
Lawrence Berkeley National Laboratory
Recent Work

Title
THE EQUILIBRIUM SHAPE OF DEFORMATION TWINS

Permalink
https://escholarship.org/uc/item/8gb5450h

Author
Cooper, R.E.

Publication Date
1964-03-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8gb5450h
https://escholarship.org
http://www.cdlib.org/


UCRL-11347 

University of California 

Ernest O. Lawrence 
Radiation .laboratory 

THE EQUILIBRIUM SHAPE OF DEFORMATION TWINS 

TWO-WEEK LOAN COpy 

This is a library Circulatin9 Copy 
which may be borrowed for two weeks. 
For a personal retention copy, call 

Tech. Info. Dioision, Ext. 5545 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, ot service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 

., ., 

'I. "-

"""" 

"0'''''· 

. '" 

'",' 

... ~ 
..;".; 



" > 

"1·'1' 
1 ~''( ~, 

'.' 

UNIVERSITY OF CALIFORNIA 

Lawrence Radiation Laboratory 
Berkeley, California 

AEC Contract No. W-7405-eng-48 

THE EQUILIBRIUM SHAPE OF DE FORMATION TWINS 

R.E. Cooper 

March 1964 



''; 

. ~ 

't;' .. ~. 
~, : f c 

, . ,.~' • t, • I ~ !: . 

"", " 
::;.. ." ... ' ~ 

,~,", .; " .. ' ~ 
,';' , . 

. : .• ' i':'o'" 

, < 
" .,,: " ~ "', 

, ... ,' 

.' 

UCRL-1l347 
'.' 

, The Equ1libri~, Shape of Deformation Twins' 

A number of metals and non-metals exhibit the phenomenon of elastic 
:' . 

tw~~ning(l) due to lack of accamodation of stresses wh1choppos~ the 

, formation of th~ twin lamella. Since such accomodation normallY' occurs 

I 
: ! 

by slip the phenomenon is seen only in materials which slip isd1fficult 

under the conditions of observation. 
'. 

B,y making various simplifying assumptions it 'has been found possible 

, to calculate the equilibrium shape of such elastic twin lamellae. The 

" .... 

, , 
:/ 

1"-

I . . 
: method used is to obtain an expression for the total energy of the twinned .' 

specimen and to find the equilibri~ shape by differentiation of this . . '. 

expression. Dislocation friction forces are assumed negligible. . . . , 

A. for,ce concentrated along a line on the surface of a block of crystal. ' . 

of infinite breadth and of length and height L is considered. Th1s·force 

leads to the formation of a twin which is assumed to be a flat faced wedge 

of.infinite breadth and of length £ and of maximum thickness d, where 

"d, £« L. 

The energy terms considered are: 

(i) 
(11) 

(iii) 

" (iV) 

twin boundary energy, 

twinning dislocation interaction energy and,. 

the elastic strain energy due to the applied force, 

dislocation line energy. 

In terms of forces acting, these energy terms correspond to' (i) the 

" twin boundary surface tenSion, which I;l,cts on the d,1slocations at the twin 

tip; '(11) the mutual repulsion forces ,between the twinning dislocations 
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maki~gupthe non-coherent twin boundaries,; (iii) the forces on the dis- ..... 'I.'~~~' . • 

locations due to the. applied shear stress, which varies along the length 

of the twin, and (iv) dislocation line tension. 
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Twin Qoundary ener~. 

This is equal to r x total boundary area 
" 

'l ... :: 2y"h(p-l) 

" ' 

'where r:: specific sUrface energy (in this case per unit breadth), 
, 

h :: spacing between neighboring dislocations in a twin boundary, 
\ 

and 'p:: total number of aislocations in'a boundary_ 

Since p is large for optically observable twins the expression can be written " 

twin boundary energy '~ 2'(ph/unit breadth. 
~ 

Dislocation interaction energy. 

As the twin has flat faces and is of infinite breadth the twinning 

dislocations for.m an array of uniformly spaced parallel edge dislocations. 

If one considers the interaction of every dislocation with every other 

dislocation one obtains, for two twin boundaries: 

2 L 
('p jn h - K(p) )/unit breadth 

where K(p) = In (p-2)t 
'i::p-l 

+ E (jn (p-i)£ + in (i-l)l) 
i=2 

and 
G = elastic shear modulus, 

~ :: Burgers vector' ofa tw1nningdislocation, 

v :: Poisson', s ratio. 
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It has been assumed that any pair of dislocations will have zero inter-

action energy when se~'ated by a distance L. It has also been assumed 
, ..... - -

that the twin is reasonably thin compared with its length so that the 

dislocations behave as if all in the same glide P+ane but that there is 

. no interaction between one b~dary and the other. 

Strain'energy due to the applied stress. , , 

Considering an elementary slice of crystal of thickness 8Z at a depth z 

below the surface of the crystal and parallel to this surface I then the' 

thickness of the twin at this .depth z will be 

d = d(l-z/.t) z 

the shear stress is assumed to decrease exponentially with z from a value ' a. 
- - z 

T so that T = T e.t [This variation is chosen rather than one found o z 0 

in elasticity theory, such ~s the Boussinesq solution, in order 'to minimize 

the number of arbitrary constants Which must be chosen to obtain numerical 

results from the final expression.] Hence the work done by the applied shear 

stress on this element of crystal is found to be 

'where s = twinning shear. 
, 2 

Integrating, we, obtain w = 2 sToap f(a.)h where 

a = interplanar spacing of the twin composition plane and ' 

1"(0.) = 12 (e~o. - 1) + 1/0. 
a. 

If a. 1:1 0, f(a.) = 1; if' a. is large 1"(0.) .. 1/0.. 

''''':-- --, . .....----
Dislocation line energy. 

Line energy = 2p·l-i Gb2 = pGb2/un1t ~ breadth~' 

_ .. _ I; ..... 'ij~ 
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The total energy expression can then be obtained by addition. 

By considering a twin of given thickness (p = constant) the total energy 

expression can be differentiated with respect to h to give the value of·h 

corresponding to a minimum energy configuration. We obtain: 

l/h = (r + ST apf(a.» 4n(1-v) 
0 Gb2p 

I 
, 

\ . , 
and, .characterizing the twin shape by the ratio d/I,; 

d/I, ~ (y + ST apf(a» 8n(1-v)a 
o Gb2p 

Since y is negligible compared with ST apf(a) we have o 

.-

d/I, ~. 8n(l-v)Tof(a)' 
Gs '. 

Comparison with the experimental results of Obreimov and S~tsev(2} 
. . G· 

for twins in calcite shows that if Tb is chosen to be' 1000 and a =10 
. \ 

(chosen so that the shear stress at the twin tip due to the applied force 

is very much less than that necessary for dislocation glide) then: 

d/I, (calculated) ~ 2.5 x 10-3 

d/I, (observed) ~ 1.6 x 10-3 

Further, if a = 0 we have d/I, ~ 4T • 2n(1-v) which can be compared with Gs ." ..... "" _ .. ~ 

i 

]);tiede1.'S'. (3) calculation of the shape of a disk s~ped ~wi~-~~ -.. ~"q~~i-- ----;-:-- '> 
., .' --. ":"!- ~ ~~ 

brium under a uniform shear stress T which .state s& 

4 . d/ I, ~ -1-. 
Gs . 

(In comparing the equation for a wedge shaped twin of length I, with a 

1enticu1ar twin the diameter 'ot the. lenticular; twin has been taken as 21,.] 

~. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the u~eof, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of ~he Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor . 






