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ABSTRACT 

Four models (Smeared-Displacement, Simple-Displacement, Modified 

Vacancy-Energy and Vacancy-Energy Models) for estimating the effects 

of long-range ordering on the equilibrium concentration of vacancies 

in binary a1loys are described. The models differ first with respect 
I 

to the details with which vacancy environments are inspected and 

secondly with refe.rence to methods of estimating vacancy energies . 
I 

Whereas the Smeared-Displacement, Simple-Displacement and Modified 

Vacan~y-Energy Models approximate the ~rgy to form a vacancy with 

the change in bond energy when a vacancy is produced by displacing 

an atom from the bulk of the crystal to the surface, the more detailed 
I 

a~d more accurate Vacancy-Energy Model assumes that the free energy 

'to form a vacancy depends principally on the atoms with which it 
" 

is coordinated. All four models suggest that, in general, the con
\ 

centration of vacancies differ on the different types of lattice 

sites when the alloy is ordered. 

\ 
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L INTRODUCTION 

This is a companion paper to "Vacancy Models for Concentrated 

Alloys. I. Short-Range Ordered and Clustered Alloys". Here we 

shall discuss the statistical thermodyna..'1lics of the equilibri t<nl con-

centration of vacancies in long-range ordered alloys e;:;ploying, as 

a basis for dfscussion, four models that are similar to those pre-

viously used for short-range ordered alloys. To provide a corffinon 

basis for comparison, each of these models will be erected in terms 
1 

of the Bragg-Williams theory of long-range ordering: The naive nearo?st-

neighbor bond-energy approach inherent to the Bragg-Williams and 

various other ordering theories will be assumed. In the Smeared-

Displacement, Simple..,.Displacement and Modified Vacancy-Energy Models, 

vacancy energie~ will be approximated by:the change in bond energy 

when a vacancy is produced by displacing an atom from the bulk to 

an equivalent site on the surface of a crystal. Each of the above 

mentioned models differ, however, with respect to the details of 

vacancy environment that are incorporated into the analysis. The 

Vacancy-Energy Model, in contrast, provides a detailed description 

of vacancy environments, and assumes the more physically realistic 

concept that the energyto form a vacancy depends :Principally on 

its immediate environment. 

In the models which follow we will consider alloys having 

various degrees of long-range order. The crystn.l will .be taken to 

have two types of lattice sites, a and S, occupied by- t'fo atomic 
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species, A and B, plus vacancies, v. The following terminology 

will be adopted: 

nj = number of jth sites wher~ j = a or S • 

. , = number of species where k = A or B Cat oms) or 'If (vacancies). •'k 

b ~ kth ~ on J.th sJ.'tes. nkj = num er o.~. specJ.es 

n .. = number 
Vkj 

of vacancies produced on jth sites by removal 

of kth atomic species. 

=~= pkj probability that jth type of site is occupied by 
nj 

··k th species. 

Nk atomic fraction of kth atomic species. 

N = fraction of sites that are of type j. · 
j 

o = N - N = N - N = deviation from stoichiometry. B 8 a A 

The following relations result from the conservation of atomic 

species and the conservation of lattice sites: 

(la) 

nB = nBa + nBS (lb) 

N n A . · + nBa + nva 
n /n = ~ = ~~a----~----~ 

a S N t3 . n AS + nBS + nvS 
(lc) 

Furthermore the degree of order, n, will be defined by 

(ld) 

which coincides with the usual BraGg~Williams definition of ordc~. 

It has the virtue over other possible definitions of n insofar as 

the de.gree of order. is defined only in terms of the relative occupo.ncy 

····: 
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of sites by the atoms independent ·of vacancy concentrations. Si1:.ul tn.neous 

solution ,,of Eqs. (1) gives 

Furthermore 

PBa 

PBS 

where 

nAa 
= --= 

n a 

nAB 
= -.-= 

nBa 
= --= 

n 
Cl. 

nBB 
= -= 

na 

N n... -N n... . 
.1 { a VB B va ( + ) } 

.(n +. n 
0

) n A + 2N + N (3 n A nB 11 
a .., a 

1 
N 'ny -N 'ny 

{nB 
a B B a 

- N13 (nA+nB)n} (na+n
8

) 
+ 

2N 
Cl. 

N rly ,, ~ 
1 

{nB 
a s-··s· a 

N (nA +n.,J. n} ~ + 
(na~na) 2N ·· CL .D 

8 

(2a) 

( 2b) 

(2c) 

(2d) 

(3a) 

( 3b) 

( 3c) 

(3d) 



-4-

(4) 

When the concentration of vacancies .is negligibly small relative to 

nA and to nB Eqs. (3} reduce to 

N . - c + N0 n 
0: j.) 

n.6.6 
=-::. N 

0: 
o - N n 

~ 

nB6 
p - -- =- N' + c + N 'n Ba·- n

6 
6 a 

(5a) 

( 5b) 

( 5c )· 

(5d) 

Assuming that the various species are randomly mixed in n ways on 

two types of lattice sites gives the same configurational entropy of 

S= ktnn (6) 

for all types of lattices.· In contrast, however, the configurational 

energies differ dependent on the lattice type. \ve pro:pcse to study 

both the L2o and the Ll2. lattices here. · vlhereas the former undert:::.kes a 

.second order phase transformation on ordering, the latter undergoes u 

first order phase transformation. 

.. 
j• 
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For a random arrangement of atoms the L2o lattice exhibits b.c.c. 

symmetry~ When the alloy becomes ordered, A atoms prefer to reside on 

a sites at (0,0,0) and B atoms on ,eq_uivalent 8 sites at (1/2, 1/2, 1/2). 

Each a (or 8) site is. coordinated with 8 8 (or 8 a) s'ites. Furthe1·more 

~ = N0 = 1/2. Therefore in terms of the simple bond energy model the 
.a ~-' 

. total energy of the crystal of the L2o lattice is given by 

or, since for this lattice n = n and z = 8, 
CL 8 

(7) 

When they are random, alloys crystallizing in the Ll2 super~attice 

have f.c.c. symmetry. ·Based on the f.c.c. unit cell they have three 

CL sites at (0, 1/2, 1/2), (1/2, 0, 1/2) and (1/2, .1/2, 0) plus oneS 

site at (0, 0, 0). Consequently z = 12 and NCL = 3/4, N
8 

= 1/4 for this 

lattice. Whereas each 8 site is coordinated with z = 12 neighboring a 

sites,· each CL site ; is coordi·nated with z<X = 8 neighboring CL sites and 

z = 4 neighboring B sites. 
8 .. 

. 
Complete ordering is obtained for the 

stoichion:etric composition correspoilding to A3B when all of the A ator.is 

reside on CL s.i tes and all of the B atoms on a ·sites. In. terms of the 

simple bond model the energy of the Ll2 lattice is given by 
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' + 

+. nB . et 

'lvhere the first bracketed term refers to all bones between et and B 

sites and the .second term refers to bonds between et and adjacent et 

sites .. Since z = 12 'and net = Net (net + n
6
}, E f?r the Ll2 lattice reduces 

to 

(8) 

II. Vacaricy Models for the L2o Lattice 

A. Smeared-Displacement Model 

.In this model the vacancies are assur.1ed to reside in a smeared 

environment averaged over the entire la.tti·ce. Tpe free energy is giver, 

by 

F = E - TS (9) 

1-l 

, .. 
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where E is given by Eq_. (7) and S by Eq. (6), ,:,hich in conjunctior: with . 

Eq. ( 4} are express'ed in terms of the· six unkno"rns n, j . The vari a:~ce 
l{ 

Of the SiX va].."ci2S of n, . , however, are constrained by the conditions 
KJ . ' . 

expressed in Eqs. (la), (lb). and (lc )and therefore, in terms of the 

. Lagrangian multiplier technique they reduce to 

(lOa) 

(lOb) 

A,,,a (n + n' + n.. - n ·- n - n.. )· = 0 
... p Aa Ba va AB BS . vS (lOc) 

where the As are Lagrangian multipliers and where the condition 

appropriate to the L2o .lattice of Na = NS .has been introduced into the 

last equation. Each of the six unknowns ~j can now be taken as independently 

variable.. The condition for equilibrium, obtained by minimizing the 

final :free energy equation (Eq. (9) plus Eqs. (10)), gives 

..2!_ = kT ·~ - ).. - A an · an . · aS B, 
Ba Ba 

· · ·aE 
-= 
ar'Va 

kT
. · a_, tnn _ , 

't\ . ., a' . drlya ... .., 

,. ,, 

(11) 



-8-

Introducing the values for :2 and nand eli'minating the >.'s we arrive at 

the three important reL.tionships: 

and 

.. 
,_ ! 

\ '. 

1 
EQ. (12) is identical with the original Bragg-Williams relationship. 

Introducing EQs. (5) gives 

(l+n+2o )( 1 +n-2cS) 
in (l-n-2~)(1-n+2cS) = - §_!)_ {2 £ £ - £ } 

. kT . AB - AA BB " 
(15) 

We can examine EQ. (15). in the limit n. ~ 0 by expanding the L.H.S. as 

a power series in n.. · The limit as n + 0 corresponds to T ->- T · , where T c c 

is the critical temperature for long range ordering. whence we find that 

..... .. ; ~: ... . ; ~ 

• 

(13) 

(14) 

.. 
--

.. 
• 
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4 
-,--,...,::- - -
1-462 

16 
kT 

c 
c· /-·/") 

\ J.O 

This is the fa.-niliar Bragg-WiJ.l:i a;;.,:; rclo.".:.ior.shi;J c;i vinG the o1·derin.::; 

energy in terms of the critical temperature. 

Eqs. (13) and. (14) give the concentrations o;: vacancies on t::>e tva 

sublattices ~ Introducing -the approximation of Eq_s. ( 5) vc :1.ave 

f[(l 21:)2 21 . 2 r'+r2 1.,21'"" , - u -n JEAA -r L..L 1 -'-,v J<-A-· 
~ ~ 

1 n 1-(n-26) 2 2n { l 
+ 4 Nn l-(n+2o)2 + kT t:BB-t:AA' 

1 R. 1-(n-26) 2 
- 4 n l-(n+2o)2 

B. Simple--:-Displacement Hodel 
'. 

( 17) 

(lS) 

The alloy is assumed to have the eq_uilibriwn degree oi' order, n, 
' 

in the absence of vacancies. Vacancies· are for:ned by removing particlllar 

kinds of atoms (A or B) from particular types of sites (a or S) inside 

the crystal and replacing them on the surface at th~ same type of site 

.from which they were removed. The change in internal enerc;y or, })roducinG. 

each vacancy- is defined in terms of the bond-energy· approxir.1ation as 

the difference in energy bet'I·Teen the . oonds broken by rerr.oving ti1L:..t 

'" ;,:' 
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atom from the bulk of the crystal and the z/2 bonds re:J;'ormed on the average 

when the atom i.s placed on the surf<J~e. It is ass·I.L"ned that the nurr.ber 

and configuration of A and B atoms ;about the 'Vacancy remains the sarr.e 

as it· was before the atom was rerr,oveci. Therefore the energy required 

to form a vacancy on an a-site depends on vrhethe1· that site was previously 

occupied by- an A atom or a B atom. Since these kinds of vacancies are 

energetically distinguishable, they must be treated as independent 

species both in the energy and entropy t.erms. 

On this basis, the change in internal energy of the crystal due 

to the formation of vacancies for the L2o lattice is 

( 19) 

The configurational entropy change for the crystal due to random 

mixing of the vacancies on the sites·is 

(n + nvAa) l (nBet + ""' ) f (nAB + r'vc. ,) ! . (n~r.· + nV'n ·'<)! 

~sv k~n 
Aet ·"VBa . .. ;_, . b ... U,.J = 

nAa 1 nyAa 1 nBa 1 nvBa
1 nAB 1 - f nBS 1 UyBB 1 "'v' - . , .. p 

(20) 

and the free energy o"f this system is 

where P(n ,0 Y is the free energy· of the system for the give::-... degre:e of 

.... 

.. .. 
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order, 11, and no vacancies, and where' 

At equilibrium therefore 

aF(n,ny) 

anykj , = 

t;E· - Tt;SV v. 

::: 0 

The equilibrium condition yields the four equations 

4 
( p A 6t: AA +pBS t:AB) nVAa., kT e 

PvAo. = --= 4 PAa. n 
(p ABt: AA +pBBt: AB) a kT 

' 1 - e 

). 

( p AB t: AB +f-B8t:Bl~.) 
.. 

nVBct kT e 
PvBo. =--= 4 Pu n 

Ci. kT (pA;3t:AB+pBS~BB) 
1 - e 

_j_ 
( p Aa £ AA +pBc/AB) 

ryAB kT e 
PvAa =-= 4 PAS nl3 (pAat:AA+pBae:AB) k'I" 

1 - e 

4 
{pAat::AB+pBae:BB) 

' nVBS kT 
e 

PVAt3 =---- = PBS n~ (pAat:AE+pBae:BB} kT 
1 - e 

(21) 

The probabilities of finding vacancies on a and e sites respectively 

are gi·ven by 

.. 
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n 1\rBa V.Aa 
+ .-- = n n a a 

nVAB '\r3J3 --+ . -
ne ns 

.~. ,. 

(22a) 

( 22b) 

where the values of the P, . are given by Eqs. (5) for the case vl1ere 
- KJ 

Na = N
8 

= 1/2 appropriate to the L2o lattice. 

C. Vacancy-Energy Model 

For this model we assume that the free energy of formation of a 

vacancy .depends principally on its i~~ediate epviror~ent. As ciscussed 

more thoroughly in the companion paper tti. Short--Range Ordered and 

Clustered Alloys", we let gi ·oe the free energy of forraation of a vacancy 

coordinated with i atoms of type B and .·Z - i atoms of type A i'n ·the 

disordered alloy. pndoubtedly the free energy of :formation of c<-.c1:· t~e 

of vacancy changes somewhat during ordering. Geometric con~iderations 

alone suggest that such changes can be cifferent for vacancies on each 

of the two difr~erent types of. sites. It seems not too ur.rec.so;,able to 

believe, however, that such changes in the energy ·Of formation of vacancies 

might be related to the change in the average bond energy cu:dng ol'derinr;. 

The average energy, e:, of a bond is given by 

for the L2o type of lattice. Upon introC.uct~Lon of E.y_G. (5) ana 

ordering energy, c, 

.~ 

'i' 

~. 

.., 
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~2~ 
·: c 

+ --
2 

(23) 

Tnus we suggest that, in analogy to a Taylor 1s series where only ti<t: 

first two 1;erms are ·retained, the :free energies of for:::G.tion o:.t' 

vacancies of the ith type· can be represented by 

g = g + a~ n2 
ia i. 0 ia: 

( 2ha) 

respectively for a and S sites. Consequently giq = giS = gi for the 

random case and the values of g! and g! ., account for pos~>ible chan;::es 
lO: l p 

in I~ree energies of formation of vacancies per unit change in ? ' . 
11~ aun.nc; 

ordering. 

As deduced from the Smeared-Displacement Model we assw~e here that 

the all~oyer degree ~f long-range order is not materially modified as 

a result of the: introdu.ction of a small fraction of vacancies. Furthermore, 

as previously described in the companion paper, "I. Short-Range Ordered 

and Clustered Alloys"; we acknowledge 'that the prqbability vacancies 

might change the local ordering configUration is also negligible. 

The probability that a S site is coordinated with i: B ato::r.s and 

(z il A atoms in the L2o lattice where 'z = 8 is given by tne general 

term in the binomial_ expansion 

"' 

' 'z 
(pAa: + J?B~) 

~ · · · · z.r · · Cz-i r i 
= . L ( z _.; ·1~ P ~ ,.., . Pna: = 1 

i=O - ~ . ~-' "'"" .u 

(25) 



..... .. i, 

' I -.LL;.-

Thus, employing the same techniQue as that described in the corr.r,q.nion 

paper, 1·re obtain the :following ec:~ili·orium vaca.'1cy concer.-::.ra-::.io::-1 0:1 the 

t1'o types of sites: 

"' • •t,.")i s 
niS (z-i) ---'z! i kT 
~= 

(z-i)li! PA PBo. e 
ne ,nCJ. 

(26a) 

g;_, 
J.U. n. z! (z-i) i k;T lCJ. --= 

(.z-i) I i! PAS PBS e 
n a 

(26b) 

It is significant that these eQuations reduce to those previously 

suggested by Dorn and Mitchell
2 

for a random allo;Y. '\f'nen expressed. 

in terms of the degree of order, Eqs. ( 26a) and (?6·o) become 

where· 

n. la --= 
n a 

z!. (l+n-26)z-i(l-1')+2S)i' e 
(z-i) 1i!2Z 

z! z-~ · ·. i 
(z-i)!il 2z (1-n-28) •(l+n+28) e 

giS 
kT (27a) 

(27"o) 

~. 
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D. Modified Vacc:.ncy-El1ergy Model 

Th V · · .,..., M " 1 ' · .,., (_2o,..a) an· a·. r :·o'~-.) , e acancy-~nergy v~ae , as expressea 1n ~qs. . .~ -

cannot be compared directly with the previously d.:.·vc}_()j_)Cd Smeccl'L:d-

gia and giS are not known. To p:r-oYide a b.:;.si:s for compa:dson, the 

values of the gi s will bE; e::t:L:-:-,at<?.d by a crude "oond-e::..cr.;;r ap:proximat:i.on. 

For each A or B atom displaced to the surface to make a vacancy: ti1e 

bond energy changes are 

and 

respectively. Thus following Eq_. (25), the total number of V:J.c::.nt 

B sites which are coordinated with i f~ atoms and ( z-i) A atoms can b.::: 

visualized as the result of displacing an A atom (or a B atom) to the: 

su.::-face from fhe !3 lattice sites a:::-.d is simp~y giver. by 

z! z-i 
( z-i) l i! p Aa . 

+ u e .· ~ :33 

. I 
J.i 

P ''"' e Be; i.I;'AB 
\ 

2kT 

(29~t) 



' I' - .... o-
. ;1. 

and similarly for the vacant a sites 

n. (A)+n. (B} 
~ C4 1. C4 

' 
z! z-{_ i 

nc:L nc:L = (~-i) If! PAS P3B 

0·,.r;; I 
,c_A,j.. 

( z-i) c .. ·- .'. >: _ .. 
·-,.---..:.. ------

Thus the probabilities of vacancies on p a..-·1d i< sites a~e given by 

Pvt3 = 

and 

z n. 
I l-CL 

Pvc:L = --= PAo. n i=O C4 

t.! .. JY... 
1 2kT 
!pA e + PBa e 
\ C4 

t:' ' .h:J. .... 

f 2kT 
/PAS e + PBS e 
I 

£.~\B 
--\z 2kT 

. } 

t:AB 
--·z 
2kT \ 

i 

! 

ifuen __ n -. 0, as is required, Eqs. (30) reduce to Pvp. = Pvs 
~..-

... 

(29b) 

(30a) 

(30b) 

• 
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III. VACAJ.V.CY MODELS FOR T;:{E Ll2 LATTICE 

.\ 
n.. · Smeared-Displo.ce;r.ent l~odel 

The basic assumptions for this model coincide exactly wit:: -c.io:>e 

that vere previously used when the sa.11e model was a:pplieci -co t:-.e:: L2 o 

lattice. However, because of the d.ifferer..ce in lut·::-i~e c,yp..::, ar.d ti1e 

occu~ance of a first order transfo:::·mati'on :.n th·e Ll2 lat..ti"cc in 1ie1l 

of the second order tra:::sformatio:. obtained in ·che L2o late; ice, ".:;l1c :t'ir;;:l 

results on vacancy d~stributions are interestinGlY C.ifferent. Th,c: ,;iYcl·o;:>y 

to be introduced in the f~ee enerBY expression o~ Eq. (9} is -;:;he s~2e, 

na.'rlely that given by Eq. (61, for both types of lattice;:;. In c•x>".:l·a~:;".:; 

the energy that must be· used in the free energy expressio:1 for t:-;e LJ. 2 

lattice is given by Eq. (8) in lieu of Eq. (7) ,.,;:-;:irr. is appropriate 

only for the L2o lattice. Furthe:.c:n.ore the co:1C.itions given 'cy :::c:s. (:'...Go.) 

&..:'ld (lOb) apply also to' the Ll2 lattice. tc.:t the cor.ciitio:-1 for the 

conservation of lattice sites, :Sc;... ( lC) v.r:::e~e ~.j = 3/4 and N ,_, = 1/i.t, 
a: p 

becomes 

(lOc) 

as that used previously in Section IIA. for r:lini:r.izing tl:e free c·;,e;:·,zy 

we obtain three important relationships: 



... 0 
-J.v-

and 

rlys 16 {( 1 , ( · ? ) 
in--= ( ) 2 n n 0 + -3 nA nA ;r:.AA+ nA nEn+:1" nA,.+ -3- nA n..., c,..., .n

8 
kT na+n~ Ao. A., a a· a 1-7> .0a iJ a: ..:.e~ A.D 

+ (nB n_o+ ~ nB nE )r:.~n} - _8l ln .a .o., ..) a: o. .D' . 

n,, n~·:,,... 
.'.rY. lA~ -----

+, m( 6 ) {(13 nA -nAo)(r:.AA+r:.,B)+(~ n., -nB_,)(r:.AB+c::...,~)} (33) 
""l no. +n

13 
o. ., A .:$ .oa .:> .D.D 

Introducing Eq_s. (5) where N 
0. 

3 '. ' 
== 4 and N

6 
= 

Q,n (3-4o+n)(l+4o+3n) 
(3-4o-3n}(l+4c-nl 

1 . ,.., 4 J..n'to .t.q_. (30) gives 

wnich is identical with the usual Bragg-\•lilliarns -1 resuJ. .. s in the 

o'f' vacancies. 

Upon intr6duction of Eqs. 
,_ 

) ~: .... d. N 3 !'J· 
]_ 

t!'"'.e equiliOri ~;~ \) = 4• = r· a s 

.. 



I~ 
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vacancy- concentrat",,-:;~~s on the two sublattices are respectively 

(35) 

. ) 2 3 (3+86-2n -(n-46) 
8 ~n (3+86+6n)-(3n+46)2 (36) 

B. Simple Displacement i<odel 

The alloy- is· assumed to have ti'le eQ.·u.i.lioriu.r:~ d.egree of orCie::: 

and then vacancies are formed by- removi:lg a. torr.~ A or B from " or S sites 

in the bul~ of the crystal and replac::.r:; ;;;-..;..::h atoms or. the .:;·<Arfllc.::-. 

On this basis the change in the.energy- of the crystal for the Ll2 

lr.ttice is 

,. 
12· I 2 

{n 1(-p + 
VAo.) 3 ·· Ao. 2 

'-

( ., .. :.. ' j 

· . 

.... ,. \• ~'. 
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Correspondingly the change in co:digurational c;-,tropy due to rr~:~d.o;;·, 

:nixing of vacancies sites with 

Eq. (20). Tims upon minimizing the fN:t: energy we ott::cin 

1lyBo: 
n 

0: 

= 

The val·c.es of p and n can then be deduced from the above by utili zir,g Vo: · ~>'Vf3 

Eq_s. ( 22). 

C. Vacancy-Energy Model 

For the Ll2 lattice the :probability thai: an ato:n 01: a B sit~ is 

coordinated with i B ·atoms and ( z - i) A atoms is simply Gl ve:.-:1 ·cy t,c,e 

general term of the 1:>inomial ex;):J.n:.;ion • 



.. 

-?.l-

r zl z-1 
= L ( z· : I • ~ I P.,'.rv -J.. ) ; .)..... • -iv. 

= 1 ( .--..)-- \ 
l.. ) 

Applying the prc;;vicu.,-:;ly J.e:~.c~·:·:.:,,;(i :net:10ds of analysis for evalun.t::.n;; -.:.he 

equilibrium nu..'iibers of vacancies ~f the i th kind on ti1e s sites c;:i. ve~ 

On the other hand the prob&.bil:Lt~,. the.t an atom on an ".( site is coo:<~ino:c.ed 

with i B ato:.1s and (z-i) A atoms is .:;:i:ven by the .:;en~ral term. of "c}·,,,~ 

binomial expansion 

t z! (2 +.1 )Z-i(2 +1. )i 1 ( 39 ) 
=l..(z-i)li! 3PAa. 3PABJ 3PBa. 3PE6 -

Fonnulatinc and min:L-nizi.ng the free energy o-:i: formation of vaco.ncie::;, 

as done before) gives 

. Significantly Eqs. (26~) and. ' ' f"' ) \ it\) 

l \i P . e ') PO J 
..; ~j..) 

l' .. .-. ( l; Q) 

rcduc~ to the Darn-Mitchell 

··~· '.'· 
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relationship when the alloy is disord.ere0.. ':'he values of Pvo< and Pv 0 
I 

can be obtained by applying the surrJJ:,ati o:1s of F.:qs. ( 28) . 

For the Ll2 lattice the average er •. ~-~-s~r, "E, of a bond is e;i ven by 

':) 

Introducing Eqs. (5)rwhere xa = ~ ~nc 

£, \ole obtain 

1 

= ~and the 
4.1 

( L; l ) 

ordering energy, 

? n-c: 
+ -4-

Thus , the. free energies of formation of the i th kind of vacancies can 

be represented by Eqs. ( 24a) and. ( 24'b) respectively for a and B sites. 

D. Modified Vacancy-Ene~gy Model 

Whereaz the tot_al ,number of vacant B sites is iG.entical >·Ti th 

Eq. (29a) where z is now equal to :L2, -t;;~""c. of vacant o: sites can ·oe 

evaluated from Eq. (40). }~J.lowi:ng the same reason·in<3 given prcvj_o,~sl.y 

for ~he L2o lattice; 

n· ia --= 
n a 

n _(A} +n . ( B ) 
~ a ~ a 

n a 

( z .... i ) £ ,, 1, + i E: ;, ~:, 
,..... •, L 

( 
~PAa e 

2k'l' 

• 

... ... 



-23-

Thus the probability of vacancies on o. sites is simply c;iven by 

t.AA 

·.~ 

z .. n. 
l ~a = PAa 

i=O a 
{.(2 1-' '\ 2kT 

-3. P., +?o, ~; e + 
110: j~ }\ j) 

( 4l;) 

and the probability of vacancies on S sites is given by Eq .. (30c..). 

TV. DISCUSSION 

The S::::eared-Displace:ne:-.t l-:odels for the L2o and Llz lattice.:; 

are based on the same general a.ssu..·r-.ptions as those :r.-.ade b~r ICri vogla:,.~ 

3 
and Smirnov. In these models no detailed inspection is made of vucc..ncy 

environ.'nents. Rather 1 vacancies are ass\Jmed to exist in a smeared 

average environment dictated by the degree of order. Thus.each vacancy 

on .an a (or S) site is assumed to have the same average energy o:~ forr:-:o.t.ion 

regardless of _the numbers and kinds or~ atoms' with which it is coo::.·din:.::.t(;d. 

In the sa.'1le sense, the configurational entropy is also"some smeared 

value. 

A0 more rigorous and direct analytical approach was adopted here 

than that used by Krivoglaz and Smirnov, introducing a less amb:icuous 

•• 
definition of urder in the presence of vacancies and greater clarity 

; 

in the introduction· _of approximations. Nevertheless, despite diffcr~nces 

in analytical approaches, the present results agree wi·th those pr.:::vi:ou:>ly .. 
given by Krivoglaz and Smirnov. The Q.egree of order is esser,tio.l!.y 
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unmodified by the vacancy concentri:.tion. In the disordered. stu.te 

Pvc/Pvs = 1, as it should be, but '.vben uJ.J.oy is ordered Pvc/Pvc 

deviates from unity. 

simi.l.a."r to th ..... . t . b G . . .., 1 4 . · a~ sugges ea y -lrlLa co wno, however, limited his 

discussion only to the L2a. lattice type. It assw;;es th::-.. t the de[;1·ec cf 

order is established in the absence of vacancies ar,C:. t,;;e vacanci.cs <::.re 

then produced by displacing atoms (either A or B) from si tcs ( ei ti·,er 

a or B). in the bulk of the crystal to ones on the surface. It is 

:::~urther ass'Ll.med (a) that neither the avera.gc all-over occupa.ncy of ti·.e 

various a and S sites by A 8.nd B atoms nor (b) the local arrangc:-r.cnts or' 

A and B atoms now coordinated with a vacancy changes as a result of 

atom displacement to the surface. Asslli~ption (a) follows since the 

nlli-nber of vacancies are very small relative to the n1.11r.ber of atoms 

:p:.·e:se~1t and was further confirmed by the analysj.s for the Smeared-

Displacemer:.t Model. The possible validity of assumption (b) was 

discussed in 1:.he companion paper "I. Short-Bange Ordered arJC. Clusten::cl 

.Alloys". It is significant that the Smeared-Displacerr.ent MoC.el is free 

from the taint of this assi.unption. Thus, the good agreement bct\.reer, 

· preciictions based on the Smeared-Displacement l"t.odel and tbc Simple-

Displacement uphold at least t}).e rl(Jli'linal validity of assurnption (b). 
..-

As a consequence of the greater detail that was introduced, a 

more accurate configurational entropy could be erect,~d for the Sim])lc- .. 
• 

Displacement than 'that whicn was used in the Sr:1~ared-Displact:::ne::t :-ivde: .. 

Furthermore all vacancies on a (or S) sites were not n.sc:r:."oc6., o.:o in 



'"" 
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the Smeared-Displacement Model, the sa.."tle ave:t;:..t;e e;1ergy but were assi;s::.::J 

values which depended on whether the vacancy was produced by displacer.:~:1t 

slightly more accurate and provi<ics somevhat greo.ter O.etuil than tl1e 

Smeared-Displaceme~t Monel. 

The Sir:rple-Displaceme~t Model also gives r'vo.h)vs = l for the (ij_;::;o;:ci.e:ced 

C!ase. Accordi~r; to the ahalvsis nresented here.such ... ..... ~ 
eq-...~ali ty 

conce:~tration on the two sub1attices in the ordered, L2o alloy occurs only 

the stoichiometric concentration (c = 0) for the cases wnRr~ c .A.r\ -

t:
3

B. ':"!·ds deduction which is also valid for the Smeared-Displacer::cnt ar.d 

Modified Vacancy-Energy Models is in sharp contrast to that maac by 

Girifalco who reached the conclusion that the concentration of vc..ca:1c:i.es 

on the two types of sites in the L2o lattice was always the sa.T.e i:1 the 

stoichiometric alloy regardless of the degree of order. The discrc:;-)ancy 

·oetween the present results and those obtair.ed by Girifalco stems :from 

the more careful and detailed accounting employed in the present c~~;e. 

The fact that ~he Smeared-,Displacement~ Simple-Displacement and Modified 

Vacancy-Energy :-1odels, each of which diffe:::- substantially relative to 

tte de-c ails that can be extracted from them, gi v"e about the sa;;,e:· c..ve:::-::,:_;c 

values for Pva. and pVt3, as will be shown later, is excellent con:.~i1·;::a".:.io:1 

that the Simple-Displacement Model presented here is reasonably reliable. 

The Vacancy-E'(lergy Model is .the most detailed and physically 

acceptable of all of tl1e four models erected here. It i.s basc-1 ~,:-; ti~,; 

::r:·eviously di·scus"sed assumption tha'.:. r.e:i.ttcr the average occupan.::y cf 

sites. nor the local configuration of atoms are sic;nifi:cantly mo.ii Cir::d 
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\·rhen vacancies are introduced. The :-.o.i ve boqd~ener.sy method of .:::st imCLtinc; 

th0 cnerey to form a vacancy 1s ab~ndoned in favor of the Jdore realistic ~· 

concept that the energy of a vacancy de~en~s primarily on its i~nediate 

' . .ras coupled with an equally satisfactory estimate of the entro1;y for .. 
>:lixir.g the various types of vacancies on lattice sites. Conserll:ently 

the formalism of the model appears to be good. Fl4rthermore, fen· ti1e 

disordered alloy, the relationships reduce to those previously estab-

lished by Dorn and Mitchell for ::..~andom binary alloys when based on a mon~ 

detailed analysis. 

Unfortunately it is not easy to compare deductions based on the 

Vacancy-Energy Model with those of the Smeared-Displacement and Sim,l)le-, 

Displacement Models. This arises from the fact that the 3(z + l) 

value:.; of gia and' gi·(3 must yet be deduced ·froni appropriately designed 

experiments. Although other often very important factors intrude, at 

least in part, the values of the gi.a and gi S are expected to reSl_)Ond in 

somewhat the sa;ne weys as those deduced from the bond-energy method o:· 

estimating the energy to produce a vacancy. 

The Hodified Vacancy-Energy l-1odel is based on the same c..ssum_t)tions 

as tho~e used in the Vacancy-Energy Model. It differs from the Vc..c 3nc~-

Energy Model only insofar as the values of g,,., and 13. ~ are estim[.ted. in 
......... J. p 

terms of the bor,O.-energy• approximation for the e~ergY of for~~tio~ ,.. -· UJ. 

a vacancy. It can, therefore, be comp~red with the S:ne:a.:::-ed'-Disl:.lu.ce:::-.cnt 

ar.d. S~;::~le-Displacement Models. Such comparisons a::.·e be~;t mr .... de l4sir:0 

specific examples. 

. ., 

._,·· 
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= -1.9/N" kcal 
.. 0 

e: . ·= e: · . = -20.4/N · kcal 
BB .t• CuCu .o 

,,·here N is Avogadrors number,were estimated from the latent heats of 
0 

sublima~.ion of the pure· metals. The value of 

cAB= E: = -14.5/N kcal · · ZnCu o 

was obtained from the known ordering tetJtperature Teo for the stoichiometric 

alloy Co= 0) by means of Eq. (16). Th~ .calculated values of tn Pva 

and R.n Pve for the seve.ral models are given as a function of TC
0

/T 

in Figs. 1, 2 and ,3 •. All models predic~ about the same generp.l trends. 

! 
Above the ·o.rdering temperature the sublattices are indistinguishable. 

Tnerefore, the concentrat~ons of vacancies on a and 6 sites are the same. 
. ·. . , 

Below the critical temperature, ho•rever_;_ a dicnotomy occurs with more 
.. 

vacancies on t3 sites and less on ci sites. This disparity of the cor.c.en-' 

trations of vacancies on the two sublattices is enhanced by an increase 

in the degree o·f order .. ' Futhermore, the' extent of disparity seems to· 

become less when more detailed. accounting of atonic arrangements about 

vacancies is taken into consideration. 

Also shown in Figs·~ 1 and ? are the effects of deviations from 

stoichiometry. It is s~en that small det;.iations from the stoichio::.et1·ic 
I 

<::omposition have a mine~. effect but do not significu.ntly chan.se the 
'.· 1 

. . ~. 

. .. ... ·. :~ ·: .. 
~ .. '' . : ... ~ ·. :: ·>.: .. ·.-~-·;( .·' 
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general trends. 

Although the Nodified Vacancy-Energ-y Model, as shown in l"ic;. 3, 

gives about the. sa:ne trends for th~ vacancy concentrations, the detn.iled 

ncco\.;n·~ing procedure introduced . into this rr.odel permits the extraction 

of more information regarding the types and distributions of vacancies 
\ 

present than is possible in either the' Smeared-Displacement or Simple-

Displacement Models. Fig. 4 gives the distributions of the ratio of the 

equilibrium number of vacancies of the. i th type to that of the same 

alloy when it is inthe disordered state as a function of 'I' /T for co . 
the stoichiometric composition. The distribution of the various 

vacancy concentrations at a given temperature is shown in Fig. 5. It 

is seen that the most populous type of vacancies changes as the temperature 

or degree of order varies. Furthermore, iy is also strongly affected by 

the values of bond energies as shown in Fig. 6 for the case cAA = cDD' 

The comparisons of the results for the Ll2 lattice will be based 

on the alloy Cu3Au. As mentioned previously, at the critical temperature 

the alloys with Ll2 type of lattice undergo a first order phase trunGform-

ation in lieu of second order transition for the L2o lattice. The 

first order phase transition is featured by the existence of two 

minima in the curves of free energies, .F, versus decree of order, r1 , 

plotting. The first minimum corre~ponds to a zero degree of order and the 

second minimuiil corresponds to a nonzero value of 'i· This phase transition 

of the first order can be realized only.when the two free ener.zy minima 

are at the s&~e level. ~herefore, the degree of long-range order at the 

transition, f!c.l and the relationship oetween the critical tempero.ture,.· 

. .. 

1-• 
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TCo' and the ordering .. energy, £, can be found by solving simultaneously 

Eq. ( 34) · and 

F(O) ;: F(nc· ). 
o. 

A nu."nerical solu·t fo n of the above simultaneous equations gives 

( 4 5) . 

(46) 

These are identical wi'th the results given by Krivogla.z and Smirnov. 

For.the convenience of comparisons among the described models the 

bond energies 

= -

= £AuAu =-

13.60. kcal 
N 

0 

15.10.kcal 
N 

0 

•' 

where N is Avogadro's number, were esti~a.ted from the heats of sublimation 
0 

of the pure meta,ls. By means of Eq. (46:) and ~he known critical tempe:r-ature 

for the alloy of stoichiometric composi t.ion ( o = 0) ~he value of 

£ .= £ AB··· · CuAu = -

.· /·' 

15 .15 :kca.l 
No· .. 

is also assumed. The calculated values of in Pva and in Pys are shown 

in ·Fig. 7. Above the o,rdering temperatui,"e, again the two sublatticcs 

.are indistipguishable, therefore the probabilities on a and 13 sites are 

the same. Below the ctiti.cal temperature_, the familiar dichotomy occurs in 

o.ll three models ·out differs in extent. At the cdti.cal temperature, a 

' ~· .; .,;._ : •. '_.·, ., . ~ 
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step change occurs in the probabilities. This is the characteristics 

of the first order phase transformation. 

Figure 8 shows the effect of ordering on the distribution of the 

various vacancy concentrations on a and B sites. Also plotted in 

this figure is the degree of long-range order as a function of TC
0

/T. 

The section cd of this curve corresponds to the equilibrium values of 

the degree of long-range·order while sections be and ab correspond to 

the metastable state and nonexisting state respectively. The population 

distributions of the varicus types of vacancies are sho~1 in Fig. 9 .. 

Although the general. trends given in the figures based on the 

Smeared-Displacement, Simple-Displacement and Modified Vacancy-Energy 

Models might be expected, the detailedresults based on these models 

are not to be taken too literally. Obvi~usly the methods of estimating 

vacancy formation energi;.s from a bond energy model is extremely crude 

and inexact. Furthermore, on this basis the energy to produc0 a vacancy 

coordinated with (z - i) A atoms and i B atoms differs depending on 

whether an A atom or a B' atom was removed. In contrast the physically 

more acceptable vacancy-energy concept suggests that the energy, g~, to 
.I. 

produce a vacancy .shbuld depend principally on its immediate environ.-nent. 

It is not clear whether this apparent dichotomy of concept is resolvable. 

Unfortunately no satisfactory theoretical method of. estimating the 
; 

values of the g. s is now available and -therefore the nominal correctr.c::;s 
1 . . . 

.,..-

of the Vacancy-Energy Model is dependent on future experimental verification. F 

··.:1 ,·. 

··.-.,·: ' 
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FIGURE CAPTIONS 

Figure 1. Probabilities of vacancies on a and B sites in the L2o alloy 

according to the Smear~d-J:Hsplacement Model. 

Figure 2. Probabilities of vacancies on a and B sites in the L2o alloy 

· according to the Simple-Displacement Model. 

Figure 3. Probabilities of vacancies on a and B sites in the stoichiometric, 

L2o alloy according to the,',Modified Vacancy-Energy Model. 

Figure 4 .. Effect of ordering on the distribution of the various vacancy 

.concentrations on a and B sites in the stoichiometric, L2o 

alloy. 

Figure-5. Distribution of the various vacancy concentrations on 

a and 13 sites in the stoichiometric, L2o alloy where N
0

e: AA = 

-7.9 kcal, N0~BB = -20.4 kcal, and N
0

e:AB = -14.50 kcal. 
. i 

Figure 6. Distr.ibution of the variou-s vacancy concentrations on 
" ' 

' a and B sites in the ·stoichiometric, L2o alloy where N
0

e:AA = 

= N e:BB = :..;14.15 kcal, and~-N cAB' = -14.50 kcal. 
0 - . . 0 -

Figure 'J. - Probabilities- of· vacancies: on a, and B sites- in the stoichiometric, 

112 alloy. 

Figure 8. Effect of ordering on the distribution of the various vacancy 

concentrations on a and B sites in the stoichiometric, 112 

alloy. · 

Figure 9. Distribution of the various Vacancy concentrations on 

a and. B sites in the 'stoichiometric,Ll2 alloy. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately'-owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission'' includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of_ the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






