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'ELECTRO-. AND.MAGNETO-OPTICAL_EFFECTS 

·Y • R. Shen 

.Department of.Phy~ics, University of California 
and. 

Inorganic Materials Research Division, 
Lawrence Radiation Laboratory, 
Berkeley~ California 94720 

. . 
ABSTRACT 

. ' 

Theories of electro- and magn~to.-effects ·are reviewed. 
. . 

. Symmetry. argument for finding independent and nonvanishing: · 

! components of the electro- and magneto-optical tensor 

coefficients is briefly described. Emphasis is on the 

recent development of the microscopic theories which predict 

quite accurately the magnitudes of these nonvanishing com-

ponents. 
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. .. · 
I. . INTRODUCTION. 

The prop~rties.of a material may vary wi~h applied electric and 

magnetic fields. In particular, the fields induce a change in the 
. . 

optical dielectric constan~s Eij or the refractive indices n~j· Conse-

quently, light propagation in the material is affected by the fields • 
. . .. . . . 1 . 

Such induced optical effects are known as electro-optical (induced 

by electric field only) and m~gn~to-optical2 (induced by magnetic 

_field only) effects. Thus, for examples, a de electric field can 

,. . induce linear birefringence. and a de magnetic field can induce 
.. 

_, 

·-··_·--------·--····--···both linear and circular birefrlnge_nces .in a medium. Electro- and 

magneto-optical effects are the underlying principles for many useful 
-· ----· --··--·-__;,_-.,.. --~--·~·-'· ....... ~ .. 

optical devices. Scientifically, measurements of electro- and 

--:- ~.-.-------·--··----........ 
magneto-optical effects often yield valuable information about the 

~--·-· --------~-·-· --~t_r.uc~\l:re and "electron:tc properties of .~ .. m~~erial. 

.. . . ....... ~ ... ,; 

II 

. ; 

. de de In the presence of the applied de f~~lds ~ and.~ , the optical 

dielectric constants of a medium can be written e.s 

. (Edc Hdc ) = 
£ • .1 , 

l. - .... 

o A ( de Hdc). 
e:ij + L.lE:ij ~ ' (1) 

Two questions arise in the discussion of electro- and magneto-optical 

effects: {1) For a given medium, what do we know about the tensor 

(2) Given D.t., how does it affect light propagation in the medium? 
·J;:;;j 

In principle~ the second question can always be answered by solving 

the Maxwell equationso Here, we simply refer to the literatures on 

the subject. 3 In this review! we shall limit ourselves to the dis-

-. 
'.•. 
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I , 

cus'sion. of the· first _question; 

The dielectric constants of. Eq. (1) can usually be expanded· into 

power series of Edc and Hdc • .... 

·.· Eij = to +. ~w [x(2e) ~c + '/2b) ~~ ij ' ijk . ijk 

.. .a- X (3ee) EdcEdc ~ x(3eb) EdcHdc v /3b~) ~cHfc .. .] (2) ijkl2 k fl. .iJk.R . k R ijk~. 
y 

where x's are coefficients independent of the fields,4 and the conven-. 

tion that a tensor product is expressed by ~epeated subindices is used: 

For simplicity, we shall a~sume in this paper that £1j depends weakly 
. . . ' . . . 

on the applied.fields, and therefore only the leading terms in Eq. (2) 

give observable effects. In some special casesa one can also include 

·the full expression of £ij in the description without too much complication. 

Our problem now is to find X0s in Eq. (2) for a given medium. 
,o ~ I . • 

,. 

Because of the existing symmetry of the medium, many components of the 

X tensors are vanishing and only a few independent. The problem can then 
~ 

be separated into two parts: first, to find·from the existing symmetry of 

-
a ~iven medium the independent nonvanishing components of the X tensors 

and thenJ to find the magnitudes of these nonvanish'ihg components • 
' . 

While the second part of the problem depends on the microscopic properties 

of the medium, the first part can be solve~ by a simple thermodynamic 

treatment as we shall now briefly describe. 

Again, for simplicity, we shall ass~e that the medium is nondissipative. 

Optical effects at absorbing frequencies are, of cotirse, important, but 
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they yield more specific information about the energy states involved . 
. . ' 

in 'the absorption.' pz:ocess than general informat.ion about the medium 

as a whole. Let us consider a quasi-monochromatic light which is 

represented by the field 

.. * 
E(t) = &(t) exp {-iwt) +: (t) exp (iwt) (3) 

where I a:/dt I << IW:I; If the light is propagating in a nc:mdissipative 

m~dium with a dielectric const~t E(W)~ then the time~~veraged energy 
~ ( 

density stored in the medium.is given by5 

which becomes, with the expression of Eij in.Eq. (2) 

0 = (1/l.m)l&: (awe:
0

ij/aw~ &j .+ IHI 2. 

+ 4'!1' &ui (c/dw)wfx~2e)Edc + X~2b)H.dc l ~Jk k ~Jk ·-k. 

.. 

Suppose we now rotate the medium about a certain axis by a certain 

angle·~ This energy density should change accordfngly from 0 to 0 1 • 

If~ however, the rotation happens to be a symmetry operation in the 

(4) 

. ... 

"(5). 

symmetry group of the medium, then the medium would appear unchanged 

after the rotation, and therefore 0 = 0'. This symmetry argument ·applies to·: 

. each term of Eq. ( 5) independently s ana can be used to find the independent 

components of X· 
~ 

Let us consider as an example the x(2e\erm which is responsible 
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. for the linear electro-optical effect. ·.We write 

* _. (2e}· 
·. Oe = &i (awxiJk /()w) .&jE:c • 

If s1J represents a syminetry operation, then we would have 

* * 
(2e) 

Edc 0• = ~ . sii, (awxijk f()w) 
sJJ' skk' EJ' :0 

e · i 1 kft ·_e . 
. .. 

and nence 
.. 

' 

* (2e) ...; (2e) 
sf. n XiJk sJj' 8kk' - xi 'j _'k n . l 

(6) 

(7) 

.. 
(8) 

we haven such relations if there·are n symmetry operations in the symmetry 

group of the medium. In ad_q.ition~. we have, from_ general principle of 

symmetry for a nondissipative medium~ 

(9) 

These relations make ~ome components of X(2e) vanish and others depend 
1=:::1 

on one another. An immediate consequence cif Eq,. (7) or (8) iS·.:that all 

C?mponents of X(2e) should be zero for crystals with inv~rsion symmetry. 
. . 

As a simple illustration~ let us consider the zincblende crystals, such 

-as G~s, which belong to the class Td. These crystals remain invariant 

under 180° rotations about the three 4...;fold axes. From Eq. (7) or (8)~ 

we-find 

X
(2e)=· (2e) 
111 -xiii = O; 

·. . ' I ·. 

·. (2e). (2e) o·· (2e) = -x(2e) 0 i -::fo j! 
xlJJ -= -xiJJ = ' xiiJ . . HJ = ~ · 

\, 

. (10) 

The and X~~~) with i i:F j * k are the only nonvanishing components • 

_crystals also remain invariant under mirror reflections about the three 

diagonal planes. This symmetry gives 

(2e} (2e) . (2e) 
Xxyz = xyzx = Xzxy ' 
= x(2e) - (2e) - (2e) 

-~xz . - Xzyx - Xxzy 

(11) . 
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,-

{2e) -
and!' consequently~ we have only one independe~t component of X fo~ 

crystals in the. class. Td .. It can be seen that the linear electro.:.optical 

effect and the piezoelectric effect follow the same symmetry considerations. 

We can, therefore, obta).n the linear electric-optical.tensor·x(2e) _for a 
. 6~-

crystal from the piezoelectric tensor listed in many texts .. 

· (3ee) · · The quadratic electro-optical tensor X for a medium can be deter-

mined Similarly. For example~ for an isotropic medium~ the nonvanishing 

- ·_ ( 3ee) - ( 3ee} ( 3 e) · 
components of X are x .... , and X e with i * j 

~ 1111 ·.· iijj . . . ~-

The symmetry considerations for the terms involving magnetic field in 

Eq. (5) _are slightly :different 11 since the magnetic fieid, b~ing a pseudo-

vector, is invariant under inve~sion. For a_pseudovector~ the transfer-

mation matrix for a pure rotation is the same as that for a rotation 
. 

plus an inversion. Therefore, we should have 

(2b) 
: xi I j 'k I t etC •, (12). 

M where Skk.' are transformation matrices for symmetry-operations associated 

wtth a pseudovector. As a consequence X ( 2b) ~ unlike X (2e), 6i.oe_s not 
~ ~ 

vanish in a medium with inversion symmetry. For example~ in an isotropic 

medium or a cubic system, the nonvanishing components of x( 2b) are 
. . 

( 2b) ( 2b ) ( 2b ) ( 2b) * ( 2b ) * ( 2b } * 
~z = X1zx = ·Xzxy = xyxz = Xzyx = Xxzy • In addition to Eqs. 

and (12), one can also show from general principle of symmetry that7 

· ( de 
£ij ~ ) = (13) 

(9) 

As a result, the real part of €ij should be an eve~ function of Hdc and · 

'th,e imaginary part of E:ij an odd function of ~de Physically, the 
• 

imaginary part of E:ij induced by the magnetic field leads to induced 

... 

,. '. 
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. ' 
. . 2 

circular: birefringence or the Faraday effect~ and the real part leads 
. . . . 

. to induc~d linear birefringence or the Voigt effect. 8 ·.we .can 

conch1de · .. f:;-om Eqs. (9) and (13) that .all the nonvanishing components 

(2b) · (3eb) 
.of Xijk. and XijkR are imaginary~· and .. those of 

. (2e) (3ee) 
·· xiJk ~ xiJk~ .~ 

(3bb) 
. and xijk2 .real. 

We note in passing that the same energy density 0 of Eq. (5) also 

governs.the inverse electro- and magneto-optical effects. If we consider 

0 as the stored energy density of the. de fields, then the corresponding 

d 1 . t . -ode d . t . . . t . Mdc 9 c po ar1za 10n ,.. an magne 1za 1on are 
~ ~ 

de * (a 1 ) ~ {2e) x(3eb) <c 2X(3ee) Edc]& pk = &i aw w xiJk + + (14) ijkll ijkQ 2 . j 

de _ s.· 
Mk - i 

3 ~ (2b) ( /aw~w xiJk + x(3eb) 
ijkQ 

Edc 
ll + 2 (3bb) <c]& 

xiJkll J • (15} 

. B~th pdc and Mdc are. quadratic functions of the optical field. These 

equations show that de polarization and magnetization can be induced by 

an optical field. The inverse electr.o-optical effect, known as.optical· 

rectification~ has been observed in electro-optical crystals ( x< 2e) -:/: 0) •10 

. The inverse Fara~ay effe~t, which c~mes from x( 2b), has also b:en observed 
. ~ 

i 1... th t . "d d. . t . t . 1 11 n uo paramagne ~c an · 1amagne lC ma er1a s. Calculations show 

that the inverseVoigt effect, arising from the X( 3bb) term, should also 

be observable. 12 ,13 

. We·have seen how symmetry considerations can,help.us ~etermine the 

forms of the x tensors for a. given medium. We now come to the central 
~ 
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ff . . t 14 theme of this review--how·to find the magnitudes of these X Goe .1c1en s. 
~ 

In the following sections, we shall discuss electro-optical and magneto-

optical effects separately~ We shall first outline the procedure for 

deriving the exact microscopic expressions for X· We shall then use a 

two~ level or two-band model to simplify the expressions' 59' tl:lat quantitative 

est.~mates of X become feasible . 

. II. LINEAR ELECTRO-OPTICAL EFFECT 

: In general, both'electronf3 and ions in a medium contribute to electro­

optical effects. At optical frequencies much larger than the frequencies 

of lattice vibration,. the ionic contribution comes in because the de electric 

field disturbs the lattice, but the effe.ct iS oi'ten negligible, or can.· 

be taken into account implicitly_ through it.s effect on de susceptibility. 

Here, we shall limit .our discussion to \he e1ectroni.c ~ontribution only. 

The microscopic expression for xi~:) can be obtained from straight 

forward perturbation calculation. In the electric-dipole approximation, 

the Hamiltonian ·of the system is given by 

... 
(16). 

·where JC is the Hamiltonian for the unperturbed mater:tal system, r ... is 
0 I 

the electron coordinate with respect to the position of the associated 

·molecule or the unit cell, and the symbol for summation over electrons 

is' ami tted' for simplicity. The first-order perturbation theory with 

Edc ·= 0 leads to the u~ual expression for the linear dielectric constant15 ·~ 

(.r J) 1 ( r. ) 1 } + nn 1 n n o 
h (w , + w) Pn 

· n n 
(17) 
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where 

. 'JC ln.) = E In> · o n · 

hw , = E . - ·E , 
n n · n' n 

' . 16 . : 0 
N is the density of molecules or unit cells, and p is the population . n 

in the In )· state at thermal equilibrium. Application of a de electric 

·field on the system modifies the linear susceptibility xij through 

chang-es in the energies, tne wave functions, and the populations of . .• . 

the electronic st~tes. In most electro-optical materials, the states 

are either fully occupied or' empty at normal temperature, and the change 
. ' . . . ! 

'( 

in P~:is negligible. Then, the next-order perturbation calculation 

i ld th . . . . f . (2e) 17-19 
y ~ S · €' mlCrOSCOp.lC expreSSlOn Or, Xikj . . 

xf~~) = (Ne3 /h 2 )· L {'"'n~ ~;. i) g~ (rk) nn. (r J )n. !l 

g,n,n' (w - w ) w 1 ng n g .• 

. ·' l 

·+ (18) 

where r g ) are the fully occupied ground states and In ) and In I ) are 

the empty excited states; . 

It is obvious from the above expression that without detailed 

knowledge about energfes and wave functions of all the electronics 

t t t 1 evaluate ·xl<. J2ke). s a es, one canna· possib y Unfortunately, our knowledge 
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abo\lt· excited electr<;>f!.lc states ii> very lim~ted. 'l,'o find :the magnitudes 

· (2e) 
of Xijk , we must .resort to some approximation to circwnv~nt this diffi-

culty. The usual approximation is to assume an effective mean transition 

frequency w for all transitions. It is equivalent to approximating . . ng 

the complex system by a simple two-level system. The approximation is 

reasonable if the integrated oscillator strength for transitions in a 

fairly narrow.range of frequencies dominates, and if the frequency w is 

far aYay from any resonance absorption. By pulling the dispersion factor.s 
. 19 .20 

outside the summation signa we can then write ' 

assuming {r) = 0. gg l 
Consequently, Eq. (18) reduces to the form19 

(19) 

(20) 

. (2e) 
T1-+en, for evaluatln~ Xn:j , we only need to know wng and the wave functions 

for the ground states I g ) • 

To find w . · , we assume that the same mean frequency can be used ng 

to reduce x11 , so tha( Eq. (17) gives 
I . 

[ 2- (-2 2)] ~ ( ) x11 = 2Ne w /h w . - w L r 1ri . 
· ng ng g. gg 

(21) 

The above expression describes reasonably well the dispersion of the 

linear susceptibility for many materials. We can therefore deduce 

w from measurements of refractive indices at several frequencies. ng 

The ground-state wave functions or electron-distribution depend 

cr;ftically on the micro$copic structure of the medium. However, in most 

.. 
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.! 

cases·, they can b~ approximated by simple linear combinat~ons of atomic 

. orbitals or oth~r basic functions such as ·the Bloch functions. Thus, 

for example, 1n a III -.V compound, the valence electrons are mainly 

responsible for the optical transitions. The valence states therefore 

correspond to the ground states I g ) in Eqs. (20) and {21) ... The molecular 

model of a III - ~ compound (A111~) assumes that the eight valence 

electrons around each Alii atom are paired up to 'form four tetrahedral, 

bonds ·connecting the Alii atom to the four adjacent BV ~toms. as shown 

in Fig. 1. From the theory of molecular orbitals, 21 we can then describe 

the g:round-state wave functions.of these valence-electrons approximately 

by the linear combinations of sp3 hybridized orbitals centered at 

A1~1 and BV and pointing in the [1,1,1] directions. 

lliiii 
1 ' 

-~tk +/3,..) 
- 2 ,"'ns · '~'np 

.~ 

lj~n'p) 
-~ 

(22) 

, where 4>
08

, <f>np , etc. are hydrogen-like atomic .':'ave functions, tliiii . 
-~ 

describes an orbital centered at Alii and pointing in the bond direction 

t, ~V is centered at BV and pointing in the -~ direction, and A is a 
. 22 

parameter which determines the ionicity or polarity of the b.ond. 

Thus, knowing the ground-state wave functions, we can readily evaluate 

xg~) 'from. Eq. (20) by sunuhing over contributions from the eight valence 

- . . 20 23 
e_lectrons per each Alii atom. ' The factor N in Eq. (20) Js nmr the 

density of Alii atoms, and the overlapping of 

neglected. 

bond orbitals has been 

. 
24 . 

A somewhat different approach has been taken by Levine . 

J 
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using Phillips' theory of chemical bond. Again ~ssume that we can 

.. replace all the ·transition frequencies in a semiconductor or insulator 

by the mean frequency w 
ng Then, the Thomas-Reiche-Kuhn sum rule 

. 25 becomes 

. \' h2m w I (r· ) 12 = h2m ii:i (r ri) = 1. L ng i ng ng i gg n . . . . 

Along a.cryst~l axis, Eq. (21) reduces to the form 

. / 

(?3) 

(24) 

2 2 where w. =ne /m is the plasma frequency with n being the density of 
p 

valence electrons, andE = hii:i is the effective energy gap, which is 
. . g q . . 

usually larger than the tr~e energy g~p. In the limit of zero frequency, 

we obtain X;i = h2w2/E2, which has been derived by Penn from band-theory 
... . p g 

. . 26 
calculation. Applicatio. n of a de electric field should modify x .. 

~l. . . 
through E 

g 
We can express Xii in terms of the bond polarizability 

a.~E; along the bond direction E;, assuming that the bond polarizability 
. 

in the direction perpendicular to E;.is negligible; 

(25) 

where 'T1 ~ is a·geometric factor arising from coordinate transformation 
~ ~ ~ 

betveen E; and 1, and it.~ is the density·. of ;bonds along · E;. If all bonds 

are aiike except.pointing in different directions, then we have 

~ I 

with F ii (S} = ~~i~2 rLt17V . This is true in many simple crystals. From 

.. 

; ; 
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e. two-band mod,el, Phillips h~s shown that27 

(26) 

where ~- Js the homopolar effective energy gap determihed mainly by 

the lattice consta~t, C~ is the charg~-transfer energy, ZA and r A are 

.. respectively the number of valence electrons and the covalent radius of . . ' . . . 

the A atom in the ~ bond, and I represents the effects (!f Thomas-Fermi_ 
·.. ' ~4 

screening (I ~ .0.12). From E.q. (26)' one' can now calculate E 
' g 

_ nwneric_ally for. a given simple crystal. 

- (2e) 
We.are, however, interested in finding X • As Levine has point~d 

out,24 an applied de eie~tric field should d7splace the bond charge 
2 ' . . 

q ,;, ( /~ )e by a distance /).r ~long the bond direction, wh:re Eh is the 

h6mopolar part of the static dielectric- co~stant. 27 This produces a de 

dipole moment such that . . . . . 

(27)-

On the other hand, it leads to a change in the charge.transfer energy C~. 

We then have,· from Eqs. ( 24-28) , 

(2e) 
x~~E; = 

(11
1 
F2 .. > [ 8. 1 2 ( > 1 2 :? 2 1 2 de = 11 e ZA + ZB CE; h q d n,wp Xu Xu-

(28} 

(29) 
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,.. 
when all bonds are alike. This geometric factor Gijk (E;) is zero for 

:those X~j2~) components which must yailish as required by symmetry. 'Vlhen 
I . 

(2e) · 
all the quantities in the above expression for xijk are·known for a 

given crystal, '-~'e can then ?alc~late xg~) ~umerically. Using this model, 

24 ' {2e) · 
Levine has calculated Xijk for many crystals of zincblende and · 

wurtzite structures. The agreement with experimental data is excellent, 

considering the many approximations· involved in th~ calculation?8 

From Eqs. (29) and (30'), we find 

/

2 2 J2 2 2 
l1ljk = {GiJk Fii) (8 f e. (ZA + ZB)/h q d rl;wp]CE;. {31) 

-~ ~ 
This relation was orig~.nally suggested by Miller who pointed out that 

f 

l1 is of the same order of magnitude for a large variety of materials. 

For all III - V and II - VI compounds, the factor 6ijk/CE; should be .. 

nearly a cons.tant. The agreement Qf this assertion with experimental 

· 24 . (2e) 
data.is again excellent. For large XiJk , we must therefore have 

large linear su;:;ceptibility (or small Eg_as seen from Eq. (24)) and large 

charge-transfer energy CE; compatible with small Eg. In addition, the crystal 

structure should be in such a way that contributions front various bonds would 

add rather than subtract. 
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.·In the above Q.iscussion • we have neglected the loc~l-t'ield 

·correction,. which. is clearly non-negligible since the .valence 

electrons are fairly localized a~ .seen from the bond picture. ··However, 

• · de · · 
if we use the observed macroscopic Xu and Xii in the expresslon for 

(2e) 
xijk , then the local-field effect is automatically taken into account. 

III. QUADRATIC ELECTRO-OPTICAL EFFECT 

· We can also d~riv~ .the microscopic e~pression for x( 3ee) by 

carrying out the next higher-order perturbation caicula~ion,20 but again 

·if will be useless for actual ~valuation of x(3ee). For the latter 

purpose, we must use the same approximations discussed in the last section. . . 

Using Levine's approach, we find from Eqs. (24-28) 

. (32) 

where·we have neglected the 
32Ct,/a(E~c) 2 term, which is usually small 

"24 
in most crystals. We then obtain 

. (33) 

where Gijk2 is, again, a geometric factor coming from coordinate 

(3ee) 
t~~nsformation. Numerical values of Xijk£ calculated fr~m the aboveexpres-

~ I t \ ' 24 
sion for several simpl~crystals also agree vell with experimental data. 

We dan also define 
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(33) 

but now, for the.group of semiconductors, l:!ijki is ro'l.lghly proportional 

[
I 42. 22 to .1- c'" x .. /h w ]. . ... ll . p 

. ·.For materials in which molecules can rotate and move around, there 

is also contribution to the quadratic electro-optical·effect from 

molecular reorientation and redistribution by the de electric field. 

(or. in the quantum picture, populat.ion redistribution induced by the 
, 

· field in the ground s~a:tes). T~is, in fact, constitutes the major part 

... of the observed quadratic electro-optical effect or Kerr effect in 

liquid media~ Because of the limited scope of this review, we shall 

not go into detailed t~eoretical discussion on this subject here, but 

3(:r refer the readers directly to the existing literature 

IV. MA(}NETO-OPTICAL EFFECTS 

We now consider the effect of a de magnetic field on the linear 

~ielectri~ constant Eij or the linear susceptibility Xij' From Eq. (17), 

ve recognize that the field dependepce of xij comes in through the 

. \ :wave functions of In ') and In 1 ) , the transition frequenci~s w , , and 
. n n 

the population factors p~~ In a diamagnetic medium, the states are 
. .· 0 

either fully occupied o: empty, and pn· are unaffected by the de magnetic 

field. This chadge in x.j induced by field dependence in wave functions 
. l 

and energ,ies is known as the diamagnetic e~fect. 31 In a pari3Jllagnet ic 

medium, however, the populations of the ground ·states do change as a 

result of Zeeman perturbation;, This population redistribution, which 

is responsible for paramagnetization, also leads to a change in xij' 
'• 
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known as the paramagnetic effect. 32 The paramagnetic effect, when present, 

usually dominates o~er the diamagnetic counterpart at low temperatures. 

Let us first discuss·the linear magneto-optical effect. We choose 

the crystal axes as the coordinate axes. Then, from symmetry argument 

(Sec. I) , xg~ )• with i =f:. J are imaginary and are the only nonvani shing 

components. The microscopic expressions for XiJ and X~~~) with i =f:. J 

can b~ written as 33
s
34 

* = (1/2) <x.J - x.J) 
l l 2 . . 2 

( .
2 t o t [j(r+)gnl j(r_)gnl J = New/h) L p L + 2 . 2- 2 2 

. g g n (w ) - w (w- } - w 
ng ng 

[ 

+ 2lt 12 - 21 .,'2 
2 0 ( w ng ) \ r + ) gn ( w ng} ( r _)g. n ]· 

= (Ne /hw) L p L : + 2 2 .· - - 2 2 
· g g n (w ) - w i (w } - w 

· ng i ng 

( 34) 

(35) 

where r 1 = (ri ± rJ)//:2 

± de w = w :± g).JBH..-ng ng -k 

The above expression for xg~) is again too complicated for nwnerical 

evaluation. We are tempted to use the same approximation as used in the 

+ 
discussion of electro-optical effects. However, if w- are replaced by ng 

w in Eqs. (34) and (35), both x.j and X~j2kb) become zero. 35 This is the ng · 1 1 

result of cancellation between L j(r+} 1
2 

and L j(r ) 1
2 . This 

n . gn . n - gn 



, 
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cancellation is imper~ect when the dispersion factors are included in the 

summation. 

For the diamagnetic _part, we can write 

()(~~~ i )De.(Ne2w/h) IP~Il ( -:wng)2[:i~ j(r + )gn 12 - aw~~ I (r -. >_ gn 1_21 
g n wnk -w 0 '"k ' ' a-Rk J 

+ L ~ 2t(r+)gn(-~)nn'(r~)n'g-(r_)gn{-f\)nn'(r+)n 1 gJnw1 · I· 
n' w -w n'n ng 

(36) 

The magnitudes of the magnetic-dipole matrix elements (M ) , depend very 
-"k nn 

much on the material system. However, one might expect that the terms 

involving (M) , in Eq. (36) are smaller than or, at most, of the same -"k nn 

order of magnitude as the other terms. We can then take the approximation · 

- ) t o I< > 12 - wng L p g r + gn 
g,n 

(37) 

-where g is the mean spectroscopic splitting factor. 

For an estimate of the paramagnetic part, let us define the electronic 

states more explicitly by 

< n I = <y ~ J I n n 

where J represents the·set of quantum numbers describing the angular 
n 

part of 

We then 

the state, andy represents the other spe:cifications o~ the state. 
n 

find from L I (r+) 1
2 = L I (r ) 1

2 
that 

n gn n - gn 

I I<J lr IJ >1 2 = I. I<J lr IJ >1 21 
J g+n J g-n • 

n n 

We can write, with /:J. = w i - ( w ) ng ng ng y' 

.) 

,, 

,, 
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~ [< w } ( t:. } i (< w . } 2 - w2)2l r j{r ) 12 . 
ng "! ng . y ng .y . · . J J i gn • (38) 

n 

(2b) . 
The expression for (xijk )p then becomes 

(39) 

where Zi represents the mean ( t:. ) • We can imagine that transitions ng y 

from the ground states to the group of excited states with the same y 
. n 

give rise to a broad absorption band. Th~n, Zi ca~ be taken approximately 

as the mean halfwidth of the strong absorption bands. Clearly, the 

approximation here is ppor, 'and we should be satisfied with an order-

of-magnitude estimate only • 

.,· 
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4. - - 27 We have Xii ~ 0.3. and hwng_ ~ 1 ev ~ hwn•n· Then~ at hw.= 1.1 eV, 
. -. (2b) 0 

ve :find, :from Eq. (36) with_g = 2, ("ijk )D :=::$ 2 x 10-l /Oe. The Verdet 

constant :for the Faraday rotation is given by 

. (2b} 
(2nw/c) X · • V

. - (40) 
ijk 

· · · We then have V ~ 1 x 10-5 rad/ cin - 0~. for CdS. The observed Verdet 

cpnstant :for CdS at hw = 1.1 ev is 3 x 10-5 rad/cm- 0~.36 As another 

example, ve consider the c_~se of CaF 
2 

At low temperatures, the paramagnetic 

doped with paramagnetic 
. . ( 2b.) . ~ . 

term (xijk >p _ dom1.nates. 

. 2+ 
EJJ ions. 

Since 

''2+ 
the absorption edges in both EJJ. and CdS appear near 4000 A, we assume 

the· same values of xi. 
. ~ 

o:f E112+ are the 8 81112 

and hw 
ng 

:for EJJ2+ as for CdS. The ground states 
0 

(apg/aH) ~ 2JJB/kT. multiplet. We therefore have L 
g 

The hal:f-w~dth of a strong band is usually around a few tenths o:f eV. 

We set F.~ 0.2 eV, corresponding to a band width of 3000 cm-l At 

T = 4 .2°K and hul = 2.26 eV, we find, from Eq. (38), (~~=) )p ~ l~-7 /Oe. 

''2+ 4 
Then, the Verdet constant for CaF2 :1% EJJ is v·~ 1 x 10- rad/cm-Oe . 

-4 ·; 37 The observed value is V ~ 5 x 10 rad cm-Oe. Therefore, in order to 

have large paramagnetic Verdet ~onstant, we must not only find 

a crystal with large Zeeman perturbation on the ground-state populations, 

but should also have the :frequency w close to a strong absorption 

band. 

In general, one can show that under limited conditions, the para-

magnetic _part of the susceptibility Xij is proportional to the 

magnetization ( l-1 ) • 32 •33 

I -

(Xij)P·= A l mp~ =A (M >·. 
. m. 

(41) 

... 
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The magnetization, and hence (x1j)P, saturates in the presence of 

:strong field. This.is usually the case in ferromagnets. The 

·:paramagnetic rotatlon is· always very strong in ferromagnets, b.ut 

is st.ron.ger if w is close to a strong absorption band ln materlals 

.• 

(3bb) 
We ~an also find the microscopic expres.sion for Xijkll from 

· a2xiJ/2a~caH:c. It is easy to s~e that for w sufficient~y far away 

from absorption bands the diamagnetic part of x".( 3b~) is roughly 
ljkQ . . 

. - { (2b) . . . 
· gl-JB/I'iwng times smaller than XiJk )D, and the paramagnetic part of 

(3bb) . . . (2b) 
Xijk.Q is glJB/kT C g times sma~ler than (\jk' )p. In general, the 

paramagnetic Voigt effec~ is given by [x11 (~~~)- x11(0)]p, which 

becomes comparable in order of magnitude with x·. {~c) when the magneti­
lj ... 

zation becomes· saturated. 

In liquid media., molecules can also be real.ignedand redistributed 

by the applied de magnetic field. Molecular reorientation and 

redistribution are partially responsible for the observed quadratic 

magneto-optical effect in liquid. The linear birefringence induced by 

a magnetic field in liquid is known as the Cotton-~ifouton effect. 

~heoretical treatment on the Cotton-Mouton effect should follow closely 

to that on the ·Kerr effect in liquid. 

V. CONCLUSION. 

While oymmetry argument is useful to identify the nonvanishing 

independent components of the X tensors for electro- and magneto-
. . 

optical effects, a microscopic theory is needed to estimate the 

magnitudes of these nonvanishing components. Calculations using a 

simple two-level or two-band model appear to be a good approximation. 

.. 
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Good agreement between theory and experiment for electro.,..optical 

coefficients has been particular.ly encQur~ging. The same calculations 

19 20 22-24 also predict the nonlinear. optical coefficients successfully. • '. 

The approximations used· to calculate the Verdet constant for magneto-

optical rotation are rather crude, but theydo yield order:_of-magnitude 

agreement with the experimental results. ·The quantitative calculations 

discussed here break down in the limit where optical absorption 

becomes appreciable. 
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