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ABSTRACT

Four models (Smeared-Displacement, Simple-Displacemept, Modified
Vacancy-Energy and'Vacancj-Energy Models) for estimating the effects
of long-range ordefing on the equilibriuﬁ concentration of vacancies
in binary alloys are déécribed._'The models differ first with respect

v o
vacancy environments are inspected and

. secondly with reference to methods of eétiﬁating vacancy energies.

. o , | .
Whereas the Smeared-Displacement, Simple-Displacement and Modified

Vacanqy—Enérgy Models approximate the érergy to form a vacancy with

- the change:in bond enérgy when a vacancy is produced by displacing

an_atom from the bulk of the crystal to the surface, the more detailed:

| : .
and more accurate Vacancy-Energy Model assumes that the free energy

to form a vacancy depends principally on the atoms with which it

is coordinated. A11 four models suggest'that, in general, the con-

‘ A ) . .
centration of vacancies differ on the different types of lattice

sites when. the alloy iéyordered.
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~l-

I.. INTRODUCTION

This is a companién paper to ""Vacancy Models for Concentrated
Alloys. I. Short-Range Ordered and Clustered Alloys". Here we
.shall discuss.the statistical thermodynamics'of the equilidbrium con-
centrétion‘of vacancies ‘in long-range ordered alléys'employing, as
a basig for discﬁssion, four models that are similar to thOSe pre-
viously used for short-range ordered alloys. To provide a comﬁon
basis for comparison, each of these models will be erected in terms
of the'Bragg—Williams‘theory of loné—range ordering? The naiﬁe nearéstf'
neighbor bond-energy approgch,inherent to the Bragg—Williams and
varidus other ordering theories will be assumed. In the Smeared-
Dispiacemént, Simple;Displacement and Modified Vacancy-Enefgy Models,
‘vacancy energieg will be.approximated by -the change in bond energy
»when a vacancy is produced by displaéing:an atom from the bulk to
an equivalent site on the surface of a crystal. Each of the above
mentioned modéis differ,.howéver, with respeét to the details of
vacancy environment fhat are incorporated into thé analysis. 'The
Vaéancy-Energy Model, in contrast, provides a detailed description
of vacancy environments, and assumes the more physically realistic
concept that-therenergyito form a vacancy depends principally on
its immediate environment. |

In the models‘which follow we wili consider ialioys'having
various degrees df'long—fange ordér; The crystal will be taken to

have two types of lattice sites, o and-8, occﬁpied by two atomic
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species, A and B, plus vacancies, v. The following terminology .

will be adopted:

: ‘ ) "
nj = number of jth sites where j = a or B, : ‘ A
n, = number of species vhere k = A or B (atoms) or v (vacancies).
nkJ = number of kth species on‘jUh sites.
nvkj = number of vacanciles produced on jta sites by removal
of kth atomic species.
Py = 2%1-= probability that jth type of site is oc¢cupied by
J -
fkth"species. )
. . th . .
Nk = gtomic fraction of k ~ atomic species.
| Nj = fraction of sites that are of type J.°
! o
! = N. - N. = N = iati ichi .
$ N, Né N, -N, = deviation froy stoichiometry
The following relations result from the conservation of atomic
species and thevconservation.of lattice sites:
n, =n, +n a 1 : v
AT CAac YA N | (1a)
np = ng +ngg | | (1v)
N n, .+ n +n ‘ :
na/ng = ﬁ& - nAa nBa - nva - . (1c)
B ABT BB "B :
Furthermore the degree of order, n, will be defined by
‘ . : ‘ -
on = Ao " "Ba . 7B ” "as : |
) ' T o+
) Na(nA-i- nB) IvB(nA nB) | o (14) p

which coincides with the usual Bragg-Williams definition of order.
It has the virtue over other possible definitions of n insofar as

the degree of order is defined only in'terms of the relative occupancy




of sites by the atoms independent of vacancy concentrations. Simultancous

solution of Egs. (1) gives

N _ _ - NanVB_NBnVa

. . _ _ n,, = NanA -1-_--——---—-——-—-—-2 -+ NdNB(nA-!-nB)n (23_..)
. N ny -N_n, . . . :
‘ = _ V8 B Ve ’ _ o
fag = Nga 2 _ K Nglny+ng)n (2v)
N ny N
. a VB R Va - )
"84 —'NdnB * 2 NaNB(nA+nB)n (2C),
N n,-N L , ' :
_ o Vi BnVa o
npg = Ngnp = =5 ¥ NaNB(nA+nB)n ] (2a)
Furthermore a
- _ TAa _ 1 o Vg™ 8™a , o
Praa =0 “Tamyimg+ 2N + Ng(ny+ngin} (3a)
B A N _ [
n . o N n, N x
Mg 1 N N
Pag = o = (o) A" 2N - Ny (ngrmgind (30)
B8 8 B8
n : N ;N ' B
- _ _Ba o) o Ve gMVa , v ;
Ppa ® T T Ta+n.) {nB * 2N ' -'NB(nA+nB)n} (3e)
n .- X -N ¥ :
o . _Pgg 2 | o™ ga L
" - Ppg T ng ~ (n tng) {ng - 2Ny - * Ny (nyenglnd (3a)

where



LI

.-h—

‘nd + nB =n, *+ nB.+_nVu * nys | (L)
When the concentration of vacancies .is negligidbly small relative to v
n, and to g Egs. (3) reduce to
n
Dy, = —gﬁ-z Ny = 8+ Ngn (5a)
o .
o v
_ _AB : 4 .
Ppg = ng =N, - 6= Ny ‘ ‘ (50)
. n o
P = 5o = Ng + 6 - Kgn (5¢)
T a : - '
n .
: “BR . : ; .
= = + & + N!
Ppg- ng NB §»'vNan ‘ . - (5a)
Assuming that the'various species are randomly mixed in Q ways on
two types of la@tiée sites‘gives_the same configurational entrbpy of
o : n ! ng!
§ = kenQ = kn e ¢ —— (&)
© Paa'PBatva' PastUBsTvs
for all typés of lattices.  In contrast, however, the configurational , .
‘ . el
energies differ dependént on the lattice type. Ve propcse to study -

both the L2y and the Ll lattices here. Whereas the former undertekes a
.second order phase transformation on ordering, the latter undergoes w

first order phase transformation. ' -



For‘a randbm arrangemént of atoms the L2y lattice exhibits b.c.c.
‘symmetry. When the alloy becomes ordered, A‘atoms prefer tO’reside op
va 51tes at (0, O ,0) and B atoms on equivalent B sites at (1/2, 1/2, 1/2).
Each a (or B) site is.coordinated with 8 B (or 8 a) sites. Furtherhore

¥ =N, =1/2. Therefore in terms of the simple bond energy model the

w “a 3

- total ehergy of the dfystél.of the L2g lattice is given by

E = Z{QA

3
— +n —-—
o nB AA Ao nB AB
' n, . - n

AB : BR
* g, Tho €apt UBe Th. S3B

8 8
. A or, since for this lattice n, = g and z = 8,

E = natfn {“ AB ean * PagPpatan * nBanAB AB ¥ Ppopgtep’ (7)

Whéh they'are ra;dém: alloys crystallizing'iﬁ the Lij superlattice
have f.c.c. symmetrj;:fBased on the f.c.c. unit céil the& have phree
o sites at (0, 1/2, 1/2), (1/2, O, 1/2) and (1/2,11/2, 0) plus one B'
éite:at (0, 0,;0)'. Consequéntly 2 = 1? and Na = 3/4, NB = 1/4 for this
lattice. Whereas éach 8 site'is coordinéted with.z =‘l2 neighboring o
sites, eaéh a sites ié §§ordinated with.za = 8,ﬁ¢ighboring a'sitesvgnd
z, = h nelghborlng B sites. Completé ordering is obtainéd for the

B8

st01ch10wbtrlc comp051t¢on COTiGSDOﬂQLng to A3B when all of the A atoms

&

reside on a sites and ‘all of the B auoms on B 51tes. In terms of the

51mple bond model the energy of the le 1att1ce 1s ‘given by



= ‘ + = a2
E Z{nAs n, “an T Pag na‘eAB T fgg n_ €AB
n._ . n_ n_.
Bo © Ao : Ba
38 no 8Bl *F Py Tho €an tPac Tno EAB
o - a a
n n .
Ao “"Ba
* nBa n €AB * nBu na_EBB}

where the first bracketed term refers to all bong between a and 8

sites and the second term refers to bonds between o and adjacent o

sites. Since z = 12 and n, = N (n + nB), E for the Llp lattice reduces
to. ,
. E =-n {n Ppgt Ppe t 3 nAanAaJCAA
ot g : -
C . 20
ST [ AB Ba * "B8%a 3 "ha BaJSAB
e 1 ; o .
+ [n_n_ + =n_n_ Je_ .} : (8)

T28%Ba © 3 "Ba™Ba’ BB

i

II. Vacancy Models for ﬁhe L2d Latticéi
_ A, Smeared—Dlsplacement Model |
In this model the vacancies are éssumea te re51dg in a bne¢red
environment averaged over the entire 1attlce. The:free energy is given
by

-

. re=p-ms ()



'éppropriate‘to the L2b;lattice of N, =N

-

-y

~where E is given by Eg. (T) and S by Eq. (6), which in conjunction with.

™

Eq. (4) are expressed in terms of the six unknowns n,_ The variance
. R

5"

of the six values of'nkj, however, are constrained by the conditions

expressed in Egs. (la), (1b) and (1c) and therefore, in terms of the .

. Lagrangian multiplier technique they reduce to

it
o

TR P T (10a)
AB (nB + Dpg - nB) = 0 (lQb)
Rap (Mg * gy ¥ hyg = Bygtm Mg = yg) = O o (30e)

where the As are Ldgrangian multipliefs and vhere the condition

{hés‘bgen introduced into the

8

- last equation. Each of the six 'unknowna'nk‘j can now be taken as independently -

variable{; The condition for equilibrium, obtéined by minimizing the

final free energy equation (Eq. (9)'plﬁs Egs. (10)), gives

Gan _ X

°F | 3ia0 -
| = kT T - U W)

My My eRTT AT myg g 0B A

B il -k WLV —e b Rl ~sk WA SR CEY

Ba Ba - _ 3B p‘BB
o : D
E ey S8 B g 2
aY ¢ 9y - Tvg - Ofyg o @ .




Introducing the values for I and Q and eliminating the A's we arrive at

the three important relalionships:

'_'nAanBB % ' _ : :
In g kT(n n ) Ung,=pglesy (,nAa+“Bs'“AB'nBa)SAB’L(“BB’“B Jegp} 2)
Oy 16 : 1 AaPBa
In —o = CHERTWEN Aoy Pageant(n Aa B,$+nBonnA8)eAB Ba pefes! YT T oo
a . AR 'BB
; - 4 A{(n, -n, . )(e, +¢ )i+ (n ~ng (b i ' <l3)
.kT(na+n65 -}Aa AB" TAA TAB Ba AB" “BB |
and
i R Pyg  ﬂ‘ 1 16 ‘“  ' - 1 N4 oM Ra
i = n = kT(n )z {nA nAB AA <nAanBB+nBanAB) AB+nBanB8 U
: s "3 | * "ag"Bs
| P {(n, -n,.)(e, +e ) + (n. -n__)e _+e_ )} E (14)
RT(n_+ng) Ao TmaB’ Caa"aB Ba B3’ ‘€aB BB’ |
1

Eq.'(l2) is identical with the original Bragg-Williams relationship;

Introducing Eqs. (5) gives

¥

2 €., — €

(l+n+25>(l+ﬂ—25) _8_"]_ {2 ¢ - i
] €aB T fan T fmpl

{1- n—25)(1-n+25)
We can examine Eq. (15) in the limit n >0 by expanding the L.H.S. as
a power series.in n..- The limit as n f°o correspbnds to T ~» T¢> wheré,TC-~

is the critical temperature for long range ordering, whence we find that




N
-9
h - 8 | . 3 ]6 -
= = € =€, ~E_ .} = = === g’ 16
1-L52 o (2 epmeanong! KT (28)
. ¢ c
nship giving the ordering

This. is the familiar Bragg-Williams relatio

energy in terms of the critical temperature.

Egs. (13) and (14) give the concentrations of vacancies én 1
sublattices? ‘Intrddu¢ing the approxiﬁation of Egs. (5) we have
2? Pyq ;= ‘ﬁ,‘ {[(1~26)2 -ntle,, v 2f1wn2-ketle, o+ “1"“26)‘2"“2]?‘1333}
¥ 11:“5812232 # B legmeyy) (1)
2% Pyg = E%{[(\l-g.s)tna]e“ + 2[1““”2;1*62)'343 + [(1+28)2-n?e )
(18)

B.. SimplefDisplacemént Model o
The alloy is assumed to'havé the eguilibrium degree ;f oraer, n,
in thé'ébsénce of facénqies. .Vacancies.are'fofmed vy remé#ing particular
‘ ités‘(a or B) ins

kinds of atoms. (A or B) from particular types of s

~
7

the crystal and replacing them on the surface at the same type of sit
" from wnich they were removed. The change In internal energy on producing.

',o.
each vacancy is defined in terms of the bond~energy approximation as

o

the difference in enerzy between the . Dbonds broken by removing that



[T

¥
&

atom ffoﬁ théibulk of the crystal and fhg z2/2 bdnds‘reformed.on the average
when the atom ié placed on the surface;i It is assumed that the number

and coﬁfiguréﬁion of A and B aﬁbmsjabout the wacancy remains the same

as iﬁ-was before the atom Qéé removed.a Therefore the energy required

to fofm & vacancy on.gn a-site depénds bn_whether thet site Wés previously
oécupied by‘an A atom or & B atom. ancé thesg kinds of vacancies are
energétiéally»distinguishable, they ﬁust be treated as'indepéndent

B species bS%h in the energy and‘entropyjterms.

On this basis, ﬁhe-chanée in_interhal energy of the.crystal due

to the formation of vacancies for the L2 lattice is
A ;YO.Q'P»J (é‘.;. + P, L€ ) +7 (p € + P, € )
By = =2 Myga ' Pagfan- Ppean’ ¥ vma'Pasan * Psee

. . } . G
* g a(Paaean * pBaEAB)_+ "yes Paatas * PaafEp)’ (19)

- The configurational entropy change for the crystal due to random

mixing of the vacancies on the sites is

. ' DY | a1 o ' ;- 1
AS. = Xkin (nyo + mypedt (ngy +myp dt oy +myy 0t o(ogy + nyg )t
B ! 1 : | ! 1w 1 -
v Bpe' Mvae'  PBa’ Pvea'  Pag’ "vaz'  mg’ "vms'

and the free energy bf‘ﬁhis system is
F_‘(.‘nA,nV), F(n,0) + 47, (ny)

where F(n,0] is the free energy of the system for the given degrce of



B

-
11—
order, 0, and no vacancies, and where:
AFV(nV} = A::,V - TASV

At equilibrium therefore

~ 9F(nny) 4R {ny)

The equilibrium condition yields the four equations

)

L .
. . = (PageantPpatan’
Pype = n, s gﬁ_( e 4o e )'pAa
B - - 1 - T PpstAA"P3scAB
).', ( '1 )
Nygs o KT Dpp€aAR™Ppptan’
Pypy T n_ = Yy + : Ppy
l - e kT pr\ BE'AB PBBE\BB
, o Myg o KT <PAa§AA+PBa¢AB) -
'JQ_PVAB""‘nB_"_" o o e )?As
: S o KT PactAATPmaaB’
-E-(v €. _+0_ €o.)
o nVBB e kT “A0TAB “Ba. BB
Pvas T a7 T o P
' P, o KT Pac®apPaa’ss’

-~ The probabilities of finding vacancies on o and B sites respectively

 _are given by

(21)



'pVa = n n ‘n = PVAa * PVBa (22a)
o By o a
n n A ' .
_ VB _ TVAB | VB3 _ | : ’
Pvg = Ty T Thg * fy Pyag- " Pyps (220}

where the values of the b, . are ziven by Eqgs. (5) for the case where
. _ _ %3

N, = N, = 1/2 appropriate to the L2y lattice.

c. Vacancy~-Energy Model

For this model we éssume that the free energy of formation of a
vacancyLdepends principally on‘its immediate environment. As discussed
more thoroughly in the companion pépér."I; Short-Range Ordered and
Clustered Alléys", ﬁe-let 8 be‘the'free energy’of Tormation of a vaceancy
coordinated with i étoms of type B and .2 - 1 atoms of type A in'tne
.disordered allo&. Uﬁdoubfedly the freé energy of Tormation of each type
of vacancy changes somewhat during ordering. Gggmetric conslderations

alone suggest that such changes can be different for vacanciesz on each

o’
F_I
(o)
of
O

of the two different types of sites. t séems not too unreaiona
believe, however, that such changes in the energy -of formation o vacancies
mightibe related to the change in the avefage bond energy during ordering.

The average energy, £, of a bond is given by

+

k¢
™
'

€ = PnoPap®ia ¥ PaoPBs®AE T PraPagfar T Pra

for the L2 type of lattice. Upon introduction of Egs. (5) and the

ordering energy, €,



o
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e T (aee)?e v 2128 (128)e, o+ (1426)%e 1) ¢ BB (23)

Thus we suggest that, in analogy td a Taylor's series where only tie

Y

first two terms are retained, the free energies of formation of
ey

- —_— vacancies of the 1’  type can be represented by

g. =g, + gl n? : (2ha)

respectively'forva and B sites. ConseQuentlyAgia =85 % 85 for the

o3

random case and the values of.g{a and g!,
L . Eae)

account for possible changes

2 .
<oaurl

jo]
a3

in free energies of formation of vacancies per unit change in n

2y
et

rdering.

y

‘As deduced fromjthé Smeared-Displacement Model we assume here that
 the allfdvef'degree,qf long-range drder is nof.materially modified as
avrgsult‘of the intro&ﬁétion of a small fraction of vacancies. Furthermore;
as previously déscribéd iﬁ the companién paper, "I. Short-Range Ordercd
and Clustered Alloysﬁg we écknowledge’fhaﬁ the probébility vacancies
might chénge the locai ordering configu:atibn isjglso negligible.'

" The ’probability that a B site is coordinated with i B atoms and
.<z:; ii A atoms in thé_LQo lattice wheré'z = 8 is given by the genéral

“term in the binomial expansion

N

' ) . Zool
) o (,‘pA(ét_qi‘qu)':.‘ = Z
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Thus , employing the same technique as that described in the companion

paper, we ootain the following ecuilidrium vacancy concentration on the
two types ol sites: »
: L. a
iB
n. ' ) J——)
i . 2! (z-1) i kT e
B . 3, T e (26a)
ng (z-i)1i! *Ac Ba v
i &.
AL
n, . . - :
10 z! D (Z"l) p 1 e kT . (26.0)
n, (z=i)1i1 “AB B8

It is significant

suggested by Dorn

that these equations reduce to those previously

and Mitchell? for a random alloy. When expressed

in terms of the degree of order, Egs. (265) and (26b) become

i- S g

1ni8' Zil . | B Z—i: f - _ ;S
ng - (a-i)Tilez (1+n-28)" 7 (1-1+28)" e (272)
n " Temi)iaier (3mnm28)T T(1enr2d)” e (270)
[N A . . ‘
where’
'ﬁ's‘ =5 -—--niB 3 = Mo _ T B4 Rl
Pyg n, n, 204 Py, 5T T LTy (28)
S e 1T o § g
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D. Modified Vacancy-Energy Model

” ' G - . < P 7 o o~
The Vacancy-Energy Model,. as expressed in Egs. (26a) and (20b),
. . cannot be compared directly with the previously developed Smearcd-
Displacement and Simple-Displeacement Models  inasmuch as the values of
. 8s4 and 83 are not known. To provide a basis for comparison, the
. i . : , ;
values of the g;s will ve estimeted by a crude bond-encryy approximation.
For each A or B atom displaced to the surface to make a vacancy the
bond energy changes are
~{(z-1)e ., + ie, . }/2
« ) AA AB /
and :
~{{z-1)e, + ie .3/2 =
{(z-1) AB  TTBB / _
respectively. Thus following Eq. (25), the total number of vacant
8 sites which are coordinated with i £ atoms and (z-i) A atoms can be
‘visualized as the result of displacing an A atom (or a B atom) to the
surface from the B lattice sites and Is simply given by
- z-i)e,  +ie,
IR (VN ¢ R N e YNl
i _if iB ozl z-i 1, o 2KT
n n T eitit Pae Pra (Pag
"o 8 B . }
. .. “
F Dy, € ; (25a)
A v&_Bu . .




and similerly for the vacant

B Az-i)e, +ie
B & B o 9] N
N , 2K7T ! .
o Py © ] (29%)
Thus the probabilities of vacancies on B and s sites are given by
- By FaB ]
- iB _ ]. 2kT 2kT
pVB Z n, pAB "-pAa € T Py € }
i=0 3 R
AR B3
-2kT | - 2kxTi*
+ ’ . ! 3 e
pBB{pAa e + pBaqe' ; ‘(JO})
and i .
” n : €L‘LA _ b- . “aB -
0 =. Z ) _i-g__ - p v ,"p e kT . 5 : . 2KkT \1
=HVa ;80 By Aa % AB “EB I
S €AB )
R 2k T o oxT iR .
+ po + : . 300
When;n.=50,uas i§_reqnired, Egs. (30) reduce to pva =D

S

“VB .
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_ III. VACANCY MODELS FOR THE L1, LATTICE
A. 'Smeared-Displacement Model

The basic assumptions for this model coincide exact Ly with those

{

that were previously'used when the same model was applied to the L2p
lattice. uowever because of the &ifference in lattice type, and the

occurance of a *1rst O"uc” transformation in the Li; la

of the second order transformation obtained in the L2y latiice, tho final

results on vacancy distributions are interestingly &ifferent. The ontr

to be introduced in the free energy expression of Tg. (9] is the zaue,

namely that given by Eq. (6), for both types of lattices. In contirast

the energy that must be used .in the free energy expression for ihe Ll»

. s

lattice is given oy Ec. (8) in lieu of. q.f(?) which

[N

S appropriate

only For the L2y lattice. TFurtiermore the: conéitions given bty Zgs. (L

33

}_J

ad {

2

0%) apply also td' the Ll, lattice it the condition for th

e

conservation’ of ¢autlce sites, 2¢. (lc) where ¥ = 3/k and N, = 1/4,

becones

el :;: | 3
AQB {h (nAa+nBa+nVa> T

wvhere AaB is the Lagranglan multipiier. Iuploying the same technigue
as that uséed previously in Section ITA for minimizing the freée cnergy

we obtain three important relationships:

e o
CAoTBR © 16 |
L2 = - ( )

.
tn — {(=n, - L o=[2 (n, -0, )=(n, - -
: KI(n_+n ) U3 2™ Pagt®an [3__(erc iy _(“AB TR

nABnBa 3
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0 >
'—‘L \ \. /
- . 29
o Sl e N N S & (31)
> o Lo Do

. TV ]6 ; _.!__ ) N - )
LT = Lo i b U o - . 0, T Y by c
*a na KT(na+nB)2 {(nAanABT3.nAanm AL (nAanUHTpuaﬁA¢ 3 qA& Ea> AD
N 1
+ { + 1 \ 1 . ;__ . 1‘1rur 2
‘N fag 3 fpepe’ Fun g o on, ..
- AS BB
: 2 i L { IR . + \ 7o)
T Eﬂm {3 ?.‘Aa'nAB)‘EAA“’FAB”(a fgyPpg e gtegg ) (52)
and ;
nVS 16 : 1 \ 2
1 == = 3 + ol P S0, nig )€,
s By kT(n +ng)2 oy mpgt 5 PePna 8an (Mg Mps ™ pa 0s™ 3 Paatza? San
) et pet
L 3 Ao Pa
+ (n_n_+ =m0, n_ Je..} ~ = e
"3 B B L, Jho
Ba BB 3 a“RBa’“BB 3 g 45588
S+ 6 ';{(;;n -n 5(6 ve, )+(E 0. -n., ) (e, ren)} (33)
PT(na+nB 3 TAo TAS AA TAB 3 "Ba B3 AB BB
T e e 2 2 pon} s o T _ 3 "Nt .v'_.. 1 2 -\. 2 =
Introducing Eqs. (5) where N, = § and NS = { into Eq. (3C) gives
(3-L&+n){(1+Lg+3n) _ kLn : PN
n (QEAB—EAA—EBB) (34)

(3-46-3n)(1+Ls-n) = T kT

- . . - "- - - . B PR . { . N -
wnich is identical with the usugl Bragg-Williams results in the ubscnce

of wvacancies.
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vacancy concentrations on the itwo sublattices are respectively

+,
<!
jo
o
&2
&1 e
N,
|4
4
fae
&

(9]
je=d
~
—
(95}

&na

3 ;

i oy, = 7 [(3 ug) 27 AA+2(JYUV-¢05 +n2 +I(1+Lo) ZJEBBJ
L3 gp (380c2n)o(nbe) sn (3
T8 " (3+86+6n)-(3n+lké)2 T 2xT "TEBTCAA ?

B. "Simple Displacen nent Model

The alloy is a°sumea to nave the eca" librium degree of order

[e¥]
H,
H
o
H
@
O
Y
T

and then‘vacancies are formed by removing ators 4 or
in the bulk of the crySUal and renl¢b‘ub such atoms on the surface.

Onvthis basis the_change in the.energy of the crystal for the Lij

e B (B, v 35,0) o+ (Eog, + Eayy)
,. 2 VAa}L3 Aa 3 TAR/ TAA '3 "Ba 3 BB/ TAE
f( i Ve w(Ba aioyel
ana Pra ¥ 3 Pag) fap T \T Prg T3 Pppl fap
‘ . " - ‘ - ;” : . e
T Pyag [pAu AA pB ABJ *onygg Do opgrey ol (
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Correspondingly the change in configurational entropy due to ra

iCéa

H
=

e
ct

mixing of vacancies on appropriste sites is iden

Eq. (20). Thus upon minimizing the frec¢ energy we obiain

o “vaa _
VAo n '
o
_ = nVBa _
pVBa n
o
o 6[3 €, 1 FDn €, 1)
g KT A AA “Bu AB
Fuag ” g ) ‘é[ € ol €, Pag
1o KT PAaAA ¥ Ba AB’
z
. _L—')r c ]
oy, KT P20%33 Pa 2B
Pyeg ~ Tm, T 6. ] Pag
R XT %6 "AB B, “BB

The values of and can then be deduced Trom the above by ubtilizin
Va - FVB-

Eqs. (22).

C. Vacancy-Energy Model
For the L1, lattice the probability that an atom on
coordinated with i B atoms and (z -~ i) A atoms is simply

general term of the binomial expansion
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2 = """“Q——“‘Z! oy Z*vi i = . » A
(Ppa*Pie) = L TiVTET Pag Pm <1 (23]

where the atoms on the o sites ure;randomly.distributed end where © =

Applying the previcusly deccriled methods of analysis for evaluating the

1)
O

(o]
e
<
e
3

s e d ; T . A e thoL . . ..
equilibrium num%ers,of.vacanc1es 01 tne b kind cn the B site

'n: n ‘;v 2 -
P Z ” Z-1 - 1 e (,_, )
- P w
n {z=1i)ii!l “Aa “Ba

On the other hand the probsbility thet an atom on an « site is coordinaved

with 1 B atoms and (Z-l) A atoms is given by the.general term of the

binomial expansion

' Lo, 5
[ (pAa+pBa) Tz (Ppgtepgld

?Eg)l’g 1 | 39)

wirn
[’ B
+

(e

Formulating and minimizing the free energy of formation of vacancies,

as done before, gives

, par o &5
ia- A 2. . 1 vz=1i /2 1 RF S o
+ =, - (£ + = o _ b
(z~1) (5 Pao 5Pl (SR, Py e (:0)

=

fSignificantly EQSw (26a) and {h0) reduce to the Dorn-Mitchel




relationship when the alloy is disordered. The values of pvx'and Py
‘ i

can be obtained by applying the summatiocas of Egs. (28).

For the Llp lattice the aversge enirgy, €, of a bond is given by

—— - N . : ’ . - . \ _
& = (2o Ppa PuaPaa) San (20 Py P Pt R gPE. S
* (PaePo™PpaPas s ' o)

v o 3 ] , '
Introducing Eqs. (5),where N, ='f znd N, = faand the ordering enerzy,
€, We obtain

2

N-e

£
.

'5A3+(1+ha)zebn} +

€ = %—{(B—AG)ZCAA+2g3-h6)(14&5)

rl
—~
I

N

ho,. . . ..
kind of wvacancies can

o ' . . .t
Thus, the free energies of formation of the i

be represented by Egs. (2La) and (24b) respectively for o and 8 sites

D. Modified Vacancy-Eaergy Model
Whereas the tdtal‘number of vacant B8 sites is identical with

Eq. {29a) where z is now egual to 12, ihat of vacant « sites can be

evaluated from Eq. (L0). #iilowing the same reasoning given proviocusl
- A (S 1

for the L2y lattice,
(a),  (B)
n n, ‘+n - _ . A .
ic -1 o io z! (2 +l )Z—lzdv 1 vi
= = mm— Pyl e ey T A
f ng (z-i)1il Y3%Aa 3%A8 \3%5a 3 g
(z-i)e,  +ie, .,
kT A -
( e *bg, € (i3)
i

@
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on,an_a3(or 8) site is assumed to have the same average energy of

: AA A3

S o _ (2 1y _2kT _ (2 1oy 2T, 7

Pyg = _X_' n_ Phao {(3'pAa 3Pa3 * 5PpeT0ps ¢
i=0 Ta _
-EAB _ er:; 2
TR 2xT . 2 1 2x7, \
+ ) . )-4‘5
Ppo ((5Ppa*3Pas) © (?_Ba*’?ﬁﬁ) € (b4

and the probability of wvacancies on‘B sites is given by Eq.

IV. DISCUSSION

The Smeared-Displacement lFodels for the L2g and Llp lavtices
are based on the same general assumptions as those made by Krivoglasz

%
and Smirnov.

N

In these models no detailed inspection is made of vacancy

o

environments. Rather,vacancies are assumed to exist in a smeared

average environment dictated by the degree of order. Thus each vacancy

Hy,

ormation

o

regardless of the numbers and kinds of atoms.with which it is coordincte
In the same sense, the configurational entropy is alsc” some sme

value.

Anmofe rigorous‘and direct analytical approach was adopted here
than that used bberivoglaz and Smirnov, introducing a lessbambiguou;
defihition of order in the nresence of vécancies and‘greater clarity
in the introduction of apprgkimations. Névertheiess, despite difTerences

in analytical approaches, the present resulis agree with those previously

given by Krivoglaz and Smirnov. The degree of order is essentially




0

unmodified by the vacancy concentration. In the disordered state

L)

pVa/pVB = 1, as it should Dbe, but wnep.ﬁhe alloy is o?dered pVa/pV

o

eviates Trom unity. : oy

.

-

The Simple~Displacement Mocdel Is, at least conceptualily, somewhal

similar to that suggested by Girifaleo vwho, however, limited his

on only to the L2 lattice type. It assumes that the degrec of

s
ct
«
o]
[¢]

éiscuss
order is established in the absence of vacancies and the vacancies arc
then produced by displacing atoms (either A or B) from sites (either

4

a or B) in the bulk of the crystal to ones on the surface. It is
further assumed (a) that neither the average all-over occupancy of ihe

various o and 8 sites by A and B atoms nor (b) the local arrangcments of

A and B atoms now coordinated with a vacancy changes as a result of

3]

¢

aton displaceﬁent to the surface. Assumption (a) follows since the
riumber of Vacanéiés éfe_very small relativé to the number of atoms
pfcsent'and was further confirméd by the énalysis for the Smeared-
Displacementhodel. The possible validity of assumption (b) was
discussed in the companion'paper ":. Short;Range Ordered ané Clustered
Alloys'. It is significént that the Smeared4Dis§lacement Model is free
from the taiﬁt of this assﬁmption.. Thus, the good agfeemenﬁ vetween
¢predicfions vased on the Smeared—Dispiacemenﬁ Model and the Simple--
Displacément uphold aﬁ least the nominal validity of assumption (b).

As a consequence of the greater dgtail that was introduced, =z

more accurate configurational entropy could be erected for the Simple-

Displacement than that which was used in the Smeared-Displacement Model..

Turthermore all vacancies on a (or 8) sites were not ascrided, as in

L XY
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the Smeared-Displecement Model, the same averaée energy out were assigned
values which depended on whether the*vacéncy'was produced by displacement
of an A or a B atom. Thus the Simple%Displacement
slightly mére accurate and pro&ides thewhat greater detail than the
Smeared-Displacement Modzl.

The Simple-Displacement Model also gives b, /p = 1 {for the disordered

case. According to the analysis presented here,such equali

_concentration on the two sublaetiices in the ordered, L2¢ alloy occurs only

&t the stoichiometric concentration (6§ = 0) for the cases where ¢, , =

€... -This deduction which is also valid for the Smeared-Displacement and

2 .
Modified Vacancy—Energy Models is in sharp contfast to_thaﬁ_madc oy
Gififalco who reached the conclusion that the concentration'of vacancles
on the fwo typés of éites in %he L20 lattice was always the same in vhe
stoichiometric ailof regardless of the degree of order. The discrepancy
between the present'reéults and those obtqinéd by Girifalco stems Trom

4

the more careful and detail

-

ed accounting employed in the present cuse.

The fact that the Smeared—Displacement, Simple-Displacement and Modificed

Vacancy—Energy Models, éach of which differ sﬁbstantially relative to
the details that can be extracted from them, give about the samcjaveragc
values for pVa and pVB’ as will be shown later, is excellent confirmavion
that the Simple—Displécement Model presentéd here is reasonably reliable.
The Vaéancy—Epeféy Modél’is.the most'de{ailed and physically
acceptable of all of the four modéls erectéd here, it i; based an tho
previously'discusSe&>éssumption ﬁhat neither the average occupan:y.cf
sites nor the locél Canigtrétion-of»atoms are significantly moéified
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-

when vacancies are introduced. The waive bond-energy method of estimating
nak A =

4

abvandoned in favor of the more rcaliistic

()]

the enargy to form a vacancy is

concept that the energy of a vacancy devends vnrimarily on its immediate
X Y “r

anvirorment. Tnis physically attrﬁétive assumption on vacancy eneivrgics
was coupled with an equally satisfactory éstimaté of the entiropy for
mixingvthé various,t&pés of &acanciés on lattice sites. Consequently
the formalism of the model appears to be good. Furthermore, for tne
disofdered alloy, thé relationships reduce to those previously estab-
lished oy Dorn and Mitchell for random vinary alloys when based on a more
detailed analysis.

Unfortunately it'is not easy to éémpare deductions based on the .

Vacancy-Energy Model with those of the Smeared-Displacement and Simple-f

“Displacement Models. This arises from1the factvthat the 3(z + 1)

experiments. Although other often very important factors intrude, at
léast in part, the yalues of the 8o and gis are expected to respond in
somewhat the_same wéysvas those deduced frém the bond-energy method of
estiﬁating the energy to produce a vacancy.

s

The Modified Vacancy-Energy Model is based on the same assumptions

as those used in the Vacancy-Energy Model. It differs from the Vacancy-

Giﬁ are estimated in

Energy Model only insofar as the values of G an
terms of the bond-energy: approximation for the energy of formation of
a vacancy. It can, therefore, be compsred with the Smcared-Displacement

imnle

45}
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nQ

I

~Displacement Models. OSuch comparisons are best made using

- specific examples.

L2
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- vacancies is taken into consideration. * -

The trends for the L2 lattice will be based on g-brass. The bond

~

energies |
Sz TOI, ke
g T = -20.4/N, keal

CuCu

where N_ is Avogadro's number,were estimated from the latent heats of

‘sublimation of the pufe‘métals. The value of

CABf=_€ZnCu = -lb.S/Né kcal

was obtainéd from the khown-orderingvtemperatufe TCo for the stoichiometric -
alloy (8 = 0) by means of Eq. (16). The!calculated values of n p.

and 2n pVB for the several models are given as a function of TCO/T

“in Figs. 1, 2 and‘3;.xAll models predicyféﬁoﬁt;the same general trends.

Above theyqrdering temperature the sublattices are indistinguishable.

Therefore, the concentrations of vacancieé on o and ‘B sites are the same.

Below the critical temperature, hovever; & dichotomy occurs with more

jah]

vacancies on 8 sites and less on a sites. This disparity of the. concen-
trations of vacancies on the two sublattices is enhanced by an increase

in the degree of order.’ Futhermofe, the extent of disparity seems to

become less when more detailedlaccountihg;of atcmic arrangements about

it

Also shown in Figs. 1 and 2 are the effects of deviations from

w B

 stoichiometry. Tt is seen that small deviations from the stoichiometric

S i e 4 . ,
composition have a minor effect but do not significantly change the
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general trends.
Although the Modified Vacancy-Energy Model, as shown in Fig. 3,

gives about the same trends for the vacancy concentrations, the detailed v

of more information régérding thé’typéS'and distrib%tions of #acancies o
present thén is possible in éithérlfhe‘Smearéd;Displécement or Simplen‘
Displacément_MOdels. Pig. 4 giveslthe distributions of the ratio of the
equilibrium number of;vacancies Qf thé_ith type to that of the same
alloy when it is in. the disorde#gd staté as a function of TCO/T for
the stoichiometric composition. The.distributioh of the various
_vacancy concentrations.at a given teﬁperature is shown in Fig. 5. Izt
is-seen that the mostvpopulous type of'Vacancies changes as the'temperature

t

or degree of order varies. Furthermore, it is also strongly affected by

thé values of bond éngrgiesvas shown in-Fig. 6 for the case €an = Enpe

The bompérisons of the results for the Ll, 1attice will be based
on the alloy‘Cu3Au. As méntioned previpusly, at the critical temperature
the'élloys with Llé‘typé of lattice Und;rgo a first order phase transform-
ation in lieu of secoﬂd order transition for‘the L2g latfice. The
first order phase tran#ition'is'featuréd by the existence of two
miniﬁa‘inlthe curvés.of free enefgies,ﬂF; versus depree of ordér, Tis
plotting. The first minimum corre§ponds to a zero degree of order and the
sec9nd minimunm corresﬁonds to a nonzeréanlué of q: This phase transition

of the first order can be realized only: when the two free energy miniwma ')

are at the same level. Therefore, the degrece of long-range order at the

transition, nc,'and the relationship between the critical temperature,
Voo ) ' B o .
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TCo’ and'the ordering .energy, €, can be found hy solving simultancously

Eq. (3%)'ahd

*
;

FlO) = F(ng ) o asy

A numerical solution of the above simultaneous equations gives

P I v
nCO_. O.ﬂo.anq KT, = 1.64 ¢ | . (48)

These are identical with the results‘gi§en by Krivoglaz and Smirnov.

For the convenience of comparisons among the described models the

bond energies

o 13.60.
SAh Scucu T T T n_ Kesl

m
I

o D
oo _ 150
BB = CAwau T T T W e

where No is Avogadro's-humber, were estiﬁated'from the heats of sublimation

of the pure‘metalé. Bf;means’of Eq. (h6) and the known crltlcal tempcrature

for the alloy‘of,stoichidmetric.compos 1on (6 0) the value of

o 15a5y -
EAB“: cCuAu | nghkcal .

is aiso‘assumed. The calculated values of in pV and ln pVB are shown

'in'Fig. 7. Above the- orderlng temperature, again the two sublattices

.are indistlnﬂulshab e, therefore the probabllltles on o and B sites are

the same.. - Below the crltlcal temperqture the familiar dlchotomy occurs

5, -all three modela out dlffers 1n extent. ,At the crltlcal'temperature,,a '

in
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s{ep change occurs”in the probdbilitfés, ’Tﬁisiié thé characteristics
of the first order pnase transformation.
Figure 8 shows the effectﬁof:prderiné_bn ihe 5is££ib§tioh of the
~ various vacancy concentrations on a'and B8 sites. Also plotted in
this flgure is tne degree of lono—range order &s 8 functlon of TCO/T..
The sectlon cd of thla curve correspondo to the equlllorlum values of
the degree of long—r@nge‘order while_seqtions be and ab COrrespond to
the metastable state and nohéxisfingvététe réépeetively.- Thé pépulatipn
diétribufions of theiQarious types of &acanciés are shown in Fig. 9.
-Alfhough the general‘trendé'giveﬁ in;thé figures basedvon the
Smeared-Displacement, Simple-Displacement and Modified Vacancy-Energy
Models might be expécted; the detailed;results Based on.these models
are.not to be taken too literally. Ob&iéusly ﬁhefmethods of eétimating

vacancy formation energiqs from a bond energy model is extremely crude

and inexact. Furthermore, on this basis the energy to produce a vacancy

céordinated with (z - 1) A atoms and i B atoms differs depending on
whéther én A atom ofhé B atom was réméfed. In contrast the physically
more acceptable vacancj—énergy éoncepf §uggests that the energy,_éi, to
prdduce a.vaCancy‘should dépend princiﬁally bn its'iﬁmediate environment.
t is not clear whether this'apparentfdiéhotomy of concept is resolvable.

y UnLortunately no satlsfactory theoretlcal method of estimating the

V¢lues of the g s is now avallaole and therefore the nominal correctne

of the Vacancy*Energy'Model‘is dependent on future experimental verification.
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“according to the SimpleeDiaplaceﬁent Model.

FIGURE CAPTION
Drobabllltles of vacancies on « and 8 sites in the L2 2¢ alloy
according to the Smeargd—Displacement Model.

Probabilities of vacancies on o and B sites in the L2j alloy

Probabilities of vacancies on o and B sites in the stoichiometric,

: < L2y alloy according to thqﬁModified Vacancy~Energy Model.
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_Effect of ordering on the distribution of the various Vacaqcy'

.concentféiiéns on o and .B Eitesjinvthe stoichioﬁetric, L2g
élloy. |

Distributiqn of the &arioué vacancy conéentrations on

o and B sifes’in the stoichiometric, L2y alloy where NOEAA==
-T7.9 kcal N e BB = -20.h kcal, -and N epp = -14.50 kecal.

Dlstrlbutlon of the varlous vacancy concentrations on

"o and B sites in the st01chlometr1c, L2g alloy where N ofAA =

=N ¢ 1h 15 kcal a.nd N g _ = =14.50 kcal.

0 BB AB .

- Probabllltles of” vacanc1es on a. and B sites in the st01ch10meor1c,

"le alloy;."

Effect offordering on the distribution of the various vacéncy_x

concentrations on o and 8 sites in the stoichiometric, Li,

alloy. - ) - L : . ‘ ' h;

Distrivbution-of the various vacancy concentrations on

Fu

@ and B sites in the stoichiometric, L1, alloy.
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" This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or '

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of. the Commission, or employee
of such contractor prepares, disseminates, or provideées access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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