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Synchrotron Radiation from Electron Beams in Plasma Focusing

Channels

E. Esarey, B.A. Shadwick, P. Catravas, and W.P. Leemans
Center for Beam Physics, Ernest Orlando Lawrence Berkeley National Laboratory, University of
California, Berkeley CA 94720

(December 6, 2001)

Abstract

Spontaneous radiation emitted from relativistic electrons undergoing beta-
tron motion in a plasma focusing channel is analyzed and applications to
plasma wakefield accelerator experiments and to the ion channel laser (ICL)
are discussed. Important similarities and differences between a free electron
laser (FEL) and an ICL are delineated. It is shown that the frequency of
spontaneous radiation is a strong function of the betatron strength parame-
ter ag, which plays a similar role to that of the wiggler strength parameter in
a conventional FEL. For ag 2 1, radiation is emitted in numerous harmonics.
Furthermore, ag is proportional to the amplitude of the betatron orbit, which
varies for every electron in the beam. The radiation spectrum emitted from
an electron beam is calculated by averaging the single electron spectrum over
the electron distribution. This leads to a frequency broadening of the radi-

ation spectrum, which places serious limits on the possibility of realizing an

ICL.
03.65.-w, 02.60.Cb, 32.80.-t, 02.70.-c
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I. INTRODUCTION

The propagation of electrons beams through plasmas is relevant to a variety of advanced
accelerators [1] - [5] and novel radiation sources, such as the plasma-focused free electron
laser (FEL) [6] - [10], the plasma-wiggler FEL [11], [12], the ion-ripple laser [13], and the
ion-channel laser [14]. Recent experiments that explore the interaction of an intense elec-
tron bunch with a plasma include the plasma wakefield accelerator (PWFA) experiment
at Argonne National Laboratory [3], the E-150 plasma lens experiment at Stanford Linear
Accelerator Center (SLAC) [4], and the E-157 PWFA experiment at SLAC [5]. In the E-157
experiments, a 30 GeV electron beam of 2 x 10'° electrons in a 0.65 mm long bunch is
propagated through a 1.4 m long lithium plasma with an electron density up to 2 x 104
cm 3. The electron bunch propagates through the plasma in the so-called blowout regime
[15], i.e., the initial beam density is greater than the plasma density. In this regime, the head
of the bunch expels the plasma electrons and leaves behind a nearly uniform ion channel.
The bunch length and plasma density are chosen such that the blown-out plasma electrons
come crashing back to the axis near the tail of the bunch, thus driving a very large axial
electric field, on the order of several hundred MV /m, that can accelerate the electrons in
the tail of the bunch. The blow-out regime of the PWFA can be viewed as a short-bunch
version of the ion-focused regime of electron beam propagation [16] - [19]. The “ion-focused
regime” is a phrase traditionally applied to describe the propagation of long (compared to
the plasma wavelength) electron beams in a plasma and, hence, these beams are subject to
the electron-hose instability [20] - [23].

One consequence of operating in the blowout regime of the PWFA is that the main body
of the electron bunch resides in the nearly uniform ion channel, since the plasma electrons
are blown out to approximately the plasma skin depth, k, ! = ¢/w,, which is typically much
greater than the bunch radius, where w, = (47n.e? /m.)'/? is the plasma frequency and n,
is the electron plasma density. Associated with the ion channel are very strong transverse

fields, on the order of several thousand Tesla per meter, that subsequently focus the body



of the electron bunch. Since the initial beam radius (50 — 100 pm) is much greater than
the matched beam radius (~ 5 pum), the beam radius will undergo betatron oscillations as
it propagates through the plasma [5], [14]. In the blowout regime, the radial space charge
electric field [5] is E, = (em./c*)k2r/2. At the edge of the beam, r = 73, this can be written

in convenient units as
E,[MV/m] = 9.06 x 10~ **n [cm™3]ry[pm]. (1)

Likewise, in the blowout regime, the betatron wavelength is A\g = (27)1/2)\p, where 7y is the
relativistic factor of the electron and A, = 27/k, is the plasma wavelength, which can be
written as

Aplem] = 3.34 x 10%(n [em™3]) 712, (2)

Time-integrated optical transition radiation has been used to study the transverse beam
profile dynamics in the E-157 experiments [24], [25], where up to three betatron oscillations
of the beam radius have been observed [25], [26].

In addition to the blowout regime of the PWFA, an accelerated electron bunch will expe-
rience transverse focusing forces in typical plasma-based accelerators, such as the laser wake-
field accelerator (LWFA) [1]. For example, in the linear regime of the LWFA, the wakefield
is often described by an electrostatic potential of the form ® = ®q exp(—r?/r2) cos k(2 —ct),
where 7, is the radius of the wake and is proportional to radius of the drive beam. Notice
that the axial electric field £, = —0®/0z and the radial electric field £, = —0®/0r are
phased such that there exists a 7/2 region of axial phase k,(z — ct) that is both acceler-
ating and focusing. An electron residing off-axis will undergo radial betatron oscillations
about the axis due to the transverse focusing force of the wakefield. The magnitude of
the focusing field near the axis is |E,| ~ 2r®q/r2, assuming cosk,(z — ct) ~ 1, and the

172 where &y = e®q/m.c? is the normalized ampli-

betatron wavelength is A\g = 77,(27/®0)
tude of the wakefield. The density perturbation on axis associated with the wake is given
by 0ne/ne = —0o(1 + 4/k2r2) cos ky(z — ct). Electron blowout near the axis occurs when

Dy ~ k2r2 /4, assuming kyrp/2 < 1.
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FIG. 1. Schematic of an electron undergoing betatron oscillations in a plasma focusing channel

and emitting synchrotron radiation.

As an electron undergoes betatron oscillations in a plasma focusing channel, it will emit
synchrotron radiation [14], [27], [28] (see Fig. 1). In the limit of a small amplitude betatron
orbit, i.e., an electron displaced slightly from the axis, the wavelength of the synchrotron
radiation is A = A\g/2v%. For plasma-based accelerators, this can easily be in the hard X-ray
range, e.g., in the E-157 experiment, Ag ~ 0.8 m and v = 6 x 10*, such that A ~ 0.1
nm. Preliminary observations of X-rays generated by this mechanism at 6.4 keV have been
reported in the E-157 experiments [29].

The betatron motion in a focusing channel also forms the basis of the ion channel laser
(ICL) [14]. In the ICL, radiation at the resonant wavelength A\ = \3/27? can feed back
on the electron beam, leading to axial bunching of the beam, and coherent amplification of
the radiation. The amplification process is analogous to that in a free electron laser (FEL),
with the betatron motion analogous to the electron motion in an FEL wiggler [30]. It has
been suggested that the ICL mechanism can further enhance the spontaneous synchrotron
radiation in the E-157 experiments [31], thus leading to partially coherent radiation near 0.1
nm. It is necessary that the details of the single particle synchrotron radiation in a plasma
focusing channel be well understood, in order to assess the prospects for the generation of
self-amplified spontaneous emission (SASE) in an ICL.

The ICL differs from other FEL concepts in that no external magnets, cavities, or slow

wave structures are required for amplification. In particular, the ICL differs fundamentally



from the plasma-focused FEL [6] - [10], in which the FEL interaction is based on the wiggler
magnet (with period \,) and radiation is emitted at the resonant wavelength A = \,, /272
In the conventional plasma-focused FEL, the plasma acts primarily to provide transverse
focusing of the electron beam and the plasma density is sufficiently low such that Ag > A,,.
The advantage of the ICL is that a wiggler magnet is no longer required, since the plasma
serves to both focus the electron beam and to provide a resonant interaction for radiation
of wavelength A\ = \z/272.

Experiments on the ICL have been carried out by Whittum et al. [32] in the microwave
regime. These experiments used a 0.75 MeV, 100 ns, 3.4 kA electron beam propagating
through a plasma of density 4x 10'® cm™ (\g ~ 40 ¢m) at a channeled radius of 1 cm. Input
radiation at 9.4 GHz was amplified from 20 kW to several hundred kW after propagating 2.8
m through the plasma. In these experiments, the betatron strength parameter (discussed
below) was ag < 0.5.

In this article, spontaneous radiation emitted from an electron undergoing betatron mo-
tion in a plasma focusing channel is analyzed starting from basic principles. Application
of these results to the E-157 experiment and to the ICL are examined. Important similar-
ities and differences between SASE in an FEL and in an ICL are delineated. It is shown
that the spontaneous radiation emitted along the axis of a plasma focusing channel from a
single electron occurs near the resonant frequency w, = 2y%nws/(1 4 a3/2)"/2, where 7.9
is the relativstic factor for the electron entering the channel, n is the harmonic number,
ws = ckg = 2mc/ A is the betatron frequency, ag = v.0kgrs is the betatron strength pa-
rameter, and rg is the amplitude of the betatron orbit. The role of the betatron strength
parameter ag is analogous to that of the wiggler strength parameter a,, (or K,) in FEL
physics. In Ref. [14], the ICL was considered only in the limit a% < 1. When a% < 1,
radiation is emitted primarily at the fundamental frequency w = 272 wg and is independent
of ag. For ag Z 1, however, radiation is emitted in numerous harmonics and the resonant
frequency is a strong function of ag. This is the case in the E-157 experiments, where

ag ~ 2 —50. In an ideal FEL, the wiggler strength parameter a,, is a constant (a function
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of only the magnetic field of the wiggler) for all of the beam electrons. However, in an ICL,
ag = 7V.0kgrs depends on both the electron energy v.o and the betatron amplitude r3. Since
rg, and hence ag, is different for every electron in a typical beam, this places serious limits
on the possibility of realizing a SASE ICL.

The remainder of this article is organized as follows. Section II discusses the motion
of a single electron, as well as of the radius of an electron beam, in a plasma focusing
channel. In Sec. III, the synchrotron radiation from a single electron in a plasma focusing
channel is analyzed, including derivations of the general radiation spectrum for arbitrary
ag, as well as asymptotic expressions valid in the a% > 1 limit. Section IV discusses the
total power radiated and the electron energy loss. In Sec. V, the radiation spectrum from a
round (axisymmetric) electron beam is analyzed, as obtained by averaging the single electron
spectrum over a Gaussian radial beam profile. Section VI discusses applications to the ion

channel laser. A summary discussion is presented in Sec. VII.

II. ELECTRON MOTION IN PLASMA FOCUSING CHANNELS
A. Single Particle Orbits

The electron motion in a plasma focusing channel is governed by the relativistic Lorentz

equation, which may be written in the form
du/dct = Vo (3)

where & = e® /mec? is the normalized electrostatic potential of the focusing channel, u =
p/m.c = vf3 is the normalized electron momentum, and v = (1 +u?)'/2 = (1 — %) ~1/2 is
the relativistic factor. Here only the transverse focusing force of the plasma is considered.

Near the axis, 72 < 72, the space charge potential is assumed to have the form

~ ~

b = @0(1—r2/r§), (4)

such that the normalized radial electric field is E, = —8®/dr = 2®¢r/r3, where &y and

ro are constants. The electrostatic potential is related to the electron plasma density by



V20 = k2(ne/no — 1), where a uniform background of plasma ions of density ng is assumed.

The maximum focusing field occurs when the plasma electrons are completely expelled

A

(blown out) from the channel, n, = 0. Notice that in the blowout regime, E, = k2r/2,

hence, g /r2 < k2/4.

Equation (4) implies the existence of two constants of the motion, du,/dt = 0 and

d(y — ®)/dt = 0. Inside the focusing channel, the electron orbits are given by

Uy = Uy, (5)
v =0 + AD, (6)
ul = 27:0A0 + AP, (7)

where 7.0 = (1 4+ u2,)"/?, A® = &(r) — ®(r5), and r4 is the amplitude (assumed constant)

of the betatron orbit. Note that at the maximum excursion of the betatron orbit, u, (r =

rg) = 0. Assuming the electron orbit lies in the (z, z) plane, the orbit is given by

where

By ~ kgrs cos(kact), (8)

T ~ rgsin(ksct), 9)

B, ~ B (1 — kgrz/ll) — Bzo(kérz/ll) cos(2kact), (10)
Z~ 29+ B0 (1 — kgrz/ll) ct — Bzo(kérz/é%) sin(2kgct), (11)
ks = (2®0/720r5)" (12)

is the betatron wavenumber, 3,0 = u.0/7.0 and zg is a constant. Equations (8)-(11) are the

leading order contributions to the orbits, assuming kérg /2 < 1. Notice that in the blowout

regime &y = k2r2 /4, which gives kg = k,/(27.0)/%



B. Electron Beam Envelope

For an ensemble of particles comprising an electron beam, the RMS beam radius 7,

evolves via the envelope equation [33]
d*ry/det® = 2y % — ké?“b, (13)

where €, ~ yr,0, is the normalized beam emittance and 6, is the RMS beam angle, where
the effects of finite energy spread and space charge have been neglected. The solution to

Eq. (13) for ry(ct) with r, = r; (injected beam radius) and dry,/dct = 0 at ¢t = 0 is given by

Qﬁ = (1 + i) + (1 - i) cos(2kgact). (14)

7 Vikgr Vikgr
The matched beam radius r, = 7; = 73, for which d?ry/dct? = 0 is 74 = (6,/7vks)Y?, at
which point the expansion of the beam due to finite emittance is balanced by the focusing
forces of the plasma channel. For parameters typical of the E-157 experiment (¢, = 10
mm-mrad, v = 6 x 10*, and A\g = 0.82 m), 73, = 4.7 pum. If the beam is not matched within
the channel, the beam radius oscillates between rj = r7 and 1§ = €, /(v*k3r7) = 1}, /77 with

period Apse = m/kg = A\g/2 and having an average value (r?) = (r?/2)(1 +r} /ri).

III. SYNCHROTRON RADIATION

The energy spectrum of the radiation emitted by a single electron on an arbitrary orbit

i(t) and ((t) can be calculated from the Lienard-Wiechert potentials [34],

d?1 ew?

2

5 = e /_7:2 dt [n x (0 x 3)] exp fiw(t —n-5/c)] | (15)

where d*I/dwd() is the energy radiated per frequency, w, per solid angle, , during the
interaction time, 7', and n is a unit vector pointing in the direction of observation. Using
the betatron orbits given above, the radiation spectrum can be calculated with conventional
techniques [36] - [38]. It is convenient to introduce spherical coordinates (r, 6, ¢) and unit

vectors (e, ey, €,), where x = rsinf cos ¢, y = rsinfsin ¢, z = rcosf, and
e, =sinfcos ¢ e, +sinfsin¢g e, + cosb e, (16)

8



eg = cosfcos¢p e, + cosfsing e, —sinb e, (17)
e, = —sin¢ e, + cos ¢ e,. (18)

Identifying e, = n, gives
nx (nxfg)= —(Bxcosﬁcos¢+ﬁycosﬁsin¢ —stinﬁ) ey
+(B,sin¢ — B, cos ¢) ey, (19)
n-r=2xsinfcos¢+ ysinfsing + Z cosb. (20)

The scattered radiation will be polarized in the direction of n x (n x B) Hence, I = Ip+ 1,
where Iy and I4 are the energies radiated with polarizations in the ey and e, directions,

respectively, i.e.,

27 2 2 [ T/2 - N . )
dacludzl = 467:63 o dt ((fi—f cos ) cos ¢ + % cosfsin ¢ — Z—j sin 9) exp(i)) (21)
Pl ety (T2 (dr dj 2
= dt - — ' 22
dwdQ ~ 1723 | g (dt e = gy cos ¢) exp(iY) (22)
where
= (w/c)(ct —Zcosl — Tsinfcosp — ysinfsin @) . (23)

In the following, the electron orbit is assumed to reside in the (z, z) plane, and is given by

Egs. (8)-(11). Hence,

Y = o + apkct — ay sinkget + o, sin 2kgct, (24)
=1— B.o(1 — kjr3/4) cos 0, (25)

a, = krgsinf cos ¢, (26)

. = Ba0(kksry/8) cos, (27)

where k = w/c and 1y = —kzocosf. Using the identity

exp(ibsino) Z Jn(b) exp(ino), (28)

n=—oo



where J,, are Bessel functions, allows the phase factor exp [i(¢) + (kgct)] to be written as

exp [i(¢ + lkaet)] = Z I (02) Tpgomee (o) exp [i(vo + ket)] (29)

where

l_f = Od()k — nko. (30)

In order to evaluate Egs. (21) and (22), it is necessary to evaluate the integrals

. T2 Az, 2 ,
Iz :/ dt (dt )exp(zw). (31)
~T/2

Using the orbits, Egs. (8)-(11), along with the identities in Eqgs. (28) and (29), gives

. A > sinkL/2

I, = kﬁrﬂewo Z (T/) Jm(O‘Z) [Jn-i—?m—l(O‘x) + Jntomi1 (O‘x)] ) (32)
. A > sinkL/2

Iz = Bzoew)o mnz_oo (T/) Jm(Odz>

kir? ka1
X {2 (1 - %) Jn+2m(042) - T [Jn+2m—2(04;r) + Jn+2m+2(04x>]} ) (33)

where L = ¢T" and

~ ~

d?Iy e2w?

2

o0 = 113 I,cosOcos¢p — I,sinf| , (34)
_ I,si ' 35

dwdQ  dm2a| ¢ &

Assuming that the frequency spectra for two different harmonics, n and n/, are sufficiently
well separated, the summations in Eqs. (34) and (35) may be simplified to yield

eI i k2 (sinkL/2\”
dwdQ ‘ 4m2c k

=1

x [C2(1 — sin® 0 cos® ¢) + CZsin® § — C,C. sin 26 cos ¢] (36)
where
Cy = kﬁrﬂ Z Jm(O‘Z) [Jn-i—?m—l(O‘x) + Jntomi1 (O‘x)] ) (37)

m=—0o0
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- (k;rz/ll) [Jntom—2(0z) + Jnromia(as)] }, (38)
n(k/kn)(a3/4) cos

z = s 39
“ [(1 4 a2/2) cos 0 + 272, (1 — cos 0)] (39)
- n(Qk/kn)Q”yzoag sir21 0 cos ¢ ’ (40)
[(1+ ag/2) cos 6 + 272 (1 — cos 0)]
and
ag = ”)/Zok/g?"/g (41)

is the betatron strength parameter. Here, L = ¢TI is the interaction length, k = w/c is
the radiation wavenumber, n is the harmonic number, and .J,,, are Bessel functions. For
parameters typical of the E-157 experiment (y = 6 x 10* and A\g = 0.82 m), ag = 45 for
rg = r, = 100 pm (typical unmatched beam radius) and ag = 2.1 for 73 = 14, = 4.7 pm
(typical matched beam radius).

In the limits 42, > 1, 6% < 1, and a%/”yfa < 1, the radiation spectrum can be written as

d’I - . R R
a0 Z&f”yfolﬂQNan [7220093 + 02292 — 27,0C,C.0cos p| , (42)
n=1
where
720036 =dagp Z Jm(&z> [Jn+2m—1(04x> + Jn+2m+1 (Oéac>] 5 (43)
Cz = Z 2Jm(042><]n+2m(04x>7 (44)
k k) (a2 /4
o — n(k/ )(%‘/A)’ (15)
(1+a3/2+6?)
- n(k/kn)(Qa/g)H(A:os¢’ (46)
(1+a3/2+6?)
and

sin? [ﬂ'nN/@(ff/ffn - 1)}
R, = 5 (47)
[mNﬂ(/%//%n - 1)}

is the resonance function, with N3 = L/Ag the number of betatron periods that the electron
undergoes and oy = e?/hc ~ 1/137 the fine structure constant. Here 0 = .00 and the

normalized frequencies are k = k/2v2 ks and k, = k,/2v% ks = n/(1 + az/2 + 02).
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Plots of the normalized intensity distributions d*I/dhwdS) for the first four harmonics
(n=1,2,3 and 4) from a single electron is shown in Fig. 2 for ag = 2 in the limit Ng > 1
such that k = k,, in Eqgs. (42)-(47). The intensity distribution is plotted in the transverse
plane (z,y) of a detector located along the z-axis some large distance z (x/z ~ y/z ~ 1/7.0)
from the interaction, where # = v.0x/2, § = v.0y/z, 0 = (22 + §*)"/2, and cos ¢ = &/6. The

color coding shows the resonant frequency of the scattered radiation k, = n/(1+a3/2 + é2)

A. Resonance Function

Provided the number of betatron periods is large, Nz > 1, radiation is emitted in a
series of harmonics and is confined in a narrow bandwidth about the resonant frequency
of each harmonic. The frequency width of the radiation spectrum for a given harmonic is
determined by the resonance function R, (k), where

sin/%L/z)f (49

Ra(k) = (W

This function is sharply peaked about the resonant frequency, w, = ck,, given by k = 0,

nks 2v2 nkg

kn == — )
ao  [(14a?/2)cos 0+ 292 (1 — cos )]

(49)

where 72, > 1 was assumed. Typically, for frequencies of interest, the synchrotron radiation

is confined to a cone angle §? < 1 and the resonant frequency can be approximated by
wn =~ nMockg /(1 + My6?/2), (50)

where My = 27%,/(1+a}/2) is the relativistic Doppler upshift factor. The intrinsic frequency
width Aw, of the spectrum R, about w, is given by Aw,/w, = 1/nNs. Furthermore,
R, (k) — Awpd(w—wy) as Ng — oo. For a single harmonic n, the angular width Af; about
the axis of a cone containing radiation with frequencies in a small bandwidth Aw about w,
is given by

9 Awp/wy,  for Aw < Awy,
) X (51)

AG? ~ (—
! Mo Aw/w, for Aw > Aw,.

12
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FIG. 2. Intensity distributions (arbitrary units) in the & = v,z /2 and § = 7,0y/z plane for the
first four harmonics n = 1 (upper left), 2, 3, and 4 (lower right) for ag = 2. The distributions are
evaluated at the normalized resonant frequency k = k,, = n/(1 + a% /2 + 62), the value of which is

indicated by the color scale.
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B. On-Axis Radiation

Of particular interest is the radiation emitted along the axis, § = 0, where only the odd
harmonics are finite, i.e., the even harmonics vanish. Setting # = 0 in the above expressions

ives, for the n* odd harmonic, o, = 0, a, = «,, and
9 9 9 9

2 A2
% — ze2winkﬂNﬂManFn — ifiiszﬂa];;;n (52)
where
Fo(ag) = nan [Tu-1y/2(0n) = Ty 2(0)] (53)
is the harmonic amplitude function,
2
and
Golw) = Ru(k) 1 sin’[anNg(w/w, — 1)] (55)

 Aw,  Aw, [mnNg(w/w, — 1)]2

is the frequency spectrum function with the resonant frequency w, = nMyckg.
An expression for the number of photons (V,,) radiated along the axis per solid angle,

dN,,/dS2, per electron for photons in a narrow bandwidth Aw about the resonant frequency

wy, is obtained by integrating Eq. (52) over Aw and by dividing for the energy per photon

(hwn) 9
N, Aw; VoNGE,

i e T a3)2)
where Aw; = Aw for Aw < Aw,, and Aw; = Aw, for Aw > Aw,, with Aw, = w,/nN3

(56)

the intrinsic bandwidth and oy the fine structure constant. The total number of photons
radiated per electron in the bandwidth Aw about w, is given by multiplying dN,,/AQ by
the solid angle 2 (A2 /2)Y/2, where Af; is given by Eq. (51). This yields

N, ~ Ana(Aw/w,)(Ng/n)F,(as), (57)

for all values of Aw? < w2,

14



The photon angular density dN,, /dQ and the spectral energy density d*I(0)/dwdS) of the
n'™ harmonic emitted along the axis are both proportional to the function £, /(14 a3/2)"/2.
The number of photons radiated in the n'* harmonic along the axis depends on the function
F,/n. For high harmonics, n > 1, F,, becomes significant when a% > 1. For a% < 1, only
the fundamental, n = 1, is significant. A plot of F,,/(1 + a3/2) (top) and F,/n (bottom)
versus o, /n = (a3/4)/(1 4 a3/2) is shown in Fig. 3 for the first eight odd harmonics, where

n = 1 is the uppermost curve and n = 15 is the lowermost curve.

C. Ultra-Intense Behavior

For values of a% < 1, the scattered radiation will be narrowly peaked about the fun-
damental resonant frequency, wy, given by Eq. (50) with n = 1. As ag approaches unity,
scattered radiation will appear at harmonics of the resonant frequency as well, w, = nw;.
When ag > 1, high harmonic (n > 1) radiation is generated and the resulting synchrotron
radiation spectrum consists of many closely spaced harmonics. Finite variations in the pa-
rameter ag = 7,0kgrg within an electron beam can broaden the linewidth and cause the
spectrum to overlap. Hence, in the ultra-intense limit, i.e., ag > 1, the gross spectrum
appears broadband, and a continuum of radiation is generated which extends out to a crit-
ical frequency, w,., beyond which the radiation intensity diminishes. The critical frequency
can be written as w. = n.Mows, where n. is the critical harmonic number. It is possible
to calculate n. by examining the radiation spectrum, Eq. (36), in the ultra-intense limit,
ag > 1.

Furthermore, when ag < 1, radiation is generated in a narrow cone about the backscatter
direction, Q ~ 2762, where 6. ~ 1/v.,0. However, when ag > 1, the emission cone about
backscatter direction widens. In particular, in the vertical direction, ¢ = 7 /2 (the direction
normal to the z-z plane which contains the electron orbit), emission is confined to the vertical
angle 6, ~ 1/7,0. In the horizontal direction, ¢ = 0 (in the plane of the electron orbit), the

emission angle widens and is confined the horizontal angle ), ~ ag/7.0, which is determined
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by the deflection angle of the electron in the x-z plane.
Asymptotic properties of the radiation spectrum for large harmonic numbers, n > 1,

can be analyzed using the relationships [39]

1.1/2
Jn(n2) ~ 7(1 — 227 VAK j3(nd), (58)
i.l/2 2\1/4
Jo(n2) = = (1 = 21Ky 5(nd), (59)

where |2| < 1 and is a function of ag and 0,
g=In[1+(1-2)"] —Inz - (1-2%)"2 (60)
and K3, Ky/3 are modified Bessel functions. In particular, for nz > 1,
Kij3 ~ Ky >~ (1/2n2) exp(—nz), (61)

and, hence, only harmonic radiation with nZ < 1 will contribute significantly to the spec-
trum. The critical harmonic number is defined as n.Zmin = 1, i.e., ne = 1/Zpmin, where T,
is the minimum value of Eq. (60). Furthermore, dz/dZ < 0 and the minimum of Z occurs at
Zmaz- Typically, for a3 > 1,1 -2 . < 1 and Eq. (60) can be expanded to yield, to leading

max

order, Tpin ~ (1/3) (1 — ,éfmx)g/ ?_ The critical harmonic number is given by the inverse of
this expression.

Letting 6 represent the observation angle in the vertical direction (i.e., ¢ = 7/2), then
in the limits ag > 1, n > 1, and % < 1, the coefficients C, and C, occurring in Eq. (36)
are given by C2 ~ 4J7(¢2) and C? ~ k2r%.J;?(¢%), where additional terms of order 1/ag have

been neglected and n = 2¢ + 1> 1. Here,

2

R Qo as/?2

Z=—"r 2’6/ 57 (62)
1+ az/2+750

Note that 1 — 22 ~ (4/a%)(1 + +2,6?), assuming a2 > 1 + ~2,0%. Hence, for 0 = 0, Tpee =
J6] 20 J6] 20

1/L. =~ 8/3a3, and the critical harmonic number, n. >~ 2/, is

ne ~ 3a3/4. (63)
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Using Eqgs. (36), (58) and (59), the asymptotic spectrum in the vertical direction is

PL 6 A [ A

dwdQ) ~ P r2e (1++2602) | (1+ 722092)[(12/3(0 + K22/3(C) ; (64)

where
¢ = (145002, (65)
we = neMows = 3agYiws, (66)

is the critical frequency, and M, ~ 44%/aj. In deriving Eq. (64), ¢z — ( and
>, R(k,nky) — 1/2Nz, where the factor of 1/2 is due to the fact that in the asymp-
totic limit, n ~ 2¢. For E-157-like parameters (y = 6 x 10*, A3 = 0.82 m, and ag = 45),
ne =~ 6.8 x 10" and A\, = 2mc/w. ~ 1.7 x 107'2 m. Hence, for these parameters, the radiation
spectrum can be accurately described by the asymptotic expressions, Eqs. (64)-(66).

Along the axis ¢ = 0, d*1(0)/dwd) ~ K3 4(£), where § = w/w.. The function Y'(§) =
£2K22/3(£) is maximum at £ = 1/2 and decreases rapidly for £ > 1. A plot of the function
Y (€) versus w/2v%wp is shown in Fig. 4 (top plot - linear scale; bottom plot - log scale).
The solid curve shows the radiation from a single electron with ag = 7v.0kgrs = 10. The
dashed curve shows the Y () spectrum integrated over a Gaussian distribution of betatron
amplitudes 75 (i.e., an electron beam with a Gaussian radial profile, as is discussed in the
following section) with a rms value satisfying agyms = v.0ks73,ms = 10. To calculate these
averages, the quantity & = w/w, has been approximated by & ~ (w/2v%wg)(1 + 3ag/2)7",
since the asymptotic form for the spectrum is not accurate when ag < 1, i.e., the dashed
curve in Fig. 4 is inaccurate in the region w/2y%ws S 1.

Equation (64) is analogous with 2N [34] for the synchrotron radiation spectrum emitted
from an electron moving in an instantaneously circular orbit in the ultra-relativistic limit
with a radius of curvature p = 373 ¢/w.. Several well-known properties [34] follow from Eq.

(64), for example

Y 24c (14 9%0%)5/? T(1+750%)]"
dl e? w [
i 43— Ngy.0— / dEKs53(8). (68)
w & ¢ J2w/we
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FIG. 4. The function Y (§) = £2K22/3(£) versus w/2v%wg plotted on a linear (top) and log (bot-
tom) scale. The solid curve shows the radiation from a single electron with ag = v.0kgrs = 10. The
dashed curve shows the spectrum integrated over a Gaussian distribution of betatron amplitudes

3 with ag.rms = ’)/zok',@'r,@,rms = 10.

19



The peak intensity is of the order 2Nge?y,9/c and the total radiated energy is of the order
2Nge?y,0we/c. The peak intensity occurs at along the axis § = 0, at approximately the
critical frequency, w ~ w,, ie, n ~ n. = 3a%/4. Half the total power is radiated at
frequencies w < w./2 and half at w > w./2. For harmonics below n, (w < w.), the radiation

2/3

intensity increases as (w/wp)?/°, and above n. (w > w.), the radiation intensity decreases

exponentially as exp(—2w/w,), i.e.,

d’1 6e2 9 W 2/3
~ Ng—[T'(2/3 2 .. 69
dwd$) le=0 p2 [0(2/3)] ”Yzo( ) , w<w (69)

e 2w,

d*I 3¢ , (w 2w
7056 oo = Ng%%o (w—c) exp (—w—c) . WS> we. (70)

Furthermore, for w < w,, the scattered radiation at a fixed frequency is confined to an

angular spread Af = (w./w)'/? /7.0 about @ = 0, whereas for w > w,, A0 = (w./3w)"? /..
The average angular spread for the frequency integrated spectrum in the vertical direction
(¢ =7/2) is 0, = (0*)'/? ~ 1/v.0. In the horizontal direction (¢ = 0), emission is confined

to the angle 0, ~ ag/7v.0

IV. RADIATED POWER AND ELECTRON ENERGY LOSS

The power radiated by a single electron, Ps, undergoing relativistic motion in an arbitrary

orbit can be calculated from the relativistic Larmor formula [34]
P, = (2¢*/3c)7? [((Jlu/ahf)2 - (d”y/dtﬂ : (71)

Using the orbits described in Sec. II, the power radiated by a single electron undergoing

betatron motion in a plasma focusing channel is
P, ~ (2/3)r6m603(1 + ugo)”yfokéis2, (72)

where 7 is given by Eq. (9) and r. = ¢?/m.c? is the classical electron radius. Averaging the

above expression over a betatron period gives

P, ~ remecgﬁyfokza%/?;, (73)
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where 72, > 1 was assumed.
The total energy radiated by a single electron Wj is given by the product of P, with the

interaction time Nglg/c, i.e.,
W, = (27 /3)remec®yiksaiN. (74)

The average number of photons radiated by a single electron (Nj) is given by dividing Wi

by the average photon energy, fi(w) = 272 hwg(n)/(1 + a3/2), i.e.,
(No) = (m/3)as (1 + a5/2)azNs/(n), (75)

where (n) is the average harmonic number and ay = e?/ch. In the limit a% < 1, Ny ~
&nga%.

The rate at which a single electron loses energy due to radiating is W), . = P;/c, i.e.,

Wihss = Temec®yogkia’/3. (76)

/ /

In the blowout regime, ks ~ ny/*y5."”, and the rate of energy loss scales as Wy, ~ ndy%r2,

In addition, if the betatron amplitude is equal to the matched beam radius r, = (€,/v.0k5)"/?,

the energy loss scales as W/ . ~ en”yg’okg ~ enng/ 27%2. For the parameters of the E-157
experiment in the blowout regime, i.e., a density ng = 2 x 10" ecm™ (), = 0.24 ¢cm) and
a beam energy of 7,0 = 6 x 10%, an electron with a betatron amplitude of 73 = 100 pm
(ag = 45) would lose energy at a rate of W/ . = 0.2 MeV/m. This is small compared to
the accelerating gradient in the E-157 experiment, which is several 100 MeV/m. This is a
source of energy spread for the accelerated electrons, however, since an electron along the
axis with r3 = ag = 0 would not lose energy by this mechanism, i.e, the effective energy
spread increases at a rate on the order of AW’ ~ W/ .

This radiative energy loss and the associated effective energy spread becomes more pro-
nounced at higher density and energy, since W/ . ~ ngﬂyfor%, whereas the accelerating field

1/2

of the wake typically scales as W/ .. ~ ny'". For example, consider parameters relevant to

experiments being planned at SLAC on the so-called “plasma afterburner” concept [35]. In
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the plasma afterburner experiments, the energy of an initially 50 GeV electron bunch is
increased by 56 GeV by passing the 63 ym long bunch through a 7 m long plasma of density
2 x 10 cm™ (100 times high density than the E-157 experiments). An electron of energy
100 GeV at the beam radius of rg = 25 pm would have a betatron wavelength A\g ~ 15
m and a strength parameter of ag ~ 210. This gives an energy loss rate of W, ~ 1.5
GeV/m, which is a significant fraction (=~ 18%) of the predicted wakefield acceleration rate
of 8 GeV/m.

V. RADIATION FROM A BEAM

For a single electron undergoing betatron motion in a plasma focusing channel, the
resonant frequency of the radiation emitted along the axis is w = 294 nws/(1 + a% /2), as
indicated by Eq. (50). Here, ag = 7.0kgrs is a function of both the electron energy 7.9
and the radial position of the electrons via the betatron amplitude r5. If a monoenergetic
beam of finite radius is injected into a focusing channel (without any special tapering),
electrons at different radii will have different betatron amplitudes rs, different values of
ag, and hence different resonant frequencies. In general, the spectral energy density of the
radiation emitted by a finite radius beam will be significantly different from that of a single
electron, especially in the limit ag < 1.

Consider the case of a monoenergetic, axisymmetric (round) beam in cylindrical geom-
etry in the limit of zero emittance. In this case, ag = 7.0kgrs represents the normalized
radial position of the electron, since the initial radial position of the electron at the channel
entrance is assumed to be equal to r5. Let d*I/dwdQ = Ss(k, ags, 0, ¢) be the single-electron
spectrum, as given by Eq. (42). The radiation spectrum from a beam, Sg(k,#), can be
approximately calculated from Ss by multiplying by the electron distribution function, f,,
and integrating over both radius (ag) and over ¢ (from 0 to 27 for an axisymmetric beam).

For an axisymmetric beam,
2m d¢ 00
SB(IC,Q) = g dagagfe(ag)SS(k,ag,9,¢). (77)
0 0
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For simplicity, a Gaussian radial beam distribution f.(ag) is assumed

fe(rs) = felap) = (2/a,s) exp(—a5/ary), (78)

such that [~ dagagfe = 1 and [ dagal f. = a2,,,,, where @,y is the normalized RMS beam
radius, arms = V20kaTp.
For a large number of betatron periods, the radial integration can be approximated

analytically. Let

Sp = / da,@a,@feSS = / da,@a,@feSSRn(k: ag, 0)7 (79)
0 0

where R, is the resonance function given by Eq. (48). At resonance k = k,(ag) or, alterna-

tively, ag = a,(k), where
a; =2 [nQ’Yzok,@/k -1+ 73092)} : (80)

Furthermore, in the limit N3 — oo, R, — Aagd(ag — a,), where Aag = 272 ks/Ngagks.

Hence, for N3 — oo, Sg =~ S'SAagé(ag — a,) and

~

22 k
Sp o~ Mfe(ag = a,)Ss(ag = a,). (81)

In this limit, the spectrum of the radiation emitted along the axis (6 = 0) from a Gaussian

beam profile is

Sp(0=0) = (4> /)% Nafo(ar) Fu(ar) /n, (82)

n

where sum is over odd harmonics n and F,(a,) is given by Eq. (53) evaluated at a} = a} =
2(n/k—1), i.e., the argument of the Bessel functions is o, = (n—k)/2, where k = k/272 ks.
This is to be compared with Eq. (52), which gives the on-axis spectrum for a single electron.

Figure 5 shows a plot of d*I(0)/dwd$2 versus w/2v% wg for the first several odd harmonics
with N3 = 4. The solid curve shows the radiation from a single electron with ag = 2,
as obtained from Eq. (52), indicating that radiation is emitted in well-defined harmonics.
The dashed curve shows the spectrum for a beam with a Gaussian radial distribution with

arms = 2, as obtained from Eq. (82). The effect of averaging over a distribution of electron
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FIG. 5. Normalized spectrum d?I(0)/dwdQ (arbitrary units) versus w/2y%wg from a single
electron with ag = 2 (solid curve), Eq. (52), and from the analytic theory of a Gaussian beam with

arms = 2 (dashed curve), Eq. (82), for the first several odd harmonics with Ng = 4. The bottom

plot is a blow-up of the top plot.
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orbits is clearly to smooth out the spectrum, since the frequency of the radiation emitted
by a single electron is a strong function of ag.

In general, the integration over the beam distribution in Eq. (77) must be performed
numerically. The results of such a numerical integration of Eq. (77) are shown in Figs. 6-8
for the case of an axisymmetric beam with a Gaussian radial distribution with a,.,,s = 2.
The result for a single electron, as obtained from Eq. (42) with N3 = 4 and ag = 2, is
shown in Fig. 6, which shows the spectral density d*I/dhwdQ) (normalized to avy?%)) versus
normalized frequency k = k/2v% kg and angle § = ~,06, for (a) ¢ = 0 and (b) ¢ = /2. The
results of averaging only over ag (for fixed ¢) are shown in Fig. 7, for (a) ¢ = 0 and (b)
¢ = m/2. The results of averaging over only ¢ for ag = 2 is shown in Fig. 8(a), whereas the
results of averaging over both ¢ and ag are shown in Fig. 8(b). The effects of averaging over

ag leads to a dramatic smoothing of the radiation spectrum.

VI. ION CHANNEL LASER

Under special conditions, e.g., sufficiently high electron beam quality, self-amplified spon-
taneous emission (SASE) can occur whereby the incoherent synchrotron radiation emitted
by the electrons is amplified via the ion channel laser (ICL) mechanism [14]. In the ICL
instability, the radiation beats with the betatron motion to create an axial v x B (i.e., pon-
deromotive) force that leads to bunching of the electron beam and growth of the radiation
field. This can lead to large levels of semi-coherent or coherent radiation. In SASE, the
incoherent, spontaneous radiation acts as a seed for the instability, in a manner analogous
to the SASE mode of operation in a free electron laser (FEL) [30].

There are important differences between the ICL and FEL mechanisms, however,
that limit the SASE mode of operation. For electrons undergoing betatron motion in a
plasma focusing channel, the resonant frequency of the radiation emitted along the axis is
w = 2y%nwg/(1 + a3/2), as indicated by Eq. (50). For an FEL, the resonant frequency

is w = 2y nw,/(1 + a?/2), where w, = ck, = 2mc/Aw, Ay is the wiggler wavelength,
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FIG. 7. Normalized spectrum d2I/dwdQ (arbitrary units) versus normalized frequency k and
angle 0 after averaging over a Gaussian ag distribution with a,y,s = 2 and Ng = 4 for (a) ¢ =0

and (b) ¢ = 7/2.

27



it
I \\\\\\\\ \\\\\\ \\\\\\\\\\\\\\\\\\\\
¢ g
\

207" 00
FIG. 8. Normalized spectrum d2I/dwdQ (arbitrary units) versus normalized frequency k and
angle 6 after (a) averaging over ¢ with az = 2 and (b) averaging over both ¢ and ag with @, = 2

and Ng = 4.

28



aw = eBy/kymec® is the wiggler strength, and B, is the field amplitude of the wiggler
magnet. In an ideal FEL, a,, is a constant since all the electrons experience the same value
of B,. This is contrast to the focusing channel, in which ag = v.0ksrs is a function of both
the electron energy 7.0 and the radial position of the electrons via the betatron amplitude
rg. If a mono-energetic beam of finite radius is injected into a focusing channel (without
any special tapering), electrons at different radii will have different betatron amplitudes 7g,
different values of ag, and hence different resonant frequencies.

Furthermore, for an ideal FEL with a planar wiggler of the form B = B,, cos(kyz2)e.,
all of the beam electrons wiggle in the same plane with the same amplitude, i.e., u; =
.y, c0s(ky 2)e,. Consequently, radiation emitted by all the electrons will have similar polar-
ization. This is in contrast to the focusing channel, in which the betatron motion, and hence
the synchrotron radiation, will have a variety of polarizations in the x-y plane, depending on
the position and angle of the electron as it enters the channel. Hence, to amplify radiation of
a given frequency and polarization in a focusing channel, only those beam electrons with the
proper values of 7,y and rg will be resonant with the radiation, and only a subset of these
will have the proper polarization. This is contrast to an ideal FEL, in which all the electrons
in a mono-energetic beam are resonant with the radiation field with the proper polarization.
This effect may be mitigated somewhat by using a drive beam with a highly elliptical cross
section, such that the resulting wakefield (or blowout channel) will be highly elliptical. This
could result in transverse focusing forces that are more planar and, consequently, betatron
oscillations and synchrotron radiation with nearly the same polarization.

It is straightforward to quantify some of the conditions necessary for SASE to occur in a
plasma focusing channel. In the following discussion, it is assumed that k/%r% < 1. Consider
an ideal mono-energetic electron beam of radius r, injected into a focusing channel such
that the beam centroid is along the z axis. A electron moving along the axis would have a
betatron amplitude of rg = 0, whereas an electron residing at the edge of the beam would

have a betatron amplitude of r3 = r,. For the beam to emit radiation along the axis with a
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narrow bandwidth Aw/w < 1, it is necessary that a% <& 1 for all the electrons. This implies
that the radiation wavelength satisfy A > mr,/y. For a matched beam with a normalized
emittance e,, the matched-beam radius is 7, = (€,/7vks)"/?, and the condition aj < 1
implies

A > e, /7. (83)

It is interesting to note the similarity of this condition with that usually required of a SASE
FEL [30], A > 47e,, /7.

The condition Aw/w < 1, however, is not sufficient for the SASE process to occur.
A more stringent condition is that the normalized axial energy spread A~,/v, be small
compared to the so-called Pierce or gain parameter p, i.e., Av,/v, < p, where by analogy
with an FEL,

PO BT TS (34)
4y32kg ’

where k,, = 4mnye?/meqc?, ny is the beam density, and
y4

Fa(ag) = Jy (%) —J; (%) : (85)

In terms of the beam current I, = ecmnyr?, and evaluating the expression for p at rg = ry,
gives

p=(LFL/ayIs)"? (86)

where I4 = m.c®/e = 17 kA. Using the equations of motion for an electron in a focusing
channel, Eqgs. (8)-(11), the normalized energy spread is Av./v. >~ a3/4, for a beam with a
centroid along the axis. Hence, Ay./7. < p implies a3 < 4p or A > 7ry/(2yp'/?). For a

matched beam, this gives
TEn
m.
This is considerably more stringent that the usual FEL constraint A > 4we, /7, since typically

(87)

p < 1. For the parameters of the E-157 experiment, p ~ 5 x 1073,
In principle, it may be possible to tailor the energy distribution and radial profile of the

beam such that a greater fraction of the beam electrons are in resonance with the radiation
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field. For example, consider a mono-energetic, very narrow beam of width Ar;, injected
off-axis such that the centroid of the beam executes betatron oscillations of amplitude r3 =
Too With 759 > Ary, [40]. In this case, all of the electrons in the beam would undergo
approximately the same betatron orbit and would have approximately the same value for
ag, i.e., the spread in ag is given by Aag/ag >~ Ary/ryo. In this case the condition Aw/w <1
implies Ary/r0 < (14 a3/2)/a3, which in principle, could be easily satisfied. The more
stringent condition, Av./v. < p, implies Ary/r0 < 2p/a3, which could be satisfied for
sufficiently small values of ag.

Even if the condition A, /7. < p is satisfied, it is not clear that the SASE process would
occur. In a conventional FEL, SASE requires that a number of conditions be satisfied (in
addition to Ay, /v, < p) [30], i.e., €, < yA/4w, NgAg > L¢, Lg < Lg, and Ng\ < L., where
Nj is the number of betatron oscillations, Lg >~ 0.046As/p is the gain length, Lp = mw?/\ is
the Rayleigh length of the radiation with spot size wg, and L. is the electron bunch length.
Furthermore, for the case of an ICL driven by a narrow beam with a centroid undergoing
betatron oscillations, it is likely that the gain (i.e., p) is reduced since the geometric overlap
between the electron beam and the radiation is reduced, due to the betatron motion of the

centroid. Such novel ICL configurations require a detailed analysis.

VII. SUMMARY

Spontaneous radiation emitted from an electron undergoing betatron motion in a plasma
focusing channel was analyzed starting from basic principles. Application of these results to
the E-157 experiment and to the ICL were examined. Important similarities and differences
between SASE in an FEL and in an ICL were delineated. In particular, the spontaneous
radiation emitted along the axis of a plasma focusing channel from a single electron occurs
near the resonant frequency w, = 2y2nws/(1 4 a%/2)"/2. The role of the betatron strength
parameter ag is analogous to that of the wiggler strength parameter a,, (or K,) in FEL

physics. In Ref. [14], the ICL was considered only in the limit a3 < 1. When a3 < 1,
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radiation is emitted primarily at the fundamental frequency w = 27y2,ws and is independent
of ag. For ag Z 1, however, the resonant frequency is a strong function of az and radiation is
emitted in numerous harmonics extending out to the critical harmonic number n. = 3a3/4.
This is the case in the E-157 experiments, in which ag ~ 2 — 50.

In an ideal FEL, the wiggler strength parameter a,, is a constant (a function of only the
magnetic field of the wiggler) for all of the beam electrons. However, in an ICL, ag = 7,0ks13
depends on both the electron energy 7.y and the betatron amplitude rg. Since g, and hence
ag, is different for every electron in a typical beam, this places serious limits on the possibility
of realizing a SASE ICL. For an electron beam with a centroid along the z-axis, a radius 7}
and ag(rp) > 1, the radiation from the beam is no longer emitted at discrete harmonics as it
would be from a single electron with 73 = r,. Rather, since 0 < ag < ag(ry) for the electrons
in the beam, the resulting radiation is in the form of a broad continuum as indicated by Figs.
5 - 8, even for the case of an initially mono-energetic beam. In the limit a% < 1, the radiation
from the beam could be nearly monochromatic at the fundamental frequency. The condition
a3 < 1implies A > e, /7y for a matched beam, which is similar to the criterion A > 4me, /7
often quoted for a SASE FEL. The condition a% < 1, however, is not sufficient to insure that
the SASE ICL process will occur. A more stringent condition for the occurrence of SASE
is on the axial energy spread of the beam within the focusing channel, i.e., Av,/v. < p,
where p is the effective Pierce (or gain) parameter. Again, since rg varies across the beam,
there exists a large energy spread Av,/vy, ~ a% /4. The condition A~,/v, < p implies
A > me, /(4yp) for a matched beam. Since typically p < 1, this restriction on the radiated
wavelength A\ > me,, /(4vp) is much more stringent than that in a conventional SASE FEL.
Furthermore, the betatron orbits in a typical beam in a focusing channel are not polarized
in the same plane as they are in a conventional FEL. This also can reduce the gain in a
SASE ICL. These arguments, however, assumed an untailored electron beam centered about
the channel axis. It may be possible to relax this constraint on the radiated wavelength in a
SASE ICL by appropriately tailoring the electron beam, for example, a narrow electron beam

injected off-axis such that all of the beam electrons execute approximately the same betatron
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orbit. Such novel ICL configurations require further analysis to assess their viability.
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