California-Berkeley preprint, August 1970.

C. Lovelace, M-Loop Generalization Veneziano Formula, CERN preprint;

V. Aleésandrini, A General Approach to Dual-Multi-Loop Diagrams,

CERN preprint.



-36- o ~ UCRL~20055

 .FIGURE'CAPTIONS
Fig. 1. -Déﬁbly factdrized tree diagram (nonplanar).
Fig. 2. .ﬁohplanar éingle-loop:diagram.
Fig. 3. gﬁﬁh;Faétorized tree diagram.
Fig. L. Nqnplénéva-loop'diagram (rubber-band),i

: Fig;'5; Ordering of the S + 2 variables s> i=0,1,*+",541,

i # &23%;2(}, ana x(l) x(g) (oB) = [;(J.

ap’ “ap ’
Fig. 6. ‘Ordering of the external legs yi's relative to the loops.

There is hQ Yy between any two adjacent loops.

Fig. 7. Nonpianar configuration via Sciuto vertex.
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or :

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report. '

As used in the above, "'person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, . or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.’
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