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Abstract

We study the simplest example of 3d mirror symmetry for N' = 4 supersymmetric gauge
theories: the A-twist of a free hypermultiplet and the B-twist of U(1) gauge theory coupled to
a single hypermultiplet (SQEDI[1]). Our interest is primarily directed towards the category of
line operators in each theory as well as the tensor structure they each possess. After reviewing
these topics in a general setting, we return to our main example and identify the categories of
line operators therein as appropriate module subcategories of certain vertex operator algebras;
our approach is analogous to that used by Witten and uses results of Costello-Gaiotto. One
vertex operator algebra that appears is the familiar S+ system, the second one is related to
the affine superalgebra g[/(1|\1) We provide an explicit description of these module categories,
which are strictly larger than those previously studied by Ridout-Wood and Allen-Wood. We
additionally prove that these module categories are equivalent as braided tensor categories,
culminating in an equivalence between the categories of line operators of original interest.
This result completes a nontrivial check of the 3d mirror symmetry conjecture. We compute
the tensor structure induced on the category of Sy modules from this equivalence, extending

the work of Allen-Wood. We finally comment on work in progress generalizing this equivalence

to theories with arbitrary abelian gauge groups.

i



Contents
Abstract
Acknowledgments

1 Introduction

2 3d N =4 preliminaries and conventions

2.1 The 3d N =4 SUSY algebra and relevant subalgebras . . . ... ... ...

211 The3d N =4SUSY algebra. . . . .. ... ... ... ... .....

2.1.2 The3d N =2SUSY algebra. . . .. ... ... ... .........

2.1.3 The 2d N = (0,4) SUSY algebra . . ... ... ... ... ......

2.1.4 The2d N =(2,2) SUSY algebra . . ... ... ... ... ......

2.1.5 The 2d N = (0,2) SUSY algebra . . ... ... ... ... ......

21.6 Theld N =4SUSY algebra. . . . .. ... ... ... ... .....

2.2 Multiplets . . . . . ..

221 1dN =4 multiplets . . . . . . ...

222 2d N =(0,2) multiplets . . . . ... ... ..

(
223 2d N =(2,2) multiplets . . . .. ...
(

224 2d N =(0,4) multiplets . . . . . ... ...

225 3dN =2multiplets . . . ... ... ... ...

226 3dN =4multiplets . . ... ... ... ... ..

2.3 General features of 3d N = 4 gauge theories . . . . . . . ... ... ... ..

2.3.1 Higgs and Coulomb branches . . . . . ... ... ... ... .....

2.3.2  Operator content
2.3.3 Twists . . . ..

3 3d mirror symmetry

3.1 Particle-vortex duality

il

ii

vii

10
11
11
12
14
17
18
19
21
21
22
22

25



3.2 Action on main structures . . . . . . . . . .. 25

3.3 Simple examples . . . . .. 26
34 Ourexample. . . . . . . 27
Line operators 29
4.1 Categorical structures . . . . . . . ... L 29
4.1.1 Morphisms. . . . . . .. 29
4.1.2 Monoidal structure . . . . . .. ..o 31
4.1.3 Braiding . . . . ... 32
4.2 Warm up story, Act I . . . . . . . . 33
4.3 Vertex operator algebras . . . . . . . . ... .. L 35
4.3.1 Definitions and explanation . . . . . . ... ... ... .. ... ... 36
4.3.2 Example 1: free boson . . . . . . .. ..o 42
4.3.3 Example 2: lattice VOA . . . . . . . .. 45
4.3.4 Affine Kac-Moody VO(S)As / WZW models . . . . .. ... .. ... 48
4.3.5 Braided tensor structure . . . . ... ..o Lo Lo 50
4.4 Warm up story, Act IT . . . . . . . . .. 53
Boundary conditions 55
5.1 Example 1: free 3d N =4 hypermultiplet . . . . ... ... ......... 55
5.2 Example 2: SQED[1] . . . . ... 56
5.3 Enhanced boundary structure in twisted theories . . . . . .. ... .. ... 56
5.4 Example 3: By VOA from twisted BCs . . . . . . . ... ... ... ..... 57
5.5  Example 4: g[(/l\fl) VOA from twisted BCs . . . . ... ... ... ... 59
5.6 Boundary conditions and mirror symmetry . . . . . .. ..o 61

5.6.1 Half-indices of 3d N = 4 free twisted hypermultiplet with 2d N" = (2, 2)

v



5.6.3 Matching . . . .. ... 68
5.6.4 Half-indices of 3d N = 4 free twisted hypermultiplet with 2d N" = (0, 4)

BCs . . o 68

5.6.5 Half-indices of SQED[1] with 2d ' =(0,4) BCs . . . . .. ... ... 69
5.6.6 Matching . . . . . ... 69

6 Non-trivial MS check + consequences 71
6.1 The By VOA and its representation category . . . . . . . . . ... ... ... 71
6.1.1 Our large representation category . . . . . . . . . ... ... ... .. 72
6.1.2 Extension structure and classification results . . . . . . ... ... .. 74
6.1.3 Tensor Structure . . . . . . . .. .. 86

6.2 The affine Lie superalgebra g[(1\|1) ........................ 87
6.2.1 The relevant representation category of gl(1]1) . . . . . . . . . . . .. 87
6.2.2 Elementary gl(1|1) modules . . ... ... ... ... ... ... ... 88
6.2.3 Tensor structure on gl(1]1) . . . . . . .. ..o 93
6.2.4 The vertex superalgebra g[(l\\l) ..................... 95
6.2.5 The Kazhdan-Lusztig category . . . . . . . . .. ... ... ... ... 96
6.2.6 Fusion structure . . . . . . . .. ..o 99

6.3 The mirror symmetry statement . . . . . .. ... L 105
6.3.1 [~ as a simple current extension. . . . . . .. ... ... 105
6.3.2 A free field realization of V(g[(l\\l)) ................... 108
6.3.3 A free field realization of Vopp . . . . . . .. ... 113
6.3.4 The equivalence . . . . . . . . ... ... 116
6.3.5 The fusion structure of Cg, . . . . . . . . ..o 121

6.4 Quiver algebra and quantum group . . . . . . .. ... ... 121
6.4.1 The category of atypical modules . . . . . . ... ... ... ... .. 121
6.4.2 A quiver description . . . . . ... L 124
6.4.3 Relation to quantum group . . . . . . ... ... 125



7 Generalization to arbitrary abelian theories

7.1 Identifying the extension . . . . . . . . ... ... oL

vi



Acknowledgments

To my advisor Tudor Dimofte:

Thank you for your unrelenting support over the years. Each meeting we had left me
feeling relieved about the state of my work and restored my confidence to continue pushing
forward; thank you for your endless encouragement and guidance. Additionally, thank you
for flying me across Earth’s largest oceans to provide me with opportunities to advance my

knowledge and abilities as a researcher.

To my collaborators Wenjun Niu, Niklas Garner, Thomas Creutzig, and Daniel Zhang:
Thank you for all of the discussions throughout the years teaching me about vertex

operator algebras, braided tensor categories, mirror interfaces, and so much more. I especially

thank Wenjun and Niklas for your patience with my endless barrage of questions in our

extended conversations about mathematics and physics.

To my family:

Thank you for your support throughout all of my educational pursuits—nudging me
forward when I needed a push and giving me space when I needed to fly on my own. Your
unwavering belief in my ability to achieve was an important source of motivation for me to

drive those wishes into reality. Thank you for all you have done to help make this possible.

To my friends:
Thank you for nerding out with me about topics related, and unrelated, to my research
area, and for the fun times spent outdoors, the great meals we’ve cooked together, and

everything else you have done to help balance out my life.

vil



1 Introduction

Dualities are powerful tools that allow physicists to probe a theory where traditional pertur-
bative approaches may fail. The theory of quantum chromodynamics (QCD), which describes
the interactions of quarks and gluons, is known to be strongly coupled in the infrared [GW73,
Pol73]. In this low-energy regime, the usual perturbative approach to computing scattering
amplitudes and correlation functions does not yield reliable results due to the magnitude of
the coupling constants. Various creative workarounds have been used to perform trustworthy
QCD computations in the IR, such as lattice QCD. Another approach often used to circum-
vent these types of difficulties in general contexts is that of a duality: a pair of seemingly
distinct theories that are equivalent in some high- or low-energy regime. Their utility is that
a computation which proves practically impossible in one theory is equivalent to a feasible
calculation in the dual theory. Seiberg duality is a famous duality for a supersymmetric
extension of QCD conjectured in [Sei95]; it states that two SQCD theories with different
gauge groups and matter content are equivalent in the IR where one theory is weakly coupled
and the other is strongly coupled. In this thesis, we focus solely on the duality approach for

understanding supersymmetric gauge theories.

A theory is supersymmetric if its global symmetry algebra contains an extension of the usual
Poincaré algebra by fermionic supercharges (); that anti-commute back into the Poincaré
algebra. Theories with supersymmetry have been of great interest to physicists for a multitude
of reasons: they allow certain quantities to be computed exactly (e.g. via supersymmetric
localization) [KWY10a, Sei94, APS96, CK19], they get rid of the pesky tachyon and anomalies
in string theory [GS84, Pol07b], and they present a candidate solution to the hierarchy problem
in the standard model [DR81, DFS81]. Our interest in supersymmetric theories primarily

arises from the rich mathematical structures they contain, which we review in this thesis.

It is an unfortunate truth that dualities are extremely difficult to prove. Much progress in

this area comes in the form of checks that simply support the conjecture of a duality; i.e.



they ensure that certain computations are indeed consistent with the duality. In this thesis,

we contribute rigorous, nontrivial evidence that supports a particular duality conjecture.

In a bit more detail, given a choice of Lie group G and a representation V, one can construct a
3d N = 4 supersymmetric gauge theory with gauge group G and hypermultiplets transforming
in the representation V @ V* of G. For each nilpotent element in the SUSY algebra, one can
twist the theory by choosing to instead work in the cohomology of the operators with respect
to this element. We focus on the simplest examples of such theories: the A-twist of a free
hypermultiplet and the B-twist of SQED. We rigorously demonstrate that the category of
bulk line operators in each of these theories match with each other. The proposal that these

twisted theories are dual falls under a set of conjectures known as 3d mirror symmetry [I1S96,

BEHT15, BHOO97, BHOOY97].

Three dimensional theories with A/ = 4 supersymmetry possess rich mathematical structures
rendering them especially amenable to study. A particular example that plays a central role
in this thesis are the boundary conditions, and subsequently the twists, that these types
of theories support. The presence of a boundary breaks the supersymmetry algebra down
to a 2d subalgebra (at least) simply due to the partially broken Poincaré invariance. The
3d N = 4 supersymmetry algebra contains two important 2d subalgebras: the N = (2,2)
subalgebra and the N/ = (0,4) subalgebra [CO17]. The class of boundary conditions that
preserve the former subalgebra support topological twists, whereas boundary conditions that
preserve the latter support holomorphic twists which give rise to vertex operator algebras.
We discuss both of these boundary conditions and twists in detail in this thesis; they are
paramount to our work since they help us analyze the category of line operators in a manner
analogous to [Wit89]. Along the way we will encounter connections to various mathematical

structures such as braided tensor categories and supersymmetric indices.

The structure of this thesis is as follows: Section 2 begins with a definition of the 3d N = 4

supersymmetry algebra and a plethora of its relevant supersymmetric subalgebras. This is



followed by a discussion of the common representations of these algebras and about how the
representations decompose when restricting to a subalgebra. We then review some general

features and structures that 3d N = 4 theories possess.

Section 3 provides a brief introduction to 3d mirror symmetry wherein we discuss how mirror
symmetry acts on the features and structures of 3d N = 4 theories, describe some simple

examples, and introduce the main conjecture that we tackle in this thesis.

We begin introducing the technical background pertinent to our work in Section 4. We
define and discuss the category of line operators and the mathematical structures it possesses,
providing intuition for their physical counterparts along the way. We review the story of
[Wit89] to provide the unfamiliar reader with a foundational understanding of their technique
of artificially cutting with a boundary since it is important to our analysis in later section.
Vertex operator (super)algebras make their first appearance here, albeit perhaps rather
covertly, so we define them and discuss their categorical structures at great length, working

through multiple examples from both a mathematical and physics perspective.

The various boundary conditions one can impose on the artificial boundary, as well as their
physical implications, are dealt with in Section 5. Many simple examples are provided for the
reader’s benefit. We also introduce the boundary conditions relevant for our work and will
see how they give rise to the B+ vertex operator algebra V3, and the vertex operator algebra
V(g[/(1|\1)) associated to the affine central extension of gl(1|1). Lastly we present the notion

of the half-index in these theories with boundary, compute them in the examples provided

earlier, and verify that they match in accordance with 3d mirror symmetry.

Section 6 contains the bulk of the main results of this thesis and is adapted from [BN22].
Therein we begin by defining the V., representation category of physical relevance Cg, and
performing the nontrivial task of classifying its objects and extension structure. Next we
propose an equivalent category of V(g[/(1\|1)) representations, classify its objects, and most

importantly compute its tensor structure. This is followed by establishing the existence



of a tensor functor between these two categories, allowing us to translate these results
to understand the monoidal structure of Cg,. We conclude with a brief discussion about
connections between Cg., and representations of a certain quiver algebra and of the quantum

group Uf (sl2), the latter of which can be used to help compute the braiding structure of Cg,.

This thesis culminates with Section 7 which summarizes some work in progress [BCDN22]
generalizing our check of 3d mirror symmetry to pairs of theories with arbitrary abelian
gauge group (the gauge group in the Section 6 was U(1)). Of note is a detailed calculation of

the theory’s half-index utilizing a free field realization.



2 3d N =4 preliminaries and conventions

We begin by reviewing some basic objects and features of 3d N' = 4 SUSY gauge theories. In

the process, we establish conventions and notation used throughout this thesis.

2.1 The 3d N =4 SUSY algebra and relevant subalgebras

We work in a flat, 3-dimensional, Euclidean spacetime R? with coordinates (z!, 2%, 23). In
this thesis we will consider theories in the presence of line operators and boundary conditions
which, in general, only preserve a subalgebra of the 3d N/ = 4 SUSY algebra. We now define

and discuss a few such algebras that will be relevant for us.

As a side note, the calligraphic N does not directly correspond to the number of independent
supercharges in these algebras, but rather it is equal to the number of supercharges divided
by the dimension of the smallest irreducible spinorial representation of the Lorentz group

SO(d) [Carl4).

2.1.1 The 3d N =4 SUSY algebra

The fermionic part of the 3d A" = 4 SUSY algebra is generated by 8 supercharges Q%% where
a,a,a € {+,—} are SU(2) indices. It can be obtained by dimensionally reducing the 4d N' = 2
SUSY algebra (e.g. [WB92]) to 3 dimensions wherein the 4" translation generator becomes
central. An upper index denotes that the object transforms in the fundamental representation
of the corresponding SU(2) group; lower indices denote that the object transforms in the
anti-fundamental SU(2) representation. There is an isomorphism of representations between

the fundamental and anti-fundamental representations of SU(2) given by

Aa = EabAb (2'1)



where

=€, =1 (2.2)

The (,a,a) indices on Q% indicate that it lives in a representation of SU(2)g x SU(2)y x
SU(2)¢, where SU(2)g is the (Euclidianized) spin group and SU(2)g x SU(2)¢ is the

R-symmetry automorphism group of the SUSY algebra.

The (super-)Lie brackets of the supercharges are

{Qu, QWY = et P, — icap(e™m®™ + ete) (2.3)
where
{01 [0 =i w10
(0')% = (0%)% = (0%)% = (2:4)
10 i 0 0 -1

are the usual Pauli matrices and the m® and t% are mass and Fayet-Iliopoulos terms,

respectively. For future reference, we include

-1 0 — 0 0 1
(Ul)aﬁ = (02)045 = _ (Ug)aﬁ = (2.5)

and

()78 = o R It e

With an eye towards considering holomorphic boundary conditions, we decompose R? into
C x R by

(zh, 2%, 2%) = (2,t) == (2" +i2?, 2?). (2.7)

1

When considering functions on this space, we are really expanding the space so that " and

2% are independent complez coordinates and will eventually restrict back to the original space



by taking the real slice defined by z', z? € R [DMS97]. Hence in terms of
1 , 1 .
Po=5(P—iR) P=g(h+il) R=5h (2.8)
the Lie brackets become

{Q4, Q%) = —2¢”e®P. {Q", Q") = 2¢"™P, (2.9)

{QU, QMY = PP, +i(em® + o) (2.10)

2.1.2 The 3d N =2 SUSY algebra

The 3d N/ = 2 SUSY algebra is generated by 4 supercharges ., @, with non-zero Lie

brackets

{Qa, Qs} = 03Py + 2ieasZ (2.11)

where Z is a central charge. We can identify a 3d A/ = 2 subalgebra with generators defined

by
3N =2

QN =2.= QtF Q. =Qu (2.12)

The only non-zero Lie brackets are

{Q:,Q.} = —2P;
(Qu, QY =P +i(m™ +t7)
(Q_,Q,} =P, —i(m™ +1+)

{Q*?@—} = 2P,

(2.13)

Looking at (2.9), one might have thought the subalgebras that include only Q% or Qb_b would
be 3d N = 2 SUSY algebras. However, it would be incorrect to call these 3d SUSY algebras

since the supercharges can only generate translations in a single direction. More importantly



though, the Lie bracket of these with the 3d Lorentz generators would not close, hence they

are not actually subalgebras.

Only a U(1) subgroup of the original 3d A" = 4 R-symmetry group SU(2)y x SU(2)¢, given

by the standard diagonal embedding
U(1) = SU2) S SU©2)y x SU©2)e, (2.14)
preserves this 3d A/ = 2 subalgebra.

2.1.3 The 2d N = (0,4) SUSY algebra

When working on theories with boundary (e.g. C x Rsp), the generator of translations
perpendicular to the boundary is no longer a global symmetry of the theory. Since this
generator is in the image of the adjoint action of some of the supercharges on 3d SUSY
algebras, we conclude that the boundary explicitly breaks the 3d SUSY algebra to a subgroup
preserving the boundary. Such an object is a 2d SUSY algebra that only contains translation

generators in directions tangent to the boundary. We now discuss a few of their flavors.

The 2d N/ = (0,4) SUSY algebra can be obtained from the 3d N/ = 4 SUSY algebra as
follows. It is generated by
Qaa,QdN: (0,4) . Qi{z (215)

which has Lie brackets

{Qad’ be} — —2€ab€d1)Pg (216)

This algebra has R-symmetry SU(2) x SU(2). When bulk hypermultiplets are present,
theories preserving this boundary algebra require that either all of the scalars are set to a
constant on the boundary, or that all of the fermions in the hypermultiplet are set to zero on

the boundary.



2.1.4 The 2d N = (2,2) SUSY algebra

This superalgebra can be obtained as a subalgebra of the 3d N/ = 4 SUSY algebra via

Qid/\/ (2,2) . Q+_ QQ_dN: (2,2) . Qi——i_ (217)
—2d N = 4 —2d N = (2,2 -
Q- = Q" QNN g (2.18)

Its non-zero Lie brackets are

{Q+,Q.} =2P. {Qv.Q_} = —it*" {Q+,Q_}y =im™—~ (2.19)
{Q_,Q_}y=2P, {Q-.Q,} = —im™F {Q_.Q =it (2.20)

Boundary conditions that preserve this subalgebra will typically set “one half” of each bulk
hypermultiplet to zero. This SUSY algebra possesses a U(1)y x U(1)4 R-symmetry described
in [HV00, Section 2.1].

2.1.5 The 2d N = (0,2) SUSY algebra

This superalgebra can be obtained as a subalgebra of the 2d N = (2,2) SUSY algebra by

taking the “anti-holomorphic piece”

de N=(0,2) _ Qid N =(2,2) Q2dN - Qid N = ). (2.21)
The Lie brackets and superspace representations are easily read off from the previous section.
This SUSY algebra has a U(1) R-symmetry where ) carries charge 1 and Q carries charge

—1.

The 2d N = (0,2) SUSY algebra also is a subalgebra of the 3d N’ = 2 SUSY algebra, as
follows

QN =(02) _ Qidj\/zz @2‘“\/ ©,2) _QidN’ 2. (2.22)



Boundary conditions that preserve this subalgebra will typically set “one half” of each 3d

chiral or 3d Fermi multiplet to zero.

2.1.6 The 1d N =4 SUSY algebra

When infinite straight line operators are present in a theory, only the generator of translations
tangent to the line can remain a global symmetry of the theory; the other generators are
explicitly broken. Therefore only subalgebras of the 3d A = 4 SUSY algebra that don’t have
these broken generators in the image of the Lie bracket can be global symmetries of these

theories. We now discuss a few such superalgebras.

The 1d A = 4 SUSY algebra is generated by 4 supercharges Q* and Q" where a € {+, —}.

The Lie brackets are
(Q.Q=2"P+2) {Q"Q"}={Q"Q}=2" (2.23)

where Z; and Zg® are symmetric central charges. This theory has a U(1) x SU(2) R-symmetry

when the central charges vanish.

There are essentially two classes of 1d N' = 4 SUSY algebras sitting in the 3d N’ =4 SUSY

algebra [AG15] and we refer to them as SQM, and SQMy. The former is given by

Q4 = Q1" +Q° Q=0 -t (2.24)
and the latter is given by

Q% = Q7 + Q" Qp=Q7 — Q™. (2.25)

The class of half-BPS line operators is characterized by which of these 1d N = 4 subalgebras
they preserve. The central charges will not play a significant role in the rest of this thesis, so

from here on out, we set them to zero.

10



2.2 Multiplets

We review common multiplets that will play a role throughout the rest of this thesis. This is
by no means an exhaustive list of representations for each of the SUSY algebras discussed in
the previous section. For more exotic multiplets, see [LIR94] for example. The multiplets we
discuss will decompose into a direct sum of multiplets when only requiring invariance under
a SUSY subalgebra. Therefore it makes sense to first describe multiplets for the smallest

SUSY algebras and then successively describe multiplets for larger SUSY algebras.

2.2.1 1d N = 4 multiplets

We can represent the action of this SUSY algebra as derivations on superspace in the following

manner

o - d 0 d

+ _ 7 - - +
Qt =g T0 Q = 0 (2.26)

9 . d 0 d
Q =m0 Q" =g ¥ o (2.27)

To construct certain multiplets, it is convenient to introduce the following superderivatives

that commute with the SUSY charges

0 d _ 0 d

+ Y - pt =
D 00+ dt b 00~ dt (2.28)

9 _.d — o . d

Hypermultiplet:

The hypermultiplet ®14 or— 4 is a map on the superspace R'* defined by the condition

Ddign—4=0. (2.30)

11



Solving this equation, we find its superspace component expansion is

®ran =alt,0,0) = ¢(t) + 0 (8) + 07 (8) + 0707 F(t) + 6701 o(t) — 070 (1)

OO0 (1) + 0070, (t) — 010700 H(t) (2.31)

where ¢(t) is a complex scalar.

Vector multiplet:

The vector superfield Viq nr — 4 is defined by the reality condition

Viax=1=Vlix_ o (2.32)

Solving this equation, we find its superspace component expansion is

Viaw =a(t,0,0) = o(a) + 07X (2) + 07 (x) — 0 A (2) — 0774 (v)
+ 070" F(x) + 070 p(x) + 070t A (2) + 070 A_(2) + 00" ¢p(x) — 070 F(x)
+ 0700 N\ (z) + 0700 0 (2) + 01070 N (x) + 0700 n_(z)

+ 6070070 D(x) (2.33)
where {0, AL, D} are real.

2.2.2 2d N = (0,2) multiplets

We can represent the action of this SUSY algebra as derivations on superspace in the following

manner [HK+03]

L0 g G 0 g
Q=55 +il* 5 Q=—— —ift—. (2.34)

12



The + superscripts are unnecessary, but we include them to illustrate how everything fits
together with our realization of this algebra as a subalgebra of the 2d ' = (2,2) SUSY algebra.
To construct certain multiplets, it is convenient to introduce the following superderivatives

that commute with the SUSY charges:

D=_—— —ift = D=——+i0"—. (2.35)

Chiral multiplet:

The chiral multiplet ®oq o (0,2) is @ map on the superspace R*! defined by the condition

Eq)gd/\/‘: (072) = 0 (236)

Solving this equation, we find its superspace component expansion

(I)Qd/\/: (0,2) (I, 0, é) == ¢<$> + 6+1/)+(ZE) - ZQ+§+85¢(I) (237)

where ¢(x) is a complex scalar.

Antichiral multiplet:

The antichiral multiplet @54 5 — (0,2) is a map on the superspace R31! defined by the condition

Dq)Qd_/\[: (072) - 0 (238)

Solving this equation, we find its superspace component expansion

Doq & = (0,2)(2,0,0) = p(x) + 01y (x) + 0107 0:0(x). (2.39)

Note that ¢(z) and ¢(z) are independent functions in Euclidean signature.

Fermi multiplet:

13



The Fermi multiplet is defined by the same equation as the chiral multiplet but the lowest

component is fermionic. It has the superspace component expansion

Vo n = (0,2) = () + 07 f(a) — 07070 (x). (2.40)

Conjugate Fermi multiplet:
The conjugate Fermi multiplet is defined by the same equation as the antichiral multiplet

but the lowest component is fermionic. It has the superspace component expansion

a2d/\/= 0,2) = V() + §+f(f> + i9+§+62@/;—($)~ (2.41)

Vector multiplet:

The vector multiplet is comprised of two separate superfields

Asan—(02=0"0"Ar  Vaan—(o9 = A —2i0TA_ —2i0"A_+2070"D  (2.42)

in Wess-Zumino gauge [DGP18].

2.2.3 2d N = (2,2) multiplets

We can represent the action of this SUSY algebra as derivations on superspace in the following

manner [HV00]

Q+ = % + 6 % Q+ = 89_+ 6 0z (243)
0 =0 — 0 0

14



To construct certain multiplets, it is convenient to introduce the following superderivatives

that commute with the SUSY charges:

0 _. 0 — 0 0
“Zoer " 5z YT T 6z (2.45)
0 _ 0 — 0 0
D =——if — D =——+i0" —. 2.4
a- " o2 o " B (2.46)
Chiral multiplet:
The chiral multiplet ®o4 a7 — (2,2) is defined by the conditions
Di®oq = (2,2) = 0. (2.47)

Solving these equations, we find its superspace component expansion

DPoq & = (2,2)(, 0, 0) = ¢(x) + 0% (x) + 070" F(x) —i0T0"0:0(x) — 00 0.0 (x)

— 070707040, (x) + 0707070 _(z) + 07070707 0.0:0(x) (2.48)

where o € {+, —}. Note that, under the embedding described in (2.21), ®2q or = (2,2) decom-

poses into a 2d N = (0,2) chiral multiplet plus a 2d N' = (0, 2) Fermi multiplet:

Poq v = (0,2) = Paa v = (2,2) ‘0779’*70 (2.49)

Voa v =(0,2) = D-Paa v = (2,2) (2.50)

9—=0-=0

Since the generators of the 2d N = (0,2) subalgebra Q, Q. properly commute with D_
and with setting #~ and 6~ to zero, we verify that these two superfields are indeed closed

representations of the N' = (0,2) SUSY algebra.

Antichiral multiplet:
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The antichiral multiplet ®oq zr — (2,2) is defined by the conditions

Di®og p = (2,2) = 0. (2.51)

Solving these equations, we find its superspace component expansion

Doq i = (2,2)(,0,0) = ¢(x) + 0%o(x) + 0107 F(z) + 0701 0:0(x) + 070~ 0,0(x)

+i0T 0070 _(x) — i 010709, (z) + 070070 0.0:0(x). (2.52)

Under the embedding described in (2.21), ®aq a7 = (2,2) decomposes into a 2d N = (0,2)

antichiral multiplet plus a 2d N/ = (0, 2) conjugate Fermi multiplet:

Doq &= (0,2) = Poa n = (2,2) (2.53)

Uod n=(0,2) = D-Poq & = (2,2 (2.54)

Vector multiplet:

In Wess-Zumino gauge, the vector multiplet is

Vad n = (2,2)(2,0,0) = 0107 A, () +070" A_(2)+ 070" p(x) +010~p(x) +20707010 D(x)

L2000 A_(x) + 01070y (2) + 0700 X_(2) + 07040 7, (x)). (2.55)

Under the embedding described in (2.21), Vag a7 = (2,2) decomposes into a 2d N = (0, 2) vector
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multiplet plus a 2d N = (0, 2) chiral multiplet and a 2d A" = (0, 2) antichiral:

Vaa N = (0,2) = D_D_Vag x — (2,2) ‘97:57:0 (2.56)
Aza n = (0,2) = Vaa v = (2,2) S (2.57)
DPog n = (0,2) = &%D‘/Qd/\/ (2,2) - —-—0 (2-58)
Dog = (0,2) = &%E—%d/\f 22|, _,; (2.59)

2.2.4 2d N =(0,4) multiplets

There unfortunately is not a nice superspace representation of this SUSY algebra [PSY16], so
we describe the 2d N = (0, 4) multiplets in terms of their decomposition into 2d N" = (0, 2)

multiplets.

Hypermultiplet:

A 2d N = (0,4) hypermultiplet ® consists of two 2d N' = (0, 2) chiral multiplets ®; and
®, [Tonl4]. To specify the action of the full 2d /' = (0,4) SUSY algebra on ®, it remains
to describe how ®; and @, transform under the SU(2); x SU(2), R-symmetry. The scalar
components of ®; and @, transform as a doublet under SU(2); and are invariant under the
action of SU(2)s, whereas the fermions are invariant under SU(2); but transform in a doublet

under SU(2)s.

Vector multiplet:

The 2d N = (0,4) vector multiplet V' decomposes into a 2d N = (0,2) vector multiplet V'
and a 2d N = (0,2) Fermi multiplet ¥ that takes values in the adjoint representation of the
gauge group [Tonl4]. The gauge field in V' is invariant under SU(2); x SU(2)s, and the

fermions in ¥ transform as a doublet under SU(2); and SU(2),.
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2.2.5 3d N =2 multiplets

We can represent the action of this SUSY algebra as derivations on superfields in the following
manner [CO17]
0 [ — 0 i
a= 7,— + 5(0"0).0 =——— —(0"0),0 2.60
Q aea 2 (U ) M QO{ aea 2 (U ) 14 ( )
To construct certain multiplets, it is convenient to introduce the following superderivatives

that commute with the SUSY charges:

0 i, = — 0 i
Dy,=———(c" Dy,=——+ =(c" ) 2.61
o= 5pa 2(0 )00, o 50 + 2(0 )00, (2.61)
Chiral multiplet:
The chiral multiplet ®34 Ar — o is defined by the conditions
Dy®sqpn—2=0. (2.62)

Solving these equations, we find its superspace component expansion

DPag pr=o(,0,0) = p(x) + 0T (x) + 07 _(x) + 010" F(x)
0 G Dub(x) — i07G0.0(x) — %9+§_8t¢(ac) _ %9—é+at¢(x)
+ 0706 (%@1/1_ (x) — 1821/1+(x)> A (%ﬁtz/ur(x) + 0z (:L‘))

A (i@fqﬁ(m) + azang(x)) (2.63)

Under the embedding described in (2.22), ®34 n = 2 decomposes into a 2d N = (0, 2) chiral
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multiplet plus a 2d N' = (0,2) Fermi multiplet:

Poa N =(0,2) = CI)3dN:2‘977§770 (2.64)

(2.65)

Waa v =(0,2) = D-P3an =2 o

Antichiral multiplet:

The antichiral multiplet ®sq4 nr— o is defined by the conditions
Diagd'/\/’: 2 = O (266)

Solving these equations, we find its superspace component expansion

DBq p—2(2,0,0) = d(x) + 07y (x) + 07 ¢_(2) + 070" F(x)
i T00(x) + it 0.0(x) + 2070 05(x) + 076" Dd(a)
S (%at¢_<x) _ i@zw+(a:)) _otat (i@z¢_(x) ; %atw+<x>>

e Gafd)(x) i azaz(b(x)) (267)

Vector multiplet:

In Wess-Zumino gauge, the vector multiplet is [CO17]

_ B o o 1 o
Vi x =2 = — 000 Ay () icasl" B0 ()= ieapl* 00N, () Hicas0° BN, (1) 507000 D(x).
(2.68)
2.2.6 3d N =4 multiplets

A nice description of 3d AN/ = 4 hypermultiplets as a superfield is not currently known (one
needs a superfield containing infinitely many auxiliary fields) [HKLR87, GIKOS84]. Thus

we describe 3d N' = 4 multiplets in terms of the 3d A/ = 2 multiplets they decompose into
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under the 3d N' = 2 subalgebra.

Hypermultiplet:

A 3d N = 4 hypermultiplet ®34 s — 4 decomposes into two 3d N' = 2 chiral multiplets X
and Y. To specify the full 3d N' = 4 action, we need to describe how the R-symmetry
SU(2)g x SU(2)¢ acts on X and Y. The scalars of X and Y form an SU(2)y doublet and
transform trivially under SU(2)¢. The complex fermions X and ¢} form an SU(2)¢ doublet

and transform trivially under SU(2)y.

In terms of the 2d N = (2,2) subalgebra, a 3d N' = 4 hypermultiplet decomposes into two
2d N = (2, 2) chiral multiplets which we can express in terms of the 3d N' = 2 decomposition

as [BDGH16]

q)X = {Xa wi(/&)—/aFY} (I)Y = {Y7 QﬂLZE&FX} (269)

Vector multiplet:

The off shell degrees of freedom for the 3d N = 4 vector multiplet are a 3d gauge field A4,, a
real plus a complex scalar field o, ¢ that together transform in the adjoint representation of
SU(2)¢, a complex fermion A, transforming in the fundamental of SU(2)¢ and another 7,
transforming in the fundamental of SU(2)y, as well as auxiliary fields D and F' [BDGHI16,
DGGH20].

In terms of the 2d N = (2, 2) subalgebra, a 3d N = 4 vector multiplet decomposes into a 2d

N = (2,2) a chiral superfield S and a twisted-chiral superfield ¥

S = {AL>Ua 5‘+7n—7F} 2= {S0777+7>‘—>D7A17A2}' (270)
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2.3 General features of 3d N = 4 gauge theories
2.3.1 Higgs and Coulomb branches

We discuss generic features of the moduli of vacua in 3d N = 4 supersymmetric gauge
theories. The topics here are not crucial for understanding the rest of the thesis, but we felt
we should at least briefly mention them for some sense of completeness and general discussion.
We summarize the discussion found in [AHISS97], which focuses on 3d N = 2, and comment

about the enhanced properties of these moduli spaces when we have N = 4 supersymmetry.

Higgs branch:

The Higgs branch is defined to be the space of vacua that minimize the potential for the matter
multiplets. This requires that the vector multiplets be set to zero, hence is parametrized
by gauge-invariant combinations of the VEVs of the scalar component of the matter fields.
The classical description of the Higgs branch turns out to describe the Higgs branch in the
quantum theory as well; there are no quantum corrections to the Higgs branch [APS96]. In
3d N = 4 gauge theories, the Higgs branch is a hyperkéihler manifold obtained by taking the

hyperkéhler quotient by the gauge group [HKLR8T].

Coulomb branch:

The (classical) Coulomb branch is defined to be the space of vacua which minimize the vector
multiplet contributions to the action. This requires that the matter multiplets are set to zero,
hence is parametrized by the VEV of the scalars in the vector multiplet and is a hyperkéahler
manifold in 3d N/ = 4 theories [HKLR87]. The Coulomb branch receives quantum corrections
from loops diagrams and from instantons. In general, the Coulomb branch is a difficult object
to compute due to these correction. We refer the reader to papers such as [CHZ14, BDG17,
BFN19] for some advanced techniques on computing them. Mirror symmetry states that
the Higgs branch for one theory should match the Coulomb branch for the mirror theory,
and vice versa. By “match”, we mean they are isomorphic as hyperkahler manifolds when

computed in the infrared.
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2.3.2 Operator content

In this thesis, we will primarily be interested in studying the category of line operators in
3d N = 4 gauge theories. We discuss line operators in much greater detail in section 4, but
for now, it suffices to say that they are operators supported on 1-dimensional submanifolds
(e.g. Wilson lines). Towards the end, we will also reveal a secondary interest in the local
operators in these theories: they contribute to half-indices of theories with boundary. These
are essentially traces of SUSY and flavor symmetry grading operators over the vector space
of boundary local operators. These objects arise physically as the partition function of the
theory on HS? x S'. Our interest stems from the desire to perform nontrivial checks of
mirror boundary conditions; half-indices must match since they capture information about
the boundary local operators. Section 5.6 describes in greater detail how one computes these

objects with many examples.

2.3.3 Twists

Given a nilpotent supercharge () in the SUSY algebra acting on some theory, one can construct
the Q-twisted theory by taking cohomology with () playing the role of the differential. In
physics terminology, this equates to restricting one’s attention to Q-invariant operators and
considering those that differ by a supersymmetry transformation as equivalent [Wit88]. One
desires our cohomology theory to retain Lorentz symmetry, and since () generally transforms
non-trivially under the Lorentz group, a modification must be made. One redefines the
spacetime Lorentz group as an appropriate subgroup of the product of the Lorentz group
with the R-symmetry group such that () is invariant under these combined transformations.

This point is a bit subtle and won’t play any significant role in our local computations.

We will see that twisting a theory tends to enhance its structure; the details of exactly what
structure it gains depends on the choice of nilpotent supercharge [ESW20]. In fact, one

of main reason we consider N’ = 4 theories is that 3d theories with fewer supercharges do
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not possess twists that yield the nice mathematical structures we are interested in [CG19].
When we consider theories with boundary later on, we will see that only certain twists are
possible depending on the details of the boundary condition. In other words, the nilpotent
supercharge must preserve the boundary condition in order for the twisting procedure to

make sense.

Topological A-twist:

If we define
Qa=Qf" +Q=, (2.71)
note that
|
r.—{ai-50 ) 2.72)
P, = {QA, —%Qf} (2.73)
P ={Qa,Q="}. (2.74)

This means that all of the translation generators are ) 4-exact, hence translation acts (locally)
trivially in the A-twist. We call such a theory “topological” since correlation functions are
invariant under moving operator insertions around; the local translation invariance does not
allow us to move operators through each other, hence the correlation function still depends on
the topological type of the configuration. The A-twist in a 3d AN = 4 theory can be obtained

from a dimensional reduction of the 4d Donaldson-Witten twist [Wit88].

Topological B-twist:
If we define

Qp = Q" +Qt, (2.75)
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note that

P, = {QB, —%Q:*} (2.76)
P ={ Q307" (277
P ={Qs.Q="}. (2.78)

By the same reasoning, twisting by ()p also yields a topological theory. The B-twist cannot
be obtained via dimensional reduction of a higher dimensional theory. It was first discovered
in various 3d N = 4 gauge theories in [BT97] and [RW97]. The A- and B-twists can more
directly be distinguished by which factor of the SU(2) x SU(2) R-symmetry group they

preserve.

Holomorphic-topological twist:

If we define
Qur = fr, (2.79)
note that
1 -
P~ {Qn 50} (2.80
P ={Qp Q="} (2.81)

but P, is not in the image of {Q g7, —}. This means that in the HT-twist, the ¢-direction is

topological and P; o< 05 acts as zero, hence correlation functions are holomorphic.
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3 3d mirror symmetry

In this section we review various aspects of 3d mirror symmetry of N = 4 gauge theories
and set the stage for the main result of this thesis. Throughout, by ‘mirror symmetry’, we
specifically mean 3d mirror symmetry; one otherwise would usually understand this phrase

as a reference to the class of dualities of two-dimensional theories established in [HV00].

Mirror symmetry is an infrared duality of theories. The theories need not be supersymmetric,
but the action of mirror symmetry becomes much richer if they are. Additionally if the
theory supports a topological twist, then the duality will hold at all energy scales since the
renormalization group flow acts trivially. Let us briefly review a simple non-supersymmetric

example of mirror symmetry to begin.

3.1 Particle-vortex duality

Particle-Vortex duality is a duality between 3d theories where the local operators constructed
from the fundamental fields (i.e. particles) in one theory map to monopole operators (i.e.
vortices) in the dual theory. Some of the first examples dealt with abelian bosons on a lattice

[Pes78, DHS1, FL89).

3.2 Action on main structures

Recall from section 2.3.1 the definition of the Higgs and Coulomb branches of a supersymmetric
theory. Given a mirror pair of theories (7,7"), the Higgs (resp. Coulomb) branch of 7 is the
same as the Coulomb (resp. Higgs) branch of 7" as hyperkéhler manifolds [IS96]. In other
words, the action of mirror symmetry swaps the Higgs branch of 7 with the Coulomb branch
of 77, etc. Along similar lines, these theories also possess a flavor symmetry group G¢o X Gy.

The Coulomb branch symmetry G¢ originates from the topological symmetry acting on the
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components of the gauge fields corresponding to U(1) factors of the gauge group; essentially

GC _ U(l)# U(1) factors in G‘ (31)

The Higgs branch symmetry group Gy is defined to be the normalizer of the gauge group
G in USp(N) where N is the number of hypermultiplets. One typically requires that the
hypermultiplets transform under a quaternionic representation of G, hence when we take
the normalizer, we mean the image of G in USp(N). Mirror symmetry swaps G¢ and Gy,

meaning that the Coulomb symmetry in 7 is the Higgs symmetry in 77, etc.

Given a pair (7,7’) of mirror theories, one can consider their A- and B-twists. Mirror
symmetry conjectures that the A-twist (B-twist, resp.) of T is mirror to the B-twist (A-twist,
resp.) of 7. As mentioned in Section 4.1, when considering line operators we restrict to the
category of line operators that preserve the nilpotent supercharge we twist by. Thus mirror
symmetry swaps the category of A-type line operators in 7 with the category of B-type line

operators in 7', etc.

Lastly, if the pair of bulk mirror theories each possess a boundary, then imposing Neumann
boundary conditions in one theory is expected to be mirror dual to the mirror theory with
generic Dirichlet boundary conditions [BDGH16]. If one instead imposes exceptional Dirichlet
boundary conditions, one obtains so called 'enriched Neumann’ boundary conditions which
are essentially standard Neumann boundary conditions coupled to additional 2d matter
living on the boundary [BZ21]. We expand our discussion of mirror symmetry and boundary

conditions in Section 5.

3.3 Simple examples

Mirror symmetry of 3d theories with supersymmetry was first studied in [[S96] wherein the
authors conjectured many new dualities between 3d N = 4 SUSY gauge theories for various

families of gauge groups. Shortly after, [BHOO97] enlarged these conjectures to include
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supersymmetric quiver gauge theories. These papers checked the proposed dualities and
mirror maps by computing the dimensions of the Higgs and Coulomb branches and the

metrics on the respective spaces, as well as counting the number of mass and FI parameters.

The action of mirror symmetry on the line operators in a theory (see Section 4) was uncovered
in [AG15]. The authors conjectured that half-BPS Wilson loops are exchanged with vortex
loops, and this was checked by computing supersymmetric partition functions (i.e. indices)

in the presence of each of these loops.

3.4 Our example

Let us introduce the main pair of theories we study in this thesis. We start off with SQEDI[1]:
U(1) gauge theory with a single hypermultiplet. Its mirror dual is a single free twisted 3d
N = 4 hypermultiplet. It was checked in [KS99, KWY10b, KWY20] that the partition
functions of these theories match, and it was further shown in [BKW02] that the monopole
operators indeed satisfy other properties required by 3d mirror symmetry (e.g. they carry

the expected conformal weights).

We let Ty be the A-twist of a free twisted hypermultiplet. According to section 3.2, T4 should
be dual to the B-twist of SQEDI[1] T’5. The pair (T4, Tg) constitute the simplest example of
3d abelian mirror symmetry of twisted SUSY gauge theories and will be the primary focus of

this thesis.

As explained in Section 2.3.3, Ty and Tg are topological theories. While mirror symmetry is
an infrared duality, topological invariance implies that T4 and Tg are actually equivalent at
all energy scales. This allows us to perform computations using the ultraviolet degrees of

freedom, which is more straightforward.

In particular, we study the categories of half-BPS line operators £4 (Lp, resp.) that preserve
the 1d N/ = 4 SUSY subalgebras containing Q4 (Qp, resp.) in T4 (T, resp.). These are the

line operators that survive when we take the A- or B-twist; i.e. they are compatible with

27



taking () 4/p-cohomology. Mirror symmetry suggests that £, is equivalent Lp; we perform
the nontrivial check that this is indeed the case in Section 6. We furthermore exploit this
equivalence to study the structures of £, by way of analyzing the corresponding structures
on Lp where they are much easier to compute. We now transition to a presentation of the

requisite background material before describing these main results.
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4 Line operators

In contrast to local operators, which are operators that depend on a single point (or rather,
an arbitrarily small neighborhood of a point), line operators are operators that depend on a
1-dimensional submanifold. A well known example are the Wilson loops constructable in any
gauge theory

W, = Peh 7oA (4.1)

where v is a closed path and p is a representation of the Lie algebra. As stated in Section 3.4,
local operators were studied and shown to match between certain conjectural mirror pairs
of theories. A main focus/outcome of this thesis is to describe non-trivial progress we have
made supporting one of these conjectures by proving that the line operators of these theories
match. Some pioneering work in this direction can be found in [AG15]. Before we get there,

we review some basic facts about line operators and review some simple examples.

4.1 Categorical structures

We will mainly be interested in the local structure of line operators, so we will restrict
ourselves to studying line operators that are (semi)-infinite, straight, and parallel. Moreover,
we would like these 1d defects to preserve as much of the 3d N’ = 4 SUSY algebra as possible,
which is one of the 1d N’ = 4 subalgebras described in 2.1.6. As described in section 2.3.3,
each of these subalgebras contain supercharges that yield topological theories when twisted
by them. We further restrict focus to the set of line operators preserved by either of these

supercharges, one at a time.

4.1.1 Morphisms

Let L and L' be two semi-infinite line operators that share an endpoint. The vector space

of local operators Ops(L, L) insertable! at this endpoint is of particular interest since it is

'In general, the set of operators that can be inserted at a junction of lines L and L’ is restricted. For
example, the stacking of L and L’ might not be gauge-invariant, thus by ‘insertable operators’, we mean the
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a natural candidate of a notion of a morphism L — L’. One can try to define a notion of

composition of these operators

o: Ops(L/, L") ® Ops(L, L") — Ops(L, L") (4.2)

by a limiting procedure in which the local operators are brought close together by shrinking

L' to a point, depicted in Figure 1. Unfortunately this map will not be associative in general

L_ | Lt/
T e
L L ~ OO0
o 451\
L
L

Figure 1: Depiction of composition map of local operators bound to line operators.

and heavily depends on the limiting procedure. We can remedy these issues by restricting
attention to the set of A-type line operators or of B-type line operators. If we instead define

morphism spaces as the @ 4- or Q) g-cohomology of Ops(L, L)

Homy,p(L, L") := H*(Ops(L, L"), Qa/5), (4.3)

the composition map defined above will then be associative since translation of the operators
along the line and the shrinking of L' are ) 4/p-exact operations. In conclusion, sets of line
operators preserving a supercharge that is topological along the direction of the line can be

given the structure of a category in a natural manner.

set of local operators whose gauge transformation properties exactly cancel the gauge covariance of L and L'.
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4.1.2 Monoidal structure

Similar to the collision of local operators described in the previous section, one can also
consider colliding parallel line operators, such as that depicted in Figure 2. By the principle
of locality, we expect the result of such a collision in any correlation function is equivalent

to an insertion of some other line operator in the theory. In general, this will not define a

l.’, L L{XL

Figure 2: The collision of line operators, giving rise to a monoidal structure.

product with any of the usual/nice properties one expects and desires. For example, the
product may be heavily dependent on the exact collision prescription. See [BBBDN20] for a

more in-depth discussion.

In theories that preserve a fully topological supercharge, for example, colliding line operators
in the corresponding twisted theory will not depend on the details of the collision and will
define an associative product on the category of line operators. Theories that preserve an
HT-twist with the holomorphic plane perpendicular to the line operators also possess a
nice product given by the operator product expansion (OPE). This product is not strictly
associative but it still satisfies an appropriate notion of associativity that we describe in

Section 4.3.1.

Categories with a notion of multiplication on its objects that is associative and contain an
identity object are called monoidal categories. In detail, a category C is said to be monoidal

if it is equipped with

e 2 bifunctor

®:CxC—=C (4.4)
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e functorial associativity isomorphisms

for all U, V, W € Ob(C)

e an identity object 1 € Ob(C) with functorial isomorphisms

A1V =V

pVV®]1%V

satisfying various properties that are intuitively understood but technical to state; see [BKO1,

Definition 1.1.7] for full details.

4.1.3 Braiding

One may encounter two line operators that have been twisted around each other, such as in
Figure 3. We usually cannot just untwist them and compute as if they were disentangled.

L K L
L L’
Figure 3: Braided line operators.

However, depending on the structures present in the theory, we can often relate these “braided”
line operators to pairs of unbraided line operators if they are sufficiently close together. In
topological theories for example, the relation is trivial since we are free to homotopically
untwist the line operators (modulo subtleties involving asymptotic boundary conditions). In

the following sections, we will describe theories that possess non-trivial braiding.
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Mathematically speaking, a monoidal category C is a braided tensor category if, for every

V,W € Ob(C), there exist a functorial isomorphism
O'V,WZV®W—>W®V (47)

such that the set of all such braiding maps are compatible with the monoidal structure and

the relations of the braid group (see [BKO01, Definition 1.2.3] for full details).

4.2 Warm up story, Act 1

Some of the categorical structure of the previous section has been explicitly computed in
the work of [DGGH20] where the authors studied Wilson lines in the B-twist of 3d N/ =4
gauge theories, vortex lines in the A-twist, and the categories they generate. In particular,
the authors computed the morphism spaces, defined in Section 4.1.1, within these classes of
line operators. Morphisms between half~-BPS Wilson lines L and L’ carrying representations
R and R/, for example, were found to be the space of insertable local operators living in the
representation R* ® R’ subject to an equivalence relation that sets the complex moment map

to zero.

We pause to review the famous work of [Wit89] about line operators in non-abelian 3d
Chern-Simons theory and highlight how the categorical structures introduced in the previous
section appear naturally. This theory is topological, hence the set of line operators will have
the rich structure described in section 4.1, although this modern language was not explicitly
stated in the paper. We point out that this theory is not constructed from a topological twist

of a supersymmetric theory, in contrast to many of the theories we will be interested in.

We fix an oriented 3-manifold M, a simple compact Lie group G, and a G-bundle F with

connection 1-form A. We work in the theory described by the Chern-Simons Lagrangian

Ezi/ tr(A/\dA—kgA/\A/\A) (4.8)
Ar Jur 3
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where k € Z. Wilson loops Wg(7) in this theory are labeled by an oriented closed curve

v € M and an irreducible representation R of G.

Once quantized, monopole operators yield isomorphisms between Wilson loops carrying
different representations, hence the quantized theory only possesses a finite set of distinct
Wilson loops corresponding to simple representations of G [EMSS89]. As a consequence, the
category of line operators in quantized 3d Chern-Simons theory forms a finite semisimple
category. This category was shown to additionally possess the structure of a braided tensor

category by [Wit89, EMSS89].

Our goal is to be able to compute correlation functions involving arbitrary, mutually non-

intersecting, Wilson loops, such as in Figure 4. The topology of M and the arrangement

(s

L v
/.
—

Figure 4: Example of an arbitrary collection of line operators.

of the Wilson loops can be quite complicated, so we would like to be able slice/decompose
M into pieces that are easier to study. Locally, the region around each slice of M by an
oriented Riemannian submanifold ¥ looks like R x . If a Wilson line W, (7;) intersects %
at a point p;, then it is natural to consider the p; as marked points of ¥ and to associate
each point with the representation R; or R} depending on the relative orientation. This
decomposition procedure yields a connection to vertex operator algebras (defined in Section
4.3) where the braided tensor structure will make its appearance. The authors explain how
this structure can be used to express the expectation value of any link of Wilson loops in
arbitrary representations in terms of expectation values of unknotted Wilson loops, which

themselves are determined by the braided tensor structure. Let us summarize this procedure.
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Suppose we start out with the Wilson loop arrangement in Figure 4. If the Wilson lines
could pass through themselves, then everything could be unlinked and unknotted and the
expectation value would simply be the product of the expectation value of the resulting
unknots. Unfortunately the Wilson loops are not specters that can pass freely through each
other without changing the expectation value. However, the braiding structure effectively
lets us do just this by keeping track of how the expectation value changes as we pass lines
past each other. Let us cut the space M along the hypersurface . If we focus on the part
of M on one side of ¥, something special happens on the manifold’s putative boundary X:
there is a 2-dimensional vertex operator algebra on ¥, and the points p; where the Wilson
lines end on X correspond to modules of the VOA. We justify these statements in Section
4.4, but let us describe the upshot before delving into the details. The idea is that we would
like to be able to drag around the p; so that, when we glue back the two regions of M, the
links becomes untangled. The VOA'’s braiding structure tells us how to do this. We now take
an intermission to introduce the unfamiliar reader to the relevant definitions and examples
of VOAs and explain their relation to CFTs; they will play a central role in the rest of this

thesis.

4.3 Vertex operator algebras

Vertex operator algebras (VOAs) are the mathematically rigorous formulation of the holomor-
phic sector of 2d conformal field theories (CFTs). CFTs are quantum field theories (QFTs)
that are invariant under spacetime diffeomorphisms that rescale the metric by a positive
function. In 2 spacetime dimensions, the group of such conformal transformations is infinite
dimensional, imposing strong relations that the CFT’s correlation functions must satisfy. The
implications of these constraints were first explored in the pioneering paper [BPZ84]. Some

standard references for CFT basics are [DMS97, Gin88, Sim17].

While VOAs are inherently two-dimensional objects, they can appear naturally in theories

living in dimensions strictly larger than two that greatly aid the study of the original theory.
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For example, we saw in the previous section how VOAs can be used to study a certain 3d
theory by inserting an artificial codimension one surface. Similar techniques have been used

to study 4d theories using codimension two hypersurfaces (see, e.g. [LL16, BL+15, BL20]).

4.3.1 Definitions and explanation

A good introductory book on vertex operator algebras is [FB04]. We will follow the develop-
ment of the theory of VOAs contained in [HLZ10-11].

Definition 4.1 (Definition 2.2 in [HLZ10-11]). A vertex operator algebra is a Z-graded vector

space

V=11V (4.9)

neL

together with two distinguished vectors:
e vacuum vector: |0) € Vo
e conformal vector: w € V(g

and a linear map

Y(—,2): V= End(V)[z,27]

Y(v,2) = Z Vpz !

neL

(4.10)

called the state-operator correspondence, satisfying the following condition:

1. lower truncation: v,w = 0 for any v,w € V and all n sufficiently large (i.e. Y (v, z)w €
V(=)

2. vacuum property: Y (|0),z) = 1y, the identity operator on V

3. creation property: Y (v, 2)|0) € V[z] and lim, oY (v, 2)|0) = v
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. Jacobi identity:

20

s ( - ) Y (0, 20)Y (1, 22) — 716 (;) Y (w, 25)Y (0, 21)

=216 ("’1 — ZO) Y (Y (0, 20)w, 20) (4.11)

where

n
-1 2! 22 o1 2! 22 _ mf T —n—1_n—m_m
Z =z = — zZ z
0 0 0 1
20 20 m
neZ

is an element of Clzo, 25 |[21, 21", 22]

. internal Virasoro algebra: with L(n) := w41, i.e.

Y(w,2) = Z L(n)z"""2,

ne”L

there exists some c € C, called the theory’s central charge, such that

[L(m), L(n)] = (m —n)L(m+n) + 1—12m(m + 1)(m — 1)0pminocly

. L(—1)-derivative property:
d

%Y(U’ 2) =Y (L(—1)v,2)

. weight condition: for each n € Z and v € Vi,

L(0)v = nv.
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(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

It follows that if v € V|,), then v, maps Vi) to Viginim—1); i.e. the Z-grading is compatible



with the internal action of the VOA on itself.

Let us elaborate upon this behemoth of a definition and explain how it connects to familiar
notions in CFT. The vector space V is the Hilbert space of states of the CFT, which is
regarded as living at the origin of the complex plane formally parametrized by the variable z.
While our notation does not directly coincide with [HLZ10-11], the reader may find it helpful
to take note of Remark 1.3 therein to keep in mind when variables are formal versus complex.
We require z be formal to ensure certain equations are well-defined by forcing an algebraic

interpretation.

Given a state v € V, one can construct an associated field v(z) using the state operator
map: v(z) := Y (v, z). In physics, this map is achieved by a path integral with appropriate
boundary conditions reflecting the insertion of the state v and point z (see [Sim17, Section
6] and [Pol07a, Chapter 2]). The fact that this map is an isomorphism results from the
conformal symmetry: Goddard’s uniqueness theorem states that every field is determined
by a unique state given by the creation property [FB04, Section 3.1]. This correspondence
manifests itself in the existence of the state-operator correspondence map Y (v, z) (a.k.a.
operator-field correspondence, or the state-field correspondence) satisfying the conditions in

Definition 4.1.

There is a division between the mathematical and physics literature regarding the indexing
of the modes (i.e. coefficients) of fields Y (v, z). We follow the mathematical conventions

wherein all modes, aside from ones in the stress-energy tensor Y (w, z), are indexed so that

Y(v,z) = Zvnz_"_l. (4.17)

nez

If v had conformal weight h,, a physicist would have indexed the modes in the following

manner

Y(v,2) = Z V2" (4.18)



For a discussion comparing the advantages of each convention, see [KR18, Section 2].

The implications of the horrendous Jacobi identity can be briefly summarized in that it leads

to the existence of the operator product expansion (OPE)

Y(a,2)Y (b,w)c =Y (Y(a,z — w)b,w)c (4.19)
=> %c (4.20)

where a,b,c € V. This can be considered as a version of an associativity condition in the
realm of VOAs. The lower truncation condition ensures that the OPE only contains singular

terms up to a finite order.

In physics, one encounters this equation in the guise

Y(a,2) - Y(bw) ~ 3 % (4.21)

n>0

where O, (w) are fields. Note that only singular terms are written in equation (4.21); the
non-singular terms are determined by the easily computable normal-ordered product of
Y (a, z) and Y(b, z), hence are omitted from the right-hand side for convenience. The precise
meaning of the OPE (4.19) as an algebraic equation is a bit technical to spell out (see [FB04,
Section 3.3]), but it essentially states that if field insertion points z and w are sufficiently close
together, then the product Y (a,2)Y (b, w) is equal to an expansion in the small parameter

z —w when |z| > |w|.

The quantized conformal symmetry algebra in 2d is the Virasoro Lie algebra defined by
(4.14), hence the fields in our theory carry an action of this algebra dictating how the fields

transform under local conformal transformations.

We would like the Virasoro action to be generated by a state in the Hilbert space V'; this is the

meaning of the internal Virasoro algebra condition in Definition 4.1. The field Y (w, 2) is the
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stress-energy tensor 7'(z) in CFT and it’s components generate local conformal transformations

by taking residues against various powers of z. In particular, it’s (—1)®

component generates
holomorphic translations; this requirement is encapsulated by the L(—1)-derivative property.
Dilations are generated by the 0'" component, which is the meaning of the weight condition.
The weight condition requires that the grading on V' coincides with the usual grading by

conformal weight. Since one typically considers conformally invariant vacua in physics, we

now understand why the vacuum vector must live in V().

In the following section, we will present multiple examples of vertex operator algebras to
familiarize the reader, but also since some will play central roles in the remainder of this
thesis. We will also encounter vertex operator superalgebras (VOSAs) in this thesis. Our
definition of a vertex operator superalgebra (VOSA) closely follows that of a VOA but there
is an additional Z, grading present and all VOA structures and conditions are rephrased to
make them compatible (e.g. commutativity conditions are replaced by graded commutativity

conditions); see remark 1 of [FB04, Section 1.3.2] and [CKM17, Section 1.4] for further details.

The final definition we give before proceeding to examples is that of a module for a VOA.
These appear in physical theories whose space of states is not simply generated by the action
of the mode algebra on the VOA’s vacuum vector (i.e. Fock module). Canonical examples

are modules for the free boson generated by vertex operators (see Section 4.3.2).

Definition 4.2 (Definitions 2.9 and 2.12 of [HLZ10-11]). A generalized module for a VOA V

1s a C-graded vector space

W= ] Wa (4.22)
acC
together with a linear map
Yiw(—,2): V — EndW)[z,27'] (4.23)
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with mode expansion

Yiw (v, 2) = Z vz !

nez

satisfying the following conditions:

(4.24)

1. lower truncation: for each v € V and w € W, v,w = 0 for all n sufficiently large

2. vacuum property: Y (|0), z) = Ly, where 1y is the identity operator on W

3. Jacobi identity for Yy :

22— 21

251(5 (Zl — 22) Yw (u, z1)Yw (v, 29) — 20_15 (

)

) Y (v, z2) Y (u, 21)

22

= z;lé (Zl _ ZO) Y (Y (u, 20)v, 22)

4. Virasoro action: defining Ly (n) by

Yiw(w,2) =Y Lw(n)z ",

nel

we have

[Lw (m), L (n)] = (m — n) Ly (m +n) + %m(m + 1) (m = 1dminocly

where the central charge takes the same value as for the VOA 'V itself

5. L(—1)-derivative property:

d
%Yw(v, 2) = Yw(L(=1)v, 2)

(4.25)

(4.26)

(4.27)

(4.28)

6. generalized weight condition: for each o € C and w € Wi, there exists some m > 0

such that

(L(0) — a)"w =

41

(4.29)



The field Yy (v, 2) is called the vertex operator on W associated to v € V' and describes
how the VOA V acts on W. These conditions are direct analogues to the ones found in
Definition 4.1, hence the physical motivation is similar. We only comment/emphasize that
we do not require L(0) to act semisimply: in many physical theories of interest, such as
the ones we consider in Section 6, one naturally encounters modules that are reducible but
indecomposable. Such theories are called logarithmic VOAs/CFTs due to the appearance
of logarithms within the OPEs, correlation functions, and intertwiners of the theory; see
[CR13a] for a good, physically motivated introduction on this topic and [HLZ10-11] for a
comprehensive mathematical discussion. A rational VOA is one in which the representation
category s semisimple, although we warn the reader that the meaning of this term varies

slightly in the literature.

4.3.2 Example 1: free boson

The free boson is perhaps the simplest VOA one encounters in a first course on VOAs and

CFTs. From a physics perspective, it is described by a field X (z, Z) subject to the action
1 _
S = —/aXﬁX. (4.30)
2 C
The equations of motion imply that the field is of the form
_ 1 i
X(z,2) = 5(1‘(2) + z(2)). (4.31)

Once quantized, the modes in the Laurant expansion of x

- L,
x(z) =%+ xglogz — Z Tz (4.32)
n#0
are found to satisfy
[T, T] = 6np [T, Ton) = N0y, — - (4.33)
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The term involving log 2 indicates that x(z) is not a field directly associated to a state in the

VOA. However, its derivative

0x(z) = Z Tz " (4.34)

ne”L

is a perfectly valid field associated to the state z_1|0) and has OPE

0x(z) - Ox(w) ~ (4.35)

(z —w)*

We halt our physics description of the free boson CFT and restart it from the mathematical
point of view, describing how one constructs the free boson VOA. We hope this helps bridge
the two perspectives together. For further exposition from the physics point of view, we refer

the reader to [Gin88, Section 2.3] and [DMS97, Section 6.3].

To construct the free boson VOA, more commonly known as the Heisenberg VOA or the

Weyl VOA, we start by constructing the Heisenberg Lie algebra as the central extension

0——C-1 > H » C(t) — 0 (4.36)

with Lie bracket

[f(t) + all, g(t) + b1] := —(Res,—of (£)g'(£))1 (4.37)

where the residue operator returns the coefficient of t~'. Concretely, if we define b,, := t*,

then

b, bra] = 16— 1. (4.38)

The vector space upon which the VOA structure is built is obtained as a representation space
of the Heisenberg Lie algebra in the following manner. Note that H can essentially be split
into a space of “negative modes” (bg)r<o of “non-negative modes” (by)r>o. Intuitively, we
would like to construct a vector space V' generated by a vector |0) upon which the negative

modes act freely and that is killed by the non-negative modes. This is a familiar construction
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of the Fock space one encounters in a course on Quantum Mechanics. Such a space is realized

mathematically as the polynomial ring in infinitely many commuting variables

The action of the negative modes is the usual multiplication in the polynomial ring, and the

non-negative modes act as derivations b, = n>—. The vertex operator algebra structure on

8b

V' is defined as follows. The state-operator map is defined by

Y(blﬁbkz T bkn? Z) -

I k — Ha ki1 (z (4.40)

where

b(z) =Y (boy,2) = ) bz " (4.41)

keZ

The normally ordered product of fields : A;(2) - - - A,(2): is a non-associative multilinear map
that rearranges the coefficients at each order in z so that all of the positive modes are placed
to the right of the non-positive modes [FB04, Definition 2.2.2]. Mathematically, this seemingly
bizarre operation is actually necessary for the VOA structure to be well-defined. From a
physics point of view, normal ordering is seen as a regularization technique that gets rid
of pesky infinities. The vacuum vector is [0) = 1 € V and there is a 1-parameter family of

conformal vectors given by

1
wy = §b2_1 + A\b_s reC (442)

which determines the grading on V' and is independent of A. If we compute the OPE, we find
(4.43)

which matches (4.35). Thus we see the connection between our physical and mathematical

expositions: the CFT and VOA are identified via b(z) <— 10X (z)! The mode 7 of X (z)
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(4.32), which is absent in 90X (z), allows us to easily construct a family of modules for V' in

the following manner. This mode commutes with all other modes aside from z

[z, 2] = —0p 0. (4.44)
Therefore if we define the vector space

Fy =MV, (4.45)

we find that F) carries the same action of H as V' except now by acts as ALp,. In physics
one usually denotes e*?|0) as |)\), in which case it becomes natural to realize F) as simply
another Fock module for the free boson VOA! We remark that one can also use & to construct
reducible but indecomposable modules. For example, the module Fy generated by z|0) has
unique submodule Fyy generated by |0), and the quotient Fj/Fy is isomorphic to Fy, but
F % Fy & F.

4.3.3 Example 2: lattice VOA

Some of the Fock modules F)\ can be used to construct a VOA extension of V. By this we
mean a larger VOA that contains the original one as a sub-VOA. For any integer n € 27\ {0}?,

the lattice \/nZ corresponds to a VOA built as

Vyiz == P Fuya- (4.46)

meZ

and with the same conformal element from Fj. The state-operator map is extended from V'
by
Y (|my/n), 2) i= emVrEmyibo g mmyin o ST ommy i g SR (4.47)

2When n € 2Z + 1, one obtains a VOSA.
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Note that 2™V™ acts as an integral power of z on any element of V mz (as it must to be a
state-operator map) and that ™" maps F, i = Fintayym- One should compare equation
(4.47) to [DMS97, Equation 6.59] to witness the match to the physics perspective, however
they consider a more general setting where one allows for arbitrary complex power of z. There
are mathematical frameworks that generalize the notion of a VOA to allow for rational powers
of z in the state-operator map, such as [DL93]. In general though, the RHS of equation (4.47)
does not define a valid field for arbitrary o € C, but instead defines an intertwining operator;

we describe these objects in Section 4.3.5.

To construct modules for V7, we need to ensure that the action of 2™V in (4.47) results
in integral powers of z. The natural object to look at is the dual lattice \/LEZ. Since the
action of modes in V5, can map a vector of by-weight A to any weight in A + /nZ, any
module corresponding to a point in the dual lattice p must involve all points in the dual
lattice of the form p 4+ m+/n to ensure the action is closed. Thus we are naturally led to
consider modules labeled by the quotient \/LEZ /\/nZ, which has n elements. In conclusion,
Ae \/LEZ/ V/nZ defines a V, 5z-module

Fo= @5 (4.48)

AEA

One can generalize this notion of a lattice VOA corresponding to lattices of higher rank and
with non-definite bilinear form. In Section 6.3.3 we make use of such a VOA to realize and
study a VOA of interest as a sub-VOA, so we briefly review the relevant construction here.

The construction is very similar to the construction of the rank-1 lattice that we just treated.

Let Lz be a rank r (r < co) lattice with symmetric bilinear form (—, —): Lz X Lz — Z. Note
we do not require this form to be positive-definite. Let L := C ®7; Ly be a minimal complex
vector space containing Lz. The rank r Heisenberg Lie algebra associated to L is the central

extension

0——C-1 s L > L(t) —— 0 (4.49)



with Lie bracket

[v® f(1),w®g(t)] := —(v, w)Resizo f(1)g'(t)1 (4.50)

where the bilinear form on Ly has been extended to a bilinear form on L in the natural way.
The construction of the Weyl algebra Hj, associated to L is similar to the rank 1 case; the

modes satisfy

[Vny Win] = n(v,W0)00, —im, (4.51)

for v,w € L. The final step to obtaining a VOA is to construct the state-operator map on a
particular Fock module of #H;. We have the usual (vector space) decomposition of H, into

non-negative and negative parts, which given a vector v € V', defines a Fock module
H
F, = IndHEZOClv) (4.52)

The notation Ind‘g M means the following: suppose we have a Lie algebra A with sub-Lie

algebra B and M is a representation of B. Then
Indg M :=U(A) @up) M (4.53)

where U(A) is the universal enveloping algebra of A. This space naturally carries the structure

of an A-module.

In our current setting, the positive modes of H>o annihilate |v) and the zero-modes act as
wo|v) = (w,v)|v). (4.54)

The module Fjy can be given the structure of a VOA similar to the rank-1 case.
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4.3.4 Affine Kac-Moody VO(S)As / WZW models

When a CEFT possesses a flavor symmetry described (infinitesimally) by a Lie algebra g, the
corresponding conserved current J(z) in the quantized theory generates a sub-VOA of the
theory. This is called an affine Kac-Moody VOA. In general, one obtains a VOSA if the
symmetry contains a fermionic part; such an operator algebra will be central to a main result
of this thesis. We describe the non-super story here, but will explicitly describe the VOSA of

relevance when it becomes appropriate in Section 6.2.

Let us describe how they are constructed mathematically. Let g be the Lie algebra of G and
let k be an invariant bilinear form on g. For now we assume g to be finite-dimensional and
simple. Let

Lg:=g®C(1) (4.55)

be the formal loop algebra of g. This inherits a Lie algebra structure from g:

[A@ f(t), B@g(t)], = [A Bl ® f(1)g(t). (4.56)

The Kac-Moody Lie algebra g of g is the central extension of Lg by a 1-dimensional Lie

algebra with generator K

0—C- K > g » Lg > 0 (4.57)

with Lie bracket

[A® f(t), Begt);:=[A® f(t), BOg(t)],, — (Resizof (t)g'())(A, B) - K. (4.58)

The construction of the Kac-Moody VOA associated to g is a straightforward generalization
of the construction of the free boson VOA: it will be a g-module induced relative to a splitting

of g into negative and non-negative modes. Note that gt] @ CK is a commutative Lie
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subalgebra of g. We define the vacuum representation of g at level £ € C to be

wherein K acts on Cy, by kl¢, and g[t] acts as zero. Defining the vacuum vector to be

and letting
Jp = J ", (4.61)

we see that J,, - vy = 0 for n > 0. The state-operator map is defined by

i 1
Y(Jffi T J;zlzvkza Z) = :H m@;”‘ﬂ“‘*(z): (462)
=1 ¢
where
JU(2) =Y (%0, 2) = Y JptaE (4.63)
keZ

This vertex algebra has a conformal vector when k # —h" given by the Segal-Sugawara
vector: if {J*} is a basis for g, then letting {.J,} be the dual basis with respect to k, the

Segal-Sugawara vector is given by

dlm g

Z Ja1J% 0. (4.64)

When the level is a positive integer, V}, is reducible as a g-module, in which case one often
quotients by the unique maximal ideal to obtain a simple VOA L;. The simple quotient
of a Kac-Moody VOA for g simple is rational when k is a positive integer [FZ92]; Wess-
Zumino-Witten (WZW) models are the physical CF'T counterparts to a precisely this subclass
of Kac-Moody VOAs (see [DMS97, Chapter 15] for an overview of WZW models). We've
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actually already encountered Kac-Moody VOAs in section 4.4!

4.3.5 Braided tensor structure

We have given the mathematical definitions of a braided tensor category in sections 4.1.2 and
4.1.3 and described how a category of line operators may possess these structures in certain
theories. In this section, we describe the monoidal and braiding structures that certain VOA
module categories enjoy. Along the way, we illustrate how these structures naturally arise

from a physics perspective in 2d CFTs.

For the rest of this section, we fix some z € C*. The choice of z is immaterial as there are

isomorphisms to all of the following objects and notions if we had instead picked some other

2.

To discuss the tensor product, we must first introduce the notion of a P(z)-intertwining map.

Definition 4.3 (Definition 4.2 of [HLZ10-11]). Given three generalized modules Wy, Wy, W3

W.
for a VOA V', a P(z)-intertwining map of type ’ s a linear map
Wy Wo

I: W ®c Wy — Wg, (465)

where ®c is the vector space tensor product and W denotes the completion of W with respect
to the Ly grading, satisfying a grading compatibility condition, a lower truncation condition,

a Jacobi identity:

20_15 (le_ 2) Y3(v, 21) I (wy ® ws)
0

zZ— 2

=15 (21 ; ZO) I(Y1 (v, 20)w; @ wy) + 256 (

) Twn © Ya(v, 21)ws), (4.66)

and a compatibility with the Virasoro action (see the citation for full details). The Jacobi

tdentity here encodes that the map I appropriately intertwines the action of V.

50



After fixing a branch, these P(z)-intertwining maps are in 1-1 correspondence with logarithmic
intertwining operators [HLZ10-11, Proposition 4.8]. In the free boson VOA, the vertex

operators : X () : are examples of P(z)-intertwining maps.

Definition 4.4 (Definition 4.13 of [HLZ10-11]). Given two modules W1, Wy of a VOA V,
a P(z)-product of Wi and Wy is another V-module W3 (with state operator map Ys3(—, z))
together with a P(z)-intertwining map I of type

Wy Wy
Notice the use of the article ‘a’; in general there may be many (non-isomorphic) P(z)-products
of two modules. The tensor product of two objects is an initial object in an appropriate

category of P(z)-products.

Definition 4.5 (Definition 4.15 of [HLZ10-11]). Given two modules W1, Wy of a VOA V,
a P(z)-tensor product of Wi and Wy is a P(z)-product (W)Y 1) of Wy and Wy such that,
for any other P(z)-product (W', Y';1") of Wy and Wy, there exists a unique module map

n: W — W’ such that the following diagram commutes

I I (4.67)

where 7 is the extension of n to the completions of W and W'.

We denote the P(z)-tensor product as

(W1 Wp) Wa, Yp(); Mp). (4.68)

This definition may feel very alien and abstract for a physicist. Let us briefly review the
tensor product from the physics perspective, point out it’s naivity, and explain how one fixes

the issue.
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In physics, the fusion product often plays the role of the tensor product bifunctor. One
envisions that we have two modules W7 and W, inserted at points, say, 0 and z. Given some
operator O(() from our VOA V inserted at some point || > |z|, using principles of locality,
we attempt to define an action of each mode O,, on W; ®c Ws by taking residues of O(()
around a loop containing 0 and z with appropriate powers of ¢ inserted [MS89]. This is an
approach to define a coproduct A,: A - A®c A on the chiral algebra (i.e. the algebra
generated by the End(V')-valued coefficients that appear in the image of the state-operator

map) defined by the following equation

A, o(0,) == ﬁ . d¢ (Al (Z(g - z)mﬁom> ®cl+1®c0, (4.69)

meZ

)Zn+A_l_k01+k_A Qcl+1®cO,. (470)

i (n—i—A—l
k
0

k=
Here A is the conformal weight of O(().

One should note that, were the insertion point of W; at any point other than zero, the simple
1 ®c O,, term would become equally as messy as the O,, ®c¢ 1 terms. This intuitive notion
leads to an attempt at a definition of fusion of modules known as the Nahm-Gaberdiel-Kausch
fusion algorithm [Nah94, Gab94b, Gab94a, GK96]. We do not copy the result here, but
suffice it to say that the fusion product is defined by a quotient of the vector space Wi ®c Ws
by a certain relation: a choice was implicitly made in equation (4.69) to take the OPE of
O(() with the field in W;. One obtains a different notion of the coproduct A;O if one instead
choose to take the OPE of O(() with the field from W5. Physically it should not matter
which field we take the OPE of O(() with, hence the relations are generated by A, o — A;,O.
Kanade and Ridout [KR18] cleanly demonstrated the unfortunate mathematical failure of
this intuitive attempt: these relations are not well-defined. A successful construction of the

P(z)-tensor product for many VOAs is given in full detail in [HLZ10-11, Section 5.2] and

summarized in [KR18, Section 6.
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In a CFT, one obtains nontrivial braiding when correlation functions involve terms with
branch cuts (e.g. logarithms). In such a case, there is a nontrivial monodromy when
transporting a field around the other. The mathematical structure that captures this notion
of braiding are the commutativity isomorphism defined in [HLZ10-11, Section 12.2]. The
definition is fairly technical and we don’t need to concern ourselves with the details, but
the intuition is essentially the same: it is defined in terms of maps that transport a module
half-way around another. Braiding is thus obtained by essentially squaring the commutativity
isomorphism. The braiding structures in the VOA aid our computations of the corresponding

structures in the category of line operators, as we now demonstrate.

4.4 Warm up story, Act 11

Let us resume the story we started in Section 4.2. The first loose end we tie up is explaining
how the VOA arises on the superficial cut OM = . One must specify which boundary
conditions we impose on >; a common choice in 3d Chern-Simons are holomorphic boundary
conditions that set

Al =o0. 4.71
g (4.71)

This ultimately ensures that all boundary local operators depend holomorphically on ¥ and

will form a VOA.

Now if a Wilson line Wk, (y) ends on ¥ at point p;, then the local operator sitting at the
endpoint of v can be acted upon by sufficiently close boundary local operators. This gives a
map from line operators in the theory to modules of the boundary VOA; in 3d Chern-Simons,

this map is actually an isomorphism [EMSS89].

Here we see the utility of slicing M with an imaginary surface >: after imposing suitable
boundary conditions, the category of line operators in 3d Chern-Simons is equivalent to a
certain category of representations for the affine Kac-Moody VOA living on the boundary.

Due to the monopole isomorphisms discussed in Section 4.2, the set of line operators is finite
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and matches the set of integrable representations of the loop group of G, hence the category
is semisimple. Next we describe how to keep track of braiding Wilson lines around each other

along 3.

Braiding Wilson lines in the bulk is equivalent to moving their endpoints around each other
on Y. Since these points on X correspond to VOA modules, we can compute this braiding

action using the definitions discussed in 4.3.5. This was performed in [MS88].

3Line operators corresponding to non-integrable representations were shown to decouple by [GW86].
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5 Boundary conditions

Boundary conditions (BCs) arise naturally when studying a theory on a manifold with
boundary; they are necessary to ensure that the action is minimized when imposing the bulk

equations of motion. As we saw in section 4.4, BCs can add interesting structures to a theory.

The presence of the boundary itself breaks translation symmetry in the direction perpendicular
to the boundary. Since the translation generators can be in the image of the SUSY algebra
Lie bracket, this will restrict which SUSY subalgebras the boundary can preserve and what
cohomology theories we can form; some of the differentials (i.e. supercharges) are not
compatible with the boundary. Let us go through a few examples in detail; we work in the

half space M := C x R throughout.

5.1 Example 1: free 3d N/ = 4 hypermultiplet

Recall the action describing a bulk free 3d N' = 4 hypermultiplet [CO17]
S = / d3$ [—8MQ31(9N¢1 — 2.77210#8“’(/)1 + FlFl — 8MQ§28M¢2 — Z.’gzgdua;ﬂﬁg + FQFQ] . (51)
M

When varying the action with respect to ¢ o and v, , an integration by parts yields boundary

terms:

Opy S 2 (A Opy S 2 U4 01 (5.2)

oM oM

Oupp 9 2 U, O 4 Oy S 2 U4 0o, . (5.3)
oM oM

All fermions must be set to zero at the boundary in order for these to vanish. Varying with
respect to ¢; and ¢, yield boundary terms proportional to the normal derivative of ¢. We

have derived Neumann? boundary conditions which preserve a 2d N = (0,4) subalgebra.

Let us consider the effect of adding a boundary superpotential describing a coupling of the

4Even though Dirichlet BCs are imposed on the fermions, the BC is usually named by the BC given to
the lowest component of the multiplet.
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bulk fields with an extra boundary multiplet I':

Sy = / d*x (FTy — Ty + cc.) (5.4)
oM

= 0 but we now find that v; ; and

Minimizing the action still requires @/}17_|8M = ¢27_|BM

o 4 must satisfy Neumann BCs. These BCs preserve 2d N = (2,2) SUSY.

5.2 Example 2: SQEDJ1]

Let us now consider a 3d N = 4 hypermultiplet coupled to a U(1) vector multiplet. Recall
the decomposition into 2d N = (2,2) multiplets contained in equation (2.70). The action
describing this system is long and can be found in [CO17] or [BDGH16, Appendix A.1].
Through a similar procedure, one finds the same choices of BCs for the hypermultiplet as
were found in the previous section. For the vector multiplet, one has the following additional

choices that preserve a 2d N = (2,2) subalgebra

Neumann: S| =0 Dirichlet: | =0. (5.5)
oM oM

5.3 Enhanced boundary structure in twisted theories

Recall from Section 2.3.3 that twisting a theory by a nilpotent supercharge @) (i.e. passing
to @-cohomology) can enhance the theory’s structure since operators are now considered
invariant under Q)-exact transformations. In a theory with boundary, one can only twist by
Q if it is preserved by the boundary. Moreover, since the boundary generically breaks the
global SUSY algebra to a subalgebra, the structure present on the boundary in the twisted
theory may differ from the (local) structure present in the bulk; such a situation arises in
the main examples of interest in this thesis where the twisted theory is topological in the
bulk but holomorphic on the boundary. Obtaining a twisted theory of this type isn’t quite

as straightforward as one may hope, rather one must take a suitable deformation of a 2d
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N = (0,4) BC to preserve a topological supercharge in the bulk [CG19]. Recall that 2d
N = (0,4) BCs preserve a holormorphic supercharge (equation (2.79)); we can deform this

to a topological supercharge (e.g. in equations (2.71) or (2.75)).

One way to deform a BC is to add a term to the Lagrangian with d-function support on the
boundary (i.e. adding to the action a term integrated only over dM). For example, in the

case of the free 3d N = 4 hypermultiplet discussed in Section 5.1, the addition of the term

/ D\ 61 (5.6)
oM

together with its SUSY completion modifies 4S5 so that an entire 2d N = (2, 2) multiplet is
required to equal the constant ¢, instead of 0, at the boundary, deforming the exceptional

Dirichlet boundary condition to a generic Dirichlet boundary condition [DGP18].

In some cases, the deformed BC further breaks the supersymmetry preserved by the original
BC, perhaps including the chosen nilpotent supercharge (). To remedy this twisting obstruc-
tion, one can deform @) by adding another supercharge to it so that the action is invariant

under the linear combination.

5.4 Example 3: v VOA from twisted BCs

We would like to impose BCs on a free 3d A/ = 4 hypermultiplet living on M that preserves
a 2d N = (0,4) subalgebra. One choice would be to impose Neumann boundary conditions
on the scalars in the hypermultiplet and Dirichlet BCs on the fermions. This is the choice
we initially make, but they must be deformed to obtain a BC that supports a holomorphic
twist; the VOA we obtain living on 0M after taking the A-twist is the 8y VOA V3, [GR19,

Appendix E]. Let us describe this VOA and fix notation.
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The VOA Vj, is strongly generated by two bosonic fields

B(z) = Buz ™t )= " (5.7)

neL nez

satisfying the operator product expansions

B(z)B(w) ~0  y(2)y(w) ~0  B(z)y(w) ~ (5.8)

Z—w

It admits the structure of a Zs¢-graded VOA when equipped with the following choice of

conformal element /stress-energy tensor [RW15]

w=—0F_171 T(z) = —:6(2)07(z):= Z 72 [Z k : Bo—kk :] . (5.9)

LEZ keZ

The OPEs imply that the coefficients of §(z) and 7(z) possess the following commutation
relation

[Bma 671] =0 [mea ’Vn] =0 [ﬁma 'Vn] = _5m,—n]l- (51())

For each n € Z, B~,, := C[B,,7-x] is a 1-dimensional Weyl algebra under the identification
Bn > x_, and v, < 0,. Our analysis of the category of VOA modules later on in the
thesis strongly relies on this simple observation. We denote the universal enveloping algebra

generated by {5, Yn }nez, which can be thought of as an infinite-dimensional Weyl algebra,
by 7.

The B~ VOA possesses an additional global U(1) symmetry (i.e. contains a U(1) Kac-Moody

VOA) whose associated current is

J(z) =B z): =D =

LeZ

Z Zﬁk’}/g_k Z] . (511)

kEZ

In addition to the Zso-grading given by Ly, the 8y VOA is strongly Z-graded (in the sense
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of [HLZ10-11, Definition 2.23]) with respect to Jy.

It will be handy for future computations to record some of the commutation relations and

modes of T'(z) and J(z)

n>0 n>1
Ly = Z K [B—kvk — Y—1D%] (5.13)
k>1
L= Z k[B-1-kve — Y-1Br-1] (5.14)
k>1

[Jo, Bk] = B (Lo, Br] = —kBx
(5.15)
[Jo, W] = =Wk [Lo, W] = =k

The following £~ automorphisms will frequently appear when discussing modules for V3,:
e Conjugation: ¢(5,) = v, (V) = —Bn
e Spectral flow: o(8,) = 8,1 (V) = Ynt1

When combined with the U(1) global symmetry described above, the existence of the
conjugation automorphism tells us that V3, actually has an Sp(2) global symmetry. The
spectral flow automorphism can be thought of as arising from a 1-form symmetry present in
the 3d bulk theory (with a line operator) whose boundary algebra is Vj,. We now present

the boundary VOA one obtains by choosing opposite boundary conditions.

L —

5.5 Example 4: gl(1|]1) VOA from twisted BCs

The affine Kac-Moody VOSA of gl(1|1) was first studied by [RS92] in the context of applying
supergroup Chern-Simons to reproduce certain topological polynomial invariants. To obtain
the affine Kac-Moody VOSA of gl(1|1) on OM, we take the B-twist of supersymmetric

quantum electrodynamics (SQED) with a single hypermultiplet and impose 2d N' = (0, 4)
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Dirichlet boundary conditions on the hypermultiplet and vector multiplet [CCG19, CR09].

The Lie superalgebra gl(1]1) is defined as the endomorphism algebra of the superspace CI*,

This Lie algebra has basis
01
N =— E= YT = Y= (5.16)

where N and E are even and ¢* are odd. The non-trivial commutation relations are
[NyF]=+¢* {97} =E. (5.17)

There is a supersymmetric, even, non-degenerate, invariant bilinear form x(-,-) on gl(1|1)

whose non-zero values on basis elements are
RN B) = k(E,N) =1 st ") = —r(y™,4%) = 1. (5.18)

Following the construction outlined in Section 4.3.4, we obtain a family of VOSAs W(@)
parametrized by k € C. It turns out that they are all isomorphic for k£ # 0 [CMY20a], so

—

without loss of generality, we take k£ = 1 and denote it by V(gl(1]1)).

We write out the conformal vector and associated Ly mode for future convenience:

1 1
W= 5(N,lE,l +E Ny =y =+ 9t + §E31 (5.19)

[e.e]

Lo=)» (N_,E, +E_N, = 4" 47 + ¢4, + E_,E,)

r=1

F (No+ Bof2) By — S5 — o) (5.20)

60



It also possesses spectral flow automorphisms defined by

o'(N,) =N,  o'(BE)=E,— by o' (¢y) =1y (5.21)

as well as a conjugation automorphism defined by

w(N;) = =N, w(E,) = —E; @U(@/J?:) = +f. (5.22)

5.6 Boundary conditions and mirror symmetry

As discussed in Section 3, mirror symmetry typically acts non-trivially on boundary conditions.
In Section 2.3.2 we introduced the notion of a half-index, which is a quantity that essentially
counts the boundary operators. These spaces of boundary operators must match under MS;
in this section we perform checks on various statements of MS by computing half-indices
for the mirror pairs considered above and demonstrating their equality. Before proceeding

though, let us review the supersymmetric index in more detail.

Recall that the Witten index [Wit82] is the graded trace

try, ((—=1)") (5.23)

over the Hilbert space H, where F' is the Z-valued (or Zs-valued) fermion number operator.
This index counts the difference between the bosonic and fermionic supersymmetric ground
states in . When symmetries are present in a theory, such as supersymmetry/R-symmetry,
flavor symmetry, or gauge symmetry, one can further refine the grading on H according to
the charges of the states under the Cartan subalgebra of these symmetries. This equates to
throwing additional fugacities and chemical potentials into the trace. The supersymmetric
index, first introduced in [KMMRO7] in the context of 4d theories, is a generalization of the

Witten index in this exact manner. Subsequent generalizations of the supersymmetric index
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to various dimensions were studied in [Rom06, BBMROS], for example.

Many checks of MS have been performed for 3d theories without boundary by computing bulk
indices; see [KWY10b, KWY20, IY11, Okal9b], for example. The simplest example of 3d
mirror symmetry is that of SQED[1] and a free twisted 3d A/ = 4 hypermultiplet, conjectured
by [KS99, GW09]. Computation of the bulk indices of these theories was performed in
[Okal9b]. Let us go through the process of checking that the half-indices match when we put
appropriate pairs of BCs on these theories. We consider 2d N = (2, 2) boundary conditions,
following the work of [Oka21]; see [Okal9a] for studies of MS on 2d N = (0,4) boundary

conditions.

The half-index is defined as

II(t, z; q) := tr (—1)FqJ+HICtH_fo] (5.24)

where J measures the spin of the operator in the plane of the boundary, H and C' measure
the R-symmetry charges under U(1)y C SU(2)y and U(1)c C SU(2)¢ respectively, and f
measures the charges under the Cartan subalgebra of the flavor symmetry algebra. While
we view the parameters (t,z,q) as formal variables, the half-index originates from the super-
symmetric localization of a partition function computation of the theory on the hemisphere
times a circle HS? x S' [DGP18], wherein these variables are actually numbers that depend
on quantities such as the FI and mass parameters of the theory. The trace is taken over
the set of boundary operators preserved by one of the supercharges of the 2d N = (2,2)
SUSY algebra, modulo the equivalence relation identifying operators which differ by a SUSY

transformation.

Let us define the g-Pochhammer symbol and some associated notation used in the rest of
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this section:

(530 = [ (1 = 20") (3 0)ee = [[(1 - 2¢")
h=0 = (5.25)
0(x) = (239)o0(q2™"5 @)oo (@1, T Qoo = | [ (@85 0)oo

k=1

These combinatorial expressions encode the contribution of a field and its derivatives to the

graded traces that form the index.

5.6.1 Half-indices of 3d N = 4 free twisted hypermultiplet with 2d N = (2,2)
BCs

Before we can begin computing the half-index, we need to fix the R-charges of the fields in
the multiplet. A twisted hypermultiplet contains the same content as a hypermultiplet but
transforms under the R-symmetry in a slightly different way: we make use of an external
automorphism to swap the SU(2)y and SU(2)¢ actions. We pick the following charge

assignments for the hypermultiplet ®

UNr U)e U(1)favor
X | 1 0 1
Y | 1 0 —1 (5.26)
X0 1 1
Y0 1 ~1
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hence the representation table for the twisted hypermultiplet D is

U(l)H U(1>C U<1)ﬂavor
X 0 1 1
Y| 0 1 ~1 (5.27)
=X
B 1 0 1
=Y
U 1 0 1

The action for a free hypermultiplet enjoys a global U(1)gayor Symmetry that rotates ® with
charge 1 and ® with charge —1. We work with the twisted hypermultiplet for the rest of this

section.

There are 4 BCs we can put on a free hypermultiplet, some of which were discussed in Section

5.1:

1. By: Dirichlet on Y and Neumann on X. Preserving 2d N' = (2,2) SUSY requires
=Y

v

X, 1, and their holomorphic derivatives®:

‘ = JJYF‘ = 0. Therefore the only local operators present on the boundary are
oM oM
=X

® é) (C ® Cagfp'f) . (5.28)

Thus the half-index takes the form®

g, = [H Z(q"*it—la:)’“] [H (1+<—1>q<”+%>+im)] (5.29)

n>0 k>0 n>0
= ! T (qi e q)oe (5.30)
ano(l —¢"Tit )
(725 Q)0

— Iz, = (5.31)

(¢it712; @)oo

5 Anti-holomorphic derivatives do not contribute because they are Q-exact, and other fields do not contribute
if they are not @Q-closed.
6Recall the definition of the g-Pochhammer symbol from Section 2.3.2.
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~ ~ =X ~
2. B_: Dirichlet on X and Neumann on Y. This requires 1 ‘ =3 =0. By a
M

o

similar computation, we find

3
it —1. .
My = (4t ia) (5.32)

T (qit )

3. By Generic Dirichlet on Y (i.e. Y is set to a non-zero constant on dM ) and Neumann
~ =Y ~
on X. Preserving 2d N' = (2,2) SUSY requires 1 _ = @Z)}:‘ = 0. The operator
oM oM
content is the same as in B, but the non-zero value for Y breaks the symmetries of

the theory to a subgroup. In terms of the U(1)g x U(1)¢ X U(1)fayor sSubgroup that

matters for the index, we see that it is broken to the subgroup
(e, ¢, ¢) | b— (=) = 0). (5.33)

Identifying this subgroup with U(1); x U(1)y = ((e®, e, e~%®)), the effective charge of

Y becomes (0,0). This changes the result of the index computation:

My, = — D

. 5.34
(272 q) 0 ( )

A nifty trick to obtain IIs, _ from Ilp, is to set the original fugacity of Y, git7 127!, to
1, solve for the broken fugacity x, and substitute this into Iz, . Setting the fugacity to
1 is the statement that ¥ must transform trivially under the entire symmetry group to

preserve the generic Dirichlet BC.

=X

4. B_ .: Generic Dirichlet on X and Neumann on Y. This requires ?L_ ) = wf ‘ =0.
oM oM
Deforming I1z_ by q%tfla: =1l¢+—ax= q_%t, we obtain
Hp_, = L (5.35)

(2t7% @)
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5.6.2 Half-indices of SQED([1] with 2d A = (2,2) BCs

The charges of the fields from the vector multiplet that can contribute are

UNr Ul)e U(1)gavor
o+iA| 0 0 0
© 0 2 0 (5.36)
A -1 -1 1/2
7 1 ~1 1/2

There are two 2d N' = (2,2) BCs we can place on the vector multiplet:

1. N: the fields which survive on the boundary are ¢, A_, and their holomorphic (gauge-

covariant) derivatives.

2. D: the fields which survive on the boundary are ¢ +iA,,7_, and their holomorphic

(gauge-covariant) derivatives.

The charges of the hypermultiplet fields are the same as before, but now they additionally
transform under U(1)gauge With charge +1 (i.e. X has charge 1 and Y has charge —1); we call
the corresponding fugacity s. The BCs on the hypermultiplets are independent of the BCs
placed on the vector multiplet, hence there are many half-indices to compute; we compute a

select few for brevity.

1. N.: the contribution from the hypermultiplet takes the form

(¢7t57; ) oo

5.37
(qitsT; ) s (5:37)

We should only have gauge invariant operators on the boundary. Thus the formula

ds
2mis

for the half-index should involve a counter integral § which picks out the gauge
invariant combinations of the fields. By looking at the charges of the surviving matter,

one can see that there no gauge invariant combinations can be formed, hence the
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result of the contour integral should be 1; indeed this is what one obtains from the

computation. Thus the half-index in this case is

My, = — (5.38)

2. D,: Dirichlet boundary conditions on the vector multiplet support topologically
nontrivial field configurations (monopoles) for the gauge field on the boundary [BDGH16].
Therefore the set of boundary operators is not simply the set of monomials created out
of the fundamental fields, but rather splits up into sectors of monomials together with

a monopole of some integer charge

O =P 0. (5.39)

meZ

The presence of a monopole shifts the spins of the matter fields, which has the effect
of shifting s — ¢™s in the index. The monopole itself also carries charge determined
by the anomaly polynomial (see [DGP18, Section 3] for details). Lastly, the Dirichlet
boundary condition breaks the gauge symmetry to a flavor symmetry on the boundary,

so there is no contour integral needed to project to gauge-invariants. The result is

1

1y, — @ WZ (it ) <qif1x>m (5.40)

mez Fitsiq

where z is the fugacity for the U(1) topological Coulomb symmetry G- [BDGHI16,
Section 1.2]. Tt turns out that this boundary condition breaks 2d N' = (2,2) SUSY to
2d N = (0,2) because it only supports the topological A-twist; the B-twist is broken

which can be seen by taking the limit ¢ — q_}t. We will need the above expression for

the half-index though for the next BC we consider.

3. D.4: Just as in the previous section, the generic Dirichlet boundary condition breaks
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some of the boundary flavor symmetry, which has the effect of deforming a fugacity
to some combination of the others. Since the gauge symmetry reduces to a flavor

symmetry on the boundary, we deform s +— qit. Thus we obtain

M\»—‘

m+1 ) m
I, , =1lp, =t ”Z m+2t2 (th—lm) . (5.41)

s—qit
mGZ

5.6.3 Matching

Recall that MS swaps SU(2)g <+ SU(2)¢c. Therefore when matching indices, the exponent
of q is preserved but ¢ — ¢~!. Tt was conjectured in [BDGH16] that MS swaps Neumann and
generic Dirichlet BCs and maps Dirichlet BCs to themselves. This statement was slightly
corrected in the recent paper [BZ21] by conjecturing (with some examples providing evidence)
that Dirichlet BCs are actually exchanged with enriched Neumann BCs. These Neumann BCs
are enriched in the sense that one couples the bulk theory to purely 2d boundary matter. To
keep things simple, we only demonstrate that the Neumann and generic Dirichlet half-indices
computed in the previous examples match. Indeed (5.34) is equal to (5.38). Additionally,

after applying Ramanujan’s summation formula

(G;Q)n n_ (q,b/a,az,q/az;q)oo
; (b; q)nZ B (b7Q/CL,Z,b/a2;q)OO ’ (5.42)

we see that (5.31) is equal to (5.41).

We now transition to computing half-indices for BCs preserving 2d A = (0,4) SUSY in the
remaining two examples above, following [Okal9a].

5.6.4 Half-indices of 3d N = 4 free twisted hypermultiplet with 2d N = (0,4)

BCs

The charges of the fundamental fields are the same as in (5.27) but the definitions of the

2d N = (0,4) BCs are different from the 2d A' = (2,2) BCs discussed in that section.

68



We consider 2d N = (0,4) Neumann BCs in which both scalars X and Y are free to vary
at the boundary and all of the fermions are killed (or are -exact). These are the only
fundamental fields at one’s disposal to construct local operators with, hence the half-index is

easily computed to be
1

(git=1z, qit'a1; @)oo

Iy = (5.43)

5.6.5 Half-indices of SQED[1] with 2d N = (0,4) BCs

We impose 2d N = (0,4) Dirichlet BCs on the boundary. From the matter fields, this
preserves only the fermions on the boundary. From the vector multiplet, only the scalars o
and ¢ are free to vary and contribute to the half-index. Since the components of the gauge
field A, along the boundary are constant, the gauge symmetry is broken to a flavor symmetry

on the boundary. Just as in Section 5.6.2, this BC supports monopole operator configurations.

The half-index is

'IYL2

1
Ip=————— 3 (¢ 2, g1 ™ 07 oo ¢F ()™ (5.44)

(2,02t % @) 0 ey,

5.6.6 Matching

One may verify from a low order g-expansion that the half-indices (5.43) and (5.44) do not
match. While these theories are indeed mirror in the bulk, the boundary conditions we
imposed in the previous sections are not quite dual; one must enrich the Neumann BC on
the free twisted hypermultiplet by a 2d N' = (0,4) boundary Fermi multiplet [Okal9a]. In
addition to the half-index considerations in this section, we will demonstrate the necessity of
these extra fermions (corresponding to a be ghost system) from the perspective of matching

VOA module categories in Section 6.3.1.
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The correct charge assignments for the Fermi multiplet I" turn out to be

U(1>H U<1)C U(l)ﬂavor U(1>topological
r 0 0 1 -1

(5.45)

contributing a factor of 8(¢gzzf~!) to the half-index. Therefore the complete half-index for

the free twisted hypermultiplet with enriched Neumann BCs is

O(gzaf)

I, .
(git=1z, qit'01; q)o

en

(5.46)

We observe that the half-indices (5.44) and (5.46) are equal after performing some algebraic

manipulation and applying Ramanujan’s summation formula (5.42).
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6 Non-trivial MS check 4 consequences

In this section, we compute the category of line operators £, in the A-twist of a free
twisted hypermultiplet (recall the discussion in Section 3.4), demonstrate that it possesses
the structure of a braided tensor category, and prove that this category is equivalent to the
category of line operators Lp in the B-twist of SQED[1]. We study the former category by
artificially cutting the theory and placing 2d AN/ = (0,4) Neumann BCs on the cut; analogously
to the method reviewed in Sections 4.2 and 4.4, this establishes an equivalence between the
category of line operators and the category of modules for the boundary VOA. The boundary
VOA happens to be the gy VOA introduced in section 5.4. On the B-side, one obtains

—

modules for the affine VOSA of gl(1]|1). The main result of this thesis is

Theorem 6.1. The category Cg, has the structure of a braided tensor category defined
by P(z)-intertwining operators. Moreover, there is an equivalence between braided tensor

categories:

Cs, 2 KL°)(Z x Zo). (6.1)

where K'L° is an appropriate category of V(gl(1|1))-modules. Upon taking the derived
categories on both sides, we obtain £4 = Lp. Another major contribution of this work is the
classification of this enlarged non-semisimple 5+ module category, as well as the computation

the tensor structure in the category. Much of this section is adapted from [BN22].

6.1 The 8y VOA and its representation category

In this section, we focus on the 37y vertex operator algebra Vj3,. In Section 6.1.1, we recall
basic examples of modules of V., following [AW20], and define the category of interest Cg,.
In Section 6.1.2, we give examples of indecomposable modules in Cg.,, and prove classification
results in Theorem 6.2 and Theorem 6.3. In Section 6.1.3, we recall the notion of P(z)-

intertwining operators and explain the difficulty in constructing monoidal structure for
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Csy.

6.1.1 Our large representation category

Various representation categories V., have been investigated by others (e.g. [RW15, AW20]).
For reasons explained in Section 6.4.1, these categories are too small to correctly match the
physics. Essentially, the self-extension group (i.e. the derived endomorphism algebra) of
the vacuum module in these categories did not match with what one should obtain when
computing the bulk local operators. Before we can define the category of physical interest in

this thesis, we must first introduce some basic modules of the 5y VOA.

Let 75, be the unital subalgebra of 3y generated by {3, v, 1}n>0. The simplest module is
the vacuum module

V= Indggzoc[%] (6.2)

where [y acts as —% on C[yo], and f,, and 7, act as 0 for n > 1. As a vector space, the

vacuum module V of Vj, coincides with V3, as a module over itself.

Similarly, for u € C\ Z, the so called typical modules are defined by

Wy = Indgzzo (%)*C[v0,75 '] (6.3)

0

where 3y acts as — 900"

and 3, and 7, act as 0 for n > 1. Here A = 4+ Z and one can see
that W, is independent (up to isomorphism) of the choice of p € A\, hence these modules are

parametrized by (C\ Z)/Z.

Both V and W, are simple objects. There are two distinct modules that are reducible but
indecomposable, and they morally correspond to the different ways one can take the limit of

W, as A — Z. They are called atypical modules and are defined by
Wy =Indg]_ Cho,7 '] Wy =Indg_ Clso, 5] (6.4)
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Given any V3, module M, we can construct another module by twisting the action of the S+
VOA with the spectral flow automorphism: for any n € Z, 6" M is the module that is equal

to M as a set, but carries the action
axv:=0 "(a)-v foreveryv € oc"M, a € [y (6.5)

where - is the action on M. For all of the modules above, 6" M 2 ¢™ M for m # n.

As a side note, the atypicals can equivalently be defined by the Loewy diagrams
Wi = (v s a—lv) Wy = <0_1V s V) (6.6)

In this thesis, a Loewy diagram X — Y represents a module that is an extension of Y by
X. One may have instead drawn such a module as Y — X, but we feel our convention
better matches the visual appearance of the corresponding short exact sequence describing

the extension.

With these examples in hand, we can now define the category that we study in our thesis,

which we believe properly matches our physical systems of interest.

Definition 6.1. Let Cg, be the abelian subcategory of smooth, finite-length, 5y VOA modules

generated by V, Wi, and their spectral flows, such that Cgy is closed under taking extension.

While the element Ly (5.13) provides the C-grading included in the definition of a VOA
module, the element Jy (5.12) provides an additional grading on the modules; see [HLZ10-11,
Definition 2.25] for details. A main feature the reader should keep in mind from Definition
6.1 is that we do not exclude modules on which Ly and Jy act non-semisimply. Additionally,
modules in Cg, can be decomposed into a direct sum of finite-dimensional simultaneous
generalized eigenspaces for Ly and Jy. This should be contrasted with the representation
category studied in, e.g., [AW20] wherein Jy was required to act semisimply; the category

that we study will consequentially be strictly larger. While Cg, is strictly smaller than the
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category studied in [HR21], the authors do not provide a classification of their category, and
more structure exists on Cg, that we study that does not exist on their category. To the best
of our knowledge, our present study of Cs, is a new addition to the existing literature on 3+

representation categories.

6.1.2 Extension structure and classification results

To characterize the objects in Cg,, we must understand the new modules that are present when
we demand closure under extension. For modules induced by polynomial representations of a
1D Weyl subalgebra of 5+, one can explicitly construct self-extensions by adjoining powers of
a formal variable log 3y or log 7y before inducing. For example, the first self-extension of W,

which we denote by W ’2, can be constructed by

Wy := Indg,_ (C[Bo, By ") @ C[Bo, B ] log Bo) (6.7)

where g - log By = 85 . This module is also is described by the Loewy diagram

o'V

<

yo 'V —— Y (6.8)

This is an object of Cg, that does not carry a semisimple action of Jy, demonstrating that Cg,
is an enlargement of the representation category studied in [AW20]. We denote the (n — 1)
iterated extension of Wy~ by itself as Wy ". A similar line of reasoning gives the definition of

W;™. For example, W,"? looks like

<

V —— oV » oY (6.9)

We call these modules “chains”, and by taking submodule/quotient, we can form chains of
odd length. We say a chain is positive (negative) if it is a quotient of some o™ W, ok (" Wy k)

To the best of our knowledge, these modules have not been studied in the literature.
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Since every module can be expressed as a direct sum of indecomposable modules, it suffices
to restrict our focus to nontrivial extensions. From the commutation relations in equation

(5.15), we see that C, admits a block decomposition

Coy = EB Coya (6.10)

AeC/Z

where Cg, » is the full abelian subcategory of Cg., that contains all 3y modules such that the
generalized eigenvalues of the representation of Jy lie in A. The morphisms and extensions
between a module from Cg, » and another from Cg, » are trivial for A # A’ because morphisms
in Cg., respect the generalized eigenvalues of Ly and Jy, and equation (5.15) tells us that the
B~ modes can only shift them by an integer. Therefore we only need to study the extension
structure within each Cg, . Modules in Cg, » for [A] # [0] are called typical modules while

modules in Cg,, o) are called atypical modules.

This task is rather involved, essentially because there are not enough injectives and projectives
in Cg,, so we outline our approach before getting into the technical details. It will follow
from the definition of Cg, and Lemma 6.1 that every module in Cg, » can be constructed
as an induced module of a representation for a finite-dimensional Weyl subalgebra of S3~.
Consequentially, we will see that the extension structure in Cg, \ can be understood in terms
of the extension structure between modules of finite-dimensional Weyl algebras. Therefore
we begin by computing the latter, then we state a lemma that explains how to utilize finite-
dimensional results to understand the extension structure in Cg, \, and finally we classify
the indecomposable objects within each Cg, . Along the way, we describe a useful way to
visualize v modules in terms their corresponding finite-dimensional Weyl algebra modules.

Concrete examples will also be provided.

As a warm up, we start by computing extensions between some basic modules for the 1D
Weyl algebra H = C[z,d] in the category of all H-modules. This category corresponds to

a By VOA module category strictly larger than Cs,, but the computations will nonetheless
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provide us with important information about Cg,. In particular, with a bit of extra work, we
find that the computations of Ext' in this H-module category are the same as those in Cg,,.

Let us now begin.

The simple modules C|x], C[d], and 2*C[x, 2] (A € C\ Z) each have a 2-step free, hence

projective, resolution by H. For example,

> 0 N QLN G [

» Cla] —— 0 (6.11)

is exact, where fi(1) = 0 and fo(1) = 1. Using these resolutions to compute Ext®, we arrive

at the following results:

e Ext*(Clz], C[z]) = Ext*(C[d], C[0]) = C k. In particular, neither C[z] nor C[d] have

nontrivial self-extensions.
e Ext"(C[0],C[z]) = Cd,, where the unique nontrivial extension is Clz, z~].
o Ext*(C[z],C[0]) = C 6.1, where the unique nontrivial extension is C[3,97!].

o Ext*(2*Clx,27'],2’Clz,27']) = Cdro ® C61 where the unique self-extension is
given by W, := 2’Clz,2"1] @ 2*Clz,2~logz. Furthermore the unique iterated

self-extensions of z*C[z, z7!] are

Wi = 2’ Clz, 27 @ - @ 2 Clz,z log" 'z (6.12)

e The extension algebra between Will and W’;z is zero for A\ # Ay
e The extension algebra between Wl; and C[x] or C[0] are both zero.

The following lemma explains why it suffices to compute the extensions between modules by

restricting focus to their structure under a finite-dimensional Weyl subalgebra of gv. For
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this, call

Ay = C[Br, Y—k)]-N<k<nN- (6.13)

Lemma 6.1. Let U,V, and W be in Cg.,, and assume that they fit in the short exact sequence
0—=>U—=V =W — 0. Suppose also that both U and W come from induction over Ay,

namely

Uy, W =Ind?

ANIBivsli>N

U = Ind”?”

ANIBivsli>N

Wi (6.14)

Then V' also comes from induction of an Ax-module Vi, and the above short exact sequence

comes from the induction of the short exact sequence

0 > UN > VN > WN > 0. (615)

Proof. Given a module M of 7, denote by K (M) the kernel of all the S and ~;, for k > N.
Such Ky (M) is easily seen to be a module of Ay. When M comes from induction from
some Apy-module My, we have Kn(M) = My. Applying this to the short exact sequence

0—-U—=V =W — 0, using the fact that taking kernel is left exact, we get

0 > UN > KN(V) E— WN. (616)

We claim that Ky (V) — Wy is surjective. Given any w € Wy, since V. — W is onto, we
may choose v € V such that it’s image in W is w. Since V is a generalized VOA module,
there exists K such that Syv = yv =0 for k£ > K. We will adjust v in a way that it’s image
in W is still w, but it will be annihilated by 3; and v; for N < j < K. For any such mode,
say f3;, if B;v # 0, then since it’s image in W is zero, it must be in the kernel of V- — W,
which is U. Thus 8;v € U. By the fact that U comes from induction, there exists n such

that B;LHU = 0. Now using [B},7-;] = —nﬁ?’l, one gets

Bpy-ifi0 = —nfjv. (6.17)
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In other words, B]"(v + %y_jﬁjv) = 0. The element v + %W_Jﬂjv has the same image as v in
W, since v_;3;v € U. Inductively, one can find u € U such that v — u is in fact annihilated
by §;, and u is of the form f(8;,~v_;)B;v for some polynomial f of two variables, where we
always choose the normal ordering in the polynomial, namely ~_; appears before ;. Notice
that if v is annihilated by By for k # j, then so is v — f(5;,7—;)5;v. Applying this to all the
Bj and v; for N < j < K, one gets v that is annihilated by all 5; and v; for j > N, namely

v € Kn(V) whose image is w.

In conclusion, we have a short exact sequence

0 > Un > Ky(V) > Wi > 0 . (6.18)

Induction gives us a short exact sequence that fits in the diagram

0 > U » Ind’) 3w (KN (V) > W > 0
l l l (6.19)
0 > U >y V > W > 0

The left and right down-arrows are isomorphisms, so by the snake lemma, the middle

down-arrow is an isomorphism as well. This completes the proof. O

Let us demonstrate how one can combine the 1D results with Lemma 6.1 to compute
extensions in Cg,. Suppose we have a nontrivial extension M of V by ¢~'V. In the notation

of the lemma,

V= Indﬁg[ﬁmmcm] (6.20)

Similarly,
oY = Indﬁz[ﬂjw]ij[ﬁO] (6.21)

By Lemma 6.1, M is the induction of some Ay[f;, v;];>1-module M, that fits into the short
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exact sequence

0 —— C[po] > My > Clvo] — 0 (6.22)

It must be that M, is a nontrivial extension, since otherwise

<
NE
<
o

0 —— o'V

(6.23)

would split. From our computational results just below (6.11), it must be that M, = C[Sy, B, 1,
hence

M = Ind}, . ClBo, By '] (6.24)

This module indeed lies in Cg, (i.e. a nontrivial extension of V by o'V indeed exists in our

category) and it is none other than W, as we expected from equation (6.6)!

Before proceeding to characterize the objects in Cg., we need to investigate how to compute
extensions between induced objects a bit further. Suppose we have a module M € Cg, that

comes from the induction of an Ax-module M’. Then since

By~ bv.=Ave | Q) Bu | (6.25)
keZ |k[>N
we have the decomposition
M=Me | Q) M (6.26)
|k|>N

where each M}, is a fy,-module. In fact, each My, is C[0y] for k > 0 and Clz_g] for k£ < 0.

We visualize this data in terms of the following “column picture” for M:

By e ® Pyye ® Bryyg ® Av ® 5’7N+1 ® 57N+2 ®

M e ® Moy ® M.y ® M ® Myy ® My ®
(6.27)

Visualizing /decomposing induced modules in this way makes the proofs in this section easier
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to follow. Let us provide a concrete example of the column picture for V. Recalling that

Y = Indgzz()@[’yo] (i.e. V comes from the induction of the Agp-module C[yy]), its column
picture is
By 0 ® By, ® Py ® B ®© fn ® By @ (6.28)
V o ® Clzy] @ Clrn] ® Cloy] ® Clo] ® Cld)] ®

Note that spectral flow simply shifts the column picture of a module horizontally. For example,
the column picture for =V can be obtained by shifting the column picture of V by one unit
to the right. We typically relabel the indices on z; and J, after shifting to make it easier to

remember which column they correspond to.

Let us demonstrate how the column picture can be used to compute the extensions between
modules with an example. To compute the extensions of V by oV, we first stack the column

pictures for V and oV:

By 0 ® By, @ By ® By ® Bri ® Bry ®
V - ® Clzg] ® Clz ® ClB) ® Clo] © C[gy] ® --- (6.29)
oV v ® Clry)] ® Clo-] ® Cloy] ® Cloy] ® Clos] ®

Notice that

oV =Ind}) C[0_1] ® C[dy] ® C[y)]) (6.30)

(B 5l5>1 (

where A; acts in the standard manner as a 3-dimensional Weyl algebra and ; and v, act as
0 for 7 > 1. According to Lemma 6.1, it suffices to instead compute the extensions between

the modules contained only in the middle 3 columns

5’771 ® B’Yo X 571
Clz1] ® Cla)] ® C[oy] (6.31)
Clo_1] ® Clo] ® Cloy]
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Applying a Kiinneth formula, the only non-zero contribution to Ext®(V, V) is in degree
1 and comes from the left column, which is C[0_;,07]]. Thus Ext*(V, o)) = Cd,. The

column picture representing the module corresponding to the degree-1 extension is

By e ® By, ® BY_4 ® Bv ©® Pry ® By, ®
(av—n/) o ® Clog] ® C[0,05] © Cld] @ Clo] ® Cld) ©
(6.32)

which is precisely oW;'!
Finally, we characterize the objects of Cg.:

Theorem 6.2. Every indecomposable object in Cg, 5 for A # Z is isomorphic to c"W¥Y for

somen € Z and k € Z>y.

Proof. Let M be an indecomposable object in Cg, » and pick any p € A. We induct on the

length of M. If M is simple, it must be ¢"W, for some n € Z.

Now suppose M has length k£ and assume its length & — 1 submodule (in any particular
composition series) is isomorphic to J"Wf_l. Then M/ J"W)'f_l is a simple module in Cg, »,

hence is isomorphic to ¢™W, for some m € Z. Thus M fits into the short exact sequence

0 —— o"Wi! > M y 0"Wy —— 0 . (6.33)

We now characterize all possible extensions of this type. In the column picture of o” f’l,

there is a (0_,)"*(C[0_p, 0=L] @ - - - ® C[0_p, 0-}][log" 2 0_,]) in the Bvy_,, column, and every-
thing in the columns to its left and right are Clz]’s and C[J]’s, respectively. The column
picture of 6™W, has a (0_,,)*C[0_,,, 0] in the Bvy_,, column, and the other columns are
similarly Clz]’s and C[0]’s. Our results about the representation theory of H dictate that
m = n in order to have a nontrivial extension. Furthermore, when m = n, the same results tell

us that the unique nontrivial extension is (9_,)*(C[0_,,, 0=} @ - - - © C[0_,,, 0= 1] [log"* 0_,]).

Thus M = ¢"WY, finishing the induction. O
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To characterize the indecomposables in Cg, 7, we introduce a new class of modules, called
roofs, with the following property: each module in Cg, 7 can be covered by a finite direct sum
of roofs. To construct a roof, one first takes the direct sum of a positive and a negative chain
that have the same head, and then one takes the submodule generated by the diagonal of
the head. For example, the heads of W, " and UVVO+ " are both V, so the roof Rap 2y, is the
unique submodule of W; ™" @ UVVSr "™ generated by the diagonal of the head V. The Loewy

diagram of R4 4, rotated 90° clockwise to fit better on the page, looks like

oy )% y oY

g

N .
/

oV % s oV

g

which is essentially diagrams (6.8) and a spectral flow of (6.9) pinched together at the head.
This diagram looks like a tall roof, when unrotated, hence the name. The subscripts a and b
on R, represent the length of the left and right sides of the roof, respectively. When a = b,
we drop the redundant subscript

Rao = Raa (6.35)

)

Our proof of the characterization theorem uses results about the extensions of a chain by c™V .
We state the necessary results without proof, but one can easily compute these extension

groups with inductive arguments and homological techniques similar to those used below.

Ext! (6"W,"*,6™V) = COpmn2® COpmn 1 (6.36)

Ext! ("W, ", 6™V) = COmn @ COpmns (6.37)

Theorem 6.3. Every indecomposable object in Cg 7 ts isomorphic to a quotient of a finite

direct sum of 0" Ry, for various n € Z and k € Z>.
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Proof. Let M be a length ¢ indecomposable object in Cg, 7. We induct on ¢. The statement

holds for ¢ = 1 since all simple modules in Cg, 7z are ¢™V, which are equal to c"R.

Take any composition series for M and suppose ¢™V is the first term of the series. By
induction, M := M/o™V is a quotient of @, 0™ R,, . Since a roof can be covered by a
longer roof, M is also a quotient of €, 0™ Ry, for k; sufficiently large. We will see that one

can choose the k; strategically to simplify the proof.

So far, we have the following exact diagram

<

=
3

<

0 —— o™V M 0 (6.38)

~

EBi o™ sz

Letting M’ be the fiber product of = and 7/, the above exact diagram can be extended to

0 0
| [
0 —— o™V s M " oM > 0 (6.39)
1 1 |
0 —— o™V > M’ » @, 0" Ry, —— 0

The proof will be complete if we can show that M’ is a quotient of roofs, so we must analyze

the extensions of @, 0™ Ry, by ¢™V. Since
Ext! (@ 0" Ry, amV> = @ Ext! (6" Ry,, c™V) (6.40)

we will see that we can assume, without loss of generality, that M is covered by a single roof

0" R;. We split the analysis into cases based on the value of m.
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If m = n, then choose k to be odd. Let L be the length k£ —1 submodule of 0" R} constituting

its “left half”, i.e. L looks like

oV —— o™V —— "V > > oY (6.41)

Then R := 0"Ry/L is the length k& “right half” of the roof, which looks like

oY —— o™ty > o™V ; y o™V (6.42)
Applying Ext(—,c™V) to
0 > L > 0" Ry, > R > 0 (6.43)

produces the long exact sequence

0 —— Hom(R,0™V) —— Hom(c0"Ry,0™V) —— Hom(L,o™V)

(6.44)
— Ext'(R,0™V) —— Ext!'(0"Ry, 0™V) —— Ext'(L,0™V)
which is
0 > C » C > 0
(6.45)
> 0 > Ext! (0" Ry, 0™V) —— 0

hence there are no nontrivial extensions. This means that M’ = o™V @& 0¢™R, in this case,

which indeed is a (trivial) quotient of roofs.

If m =n £ 1, then choose k to be even so that we have a short exact sequence

0 —— "Ry —— "W, "? @ oW —— omy —— 0 (6.46)
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Applying Ext(—, ™)) to this yields

0 —— Hom(o™V,0™V) —— Hom(a”)/\/o_’k/2 ® a"“W&r’k/n,amV) —— Hom(o" Ry, ™))
— Ext'(e™V, 0™V) —— Extl(a"WO_’k/2 & "W omY) —— Ext! (6" Ry, 0™V)

—— Ext*(o™V, c™V)

(6.47)
which is
0 > 0 > 0 > 0
> C > C > Ext'(0"Ry, o™V) (6.48)
— 0

hence there are no nontrivial extensions.

If m = n + 2, then choose k to be odd and define L and R as in the m = n case above.
Starting from the same short exact sequence, the evaluation of the long exact sequence (6.44)

for m = n + 2 gives

0 > 0 > 0 > 0
> 0 » Ext' (0" Ry, 0™V) — 0

(6.49)

hence there are no nontrivial extensions. The case m = n — 2 is similar but one must instead
choose R to be the length k& — 1 submodule involving ¢"*!V and L to be the corresponding

length k& quotient.
By a similar argument, there are no nontrivial extensions if |m —n| > 2.

Therefore, with a suitable choice for k, we have shown Ext'(c™Ry,c™V) = 0. Removing
our assumption, the same technique can be used to show that equation (6.40) is zero (with

suitably chosen k;), hence M’ is a direct sum of roofs, as desired. H

As a corollary of these two theorems, we now understand why Cg, does not have enough
projectives. Suppose we suspect an object P to be projective in Cg, . By the previous

two theorems, P is a quotient of a direct sum of chains C' described by a surjective map
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f: C — P. Let C’ be the direct sum of the same chains that appear in C' but make them,
say, 3 times as long. From our remarks earlier in the section, there exists another surjection
m: C" — C that maps the top third of C’ onto C' and the bottom two-thirds of C’ to 0. If P

is projective, then there should exist some map g making the following commute

O/
% lfow (650)
L, p

Such a map does not exist because the image of g o f is contained in the kernel of 7: chains

C f>P

cannot map to composition factors in another chain that are “higher up the chain” (i.e.
further from the bottom of the chain) than the length of the original chain, hence g o f maps
to the bottom two-thirds of C’. Thus P is not projective. The argument for objects in Cg, 7
is similar; simply replace each occurrence of “chain” with “roof”. In conclusion, we have

actually managed to show that Cg, does not even contain a single projective object!

6.1.3 Tensor Structure

Our category Cg, possesses the structure of a braided tensor category given by the P(z)-
fusion product (this was defined in Section 4.3.5). It is not straightforward to prove that
Cs, satisfies the assumptions in the work of [HLZ10-11] since the modules fail to have
bounded-from-below conformal weights, thus we cannot directly conclude that P(z)-fusion
products actually define a tensor structure on Cg,. Moreover, performing computations in
Cp, with this universal definition is very difficult in practice. To circumvent this roadblock,
we will use the idea of mirror symmetry to connect Cg, to the category of modules for a
simple current extension of the VOA associated to m This approach was successfully
executed in [AP19] to determine fusion rules in the subcategory of weight modules studied by
[RW15]. The advantage of following this approach to study the larger category of modules of

gl(1|1) that we consider is that the grading restriction is automatically satisfied, hence the

machinery of [HLZ10-11] can be applied. In Section 6.3, we demonstrate that Cg, sits in a
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larger category Rep”(V..¢) which is related to the category of modules of Jﬂ\l) By the work
of [CMY20b, CMY20a], we can show that Rep®(V.,) is a braided tensor category defined by
P(z)-intertwining maps, which will lead to a braided tensor structure on Cg,. Moreover, using
our classification results in Section 6.1.2, we will prove the 3d mirror symmetry statement,

namely the second half of Theorem 6.1. Let us now turn to gl(1]1), which is the next main

ingredient of our story.

—_—

6.2 The affine Lie superalgebra gl(1]1)

—

In this section, we will study the representation theory of the affine Lie superalgebra gl(1|1),
the VOSA that naturally arose in Section 5.5. In Section 6.2.1, we describe a relevant category
of finite-dimensional gl(1|1)-modules. In Section 6.2.4, we review the affine Lie superalgebra
m), following the work of [CMY20a]. In Section 6.2.5, we describe the category KL,
again following the work of [CMY20al; we then proceed to prove in Proposition 6.1 that KL
is closely related to the category of finite-dimensional modules of gl(1]1). In Section 6.2.6,
we use the result of [CMY20a] to compute the fusion product of indecomposable modules of

gl(1]1). We especially highlight how the structure of the representation categories of gl(1]1)

and ﬂ) are related to each other.

6.2.1 The relevant representation category of gl(1|1)

To make contact with Cg,, we must carefully choose the gl(1|1) representation subcategory
that we study. For now, let C be the supercategory of finite-dimensional modules for the
Lie superalgebra gl(1]1), enriched to contain morphisms of odd degree [Brul4]. We do not
require N nor F to act semisimply on C, unlike most of the literature on the representation
theory of gl(1]1). However, we will eventually restrict to a full subcategory wherein a specified
linear combination of N and E does act semisimply. With this in mind, we organize modules
into families parametrized by a CP'-valued parameter z, which indicates that N — zE acts

semisimply (the case z = 0o is understood to mean that E acts semisimply). We drop the
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label when the family contains exactly one module.

In the following sections, one may notice that we have described module families and given
proofs in separate cases based on the value of x. Let us briefly digress to explain why this was
necessary. Our work will often utilize a certain linear combination of N and F that possesses a
non-zero nilpotent part. If it were possible to provide the same module descriptions and proofs
for every z € CP', we would need a continuous parameterization of the linear combinations
N — a(z)E, with a(z) € CP', that acts non-semisimply on modules with label . This is
equivalent to finding a continuous map a: CP' — CP' such that a(x) # z for all x € CP*.

The Brouwer fixed point theorem tells us this cannot be done.

6.2.2 Elementary gl(1|1) modules
We introduce some basic objects in C that will be heavily used in this thesis.
1. Singletons: A" (k€ Z, neC)

AF is a k-dimensional module on which E and ¢* act as zero, and N has a rank k& Jordan

block with eigenvalue n.

2. Typical chains: VF (keZ,neC,ecC\{0})

n,e,x

The chain V*_ _ for x # oo is uniquely characterized (up to isomorphism) by the following

n,e,x

property: there exists a vector v; such that
e v € geig(N,n+ 3)

1/}+’Ul =0

(E —e)fv; =0 but (E—e)*tv; #0 and (E —e)* 10, #0

Defining v; = (E —€)?tv; and v; = ¢~ v; for 1 < j < k, {v1, 01, ..., v, Ux} form a
basis for V¥

n,e,xr*

e N — zF acts semisimply
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where geig(N, \) denotes the generalized eigenspace of N corresponding to eigenvalue

A. One can use the Jordan-Chevalley decomposition to check that N is composed of a

Jordan block of rank k corresponding to eigenvalue n + % and a Jordan block of rank &
1

corresponding to eigenvalue n — 3.

The chain V*___ is uniquely characterized (up to isomorphism) by the following property:

n,€e,00

there exists a vector v; such that
e YT =0
o (N—(n+3)fvy=0but (N —(n+2)) 1oy #0and (N —(n—3))" v #0
e Defining v; = (N — (n+ 3)) vy and 7; = ¢~ v for 1 < j <k, {v1,01,..., 0k, U}
form a basis for V*

n,e,00"

e F acts semisimply

As a visual aid, we depict V2_  (x # o) here:

n,e,r

4
=

S|
—

8

(6.51)

=
S

<
2

8

-t
o3

=1l
95

The squiggly lines represent the off-diagonal diagonal action of N; the semisimple part
of Nisn+ % on the left column, and n — % on the right column. The dotted arrows

represent the action of )" and the solid arrows represent the action of ¢ ~.
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For x = oo, V3 __ looks like

n,e,00

(6.52)

<
[\&)

Note that V¥, , is the unique (k — 1)*™-iterated self extension of V}, . ..

n,e,T

. Atypical chains V., (k€ Z, neC)

There are two ways to take the heuristic limit lim,_,o Vn’fe,x, and each results in a distinct

module. They look very similar to the typical chains, but we instead choose to describe

them in terms of their Loewy diagram. For x # oo, the positive chains look like

k Pyp— N\ \
whereas the negative chains look like
an/{:o — = Al 1 E— Al 1 AR > Al 1 E— Al 1 (6.54)
,0,—, n+§ n—i n+§ ’nfg

Together with the semisimplicity condition on N — xF, these Loewy diagrams uniquely
describe the atypical chains. The Loewy diagrams look slightly different when = = oo,

but this case will not be important for us.
. Diamonds P}, (ke Z,neC)

The diamond P!f,m for x # oo is uniquely characterized (up to isomorphism) by the

following property: there exists a vector vy such that

e v € geig(V,n)
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o FFy; =0

e defining
N YTvj_1  j even YTwj_  J even
wp = ¢ U1 v; = w; = (655)
Yru;_ jodd Yrw;_y  j odd
for 2 < 7 < 2k, we have that {vy, w1, ..., v, wor } forms a basis for Pr’f,z

o N — xF acts semisimply

The diamond Pr’f,oo is uniquely characterized (up to isomorphism) by the following property:

there exists a vector v; such that
o v; € geig(N,n)

e defining
v; = (N —n) "y z; =t y; =V v, w; =Y T (6.56)

for 1 < j <k, we have that {vy,x1,y1, w1, ...,V Tk, Yk, Wi} forms a basis for P,’fjoo
e £ =0 on the entire module

We first depict the diamonds when = = 0 to remove some clutter that might otherwise

obfuscate their core structure. P, looks like

\
A+

where Nv; = nvy. There exist iterated self-extensions of P, called PT’ZO. The positive

(6.57)

7Y
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integer k refers to the “number of P, o’s it contains”. For example, P?, is

U1
/N
wq V2

WI Lﬁ
wy X vy (6.58)

wl I -
w3 ‘U4
¢\ /—w
Wy
The dashed lines here illustrate the P, o’s that P,f’O contains as submodules and quotients.
The submodule (bottom diamond) is generated by ws + v3. When we quotient by this

bottom diamond, the bottom vector of the quotient (top diamond) is given by the

equivalence class of wy — vs.

Restoring x, we may illustrate P} with = # oo as:

(6.59)

where the squiggly arrows represent the off-diagonal action of N.
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The module P? __ is drawn as:
AN

(6.60)

where the squiggly arrows represent the off-diagonal action of N.

At this point, the reader may wish to look back at the 8y modules (their Loewy diagrams, in
particular) introduced in Section 6.1.1 to get a sense of what the categorical equivalence will
ultimately look like. A small detail that we have swept under the rug is the Z, grading on
the modules and morphisms in the supercategory C. Given an object X € Ob(C), its parity
conjugate I1X is also an object in C. There is no corresponding notion of the parity-shifted
version of a module in Cg,, therefore one might be concerned about the correctness of the
equivalence. It turns out that X and II.X are isomorphic in C, albeit via an odd isomorphism,
for which there is no analogue in Cg,. To foreshadow the resolution, we will instead find that
our category matches Cg, M SVect. This does not impede our ultimate goal because SVect
has a nearly transparent effect on the tensor structure, so we can straightforwardly extract

the fusion structure on Cg,.

6.2.3 Tensor structure on gl(1[1)

As we have mentioned before, we still need to pass through a few more categories and

constructions before connecting with Cg,. However, much of the tensor structure on Cg, can
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ultimately be obtained from the structure on C, where computations are much easier. In this
section, we give the tensor product decompositions that we computed that will be relevant

for the remainder of this thesis.

The action of gl(1]1) on a tensor product of super modules is

z-(v@w)=(r-v)Qw+ (-1) Py @ (z - w) (6.61)

for homogeneous x and v. Alsothemap 7: V@ W — W ® V given by 7(z®y) = (—1)*Wye
x is an isomorphism. Since we will eventually restrict to a subcategory labeled by a particular
value of z € CP', we only compute tensor products between modules with the same z label

and will ignore the z = oo case. By tedious but not conceptually challenging computations,

one sees
min(s,t)—1 (v s4t—1-2k s+t—1—2k
S L (verom® everh® ) oes 40 o
n,e,x ® m,fx T ( . )
min(s,t)—1 ps+t—1—2k .
k=0 Pn—i—m,gc e+ f =0
min(s,t)—1
s t ~ s+t—1—-2k s+t—1—-2k
V”ﬁ@ ® Vm,O,:I:,:B - @ (Vn—i-m—&—%,e,m b Vn—i—m—%,e,r) (663)
k=0
t t
€1 =¢€,5=1
s Vi ~ Vn+m+%,0,e1,x @ Vn-&-m—%,O,EQ,w 1 2, 6.64
n,0,e1,% &® m,0,e2,x ( . )
min(s,t)—1 ps+t—1—2k o
k=0 Pn—i—m,m €1 = —€

The tensor products where ¢; = € with s > 1 can generate new indecomposables that we

will not write down here. Furthermore:

min(s,t)—1
s t ~ s+t—1-2j s+t—1-25 s+t—1-2j
Pn,a: ® Pm,x - (Pm+n+1,z EB 2 Pern,z @ Pm—l—n—l,a: ) (665)
=0
min(s,t)—1
s t ~ s+t—1-2j s+t—1-2j s+t—1-2j
Pn,r ® Vm,e,m - (Vm+n+1,e,x S 2 Vm+n,e,x S Vm+n—1,e,m) (666)
J=0
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—

6.2.4 The vertex superalgebra gl(1|1)

Now we turn to the definition of the affine Lie superalgebra m associated to the bilinear
form r. It is defined as the super vector space gl(1]1) ® C[t,t '] & Ck where C[t,¢!] and k

are even, together with the following nontrivial Lie brackets:
[N, Es] = rké,i50, [No, 03] =205, {70} = Erys +rké1s0 (6.67)

where a, denotes a ® t".

Given a module M of gl(1|1), one may obtain a module of m) as follows: one first view
M as a module of gl(1]1) ® C[t] @ Ck such that gl(1|1) ® tC[t] acts trivially and k acts as a

number k£ € C; one may then define the induced module:

—

]/\Zk = U(g[(l]l)) Qv (gl(1]1)C[@Ck) M (6.68)

as a representation of m When M is the trivial module, M* has the structure of a
vertex operator superalgebra (VOSA), which we denote by Vk(gﬁll\l)) For general M, M*
becomes a module of Vk(m) The assignment M — M* defines a functor Ind, which we

will call the induction functor.

Remark. It turns out, as explained in [CMY20a], that for different choice of k # 0, the
vertex algebras Vk(g[/(1|\1)) are isomorphic to each other. Thus we will once and for all fix
k =1, and drop k from all notations.

—

The VOSA V(gl(1]|1)) has the following conformal element:

1 1
w= §(N—1E—1 + E_N_y =T 97 + 9797 + §E31 (6.69)
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with the associated Virasoro zero mode:

Lo =Y (N_ B, + BN, =% 7 +o,0%,) + > E_E,
" r>0 (6.70)

1
+ (No + Ey/2)Ey — 5(1#3%_ — Yo y)

It also enjoys spectral flow symmetries o'

o (N,) =N,, ¢'(E)=E,—16,, o@F) = ﬁ;l (6.71)

as well as the conjugation w:

w(N,) = =Ny, w(k,)=—E,, w(z/)f) =, w, )= _@ZJ:— (6.72)
These can be used to twist representations to obtain new representations.

6.2.5 The Kazhdan-Lusztig category

In this section, we recall the Kazhdan-Lusztig category K L of representations of V(gl(1]1))
that we are interested in. This category is characterized by certain weight constraints. A

—

generalized V' (gl(1]1)) module W is said to be finite-length if it has a finite composition series
of irreducible V(m) modules. W is called grading restricted if it is graded by generalized
conformal weights (the generalized eigenvalues of L) and the generalized conformal weights

are bounded from below. For more details, see [CKM17].

Definition 6.2. The Kazhdan-Lusztig category KL is defined as the supercategory of finite-

—

length grading-restricted generalized V (gl(1]1)) modules.

Any simple module of this category is generated by its lowest conformal weight space, which
is a finite-dimensional representation of gl(1|1), and thus any simple module is a quotient
of 17,176 for e #£ 0 or A\n In what follows, when we write M , we always mean the image of a

module M of gl(1|1) under the induction functor Znd. The following is shown in [CR13al:
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° Anve is irreducible iff e ¢ Z.

e When e =0, Zn is irreducible, and there are non-split exact sequences:

0 — A, 1 — Voo — A1 — 0

1
n—s

(6.73)

~ ~

0 —— An% — Voo — A,_1 —— 0

2

e When e € Z \ {0}, there is additional simple modules A\n,e. They fit in the following

short exact sequences:

~

0o —— A\n—&-l,e 3 XA/M » Ape —— 0 (e >0)
(6.74)
0 —— En,lﬁ ) XA/M ) En,e — 0 (e <0)

Remark. To unify the notation, we will write A\np for gn. The modules Enve for e € Z are

called simple currents.

Since Ej is a central element, any representation of V' (gl(1]|1)) can be decomposed into direct
sums according to the generalized eigenvalues of Ej, which is possible by finite-length property.
We may thus write

KL=@PKL, (6.75)

where K L. is the subcategory such that the generalized eigenvalue of Ej is e. From the
description of the above simple modules, it is clear that KL, for e ¢ Z is generated by
17%6 and for m € Z, K L,, is generated by fAlmm. There is a similar decomposition of C, the
category of finite-dimensional representations of gl(1|1), so we write C, to be the subcategory
of C where the action of E has generalized weight e. Clearly, induction is a functor from C,

to K L.. In fact, more is true about this induction:
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Proposition 6.1. When e ¢ Z or e = 0, induction functor Ind gives an equivalence of

abelian supercategories:

C.~ KL, (6.76)

Proof. We only consider the case e ¢ Z, since the proof for e = 0 is almost identical. By
definition, any simple module in K L. comes from induction. We now show that induction
is essentially surjective. For this, choose M € K L., we will use induction on the length of
M. Choose a maximal sub-module N C M. Then by assumption N is induced from C. and
M/N = 17717@ for some n. We claim that we may choose generators of M that are annihilated
by all the positive modes of gm We may choose such generators for N and M /N, say
ni,...,n, and m, that are generates the lowest-weight spaces for the respective module.
Choosing a pre-image m of m, we will adjust m step by step so that it is annihilated by all

positive modes.

First, suppose there exists t > 0 such that Eym # 0. By grading restriction, Elm = 0 for some
| > 1. Using [E}, N_,] = (t])E{"", we see that EN_ym = (t])E; 'm. Let m' = m—LE,N_;m,
then E"'m/ =0, and m/ =m — %m # 0 since [ > 1. This is again a generator. Using this

procedure, we may adjust m such that Eym = 0 for all ¢ > 0.

Suppose ;7 m # 0 for some t > 0, and assume (¢;")'m = 0 for some [ > 1. Since
{(WHL Y} = By + 1)(¢;7) 1, we have (v,)W-,m = ()1 (Ey + t)m. Let m' =
[(Eo+t)m— ;79— ,m, then (¢;7)"tm’ =0, and m/ = (I — 1)(e+t)m which is still a generator
since e+t # 0 and [ — 1 # 0. If the starting m satisfies 1/)jim =Eym=0for j >tand k > 0,
then after the adjustment, wj-[m’ = FEym' =0 for j >t and £ > 0. We may then adjust m
downward from the largest ¢ such that ¢¥m # 0 , and obtain m that is annihilated by all

»E, B, for t > 0.

Finally we perform a similar procedure for N, to obtain the final m. We may also assume
that Nom = (n — 1/2)m for some n € C, which means that (Ng —n+ 1/2)m € N. This is

an element annihilated by all positive modes of m), which then must be in the lowest
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conformal weight space of V.

Now consider the gl(1|1) module V' generated by m and the n;. By the above consideration,
this module is finite dimensional. The map V' — M then induces a surjection V — M as
V(g[/(—\1|1)) modules. We claim that the kernel K must be of the form W for some W C V.
To prove the claim, we use an inductive argument on the number of composition factors of V.
Choose a minimal sub-module V,, . of V' and let U be the quotient V/V,, .. We have a short

exact sequence:

0 —— Ve s V s U

~
o

(6.77)

If KN f/n,ﬁ = 0, then we are done by inductive hypothesis. Otherwise, K fits in the exact

sequence:

e}

~

—

0 > Ve > ‘7
K

~
0 > Vire 5

(6.78)

sy K/Viyo —— 0

By induction, K/ ‘7”/76 is equal to L for some L C U. Then by counting composition factors,
it is clear that K = W where W is the pre-image of L under the map V' — U. Thus M is of

the form V//ﬁ/ as desired. O

Because of this, the difficulty in the study of KL lies in understanding K'L,, for n € Z \ {0}.
We will see in the next section, that fusion product with simple currents gives a way to study
them. The objects in KL, for e € Z are called atypical modules, while those in KL, for

e ¢ Z are called typical modules(c.f. Section 6.1.2).

6.2.6 Fusion structure

By the work of [HLZ10-11], P(z)-intertwining operators define a monoidal structure on KL.
In this section, we will compute the fusion products of modules by relating the fusion product

to the tensor product of gl(1]1) modules.

To start, we have the following statement, which is proved in [CMY20a]:
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Theorem 6.4. KL is a rigid braided tensor supercategory; moreover, it is a ribbon category

with even natural twist @ = 2o,

The fusion product (if it exists) of two generalized modules Wy and W5 of a VOSA V' will be
denoted by W, xy Wa, or simply W7 x Ws if it is clear what the VOSA is. It turns out that
one can understand the fusion structure of K L using the tensor structure of gl(1|1) modules.
Let M, My and M3 be finite-dimensional gl(1]|1) modules. Given an intertwiner operator )

of type (7\4\];47?/1\2)’ consider the assignment 7()): M; ® My — Mj given by:

(V) (my @ ma) = mo(Y(my, 1)my) (6.79)

where g denotes projection onto the lowest conformal weight space. This 7(}))) is in fact a
homomorphism of gl(1]1) modules. The inverse of this is established in [CMY20a]. To state
it, let’s recall the definition of taking contragredient dual. For a full definition, see [CKM17].
Let M be a finite-dimensional module of gl(1|1), then the linear dual M* = Hom(M, C) has
the structure of a gl(1]/1) module, induced by the action of gl(1|1) on M. There is a similar
operation on modules of g[/(\1|1) Given a grading-restricted generalized g[/(\1|1) module W.

Write the decomposition of W into generalized conformal weight spaces as:

W =Wy (6.80)

heC
Define W' to be the super vector space:
heC
together with the action of V(m) by:
(Y (v, 2)w', w) = (W', Yy (e*F (= 22) v, 27 Hw). (6.82)

100



Here (—, —) is the natural pairing between W and W', and the above is well-defined by the
grading restriction condition. The module W' is called the contragredient dual of W. The

following is proved in [CMY20a]:

Proposition 6.2. Let My, My and Ms be finite-dimensional gl(1|1) modules, and let
f: My ® My — M3 be a homomorphism of gl(1|1) modules. Then there exists a unique

intertwiner operator Y of type (ﬁ]ﬁ%) such that 7(Y) = f.

This Proposition, together with rigidity and Proposition 6.1, can help us compute fusion

product explicitly for any pair modules in K L. Let S, :=Z\ {0} and S, := C\ S,.

Lemma 6.2. ME = ]\//[\é for any e € S,.

Proof. By definition, the lowest conformal weight space of ]\/fé is M, thus the identity map
M} — M} induces a map of VOSA modules ME — ]\//fé We claim that this map is injective.
Suppose otherwise, then its kernel would contain a minimal module ‘771—1 /2, for some n in the
case e # 0 or zzl\n,g for the case e = 0. In any case we denote such minimal module by V. Since
Hom(V, M) = Hom(f/,f/[g), the embedding V — I/E comes from the induces map of a
injection V' — M/, and the map V= ]\//.76’ then comes from the map Vv o ]\/4\; The first
map is an isomorphism by [CMY20a], and the second is nonzero and thus is an embedding, a
contradiction. Since this map is injective, by counting the number of composition factors,

this is also surjective, so it is an isomorphism. O

As a corollary, we obtain the following:

Corollary 6.1. In the case when e,e’ € S, and e + ¢ € S, Mme/ = ]\//.76 X ]\/4\@/.

Proof. By Proposition 6.2 and Lemma 6.2, one has a map J\//Te X ]\Z/ — Mwel. This is
surjective since Mme/ is generated by M, ® M,.. Indeed, by Proposition 6.1, if the image

of this intertwiner was contained in some sub-module, it would be a sub-module of the form

W for some W C M, ® M,. This is contradicting the fact that 7())) is an isomorphism
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onto M, ® M,,. To conclude the proof, we only need to compute the number of composition
factors on both sides. Rigidity of KL implies that fusion is exact, and so the number of
composition series can be computed using fusion rules of irreducible modules as in [CMY20a,
Theorem 3.2.4]. Comparing this with the composition series of M, ® M./, we conclude that

the map is an isomorphism. O

We can use Corollary 6.1 to also deal with fusion rules of M, for e € .S,. Indeed, since fusion

product with simple currents preserves socle series [CR13b], the functor:

-~

Ay x —: KL, — KLy (6.83)

is an equivalence, with inverse given by A\—n,—l- In particular, for any V' € KL, where e € S,

we can “shift” V to be in K Lj using simple currents
V=Apex(A__ex V). (6.84)

Suppose we want to compute V x W for V€ KL, and W € KLy. If either e, f or e+ f € Sp,
then we can use simple currents to pull the computation into KL, so that we can apply
Corollary 6.1. The question now becomes identifying A\n,e x V for various V and e € Sy. It
suffices to take V' to be indecomposable. We introduce a collection of indecomposable modules
that will be relevant for connecting to Cg, (they either come from induction, or a spectral
flow of a module from induction). Note that this is not a complete list of indecomposables in

KL.

Il

o A, forl €Z. Whenl <0, 121\“75 = O'Z(A\n+l+%70). When [ > 0, A, = alow(ﬁ_n_Héo)

Ul( n+l—%,0>-

. ‘Zf,o,i,x for z € C and t € N as well as V!

n,e,x

for e ¢ Z. These are the induced module

from V., and V! respectively. For [ € Z, define XA/?f’l’i@ to be Jl(\A/?fH’Oiyx). One

n,e,x
~

sees then that when [ <0, VI, =V! and when [ > 0, Vnt,lﬁm = \7%@.

J,—x n,l,x) n
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e P ., which is induced from P} . Define P;i_l_%mj

tobedlo w(ﬁﬁx) Note that all these can be obtained by fusion

for I < 0 to be O'Z(ﬁ;;m) and for [ > 0,
define ﬁfnil%,l’

product with simple currents.

We will also introduce a function €(l) on Z given by:

—3 if1 <0,
e(l) = 0 if =0, (6.85)
2 if1>0.

Define €(1,1") = e(l) + €(lI') —e(I +1').
Lemma 6.3. Let ' € S; and | € Z. One has the following fusion rule with simple currents:

~ ~ ~
t

An,l X V;’,l’,x = Vn’Jrnfe(l),l’«H,x (686)

—

Proof. One has a homomorphism of V(gl(1]1)) modules:

~

V:VxV

t
n/ ' x

SV @V, (6.87)

such that m(Y) is an isomorphism. Since [ +1' € S,, submodules of Vn,lm,y,x are all
induced from submodules of V,,; ® Vrf',l',x' By construction of Y, if it were not surjective,
then () wouldn’t be surjective. Thus the fusion rule is surjective. Now because XA/M is an
extension of simple currents and fusion is right exact, the number of irreducible composition
factors must not exceed two times the number of irreducible composition factors of ‘A/,f,,l,@,

and so by counting such factors one sees that this is an isomorphism.

Precomposing this with the embedding A, 51, X V;’,l’,x — Vo X 17757,,72: and using that

fusion with simple currents A, 1, preserve socle series, one gets the desired image. O
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Lemma 6.4. Letl € Z. Then one has:

Vrf-i—n’—%,o,— Zfl > 0’
A x VY 1, (6.88)
‘77f+n+%,0,+ if 1 <0.

Proof. One has the following intertwiner from the isomorphism V,,; @ V!, |,  — V,,, @V}, _, :

(6.89)

Since now V,, ® V,\, ;= P!, . belongs to Sy, one can again show that this ) must be an

isomorphism.

When [ > 0, the composition factors of fAan X ‘A/?f, are An+n _1,0 and gn+n/70 and has a

—bz,—

unique minimal submodule A\n+n’—1 o- The only quotient of Pn n

1 o having this property and

the right number of irreducible factors is vt Lo~
27

When [ < 0 the composition factors of 4, ; x V, are A, yn110 and A, 1,0 and has a

7_17$7_

unique minimal submodule A\n+n’+1 o- The only quotient of Pn n

1 o having this property and

the right number of irreducible factors is Vt This completes the proof. n

n'+3,0,4"
Using this, we obtain the following fusion rules:

Corollary 6.2. Forl,l' € Z and m > m/, one has the following fusion rule:

pm @ Pm+m’ 1-2t
n,l,x ' l' - n4n'+1—e(l,l), 1+ ,x
0<t<m/—1

m+m’—1-2
@ 2Pn++n —e(ll’)tl—&—l’ (6.90)

0<t<m/—1

Pm+m’ 1-2¢
n+n/—1—e(l,l), I+l x

0<t<m/—1
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Forl >0, one has:

rm rm’ . pPm4m/—1-2k
Vn,l,z X Vn/,fl,z - @ Pn—i—n/,O,x (691)
0<k<m/—1

Proof. When [ = 0, these follow from the tensor product structure of gl(1|1). For [ # 0, we

use the fact that P™

n,l,x

— n Am
— ATL,l X PO,O,CC' D

6.3 The mirror symmetry statement

In this section, we prove Theorem 6.1. In Section 6.3.1 we introduce the category K L°, the
de-equivariantization K L°/Z as well as the lifting functor F from KL° to the category of
modules of the VOSA Vj, ® Vj.. The main ingredient here is a simple current extension
described in [CR13b], as well as the machinery of [CKM17, CMY20b]. In Section 6.3.2, we
recall free-field realizations of the VOSAs of our interest, following [CGN21, AW20], and show
that they are compatible with the simple current extension; we use them to show that certain
objects in KL do lie in KL°, and so can be lifted by F. As a consequence, we show the first
part of Theorem 6.1, namely that Cg, has the structure of a braided tensor category defined
by P(z)-intertwiners. In Section 6.3.4, we use our knowledge of Cg, and K L° established
in Section 6.1 and Section 6.2 to complete the proof of Theorem 6.1. In Section 6.3.5, we

compute fusion rules of indecomposable objects in Cg, using the tensor equivalence F.

6.3.1 (v as a simple current extension

As we have discussed earlier, due to the contribution of monopole operators, the physical

boundary VOSA for T is a simple current extension of V(g[/(l\]l)) In [CR13b], the authors

—

showed that the VOSA V(gl(1|1)) has many simple current extensions, which can often be

identified as known VOSAs. A simple current extension is a direct sum of simple currents of

—

V(gl(1]1)) such that the resulting module carries a VOSA structure that extends the VOSA

—

structure of V(gl(1]1)). Among all the simple current extensions, the following is the one we
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consider:
Ago ® (@ El—;nm) ®Ana_,, (6.92)

The choice is made by comparing the indices. The index of this module is computed in

[CR13b] to be
O i+m -1, i—m
Z m?/2 m/2H<1+Sq+ J(L+s"¢™™)

Here the power of s records the weights under the gauge group generator Ny and the power
of ¢ records the conformal weights. This correctly reproduces the index computed in [DGP18,

Equation 3.31].7

The module in equation (6.92) has the structure of a vertex operator superalgebra, and this
VOSA is isomorphic to Vg, ® V., the tensor product of the By VOA with a pair of free

complex fermions. Let us denote by V., this extended VOSA.

The following is explained in [CKM17]: given a vertex operator superalgebra extension A in
a VOA module category C where P(z)-intertwiners define a symmetric monoidal structure on
C, the category of local modules of A in C coincides with the category of generalized modules
of the VOA A as braided tensor supercategories. However, in our situation (equation (6.92))
as well as in many other cases, the object A does not live in C but in a suitable completion of
C. Thus one needs to take a completion of C to allow infinite direct sums. This is explained
in [CMY20b, Theorem 1.1]: under suitable circumstances, one can extend the symmetric
monoidal structure from C to a completion called Ind(C), such that the object A is now
contained in Ind(C). The authors then showed [CMY20b, Theorem 1.4] that the category
of generalized A-modules in C also has a braided tensor supercategory structure defined via

P(z)-intertwiners (see Section 6.1.3).

We apply this method to KL and Cg,. Denote now by Ind(/K L) the completion of KL

in the sense of [CMY20b], then V.., is a VOSA object in Ind(K L). Denote by Rep®(V.u)

"Note that the boundary condition has effective level kg = 1 since each hypermultiplet contributes to %
of the level.
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the category of generalized modules of V., that lie in Ind(KL). This is a braided tensor

supercategory via the P(z)-intertwining maps, as was shown in [CMY20b, Theorem 1.4].

Given such an extension, for any object W inside Ind(K L), the product V.., x W has the
action by the mode algebra of the extended VOSA V.,;. However, this action is not local
in general. In [CKL20], the author explained that the monodromy determines whether
the resulting action is local, thus becoming a generalized module of the VOSA V,.;. More

precisely, monodromy is defined by a composition of braiding isomorphisms:
MV X W — W X Vgt — Vet X W. (6.94)

The module V,,; x W is local if and only if the map M is the identity morphism, or in other
words, the monodromy acts trivially. Let us denote by K L° the full tensor subcategory of

K L consisting of W such that monodromy on V,,; x W is trivial. One has a functor:
F: KL — Rep®(Veur) (6.95)

that maps an object W to V.,; x W as an object in Ind(K L) together with the natural

structure of a V,;; module. The result of [CKL20] immediately implies:

Theorem 6.5. The functor
F: KL — Rep’(Veur) (6.96)

s a tensor functor between braided tensor supercategories.

The simple currents ﬁo¢1 generate a tensor subcategory of K L° isomorphic to Rep(C*). This
tensor subcategory lives in the center of K L°. We denote by K L°/Z the de-equivariantization
of KL° by Rep(C*) in the sense of [EGNO15, Theorem 8.23.3]. The functor F identifies
the image of K L' with the de-equivariantization K'L/Z. The notation comes from the

isomorphism Rep(C*) = Coh(Z), and the action of Rep(C*) on K'L° can be understood as
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an action of Z on the objects of KL°. The de-equivariantization can be understood as the
quotient category, where objects that are related by Z are considered equivalent. There is
an action of Coh(Zy) on KL°/Z generated by parity shift, and the de-equivariantization

KL°/(Z x 7Zs) is the category of line operators for T discussed in the introduction.®

The category Rep”(V..;) may seem abstract, or at least not immediately related to Csy-
However, since Vezr = Viy @ Vi, and the category of generalized modules for V. is equivalent
to the category of super vector spaces, this category Rep”(V..) is the Deligne product of
a category of modules of the VOA V3, with SVect, the category of super vector spaces.
What we show in the following sections is that the image of F is identified with Cg, X SVect.
The difficulty of analyzing this functor lies in the fact that computation of monodromy is
complicated; it lacks concrete algebraic expressions. One way to go around this difficulty is
through free-field realizations. This method is based on the observation that lifting modules
from one free-field VOA to another is much easier to deal with. We now go on to introduce

—

free-field realizations of V(gl(1]|1)) as well as of V,,; that are compatible with the embedding

V(gl(1]1)) = Veur. In what follows, when we compute fusion product of objects that are

infinite direct sums, we always mean the fusion product in the sense of [CMY20b].

—

6.3.2 A free field realization of V(gl(1]1))

—

We start with describing the free-field realization of V(gl(1]1)) given in [CGN21]. Let
X,Y, Z be a triple of free bosons with the non-degenerate pairing (X,Y) = (Z,Z) = 1. The
Heisenberg VOA generated by this triple is denote by Fy. For any linear combination of
XY, Z, say = aX + bY + cZ, there is a simple module, denoted by F,, generated by the
vacuum vector |u) whose weights under 0X,9Y and 0Z are given by the non-degenerate

pairing between 1 and X, Y, Z. The module @, ., .,z has the structure of a VOSA, generated

8We note that de-equivariantization by Zj does not change much of the category, apart from identifying
an object with its parity shift, and forgetting the parity of Hom spaces. In particular, no new homomorphism

is introduced since the parity is generated by an internal symmetry of V (gl(1[1)).
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by Fy together with the vertex operators :e*%() :, defined by:

me _Zm —
Zm) exp (:i: z m) : (6.97)
m m

Le2(2) = o2t 20 H exp (i
m>1
See the definition in [FB04] Section 5.2. We treat the modes of :e*#(*): as odd. This VOSA
is denoted by V7. Through the Bose-Fermi correspondence (see [FB04], Section 5.3), the
sub-algebra generated by :e¥2(*): is isomorphic to the be ghost VOSA Vj., generated by two
fermionic (odd degree) fields b, ¢ with OPE:

1

b ~ . 6.98
(2)elz) ~ (6.98)

Under this correspondence, :eZ®) 1 b(2) and :e72() ;i ¢(2).

There is an embedding of VOSAs V(g@) — Vz given by
Y
E(z) = 0Y(2), N(z2)— —:c(2)b(z): +0X(z) — 0 (Z),

2 (6.99)

v (2) = b(2), ¥ (2) = c(2)0Y (2) + Oc(z)

For each linear combination of X and Y, say v = aX + bY’, one obtain a simple module of
V; whose underlying object is:

Viz :=Vz xg, F,. (6.100)

On the other hand, if v involves c¢Z for ¢ ¢ Z, the resulting module is not local with respect

to :eZ:. This is a special example of Theorem 6.5. We now introduce the screening operator,

L —

which helps us understand the embedding V' (gl(1]1)) — Vz:

Definition 6.3. Let us define an intertwiner S(z): Voy,z = Vin—yv,z by

S(z) =:e?H7Y), (6.101)
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The screening operator is then defined as the residue:
S = j{S(z)dz. (6.102)

It is shown in [CGN21] that V(g[/(ﬂ\l)) is the kernel of S: Vy 7 — V_y 2. The following

—

Proposition shows how we can identify modules of V' (gl(1]1)) as restrictions of modules of V:

—

Proposition 6.3. Let p = aX +bY. When a € Z, V, z = 1721, a-1)/2,0,— @s V(gl(1]1))
modules. When a ¢ Z, V,, 7 = XA/Qb a—1)/2,a 05 V(g[/(-\1|1)) modules.

Proof. The case when a € S, is proven in [CGN21]. For a € Sj, we compute the conformal
weight of the kernel of the screening operator using [CMY21]. To do so, we need to re-write
the free-field realization using the following vectors: a =Y -7, =Z+X andv=Z+X-Y.
These are three orthogonal generators of the lattice. The screening operator corresponds to

a_ = —a, and oy = 2a.. In terms of these generators, the conformal weight vector is:

1 -2
L1 4+ 81— (1) + 22, (6,103
and X.Y, Z can be written as:
X=y+tay/2, Y=~y Z=F~7—0ay/2 (6.104)

So for a general 1 = aX + bY', the module V), z can be written in terms of the generators

a, f and v as:

D"

For each m, the lowest conformal weight of the kernel of the screening operator restricted to:

ma+—|—(b—|—m)ﬁ+(a—b—m)7>. (6.105)

a—m
2

Fo

ar+(b+m)B+(a—b— m)7> (6.106)
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is given by h = hay, i + Pogm)s — Na—b—m)y, Where:

(b+m)?
(a—b—m)? (6.107)
Pa—b—m)y = 9

and as in [CMY21]:

(1+m—a)?—(1+m—a) ifa< m,
h = ? B (6.108)

Al4+m—a,l
’ (1+a—m)2—(14+a—m) -
5 if a > m.

Combining these we have an explicit formula for h:

(m? +m + 2ab—a) if a < m,
(6.109)

= N

(m?* —m +2ab+a) if a > m.

Now suppose a < 0, then if m < a, m cannot be 1/2, so the minimum of 4 in this region is
obtained at m = a — 1, giving 3(a® + 2ab — 2a + 2); when m > a, then the minimum can
be taken at m = 0, which is £(2ab — a). Since a < 0, 3(2ab — a) is smaller. This is exactly
the minimum conformal weight of A 2ozt - When a > 0, one can show that the minimum
conformal weight is %(Qab + a) which is the minimum conformal weight of A 2ot ;. We thus

have embedding As—o—1 , C Vi.,z when a < 0 and Amon , C V,.,z when a > 0.
2 ’ 2 ’

a a

To finish the proof, we utilize the free-field fusion rule Fy x, F, = F,,, which after combining

o —

the embedding ﬁsz_aJre(a)’a — V), z gives a V(gl(1|1)) intertwiner:

Vz X Azv-a

2

+e(a),a — VM7Z (6110)

Since V7 is indecomposable as a V(g[/(\1|1)) module and A\%T—a o 1s a simple current, by

+e(a)

Proposition 2.5 of [CKLR19], the fusion V; x E%Tw is still indecomposable, and we

+e(a),a

only need to show that it maps isomorphically onto V), z. If we restrict this intertwiner to
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the sub-module 20’0 C Vy, this composition 2070 X 121\217;11 « — Vu.z is nothing but the
2 b

+e(a)

action of the VOA V(g[/(ll\l)) on A 2ba o and so it is an isomorphism when restricted to

e(a),a’
this minimal-submodule. However, since EO,O is the unique irreducible sub-module of V7, the
intertwiner in equation (6.110) must be injective. Now we see that it is also surjective since
V,,,z only has two simple currents in its composition series. Hence V), 7 is in-decomposable and

is isomorphic to V; x A\%;a ) Now using Lemma 6.4, we obtain the desired result. [J
2 bl

+e(a

It is in fact possible to identify the chains ‘Zf” for e ¢ Z and ‘Zf’emx for e € Z as restrictions
of modules of the VOSA V. Let us consider the module of V; generated by the vacuum
vector (mX +nY )" !|u) such that n—m(x + %) = 0, which we denote by V! ,. This module

is an iterated self-extension of V, 7, and the action of dX and 9Y have nontrivial Jordan

blocks.

—

Proposition 6.4. Let = aX 4+ bY. When a € Z, there is an isomorphism of V (gl(1|1))
modules: Véb_a_l)/m’m’_ = V.7 When a & Z, there is an isomorphism of V(g[/(1|\1))

.1t ~ 1/t
modules: ‘/(beafl)/za,a: = VWE’Z.

Proof. For the case when a ¢ Z, we proceed in the same way as the proof in [CGN21]:
note that there is a map of gl(1|1) modules V' , 1,5 ,, = V., 7[0], where V[ /[0] is the
lowest conformal weight space. This morphism induces a morphism of V(g@) modules:
W_(a_l) Jram- VJ,;;:,Z- This is an isomorphism on the unique minimal submodule of

17;]2(&71) 2000 thus is an embedding. It is thus an isomorphism by counting the number of

irreducible factors. Similar situation holds for a = 0.

When a € S, we have the free field logarithmic intertwiner V,, z xv, Vi, , = Vi . Restricting

this to the submodule Az«

a0 & Viz ONE gets an intertwiner of V(g[/(-\1|1)) modules:
2 )

A\%T_a—i-e(a),a X Vg,x,Z - V;,:v,Z' (6111)

It is injective because it is non-zero when restricted to the unique irreducible sub-module
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Ao a te(a)a X /Alop. It is then an isomorphism by counting the number of composition factors.
2 b

Thus comparing this with Lemma 6.4 we obtain the desired result. O]

In conclusion, many modules of V(g[/(1|\1)) can be identified with restrictions of modules of V.

We want to remark here that although only % show up in the above consideration, we can

n,e,—,r
—

also find V! by pre-composing the embedding V' (gl(1]|1)) — Vz with the automorphism

n,e,+,r

w Introduced in Section 6.2.4.

6.3.3 A free field realization of V.,

Let us return to the VOSA V,,;. Our goal is to introduce a free-field realization of V,,; that is
compatible with the free-field realization V(m)) — Vz described in the last section. Recall
that Veg = Vg, @ Vie. It is well known (e.g. [AW20]) that Vj, has a free-field realization
given by a lattice VOA generated by 91, 90 and e*¥*+? where (¢,1) = —(0,0) = 1. There is
a screening operator S =:e¥: such that Vj, is the kernel of S. By Bose-Fermi correspondence,
Vie 18 isomorphic to a lattice VOSA of a single free boson. To conform with the free-
field realization of V(Jﬂ\l)), weset =2 —Y and 0 =Y — Z — X, which means that
Y+ 60 = —X. We again treat the modes of :e*?: as odd. With this redefinition, Z + X
becomes an independent variable (it has zero pairing with v, 0), whose associated lattice
VOSA is Vj.. Thus we can extend V; by the operator :e*¥:, or in other words, the Vy

module V = @, ., Vi.x.z has the structure of a VOSA, and is the lattice VOSA associated to

nez
the lattice generated by X, Z. The embedding V,,; — )V is given by
7 crsie 7N Brsie v 1 (07 — Y )e™ : (6.112)

br—:e

and its image is the kernel of the screening operator S = fz eV = 552 :eZ?=Y:. We thus have:

—

Proposition 6.5. There are free-field realizations compatible with the embedding V (gl(1|1)) —
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Vest given by the following diagram

—

V(gl(11)) —— V2 =D, Fnz

l l (6.113)

Vext E— V = @mm IErmX—i—nZ

We now come back to the question of lifting modules via the functor F. This can be done by
lifting modules from V to V, and then restricting them to V,,; modules. The modules of V,
are given by V! v,y 7., and they are generated by the vacuum module (mX + nY )= ).
However, not all of them can be lifted to V. In order to lift to V, n = 0 otherwise the action
of :eX : is non-local. Since n —m(z + %) = 0, this requires that = = —%. Similarly, we cannot
use any linear combination p = aX + bY, since otherwise the conformal weight of :e=X: is
not an integer. To have integer conformal weight, we need that b € Z. Thus we require
beZ and x = —%. We denote by Vft the resulting module of V. On the other hand, given a
module of W of Vj,, we can view the Deligne product W X V;,. as a module of V.,; using

the isomorphism Ve, = Vg, ® Vie. Recall the V3, modules W[ta] and (Wi)". When ¢ = 1, the

following is shown in [AW20, Proposition 2.12]:

Proposition 6.6. Let = aX + bY with b € Z. When a ¢ Z, there are isomorphisms of

Vert modules:

V, 2o "W, K V. (6.114)

When a € Z, there are isomorphism of V., modules:

Vi = 07 (W) B Ve (6.115)

We extend it to the following:

Proposition 6.7. Let p = aX + bY with b € Z. When a ¢ Z, there are isomorphisms of
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Vert modules

V, 2o "W R V. (6.116)

When a € Z, there are isomorphism of Ve, modules
Vv, = "MWy R V. (6.117)

Proof. When t = 1, this is simply [AW20, Proposition 2.12]. When ¢ > 1, we only need to
show that the module Vﬁ is indecomposable, and the result will follow from Theorem 6.2
and Theorem 6.3: the only indecomposable modules having a’b“W[,a] or J’b“W[g] in its
composition series are the long chains. To show that it is indecomposable, we compute the
action of :y3: on the generator X*~!|u). It is easy to see that there is a Jordan block of size

t, and thus it is indecomposable. O

With this, we derive:

Proposition 6.8. Let b € Z. If a ¢ Z, one has the following isomorphism of Ve, modules
F (‘/(gb—a—l)/2,a,x:—l/2> = O'ibJer[t—a] I %c- (6118)

For a € Z, one has the following isomorphism of Ve modules

12

v (‘/(gb*afl)/an,f,xZ*l/2> Uﬁb+1 (W(;)t X ‘/;)07

(6.119)
F (V¢
(2b—a—1)/2,a,4,x=—1/2

I

o W) X V.

Proof. We have seen that V Xy, V;f o127 = VfL. The inclusion V.;; — V induces an
isomorphism

F (V) =V xy, Viae—1/2,2 (6.120)

m

as modules of the mode algebra of V,,;. Comparing this with Proposition 6.4 and Proposition

6.7, we get the desired result for ‘/}bt—(a—l)/Q,aJ::—l/Q when a ¢ Z and 171)’5_%17&_736:_1/2 when
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a € Z. Twisting both free-field realizations of V(g@) and Vg, by conjugation w gives the

it
result for V' a1 g e 12 [

Remark. The requirement that x = —1/2 implies that Ny + Ey/2 acts semisimply, and
requiring that b € Z implies that it has integer eigenvalues. The above Proposition implies
that a sufficient condition for a V(g[/(—\1|1)) module to be lifted to V., is that Ny + Ey/2 acts
semisimply with integer eigenvalues. We denote by K LY*F/2 the subcategory of KL where

No + Ep/2 acts semisimply with integer eigenvalues.

As a corollary, we prove the first part of Theorem 6.1:

Corollary 6.3. The category Cg, has the structure of a braided tensor category defined by

P(z)-intertwining operators.

Proof. As discussed in Section 6.3.1, the supercategory Rep’(Ve,) has the structure of a
braided tensor supercategory defined by P(z)-intertwining operators. By Theorem 6.2,
Theorem 6.3 as well as Proposition 6.8, we conclude that Csz, X SVect is a full subcategory of
Rep’(Veat), 5o we only need to show that this subcategory is a closed under fusion product.
By [CMY20a], we conclude that fusion product on KL, and consequently on Rep®(V.u¢),
is exact. Thus by the definition of Cs,, we only need to show that given two modules in
Cs, X SVect, fusion product of their composition factors are still in Cg, X SVect. This is
computed in [AW20], and we conclude that Cz, B SVect is closed under fusion, and is thus
a braided tensor subcategory. Thus P(z)-intertwining operators define a braided tensor

category structure on Cg,. L]

6.3.4 The equivalence

In this section, we complete the proof of Theorem 6.1. Since the work of [CKM17, CMY20b]
already implies that the functor F is a braided tensor functor, we only need to show that the

image of K L” under F coincides with Cg, K SVect as abelian supercategories. The procedure
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for the proof is the following:

1. Recall the category K LNTE/2. We first conclude from Proposition 6.8 that K LVNTE/2 is

a subcategory of KL°.

2. We then use Theorem 6.2 and 6.3 to conclude that the lifting functor F restricted to

K LN+E/2 i3 essentially surjective onto Cg. X SVect.

3. Finally, we conclude from the above two points that the functor F identifies K L°/Z

with Cs, X SVect, and that K L° coincides with with K LN +£/2,
Let us start with the following:

Lemma 6.5. KLVtE/2 s q subcategory of KL°.

Proof. We need to show that objects in K LV*#/2 can be lifted to Rep®(V.y). Consider first
e ¢ 7 with M € KL, for some gl(1]1) module M, and suppose M € KLN+E/2. To show
that M can be lifted to a local module of Vert, we only need to show that it is a quotient of
a module that can be lifted, since if the monodromy is trivial on a module, it is trivial on

all quotients. This is guaranteed if M is a quotient of a direct sum of V! for various

,e,x=—1/2

n € (1 —e)/2+7Z and t. Without loss of generality one may assume that M is generated
by a single m such that (£ — e)'m = 0, and (N + E/2)m = km for some k € Z. We may
choose k to be the largest such value so that ¢)*m = 0. It is clear then that the module M is

spanned by the vectors coming from applying gl(1]1) to m
m, " m,(E —e)m,(E—e)v ™ m,...,(E—e) 'm,(E—e) 'y m. (6.121)
From the analysis of Section 6.2.1 there is a surjection:
‘/kt—(e-i—l)/Q,e,a::—l/Q — M (6.122)

by mapping the highest weight vector of the generator to m. This is a well-defined map since
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the structure of th_( J9.e0——1/2 18 determined by an element v with (N + E/2)v = kv,

e+1)
v =0 as well as (E — e) has order ¢t. This shows that M is a quotient of V,f_(e+1)/2767x:_1/2,

and so ‘7}57( _1/o Maps onto M. Since ‘7157(6“)/276’1271/2 can be lifted to a local

e+1)/2,e,x=
module, so can M.
A similar argument can be applied when e = 0 since any M such that N acts semisimply

with integer eigenvalues and E acts nilpotently is a quotient of Pi,o,xzq s

Finally, let us consider when e € S,. Let W € KL., then W = A\_e/gﬁ(e),e x M for some
M. This means that W can be extended if and only if M can be. We must show that
N + E/2 acts semisimply on M with integer eigenvalues. If this were not the case, two
things can go wrong: first, N + E/2 does not have integer eigenvalues, or it does not act
semisimply. Suppose it was the first case, which means that M has a sub-quotient A, ¢ such
that n ¢ Z, but this means that W has a sub-quotient /Al_e/gﬁ(e)@ X Emo = gn_e/%e(e)’e, a
sub-module of ‘7”_6 /2—c(e),e 0N which No+ Ey/2 acts semisimply with eigenvalues in n+7 # Z,

a contradiction to our assumption on W. If N + E/2 does not act semisimply, then since

A\—e/2+e(e),e = UG(A\&O), one has
A\—e/Z—i-e(e),e X ]/\Z = (Am> . (6123)

By the definition of spectral flow, the action of Ny + Ey/2 on o° (A@/l) is the same as
the action of Ny + Ey/2 + €o/2 on AjQZJ\]\/[. If N+ E/2 does not act semisimply on M,
then Ny + Fy/2 4 e¢/2 can not act semisimply since they only differ by a scalar, giving a

contradiction to our assumption on W.

This means that we may apply the previous argument to M, so that M can be lifted, and

thus so can W. This completes the proof. O

Next, we prove:

Proposition 6.9. The functor F restricted to K LN1E/2 is essentially surjective onto Csy X
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SVect.

Proof. To show that it is essentially surjective, by Theorem 6.2 and 6.3, we need only
show that the image of F contains JlW[ta] for a ¢ Z and O’l(W[:g])t. These then follow from

Proposition 6.8. O

Now we can finish the proof of Theorem 6.1:

Theorem 6.6. The functor F provides an equivalence of braided tensor supercategories
Cs, X SVect = KL"/Z. (6.124)

Proof. Let us show that the image of KL° under F is Cg, K SVect. For this, it is enough
to show that the simple modules of K L° coincides with those of K LNtE/2. First of all,
consider e ¢ 7Z, in which case the simple modules are ‘A/me. If monomdromy acts trivially
on V.. Xy (6T 177176, then the monodromy of V xy, ‘771,6 would also be trivial. We have
seen that this only happens if n + e/2 £ 3 € Z, or in other words, when ‘7”,6 € KIN+tE/2
When e € Z, the simple modules are En,e, and we embed them into ‘A/n,e’,. Since monodromy
can be computed by using the twist element e**/° and L, acts semisimply on \7”,@7_, Vet
as well as the fusion V.. Xy (&l 17”767,, we know that the monodromy map is semisimple.
More-over, ‘A/m@_ is indecomposable as a V(g[/(\1|1)) module, and so the monodromy must be
scalar on each direct summand of V. Xy @) \771,67_. This means that if monodromy action

on Vet Xy (6T Vi,e,— 1s nontrivial, then it is nontrivial on V. X (6T A, . by naturality of

commutativity constraints and exactness of fusion. Using similar argument as in the case of

e ¢ 7, this means that ‘A/n,e,, is an object in K LN*tF/2 and so A\n,e must also be in K LVNTE/2,

By the discussions of Section 6.3.1, the functor F identifies the image of KL° with the

de-equivariantization. Thus we have an equivalence

KIL°)Z = Cs, ® SVect (6.125)
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as desired. O

Corollary 6.4. KLN*P/2 coincides with KL°. Moreover, for each e € C, F gives an

equivalence between abelian supercategories
F:KLYTE? = K10 =~ Cy, () ¥ SVect (6.126)

Proof. We first show that KLN*F/2 coincides with KL°. Let W € KL? for some e, then

F (W) is an element in Cg, . By Corollary 6.9, there is an element V' € K LYE? guch that

F(V) = F(W) (6.127)

This is an equivalence as modules of V,,;, so must be an equivalence as modules between
—_—

V(gl(1]1)). Taking the generalized Ej weight e part, we must have W =2 V. Thus K LN +#/2

coincides with K L.

We now show that F restricts to an equivalence of abelian supercategories
F i KLYTE? = KLY~ Cy, ) W SVect (6.128)

It is essentially surjective from Corollary 6.9, and we only need to show that it is fully-faithful.
For any W1, Wy € K LJEVJFE/ 2, if f: W1 — W is nonzero, because V., is a direct sum of simple
currents, the associated map

F(Wi) = F(Wy) (6.129)

is non-zero. Thus the functor F is faithful. To show that it is full, take any Wy, W, € K LY+ER

and f € Hom(F(Wy), F(W3)). It is a morphism as V.,; modules, so must be a morphism in
Ind(K L). By restricting this morphism to the generalized Ey weight e part, one obtains a
morphism between W; and W,. This provides natural bijections, and so the functor F is

fully faithful when restricted to K LY 572, O
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6.3.5 The fusion structure of Cs,

Using the equivalence as well as the fusion structure of V(m)) obtained in Section 6.2.6,

we have the following fusion structure for Sy VOA:

Corollary 6.5. For any M € Cg,, denote by M,, the spectral flow c™(M). We have the
following fusion rules for By modules
min{¢,s}—1

t S ~v s+t—1—21 s+t—1—21 s+t—1—21
Pn X Pm - @ Pn+m—1 D 2Pn+m D Pn+m+1 )
=0

min{¢,s}—1
Whia X Wogm = @ WL 2 e Wi L if A+ ¢ Z, (6.130)
=0
min{t,s}—1

t S ~ t s ~ t+s—1-21
Whin X Wi yjm S W, x W? @ plis—is
=0

6.4 Quiver algebra and quantum group

In this section, we will focus on the subcategory of atypical modules Cg, . In Section 6.4.1,
we will compute the endomorphism of the identity line operator, and compare the result with
the computation in the smaller category studied in [AW20]. In Section 6.4.2, we show that
Cs,.j0) can be described as the category of modules of a quiver algebra, and show that this

quiver algebra can be related to the quantum group Uf (s1(2)).

6.4.1 The category of atypical modules

Recall the following decomposition in equation (6.10)

Coy= ED Coyn- (6.131)

AEC/Z

When A = [0], the full subcategory Cg, (g is called the category of atypical modules. This is a

tensor subcategory of Cg,, and the tensor identity of Cg,, which is 1 =V = Vj,, lies in Cg. (o).
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On the other hand, by Theorem 6.1, there are equivalences of abelian categories

Conto) = K Lo )2y = C) T 25, (6.132)

where recall that €}’ TE/2 is the category of finite-dimensional modules of gl(1|1) such that

N + E/2 acts semisimply with integer eigenvalues and E acts nilpotently. Now consider the

category Cév /2 1 the following, we will view the action of N + E/2 as a C* grading on
the objects of Cév TE2 Denote by A the algebra over C generated by 1*. The only relations

the two generators satisfy are (1)*)? = (¢7)* = 0. The algebra A can be viewed as a super
algebra if we view ¢* as odd elements. The adjoint action of N + E/2 gives a C* grading
under which * have weight £1. Denote by A — Mod® the category of finite-dimensional
C*-equivariant modules of the (non-super) algebra A, then it is clear by definition, that we

have the following equivalence of abelian categories
CNVE2 )7, = A — Mod® . (6.133)

CN*+E/2 ig equivalent to the supercategory of C*-equivariant, finite-

Indeed, the supercategory
dimensional modules of the super algebra A. Since the superalgebra structure can be induced
by the action of C*, the de-equivariantization simply forgets the superalgebra structure. In

other words, a C* equivariant module automatically has a compatible Z, grading. From the

above two equations we conclude
Cayo) = A — Modyy;,. (6.134)

Here A — Mod%; is the subcategory of A — Mod® where E acts nilpotently. Under this

isomorphism, the identity object 1 corresponds to the trivial representation C of A, on which

Y* acts trivially. We are now ready to compute
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Proposition 6.10. The derived endomorphism algebra of the identity line in Cg, is trivial

End e, (1) = C. (6.135)

Here D'Cg,, is the bounded derived category of the abelian category Cg,.

Proof. From the above, we only need to show that

I

End,, , yoqe (C) = C. (6.136)

The algebra A is well-known to be a Koszul algebra, and its Koszul dual is A' = Clx, y]/(zy), a
commutative algebra of two variables x, y satisfying xy = 0. Thus, the derived endomorphism

of C as an ungraded A module is

Endps4-vioa(C) =2 A" = Clz,y]/ (zy). (6.137)

Here we need to use a projective resolution of C, which technically do not belong to D*A—Mod.
This is not an issue for us since D’A — Mod is a full subcategory of the derived category
of finitely-generated A modules. The C* action gives x and y weight 1 and —1 respectively.

Taking C*-invariants, we find

Endps g yjeqcr (C) 2 (A)S =C. (6.138)

This completes the proof. O

We have finally proved the claim that Cg, produces the correct Coulomb branch! In contrast,
the category of modules considered in [AW20] will not produce the correct answer for our
setting. Indeed, the category considered in [AW20] can be obtained from Cg., by requiring Jo

to act semisimply. On the algebra A, this corresponds to a further restriction £ = 0. We are
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thus restricted to the Grassmann algebra of two variables B = Cley, €2]. The Koszul dual is

B' = Clz,y], and we have

End 5 yoqer (C) = (BYE = Clay]. (6.139)

The computation above produces a commutative algebra generated by a single variable xy,
instead of the trivial algebra (C) which we expect. The xy in equation (6.139) corresponds

to a degree 2 extension of V3, by itself, in the form of the following exact sequence

0 >V s W —— Wy >V

v
e

(6.140)

This is trivialized in our category Cg, due to the existence of the indecomposable module

with the following Loewy diagram
YV —— o'V — V. (6.141)

This is similar to the discussion in [CCG19], where the authors showed that the choice of the

category changes the resulting endomorphism algebra.

6.4.2 A quiver description

From the mirror symmetry statement, we have an equivalence

Cpy0) X SVect = K Ly T2 2 ¢ F2, (6.142)

Let us analyze the category Cév B2 Gince the action of N + E /2 is semisimple, let e, be

the operator of projection onto the eigenspace with eigenvalue n € Z. Let o,, = " o e, and

T, =1~ oe,, it is clear then 1% = 0 now becomes ¢,0,,_1 = 7,Tn11 = 0. These e,, o, and 7,
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is the path algebra of the following quiver

/\ /‘\ /\ /H\ (6.143)
_ €n+1 :

quotient by the quadratic relation ¢,0,_1 = 7,7,41 = 0. Let this algebra be denoted by A.
It is graded once we give o, and 7, degree 1. From the above description, the supercategory
CN+E/ is equivalent to the supercategory of graded finite-dimensional unitary modules of A.
To get an ordinary category instead of a supercategory, we only need to choose a grading for
each module. We say that a vector is even if it’s in the image of e,, for n even. Once we do
this, we find an equivalence between Cs, o) with the category of finite-dimensional unitary
modules of A (as an ungraded algebra) on which ¢,7,+1 and 7,0,_1 act nilpotently for all
n. The last condition comes from that F acts nilpotently for objects in Cy. This category
we denote by A — mod,; = Cs, o). The interesting thing about this category is that it has
three in principle distinct braided tensor category structure. One of them comes from the

N+E/2

identification with objects in C, , another from the identification with objects in Cg, g

The third one is rather surprising, as it comes from a morphism from Uf (s1(2)).
6.4.3 Relation to quantum group
Consider the unrolled restricted quantum group Uf (sl(2)) at the fourth root of unity ¢ = 1.

By this, we mean the algebra generated by I, F, H, K* with the relation

KK1'=K'K=1, KE=—-FK, KF=—-FK,

K—-K!
20

(6.144)

[H,E)=2E, [H,F|=-2F, [E,F]= E?=F?=0.

When considering modules, we also consider modules that satisfies relation K = ¢ = ¢™#/2,
although this is not a well-defined relation in the algebra itself.

Lemma 6.6. Leto =) 0,, 7=, 7, and L =071+ 10. Let f(x) be the Taylor series of
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the function l_e:;m. The assignment
H (Z 2nen> +L, Kee? Evso Fos ;f(L)K (6.145)
1

gives a well-defined action of Uf(s[@)) on finite-dimensional unitary modules of A, and

satisfies K = q".

Proof. These give well-defined operators on any finite-dimensional unitary module of A, so we

only need to show that this gives the right commutation relation, which is a simple algebraic

check. We only show the relation [E, F] = £=K —. We have that

T

[07 Z

F(L)K] = %{U,T} FL)K = %L F(L)K. (6.146)

By definition, Lf(L) =1—e ™ =1—¢™1 =1 - K2 and so Lf(L)K = K — K}, thus

the relation. N

Remark. It can be shown that when restricted to the category of atypical modules of
Uf (s1(2)), this gives an equivalence to A — mod,,;, with a well-defined inverse assignment.

This assignment should be, in some sense, similar to the induction functor.

It turns out, that one can transfer the structure of the braided tensor category from Uf (s1(2))

to A — mod. For example, the coproduct A, (t for twisted) is given by

Aden) = D e®es Afo)=c@1+e2T @0, A(L)=L@1+1®L

pren X (6.147)
A1) =21 F+Fe 3 H) (e 2 @ e*%H)m(L ®1+1®L)
where +1~ should be understood as the Taylor series of the quotient. This is very asymmetric

f(@)
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compared to the coproduct A from gl(1[1)

Ale,) = Z ey @ey, Al0)=0@1+e" 2™ @0, A(T) =714 ™" Q7. (6.148)

pF+q=n

Under the coproduct A, the braiding is trivial, but the braiding under A; is nontrivial
R=mHoHA (1 L 2% @ F), (6.149)
and so there is a nontrivial twist
0 = K(e ™/ — 2iKFe ™R, (6.150)

where H, E, F' should be expressed using elements in A as in equation (6.145). These formulas
can be found in [Oht02]. We expect that for any M, N € A —mod, the two co-product M @ N
and M ®; N are isomorphic as A modules. However, we do not expect the two coproducts to
give equivalent braided tensor structures. It remains a question whether the tensor structure

Ay induced from Uf (sl(2)) is equivalent to that coming from Cg,.
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7 Generalization to arbitrary abelian theories

The entirety of the previous section was focused on the case of a single free twisted hypermul-
tiplet and U(1) gauge theory with a single hypermultiplet. We now summarize some aspects
of our work in progress [BCDN22| that generalizes this equivalence to mirror pairs of theories

with arbitrary abelian gauge groups.

Given a 3d N = 4 abelian gauge theory with gauge group of rank r and n hypermultiplets, let
¢ai denote the weight of the a'® hypermultiplet under the i*" factor of the gauge group. This
defines a homomorphism ¢: Z" — Z". The charges of the matter in the mirror theory, which
has gauge group of rank n — r and n hypermultiplets, is determined (up to automorphism)

by a map p: Z™ — Z"~" such that the sequence

0 y 70— 7" L 2T —— 0 (7.1)

is exact [BHOOY97].

On the A side we consider U(1)" gauge theory with n free hypermultiplets transforming under
the charge matrix g. We would like to impose Neumann BCs, which result in n copies of the
B~ VOA V. living on the boundary. However in order to cancel a gauge anomaly, we must
enrich these BCs by adding 2d boundary matter just as we saw in Section 6.3.1. The correct
choice will be to add n copies of the be (i.e. free fermion) VOA V. The Neumann BCs on
the vector multiplets contribute another r copies of the bc system to the boundary, hence we
find that the category of line operators in this theory is equivalent to an appropriate module

category for V3l ® VM7 in agreement with the prediction of [CG19].

—

The perturbative boundary VOA V(g.(q)) that shows up on the B side after imposing

Dirichlet BCs on the corresponding mirror theory is a particular subquotient of n copies of
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V(gl(1]1)). It is defined by the following fields and OPEs

MBI ) ~ P N ) ~ 2 )
. 72)

b 6ab i—1 ajE] w

() e P T

As in Section 5.6.2, these BCs support monopole operators which are not contained in
V(g/*(;)), so we must find a suitable VOA extension that includes the monopole operators
[CG19]. We achieve this by passing through a free field realization for V(gj\(q)) wherein
finding extensions is much easier. To confirm our proposed extension is correct, we will

compute its half-index and demonstrate that it matches the required form found via a physical

argument by [DGP18].

7.1 Identifying the extension

We begin by describing the free field realization of V(g[/(i|\1)) Consider the 2r+n dimensional
lattice L generated by X, Y Z% for 1 < i < r,1 < a < n with symmetric bilinear form
defined by

(XLY =6, (2% 7% = 0w (7.3)

Through the construction described in Section 4.3.3, this defines a lattice VOA H with

fundamental fields satisfying the OPEs

5

(z - w)?

0X"'(2)0Y7 (w) ~ 022)02°(w) ~ (7.4)

- wp?

Let F' be the lattice VOA extension of H along the sublattice K7z := (Z%)z. In other words,

we additionally have the vertex operators Y (n|Z%),z) =:e"?**): in the theory for n € Z.
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The free field realization of V(g.(q)) into F is as follows:

' ' 1 n ‘ n
N'(z) = 0X"(2) — B Z Z 0ajqai0Y7 (2) + Z 12i02%(2)
a=1

E'(z) = 0Y'(2) (7.5)

@Z)“’Jr(z) s e?(2)

U (2) iy Y (2)e A ) 4 10e )
i=1

This embedding is not surjective, so we must determine the image of the embedding to specify

which operators in F' contribute to the half-index. The result proven in [BCDN22] is that

—_—

V(g«(q)) is isomorphic to the intersection of the kernels of the screening operators

S = fdz L2 4 (3) (7.6)
on F, ie.
V(g.(q)) == ) ker(5%). (7.7)
a=1

Now we can finally tackle the problem of adding in the monopole operators. Through anomaly
matching considerations, one finds that one should extend F' by the sublattice spanned by
X'+ ZZZI qui Z%; we call the resulting space Fi. The action of the screening operators S
on F' naturally extends to an action on Fi;, therefore we claim that the correct extension of

—

V(g«(q)) by the monopole operators is given by the simultaneous kernel of S on Fy:

Vg = ﬁ ker <Sa

a=1

F) . (7.8)

We now compute the index of V4, taking into account the fermion number, conformal weight,
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and global symmetry gradings/fugacities. This quantity is defined by the formula
vy, o= Trvg, <(—1)FqL°sN°) (7.9)

where so := [T, s;°. Below we jot down the mode expansions of these grading operators

in the free field realization for later use:

Ni = a} + Z Qai? (7.10)
a=1

T

Lo i -
LOZZ §($090+1/0I0 "‘Z T YT m)]

i=1 m
+Z ZO +Z Z_mm

3

n

+ % > [28 - aniyé] . (7.11)
=1

a=1

1
=1

To compute the index, we compute the Verma module generated by each monopole (labeled

by ¢ € Z") acting on the vacuum

(XZ i Z%ZZG)> Sy, (x4 auize) [0 (7.12)

The shift operator Sy~y,.. on the RHS is a straightforward generalization of the operator

e™V"% in equation (4.47); see [FB04, Equation 5.2.8].

In the rest of this section, whenever we write a mode belonging to the Lie algebra associated
to V(g/*(q\)), the image of this mode under the free field realization (7.5) should be implicitly
understood. Thus we see that N} and E}, act freely on |[¢) for k < 0 and act as (possibly
vanishing) scalars for k > 0. This gives the same parabolic decomposition as the one obtained
by analyzing the action on the vacuum |0); this pattern will not be quite true for ¥**(z),

but the difference manifests itself as a sort of spectral flow depending on ¢ and the charge
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matrix ¢g,;. Note that

wa,-f— (w) |€> = Szawzg eZk<0 _%ZlgwikeZbo —%zgw*kszzﬂ G(XT+T qriZY) |0>

= Szary (XS, QbiZb)wzzzl i ¢Xco 5w |0). (7.13)
When comparing the mode expansions of the LHS and RHS, the factor w2 %4 effectively
shifts which modes of ¥ (w) act freely vs. act as scalars, as compared to mode splitting
when acting on [0). Defining L, := Y_I_, f;a.;, we find that 7" acts freely for k < —L,
and as a scalar for K > —L,. A similar analysis reveals that ;" acts freely for k¥ < L, and

otherwise acts as a scalar. Thus the Verma module built upon |¢) has a PBW decomposition

®” Q) Cacy)|o| K (CocCyy)
®® & (@C(N,i)m®@C(E,i)m> 10). (7.14)

The contribution of this sector of Vg, to the index solely from the mode algebra is thus, after

some straightforward algebraic manipulation,

(q;’" 11 (q H(Siqei>qaiaqn(51qei)q”;Q) : (7.15)

But we cannot forget that |[¢) itself has non-trivial grading under Ly and Ny! Properly taking
this into account when computing the index will yield an expression equal to equation (7.15)

multiplied by an overall factor consisting of the fugacities of |¢). Let us now calculate this
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factor:

n

1 : :
Lolt) = 5 S ED?+ 20 =D @b | Ssr, exiesn, guze)|0)
b=1 Jj=1
1
=3 Z&'@'QQQ
7,,_],0,
1 T T
= —l'q" qlll)
2
NilE) = |2+ D quizh | Sy, o, (xiasy, az)|0) (7.16)
a=1

= Z Gaia;;|0)
a?j

= (q"q)|0)

(=1)F|0) = (=1)Eim EOTH G2 42, Ty 65X+ 50 @5 2%)) | )

_ (_ 1)21,]@ 4iqaiqasl; ’€>

quT

= (=177 "e).

The missing factor is therefore
(_1)£TqTq€q%£TqTq€ H ququ)i. (717)
i=1

Summing over monopole sectors (i.e. Verma modules built upon each |¢)), we finally obtain

the index

T

1 T T,y 1,T,T Tqb);
]IVB,q - <q)2r Z(_l)f 1 q£q2£ aat [H Sz(q ! )]

o tezr
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This is precisely of the form derived in [CDG20, Equation 7.45] up to some minor fugacity
redefinitions discussed in [DGP18, Footnote 12]! Therefore Vg, is precisely the extension of

—

V(g.(q)) we sought out.

134



References

[AG15]

[AHISS97]

[AP19]

[APS96]

[AW20]

[BBBDN20)

[BBMROS]

Benjamin Assel and Jaume Gomis. “Mirror Symmetry And Loop Operators”.
JHEP 11 (2015), p. 055. DOL: 10.1007/JHEP11(2015)055. arXiv: 1506.01718
[hep-th].

Ofer Aharony, Amihay Hanany, Kenneth A. Intriligator, N. Seiberg, and M. J.
Strassler. “Aspects of N=2 supersymmetric gauge theories in three-dimensions”.
Nucl. Phys. B 499 (1997), pp. 67-99. DOI: 10.1016/S0550-3213(97)00323-4.
arXiv: hep-th/9703110.

Drazen Adamovi¢ and Veronika Pedi¢. “On fusion rules and intertwining
operators for the Weyl vertex algebra”. Journal of Mathematical Physics 60.8
(2019), p. 081701. pOI: 10.1063/1.5098128. arXiv: 1903.10248 [math.QA].

Philip C. Argyres, M. Ronen Plesser, and Nathan Seiberg. “The Moduli space
of vacua of N=2 SUSY QCD and duality in N=1 SUSY QCD”. Nucl. Phys.
B 471 (1996), pp. 159-194. por: 10.1016/0550-3213(96) 00210-6. arXiv:
hep-th/9603042.

Robert Allen and Simon Wood. “Bosonic ghostbusting — The bosonic ghost
vertex algebra admits a logarithmic module category with rigid fusion” (Jan.
2020). arXiv: 2001.05986 [math.QA].

Christopher Beem, David Ben-Zvi, Mathew Bullimore, Tudor Dimofte, and
Andrew Neitzke. “Secondary products in supersymmetric field theory”. Annales
Henri Poincare 21.4 (2020), pp. 1235-1310. DOI: 10.1007/s00023-020-00888~
3. arXiv: 1809.00009 [hep-th].

Jyotirmoy Bhattacharya, Sayantani Bhattacharyya, Shiraz Minwalla, and
Suvrat Raju. “Indices for Superconformal Field Theories in 3,5 and 6 Dimen-
sions”. JHEP 02 (2008), p. 064. por: 10.1088/1126-6708/2008/02/064.

arXiv: 0801.1435 [hep-th].

135


https://doi.org/10.1007/JHEP11(2015)055
https://arxiv.org/abs/1506.01718
https://arxiv.org/abs/1506.01718
https://doi.org/10.1016/S0550-3213(97)00323-4
https://arxiv.org/abs/hep-th/9703110
https://doi.org/10.1063/1.5098128
https://arxiv.org/abs/1903.10248
https://doi.org/10.1016/0550-3213(96)00210-6
https://arxiv.org/abs/hep-th/9603042
https://arxiv.org/abs/2001.05986
https://doi.org/10.1007/s00023-020-00888-3
https://doi.org/10.1007/s00023-020-00888-3
https://arxiv.org/abs/1809.00009
https://doi.org/10.1088/1126-6708/2008/02/064
https://arxiv.org/abs/0801.1435

[BCDN22]

[BDG17]

[BDGH16]

[BEHT15]

[BFN19]

[BHOOY7]

[BHOOY97]

Andrew Ballin, Thomas Creutzig, Tudor Dimofte, and Wenjun Niu. “Boundary
VOA and Mirror Symmetry of 3d N/ = 4 Abelian Gauge Theories” (2022), To
appear.

Mathew Bullimore, Tudor Dimofte, and Davide Gaiotto. “The Coulomb Branch
of 3d N' = 4 Theories”. Commun. Math. Phys. 354.2 (2017), pp. 671-751. DOI:
10.1007/s00220-017-2903-0. arXiv: 1503.04817 [hep-th].

Mathew Bullimore, Tudor Dimofte, Davide Gaiotto, and Justin Hilburn.
“Boundaries, Mirror Symmetry, and Symplectic Duality in 3d N/ = 4 Gauge
Theory”. JHEP 10 (2016), p. 108. DOI: 10.1007/JHEP10(2016) 108. arXiv:
1603.08382 [hep-th].

Francesco Benini, Richard Eager, Kentaro Hori, and Yuji Tachikawa. “Elliptic
Genera of 2d N' = 2 Gauge Theories”. Commun. Math. Phys. 333.3 (2015),
pp. 1241-1286. DOL: 10 . 1007 /500220 - 014 - 2210 - y. arXiv: 1308 . 4896
[hep-th].

Alexander Braverman, Michael Finkelberg, and Hiraku Nakajima. “Coulomb
branches of 3d N' = 4 quiver gauge theories and slices in the affine Grassman-
nian”. Adv. Theor. Math. Phys. 23 (2019), pp. 75-166. DOI: 10.4310/ATMP.
2019.v23.n1.a3. arXiv: 1604.03625 [math.RT].

Jan de Boer, Kentaro Hori, Hirosi Ooguri, and Yaron Oz. “Mirror symmetry
in three-dimensional gauge theories, quivers and D-branes”. Nucl. Phys. B
493 (1997), pp. 101-147. DOL: 10.1016/S0550-3213(97) 00125-9. arXiv:
hep-th/9611063.

Jan de Boer, Kentaro Hori, Hirosi Ooguri, Yaron Oz, and Zheng Yin. “Mirror
symmetry in three-dimensional theories, SI.(2,Z) and D-brane moduli spaces”.
Nucl. Phys. B 493 (1997), pp. 148-176. po1: 10.1016/50550-3213(97)00115~

6. arXiv: hep-th/9612131.

136


https://doi.org/10.1007/s00220-017-2903-0
https://arxiv.org/abs/1503.04817
https://doi.org/10.1007/JHEP10(2016)108
https://arxiv.org/abs/1603.08382
https://doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
https://arxiv.org/abs/1308.4896
https://doi.org/10.4310/ATMP.2019.v23.n1.a3
https://doi.org/10.4310/ATMP.2019.v23.n1.a3
https://arxiv.org/abs/1604.03625
https://doi.org/10.1016/S0550-3213(97)00125-9
https://arxiv.org/abs/hep-th/9611063
https://doi.org/10.1016/S0550-3213(97)00115-6
https://doi.org/10.1016/S0550-3213(97)00115-6
https://arxiv.org/abs/hep-th/9612131

[BKO1]

[BKW02]

[BL+15]

[BL20]

[BN22]

[BPZ84]

[Brul4]

[BT97]

Bojko Bakalov and Alexander A Kirillov. Lectures on tensor categories and
modular functors. eng. Vol. 21. University Lecture Series. Providence, RI:
American Mathematical Society, 2001. ISBN: 0821826867.

Vadim Borokhov, Anton Kapustin, and Xin-kai Wu. “Monopole operators
and mirror symmetry in three-dimensions”. JHEP 12 (2002), p. 044. potr:
10.1088/1126-6708/2002/12/044. arXiv: hep-th/0207074.

Christopher Beem, Madalena Lemos, Pedro Liendo, Wolfger Peelaers, Leonardo
Rastelli, and Balt C. van Rees. “Infinite Chiral Symmetry in Four Dimensions”.
Commun. Math. Phys. 336.3 (2015), pp. 1359-1433. DOI: 10.1007/s00220~
014-2272-%. arXiv: 1312.5344 [hep-th].

Lorenzo Bianchi and Madalena Lemos. “Superconformal surfaces in four di-
mensions”. JHEP 06 (2020), p. 056. por: 10.1007/JHEP06 (2020) 056. arXiv:
1911.05082 [hep-th].

Andrew Ballin and Wenjun Niu. “3d Mirror Symmetry and the 5y VOA” (Feb.
2022). arXiv: 2202.01223 [hep-th].

A. A. Belavin, Alexander M. Polyakov, and A. B. Zamolodchikov. “Infinite
Conformal Symmetry in Two-Dimensional Quantum Field Theory”. Nucl.
Phys. B 241 (1984). Ed. by I. M. Khalatnikov and V. P. Mineev, pp. 333-380.
DOI: 10.1016/0550-3213(84)90052-X.

Jonathan Brundan. “Representations of the general linear Lie superalgebra in
the BGG category O”. Developments and retrospectives in Lie theory. Vol. 38.
Dev. Math. Springer, Cham, 2014, pp. 71-98. por: 10.1007/978-3-319-
09804-3\_3. URL: https://doi.org/10.1007/978-3-319-09804-3_3.
Matthias Blau and George Thompson. “Aspects of N(T) >= two topological
gauge theories and D-branes”. Nucl. Phys. B 492 (1997), pp. 545-590. DOI:

10.1016/S0550-3213(97)00161-2. arXiv: hep-th/9612143.

137


https://doi.org/10.1088/1126-6708/2002/12/044
https://arxiv.org/abs/hep-th/0207074
https://doi.org/10.1007/s00220-014-2272-x
https://doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
https://doi.org/10.1007/JHEP06(2020)056
https://arxiv.org/abs/1911.05082
https://arxiv.org/abs/2202.01223
https://doi.org/10.1016/0550-3213(84)90052-X
https://doi.org/10.1007/978-3-319-09804-3\_3
https://doi.org/10.1007/978-3-319-09804-3\_3
https://doi.org/10.1007/978-3-319-09804-3_3
https://doi.org/10.1016/S0550-3213(97)00161-2
https://arxiv.org/abs/hep-th/9612143

[BZ21]

[Car14]

[CCG19]

[CDG20]

[CG19]

[CGN21]

[CHZ14]

[CK19]

[CKL20]

Mathew Bullimore and Daniel Zhang. “3d N' = 4 Gauge Theories on an Elliptic
Curve” (Sept. 2021). arXiv: 2109.10907 [hep-th].

Federico Carta. “Moduli Spaces of N = 4, d = 3.Quiver Gauge Theories and
Mirror Symmetry”. 2014.

Kevin Costello, Thomas Creutzig, and Davide Gaiotto. “Higgs and Coulomb
branches from vertex operator algebras”. JHEP 03 (2019), p. 066. DOIL: 10.
1007/JHEP03(2019)066. arXiv: 1811.03958 [hep-th].

Kevin Costello, Tudor Dimofte, and Davide Gaiotto. “Boundary Chiral Alge-
bras and Holomorphic Twists” (Apr. 2020). arXiv: 2005.00083 [hep-th].
Kevin Costello and Davide Gaiotto. “Vertex Operator Algebras and 3d N =
4 gauge theories”. JHEP 05 (2019), p. 018. pDor: 10.1007/JHEP05(2019)018.
arXiv: 1804.06460 [hep-th].

Thomas Creutzig, Naoki Genra, and Shigenori Nakatsuka. “Duality of sub-
regular W-algebras and principal W-superalgebras”. Adv. Math. 383 (2021),
p. 107685. pO1: 10.1016/j.2aim.2021.107685. arXiv: 2005.10713 [math.QA].
Stefano Cremonesi, Amihay Hanany, and Alberto Zaffaroni. “Monopole op-
erators and Hilbert series of Coulomb branches of 3d N' = 4 gauge theories”.
JHEP 01 (2014), p. 005. bor: 10.1007/JHEP01(2014)005. arXiv: 1309.2657
[hep-th].

Cyril Closset and Heeyeon Kim. “Three-dimensional N = 2 supersymmetric
gauge theories and partition functions on Seifert manifolds: A review”. Int. J.
Mod. Phys. A 34.23 (2019), p. 1930011. por: 10.1142/50217751X19300114.
arXiv: 1908.08875 [hep-th].

Thomas Creutzig, Shashank Kanade, and Andrew R. Linshaw. “Simple cur-
rent extensions beyond semi-simplicity”. Commun. Contemp. Math. 22.01
(2020), p. 1950001. poI: 10.1142/50219199719500019. arXiv: 1511 .08754

[math.QA].

138


https://arxiv.org/abs/2109.10907
https://doi.org/10.1007/JHEP03(2019)066
https://doi.org/10.1007/JHEP03(2019)066
https://arxiv.org/abs/1811.03958
https://arxiv.org/abs/2005.00083
https://doi.org/10.1007/JHEP05(2019)018
https://arxiv.org/abs/1804.06460
https://doi.org/10.1016/j.aim.2021.107685
https://arxiv.org/abs/2005.10713
https://doi.org/10.1007/JHEP01(2014)005
https://arxiv.org/abs/1309.2657
https://arxiv.org/abs/1309.2657
https://doi.org/10.1142/S0217751X19300114
https://arxiv.org/abs/1908.08875
https://doi.org/10.1142/s0219199719500019
https://arxiv.org/abs/1511.08754
https://arxiv.org/abs/1511.08754

[CKLR19]

[CKM17]

[CMY20a]

[CMY?20D)

[CMY?21]

[CO17]

[CROY]

[CR13a]

Thomas Creutzig, Shashank Kanade, Andrew R. Linshaw, and David Rid-
out. “Schur-Weyl Duality for Heisenberg Cosets”. Transform. Groups 24
(2019), pp. 301-354. por: 10.1007/s00031-018-9497-2. arXiv: 1611.00305
[math.QA].

Thomas Creutzig, Shashank Kanade, and Robert McRae. “Tensor categories
for vertex operator superalgebra extensions” (May 2017). arXiv: 1705.05017
[math.QA].

Thomas Creutzig, Robert McRae, and Jinwei Yang. “Tensor structure on the
Kazhdan-Lusztig category for affine gl(1]|1)” (Sept. 2020). po1: 10.1093/imrn/
rnab080. arXiv: 2009.00818 [math.QA].

Thomas Creutzig, Robert Mcrae, and Jinwei Yang. “Direct limit completions
of vertex tensor categories” (June 2020). DOI: 10.1142/50219199721500334.
arXiv: 2006.09711 [math.QA].

Thomas Creutzig, Robert McRae, and Jinwei Yang. “On Ribbon Categories
for Singlet Vertex Algebras”. Commun. Math. Phys. 387.2 (2021), pp. 865-925.
DOI: 10.1007/s00220-021-04097-9. arXiv: 2007.12735 [math.QA].
Hee-Joong Chung and Tadashi Okazaki. “(2,2) and (0,4) supersymmetric
boundary conditions in 3d N = 4 theories and type IIB branes”. Phys. Rev.
D 96.8 (2017), p. 086005. DOI: 10.1103/PhysRevD.96.086005. arXiv: 1608.
05363 [hep-th].

Thomas Creutzig and Peter B. Ronne. “The GL(1—1)-symplectic fermion
correspondence”. Nucl. Phys. B 815 (2009), pp. 95-124. por: 10.1016/j .
nuclphysb.2009.02.013. arXiv: 0812.2835 [hep-th].

Thomas Creutzig and David Ridout. “Relating the Archetypes of Logarithmic
Conformal Field Theory”. Nucl. Phys. B 872 (2013), pp. 348-391. por: 10.

1016/j.nuclphysb.2013.04.007. arXiv: 1107.2135 [hep-th].

139


https://doi.org/10.1007/s00031-018-9497-2
https://arxiv.org/abs/1611.00305
https://arxiv.org/abs/1611.00305
https://arxiv.org/abs/1705.05017
https://arxiv.org/abs/1705.05017
https://doi.org/10.1093/imrn/rnab080
https://doi.org/10.1093/imrn/rnab080
https://arxiv.org/abs/2009.00818
https://doi.org/10.1142/S0219199721500334
https://arxiv.org/abs/2006.09711
https://doi.org/10.1007/s00220-021-04097-9
https://arxiv.org/abs/2007.12735
https://doi.org/10.1103/PhysRevD.96.086005
https://arxiv.org/abs/1608.05363
https://arxiv.org/abs/1608.05363
https://doi.org/10.1016/j.nuclphysb.2009.02.013
https://doi.org/10.1016/j.nuclphysb.2009.02.013
https://arxiv.org/abs/0812.2835
https://doi.org/10.1016/j.nuclphysb.2013.04.007
https://doi.org/10.1016/j.nuclphysb.2013.04.007
https://arxiv.org/abs/1107.2135

[CR13b]

[DFS81]

[DGGH20]

[DGP18]

[DHS1]

[DL93)

[DMS97]

[DR81]

[EGNO15]

Thomas Creutzig and David Ridout. “W-Algebras Extending Affine gl (1|1)”.
Springer Proc. Math. Stat. 36 (2013). Ed. by Vladimir Dobrev, pp. 349-367.
DOI: 10.1007/978-4-431-54270-4_24. arXiv: 1111.5049 [hep-th].
Michael Dine, Willy Fischler, and Mark Srednicki. “Supersymmetric Tech-
nicolor”. Nucl. Phys. B 189 (1981). Ed. by J. P. Leveille, L. R. Sulak, and
D. G. Unger, pp. 575-593. DOI: 10.1016/0550-3213(81)90582-4.

Tudor Dimofte, Niklas Garner, Michael Geracie, and Justin Hilburn. “Mirror
symmetry and line operators”. JHEP 02 (2020), p. 075. por: 10 . 1007/
JHEP02(2020)075. arXiv: 1908.00013 [hep-th].

Tudor Dimofte, Davide Gaiotto, and Natalie M. Paquette. “Dual boundary con-
ditions in 3d SCFT’s”. JHEP 05 (2018), p. 060. DO1: 10.1007/JHEP05(2018)
060. arXiv: 1712.07654 [hep-th].

C. Dasgupta and B. 1. Halperin. “Phase Transition in a Lattice Model of
Superconductivity”. Phys. Rev. Lett. 47 (1981), pp. 1556-1560. pDo1: 10.1103/
PhysRevLett.47.1556.

Chongying Dong and James Lepowsky. Generalized vertex algebras and relative
vertex operators. Vol. 112. Progress in Mathematics. Birkhauser Boston, Inc.,
Boston, MA, 1993, pp. x+202. 1SBN: 0-8176-3721-4. poO1: 10.1007/978-1~-
4612-0353-7. URL: https://doi.org/10.1007/978-1-4612-0353-7.

P. Di Francesco, P. Mathieu, and D. Senechal. Conformal Field Theory. Grad-
uate Texts in Contemporary Physics. New York: Springer-Verlag, 1997. I1SBN:
978-0-387-94785-3, 978-1-4612-7475-9. DOI: 10.1007/978-1-4612-2256-9.
Savas Dimopoulos and Stuart Raby. “Supercolor”. Nucl. Phys. B 192 (1981),
pp. 353-368. DOI: 10.1016/0550-3213(81) 90430-2.

P. Etingof, S. Gelaki, D. Nikshych, and V. Ostrik. Tensor Categories. Mathe-
matical Surveys and Monographs. American Mathematical Society, 2015. ISBN:

9781470420246. URL: https://books.google.com/books?id=NwM-CgAAQBAJ.

140


https://doi.org/10.1007/978-4-431-54270-4_24
https://arxiv.org/abs/1111.5049
https://doi.org/10.1016/0550-3213(81)90582-4
https://doi.org/10.1007/JHEP02(2020)075
https://doi.org/10.1007/JHEP02(2020)075
https://arxiv.org/abs/1908.00013
https://doi.org/10.1007/JHEP05(2018)060
https://doi.org/10.1007/JHEP05(2018)060
https://arxiv.org/abs/1712.07654
https://doi.org/10.1103/PhysRevLett.47.1556
https://doi.org/10.1103/PhysRevLett.47.1556
https://doi.org/10.1007/978-1-4612-0353-7
https://doi.org/10.1007/978-1-4612-0353-7
https://doi.org/10.1007/978-1-4612-0353-7
https://doi.org/10.1007/978-1-4612-2256-9
https://doi.org/10.1016/0550-3213(81)90430-2
https://books.google.com/books?id=NwM-CgAAQBAJ

[EMSS89)

[ESW20]

[FB04]

[FL8Y]

[FZ92]

[Gab94a]

[Gab94b)]

[GIKOS84]

[Ginss]

Shmuel Elitzur, Gregory W. Moore, Adam Schwimmer, and Nathan Seiberg.
“Remarks on the Canonical Quantization of the Chern-Simons-Witten Theory”.
Nucl. Phys. B 326 (1989), pp. 108-134. DOI: 10.1016/0550-3213(89)90436-7.
Chris Elliott, Pavel Safronov, and Brian R. Williams. “A Taxonomy of Twists
of Supersymmetric Yang-Mills Theory” (Feb. 2020). arXiv: 2002 . 10517
[math-ph].

E. Frenkel and D. Ben-Zvi. Vertezx algebras and algebraic curves. 2004.
Matthew P. A. Fisher and D. H. Lee. “Correspondence between two-dimensional
bosons and a bulk superconductor in a magnetic field”. Phys. Rev. B 39 (4
Feb. 1989), pp. 2756-2759. DOI: 10.1103/PhysRevB.39.2756. URL: https:
//link.aps.org/doi/10.1103/PhysRevB.39.2756.

Igor B. Frenkel and Yongchang Zhu. “Vertex operator algebras associated to
representations of affine and Virasoro algebras”. Duke Math. J. 66.1 (1992),
pp. 123-168. 1sSN: 0012-7094. DOI: 10.1215/50012-7094-92-06604-X. URL:
https://doi.org/10.1215/S0012-7094-92-06604-X.

Matthias Gaberdiel. “Fusion in conformal field theory as the tensor product of
the symmetry algebra”. Int. J. Mod. Phys. A 9 (1994), pp. 4619-4636. DOT:
10.1142/S0217751X94001849. arXiv: hep-th/9307183.

Matthias Gaberdiel. “Fusion rules of chiral algebras”. Nucl. Phys. B 417 (1994),
pp. 130-150. por: 10.1016/0550-3213(94)90540-1. arXiv: hep-th/9309105.
A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, and E. Sokatchev. “Un-
constrained N=2 Matter, Yang-Mills and Supergravity Theories in Harmonic
Superspace”. Class. Quant. Grav. 1 (1984). [Erratum: Class.Quant.Grav. 2,
127 (1985)], pp. 469-498. DOI: 10.1088/0264-9381/1/5/004.

Paul H. Ginsparg. “APPLIED CONFORMAL FIELD THEORY”. Les Houches
Summer School in Theoretical Physics: Fields, Strings, Critical Phenomena.

Sept. 1988. arXiv: hep-th/9108028.

141


https://doi.org/10.1016/0550-3213(89)90436-7
https://arxiv.org/abs/2002.10517
https://arxiv.org/abs/2002.10517
https://doi.org/10.1103/PhysRevB.39.2756
https://link.aps.org/doi/10.1103/PhysRevB.39.2756
https://link.aps.org/doi/10.1103/PhysRevB.39.2756
https://doi.org/10.1215/S0012-7094-92-06604-X
https://doi.org/10.1215/S0012-7094-92-06604-X
https://doi.org/10.1142/S0217751X94001849
https://arxiv.org/abs/hep-th/9307183
https://doi.org/10.1016/0550-3213(94)90540-1
https://arxiv.org/abs/hep-th/9309105
https://doi.org/10.1088/0264-9381/1/5/004
https://arxiv.org/abs/hep-th/9108028

(GK96]

[GR19]

[GS84]

[GW09]

(GWT3]

(GWS6]

[HK+03]

[HKLRS7]

[HLZ10-11]

Matthias R. Gaberdiel and Horst G. Kausch. “Indecomposable fusion products”.
Nucl. Phys. B 477 (1996), pp. 293-318. DOI: 10.1016/0550-3213(96) 00364~ 1.
arXiv: hep-th/9604026.

Davide Gaiotto and Miroslav Rapcak. “Vertex Algebras at the Corner”. JHEP
01 (2019), p. 160. por: 10 . 1007 / JHEPO1(2019) 160. arXiv: 1703 . 00982
[hep-th].

Michael B. Green and John H. Schwarz. “Anomaly Cancellation in Super-
symmetric D=10 Gauge Theory and Superstring Theory”. Phys. Lett. B 149
(1984), pp. 117-122. DOI: 10.1016/0370-2693(84) 91565-X.

Davide Gaiotto and Edward Witten. “S-Duality of Boundary Conditions In
N=4 Super Yang-Mills Theory”. Adv. Theor. Math. Phys. 13.3 (2009), pp. 721
896. DOI: 10.4310/ATMP.2009.v13.n3.a5. arXiv: 0807.3720 [hep-th].
David J. Gross and Frank Wilczek. “Ultraviolet Behavior of Nonabelian Gauge
Theories”. Phys. Rev. Lett. 30 (1973). Ed. by J. C. Taylor, pp. 1343-1346. DoOTI:
10.1103/PhysRevLett.30.1343.

Doron Gepner and Edward Witten. “String Theory on Group Manifolds”. Nucl.
Phys. B 278 (1986), pp. 493-549. por: 10.1016/0550-3213(86)90051-9.

K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R.
Vakil, and E. Zaslow. Mirror symmetry. Vol. 1. Clay mathematics monographs.
Providence, USA: AMS, 2003.

Nigel J. Hitchin, A. Karlhede, U. Lindstrom, and M. Rocek. “Hyperkahler
Metrics and Supersymmetry”. Commun. Math. Phys. 108 (1987), p. 535. DOT:
10.1007/BF01214418.

Yi-Zhi Huang, James Lepowsky, and Lin Zhang. “Logarithmic Tensor Cat-
egory Theory for Generalized Modules for a Conformal Vertex Algebra, I:
Introduction and Strongly Graded Algebras and their Generalized Modules”

(Dec. 2010). arXiv: 1012.4193 [math.QA].

142


https://doi.org/10.1016/0550-3213(96)00364-1
https://arxiv.org/abs/hep-th/9604026
https://doi.org/10.1007/JHEP01(2019)160
https://arxiv.org/abs/1703.00982
https://arxiv.org/abs/1703.00982
https://doi.org/10.1016/0370-2693(84)91565-X
https://doi.org/10.4310/ATMP.2009.v13.n3.a5
https://arxiv.org/abs/0807.3720
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1016/0550-3213(86)90051-9
https://doi.org/10.1007/BF01214418
https://arxiv.org/abs/1012.4193

[HR21]

[HV00]

[1S96]

“Logarithmic tensor category theory, II: Logarithmic formal calculus and prop-
erties of logarithmic intertwining operators” (Dec. 2010). arXiv: 1012.4196
[math.QA].

“Logarithmic tensor category theory, III: Intertwining maps and tensor product
bifunctors” (Dec. 2010). arXiv: 1012.4197 [math.QA].

“Logarithmic tensor category theory, IV: Constructions of tensor product bi-
functors and the compatibility conditions” (Dec. 2010). arXiv: 1012.4198
[math.QA].

“Logarithmic tensor category theory, V: Convergence condition for intertwining
maps and the corresponding compatibility condition” (Dec. 2010). arXiv:
1012.4199 [math.QA].

“Logarithmic tensor category theory, VI: Expansion condition, associativity of
logarithmic intertwining operators, and the associativity isomorphisms” (Dec.
2010). arXiv: 1012.4202 [math.QA].

“Logarithmic tensor category theory, VII: Convergence and extension properties
and applications to expansion for intertwining maps” (Oct. 2011). arXiv:
1110.1929 [math.QA].

“Logarithmic tensor category theory, VIII: Braided tensor category structure on
categories of generalized modules for a conformal vertex algebra” (Oct. 2011).
arXiv: 1110.1931 [math.QA].

Justin Hilburn and Sam Raskin. “Tate’s thesis in the de Rham Setting” (July
2021). arXiv: 2107.11325 [math.AG].

Kentaro Hori and Cumrun Vafa. “Mirror symmetry” (Feb. 2000). arXiv: hep-
th/0002222.

Kenneth A. Intriligator and N. Seiberg. “Mirror symmetry in three-dimensional
gauge theories”. Phys. Lett. B 387 (1996), pp. 513-519. DOI: 10.1016/0370~

2693(96)01088-X. arXiv: hep-th/9607207.

143


https://arxiv.org/abs/1012.4196
https://arxiv.org/abs/1012.4196
https://arxiv.org/abs/1012.4197
https://arxiv.org/abs/1012.4198
https://arxiv.org/abs/1012.4198
https://arxiv.org/abs/1012.4199
https://arxiv.org/abs/1012.4202
https://arxiv.org/abs/1110.1929
https://arxiv.org/abs/1110.1931
https://arxiv.org/abs/2107.11325
https://arxiv.org/abs/hep-th/0002222
https://arxiv.org/abs/hep-th/0002222
https://doi.org/10.1016/0370-2693(96)01088-X
https://doi.org/10.1016/0370-2693(96)01088-X
https://arxiv.org/abs/hep-th/9607207

IY11]

[KMMRO7]

[KR18]

[KS99]

[KWY10a)]

[KWY10b]

[KWY?20]

[LIR94]

[LL16]

Yosuke Imamura and Shuichi Yokoyama. “Index for three dimensional super-
conformal field theories with general R-charge assignments”. JHEP 04 (2011),
p- 007. DO1: 10.1007/JHEP04(2011)007. arXiv: 1101.0557 [hep-th].

Justin Kinney, Juan Martin Maldacena, Shiraz Minwalla, and Suvrat Raju.
“An Index for 4 dimensional super conformal theories”. Commun. Math. Phys.
275 (2007), pp. 209-254. poOI: 10.1007/s00220-007-0258~7. arXiv: hep-
th/0510251.

Shashank Kanade and David Ridout. “NGK and HLZ: fusion for physicists
and mathematicians” (Dec. 2018). arXiv: 1812.10713 [math-ph].

Anton Kapustin and Matthew J. Strassler. “On mirror symmetry in three-
dimensional Abelian gauge theories”. JHEP 04 (1999), p. 021. por: 10.1088/
1126-6708/1999/04/021. arXiv: hep-th/9902033.

Anton Kapustin, Brian Willett, and Itamar Yaakov. “Exact Results for Wilson
Loops in Superconformal Chern-Simons Theories with Matter”. JHEP 03
(2010), p. 089. poOI: 10.1007/JHEP03(2010)089. arXiv: 0909.4559 [hep-th].
Anton Kapustin, Brian Willett, and Itamar Yaakov. “Nonperturbative Tests
of Three-Dimensional Dualities”. JHEP 10 (2010), p. 013. pDo1: 10. 1007/
JHEP10(2010)013. arXiv: 1003.5694 [hep-th].

Anton Kapustin, Brian Willett, and Itamar Yaakov. “Tests of Seiberg-like duali-
ties in three dimensions”. JHEP 08 (2020), p. 114. por: 10.1007/JHEP08 (2020)
114. arXiv: 1012.4021 [hep-th].

U. Lindstrom, I. T. Ivanov, and M. Rocek. “New N=4 superfields and sigma
models”. Phys. Lett. B 328 (1994), pp. 49-54. DOI: 10.1016/0370-2693(94)
90426-X. arXiv: hep-th/9401091.

Madalena Lemos and Pedro Liendo. “N = 2 central charge bounds from 2d
chiral algebras”. JHEP 04 (2016), p. 004. por: 10.1007/JHEP04(2016) 004.

arXiv: 1511.07449 [hep-th].

144


https://doi.org/10.1007/JHEP04(2011)007
https://arxiv.org/abs/1101.0557
https://doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
https://arxiv.org/abs/hep-th/0510251
https://arxiv.org/abs/1812.10713
https://doi.org/10.1088/1126-6708/1999/04/021
https://doi.org/10.1088/1126-6708/1999/04/021
https://arxiv.org/abs/hep-th/9902033
https://doi.org/10.1007/JHEP03(2010)089
https://arxiv.org/abs/0909.4559
https://doi.org/10.1007/JHEP10(2010)013
https://doi.org/10.1007/JHEP10(2010)013
https://arxiv.org/abs/1003.5694
https://doi.org/10.1007/JHEP08(2020)114
https://doi.org/10.1007/JHEP08(2020)114
https://arxiv.org/abs/1012.4021
https://doi.org/10.1016/0370-2693(94)90426-X
https://doi.org/10.1016/0370-2693(94)90426-X
https://arxiv.org/abs/hep-th/9401091
https://doi.org/10.1007/JHEP04(2016)004
https://arxiv.org/abs/1511.07449

IMSS38]

[MS89]

[Nah94]

[Oht02]

[Okal9al

[Okal9b)]

[Oka21]

[PesT8]

[Pol07a]

Gregory W. Moore and Nathan Seiberg. “Polynomial Equations for Rational
Conformal Field Theories”. Phys. Lett. B 212 (1988), pp. 451-460. DOI: 10.
1016/0370-2693(88)91796-0.

Gregory W. Moore and Nathan Seiberg. “Classical and Quantum Conformal
Field Theory”. Commun. Math. Phys. 123 (1989), p. 177. DOI: 10. 1007/
BF01238857.

Werner Nahm. “Quasirational fusion products”. Int. J. Mod. Phys. B 8
(1994). Ed. by U. Grimm and M. Baake, pp. 3693-3702. por: 10 . 1142/
S0217979294001597. arXiv: hep-th/9402039.

Tomotada Ohtsuki. Quantum invariants. Vol. 29. Series on Knots and Every-
thing. A study of knots, 3-manifolds, and their sets. World Scientific Publishing
Co., Inc., River Edge, NJ, 2002, pp. xiv+489. 1SBN: 981-02-4675-7.

Tadashi Okazaki. “Abelian dualities of N' = (0,4) boundary conditions”.
JHEP 08 (2019), p. 170. pot: 10.1007/JHEP08(2019) 170. arXiv: 1905.07425
[hep-th].

Tadashi Okazaki. “Mirror symmetry of 3D N = 4 gauge theories and super-
symmetric indices”. Phys. Rev. D 100.6 (2019), p. 066031. por: 10.1103/
PhysRevD.100.066031. arXiv: 1905.04608 [hep-th].

Tadashi Okazaki. “Abelian mirror symmetry of N’ = (2, 2) boundary con-
ditions”. JHE¥703(2021% p. 163. DOI: 10.1007/JHEP03(2021) 163. arXiv:
2010.13177 [hep-th].

Michael E. Peskin. “Mandelstam 't Hooft Duality in Abelian Lattice Models”.
Annals Phys. 113 (1978), p. 122. por: 10.1016/0003-4916(78) 90252-X.

J. Polchinski. String theory. Vol. 1: An introduction to the bosonic string.
Cambridge Monographs on Mathematical Physics. Cambridge University Press,
Dec. 2007. 1SBN: 978-0-511-25227-3, 978-0-521-67227-6, 978-0-521-63303-1. DOI:

10.1017/CB09780511816079.

145


https://doi.org/10.1016/0370-2693(88)91796-0
https://doi.org/10.1016/0370-2693(88)91796-0
https://doi.org/10.1007/BF01238857
https://doi.org/10.1007/BF01238857
https://doi.org/10.1142/S0217979294001597
https://doi.org/10.1142/S0217979294001597
https://arxiv.org/abs/hep-th/9402039
https://doi.org/10.1007/JHEP08(2019)170
https://arxiv.org/abs/1905.07425
https://arxiv.org/abs/1905.07425
https://doi.org/10.1103/PhysRevD.100.066031
https://doi.org/10.1103/PhysRevD.100.066031
https://arxiv.org/abs/1905.04608
https://doi.org/10.1007/JHEP03(2021)163
https://arxiv.org/abs/2010.13177
https://doi.org/10.1016/0003-4916(78)90252-X
https://doi.org/10.1017/CBO9780511816079

[Pol07D]

[Pol73]

[PSY16]

[RomO06]

[RS92]

[RW15]

[RW97]

[Sei94]

[Sei95]

J. Polchinski. String theory. Vol. 2: Superstring theory and beyond. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, Dec. 2007.
ISBN: 978-0-511-25228-0, 978-0-521-63304-8, 978-0-521-67228-3. pOI: 10.1017/
CB09780511618123.

H. David Politzer. “Reliable Perturbative Results for Strong Interactions?”
Phys. Rev. Lett. 30 (1973). Ed. by J. C. Taylor, pp. 1346-1349. Do1: 10.1103/
PhysRevLett.30.1346.

Pavel Putrov, Jaewon Song, and Wenbin Yan. “(0,4) dualities”. JHEP 03 (2016),
p. 185. bo1: 10.1007/JHEP03(2016) 185. arXiv: 1505.07110 [hep-th].
Christian Romelsberger. “Counting chiral primaries in N = 1, d=4 supercon-
formal field theories”. Nucl. Phys. B 747 (2006), pp. 329-353. pOIL: 10.1016/
j.nuclphysb.2006.03.037. arXiv: hep-th/0510060.

L. Rozansky and H. Saleur. “Quantum field theory for the multivariable
Alexander-Conway polynomial”. Nucl. Phys. B 376 (1992), pp. 461-509. DOTI:
10.1016/0550-3213(92)90118-U.

David Ridout and Simon Wood. “Bosonic Ghosts at ¢ = 2 as a Logarithmic
CFT”. Lett. Math. Phys. 105.2 (2015), pp. 279-307. DOI: 10.1007/s11005~
014-0740-z. arXiv: 1408.4185 [hep-th].

L. Rozansky and Edward Witten. “HyperKahler geometry and invariants
of three manifolds”. Selecta Math. 3 (1997), pp. 401-458. por: 10 . 1007/
s000290050016. arXiv: hep-th/9612216.

Nathan Seiberg. “Exact results on the space of vacua of four-dimensional
SUSY gauge theories”. Phys. Rev. D 49 (1994), pp. 6857-6863. DOI: 10.1103/
PhysRevD.49.6857. arXiv: hep-th/9402044.

N. Seiberg. “Electric - magnetic duality in supersymmetric nonAbelian gauge
theories”. Nucl. Phys. B 435 (1995), pp. 129-146. po1: 10 . 1016 /0550 -

3213(94)00023-8. arXiv: hep-th/9411149.

146


https://doi.org/10.1017/CBO9780511618123
https://doi.org/10.1017/CBO9780511618123
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1007/JHEP03(2016)185
https://arxiv.org/abs/1505.07110
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://arxiv.org/abs/hep-th/0510060
https://doi.org/10.1016/0550-3213(92)90118-U
https://doi.org/10.1007/s11005-014-0740-z
https://doi.org/10.1007/s11005-014-0740-z
https://arxiv.org/abs/1408.4185
https://doi.org/10.1007/s000290050016
https://doi.org/10.1007/s000290050016
https://arxiv.org/abs/hep-th/9612216
https://doi.org/10.1103/PhysRevD.49.6857
https://doi.org/10.1103/PhysRevD.49.6857
https://arxiv.org/abs/hep-th/9402044
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8
https://arxiv.org/abs/hep-th/9411149

[Sim17]

[Ton14]

[WB92|

[Wit82]

[Wit88]

[Wit89)

David Simmons-Duffin. “The Conformal Bootstrap”. Theoretical Advanced
Study Institute in Elementary Particle Physics: New Frontiers in Fields and
Strings. 2017, pp. 1-74. DOI: 10.1142/9789813149441 _0001. arXiv: 1602 .
07982 [hep-th].

David Tong. “The holographic dual of AdS; x 5% x S x S'”. JHEP 04 (2014),
p- 193. DOI1: 10.1007/JHEP04(2014)193. arXiv: 1402.5135 [hep-th].

J. Wess and J. Bagger. Supersymmetry and supergravity. Princeton, NJ, USA:
Princeton University Press, 1992. 1SBN: 978-0-691-02530-8.

Edward Witten. “Constraints on Supersymmetry Breaking”. Nucl. Phys. B
202 (1982), p. 253. DOI: 10.1016/0550-3213(82)90071-2.

Edward Witten. “Topological Quantum Field Theory”. Commun. Math. Phys.
117 (1988), p. 353. DOIL: 10.1007/BF01223371.

Edward Witten. “Quantum Field Theory and the Jones Polynomial”. Commun.
Math. Phys. 121 (1989). Ed. by Asoke N. Mitra, pp. 351-399. po1: 10.1007/

BF01217730.

147


https://doi.org/10.1142/9789813149441_0001
https://arxiv.org/abs/1602.07982
https://arxiv.org/abs/1602.07982
https://doi.org/10.1007/JHEP04(2014)193
https://arxiv.org/abs/1402.5135
https://doi.org/10.1016/0550-3213(82)90071-2
https://doi.org/10.1007/BF01223371
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730

	Abstract
	Acknowledgments
	Introduction
	3d N = 4 preliminaries and conventions
	The 3d N = 4 SUSY algebra and relevant subalgebras
	The 3d N = 4 SUSY algebra
	The 3d N=2 SUSY algebra
	The 2d N = (0,4) SUSY algebra
	The 2d N = (2,2) SUSY algebra
	The 2d N = (0,2) SUSY algebra
	The 1d N = 4 SUSY algebra

	Multiplets
	1d N = 4 multiplets
	2d N = (0,2) multiplets
	2d N = (2,2) multiplets
	2d N = (0,4) multiplets
	3d N = 2 multiplets
	3d N = 4 multiplets

	General features of 3d N=4 gauge theories
	Higgs and Coulomb branches
	Operator content
	Twists


	3d mirror symmetry
	Particle-vortex duality
	Action on main structures
	Simple examples
	Our example

	Line operators
	Categorical structures
	Morphisms
	Monoidal structure
	Braiding

	Warm up story, Act I
	Vertex operator algebras
	Definitions and explanation
	Example 1: free boson
	Example 2: lattice VOA
	Affine Kac-Moody VO(S)As / WZW models
	Braided tensor structure

	Warm up story, Act II

	Boundary conditions
	Example 1: free 3d N =4 hypermultiplet
	Example 2: SQED[1]
	Enhanced boundary structure in twisted theories
	Example 3:  VOA from twisted BCs
	Example 4: gl(1|1)"0362gl(1|1) VOA from twisted BCs
	Boundary conditions and mirror symmetry
	Half-indices of 3d N = 4 free twisted hypermultiplet with 2d N = (2,2) BCs
	Half-indices of SQED[1] with 2d N = (2,2) BCs
	Matching
	Half-indices of 3d N = 4 free twisted hypermultiplet with 2d N = (0,4) BCs
	Half-indices of SQED[1] with 2d N = (0, 4) BCs
	Matching


	Non-trivial MS check + consequences
	The  VOA and its representation category
	Our large representation category
	Extension structure and classification results
	Tensor Structure

	The affine Lie superalgebra gl(1|1)"0362gl(1|1)
	The relevant representation category of gl(1|1)
	Elementary gl(1|1) modules
	Tensor structure on gl(1|1)
	The vertex superalgebra gl(1|1)"0362gl(1|1)
	The Kazhdan-Lusztig category
	Fusion structure

	The mirror symmetry statement
	 as a simple current extension
	A free field realization of V(gl(1|1)"0362gl(1|1))
	A free field realization of Vext
	The equivalence
	The fusion structure of C

	Quiver algebra and quantum group
	The category of atypical modules
	A quiver description
	Relation to quantum group


	Generalization to arbitrary abelian theories
	Identifying the extension




