
UCLA
UCLA Electronic Theses and Dissertations

Title
The Modeling and Production of Coherent Transition Radiation from Ultrashort  Electron 
Beams

Permalink
https://escholarship.org/uc/item/8gb1s79k

ISBN
9798190929263

Author
Azcoitia, Gia

Publication Date
2026-09-11
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8gb1s79k
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA

Los Angeles

The Modeling and Production of Coherent Transition Radiation from Ultrashort

Electron Beams

A thesis submitted in partial satisfaction of the

requirements for the degree Master of Science

in Electrical Engineering

by

Gia Azcoitia

2026



© Copyright by

Gia Azcoitia

2026



ABSTRACT OF THE THESIS

The Modeling and Production of Coherent Transition Radiation from Ultrashort

Electron Beams

by

Gia Azcoitia

Master of Science in Electrical Engineering

University of California, Los Angeles, 2026

Professor Sergio Carbajo, Chair

Coherent transition radiation (CTR) provides a powerful link between the spatiotemporal

structure of charged-particle beams and the emitted electromagnetic fields, underpinning a

wide range of beam diagnostics and radiation sources. Despite their long-standing theoretical

foundations, existing CTR frameworks have historically been restricted to simplified beam

and boundary geometries. We introduce a unified, first-principles CTR framework applicable

to arbitrary three-dimensional electron bunches. Beginning with the classical Ginzburg-Frank

formulation, we develop a systematic and instructional description of coherent emission in

terms of the bunch form factor, establishing it as the central quantity governing spectral

and angular radiation characteristics. We further present a general numerical pipeline

that enables the computation of CTR spectra from arbitrarily structured electron beams

beyond the conventional Gaussian form factor, and provide examples of hollow Gaussian and

Airy-like electron beam distributions. By extending CTR theory to arbitrarily structured
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charged-particle beams, this work establishes a new, generalizable foundation for interpreting

experimental measurements, designing next-generation beam diagnostics, and exploring

previously inaccessible regimes of structured, broadband radiation sources.

In addition to this theoretical and computational work, experimental production and

measurement of coherent transition radiation at the ARES accelerator at DESY were con-

ducted. CTR was generated from strongly compressed, 120 MeV electron bunches using

a silver radiator oriented at 45 degrees to the electron trajectory, and wavelength-resolved

radiation was measured over approximately 200–1100 nm. Measurements performed at TWS2

phases of 32, 33, and 34 degrees were compared with Gaussian CTR spectra generated

using the computational framework developed in this thesis. The resulting spectral fits

correspond to characteristic RMS bunch durations of approximately 1.22–1.26 fs. The model

additionally predicts the onset of coherence-dominated emission near 550 nm, consistent with

the experimentally observed transition to quadratic charge scaling. Together, the numerical

and experimental results demonstrate the use of CTR as both a source of broadband coherent

radiation and a diagnostic of ultrashort electron-bunch structure.
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Chapter 1

Introduction

Ginzburg and Frank first postulated transition radiation in 1945 [2, 3], seeking to characterize

the broadband electromagnetic radiation produced as an electron traverses an inhomogeneous

medium. Following this conceptualization, in 1958, Garibian demonstrated X-ray production

via transition radiation [4, 5]. Furthermore, transition radiation at optical wavelengths was

experimentally produced in 1959 by Goldsmith and Jelley [6]. A logical extension of these

experiments was the emergence of coherent transition radiation (CTR). CTR occurs when

a bunch of electrons, acting together, traverses an inhomogeneous medium, and the bunch

length is shorter than or comparable to the wavelength of the emitted radiation. CTR

was first experimentally demonstrated in 1991 [4, 7]. Shortly thereafter, stimulated CTR

was demonstrated at the Stanford SUNSHINE facility [8]. The first experiment produced

radiation in the far-infrared region. It provided direct evidence of the relationship between

the dimensions of an electron bunch and the wavelength of the emitted radiation. Notably,

it was discovered that electron bunches emit coherently as long as their longitudinal and

transverse dimensions are smaller than or comparable to the wavelength of the emitted

radiation. CTR uniquely provides a direct link between the structure of an electron bunch

and its corresponding electromagnetic radiation, thereby making it an attractive scheme for

producing ultrashort, tailorable broadband radiation.
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Moreover, CTR emission can be directly linked to the number of electrons in a bunch.

Namely, the coherent component of the radiation intensity scales quadratically with the

electron count [9]. Accordingly, the radiation intensity is also governed by the form factor of

the electron bunch. This form factor is defined as the Fourier transform of the bunch’s spatial

profile. The relevance of this form factor lies in its ability to determine which components of

radiation behave coherently. As such, the form factor may be thought of as what encodes the

real spatiotemporal profiles of an electron bunch into its reciprocal-space radiation observables.

Tailoring this form factor can produce nontraditional radiation states and structured emission

profiles.

CTR is most commonly used as a diagnostic tool in accelerator science [10]. Due to its

unique ability to map longitudinal structure to emitted radiation, CTR has been used to

reveal the temporal profiles of relativistic beams. This treatment was proposed by Shibata et

al., coinciding with the first experiment to produce CTR, in which CTR was generated at sub-

millimeter and millimeter wavelengths and analyzed for its dependence on bunch parameters

[7]. Moreover, CTR interferometry has become a standard method for non-destructive

bunch-length reconstruction [11, 12]. Presently, many beamlines uniquely treat CTR as

both a diagnostic tool and a source [13, 14]. CTR as a source is most commonly observed

in terahertz radiation, namely, for single-cycle terahertz pulse generation [15, 16]. Despite

well-established demonstrations of single-band emission [13, 15, 17], a strongly coherent,

spectrally continuous source remains unrealized.

Coherent (i.e., superradiant, quadratic-scaling) transition radiation has been observed

across wavelengths ranging from the far-infrared [13] to the optical range, with optical emission

arising from single-digit-femtosecond bunch structure [1]. While single-band demonstrations

remain the norm [15, 17], a spectrally continuous, multi-octave coherent source has not

yet been realized. Recent theory has sharpened this opportunity by proposing generalized

superradiance [18], which considers configurations that can radiate broadband, coherent fields
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more efficiently than conventional single-frequency-producing bunching schemes [19].1. With

this, a plausible path to truly multi-octave emission may be realized if such a tailored bunch

structure can be produced and maintained.

Through this work, we present a unified theoretical, computational, and experimental

study of coherent transition radiation from ultrashort electron beams. First, a numerical

CTR framework is developed that directly maps arbitrary three-dimensional electron-bunch

distributions to wavelength- and angle-resolved radiation spectra, enabling the study of

Gaussian and structured electron-beam distributions. This framework is then connected

to an experimental campaign at the ARES accelerator at DESY, in which optical coherent

transition radiation was produced and measured from strongly compressed relativistic electron

bunches [1]. The experimentally measured spectra are compared with predictions from the

computational framework to infer single-digit-femtosecond longitudinal bunch structure and

to examine the transition from incoherent to coherent emission. Taken together, the numerical

framework and the experiment at DESY address the modeling and experimental production

of CTR, respectively, and demonstrate the connection between structured charge distributions

and their corresponding radiation observables.
1"Superradiance" in this sense refers to the aforementioned coherent, quadratic enhancement, rather than

the notion of Dicke superradiance in quantum optics.
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Chapter 2

Theory of Coherent Transition Radiation

2.1 From Transition Radiation to Coherence

For a single electron crossing a boundary between two media of distinct dielectric constants,

the spectral-angular energy distribution is given by the Ginzburg-Frank formula:

W1(ω,Ω) =
d2W

dωdΩ
=

e2β2 sin2 θ

4π3ϵ0c(1− β2 cos2 θ)2
, (2.1)

where θ is the emission angle, Ω denotes the solid angle, β = v
c

is the normalized electron

velocity, c is the speed of light, e is the elementary charge, and ϵ0 is the vacuum permittivity

[20, 21]. This equation is valid only in the far field for radiation from an infinite, ideal

conducting interface [22].
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Figure 2.1: Single-electron transition-radiation angular distribution for electron kinetic
energies of 5, 10, 50, and 100 MeV. The horizontal axis is the observation angle θ in
radians, and the vertical axis is the single-electron spectral-angular radiation quantity W1

in J/(Hz · Sr). The left panel displays W1 on a linear vertical scale, while the right panel
displays the same quantity on a logarithmic vertical scale.

When considering a bunch with Ne electrons, we see distinct features emerge as interference

among electrons gives rise to coherent effects. These effects are captured by summing the

individual coherent and incoherent contributions, leading to the following expression:

Wn(ω,Ω) = W1(ω,Ω)[Ne +Ne(Ne − 1)|f(k̄)|2], (2.2)

where W1 is the single-electron transition radiation and |f(k̄)|2 is the normalized bunch

form factor. This form factor, |f(k̄)|, is the Fourier transform of the electron bunch’s

three-dimensional charge density [22]. Like W1, Wn has units of J/(Hz · Sr)

2.2 Bunch Form Factor

The bunch form factor is a central quantity when considering CTR, as it is the fundamental

link between electron beam structure and emitted radiation, as well as the connection between
5



coherent and incoherent electron field contributions:

f(k̄) =
∫︂
ρ(r̄)eik̄·r̄d3r̄ (2.3)

where k̄ = (kx, ky, kz) is the wave vector and r̄ = (x, y, z) denotes the spatial coordinates.

Notice that (2) smoothly interpolates between incoherent emission at high frequencies or

large radiation angles, where |f(k̄)|2 → 0, and fully coherent emission at long wavelengths,

where |f(k̄)|2 → 1.

2.2.1 Beam Structure

Consider a three-dimensional electron beam with the following spatial distribution:

ρ(r̄) = ρ(x, y, z) = ρ(x, y)ρ(z). (2.4)

We may further define the spatial transverse profile of the beam as ρT = ρ(x, y) and the

spatial longitudinal profile as ρL = ρ(z). From ρ(r̄) we can derive the form factor, which

uniquely governs coherence and spectral content. Furthermore, this dependence can be

expressed explicitly for a Gaussian electron beam. That is, for a three-dimensional Gaussian

beam, longitudinal and transverse form factors are expressed as:

fT ∼ exp(−kσT sin θ)2 (2.5)

fL ∼ exp(−kσL cos θ)2 (2.6)

with k = 2π
λ

. From this, σT is the radial beam size, while σL is the longitudinal beam size.

Using the preceding facts, it can be concluded that when the transverse size of the beam

is small, the contribution of the transverse component approaches unity. The same may
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be concluded for the longitudinal component. Therefore, to obtain broadband, coherent

radiation, the beam size should be minimized transversely and temporally.

Figure 2.2: Schematic of coherent transition radiation production from a three-dimensional
electron bunch incident on a finite radiator. The bunch dimensions are characterized by
σx, σy, and σz, the radiator size by a, and the emitted radiation direction by the polar and
azimuthal observation angles θ and ϕ. The emitted bunch radiation is denoted Wn.

2.3 Effects of Geometry

The behavior of the emitted radiation is contingent not only on the bunch structure but also

on the physical geometry and boundary conditions. Moreover, one may begin by examining

the link between radiation quality and target size. In particular, we may utilize the following

formulation:

W1(ω,Ω) =
e2β2 sin2 θ

4π3ϵ0c(1− β2 cos2 θ)2
[1− T (ω, θ)]2 (2.7)

T (ω, θ) =
ωa

cβγ
J0

(︃
ωa sin θ

c

)︃
K1

(︃
ωa

cβγ

)︃
+

ωa

cβ2γ2 sin θ
J1

(︃
ωa sin θ

c

)︃
K0

(︃
ωa

cβγ

)︃
(2.8)

where θ is the angle of emission with respect to the axis of electron beam propagation, a is

the radius of the transition radiation source, Jn is the n-th order Bessel function, and Kn is

the n-th order modified Bessel function [22].
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This expression encapsulates the effect of the transition radiation interface on the shape

and wavelength of emitted radiation. Notably, when taking the radius of the interface, a, to

infinity, we arrive at the Ginzburg-Frank formula as detailed in Eq. 1. When considering a

tightly compressed bunch, both longitudinally and transversely, one may assume the target

size to be large in comparison to the beam, thereby validating the original Ginzburg-Frank

formulation.

The tilting of the transition radiation source also plays a significant role in the quality

of the emission. Tilting the interface produces a directional enhancement in radiation [13].

In general, when considering a target tilted at ψ degrees, one may decompose the radiation

from a single electron into its polarization components [23]:

W
∥
1 (ω,Ω) =

e2β2 cos2 ψ

π2c

[︃
sin θ − β cosϕ sinψ

(1− β sin θ cosϕ sinψ)2 − β2 cos2 θ cos2 ψ

]︃2
(2.9)

W⊥
1 (ω,Ω) =

e2β2 cos2 ψ

π2c

[︃
β cos θ sinϕ sinψ

(1− β sin θ cosϕ cosψ)2 − β2 cos2 θ cos2 ψ

]︃2
(2.10)

where θ is the angle of emission with respect to the axis of electron beam propagation and ϕ

is the azimuthal angle contained in the plane parallel to propagation as shown in Fig. 2.2.

We may consider these parallel and perpendicular components to compare the transition

radiation produced from a normal interface and a tilted interface. Assuming a single azimuthal

slice, ϕ = 0, we can then directly compare the radiation energy distribution, W1. Indeed,

the radiation intensity produced from the tilted interface at a chosen angular slice is higher

than the intensity produced from a normal interface at the same slice. This enhancement

has also been demonstrated experimentally [13]. The reason for this enhancement lies in

the directionality of the produced radiation. That is, when considering a normal interface,

radiation will be produced collinearly with the electron and in a conical shape. Namely,

radiation has been demonstrated to be concentrated around θ ∼ 1
γ

[24]. When the interface

is tilted, the surface is no longer collinear with the electron. The radiation pattern is still
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tied to the boundary conditions imposed by the interface, thereby causing a shift in the

effective emission. As a result, an observer looking along a particular angle (for example,

ϕ = 0, θ = 45◦ = 0.79 rad) may see a larger intensity.

Figure 2.3: Comparison of the single-electron transition-radiation angular distribution W1

for normal and 45◦ tilted interfaces at a beam energy of 100 MeV and ϕ = 0. The horizontal
axis is the observation angle θ in radians, and the vertical axis is W1 in J/(Hz · Sr) on a
linear scale. The normal-interface distribution is centered near ϕ = 0, whereas tilting the
interface redirects the dominant emission toward θ = 0.79rad.
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Chapter 3

Generalized Computational Framework

for Coherent Transition Radiation

3.1 From Charge Density to Radiation Observables

To describe the transition radiation process, we first consider an electron traveling along the

z axis, as detailed in Figure 3. We then generalize this to a bunch of Ne electrons to generate

the spectrum of a CTR process. This simulation-based CTR scheme is implemented as a

numerical model that maps a known, real, three-dimensional electron bunch distribution and

relativistic beam parameters, with γ >> 1, to an angularly resolved (θ) and wavelength-

resolved (λ) radiation spectrum produced from an interface with a radius of 1mm, tilted

at a 45-degree angle. The pipeline begins by defining fundamental physical constants and

converting the specified beam energy into relativistic quantities. From the total electron

energy, both γ and β are computed. The total charge determines the total number of

electrons in the bunch, while the respective beam profiles are constructed from user-defined

distributions and beam sizes. A set of candidate pulse durations is provided to explore how

changes in longitudinal bunch length affect the degree of coherence in the emitted radiation.

The single-electron transition radiation spectrum is calculated using the analytical ex-
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pression derived from the fields of a relativistic charge crossing a dielectric boundary, as

given in Eq. 2.1 [2, 25]. The expression explicitly depends on β, γ, and θ and defines the

fundamental angular envelope of the radiation. This single-electron yield W1(ω,Ω) represents

the incoherent baseline against which a coherent enhancement of the bunch structure is later

applied.

Radiation is evaluated on a two-dimensional observation grid defined by the angle θ

and wavelength of emission λ. Uniform meshes in θ, λ, and ϕ are constructed. Along with

this, the angular frequency is computed pointwise as ω = 2πc
λ

. This grid-based formulation

allows the spectral-angular radiation intensity, the bunch form factor, and the corresponding

coherent enhancement to be evaluated simultaneously using array-based operations. Under

this geometry, emission is azimuthally asymmetric. We therefore select a specific value of ϕ

to examine, namely ϕ = 0◦.

3.2 Incorporation of Tilted Interface Phase Matching

The phase accumulation between the moving electron bunch and the emitted electromagnetic

field governs longitudinal coherence in transition radiation. For an electron traveling with

velocity v = βc, the conventional longitudinal phase mismatch along the electron trajectory

may be expressed as:

∆kz =
ω

v
− ω

c
cos θ =

ω

c

(︃
1

β
− cos θ

)︃
. (3.1)

The corresponding formation length is inversely proportional to the mismatch [25],

Lf ∼ 2c

ω(1− β2 + θ2)
. (3.2)

Thus, a small longitudinal phase mismatch corresponds to a longer formation length.

For the tilted interface geometry presently considered, the form factor is evaluated using

transformed Fourier coordinates. For radiation of frequency ω emitted in the direction (θ, ϕ),
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the transverse components of the radiation wave vector are [26]

kx =
ω

c
sin θ cosϕ (3.3)

ky =
ω

c
sin θ sinϕ. (3.4)

For an interface tilted by an angle ψ, the Fourier transform of the bunch is evaluated at

∆kx =
kx − (ω/v) sinψ

cosψ
(3.5)

k′y = ky (3.6)

and

k′z =
ω

v
. (3.7)

The quantity ∆kx represents the effective wave vector mismatch introduced by the tilted

interface, while k′z is the longitudinal spatial frequency associated with the moving bunch.

The three-dimensional bunch form factor is therefore evaluated as f(k̄) = ρ̃(∆kx, k′y, k
′
z). This

transformation accounts for the relative arrival-time delays of electrons at different transverse

positions on the tilted radiator and thus incorporates the velocity-matching condition of the

interface geometry [26]. Moreover, for a 45◦ interface, the transformed coordinates reduce to

∆kx =
√
2kx −

ω

v
(3.8)

k′y =
ω

c
sin θ sinϕ (3.9)

and

k′z =
ω

v
. (3.10)

These are the Fourier space coordinates used to interpolate the numerically calculated

three-dimensional transform of the electron bunch charge density.
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3.3 Evaluation for Structured Electron Beams

With these tools, we can now model the energy-spectral-angular density of an electron bunch.

We choose to consider three families of structured beams as examples. The first and simplest

distribution modeled was a three-dimensional Gaussian electron bunch.

ρ(x, y, z) ∝ exp
(︃
− x2

2σ2
x

)︃
exp

(︃
− y2

2σ2
y

)︃
exp

(︃
− z2

2σ2
z

)︃
(3.11)

where the longitudinal RMS length σz is obtained from the temporal RMS pulse duration,

τ , as σz = cτ . Along with this Gaussian distribution, hollow Gaussian profiles were also

simulated via the following formulation:

ρ(x, y, z) ∝ (x2 + y2)p

π3/2
exp

(︃
− x2

2σ2
x

)︃
exp

(︃
− y2

2σ2
y

)︃
exp

(︃
− z2

2σ2
z

)︃
. (3.12)

Here, p is a nonnegative radial-order parameter that controls the degree of hollowness of the

transverse electron distribution. The case p = 0 reduces to a conventional Gaussian bunch,

while increasing p shifts the peak charge density outward and produces progressively larger

annular profiles. Like Gaussian bunches, hollow Gaussian electron bunches are physically

realizable and have been experimentally produced [27].

Lastly, Airy profiles were also modeled. Building Airy profiles using a scheme similar to

that for the aforementioned profiles presented a unique challenge, as Airy distributions do not

share the structure of the Gaussian beams. We take the Airy distribution as given in [28]:

ρ(x, y, z) ∝ Ai
(︃
x

σx
− z

4k2σ4
x

+ i
αz

kσ2
x

)︃
Ai

(︃
y

σy
− z

4k2σ4
y

+ i
αz

kσ2
y

)︃
× exp

(︃
αx

σx
− α2z2

2k2σ4
x

− i
z3

12k3σ6
x

+ i
α2z

2kσ2
x

+ i
xz

2kσ2
x

)︃
× exp

(︃
αy

σy
− α2z2

2k2σ4
y

− i
z3

12k3σ6
y

+ i
α2z

2kσ2
y

+ i
yz

2kσ2
y

)︃
.

(3.13)
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Ai(·) is defined in the following manner:

Ai(x) =
1

π

∫︂ ∞

0

cos

(︃
t3

3
+ xt

)︃
dt. (3.14)

The constant ke = p
ℏ = 2π

λe
is the de Broglie wavenumber of the electrons, where λe is the

electron’s wavelength and α is the level of apodization. The normalized propagation distance

is defined as ξ = zprop
keσ2

x
[28, 29].

Notably, Airy profiles have an oscillatory tail. To model the Airy profile with a finite

longitudinal size, as was required when modeling coherence in Section 3.7, a Gaussian envelope

is multiplied by the Airy profile, yielding [28]:

ρ(x, y, z) = Ai
(︃
x

σx
− z

4k2σ4
x

+ i
αz

kσ2
x

)︃
Ai

(︃
y

σy
− z

4k2σ4
y

+ i
αz

kσ2
y

)︃
× exp

(︃
αx

σx
− α2z2

2k2σ4
x

− i
z3

12k3σ6
x

+ i
α2z

2kσ2
x

+ i
xz

2kσ2
x

)︃
× exp

(︃
αy

σy
− α2z2

2k2σ4
y

− i
z3

12k3σ6
y

+ i
α2z

2kσ2
y

+ i
yz

2kσ2
y

)︃
exp

(︃
− z2

2σ2
z

)︃
.

(3.15)

3.4 Extraction of Experimentally Relevant Observables

Fourier transforming the charge distributions yields an approximate closed-form array for the

three-dimensional form factor that simultaneously accounts for radial beam size, longitudinal

bunch duration, and observation angle, as defined in (3). The pipeline evaluates such an array

directly on the (θ, λ, ϕ) mesh grid. The total radiated spectrum from the bunch is computed

using (2). For visualization, the resulting spectral-angular distributions are displayed as

logarithmically scaled heatmaps in (θ, λ) space. Percentile-based normalization is used to

ensure a consistent dynamic range across distinct pulse-duration spectra. Again, to obtain a

reduced spectrum comparable to experimental measurements, ϕ is set to 0◦.

We now present three spectra generated using the described schemes to illustrate relevant

physical phenomena and current code capabilities. In particular, we focus on three structured
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electron-bunch distributions: Gaussian, hollow Gaussian, and Airy. Moreover, the goal is

not only to display representative CTR spectra but to make explicit, for each case, how the

analytical structure of the form factor |f(k̄)|2 produces particular spectral features. The

parameter space common to all three cases is summarized in Table 3.1.

Table 3.1: Generalized parameter space.
Parameter Symbol Value

Temporal bunch length τ [10−9, 10−15]s
Transverse beam size σx = σy = σT 10−4m
Longitudinal beam size σz = σL [3× 10−7, 3× 10−1] m
Emission wavelength λ [10−6, 10−5] m
Interface radius α 10−3 m
Interface tilt a 45◦ = 0.79 rad
Azimuthal observation angle ϕ 0◦ = 0 rad
Bunch charge Q 5 pC
Kinetic beam energy E 100 MeV
Lorentz factor γ 235.80
Normal observation angle θ [−0.0035◦, 0.0035◦] = [−0.2, 0.2] rad
Airy apodization α 0.05, 1
Airy propagation length zprop [1× 103, 5× 108] m

3.4.1 Three-Dimensional Gaussian Electron Beams

The simplest and most well-documented electron distribution, with respect to CTR production,

is the Gaussian distribution. For a three-dimensional Gaussian electron bunch, the Fourier

transform of the charge density is also Gaussian. However, for an obliquely oriented radiator,

the spatial frequencies entering the form factor must account for the geometry of the electron–

radiator interaction. For a radiator tilted by 45◦ with respect to the electron beam, the form

factor may be written as

|f |2 = exp
(︁
−σ2

x∆k
2
x

)︁
exp

(︁
−σ2

yk
′
y
2
)︁
exp

(︁
−σ2

zk
′
z
2
)︁
, (3.16)

where the effective wave-vector components are given in Eqs. 3.8, 3.9, and 3.10.
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Unlike the normal-incidence case, the transverse contribution cannot in general be rep-

resented by a single quantity, since the tilted geometry breaks the symmetry between the

two transverse directions. In the plane of incidence, ϕ = 0◦, the x-dependent suppression is

minimized when ∆kx ≈ 0, corresponding to

sin θ ≈ 1√
2β
. (3.17)

For highly relativistic electrons, for which β ≈ 1, this condition occurs near θ = 45◦. Thus,

the Gaussian form factor remains smoothly and monotonically decreasing with increasing

phase mismatch, but its angular dependence is determined by the wave-vector components

associated with the tilted radiator rather than by the normal-incidence longitudinal and

transverse wave vectors.

Figure 3.1: Normalized transverse electron density of a Gaussian bunch with σx = σy =
100µm. The horizontal and vertical axes are the transverse coordinates x and y in micrometers.
Color represents the transverse density normalized to its peak value, ρT/max(ρT ), so the
displayed range is 0–1.

3.4.2 Longitudinally Incoherent and Coherent Regimes

At τ = 1 ns, the longitudinal bunch size, σL = cτ , is many orders of magnitude larger than the

wavelengths considered in the simulated NIR–MIR band. The longitudinal phase variation
16



across the bunch is characterized by

kzσz =
2πcτ

λ
, (3.18)

which is much greater than unity throughout the simulated wavelength range. Consequently,

the longitudinal form factor is exponentially suppressed and the coherent contribution to the

bunch radiation becomes negligible. The bunch spectrum therefore approaches

Wn ≈ NeW1, (3.19)

where W1 is the single-electron transition-radiation spectrum for the 45◦ tilted interface.

Thus, in this limit, the observed angular distribution retains the angular structure imposed

by the tilted radiator geometry and is scaled linearly by the number of electrons in the bunch.

At τ = 1 fs, the longitudinal bunch size is approximately σL ≈ 0.3µm for a relativistic

electron beam. The bunch is therefore substantially more coherent over the simulated spectral

range; however, it is not fully coherent at all wavelengths. For a Gaussian longitudinal

distribution, the coherence scale is obtained from kzσz = 1, giving

λc = 2πcτ. (3.20)

For τ = 1 fs, this corresponds to λc ≈ 1.88µm. At wavelengths significantly larger than

this value, the longitudinal form factor approaches unity, whereas at shorter wavelengths the

finite bunch duration produces noticeable suppression.

In the limit that |f |2 → 1, the bunch radiation approaches

Wn = W1

[︁
Ne +Ne(Ne − 1)|f |2

]︁
≈ N2

eW1. (3.21)

For a bunch charge of 5 pC, Ne ≈ 3.1 × 107. The fully coherent contribution therefore

scales quadratically with electron number and is approximately Ne times larger than the
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corresponding incoherent bunch contribution. This quadratic scaling is the characteristic

superradiant enhancement of coherent transition radiation.

Figure 3.2: Spectral-angular CTR distribution Wn for a Gaussian electron bunch with τ = 1 ns
(left) and τ = 1 fs (right). The horizontal axis is the observation angle θ in radians, and the
vertical axis is wavelength λ in micrometers, sampled linearly from 1 to 10 µm. The plotted
quantity is Wn evaluated at ω = 2πc

λ
and reported in J/(Hz · Sr); color is displayed using

logarithmic normalization (LogNorm), not peak normalization of Wn. The two panels use
independent color limits.

3.4.3 Coherence Roll-Off (τ = 5 fs)

At τ = 5 fs, we are within the diagnostic regime. The coherence edge sits at λc ∼ 2πσL,

which corresponds to the wavelength at which kLσL = 1. For τ = 5 fs, this corresponds to

λc ∼ 9µm, which is inside the simulated NIR-MIR band. The visible roll-off is primarily

governed by the phase-matched angular direction introduced by the tilted radiator. Namely,

at ϕ = 0◦, ∆kx = 2π
λ
(
√
2 sin θ − 1

β
). For a relativistic beam, β ∼ 1, so ∆kx is approximately

zero when
√
2 sin θ = 1 or θ ∼ 45◦ = 0.79 rad. It is exactly at this angle that radiation is

least suppressed. Radiation will be progressively suppressed as the observation angle deviates

from the phase-matched angle.

For a Gaussian bunch, the three-dimensional form factor remains the product of indepen-

dent Gaussian factors. However, the observable spectral and angular dependencies are not

18



completely independent. This is due to the transverse phase mismatch, which depends on both

wavelength and observation angle. Near the phase-matched direction, where the transverse

mismatch is small, the wavelength dependence is primarily governed by the longitudinal

bunch duration and can therefore provide sensitivity to σL. Away from this direction, the

measured spectrum contains contributions from both the longitudinal and the transverse

form factors.

Figure 3.3: Spectral-angular CTR distribution Wn for a Gaussian electron bunch with τ = 5 fs.
The horizontal axis is the observation angle θ in radians, and the vertical axis is wavelength λ
in micrometers, linearly sampled from 1 to 10 µm. Wn is evaluated at ω = 2πc

λ
and displayed

in J/(Hz · Sr) using logarithmic color normalization; the radiation values are not peak
normalized. The wavelength-dependent narrowing illustrates the coherence roll-off and the
preferential emission near the phase-matched direction θ ≈ 0.79 rad.

3.5 Three-Dimensional Hollow Gaussian Electron Beams

We next consider a family of hollow Gaussian electron bunches. Recall that p is a nonnegative

integer controlling the radial structure of the bunch. For p = 0, the distribution reduces to

the conventional three-dimensional Gaussian. For p > 0, the factor (x2 + y2)p suppresses the

charge density near the beam axis and produces an annular transverse profile. Increasing p

therefore increases the radius of the hollow region while preserving azimuthal symmetry.
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It is important to distinguish this distribution from that of an orbital angular momentum

electron beam. The hollow Gaussian density considered here is a real, nonnegative charge

distribution and contains no azimuthally varying phase factor. Consequently, p does not

represent topological charge, and the bunch does not possess a phase singularity or orbital

angular momentum as a consequence of this density profile alone.

For the cylindrically symmetric case, σx = σy = σT , the transverse distribution may be

written in terms of r2 = x2 + y2 as

ρT ∝ r2p exp

(︃
− r2

2σ2
T

)︃
. (3.22)

The maximum of the transverse charge density occurs at

rmax = σT
√︁
2p, (3.23)

for p > 0, illustrating that increasing p progressively shifts the electron density away from

the bunch axis. The normalized transverse Fourier transform of this distribution is

fT (qT ) = exp
(︃
−σ

2
T q

2
T

2

)︃
Lp

(︃
σ2
T q

2
T

2

)︃
, (3.24)

where Lp is the Laguerre polynomial of order p and qT is the effective transverse spatial

frequency sampled by the radiation. The corresponding three-dimensional form factor is

therefore

|f |2 = exp
(︁
−σ2

T q
2
T

)︁ [︃
Lp

(︃
σ2
T q

2
T

2

)︃]︃2
exp

(︁
−σ2

zk
′2
z

)︁
. (3.25)

For the 45◦ tilted radiator considered throughout this work, the transverse spatial frequency

is evaluated using the transformed Fourier coordinates introduced in Section 3.2,

q2T = ∆k2x + k′2y , (3.26)
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where

∆kx =
√
2
ω

c
sin θ cosϕ− ω

v
, (3.27)

k′y =
ω

c
sin θ sinϕ, k′z =

ω

v
. (3.28)

Thus, the hollow Gaussian transverse structure modifies the CTR spectrum through

the Laguerre-polynomial dependence of the bunch form factor, while the location of the

phase-matched radiation direction continues to be determined by the tilted-interface geometry.

21



Figure 3.4: Normalized transverse electron-density distributions for hollow Gaussian bunches
with radial-order parameters p = 0, 1, 2, and 3 and σx = σy = 100µm. The horizontal and
vertical axes are x and y in micrometers. Each distribution is independently peak-normalized
to unity, while all panels use the common displayed color range of 0–1. Consequently, the
colors compare spatial shapes rather than absolute electron densities across orders. Increasing
p moves the maximum density outward and produces an increasingly large annular region.
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3.5.1 Radial-Order Dependence of the Angular Pattern

Unlike an electron bunch carrying orbital angular momentum, the hollow Gaussian distribution

does not force the form factor to vanish at zero transverse spatial frequency. In fact,

fT (0) = Lp(0) = 1 (3.29)

for every value of p. Therefore, although the real-space electron density contains an increasingly

pronounced central hollow for p > 0, the corresponding CTR form factor is not required to

contain a central null. This distinction follows from the fact that the zero-spatial-frequency

component of the normalized Fourier transform represents the total charge of the bunch and

is therefore unity. Instead, the characteristic angular structure of the hollow Gaussian bunch

arises from the zeros and oscillations of the Laguerre polynomial in the transverse form factor.

For p = 0, L0 = 1 and the distribution reduces to the conventional Gaussian result. For

p > 0, the polynomial introduces zeros at finite values of qT , producing regions in which the

coherent contribution to the CTR spectrum is suppressed. As p increases, additional zeros

appear and the angular spectrum develops an increasing number of bright and dark features.

For the 45◦ tilted interface and the ϕ = 0 observation plane used here,

qT =

⃓⃓⃓⃓
2π

λ

(︃√
2 sin θ − 1

β

)︃⃓⃓⃓⃓
. (3.30)

For a highly relativistic electron beam, for which β ≈ 1, this quantity approaches zero

near θ = 45◦. Consequently, all values of p retain a strong coherent contribution near the

phase-matched direction. Away from this angle, qT increases and the Laguerre-polynomial

structure of the hollow Gaussian form factor becomes increasingly apparent. The multiple

angular bands observed for larger p therefore originate from the radial structure of the

real charge distribution and its Fourier transform, rather than from a phase singularity or

topological charge.

Because qT is proportional to 1/λ, the positions of these form-factor minima are also
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wavelength dependent. The resulting features therefore appear as angled or diverging bands

in the (θ, λ) CTR spectrum. Increasing p adds additional transverse spatial scales to the

bunch and consequently produces additional form-factor minima and maxima in the radiation

pattern.

Figure 3.5: Spectral-angular CTR distributions Wn from hollow Gaussian electron bunches
with p = 0, 1, 2, and 3 and τ = 1 fs. The horizontal axis is the observation angle θ in
radians, and the vertical axis is wavelength λ in micrometers, linearly sampled from 1 to
10 µm. Wn is evaluated at ω = 2πc

λ
and reported in (J/Hz · Sr), with logarithmic color

normalization and no peak normalization of the radiation intensity. All four panels use
common color limits, allowing direct comparison of absolute radiation levels. Increasing p
introduces additional wavelength-dependent bright and dark angular bands associated with
the zeros and oscillations of the hollow-Gaussian form factor. At the same time, strong
emission remains near the phase-matched direction around θ ≈ 0.79 rad.
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3.6 Three-Dimensional Airy Electron Beams

The finite-energy Airy bunch is modeled at the radiator using a real, nonnegative charge

density of the form

ρ(x, y, z) = ρ(x, y; zprop), (3.31)

where ρ = |ψAiry|2 describes the propagated transverse Airy distribution. The Airy propaga-

tion coordinate zprop therefore specifies the distance over which the transverse distribution

evolves before reaching the radiator and is distinct from the usual longitudinal bunch co-

ordinate z, which determines arrival-time coherence. The transverse form factor may be

expressed as

|f | = fT (∆kz, k
′
y). (3.32)

Figure 3.6: Normalized transverse electron density of the finite-energy Airy bunch at the
radiator for σx = σy = 100µm. The horizontal and vertical axes are x and y in micrometers.
The plotted quantity is the real, nonnegative transverse density ρT = |ψAiry|2, normalized to
its maximum value; the color scale therefore spans 0–1.
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3.6.1 Spectral Response of Airy Bunches with Varying Propagation

Lengths and Apodization

The weak dependence of the CTR intensity pattern on Airy propagation distance follows

from the characteristic Airy propagation scale.

LA = keσ
2
x, ξ =

zprop
LA

. (3.33)

For a finite-energy Airy distribution, the dominant propagation effect at small αξ is the

parabolic transverse displacement.

∆x =
z2prop
4k2eσ

3
x

=
σxξ

2

4
. (3.34)

However, a translation of the charge density does not modify the magnitude of its Fourier

transform. Specifically,

ρ(x− ∆x) F−→ e−i∆kx∆x˜︁ρ(∆kx), (3.35)

and therefore

⃓⃓
e−i∆kx∆x˜︁ρ(qx)⃓⃓2 = |˜︁ρ(∆kx)|2. (3.36)

Thus, although the Airy bunch may move substantially in real space, this trajectory alone

cannot alter the CTR intensity form factor. After this translation is removed, the normalized

finite-energy Airy density depends primarily on the dimensionless quantity:

aξ = a
zprop
keσ2

x

. (3.37)

For a 100 MeV electron beam with σx = 100µm, the electron wavenumber gives

keσ
2
x ≃ 5.09× 1010 m. (3.38)
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At zprop = 106 m,

ξ ≃ 2, αξ ≃ 0.1 (3.39)

for α = 0.05. The Airy distribution is therefore predominantly translated rather than

significantly deformed, unless propagated over extreme propagation distances, as seen in Fig.

3.7.
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Figure 3.7: Spectral-angular CTR distributions Wn for an Airy electron bunch with apodiza-
tion α = 0.05 at propagation distances zprop = 1 × 107, 5 × 107, 1 × 108 and 5 × 108m
corresponding to normalized propagation coordinates ξ = 2.0, 9.8, 19.6, and 98.2, respectively.
The horizontal axis is the observation angle θ in radians, and the vertical axis is wavelength λ
in micrometers, linearly sampled from 1 to 10 µm. Wn is evaluated at ω = 2πc

λ
and displayed

in J/(Hz · Sr) with logarithmic color normalization. The panels use common color limits
and are not individually peak-normalized, permitting direct intensity comparison. Increasing
propagation distance substantially changes the fine spectral-angular fringe structure while
retaining strong emission near the phase-matched angular direction.

This provides a useful pedagogical contrast with the Gaussian case, whose spectral envelope

is set directly by the longitudinal bunch size σL. As the apodization level α increases, the
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Airy CTR spectrum becomes increasingly Gaussian-like.

The propagation insensitivity of |f |2 also has a sharp consequence: an Airy bunch’s

propagation coordinate zprop is not recoverable from an intensity-only CTR measurement after

a certain propagation distance. Recovering it would require a phase-sensitive measurement

(e.g., interferometric CTR or coherent detection against a reference). Conversely, from a

source-design perspective, the propagation insensitivity is an asset: an Airy-shaped bunch

produces a CTR spectrum that is robust against drift in the longitudinal observation position,

a property no Gaussian bunch shares.

Figure 3.8: Spectral-angular CTR distributions Wn for Airy electron bunches with apodization
parameters α = 0.05 (left) and α = 1 (right), evaluated at zprop = 1×103 m and ξ = 1.96×10−4.
The horizontal axis is the observation angle θ in radians, and the vertical axis is wavelength λ
in micrometers, linearly sampled from 1 to 10 µm. Wn is evaluated at ω = 2πc

λ
and reported

in J/(Hz · Sr) using logarithmic color normalization. The two panels use the same color
limits and are not independently peak-normalized. Weak apodization retains pronounced
Airy interference structure, whereas stronger apodization suppresses the secondary structure
and produces a smoother, Gaussian-like spectral-angular envelope.

3.7 Longitudinal Coherence

While the CTR spectrum provides a direct view of the emitted radiation, the coherence

properties of the electron bunch fundamentally govern its spectral structure. In particular,
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the onset and extent of coherent emission are strongly determined by the longitudinal bunch

profile, motivating a closer examination of longitudinal coherence.

Consider an arbitrary spatial electron distribution with distinct transverse and longitudinal

profiles, as developed in Section 2.2.1. Recall that the form factor of this distribution is given

by

f 2 = f 2
Tf

2
L. (3.40)

Moreover, fT is given by

fT =

∫︂ ∫︂
ρT (x, y)e

i(kxx+kyy)dxdy. (3.41)

Notably, the phase of fT is given by ϕT = kxx+ kyy. If the spatial distribution has transverse

size σT , then the electrons within the bunch acquire a phase difference of ∆ϕT ∼ kTσT , where

kT =
√︁
k2x + k2y = 2π

λc
sin θ. For the radiation from each electron to add coherently, their

respective phases should not vary by more than approximately one radian. We therefore

impose

kTσT ≲ 1 (3.42)

Using these expressions, we obtain

2πσT sin θ

λc
≲ 1. (3.43)

For small observation angles, using the fact that radiation is concentrated around angles

given by θ ∼ 1
γ
, we obtain

2πσT
γ

≲ λc. (3.44)

That is, if the aforementioned quantity is less than the coherence threshold wavelength, λc,

transverse coherence is negligible. Moreover, using the values in Table 3.1, we find that the

left-hand side of Eq. 3.44 is indeed much smaller than the coherent radiation wavelengths
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of interest. We may therefore focus on longitudinal coherence as transverse coherence is

suppressed.

Moreover, consider the longitudinal profiles of each of the spatial distributions highlighted

in Section 3.3:

ρL(z) = exp
(︃
− z2

2σ2
z

)︃
. (3.45)

To consider longitudinal coherence, the CTR spectrum, Wn, as given in (2), must be separated

into its coherent and incoherent contributions. Namely,

Wn = Wincoherent +Wcoherent (3.46)

Wincoherent = NeW1 (3.47)

Wcoherent = Ne(Ne − 1)|f 2|W1. (3.48)

The ratio is therefore
Wcoherent

Wincoherent

= (Ne − 1)|f 2|. (3.49)

The onset of coherence according to this criterion occurs when Wcoherent = Wincoherent. The

following plots were generated based on the preceding analysis.
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Figure 3.9: Longitudinal coherence threshold for Gaussian electron bunches withQ = 5 pC and
RMS temporal durations σt = 10 ps, 1 ps, 100 fs, and 10 fs. Each panel plots the dimensionless
coherent-to-incoherent radiation ratio Wcoh

Wicoh
= (Ne−1)|f |2 versus wavelength λ in micrometers.

Both axes are logarithmic. The horizontal dashed line marks Wcoh

Wincoh
= 1, which defines

the onset of coherence, and the vertical dashed lines indicate the corresponding threshold
wavelengths λc = 4511.96, 450.88, 45.12, and 4.51µm.

3.8 A Unifying Observation

Read together, the three case studies illustrate that the form factor acts as the master

variable governing not just the amount of coherent radiation but its spectral, angular, and
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informational structure. The Gaussian provides a smooth coherence envelope; the hollow

Gaussian bunch reshapes the angular distribution while conserving integrated intensity; the

Airy bunch sacrifices a tunable amplitude envelope in exchange for propagation-invariant

intensity. The same numerical pipeline, applied to any user-supplied 3D distribution, will

produce analogous interpretations, with each spectrum’s features traceable to the analytical

structure of |f(k̄)|2 for the corresponding source.
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Chapter 4

Experimental Application: Coherent

Transition Radiation from

Single-Digit-Femtosecond Electron Beam

Structure

4.1 Experimental Motivation and Overview

The computational framework developed in Chapter 3 provides a means of mapping an as-

sumed electron-bunch distribution to its corresponding coherent transition radiation spectrum.

In addition to predicting the radiation produced by arbitrary electron-bunch structures, this

framework can be used in reverse: experimentally measured radiation spectra can be compared

with simulated spectra to constrain the properties of the electron bunch responsible for the

emission. As such, an experimental campaign conducted at Deutsches Elektronen-Synchrotron

(DESY) during the summer of 2025 provided an opportunity to further investigate CTR

under strongly compressed beam conditions by applying the numerical framework developed

in Chapter 3 to experimentally measured radiation spectra. The results of this collaborative
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experiment were subsequently reported in [1]. The experiment observed coherent emission

extending into the visible spectrum and used the CTR model developed in this work to infer

the characteristic longitudinal structure of the emitting electron bunch.

The experiment demonstrated optical-frequency coherent transition radiation following

strong longitudinal compression in a conventional radio-frequency linear accelerator. Unlike

many previous observations of visible CTR associated with free-electron-laser interactions or

optically induced microbunching, the observed radiation was generated without an undulator,

FEL interaction, or externally imposed optical modulation. The measured optical spectra

exhibited a nonlinear dependence on bunch charge, with an approximately quadratic contri-

bution over a substantial portion of the visible spectrum, providing experimental evidence of

superradiant emission from ultrashort longitudinal electron-beam structure.

The importance of this experiment within the context of the present thesis is twofold.

First, it provides an experimental demonstration of the longitudinal-coherence behavior

discussed in Section 3.7. Second, and more importantly, the numerical CTR framework

developed in Chapter 3 was used to construct the spectral models used to fit the measured

data. Whereas Chapter 3 considered the forward problem—beginning with an electron-bunch

distribution and calculating the emitted CTR spectrum—the experimental analysis presented

here applies the same relationship in reverse. A family of simulated spectra was generated

for different longitudinal bunch durations and compared with the measured optical spectra,

allowing a characteristic longitudinal timescale of the electron bunch to be inferred.

4.2 Experimental Production of CTR at ARES

The experimental measurements were performed at the Accelerator Research Experiment

at SINBAD (ARES) facility at DESY. ARES employs an S-band photoinjector followed by

traveling-wave accelerating structures and a magnetic bunch compressor to produce ultrashort

relativistic electron bunches. For the measurements considered here, the electrons had a
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kinetic energy of approximately 120 MeV. An X-band transverse deflecting structure located

near the CTR target provided an independent measurement of the bunch duration; this

measurement was resolution-limited to approximately 4 fs RMS.

Transition radiation was generated using a silver mirror positioned at an incidence angle of

45◦ with respect to the electron trajectory. In this geometry, backward transition radiation was

directed approximately 90◦ away from the electron-beam propagation direction, permitting

the optical radiation to be extracted through a viewport. At the same time, the electron beam

continued through the beamline. The spatial radiation distribution was recorded using a

CMOS camera, while wavelength-resolved measurements were obtained using a fiber-coupled

spectrometer covering approximately 200–1100 nm.

Longitudinal compression of the electron bunch was achieved by using the second traveling-

wave structure (TWS2) to impose a controlled energy chirp on the beam before it was

transported through the magnetic bunch compressor. By varying the phase of TWS2 relative

to the maximum momentum-gain phase, the longitudinal phase space—and therefore the

degree of compression—could be adjusted. For the CTR spectral analysis, measurements were

taken at TWS2 phases of 32◦, 33◦, and 34◦. These three operating points produced different

measured radiation intensities while yielding very similar fitted longitudinal bunch durations

of approximately 1.2 fs, thereby enabling evaluation of the consistency of the CTR-based

bunch-length inference across neighboring compression settings. For each operating condition,

spectra were averaged over 100 consecutive electron bunches, and a background spectrum

obtained with the electron beam blocked was subtracted from the measurements.

4.3 Application of Computational Framework to Experi-

mental Observables

To further highlight the pipeline developed to predict longitudinal coherence, we next compare

the predicted onset with previously reported results. In [1], Pennington et al. reported the
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first observation of CTR from ultrashort, relativistic electron bunches. The superradiant

optical transition radiation was measured over the 550-800 nm spectral range. The captured

radiation exhibited quadratic scaling, confirming that the emission was indeed coherent and

governed by the longitudinal bunch form factor.

The Gaussian spectral envelope developed throughout the computational framework was

used directly as the predicted radiation response for comparison with the experimentally

measured CTR spectra. Rather than fitting the experimental data with an arbitrary empirical

function, the model begins with an assumed Gaussian longitudinal electron-bunch distribution

and calculates its corresponding form factor and coherent transition-radiation spectrum.

The longitudinal bunch duration therefore controls the spectral roll-off: shorter bunches

retain a large form factor to higher frequencies, extending coherent emission toward shorter

wavelengths, whereas longer bunches lose coherence earlier. By varying the assumed bunch

duration, a family of predicted Gaussian CTR spectra was generated and compared with the

measured spectral envelopes. This procedure produced characteristic longitudinal structures

of approximately 1.22–1.26 fs in the measured spectra across different compression phases,

demonstrating that the experimentally observed spectral shape is consistent with a single-

digit-femtosecond electron-beam structure.

37



Figure 4.1: Measured wavelength-resolved CTR spectra and Gaussian-model fits for TWS2
phases of 32◦, 33◦, and 34◦. The horizontal axis is wavelength in nanometers on a linear
scale, spanning approximately 200–1000 nm, and the vertical axis is detector counts on a
linear scale. Colored points show the measured, background-subtracted spectra, and dashed
green curves show Gaussian CTR-model fits corresponding to RMS bunch durations of 1.26 fs,
1.26 fs, and 1.22 fs for 32◦, 33◦, and 34◦, respectively. The measured spectra were averaged
over 100 consecutive electron bunches. The detector counts are not normalized, and no color
scale or color limits apply [1].

The same Gaussian model can also be used to identify the wavelength at which the

coherent contribution becomes comparable to the incoherent transition-radiation background.

In the simulation shown in Fig. 4.2, the coherent-to-incoherent intensity ratio, Wcoh/Wincoh,

is evaluated for a characteristic bunch duration of approximately 1.2 fs. Defining the onset of

coherence by Wcoh/Wincoh = 1, the model predicts a coherence threshold of approximately

λc = 0.55µm, or 550 nm. This predicted transition is particularly significant because

the experimental charge-scaling analysis independently identifies the onset of a coherence-

dominated regime at approximately 550 nm, above which the measured intensity is well

described by the quadratic charge dependence expected for coherent emission. Thus, the
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agreement between the simulated Gaussian coherence threshold and the experimentally

observed onset of superradiant scaling provides an additional validation of the numerical

CTR framework.

Figure 4.2: Predicted longitudinal coherence threshold for a Gaussian electron bunch with
σt = 1.2 fs and Q = 1.75 pC. The horizontal axis is wavelength λ in micrometers on a
logarithmic scale, and the vertical axis is the dimensionless coherent-to-incoherent CTR
ratio Wcoh

Wincoh
on a logarithmic scale. The horizontal dashed line denotes Wcoh

Wincoh
= 1, and the

vertical dashed line marks the predicted coherence threshold λc = 0.55µm. The ratio is not
additionally normalized, and no color scale is used. The predicted threshold coincides with
the experimentally observed onset of coherence-dominated charge scaling near 550 nm.
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Chapter 5

Conclusion

We have presented a tutorial-style, simulation-first treatment of coherent transition radiation

that takes the bunch form factor |f(k)|2 as the central organizing object. Starting from the

Ginzburg–Frank single-electron formula, we derived the coherent enhancement that arises

for an Ne-electron bunch, made the geometric corrections required for realistic experiments

(finite radiator, 45° tilt, formation length) explicit, and implemented the result as an open

numerical pipeline that maps any user-supplied three-dimensional charge distribution onto an

angle- and wavelength-resolved CTR spectrum. The three case studies — Gaussian, hollow

Gaussian, and Airy — were chosen not for their novelty as bunch geometries but for what

they reveal about the form factor’s role as the master variable governing coherent emission.

Together, the three cases make a single mechanistic point. The Gaussian bunch sets a

smooth coherence envelope in which longitudinal and transverse contributions to |f(k)|2 act

independently, producing the textbook bunch-length and angular-divergence diagnostics. The

hollow Gaussian bunch reshapes the distribution into lobes with nulls directly traceable to

the structure of the form factor — meaning the form factor redistributes coherent radiation

in k-space rather than amplifying or attenuating it. The Airy bunch, by contrast, is modeled

over the propagation range for which the Airy profile is predominantly translated rather than

substantially deformed; changes in propagation distance primarily introduce a transverse

40



displacement of the bunch. Because a spatial translation contributes only a phase factor

to the Fourier transform, the magnitude of the bunch form factor, and therefore the CTR

intensity, is largely unchanged by this displacement.

The contribution of this work is therefore not a new theory of CTR but a unification,

pedagogically and computationally, of treatments that already exist in the literature in scat-

tered form. Analytical CTR results have been derived for ellipsoidal, helically microbunched,

and hollow Bessel electron beams, for finite and tilted radiators, and for particle-in-cell

(PIC)-coupled in situ diagnostics. We have re-derived these in a common notation, embedded

them in a single open implementation, and used that implementation to study an Airy-

distributed bunch — a case that, to our knowledge, has not previously been treated in the

CTR literature. The Airy result is the most immediate scientific outcome: it identifies a

class of structured electron bunches for which CTR intensity is robust against longitudinal

observation drift, which is potentially useful as a stable broadband source but problematic as

a longitudinal-position diagnostic. Several limitations of the present treatment are worth

stating explicitly. The pipeline uses the Ginzburg–Frank far-field kernel; pre-wave-zone

effects and finite-radiator diffraction enter only through the analytical correction in Section

3, rather than through a full vector-electromagnetic solution in the spirit of Shkvarunets

and Fiorito. The form factor is evaluated from analytical distributions rather than from

PIC macroparticle data, so space-charge-induced distortions of the bunch profile must be

supplied externally. A hollow Gaussian bunch, in particular, will produce CTR with nontrivial

vector structure that an intensity-only treatment cannot capture. Addressing each of these

limitations represents a natural next step rather than a fundamental obstacle: the pipeline’s

array-based, distribution-agnostic structure was designed to be extended.

Looking forward, three directions are most immediate. First, coupling the pipeline to

a PIC or tracking code would close the loop between bunch design and CTR observables,

enabling forward-model studies of how realistic compression, transport, and space-charge

effects modify the form factor of an intended structured bunch. Second, integrating phase-
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sensitive observables — interferometric CTR or coherent heterodyne detection — would lift

the intensity-only blind spot. Third, the framework as presented supports the design of CTR-

based broadband sources in regimes — multi-octave, structured, polarization-engineered —

that have been theorized but not yet experimentally realized; using |f(k)|2 as a design variable

rather than a measurement output is a natural next step toward generalized superradiance.

More broadly, we hope this work establishes a habit of treating CTR not as a collection of

geometry-specific special cases but as a single form-factor framework through which structured

charge becomes structured light.
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