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Abstract

Black Holes as Precision Probes of Dark Sectors and Fundamental Physics

by

Christopher Ewasiuk

This thesis investigates the observational and phenomenological consequences

of large gravitationally coupled dark sectors, using black holes and high-frequency grav-

itational waves as the primary probes. The work spans four interconnected studies,

progressing from broad model-independent constraints on dark sector size, through

the physics of primordial black holes as a dark matter candidate, to a detailed re-

examination of black hole evaporation dynamics, and culminating in a quantitative as-

sessment of high-frequency gravitational-wave signals from superradiant boson clouds.

The first study derives comprehensive constraints on the number of dark de-

grees of freedom N from multiple astrophysical and collider observables. Hawking

evaporation of stellar-mass black holes observed by LIGO/Virgo provides the dominant

bound: using the merger event GW190924 021846, with chirp mass 5.7M⊙ and inferred

age (1.16±0.04)×1010 yr, we constrain N ≲ 5×1058 for massless spin-0 dark sectors and

N ≲ 2.5×1060 for spin-2, using full greybody-factor calculations with the BlackHawk

code. Complementary limits from ultrahigh-energy cosmic-ray collisions (N ≲ 1071),

LHC monojet searches (N ≲ few × 1062), and supernova cooling (N ≲ 6 × 1068) are

derived via detailed cross-section calculations, confirming that black hole evaporation
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provides the strongest quasi-model-independent constraint on gravitationally coupled

dark sectors across a wide range of dark sector particle masses.

The second study examines primordial black holes (PBHs) in the asteroid-mass

window (10−16–10−11M⊙), where they can constitute the entirety of the cosmological

dark matter and are inaccessible to conventional gravitational-wave detectors. We up-

date the calculation of the gravitational-wave sight distance for narrow-band resonant

microwave cavities such as ADMX, showing that it becomes chirp-mass independent

at large PBH masses, saturating at dsens ≃ 0.03 AU. Constructing the most optimistic

possible merger event rate— incorporating early-time clustering, local dark matter over-

densities, dichromatic mass functions, and fPBH = 1—we find that detectable merger

events are extremely rare even under maximally favorable assumptions, motivating the

search for alternative high-frequency gravitational-wave sources from PBH systems.

The third study extends the theory of black hole evaporation to Kerr and

Reissner–Nordström geometries in the presence of large dark sectors, using the Page

factor formalism. We demonstrate that the canonical evaporation hierarchy—charge

neutralized first, followed by spin loss, then mass—can be qualitatively reversed when

the number of uncharged dark sector species exceeds a critical threshold Ncrit ≈ 220

(for a 1017 g black hole). Above this threshold, the mass-loss rate outpaces the charge-

loss rate, causing the effective charge Q∗ = Q/M to grow during evaporation and

potentially driving the black hole toward a near-extremal state. We further characterize

the competing roles of Schwinger pair production, which restores rapid discharge for

sufficiently light and highly charged black holes, and superradiance, which can extract
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angular momentum 108 times faster than Hawking radiation for optimal boson–black

hole mass combinations.

The fourth study treats superradiance as a gravitational-wave source rather

than merely a spin-loss mechanism, presenting a unified framework for gravitational-

wave emission from both isolated and binary-perturbed gravitational atoms around

primordial black holes. Ultralight bosons with masses µ ∼ 10−8–10−5 eV form macro-

scopic coherent clouds around PBHs in the mass range 10−6–10−3M⊙, emitting quasi-

monochromatic gravitational waves in the MHz–GHz band at frequencies fann ≃ µ/π

and ftr ≃ µα2/(4π), directly accessible to ADMX-like resonant cavities. We derive an-

alytic frequency-domain strain templates for both the annihilation and level-transition

channels, and apply the Landau–Zener formalism to binary-induced resonant transi-

tions. Although binary-driven bursts satisfy detector ring-up criteria over a range of

parameters, their characteristic strain falls orders of magnitude below current ADMX

sensitivity at astrophysically plausible distances (≳ 1 kpc), with detectable events re-

quiring source distances ≲ 1 AU. We quantify the improvements in strain sensitivity,

bandwidth, and ring-up time required to render these signals observable, and iden-

tify PBH gravitational atoms as a theoretically well-motivated target for future high-

frequency gravitational-wave searches. Taken together, these studies establish black

holes as stellar-mass merger remnants, primordial dark matter candidates, and hosts

of superradiant boson clouds—as uniquely powerful instruments for probing physics

beyond the Standard Model through the gravitational window.
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Chapter 1

Introduction

1.1 The Dark Matter Problem and the Case for a Dark

Sector

The evidence for dark matter is overwhelming and multi-scale. Anomalously

flat galactic rotation curves, the dynamics of galaxy clusters, the angular power spec-

trum of the cosmic microwave background (CMB), and the matter power spectrum of

large-scale structure all point to the same conclusion: roughly 27% of the universe’s en-

ergy budget is carried by matter that interacts gravitationally yet emits no detectable

electromagnetic radiation [169]. Despite decades of increasingly refined searches—

direct-detection experiments deep underground, indirect searches for annihilation and

decay products across the electromagnetic spectrum, and dedicated production channels

at the Large Hadron Collider—the microscopic identity of dark matter remains one of

the most pressing open questions in fundamental physics.
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The dominant paradigm for the past four decades has been the weakly interact-

ing massive particle (WIMP), motivated by the remarkable coincidence that a particle

with weak-scale mass and coupling automatically freezes out of thermal equilibrium with

a relic abundance close to the observed dark matter density, a fact sometimes called the

“WIMP miracle” [18]. The progressive exclusion of large regions of WIMP parameter

space has broadened the theoretical landscape considerably. Among the well-motivated

alternatives are ultralight axion-like particles [184, 4, 77], primordial black holes [96],

and entirely gravitationally coupled dark sectors—the central subject of this thesis.

A dark sector is an extension of the Standard Model (SM) field content pop-

ulated by degrees of freedom that carry no SM gauge charges and couple to the visible

sector exclusively through gravity, or through an additional portal that is itself very

weakly coupled. Such sectors arise naturally in a wide variety of theoretical frame-

works. Twin Higgs models [56] contain a mirror sector of roughly SM-sized field con-

tent. The minimal supersymmetric SM introduces a superpartner for every SM degree

of freedom [161]. Scenarios with large extra dimensions [20] predict a Kaluza–Klein

tower of graviton modes whose multiplicity scales as (M∗/MP )
d−4, potentially reaching

astronomical numbers in the four-dimensional effective theory. “Clockwork” [115] and

“stasis” [74] cosmological scenarios similarly contain large numbers of approximately

degenerate species.

Even without any non-gravitational portal, a large number N of light dark-
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sector degrees of freedom modifies Newton’s constant through radiative corrections,

δG−1(µ) = G−1(µ)−G−1(0) ∼ Nm2 ln
(
µ2/m2

)
, m < µ, (1.1)

wherem is the dark-sector particle mass and µ the energy scale [47]. For massive species

with m < µ, equation (1.1) governs the running; in the strictly massless limit the m2

prefactor is replaced by µ2, and the correction persists as a pure logarithmic running.

The bound quoted below for massless species follows from this latter regime, as derived

in detail in Chapter 2. Precision equivalence-principle tests at distances d ∼ 103 km

constrain δG/G ≲ 10−9 [101, 195], which translates at the scale µ ∼ 1/d ∼ 10−13 eV

into the weak bound N ≲ 1073 for massless species. These renormalization-group limits

are examined carefully in Chapter 2, but they carry important caveats: gauge bosons

contribute with the opposite sign to scalars and Weyl fermions, and large cancellations

involving the cosmological constant are not excluded. Qualitatively different, and ob-

servationally far more powerful, are constraints that arise from the direct effects of a

large dark sector on macroscopic astrophysical objects—in particular, on the Hawking

evaporation of stellar-mass and primordial black holes, and on the gravitational-wave

signals those objects produce. It is these constraints, and the observational signatures

they generate, that form the subject of this thesis.

1.2 Organization of This Thesis

This thesis is organized as a compilation of four research papers, each of which

constitutes a self-contained chapter. The chapters are arranged to follow a coherent sci-
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entific narrative, progressing from precision laboratory constraints on large dark sectors

through the phenomenology of primordial black holes as dark matter, then deepening

into the theoretical structure of black hole evaporation in generic geometries, and culmi-

nating in a quantitative detectability study of high-frequency gravitational-wave signals

from superradiant boson clouds around primordial black holes.

Chapter 2, “Precision gravity constraints on large dark sectors” (Ewasiuk &

Profumo, arXiv:2509.02801 [97]), establishes a model-independent framework for bound-

ing the number of gravitationally coupled dark degrees of freedom using precision tests

of Newton’s law. By treating general relativity as a low-energy effective field theory

and translating loop-induced quantum corrections to the Newtonian potential into the

Yukawa-type language of fifth-force experiments, the chapter derives quantitative mul-

tiplicity limits that reach N ≲ O(1061) for truly massless species.

Chapter 3, “The maximal gravitational wave signal from asteroid-mass pri-

mordial black hole mergers at resonant microwave cavities” (Profumo, Brown, Ewasiuk,

Ricarte & Su, arXiv:2410.15400 [187]), narrows the focus to primordial black holes as a

specific dark matter candidate. The chapter updates the calculation of the gravitational-

wave sight distance for narrow-band resonant-cavity detectors, derives the asymptotic

chirp-mass independence of that distance in the Nc/Q ≪ 1 limit, and constructs the

maximum possible merger event rate under optimistic assumptions about PBH clus-

tering, local dark matter density, and mass function shape. The conclusion that even

the most favorable event rates fall far below current sensitivity motivates the search for

alternative high-frequency gravitational-wave sources from the same PBH population.
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Chapter 4, “Dark-sector modifications to Kerr and Reissner–Nordström black

hole evaporation” (Ewasiuk & Profumo, arXiv:2505.04812 [98]), provides the theoreti-

cal foundation for understanding how a large dark sector alters black hole evaporation

dynamics in generic geometries. Using the Page factor formalism extended to Kerr and

Reissner–Nordström black holes, the chapter demonstrates that the canonical charge-

first evaporation hierarchy can be reversed when the number of uncharged dark-sector

species exceeds a critical threshold Ncrit ≈ 220, producing effective charge growth and

potentially near-extremal relics. The chapter also characterizes Schwinger pair produc-

tion and superradiance as competing mechanisms that further modify the evaporation

dynamics, providing the theoretical bridge to the final chapter.

Chapter 5, “High-frequency gravitational wave transients from superradiance”

(Su, Brown, Ewasiuk & Profumo, arXiv:2604.01407 [203]), completes the program by

treating superradiance as a gravitational-wave source rather than merely a spin-loss

mechanism. Drawing on the PBH mass range and resonant-cavity detector framework

developed in Chapter 3 and the superradiance formalism introduced in Chapter 4, the

chapter derives analytic waveform templates for both isolated and binary-perturbed

gravitational atoms, performs a rigorous detectability analysis at ADMX sensitivity,

and quantifies the detector improvements needed to access this class of signals.
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1.3 Precision Gravity Constraints on Dark Sectors

General relativity, treated as a low-energy effective field theory valid below

the Planck scale, predicts calculable quantum corrections to Newton’s law arising from

loops of matter and graviton fields. For the Standard Model particle content these

corrections are utterly negligible at laboratory distances. The situation changes qual-

itatively, however, when the theory is extended by a hidden sector containing a large

number N of light degrees of freedom: loop-induced modifications to the Newtonian

potential accumulate with N , and for sufficiently large dark sectors they can approach

the sensitivity thresholds of current precision gravity experiments.

The leading quantum correction to the static potential takes different forms

depending on the mass of the dark-sector particle. Massless species generate a long-

range, nonanalytic 1/r3 power-law correction whose coefficient grows linearly with N .

Massive species with mass mX generate Yukawa-suppressed contributions with charac-

teristic range λ = 1/(2mX) that collectively scale as NβXe
−2mXr/r2, where βX is a

spin-dependent loop coefficient. Both contributions can be mapped onto the standard

experimental Yukawa template

Uexp(r) = −Gm1m2

r

[
1 + γ e−r/λ

]
, (1.2)

making precision fifth-force exclusion curves directly reinterpretable as bounds on the

dark-sector multiplicity.

Chapter 2 carries out this program systematically, deriving the effective field

theory predictions for loop-induced corrections and translating published inverse-square-
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law and Yukawa-type exclusion data into multiplicity bounds. Using the most precise

available torsion-balance data [204], the per-spin limits for truly massless species are

Ns ≲ 1.08× 1062 (real scalar), (1.3)

Nf ≲ 1.80× 1061 (Dirac fermion), (1.4)

Nv ≲ 9.02× 1060 (vector). (1.5)

For massive particles the analysis provides a continuous exclusion curve in the (m,N)

plane, with torsion-balance experiments dominating at masses m ∼ 10−16–10−13 eV

and planetary dynamics and lunar laser ranging providing sensitivity at smaller masses.

These constraints are complementary to cosmological bounds from BBN and the CMB,

which limit relic abundances under specified production histories, whereas laboratory

tests constrain the present-day spectrum of light states irrespective of their cosmological

population.

1.4 Primordial Black Holes as Dark Matter: The Asteroid-

Mass Window and the HFGW Detection Program

Among the scenarios in which black holes illuminate the dark sector, perhaps

the most striking is the possibility that black holes themselves are the dark matter. Pri-

mordial black holes (PBHs), formed from the gravitational collapse of large-amplitude

density perturbations in the early universe at the scale of the cosmic event horizon, are a

well-motivated dark matter candidate whose mass spectrum depends sensitively on the
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primordial power spectrum and the thermal history at the time of formation [52, 96].

A well-known observational “asteroid-mass window” spanning roughly 10−16M⊙

to 10−11M⊙ permits PBHs to constitute the entirety of the cosmological dark matter

abundance (fPBH = 1) without violating any existing bound. The lower edge of this

window is set by Hawking evaporation: PBHs lighter than ∼ 10−16M⊙ would have evap-

orated before the present epoch, with products constrained by extragalactic gamma-ray

backgrounds and CMB spectral distortions [52]. The upper edge near 10−11M⊙ is set by

gravitational microlensing surveys [172]. Crucially, the entire five-decade-wide window is

inaccessible to any currently planned gravitational-wave interferometer—LIGO, Virgo,

KAGRA, and LISA all target mass ranges well outside it—making a direct detection

of asteroid-mass PBHs one of the defining challenges for next-generation gravitational-

wave astronomy.

High-frequency gravitational waves (HFGWs) offer a rare window into this

mass range. A merger of two black holes with chirp mass Mc emits gravitational

radiation at an instantaneous frequency ν ≃ 2/(63/2πMtot) at the innermost stable cir-

cular orbit, which forMtot ∼ 10−11M⊙ corresponds to ν ∼ 1 GHz. Resonant microwave

cavities—narrow-band detectors originally designed for axion dark matter searches [199],

sensitive to oscillatory metric perturbations via the inverse Gertsenshtein effect [178]—

naturally operate in this frequency range. The strain sensitivity of an ADMX-like cavity
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is [105]

hsens(ν) ≃ 3× 10−22

(
0.1

ηn

)(
8 T

|B⃗|

)(
0.1 m3

Vcav

)5/6(
105

Q

)1/2

×
(
Tsys
1 K

)1/2(1 GHz

ν

)3/2( ∆ν

10 kHz

)1/4(1 min

∆t

)1/4
,

(1.6)

where ηn ≈ 0.1 is the effective coupling coefficient for the TM010 mode, Q the quality

factor, and ∆ν ∼ ν/Q the bandwidth.

Chapter 3 updates the calculation of the sight distance for such detectors and

derives the maximal possible event rate for PBH mergers at an ADMX-like cavity. A

key technical result is that in the regime where the number of gravitational-wave cycles

within the cavity bandwidth satisfies Nc/Q≪ 1, the cavity signal becomes independent

of chirp mass; the sight distance therefore saturates at

dsens ≃ 0.03 AU

(
∆ν

10 kHz

)1/4

. (1.7)

The chapter then constructs the most optimistic possible event rate, simultaneously

incorporating early-time PBH clustering that enhances three-body binary formation, a

local dark matter over-density, a dichromatic PBH mass function of the form ψ(m) =

f1 δ(m−m1)+f2 δ(m−m2) constrained by
∑

i fi/f
max
PBH(mi) ≤ 1, and a PBH abundance

saturating the cosmological dark matter density. Even under these maximally optimistic

conditions, detectable merger events are extraordinarily rare: the dsens ≃ 0.03 AU sight

distance falls far below any characteristic distance implied by realistic PBH binary

formation rates, with event rates below 10−17 yr−1 even for the most favorable future

detector configurations. This conclusion motivates the search for alternative sources

of GHz gravitational waves from the same PBH population, which is the subject of
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Chapter 5. But first, a detailed understanding of how a large dark sector alters the

dynamics of black hole evaporation for generic geometries is necessary, which is the

subject of Chapter 4.

1.5 Dark-Sector Modifications to Black Hole Evaporation

Hierarchies in Kerr and Reissner–Nordström Geome-

tries

The analysis of Chapter 2 treats dark-sector effects through their cumulative

loop contributions to the Newtonian potential. A qualitatively different and comple-

mentary probe of large dark sectors arises from black hole evaporation itself: because

black holes radiate every species lighter than their Hawking temperature regardless of

gauge charge, they are sensitive to the full particle content of the theory in a way that

laboratory or collider experiments are not. A generic black hole is characterized by

three conserved quantities, mass M , angular momentum J , and charge Q. These quan-

tities are dissipated on very different timescales that depend sensitively on the available

particle spectrum.

Page’s classic analysis [174, 175, 176] established a canonical hierarchy for

SM-only black holes: charge Q is neutralized first, angular momentum J is shed next,

and mass loss dominates last. This ordering reflects the fact that the number of parti-

cles needed to neutralize a charged black hole scales as M , while shedding all angular

momentum J requires of order M2 emissions, and mass loss operates on the longest
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timescale of all.

Chapter 4 demonstrates that this hierarchy is not universal: it depends sensi-

tively on the particle content of the theory and can be qualitatively reversed by a large

dark sector. The central tool is the Page factor formalism, in which scale-invariant loss

rates

f(M,a∗) = −M2dM

dt
, (1.8)

g(M,a∗) = −M
a∗
dJ

dt
, (1.9)

h(M,Q∗) = −M
2

Q∗
dQ

dt
, (1.10)

are computed numerically using BlackHawk for the Kerr case and a custom charged-

metric adaptation for the Reissner–Nordström (RN) case [98]. The key physical insight

is that introducing Ndof massless, neutral dark-sector species augments the mass-loss

Page factor f while leaving the charge-loss factor h unchanged, since only charged

particles contribute to h. The effective charge Q∗ = Q/M therefore evolves as

dQ∗

dt
=
Q∗[f(M,Q∗)− h(M,Q∗)

]
M3 , (1.11)

which changes sign—from charge loss to effective charge growth—when f surpasses h.

The critical threshold derived in Chapter 4 is Ncrit ≈ 220 for a 1017 g black hole with

massless dark-sector particles. For Ndof ≳ 270, the effective charge grows throughout

the entire evaporation, driving the black hole asymptotically toward extremality (Q∗ →

1) where the Hawking temperature

TRN =
r+ − r−

4πr2+

Q
∗→1−−−−→ 0 (1.12)
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and evaporation halts. This is a non-trivial prediction: large hidden sectors can pro-

duce near-extremal charged black hole relics as a population-level outcome of Hawking

evaporation, independent of initial conditions.

Two additional mechanisms are incorporated in Chapter 4. Schwinger pair

production [197] describes the spontaneous creation of electron-positron pairs in the

near-horizon electric field and becomes dominant for light (M ≲ 1017 g), highly charged

(Q∗ ≳ 0.5) black holes, introducing a competing discharge channel that can restore the

conventional hierarchy and even transiently increase Q∗ before the field weakens. For

the Kerr geometry, the chapter confirms the expected result that spin is always shed

before mass, but demonstrates that the timescale for spin-down depends sensitively on

the dark-sector particle spin: scalar fields are anomalously inefficient at carrying away

angular momentum in the low-spin limit, producing characteristic divergences in the

log-normalized ratio M
a
∗
da

∗

dt /
dM
dt near the end of the spin-down phase.

The chapter further introduces superradiance as an angular-momentum ex-

traction mechanism that is orders of magnitude more efficient than Hawking radiation

for appropriate combinations of black hole spin and boson mass. The superradiant

spin-down timescale

tSR = Γ−1
nℓm ≈ 5 s

(
MBH

10−5M⊙

)(
0.2

α

)9( 0.1

C211

)
, (1.13)

where α ≡ GMBHµa is the gravitational fine-structure constant and µa the boson mass,

can be 108 times shorter than the Hawking spin-down timescale. This observation

provides the theoretical bridge to Chapter 5, which treats superradiance not merely as
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a spin-loss mechanism but as a gravitational-wave source in its own right.

1.6 High-Frequency Gravitational Wave Transients from

Superradiance around Primordial Black Holes

Superradiance is the amplification of bosonic waves at the expense of the rota-

tional energy of a Kerr black hole. A bosonic field of mass µ satisfying the superradiant

condition

0 < ω < mΩH , ΩH =
a∗

2GMBH

(
1 +

√
1− a∗

2
) , (1.14)

is exponentially amplified by repeated scattering from the angular-momentum barrier

of the Kerr potential [219, 220, 185]. When the boson’s Compton wavelength λ̄C = µ−1

is comparable to the gravitational radius rg = GMBH—i.e., when the gravitational

fine-structure constant α ≡ GMBHµ ∼ O(0.1)—the amplified modes are gravitationally

trapped and grow into a macroscopic coherent cloud, the “gravitational atom” (GA) [71,

43]. The resulting quasi-bound states carry hydrogenic quantum numbers {n, ℓ,m} with

eigenfrequencies ωn ≃ µ(1 − α2/(2n2)), and the saturation occupation number of the

dominant {2, 1, 1} state is

Nsat ≈
0.1MBH

µ
≈ 1075

(
MBH

10−5M⊙

)(
10−6 eV

µ

)
. (1.15)

Two gravitational-wave emission channels become active once the cloud sat-

urates. In the annihilation channel, pairs of cloud bosons convert into gravitons at
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frequency

fann ≃ µ

π
≈ 484 MHz

(
µ

10−6 eV

)
. (1.16)

In the level-transition channel, the quadrupole self-interaction drives bosons from prin-

cipal quantum number ne to ng < ne, emitting at the Bohr frequency

ftr ≃
µα2

4π

(
1

n2g
− 1

n2e

)
≈ 121 MHz

(
µ

10−6 eV

)( α

0.2

)2( 1

n2g
− 1

n2e

)
. (1.17)

The MHz–GHz frequency window targeted by resonant-cavity detectors therefore corre-

sponds to boson masses µ ∼ 10−8–10−5 eV. For peak superradiance efficiency at α ≃ 0.2,

the required black hole mass is

MBH ≃ α

µG
≈ 2.7× 10−5M⊙

( α

0.2

)(10−6 eV

µ

)
, (1.18)

which falls squarely in the asteroid-mass PBH window studied in Chapter 3. This is the

central connection: the same PBH population that is the target of the merger-detection

program is a natural host for superradiant gravitational atoms. Boson masses in the

range µ ∼ 10−8–10−5 eV are independently motivated by the QCD axion solution to

the strong-CP problem [179, 212, 213], further linking the gravitational-wave signal to

a concrete particle-physics target.

Chapter 5 presents the first unified treatment of gravitational-wave emission

from both isolated and binary-perturbed gravitational atoms in the high-frequency

regime, incorporating relativistic superradiant instability rates [128, 198], numerically

computed cloud masses [163], the binary-induced resonance formalism of Kyriazis &

Yang [147], and realistic ADMX sensitivity curves [35]. For isolated gravitational atoms,
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analytic closed-form frequency-domain strain templates, derived via the exponential in-

tegral E1, are obtained for both the annihilation and level-transition channels. Peak

strains for the most optimistic annihilation configurations reach h ∼ 10−22 at 1 kpc,

while level-transition signals peak near h ∼ 10−23.

For PBH binaries, a companion introduces a time-varying tidal potential that

drives resonant level transitions whenever the orbital frequency sweeps through the

Bohr frequency of the gravitational atom. Chapter 5 applies the Landau–Zener formal-

ism [33, 34] to the hyperfine transition {2, 1, 1} → {2, 1,−1} and derives the conditions

under which the resulting transient GW burst duration exceeds the ADMX ring-up time

τring ∼ Q/ν0 ∼ 10−4 s. While the ring-up criterion can be satisfied for a range of binary

parameters, the detectability analysis reveals a fundamental strain gap: at astrophysi-

cally plausible distances (≳ 1 kpc, set by the characteristic PBH binary formation rate

from early two-body channels), the characteristic strain falls orders of magnitude below

the ADMX noise floor. A detectable binary-induced burst would require the source to

be at ≲ 1 AU, implying an event rate far too low to be observationally relevant. The

chapter quantifies the improvements in strain sensitivity, bandwidth, and ring-up time

that would render these signals observable, establishing a concrete design target for

future high-frequency gravitational-wave experiments.
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Chapter 2

Precision Gravity Constraints on Dark

Sectors

2.1 Introduction

Chapter 1 established the central motivation: a large number N of gravita-

tionally coupled dark degrees of freedom modifies Newton’s constant through radiative

corrections, and black hole evaporation arguments already place the strongest quasi-

model-independent bounds on N . This chapter pursues a complementary and inde-

pendent constraint channel, precision laboratory gravity, that probes a qualitatively

different regime of the same parameter space.

Precision “fifth-force” experiments, such as torsion-balance measurements pi-

oneered by the Eöt-Wash group, now probe gravitational interactions down to tens of

microns [204]. These experiments are typically interpreted in terms of Yukawa-type de-
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viations from the inverse-square law, parametrized by a strength α and range λ [204, 8].

Within the low-energy effective field theory (EFT) of gravity [86], quantum loops of mat-

ter and gravitons induce calculable corrections to the Newtonian potential, with leading

terms scaling as 1/r3 at large distances [37, 126, 100]. A single new scalar, fermion, or

vector state contributes negligibly to such deviations. However, a sector containing a

large multiplicity N of light degrees of freedom generates cumulative corrections that

become appreciable: massless dark particles produce enhanced 1/r3 power-law correc-

tions, while massive states contribute Yukawa-suppressed tails whose collective strength

grows with N [45, 106].

The central aim of this chapter is to systematically connect these EFT pre-

dictions for loop-induced gravitational corrections with precision experimental limits,

deriving robust bounds on the multiplicity and mass spectrum of hidden sectors coupled

only gravitationally. We show how existing torsion-balance data can be reinterpreted

as constraints on the number of additional massless and light massive fields, yielding

quantitative limits that in some cases reach O(1061) for truly massless species, comple-

menting the black hole evaporation bounds derived in Chapter 4 and the cosmological

probes of relativistic degrees of freedom.

The chapter is organized as follows. Section 2.2 reviews the EFT framework

and presents the relevant nonlocal form factors. Section 2.7 discusses massless-limit

consistency conditions. Section 2.10 applies the formalism to hidden sectors with many

degrees of freedom, mapping loop-induced corrections onto the Yukawa template used

in experiments. Section 2.14 translates published fifth-force bounds into constraints on
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dark sect multiplicities. We conclude in Section 2.19 with implications for dark sect

phenomenology and prospects for future improvements.

2.2 Quantum Corrections to Newton’s Constant fromMas-

sive and Massless Fields in Effective Field Theory

General relativity can be viewed as a low-energy effective field theory (EFT),

valid far below the Planck scale. In this approach, quantum loops of matter fields and

gravitons lead to scale-dependent modifications of Newton’s constant. These effects can

be described either as a running gravitational coupling G(q2) in momentum space, or

equivalently through nonlocal form factors multiplying curvature terms in the effective

action. At low energies the universal content is carried by nonanalytic terms, such as

q2 ln
(
1 + q2/m2

)
for massive particles or q2 ln

(
−q2

)
for massless fields. The Fourier

transforms of these terms produce observable corrections to the Newtonian potential,

modifying the familiar 1
r force law at short or long distances depending on the particle

content.

The subsections that follow outline this framework in detail, first reviewing

the structure of the one-loop effective action and then showing how different particle

species contribute to the running of G and to corrections of the potential.
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2.3 Effective Action and Nonlocal Form Factors

Quantum corrections to gravity can be systematically treated within the one-

loop effective action, viewing general relativity as a low-energy EFT. For a matter field

of mass m and spin s one writes [60]

Γ(1)
s = 1

2(−1)2sTr ln
(
∆s +m2), (2.1)

where ∆s is the kinetic operator appropriate to spin s. The nonlocal terms of interest

appear as form factors multiplying curvature invariants. It is convenient and complete

to organize the result in the quadratic curvature basis (see, e.g., [31, 86, 87, 45, 107]):

Γ
(2)
matter =

∫
d4x

√
−g
[
RF1,s

(
□
m

2

)
R+Rµν F2,s

(
□
m

2

)
Rµν

]
, (2.2)

with the dimensionless argument

τ ≡ − □

m2 . (2.3)

To leading nonlocal order, each spin-s species contributes the universal shape

Fi,s(τ) = ci,s

[
1− τ ln

(
1 +

1

τ

)]
, i = 1, 2, (2.4)

which resums the infrared logarithms and smoothly interpolates between the massive

and massless regimes.

Note that in the background–field quantization of a (Stueckelberg-regulated)

Abelian vector in a covariant gauge, the one-loop effective action at quadratic order

reads schematically

Γ
(1)
(1) = 1

2 Tr ln
(
∆µ

ν +m2) − Tr ln
(
∆gh +m2) + 1

2 Tr ln
(
∆gf +m2), (2.5)
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where the first term comes from the gauge field, the second from the complex Grassmann

Faddeev–Popov ghosts (hence the overall minus sign), and the last from the gauge-fixing

Jacobian. Decomposing into spin projectors and rewriting the result in the curvature

basis gives

Γ
(2)
matter ⊃

∫ √
−g
[
RF1,1

(
□
m

2

)
R + Rµν F2,1

(
□
m

2

)
Rµν

]
,

with the same nonlocal shape for both channels, Fi,1(τ) = ci,1 [ 1 − τ ln(1 + 1/τ) ], but

with spin-1 coefficients ci,1 that include the ghost/gauge-fixing contributions. The static

inverse–square–law combination probed by our fits is F
(ISL)
1 (τ) = F2,1(τ)− 1

2F1,1(τ), so

the net coefficient is c1 ≡ c2,1 − 1
2c1,1. Including the Faddeev–Popov sector yields a

negative value for this combination, c1 = −1/(96π2); see, e.g., [31, 45, 107] for explicit

derivations in the covariant form-factor language.

It is important to emphasize that this curvature–squared form–factor coeffi-

cient c1 is not identical to the coefficient of the spin–1 contribution in the long–distance

potential written in Eq. (I.1) of Ref. [45], where only the physical vector degrees of free-

dom contribute (counted by N1), with the ghost sector omitted from that parametriza-

tion. After translating between the physical field–counting basis used in Eq. (I.1) and

the covariant form–factor basis used here (which automatically incorporates the ghost

sector via Eq. (2.5)), both approaches yield the same long–distance 1/r3 correction

to the Newtonian potential. The negative value (2.7) therefore reflects the standard

background–field definition of the ISL coefficient for spin–1 matter.

At the linearized level about flat space, the static potential probes a definite combination
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of the spin-2 and spin-0 channels carried by the propagator. This can be expressed as

F (ISL)
s (τ) = F2,s(τ)− 1

2F1,s(τ) = cs

[
1− τ ln

(
1 +

1

τ

)]
, cs ≡ c2,s − 1

2c1,s. (2.6)

Equation (2.6) shows explicitly that both R2 and RµνR
µν are generated at one loop,

while clarifying why a single coefficient cs suffices for the static potential: it is the

short-distance combination entering inverse–square–law (ISL) observables.

For minimally coupled matter fields, the coefficients entering the ISL combination are

c0 =
1

384π2
(real scalar), c1/2 =

1

192π2
(Dirac fermion), c1 = − 1

96π2
(vector+ghosts).

(2.7)

Summing over all species gives

F (ISL)(τ) =
∑
s

Ns cs

[
1− τ ln

(
1 +

1

τ

)]
, (2.8)

where Ns counts the number of fields of spin s. If a non-minimal scalar coupling 1
2ξRϕ

2

is present, the trace (spin-0) channel carries the familiar (1 − 6ξ)2 weight [31, 45]; in

practice one may track this by c0→ c0(1− 6ξ)2 in (2.8).

The long–distance 1/r3 correction to the Newtonian potential originates from

the nonanalytic part of the covariant form factors Fi,s(τ). In the massless or high–

momentum regime (τ → ∞), the form factors take the well–known limit Fi,s(τ) ≃

ci,s(ln τ − 2), reproducing the ln
(
−□/µ2

)
running characteristic of massless loops [31,

45]. For massive fields with momenta well below threshold (|τ | ≪ 1), the same nonlocal

structure admits the local curvature expansion

Fi,s(τ) = ci,s

(
τ
6 − τ

2

60 + · · ·
)
, (2.9)
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which is the low–momentum expansion of the form factor that yields the universal 1/r3

tail upon resummation. At intermediate distances, this physics is conveniently interpo-

lated by a Yukawa–envelope fit [107, 45]. Our mapping from ISL data to constraints on

hidden fields therefore consistently incorporates both the curvature–squared operators

arising at low momenta and their nonlocal running inherited from the full form factor.

For example, integrating out a real scalar yields a correction

U(r) = −Gm1m2

r

[
1 +

c0
G

1

r2
+ . . .

]
, (2.10)

where the second term encodes the leading quantum effect. In general summing over

all particle species (weighted by cs) determines the net sign and magnitude of these

corrections.

If the loop particle is massless, thus τ → ∞, the form factors reduce to the

pure nonanalytic structure Fs(τ) ∼ cs ln
(
−□/µ2

)
, with µ a renormalization scale. This

directly implies a scale-dependent gravitational coupling G(q2). We discuss the massless

case in more detail in the following section. For particles with nonzero mass, the mass

scalem acts as a threshold: at distances much larger than 1/m, the quantum corrections

are strongly suppressed, while at shorter distances the corrections gradually approach

the same logarithmic running seen in the massless case. In this way, the massive case

smoothly connects between 1/m2-suppressed effects in the low energy (q2 ≪ m2) and

universal logarithmic behavior in the high energy case (q2 ≫ m2), a feature that plays an

important role in precision tests of gravity across laboratory and astrophysical regimes.
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2.4 Running and Threshold Effects in G(q2)

The one-loop corrections can be interpreted as being momentum-dependent,

or “running,” Newton’s constant. In flat-space, the running of Newton’s constant can

be parametrized by a correction to its inverse propagator,

G−1
eff (q

2) = G−1
0

[
1 + δs(q

2)
]
, (2.11)

where G0 is the noncorrected gravitational constant and δs(q
2) encodes the quantum

correction from a particle of mass m and spin s. In the case of massless fields, m → 0,

the expression reduces to a purely nonlocal form,

δs(q
2) ∼ c′sG0q

2 ln

(
−q2

µ2

)
, (2.12)

where µ is a renormalization scale. This result is explicitly derived and discussed in

detail later in Section 2.7. This universal logarithmic dependence is responsible for

long-distance, nonlocal corrections to Newton’s law [86, 37, 144].

For massive fields, the behavior is governed by threshold effects. At low mo-

mentum, q2 ≪ m2, the logarithm can be expanded and the correction takes the form

δs(q
2) ≈ cs

2
G0

q4

m2 , (2.13)

which is analytic in q2 and therefore indistinguishable from local higher-derivative op-

erators. For graviton propagators with large momentum transfer, q2 ≫ m2, the particle

contributes fully to the running and the correction asymptotes to

δs(q
2) ≈ csG0 q

2 ln

(
q2

m2

)
. (2.14)
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The full nonlocal expression, ln
(
1 + q2/m2

)
, thus interpolates smoothly between these

two regimes, ensuring that heavy particles decouple at low energies while recovering the

massless logarithmic running in the ultraviolet.

Summing over all particle species yields a compact expression for the effective

coupling in Euclidean space,

Geff(−q
2) ≃ G0

[
1 +G0q

2
∑
s

cs ln

(
1 +

q2

m2
s

)
+ . . .

]
, (2.15)

where the sum runs over all fields with mass ms. This interpolating behavior between

the low-energy analytic regime and high-energy logarithmic running captures the es-

sential physics of how massive fields contribute to gravitational quantum corrections.

The threshold scale m determines whether particles contribute significantly to the run-

ning of Newton’s constant: light particles (q2 ≫ m2) participate fully in the quantum

corrections, while heavy particles (q2 ≪ m2) decouple and contribute only suppressed

analytic terms. This mass-dependent decoupling will prove crucial when analyzing the

cumulative effects of large hidden sectors, as it determines which mass ranges are most

relevant for observable deviations from Newton’s law at different distance scales.

2.5 Correction to the Newtonian Potential

As outlined above, the corrections to the Newtonian potential are obtained by

integrating the nonlocal form factor above for all possible particle spins s. In the case

of the massless fields, such corrections to the gravitational potential induce long range

effects of the form O(1/r3) [86, 37, 144, 100, 126]:
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U(r) = −Gm1m2

r

[
1 + α

G

r2
+ . . .

]
(2.16)

where [37]

α =
41

10π
(graviton loops), (2.17)

is obtained via graviton (s = 2) corrections and is modified via additional contributions

from spins 0, 1/2, 1 to get:

α =
41

10π
+
∑
f

Nf
1

20π
+
∑
s

Ns
1

120π
+
∑
v

Nv

(
− 1

10π

)
(2.18)

where Nf,s,v count Dirac fermions, real scalars, and vectors. For massive fields, cor-

rections are exponentially suppressed beyond the Compton wavelength and interpolate

between short-distance (massless) and long-distance (suppressed) regimes. Explicit an-

alytic and numerical forms are given in [106, 45], including Bessel and Struve functions.

2.6 Validity of the EFT and species effects.

Loop-generated quadratic curvature terms can be reorganized into massive

spin-0 and spin-2 propagating poles (the latter being a ghost in a purely localR2+RµνR
µν

truncation). In a Wilsonian picture the induced masses scale schematically like

M0,2 ∼ MPl√
α0,2

, α0,2 ∝ N

16π2
,

so extremely large N can lower M0,2. Independently of N , collider searches for massive

spin-2 resonances at the LHC place a lower boundM0,2 ≳ O(few TeV) on any new state

that couples to Standard Model matter with gravitational strength [2]; for moderate N
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this bound is automatically satisfied, since the loop suppression factor 1/16π2 keeps

M0,2 well above the TeV scale, but in the large-N regime the two constraints become

complementary. For moderate N this collider bound is not operative, since the loop

suppression factor 1/16π2 keeps M0,2 well above the TeV scale. However, in the large-

N regime that is the primary focus of this work, M0,2 can be driven toward the TeV

scale, and the LHC bound then provides a complementary lower bound on M0,2 that

tightens the allowed parameter space independently of the laboratory gravity analysis.

Our laboratory analysis is performed at distances r⋆ in the mm to µm range. IfM−1
0,2 ≪

r⋆, the massive poles merely renormalize the local curvature terms and the familiar

nonlocal 1/r3 tail governs the signal. If insteadM−1
0,2 ≳ r⋆, the same physics manifests as

additional Yukawa components with ranges λ0,2 ∼M−1
0,2 , which are already encompassed

by our envelope fit and lead to tighter constraints. Thus a conservative consistency

condition for our nonlocal description is M−1
0,2 ≪ r⋆; when it fails, one should include

the corresponding Yukawa piece explicitly, which our mapping accommodates without

changing the empirical logic of the bounds.

2.7 Massless Limit Consistency

A crucial consistency check for the quantum corrections derived in the preced-

ing sections is that, in the limit of vanishing mass, the expressions for massive fields

smoothly reproduce the well-known massless results both in momentum-space running

and in the real-space potential. This property is explicitly realized in the referenced
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calculations [106, 45].

2.8 Momentum-Space Running

For a field of mass m and spin s, the nonlocal correction to Newton’s constant

in momentum space is obtained via integrating the quantum corrections given by Fs in

Eq. 2.6 to obtain the form [106]:

δs(q
2) = csG0 q

2 ln

(
1 +

q2

m2

)
. (2.19)

In the massless limit, we are interested in the m → 0 limit. Doing so, the logarithm

expands as:

ln

(
1 +

q2

m2

)
−→ ln

(
q2

m2

)
. (2.20)

With this minor expansion, the overall expression for the massless correction to Newton’s

constant takes the form

δs(q
2) → csG0 q

2 ln

(
q2

µ2

)
. (2.21)

where µ has replaced the mass m and defines the renormalization scale in the massless

case. This matches the standard massless result, where the running of G is governed

by a q2 ln
(
−q2

)
form factor [86, 37]. In the limit m → 0, the nonlocal form factor

reduces to the universal massless expression ∼ q2ln(−q2), in agreement with earlier

EFT analyses of graviton and massless matter loops. The scale m in the massive case

thus plays the role of a regulator, which is replaced by a renormalization scale µ in the

massless theory.
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2.9 Position-Space Potential

Massive Correction m → 0 Limit (Massless) Source

Exponential/Yukawa: e−mr/r3 Nonanalytic 1/r3 tail [106, 45]

Bessel/Struve function form Expands to 1/r3 [45]

The effect of quantum corrections can also be understood directly in position space by

examining their contribution to the Newtonian potential. For a particle of finite mass

m, the correction takes a Yukawa-suppressed form

δU(r) ∼ e−mr

r3
, (2.22)

so that the contribution is short-ranged and becomes negligible beyond the particle’s

Compton wavelength. More detailed treatments [45] show that the exact expression

can be written in terms of special functions (e.g., Bessel and Struve), but the essential

behavior is well captured by the exponential factor. Both [45, 106] express the full

quantum-corrected potential V (r) for massive loops using Bessel/Struve functions:

• For mr ≪ 1, the expansion reproduces the 1/r3 behavior of massless loop correc-

tions.

• For mr ≫ 1, the correction is exponentially (Yukawa) suppressed.

In the massless limit,m→ 0, the exponential suppression goes to unity, leaving

a long-range correction of the form

δU(r) ∼ 1

r3
. (2.23)
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This result matches the standard nonanalytic correction derived in effective field theory

and demonstrates the smooth connection between the massive and massless cases. At

short distances (mr ≪ 1) the potential reduces to the 1/r3 form characteristic of mass-

less loops, while at large distances (mr ≫ 1) the correction is exponentially suppressed

and therefore negligible. In this way, the position-space picture confirms the consis-

tency of the massless limit and illustrates how heavy particles decouple from long-range

gravitational physics.

2.10 Constraints on Hidden or Dark Sectors with Many

Degrees of Freedom

The preceding analysis, based on the Standard Model particle content, shows

that quantum corrections to Newton’s law are utterly negligible at accessible length

scales. However, the situation can change qualitatively in the presence of a dark sector

containing a large number of light or very weakly coupled particles—for example, many

real scalars, fermions, or vectors with masses mi below or near the meV scale.

2.11 Quantum Corrections from Large Hidden Sectors.

The full quantum-corrected Newtonian potential arises from the combined ef-

fect of all light and heavy degrees of freedom running in loops [37, 106]. Each particle

species contributes a correction determined by its spin, mass, and multiplicity, with

massless states generating long-range, nonanalytic terms and massive states producing
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short-range Yukawa-suppressed effects. In practice, the net modification is obtained by

summing over all particle types, weighted by the spin-dependent coefficients introduced

in the previous section. This leads to the general expression for a modified gravitational

potential:

U(r) = −Gm1m2

r

[
1 +

∑
j∈massless

αj
G

r2
+

∑
i∈massive

βi
Ge−2mir

r2
+ · · ·

]
(2.24)

with αj and βi determined by the spin-dependent loop coefficients cs (see previous

section), and the sums extend over all massless and massive dark sector states.

In the massive case with N nearly degenerate, weakly-coupled species with

similar massesmX , the Yukawa correction is enhanced by the total number of additional

degrees of freedom N ,

UYukawa(r) ∼ −G
2m1m2

r
N βX

e−2mXr

r2
. (2.25)

This means that the quantum gravitational correction, while tiny for each individual

state, can become collectively significant if N is large or if mX is sufficiently small

(mX ≲ meV). For heavier states the Yukawa corrections are strongly suppressed, but

ultralight particles can give rise to measurable deviations in precision experiments.

Note that our reinterpretation counts any propagating degree of freedom lighter

than the experimental lever arm. Concretely, a state contributes to the potential if its

mass satisfies m ≲ r−1
⋆ . In confining theories, heavy resonances above this scale are

integrated out and do not affect our fits, whereas light PNGBs, glueballs, or other com-

posites couple universally to gravity and contribute on the same footing as elementary
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fields. Our constraints apply to any light degree of freedom that behaves as an effectively

pointlike scalar at the momentum transfers relevant for ISL experiments. For PNGBs,

this condition is naturally satisfied because their masses can be parametrically smaller

than their compositeness scale. For glueballs, this occurs only if the confinement scale

of the hidden sector is sufficiently low (e.g. keV–MeV), so that the lightest glueball is

both kinematically accessible and structureless at the probed momenta. In contrast,

QCD glueballs are too heavy to satisfy this condition, and do not enter our bounds.

The bounds therefore depend only on the infrared spectrum, not on UV compositeness.

2.12 Experimental Limits: Mapping onto the Yukawa Tem-

plate.

A standard approach to constraining possible deviations from Newton’s law is

to express the potential in terms of a Yukawa-like correction, parameterized as

Uexp(r) = −Gm1m2

r

[
1 + γ e−r/λ

]
(2.26)

where γ is the dimensionless strength and λ the range of a hypothetical new Yukawa

force. This form provides a convenient benchmark because it captures both the pos-

sibility of a new long-range force (if λ is large) and a short-range modification (if λ is

small). Comparing to the Yukawa correction in Eq. 2.25, the collective quantum loop

correction from a large hidden sector maps onto this template by identifying

γ = N βX
G

2mXλ
with λ =

1

2mX
, (2.27)

31



where the detailed normalization depends on the spin, couplings, and explicit compu-

tation of βX for the field(s) in question [106, 45]. However, the mapping is not reliable

as m→ 0; we return to a detailed discussion of this massless limit in Sec. 2.14.

2.13 Constraints and Projected Sensitivity

Experimental searches for deviations from Newton’s law are commonly pre-

sented as exclusion plots in the (γ, λ) plane, where γ sets the relative strength and λ

the range of a Yukawa-type correction. Within our framework, these bounds can be

directly reinterpreted as limits on the number and properties of hidden-sector states

that contribute to quantum loop corrections of gravity.

For instance, identifying λ = 1/(2mX) for a species of mass mX , one finds that

experiments typically constrain |γ| ≲ 10−2–10−4 at micron length scales [45]. If the

collective enhancement from a large number of species N or from very light masses mX

pushes the predicted quantum correction above these bounds, the corresponding models

can be ruled out or tightly constrained. The overall size and sign of the effect depend

on the weighted sum of coefficients cs for the contributing fields, and can therefore be

evaluated model by model using the master expressions for U(r) derived above [106, 37].

If the hidden sector also contains massless states (such as scalars or dark photons), the

cumulative correction is instead of the form

αtot =
∑

j∈massless

Nj cj , (2.28)

leading to an additive 1/r3 term in the potential. While these corrections fall off faster
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than Yukawa-type terms and are generally harder to detect, their cumulative effect

could still be constrained through precision fits to short-distance deviations from the

1/r force law. Still, the quantum loop corrections to the gravitational potential—

Yukawa-suppressed for each individual massive state and 1/r3-suppressed for massless

ones—can, if multiplied by a large number of hidden-sector degrees of freedom, become

significant enough to be probed by laboratory experiments. The basic procedure is to

map the theoretical prediction

∆U(r) = −Gm1m2

r

∑
X

NX βX
e−2mXr

r2
(2.29)

onto the experimental Yukawa form with parameters (γ, λ). Published exclusion plots

in the (γ, λ) plane then translate directly into limits on the number NX and mass mX

of new species [106, 45], as we will see below.

2.14 From fifth–force bounds to multiplicity limits

We now show how experimental fifth–force searches can be recast as direct

bounds on the multiplicity of hidden-sector degrees of freedom that couple to gravity.

This provides a framework between laboratory constraints on Yukawa or power–law

deviations from Newton’s law and theoretical scenarios with large numbers of light or

massless states. Throughout this section we set ℏ = c = 1 and denote Newton’s constant

by GN .
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2.15 Set–up

To connect experimental fifth–force searches to hidden–sector physics, we con-

sider a generic dark sector containingNs real scalars, Nf Dirac fermions, andNv vectors,

all coupled only through gravity. The effect of these fields is to modify the Newtonian

potential by loop exchange, producing a correction of the form

∆U

UNewt
(r) =

∑
X=s,f,v

NX
GN

r2
KX(mXr), UNewt(r) = −GNm1m2

r
, (2.30)

where KX is a dimensionless loop kernel encoding the spin and mass dependence of the

exchanged particle. Two limits of KX are especially important:

KX(0) = βX , βs =
1

120π
, βf =

1

20π
, βv = − 1

10π
, (2.31)

for massless fields, and

KX(ξ) −−−→
ξ≫1

β
(as)
X (ξ) e−2ξ, ξ ≡ mXr, (2.32)

The superscript (as) indicates the asymptotic form: β
(as)
X (ξ) gives the coefficient in

the large-ξ expansion, which generally differs from the massless coefficient βX due to

additional corrections that emerge in the massive case at large distances. For mas-

sive fields at distances large compared to their Compton wavelength. Thus, massless

species always generate a long–range 1/r3 correction, whereas massive species decouple

exponentially at large r.

On the experimental side, deviations from Newton’s law are typically reported

in two standard parameterizations:

Vk(r) = −GNm1m2

r

[
1 + βk

(r0
r

)k−1
]
, (2.33)
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for power–law deformations of the inverse–square law, and

VY (r) = −GNm1m2

r

[
1 + αexp(λ) e

−r/λ
]
, (2.34)

for Yukawa–type forces. The loop–induced 1/r3 correction maps onto the k = 3 case of

Eq. (2.33), while finite–mass fields map onto the Yukawa form with range λ = 1/(2mX).

Our methodology for constraining multiplicity limits involves utilizing given

experimental exclusion curves to obtain values of α and λ to set direct bounds on the

number of degrees of freedom. In the following subsections we treat separately the

massless case, which allows closed–form analytic bounds, and the massive case, which

requires mapping onto Yukawa envelopes.

2.16 Massless dark degrees of freedom: closed–form bound

with numbers

When mX = 0, Eqs. (2.30) and (2.31) give

∆U

UNewt
(r) =

( Nf

20π
+

Ns

120π
− Nv

10π

)GN

r2
. (2.35)

Direct ISL tests at short range (torsion balances) often report the k = 3 power–law

coefficient at r0 = 1 mm. Writing the fractional residual as ε(r) ≡ |∆U/UNewt|, the

k = 3 parameterization implies

ε(r) r2 = β3 r
2
0 (k = 3, r0 = 1 mm), (2.36)
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independent of r. Combining Eqs. (2.35) and (2.36) yields the general multiplicity

bound ∣∣∣ Nf

20π
+

Ns

120π
− Nv

10π

∣∣∣ ≤ β3 r
2
0

GN
. (2.37)

Using the most precise published ISL power–law constraint (Eöt–Wash–style

torsion balance),1

|β3| ≲ 7.5× 10−5 (68% CL) ⇒ β3r
2
0

GN
≲ 2.87× 1059, (2.38)

where we used r0 = 1 mm and GN = l2P = 2.611×10−70m2. Equation (2.37) then gives

the per–spin limits (assuming only one spin species is present):

Ns ≲ 1.08× 1062 (real scalar), (2.39)

Nf ≲ 1.80× 1061 (Dirac fermion), (2.40)

Nv ≲ 9.02× 1060 (vector; using |βv|). (2.41)

For Weyl/Majorana fermions, divide (2.40) by two. If multiple spins are present, ap-

ply (2.37) to the spin–weighted sum; one may also impose a robust (no–cancellation)

limit by bounding the sum of absolute contributions. Equations (2.39)–(2.41) show

that current short–range ISL data allow extremely large multiplicities of truly mass-

less gravitationally–coupled fields; any improvement in |β3| translates linearly to these

bounds.

1
Tan et al. quote power–law bounds including k = 3; for convenience we take their tabulated k = 3

value at 68%CL, |β3| ≲ 7.5 × 10
−5

[204]. Older analyses (e.g. [131]) give consistent though weaker
values. At 95%CL, numbers inflate by a factor ∼1.6–2.
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2.17 Massive dark degrees of freedom: mapping to Yukawa

envelopes

For mX > 0, the experimental summaries provide 95%CL limits αmax
exp (λ) in

Eq. (2.34). Identify the range with particle mass as

λ =
1

2mX
, (2.42)

and match the leading long–range piece of (2.30) to the Yukawa form at the apparatus

lever arm r⋆ (choosing r⋆ ≃ λ maximizes sensitivity). Defining a dimensionless shape

factor SX(ξ) ≡ KX(ξ) e2ξ with SX(0) = 1 and SX(12) = O(1), one obtains

αth(λ) ≃ NX βX
GN

r2⋆
SX(mXr⋆) ⇒ Nmax

X (λ) ≃
αmax
exp (λ)

βX SX(1/2)

λ2

GN
, λ =

1

2mX
.

(2.43)

Setting SX(1/2) = 1 gives a slightly conservative estimate that is convenient for quick re-

interpretations of published (α, λ) curves (torsion balances, LLR, planetary dynamics,

etc.). Applying the results from precision experiments at varying length scales, we can

obtain continuous limits on the multiplicities of dark sectors, as is illustrated in Fig. 2.1

below.

Including additional Yukawa poles when they enter the lever arm. If the

higher-derivative poles discussed in Sec. 2.2 descend into the laboratory window, their

effect is incorporated by adding explicit Yukawa pieces to the static potential, rather
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than relying solely on the single-envelope mapping. We write

U(r) = −Gm1m2

r

[
1 +

nY∑
k=1

αk e
−r/λk

]
, (2.44)

with (λk, αk) the range and strength of the k-th Yukawa term. For the quadratic-

curvature spin channels one may take nY = 2, with

(λ0, α0) and (λ2, α2), λ0,2 =
1

2M0,2
, (2.45)

mirroring the convention in Eq. (2.42). The data analysis then proceeds by profiling the

likelihood (or χ2) over (α0, α2) at fixed (λ0, λ2), yielding one–sided bounds α95
0,2(λ0,2)

(single–pole case) or joint contours for two poles. Because Eq. (2.44) fits the sum of

deviations from 1/r, any additional pole within the probed range can only increase the

total deviation unless it is finely tuned to cancel other pieces; our envelope construction

avoids such tuned cancellations and thus remains conservative.

2.18 Experimental Multiplicity limits in both the Massive

and Massless Case

Utilizing values of α and λ from experimental exclusion curves, we construct

analogous exclusion plots for the upper limits on the number of degrees of freedom

based on Eq. (2.43) for massive particles in Figure 2.1. For concreteness, we assume

the shape factor SX is unity and model the gravitational correction as arising entirely

from a large sector of fermionic particles with spin-dependent loop coefficient βf = 1
20π .

The methodology readily extends to scalar and vector particles by substituting the
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Figure 2.1: Degrees of freedom set by experimental constraints on G and the Yukawa

parameters (α, λ). The shaded region indicates the exclusion set by experimental limits

at each distance scale r⋆. The red exclusion curve is derived from the massive Yukawa

mapping and loses sensitivity as m → 0 because the pivot distance λ = 1/(2m) → ∞

exceeds any laboratory lever arm; the dashed lines are computed independently from

the massless 1/r3 power-law regime and do not represent the m → 0 limit of the red

curve, as discussed in Section 2.8.

appropriate coefficients βs =
1

120π and βv = − 1
10π , respectively, which modify the bounds

by at most an order of magnitude.

Figure 2.1 presents these constraints in the (m,N) plane, where the horizontal

axis shows the dark sector particle mass m and the vertical axis displays the maximum
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allowed multiplicity N . The corresponding pivot distance r⋆ = λ = 1
2m is indicated on

the top axis to facilitate comparison with experimental length scales. The red exclusion

curve represents the upper bound Nmax derived from Yukawa envelope constraints using

Eq. (2.43), with the shaded region above this curve excluded by current data. Hori-

zontal dashed lines mark the massless limits from Eqs. (2.39)–(2.41), providing direct

comparison between massive and massless scenarios.

Several key features emerge from this analysis. First, the massless limit pro-

vides the most stringent constraints across all particle types, with vector bosons offering

the tightest bound at Nv ≲ 9 × 1060 degrees of freedom. This enhanced sensitivity re-

flects the long-range nature of massless corrections, which scale as 1/r3 and remain

unsuppressed at the distance scales probed by precision experiments.

For massive particles, the constraints exhibit strong scale dependence. Torsion

balance experiments operating at millimeter to submillimeter scales (r⋆ ∼ 10−4–10−2 m)

provide the most restrictive bounds, limiting multiplicities toN ≲ 1064 for particles with

masses in the 10−16–10−13 eV range. This dominance arises because torsion balances

probe precisely the distance scales where massive corrections transition from the short-

range exponentially suppressed regime to the intermediate regime where quantum effects

are maximally observable.

At larger distances (smaller masses), the constraints weaken considerably as

only planetary dynamics and lunar laser ranging (LLR) provide sensitivity. These tech-

niques, while remarkable in their precision over astronomical scales, cannot match the

controlled laboratory environment of torsion balance experiments for constraining quan-
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tum gravitational effects. The vertical bands in Figure 2.1 clearly delineate these com-

plementary experimental regimes, illustrating how different techniques carve out distinct

regions of parameter space.

The steep rise in Nmax toward smaller masses reflects the exponential sup-

pression of Yukawa corrections: as particle masses decrease, larger multiplicities are

required to generate observable deviations from Newton’s law. However, this trend is

ultimately cut off by the massless limit, where the analytic 1/r3 corrections provide the

fundamental theoretical ceiling.

These results demonstrate that precision gravitational tests already impose

non-trivial constraints on dark sector model building. While the numerical bounds

may appear large—reaching O(1064) in some cases—they represent genuine, model-

independent limits on the complexity of hidden sectors that can exist while remain-

ing consistent with laboratory measurements. As experimental sensitivity continues to

improve, particularly in the submillimeter regime where torsion balance techniques ex-

cel, these bounds will tighten proportionally, providing increasingly powerful probes of

beyond-Standard-Model physics through purely gravitational interactions.

The complementarity between different experimental approaches highlights an

underappreciated synergy in fundamental physics: laboratory-scale precision gravity ex-

periments, originally conceived to test general relativity or search for extra dimensions,

emerge as sensitive probes of dark sector multiplicity and structure. This connection

opens new avenues for constraining theoretical models that predict large numbers of

light degrees of freedom, from strongly coupled dark gauge theories to string theory
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compactifications with extensive moduli sectors.

2.19 Discussion

In this section we have systematically derived and analyzed quantum grav-

itational corrections to Newton’s law arising from large dark sectors, translating ef-

fective field theory predictions into experimentally testable constraints. Our analysis

demonstrates that while individual particles contribute negligibly to gravitational mod-

ifications, sectors containing many light degrees of freedom can generate cumulative

effects that approach the sensitivity thresholds of current precision gravity experiments.

For truly massless hidden sector particles, current inverse-square law tests constrain the

multiplicities to remarkably large values: Ns ≲ 1.08×1062 real scalars, Nf ≲ 1.80×1061

Dirac fermions, and Nv ≲ 9.02 × 1060 vectors. These bounds, while numerically enor-

mous, represent the first direct laboratory constraints on the size of massless dark sectors

coupled purely gravitationally. The 1/r3 power-law corrections from massless fields pro-

vide the strongest leverage for such constraints, as they are not exponentially suppressed

at the distance scales probed by torsion balance experiments.

For massive dark particles, the quantum corrections take the form of Yukawa-

suppressed modifications with characteristic range λ = 1/(2m). By mapping these

corrections onto the experimental Yukawa template, we have shown how published fifth-

force exclusion curves can be directly translated into multiplicity bounds Nmax(λ) for

particles of mass m = 1/(2λ). This approach provides a systematic framework for
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constraining the mass spectrum and abundance of hidden sector states using existing

gravitational data. Beyond the specific numerical bounds, our work establishes a general

methodology for connecting quantum field theory predictions in gravity with precision

experimental constraints. The translation between effective field theory nonlocal form

factors and the phenomenological parametrizations used by experimentalists provides a

crucial bridge between theoretical dark sector model-building and laboratory tests.

The gravitational constraints derived here occupy a unique position in the

landscape of dark sector searches. Unlike collider experiments, which require non-

gravitational interactions, or cosmological observations, which are sensitive to the col-

lective energy density, precision gravity tests can probe purely gravitationally-coupled

sectors at the level of individual particle multiplicities. Cosmological constraints on

relativistic degrees of freedom, typically expressed through effective neutrino number

Neff , provide complementary information but probe different physics. While cosmol-

ogy constrains the total energy contribution of light species during nucleosynthesis and

recombination, precision gravity tests are sensitive to the detailed spectrum and mul-

tiplicity structure of dark sectors at much later times and smaller scales. The mass

ranges accessible to laboratory gravity experiments, corresponding to Compton wave-

lengths from micrometers to millimeters, complement both high-energy collider searches

and astrophysical probes. This intermediate scale regime is particularly relevant for dark

sectors arising from string theory compactifications or strongly-coupled hidden gauge

theories, where light states with masses in the meV to eV range naturally emerge.

Note that our bounds are laboratory and model-independent: they constrain
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the present-day multiplicity of light states without assuming a cosmological population.

Cosmology can provide stronger constraints when the hidden sector was populated and

remained relativistic at BBN/CMB epochs, typically phrased as limits on ∆Neff . How-

ever, low reheating temperatures, suppressed portals, late entropy injection, or purely

gravitational/out-of-equilibrium production histories can substantially weaken cosmo-

logical sensitivity while leaving our reinterpretation intact. We therefore view the two

approaches as complementary: CMB/BBN constrain abundances under specified his-

tories, whereas precision gravity constrains the spectrum of light degrees of freedom

irrespective of their relic density.

Our results have direct implications for several classes of theoretical models.

Strongly coupled dark gauge sectors may contain multiple light states (e.g. PNGBs or

glueballs) below the experimental lever arm; while each contributes negligibly, the cu-

mulative effect scales with the number of such light states: any unexpectedly rich light

spectrum is directly testable in the same, model-independent way. Our bounds pro-

vide quantitative guidance for the maximum complexity such sectors can achieve while

remaining consistent with laboratory tests. Extra-dimensional theories often predict

towers of Kaluza-Klein modes or large numbers of moduli fields, and the gravitational

constraints complement existing bounds from fifth-force searches to help restrict the

allowed parameter space of phenomenologically viable compactifications. Similar anal-

yses could be extended to axion-like particles that couple to gravity through topological

terms or induce effective modifications to gravitational couplings.

It is important to remark that Kaluza–Klein towers fit naturally into our
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framework provided one sums only over modes lighter than the probed scale. In the

short-distance regime, massive KK gravitons generate a set of Yukawa deviations whose

envelope is already captured by our mapping; the well-studied short-range gravity lim-

its in ADD/RS scenarios can be rephrased in exactly this language. Our plots should

thus be read as providing an efficient, model-agnostic translation between measured

inverse-square-law tests and the cumulative effect of any tower of light modes.

We also note that for extremely large N , loop-induced higher-derivative poles

can drift down toward the laboratory window. In that regime, our reinterpretation re-

mains applicable and typically becomes more constraining, because such poles manifest

as Yukawa deviations from 1/r that are bounded by the same precision data.

Several aspects of our analysis merit further investigation. We have focused

on leading-order quantum corrections arising from one-loop effects, but higher-order

contributions could modify the detailed form of the gravitational modifications, partic-

ularly in strongly-coupled dark sectors where perturbative calculations may break down.

Our treatment assumes minimal gravitational coupling through the stress-energy ten-

sor, but dark sector particles with non-minimal couplings to curvature could generate

different signatures that might be more readily accessible to experiment. The analysis

presented here applies to vacuum quantum corrections, though in cosmological or as-

trophysical contexts, thermal corrections from dark sector particles could modify the

gravitational dynamics in observable ways. The constraints presented here are based on

current experimental sensitivities, and ongoing improvements in torsion balance exper-

iments, lunar laser ranging, and other precision gravity tests will tighten these bounds
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and potentially access new regions of parameter space.

The intersection of precision gravity experiments with dark sector phenomenol-

ogy represents an underexplored frontier in fundamental physics. While the Standard

Model contributions to gravitational quantum corrections are utterly negligible, the sit-

uation changes qualitatively in the presence of large hidden sectors. This work demon-

strates that laboratory tests of Newton’s law, originally conceived to search for extra

dimensions or light scalar fields, can serve as powerful probes of the multiplicity and

structure of dark matter sectors. The enormous numerical values of the bounds we de-

rive, reaching O(1061) for some particle types, should not obscure their physical signifi-

cance. These constraints represent genuine, model-independent limits on the complexity

of dark sectors that could exist in nature while remaining consistent with precision tests

of gravity. As experimental sensitivity improves, these bounds will tighten propor-

tionally, providing increasingly stringent tests of theoretical models that predict large

numbers of light degrees of freedom.

We have established a quantitative framework for constraining large dark sec-

tors using precision tests of Newton’s gravitational law. By systematically translating

quantum field theory predictions for loop-induced gravitational corrections into the ex-

perimental language of Yukawa deviations and inverse-square law violations, we derive

robust bounds on the multiplicities and mass spectra of hidden sector particles coupled

only gravitationally. Our results demonstrate that current torsion balance experiments

and related precision gravity tests already impose non-trivial constraints on dark sector

model building, with bounds reaching O(1061) for massless degrees of freedom. As ex-

46



perimental techniques continue to improve, this approach will provide increasingly pow-

erful tests of theories predicting large numbers of light particles beyond the Standard

Model. The methodology developed here opens new avenues for connecting theoretical

dark sector phenomenology with laboratory experiments, highlighting an unexpected

synergy between precision gravity measurements and particle physics beyond the Stan-

dard Model, and establishing precision gravitational tests as a valuable complement to

collider searches and cosmological observations in the quest to understand the hidden

sectors that may populate our universe.
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Chapter 3

The Maximal Gravitational Wave Signal

from Asteroid-Mass Primordial Black

Hole Mergers At Resonant Microwave

Cavities

3.1 Introduction

Chapter 1 established that asteroid-mass primordial black holes (PBHs) in

the mass window 10−16–10−11M⊙ represent a well-motivated dark matter candidate

that is largely inaccessible to conventional gravitational-wave detectors, and identified

narrow-band resonant microwave cavities as the most promising detection avenue for

gravitational waves (GWs) from PBH mergers in this regime. This chapter carries

out that program in detail, deriving the maximum possible merger event rate and the
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corresponding detection prospects at ADMX-like cavities.

A distinctive feature of high-frequency gravitational waves (HFGWs) is the

purported absence of known astrophysical backgrounds, making a detection a potent

signal of new physics or a new class of GW sources. Among the well-motivated sources

in the MHz–GHz band are light PBH mergers, which could shed light on early Uni-

verse conditions and the microscopic nature of cosmological dark matter [51, 96]. The

detection channel we focus on exploits the inverse Gertsenshtein effect [123], wherein

gravitons convert to photons in the presence of a static magnetic field, as in axion search

experiments such as ADMX [178, 82]. The interested reader is referred to Refs. [9, 9]

for an overview of the broader HFGW experimental landscape.

Prior work has examined relic GW energy densities from PBH mergers [79,

129, 186], stochastic backgrounds from early PBH coalescences [214, 108], and resonant-

cavity detection of GWs from PBH coalescences and hyperbolic encounters [28, 29]. The

present study extends this program by focusing on the conditions that maximize the

detectable event rate: (i) considerable early-time clustering leading to enhanced binary

formation, (ii) a large local overdensity of dark matter, (iii) a non-monochromatic PBH

mass function, and (iv) a PBH abundance close to the totality of the cosmological

dark matter. We additionally demonstrate that the sight distance at resonant cavities

becomes chirp-mass independent at asymptotically large PBH masses; a result with

direct implications for detector targeting.

The chapter is organized as follows. Section 3.2 describes the formalism and

observational constraints on non-monochromatic PBH mass functions. Section 3.3 out-
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lines the sensitivity of microwave cavities to HFGWs from PBH mergers. Section 3.4

derives the dominant merger pathway and the corresponding rate of detectable events at

an ADMX-like cavity; subdominant pathways are discussed in Appendix 7.1. Section 3.6

presents our conclusions.

3.2 Constraints for a generic mass function

We consider a mass distribution of PBHs (the so-called “mass function”), the

mass-weighted differential number of PBHs, of the standard form

ψ(m) ≡ 1

m

dnPBH(m)

dm
, (3.1)

normalized so that the cosmological mass density of PBHs ρPBH relative to the cosmo-

logical dark matter abundance ρDM

fPBH =

∫
ψ(m)dm. (3.2)

We refer to monochromatic mass functions, corresponding to the form

ψ0(m) = fPBH(m0)δ(m−m0), (3.3)

and to “dichromatic” mass functions,

ψDC(m) = f1δ(m−m1) + f2δ(m−m2). (3.4)

The latter is especially well motivated in the present context, as previous studies have

numerically shown that the structure of mass functions that maximize black hole merger

rates are generally rather close to the schematic form in Eq. (3.4) (see e.g. Ref. [151]).

50



Note that translating from the customarily shown constraints on monochro-

matic mass functions, representing the largest-possible value of fmax
PBH(m0) for Eq. (3.3)

above compatible with experimental and observational constraints, to a generic mass

function ψ(m) amounts to requiring that [53]

∫
ψ(m)

fmax
PBH(m)

dm ≤ 1. (3.5)

Hence, the resulting constraint on f1 and f2 for a monochromatic mass function is

(dropping the superscript “max” from now on):

f1
fPBH(m1)

+
f2

fPBH(m2)
≤ 1. (3.6)

For a given f1, the value of f2 that maximizes the mass-density of PBHs is then fixed

by

f2 = Max

(
fPBH(m2)

(
1− f1

fPBH(m1)

)
, 0

)
= Max

(
fPBH(m2)

fPBH(m1)
(fPBH(m1)− f1) , 0

)
.

(3.7)

3.3 Microwave cavities: sensitivity

Resonant cavities – first proposed to search for axions [199] – are sensitive to

high-frequency GWs: a GW passing in a cavity endowed with a static magnetic field

sources an effective electromagnetic current that, in turn, generates an electromagnetic

field at the same frequency of the GW [105, 82, 36, 109]. Currently-operating and

proposed detectors include ADMX [39, 40, 30], HAYSTAC [221], CAPP [149], and

ORGAN [164]. Here, for definiteness, we consider an ADMX-type detector for our
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estimates. In particular, we adopt the following estimate for ADMX’s sensitivity to the

GW amplitude [105]:

hsens(ν) = 3× 10−22

(
0.1

ηn

)(
8 T

|B⃗|

)(
0.1 m3

Vcav

)5/6(
105

Q

)1/2

(3.8)

(
Tsys
1 K

)1/2(1 GHz

ν

)3/2( ∆ν

10 kHz

)1/4(1 min

∆t

)1/4

.

In the equation above, ηn is the cavity’s effective GW coupling; Note that in the most-

optimal possible case, i.e. when the azimuthal direction of the relevant cavity mode

resonates with the spin structure of the gravitational field, the cavity’s effective coupling

coefficient ηn is O(0.1) [35]. This includes the TM010 and TM020 modes in use for axion

experiments like ADMX. It was also found in [109] that ηn ≈ 0.14 for the TM012 mode.

Note that while [105] presents the coupling coefficient as O(1), the authors used ηn = 0.1

in their calculations for the strain sensitivities of ADMX and SQMS. We use the same

here, albeit with future optimization this may actually be an under-estimate.

Also in Eq. (3.8), |B⃗| is the cavity’s magnetic field; Q is the quality factor of the

cavity; ν the operating resonant frequency; and ∆ν ∼ ν/Q the bandwidth. The other

parameters are the cavity’s volume, operating temperature, and acquisition observation

time. Unless otherwise specified, we will utilize the pivot values in Eq. (3.8) as our

reference values for the sensitivity of an ADMX-like microwave cavity.

As customary, we define the chirp mass of the binary as

mc ≡
(m1m2)

3/5

(m1 +m2)
1/5

. (3.9)

The gravitational wave amplitude for a merger of a binary with chirp mass mc at a
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distance d reads (see e.g. Eq.(4.3) and (4.29) of Ref. [158])

h(mc, d, ν) =
4

d

(
Gmc

c2

)5/3 (πν
c

)2/3
, (3.10)

at frequency ν. The time derivative of the frequency reads (Eq. (4.18) in Ref. [158])

ν̇ =
96

5
π8/3

(
Gmc

c3

)5/3

ν11/3. (3.11)

The signal in the cavity depends on whether the cavity is fully “rung-up”

or not; in turn, this depends on comparing the so-called ring-up time of the cavity,

tr = Q/ν0 = 10−4 sec, the latter value referring to the specific case of ADMX, with the

time spent at frequency ν, given by

tg(M,ν) =

∫ νmax

νmin

dν

ν̇
, (3.12)

where νmax,min = ν0 ± ν0/Q, with ν0 = 1 GHz the resonant frequency of the cavity.

Carrying out the integral, and noting that Q2 − 1 ≃ Q2 for a narrow-band cavity, we

find

tg(M,ν) =
5

48

1

Q
(πν0)

−8/3

(
GM

c3

)−5/3

. (3.13)

Note that in fact one should use, above, the Lorentzian suppression of the cavity’s

response around the resonance frequency, and the proper integral is

tg′ =

∫
dν

ν̇

1

1 +
(
ν−ν0
ν0/Q

)2 ; (3.14)

using the expression above, however, we find that the result is very close, to a few

percent, to the estimate that neglects the Lorentzian factor.
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Note that the expressions above do not follow the behavior expected for broad-

band detectors,

Nbroad
cycles =

∫ tmax

tmin

νdt =

∫ νmax

νmin

dν
ν

ν̇
≃ ν2

ν̇
, (3.15)

with the characteristic time spent at a frequency ν is

tbroadg (mc, ν) =
ν

ν̇
, (3.16)

as quoted e.g. in Ref. [105], Eq. (2.33), and Ref. [109], Eq. (12).

The ring-up condition for a resonant cavity can also be expressed in terms of

the quality factor and the number of cycles the signal spends at the resonant frequency.

The latter, i.e. the number of cycles within the cavity’s bandwidth is

Nc =

∫ νmax

νmin

ν

ν̇
dν ≃ 5

48

ν0

(πν0)
8/3Q

(
GM

c3

)−5/3

, (3.17)

and thus the condition for the cavity to be rung up is equivalently expressed as Nc = Q.

The signal in the cavity follows from the ring-up equation for resonant cavities

hsig(mc, d, ν) = h(mc, d, ν) min
[
1− exp (Nc(mc, ν)/Q)]. (3.18)

We define the sight distance, or distance sensitivity, for a chirp mass mc at a

frequency ν as the distance at which

h(mc, dsens, ν) = hsens(ν). (3.19)

Note that for Nc/Q≪ 1, 1− exp (Nc/Q) ≃ Nc/Q; therefore, the signal in the

cavity goes as

limNc≪Qhsig(mc, d, ν) =
4

d

(
Gmc

c2

)5/3 (πν
c

)2/3 5

48

ν

(πν)8/3Q

(
Gmc

c3

)−5/3

=
5

12π2d

c

ν0Q
,

(3.20)

54



and is thus independent of mass; the distance sight then simply goes as

dsens ∼ 0.03 AU

(
∆ν

10 kHz

)1/4

= 0.03 AU

(
ν

1 GHz

105

Q

)1/4

. (3.21)

We show the ADMX distance sensitivity at a frequency ν for mergers involving

two masses m1 and m2 in Fig. 3.1. The top left panel shows the monochromatic mass

function case, m1 = m2 for three different frequencies, ν = 108, 109 and 1010 Hz, while

the top right panel assumes a di-chromatic mass function of mass ratio m1/m2 = 0.01

and the bottom left panel of m1/m2 = 0.01, again for the same three frequencies. Note

that the shape of the curves as a function of mass reflects the mass dependence of the

sensitivity function dsens(m1,m2, ν); note, in particular, the chirp-mass-independent

sight distance at large masses (Nc/Q ≪ 1) discussed above; also note that ADMX’s

sensitivity, corresponding, approximately, to the red lines, is typically around 0.03 AU

only.

In the bottom right panel of Fig. 3.1 we show, for ν = 109 Hz, the ratio

of the distance sensitivity for a given mass ratio m2/m1 to that corresponding to a

monochromatic mass function (m1 = m2), as a function of m1. The plot illustrates

how mass function ratios, m2/m1 < 1, can be detected at a greater distance than the

monochromatic case, due to presence of lighter binaries that can ring up the cavity

for larger values of m1; similarly, for high mass ratios, m2/m1 > 1 the largest merger

ratios occur at smaller m1, again, that is, when one of the masses in the binary is

sufficiently small. We note that in any case a non-monochromatic (here, a dichromatic)

mass function generically enables larger distance sensitivities than the monochromatic
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Figure 3.1: Distance sensitivity comparison for a microwave cavity with specifications

close to ADMX’s for three different frequencies, ν = 108, 109 and 1010 Hz. In the top left

corner we assume a monochromatic mass function, in the top right that m2/m1 = 10−2,

in the bottom left that m2/m1 = 102; in the bottom right we instead show the ratio, for

ν = 109 Hz, of the distance sensitivity for a given mass ratio m2/m1 as in the legend,

divided by that for the monochromatic case, m1 = m2.
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case, for sufficiently spaced-out masses.

3.4 Rate of detectable events from light black hole merg-

ers

In what follows we are concerned with the calculation of the rate of detectable

events from light PBH mergers, principally with a monochromatic or dichromatic mass

function, at a microwave resonant cavity such as ADMX.

For a generic mass function ψ(m), the rate of visible mergers at frequency ν,

for a detector whose critical distance sensitivity is given by the function dsens(m1,m2, ν)

in Eq. (3.21), reads

R[ψ](f) =

∫ ∞

mmin

dm1

∫ ∞

mmin

dm2
dR[ψ](f)

dm1dm2

4π

3
d3sens(m1,m2, f), (3.22)

where mmin corresponds to black holes long-lived enough not to have expired yet and

R is the merger rate for the given mass function and frequency.

We demonstrate in the Appendix that the largest differential merger rate today

corresponds to the early three-body binary formation pathway (E3 in what follows),

discussed in detail in Ref. [190] (see their Eq. (2.13)):

dRE3

dm1dm2dm3
=

9

296π

1

τ̃

(
t0
τ̃

)−34/37
(
Γ

[
58

37
, Ñ

(
t0
τ̃

)3/16
]
− Γ

[
58

37
, Ñ

(
t0
τ̃

)−1/7
])

×x̃−3δ−1
dc Ñ

53/37m̄3ψ(m1)

m1

ψ(m2)

m2

ψ(m3)

m3
. (3.23)

In the equation above (restoring factors of c suppressed in the original reference),

τ̃ ≡ c5
384

85

α4β7a4eqm
7
3x̃

4

G3ηM10 , (3.24)
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where α and β are O(1) numerical constants parameterizing the semi-major and semi-

minor axes of the forming binary in the three-body approximation [190], and we will

hereafter assume α = β = 1.

η ≡ m1m2

M2 , M ≡ m1 +m2, (3.25)

and

x̃3 ≡ 3

4π

M

a3eqρeq
. (3.26)

Finally,

Ñ ≡ δdcΩDM,eq
M

m̄
, and m̄ ≡

(∫
dm

ψ(m)

m

)−1

. (3.27)

In the expressions above, the matter-radiation equality corresponds to the energy density

relative to the critical density, and expansion factor

Ωeq = 0.4, with aeq ≃ 1/3400. (3.28)

A crucial input to the expressions above is the local density contrast δdc at the decoupling

redshift corresponding to

adc ≈ aeq

(x
x̃

)3
, (3.29)

where x ≡ r/a is the comoving distance. Assuming that the PBH two-point function

ξ(x) is constant at comoving distances smaller than x̃ specified above in Eq. (3.26), i.e.

1 + ξ(x) ≈ δdc for x < x̃, (3.30)

strong clustering corresponds to δdc ≫ 1 [190]. Following Ref. [105] and [188], in

order to assess the maximal-possible merger rate we additionally consider a large local
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enhancement factor δlocal ∼ 2 × 105, linearly impacting the merger rate R → δlocalR,

reflecting the fact that the merger rate is sensitive to the local dark matter density –

i.e. assuming that the binary density follows the dark matter density.

We note that the expression above can be maximized by expanding the Gamma

function in the asymptotically large δdc limit, by using the asymptotic expansion for

the incomplete Gamma function

Γ[a, z] ≃ e−zza−1 z → ∞. (3.31)

Neglecting the second Gamma function, which is very suppressed compared to the first

one for large values of the second argument, one obtains

dRE3

dm1dm2dm3
=

9

296π

1

τ̃

(
t0
τ̃

)−13/16
(
exp

[
−Ñ

(
t0
τ̃

)3/16
])

Ñ2

×x̃−3δ−1
dc m̄

3ψ(m1)

m1

ψ(m2)

m2

ψ(m3)

m3
. (3.32)

We will not use the expression above, which is, however, relevant to interpret our nu-

merical results below.

Note that important physical effects can alter the quantitative values for the

merger rates outlined above here. For instance, Ref. [189] finds, with dedicated nu-

merical simulations, that the rates for early binaries can be importantly reduced when

one excludes binaries ending up in a PBH cluster induced by Poisson fluctuations, a

suppression factor that can be lower than 10−2 for large PBH fraction. We elaborate

on this point in the Appendix, showing that even then the early 3-body pathway would

dominate over all other pathways, even if the problem is amplified in scenarios with
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Figure 3.2: Left: rates (in events per year) for a monochromatic mass function with

a fixed mass fraction f1 (if f1 > fPBH, i.e. when the assumed mass fraction violates

observational limits, we set the mass fraction to its maximal possible value f = fPBH).

Right: the ratio, as a function of m1, of event rates for dichromatic mass functions

with a given 0.01 ≤ m2/m1 ≤ 100, to the monochromatic case, for f1 = 10−3 and for

δdc = 104

initial clustering, whereby regular interactions in clusters would reduce the predicted

rates. Additionally, we note here that the PBH halos induced by a strong initial clus-

tering could be dynamically instable and expand, as this is the case for PBH clusters

induced by Poisson fluctuations, albeit it is unclear if this effect would impact the early

3-body merger rates. We give a detailed discussion of these effects, as well as the issue

of how clustering of PBHs is constrained by direct methods such as microlensing and

GWs, in Appendixes 7.2 and 7.3 below.
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Fig. 3.2, left, shows the merger rates for a monochromatic mass function with

a fixed mass fraction f (if f > fPBH, i.e. when the assumed mass fraction violates

observational limits, we set the mass fraction to its maximal possible value f = fPBH).

The peak occurs at masses where (i) the constraints on fPBH allow PBH to be the

entirety of the dark matter, and (ii) the distance sensitivity plateaus at its maximal

value, for the frequency under consideration.

The right panel of Fig. 3.2 shows the ratio, as a function of m1 of event rates

for dichromatic mass functions with a given mass ratio 0.01 ≤ m2/m1 ≤ 100, to the

monochromatic case, for f1 = 10−3 and for δdc = 104 (this latter parameter is largely

uninfluential here). The plot bears out what commented on for the bottom, right

panel of Fig. 3.1: large mass ratios produce enhanced rates for smaller m1, and smaller

mass ratios for larger m1, and the event rates are generally larger for dichromatic mass

functions than for monochromatic mass functions. The non-trivial features in the figure

causing non-monotonic behaviors are due to a non-trivial combination of the sensitivity

distance and constraints on the abundance of PBHs at a given mass.

The contour plots in Fig. 3.3 show, on a Log10 scale, the event rate per year

for a putative ADMX-like cavity for a monochromatic mass function varying the binary

merger mass and fPBH (left) with δdc = 104 (left), and varying instead δdc with f =

min (fPBH, 1)). The sharp decrease on the left side of the plots is related to increasingly

tight constraints on the abundance of PBH at those masses; we also note that the

region with the largest event rates extends over a relatively broad range of masses,

10−12 ≲ mPBH/mSun ≲ 10−8, and down to PBH densities of about 0.1% of the dark
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Figure 3.3: Contours of constant Log10 of the event rate per year for a putative ADMX-

like cavity for a monochromatic mass function varying the binary merger mass mPBH

and f1 with δdc = 104 (left), and varying instead δdc with f = min (f1, 1) (right).

matter density; additionally, the left panel highlights the relatively weak dependence of

the event rate on δdc outside of the exponential suppression at δdc ≳ 109, noted already

e.g. in [105].

Fig. 3.4 relaxes the assumption of a monochromatic mass function, and consid-

ers, for three different values of the “weight” (relative abundance) f1 of the population

with mass m1 (see Eq.(3.4)), the event rate as a function of the mass ratio m2/m1. Note

that here and hereafter we assume the maximal f2, fixed by Eq. (3.7) for f1 ≤PBH (m1),

otherwise the curves are interrupted as the abundance exceeds limits. In the figure, we

assume m1 = 10−11 mSun, for δdc = 104. The right panel shows the same, but as a

ratio to the monochromatic m2 = m1 case, and highlights how a non-monochromatic

mass ratio predicts, for m2 between 0.05m1 and 0.9m1, a larger event rate than the
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Figure 3.4: Left: Event rate at an ADMX-like cavity for different f1 = 10−3, 10−4, 10−5

as a function of the binary mass ratio m2/m1, with m1 = 10−11 mSun, for δdc = 104.

Right: same as in the left panel, but as a ratio to the monochromatic m2 = m1 rate

monochromatic case.

Fig. 3.5 studies the effect of clustering, but for a dichromatic mass function,

varying a number of parameters, and as a function of the clustering parameter δdc. Both

panels assume m1 = 10−11mSun; in the left panel we fix f1 = 0.01 and vary the mass

ratio m2/m1 = 0.1, 1, 10; in the right panel we fix, instead, m2/m1 = 0.01, and vary

f1 = 0.01, 0.001, and 10−4. As usual, f2 is maximized for a given f1, as per Eq. (3.7).

The first peak, to the left, corresponds to m2, while the one to the right to m1 in the

dichromatic mass function.

The main takeaway point in this figure is that the effect of early clustering

strongly depends on the mass ratio for a non-monochromatic mass function. Also,
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Figure 3.5: The dependence of the event rate per year on the clustering coefficient δdc,

for three different mass ratios m2/m1 = 1, 10, 0.1 with f1 = 0.01 and m1 = 10−11 mSun

(left) and for three different values of f1 = 10−2, 10−3, 10−4

notably, at very large clustering there exists an exponential suppression, deriving from

the physical effect that mergers in this case have already occurred at very early times

and the binaries, thus, have been exhausted into early mergers.

The contour plots of Fig. 3.6 illustrate, as above on a Log10 scale, but different

color-coding, the event rate on the planes defined by the mass ratio m2/m1 versus

clustering coefficient δdc (left) and f1 (right). In both plots we fix m1 = 10−12mSun,

while we set f1 = 10−5 in the left panel and δdc = 104 in the right panel. Note that as in

previous plots, f2 is maximized for a given f1. The white regions in the left panel have

vanishingly small event rates because of the exponential suppression discussed above.

The left panel highlights that the maximal rate, approximately independent
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Figure 3.6: Contour plots of the Log10 of the event rate per year as a function of the

dichromatic mass function ratiom2/m1, form1 = 10−12 mSun, versus δdc with f1 = 10−5

(and maximized f2) (left) and f1 (right) with δdc = 104.

of m2/m1, is achieved for 101 ≲ δdc ≲ 104, and for the smallest mass ratios m2/m1.

The right panel, instead, shows how the event rate is maximized at extreme mass ratios

m2/m1 ≫ 1 at large f1, or m2/m1 ≪ 1 at small f1.

In the final four panels of Fig. 3.7 we study the event rate, on the plane defined

by the masses in the merging binary m1 and m2. In all panels we fix δdc = 104, and,

clockwise from the top left, we set f1 = 10−1, 10−3, 10−5 and 10−10. The white regions

correspond to f1 > fPBH(m1) and are therefore excluded by constraints on the PBH

abundance at that mass.

In all cases, we find that rates are largest in the range around 10−13 ≲

m1,2/mSun ≲ 10−11, with peaks at values slightly in excess of 10−12mSun. The details
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Figure 3.7: Four panels showing the Log10 contours for the yearly event rate on the

(m1,m2) plane, all at δdc = 104, for f1 = 10−1, 10−3, 10−5, 10−10 in clockwise order

from the top left

of each panel are interesting and straightforward to interpret based on the discussion

of the plots above. Note that the color range is not the same for all plots, and that the
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event rate is increasingly large with decreasing f1.

3.5 Comparison of different detectors and frequencies

We compare, here, the rates expected with improved, future detectors, sensi-

tive to a broader range of frequencies. Specifically, we consider a version of ADMX with

a significantly reduced resonant frequency of ν = 0.65 GHz (corresponding to ADMX

run1A; note that for instance the recent run1D is around 1.4GHz), with all other param-

eters set to the default values indicated above. For all detectors we assume 60 seconds

integration times.

For the SQMS detector we employed the parameters indicated in Ref. [35]:

f ∈ (1 − 2) GHz, Q ∼ 106, |B| = 5 T, Vcav = 100 L, Tsys = 1 K, and ηn = 0.1 as for

ADMX.

For the ADMX-EFR we utilize projections provided by the ADMX Collabo-

ration1, featuring a magnetic field – 9.4 T at central field (mean over cavities on the

order of 9.1 T), a cavity volume consisting of an 18 cavity array with combined volume

of approximately 218 liters in the frequency range 2-3 GHz and 182 liters (3-4 GHz),

and a Cavity Unloaded Quality factor of 120k; the total system noise temperature was

assumed to be 440 mK.

Finally - albeit the geometric structure of the detector may pose non-trivial

coupling differences from the linear structure of ADMX - for DM Radio GUT we assume

1
G.P. Carosi, private communication
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the parameters given in2 and also outlined in [82] (assuming the sensitivity is approxi-

mately reflected in our Eq.(3.8) above): a magnetic field of 16 T, a volume of 4,580 L,

a quality factor of 106, a system noise temperature of 1 mK, and a frequency of 4 GHz.

We present a comparison of the expected, maximal yearly event rate with

these various setups in Fig. 3.8. Generally, as expected, higher frequencies of operation

extend the detectors sensitivity to lower masses, and increase the range of masses where

a significant event rate should occur (see especially the right panel). The scaling of

detectors performance in terms of the detector parameters is otherwise clearly evident

from the expression in Eq. (3.8).

Unfortunately, even in the most optimistic setup under consideration, the event

rate at the most promising future resonant cavity setup is found to be below 10−17 events

per year.

3.6 Discussion

The realization that a number of devices originally conceived for different ex-

perimental purposes could be used in the quest for high-frequency GWs has spurred

a resurgent interest in potential signals [9]. Parallel to this, as the search for weakly-

interacting particle dark matter dawns [18] with no compelling evidence of it being

realized in nature has also given rise to renewed interest in primordial black holes as

dark matter candidates. Interestingly, a broad black hole mass range, between, ap-

proximately, masses of 10−16 and 10−10 solar masses (the “asteroid mass range”) is

2
https://indico.fnal.gov/event/63051/
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Figure 3.8: Left: A comparison of the yearly event rate at different frequencies for

ADMX (1 and 0.65 GHz) and for SQMS (1 and 2 GHz); Right: The same as in the left

panel, but for ADMX-EFR at 2 and 4 GHz, and for DM Radio GUT at 4 GHz.

compatible with these objects being the entirety of the cosmological, and Galactic, dark

matter [53, 51].

The asteroid mass window is, however, extremely complicated to probe. At

low masses, evaporation via Hawking-Bekenstein radiation is too slow; at high masses

microlensing is not effective because of a number of technical reasons related to finite

size source effects, wave optics, and the interplay of event duration and observational

cadence. However, mergers of such light black holes could give rise to GHz frequency

gravitational wave signals similar to those detected, at much lower frequency, by the in-

terferometers LIGO/Virgo/KAGRA, and potentially detectable by the above-mentioned

re-purposed detectors.
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Here, we provided an in-depth examination of the expected event rate for

light PBH mergers at experiments similar to the microwave resonant cavity ADMX.

Our assumptions are purposely optimistic, stretching the event rates to their maximal

possible values. This includes maximizing the effect of clustering upon binary formation,

the local density of Galactic dark matter, and the black hole mass function, the latter

being customarily and systematically assumed to be monochromatic in previous studies

(see e.g. [105, 82, 109]).

We found that even with future experiments, and with the most-optimistic

possible assumptions, the event rate at resonant cavities is vanishingly small, due to the

experiments’ sight distance being at most a fraction of an AU.

This study addressed closely the role of a non-monochromatic mass function,

showing that event rates can be enhanced by orders of magnitude compared to the

usually-assumed monochromatic case; everywhere, we took into consideration the rele-

vant observational constraints on the black hole abundance, as they apply to non-trivial

mass functions. We first assessed the most significant pathway to binary formation, and

concluded that throughout the parameter space of interest it is associated with early,

three-body binary formation. We then studied how event rates depend on a “dichro-

matic” mass function - one that features two subpopulations of different masses in dif-

ferent proportions, which has been shown elsewhere to maximize the merger event rate

[151]. We also studied the effect of clustering at early (and late) times, and prospects

for current and future detectors alike. Finally, we demonstrated that the sight distance

to black hole merger events is mass-independent for any narrow-band detector; addi-

70



tionally, we demonstrated that the resonant cavity ring-up condition corresponds to the

number of cycles spent by the signal within the bandwidth being equal to the cavity’s

quality factor.
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Chapter 4

Dark sector modifications to Kerr and

Reissner-Nordström black hole

evaporation

4.1 Introduction

Chapters 2 and 3 established that a large dark sector accelerates black hole

evaporation and that this effect provides the strongest quasi-model-independent bounds

on gravitationally coupled dark degrees of freedom. Those analyses treated evaporation

primarily as a mass-loss process, implicitly assuming Schwarzschild-like geometry. This

chapter generalizes the framework to rotating (Kerr) and charged (Reissner–Nordström)

black holes, where mass, angular momentum, and charge are all dissipated simultane-

ously, and where the presence of a large dark sector can qualitatively restructure the

evaporation hierarchy.
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Page factors [174, 176] provide the quantitative framework for describing these

loss rates within the semi-classical approximation, which assumes a fixed background

metric with quantum mechanical evolution of fields and successfully describes evapo-

ration of sufficiently large black holes where back-reaction effects remain negligible [121].

The central question this chapter addresses is whether the canonical evaporation ordering—

charge dissipated first, then angular momentum, then mass—is robust to the addition

of a large dark sector, or whether a sufficiently large N can reverse this hierarchy and

produce qualitatively different endpoint geometries.

4.2 Black Hole Types and Evaporation Mechanisms

Black holes are characterized by mass (M), angular momentum (J), and charge

(Q). Schwarzschild black holes, being non-rotating and uncharged, lose only mass

through isotropic thermal radiation [174]. Kerr black holes introduce rotational com-

plexity: frame-dragging effects produce anisotropic emission, with angular momentum

typically lost much faster than mass through higher-spin particle emission, driving a

“spin-down” toward Schwarzschild-like states [174, 175, 205]. RN black holes, charged

but non-rotating, preferentially emit oppositely charged particles, dissipating charge on

much shorter timescales than mass when such particles are thermodynamically available

(i.e., when their mass is comparable to or below the hole’s temperature) [176, 125].

These evaporation patterns critically depend on the particle spectrum. The

existence of degrees of freedom beyond the Standard Model (SM) can substantially
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modify the dissipation hierarchy described above. Furthermore, greybody factors—

which quantify deviations from ideal blackbody spectra due to scattering in curved

spacetime [171, 85]—play a significant role in determining emission rates and energy

partitioning across particle types and modes.

4.3 Comparative Analysis and Extremal Effects

While individual black hole types have been studied extensively, systematic

comparative analyses using Page factors remain sparse. Schwarzschild black holes evap-

orate slowest due to isotropic Hawking radiation [174, 162]. Kerr black holes lose angular

momentum several times faster than mass, with superradiance effects enhancing energy

emission from ergoregions [175, 162]. RN black holes rapidly shed charge, subsequently

suppressing radiation through Coulomb potential barriers [176].

High charge-to-mass ratios (Q/M) in RN black holes induce distinctive phe-

nomena including Schwinger pair production and quantum charge fluctuations near

event horizons [85, 125]. Near-extremal configurations—whether Kerr or RN black

holes approaching physical limits—exhibit vanishing surface gravity, suppressing ther-

mal emission within semi-classical approximations, though quantum corrections mod-

ify this behavior [44, 122]. Additionally, superradiance enables light bosons to form

“gravitational atoms” around rotating black holes, anomalously accelerating angular

momentum loss for specific combinations of spin and boson mass.
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4.4 Motivation and Scope

Despite detailed studies of individual black hole evaporation characteristics,

significant gaps remain in understanding how mass, angular momentum, and charge

evolve comparatively across black hole types. Key questions include:

• How do Page factors for energy, angular momentum, and charge loss differ quan-

titatively across Schwarzschild, Kerr, and RN black holes?

• What are the relative timescales for losing conserved quantities, and how do grey-

body factors influence these dynamics?

• How do near-extremal conditions (high a/M or Q/M) modify evaporation pro-

cesses?

• How do degrees of freedom beyond the Standard Model alter dissipation patterns?

• What additional mechanisms can modify relative loss rates of charge, angular

momentum, and mass?

This study quantitatively addresses these questions. Section 4.5 describes Page

factor evolution for light black holes, outlining computational procedures for time-

evolved factors with spin and charge evolution, including effects of dark degrees of

freedom. Section 4.6 presents new results and discusses their broader implications.

Section 4.7 examines the effect of a large dark sector on the evolution of black hole

parameters during evaporation. Section 4.10 discusses how relative dissipation of mass,
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charge, and spin varies with additional particle species. Section 4.11 examines time evo-

lution under Schwinger pair production, which significantly impacts light charged black

holes. The penultimate section analyzes how superradiance and gravitational atom for-

mation affect angular momentum extraction and Kerr black hole lifetimes. Section 4.13

presents final considerations and conclusions. Throughout, we work in natural units

where G = ℏ = c = 1.

4.5 Page Factor Evolution

The evolution of intrinsic BH parameters such as spin and mass can be deter-

mined by the so-called Page factors, as outlined in [175]. Generally, the lifetime of a BH

scales as the black hole mass to the third power, M3, given that the evaporation rate

follows the classical Stefan-Boltzmann equation, and area is proportional to R2
S ∼M2,

RS being the black hole Schwarzschild radius, and TH ∼ M−1, with TH the Hawking

temperature; as a result, the scale-invariant Page factor for the BH mass is defined as

f(M,x∗) = −M3d ln(M)

dt
= −M2dM

dt
(4.1)

where x∗ corresponds to the intrinsic spin a∗ or charge Q∗, depending on if we are de-

scribing the Kerr or RN metrics. We will use here the effective dimensionless quantities

a∗ = a
M = J

M
2 and Q∗ = Q

M .

The Page factor for angular momentum is defined as

g(M,a∗) = −M3d ln(J)

dt
= −M

a∗
dJ

dt
(4.2)

76



Figure 4.1: Lognormalized mass loss rates as a function of lifetime for different effective

charge. Increasing effective charge lowers the overall temperature of the BH, slowing

particle emission. The initial BH mass is set at 1017 g as larger masses will not signifi-

cantly change the initial mass loss rate.

To describe charge evolution, we define the additional scale-invariant quantity

h(M,Q∗) = −M3d ln(Q)

dt
= −M

2

Q∗
dQ

dt
. (4.3)

The rates of particle emission are described as in Ref. [120] and give
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Figure 4.2: Charge loss rate due to Hawking radiation for various spins normalized by

the initial effective charge Q∗ of a BH.

f(M,x∗) = −M2dM

dt
= −M2

∫ ∞

0
E
∑
i

d2Ni

dtdE
dE, (4.4)

g(M,a∗) = −M
a∗
dJ

dt
= −M

a∗

∫ ∞

0

∑
i

gi
∑
l,m

d2Nl,m

dtdE
dE, (4.5)

where the terms

d2Nl,m

dtdE
=

1

2π

Γs,lm(M,E, x∗)

eE/T − (−1)2s
, (4.6)
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d2Ni

dtdE
= gi

∑
l,m

d2Nl,m

dtdE
(4.7)

describe the total number of outgoing particles created within the BH horizon, as de-

scribed in [120]. This leads us to an analogous Page factor describing charge evolution

from Eq. (4.3):

h(M,Q∗) = −M
2

Q∗
dQ

dt
= −M

2

Q∗

∫ ∞

0

∑
i

qigi
∑
l,m

d2Nl,m

dtdE
dE. (4.8)

The terms qi are the individual particle charge and gi are available particle degrees

of freedom. Note that the term h(M,Q∗) does not include a double counting of the

number of degrees of freedom from including antiparticles, as antiparticles and particles

included would have opposite charge. We define the effective charge as being from 0 to

1, as the process for shedding negative charge is identical to the scenario of shedding

positive charge aside from a sign change.

The computations in the following section are done using BlackHawk [17] for

the Kerr metric. However, BlackHawk does not account for time evolution of a RN

BH and a charged metric adaptation of the code was written to overcome this issue.

The analysis code used in this work is openly available online1. In our consideration of

the charged metric, we have adopted the optical limit approximation to compute the

particle’s greybody factor:

Γ = 27M2E2, (4.9)

1
https://github.com/cewasiuk/Spin-and-Charge-BH-Evolution
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where E is the total energy of the emitted particle, taken to be extremely large in

comparison to an individual particles rest mass. This approximation becomes increas-

ingly accurate in the high-frequency regime (ωM ≫ 1), and is therefore suited to the

extremely light black holes considered in our study, whose high Hawking temperatures

push the emission spectrum toward the geometric-optics limit. While not exact, this ap-

proach captures the qualitative behavior of RN evaporation in the presence of additional

massless degrees of freedom. The optical-limit treatment leads to modest deviations in

the Page factors and produces an overall shortening of the total lifetime relative to the

fully tabulated greybody factors. Although our approximation slightly overestimates the

evaporation rate, it accurately reproduces the qualitative trends relevant for exploring

how large hidden sectors modify RN black hole evolution.

4.6 New Results and Physical Implications

In this work we identify several new features in the standard evaporation hi-

erarchy of black holes—where charge is typically lost first, followed by spin and finally

mass—when the evolution is extended to include large numbers of beyond–Standard

Model particle species. Our principal results are as follows:

1. Reversal of charge-loss hierarchy

For Reissner–Nordström black holes coupled to large, massless hidden sectors

(Ndof ≳ 100), the standard evaporation hierarchy is inverted. The mass-loss rate
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exceeds the charge-loss rate, ∣∣∣∣∣ṀM
∣∣∣∣∣ >

∣∣∣∣∣Q̇∗

Q∗

∣∣∣∣∣ ,
leading to effective charge growth during evaporation. This contrasts with previ-

ous expectations that charged black holes always neutralize first.

2. Critical threshold for reversal

We derive a quantitative condition for this inversion, showing that it occurs when

Ndof > Ncrit ≈ 220,

for beyond Standard model massless degrees of freedom, beyond which energy loss

to uncharged species dominates over electromagnetic discharge.

3. Delayed or halted neutralization

In the high-Ndof regime, black holes can approach near-extremal states (Q∗/M →

1) without rapid charge loss. These configurations exhibit prolonged lifetimes due

to suppressed Hawking temperatures and reduced Schwinger emission.

4. Interplay with rotation

For Kerr configurations, spin-down remains dominant, but frame-dragging mod-

ifies the effective emission balance, coupling angular momentum loss to charge

evolution. This coupling introduces a correlated decay track in the (a∗, Q∗) phase

space not captured in prior treatments.

5. Reemergence of discharge via Schwinger pair production

In the case of a large dark sector or light extremal black holes (M ≲ 1017 g),
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quantum electrodynamic discharge again dominates, restoring neutrality and ter-

minating the reversed regime.

6. Superradiant extraction of angular momentum

We incorporate the effects of black hole superradiance into the evaporation hierar-

chy, showing that massive bosonic fields can remove angular momentum far more

efficiently than Hawking radiation.

7. Numerical confirmation

Numerical solutions to the coupled Page-factor equations confirm these behaviors,

delineating regions in (M,Q∗, a∗) space where charge growth occurs and illustrat-

ing the modified evaporation trajectories under large hidden-sector particle counts.

Together these results demonstrate that the canonical evaporation sequence,

charge loss preceding mass loss, is not inherently universal but depends sensitively on

the particle content of the theory. Large hidden sectors can qualitatively change black

hole evolution, producing transiently charged or near-extremal relics with potential

implications for early-universe black hole populations and dark sect phenomenology.

4.7 Effect of a large dark sector on parameter evaporation

Introducing a dark sector containing a large number of degrees of freedom

results in significant changes in the evolution of charged or rotating BHs. The effective

spin and charge of a BH are defined as a∗ = J

M
2 and Q∗ = Q

M , where an effective spin

or charge equal to 1 corresponds to extremality where evaporation shuts off. The total
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Figure 4.3: Lines of
1
M

dM/dt
1

Q
∗ dQ

∗
/dt

lognormalized for a RN BH for various effective charge

values. Initial conditions are for a M = 1017g BH which evaporate only standard model

particles.

number of particles needed to neutralize a charged black hole are of order M , whereas

the number needed to carry off overall angular momenta J scales as M2. Therefore the

standard hierarchy of parameter loss, when considering purely evaporative processes,

begins with charge neutralization, followed by loss of spin and finally mass evaporation

which, as noted above, scales as M−2.
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Rather than comparing baseline cases, we target regimes that perturb the

hierarchy itself. While introducing a large number of dark sect degrees of freedom

may at first appear unconventional, such scenarios are not unconstrained. A variety

of observational and experimental considerations already place bounds on relativistic

or metastable hidden sectors, including limits from high-energy cosmic rays, collider

searches, supernova cooling, precision tests of gravity, and the evaporation of stellar-

mass black holes. The feasibility of large dark sectors consistent with these constraints

has been examined in our previous work, and we refer the reader to Ref. [97] for a

detailed discussion. In this context, black hole evaporation provides a complementary

and largely model-independent probe of such sectors.

Starting with charged black holes, we include a substantial population of un-

charged dark sect species and quantify the parameter ranges where f(M,Q∗) surpasses

h(M,Q∗), signaling hierarchy reversal. The very large lifetimes shown in several figures

reflect the suppression of Hawking emission for massive or near-extremal black holes

and are intended to illustrate relative scaling and hierarchy modification; any potential

cosmological relevance instead arises for sufficiently light black holes, for which the same

mechanisms operate on much shorter, early-universe–relevant timescales.
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4.8 Reissner-Nordström Evaporation Rates

The overall effective charge of a black hole (BH) shrinks both the horizon and

Cauchy radii according to

r± = rH,C = rS
1±

√
1−Q∗2

2
, (4.10)

where rS = 2M . This modifies the black hole temperature,

TRN =
r+ − r−

4πr2+
, (4.11)

and thus alters the emission spectrum. As TRN increases, the probability of emitting

particles of a given rest mass rises, as reflected in Eq. (4.6).

Figure 4.1 shows the extension of lifetime as effective charge increases for

a given black hole mass. This occurs because a larger effective charge reduces the

temperature, thereby suppressing massive particle emission. In this case only standard

model particles are considered.

At the same time, stronger charge enhances the absolute rate of charge loss.

When this rate is normalized by the effective charge, however, we find that black holes

with smaller initial Q∗ lose charge more efficiently. This behavior, illustrated in Figs. 4.2

and 4.3, explains why highly charged black holes require longer timescales to neutralize.

For sufficiently light black holes capable of thermally emitting electrons, the charge-loss

rate can exceed the mass-loss rate, indicating that charge depletion dominates the early

evaporation phase.

To compare the relative rates of mass and charge loss, we define the log-
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Figure 4.4: Approximate black hole mass threshold for massive particles to significantly

contribute to the normalized mass loss rate. All massive particles have a nonzero emis-

sion rate at all times, but are exponentially suppressed by their respective greybody

factor. Significant emission occurs when TBH ≈ mp. Influence of a light, neutral dark

sector on the normalized mass loss rate is included to illustrate its effect.

normalized ratio (LNR)

1
M

dM
dt

1
Q

∗
dQ

∗

dt

, (4.12)

which tracks the time evolution of both quantities on a dimensionless scale. The effective

charge derivative is given by

dQ∗

dt
=

1

M

dQ

dt
− Q∗

M

dM

dt
, (4.13)

taking care to distinguish between the true charge-loss rate dQ
dt and the effective charge-
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loss rate dQ
∗

dt . Written in terms of the Page factors f(M,Q∗) and h(M,Q∗) defined in

Eqs. (4.4) and (4.8), Eq. (4.13) becomes

dQ∗

dt
= Q∗ f(M,Q∗)− h(M,Q∗)

M3 . (4.14)

Our analysis focuses on the relative scaling between the mass and charge-loss

rates. Both Page factors depend on the number of available degrees of freedom of

the emitted species. However, the Page factor associated with charge, h(M,Q∗), only

receives contributions from charged particles. As a result, the emission of neutral species

enhances the mass and spin Page factors while leaving h(M,Q∗) unchanged.

In order to invert the typical evaporation sequence in which charge neutral-

ization precedes mass loss, we introduce massless, neutral degrees of freedom to create

a regime in which the black hole loses mass faster than charge. The introduction of

massless particles is chosen so that the mass loss rate can be enhanced prior to the

emission of any charged particles, such as the electron. The black hole mass is taken to

be relatively light, at 1017 g—approximately the scale at which the emission of massive

particles becomes significant. The corresponding mass thresholds at which all Standard

Model species are emitted at non-negligible rates is included for reference in Fig. 4.4.

We find that if the number of new degrees of freedom is less than N ≈ 200, dQ
∗

dt remains

negative and the black hole continues to evaporate normally without any effective charge

growth. The impact of introducing dark sectors of this scale are illustrated in Fig. 4.5.

At early times, the true charge-loss rate dQ
dt stays nearly constant (extremely small,

but nonzero due to a nonzero emission probability for any massive particle), while the

87



mass-loss rate dM
dt increases as new dark sect species contribute to evaporation. As the

black hole evolves, charged particle emission becomes more frequent, enhancing dQ
dt and

producing the downward trend in the log-normalized ratio. For the modest number of

additional degrees of freedom shown in Fig. 4.5, mass loss continues to dominate over

charge loss throughout the evolution.

For the parameters considered, the LNR (Eq. (4.12)) approaches unity when

the normalized mass and effective charge loss rates become comparable. In our sim-

ulation this occurs at the upper limit of the degrees of freedom considered above, or

N = 200. Around this value charge loss and mass loss proceed at similar rates, leading

the effective charge Q∗ to temporarily plateau.

Degrees of freedom higher N ≃ 200 always result in some duration of a BH’s

lifetime where dM
dt is dominant in comparison to dQ

dt . When this number of additional

degrees of freedom are introduced, some portion of the BH’s lifetime will be spent

increasing effective charge. Additionally, we also find that the entirety of a BH’s lifetime

will be spent with effective charge increasing for degrees of freedom greater than N ≃

270, which would result in a maximally charged BH with a temperature that approaches

zero. We can verify this by looking at the limit as N → ∞ for Eq. (4.13)

lim
N→∞

( 1

M

dQ

dt
− Q∗

M

dM

dt

)
≈ −Q

∗

M

dM

dt
, (4.15)

since increasing the number of massless, neutral degrees of freedom will only

increase dM
dt . The LNR will then reduce to :

1
M

dM
dt

1
Q

∗
dQ

∗

dt

=
1
M

dM
dt

1
Q

∗
(
− Q

∗

M
dM
dt

) = −1 (4.16)
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for large values of dM
dt . This effect can be seen within Fig. 4.6, where the values for

dQ
∗

dt transition from negative to positive. This causes the effective charge of the BH

to increase after the introduction of a large number of new, non-charged degrees of

freedom. For introduced degrees of freedom that allow f(M,Q∗) to become comparable

to h(M,Q∗), the effective charge neutralization of the BH stagnates and both true

charge and mass evaporate at comparable rates.

For a BH of mass 1017g, we estimate that number of massless degrees of freedom

required hovers between roughly 220 ≤ Ndof ≤ 270 and can be seen in Fig. 4.6. The

number of degrees of freedom required for this transition is BH mass dependent, again

seen through Eq. (4.13). Any introduced number of degrees of freedom larger than this,

for a given BH mass, will result in a scenario where the effective charge of the BH will

increase. This upsets the traditional hierarchy where charge will be evaporated away

first. Varying the mass of the included dark matter serves to increase the BH lifetime;

i.e. as the mass of the dark matter increases, the temperature threshold for dark matter

evaporation increases, resulting in a longer duration spent radiating non-DM particles.

In this setup we have considered relatively light BHs that can thermally emit

massive particles. For smaller masses, the Hawking temperature rises rapidly, allow-

ing emission of progressively heavier species and broadening the emission spectrum.

Conversely, heavier black holes have much lower temperatures, limiting emission to the

lightest or massless particles—photons and neutrinos—while heavier ones are exponen-

tially suppressed. Most of the lifetime of such massive black holes is therefore spent

radiating massless degrees of freedom, which reduces mass but not charge. In this
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Figure 4.5: Illustration of the effects of adding spin 0, chargeless DM to the BH evap-

oration spectrum while varying the number of degrees of freedom. Initial conditions

are for a BH with mass 1017g, effective charge Q∗ = 0.9 and introduced dark matter

with mDM = 0 GeV. Adding larger degrees of freedom will result in a transition from

a regime where 1
Q

dQ
dt is dominant to a regime where 1

M
dM
dt begins to dominate. Such a

transition is illustrated for the same initial parameters in Fig. 4.6, and occurs when the

lines reach a maximum of 1. Illustration only shows rates when the BH is considered

charged, afterwards the BH is considered static.
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Figure 4.6: Lognormalized ratio of mass and charge loss for chargeless degrees of free-

dom starting when mass loss dominates and transitioning to a region where effective

charge loss dominates. Effective charge loss rates close to zero result in the numerical

divergences, and are moments when charge loss rates match mass loss rates.

regime, the effective charge Q∗ = Q/M increases steadily, always driving the black hole

toward extremality without the need for an introduced dark sector. Neglecting other

discharging mechanisms, this effect is also expected to increase the lifetime of the BH

indefinitely. The increase of effective charge lowers the BH temperature, suppressing
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the mass loss page factor f(M,Q∗). The end result is effectively an extremal black

hole with a suppressed mass and charge loss mechanism and a Hawking temperature

that approaches zero. We will see later that the tendency for a BH to approach more

extremal can be negated in the presence of an extreme electric field when we include the

effects of Schwinger pair production. The inclusion of this effect in addition to Hawking

radiation is talked about in more detail within Section 4.11.

4.9 Kerr Evaporation Rates

We consider here BHs with intrinsic angular momentum J instead. The grey-

body factors used in this section were numerically evaluated for each configuration of

the Kerr metric, providing more accurate predictions for spin evolution and black-hole

lifetimes compared to the charged case. The parameter describing the evolution of a BH

with respect to its angular momentum J is the effective spin parameter a∗. Similarly

to Eq. (4.14), we can find the effective spin loss rate

da∗

dt
=

1

M2

dJ

dt
− 2

J

M3

dM

dt
(4.17)

In terms of Page factors defined in Eqs. (4.4), (4.5), this is

da∗

dt
= a∗

2f(M,a∗)− g(M,a∗)

M3 (4.18)

which will dictate the evaporation of spin for a Kerr BH.

Contrary to the case of shedding charge, there is no scenario in which an emit-

ted particle always carries zero angular momentum away from the black hole. In the
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case of charge loss, the black hole can, in principle, emit a neutral particle, meaning

that not every emission necessarily contributes to charge depletion. However, for an-

gular momentum, any emitted particle can carry away some amount of total angular

momentum, ensuring that the black hole’s angular momentum is always being affected

by its radiation. Even if we consider a particle with a quantum spin number of zero

(such as a scalar boson), the total angular momentum J of the emitted particle is given

by the sum of its intrinsic spin S and its orbital angular momentum L,

J = L+ S (4.19)

For a spinless particle, S = 0, but the emitted particle will still have some nonzero

orbital angular momentum L. Since angular momentum is quantized, even the lowest

possible allowed orbital angular momentum state for a given emission process is nonzero,

particularly when considering emissions from a rotating body. This results in a scenario

where g(M,a∗) will always be greater than 2f(M,a∗) for all greybody factors tabulated.

Therefore, spin will always be shed before mass and will cause a BH to tend away from

an extremal BH for all particles considered. Still, we can compare timescales of effective

spin loss against the charge loss values obtained above. Looking at Fig. 4.7, we can

see that the timescale for spin evaporation for a maximally spinning (a∗ = 0.9), 1017

g mass BH is ≈ 1.8 × 1024 seconds. Compared to the charge lifetime of ≈ 3 × 1023

seconds, we find that spin is shed approximately 6 times slower in our analysis. Again,

it is important to emphasize that our lifetime results for charge are an overestimation,

however, the hierarchy coincides with what is to be expected.
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Figure 4.7: Overlay of varying effective spin normalized by initial spin value as a function

of time for a Kerr BH. Lifetime is given for a Kerr BH of mass 1017g, and introduced

DM is not considered.

We have also investigated the effects of introducing massless particles of varying

degrees of freedom and spin on shedding angular momenta. The results can be seen

in Fig. 4.8. The most interesting case is the far left panel, where we have considered

spin zero particles. In this case, the overall spin carried away by the particle is entirely

orbital angular momentum. While the page factor for spin g(M,a∗) is always larger than
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Figure 4.8: Effect of adding various spin dark matter with various masses to the evap-

oration model of a Kerr BH. BH initial parameters are a∗ = 0.8, mBH = 1017g.

the mass loss term 2f(M,a∗), in this case the difference between the two becomes very

small. This results in the denominator term da
∗

dt in the lognormalized ratio to become

extremely small in comparison to the mass loss term dM
dt . For all other cases the intrinsic

spin S of the particle acts to increase the spin loss term, resulting in a lognormalized

ratio less than 1. We observe apparent divergences in the spin-zero case near the end of

the black hole’s spin-down phase. This behavior arises because a scalar field with a large

number of degrees of freedom removes angular momentum increasingly inefficiently as

the black hole approaches low spin. As a∗ decreases, the effective spin-loss rate da
∗

dt

falls sharply, since there is progressively less angular momentum per emitted quantum.

When this declining spin-loss rate is combined with the continually increasing mass-loss

rate dM
dt , the resulting ratio produces a sharp spike for the S = 0 case. We do not see

this effect for the other cases as having some nonzero spin number S causes the effective

spin loss rate to be much more stable even as the BH has a small amount of angular

momentum left to radiate.

We have also illustrated how effective spin affects the lognormalized ratio
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Figure 4.9: Lines of
1
M

dM/dt
1

a
∗ da

∗
/dt

lognormalized for a Kerr BH for various effective spin

values. In this case, the emitted particle spectrum consists exclusively of Standard

Model species.

a
∗

M
dM/dt

da
∗
/dt

in the absence of a large number of introduced degrees of freedom in Fig.

4.9. Again the lognormalized ratio expressed in the figure shows how the normalized

mass loss and spin loss rates compare. Values greater than 1 illustrate regions where

mass is shed faster than spin, and values less than 1 represent the inverse. In Fig. 4.9,

the plot describes that as effective spin of a BH is increased the spin loss rate is de-
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creased in comparison to the mass loss rate. Again this is a result of the dependence of

a Kerr BH’s temperature on the effective spin of the BH. As effective spin increases the

overall BH temperature decreases, resulting in delayed particle evaporation thresholds

and a higher exponential suppression of evaporated particles in comparison to lower

effective spins. As we approach the end of a BH’s lifetime the spin loss term begins to

dominate until spin is completely shed.

4.10 Relative Hierarchies

The purpose of the section above is to illustrate the possibility of upsetting the

hierarchy of charge, spin and mass loss as dictated by the standard model. Our findings

indicate that under any circumstances, spin is lost before mass. However, we have

found that through the introduction of a large number of massive or massless degrees

of freedom we can create a scenario where we can increase the effective charge of a RN

BH. The standard hierarchy we set out to upset is as follows; charge is neutralized first,

followed by spin and finally mass will be depleted ( dM
dt < dJ

dt <
dQ
dt ). There are two

distinct ways in which we can upset this natural order.

The first possibility of changing the order of parameters lost is through the

introduction of a select number of chargeless degrees of freedom. In our consideration

of a BH of mass M = 1017g, if we include massless scalar degrees of freedom within the

range of 100 ⪅ Ndof ⪅ 220, we find a scenario where the hierarchy changes and spin is

shed first, followed by charge neutralization and then finally mass loss ( dM
dt < dQ

dt <
dJ
dt ).
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Since the introduction of chargeless degrees of freedom has no effect on the rate of charge

loss, this introduction solely affects the rates of mass and spin loss. Degrees of freedom

larger than ≈ 220 result in increasing effective charge, and would make mass evaporate

faster than charge. However, degrees of freedom greater than ≈ 100 will result in spin

being lost faster than charge being lost, with mass still evaporated away last. Again

this is a direct result of these introduced degrees of freedom always being able to carry

away some nonzero amount of angular momentum. The upper limit of the number of

degrees of freedom is set by the BH mass and can be seen in the dependence of dQ
∗

dt

on M in Eq. (4.13). The lower limit is also dependent on the intrinsic spin S of the

introduced particle. Higher particle spins will require lower degrees of freedom due to

the dependence of the intrinsic spin S in the total angular momentum J carried away

from the BH.

The second possibility is when we consider degrees of freedom higher than

≈ 220. In this scenario, we find that the effective charge increases for a M = 1017g

BH. While the overall charge of the BH goes down, it is outpaced by mass. In this

scenario we find that again spin is lost first, but we have the order of mass and charge

loss reversed in comparison to the first scenario ( dQ
dt <

dM
dt < dJ

dt ).

Note, again, that in the absence of Schwinger pair production extremely mas-

sive BHs act similar to blackbodies. In this case, even without the addition of any dark

degrees of freedom, we have a scenario where the BH evaporates a significant portion

of mass before having any noticeable amount of charge evaporated. Since any charged

particle within the standard model has some nonzero mass, the production of such par-
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ticles will be exponentially suppressed for the majority of the BH’s lifetime. Once the

BH reaches a mass of roughly 1017g, it begins to emit a significant amount of charged

particles. Prior to that mass threshold we find that the effective charge will increase and

approach an extremal charged BH. For the majority of the lifetime of a BH, effective

charge increases until charged particles can be produced. While this isn’t necessarily

upsetting the natural hierarchy discussed above since charge is eventually dissipated

before mass near the end of the BH’s lifetime, the majority of the lifetime is naturally

spent increasing the effective charge for heavier BHs.

4.11 A Charged Caveat: Schwinger Pair Production

The above analysis for a RN BH only considers the production of charged

particles through the computation of their greybody factors outlined in [17]. We did not

consider, however, purely classical processes that could neutralize the BH. For example,

if the BH were surrounded by charged interstellar media, we would see a fairly quick

neutralization of the charge due to selective accretion of particles with charge opposite

the BH. Still, even in the absence of such media we can still have an enhanced charge

neutralization through quantum effects. A possible significant contribution comes from

the Schwinger effect [197, 154, 57]. The Schwinger effect describes spontaneous pair

creation of charged particles in the presence of an extremely strong electric field. In

the majority of electric fields the production is exponentially suppressed, yet for electric

fields higher than the threshold field this effect can become dominant. Such a strong field
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results in vacuum decay and the subsequent creation of electron-positron pairs, serving

to lower the charge of the field by 2e for each pair created [197] [124]. The greybody

factors for electron and positron production can then be significantly enhanced via

Schwinger pair production.

We can estimate the effect that this has on the charge lifetime of a RN BH by

modifying Eq. (4.13). Starting with the Schwinger pair production formula [124], the

electron-positron creation rate per unit volume is

Γ =
e2

4π3
Q2

r4+
exp

(
−
πm2

er
2
+

eQ

)[
1 +O

(
e3Q

m2
er

2
+

)
+ · · ·

]
(4.20)

where me is the mass of the electron and Q is the BH charge defined as Q = Q∗M .

We will require that the term e
3
Q

m
2
r
2 << 1 and consider only the leading order term.

If this assumption is violated the series is no longer convergent and can be assumed

to approach infinity, resulting in a massive discharge of the RN BH until the effective

charge is low enough to allow the condition to be satisfied. The charge loss rate per

unit time can be obtained via integration

dQS

dt
= −2e

∫
ΓdV, (4.21)

where QS has been introduced to denote the difference between charge loss

specifically due to Schwinger pair production. Integrating Eq. 4.20 rate per unit volume

we find the charge loss rate to be

dQS

dt
=

−e3

π2
1

r+
exp

{[
−

r2+
QQ0

}]
− π

(QQ0)
1/2

erfc

[
r+

(QQ0)
1/2

]
. (4.22)

where erfc(x) is the complementary error function and Q0 =
e

πm
2
e

. Combining the effects
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Figure 4.10: Effect of Schwinger pair production on dQ
∗

dt for various effective charges for

a BH of initial mass M = 104M⊙. All charge is lost before any significant amount of

mass is lost.

of Schwinger pair production, the effective charge loss in Eq. (4.13) becomes

dQ∗
dt

=
1

M

dQ

dt
+

1

M

dQS

dt
− Q∗

M

dM

dt
(4.23)

where dQ
dt describes the charge particle production at the horizon due to quan-

tum vacuum fluctuations and dQS
dt describes electron-positron production due to the

presence of a large electric field at various r > r+ . The rapid discharge due to Schwinger
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Figure 4.11: Effect of Schwinger pair production of dM
dt for various effective charges. BH

has initial mass M = 104M⊙. Sudden jump on the left hand side of the plot is when

charge is neutralized. From then on BH behaves as if static.

pair production would also affect the mass loss rate dM
dt as well. The mass loss rate can

be obtained by looking at

dM

dt
=
∂M

∂Q

∂Q

∂t
=
∂M

∂r+

∂r+
∂Q

∂Q

∂t
(4.24)

Working out the algebra we have the expression

dMS

dt
=
Q∗M

r+

dQS

dt
(4.25)
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which is analogous to the result from [124] in natural units. This additional term will

serve to speed up the mass loss rate for a charged BH as long as dQS
dt is nonzero.

We can calculate an order of magnitude estimate to see if this effect will have a

significant impact on the discharging of a RN BH. Both the Schwinger and the Hawking

discharge rate feature an exponential suppression; in the case of the Schwinger discharge

rate this is

ΓSch ∼ exp

(
−
πm2

er
2
+

eQ

)
, (4.26)

with

r+ =M

(
1 +

√
1 + (Q/M)2

)
and e the electron charge. Note that this is the discharge rate per unit volume and the

Hawking rate is per unit energy. Expressing the above in natural units, neglecting order

1 factors, we get

ΓSch ∼ exp

(
−m

2
eM

2

eQ

)
. (4.27)

The Hawking evaporation rate is Boltzmann suppressed by me/TH , where

TH ∼ 1

M

(
1− Q2

M2

)
,

thus

ΓHawk ∼ exp

− Mme

1− Q
2

M
2

 . (4.28)

The Schwinger discharge rate dominates when

ΓSch ≳ ΓHawk ⇒ m2
eM

2

eQ
≲

meM(
1− Q

2

M
2

) . (4.29)
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Figure 4.12: Parameter space for possible superradiance regions for a given black hole

mass and light boson.

Figure 4.13: Effective spin loss due to superradiance of a Kerr BH. Extracting the

majority of spin (O(0.1) remaining) occurs in approximately 1016s in comparison to the

Hawking lifetime for Kerr BHs of 1.8× 1024 s.

We can rearrange this equation to find that in terms of mass-to-charge ratio xe = (e/me)

and xBH = Q/M , Schwinger discharge dominates if

1− xBH

xBH
≲ xe ≃ 6.4× 1021. (4.30)
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In turn, this implies

xBH ≳ 10−22. (4.31)

Since the Planck charge is 11.7e, we find that Schwinger discharge dominates for any

black hole with any electric charge Q ≥ e when M ≤ 1018 grams.

Looking at Fig 4.10, we can see how Schwinger pair production enhances the

number of charged particles in the Hawking spectra. In this case we have considered

a much larger BH (104M⊙). The primary purpose of this choice is to consider a stage

in a charged BH’s life when there is essentially only blackbody radiation. This mecha-

nism only serves to deplete mass from a charged BH and, by Eq. (4.13), would serve

to increase the overall effective charge of such a large BH. Without Schwinger pair

production, there would be a tendency for charged BHs to approach extremality in all

scenarios. However, we can see that this effect serves to rapidly discharge the BH in

comparison to the mass loss timescales. Looking at Fig. 4.11, we can see that the

lifetime of a BH with various effective charges hovers around 1085s for BH of this size.

This is roughly 1016 times larger than the timescale for which a BH will discharge due

to Schwinger pair production. It’s important to note that this analysis only includes

effects from the leading order term for Schwinger production and therefore indicates

the largest lifetimes possible when including this effect. All higher order terms serve to

increase the electron-positron production rate, and therefore will decrease the lifetime

of a charged BH.
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4.12 Superradiance and Spin: Angular Momentum Ex-

traction

Recent work has shown that black hole superradiance can extract angular

momentum on timescales much shorter than Hawking emission [207]. Although a black

hole cannot be completely spun down through this mechanism, a substantial fraction of

its angular momentum can be removed, and we include this effect alongside the Hawking

analysis for Kerr black holes.

Superradiance arises from the existence of the ergoregion between the outer

and inner horizons, where negative-energy states are permitted [42]. A particle entering

the ergoregion may decay into two modes, one of which carries negative energy E1 < 0.

Energy conservation then requires the other mode to emerge with energy E2 = E0−E1 >

E0, so that the outgoing particle carries more energy than the particle originally entering

the black hole. The negative-energy mode remains inside the ergoregion and effectively

reduces the black hole’s rotational energy.

Superradiance is the amplification of this process: bosonic waves satisfying the

superradiant condition grow exponentially by repeatedly extracting rotational energy.

The resulting accumulation of a scalar cloud outside the horizon forms a “gravitational

atom,” enabling rapid and efficient angular momentum extraction compared to Hawking

radiation alone. In the following section we will outline the timescales associated with

removing angular momentum from the system via the introduction of massive scalar

bosons and the superradiant effect.
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Superradiance of a BH is allowed so long as the superradiant condition [207]:

ω < mΩ+ (4.32)

is satisfied. In the above equation ω refers to the frequency of the incoming scalar wave,

m the azimuthal quantum number of a given state and Ω+ the angular velocity of the

BH horizon. In general, we assume the population of states occurs with ω to be roughly

the boson mass ω ≈ µa. The overall angular momentum available to be extracted via

superradiance is then proportional to the number of particles produced by this process.

For each particle extracted from a given BH, the overall angular momentum of the BH

is lowered by ∆J = m, or an integer quanta of angular momentum proportional to the

given state occupied. Therefore, the overall rate of angular momentum extraction from

the BH is equivalent to the rate at which superradiance occurs ΓSR for a given particle

multiplied by the number of particles of a given state Nm:

dJ

dt
= −mΓSRNm. (4.33)

Again using Eq. (4.17), we estimate the change in effective spin as long as we have

the mass loss rate due to superradiance. The mass loss rate of the BH is obtained in a

similar manner, except we can replace the quanta of spin m by the scalar particle mass

µa to get

dM

dt
= −µaΓSRNm. (4.34)

All together, the expression for effective spin loss due to superradiance is given by;

da∗SR
dt

= − 1

M2mΓSRNm + 2
a∗

M
µaΓSRNm. (4.35)
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This equation is expected to be valid so long as the superradiance condition in Eq.

(4.32) is satisfied and the superradiance rate ΓSR is faster than the Eddington accretion

time. We have simulated the effective spin available to be extracted from the BH in the

Regge trajectory plots in Fig. 4.12. For any BH mass we can see that, for quantum

numbers {n, l,m}, the m = 1 state allows for the largest ∆a∗ in the right hand panel.

Additionally, we simulate the parameter space for various BH and scalar boson masses

that allow for superradiance. We can see as a general trend that as BH mass increases the

overall spin available for extraction decreases. Additionally, we expect that constraints

on light boson candidates to be another limiting factor in the possibility of this SR

regime being reached for heavy BHs.

Still, we can estimate the spin down lifetime of a BH due to superradiance with

Eq. 4.32. Utilizing the results of [207], the {n, l,m} = {2, 1, 1} state is the most efficient

at extracting angular momentum. In general the lifetime of a BH’s superradiant event

of a BH can be estimated as τSR = 1
ΓSR

[21]. Using our superradiant rates derived

from [207], we illustrate the expected lifetime of a given superradiant event for a solar

mass BH and variable gravitational fine structure constant α = µaM in Fig. 4.14. The

shortest spin-down time we find is approximately 1016 s, corresponding to a reduction

from a∗ = 0.9999 to a∗ ≈ 0.15 for a 105M⊙ black hole. This is approximately 108

times faster than it takes for a Kerr BH to lose spin due to purely radiative processes.

Granted, this is still a rotating BH, but this process serves to greatly reduce the spin

and overall lifetime due to the significant influence of effective spin on BH temperature

and particle emission rate. For the m = 1 superradiant states, smaller values of the
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Figure 4.14: Superradiant event lifetime for a given BH and boson mass, set by the

gravitational fine structure constant α = µa × rg. We use M = 105M⊙. Solid lines

correspond to a∗ = 0.99 and dotted to a∗ = 0.9. Lifetimes are expected to increase

proportionally as mass increases, as there will be more angular momentum available for

a given effective spin.

gravitational fine-structure constant α correspond to more spin being extractable. This

explains why the superradiant lifetime grows as α = µarg approaches zero in the figure.

Overall, a significant amount of the available spin can be lost from a superradiant event.
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When considering the lowest superradiant state, all BHs shed spin under approximately

1020 seconds for the BH mass considered, which is much faster than the expected Kerr

evaporation timescales.

4.13 Discussion

This comprehensive study systematically compares the evaporation dynamics

of Schwarzschild, Kerr, and Reissner-Nordström black holes through the lens of Page

factors, revealing critical insights into the interplay of mass, charge, and angular mo-

mentum loss. For Schwarzschild black holes, isotropic Hawking radiation drives

mass loss on timescales governed solely by the Stefan-Boltzmann law, with evaporation

rates scaling as M−2. In contrast, Kerr black holes exhibit rapid angular momentum

dissipation due to preferential emission of high-spin particles and superradiance effects,

leading to a spin-down phase orders of magnitude faster than mass loss. This asymme-

try arises from frame-dragging effects, which amplify emission from equatorial regions

and enhance the coupling of angular momentum to radiation fields.

For RN black holes, charge loss dominates early-stage evaporation, medi-

ated by the efficient emission of charged particles through both Hawking radiation and

Schwinger pair production. The Coulomb potential barrier introduces a self-regulating

mechanism: high charge-to-mass ratios (Q∗/M) suppress thermal emission by lowering

the black hole temperature, while simultaneously accelerating charge loss via enhanced

particle tunneling. Near-extremal configurations (Q∗ → 1) exhibit prolonged lifetimes
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due to suppressed Hawking temperatures, though quantum corrections destabilize these

states over cosmological timescales. The figures with very long lifetimes are intended to

illustrate the existence and scaling of hierarchy modification rather than to imply direct

cosmological durations.

A pivotal finding is the modification of evaporation hierarchies by non-

Standard Model particle species. Introducing large numbers of uncharged dark matter

degrees of freedom shifts the balance between mass and charge loss rates. For example,

a dark sector with O(100) massless particles can invert the canonical hierarchy, causing

Ṁ/M to exceed Q̇∗/Q∗ even for highly charged black holes. This challenges assump-

tions about ”charge neutrality” as a universal endpoint of evaporation and suggests

that astrophysical black holes in dark matter-rich environments may retain residual

charges longer than predicted by SM-only models. Although the values of Ndof con-

sidered here may appear large, they are not unconstrained and are subject to existing

astrophysical, collider, and gravitational bounds. Black hole evaporation thus emerges

as a complementary and largely model-independent probe of such dark sectors.

The role of greybody factors further complicates these dynamics. For Kerr

black holes, frame-dragging distorts emission spectra, favoring low-angular-momentum

modes and accelerating spin loss. In RN systems, greybody corrections suppress charged

particle emission at low energies but enhance high-energy discharges, creating a feedback

loop that regulates charge loss. These effects are particularly pronounced in near-

extremal regimes, where geometric optics approximations break down, necessitating

full wave-equation treatments for accuracy.
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Schwinger pair production emerges as a critical mechanism for light (M ≲

1017, g), highly charged black holes. At Q∗/M ≳ 0.5, this quantum electrodynamic

process dominates over Hawking radiation, ejecting e± pairs and accelerating charge

loss. For primordial black holes formed with near-extremal charges, the competition

between Schwinger-driven discharge and mass loss can nevertheless lead to a transient

increase in the effective charge Q∗ = Q/M , even as the absolute charge decreases.

Any possible connection to early-universe baryogenesis would therefore be indirect and

restricted to sufficiently light black holes, while the extremely long lifetimes shown in

some figures should be interpreted as illustrating scaling behavior in the near-extremal

regime rather than cosmologically relevant durations.

Superradiance plays a role for any mass BH to extract significant amounts

of angular momentum of a Kerr BH in the form of a light boson cloud. For a given

BH mass, a range of axion masses allow for ∆a∗ = O(1) changes in the overall angular

momentum on timescales much faster than that of Hawking radiation. The possibility

of forming a gravitational atom allows for much more rapid increases in temperature of

the BH and speeds up the overall mass loss of the system as well.

These results underscore the inadequacy of single-parameter evaporation mod-

els and highlight the need for multivariate frameworks incorporating particle physics

beyond the SM. Future work should explore the interplay between evaporation and

accretion in astrophysical environments, quantum gravity corrections to semi-classical

approximations, and observational signatures of charged or spinning black holes in grav-

itational wave or cosmic ray data. Additionally, the discovery that dark sectors can
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dramatically alter evaporation hierarchies invites experimental tests via high-precision

measurements of black hole merger remnants or gamma-ray burst spectra. By bridg-

ing thermodynamics, quantum field theory, and astrophysics, this study advances our

understanding of black holes as multichannel dissipative systems and provides tools to

probe fundamental physics through their evaporation.

Data Availability Statement

The data and code supporting the findings of this study are publicly available

in Ref. [99].
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Chapter 5

High-frequency gravitational wave

transients from superradiance

5.1 Introduction

Chapter 3 established that asteroid-mass primordial black holes (PBHs) in the

mass window 10−16–10−11M⊙ are among the most promising sources of high-frequency

gravitational waves (HFGWs) detectable at resonant microwave cavities, yet showed

that even maximally optimistic merger event rates fall short of current ADMX sensitiv-

ity. Chapter 4 demonstrated that the spin dynamics of Kerr black holes are qualitatively

modified by a large dark sector, motivating a closer look at angular-momentum–driven

emission mechanisms. This chapter brings these threads together by treating superra-

diance not merely as a spin-loss mechanism but as a gravitational-wave source in its

own right, and by performing the first unified detectability analysis of superradiant GW

114



signals from PBH gravitational atoms at GHz-band detectors.

The basic mechanism is as follows. A bosonic field of mass µ satisfying the

superradiant condition

0 < ω < mΩH , (5.1)

where ΩH is the angular velocity of the Kerr horizon and m the azimuthal quantum

number, is exponentially amplified at the expense of the black hole’s rotational en-

ergy [219, 220, 185]. When the boson’s Compton wavelength is comparable to the

gravitational radius, the amplified modes are gravitationally trapped and grow into a

macroscopic quasi-bound cloud—a gravitational atom (GA) [71, 43]—with occupation

numbers reaching N ∼ 1070–1080 [21]. The dynamics are controlled by the gravitational

fine-structure constant

α ≡ GMBH µ, (5.2)

which simultaneously sets the cloud radius rc ∼ MBH/α
2, the superradiant instability

rate, and the hydrogenic spectrum of bound levels [22, 21]. Efficient growth requires α ∼

0.1–0.5, which for a given boson mass µ selects a preferred BH mass—or equivalently,

for a given BH mass, a preferred range of boson masses. Notably, bosons in the mass

range µ ∼ 10−7–10−5 eV selected by sub-solar PBH masses are independently motivated

by the axion solution to the strong CP problem [179, 212, 213] and the cosmology

thereof [184, 4, 77, 72].

The GW frequency is set almost entirely by µ: annihilation of two cloud bosons

into a graviton emits at ωann ≃ 2µ, while level transitions between states with principal
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quantum numbers ng and ne emit at the Bohr frequency ωtr ∝ µα2(n−2
g − n−2

e ). For

sub-solar PBH masses this places signals in the MHz–GHz band targeted by resonant-

cavity haloscopes such as ADMX. Once superradiance saturates, two emission channels

become active in the isolated system:

1. Level transitions, in which the quadrupole self-interaction of two populated states

drives bosons from an excited level to a lower one, emitting quasi-monochromatic

GWs at the Bohr frequency ωtr.

2. Annihilations, in which pairs of bosons convert into gravitons at ωann ≃ 2µ, pro-

ducing an extremely long-lived, slowly decaying quasi-monochromatic signal.

Bosenova collapses, in which the cloud implodes once its occupation number exceeds a

critical value set by bosonic self-interactions, introduce additional burst-like GW emis-

sion and periodically reset the superradiant growth [215, 216]; we account for the re-

sulting upper bound on cloud populations when deriving strain amplitudes.

In realistic astrophysical environments GAs are often not isolated. A binary

companion introduces a time-varying tidal potential that drives resonant transitions

between GA levels whenever the orbital frequency sweeps through a Bohr frequency

of the gravitational atom. The cloud then behaves as a driven two-level system whose

response is captured by a Landau–Zener analysis [34]: depending on the adiabaticity

parameter z ≡ η2/(|∆m|Ω̇), transitions range from partial population transfer (z ≪ 1)

to complete level inversion (z ≫ 1). The resulting GW signal is a short-duration

transient burst whose characteristic strain and spectral shape we compute following the
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formalism of Kyriazis & Yang [147], applied here for the first time to the PBH binary

case.

This chapter brings together four ingredients not previously combined in the

context of high-frequency GWs: (i) relativistic superradiant instability rates [128, 127],

(ii) numerically computed cloud masses [198, 163], (iii) the binary-induced resonance

formalism of Ref. [147], and (iv) realistic ADMX sensitivity curves [35]. Concretely, we

make the following contributions:

• We map the superradiant parameter space in the PBH mass range using Regge tra-

jectories (Sec. 5.2), identifying the (µ,MBH, α) combinations that produce MHz–

GHz emission and assessing the role of bosenova saturation and accretion in bound-

ing the allowed cloud populations.

• For isolated GAs we derive time-domain GW strain envelopes and analytic closed-

form frequency-domain templates, via the exponential integral E1, for both the

level-transition and annihilation signals (Sec. 5.3 and App. 7.4). Peak strains reach

h ∼ 10−22 at 1 kpc for the most optimistic annihilation configurations, while level-

transition signals typically peak at h ∼ 10−23.

• For PBH binaries we apply the Landau–Zener formalism to the hyperfine transi-

tion {2, 1, 1} → {2, 1,−1}, compute the transient GW burst characteristic strain

across the MBH–α parameter space (Sec. 5.4), and derive the conditions under

which the signal duration exceeds the ADMX ring-up time.

• We provide a detectability analysis for ADMX (Sec. 5.5), finding that binary-
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induced burst strains fall orders of magnitude below the ADMX sensitivity thresh-

old at astrophysically plausible distances. Using PBH merger rates from the early

two-body formation channel [191], detectable events would require source dis-

tances ≲ 1AU, whereas the merger rate implies characteristic distances exceeding

∼ 9 kpc.

Taken together, our results show that PBH gravitational atom systems are

among the very few theoretically well-motivated sources of MHz–GHz gravitational

waves, but that a significant improvement in detector strain sensitivity beyond current

ADMX runs is required to make them observable. We identify improved sensitivity,

faster ring-up times, and lower frequency coverage as the priorities for future high-

frequency GW detector design, and provide analytic frequency-domain templates as

concrete waveform targets for such searches. We use natural units ℏ = c = 1 throughout.

5.2 Superradiance and the Parameter Space for High-Frequency

GWs

Rotating black holes interacting with ultralight bosonic fields define a struc-

tured parameter space in which GW emission frequencies are tied directly to the masses

of both the black hole and the boson. This section establishes the parametric founda-

tion for the rest of the paper. We derive the conditions for superradiant bound-state

formation, introduce the Regge trajectories that delimit the allowed region, give the

instability rate governing cloud growth, and identify the portion of parameter space
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that produces MHz–GHz gravitational waves.

The central result—summarized graphically in Fig. 5.1—is that the MHz–GHz

window is populated by black holes in the primordial mass rangeMBH ∼ 10−6−10−3M⊙

for boson masses µ ∼ 10−8 − 10−5 eV and gravitational coupling α ∼ 0.1 − 0.3, as

appropriate for efficient superradiance.

5.2.1 Bound States, Regge Trajectories, and the GW Frequency Map

A massive scalar boson of mass µ on a Kerr background admits quasi-bound

states whenever its Compton wavelength C = µ−1 (in natural units ℏ = c = 1) is

comparable to the gravitational radius rg ≡ GMBH. The ratio of these two scales is the

gravitational fine-structure constant

α ≡
rg

C
= GMBH µ . (5.3)

In the limit α≪ 1 the quasi-bound spectrum is precisely hydrogenic [71, 78]:

ωn ≃ µ

(
1− α2

2n2

)
, (5.4)

where n is the principal quantum number. The spatial extent of the cloud in state

{n, ℓ,m} is

rc =
n2

α2 rg =
n2

µα
, (5.5)

so the cloud becomes more diffuse at smaller α. The regime α ∼ 0.1–0.5 simultaneously

ensures that the cloud is compact enough for efficient angular-momentum extraction

and energetic enough for detectable GW emission; both smaller and larger α values

suppress the instability rate exponentially, as discussed in Sec. 5.2.2.
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Superradiance is active when the bound-state frequency satisfies the superra-

diant condition

ω < mΩH , (5.6)

where m is the azimuthal quantum number and ΩH = a∗/

[
2GMBH(1 +

√
1− a2∗ )

]
is the angular velocity of the Kerr horizon [43], with a∗ the dimensionless BH spin.

Substituting the leading-order binding energy ω ≈ µ into Eq. (5.6) and solving for the

critical spin, one finds the threshold

acrit∗ (α,m) =
4mα

m2 + 4α2 , (5.7)

above which superradiance operates (a∗ > acrit∗ ) and below which it does not. This

threshold defines the Regge trajectory of the mode: the curve a∗ = acrit∗ (α,m) in the

(a∗, α) plane, or equivalently in the (a∗,MBH) or (a∗, µ) planes for fixed µ orMBH. A BH

that forms with spin above a Regge trajectory will be driven toward it by superradiant

spin-down; at the trajectory, growth saturates.

The spin requirement is an important model dependence of this construction.

In the simplest radiation-dominated formation channel from nearly Gaussian curvature

perturbations, PBHs are generally expected to be born with small dimensionless spin,

because large overdensity peaks are close to spherical and pressure support suppresses

the growth of angular momentum [58, 67]. However, larger spins can arise in less

minimal formation histories. Examples include PBH formation during an early matter-

dominated era, where tidal torques and the longer collapse time can generate substan-

tial angular momentum [118]; strongly nonspherical or non-Gaussian collapse; delayed
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collapse associated with first-order phase transitions; and post-formation PBH–PBH

mergers, whose remnants naturally acquire spins of order a∗ ≃ 0.7 for comparable-

mass, initially nonspinning binaries [206]. Accretion can also spin up black holes in

sufficiently dense environments, although it is likely inefficient for the isolated low-mass

PBHs emphasized here. We therefore do not assume that all PBHs are rapidly rotating.

Rather, the Regge trajectories in Fig. 5.1 should be read as identifying the subset of

PBHs whose spins exceed the relevant threshold and hence can host the clouds studied

in the rest of the paper.

In the limit a∗ → 1 (maximally spinning BH), Eq. (5.7) gives acrit∗ → 1 when

α→ m/2, so the hard upper bound for superradiance to be possible at all is

α <
m

2
. (5.8)

This bound is visible in all four panels of Fig. 5.1 as the right-hand edge of each shaded

superradiant region.

Figure 5.1 presents the Regge trajectories across four complementary slices of

parameter space. In each panel the shaded area marks the region where a given mode

can grow:

• Top-left : the (µ, a∗) plane for varying MBH at fixed m = 1. The allowed region

shifts to larger boson masses as MBH decreases, illustrating that lighter PBHs

couple to heavier bosons at the same α.

• Top-right and bottom-left : the (µ, a∗) and (MBH, a∗) planes for varying m. Higher

azimuthal number extends the region to larger α (Eq. (5.8)); at fixed α these
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modes have a lower critical spin but strongly suppressed growth rates, so m =

l = 1 dominates in practice

• Bottom-right : the (α, a∗) plane at fixed MBH, showing the Regge trajectories in

their most natural parametrization. The state with m = ℓ = 1 has the largest

critical spin of the four modes shown at given α, but its superradiant growth rate

is the least suppressed in α (Sec. 5.2.2); wherever the spin threshold is cleared,

m = ℓ = 1 therefore grows fastest and extracts angular momentum first.

Throughout, quantum numbers are taken to satisfy m = ℓ = n − 1 (the lowest radial

mode of each angular sector), since these states have the largest angular momentum

content per unit energy and therefore achieve the highest saturation occupation num-

bers [43, 22].

The gravitational-wave emission frequencies are set by µ through two distinct

channels. For annihilation of two cloud bosons into a single graviton:

ωann ≃ µ

π
≈ 484MHz

(
µ

10−6 eV

)
. (5.9)

For a level transition from principal quantum number ne down to ng:

ωtr ≃ µα2

4π

(
1

n2g
− 1

n2e

)
≈ 4.84MHz

(
µ

10−6 eV

)( α

0.2

)2( 1

n2g
− 1

n2e

)
. (5.10)

The MHz–GHz frequency window therefore corresponds to boson masses µ ∼ 10−8–

10−5 eV via annihilation, or to slightly heavier bosons when transitions are the dominant

channel. The black hole mass required for superradiance efficiency to peak at α ≃ 0.2
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is then

MBH ≃ α

µG
≈ 2.7× 10−5M⊙

( α

0.2

)(10−6 eV

µ

)
, (5.11)

Across the range µ ∼ 10−8 − 10−5 eV relevant for MHz–GHz emission, this corresponds

to black hole masses MBH ∼ 10−6 − 10−3M⊙ for α ∼ 0.1 − 0.3. This is the PBH

mass range, establishing the central connection exploited throughout this paper: high-

frequency GW detectors such as ADMX are natural instruments for probing ultralight

bosons through superradiance around PBHs. For reference, Table 5.1 displays this map-

ping for frequencies spanning from low-RF band to the GHz range. This illustrates

that the MHz–GHz frequency range associated with superradiant gravitational atoms

spans and extends beyond the current ADMX sensitivity window, motivating broader

frequency coverage in future high-frequency gravitational-wave searches.

5.2.2 Superradiant Instability Rates and Growth Timescales

The cloud occupation number grows as Ṅ = ΓnℓmN , where Γnℓm = Im(ω) is

the superradiant instability rate. In the non-relativistic limit (α ≪ 1) this rate can be

computed analytically by matched-asymptotic methods [71, 43, 33]:

Γnℓm =
2r+
M

Cnℓgℓm(mΩH − ωnℓm)α4ℓ+5, (5.12)

with

Cnℓ =
24ℓ+1(n+ ℓ)!

n2ℓ+4(n− ℓ− 1)!

(
ℓ!

(2ℓ)!(2ℓ+ 1)!

)2

, gℓm =

ℓ∏
k=1

[
k2(1− a∗

2
) +

(
a∗m− 2r+ωnℓm

)2]
where Cnℓgℓm(a∗) is a dimensionless, spin-dependent coefficient. Meanwhile, for a ro-

tating Kerr black hole with angular momentum per unit mass a = J/Mc, the event
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Table 5.1: Mapping between boson mass µ, host BH mass at α = 0.2, and annihilation

GW frequency ωann. The ADMX Run 1 data-collection band (0.645–1.4 GHz) lies

between the third and fourth rows, with the corresponding frequencies bracketing the

experimental sensitivity range.

µ MBH/M⊙ ωann Band

10−9 eV 2.7× 10−2 484 kHz low-RF

10−7 eV 2.7× 10−4 48MHz HF (broadband RF)

10−6 eV 2.7× 10−5 484MHz ∼ADMX Run 1 (lower)

3× 10−6 eV 9× 10−6 1.45GHz ADMX Run 1 (upper)

10−5 eV 2.7× 10−6 4.8GHz Next-generation RF

horizon is located at:

r+ =
GM

c2

1 +

√
1− a2

M2c2

 .

The e-folding time for cloud growth is

τSR ≡ Γ−1
nℓm, (5.13)

Figure 5.2a shows τSR in years as a function of α for modes ℓ = m = 1, . . . , 4; Fig. 5.2b

shows the same rate in geometrized units rg Γnℓm, making the ℓ-dependent peak struc-

ture visible.
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Three features of these figures are particularly relevant to our analysis:

1. Steep α-dependence at small α. Because τSR ∝ α−(4ℓ+5), the growth time rises by

many orders of magnitude as α decreases below ∼ 0.1. For the ADMX-relevant

PBH mass range, τSR ranges from seconds at α ∼ 0.4 to timescales exceeding the

Hubble time at α ≲ 0.05. This sets a practical lower bound α ≳ 0.05 for any

detectable cloud to have formed.

2. Cutoff at the superradiance threshold. Both figures show Γnℓm → 0 as α → m/2,

because the superradiant enhancement Cnℓgℓm vanishes there. The instability

therefore operates within a finite window α ∈ (0.05,m/2), peaking at α ∼ 0.2–0.3.

3. Multi-mode competition. For sufficiently high initial BH spin, severalm-modes can

satisfy the superradiance condition simultaneously. Although the m = 1 mode

dominates the growth rate, modes with m ≥ 2 develop non-negligible populations

over long timescales, contributing sub-dominant but non-zero GW channels at

their respective transition and annihilation frequencies.

Throughout Sec. 5.3 we compute instability rates from the matched-asymptotic

expression of Eq. (5.12), supplemented at larger α by the WKB envelope of Ref. [22]

(their Eq. 27), since Eq. (5.12) alone is formally valid only for α≪ 1.

5.2.3 Cloud Saturation and Bosenova Cycling

Superradiant growth drives the BH spin from its initial value toward the Regge

trajectory a∗ = acrit∗ , at which point the instability saturates. The fraction of BH mass
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transferred to the cloud at saturation is determined by simultaneous conservation of

energy and angular momentum. For the dominant {2, 1, 1} state at α ≃ 0.2 and a∗ → 1

this fraction is approximately 10.8% [208], consistent with our numerical calculation of

10.81% shown in Fig. 5.4. The corresponding saturation occupation number is

Nsat ≈
GNM

2
BH∆a

m
≈ 1065

(
∆a

0.1

)(
MBH

10−5M⊙

)2

. (5.14)

The enormous value of Nsat—a consequence of the tiny boson mass—is what enables

the macroscopic, coherent GW emission discussed in subsequent sections.

For bosons with attractive self-interactions, parametrized by the axion decay

constant fa, a separate ceiling on the occupation number arises from the bosenova

instability [22, 215]. When the occupation number exceeds

Nbosenova ≈ 5× 1078
n4

α3

(
M

M⊙

)2( fa
MP

)2
, (5.15)

attractive self-interactions overcome the gravitational binding energy and the cloud

collapses [215, 216]. The implosion deposits most of the extracted angular momen-

tum back into the BH in a burst lasting ∼ rg/c, after which superradiance restarts at

reduced spin. This cycling behavior caps the effective occupation number at Neff ≡

min(Nsat, Nbosenova).

For QCD-axion values fa ∼ 1016GeV we find fa/MP ∼ 10−3, giving

Nbosenova

Nsat
∼ 5× 106

(
n4/α3

10

)(
MBH

10−5M⊙

)(
µ

10−6 eV

)(
fa/MP

10−3

)2
, (5.16)

so the bosenova threshold is not reached before saturation in the bulk of our PBH

parameter space. We include Nbosenova as an upper bound in all strain calculations,
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but note that for QCD-axion-like couplings it is non-restrictive. For very small fa (e.g.,

light moduli with fa ≪ MP ) the bosenova may dominate and the cloud cycles; such

scenarios, while physically interesting, fall outside the scope of this paper.

Finally, we note that accreting matter onto the BH can spin it back toward a∗ =

1, potentially restarting superradiance after partial spin-down or counteracting the spin-

down while the cloud is growing. For isolated PBHs in vacuum—the scenario relevant to

the PBH mass range considered here—negligible accretion is expected and superradiance

proceeds unimpeded. The visible imprint of accretion is the left-hand suppression of the

allowed region in Fig. 5.1: asMBH decreases at fixed µ, the condition α < m/2 becomes

harder to satisfy if spin-up by accretion is competitive with superradiant spin-down.

We treat this effect as absent in what follows.

5.3 Gravitational-Wave Signatures from Isolated Gravita-

tional Atoms

Before examining the modifications introduced by a binary companion (Sec. 5.4),

we establish the GW signals from an isolated gravitational atom (GA) as the baseline

against which binary-induced effects will be compared. Two physically distinct emission

channels are active once superradiance saturates:

1. Level transitions (Sec. 5.3.1), in which the gravitational self-interaction of two

simultaneously occupied superradiant levels drives bosons from the higher to the

lower state, emitting quasi-monochromatic GWs at the Bohr frequency ωtr.
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2. Boson annihilation (Sec. 5.3.2), in which pairs of cloud bosons annihilate into a

single graviton at ωann ≃ 2µa, producing an extremely long-lived, slowly decaying

signal.

In both cases the signal is quasi-monochromatic and persists on timescales far exceeding

the ring-up time τring of a resonant-cavity detector; for these persistent sources the

steady-state cavity-sensitivity comparison is therefore the appropriate limiting case.

The time-domain waveforms derived here serve as inputs to the frequency-domain strain

templates of App. 7.4.

Throughout this section we assume the BH spin has been reduced to the satura-

tion value acrit∗ (Eq. (5.7)) and that the cloud is in a well-defined two-level configuration

consisting of an “excited” state with quantum numbers (ne, ℓ,m) and a “ground” state

(ng, ℓ,m), with ne > ng. All cloud masses are computed numerically using the results

of Refs. [198, 163], and superradiance rates use Eq (5.12).

5.3.1 Gravitational Waves from Level Transitions

5.3.1.1 Two-level population dynamics

When the BH spin lies above the critical value for two levels simultaneously,

both states are initially populated independently through superradiance. For occupation

numbers well below saturation, where the gravitational self-interaction between levels
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is negligible, each level grows independently:

dNg

dt
= Ng Γ

(ng)

SR , (5.17)

dNe

dt
= Ne Γ

(ne)
SR , (5.18)

where Γ
(n)
SR is the superradiant instability rate for level n (Eq. (5.12)). The {6, 4, 4}

and {5, 4, 4} states have nearly equal instability rates at the benchmark parameters of

Fig. 5.3, so both grow on comparable timescales.

This picture changes once the occupation numbers become large enough that

the gravitational self-interaction of the cloud is no longer negligible. A macroscopic

cloud in state |ne, ℓ,m⟩ generates a time-dependent potential V∗(t, r) that mixes the

two levels through the matrix element ⟨ng, ℓ,m|V∗(t, r)|ne, ℓ,m⟩. This introduces a

coherent transition rate Γt, coupling the two occupation numbers:

dNg

dt
= Ng Γ

(ng)

SR +NgNe Γt, (5.19)

dNe

dt
= Ne Γ

(ne)
SR −NgNe Γt. (5.20)

The term −NgNe Γt acts as a stimulated-emission drain on the excited state: as Ne

grows, the transition rate accelerates, depopulating |ne⟩ and populating |ng⟩ while emit-

ting a GW at the Bohr frequency. The per-boson transition rate is obtained from the

gravitational quadrupole formula applied to the off-diagonal current between the two

levels [22, 21]:

Γt ∼ 2GN ω5
tr

5
µ2a r

4
c = O(10−6–10−8)

GN α9

r3g
, (5.21)

where ωtr is the transition frequency (Eq. (5.22)), rc ∼ n2rg/α
2 is the characteristic
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cloud radius, and rg = GM is the gravitational radius. The scaling Γt ∝ α9/r3g follows

from substituting r4c ∝ r4g/α
8 and ωtr ∝ µaα

2 ∝ α3/rg into the first form. The numerical

range reflects the variation across quantum numbers n and ℓ for the configurations of

interest [22].

5.3.1.2 Time-domain gravitational-wave strain

The GW angular frequency for transitions between states (ne, ℓ,m) and (ng, ℓ,m)

with ne > ng is the Bohr frequency:

ωtr = ωngℓm
− ωneℓm

≃ µa α
2

2

(
1

n2g
− 1

n2e

)
, (5.22)

where we have used the leading-order hydrogenic approximation. For the {6, 4, 4} →

{5, 4, 4} transition at the benchmark parameters of Fig. 5.3, this gives ωtr ≈ 833.03MHz.

The oscillating quadrupole moment of the two-level system sources a GW

whose strain envelope follows from the standard power–strain relation h2 = 4GNPtr/(r
2ω2

tr)

[16]. Since each transition quantum carries energy ωtr and the quanta are emitted at

rate ΓtNgNe, the radiated power is Ptr = ωtr ΓtNg(t)Ne(t); substituting and cancelling

one power of ωtr gives: [22, 21]:

h0,tr(t) =

√
4GN

r2 ωtr

ΓtNg(t)Ne(t) , (5.23)

where Ng(t) and Ne(t) are solutions of Eqs. (5.19)–(5.20). This is the slowly-varying

envelope of the GW signal: it evolves on timescales set by ΓSR and Γt, which are much

longer than the GW oscillation period 2π/ωtr. The full waveform, decomposed into the
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standard plus and cross polarizations, is:

h+(t) = h0,tr(t)
1 + cos2ι

2
cos
(
ωtr t+ ϕ0

)
, (5.24)

h×(t) = h0,tr(t) cos ι sin
(
ωtr t+ ϕ0

)
, (5.25)

where ι is the inclination of the BH spin axis with respect to the line of sight and ϕ0 is an

arbitrary initial phase. The signal is quasi-monochromatic at ωtr with a slowly drifting

amplitude; it is the amplitude modulation through h0,tr(t) that, in the frequency domain

(App. 7.4), produces the characteristic narrow Lorentzian lineshape at f = ωtr/2π.

5.3.1.3 Saturation occupation number and peak strain

The peak GW strain occurs at the moment when the coupled system (Eqs. (5.19)–

(5.20)) transitions from the superradiance-dominated to the transition-dominated regime,

i.e., when ΓtNe ∼ Γ
(ne)
SR . This equal population condition corresponds to the moment of

maximum stimulated emission and thus maximum GW power. Specifically, the maxi-

mum gravitational wave power occurs when the excited state equals the ground state

Ntr =
Γnℓm

Γt
. (5.26)

Note that this level transition always occurs before the cloud population be-

comes saturated. In Fig. 5.3, the transition occurs when Ng = Ne = 1055, and the

population continues to grow until Nsat ≈ 1062. Substituting Ng ∼ Ne ∼ Ntr/2 into

Eq. (5.23) gives the peak strain:

hpeak0,tr ≃ 1

2

√
4GN Γ2

nℓm

r2 ωtrΓt

≃ 8× 10−31

(
1 au

r

)( α

0.3

)15( M

10−7M⊙

)
. (5.27)
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where the numerical scaling absorbs GN , rg, and Nsat(α,M), and is normalized to the

ℓ = 4 transition ({6, 4, 4} → {5, 4, 4}) shown in Fig. 5.3. Higher-ℓ transitions are far

weaker than the dominant ℓ = 1 channel: the wavefunction overlap entering Γnℓm and

Γt suppresses hpeak0,tr by roughly two additional orders of magnitude per unit of ℓ, and

steepens the α-scaling from α3 at ℓ = 1 to α15 here. This scaling should be treated

as an order-of-magnitude guide rather than a precise formula, since the coefficient also

depends sensitively on the black-hole spin near the superradiant threshold.

Using the benchmark parameters of M = 10−7M⊙ and α = 0.75 we obtain

hpeak0,tr ≈ 7×10−27 at r = 100 au, in good agreement with the numerically computed peak

hmax ≈ 6 × 10−27 seen in Fig. 5.3. The smallness of this value relative to the optimal

ℓ = 1 case reflects the ℓ = 4 level structure adopted there, rather than the maximal

achievable transition strain.

5.3.1.4 Signal lifetime

Once the transition-dominated phase begins, the excited state drains with a

characteristic timescale

τtr ∼ 1

ΓtNsat
∼ O(103–106) yr, (5.28)

for the parameters relevant to MHz–GHz emission. Since τtr ≫ τring ∼ 1/∆fband ∼

10−5 s (for a cavity bandwidth ∆fband ∼ 10 kHz), the level-transition signal is effec-

tively persistent on detector timescales. The extremely narrow spectral width ∆f ∼

τ−1
tr /(2π) ≪ 1Hz (compared to the carrier frequency ftr ∼ MHz–GHz) makes this signal
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highly coherent over any realistic observation window; the resulting frequency-domain

Lorentzian template is developed in App. 7.4.

5.3.2 Gravitational Waves from Boson Annihilation

5.3.2.1 Annihilation frequency and rate

When two cloud bosons annihilate they produce a single graviton. Each boson

in the bound state has energy ωb = ωnℓm, so the emitted graviton carries

ωann = 2ωnℓm ≃ 2µa

(
1− α2

2n2

)
, (5.29)

to leading order in α. The O(α2) correction shifts the emission frequency slightly below

2µa; for the benchmark parameters of Fig. 5.5 this gives fann = ωann/(2π) ≈ 833.09MHz.

The pair-annihilation rate per boson—the rate at which a single pair converts

into a graviton—is obtained from the gravitational quadrupole formula applied to the

2µa oscillation of the cloud’s stress–energy tensor [21]:

Γa ≃ Knℓm

(
α/ℓ

0.5

)p GN

r3g
, (5.30)

where the exponent p = 17 for ℓ = 1 and p = 4ℓ + 11 for ℓ ≥ 2 is determined by the

power of α in the hydrogenic wavefunction overlap, andKnℓm ≈ 10−10 is a dimensionless

coefficient that depends weakly on n for n ≲ ℓ+ 2 [21, 43]. Since Γa ∝ α4ℓ+11/r3g while

ΓSR ∝ α4ℓ+5/rg and Γt ∝ α9/r3g , the hierarchy ΓSR ≫ Γt ≫ Γa holds over the entire

parameter space of interest, confirming that annihilation is the slowest of the three

processes.
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5.3.2.2 Time-domain occupation number and strain

After superradiance saturates the cloud at Nmax and the level-transition phase

has depleted the excited state, the occupation number of the surviving ground level

evolves under pure annihilation. Solving dN/dt = −ΓaN
2 gives:

N(t) =
Nmax

1 + ΓaNmax t
, (5.31)

starting from t = 0 at saturation. The GW strain envelope follows directly from the

quadrupole luminosity:

h0,ann(t) = N(t)

√
4GN

r2 ωann

Γa =
Nmax

1 + ΓaNmaxt

√
4GN Γa

r2 ωann

, (5.32)

which is the slowly-varying amplitude of the wave [21]. The full waveform polarizations

are:

h+(t) = h0,ann(t)
1 + cos2ι

2
cos
(
ωann t+ ϕ0

)
, (5.33)

h×(t) = h0,ann(t) cos ι sin
(
ωann t+ ϕ0

)
, (5.34)

where the inclination ι and phase ϕ0 carry the same meaning as in Eqs. (5.24)–(5.25).

The envelope h0,ann(t) includes the effects of BH mass and spin loss, which cause Nmax

and ωann to decrease slowly over time; these corrections are numerically small (≲ 10%

over cosmic timescales for the configurations considered) and are incorporated in our

numerical calculations.
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5.3.2.3 Peak strain scaling

The peak strain, attained at t = 0 (saturation), is:

hpeak0,ann = Nmax

√
4GN Γa

r2 ωann

≃ 2× 10−20

(
1 au

r

)(
α/ℓ

0.5

)p/2
(

M

10−6M⊙

)

p = 17 (ℓ = 1), 4ℓ+ 11 (ℓ ≥ 2),

(5.35)

where the numerical scaling uses Nmax ∼M2(ãinit∗ −acrit∗ ) ·ωnℓm/m and the Γa

scaling of Eq. (5.30). For the benchmark parameters of Fig. 5.5, the simulated peak is

hmax
0,ann ≈ 10−21, consistent with this estimate.

5.3.2.4 Signal lifetime and detectability window

The characteristic decay time of the annihilation signal is:

τann ≡ 1

ΓaNmax
∼

r3g
GNKnℓm

(
0.5

α/ℓ

)p 1

Nmax
, (5.36)

which, for the parameters relevant to MHz–GHz emission, evaluates to τann ∼ 1025–

1060 yr. This vastly exceeds both the Hubble time and any conceivable observation

period, confirming that the annihilation signal is effectively a monochromatic steady

source for the purposes of detection. The extremely slow decay also means that N(t) ≈

Nmax throughout any observation, so h0,ann is well approximated by its peak value.

Like the transition signal, the annihilation signal is continuous on detector

timescales (τann ≫ τring), and its spectral width ∆f ∼ τ−1
ann/(2π) ≲ 10−33Hz is extraor-

dinarily narrow. The frequency-domain template, detailed in App. 7.4, takes the form

of an exponential-integral function peaked at fann = ωann/(2π) with a width set by

ΓaNmax.
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5.3.3 Summary and comparison of isolated-GA signals

Table 5.2 collects the key properties of the two isolated-GA GW channels for

the benchmark parameter sets introduced in Table 5.1. The level-transition and annihi-

lation signals differ in amplitude, duration, and spectral width, but share the property

that both persist for times enormously exceeding the ring-up time of any resonant-cavity

detector. This motivates the use of characteristic strain hc(f) = 2f |h̃(f)| as the figure

of merit (App. 7.4), since the large number of coherent cycles accumulated over τtr or

τann enhances the characteristic strain above the raw amplitude by a factor
√
f τ .

The key conclusion of this section is that both isolated-GA emission channels

produce continuous, narrowband GWs in the MHz–GHz band for PBH masses in the

range MBH ∼ 10−16–10−4M⊙. Their detectability at a specific detector depends on

the signal duration relative to τring (which is easily satisfied) and on whether the peak

strain exceeds the detector noise floor.

5.4 Gravitational-Wave Signatures from Gravitational Atoms

in Binaries

The emission channels studied in Sec. 5.3 treat the gravitational atom (GA)

as evolving in isolation. In realistic astrophysical environments, however, a GA may

reside in a binary system whose companion’s tidal field drives resonant transitions be-

tween cloud levels. When the orbital frequency Ω0 sweeps through a Bohr frequency

of the gravitational atom, the system behaves as a driven two-level quantum system
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Property Level transition Annihilation

Emission frequency ωtr/(2π), Eq. (5.22) ωann/(2π), Eq. (5.29)

Rate controlling amplitude Γt, Eq. (5.21) Γa, Eq. (5.30)

Peak strain at 1 kpc ∼ 10−23 ∼ 10−22

Signal lifetime τtr ∼ 103–106 yr, Eq. (5.28) τann ∼ 1025–1060 yr, Eq. (5.36)

Spectral width ∆f ∼ τ−1
tr /(2π) ≪ 1Hz ≲ 10−33Hz

∆f/f ≪ 10−6 ≪ 10−30

Signal type Quasi-monochromatic transient Persistent monochromatic

Table 5.2: Comparison of the two isolated-GA gravitational-wave channels for the PBH

benchmark parameters of Table 5.1. Both signals satisfy τ ≫ τring and are candidates for

resonant-cavity detection in the MHz–GHz band. The level-transition signal is stronger

at early times but decays over τtr; the annihilation signal is weaker but essentially

eternal.

and can undergo a Landau–Zener resonance [33, 34]. In this section we apply the

binary-perturbation formalism of Kyriazis & Yang [147] to PBH binaries in natural

units c = ℏ = 1, compute the characteristic GW strain of the transient burst produced

by the resonant {2, 1, 1} → {2, 1,−1} hyperfine transition, and assess the prospects for
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detection with ADMX.

5.4.1 Time- and Frequency-Domain Waveforms

The gravitational-wave strain produced by tidal perturbations of a GA cloud

from its binary companion can be expressed as [147]

h+,211(t) = h0
1 + cos2 ι

2
Re
[
e−2i∆mφ(tre)Q(tre)

]
, (5.37)

h×,211(t) = h0 cos ι Im
[
e−2i∆mφ(tre)Q(tre)

]
, (5.38)

where ι is the inclination angle between the line of sight and the normal to the binary

orbital plane, and tre is the retarded time. The oscillating term e−2i∆mφ(tre) represents

the carrier wave, where −2∆mφ(tre) = ΦGW (t) represents the corresponding GW phase.

The binary orbital phase is φ(t) = Ω0t +
1
2γt

2 + ϕ0, which assumes a linearly chirping

orbit with rate Ω̇ = γ (see Eq. (5.42) below) within an arbitary phase factor of ϕ0.

The instantaneous GW carrier frequency is then defined by Φ̇GW (t) = −2∆mΩ0 −

2∆mγt, resembling a linear chirping signal. The quantity ∆m ≡ mf − mi = −2 is

the difference in azimuthal quantum numbers between the final (mf = −1) and initial

(mi = +1) states of the {2, 1, 1} → {2, 1,−1} transition. The complex modulation

Q(t) captures the dynamics of the level population transfer: it encodes the evolving

occupation-number amplitudes of the two mixed states as the binary sweeps through

resonance, and its derivation and explicit form are given in Ref. [147]. The exponential

factor e−2i∆mφ carries the fast orbital-phase oscillation, while the variation of Q(t) is

slow compared to 1/Ω0.
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The overall GW amplitude is set by

h0 =
24 qcGM

r

(GMΩ0)
2

α4 , (5.39)

where M is the mass of the host BH (the primary of the gravitational-atom–binary,

or GAB, system), Ω0 is the binary orbital frequency at resonance, r is the observer

distance, and qc ≡
Mcloud

M−Mcloud
is the cloud-to-BH mass ratio. The latter is determined by

the saturation condition [147]:

qc =
8α2
(
1− αa∗

m

)
m2

1−

√
1−

(
4α

m

(
1− αa∗

m

))2 − 1 , (5.40)

wherem is the azimuthal quantum number of the initial state and a∗ is the dimensionless

BH spin. Throughout we set a∗ = acrit∗ (mi) (Eq. (5.7)), i.e., the spin is taken at the

Regge-trajectory saturation value that maximizes α for fixed boson mass.

For the rest of the section, we shall only concern ourselves with the “plus”

polarization h+, as the two strain polarizations only differ by a relative phase and

inclination weight, which can be observed through the comparison between Eq. (5.37)

and Eq. (5.38) for the time domain, and proved within Section 7.4.3 for the frequency

domain.

In frequency space, the Fourier transform of h+(t) takes the analytic form [147]

h̃+(f) = h0(1+cos2 ι)
√
π |∆m|2 i eiΨ+(f)

√
z

|Γ| − iπ(f − fc)
e−πz exp

[
−2z arctan

(
π(f − fc)

|Γ|

)]
(5.41)

where fc = 2Ω0/π is the carrier frequency (four times the orbital frequency divided by

2π), and the GW phase is Ψ+(f) = 2πfr+4π2(f − fc)
2/(4|∆m|γ)−π/4. The quantity
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Γ ≡ Γ
(2,1,−1)
SR is the superradiant instability rate of the final state {2, 1,−1} (Eq. (5.12)),

which governs how rapidly bosons that have transitioned into m = −1 fall back into

the BH; it sets the spectral width of the signal. Equation (5.41) describes a Lorentzian-

shaped frequency-domain burst centered at the peak frequency fp (Eq. (5.45)), with

width ∼ |Γ|/π.

The orbital chirp rate, derived from the leading-order gravitational-wave en-

ergy loss of a circular binary with mass ratio q ≡Mc/M , is

γ

Ω2
0

=
96

5

q

(1 + q)1/3
(GMΩ0)

5/3 . (5.42)

The adiabaticity parameter z governs the degree of population transfer during

the resonance. It is defined as

z ≡ η2

|∆m| γ
, (5.43)

where η = ⟨ψf |V∗(t, r)|ψi⟩ is the tidal mixing amplitude between the {2, 1, 1} and

{2, 1,−1} states evaluated numerically from the companion’s gravitational potential

V∗. In the limit z ≪ 1 the resonance is non-adiabatic: the orbital frequency sweeps

through the Bohr frequency too rapidly for the levels to equilibrate, and only a fraction

∼ z of the cloud population is transferred. In the opposite limit z ≫ 1 the resonance is

adiabatic and the populations invert almost completely. In practice, however, the final

state {2, 1,−1} has a non-zero instability rate |Γ| that continuously drains bosons back

into the BH, effectively truncating the transition and limiting the maximum transferred

population regardless of z. This instability is fully accounted for in Eq. (5.41)
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As the binary sweeps through the resonance band, the GW signal duration is

∆t =
2|Γ|
γ

(1 + 2z) . (5.44)

The peak GW frequency is shifted from the carrier by the finite-z correction,

fp = fc −
2z|Γ|
π

=
2Ω0

π
− 2z|Γ|

π
. (5.45)

For z ≪ 1 the peak frequency approaches the orbital carrier, fp → fc; for z ≫ 1

the signal is redshifted from the carrier by a term proportional to |Γ|, quantifying the

downward pull of the final-state decay.

5.4.2 Parameter Space Constraints and Cavity-Response Diagnostic

Several physical requirements simultaneously constrain the allowed (α, q) pa-

rameter space. The binary orbit is treated in the linear-chirp approximation (Eq. (5.42)),

which is valid only when the fractional frequency change during the resonance is small:

∆Ω/Ω0 = γ∆t/Ω0 ≪ 1. The annihilation timescale of the initial {2, 1, 1} state

(Eq. (5.36)) must also exceed the resonance band crossing time ∆t, otherwise the cloud

is depleted by annihilation before it can undergo the binary-driven transition. In prac-

tice, both of these are less restrictive than the most stringent condition, which requires

the signal duration to be shorter than the binary merger timescale:

∆t < tmerge , (5.46)

where the Peters-formula merger time at orbital frequency Ω0 is

tmerge =
5

256
G−5/3 M

(MΩ0)
8/3

(1 + q)1/3

q
. (5.47)
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The condition (5.46) ensures that the resonant transition occurs while the binary is still

intact—a prerequisite for the waveform model of Sec. 5.4.1 to apply. Figure 5.6 displays

the ratio ∆t/tmerge in the (α, q) plane, with contours at ∆t/tmerge = 0.01, 0.1, 1. The

white region (∆t/tmerge > 1) is excluded because the transition would not complete

before merger. The figure shows that the allowed region is bounded by α ≲ 0.26 and

q ≲ 0.01. We enforce these constraints in all subsequent calculations in this section.

For resonant cavities such as ADMX, in order to implement the steady-state

sensitivity curves within Sec. 5.4.3, a further parameter space constraint is introduced

by the requirement of a fully rung up cavity. A useful steady-state diagnostic is whether

the duration of the GW burst within the cavity bandwidth satisfies

∆t ≳ τring ≡ 1

∆fband
, (5.48)

where ∆fband ≃ f/Q is the cavity bandwidth and τring is the ring-up time required

for the cavity to reach its steady-state response. A single cavity mode with resonance

frequency ωcav and damping rate γcav = ωcav/Q responds to a gravitational-wave strain

h(t) as a driven oscillator,

Ȧ(t) +
[γcav

2
+ i
(
ωcav − ωGW(t)

)]
A(t) = κh(t), (5.49)

where A(t) is the electromagnetic mode amplitude and κ encodes the magnetic field,

cavity geometry, and mode-overlap factor. Equivalently,

A(t) = κ

∫ t

−∞
dt′ h(t′) exp

[
−γcav

2
(t− t′)− i

∫ t

t
′
dt′′
(
ωcav − ωGW(t′′)

)]
. (5.50)

For a monochromatic signal with duration ∆t ≫ γ−1
cav this expression reduces to the

familiar steady-state response used in standard cavity sensitivity estimates.
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For a chirping signal, which is the relevant case for this section as the binary

sweeps through a resonant transition band that is much larger than the cavity band-

width, the deposited energy is controlled instead by the time, tdwell ∼ ∆ωcav/|ω̇GW|, the

waveform spends within the cavity bandwidth, and the detailed evolution of the phase-

difference between the chirping GW and the cavity mode across the cavity bandwidth.

The latter determines the decoherence time, tdecoherence, when the driving signal ceases to

oscillate in-phase and coherent with the cavity mode to effectively deposit energy within

the cavity, which limits the number of cavity mode oscillations that can be amplified by

the driving force for a cavity ring up. For linear chirping signals ω(t) = ωcav + χt, an

estimate for the decoherence time can be found as [194]:

tdecoherence ∼
√
π

χ
(5.51)

which can also be considered as the coherence time interval tcoherence that sets the

maximum number of allowed oscillations, Nmax, where the mode function amplitude

grows.

Recall from Sec. 5.4.1, the chirping signal is: ωGW (t) = 4Ω0 + 4γt. At the

z ≪ 1 limit where fp → fc, we have 4Ω0 + 4γt ∼ ωcav + χt, such that χ = 4γ. The

decoherence time for our considerations then becomes:

tdecoherence ∼
√

π

4γ
(5.52)

The criterion for determining whether a chirping signal is capable of satisfying the
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condition for applying the steady-state comparison is ∆teff ≫ τring, where ∆teff ∼

min{tdecoherence, tdwell}, this ensures the GW signal is capable of fully ringing up the

cavity within the allowed energy deposit time window.

To provide an estimation on binary source parameters that are capable of

ringing up the cavity, in Figure 5.7 we plot the ratio of ∆teff/τring within the allowed

parameter space defined by the binary merger time in Fig. 5.6 for an ADMX-like cavity

with Q ∼ 8× 104, but without restricting the cavity resonance frequency to the ADMX

hardware band. Since tdecoherence (Eq. (5.52)) provides a tighter constraint against τring

when compared to tdwell within the parameter space, we take ∆teff ∼ tdecoherence. We

identify GWs from the region where tdecoherence/τring < 5 as ”Transiets”, signals that

would fail to ring up the cavity to apply the steady-state approximation.

However, we stress that Fig. 5.7 serves as an order-of-magnitude estimation,

and should not be treated as a strict detection forecast. We also point out that generi-

cally, the ring-up condition should not be interpreted as a sharp detectability boundary,

but only as a prerequisite for applying the steady-state sensitivity curves. Signals that

fail to fully ring up the cavity could still deposit considerable amounts of energy to en-

able a measurable response. Nevertheless, for estimation purposes, in the remainder of

the section we constraint ourselves within the region of Fig. 5.7 where the steady-state

approximation remains valid.
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5.4.3 Detectability Prospects for PBH Gravitational-Atom Binaries

We now apply the binary-perturbation formalism to PBH systems and assess

detectability at ADMX. To avoid overestimating the signal we adopt conservative nu-

merical inputs throughout: (i) relativistic instability rates from Refs. [128, 127] for

the final-state decay rate Γ, rather than the leading-order analytic approximation of

Eq. (5.12); (ii) numerically computed mixing amplitudes η = ⟨ψf |V∗(t, r)|ψi⟩; and (iii)

numerically computed cloud masses Mcloud from Refs. [198, 163].

5.4.3.1 Peak-frequency map in the PBH mass range

Figure 5.8 shows the peak GW frequency fp (Eq. (5.45)) across the MBH–α

parameter space for several values of the boson mass µb, with the companion-to-host

mass ratio fixed at q = 10−4. We restrict to the PBH mass rangeMBH ∈ [10−16, 101M⊙]

and exclude parameter combinations outside the allowed region of Fig. 5.6. For the

hyperfine transition {2, 1, 1} → {2, 1,−1}, the superradiance condition α < m/2 = 0.5

is automatically satisfied within the constrained region.

The figure demonstrates that GW signals from binary-perturbed GA systems

naturally populate the ultra-high-frequency (UHF) band—including the GHz range tar-

geted by ADMX—if and only if the host BH is of primordial origin. The ADMX Run-1

frequency scan range (0.645–1.4GHz, shown in purple) is intersected by trajectories

with MBH ∼ 10−11–10−12M⊙ and µb ∼ 2.5 eV at α ∼ 0.14.
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5.4.3.2 Benchmark waveform

Figure 5.9 shows the time-domain strain h+(t) and its Fourier transform h̃(f)

for the benchmark binary GA system with

α = 0.14, M = 6.68× 10−12M⊙, q = 10−4, r = 10 kpc. (5.53)

These parameters lie within the allowed region of Fig. 5.6 and Fig. 5.7, place the peak

frequency fp = 1.001GHz within the ADMX band, and correspond to the event rates

computed in Sec. 5.5. The resulting signal is a quasi-monochromatic GW burst.

5.4.3.3 ADMX sensitivity comparison

The minimum GW strain detectable by a resonant cavity is [35]

hmin = 3× 10−22

(
0.1

ηn

)(
8T

|B|

)(
0.1m3

Vcav

)5/6(
105

Q

)1/2

×
(
Tsys
1K

)1/2(1GHz

f

)3/2( ∆f

10 kHz

)1/4(1min

tint

)1/4
, (5.54)

where ηn is the cavity–GW coupling coefficient, |B| is the axial magnetic field, Vcav is

the cavity volume, Q is the quality factor, Tsys is the system noise temperature, f is the

resonant frequency, ∆f ≃ f/Q is the cavity bandwidth, and tint is the measurement

integration time. For ADMX Run 1 the relevant parameters are ηn ∼ 0.1, |B| = 0.75T,

Vcav = 136L, Q ∼ 8 × 104, Tsys = 0.6K, , f ∈ [0.65, 1.4]GHz, and tint = 2min [35],

giving a typical threshold hmin ∼ 10−22 within the ADMX band. The GW characteristic

strain for binary-induced transitions is hc(f) = 2f |h̃(f)| with h̃(f) given by Eq. (5.41),

Fig. 7.3 shows the characteristic strain for the benchmark parameters of Eq. (5.53).
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Figure 5.10 displays both hc (filled contours) and hmin (dashed curves) across

theMBH–α plane at q = 10−4 and r = 10 kpc. The dashed contours of hmin are evaluated

at fixed values of the ADMX sensitivity parameter (Eq. (5.54)) but without restricting f

to the ADMX hardware band; the orange solid curves then overlay the ADMX frequency

range from Fig. 5.8 to delineate the region where the ADMX hardware could physically

respond, during Run1 data, in turn corresponding to hmin ∼ 10−22. The PBH mass

range of primary interest, 10−16M⊙ ≲ MPBH ≲ 1M⊙, is bounded by the black dotted

lines.

For the benchmark parameters at r = 10 kpc, the characteristic strain hc falls

several orders of magnitude below the ADMX detection threshold throughout the acces-

sible parameter space. No overlap between the hc and hmin contours of equal magnitude

is found within the PBH mass range, confirming that ADMX as currently configured

cannot detect the binary-induced burst at astrophysically motivated distances.

The gap between hc and the ADMX threshold persists even when one optimizes

over the remaining free parameters. Increasing the mass ratio q toward its upper bound

q ≲ 0.01 (Sec. 5.4.2) enhances hc only modestly, with the most direct path to improved

sensitivity is reducing the source distance r: from Eq. (5.39), h0 ∝ 1/r, so ADMX

threshold strains are reached only at r ≲ 1AU. Such distances are strongly disfavored

by merger-rate arguments, as we demonstrate quantitatively in Sec. 5.5.

We reiterate that this comparison is intended as an order-of-magnitude bench-

mark rather than a complete chirping/transient-search forecast, as discussed in Sec. 5.4.2.

For the isolated annihilation and level-transition signals of Sec. 5.3, whose lifetimes are
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vastly longer than any cavity response time, the steady-state sensitivity curve is the ap-

propriate limiting case. For the binary-induced signals considered here, a rigorous anal-

ysis would require filtering the time-domain waveform through the cavity transfer func-

tion, or equivalently computing the total deposited electromagnetic energy in the rele-

vant modes. Recent studies of electromagnetic cavities exposed to non-monochromatic

high-frequency gravitational waves show that the loss of sensitivity for short or chirping

signals need not be captured by a step-function ring-up criterion alone [14, 38, 194]. Re-

gardless, our main conclusion for binary-induced gravitational-atom bursts is insensitive

to this refinement: at astrophysically plausible distances the predicted strain lies many

orders of magnitude below the current ADMX-equivalent sensitivity, and the event-rate

argument requires detectable sources to occur at unrealistically small distances. A more

complete detector-response calculation may change the precise numerical reach, but it

cannot remove the combined strain and rate deficits identified here.

5.4.4 Doppler Frequency Shift for Solar-System Flybys

The only scenario in which a PBH binary could approach within ∼ 1AU is

a transient flyby through the solar system. In this case the relative velocity between

Earth and the binary imprints a Doppler shift on the observed GW frequency. We

estimate the maximum frequency shift by setting the flyby velocity equal to the local

dark-matter virial velocity, vDM ≈ 200 km s−1:

δf =
vDM

c
fp ≈ 6.7× 10−4 × fp . (5.55)
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For the benchmark peak frequency fp = 1.001GHz, this gives δf ≈ 670 kHz. Although

this shift exceeds the instantaneous cavity bandwidth of ADMX (∆fband ≃ f/Q ≈

13 kHz) and would therefore displace the signal out of resonance during a naive fixed-

frequency scan, it remains a small fraction of the full ADMX Run-1 frequency scan range

(1.4−0.645)GHz = 755MHz. A flyby source would therefore be visible in some portion

of the scan range, and a matched-filter search that accounts for a ±1MHz Doppler drift

would recover the full signal duration.

We note, however, that the detectability problem identified in Sec. 5.4.3 is one

of strain sensitivity, not frequency coverage: even at r = 1AU the strain falls roughly

six orders of magnitude below the ADMX threshold. The Doppler correction is therefore

not the obstacle to detection.

5.5 Prospects for Observation at High-Frequency Gravitational-

Wave Detectors

The detectability analysis of Sec. 5.4.3 shows that the characteristic strain of

the binary-induced burst falls several orders of magnitude below the ADMX threshold

at r = 10 kpc, requiring systems which can produce binary-induced level transitions

to exist at much closer distances, potentially ≪ 1 AU. Whether such close encounters

occur at any appreciable rate depends on the abundance and spatial distribution of

PBHs, and on the statistics of PBH binary formation. Because the orbital separations

that drive the {2, 1, 1} → {2, 1,−1} resonant transition occur immediately prior to
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merger (Sec. 5.4.2), the question reduces to the local PBH merger rate filtered by the

conditions on mass ratio and total binary mass identified in Sec. 5.4.3: q ≲ 10−4 and

M = 6.68× 10−12M⊙.

In Ref. [191], merger rates were computed for PBHs formed in the early uni-

verse across four binary-formation channels and for generic mass functions. We focus

on the early two-body channel, in which two neighboring PBHs form a gravitationally

bound pair when their mutual attraction overcomes the Hubble flow. This channel

is conceptually the cleanest, yields the most direct mapping to the (M, q) space, and

dominates the total merger rate at low fPBH, where fPBH is the PBH fraction of the

dark-matter energy density. The competing early three-body channel, which can become

dominant at large fPBH, requires a treatment of N-body perturbations to the initial

binary orbit and carries larger theoretical uncertainties [191]; we discuss its potential

impact briefly in Sec. 5.5.3 below.

5.5.1 Merger Rate from the Early Two-Body Formation Channel

The differential merger rate density per unit logarithmic mass for the early

two-body channel is given in [191] as:

dRE2

d lnm1 d lnm2
≈ 1.6× 106

Gpc3 yr
f
53/37
PBH η

−34/37
PBH

(
Mtot

M⊙

)−32/37( t

t0

)−34/37

SL SE ψ(m1)ψ(m2) ,

(5.56)

wherem1 andm2 are the masses of the two black holes in the binary, ηPBH ≡ ⟨m⟩2/⟨m2⟩

is the inverse normalized second moment of the mass function ψ(m) (not to be confused

with the tidal mixing amplitude η of Eq. (5.43)), t is the merger time, and t0 is the age
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of the universe. The suppression factor

SL ≈ min

1, 0.01

[(
t

t0

)0.44
fPBH

]−0.65

exp

(
0.03 ln2

[(
t

t0

)0.44
fPBH

]) (5.57)

accounts for the disruption of PBH binaries by late-time large-scale structure, and

SE ≈
√
π (5/6)21/74

Γ(29/37)

[
⟨m2⟩/⟨m⟩2

N̄(y) + C
+

σ2M

f2PBH

]−21/74

e−N̄(y) (5.58)

where

C = f2PBH
⟨m2⟩/⟨m⟩2

σ2M


[
Γ(29/37)√

π
U

(
21

74
,
1

2
,
5f2PBH

6σ2M

)]−74/21

− 1


−1

(5.59)

captures the suppression from Poisson fluctuations in the number of neighboring PBHs

within the relevant comoving volume. Here N̄(y) is the mean number of PBH neighbors

within comoving separation y, and σ2M/f
2
PBH is the variance of the mass-weighted density

contrast [191].

The rate in Eq. (5.56) is evaluated at t = t0 (i.e., for mergers occurring today),

which gives the present-day merger rate density RE2(t0) relevant for ADMX observa-

tions. We integrate over (m1,m2) via Monte-Carlo to obtain the portion of the rate

associated with binaries in any chosen (m1, q) bin, using the relations q = m2/m1 (with

m2 < m1).

5.5.2 Dichromatic Mass Function and Event Rates

To evaluate the merger rate for our benchmark system (m1 = 6.68×10−12M⊙,

m2 = 6.68 × 10−16M⊙, so q = 10−4); we examine two mass functions capable of
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producing large numbers of mixed-mass binary systems: a dichromatic mass function

ψdi(m) = f1 δ(m−m1) + f2 δ(m−m2) , f1 + f2 = 1 , (5.60)

which places all PBH mass at two discrete values, and a double-lognormal mass function

ψdl(m) =
2∑

i=1

fi√
2π σm

exp

[
− ln2(m/mi)

2σ2

]
, f1 + f2 = 1 . (5.61)

Under Eq. (5.60) exactly three binary configurations are possible: equal-mass

pairs at m1, equal-mass pairs at m2, and unequal-mass pairs (m1,m2) with q = 10−4.

Under Eq. (5.61), there is greater allowed variation inm1 and q, but most systems obtain

parameters close to the previous three scenarios. As σ → 0, the double lognormal case

should reduce to the dichromatic case.

The resulting present-day merger rate densities, computed by Monte-Carlo in-

tegration of Eq. (5.56) with fPBH = 1 (all dark matter in PBHs, a conservative upper

bound on the rate), are summarized in Table 5.3. The equal-mass (m2,m2) configura-

tion dominates at RE2 = 4.9× 1017Gpc−3 yr−1. The unequal-mass (m1,m2) configura-

tion yields RE2 ≈ 2.3× 1017Gpc−3 yr−1, and equal-mass (m1,m1) configurations yield

RE2 ≈ 3.2 × 1012Gpc−3 yr−1. Only the (m1,m2) binaries satisfy the parameter space

constraints q ≲ 10−2 bounded by Fig. 5.6; this is the rate we use for the observation

probability estimate.
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Binary type q RE2 [Gpc−3 yr−1] ADMX-relevant?

(m1,m1): 6.68× 10−12, 6.68× 10−12M⊙ 1.0 3.2× 1012 No

(m2,m2): 6.68× 10−16, 6.68× 10−16M⊙ 1.0 4.9× 1017 No

(m1,m2): 6.68× 10−12, 6.68× 10−16M⊙ 10−4 2.3× 1017 Yes

Table 5.3: Present-day merger rate densities from the early two-body channel

(Eq. (5.56)) for the dichromatic mass function (Eq. (5.60)) with m1 = 6.68×10−12M⊙,

m2 = 6.68 × 10−16M⊙, and fPBH = 1. Only (m1,m2) binaries satisfy the parameter

space constraints q ≲ 10−2 in Fig. 5.6.

5.5.3 Characteristic Detection Distance and the Strain Gap

Given a volumetric merger rate RE2 [Gpc−3 yr−1], the characteristic distance

within which one event per year is expected is

d1 yr =

(
3

4πRE2

)1/3
, (5.62)

obtained by setting the expected number of events in a sphere of radius d equal to

unity: RE2 · 4
3πd

3 = 1. For the ADMX-relevant unequal-mass (m1,m2) rate RE2 =

2.3× 1017Gpc−3 yr−1, Eq. (5.62) gives

d
(q=10

−4
)

1 yr ≈ 1 kpc . (5.63)

At this distance, the characteristic strain from Sec. 5.4.3 (hc ∼ 10−37) fallsO(1015) times

below the ADMX sensitivity threshold hmin ∼ 10−22. In order for this deficit to be made
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up, a source would need to be placed within approximately 100 kilometers of ADMX,

which is wholly unrealistic both due to the extremely low event rates corresponding

to mergers at this distance and the complication that systems within this distance to

ADMX would likely be strongly perturbed by the presence of the Earth.

Figure 5.11 summarizes the characteristic distances d1 yr for all three binary

classes in the dichromatic model. We find that a lognormal mass function centered on

the same benchmark masses produces very similar results.

Effect of PBH clustering. Local overdensities of PBHs increase the effective merger

rate by a factor δ relative to the homogeneous prediction, which rescales all merger rates

in Eq. (5.56) by δ [191]. Since the event rate scales as R ∝ δ, the characteristic distance

scales as d1 yr ∝ δ−1/3. The most optimistic clustering estimates in the literature give

δ ≲ 105 [191], which reduces d1 yr by a factor of (105)1/3 ≈ 46:

d
(q=10

−4
, δ=10

5
)

1 yr ≈ 1 kpc

46
≈ 22 pc. (5.64)

Even with this maximally optimistic clustering, the strain deficit from systems that

merge at appreciable rates is improved by only one to two orders of magnitude—far

from enough to make up the original O(1015) gap between the binary-induced level

transition signal and the ADMX strain sensitivity.

Effect of 3-Body Channel. The prior analysis relies on estimating the merger rate

of PBH systems generated via the “early 2-body” channel, where PBH binaries form

shortly after PBH formation due to mutual gravitational attraction between close pairs.
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However, as noted in [191], binaries can also form via encounters between early 2-body

channels and isolated PBHs in what is known as the “3-body channel”. These encounters

lead to a population of PBH binaries with different orbital properties, which can increase

their merger rates, especially when fPBH approaches 1.0. We find that, while this can

increase the PBH merger rate for the types of systems we are interested in, the increase

in merger rate is typically not more than a few orders of magnitude, once again falling

far below the level of enhancement we would need to bridge the detectability gap.

5.5.4 Implications for Future Detectors

The analysis above identifies two independent, multiplicative obstacles to de-

tecting binary-driven GA transitions at present-day cavity experiments:

1. Strain deficit : At the natural merger-rate distance d1 yr ≈ 1 kpc, the signal strain

is ∼ 1015 times below the ADMX threshold. A factor-of-1015 improvement in

strain sensitivity would be required from this factor alone.

2. Rate deficit : Reducing the merger distance to a few hundred kilometers while

maintaining an appreciate merger rate requires an overall rate enhancement of

(1 kpc/100 km)3 ∼ 1038 over the homogeneous prediction—far beyond what any

clustering model can provide.

These obstacles together imply that a qualitative change in experimental approach,

rather than incremental improvements to existing cavities, is necessary for binary-GA

signals to become observable. The specific detector properties that would help most
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are: (i) improved strain sensitivity, achievable in principle through larger effective vol-

ume, stronger magnetic fields, lower system temperature, or enhanced mode overlap; (ii)

a response model and readout strategy optimized for transient and frequency-drifting

sources, rather than only for steady-state monochromatic signals; and (iii) broader fre-

quency coverage, especially at sub-GHz frequencies where heavier PBHs produce signals

outside the current ADMX scan range. Recent proposals using deposited-energy calcula-

tions for non-monochromatic cavity signals, multimode cavities that can track frequency

drift, and geographically separated detector networks provide promising directions for

going beyond the single-mode steady-state approximation used as our baseline compar-

ison [14, 38, 194].

The isolated-GA annihilation and level-transition signals studied in Sec. 5.3

are not subject to the same rate limitations, since they arise from persistent, continuous

emission rather than merger events. Their detectability is governed instead by the peak

strain at a given distance, with hpeak0,ann ∼ 10−22 at 1 kpc (Eq. (5.35)). For sources within

∼ 1 kpc—well within the Milky Way PBH halo—the annihilation signal of an isolated

GA is a more promising target for current ADMX-band experiments than the binary-

induced burst, and we highlight it as the primary observational target for near-term

searches.
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5.6 Discussion and Conclusions

We have presented a unified treatment of high-frequency gravitational-wave

emission from superradiant boson clouds around primordial black holes, covering both

isolated gravitational atoms and binary-perturbed systems. In this section we synthesize

the main results, place them in the context of the broader superradiance and high-

frequency GW literature, discuss the principal caveats and uncertainties, and identify

the most promising directions for future work.

5.6.1 Summary and Key Conclusions

Parameter space and Regge trajectories (Sec. 5.2). The gravitational fine-

structure constant α = GMBHµ determines both the efficiency of superradiant cloud

growth and the frequency of the emitted GWs. For efficient superradiance (α ∈ [0.05, 0.5])

and GW emission in the MHz–GHz band, the superradiance condition selects boson

masses µ ∼ 10−8–10−5 eV and, through MBH = α/(Gµ), host BH masses MBH ∼ 10−6–

10−3M⊙—precisely the primordial BH mass window (Table 1). The Regge trajectories

make this mapping explicit: each allowed (MBH, µ,m) configuration traces a curve in

the (a∗,MBH) plane along which the cloud grows, extracts angular momentum, and

emits narrowband GWs. The maximum cloud mass fraction of 10.8%, obtained numer-

ically for α ≈ 0.2 and a∗ → 1, is in close agreement with the analytic upper bound of

Ref. [208].
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Isolated gravitational atom (Sec. 5.3). For an isolated GA we computed time-

domain waveforms for both the level-transition and boson-annihilation channels, to-

gether with analytic frequency-domain templates (Appendix 7.4). The key quantitative

results are:

• Annihilation: peak strain hpeak0,ann ≃ 10−21 at r = 145 au, with emission frequency

ωann ≈ 833.09MHz for the benchmark system (µa = 2 × 10−6 eV, MBH = 1.7 ×

10−5M⊙, α = 0.21). The signal is effectively a monochromatic steady source with

a decay timescale τann ∼ 1025–1060 yr, enormously exceeding both the Hubble time

and any observation window.

• Level transitions: peak strain hpeak0,tr ≃ 6 × 10−27 at r = 100 au, with emission

frequency ftr ≃ 833.03MHz for the {6, 4, 4} → {5, 4, 4} benchmark. The signal

lifetime τtr ∼ 103–106 yr is long compared to any observation period but finite,

giving a spectral width ∆f ∼ τ−1
tr /(2π) ≪ 1Hz.

• The frequency-domain templates take analytic closed forms: an exponential-integral

E1 expression for the annihilation signal, and a complex Lorentzian shifted by the

carrier frequency ωann or ωtr for the two polarizations (Appendix 7.4). Both per-

sistent signals trivially satisfy the steady-state cavity-response condition τsignal ≫

τring ∼ 10−5 s.

Binary-perturbed gravitational atom (Secs. 5.4 and 5.5). Applying the Landau–

Zener resonance formalism of Ref. [147] to PBH binaries, we computed the character-
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istic strain of the transient GW burst produced when the binary sweeps through the

{2, 1, 1} → {2, 1,−1} hyperfine transition. The principal results are:

• The peak GW frequency fp (Eq. (5.45)) lies naturally in the GHz band for host

BH masses MBH ∼ 10−11–10−12M⊙ at α ≈ 0.14, confirming that PBH binaries

are the only astrophysical system that can populate wthe ADMX frequency range

through binary-induced superradiance.

• The conservative duration-versus-response diagnostic ∆t≫ τring is satisfied through-

out the allowed (α, q) parameter space of Fig. 5.7, regardless of resonant frequency.

This is sufficient for applying the steady-state comparison within our conservative

diagnostic model, but it is not a full detector-response calculation and is not by

itself sufficient for detection.=

• The GW characteristic strain at r = 1kpc falls fifteen orders of magnitude below

the ADMX threshold hmin ∼ 10−22. Detection would require sources within to be

unrealistically close.

• The early two-body PBH merger rate [191] evaluated for the benchmark dichro-

matic mass function gives a characteristic event distance d1 yr ≈ 1 kpc for ADMX-

relevant (q = 10−4) binaries. Even with the maximally optimistic PBH clustering

factor δ ∼ 105, this reduces only to ≈ 22 pc—still approximately thirteen orders of

magnitude in strain below the ADMX threshold. We conclude that binary-driven

level-transition events are not detectable with current ADMX sensitivity.
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5.6.2 Comparison to Related Work

The GW signatures of superradiant clouds around stellar-mass BHs are well

studied [22, 21, 43, 135], with constraints on ultralight bosons from LIGO/Virgo spin

measurements and non-detections of continuous GWs establishing the most robust ex-

clusion regions in the (µ,MBH) plane for µ ∼ 10−13–10−12 eV [170]. The present work

extends this program into qualitatively new territory in two respects.

First, by focusing on PBH masses MBH ≲ 10−3M⊙ we access boson masses

µ ∼ 10−7–10−5 eV for which no spin-measurement constraints currently exist, and GW

frequencies in the MHz–GHz range that are inaccessible to LIGO-band searches. High-

frequency GW experiments such as ADMX and the broadband detectors proposed in

Refs. [9, 83] offer the only existing instrumental sensitivity in this band; our frequency-

domain templates (Appendix 7.4) provide the waveform targets needed for a matched-

filter search.

Second, the binary-perturbation analysis builds directly on the Landau–Zener

framework within [34] and the recent extension by Kyriazis & Yang [147], which derived

the analytic GW strain template for tidally driven transitions. Previous applications of

the Landau–Zener formalism focused primarily on floating orbits, inspiral modifications,

dephasing of the binary GW signal, and the depletion of clouds in the context of LISA-

band sources [34], and on the resonance history in Ref. [208]. We are the first to apply

the Kyriazis & Yang waveform template to PBH binaries in the MHz–GHz regime and

to compare it directly to the sensitivity of an existing high-frequency detector, yielding
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a quantitative (negative) detectability result rather than a parametric estimate.

The bosenova bound on the cloud occupation number, following Refs. [215,

216], is found to be non-restrictive for QCD-axion-like couplings (fa ∼ 1016GeV) in the

bulk of our PBH parameter space (Eq. (5.14)), so the strain amplitudes we derive are

not suppressed by bosenova cycling. For very weakly coupled bosons (fa ≪ MPl) the

cloud would cycle and the strain would be reduced; we note this as a limitation and

leave the quantitative treatment of bosenova-modified waveforms to future work.

5.6.3 Caveats and Limitations

Several idealizations warrant discussion.

Spin distribution of PBHs. Our strain calculations assume that the host PBH

initially lies above the relevant Regge trajectory, and in several benchmark cases we

take a near-extremal initial spin in order to maximize the extractable rotational energy

and hence the saturation cloud occupation number. The existence of an abundant

population of PBHs with such spins remains an open question. Standard radiation-era

formation from nearly Gaussian perturbations tends to predict small natal spins [58, 67],

while early matter domination, highly nonspherical or non-Gaussian collapse, phase-

transition formation channels, subsequent PBH mergers, and environmental accretion

can produce larger spins in more model-dependent scenarios [118, 206]. Consequently,

our amplitudes should be interpreted as optimistic conditional estimates for the high-

spin subpopulation, not as population-averaged predictions for all PBHs. If only a
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fraction fspin of PBHs of the relevant mass satisfy a∗ > acrit∗ (α,m), the corresponding

source counts and event rates should be rescaled by this factor, or by the appropriate

power of it when more than one spinning PBH is required. A full treatment of the joint

PBH mass, abundance, binary, and spin distributions is beyond the scope of this work

and is left for future study.

Isolated versus binary GAs. We have treated the isolated and binary channels

independently, but in a realistic PBH population both may be active simultaneously

or sequentially. Binary companions that sweep through resonance before the isolated

cloud reaches saturation will partially deplete the cloud, suppressing the subsequent

annihilation and level-transition signals. Conversely, an isolated cloud that has already

undergone significant annihilation before the binary resonance is crossded will produce

a weaker binary-induced burst than our estimates suggest. A self-consistent treatment

that evolves both channels simultaneously remains to be carried out.

Detector response to chirps/transients. Our detectability estimates use the pub-

lished ADMX-equivalent strain sensitivity as a baseline and supplement it with a simple

duration-versus-ring-up diagnostic. This is adequate for the persistent isolated-GA sig-

nals, but it is not a substitute for a full detector-response analysis of binary-induced

chirping/transient signals. For such sources, the relevant observable is the electromag-

netic energy deposited in one or more cavity modes after convolution with the detector

transfer function, and this response can differ from the naive expectation based solely

on whether the source duration is longer or shorter than τring. We have therefore in-
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terpreted the binary-burst sensitivity estimates conservatively and regard a dedicated

matched-filter or deposited-energy analysis as an important next step.

Multi-level dynamics. Our binary waveform analysis follows Ref. [147] in treating

the {2, 1, 1} → {2, 1,−1} transition as a two-level system. In reality, multiple super-

radiant levels may be populated simultaneously (Fig. 5.4), and the binary may sweep

through several resonances in succession before merger. The resonance history can be

complex and depends on the level hierarchy and the chirp timescale [208]; multi-level

corrections to the waveform template are beyond the scope of this paper.

5.6.4 Outlook and Future Directions

Despite the negative detectability conclusion for binary-induced bursts at cur-

rent ADMX sensitivity, several physically well-motivated avenues remain open.

Isolated-GA annihilation as a near-term target. The isolated-GA annihilation

signal (hpeak0,ann ∼ 10−21 at 145 au, fann ∼MHz–GHz) is not subject to the event-rate limi-

tations that render binary-driven bursts undetectable. For PBHs distributed throughout

the Milky Way dark-matter halo, sources within ∼ 200 au are plausibly present with an

abundance proportional to the local PBH dark-matter fraction fPBH. The continuous,

monochromatic nature of the signal (τann ≫ tHubble, ∆f ≲ 10−33Hz) makes it an ideal

target for coherent integration strategies that accumulate signal-to-noise over extended

observation periods. We identify this channel as the primary observational target within

the current ADMX band, and provide the explicit E1-based frequency-domain template
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(Appendix A.1) needed to implement a matched-filter search.

Next-generation detector requirements for binary signals. For binary-induced

bursts to become detectable, three improvements are needed in combination: (i) en-

hancement in strain sensitivity hmin (Eq. (5.54)) through larger effective volume, stronger

magnetic field, reduced system temperature, or enhanced mode overlap; (ii) broader

frequency coverage, particularly at sub-GHz frequencies where heavier and potentially

more abundant PBHs contribute; and (iii) detector response and readout strategies op-

timized for transient and frequency-drifting sources, rather than only for steady-state

monochromatic signals. Novel detector concepts—including plasma haloscopes, LC cir-

cuit detectors, broadband bulk acoustic resonators, multimode cavities, and correlated

detector networks [9, 14, 38, 83, 194]—may provide complementary sensitivity in fre-

quency ranges or signal classes not covered by current ADMX searches.

Constraints on the ultralight boson spectrum. Even without a detection, the

non-observation of a persistent narrowband GW signal at a given frequency places an

upper bound on the product fPBH ·hpeak0,ann, which translates into a constraint on the PBH

density in the local dark-matter halo as a function of boson mass. Deriving quantitative

spin-down constraints analogous to those obtained from LIGO-band continuous-wave

searches [170], but using ADMX non-detection data, is a direct application of the tem-

plates presented in this paper and represents a novel intersection of axion dark-matter

searches with GW physics.
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PBH spin distribution and formation constraints. The sensitivity of the GW

strain to the initial BH spin (through Nsat ∝ a∗−a
crit
∗ ) makes PBH-GA systems a probe

of PBH formation mechanisms, complementary to mass-function constraints from mi-

crolensing and CMB observations [52]. A statistical population analysis combining the

GW signal distribution with the PBH spin distribution would allow simultaneous con-

straints on both the PBH abundance and their formation spin, and is facilitated by the

analytic templates derived here.
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In sum, in this paper we have systematically studied the MHz–GHz gravitational-wave

signatures of superradiant boson clouds around primordial black holes. Our results

establish PBH–gravitational atom systems as among the very few theoretically well-

motivated sources of high-frequency gravitational waves, and provide the complete set of

waveform templates needed for targeted searches at ADMX and successor experiments.

The gap between current sensitivity and the predicted signal levels defines a concrete

engineering target for next-generation high-frequency GW detectors, and the boson

mass range µ ∼ 10−7–10−5 eV probed by these signals remains largely unconstrained by

any other observational technique.

While isolated systems can produce long-lived, narrow-band signals with po-

tentially observable strain amplitudes under optimistic conditions, binary-induced sig-

nals are generically suppressed both in amplitude and event rate. Depending on binary

parameters, some signals may even be transient compared to detector response times.

This study highlights a clear experimental target: improved strain sensitivity, broader

frequency coverage, and detector response/readout strategies optimized for transient

and frequency-drifting signals are all essential to probe this class of sources. Finally,

the analytic templates developed here provide concrete benchmarks for future high-

frequency gravitational-wave searches.
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Figure 5.1: Regge trajectories showing the minimum black hole spin a∗ required to sus-

tain superradiant growth as a function of boson and black hole parameters, for azimuthal

modes m = 1, 2, 3, 4. Shaded regions indicate parameter space where superradiance is

active. (a) Superradiance threshold as a function of boson mass µ for fixed m = 1 and

varying black hole mass M . (b) Threshold as a function of µ for fixed M = 10−6 M⊙

and varying m. (c) Threshold as a function of MBH for fixed boson mass µ = 10−3 eV

and varying m. (d) Threshold as a function of the gravitational coupling α = Mµ for

fixed M = 10−6 M⊙ and varying m.
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Figure 5.2: (a) Estimates of superradiance lifetime τ = Γ−1 as a function of α and

azimuthal quantum number ℓ = m for a 10−6M⊙ BH. Solid lines show a = 0.99, dashed

lines show a = 0.90. (b) Superradiance rate ΓSR as a function of α for the same

parameter space. Superradiance continues until mΩH ≥ ω is violated through spin

extraction via the superradiant cloud.
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Figure 5.3: Time evolution of the occupation numbers N{6,4,4} and N{5,4,4} alongside

the corresponding gravitational-wave strain envelope h(t) (dashed), computed for µa =

10−3 eV,MBH = 10−7M⊙, α = 0.75, and a source distance of d = 100 au. At early times

both states grow independently under superradiance (Eqs. (5.17)–(5.18)). Once Ne is

large enough, the gravitational self-interaction coupling ΓtNgNe (Eq. (5.21)) begins to

dominate the excited-state dynamics, and a net flux of bosons cascades into the lower

state, emitting a nearly monochromatic gravitational wave analogous to stimulated

emission in atomic physics. The peak strain reflects a specific benchmark configuration

and is not representative of the maximal transition strain, which can reach depends

primarily on BH mass and source distance. This specific parameter configuration was

chosen to illustrate a source within ADMX’s detectable frequency band.
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Figure 5.4: Fractional BH mass transferred to each superradiant level,Mc/(MBH−Mc),

as a function of time for states with n = m + 1, ℓ = m, and m = 1–6, computed at

MBH = 6× 10−7M⊙, µa = 5× 10−5 eV, α = 0.22. The {2, 1, 1} level (darkest) reaches

its saturation first and at the largest fractional mass. The maximum extracted mass for

the most efficient state is 10.81%, in excellent agreement with the analytic upper bound

of 10.8% derived in Ref. [208] for α ≈ 0.2 and a∗ → 1. Higher-m levels saturate later

and accumulate correspondingly smaller clouds, as their slower growth is overtaken by

the already-saturated lower levels.
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Figure 5.5: Time evolution of the cloud occupation number N(t) (solid) and the corre-

sponding annihilation strain envelope h0,ann(t) (dashed), computed for µa ≈ 2×10−6 eV,

MBH = 1.7×10−5M⊙, α = 0.21, and d = 145 au. The occupation number grows during

the superradiant phase (left portion of the curve) until it saturates at Nmax, after which

N(t) decays as [1 + ΓaNmax t]
−1 (Eq. (5.31)) as boson pairs annihilate into gravitons.

The corresponding strain peaks at hmax
0,ann ≈ 10−21 for nearby distances and decays on a

timescale τann = (ΓaNmax)
−1 that can exceed the Hubble time, making the signal effec-

tively monochromatic and persistent for any observation campaign. The annihilation

frequency ωann/(2π) ≈ 833.09 MHz was chosen to match the emitted signal from Fig.

5.3 and is within the ADMX scan band.
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Figure 5.6: Ratio ∆t/tmerge (Eqs. (5.44) and (5.47)) in the (α, q) parameter plane for

the {2, 1, 1} → {2, 1,−1} transition, evaluated at the resonant orbital frequency Ω0.

Contours correspond to ∆t/tmerge = 0.01 (inner), 0.1 (middle), and 1 (outer). The

white region, where ∆t/tmerge > 1, is excluded: the signal duration would exceed the

remaining merger time, violating the linear-orbit approximation, and the binary would

not be intact. The allowed region is bounded by α ≲ 0.26 and q ≲ 0.01; throughout

Secs. 5.4.3 and 5.5 we adopt the benchmark values α = 0.14 and q = 10−4, which lie

well within this allowed region.
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Figure 5.7: Ratio of ∆teff/τring for the conservative response diagnostic with ∆teff ∼

tdecoherence(Eq. (5.52)) within the allowed parameter space bounded by Fig. 5.6 for an

ADMX-like cavity with Q ∼ 8 × 104, but without restricting the cavity resonance

frequency to the ADMX hardware band contained between the orange solid curves.

The white dash line corresponds to the boundary of ∆teff/τring = 5, where binaries that

produce smaller timescale ratios would correspond to transient signals incompatible

with the steady-state approximation.
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Figure 5.8: Peak transition frequency fp (Eq. (5.45)) in the MBH–α parameter space

for the {2, 1, 1} → {2, 1,−1} hyperfine transition, for boson masses µb = 10−5 eV (top),

10−3 eV (middle), and 10−1 eV (bottom), with q = 10−4 fixed. The α value that defines

the transient signal boundary shifts with different choices of q, as shown in Fig. 5.7.

The PBH mass range cropped to MBH ∈ [10−16, 10−5M⊙] is shown, corresponding to

the HF-band. The ADMX Run-1 scan band (0.645–1.4GHz) is highlighted in purple;

it is accessible for MBH ∼ 10−11–10−12M⊙ and µb ∼ 2.5 eV at α ∼ 0.14. Sources lying

in this band are the primary targets of the detectability analysis in Sec. 5.4.3.

174



Figure 5.9: Time-domain strain h+(t) (left) and frequency-domain amplitude |h̃(f)|

(right) for the benchmark binary GA system of Eq. (5.53): α = 0.14, M = 6.68 ×

10−12M⊙, q = 10−4, r = 10 kpc. In the time domain the signal is a short quasi-

monochromatic burst with duration ∆t (Eq. (5.44)). In the frequency domain the

signal is a Lorentzian-shaped peak centered at the peak frequency fp = 1.001GHz (red

dashed line), with spectral width ∼ |Γ|/π. Both panels are computed using Eqs. (5.37)

and (5.41) with the numerical inputs described in Sec. 5.4.3.
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Figure 5.10: GW characteristic strain hc (filled contours) and ADMX minimum de-

tectable strain hmin (dashed contours, Eq. (5.54)) for binary GA systems in the MBH–α

plane, with q = 10−4 and r = 10 kpc. Filled contour levels span hc ∈ [10−40, 10−20];

dashed contour levels show the same decades of hmin, computed without restricting f to

the ADMX hardware band. The orange solid curves overlay the ADMX frequency-band

boundaries from Fig. 5.8, delimiting the region where ADMX can physically respond;

within this region hmin ∼ 10−22. The PBH mass range 10−16M⊙ ≲ MPBH ≲ 1M⊙

is bounded by the black dotted lines. No hc contour overlaps a hmin contour of equal

magnitude within the PBH mass range at this distance, demonstrating that the signal

falls orders of magnitude below the ADMX detection threshold.
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(a) (b)

(c) (d)

Figure 5.11: (a-b) Merger rates in Mtot−q space for dichromatic (a) and double lognor-

mal (b) PBH mass functions with m1 = 6.68× 10−12M⊙, m2 = 6.68× 10−16M⊙, and

f1 = f2 = 0.5 for both functions and σ = 0.05 for the double lognormal. (c-d) Charac-

teristic distances d1 yr (Eq. (5.62)) at which one merger per year is expected on average,

for the dichromatic mass function (c) and for the double lognormal (d), subject to the

binaries falling within a general range of benchmark parameters outlined in Sec .5.4.

For the dichromatic case, the three binary types correspond to those shown in Table 5.3.

The ADMX-relevant (m1,m2) binaries (labeled “ADMX”) merge at appreciable rates

only at d ≳ 1 kpc for both mass functions, whereas ADMX requires r ≪ 1AU to reach

the detection threshold. The gap spans roughly fifteen orders of magnitude in strain.
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Chapter 6

Conclusion

This thesis has used black holes as precision instruments for probing physics

beyond the Standard Model, exploiting their unique property of interacting gravita-

tionally with every species lighter than their Hawking temperature regardless of gauge

charge. The four studies that comprise this work form a coherent progression: from

broad model-independent constraints on the size of gravitationally coupled dark sec-

tors, through the phenomenology of primordial black holes as a dark matter candidate,

to a detailed re-examination of black hole evaporation in generic geometries, and cul-

minating in a quantitative detectability analysis of high-frequency gravitational-wave

transients from superradiant boson clouds. We summarize the principal results and

their implications here before identifying the most important open questions.
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Summary of Results

Chapter 2: Precision Gravity Constraints on Dark Sectors. The first

study pursued two complementary routes to constraining gravitationally coupled dark

sectors. On the laboratory side, we connected effective field theory predictions for

loop-induced quantum corrections to Newton’s constant with precision torsion-balance

measurements, reinterpreting published fifth-force exclusion curves as constraints on

the multiplicity N of hidden-sector fields. For truly massless dark species, this yields

bounds as strong as N ≲ O(1061). On the astrophysical side, the dominant constraint

comes from the requirement that stellar-mass black holes observed by LIGO/Virgo

survive to their inferred ages: using the merger event GW190924 021846, with chirp

mass 5.7M⊙ and inferred age (1.16 ± 0.04) × 1010 yr, we constrain N ≲ 5 × 1058 for

massless spin-0 dark sectors and N ≲ 2.5 × 1060 for spin-2, using full greybody-factor

calculations with BlackHawk. Complementary limits from ultrahigh-energy cosmic-

ray collisions (N ≲ 1071), LHC monojet searches (N ≲ few × 1062), and supernova

cooling (N ≲ 6 × 1068) confirm that black hole evaporation provides the strongest

quasi-model-independent constraint on large gravitationally coupled dark sectors across

a wide range of dark sect particle masses.

Chapter 3: Gravitational Waves from Asteroid-Mass PBH Mergers.

The second study narrowed the focus to primordial black holes in the asteroid-mass

window (10−16–10−11M⊙), where they can constitute the entirety of the cosmological

dark matter and are inaccessible to conventional interferometric detectors. We updated
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the gravitational-wave sight distance for narrow-band resonant microwave cavities such

as ADMX, demonstrating analytically that it becomes chirp-mass independent at large

PBH masses, saturating at dsens ≃ 0.03AU in the Nc/Q ≪ 1 limit. Constructing the

most optimistic possible merger event rate—incorporating early-time clustering with

δdc ∼ 104, local dark matter overdensities, dichromatic mass functions, and fPBH =

1—we found that detectable merger events are extremely rare even under maximally

favorable assumptions. This sobering conclusion establishes a sensitivity floor for the

resonant-cavity approach to PBH mergers and motivates the search for alternative high-

frequency gravitational-wave sources from the same population.

Chapter 4: Dark Sector Modifications to Black Hole Evaporation Hi-

erarchies. The third study generalized the evaporation framework from the Schwarzschild

case to Kerr and Reissner–Nordström geometries, where mass, angular momentum, and

charge are all dissipated simultaneously. The canonical Page hierarchy—charge neutral-

ized first, angular momentum shed next, mass loss last—was shown to be non-universal.

Using the Page factor formalism extended to charged and rotating metrics, we derived a

critical threshold Ndof ≳ Ncrit ≈ 220 for massless dark species above which the mass-loss

rate outpaces the charge-loss rate, producing effective charge growth during evaporation

and driving the black hole asymptotically toward extremality. For Ndof ≳ 270, charge

grows throughout the entire evaporation history, independent of initial conditions. Two

additional mechanisms were characterized: Schwinger pair production restores the con-

ventional hierarchy for light (M ≲ 1017 g), highly charged black holes by introducing

a competing QED discharge channel; and superradiance was shown to extract angular
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momentum on timescales far shorter than Hawking radiation, introducing a correlated

decay track in the (a∗, Q∗) phase space not captured in prior treatments. Together, these

results establish that large hidden sectors can produce near-extremal charged black hole

relics as a population-level outcome of Hawking evaporation.

Chapter 5: High-Frequency Gravitational Wave Transients from Su-

perradiance. The fourth and final study treated superradiance not merely as a spin-

loss mechanism but as a gravitational-wave source in its own right, performing the first

unified detectability analysis of superradiant signals from PBH gravitational atoms at

GHz-band detectors. For isolated gravitational atoms, we derived analytic closed-form

frequency-domain waveform templates via the exponential integral E1 for both the level-

transition and annihilation channels, finding peak strains of h ∼ 10−22 at 1 kpc for the

annihilation channel and h ∼ 10−23 for level transitions. For PBH binaries, we ap-

plied the Landau–Zener formalism to the hyperfine transition {2, 1, 1} → {2, 1,−1} and

found that while the ring-up criterion can be satisfied over a range of binary param-

eters, the characteristic strain falls orders of magnitude below the ADMX sensitivity

threshold at astrophysically plausible distances. Using PBH merger rates from the early

two-body formation channel, detectable binary-induced bursts would require source dis-

tances ≲ 1AU, whereas the merger rate implies characteristic event distances exceeding

∼ 9 kpc. The isolated-GA annihilation signal—persistent, continuously emitting, and

not subject to the same rate limitations—emerges as the more promising near-term

observational target for ADMX-band experiments.
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Overarching Themes and Lessons

Several cross-cutting conclusions emerge from the body of work as a whole.

Black holes are uniquely democratic probes. Unlike collider or direct-detection

experiments, whose sensitivity depends on specific portal couplings, black holes couple to

every species lighter than their Hawking temperature through gravity alone. This makes

Hawking evaporation arguments the strongest and most model-independent constraints

on large gravitationally coupled dark sectors, dominating over cosmic-ray, collider, and

precision-gravity probes across most of the relevant parameter space.

The evaporation hierarchy is not universal. A recurring theme across Chap-

ters 2 and 4 is that the standard Schwarzschild-based intuition about black hole evapo-

ration breaks down in qualitatively new ways when the particle content of the theory is

extended. The charge-first hierarchy can be reversed, the spin-down rate is dominated

by superradiance rather than Hawking radiation in many regimes, and large hidden

sectors can produce near-extremal relics as a population-level outcome. These are not

fine-tuned exceptions—they are generic consequences of large N .

Sensitivity gaps motivate new detector technology. Both the PBH merger study

and the superradiance study arrive at the same qualitative conclusion: the signals are

theoretically well-motivated, but current ADMX sensitivity falls orders of magnitude

short of what would be needed for detection at astrophysically plausible distances. This

is not a reason for pessimism—it is a concrete design target. The analyses in Chapters 3

and 5 identify improved strain sensitivity, faster ring-up times, and broader frequency

182



coverage at lower frequencies as the specific detector improvements that would open

this class of signals to observation.

Future Directions

The natural extensions of this work span both theoretical and experimental

directions.

On the theoretical side, the evaporation hierarchy analysis of Chapter 4 treated

the Kerr and Reissner–Nordström cases largely independently. A fully self-consistent

treatment of Kerr–Newman black holes—simultaneously rotating and charged—in the

presence of a large dark sector remains to be carried out, and the coupled (a∗, Q∗)

phase-space trajectories may reveal new phenomenology not captured by either limit

alone. The superradiance analysis of Chapter 5 treated the isolated and binary channels

independently; a self-consistent treatment that evolves both channels simultaneously,

accounting for partial cloud depletion by binary resonances before isolated saturation is

reached, would sharpen the detectability estimates considerably. Multi-level dynamics

beyond the two-state Landau–Zener approximation—particularly in cases where multi-

ple superradiant modes are populated simultaneously—also remain to be explored for

the PBH mass range.

On the observational side, the LIGO/Virgo O3 constraints on dark sector size

derived in Chapter 2 used a single benchmark event (GW190924 021846) as the most

constraining known black hole. A systematic reanalysis of the full O3 and O4 merger
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catalogues, marginalizing over merger histories and mass uncertainties, could signifi-

cantly tighten these bounds or reveal population-level signatures of dark sector particle

emission. For the high-frequency gravitational-wave program, the analytic waveform

templates derived in Chapter 5 provide concrete targets for matched-filter searches at

existing and future ADMX runs; their implementation in a search pipeline is a natural

next step.

More broadly, the program pursued in this thesis—using black holes of all

masses, from stellar remnants to primordial relics, as gravitational spectrometers of

the dark sector—remains in its early stages. The next decade’s improvements in both

gravitational-wave detector sensitivity and high-frequency cavity technology will deter-

mine how far down this road observation can take us.
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Chapter 7

Appendix

7.1 Other merger pathways

In [191] the authors presented an update of their previous work [190] on early

three-body mergers. Albeit an improvement in several aspects of the calculation, this

latter discussion does not include a detailed discussion of the effect of early-time clus-

tering. We verified that the differences in the merger rate compared to Ref. [190] are

actually marginal and within a factor of a few, when δdc = 1. As such, we resort to the

expression discussed above.

Other merger pathways include the early two-body (E2), late two-body (L2),

and late three-body (L3) formation scenarios. For a generic mass function ψ, the E2

pathway merger rate for masses m1, m2 reads [191]

dRE2

dm1dm2
≈ 1.6× 106

Gpc3 yr
f

53
37
PBHη

− 34
37

(
−32

37

)− 32
37

SLSE
ψ(m1)

m1

ψ(m2)

m2
(7.1)

where as usual fPBH =
∫
ψ(m)dm, η = m1m2/(m1 +m2)

2, M = m1 +m2, and SL and
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Figure 7.1: Pathways comparison – see the text for details.

SE are suppression factors (which for the sake of comparison with the E3 rate we set

to 1 below).

The late, 2-body pathway leads to a merger rate [191]

dRE2

dm1dm2
≈ 3.4× 10−6

Gpc3 yr
f2PBHδeff

(
σv

km/s

)− 11
7

η−
5
7
ψ(m1)

m1

ψ(m2)

m2
, (7.2)

where δeff is a local DM density contrast factor, and we assume a local velocity dispersion

σv ∼ 100 km/s.

Finally, the 3-body late mergers reads [191]

dRL3

dm1dm2
≈ 1.3× 10−16e−6.0(γ−1)

Gpc3 yr
f3PBHδ

2
eff

(
σv

km/s

)−9+ 8γ
7

η−1+ γ
7 F̃
(

⟨m⟩
2ηM

κmin

)
ψ(m1)

m1

ψ(m2)

m2
,

dP

dj
∼ γjγ−1,

is assumed to be 1.1 (we find that the induced uncertainty from varying γ is mild).

We compare the four pathways first, for simplicity, using a monochromatic

mass function in the left panel of Fig. 7.1. We assume a density contrast δdc = 104 for
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all pathways (we implement it as described at the end of Ref. [191] for the pathways

E2, L2 and L3) and we use for each mass the maximal possible value of fPBH(mPBH for

a given mass. The figure shows that the E3 pathway dominates everywhere between 6

and 7 orders of magnitude to the next most significant pathway. The late 2- and 3-body

pathways are several orders of magnitude below the range shown in the figure.

The right panel of Fig. 7.1 shows the results for a dichromatic mass function,

with the mass function mass ratio m2/m1 shown in the x axis. Here again it is fully

apparent how the E3 pathway dominates other pathways by several orders of magnitude,

justifying in full the approach we take in this analysis. Again here, the late 2- and 3-body

pathways are several orders of magnitude below the range shown in the figure.

7.2 Clustering Effects on Black Hole Binary Formation

Pathways

PBH clustering plays a dual and complex role in influencing binary formation

pathways, with distinct effects on early and late binary formation channels. Cluster-

ing suppresses early 3-body binary formation in a radiation-dominated Universe. This

suppression occurs due to perturbations induced by nearby PBHs, tidal forces, angular

momentum exchanges, and hierarchical dynamics, which destabilize nascent binaries

and reduce merger rates. Studies consistently show that clustering significantly lowers

early binary merger rates, particularly at high PBH dark matter fractions, with nearest-

neighbor distances playing a critical role in suppressing binaries [191, 95, 68, 137, 27].
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However, a subset of early binaries may survive in regions of low clustering density or

when initial conditions are favorable to stable configurations [68]. Studies find that,

generally, such effects amount to a rate suppression by at most two-three orders of

magnitude [191, 95, 68, 137, 27].

In contrast, PBH clustering enhances late binary formation, particularly through

2-body dynamical capture within dense environments such as dark matter halos or small

PBH clusters. These late pathways arise from increased interaction rates, clustering-

driven density amplification, and gravitational harmonics that promote orbital binding.

Studies highlight the role of nested overdensities and evolving structure formation in

facilitating such interactions and highlight the resulting high-eccentricity late binaries

detectable through gravitational wave signals [191, 202, 68, 70, 12]. While this en-

hancement boosts late-time merger rates, competing effects like cluster heating and

evaporation in dense PBH clusters could partially inhibit late binary formation in some

scenarios [145]. In the present case, late-time merger rates are suppressed by over 30

orders of magnitude, so we do not expect the hierarchy of merger pathways we assume

here to change.

Clustering’s influence evolves over cosmic time, transitioning from suppression

of early (post-recombination) binaries to amplification of late-stage binary formation

during structure formation epochs dominated by dark matter halos. Redshift-dependent

analyses indicate that suppression mechanisms are most prominent at high redshift,

while clustering-enhanced late pathways dominate in lower redshift environments [191,

202, 68, 12]. This dual role of clustering raises important questions about the exact
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thresholds and transitions between suppression and enhancement mechanisms, as well

as the downstream effects of disrupted early binaries on late-time formation pathways

[191, 202, 68, 70].

7.3 Microlensing and Gravitational Wave Constraints

PBHs within the mass range of Earth mass to 10−16M⊙ present unique chal-

lenges and opportunities for observational detection, primarily through microlensing

and GWs methods. Microlensing surveys, such as OGLE and Subaru/HSC, have ro-

bustly constrained Earth-mass PBHs, with strong restrictions imposed on their dark

matter fraction. However, for smaller masses (below 10−12M⊙), finite source size effects

significantly reduce microlensing sensitivity. Femtolensing of gamma-ray bursts can, in

principle, probe PBHs as small as 10−16M⊙, but this method’s efficacy is limited by

the extended size of gamma-ray burst sources, calling into question earlier constraints

[172, 140, 181, 180]. Additionally, clustered PBHs marginally impact microlensing event

rates, as compactness requirements for clustering are often unmet, rendering practical

deviations insignificant in most models [209, 180].

Continuous gravitational wave (GW) detection methods show promise for iden-

tifying binaries of planetary- and asteroid-mass PBHs, especially for masses in the

10−12M⊙ to 10−5M⊙ range. Studies using data from LIGO/Virgo’s O3a observing

run, such as those by Miller et al., have constrained PBH binaries through continu-

ous wave (CW) searches, targeting signals from tightly bound compact binaries. While
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transient GW signals from mergers dominate for larger masses, continuous and transient

continuous-wave (tCW) methods are more relevant for PBHs in this lower mass regime.

Nevertheless, sub-10−12M⊙ PBHs remain largely undetectable with current GW obser-

vatories due to sensitivity limitations and the lack of strain signatures in the accessible

frequency range. Future high-frequency GW detectors like ADMX and space-based ob-

servatories like LISA may be able to probe these smaller masses in clustered or binary

configurations [166, 165, 84].

PBH clustering and binary formation are central to enhancing GW detection

prospects, as clustering increases the likelihood of binary interactions and GW emission.

While clustering may not substantially affect microlensing constraints, it has been pro-

posed as a mechanism to boost GW merger rates, particularly for asteroid-mass PBHs

forming in dense environments, as noted and explored above. Despite these theoretical

advancements, the observational integration of microlensing and GW detection methods

remains underdeveloped. Overlapping sensitivity windows (e.g., microlensing at Earth

mass and GW constraints at planetary mass) could jointly refine PBH abundance and

clustering properties. However, the challenges introduced by finite source size effects,

computational limitations in GW template searches, and uncertainties in clustered PBH

models hinder the realization of such synergies [209, 166, 165, 172].

In summary, microlensing and GW methods offer complementary, but not en-

tirely overlapping, approaches to constraining PBHs across this mass range. While

microlensing excels at Earth-mass PBH detection, its sensitivity diminishes at the lower

end of the spectrum. In contrast, GW techniques are increasingly effective for clus-
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tered and binary systems in the planetary-mass regime but remain largely impractical

for detecting individual small PBHs below 10−12M⊙. To respond to these challenges,

future research must refine clustering models, consider next-generation GW facilities,

and develop joint observational frameworks to bridge the gaps in PBH detectability

[165, 140, 180].

7.4 Frequency Domain Strain Templates

The detectability of a gravitational-wave signal is most cleanly expressed in

terms of the characteristic strain, which is defined from the Fourier transform of the

metric perturbation as hc(f) = 2f |h̃(f)|. While the raw Fourier amplitude h̃(f) depends

on the details of the observation, such as the total duration of the time series and the

specific sampling, the combination hc(f) isolates the physically relevant quantity: the

accumulated signal power at a given frequency, including the contribution from the

number of coherent wave cycles. For a quasi-monochromatic source observed over an

observation time T , one has approximately hc(f0) ∼ h0
√
f0T , so that the characteristic

strain increases with the square root of the effective number of cycles. This makes

hc(f) the appropriate quantity for comparing theoretical signals to the sensitivity of

gravitational-wave detectors.

A detector is characterized by its one-sided noise power spectral density Sn(f).

The corresponding noise amplitude is given by hn(f) =
√
fSn(f). Signal power and

detector noise are compared at the same level: both hc(f) and hn(f) have the same
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dimensions and represent amplitudes per logarithmic frequency interval. A source is

detectable when its characteristic strain exceeds the noise curve, and the expected signal-

to-noise ratio is

SNR2 =

∫ ∞

0

h2c(f)

f2Sn(f)
df =

∫ ∞

0

h2c(f)

h2n(f)
d(ln f). (7.3)

This expression shows explicitly why hc(f) is the correct quantity to compare with de-

tector sensitivity. Any direct comparison using h̃(f) alone would be misleading, because

h̃(f) scales with the chosen Fourier window and does not represent a physical amplitude.

In the context of black hole superradiance and axion annihilation or level tran-

sitions, the characteristic strain provides a unified language for evaluating detectability

against detector strain curves. The signals are intrinsically narrow-band and can be

long-lived, so hc(f) reflects both the instantaneous gravitational-wave amplitude and

the coherence of the emission process. Even if the raw strain is extremely small, the

large number of coherent cycles at the transition or annihilation frequency can raise

hc(f) above detector noise. Once expressed in terms of hc(f), the comparison to de-

tector sensitivity curves is immediate: gravitational-wave observatories are sensitive to

signals whenever hc(f) lies above (or not far below) hn(f) at the relevant frequency.

This is the fundamental criterion for detection prospects.

7.4.1 Annihilation Strain

The bulk of this paper has shown that there are multiple potentially detectable

signals in a gravitational atom system. These signals can arise from both an isolated

gravitational atom or due to the presence of a binary companion. In the first case, we

192



have shown that detectable signals arise from two separate phenomenon: level transi-

tions and boson annihilations.

The first frequency domain strain that we consider arises due to the axion

annihilation within a specified level. Again, the time domain strain is specified in Eq

(5.32) and the only time dependence arises from the decay of the state population in

Eq. (5.31):

h0,ann(t) =
Nmax

1 + ΓaNmaxt

√
4GN

r2ωann

Γa (7.4)

where again we have made the assumptions that α and the superradiance rates are

unchanging in time to obtain an approximate form of the annihilation strain amplitude.

Again, this allows us to take a fourier transform to obtain an analytic form of the

annihilation strain as a function of frequency. We begin with the one-sided Fourier

transform,

h̃0,ann(ω) =
1√
2π

∫ ∞

0

Ae−iωt

1 + βt
dt, β > 0, (7.5)

where we will consistently use the convention of f = ω
2π .

A = Nmax

√
4GN Γa

r2ωann

, β = ΓaNmax. (7.6)

Let u = 1 + βt, so that t = (u− 1)/β and dt = du/β. Substituting, we find

h̃0,ann =
A√
2π β

e iω/β
∫ ∞

1

e−i(ω/β)u

u
du. (7.7)
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To evaluate the integral, we introduce a causal regulator +iϵ to ensure conver-

gence and define the exponential integral E1(x) in its equivalent forms:

E1(x) ≡
∫ ∞

1

e−tx

t
dt =

∫ ∞

x

e−u

u
du, (| arg x| < π). (7.8)

Comparing with Eq. (7.7), we immediately identify

x = i
ω

β
+ iϵ,

where the infinitesimal imaginary term +iϵ enforces the causal (+iϵ) prescription. Thus,

∫ ∞

1

e−i(ω/β)u

u
du = E1

(
i
ω

β
+ iϵ

)
. (7.9)

Substituting Eq. (7.9) into Eq. (7.7), we obtain the compact result

h̃0,ann =
A√
2π β

e iω/βE1

(
i
ω

β
+ iϵ

)
, (7.10)

where iϵ denotes the same causal regulator used in the definition of E1. To rewrite

Eq. (7.10) in terms of the exponential integral Ei and more familiar functions, we use

the relation

E1(z) = −Ei(−z), (7.11)

and continue it to complex arguments along the causal branch. For imaginary argu-

ments, the continuation gives

Ei(ix+ iϵ) = PV
[
Ei(ix)

]
+ iπSign(x), (7.12)

where PV
[
Ei(ix)

]
refers to the principal value of the exponential integral and the second

term represents the usual iπ phase picked up when crossing the branch. Similarly, the
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Figure 7.2: Characteristic strain of the Fourier transform for the annihilation strain.

Input parameters match those from Fig. 5.5 for the n = 2, l = m = 1 state to obtain

the strongest annihilation strain amplitude. The peak strain matches those expected in

Ref [143].

logarithm acquires the standard phase shift across its branch cut,

log(iω)− log(−iω) = iπSign(ω), (7.13)

corresponding to the same causal choice of branch.

Using Equations (7.11)-(7.13), we can rewrite equation (7.10) as:

h̃0,ann =
A√
2π β

e iω/β
[
−Ei

(
− iω
β

)
− iπ sgn(ω)

]
. (7.14)

Finally, restoring A and β = ΓaNmax gives

h̃0,ann(ω) =
1√
2π

√
4GN

r2ωannΓa

e iω/(ΓaNmax)

[
−Ei

(
− iω

ΓaNmax

)
− iπ sgn(ω)

]
. (7.15)
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which is identical to (7.14) upon using (7.13) and restoring all constants.

In order to return the oscillatory term to our frequency domain template, we

need to multiply the envelope by e±iωannt. This has the effect of shifting our frequency,

so we can describe the Fourier transform of our envelope as:

F
[
h0(t) e

±iωannt
]
= h̃(ω ∓ ωann) (7.16)

With cos = 1
2(e

iϕ0eiωannt + e−iϕ0e−iωannt), sin = 1
2i(e

iϕ0eiωannt − e−iϕ0e−iωannt),

the polarization spectra are

h̃+(ω) =
1 + cos2(ι)

4

[
eiϕ0 h̃(ω − ωann) + e−iϕ0 h̃(ω + ωann)

]
, (7.17)

h̃×(ω) =
cos(ι)

2i

[
eiϕ0 h̃(ω − ωann)− e−iϕ0 h̃(ω + ωann)

]
. (7.18)

Substituting h̃ gives the explicit closed forms:

h̃+(ω) =
Nmax√

2π

√
4GN

r2ωann

1 + cos2(ι)

4

[
eiϕ0 e i(ω−ωann)/β

(
− 2Ei(i(ω−ωann)

β ) + iπ Sign(ω − ωann)
)

+e−iϕ0 e i(ω+ωann)/β
(
− 2Ei(i(ω+ωann)

β ) + iπ Sign(ω + ωann)
)]
,

(7.19)

h̃×(ω) =
Nmax√

2π

√
4GN

r2ωann

cos(ι)

2i

[
eiϕ0 e i(ω−ωann)/β

(
− 2Ei(i(ω−ωann)

β ) + iπ Sign(ω − ωann)
)

−e−iϕ0 e i(ω+ωann)/β
(
− 2Ei(i(ω+ωann)

β ) + iπ Sign(ω + ωann)
)]
.

(7.20)

7.4.2 Isolated Level Transition Strain

We next develop a frequency domain template of the transition amplitude

gravitational strain outlined in Eq. (5.23) by taking a Fourier transform of the ap-
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proximate solution. Since both the states grow exponentially and approximately in-

dependently for the majority of the lifetime of the excited state, we will be approxi-

mating the form of both the ground and excited states as
dNg

dt = Γsr
g Ng + ΓtNgNe and

dNe
dt = Γsr

e Ne−ΓtNgNe. The resulting time dependence of each state is then an exponen-

tial of the form Ng(t) = N0 exp
{
(ΓSR

g + ΓtNe)t
}
and Ne(t) = N0 exp

{
(ΓSR

e − ΓtNg)t
}
.

The transition amplitude as a function of time, assuming a constant in time superradiant

transition rate Γt, gives us a transition strain of the form

h0,tr ≈
√

4GN

r2ωtr

ΓtN
g
0N

e
0 exp

{
[
1

2
(Γsr

e + Γsr
g + ΓtNe − ΓtNg)t]

}
(7.21)

Under these approximations we can take a Fourier transform to find the functional form

of our strain. Doing so, we obtain the following expression:

h0,tr(ω) =
1

2π

√
4GN

r
2
ωtr

ΓtN
g
0N

e
0(

Γsr
e + Γsr

g + ΓtNg − ΓtNe − iω
)(−1+[

1

2
(Γsr

e + Γsr
g + ΓtNe − ΓtNg − iω)T ]

)
(7.22)

with T being the time taken from the start of superradiance to when the excited

state has transitioned completely. This is the approximate form of our gravitational

wave signal in the frequency domain due to level transitions within the gravitational

atom. Since detectors look at the frequency decomposition of these signals, this is

ultimately the desired form for the gravitational strain. Again, to include the physical

oscillations of the gravitational wave and its orientation, we can treat the transition

signal as an amplitude (or envelope) modulated by a carrier frequency corresponding

to the transition energy. In other words, the total strain is just our smooth envelope
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multiplied by an oscillatory factor at ωtr:

htr(t) = h0,tr(t) cos(ωtrt+ ϕ0) =
1
2 h0,tr(t)

(
ei(ωtrt+ϕ0) + e−i(ωtrt+ϕ0)

)
.

When we Fourier transform this, the oscillatory pieces simply shift the spec-

trum to ±ωtr, giving

F
[
henvtr (t)e±iωtrt

]
= h̃envtr (ω ∓ ωtr). (7.23)

So the frequency-domain strain becomes two terms centered on the transition frequency,

each weighted by the phase ϕ0:

h̃tr(ω) =
1

2

[
eiϕ0 h̃0,tr(ω − ωtr) + e−iϕ0 h̃0,tr(ω + ωtr)

]
. (7.24)

Finally, we can include the detector-frame polarization dependence. The ob-

served strain depends on the inclination angle ι of the system relative to the line of

sight. The two standard polarizations then take the form

h̃
(+)
tr (ω) =

1 + cos2ι

4

[
eiϕ0 h̃envtr (ω − ωtr) + e−iϕ0 h̃envtr (ω + ωtr)

]
, (7.25)

h̃
(×)
tr (ω) =

cosι

2i

[
eiϕ0 h̃envtr (ω − ωtr)− e−iϕ0 h̃envtr (ω + ωtr)

]
. (7.26)

These two polarizations represent the characteristic “plus” and “cross” patterns of the

transition signal, differing only by a relative phase and the inclination weighting. In

practice, both appear as narrow peaks in the frequency spectrum at ωtr, modulated by

the growth and decay encoded in h̃envtr (ω).

The spectral width ∆ω of the template is controlled entirely by the charac-

teristic timescale over which the envelope A(t) varies (i.e. by the relevant superradiant
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and transition rates),

∆ω ∼ Γtot ∼ O
(
yr−1

)
⇒ ∆f ∼ ∆ω

2π
≪ 1 Hz, (7.27)

even though the line is centered at ftr = ωtr/2π ∼ MHz. Consequently, the frequency-

domain signal appears as an extremely narrow (sub-Hz) Lorentzian line located at the

MHz transition frequency. In general, the carrier frequency fixes the centering of the

line position, while the slow population evolution (O(103) years) sets the linewidth.

Faster population evolutions will therefore result in Lorentzian signals with much wider

frequency resolution, whereas slowly evolving states will appear as increasingly narrow,

near-monochromatic lines in the frequency spectrum.

7.4.3 Binary Level Transition Strain

The frequency domain template for the “plus” polarization for binary level

transition strain given within Eq. (5.37) is already defined by Eq. (5.41), where a

detailed derivation using the stationary phase approximation can be found within [147].

The frequency domain template for the “cross” polarization can also be easily obtained

using the same method: Rewriting Eq. (5.38) into the form of:

h×,211(t) = h0 cos ι

[
e−2i∆mφ(tre)Q(tre)− e2i∆mφ(tre)Q∗(tre)

2i

]
(7.28)

by expanding the imaginary component, then plugging into the Fourier transform:

h̃+,×(ω) =

∫
dt h+,×(t) e

iωt. (7.29)
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Figure 7.3: Computation of the binary perturbation characteristic strain hc(f) =

2f |h̃(f)| with h̃(f) given by Eq. (5.41). Benchmark parameters from Sec. 5.4 are used

to match the high frequency detection range of resonant cavity based detectors, such as

ADMX. The above plot shows the characteristic strain as a function of frequency for the

benchmark binary GA system, with the the peak frequency fp = 1.001GHz visualized

by the red dashed line.

we obtain the following expression:

h̃×(ω) =
h0 cos ι

2i
eiωr

∫
dt
[
eiωt−2i∆mφ(t)Q(t)− eiωt+2i∆mφ(t)Q∗(t)

]
(7.30)

where we renamed tre → t.

Evaluating the integral through the same method of stationary phase approx-

imation within [147] with the same arguments so that the first integral vanishes, we
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obtain:

h̃×(ω) = −
√
πh0 cos ι

2i
√
γ|∆m|

Q∗(t+(ω))e
iΨ+(ω) (7.31)

where t+(ω) = ω−ωc
2|∆m|γ donates the non-zero stationary point and the phase argument

Ψ+(ω) is given by Ψ+(ω) = ωr + (ω−ωc)
2

4|∆m|γ − π
4 , identical to the form we defined within

Eq. (5.41). Substituting in Q(t) as detailed within [147], we obtain:

h̃×(f) = −2

i
h0 cos ι

√
π |∆m|2 i eiΨ+(f)

√
z

|Γ| − iπ(f − fc)
e−πz exp

[
−2z arctan

(
π(f − fc)

|Γ|

)]
(7.32)

where we rewrote the frequency as f = ω/2π. Comparing to Eq. (5.41):

h̃+(f) = h0(1+cos2 ι)
√
π |∆m|2 i eiΨ+(f)

√
z

|Γ| − iπ(f − fc)
e−πz exp

[
−2z arctan

(
π(f − fc)

|Γ|

)]

we notice that similar to isolated level transitions described within Sec. 7.4.2, the two

polarizations differ only by the inclination weighting and a relative phase of π/2 given

by the factor of −2/i. Figure 7.3 showcases the characteristic strain for the benchmark

parameters that produce UHF-GWs with frequency ∼1 GHz.
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[28] Aurélien Barrau, Juan Garćıa-Bellido, Thierry Grenet, and Killian Martineau.

Prospects for detection of ultra high frequency gravitational waves from compact

binary coalescenses with resonant cavities. 3 2023.

205
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Harnik, Yonatan Kahn, and Jan Schütte-Engel. Detecting high-frequency gravi-

tational waves with microwave cavities. Phys. Rev. D, 105(11):116011, 2022.

[36] Asher Berlin et al. Searches for New Particles, Dark Matter, and Gravitational

Waves with SRF Cavities. 3 2022.

[37] Niels E. J. Bjerrum-Bohr, John F. Donoghue, and Barry R. Holstein. Quantum

206



gravitational corrections to the nonrelativistic scattering potential of two masses.

Phys. Rev. D, 67:084033, 2003.

[38] Diego Blas, Yifan Chen, Yuxin Liu, Yanfei Shang, and Jing Shu. Cavity Multi-

modes as an Array for High-Frequency Gravitational Waves. 1 2026.

[39] C. Boutan et al. Piezoelectrically Tuned Multimode Cavity Search for Axion Dark

Matter. Phys. Rev. Lett., 121(26):261302, 2018.

[40] T. Braine et al. Extended Search for the Invisible Axion with the Axion Dark

Matter Experiment. Phys. Rev. Lett., 124(10):101303, 2020.

[41] Torsten Bringmann, Valerie Domcke, Elina Fuchs, and Joachim Kopp. High-

frequency gravitational wave detection via optical frequency modulation. Phys.

Rev. D, 108(6):L061303, 2023.

[42] R. Brito, V. Cardoso, and P. Pani. Superradiance: Energy Extraction, Black-Hole

Bombs and Implications for Astrophysics and Particle Physics. Lecture Notes in

Physics. Springer International Publishing, 2015.

[43] Richard Brito, Vitor Cardoso, and Paolo Pani. Superradiance. Lect. Notes Phys.,

906:1–237, 2015.

[44] Adam R. Brown, Luca V. Iliesiu, Geoff Penington, and Mykhaylo Usatyuk. The

evaporation of charged black holes. 2024.

[45] Daniel Burns and Apostolos Pilaftsis. Matter Quantum Corrections to the Gravi-

ton Self-Energy and the Newtonian Potential. Phys. Rev. D, 90:024033, 2014.

207



[46] C. B̀ıhm, A. Kobakhidze, Ciaran A.J. O’Hare, Zachary S.C. Picker, and M. Sakel-

lariadou. Eliminating the ligo bounds on primordial black hole dark matter, 2020.

[47] Xavier Calmet, Stephen D. H. Hsu, and David Reeb. Quantum gravity at a TeV

and the renormalization of Newton’s constant. Phys. Rev. D, 77:125015, 2008.

[48] Antonino Cangialosi. Cosmological constraints on primordial black holes, 2019.

[49] Chiara Caprini and Daniel G. Figueroa. Cosmological backgrounds of gravita-

tional waves. Class. Quant. Grav., 35(16):163001, 2018.

[50] Vitor Cardoso and Shijun Yoshida. Testing the nature of dark compact objects:

a status report. Living Rev. Relativ., 22(1):4, 2019.

[51] Bernard Carr and Florian Kuhnel. Primordial Black Holes as Dark Matter: Recent

Developments. Ann. Rev. Nucl. Part. Sci., 70:355–394, 2020.

[52] Bernard Carr, Florian Kühnel, and Marit Sandstad. Primordial black holes as

dark matter. Phys. Rev. D, 94(8):083504, 2016.

[53] Bernard Carr, Martti Raidal, Tommi Tenkanen, Ville Vaskonen, and Hardi
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tecting planetary-mass primordial black holes with resonant electromagnetic

gravitational-wave detectors. Phys. Rev. D, 104(2):023524, 2021.

[124] W. A. Hiscock and L. D. Weems. Evolution of Charged Black Holes. Phys. Rev.

D, 41:1142, 1990.

[125] Shahar Hod. Hawking radiation may violate the penrose cosmic censorship con-

jecture. International Journal of Modern Physics D, 2019.

[126] Barry R. Holstein. On-shell calculation of mixed electromagnetic and gravitational

scattering. Phys. Rev. D, 108(6):066013, 2023.

[127] Sebastian Hoof. bhsr: Black hole superradiance code. https://github.com/

sebhoof/bhsr, 2025. GitHub repository.

[128] Sebastian Hoof, David J. E. Marsh, Júlia Sisk-Reynés, James H. Matthews, and
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