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Abstract

Statistical and Generative Modeling Approaches for Cell Microscopy Image

Segmentation and Synthesis

by

Blythe King

Cell boundary detection and segmentation enable the quantitative analysis of cellular

organization, morphology, and dynamics, which are fundamental to understanding biological

processes and disease mechanisms. Accurate detection and segmentation from time-lapse mi-

croscopy videos are essential for providing longitudinal information of cell boundaries. Popular

unsupervised cell segmentation tools, such as ImageJ, require manual tuning of parameters and

rely on restrictive assumptions about the shape of the objects. While recently developed su-

pervised segmentation tools based on convolutional neural networks enhance accuracy, they

depend on high-quality labeled images for training, making them unsuitable for segmenting

new types of objects not in existing databases.

To address these limitations, we developed an unsupervised cell segmentation algo-

rithm from noisy microscopy images using fast Gaussian processes without the need for pa-

rameter tuning or restrictive assumptions about the shape of the object. We derived robust

thresholding criteria that are adaptive for heterogeneous images containing distinct brightness

at different parts to separate objects from the background, and employed watershed segmen-

tation to distinguish touching cell objects. Both simulated studies and real-data analysis of

large microscopy images demonstrate the scalability and accuracy of our approach compared

with existing alternatives. Our method achieves consistently higher average precision scores

than ImageJ for both whole cell and cell nuclei segmentation. This unsupervised approach is

x



particularly valuable for segmenting novel cell types where annotated training data is limited

or unavailable, making it broadly applicable to diverse microscopy imaging tasks. We have

also implemented this method into an R package, FastSegmentation, for scalable and accessible

application.

Beyond segmentation, we apply diffusion-based generative models to cell microscopy

image analysis. We review denoising diffusion probabilistic models (DDPMs) and score-based

generative models using stochastic differential equations (SDEs), including their theoretical

foundations and training procedures. Through controlled experiments on simulated Gaussian

mixture models and real cell microscopy images, we demonstrate that these models can effec-

tively generate realistic cell images for data augmentation and denoise corrupted microscopy

images while preserving cellular structures. These capabilities address critical challenges in

biomedical imaging, where acquiring large labeled datasets is expensive, and images are often

degraded by various noise sources during acquisition.

Chapter 1 introduces cell microscopy segmentation challenges and available segmenta-

tion and smoothing methods, including the application of Gaussian processes (GP) for smooth-

ing 2-dimensional (2D) data. Chapter 2 details the proposed unsupervised segmentation al-

gorithm leveraging smoothing via GP, a novel data-driven threshold, and watershed for final

segmentation. Chapter 3 presents the R package FastSegmentation, which contains readily avail-

able functions for implementing the segmentation process described in Chapter 2. Chapter 4

reviews DDPMs and score-based generative modeling using SDEs, presents simulation analysis

of Gaussian mixture models, and demonstrates applications to cell microscopy image generation

and denoising. Chapter 5 provides concluding remarks and future directions.

xi
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Chapter 1

Introduction

Microscopy videos consist of hundreds of individual cell images and contain a vast

amount of space-time data and measurements [3, 4]. Therefore, accurate and automated data

processing and collection techniques, such as image segmentation [5, 6, 7, 8], object tracking

[9], smoothing [10, 11], and scattering analysis [12, 13] are crucial for robust interpretations, as

manual data manipulation is inconsistent and time-consuming [14]. Cell microscopy data are

typically presented as large grayscale images, often acquired across two fluorescence channels

[1, 15, 16]. The whole cell channel contains the cell cytoplasm, and the nuclear channel contains

only the cell nuclei (see Figure 1.1). Two separate channels are achieved by staining the cell

cytoplasm and nuclei with different colored dyes [17, 18].

Cell alignment refers to how cells orient with respect to some point of reference, such

as the division axis in cell proliferation [19]. This attribute plays an important role in many

biological processes. For example, high cell alignment in cardiac muscle tissue is required for

many electro-physiological processes in the heart [20, 21]. Multiple techniques have been utilized

to control cell alignment in vitro, such as changing the surrounding physical environment of

cells [22]. Cell-cell and cell-substrate interactions also play a role in directing cell alignment
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Figure 1.1: Nuclear cell channel example (left) and whole cell channel example (right) [1]

in both two-dimensional and three-dimensional space [23, 1]. Cell-substrate interactions lead

to alignment via focal adhesion [24], which occurs when cells interact with the extracellular

matrix due to integrins present in the plasma membrane [25]. To study how alignment changes

across experimental conditions, including substrate order, seeding density, and crosslinker to

monomer ratio, numerous large-scale cell cultures were observed and imaged, and cell angle

and ultimately alignment were calculated with the assistance of cell image segmentation tools,

specifically ImageJ. This analysis resulted in a comprehensive experimental cell alignment

database, and a preliminary analysis was run to investigate how experimental conditions are

associated with cell alignment across time.

The challenge of extracting cell boundary information from these cell microscopy im-

ages lies not only in their scale but also in the inherent variability of cellular appearances

[26, 27]. Cells exhibit substantial heterogeneity in morphology, size, and intensity, even in ho-

mogeneous populations [28], and these characteristics can drastically vary across experimental

conditions [29], time points [30], and location within a single image [31]. Traditional segmenta-

tion approaches often rely on human-driven image pre-processing [6] or threshold-based methods

[32, 33, 34, 35] that perform well under specific imaging conditions but may not generalize well

across different data. Furthermore, modern supervised techniques, like Cellpose [5], may require
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large amounts of labeled data for model training.

The first focus of this dissertation is on the workflow and implementation of an unsu-

pervised cell segmentation algorithm leveraging fast Gaussian processes. Unsupervised segmen-

tation methods offer a compelling solution by learning representations directly from the data

without the need to manually annotate training sets [36, 37]. Generating ground truth labels

can be prohibitively time-consuming, as experimental videos can consist of hundreds of indi-

vidual frames, so eliminating annotation requirements is particularly valuable in this context.

Furthermore, unsupervised approaches can adapt to the specific features of each dataset, po-

tentially detecting signal from characteristics that might be overlooked in supervised methods

trained on different cell types or imaging conditions [38, 39]. This adaptability is essential for

handling the diversity of cellular phenotypes and generalizing well to novel cell types.

The second focus is to discuss diffusion models [40] as a tool for image generation

and denoising. Cell microscopy experiments are expensive in resources and time, so generating

realistic and reasonable cell images to augment a cell image database could help reduce this

cost [41]. Furthermore, diffusion models additively incorporate noise during training, making

them a powerful tool for denoising in the event of image corruption [42]. Diffusion models are

able to learn cell image features, such as morphology, size, and density, to recreate images that

match well with the training set, making them a powerful tool for increasing the amount of

data available for analysis.

In this chapter, we will introduce the background of Gaussian process (GP) models,

which is necessary for understanding how they can be leveraged for image smoothing and noise

filtering in subsequent chapters. We will also discuss the vector-valued partial parallel GP for

efficiently estimating outputs over wide spatial domains. Finally, two of the most popular cell

image analysis tools, ImageJ [6] and Cellpose [5] are reviewed, including segmentation algorithms
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and tracking methodology. In particular, the background for the U-net [2] architecture of

Cellpose is essential to understand the training methods of diffusion models.

1.1 Scalar-valued Gaussian processes

Let us consider a Gaussian stochastic process (GaSP), or Gaussian process (GP), for

some p-dimensional input x ∈ Rp (e.g., p = 2 for image data) and outcome y(x) ∈ R. As

microscopy images often contain noise [43], we start with a GP model for noisy outcome y(.):

y(.) ∼ GP(µ(.), σ2K(., .) + σ2
0) (1.1)

where µ(.) is the mean function, σ2 is the variance parameter, K(., .) is the correlation function,

and σ2
0 is the variance of the noise in the observed output. For a set of inputs {x1, ...,xn}, where

xi ∈ Rp for i = 1, ..., n with n being the number of inputs, the marginal distribution of the

outcome vector follows the multivariate normal distribution [44]:

(y(x1), ..., y(xn))T | β, σ2, σ2
0,R ∼ MN ((µ(x1), ..., µ(xn))T , σ2R + σ2

0In), (1.2)

where R is the correlation matrix, with each (i, i′)-th element given by K(xi,xi′), and In is

a size n identity matrix. The mean function µ(x) is typically modeled as the following linear

combination of basis functions:

µ(x) = h(x)β =

q∑
t=1

ht(x)βt, (1.3)

where h(x) = (h1(x), ...,hq(x)) is a vector of basis functions, and β = (β1, ..., βq)
T is a vector

of regression parameters for each basis function in h(x).

Most commonly, the correlation function K(., .) will either be an isotropic correlation

or a product correlation [45]. If K(., .) is isotropic, then it is a function of the Euclidean

distance:

K(xi,xi′) = ||xi − xi′ ||, (1.4)
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for any xi = (xi,1, ..., xi,p)
T and xi′ = (xi′,1, ..., xi′,p)

T , and d = ||.|| is the Euclidean distance.

Using isotropic correlation may not be optimal when variables have different units, as

Euclidean distance is not scale-invariant. Instead, the product correlation may be utilized and

is especially common for emulating computer model experiments [46]:

K(xi,xi′) =

p∏
l=1

Kl(xi,l, xi′,l), (1.5)

where Kl(., .) is the one-dimensional (1D) correlation function for the l-th coordinate of the

input vector. Using the product correlation function to calculate K(., .), the correlation matrix

is decomposed as:

R = R1 ◦R2 ◦ ... ◦Rp, (1.6)

where Rl is the correlation matrix for the l-th input, and ◦ is the element-wise product. In order

to calculate the correlation matrices, however, the function for K(xi,l, xi′,l) must be specified.

The power exponential correlation function is as follows [47]:

K(xi,l, xi′,l) = exp

[
−(

dl
γl

)αl

]
, (1.7)

where γl is the range parameter for the l-th input, and αl is the roughness parameter. The

parameter dl is the Euclidean distance ||xi,l−xi′,l||. The power exponential correlation function

is equivalent to the exponential correlation function when αl = 1 [47]:

K(xi,l, xi′,l) = exp

[
−dl
γl

]
. (1.8)

The power exponential correlation function is equivalent to the square exponential (SE) corre-

lation function (also referred to as the Gaussian kernel) when αl = 2 [47]:

K(xi,l, xi′,l) = exp

[
−
d2l
γ2l

]
. (1.9)

GPs using the SE correlation function are infinitely mean square differentiable [48], but the

resulting correlation matrix can be low rank. Thus, it can be difficult to inverse the covariance
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matrix to determine the likelihood and predictive distribution in this scenario. Therefore, a

power exponential correlation function with a roughness parameter close to 2 (e.g, α = 1.9)

is often selected to return a similar correlation matrix that is more easily invertible [49, 50].

However, when α < 2, the correlation function is not differentiable and often leads to a rougher

process than desired for certain applications.

The Matérn correlation [51] function enables the control of roughness and differentia-

bility with roughness parameter αl:

K(xi,l, xi′,l) =
1

2αl−1Γ(αl)
(
dl
γl

)αlKαl
(
dl
γl

), (1.10)

where Γ(.) is the Gamma function Γ(z) =
∫∞
0 tz−1e−tdt, K(.) is the modified Bessel function

of the second kind, and roughness parameter αl is set such that αl ∈ (0,∞). This correlation

function is (⌊α⌋−1) times mean square differentiable [47], and it is often selected as the default

choice in software packages of GP surrogate models [52, 53]. The function also converges to the

SE correlation function when αl approaches ∞. Furthermore, the Matérn correlation function

has a closed-form expression when the roughness parameter is a half-integer, or αl = ml + 1
2 ,

ml ∈ Z+. For instance, when roughness parameter is αl = 5
2 , the Matérn correlation follows

[54]

K(xi,l, xi′,l) =

(
1 +

√
5dl
γl

+
5d2l
3γ2l

)
exp

[
−
√

5dl
γl

]
. (1.11)

1.1.1 Parameter estimation for GP models

Next, methods for parameter estimation in the GP model will be discussed. We will

assume the GP, as given in Equation (1.2), uses a Matérn correlation function with roughness

parameter 5
2 , as given in Equation (1.11). For this model configuration, the parameters to esti-

mate are the mean parameter β, variance parameter σ2, noise variance σ2
0, and range parameters

γ = {γ1, ..., γp}. For a GP model with n dimensional outcome sequence y = (y(x1), ..., y(xn))T ,
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the likelihood function is expressed as:

p(y | β, σ2,γ, η) = (2πσ2)−
n
2 | R̃|−

1
2 exp

{
−(y −Hβ)T R̃−1(y −Hβ)

2σ2

}
, (1.12)

where R̃ = R + ηIn is the covariance matrix, and the nugget parameter η is the ratio of the

noise to signal variance, η =
σ2
0

σ2 . H = (h(x1), ...,h(xn))T is an n× q matrix of basis functions.

Bayesian inference is often used to estimate the parameters of interest, and the stan-

dard reference prior for the mean and variance is [55]

π(β, σ2) ∝ 1

σ2
. (1.13)

After integrating out the mean β and variance σ2 parameters, the marginal distribu-

tion of the nugget η and range γ parameters is

p(y | γ, η) ∝
∫

p(y | β, σ2,γ, η)π(β, σ2)dβdσ2, (1.14)

which also has the explicit expression [55]:

p(y | γ, η) ∝| R̃ |−
1
2 | HT R̃−1H |−

1
2 (S2)−

n−q
2 , (1.15)

where S2 = (y −Hβ̂)T R̃−1(y −Hβ̂), and β̂ = (HT R̃−1H)−1HT R̃−1y is the generalized least

squares estimator of β.

The range parameters γ and the nugget parameter η can be estimated through max-

imizing the marginal likelihood [56]:

(γ̂, η̂) = arg max
(γ,η)

{p(y | γ, η)π(γ, η)}, (1.16)

where π(γ, η) is a reference prior or a jointly robust prior [57] with robust parameterization

[56].

After estimating the γ and η parameters, we can obtain the predictive distribution

y(x∗), where x∗ is a new input, by integrating out the mean β and variance σ2 parameters:

p(y(x∗) | y, γ̂, η̂) =

∫
p(y(x∗) | y,β, σ2, γ̂, η̂)π(β, σ2)dβdσ2 (1.17)
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Following the standard reference prior in Equation (1.13), the predictive distribution

p(y(x∗) | y, γ̂, η̂) has a Student t-distribution with n− q degrees of freedom:

y(x∗) | y,β, σ2, γ̂, η̂ ∼ T (ŷ(x∗), σ2K∗∗, n− q), (1.18)

where

ŷ(x∗) = h(x∗)β̂ + rT (x∗)R̃−1(y −Hβ̂), (1.19)

σ̂2 =
1

n− q
(y −Hβ̂)T R̃−1(y −Hβ̂), (1.20)

and,

K∗∗ = K(x∗,x∗) + η̂ − rT (x∗)R̃−1H+

(h(x∗) − r(x∗)T R̃−1H)(HT R̃−1H)−1(h(x∗) − r(x∗)T R̃−1H)T .

(1.21)

The term β̂ is the generalized least squares estimator for the mean parameter β:

β̂ = (HT R̃−1H)−1HT R̃−1y,

and r(x∗) = (K(x∗,x1), ...,K(x∗,xn))T can be calculated by inputting the estimated range

parameter γ̂. The R package RobustGaSP can be utilized to estimate the parameters and

predictive distribution of a GP model [53].

Another popular way to estimate parameters is the maximum likelihood estimation

(MLE). As the likelihood of the GP model follows Equation (1.12), given the range γ and

nugget η parameters, the MLE of the mean parameter β is

β̂MLE = (HT R̃−1H)−1HT R̃−1y, (1.22)

and the MLE of the variance parameter σ2 is

σ̂2
MLE =

S2

n
, (1.23)
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where S = (y−Hβ̂MLE)R̃−1(y−Hβ̂MLE). After inputting estimated parameters (β̂MLE , σ̂
2
MLE)

and ignoring the constant term, the likelihood in Equation (1.12) reduces to

p(y | β̂MLE , σ̂
2
MLE , γ, η) ∝ |R̃ |−

1
2 (S2)−

n
2 . (1.24)

The MLEs of range parameters γ and nugget parameter η do not have closed form

expressions and are instead estimated through numerical optimization of the logarithm of the

profile likelihood in Equation (1.24), such as quasi-Newton optimization methods [58]. Both

MLE and marginal posterior mode estimation have been implemented in the RobustGaSP pack-

age [56].

1.1.2 Gaussian processes with vectorized outputs

Gaussian process emulators are powerful tools to reproduce data from complex nu-

merical systems, such as environmental processes, biological behaviors, and sensing mechanics

[59, 60, 61], providing both predictions and uncertainty quantification estimates for simulated

output. However, many emulations interpret and produce massive amounts of data to cover a

spatial-temporal domain and can be extremely computationally expensive. The partial-parallel

Gaussian process (PP-GP) [50] addresses this computational bottleneck using the assumption

that emulation outputs across different spatial-temporal coordinates are likely highly correlated.

In this approach, the parallel emulators for different locations are still independent, as in the

Many Single (MS) emulator approach [62, 63, 64], but the correlation functions are shared.

Consider the entire simulation output y(x) = (y1(x), ..., yk(x))T for input x. For PP-

GP emulation, it is assumed that each coordinate is modeled via an independent Gaussian

process:

y(.) ∼ GP(µ(.), σ2K(., .)). (1.25)

The mean is commonly modeled using regression, as in Equation (1.3). Applying this to the
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simulator output at the j-th coordinate, yj(x), h(x)βj consists of the prior mean functions

of regression, where h(x) is a common vector of basis functions with length q, and βj are

different unknown regression coefficients for the basis function. Furthermore, the unknown

variance priors σ2
0 differ, and the estimated correlation parameters, or range parameters, γ̂,

are common. Assuming h(x) and γ̂ are shared across independent Gaussian processes leads to

better computational efficiency.

Consider a set of n selected inputs from the simulator, x = {x1, ...,xn}, and the

corresponding k×n matrix of simulator outputs, y = (y(x1), ...,y(xn)) to develop the emulator.

The objective prior for the mean and variance parameters follows [50]

π(β1, ...,βk, σ
2
1, ..., σ

2
k) ∝ 1∏k

j=1 σ
2
j

. (1.26)

As, given γ, the coordinate-wise GPs are independent, and γ̂ is common, the overall

GP for a new input x∗ at the j-th coordinate a Student’s t-distribution with n − q degrees of

freedom:

yj(x
∗) | y, γ̂ ∼ T (ŷj(x

∗), σ̂2
j c

∗∗, n− q), (1.27)

where the predictive mean and variance parameters follow:

ŷj(x
∗) = h(x∗)β̂j + rT (x∗)R−1(yj −Hβ̂j), (1.28)

and

σ̂2
j = (n− q)−1(yj −Hβ̂j)

TR−1(yj −Hβ̂j), (1.29)

with β̂j = (HTR−1H)−1HTR−1yj . As the nugget parameter is not being considered, c∗∗

follows:

c∗∗ = K(x∗,x∗) − rT (x∗)R−1r(x∗) + (h(x∗) −HTR−1r(x∗))T

× (HTR−1H))−1(h(x∗) −HTR−1r(x∗)),

(1.30)

where K is a correlation function.
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The advantages of PP-GP lie on its computational scalability which takes only O(n3)+

O(n2k) operations for training the model and making predictions, and its flexiblity of having

different mean and variance parameters on each output coordinates. Because of these advan-

tages, PP-GP surrogate models have been used in distinct areas of applications [65, 66, 67,

68, 69, 70, 71, 72, 73, 74]. The robust estimation for both scalar-valued GP and PP-GP for

vectorized output is implemented in the RobustGaSP package [53].

When the sample size n is large, the primary computational bottleneck of the PP-GP

emulator is the inversions of R−1, which increases cubically fast along with n. When the design

is lattice or incomplete lattice, such as for image input data, then the correlation matrix R

has a separable or Kronecker product structure [62] to reduce matrix inversion cost, as will

be shown in Chapter 2. The separable structure can be extended to semi-separable structure

[75, 76, 77], where Kalman filter [78] and inverse Kalman filter [79] were used to accelerate the

computation.

1.2 Image segmentation tools

1.2.1 ImageJ

ImageJ [6, 80] is an unsupervised cell segmentation user interface developed by the

National Institute of Health (NIH) that contains multiple cell image processing, tracking, and

visualization tools. It models cells as ellipses by its default settings, returning the shape’s an-

gle, major and minor axes, and area. However, obtaining these estimates requires user-defined

parameters, like estimated cell size, and user-driven pre-processing steps [6], like applying a

Gaussian blur for denoising [81], which convolves the original image y(x1, x2) with a Gaussian

kernel, KGaussian(x1, x2) = 1
2πσ exp

[
−x2

1+x2
2

2σ2

]
, for smoothing. The output is extremely sensitive
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to the user-defined input, and ImageJ’s default parameters in the program are often not rea-

sonable. For example, the default estimated cell size is 0 to ∞ pixels, so the best-fit ellipse

would be found for any detected object, including small areas of noise and large foreign objects

[6].

The three main steps to detect cell objects using default methods in ImageJ are as

follows. First, the binary matrix must be generated from the original grayscale cell image. By

the default method, the threshold is set to approximately half the sum of the average cell pixel

value and the average background pixel value, Threshold ≈ µcell+µbackground

2 , which is determined

iteratively through one of several available global thresholding methods [82, 32]. Pixel values

lying above the threshold are cell pixels, and pixel values lying below are background pixels,

B(x1, x2) =


1, y(x1, x2) ≥ Threshold

0, y(x1, x2) < Threshold.

(1.31)

The algorithm then scans the binary matrix until it reaches the edge of a cell object, given by

a group of foreground pixels, and it traces around the object until the start point is reached

to determine the boundary [83]. ImageJ then fits an ellipse by matching the second central

moments of the region of interest (ROI). For a single connected region of interest, let (x̄1, x̄2)

be the centroid, and let x1 ∈ x1, ROI be the x1-coordinates in the ROI, and let x2 ∈ x2, ROI be

the x2-coordinates in the ROI. Major and minor axes are then derived from the eigenvectors of

the covariance matrix [84]:

Σ =
1

NROI − 1

∑
x1∈x1, ROI

∑
x2∈x2, ROI

x1 − x̄1

x2 − x̄2


x1 − x̄1

x2 − x̄2


T

, (1.32)

where NROI is the total number of pixels in each ROI.
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Tracking cell trajectories with TrackMate

TrackMate [9] is a plug-in for the ImageJ user-interface that tracks cell trajectories

across a series of frames. It is useful for calculating the cell velocity or the change in angle

across time, as it will link cell identities between subsequent images in a cell video. It first

leverages the Laplacian of Gaussian (LoG) for detecting cell objects on a frame, and then the

linear assignment problem (LAP) is used to link cells. TrackMate still requires many user-defined

parameters, such as the estimated cell radius.

All spot detectors available in the TrackMate algorithm are based on LoG filtering

[85]. The Laplacian of an image matrix with pixel intensity values y is given as

L(x1, x2) =
∂2y

∂x21
+

∂2y

∂x22
. (1.33)

The Laplacian of Gaussian filter combines L(x1, x2) with a Gaussian kernel to reduce image

noise before differentiation:

L(KGaussian) =
∂2K

∂2x21
+

∂2K

∂x22
, (1.34)

and calculating the second-order derivative for each of x1 and x2 yields

∂2K

∂x21
=

1

2ξ4π

(
x21
ξ2

− 1

)
exp

[
−x21 + x22

2ξ2

]
,

∂2K

∂x22
=

1

2ξ4π

(
x22
ξ2

− 1

)
exp

[
−x21 + x22

2ξ2

]
,

(1.35)

where ξ is the standard deviation of the Gaussian kernel and is selected to control the degree

of smoothing. Since the image matrix is discrete, the LoG can be approximated using the

following convolutional kernel:

LoG(x1, x2) = − 1

πξ4

(
1 − x21 + x22

2ξ2

)
exp

{
−
(
x21 + x22

2ξ2

)}
. (1.36)

The LoG is the equivalent of applying Gaussian smoothing before edge detection, and the

default parameter in the ImageJ implementation is ξ = 5 [9, 6]. At the edges of objects in
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an image, the resulting matrix after convolution will be 0, so cell objects are detected by the

location of their boundaries.

Cell trajectories are then tracked across frames via LAP [86], which links cells with

global combinatorial optimization. The objective is to minimize

Âs =
∑
s1

∑
s2

As1s2Cs1s2 (1.37)

such that
row #∑
s1=1

As1s2 = 1,

col #∑
s2=1

As1s2 = 1.

First, this algorithm creates a series of track segments based on location measures that informed

the values in cost matrix Cs1s2 , where s1 indexes cells on frame t − 1 and s2 indexes cells on

frame t. The assignments are tracked in an assignment matrix As1s2 , where As1s2 = 1 if cell s1

is linked to cell s2 and 0 otherwise. However, these track segments were largely incomplete due

to cells disappearing, being erroneously dropped, or moving out of microscope view, so track

segments are also linked using cost matrix CS1S2 , where S1 indexes the end of a track segment,

and S2 indexes the start of a track segment. These assignments are tracked in matrix AS1S2 .

This creates an additional objective for minimization:

ÂS =
∑
S1

∑
S2

AS1S2CS1S2 . (1.38)

The values of the cost matrices Cs1s2 and CS1S2 are based on the location and spatial

features of the cells. For example, both track initiation, where a cell on frame t cannot be linked

to another cell on frame t − 1, and track termination, where a cell on frame t − 1 cannot be

linked to another cell on frame t, both have a cost of 1.05 × the maximum cost of all previous

links. The cost value d2l is the squared Euclidean distance between cell s1 on frame t and cell

s2 on frame t−1. The cost value d2g is equal to the Euclidean distance between the end of track

segment S1 and the start of track segment S2 squared. Additional cost values include track
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merging, as cells may overlap or become stuck together, and splitting, as cells divide during the

cell cycle.

After the cost matrices are populated, the assignments that minimize Equations (1.37)

and are determined using the Hungarian algorithm [87]. A simplified explanation of this method

is as follows. For each iteration, the cost matrix row and column minimums are subtracted from

each row and column. The zeroes in the altered matrix are crossed using the smallest number of

lines. If the number of lines matches the number of columns or rows, an optimal assignment can

be made among the zeroes. If not, the smallest non-zero element is subtracted from all other

elements, and the process is repeated. The frame-to-frame cell linking is optimized and assigned

in Âs before track-to-track linking, as track segments are dependent on the frame-to-frame cell

linking attributes.

1.2.2 Cellpose and U-net architecture

Cellpose [5, 88] is a deep learning–based framework for cell segmentation that is de-

signed to work robustly across a wide range of cell types and experimental conditions. It

contains multiple pre-trained models for different cell types and channels, including segmenta-

tion models for whole cell and nuclear channels, referred to as a model zoo. Unlike traditional

unsupervised segmentation approaches, Cellpose predicts spatial flow fields and cell probability

maps using a U-net–style architecture, enabling accurate delineation of individual cells without

extensive manual tuning or dataset-specific retraining.

U-net

U-net is a popular convolutional neural network widely used for biological image seg-

mentation problems [2]. The U-net architecture, illustrated in Figure 1.2, consists of two main
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Figure 1.2: U-net architecture, adapted from [2].

steps: the contracting (downsampling) path, corresponding to the “downwards” segment of

the U-shape, and expanding (upsampling) path, corresponding to the “upwards” segment of

the U-shape. The downsampling path consists of repeated applications of convolutional layers

followed by ReLU and max-pooling, defined in Table 1.1, progressively reducing the spatial

resolution while learning increasingly abstract feature representations. The upsampling path

consists of repeated up-convolutions, or transposed convolutions as defined in Table 1.1, fol-

lowed by feature concatenations with corresponding layers from the downsampling path via skip

connections. This design enables the network to recover spatial resolution and refine precise

features after dimensionality reduction. A list of common functions used in U-net training and

modeling is given in Table 1.1.
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Table 1.1: Description of U-net functions.

Function Description

max-pooling (Da×b) Selects the maximum value in an a × b window as it slides
across the matrix to reduce dimensionality [89]

batch normalization Normalizes input to mean 0 and unit variance, and then
applies scaling and shifting using learned parameters [90]

ReLU max(0, x), applied to the input element-wise [89]
a× b convolution Passes a kernel with window size a× b and learned weights

over input, summarizing each local patch into one value [91]
a× b transpose convolution Passes a kernel with window size a× b and learned weights

over input, and outputs the value into an a × b panel to
increase dimensionality [92]

Cellpose architecture

The input of the Cellpose U-net is a two-channel cell image with the whole cell channel

and an optional nuclear channel. The architecture of the Cellpose U-net closely follows that

in Figure 1.2. For all main analyses [5], a base of 32 feature maps was used in the first layer,

which grew by a factor of two at each downsampling step. Up to 256 feature maps were in the

layer with the lowest resolution, at the “bottom” of the U-shape.

For each layer in the downsampling pass, the following operations are performed:

x′
t = D2×2(xt−1)

x∗
t = F(F(x′

t)) + P1×1(x
′
t)

xt = F(F(x∗
t )) + x∗

t ,

where xt are the feature maps at layer t, where xt[k] represents a single feature map k of

dimension (h,w). D2×2 is the downsampling operation max-pooling, as defined in Table 1.1,

and F combines batch normalization, a rectified linear unit (ReLU), and 3 × 3 convolution

operations, all defined in 1.1. The number of feature maps at each layer for each input image is

k, and (h,w) are the height and width of the image and depend on the dimensions of the input.
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Parameters for each F (ReLU weights, convolutional filter values) are trained via gradient

descent. P1×1 is 1x1 convolution.

Between the downsampling and upsampling passes, at the layer with the lowest reso-

lution, the image style is computed, which gives the global average for each of the feature maps

for each image. The normalized averages given are in style vector s∗:

s[k] =
∑
i,j

x4[k, i, j]

s∗ =
s

||s||
.

For the given architecture, s∗ contains 256 values, as there are 256 feature maps at the layer

with the lowest resolution for this analysis.

For each layer in the upsampling pass, the following operations are performed:

z′t = U2×2(zt+1)

z∗t = G(s∗,F(z′t) + xt) + P1×1(z
′
t)

zt = G(s∗,G(s∗, z∗t )) + z∗t ,

where U2×2 is 2× 2 transpose convolution, as defined in Table 1.1. Function G(x)[k, i, j] adds a

projection of the style vector and is equal to G(x)[k, i, j] = F(x)[k, i, j] +P(s∗)[k]. F and P1×1

remain the same as in the downsampling pass.

The output of final layer is run through three 1×1 convolutions. The first two outputs

(y0,y1) are used to directly calculate horizontal and vertical gradients using an L2 loss. The

last output (y2) is passed through a sigmoid to calculate the probability each pixel is inside a

true cell mask. The cost function for the Cellpose training algorithm is:

Cost = ||y0 − 5C||2 + ||y1 − 5V||2 + L(z(y2),P), (1.39)
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where L is binary cross-entropy loss, P is the hand-drawn binary cell mask, V and C are

the vertical and horizontal heat source gradients, respectively, and z(x) is the sigmoid z(x) =

1
1+exp(−x) . Cell masks can be retrieved from the final outputs using gradient flow tracking.

Considering only pixels within the original image with a greater than or equal to 50% chance of

belonging to a cell mask, the gradient for each pixel is traced over 200 iterations to determine

the approximate cell center.

To train cellpose, the training data is generated via heat diffusion of hand-drawn

binary cell masks. The centers of each cell mask, defined as the median x- and y-coordinates

of each mask, act as the heat sources, and the edges of the masks were set to 0. For Niter

iterations, where Niter is twice the sum of the horizontal and vertical ranges, a constant value

of 1 is added to the mask centers, and each pixel within the cell mask is set to the average

of the pixels in its surrounding 3 × 3 block of pixels. The final output of this process is used

to calculate the vertical and horizontal heat source gradients, based on the centers of the cell

masks, respectively.

1.3 Outline

Chapter 2 introduces an automatic and unsupervised cell segmentation algorithm

leveraging fast Gaussian processes [11]. We begin by introducing a method for calculating

the predictive mean of an image via fast, separable GPs. We then detail the workflow for the

unsupervised cellular image segmentation algorithm, including image smoothing by GP, binary

thresholding using a robust data-driven criterion, and final segmentation using a watershed

operation. We also generate cell masks for both the cell nuclear and whole cell channels, by

our methods and a benchmark ImageJ segmentation method to compare their accuracy with

the manual, ground-truth labels.
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Chapter 3 presents the R package FastSegmentation, which provides an automatic

and user-friendly function for running the entire segmentation workflow detailed in Chapter

2. Multiple examples of image segmentation with this package are provided. This package

works similarly for multiple file types, in particular JPEG, PNG, and TIFF, and the cell mask

information can be output and visualized in multiple different fashions. Additionally, example

code for calculating the predictive mean of an image using fast GPs, as well as outputting

gradient information to analyze the rate and direction of changes in pixel intensity in the

predictive mean, is detailed.

Chapter 4 introduces two diffusion models: denoising diffusion probabilistic models

(DDPMs) and score-based generative models using stochastic differential equations (SDEs).

This chapter details the mathematical theory underlying each approach and validates model

performance using simulated bimodal data, comparing generated results to the known distri-

bution. The practical usage of these models is demonstrated through analysis of real-world cell

microscopy data, where both approaches realistically generated image data. Furthermore, both

approaches are able to denoise images effectively, and images can be recovered when corrupted

with both minor noise and noise that almost completely obscures the original features.

Chapter 5 summarizes the main discoveries and contributions and suggests future

directions for research. Extensions for cell tracking using segmentation results from Chapter 2,

unsupervised segmentation for nucleation and crystallization image data, and generative models

for predicting future frames in microscopy video sequences are outlined. As the ultimate goal

of image segmentation is to retrieve cell boundary information to inform biological processes, a

preliminary database containing cell density and cell alignment measurements across different

experimental conditions is introduced.
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Chapter 2

Unsupervised cell segmentation by

fast Gaussian processes

In this chapter, we present a novel unsupervised cell segmentation algorithm leveraging

fast GPs for image smoothing and denoising, a data-driven threshold for automatic foreground

object detection, and watershed for final segmentation and object labeling [11]. Our approach

is entirely free of manual parameter selection or user-driven pre-processing. It takes advantage

of the separable covariance structure of image data to reduce computational cost of computing

the predictive mean for noise reduction. Additionally, the lattice structure of image data

yields closed-form expressions for the predictive distribution. We demonstrate that our method

outperforms a benchmark segmentation ImageJ method, which requires user-driven tuning and

processing at each step, when compared to ground-truth cell masks.
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2.1 Introduction

The spatial organization of cells, such as orientation, density, and shape, are fundamen-

tal to characterizing physical mechanisms and biological functions [93, 94], as the arrangement

of cells influences their functions, including proliferation and differentiation [95]. For example,

high cell density can signal cells to die to maintain tissue homeostasis [96], and cell shape has

been linked to DNA synthesis and cell growth [97]. Advances in microscopy techniques enable

detailed video recordings of cellular motions. Image segmentation approaches have been de-

veloped for microscopy images [7], where the segmentation results, including cell locomotion,

alignment, and density, can be used for modeling cell behaviors [98, 99, 79, 100]. Therefore,

precise cell image segmentation is essential for quantifying cell location, alignment, and mor-

phology, as these statistics enhance our understanding of how cellular spatial organization

influences human health outcomes [101, 102].

Cellular segmentation tools can be broadly classified as unsupervised and supervised

methods, based on whether labeled data is needed for training the models. One of the most

popular tools of unsupervised cellular segmentation is the ImageJ [103, 80, 104], which enables

segmenting both cell nuclei and whole cells, and linking cells across frames of a microscopy video

via plug-ins such as TrackMate [9]. Prior to using ImageJ for cell detection and segmentation,

a series of user-driven image pre-processing steps must be completed in the program. For

instance, the image is typically converted into a binary image first, based on the threshold

chosen either manually or automatically via several global threshold setting methods [82, 32].

Additional image processing steps, such as despeckling for noise reduction [83], typically need

to be run before segmentation. To detect cell objects within an image, the algorithm scans

the corresponding binary image until the edge of an object is reached. Then, the algorithm

traces around the edge of the object until the starting point is reached. This process is repeated
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for pixels of each object, or the foreground pixels, in the binary image. The centroid of each

cell object can be identified by fitting an ellipse for each object using the second-order central

moments [80], which assumes the cell boundary is elliptical. The parameters for the best-fit

ellipse, including the major and minor axes and centroids, and matrices for the object masks for

each object boundary, are recorded in ImageJ [83]. Additional functionality, such as adjusting

brightness automatically or calculating elliptical outlines across an entire video sequence, can

be added to the user interface by writing macro code to streamline image analysis or adding

third-party plug-ins [80]. However, achieving reasonable segmentation results is often labor-

intensive and requires human interaction at each step. Furthermore, the assumption of the

shape of the cells in ImageJ is restrictive. Though the ellipse can approximate nuclei of certain

cells, it cannot approximate the shape of cytoplasm or the whole cell of frequently used cells in

experiments, such as fibroblasts or epithelial cells.

Supervised cellular segmentation methods are typically built upon a convolutional

neural network structure, such as U-net [2]. A popular tool is Cellpose, which builds U-nets for

segmenting images that contain one type of cell that are trained on a dataset of over 70,000

segmented objects, including annotated images that contain numerous types of cells [5]. The

model first compresses the image and then reconstructs the image to its original dimensions

through a U-net to capture both local and global features. It further generates a topological

map from diffusion simulation to product gradient maps for the model to learn the horizontal

and vertical gradients of the image. The final layer of Cellpose produces three feature maps,

including the horizontal and vertical directional gradients, and the sigmoid transformation of

the probability map of the output image from the U-net, and the parameters of the Cellpose are

then estimated by fitting a loss function of the gradient vector and binary label of each pixel of

the image. As the Cellpose segmentation requires massive training data, it may not work well
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for detecting novel cell types, where high-labeled image data that may not be readily available.

Furthermore, training Cellpose and using it for segmenting large images with several million

pixels can be computationally expensive.

In response to the challenges the current methods face, we present a novel unsu-

pervised cell image segmentation method for segmenting images containing one type of cells,

based on separable Gaussian processes, automated thresholding, and watershed operations for

image segmentation. The proposed method has several advantages. First, the separable covari-

ance structure on image data enables us to decompose the large covariance into a Kronecker

product of two small covariances, which substantially reduces the computational cost for com-

puting the matrix inversion and the logarithm of the determinant of the covariance matrix.

Second, unlike conventional unsupervised image segmentation methods such as ImageJ, which

require manual tuning of multiple hyperparameters, including Gaussian blur radius, threshold-

ing method, and minimum object size, our proposed segmentation pipeline is free of manual

parameter selection. We developed fast algorithms for maximum likelihood estimation of the

parameters in GPs and the predictive distribution. The predictive mean surface naturally facil-

itates foreground-background separation by applying a data-driven threshold, with the optimal

threshold automatically estimated based on the absolute second difference in foreground pixel

counts between the thresholds. Third, the cell masks are segmented using the watershed al-

gorithm, which simulates water flowing through a topographical map of the image to separate

cell objects. Fourth, our approach is entirely unsupervised, negating any need for annotated

training data, in contrast to supervised methods, such as Cellpose. Thus, the proposed method

is particularly suitable for segmenting new cell types or other biological structures. We studied

our methodology by simulated data for noise filtering. We also compared our approaches with

the alternatives using real microscopy images for segmenting both the cell nucleus and whole cell
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in optically dense images, a challenging scenario even when labeled data are available. These

studies demonstrate that our approach substantially improves the alternatives.

The remainder of the chapter is organized as follows. In Section 2.2, we discuss GP

models of images and a fast algorithm for parameter estimation and predictive distribution. In

Section 2.3, we introduce our workflow for cellular image segmentation from Gaussian processes,

including image smoothing, binary thresholding, and segmentation. In Section 2.4, we used

simulated data and microscopy images of cells to compare our methods and other alternatives

for denoising, including principal component analysis and dynamic mode decomposition. We

also demonstrate the computational advantage of the fast algorithm against direct computation.

Finally, we generate cell masks for both the cell nucleus and cytoplasm, or the whole cell, by our

methods and ImageJ segmentation method to compare their accuracy with the manual labels in

Section 2.5. Our findings not only present a novel cell segmentation technique but also highlight

the applicability of fast Gaussian processes in image processing tasks. The data and code of

this article are made publicly available: https://github.com/UncertaintyQuantification/

cell_segmentation.

2.2 Gaussian process models of images

2.2.1 The likelihood function and predictive distribution

Consider a GP model for a two-dimensional (2D) microscopy image, where the in-

tensity at the pixel location x is modeled as y(x) = f(x) + ϵ, where f(·) is a latent GP and

ϵ ∼ N (0, σ2
0) is Gaussian noise [47]. Consider an n1 × n2 image Y, where the (i, j)th term

is y(xi,j) the pixel intensity for the pixel location xi,j = (xi,1, xj,2). The data matrix can be
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written as:

Y = F + E, (2.1)

where F follows a matrix-normal distribution F ∼ Matrix-Normal
(
µ1n1×n2 , σ

2R1,R2

)
. The

mean parameter is µ, and 1n1×n2 is a n1 × n2 matrix of ones. The variance parameter is σ2,

and R1 and R2 are the correlation matrices for two inputs. The vectorized noise matrix follows

Vec(E) ∼ MN (0, σ2
0IN×N ), with N = n1n2. Additional trend structure can be modeled in the

mean function, and the covariance can be generalized to be semi-separable in the model [105].

The observation matrix can be vectorized to yv = Vec(Y). After marginalizing out

the latent signal matrix F, the observation vector of the image follows a multivariate normal

distribution:

(yv | σ2, η,R1,R2) ∼ MN (µ1N , σ2R̃), (2.2)

where R̃ = R + ηIN , R = R2 ⊗ R1, ⊗ is a Kronecker product, and η = σ2
0/σ

2 is a nugget

parameter. For this equation, the correlation matrices are parameterized kernel functions

R1(i, i
′) = K1(xi,1, xi′,1) and R2(j, j

′) = K2(xj,2, xj′,2). Frequently used kernel functions in-

clude the power exponential kernel and Matérn kernel [47]. This output model is similar to

that described in Equation (1.2).

Denote Kl(xi,l, xi′,l) = Kl(dl) with dl = |xi,l − xi′,l|. For instance, the Matérn kernel

with roughness parameter 5
2 follows Equation (1.11), where γl is a range parameter to be

estimated for l = 1, 2. We use the kernel function in Equation (1.11) for demonstration purposes.

After specifying the model, we compute the likelihood function and predictive dis-

tribution for parameter estimation and prediction, sequentially. The parameters of the model

in Equation (2.2) include the mean, variance, range and nugget parameters {µ, σ2,γ, η}, with

γ = (γ1, γ2) being the range parameters in the kernel function in Equation (1.11). In order

to reduce computational time due to the large image size, we employ the maximum likelihood

26



estimator (MLE) to estimate the parameters, as the result is similar to the robust estimation by

marginal posterior mode [56]. Given the range and nugget parameters, the MLE of the mean

and variance parameters has a closed-form expression: µ̂ = (1TNR̃−11N )−11TNR̃−1yv, where

σ̂2 = S2

N with S2 = (yv − µ̂1N )T R̃−1(yv − µ̂1N ). The logarithm of the profile likelihood after

plugging in the MLE of the mean and variance parameters follows:

log(L(γ, η)) = C − 1

2
log(| R̃ |) − N

2
log(S2), (2.3)

where C is a constant and not related to (γ, η).

The range and nugget parameters are then estimated by maximizing the logarithm of

the profile likelihood function:

(γ̂, η̂) = argmax
(γ,η)

log(L(γ, η)). (2.4)

After vectorizing the signal fv = vec(F) from model (2.1) and plugging in the MLE of

the parameters, the posterior distribution of the image vector follows:

(fv | yv, µ̂, σ̂
2, η̂, γ̂) ∼ MN (f∗v , σ̂

2R∗), (2.5)

where the predictive mean f∗v and predictive covariance R∗ are:

f∗v =µ̂1N + RR̃−1(yv − µ̂1N ), (2.6)

R∗ =R−RR̃−1R. (2.7)

The predictive mean and predictive variances, which are given in the diagonal terms

of σ̂2R∗, are required for prediction and uncertainty quantification. However, direct compu-

tation of the likelihood function involves inverting the covariance matrix, which takes O(N3)

operations, and the number of pixels N can be at the order of 106− 107 for microscopy images.

A fast computational way without approximation is introduced in Section 2.2.2 to solve this

computational challenge.
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2.2.2 Fast computation for images

A wide range of approximation approaches for GPs have been developed [106, 107,

108, 109, 110, 111, 112, 113, 114]. For GPs with product covariances on image data, no ap-

proximation is required. The eigendecomposition of the subcovariance is denoted as Rl =

UlΛlU
T
l , where Ul and Λl are matrices of eigenvectors and a diagonal matrix of eigenvalues

for l = 1, 2, respectively. Furthermore, the nl-vector of the diagonal terms in Λl is denoted as

λl = (λ1,l, ..., λnl,l)
T , for l = 1, 2.

The log profile likelihood in Equation (2.3) and the predictive distributions in Equation

(2.5) can be written as a function of eigenpairs, as shown in Lemma 1 below. Lemma 1 eliminates

the need to invert the N ×N covariance matrix and reduces the computational complexity to

O(n3
1 + n3

2), which is significantly smaller than O(n3
1n

3
2). The proof of Lemma 1 is provided in

the Appendix.

Lemma 1. 1. (Profile likelihood). Denote the transformed likelihood vector ỹv = Vec(Ỹ) =

Vec(UT
1 (Y − µ̂1n1×n2)U2). The logarithm of the profile likelihood in Equation (2.3) can

be written as

log(L(γ, η)) =C − 1

2

n1∑
i=1

n2∑
j=1

log (λi,1λj,2 + η)−

N

2
log

 n1∑
i=1

n2∑
j=1

Ỹ 2
i,j

λi,1λj,2 + η

 , (2.8)

where

µ̂ =

 n2∑
j=1

n1∑
i=1

ũ2i,1ũ
2
j,2

λi,1λj,2 + η

−1

×

 n2∑
j=1

n1∑
i=1

ũi,1Ỹi,j,0ũj,2
λi,1λj,2 + η

 , (2.9)

with Ỹi,j being the (i, j)th entry in (UT
1 (Y− µ̂1n1×n2)U2), Ỹi,j,0 being the (i, j)th entry of
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the n1 × n2 matrix UT
1 YU2, ũi,1 being the ith term of the n1 vector 1Tn1

U1 i = 1, ..., n1

and ũj,2 being the jth term of the n2 vector 1Tn2
U2, for j = 1, ..., n2.

2. (Predictive distribution). The predictive mean vector in Equation (2.6) follows

f∗v = µ̂1N + Vec(U1Λ1Ỹ0Λ2U
T
2 ), (2.10)

where Ỹ0 is a n1 × n2 matrix with the (i, j)th entry being
Ỹi,j

λi,1λj,2+η for i = 1, . . . , n1 and

j = 1, . . . , n2. The predictive variance at the (i, j)th pixel follows

σ̂2c∗i,j = σ̂2

1 −
n2∑

j′=1

n1∑
i′=1

r̃2i,i′,1r̃
2
j,j′,2

λi,1λj,2 + η


where r̃i,i′,1 is the i′th term of the vector rTi,1U1 and r̃j,j′,2 is the j′th term of the vector

rTj,2U2, for i′ = 1, ..., n1 and j′ = 1, ..., n2, with rTi,1 = (K1(xi,1, x1,1), ...,K1(xi,1, xn1,1))
T

and rTj,2 = (K2(xj,2, x1,2), ...,K2(xj,2, xn2,2))
T .

2.3 Image segmentation from Gaussian processes

Although Gaussian processes have been widely applied in surrogate models to emulate

expensive computer simulations, nonparametric regression, and modeling spatially correlated

data [47, 115], the flexibility and scalability of GPs in unsupervised image segmentation have

not been studied yet. The overall flow of our cellular image segmentation process is summarized

in Figure 2.1. First, some microscopy images of cells are particularly large with 106−107 pixels.

Similar to other image segmentation methods [80, 5], we segment each large image into multiple

sub-images. We then apply the fast algorithm of GPs in Lemma 1 to get the predictive mean

of each sub-image, illustrated in Parts (A) and (B) in Figure 2.1, respectively. We assume

that the range parameters and nugget of the GPs are the same for each sub-image estimated

by MLE in Lemma 1, but we do not maintain this assumption for the mean and variance
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Figure 2.1: Workflow for segmenting and labeling cell images: (A) Divide the image into
different sub-images to enable locally estimated mean and variance parameters for capturing
local properties such as change of brightness. (B) Compute the predictive mean of fast GPs
in Section 2.2.2 to each sub-image, which greatly reduces image noise. (C) Threshold each
smoothed sub-image based on the criterion discussed in Section 2.3.2 to produce binary images,
separating cells from the background. The optimal threshold is estimated for each sub-image.
(D) Recombine the binary sub-images into a single binary image and apply the watershed
algorithm discussed in Section 2.3.3 to the image for segmentation and labeling, with each cell
marked by a unique color.

parameters. Instead, we assume that they are distinct for each separable sub-image, and the

estimation of these parameters has a closed-form expression. This assumption enables the

separably estimated means and variances to capture the change in optical properties, such as

differences in brightness and out-of-focus blur from distinct parts of a large microscopy image,

which is crucial in practice.

2.3.1 Image denoising from Gaussian processes on lattice

Let Y represent the original cell image, which has size N = n1 × n2. We denote

y(xi,j) as the value of the image at pixel xi,j = (xi,1, xj,2). All possible pixel values are between

0 and 1, as each image in this analysis is in grayscale. Cell microscopy images can contain

more than 106 pixels, and some areas of an image can have substantially higher pixel values
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than other areas. Thus, for a large image Y, it is normally partitioned into a set of cropped

images, denoted {Yk}K̃k=1, where K̃ is the total number of cropped images as illustrated in

Figure 2.1. This step can substantially reduce the algorithm’s computational cost and enables

more adaptive segmentation outcomes to the features of the local areas in a large image.

As experimental images often contain substantial noise, for each cropped image, we

first use GPs with fast computation introduced in Section 2.2.1 for denoising the images. The

range and nugget parameters of GPs are estimated by maximizing the likelihood in Equa-

tion (2.8), and they are held the same for all sub-images as they have similar smoothness

properties. The mean and variance parameters are estimated differently for each cropped im-

age to capture the local change of optical properties. As the sub-images will be turned into a

binary image, the discontinuity of the boundary between different sub-images does not impact

the image segmentation task.

2.3.2 Generating binary cell masks

The predictive mean at the interior pixel of a cell object typically has a larger value

than the one in the background of a microscopy image. Inspired by the IsoData algorithm [116]

in ImageJ [103], we developed an automated and robust way to determine the threshold value

for separating objects from background noise using the predictive mean from GP models.

Suppose each cropped image is nk,1 × nk,2 with predictive mean F∗
k with the (i, j)th

entry being F ∗
k (xi,j) and Vec(F∗

k) = f∗k,v given in Equation (2.10). As the intensity values of

the pixels are between 0 to 1 and the predictive uncertainty is small, the range of F ∗
k (xi,j) is

also approximately between 0 to 1. As the image has only one type of cells, the change of pixel

values F ∗
k (xi,j) is large if xi,j is the pixel at the boundary of a cell object, and small elsewhere.
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Figure 2.2: Comparison of binary image results across thresholds based on the absolute second
difference in foreground pixels. The threshold, which ranges from 0-1, refers to the proportion
of the maximum value of the predictive mean that is set as the binary cutoff. Images A,
B, C, D, and E are the binary images generated by setting the corresponding threshold on
cropped predictive mean image F. Note that the Image B corresponds with argmaxm ∆ck(αm)
in Equation (2.11).

Thus we first compute the normalized predictive mean exceeds each threshold value:

ck(αm) =
∑
i,j

1F∗
k
(xi,j)

max(F∗
k
)
>αm

,

where {αm}Mm=1 a sequence of equally spaced thresholds from 0 to 1 with the default value

M = 100, and max(F∗
k) denotes the maximum value of the predictive mean F∗

k of the kth

cropped image for k = 1, ..., K̃. In general, the range of {αm}Mm=1 can be chosen to be the range

of F ∗
k (xi,j)/max(F∗

k). Subsequently, we calculate the difference ∆ck(αm) in pixel counts:

∆ck(αm) = ck(αm−1) − ck(αm).

As ∆ck(αm) may not be smooth over αm, we compute the predictive mean of ∆ck(αm), de-

noted by ∆c∗k(αm), via a GP model with the default Matérn kernel in Equation (1.11) by the

RobustGaSP package [53].
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We define α∗ as the smallest threshold αm after the point of maximum fluctuation,

denoted as arg maxm ∆c∗k(αm), where the smoothed differences ∆c∗k(αm) stabilize within a

specified tolerance relative to the variability of ∆ck(αm), an example of which is plotted in

Figure 2.2. Formally, let τk represent the standard deviation of the differences ∆c∗k(αm). The

optimal threshold α∗
k is given by

α∗
k = min

m
{αm :| ∆c∗k(αm) − ∆c∗k(αm−1) |< 0.05τk,

m > arg max
m

∆c∗k(αm)}. (2.11)

Figure 2.2 illustrates this process for determining the optimal threshold for segmenting

cell objects from the background. While the first difference ∆ck(αm) measures the immediate

change in the number of pixels above each threshold, the second difference more precisely

captures the stabilization process of these changes. Initially, at extremely small thresholds,

almost all pixels are classified as foreground or cell objects, leading to minimal changes in pixel

counts between threshold values, shown as A in Figure 2.2. However, once the threshold starts

to intersect the main background distribution, even small increments can trigger substantial

variations, resulting in high second differences. As the threshold increases, the second difference

reaches its maximum value at B in Figure 2.2 and then becomes erratic between B and C in

Figure 2.2. This erratic behavior occurs because, in this transitional range, as the predictive

mean values near the decision boundary are very similar, even minor changes in the threshold

result in disproportionately large shifts in the number of pixels classified as foreground or

cell objects. Beyond this range, the second difference begins to stabilize and falls below a

predetermined tolerance level show as E in Figure 2.2, indicating that further increases yield

only negligible changes in segmentation. Any further increase in the threshold results in over-

segmentation.

Panel (A) in Figure 2.3 plots the location of different threshold values in the distri-
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Figure 2.3: (A) Frequency of the predictive mean of the intensity values over all pixels from
the same microscopy image shown in Figure 2.2 F. The optimal threshold is annotated and lies
right after the bulk of the background pixel values. The thresholds that generate images A, B,
C, D, and E from Figure 2.2 are represented as vertical lines with the same color. All pixel
intensity values less than the optimal threshold are background pixels and have a symmetric
distribution. (B) The predictive mean is shown for each pixel with the optimal threshold plotted
as the horizontal plane.

bution of the image’s pixel intensity. The optimal threshold selected by the algorithm lies on

the right side of the mode. Panel (B) of Figure 2.3 plots a horizontal plane of the optimal

threshold value. A threshold value much smaller than this value misclassifies the background

as cell objects, whereas a threshold value much larger than the threshold value misses some

small cell objects with low intensity peaks.

After estimating the threshold value α∗
k, we construct a binary image B∗

k for each

cropped image at each pixel:

B∗
k(xi,j) =


1 if F ∗

k (xi,j) > α∗
k max(F∗

k)

0 otherwise
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Figure 2.4: An image of two cell nuclei (upper row) and heights of negative distances to the
nearest background pixels (lower row). (A) Heights of negative distances along the red straight
line in the upper panel are plotted in the lower panel before the watershed algorithm starts.
(B) At water level = −13, both catch basins are partially filled, as both local minima are less
than the current water level. The two separate water sources have unique labels and are not
yet touching. (C) At water level at around −10.2, the water sources from the two catch basins
flow into each other and the watershed line is formed at water level at around −10.2. (D) At
water level = 0, the cell objects are filled with water, and the watershed operation is complete.
Each cell is labeled and separated.

for k = 1, ..., K̃. We complete panel (C) in Figure 2.1 by generating binary cell masks for all

sub-images. To address a rare scenario with a higher-than-expected object count, which only

happened once for all sub-images, we implemented a re-thresholding step discussed in Appendix

A.4. Finally, each object group is separated and detected via flood fill [117], as described in

Section A.5 in the Appendix.

2.3.3 Labeling cell masks by the watershed algorithm

After obtaining the binary image, we apply the watershed algorithm to separate cell

objects from EBImage package in R [118], which is particularly useful for segmenting objects

connecting to each other. The watershed algorithm creates a topological representation of an

image based on a distance map, which is derived from the binary image representing foreground
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objects (cells). The distance map assigns a value to each foreground pixel based on its Euclidean

distance to the nearest background pixel; higher values represent larger distances from the

background. These distance values act as heights in a topological landscape, providing a basis

for the watershed function to simulate water flowing through. The negative distance map is

then calculated by taking the negative of the distance map. Examples of the binary image and

negative distance map are provided in Appendix A.6.

The local minima of the negative distance map generally correspond to the centers

of cell objects and are used as the starting point for the “flooding” process in the watershed

algorithm. The water fills the cell object from these local minima as the negative distance map

is immersed into water, so the cell object acts as a catch basin as the map floods. As water

from different starting points meets, watershed lines are formed, which delineate boundaries

for distinct binary cell objects. Additionally, whenever the water from a catch basin meets a

background pixel, a watershed line is formed [119]. These watershed lines separate and create

distinct cell objects, and these cell objects can be assigned unique labels.

An example of the watershed algorithm at distinct water levels is provided in Figure

2.4 with two cells denoted by d1 and d2. The top row of Figure 2.4 plots the cell images

where the negative heights of a slice over the red line are plotted in the bottom row. Figure

2.4 (A) shows depths for the two local minima for the 1D example are D(d1) = −14.14 and

D(d2) = −14.21. Each height acts as a water level, and the local minima act as seed points

for water to flow through into each valley or catch basin. When the water level rises to touch

a local minimum, the water is given the same label as the local minimum. As the water level

rises, all unidentified pixels at or below the water level with neighboring labeled pixels are given

the same label.

Figure 2.4 (B) shows the water levels at −13. Each catch basin is partially filled, as

36



the water level is higher than the two local minima. As the water in each valley is still well

separated, all emerged pixels in each valley are either labeled corresponding with d1 or d2, with

no neighboring pixels containing a different label.

At water level around −10.2, shown in Figure 2.4 (C), the water from the two different

basins begins to touch. The water from the two catch basins corresponding to d1 and d2 meet at

the unlabeled pixel p0 with a position close to 14, plotted in the x-coordinate. The Euclidean

distances between p0 and the local minima are utilized to determine its assignment, and a

watershed line is formed. The Euclidean distance between p0 and d2 (≈ 5.01 units) is smaller

than the distance between p0 and d1 (≈ 5.62 units), so p0 is grouped with cell 2. The watershed

line will serve as the boundary between the two cells.

At the water level 0, the objects are completely segmented, shown in Figure 2.4 (D).

The watershed operation then halts, as this height is used as a stopping point since all cell

objects have negative heights in the negative distance map. Additional details of the watershed

algorithm, including definitions and edge cases, can be found in [119].

Once all objects are segmented by watershed, the average foreground object pixel

count is calculated. To filter out any noise that may have been included as a foreground object,

all objects with pixel counts less than or equal to 15% of the average are removed. If an object is

touching the image boundary, the threshold count for removal is reduced to 5% of the average,

as some objects could be partially cut off during imaging.

2.4 Numerical studies of image denoising

In this section, we numerically compare the performance of the proposed fast GPs

with several alternative methods using simulated experiments. The comparison includes the

fast GP of a Matérn kernel with roughness parameter α = 2.5 in Equation (1.11) and the
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Figure 2.5: Violin plots of RMSE for five methods applied to the Branin function and the
linear diffusion equation across various noise levels. Each experiment is repeated 10 times. The
Fast-Mat and Fast-Exp represent the fast GPs with Matérn kernels in Equation (1.11) and
exponential kernels, respectively.

exponential kernel in Equation (1.8), for l = 1, 2. We also include three other alternative

methods for comparison. First, we consider principal component analysis (PCA) [120], which

is typically used in image denoising by projecting image data into low-dimensional subspaces

defined by the dominant eigenvectors of the data covariance matrix. Secondly, we consider the

fast algorithm of multivariate Ornstein-Uhlenbeck processes (FMOU) [121], a fast-expectation

maximization (E-M) algorithm for parameter estimation in latent factor models. For model

Y = U0Z + ϵ, where U0 is an orthogonal factor loading matrix and and Z = [z1, . . . , zd]T is a

vector of d independent latent processes, modeled as an Ornstein-Uhlenbeck process with unique

correlation and variance parameters. Parameter ϵ represents independent Gaussian noise. For

each iteration of the E-M algorithm, all parameters in the given model are updated using closed-

form expressions. Finally, we consider dynamic mode decomposition (DMD) [122], a popular

video processing tool for extracting spatiotemporal structure in complex, time-varying systems.

It assumes a linear transition matrix A, estimated as Â = argminA ||Y2:n2 −AY1:n2−1||, where
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Figure 2.6: Violin plots of RMSE for the five methods applied to images of noisy cell nuclei
and whole cells across noise levels σ2

0 ∈ [0.12, 0.32, 0.52]. Each experiment is repeated 10 times.
The Fast-Mat and Fast-Exp represent the fast GPs with Matérn kernels in Equation (1.11) and
exponential kernels, respectively.

Y2:n2 and Y1:n2−1 represent the last and first n2 − 1 columns of Y, respectively. Exact DMD

[123] is an efficient algorithm that identifies the leading eigenpairs of A with computational

complexity of min(O(n1n
2
2),O(n2

1n2)).

We study two examples to numerically compare the proposed fast GP with similar

algorithms. In the first example, we simulate and compare two sets of data, where the means

of the observations in the first set follow the Branin function [124], and the means of the

observations in the second set follow the linear diffusion equation [125]. In the second example,

we directly use experimental whole cell and nuclear image data.

Example 1. In this example, we generate image means using the Branin function and the

linear diffusion equation.

1. (Branin function) The mean of the observation is defined by the Branin function

f(x1, x2) =a(x2 − bx21 + cx1 − r)2+

s(1 − t) cos(x1) + s,
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where x1 ∈ [−5, 10] and x2 ∈ [0, 15]. The default model parameter values are: a = 1, b =

5.1
4π2 , c = 5

π , r = 6, s = 10 and t = 1
8π . The input domain is discretized into a uniform grid

with n1 × n2 = 100 × 100 points. Observations are generated as y(x1, x2) = f(x1, x2) + ϵ,

where ϵ is an independent Gaussian noise with the noise variance σ2
0 ∈ {12, 52, 102}.

2. (Linear diffusion) The observation mean is governed by the partial differential equation

∂f(x, t)

∂t
= D

∂2f(x, t)

∂x2
,

where f(x, t) represents the concentration of the diffusing material at location x and time

t, and D is the diffusion coefficient. We set D = 1 and discretize the spatial domain [0, 1]

into 200 equally spaced points. The initial condition is f(x, 0) = 0, with a boundary condi-

tion at one end maintaining a constant external concentration of 1. The signal is simulated

over t ∈ [0, 0.2] using 200 timesteps via a numerical solver [126]. Observations are gener-

ated as y(x, t) = f(x, t) + ϵ, where ϵ is an independent Gaussian noise. We evaluate the

model performance under three noise variance configurations: σ2
0 ∈ {0.052, 0.12, 0.32}.

Example 2 (Cell images). We consider two noisy cell microscopy images [1]: one for the

nuclear channel and one for the whole cell channel. Independent Gaussian noise with variances

σ2
0 ∈ {0.12, 0.32, 0.52} is added to each image to generate the observations.

To compare model performance in noise filtering, we quantify prediction error using

the root mean squared error (RMSE):

RMSE =

√∑n1
i=1

∑n2
j=1(ŷ(xi,j) − E[y(xi,j)])2

n1n2
,

where ŷ(xi,j) is the estimated mean of y(xi,j).

Figure 2.5 presents the RMSE for mean estimation based on the data-generating pro-

cesses in Example 1. Our fast GPs with the Matérn kernel (Equation 1.11) consistently achieve
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the highest accuracy across all noise levels in both scenarios. This superior performance stems

from the separable kernel structure, which captures spatial dependencies along both input

dimensions, a critical feature for image modeling. In contrast, PCA implicitly assumes in-

dependence in one direction, as its probabilistic formulation treats latent factors as standard

Gaussian random variables [127]. While DMD and FMOU model latent factors as Gaussian

processes that capture correlation along one input dimension, they estimate the factor loading

matrix without explicitly modeling correlation along the other dimension via a kernel function.

The fast GPs with Matérn kernel directly model correlations across both inputs through a prod-

uct kernel, yielding more accurate signal predictions. Additionally, DMD’s implicit assumption

of a noise-free model [73] leads to performance degradation as noise variance increases. Figure

A.6 in the Appendix displays predicted signals from fast GPs with Matérn kernel applied to

noisy observations from both the Branin function and linear diffusion equation, demonstrating

close alignment with the ground truth.

Figure 2.6 compares the denoising accuracy of the five approaches on cell nuclei and

whole cell images from Example 2. The fast GPs with Matérn and exponential kernels substan-

tially outperform PCA, FMOU, and DMD across all noise levels, demonstrating the advantages

of estimating correlation parameters along both spatial dimensions. Figure 2.7 illustrates the

true signal, noisy observations, and predicted mean from the fast GPs with a Matérn kernel

(1.11) for the cell image denoising task. The predicted mean closely approximates the underly-

ing latent signal.

We further evaluate the computational efficiency of the profile likelihood calculation,

comparing direct and fast computation methods. Simulations span sample sizes ranging from

102 to 802 grid points. As demonstrated in Figure 2.8, the fast algorithm (Equation 2.8)

dramatically reduces computation time relative to the direct approach, with gains becoming
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Figure 2.7: (A) True mean of cell nuclei image. (B) Noisy observation of cell nuclei image
(σ0 = 0.1). (C) Predictive mean of cell nuclei by fast GPs on lattice data with Matérn kernels
in Equation (1.11). (D) True mean of the whole cell image. (E) Noisy observation of the whole
cell image (σ0 = 0.1). (F) Predictive mean of the whole cell by Fast GPs on lattice data with
Matérn kernels.

increasingly pronounced at larger sample sizes.

2.5 Numerical studies of cell segmentation

2.5.1 Criteria and methods

We use microscopy images of human dermal fibroblasts (hDFs) in [1] for testing dif-

ferent approaches. More details on the experimental conditions and techniques can be found in

Appendix A.8. These images contain both nuclear and cytoplasm channels, and the evaluation

of the proposed GP-based segmentation method was performed on both channels.

To evaluate the accuracy of the truth and segmentation results, we compare the area

of overlap between the detected object and the true object relative to the overall union area
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Figure 2.8: Comparison of the computational time in seconds for evaluating the profile likelihood
of Yv using direct and fast computation under varying sample sizes N . The direct computation
with the exponential kernel (Direct-Exp) is plotted as orange dots; the direct computation
with the Matérn kernels in Equation (1.11) (Direct-Mat) is plotted with green triangles; the
fast computation with the exponential kernel (Fast-Exp) is plotted with pink squares; the fast
computation with the Matérn kernels in Equation (1.11) (Fast-Mat) is plotted with blue crosses.
The left panel shows the computational time in seconds, which is in the original untransformed
scale, and the right panel displays the logarithmic scale.

of the two objects [128]. Let g represent a ground truth mask and p a predicted mask. The

Intersection over Union (IoU) metric between g and p is defined as

IoU(g, p) =
| g ∩ p |
| g ∪ p |

. (2.12)

A higher IoU indicates a better match between the predictive mask and true mask of an object,

with the perfect match occurring at an IoU of 1. We test several levels of IoU for each method:

α = [0.5, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8]. Level α = 0.6, for instance, means that whenever the IoU

defined in Equation (2.12) of a cell is larger than 0.6, this object will be classified as a true

positive for the corresponding segmentation method. The range of thresholds allows us to assess

image segmentation performance under distinct precision levels for defining true positives.

The average precision metric (AP(α)) at each IoU threshold α ∈ [0, 1] is often used for

evaluating the correction of image segmentation [5]. For α ∈ [0, 1], a true positive (TP) means

that the ground truth mask g is matched to a predicted mask p with IoU(g, p) ≥ α. Otherwise,

unmatched predicted masks are counted as false positives (FP), and unmatched ground truth
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masks are counted as false negatives (FN). The AP(α) is calculated as follows:

AP(α) =
TP(α)

TP(α) + FP(α) + FN(α)
. (2.13)

We compare ImageJ segmentation and the GP-based unsupervised detection algorithm

developed in this work. We followed the conventional processing steps in ImageJ to generate

cell masks [80]. All input images are converted to grayscale. To detect the foreground and

background pixels, a threshold was set for each image using the default methods. To reduce

noises in ImageJ, a despeckle operation, which applies a 3 × 3 median filter, was then applied

to each image. A watershed algorithm was used to ensure better separation of connecting cells.

Finally, the cell masks were generated. The cell size is selected to be larger than 30 pixels. Then,

the binary image and the labeled mask can be generated in ImageJ. A detailed description of

each step in this process for ImageJ can be found in Appendix A.9.

2.5.2 Image segmentation results for cell nuclei

We first use five images of cell nuclei to test different methods. We choose a wide

range of image sizes to test methods for images with different sizes. The smallest dimension

of these images is 374 × 250, and the largest image is 962 × 1128. The experimental details of

these images are shown in Table A.1 in the Appendix.

In panel (A) of Figure 2.9, we plot the AP(α) between the GP-based segmentation

and ImageJ segmentation methods by solid lines and dashed lines, respectively, for 5 test images

of nuclei at distinct threshold α. For any image and threshold level, the solid line is almost

always above the dashed line with the same color, as the GP-based method consistently achieves

higher AP than ImageJ at any threshold level α. The performance gap becomes more obvious

at intermediate IoU thresholds between 0.6 to 0.7, which means that the GP-based method

is better at recovering the overall structure of the object than ImageJ. The AP score of both
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Figure 2.9: Results for segmenting cell nuclei. (A) AP scores for GP-based segmentation and
ImageJ across different thresholds. (B) Boxplots of AP scores for each method. These plots are
created using the APs for each of the 5 images using each method across different thresholds.
(C) True boundaries of the fifth test image with 1024× 1024 pixels. (D) Boundaries generated
by the GP-based method for the fifth test image. (E) Boundaries generated using ImageJ for
the fifth test image.

methods drops at a high IoU threshold, as the annotated object may not be fully accurate,

which can affect defining the truth. Panel (B) in Figure 2.9 shows the distribution of these

AP scores from GPs and ImageJ segmentation methods averaged at each threshold. Similar

to the results in panel (A), the GP-based method achieves higher median AP scores across all

thresholds. The difference between the GP-based method and ImageJ is more pronounced at a

high threshold level, such as α = 0.75 or α = 0.8, where the boxes of two colors nearly have no

overlap, indicating that GP-based method better capture the fine-scale boundary details than

ImageJ.
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The true annotated boundaries, those generated by the GP-based method, and those

generated by ImageJ of the fifth test image are plotted in Figure 2.9 (C)-(E). The GP-based im-

age segmentation method generally produces smoother, more continuous boundaries capturing

the actual cell nuclei, even in cases where cells were closely clustered. In contrast, the ImageJ

segmentation method sometimes produces fragmented boundaries and erroneously segmented

individual nuclei into multiple smaller regions, especially in regions where the variations of pixel

intensity are large. Additionally, ImageJ fails to detect multiple cells entirely. Further image

refinement may be achieved using additional plug-ins or filters from ImageJ. However, this pro-

cess would require extensive human intervention for trial and error, which would substantially

increase the image processing time.

2.5.3 Image segmentation results for whole cells

We compare the performance of the GP-based segmentation method and the ImageJ

method for five whole-cell images. The smallest image is 602×600, and the largest is 1000×1000.

Panel (A) of Figure 2.10 shows the AP with different thresholds by the two methods

for five images of whole cells. The variation of AP by both methods for the five images of whole

cells is larger than the five images of the nuclei images. This is expected as segmenting whole

cells is much more challenging due to the distinct shapes of the whole-cell images and more

objects connecting to each other. Nonetheless, the solid line representing the AP for the GP-

based method is again almost always above the dashed line representing the AP of the ImageJ

segmentation results with the same color for all thresholds, meaning that the GP method

consistently achieves higher AP scores than ImageJ. Both methods show much lower precision

at a smaller IoU threshold, as correctly identifying irregular boundary shapes in connecting

whole cells is extremely hard to capture. Such boundaries also pose challenges for humans to
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Figure 2.10: Results for segmenting whole cells. (A) AP scores for GP-based segmentation
and ImageJ across different thresholds. (B) Boxplots of AP scores for each method. (C) True
boundaries of the first test image with 602 × 600 pixels. (D) Boundaries generated by the
GP-based method of the first test image. (E) Same for panel (D) but generated using ImageJ.

annotate, and for supervised methods to segment, even when annotated data are available.

Panel (B) of Figure 2.10 shows the distribution of the AP scores between the two

methods. Compared to the segmentation results of the cell nuclei, the improvement by the

GP-based segmentation methods is more pronounced for images of whole cells. The variation

of AP by the GP-based segmentation is larger for whole-cell images than the ones for the images

of nuclei, due to the difficulty in identifying the whole-cell shape either by statistical learning

methods or by humans.

The ground truth boundaries, the GP-based method generated boundaries, and the

ImageJ generated boundaries of the first text image are given in panels (C)-(E) in Figure 2.10.
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The GP-based method generally produces boundaries that better fit the actual cell shapes,

preserving the irregular shapes of the cell cytoplasm. Although the GP-based method generally

better preserves the true cell shapes, cell objects were also often grouped together. In contrast,

ImageJ segmentation often produces fragmented boundaries and splits individual cell shapes

into multiple smaller regions.

By leveraging fast Gaussian processes, automated thresholding and watershed oper-

ations, we show the process is not only more automated, but the results are more precise

than other popular unsupervised segmentation methods, such as ImageJ. A key strength of the

proposed segmentation algorithm is that it does not rely on parameter tuning or labeled train-

ing datasets. The results of our unsupervised method demonstrate versatility across different

cell channels, making it an appealing option for more general segmentation tasks beyond cell

segmentation.
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Chapter 3

FastSegmentation: an R package for

unsupervised cell segmentation by

fast Gaussian processes

In this chapter, we present FastSegmentation, an R package developed to implement

the methodology described in Chapter 2. This package automatically calculates GP parameters

for image smoothing and noise reduction, applies the data-driven threshold for foreground-

background segmentation, and implements the watershed operation for separating connected

cell objects, all within one function. This tool enables the efficient unsupervised segmentation

of one or many cell images in R without manual parameter tuning or image processing.

3.1 Package overview

The R package FastSegmentation [129] was developed to facilitate implementation of

the unsupervised cell segmentation algorithm described in Chapter 2. This methodology is
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a multi-step, yet fully automated, method for calculating cell object boundary information

on grayscale cell microscopy images using fast GPs for denoising, a data-driven threshold for

foreground object detection, and watershed for segmentation.

Figure 3.1 provides a schematic overview of the main pipeline function of this pack-

age and mirrors the segmentation workflow visualized in Figure 2.1. The entire segmentation

pipeline can be run using the generate GP Masks() function, with the only required input

being a file path to a cell microscopy image. The runtimes for most segmentation tasks using

this function are typically less than 15 seconds per image. The primary output is a 2D array

containing labeled cell masks (see blue box in Figure 3.1 on the right). This function contains

all steps and functions related to the segmentation pipeline; however, intermediate steps of each

segmentation phase can also be run individually with certain functions, as detailed in the mid-

dle of Figure 3.1. Image partitioning information is collected using get proportions(), and

image smoothing is run using both separable GP param est() for range and nugget parame-

ter estimation and predict separable GP for predictive mean calculation. Image thresholding

is conducted using criterion 1() for optimal threshold detection and threshold image()

for retrieving the binary output. After image restitching, final segmentation is run using the

watershed() function from the EBImage [118] package.

3.2 Main functions of FastSegmentation

3.2.1 The generate GP Masks function

The generate GP Masks function serves as the primary function for users and runs

the complete segmentation pipeline outlined in Chapter 2. This function accepts a file path to

a cell microscopy image with size N = n1 × n2 with format compatible with the image read()
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Figure 3.1: Schematic overview of the FastSegmentation package.

function from the magick package [130], such as TIF, PNG, or JPEG, and returns comprehensive

segmentation results, including cell masks, predictive means, and diagnostic information. The

file path is the only required parameter. However, a number of parameters have default values

that can be altered: 1) delta = 0.01, which is the step size for percentage thresholds {αm}Mm=1

to be tested when determining the optimal threshold by criterion 1, 2) nugget = TRUE, which

indicates if the nugget parameter should be estimated when smoothing the absolute differences

in pixel counts between thresholds when determining the optimal threshold by criterion 1, 3)

middle threshold = 0.15, which is the size threshold for filtering object masks not touching

the image boundary, 4) boundary threshold = 0.05, which is the size threshold for filtering

object masks touching the image boundary, 5) compress output = FALSE, which indicates that

the true matrices for the cell mask and binary matrix should be output, instead of data frames

listing each 2D coordinate and corresponding value, and 6) return gradient = FALSE, which
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indicates that the gradients of the predictive mean should not be returned.

This function calls the series of functions in the order described by the schematic

diagram in Figure 3.1. The primary output of this function is the GP masks matrix, a matrix

of size N that directly gives the estimated cell masks, with a unique numerical ID for each

separate cell object. Other major outputs include ori images, a list of matrices corresponding

to the sub-images {Yk}K̃k=1, combined predmean, which provides the predictive mean matrix

F∗ for the entire original image, combined thresholded1, the binary matrix B∗
k for the total

image after determining the optimal threshold using criterion 1. Other outputs can be useful

for model diagnostics and interpretation, including processed images, a list of predictive mean

matrices {F∗
k}K̃k=1 for each sub-image, crit 1 opt thresholds, a list of the optimal thresholds

α∗
k detected by criterion 1 for each cropped predictive mean F∗

k, connected parts count, a

list of the number of unique objects for each image section after thresholding for each cropped

binary matrix B∗
k, and outliers, a list of indices the for sub-images with unusually high object

counts after thresholding.

3.2.2 The separable GP param est and predict separable GP functions

The separable GP param est and predict separable GP functions work in tandem

to compute the predictive mean of each partitioned sub-image for image smoothing and de-

noising. For the first sub-image Yk, the function separable GP param est estimates the range

and nugget parameters by maximizing the likelihood in Equation (2.8), outputting the list of

parameters, (γ1, γ2, η). The range and nugget parameters are then kept the same across all sub-

images {Yk}K̃k=1 when calculating the predictive means {F∗
k}K̃k=1 using Lemma 1. This function

outputs the predictive mean F∗
k for each cropped image k, as well as gradient information for

F∗
k: Gx, Gy, and | ∇F∗ |.
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Matrices Gx and Gy provide the horizontal and vertical gradients of the predictive

mean, respectively, and are calculated as [84]

Gx(xi,j) =
F∗(xi,j+1) − F∗(xi,j−1)

2
(3.1)

and

Gy(xi,j) =
F∗(xi+1,j) − F∗(xi−1,j)

2
. (3.2)

The values of the gradients represent the rate of change of pixel intensity in the horizontal

and vertical directions, respectively. A positive gradient value indicates that pixel intensity is

increasing (e.g., moving from a low intensity background pixel to a higher intensity cell pixel).

The gradient magnitude, represented by | ∇F∗ |, is a function of the two directional gradients,

| ∇F∗ |=
√
G2

x + G2
y. (3.3)

Gradient magnitude values represent the intensity of change in any direction. The magnitude

values are high in areas where pixel intensity is rapidly changing, such as an cell object edge,

and lower in flat or uniform areas, such as in the middle of the background or cell object.

Gradients are automatically returned when using the predict separable GP function

individually. Gradients are by default not returned in the overall segmentation pipeline but can

be retrieved by setting return gradient to TRUE.

generate_GP_Masks(file_path , return_gradient = TRUE)

3.2.3 The criterion 1 function

Image thresholding is driven by the criterion 1 function, which uses Equation (2.11)

to determine the optimal threshold α∗
k for each input predictive mean F∗

k. By default the

function settings, the tested thresholds are {αm}Mm=1 = {0, 0.1, 0.2, . . . , 0.99, 1}, as the delta
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parameter that determines the step size is set to 0.01. More stringent threshold testing can

be performed by decreasing delta; for example, if delta is set to 0.001, then {αm}Mm=1 =

{0, 0.001, . . . , 0.999, 1}. Although delta = 0.01 was found to be robust for all cell images

tested, this implementation is recommended in the event that the default delta does not lead

to an accurate optimal threshold detection due to noise or smaller variations in pixel intensity

between foreground and background pixels. The code below runs the entire segmentation

pipeline for an image with this specified delta.

generate_GP_Masks(file_path , delta = 0.001)

Alternatively, laxer testing can be performed by increasing delta, leading to lower computa-

tional time. For example, if delta is set to 0.1, then {αm}Mm=1 = {0, 0.1, 0.2, . . . , 0.9, 1}.

generate_GP_Masks(file_path , delta = 0.1)

This implementation is recommended when there are greater variations in pixel intensity be-

tween foreground and background objects, as subsequent thresholds for smaller delta settings

will likely yield similar binary matrices. Note that 0 is excluded as a possible threshold, as it

is assumed that each cropped predictive mean will contain at least one cell.

Furthermore, the default method smoothing ∆ck(αm) via the rgasp() function from

the RobustGasp package [53] includes nugget estimation, with the nugget parameter being

set to TRUE. This parameter accounts for noise in the image. Although the predictive mean

is a smoothed version of the original image, it may still include some noise; therefore, it is

recommended to maintain nugget = TRUE. However, if a cell image is known to contain no

noise, such as in a completely simulated or human-constructed image, nugget can be set to

FALSE for better computational efficiency, as demonstrated in the code below.

generate_GP_Masks(file_path , nugget = FALSE)
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3.2.4 Supporting functions

This package also contains a number of functions to support the segmentation workflow

implementation. Each one is briefly described below.

The get proportion function

This function helps determine the optimal subdivision of an image based on the desired

dimension range of the cropped sub-images. The target width and length range for a sub-image

is set to a minimum of 200 pixels and a maximum of 400 pixels by default. For a scalar input,

which is in practice either the original image width w or height h, this function determines if

splitting this range into fourths, thirds, or halves, or if not splitting at all, achieves each section

being within the optimal pixel count:

200 ≤ v × r ≤ 400, (3.4)

where v is either h or w, and r ∈ {1
4 ,

1
3 ,

1
2 , 1}. If this boolean is not true for any r, then this

function will declare that the range should be split into fourths. The output of this function

is the fraction of the scalar input range that defines where the original image will be cropped

in that dimension. For example, for image width w = 200 and height h = 400, this function

will return rw = 1 and rh = 1
2 . Therefore, the image height will be split in half, resulting in

two sub-images in that dimension, whereas the width will not be split, resulting in 2 cropped

sub-images overall.

The threshold image function

This function applies a threshold to an image, both of which must be specified by the

user, to create a binary matrix. Any pixel values greater than the threshold are set to 1, and

any pixel values less than or equal to the threshold are set to 0. In practice, the threshold is

55



the output of the criterion 1 function, and the input image is the cropped predictive mean

calculated by the separable GP function. The output binary matrix separates the foreground,

or cell, pixels from the background. This function has two possible outputs. If the argument

count is TRUE, as it is by default, the function returns the sum of foreground pixels in the binary

matrix. This output is used in the criterion 1 function to determine the optimal threshold.

If count is instead set to FALSE, the binary matrix is instead returned. In the segmentation

pipeline, this output is the input for the watershed segmentation process to retrieve the cell

masks.

The eliminate small areas function

This function eliminates any foreground objects with smaller-than-expected object

counts based on the average cell object size. The main input of this function is the matrix of

cell masks determined using the watershed algorithm. Although using the predictive mean as a

smoothed image helps reduce noise, it may not eliminate all noise for every image, so noise may

still be present as small objects in the cell mask matrix. By default settings, any cell object

with a smaller pixel count than 15% of the average object pixel count in the image is excluded.

For objects touching the image boundary, this threshold is reduced to 5% of the average object

pixel count, as these objects may have been cut off during imaging. This function returns a

filtered cell mask matrix, which is the final output of the segmentation workflow.

The matrix which function

This function compresses an N = n1 × n2 matrix into a data frame listing the N 2D

coordinates which corresponding value. This function allows for more efficient storage of binary

matrix and cell mask coordinates, especially when segmenting multiple images within the same

56



program. To save the binary and cell mask coordinates using this method, the compress output

argument in generate GP Masks() to TRUE,

generate_GP_Masks(file_path , compress_output = TRUE).

3.3 Methods and examples

3.3.1 Nuclear channel image segmentation

This package achieves cell image segmentation with one function, with the only user-

defined input required being the file path to a cell microscopy image, typically TIF, JPEG, or

PNG. This section provides an example of this process with default parameters and includes

visualization for the major function outputs using the image2D() function from the plot3D

package [131]. Custom settings, like size threshold for cell object detection, can be specified

within the main segmentation workflow function, generate GP Masks. The example input

image is a grayscale JPEG image of the cell nuclear channel with dimension 799 × 448. The R

code below provides the base-use case of this function, along with visualization recommendations

for all major outputs of the function.

img_path <- system.file("extdata", "example_cells.jpg",

package = "FastSegmentation")

gp_masks_result <- generate_GP_Masks(img_path)

# Libraries for visualization

library(plot3D)

library(magick)

# Original image
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img <- image_read(img_path)

ori_img_matrix <- as.numeric(img[[1]])[,,1]

image2D(ori_img_matrix , main = "Original Image")

# Predictive mean

image2D(gp_masks_result$combined_predmean , main = "Predictive Mean")

# Binary image after thresholding

image2D(gp_masks_result$combined_thresholded1,

main = "Thresholded Image")

# Final cell masks

image2D(gp_masks_result$GP_masks , main = "Cell Masks")

The default visualization output is given in Figure 3.2. Additional adjustments to

the plot3D() functions, such as specifying a color palette or value range, can be implemented

for preferred visualization settings, but the figures are all displayed with largely the default

argument settings in order to display the base-use case.

3.3.2 Whole cell channel image segmentation

Segmentation for the whole cell channel of an image can be executed using the same

method as the previous example. The input for this example is a whole cell TIF image with

dimension 500 × 600. Note that this TIF file only contains one sub-file.

img_path <- system.file("extdata", "whole_cell_example.tif",

package = "FastSegmentation")

gp_masks_result <- generate_GP_Masks(img_path)
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Figure 3.2: (A) Input nuclear cell image, with color legend presenting how pixel intensity
corresponds with visualized color. (B) Predictive mean of input image. (C) Binary matrix
after thresholding by criterion 1, with 0 (blue) being background and 1 (red) being foreground.
(D) Generated cell masks after watershed and noise filtering, with the background corresponding
with 0 (blue), and each cell mask is represented by a different color corresponding with unique
cell ID.
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Figure 3.3: (A) Input whole cell image, with color legend giving how pixel intensity corresponds
with visualized color. (B) Predictive mean of input image. (C) Binary matrix after thresholding
by criterion 1, with 0 (blue) being background and 1 (red) being foreground. (D) Generated
cell masks after watershed and noise filtering, with the background corresponding with 0 (blue),
and each cell mask is represented by a different color corresponding with unique cell ID.
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Visualizations for the main outputs after running for the segmentation pipeline are

presented in Figure 3.3. Limitations for whole cell segmentation are discussed in Section 2.5,

as even ImageJ struggles to fully capture cell boundary information for the whole cell channel.

Although the cell masks, shown in Figure 3.3 (D), are less precise than they are for the nu-

clear channel, this package is still able to retrieve acceptable results for foreground-background

detection, as shown in Figure 3.3 (C).

3.3.3 Visualization with compressed output

Although compressing the binary and cell object mask outputs takes up less storage,

visualization requires additional data manipulation. Figures 3.2 (C) and (D) can be recreated

from the compressed output using the following method.

img_path <- system.file("extdata", "example_cells.jpg",

package = "FastSegmentation")

# Generate compressed outputs

gp_masks_result <- generate_GP_Masks(img_path , compress_output = TRUE)

# Reconstruct binary matrix

binary_mask <- matrix(NA ,

nrow = nrow(gp_masks_result$combined_predmean),

ncol = ncol(gp_masks_result$combined_predmean ))

binary_indx <- cbind(gp_masks_result$combined_thresholded1$row ,

gp_masks_result$combined_thresholded1$col)

# Reconstruct labeled GP masks

labeled_mask <- matrix(NA ,
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nrow = nrow(gp_masks_result$combined_predmean),

ncol = ncol(gp_masks_result$combined_predmean ))

labeled_indx <- cbind(gp_masks_result$GP_masks$row ,

gp_masks_result$GP_masks$col)

labeled_mask[labeled_indx] <- gp_masks_result$GP_masks$value

# Visualize

image2D(binary_mask , main = "Thresholded Image")

image2D(labeled_mask , main = "Cell Masks")

3.3.4 Predictive mean by separable GP with sub-image parameter estima-

tion

The FastSegmentation package does not have a direct function for calculating the

predictive mean for each cropped sub-image and re-stitching to retrieve the whole predictive

mean without running the full segmentation pipeline. However, by setting return gradient

to TRUE, the gradients of the predictive mean, as described in equations (3.2), (3.1), and (3.3)

can be returned and visualized, with the output of the following example being presented in

Figure 3.4.

# Load image

img_path <- system.file("extdata", "example_cells.jpg",

package = "FastSegmentation")

# Generate compressed outputs

gp_masks_result <- generate_GP_Masks(img_path , return_gradient = TRUE)
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# Visualize

library(plot3D)

image2D(gp_masks_result$combined_predmean , main = "Predictive Mean",

axes=FALSE , xlab="", ylab="")

image2D(gp_masks_result$gradients$horizontal , main = "Horizontal

Gradient", axes=FALSE , xlab="", ylab="")

image2D(gp_masks_result$gradients$vertical , main = "Vertical Gradient",

axes=FALSE , xlab="", ylab="")

image2D(gp_masks_result$gradients$magnitude , main = "Gradient

Magnitude", axes=FALSE , xlab="", ylab="")

3.3.5 Predictive mean by separable GP with whole image parameter esti-

mation

Using the separable GP param est and predict separable GP functions outside of

the segmentation pipeline allows for the GP parameter estimation and predictive mean calcu-

lation of an image without partitioning. The code implementation is provided below, and the

visualization results are similar to those presented in Figure 3.4.

img_path <- system.file("extdata", "example_cells.jpg",

package = "FastSegmentation")

img_matrix <- as.numeric(img[[1]])[,,1]

# Estimate GP parameters

img_gp_parameters <- separable_GP_param_est(img_matrix)

# Calculate predictive mean
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Figure 3.4: (A) Predictive mean. (B) Horizontal gradient of predictive mean, with pixel color
corresponding to gradient intensity. (C) Vertical gradient of predictive mean, with pixel color
corresponding to gradient intensity. (D) Gradient magnitude, with pixel color corresponding
to gradient intensity.
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predmean_results <- predict_separable_GP(img_matrix ,

img_gp_parameters$param)

# Visualize

library(plot3D)

image2D(predmean_results$predmean_mat , main = "Predictive Mean",

axes=FALSE , xlab="", ylab="")

image2D(predmean_results$grad1, main = "Horizontal Gradient",

axes=FALSE , xlab="", ylab="")

image2D(predmean_results$grad2, main = "Vertical Gradient",

axes=FALSE , xlab="", ylab="")

image2D(predmean_results$grad_magnitude , main = "Gradient Magnitude",

axes=FALSE , xlab="", ylab="")

3.3.6 Segmentation of nonuniform images

This algorithm is recommended for larger images with somewhat uniform cell density

across space, as these images will have the most consistent segmentation results. Detecting

edge cases when thresholding criterion 1 rely on information collected in other sub-regions of

the image, as discussed in Appendix A.4. However, this algorithm has been empirically shown

to still be robust to non-uniform distributions of cells, even in lower dimensions, as seen in

Figure 3.5.

3.3.7 Segmentation of jammed cells

Cell jamming occurs in extremely high cell densities, with most cells touching or

overlapping [132], such as in Figure 3.6 (A). Collecting cell boundary information from jammed
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Figure 3.5: Segmentation results for cell images with nonuniform cell densities across space. (A)
Original 799× 448 image with nonuniform cell densities. This image contains a cluster of cells,
increasing local cell density, and other regions of lower cell density. (B) Segmentation results
for (A). Although some regions of the image are sparsely concentrated, there is still enough
information for threshold calibration by criterion 1 to be successful. (C) Cropped 799 × 181
image from (B). (D) Segmentation results for (C). Although each partitioned section of this
image has different numbers of foreground pixels, the resulting cell masks still reflect accurate
cell boundaries.
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Figure 3.6: (A) Pixel intensity matrix for cell microscopy image with jamming. (B) Segmenta-
tion results for jammed image (A).

images is a more complicated task, as boundaries will regularly run together and overlap. Even

in these high density conditions, the package algorithm is still able to successfully separate

touching and overlapping cell objects, as demonstrated in Figure 3.6 (B).
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Chapter 4

Diffusion-based generative models:

theory, validation, and applications

to cell microscopy

In this chapter, we present an introduction to two diffusion-based generative mod-

els: denoising diffusion probabilistic models (DDPMs) and score-based generative models. We

discuss the mathematical overview and training methods of both models and provide data gen-

eration results when learning from samples from a known Gaussian mixture model. We then

apply the models to real-world cell microscopy images to assess data generation and denoising

performance. Overall, both models have strong results for generating data, creating synthetic

images that closely resemble the input data, and are accurately able to denoise corrupted images

from a test image set.
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4.1 Introduction

Collecting high-quality cell images for machine learning applications has significant

practical challenges in both cost and availability. Cell microscopy imaging requires expensive

equipment, specialized facilities, and trained personnel [133]. Additionally, cell culture experi-

ments require constant maintenance and supervision to ensure controlled experimental condi-

tions [134], and cell images still may be corrupted during screening from inadequate equipment

calibration and bleaching, potentially causing large amounts of image noise [135, 136, 137]. Gen-

erating comprehensive datasets that capture image data for cells across multiple experimental

conditions can take weeks to months of continuous imaging, limiting scalability and replica-

bility. Publicly available repositories [138, 139] often contain images from specific cell lines or

experimental contexts, but this data could be limited or fail to include the target conditions.

These constraints in data availability create a compelling argument for the use of generative

models, which can augment limited datasets and denoise corrupted images, potentially reducing

the experimental burden of image collection.

Generative modeling aims to learn the underlying probability distribution of ob-

served data to generate new samples that resemble the training data [140]. While traditional

approaches like generative adversarial networks (GANs) [141] and variational autoencoders

(VAEs) [142] have shown considerable success, diffusion-based generative models are a pow-

erful alternative for image generation and denoising. This chapter will focus on two closely

related frameworks for diffusion-based generative modeling: denoising diffusion probabilistic

models (DDPMs) [143] and score-based generative models using stochastic differential equations

(SDEs), referred to as score-based SDE models in this chapter [144]. Although these frameworks

are fundamentally connected, they offer unique perspectives (discrete-time for DDPM versus

continuous-time formulations for the SDE approach) with different advantages and insights.
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Knowledge of the theoretical foundation is essential for understanding how each could be used

for generating and denoising cell image data.

4.1.1 Variational autoencoder

Autoencoders [145] are the mathematical and conceptual precursor for diffusion mod-

els. They contain an encoder network for to compress input to a lower-dimension and a decoder

to reconstruct the original data, in the same way a U-net model uses upsampling and down-

sampling. VAEs [142] incorporate relationships between the input and latent space by encoding

inputs as probability distributions and provide the variational framework on which DDPMs are

built [140]. VAEs assume that each observed data point y ∈ Rk is generated from a latent

variable z, where z is typically sampled from a standard Gaussian prior, z ∼ MN (0, I) [40].

The VAE latent-variable generative model follows the marginal distribution:

pϕ(y) =

∫
pϕ(y | z)p(z)dz, (4.1)

where pϕ(y | z) is the decoder network, and ϕ are the learnable decoder parameters. Since the

integral over z does not typically have a closed-form expression, ϕ cannot be estimated through

standard methods like MLE, so VAEs instead use the encoder as an approximate posterior.

The posterior distribution by Bayes is

pϕ(z|y) =
pϕ(y|z)p(z)

pϕ(y)
, (4.2)

but since estimating the marginal likelihood pϕ(y) would require integration over all possible

latent variables, the encoder qθ(z | y) is introduced to approximate the posterior, qθ(z | y) ≈

pϕ(z | y), where θ are parameters learned by a neural network.

Since the marginal likelihood is intractable, maximizing the evidence lower bound

70



(ELBO) is instead used as a surrogate training objective, as

log(pϕ(y)) ≥ LELBO(θ,ϕ;y). (4.3)

Using Jensen’s inequality, the ELBO is as follows:

LELBO(θ,ϕ;y) = Ez∼qθ(z|y) [log(pϕ(y | z)] −DKL (qθ(z | y)||p(z)) , (4.4)

where Ez∼qθ(z|y) [log(pϕ(y | z)] is the reconstruction term, and DKL(qθ(z | y)||p(z)) is the

Kullbeck-Leibler divergence term for latent regularization. The reconstruction term encour-

ages accurate reconstruction of input data y from the latent data z, and the divergence term

penalizes the approximate posterior qθ(z | y) for deviation away from the prior p(z).

Diffusion models are a hierarchical expansion of VAEs [140]. In the DDPM framework

[143], discussed in Section 4.2, the discrete latent variable sequence y1, . . . ,yT is obtained by the

forward noising process, and the encoder q(y1:T |y0) is fixed. The decoder pθ(y0:T ) is learned by

the reverse Markov chain, and training optimizes the same ELBO objective as in equation (4.4)

expanded over T latent levels. This hierarchy is extended to a continuous-time formulation in

the score-based SDE model framework [144], as outlined in Section 4.3. The latent variable

sequence is the continuous stochastic process y(t)t∈[0,T ], and the forward process is a forward

SDE. In both frameworks, the learned reverse process, whether a discrete Markov chain or a

continuous reverse-time SDE, corresponds to the VAE encoder, and the training goal in both

cases is to maximize a variational lower bound on log (pθ(y0)).

4.2 Denoising diffusion probabilistic models

Denoising diffusion probabilistic models are generative models that transform data into

noise through a fixed forward diffusion process and learn to invert this process via a reverse-time

Markov chain, or reverse process [143]. The goal is to construct a sequence of increasingly noisy
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random variables that converge to a tractable distribution, typically Gaussian, while ensuring

that reverse transitions can be learned efficiently.

4.2.1 Forward process

The forward diffusion process is a discrete-time Gaussian diffusion process that pro-

gressively adds noise to data over a sequence of timesteps according to some variance schedule

Υ1, ...,ΥT that denotes the amount of noise added at each timestep [143]. Let yt ∈ Rk be

a vector of k dimensions, with k equaling the number of pixels after vectorization when yt

represents an image. The forward process defines a conditional distribution q(yt | yt−1) given

by

yt =
√

1 − Υtyt−1 +
√

Υtzt, zt ∼ MN (0, Ik). (4.5)

The term
√

1 − Υtyt−1 preserves signal from the previous state according to the variance sched-

ule, and
√

Υtzt is Gaussian noise to inject randomness. In the original DDPM formulation, de-

scribed in [143], the variance schedule is set to linearly increase from Υ1 = 10−4 to ΥT = 0.02,

with the data scaled between [−1, 1].

Defining at = 1−Υt, and āt :=
∏t

s=1 as, the forward model has a closed-form expres-

sion for the marginal distribution of yt conditioned on the original data y0:

yt | y0 ∼ MN (
√
āty0, (1 − āt)Ik). (4.6)

This result implies that yt can be directly sampled from the original data y0:

yt =
√
āty0 +

√
1 − ātζ, (4.7)

where ζ ∼ MN (0, I). This closed-form marginal distribution is a crucial property of DDPMs,

as it enables efficient training by allowing samples at any diffusion step to be generated without

simulating the entire forward process [143].
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4.2.2 Reverse process

While the forward process gradually transforms structured data into Gaussian noise,

the reverse process seeks to recover the original data distribution by iteratively removing noise.

The reverse process is what allows the model to generate new images or denoise corrupted

images at some noise level [143, 146].

The reverse process is modeled as a Markov chain parameterized by θ, with transition

probabilities pθ(yt−1 | yt) for t = T, ..., 1. When conditioned on both yt and y0, the poste-

rior distribution of the forward process q(yt−1 | yt,y0) is also Gaussian, due to the Gaussian

structure of the forward transitions [140]. However, since y0 is unknown during generation,

DDPMs approximate the reverse conditionals using a neural network, typically U-net [2, 143].

The reverse process is therefore parameterized as a Gaussian distribution with form

pθ(yt−1 | yt) = MN (yt−1 : µθ(yt, t), σ
2
t I), (4.8)

where µθ(.) is a function to predict the forward process posterior mean, σ2
t is the variance, and

t denotes the diffusion timestep.

The parameters of µθ are learned using the neural network, or U-net [2, 143], condi-

tioned on both the noisy input yt and the timestep t [147]. To see the motivation for this, we

can rearrange equation (4.7) to express the noise in terms of yt and y0:

ζ =
yt −

√
āty0√

1 − āt
. (4.9)

The neural network ζθ(yt, t) is trained to estimate this noise term, and the timestep t is incor-

porated into the network via embedding. From this estimate, the predicted mean µθ(yt, t) can

be determined analytically [143, 140].
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4.2.3 Training and data generation for discrete-time denoising formulation

During training (see Algorithm 1), the objective is to minimize the mean squared error

between the true noise ζ ∼ MN (0, I) and the predicted noise ζθ(yt, t) [143]:

Lθ := Et,y0,ζ [||ζ − ζθ(
√
āty0 +

√
1 − ātζ, t)||2]. (4.10)

This objective has deep connections to denoising score matching [148], as minimizing the objec-

tive function is equivalent to denoising score matching across different noise levels. Furthermore,

during training in diffusion models, the variational lower bound is optimized on the negative

log-likelihood, or, equivalently, optimizing the ELBO [143, 140, 40]:

E[− log pθ(y0)] ≤ Eq

[
− log

pθ(y0:T )

q(y1:T | y0)

]
. (4.11)

The predicted noise network ζθ(yt, t) is implemented as a U-Net, as described in

Chapter 1.2.2, with specific modifications for time-conditional denoising. The model inputs

are the noisy image yt, corrupted according to the forward diffusion process, and the discrete

timestep t ∈ {1, ..., T}, indicating the noise level [143]. To condition the network on the

timestep t, a sinusoidal positional embedding is employed, similar to those used in transformer

architectures [147]. For embedding dimension d, the timestep is encoded as:

PE(t, j) =


sin
(

t
100002i/d

)
if j = 2i

cos
(

t
100002i/d

)
if j = 2i + 1

, (4.12)

where j ∈ {0, 1, ..., d − 1} and i = ⌊ j2⌋. This encoding uses different frequency components

ωi = 10000−2i/d spanning wavelengths from 2π to 10000×2π, enabling the model to distinguish

between timesteps at multiple scales. The sinusoidal embedding is them passed through a small

multi-layer perceptron (MLP) to obtain a time embedding vector temb ∈ RB×D, where D is

typically four times the base channel width and B is the number of convolutional feature maps
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in the first residual block [149]. For each residual block, the time embedding vector is projected

to match the dimensions of the feature maps in the layer:

tproj = g(temb ·WT + c),

where g is the activation function, W is a learned weight matrix and c is the bias created for

the corresponding layer [149]. This projection can then be added element-wise to each feature

map in the layer, effectively conditioning the layers of the U-net on time t [143].

Each residual block contains operations for group normalization (which normalizes

across channels for each sample), non-linear activations, and the injection of the time embed-

ding. The model architecture follows the U-net [2] structure given in Figure 1.2, with the image

dimensions and number of layers differing depending on the input image data. Self-attention

layers are incorporated at lower spatial resolutions (closer to the bottleneck of the U-net) to

highlight important global features to accurately reconstruct long-range dependencies [150].

The output of this network is a predicted noise with the same dimensions as the input, with

the final convolutional layer abstracting this outcome from the feature maps.

Algorithm 1 Model training for DDPMs, as proposed in [143].

1: repeat

2: Sample y0 ∼ q(y0)

3: Sample t ∼ Unif({0, . . . , T})

4: Sample ζ ∼ MN (0, I)

5: Compute gradient, ∇θ||ζ − ζθ(
√
āty0 +

√
1 − ātζ, t)||2

6: until convergence

After learning the predicted noise network ζθ(yt, t), images matching the learned

distribution are generated by initializing yT from a standard multivariate normal distribution

and iteratively applying the learned reverse transitions, referred to as sampling (see Algorithm
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2) [143]. For each timestep t, a sample from pθ(yt−1 | yt) is obtained using the predicted mean

and variance, gradually transforming noise into a structured sample y0 that approximates

pulling from the learned data distribution.

Algorithm 2 Data generation in DDPM by sampling, as proposed in [143].

1: Initialize some discrete t = T

2: Sample yT ∼ MN (0, I)

3: for t = T to 1 do

4: if t > 1 then

5: Sample z ∼ MN (0, I)

6: else

7: z = 0

8: end if

9: yt−1 = 1√
at

(
yt − 1−at√

1−āt
ζθ(y, t)

)
+ σtz

10: end for

11: return y0

The most popular training and generation implementation of DDPM is exactly de-

scribed in the Keras package example [149], which will serve as the basis for the implemented

DDPM models described in this chapter. A list of implemented functions and a brief description

of their purpose is provided in Appendix B.1.
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4.3 Score-based generative modeling using stochastic differen-

tial equations

Score-based generative models using SDEs provide a continuous-time formulation of

diffusion-based generative modeling, in which data are transformed into noise through a forward

SDE and recovered by solving a learned reverse-time SDE [144]. This framework generalizes

DDPMs by replacing the discrete-time diffusion process with a continuous-time stochastic pro-

cess, offering a more flexible theoretical perspective.

4.3.1 Forward SDE

Let y(t) ∈ Rk denote a continuous-time stochastic process indexed by time t ∈ [0, T ],

where k is the dimensionality of the data, and the upper bound of the time indexing is often

T = 1. The forward process is defined by an Itô stochastic differential equation [151, 144]:

dy = f(y, t)dt + g(t)dw, (4.13)

where f(., t) is the drift coefficient of y(t), g(.) is the scalar diffusion coefficient of y(t), and

w is the standard Wiener process. The original formulation of the score-based SDE models

proposes complimentary SDEs, specifically the variance-preserving (VP) SDE [144]

dy = −1

2
Υ(t)ydt +

√
Υ(t)dw, (4.14)

and the sub-VP SDE:

dy = −1

2
Υ(t)ydt +

√
Υ(t)(1 − e−2

∫ t
0 Υ(s)ds)dw, (4.15)

where Υ(t) is a continuous noise schedule that controls the rate at which noise is injected into

the system. The forward SDE (4.15) performs particularly well on likelihoods, but the original
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formulation for training utilizes the variance exploding (VE) SDE [144]:

dy =

√(
d [B2(t)]

dt

)
dw, (4.16)

where B is a function of t, like B(t) = bt where b is a constant as implemented in the original

code base [144]. Under these forward SDEs, the marginal distributions of y(t) evolve smoothly

from the data distribution at t = 0 towards tractable prior distributions as t → T ,

p0t(y(t) | y(0)) =



MN
(
y(t);y(0)e−

1
2

∫ t
0 Υ(s)ds, [1 − e−

∫ t
0 Υ(s)ds]2I

)
for sub-VP SDE,

MN
(
y(t);y(0)e−

1
2

∫ t
0 Υ(s)ds, [I− Ie−

∫ t
0 Υ(s)ds]2

)
for VP SDE,

MN
(
y(t);y(0),

[
B2(t) −B2(0)

]
I
)

for VE SDE.

(4.17)

The transition densities p0t(y(t) | y(0)) have closed-form expressions, which is essential for

efficient training.

4.3.2 Reverse SDE

A key theoretical result underlying the score-based SDE model is that the forward

SDE admits a reverse-time SDE describing the dynamics of the process backward in time, as

the reverse of a diffusion process is still a diffusion process [146]. The reverse SDE is given by:

dy = [f(y, t) − g(t)2∇y log pt(y)]dt + g(t)dw̄, (4.18)

where w̄ is a standard Wiener process flowing backwards from T to 0, and ∇y log pt(y) is the

score function of the marginal distribution at time t. For the VE SDE, the reverse process is

expressed as [144, 146]

dy = −
d
[
B2(t)

]
dt

∇y log (pt(y)) dt +

√(
d [B2(t)]

dt

)
dw̄. (4.19)

Because the true score function is unknown, it is approximated using a neural network, typically

a U-net, sθ(y(t), t), which is trained to estimate the gradient of the log-density at each time t.
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The score function points in the direction of steepest ascent in the log-probability space and

characterizes the direction of the data distribution at each noise level [152].

4.3.3 Training and data generation for continuous-time denoising formula-

tion

The continuous score network sθ(y(t), t) is trained using denoising score matching

[148, 152, 153]. The training procedure is summarized by Algorithm 3. For a fixed time t, the

objective minimizes the expected squared error between the network’s score prediction and the

true score over random times t, initial data y0, and noisy image yt [144]:

θ∗ = arg min
θ

Et

{
λ(t)Ey(0)Ey(t)|y(0)

[
||sθ(y(t), t) −∇y(t) log p0t(y(t) | y(0))||22

]}
(4.20)

where λ(.) is a positive weighting function, and y(0) ∼ p0(y) and y(t) ∼ p0t(y(t) | y(0)). For

training, timestep t is sampled uniformly over the interval [0, T ], and the noisy image yt is

generated by adding noise corresponding to timestep t to an input image y0.

The setup for the continuous score network sθ(y(t), t) is almost identical to the discrete

score network ϵθ(yt, t). The inputs for sθ(y(t), t) are some noisy image y(t) and continuous

time t, which corresponds to the noise level of the image [151]. Instead of using sinusoidal

time embedding [147], the score-based generative model uses Gaussian random features [154]

to encode each timestep t:

ϕ(t) = [cos(2πΩt); sin(2πΩt)] , (4.21)

where random sample Ω ∼ MN (0, ι2I) is explicitly defined for each model, and ι is a set scale

parameter (e.g., ι = 30 in corresponding code repository). This encoding is then injected into

the U-net feature maps using the same process as DDPM [151, 143, 147]. The output of the

U-net is the score

s(y(t), t) = ∇y log pt(y), (4.22)
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with the score being abstracted in the final convolutional layer of the U-net.

Algorithm 3 Model training in score-based SDE models, as proposed in [144].

1: repeat

2: Sample y(0) ∼ q(y(0))

3: Sample t ∼ Unif(0, T )

4: Sample z ∼ MN (0, I)

5: Compute y(t) ∼ p0t(y(t) | y(0))

6: Compute gradient, ∇θ||sθ(y(t), t) −∇y(t) log p0t(y(t),y(0))||

7: until convergence

To generate new samples, as outlined in Algorithm 4, the reverse-time SDE is ini-

tialized at y(T ) ∼ MN (0, I) and is numerically integrated backward in time to t = 0. This

integration is often performed using numerical methods such as the Euler–Maruyama method

[155]. The resulting value y(0) corresponds to a sample from the learned data distribution.

An alternative deterministic numerical method proposed by the original score-based

SDE model [144] is obtained from the reverse SDE once scores are known, yielding an ordinary

differential equation (ODE) that shares the same marginal distributions as the reverse-time

SDE:

dy =

[
f(y, t) − 1

2
g(t)2∇y log pt(y)

]
dt. (4.23)

This deterministic formulation enables exact likelihood computation via the instantaneous

change of variables formula, facilitates latent space manipulation, and provides a determin-

istic mapping between noise and data [144].

The authors of the original manuscript provides a recommended model walkthrough

and implementation using VE SDE [144], which will serve as the basis for training and imple-

menting the score-based SDE model in this chapter.
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Algorithm 4 Data generation in score-based SDE models, as proposed in [144].

1: Initialize continuous t = T

2: Sample yT ∼ MN (0, I)

3: Choose timestep ∆t

4: while t > 0 do

5: Compute y(t − ∆t) using ODE solver (4.23), y(t − ∆t) = y(t) +[
f(y, t) − 1

2g(t)2∇y log pt(y)
]

∆t

6: Update t = t− ∆t

7: end while

8: return y(0)

4.4 Simulations from known distributions

To evaluate the performance of diffusion models on low-dimensional data, we consider

simulated data sampled from a 2D Gaussian mixture model (GMM) with two well-separated

modes. The target distribution is defined as

p(y0) = 0.5MN (y0 | (−0.7, 0.7)T , 0.1Ik) + 0.5MN (y0 | (0.7,−0.7)T , 0.1Ik). (4.24)

The modes are positioned at diagonally opposite locations with equal covariance, creating a

bimodal distribution with a clear separation that tests the model’s ability to capture complex

data structure.

For modeling the score functions ζθ(yt, t) and sθ(y(t), t), we employ a multi-layer per-

ceptron (MLP) [145] rather than the U-Net architecture commonly used for image generation.

The 2D GMM produces coordinate pairs with no inherent spatial structure or local correlations.

In contrast, U-Nets are specifically designed to exploit spatial structures through convolutional

operations that aggregate information from nearby pixels [2]. The MLP architecture provides a
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Table 4.1: Model specifications, like number of epochs, training data image count, and MLP
shape, for DDPM and score-based SDE model in generating 2D GMM data.

DDPM SDE

Training Data Input Shape (1000, 2) (1000, 2)

MLP Shape [128, 128, 128] [128, 128, 128]

Number of Epochs 1000 1000

Batch Size 64 64

more appropriate architecture for this task, as it has no spatial assumptions [145]. For a single

layer of an MLP, the output is defined as:

l = g(WTy + c), (4.25)

where g is an activation function (typically ReLU), W is the weight matrix, y is the input

vector, and c are the biases [156]. MLPs with k layers apply this function recursively:

l1 = g(WT
1 y + c1)

l2 = g(WT
2 l1 + c2)

...

lk = g(WT
k lk−1 + ck),

where the final layer output is in R2.

Both the DDPM and score-based SDE model are trained on 1,000 samples from the

GMM distribution in Equation 4.24. The MLPs for both models share an identical architecture

consisting of 3 hidden layers with 128 neurons each. The input is the concatenation of the 2D

sample coordinates yt and the time embedding t, and the output is 2D score estimates. All

major model architectures features and hyperparameters are kept constant across both models,

including MLP shape, batch size, and number of epochs. All specifications are documented in

Table 4.1.
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Figure 4.1: (A) Samples from the true GMM distribution (left), generated samples (middle),
and overlay comparison (right) for the trained DDPM model. (B) Samples from the true GMM
distribution, generated samples, and overlay comparison for the trained score-based SDE model.

After training, we generate 1,000 samples from each model and compare them to sam-

ples drawn from the true GMM distribution. Figure 4.1 presents a comparison of the generated

distributions. Both models successfully reproduce the bimodal structure of the true distribu-

tion, demonstrating their ability to learn and sample from a multi-modal density. The DDPM

exhibits sharper mode separation, more accurately capturing the region of low probability be-

tween the two modes, while the score-based SDE model produces some samples within that

region. However, both achieve high-quality generation on this benchmark task.
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4.5 Generating and denoising cell images from experimental

data

To test the models’ performance in real-world settings, we evaluate the performance

of diffusion models on generating and denoising cell microscopy data. The training dataset

consists of 1,500 images of size 256 × 256 pixels, randomly cropped from a time-lapse hDF

cell microscopy video sequence [1]. This dataset contains images with features that can be

challenging for biological imaging analysis tasks, such as subtle intensity variations and noise.

We pursue two complementary objectives with this dataset. We first assess the models’

ability to learn and generate realistic cell images, with direct applications in cell image data

augmentation. Second, we evaluate the models’ denoising capabilities by testing their ability to

reconstruct clean images from corrupted test samples. We add controlled amounts of noise to

test images and assess whether the trained diffusion models can accurately recover the original

images. This task is particularly relevant for microscopy applications, where various noise

sources, like environmental interference and image bleaching, often degrade images. The ability

to denoise microscopy images while preserving cellular structures could enhance downstream

analysis pipelines for cell tracking, morphology quantification, and automated phenotyping.

For the DDPM implementation, we adapt the U-Net architecture from the reference

Keras implementation [149], which follows the original DDPM structure from [143]. Similarly,

the score-based SDE model employs U-Net adapted from the official code base for [144]. Due

to computational and runtime constraints, the batch size from Table 4.1 is reduced from 64

to 16 for both models when training on cell image data. For DDPM, the number of epochs

is reduced to 70, and the number of epochs for the score-based SDE model is reduced to 200.

Furthermore, due to extreme computation time requirements, the U-net shape of DDPM is set
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Table 4.2: Model specifications, like number of epochs, training data image count, and layers
in U-net, for DDPM and score-based generative model using SDE in generating and denoising
cell image data.

DDPM SDE

Training Data Image
Count

1500 1500

Test Data Image Count 500 500

Image Shape (256, 256, 1) (256, 256, 1)

U-Net Shape [64, 132, 256] [32, 64, 128, 256]

Number of Epochs 70 200

Batch Size 16 16

Noise Scheduling [Υstart,Υend] = [0.0001, 0.02] B(t) = bt, t ∈ [0, 1], with b = 25

to [64, 132, 256]. The score function for the image data is learned with U-net. All specifications

are documented in Table 4.2.

All cropped images undergo pre-processing before training. First, a 3×3 median filter

is applied for noise reduction and smoothing. Second, pixel intensities are normalized using

min-max scaling:

y′ =
y − min (y)

max (y) − min (y)
, (4.26)

which increases contrast between the background and cell regions. For model training, pixel

values are linearly transformed to the range [-1, 1] to match the typical output range of the

network’s final activation.

4.5.1 Generating new cell images

Figure 4.2 presents a comparison of simulated cell images generated by the DDPM

and score-based SDE approaches, alongside representative training samples. Both models suc-

cessfully learned to generate images similar to the training images, and the generated images
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Figure 4.2: (A) Sample images from training data. (B) Cell image generated by trained DDPM.
(C) Cell image generated by trained score-based SDE model.

have elliptical shapes for cells, realistic size variation, and reasonable cell density. However, the

qualitative features of each generated image reveal distinct characteristics of each approach.

The DDPM-generated images, shown in Figure 4.2 (B), exhibited smooth cell boundaries with

consistent intensity values across cells. However, this smoothness and consistency also result in

a minor loss of fine textural details when compared to the representative training images. The

cells appear to have natural variation in size, shape, and luminescence, and the orientations and

density appear to match well with the training images. In contrast, the SDE-generated images,

shown in Figure 4.2 (C), produced sharper cellular structures with higher intensity variation

between cells. However, this increased sharpness occasionally resulted in slightly more irregular

cell boundaries compared to the DDPM-generated images.

This difference in generative output is likely due to the discrete nature of the DDPM

noise variance schedule. Typically, this noise variance schedule will produce more conservative,

averaged outputs [143]. The model averages over uncertainty at each timestep, which helps

eliminate rapid pixel-to-pixel intensity fluctuations. Alternatively, the continuous formulation in

score-based SDE model pursues sharper gradient estimates [144], which may overshoot towards
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finer details that can look unnatural in cell structures. The continuous score function that the

loss function is based on is much more sensitive to local intensity gradients [151]. The model

may not have encountered sufficient structural diversity within the comparatively small training

set to constrain high pixel intensities within generated cell boundaries [157, 158], thus leading

to the observed irregularities in generated cell shapes.

4.5.2 Denoising cell images

To further validate the learned score functions, both models are also evaluated on

image denoising performance. Test images are corrupted with independent Gaussian noise,

ỹ = y′ + ϵ, where ϵ ∼ MN (0, σ2
0I), with σ2

0 ∈ {0.12, 0.32, 0.52}. These noise levels repre-

sent a progression from mild to intermediate image degradation, as would be observed in real

microscopy conditions from fluctuations in environmental conditions and equipment calibration.

Figure 4.3 illustrates the denoising performance of the DDPM algorithm across the

three noise levels. The left column shows the original clean cell image from the test set, the

middle column displays noisy observations generated by adding Gaussian noise with variances

σ2
0 ∈ [0.12, 0.32, 0.52], and the right column presents the corresponding denoised DDPM predic-

tions.

For denoising, we initialize the reverse diffusion process from the noisy observation at

an appropriate intermediate timestep t that roughly corresponds to the noise level σ2
0. This

allows the model to leverage the partial information present in the corrupted image. The choice

of denoising timestep was determined empirically through visual inspection for each noise level

for DDPM: t = 25 for σ2
0 = 0.12, t = 75 for σ2

0 = 0.32, and t = 100 for σ2
0 = 0.52. This timestep

selection represents a careful balance, as using too few steps results in incomplete noise removal,

while using excessive steps can over-smooth fine details (see Figure B.1 in the Appendix for
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Figure 4.3: Original (left), noisy (middle), and denoised via DDPM (right) cell images across
Gaussian noise levels σ2

0 ∈ [0.12, 0.32, 0.52].

sensitivity analysis).

Figure 4.4 illustrates the denoising performance of the score-based SDE model across

the same noise levels. Similar to the DDPM approach, we initialize the reverse SDE from the

noisy observation at an appropriate time t in the continuous diffusion process. The denoising

timestep t = 0.3 was determined empirically through visual inspection to provide optimal

performance across all noise levels tested. Using higher time values, corresponding to starting

from noisier states, resulted in incomplete reconstructions with missing or faded cells (see Figure

B.2 in the Appendix for sensitivity analysis).
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Figure 4.4: Original (left), noisy (middle), and denoised via score-based SDE model (right) cell
images across Gaussian noise levels σ2

0 ∈ [0.12, 0.32, 0.52].

Both methods also yield strong results for denoising completely corrupted images,

although exact one-to-one image reconstruction is difficult to achieve. Figure 4.5 presents the

denoising results for both methods when the original image is corrupted with high-variance noise

(σ0 = 2), which is then clipped to be in the valid value range between [0, 1]. Cellular objects in

these noisy images, given in Figures 4.5 (A) and (B), are almost completely obscured. Although

noise of this level is unlikely to be observed in real experiments, it serves as a useful stress test

to assess how well the generative models have learned the underlying image structures. Figures

4.5 (C) and (D) display the predicted images for DDPM and the score-based SDE model,
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respectively, with empirically selected timesteps t. The DDPM result is similar to the original

image in object shape and pixel intensity. However, the edges of the cell objects are not as

well-defined, appearing somewhat “blurry” visually, and the background is a lighter intensity.

The result for the score-based SDE model yields cell objects with somewhat similar object

structures to the original image and defined edges. However, some cells are predicted to be

much smaller than in the original image. Both methods missed the lighter cell in the top right

corner of the original image. Although the results are not exact numerical representations of

the original images, they are qualitatively good representations for understanding the original

visualizations. Furthermore, both techniques outperform the GP-based smoothing method,

as the GP method is unable to fully reconstruct the cell objects, given in Figure 4.5 (E).

Although GP is able to detect the approximate locations of the cells, as the smoothed objects

correspond to the original cell locations, the cell shape is almost completely lost. Furthermore,

the amount of background noise is still extremely high in the smoothed image. The difference

in performance between the generative models and fast GP demonstrates the inherent nature

of each algorithm type. The generative algorithms are able to effectively “hallucinate” [159]

plausible cell-like structures based on the learned distribution, as the noise corruption is so

extreme that denoising relies on the generative abilities of these models. Alternatively, fast GP

is largely an image smoothing mechanism [11], so any obscured cell structure signal cannot be

recovered.

To quantitatively evaluate the models’ denoising performance, we compute the RM-

SEs and structural similarity index measures (SSIM) for 500 test images corrupted with noise

variance σ2
0 = 0.32. This intermediate noise level is representative of realistic microscopy con-

ditions and provides sufficient degradation to meaningfully test reconstruction quality. We

measure pixel-wise reconstruction error using RMSE and perceived quality using the SSIM
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Figure 4.5: (A) Original image. (B) Gaussian noise with σ0 = 2 is added to the original image
and clipped to valid pixel value [0, 1]. (C) DDPM prediction for the noisy image. (D) score-
based SDE model prediction for the noisy image. (E) GP prediction for the noisy image.

[160], and the results are given in Figure 4.6.

The SSIM between two images y′ and ỹ is defined as [160]:

SSIM(y′, ỹ) =
(2
(
ȳ′ × ¯̃y

)
+ C1)(2 × Cov(y′, ỹ) + C2)

(ȳ′2 + (¯̃y)2 + C1)(Var(y′) + Var(ỹ) + C2)
, (4.27)

where ȳ′, ¯̃y are the average pixel luminescence of images y′ and ỹ, respectively, Var(y′), Var(ỹ)

are the pixel variances, and Cov(y′, ỹ) is the covariance of the pixel intensities between the two

images. Constants C1 and C2 are added to prevent numerical instability when factors in the

denominator approach zero. SSIM measures the quality of a modified image by comparing it

with a clean reference image. SSIM values range from 0 to 1, with SSIM = 1 denoting perfect

structural similarity to the original image, and SSIM = 0 indicating no similarity. This measure
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Figure 4.6: Boxplots for the (A) RMSE and (B) SSIM for using DDPM (orange), score-based
SDE model (green), and fast GP (blue) to denoise 500 noisy test images with Gaussian noise
variance σ2

0 = 0.32 compared to the original image.

aligns more closely with human perception of image quality than RMSE because it incorporates

features like luminescence, contrast, and structure rather than only pixel-wise reconstruction.

All predicted pixel estimates are clipped to be within range [0, 1] before computing evaluation

metrics, as any values outside the valid intensity range may inflate error measurements.

Figure 4.6 presents box plots showing the distribution of RMSE and SSIM values for

all 500 test images. The mean RMSEs for the denoised test images are approximately 0.064

(σDDPM, RMSE = 0.014) for DDPM predictions and approximately 0.11 (σSDE, RMSE = 0.013)

for the score-based SDE model predictions. Denoising using fast GPs, as described in Chapter

2, is also included in the comparison and achieves an average RMSE of 0.086 (σFast GP, RMSE =

0.017). The lower RMSE achieved by the DDPM indicates more accurate pixel-wise reconstruc-

tion. However, all three models perform similarly overall. The mean SSIMs for the denoised test

images are approximately 0.822 (σDDPM, SSIM = 0.075) for DDPM predictions, approximately

0.864 (σSDE, SSIM = 0.038) for the score-based SDE model predictions, and approximately 0.857

(σFast GP, SSIM = 0.070) for the Fast GP prediction.
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The SSIM values indicate that all models generally preserve the structural content

of the images during denoising. In particular, the GP model being well-suited for reducing

noise, as it essentially provides a low-pass smoothing filter [161, 11], so denoising via GP results

in an extremely high SSIM for many images. However, the variance of SSIM results is the

largest, indicating that it may not result in a smoothed result in edge cases. In particular, some

smoothed images have a middling to poor SSIM after denoising with GP, and the majority

of these images had extremely weak contrast between the background and cell pixels. The

object signal is lost even at this weaker noise level, and GP is unable to properly predict the

object under these conditions. Alternatively, despite generative models sometimes hallucinating

during the denoising process [159], which can cause small shifts in cell boundaries or differences

in structure, the two generative models consistently achieved smoothed images extremely similar

to the original input. The ability to “hallucinate” or complete predictions allows score-based

models to effectively handle edge cases, as they are able to re-generate cell object boundaries

when signal is poor like in the case of extreme noise.

Despite achieving lower RMSE, the DDPM exhibits a higher range and variance in

SSIM compared to the score-based SDE model, as seen by the longer box plot depicted in

Figure 4.6 (B). This wider SSIM distribution suggests increased variability in structure recon-

struction. This behavior is consistent with the sensitivity of the DDPM reverse diffusion process

to training duration [162], as this model was trained with fewer epochs due to computational

time constraints (see Table 4.2). While pixel-wise intensity statistics tend to appear reason-

able after limited training, accurate recovery of specific spatial structures may require longer

training [162]. Furthermore, DDPM samples a different reverse noise trajectory for each image

[143]. The stochastic reverse process, combined with the shorter training, may cause the spatial

configuration of cells to differ even when average pixel intensities are consistent.
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Overall, these metrics indicate that all three models are both able to accurately re-

construct noisy images and retrieve structurally similar outputs on average. All models demon-

strate strong denoising capabilities suitable for practical microscopy applications. When data

for a specific cell line or experimental condition is limited, DDPM demonstrates particularly

strong generative abilities with a relatively short training schedule. Furthermore, the genera-

tive models outperform GP for smoothing and reconstructing images when the original image

is corrupted with extreme noise or when the contrast between the cell and background pixels is

weak. The generative models both have strong denoising capabilities with reasonable amounts

of noise, yielding low RMSEs and high SSIMs on average when denoising images with moderate

noise degradation.
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Chapter 5

Conclusion and future work

In Chapter 2, we have presented a scalable cell image segmentation method for both

the cell nucleus and cytoplasm. By leveraging fast Gaussian processes, data-driven thresholding,

and the watershed operations, we show that the process is not only more automated, but the

results are more precise than other unsupervised segmentation methods, particularly ImageJ. A

key strength of the proposed segmentation algorithm is that it does not rely on parameter tuning

or labeled training datasets. The results of our unsupervised method demonstrate versatility

across different cell channels, making it an appealing option for more general segmentation

tasks beyond cell segmentation.

In Chapter 3, the R package FastSegmentation for implementing the unsupervised seg-

mentation by fast GP workflow, as covered in Chapter 2, is introduced. This chapter provides

a summary of the package structure, functions, and relevant examples. By compiling the seg-

mentation pipeline into a single R function with the only user-defined parameter being the file

path, the unsupervised segmentation method is easily accessible to researchers across multiple

domains and regardless of programming background. Furthermore, this package can be used

to denoise cell images via fast GP, and the gradients of the predictive mean yield informa-
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tion on fluctuations in pixel intensity across an image, which can be informative for detecting

approximate object edge locations.

In Chapter 4, DDPM and score-based generative models are reviewed, and the math-

ematical and algorithmic framework is detailed. The models have first been validated by an-

alyzing the generated data after training each with sampled data from a known GMM. Then,

each model was trained with real-world cell microscopy images, and each was able to success-

fully generate realistic images and denoise corrupted test images. Both generative models were

compared against GP for denoising tasks. Although all three models were on average able to

accurately denoise images with weak to moderate noise conditions, the generative models were

able to recover weak signal in edge cases where contrast between the cell object and back-

ground was low, whereas GP struggled. Furthermore, the generative models exhibited a strong

performance in denoising completely corrupted images, as these models are able to generate

boundaries to complete the image. Alternatively, GP was completely unable to recover the

original input when corrupted with high noise.

5.1 Future work and extensions

5.1.1 Database of cell characteristics across experimental conditions

The ultimate goal of any cell image segmentation algorithm is to collect information on

density, angle, and morphology for downstream analysis to better understand biological mecha-

nisms [163, 164, 165]. We have prepared an initial database across 30 microscopy videos and 54

individual image frames and calculated cell densities, cell counts, and cell-cell order parameters

describing how well neighboring cells align with each other. The cell angles are calculated from
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the segmented cell boundaries, and the cell-cell order parameter Sco is determined by:

Sco =
1

nc

nc∑
w=1

2 ∗ cos

(
θw

180 − π

)2

− 1, (5.1)

where nc is the number of cells in an image, and θw is the angle of cell w. The experiments rep-

resent a wide range of cell types, substrate types, seeding densities, and experimental durations,

and all images and videos were preliminarily segmented using ImageJ.

Exploratory analysis provides initial evidence of an association between cell align-

ment and experimental conditions. A health index parameter was calculated to describe cell

proliferation rate:

Health Index =
ρts
ρ0

/ts, (5.2)

where ts is the number of days since seeding, ρ0 is the seeding density, and ρts is the cell density

calculated for the frame corresponding to time ts. To assess whether the health index can

predict cell alignment, leave-one-out cross-validation was performed using RobustGaSP [53].

For the video data, final frame cell alignment was regressed against health index and other

explanatory variables, and the exploratory RobustGaSP models typically achieved lower mean

absolute errors (MAE) than the benchmark models. The same procedure was performed for the

snapshot data separately with similar results. To further verify the association between health

index and cell alignment, out-of-sample tests were performed for each model using a uniform

sequence spanning the range of health index values in the original dataset as input. In the best

performing models, the GP predictions exhibited a largely positive, albeit non-linear, trend

between the input health indices and the predicted outputs, consistent with the hypothesis

that a higher health index is associated with higher alignment.
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5.1.2 Cell object tracking of GP-based segmentation results with the linear

assignment problem

Modern microscopes provide time-lapse videos for tracking changes in cellular behavior

over time, typically presented as a sequence of images corresponding to specified time points

during the image acquisition process. A future goal is to integrate our segmentation methods

with particle tracking and linking algorithms that solve a linear assignment problem [86], similar

to that of TrackMate [9]. Due to the unsupervised nature of this algorithm, segmentation can

be run in batch for a time-lapse cell video sequence, with unique parameter estimation for

smoothing and thresholding on each frame.

The cell mask outputs allow us to determine the exact coordinates of each cell, so

information like cell location, proximity of surrounding cells, or division can be detected to

construct the LAP objective function Â. For example, the cell centroid can be determined

by taking the median x− and y−coordinates of the cell mask, and the distance between two

cells on consecutive frames can be the Euclidean distance between the centroids. Beyond simple

centroid calculation, having complete access to all coordinates within a cell mask allows for more

in-depth cell morphology calculations. Whereas the LoG detector, or many other traditional

unsupervised methods, typically use the spot radius to calculate area, the area of each cell

mask in the proposed unsupervised segmentation method can instead be the number of pixels.

Furthermore, the intensity profile within each cell can be easily quantified by calculating the

mean or median pixel intensity value within each region of interest. The standard deviation of

pixel intensity provides information on whether a cell has a consistent phenotype or if there are

variations in the cell surface.
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5.1.3 GP-based segmentation for nucleation images

As the cell segmentation approach in Chapter 2 does not restrict the shape of the

object, the proposed approach can be extended for image segmentation with objects under-

going dynamical changes, including microscopy images for the nucleation and growth process

in crystallization [166] and protein dynamics [167]. Image objects in these settings exhibit ir-

regular morphologies that typically vary significantly with time [168], so object detection and

segmentation can be significantly more challenging. Traditional segmentation techniques that

rely on assumptions about object geometry, such as ImageJ [6] assuming cell objects are gen-

erally elliptical, therefore may be unable to adequately collect boundary information, but the

flexibility of the proposed GP-based segmentation technique allows it to naturally adapt to new

object types and environments.

In crystallization, nucleation is the process in which small, compact atom clusters grow

and evolve into larger, irregularly shaped crystal structures [169]. Detecting and segmenting

objects at each phase of growth can yield insights on nucleation kinetics and growth rate.

The data-driven thresholding step is particularly well-suited for this task, as the intensity

distributions of nucleation clusters could differ substantially across time [166], and the GP

smoothing function can be applied independently to each frame to perform noise reduction.

Finally, the nuclei of the crystal objects are relatively similar in shape to cell nuclei, so the

algorithm should be easily adapted for this type of object.

For protein dynamics, objects of interest may undergo continuous structural reorga-

nization across time [170], so shape complexity can be similarly difficult for traditional seg-

mentation techniques. The pixel-level object mask outputs of the proposed GP-based method

allow for detailed morphological quantification, including measurements about object area and

pixel intensity profiles. These details can supplement a diverse set of downstream analyses for
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characterizing the relationship between protein morphology and dynamic behavior.

5.1.4 Time-conditional generative models for sequential cell microscopy im-

ages

The diffusion models trained in Chapter 4 treat each cell image independently and

temporal information from the time-lapse microscopy video sequence is not incorporated. A

natural extension of this analysis is to condition the generative model on the frame number or

preceding frames, enabling the generation of future frames in an image sequence. This model

could be used to predict how a cell population behaves and evolves between time points, which

could be useful for when frame acquisition is sparse or when frames are corrupted or missing.

Furthermore, this type of model could be used to reduce the time required for cell experiments,

allowing for shorter imaging times in favor of generating future frames after training.

One approach is to directly incorporate frame conditioning into the noise network ζθ

either by concatenating the frame index or projecting a temporal embedding at each diffusion

step, similar to how class labels are incorporated in conditional DDPMs [171, 172]. Alterna-

tively, generation of the next frame could be directly conditioned on the current frame, as the

model will learn to condition on the present state of the cell dynamics. This process would

closely follow that of the video diffusion model framework [173], as this model framework op-

erates over sequences of frames rather than individual images. Conditioning future generation

on the current frame would help generate more consistent cell coordinates and counts, as both

of these metrics vary greatly for each object across time.
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5.1.5 Flow matching models for cell microscopy image generation

Both diffusion models introduced in Chapter 4 simulate a multi-step Markov chain,

which can be computationally expensive when training on or generating large batches of images

or high-resolution images. Flow matching [174] has been introduced as an alternative data

generation method that instead learns a time-dependent target vector field that transports

samples from a source distribution to a learned data distribution via a single continuous ODE.

Flow matching has been shown to outperform other diffusion methods.

A natural expansion of the generative modeling analysis is to train a flow matching

model on the same cell microscopy image dataset for a direct comparison of sample generational

quality and denoising efficiency. Flow matching models can also be trained on conditional data,

where inputs are conditioned, or coupled, with another source of information [175, 176, 177].

Therefore, flow matching methods directly connect to the previous extension for generating

time-conditional images, and an image could be attached to the image at the previous time

point during training. Furthermore, image data could also be connected to the detected cell

mask matrix, such as the output by the GP-based segmentation method in Chapter 2, which

could encourage cell objects to be generated within known boundaries.
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Appendix A

Appendix of chapter 2

A.1 Proof for Lemma 1

Proof. We first prove part 1 of the Lemma 1. The eigendecompositions is given as Rl =

UlΛlU
T
l , where Ul ∈ Rnl×nl for l = 1, 2. Then, the Kronecker product R̃ = R2 ⊗R1 + ηIN

can be written as,

R̃ =U2Λ2U
T
2 ⊗U1Λ1U

T
1 + ηIN

=[(U2Λ2) ⊗ (U1Λ1)](U
T
2 ⊗UT

1 ) + ηIN

=(U2 ⊗U1)(Λ2 ⊗Λ1)(U
T
2 ⊗UT

1 ) + ηIN

=QΛ̃QT ,

where Q = U2 ⊗U1 is an orthogonal matrix, and Λ̃ = (Λ2 ⊗Λ1 + ηIN ) is a diagonal matrix.

Thus,

| R̃ |=
n1∏
i=1

n2∏
j=1

(λi,1λj,2 + η). (A.1)

Denote 1N = 1n2 ⊗ 1n1 . Then,

µ̂ =
1TNR̃−1yv

1TNR̃−11N
. (A.2)
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The numerator of Equation (A.2) can be written as

1TNR̃−1yv

=1TN (QΛ̃QT )−1yv

=1TN (U2 ⊗U1)Λ̃
−1(U2 ⊗U1)

TVec(Y)

=[(1Tn2
U2) ⊗ (1Tn1

U1)]Λ̃
−1(UT

2 ⊗UT
1 )Vec(Y)

=(ũT
2 ⊗ ũT

1 )Λ̃−1Vec(UT
1 YU2)

=

n2∑
j=1

n1∑
i=1

ũi,1Ỹi,j,0ũj,2
λi,1λj,2 + η

.

where Ỹi,j,0 is the (i, j)-th entry of the n1 × n2 matrix UT
1 YU2, ũi,1 is the i-th term of ũ1 =

UT
1 1n1 , and ũj,2 is the j-th term of ũ2 = UT

2 1n2 , for l = 1, 2, i = 1, ..., n1 and j = 1, ..., n2.

Similarly, the denominator of Equation (A.2) can be written as

1TNR̃−11N

=1TN (U2 ⊗U1)Λ̃
−1(UT

2 ⊗UT
1 )1N

=[(1Tn2
U2) ⊗ (1Tn1

U1)]Λ̃
−1[(UT

2 1n2) ⊗ (UT
1 1n1)]

=(ũT
2 ⊗ ũT

1 )Λ̃−1(ũ2 ⊗ ũ1)

=

n2∑
j=1

n1∑
i=1

ũ2i,1ũ
2
j,2

λi,1λj,2 + η
.
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The term S2 in the log likelihood function in Equation (2.3) equals:

S2 =(yv − µ̂1N )T R̃−1(yv − µ̂1N )

=(yv − µ̂1N )TQΛ̃−1QT (yv − µ̂1N )

=[QT (yv − µ̂1N )]T Λ̃−1QT (yv − µ̂1N )

=[(UT
2 ⊗UT

1 )Vec(Y − µ̂1n1×n2)]T

Λ̃−1 × (UT
2 ⊗UT

1 )Vec(Y − µ̂1n1×n2)

=[Vec(UT
1 (Y − µ̂1n1×n2)U2)]

T (A.3)

Λ̃−1Vec(UT
1 (Y − µ̂1n1×n2)U2)

=ỹT
v Λ̃

−1ỹv

=

n1∑
i=1

n2∑
j=1

Ỹ 2
i,j

λi,1λj,2 + η
, (A.4)

where ỹv = Vec(UT
1 (Y− µ̂1n1×n2)U2). By Equations (2.3), (A.1) and (A.4), we have Equation

(2.8).

For part 2 of the lemma, we first calculate the predictive mean vector below:

f∗v =µ̂1N + RR̃−1(yv − µ̂1N )

=µ̂1N + (U2 ⊗U1)(Λ2 ⊗Λ1)(U
T
2 ⊗UT

1 )×

(U2 ⊗U1)Λ̃
−1(UT

2 ⊗UT
1 )(yv − µ̂1N )

=µ̂1N + (U2 ⊗U1)[(Λ2 ⊗Λ1)Λ̃
−1]×

Vec(UT
1 (Y − µ̂1n1×n2)U2)

=µ̂1N + (U2 ⊗U1)[(Λ2 ⊗Λ1)Λ̃
−1]ỹv

=µ̂1N + (U2 ⊗U1)Vec
(
Λ1Ỹ0Λ2

)
=µ̂1N + Vec

(
U1Λ1Ỹ0Λ2U

T
2

)
,

where Vec(Ỹ0) = Λ̃−1ỹv.
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To compute the predictive variance, the term RR̃−1R equals:

RR̃−1R =(R2 ⊗R1)(U2 ⊗U1)Λ̃
−1(UT

2 ⊗UT
1 )×

(R2 ⊗R1)

=(R2U2 ⊗R1U1)Λ̃
−1(UT

2 R2 ⊗UT
1 R1)

The t = i + (j − 1)n1 diagonal term of σ̂2(R − R2 ⊗ R1) is the predictive variance at pixel

location (i, j), which follows

σ̂2c∗i,j =σ̂2 − σ̂2(rTj,2U2 ⊗ rTi,1U1)×

Λ̃−1(UT
2 rj,2 ⊗UT

1 ri,1)

=σ̂2

1 −
n2∑

j′=1

n1∑
i′=1

r̃2i,i′,1r̃
2
j,j′,2

λi,1λj,2 + η

 ,

where r̃i,i′,1 is the i′th term of the vector rTi,1U1 and r̃j,j′,2 is the j′th term of the vector

rTj,2U2, for i′ = 1, ..., n1 and j′ = 1, ..., n2, with rTi,1 = (K1(xi,1, x1,1), ...,K1(xi,1, xn1,1))
T and

rTj,2 = (K2(xj,2, x1,2), ...,K1(xj,2, xn2,2))
T .

A.2 Segmentation without GP smoothing

GP regression is used in two steps for image segmentation. The first step is to use

a separable GP to denoise the image discussed in Section 2.3.1, and the second step is to

smooth the difference of pixel counts satisfying a sequence of threshold values for generating

binary cell masks discussed in Section 2.3.2. In order to demonstrate how incorporating GP

into the thresholding workflow improves results, the numerical analysis outlined in Section 2.5

was repeated to compare the GP results with two approaches. The first approach removes GP

regression in both steps, and the results are compared in Figure A.1. The second method only
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removes GP regression for denosing the image as discussed in Section 2.3.1, and the results are

compared in Figure A.2.

Figure A.1: Results for segmenting cell nuclei using the proposed GP method, and the method
without GPs for image noise reduction in Section 2.3.1 and for smoothing the difference in pixel
counts in Section 2.3.2. (A) AP scores for GP-based segmentation and segmentation method
with GP models removed across different thresholds. (B) Boxplots of AP scores for each method.
(C) True boundaries of the fifth test image with 1024×1024 pixels. (D) Boundaries generated by
the GP-based method for the fifth test image. (E) Boundaries generated using the segmentation
method with GP models removed for the fifth test image.

Panel (A) of Figure A.1 shows the AP with different thresholds by the two methods

for five images of cell nuclei. The solid line representing the AP for the GP-based method

is again almost always above the dashed line representing the AP of the segmentation results

with GPs in two steps, with the same color for all thresholds, meaning that the segmentation
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method with GPs consistently achieves higher AP scores than the segmentation without GPs.

The two segmentation methods only perform similarly for one image (Test Image 2). Panel

(B) in Figure A.1 shows the distribution of these AP scores from segmentation methods with

and without GP at each threshold. Similar to the results in panel (A), the GP-based method

achieves higher median AP scores across all thresholds. The true annotated boundaries, those

generated by the GP-based method, and those generated by the segmentation method without

GP of the fifth test image are plotted in Figure A.1 (C)-(E). The segmentation method without

GP tends to over-segment cells, resulting in many cells being split in half.

This comparison is repeated for the segmentation method where only the GP used for

image smoothing described in Section 2.2 is omitted, and the results are displayed in Figure

A.2. Panel (A) of Figure A.2 demonstrates similar results to the previous comparison, and

once again, the two segmentation methods only perform similarly for one image. For all other

images, the GP-based segmentation results yield higher APs for each threshold. Panel (B)

in A.2 shows the distribution of the APs of each segmentation method, and the GP-based

method consistently achieves higher median AP scores across all thresholds. Finally, the true

annotated boundaries, those generated by the GP-based method, and those generated by the

segmentation method without the GP for image smoothing of the fifth test image are plotted in

Figure A.2 (C)-(E). In Panel (E), many areas of the image have an extremely high concentration

of erroneously detected boundaries. These results indicate the GPs used in both of the two

steps are crucial for the segmentation method.

A.3 Sensitivity analysis of threshold α∗
k

As per Equation 2.11 in the main text, the optimal threshold α∗
k is set when the

smoothed differences in foreground pixel counts ∆c∗k(αm) stabilize, and the absolute difference
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Figure A.2: Results for segmenting cell nuclei using the proposed GP method, and the method
without GPs for image noise reduction. (A) AP scores for GP-based segmentation and the seg-
mentation method with GP image smoothing removed across different thresholds. (B) Boxplots
of AP scores for each method. (C) True boundaries of the fifth test image with 1024 × 1024
pixels. (D) Boundaries generated by the GP-based method for the fifth test image. (E) Bound-
aries generated using the segmentation method with GP image smoothing removed for the fifth
test image.

of differences ∆c∗k(αm−1)−∆c∗k(αm) fall below 0.05τk, as described in Section 2.3.2. The cutoff

0.05τk was determined empirically, as multiplying τk by a factor of 0.05 tends to retrieve binary

images that preserve the true cell shape while still maintaining enough image information (see

Figure A.3).
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Figure A.3: Empirical sensitivity analysis for α∗
k cutoff. (A) When the α∗

k cutoff is set to
0.01τk, the cell mask information does not describe the entire shape, as the threshold lies well
above the base of the cell (see bottom row). (B) The α∗

k cutoff is set to 0.05τk as described
in the study methods. This cutoff retrieves binary masks that are a strong representation of
the true cell shape. (C) When the α∗

k cutoff is set to 0.1τk, the cell masks are still somewhat
representative of the true cell shape. However, the outlines become slightly more jagged and
irregular, particularly in the bottom cells in the binary mask output. (D) When the α∗

k cutoff
is set to 2.5τk, noise distorts the binary mask output, indicating that a larger cutoff is not
effective.

A.4 Re-thresholding noisy sub-images with abnormally high

object counts

This section discusses a rare scenario where a sub-image has large noise that results in

abnormally high object counts compared to other sub-images in the thresholding step discussed

in Section 2.3.2. This scenario only happened once for all the sub-images in this study, and it

can be easily avoided by applying the average threshold calculated from the other sub-images

introduced below.

After a threshold is set for each sub-image to get the binary sub-images as described
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in the main text in Section 2.3.2, each object group is separated and detected via flood fill

[117] discussed in Section A.5. The flood fill operation assigns a unique label to each group of

connecting pixels in a binary image, including both the background and foreground pixels, so the

foreground object count is equal to the number of labels excluding the background label. Most

binary sub-images have an expected object count by inequality (A.5) and are re-incorporated

into the segmentation workflow as described in the top row of Figure A.4. However, one sub-

image in this study had a higher-than-expected object count due to extreme noise, which is an

indicator that the detected threshold by the criterion outlined in Section 2.3.2 is not optimal

for that binary sub-image. To control for similar edge cases, we can use information from other

sub-images in order to re-threshold the outlier image.

For a cell image made up of K sub-images, let each binary sub-image Bk, k ∈

{1, 2, ...,K}, calculated from the predictive mean sub-images have object count Sk. Each binary

sub-image was generated by each optimal threshold α∗ set by the criterion. The outlier object

counts are determined by the following inequality:

| Sk − S |> 2 × σS , (A.5)

where S is the mean object count of {S1, S2, ..., SK}, and σS is the standard deviation of the

object counts. For each binary sub-image Bk where this inequality is true, the binary threshold

of the sub-image predictive mean F∗
k is reset to the mean threshold α (excluding the thresholds

of the outlier images), and the binary sub-image Bk is updated. An example of this process

for the edge case is given in the bottom row of Figure A.4. Then, returning to the original

workflow, the binary sub-images are restitched to form a single binary image representing the

original cell image.
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Figure A.4: Workflow of determining the true optimal threshold for selected sub-images. (A)
The original image is cropped into six equal parts, and the predictive means are generated
via GPs. (B) The initial thresholds α∗

k for the predictive means of two cropped images are
determined using the criterion described in Section 2.3.2. (C) The number of objects in the
binary sub-images is detected by flood fill. In the bottom row, despite there only being 12
cells, image noise coerces random pixel groups to be detected as foreground, leading to over 500
objects being detected in the binary sub-image. This rare scenario only happened once. (C.2)
By inequality in (A.5), this sub-image is determined to have an unusually high object count.
The sub-image threshold is reset to the average of all non-outlier sub-image thresholds. (C.3)
Twelve objects are detected after watershed and filtering based on the cell sizes discussed in
Section 2.3.3. (D) The binary sub-images are stitched, maintaining the spatial continuity of
the original image.

A.5 Flood fill algorithm

Distinct objects in a binary image are visually separable, as each cell object is repre-

sented with foreground pixels. However, all cell pixels in the binary image are represented by

(xi,1, xj,2) = 1. To separate these pixel clusters, connecting foreground pixels can be relabeled

using the flood fill operation by using the bwlabel() function from EBImage package [118]. The

flood fill operation is a polygon-filling algorithm that identifies and fills regions of connected

pixels with a new specified value. The algorithm checks the adjacent pixels in four directions
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(up, down, left, and right) of the starting pixel for matching values. After specifying a starting

point, the flood fill algorithm groups the connected pixels of the same value with the same label

[117]. This process is repeated until all foreground pixel clusters have a unique identification

number.

A.6 Additional figures for watershed simulation

Figure A.5 provides the binary image and negative distance map of an example of two

connecting cells utilized in the watershed algorithm introduced in Section 2.3.3. The distance

map gives the distance between each pixel and the closest background pixel in the binary image

[178]. The negative distance map −D is the negative of the distance map calculated from the

binary image B∗ [118]:

−D(xi,j) =


− min

{xi′,j′ :B
∗(xi′,j′ )=0}

∥xi,j − xi′,j′∥2, if B∗(xi,j) = 1,

0, if B∗(xi,j) = 0.

The watershed algorithm is applied to the negative distance map to segment cell

objects [118].

A.7 Additional results of simulated studies

Figure A.6 illustrates the ground truth mean, noisy observations, and the predictive

mean by fast GPs with the separable Matérn kernel in Equation (1.11) for the Branin function

and linear diffusion equation described in Example 1 in Chapter 2. Panels (C) and (F) demon-

strate that GPs with separable kernels effectively denoise the lattice data and provide accurate

estimates of the mean, even with high levels of noise.
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Figure A.5: (A) An example binary image of two connecting cells. (B) Corresponding negative
distance map in the watershed algorithm.

A.8 Cell culturing and imaging for real data collection

The cell images used to develop this segmentation technique are of spindle-shaped

human dermal fibroblasts (hdFs), and the cells were cultured in Dulbecco’s modified eagle

medium supplemented with 1% Pen-Strep and 10% fetal bovine serum [1]. Prior to imaging,

the cytoplasm was stained with CellTracker deep red, and the nuclei were stained with Hoechst

33342.

At each time point when these microscopy images are acquired, scans of these cell

cultures were taken and stitched together, resulting in large composite images. Each scan

has two channels: a cytoplasm or whole cell channel and a nuclear channel. We compare

the benchmark ImageJ segmentation technique and the proposed GP-based method using both

channels. Further details of the images, including image dimensions, names, and channels, can

be found in Table A.1.
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Figure A.6: (A) True mean generated by Branin function. (B) Noisy observations of Branin
function (σ0 = 10). (C) Predictive mean of Branin function by GPs on lattice data with Matérn
kernel. (D) True mean generated by linear diffusion equation. (E) Noisy observations of linear
diffusion equation (σ0 = 0.3). (F) Predictive mean of linear diffusion equation by GPs on lattice
data with Matérn kernel.

A.9 Benchmark ImageJ segmentation steps for real data anal-

ysis

ImageJ segmentation and boundary detection methods were utilized to evaluate the

performance of the unsupervised detection algorithm. The following image processing steps

were followed to generate the cell masks for the microscopy images tested in this article [80]:

1. Color Channel Splitting. When necessary, the color channels were split by selecting

from the Image menu Color → Split Channels. This operation divides the image into

red, green, and blue channels. All images provided were already in grayscale format, so
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all channels were the same and matched the original image. For consistency, the blue

channel was always selected for further processing.

2. Brightness and Contrast Adjustment. The brightness and contrast of the grayscale

image were automatically adjusted by selecting the following from the Image menu:

Adjust → Brightness / Contrast → Auto. With Imin being the smallest pixel value

in the image and Imax being the largest, each pixel I(xi,1, xj,2) is reset to I ′(xi,1, xj,2) =

I(xi,1,xj,2)−Imin

Imax−Imin
× 255. This function linearly rescales the image such that the pixel val-

ues span the full range of possible values between 0 and 255, adding more contrast and

brightening the foreground pixels [179].

3. Binary Thresholding. The image was converted to binary format by selecting from

the Image menu Adjust → Threshold → Auto. The default method for setting the

threshold is a version of the IsoData method. In the IsoData method, after an initial

threshold is set, the averages for the pixel intensity values above (Tabove) and below

(Tbelow) the current threshold are taken, and the threshold is set to the composite aver-

age (Tnew = Tabove+Tbelow
2 ). This process is repeated until convergence [116]. The default

thresholding method in ImageJ first identifies and dampens dominant peaks in the pixel

intensity histogram values before applying the IsoData, reducing asymmetry in the his-

togram between the background pixel intensity peak and the foreground pixel intensity

peak. [80].

4. Noise Reduction. Once the image is thresholded to be binary, a despeckle operation is

run to reduce any noise (Noise → Despeckle from the Process menu). Despeckle applies

a 3 × 3 median filter over the image, which replaces each pixel with the median value of

the surrounding pixels. This process helps reduce noise and smooth the image [180].
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5. Watershed Segmentation. To delineate touching cell objects, watershed is applied

using Binary → Watershed from the Process menu. Watershed in ImageJ creates an

Euclidean distance map to give the distance of each foreground pixel to the nearest back-

ground pixel and finds the ultimate eroded point(s) (UEPs) of each binary object using

an erode operation on the binary image. Water is simulated to “flood” the image, with

the UEPs as the seed points, and an edge is created where the water from two UEPs

converges [119].

6. Cell Mask Generation. Finally, the object is analyzed to extract the cell masks using

Analyze Particles from the Analyze menu. The parameters were set to detect objects

with size 30-inf pixels2 and circularity 0-1.0. To detect cells in the input image, the

algorithm scans the image until it reaches the edge of an object (a foreground pixel).

It then traces around the edge of the object until the start point is reached [83]. A

true binary image can be generated by showing masks, and the masks can be uniquely

identified by showing count masks.

A.10 Ground truth cell mask retrieval for real data analysis

The regions of interest (ROI) detected by the model zoos in the supervised learning

algorithm Cellpose were utilized as the starting point for generating the true cell masks for

each test image described in Table A.1 [5]. The pretrained nuclei and cyto models were used to

generate the initial ROI for the nuclear and whole cell channels, respectively, of the test grayscale

images. The estimated cell diameter was kept at the default 30 pixels. The resulting initial ROI

were then refined by deleting erroneous and irregular cell masks and adding masks for missed

cells using the draw function (right-click) in the Cellpose graphical user interface (GUI) [88],
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with the final output being the true masks. The true masks are used to compare the accuracy

of the GP-based segmentation method against the benchmark ImageJ segmentation. For clearer

illustration in the figures, the true boundaries are detected by finding the outer coordinates of

each true mask object. The cell mask and boundary data are made publicly available associated

with this article: https://github.com/UncertaintyQuantification/cell_segmentation.

A.11 Specifications of microscopy images

Table A.1 contains the image name, dimensions, channel, and relevant figures for

the images used in this analysis. Multiple experimental images were cropped and sectioned

to generate one or more smaller unique images for method testing, visualization, and anal-

ysis, as the original images were too large for time-efficient computation and space-efficient

visualization. All images were taken during the experiments described in [1] and are publicly

available, and all images can be found in the open-sourced dataset associated with this article:

https://github.com/UncertaintyQuantification/cell_segmentation.
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Table A.1: Name, dimensions, channel utilized, and relevant figures for the microscopy images
used in this study.

Image Name Dimensions Channel Relevant Figures

cropped img 1 488 × 799 Nuclear 2.1

cropped img 2 488 × 799 Nuclear 2.4, A.5 (Cropped
section of image
shown and ana-
lyzed)

cropped img 4 488 × 799 Nuclear 2.2, 2.3, A.3
(Cropped sec-
tion of image shown
and analyzed)

cropped img 5 488 × 799 Nuclear A.4

nuclei 2 374 × 250 Nuclear 2.7

whole cell 2 602 × 600 Whole Cell 2.7

nuclei figure 1/original fig 962 × 1128 Nuclear 2.9, A.1, A.2 (Test
Image 1)

nuclei figure 2/original fig 374 × 250 Nuclear 2.9, A.1, A.2 (Test
Image 2)

nuclei figure 3/original fig 510 × 492 Nuclear 2.9, A.1, A.2 (Test
Image 3)

nuclei figure 4/original fig 960 × 608 Nuclear 2.9, A.1, A.2 (Test
Image 4)

nuclei figure 5/original fig 1024 × 1024 Nuclear 2.9, A.1, A.2 (Test
Image 5)

whole cell figure 1/original fig 602 × 600 Whole Cell 2.10 (Test Image 1)

whole cell figure 2/original fig 800 × 800 Whole Cell 2.10 (Test Image 2)

whole cell figure 3/original fig 602 × 600 Whole Cell 2.10 (Test Image 3)

whole cell figure 4/original fig 1000 × 1000 Whole Cell 2.10 (Test Image 4)

whole cell figure 5/original fig 1000 × 1000 Whole Cell 2.10 (Test Image 5)
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Appendix B

Appendix of chapter 4

B.1 Diffusion Model Functions

This section provides a list of the functions found in the implemented diffusion model

code. The DDPM model was implemented based on the Keras example [149], and Table B.1

provides each function name and utility. The score-based SDE model was implemented based

on the corresponding code base to [144], and Table B.2 provides each function name and utility.

B.2 Sensitivity of denoising prediction for score-based genera-

tive model timestep selection

The selection of the timestep for DDPM prediction highly influences model output in

image denoising. Consider the noisy image generated by adding Gaussian noise with variance

σ2
0 = 0.32 from Figure 4.3. When this image is denoised only using t = 10 timesteps (see

first row in Figure B.1, the added noise remains in the output image, indicating incomplete

prediction. However, when this image is denoised with reference timestep t = 150, new image

artifacts are erroneously introduced, demonstrating that the expected noise at this timestep is
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Table B.1: Function or object class name and utility for Keras DDPM implementation.

Object Name Utility

GaussianDiffusion Adds noise to input images according to noise variance, as described in
Equation (4.5). Also contains functionality for retrieving the diffusion
posterior distribution, as described in Equation (4.8).

AttentionBlock Applies self-attention [147] to residual block.

TimeEmbedding Embeds diffusion time t with sinusoidal time embedding.

ResidualBlock Creates a residual block for a feature map and includes group normal-
ization, activation, time embedding, and 2D convolutional operations.

DownSample Performs convolutional operation D3×3, with stride 2, to halve spatial
resolution.

UpSample Performs upsampling operation U2×2 to double spatial resolution fol-
lowed by convolutional operation D3×3.

TimeMLP Passes sinusoidal time embedding through a two-layer MLP with Swish
activation [181] to transform embedding into a learnable representation.

build model Builds entire U-net architecture with input processing (e.g., time em-
bedding), downsampling, and upsampling to learn ζθ(yt, t).

DiffusionModel Wrapper for U-net and handles training (Algorithm 1) and image gen-
eration (Algorithm 2).

greater than the actual noise introduced. Using t = 50 timesteps for denoising yields a similar

result to the selected t = 30, demonstrating that there is a range of acceptable timesteps for

denoising and justifying empirical timestep selection.

Similarly, the timestep selected for denoising using score-based SDE model influences

the model output in a similar fashion. Consider the noisy image generated by adding Gaussian

noise with variance σ2
0 = 0.32 from Figure 4.4. When this image is denoised using timestep

t = 0.75, a significant amount of image information is lost in the predicted result, including

smaller or excluded cell objects and a lighter background. Using timestsep t = 0.6 also over-

smooths cell boundaries and excludes some cell objects, but the structural similarity is better

in this result. Using timestep t = 0.1 yields a similar prediction to that when using t = 0.3,
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Table B.2: Function or object class name and utility for the implementation of the score-based
SDE model.

Object Name Utility

GaussianFourierProjection Implements Gaussian random feature embedding for timestep
t, as described in Equation (4.21)

Dense Applies linear transformation to time embedding and reshapes
output for broadcasting to feature maps in U-net

ScoreNet Sets up the architecture for the time-dependent U-net to predict
the score function, as described in Equation (4.22)

marginal prob std Calculates the mean and standard deviation of p0t(y(t) | y(t))
to populate distribution given in Equation (4.17)

diffusion coeff Computes the vector of diffusion coefficients used in Equations
(4.13) and (4.18)

loss fn Calculates loss for score-based generative model using Equation
(4.20)

ode sampler Sampler to generate data from learned score-based model using
the ODE described in Equation (4.23)

once again demonstrating that there is a range of acceptable timesteps for denoising.
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Figure B.1: (Left) Noisy image. (Right) Predicted output when using timesteps t = 10 (top),
t = 50 (middle), and t = 150 (bottom) for denoising with DDPM.
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Figure B.2: (Left) Noisy image. (Right) Predicted output when using timesteps t = 0.1 (top),
t = 0.6 (middle), and t = 0.75 (bottom) for denoising with score-based SDE model.
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