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  ABSTRACT 

  Six classical growth functions (monomolecular, 
Schumacher, Gompertz, logistic, Richards, and Mor-
gan) were fitted to individual and average (by par-
ity) cumulative milk production curves of Canadian 
Holstein dairy cows. The data analyzed consisted of 
approximately 91,000 daily milk yield records corre-
sponding to 122 first, 99 second, and 92 third parity 
individual lactation curves. The functions were fitted 
using nonlinear regression procedures, and their per-
formance was assessed using goodness-of-fit statistics 
(coefficient of determination, residual mean squares, 
Akaike information criterion, and the correlation and 
concordance coefficients between observed and ad-
justed milk yields at several days in milk). Overall, all 
the growth functions evaluated showed an acceptable 
fit to the cumulative milk production curves, with the 
Richards equation ranking first (smallest Akaike in-
formation criterion) followed by the Morgan equation. 
Differences among the functions in their goodness-of-fit 
were enlarged when fitted to average curves by parity, 
where the sigmoidal functions with a variable point of 
inflection (Richards and Morgan) outperformed the 
other 4 equations. All the functions provided satisfac-
tory predictions of milk yield (calculated from the first 
derivative of the functions) at different lactation stages, 
from early to late lactation. The Richards and Morgan 
equations provided the most accurate estimates of peak 
yield and total milk production per 305-d lactation, 
whereas the least accurate estimates were obtained 
with the logistic equation. In conclusion, classical 
growth functions (especially sigmoidal functions with 
a variable point of inflection) proved to be feasible al-
ternatives to fit cumulative milk production curves of 

dairy cows, resulting in suitable statistical performance 
and accurate estimates of lactation traits. 
  Key words:    dairy cow ,  growth function ,  lactation 
curve ,  lactation trait 

  INTRODUCTION 

  A typical lactation curve increases rapidly from ini-
tial yield at calving to a peak then decreases gradually 
as lactation progresses. Several models with different 
functional forms have been proposed to represent daily 
milk yield versus time of lactation in dairy cows (e.g., 
Wood, 1967; Dijkstra et al., 1997; Pollott, 2000; López, 
2008). Variations in the shape and form of the lactation 
curve stem from factors including genetic background, 
parity, diet, and other environmental influences (Wood, 
1968, 1970, 1980). The models used to describe milk 
yield can be divided into 2 groups: mechanistic models, 
based on the biology of lactation aiming to describe 
the causative mechanisms underlying a specific shape 
(e.g., Dijkstra et al., 1997; Pollott, 2000), and empirical 
models, based on the mathematical representation of 
actual milk yield data and simply trying to describe the 
shape (e.g., Wood, 1967; Rook et al., 1993; Grossman 
et al., 1999). The choice of model is a balance between 
fitting properties and requirements for biological inter-
pretation. For example, detailed mechanistic models 
(Pollott, 2000) have the advantage of parameters with 
biological interpretation, but can be difficult to fit and 
may give rise to parameter estimates showing large 
standard errors and multicollinearity. Conversely, more 
simple empirical models can rapidly converge to an ac-
ceptable solution and provide adequate fits to data, 
but lack a biological basis. A simple mechanistic model, 
such as the one proposed by Dijkstra et al. (1997), may 
provide such a balance between fitting properties and 
biological interpretation (Val-Arreola et al., 2004; De-
matawewa et al., 2007). 

  Knowledge of the shape of the lactation curve is valu-
able in a management context, especially for decisions 
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that are time-dependent. Modelers seek to find para-
metric descriptors of the shape of the lactation curve to 
predict characteristics including peak milk yield, time 
to peak, and persistency. For example, knowing when 
peak milk yield will occur can assist dairy farmers or 
managers in planning feeding strategies to maintain 
peak yield for as long as possible. Also, the persistency 
of milk yield is an important aspect of total yield. 
A cow with a flatter lactation curve compared with 
another cow with the same total 305-d milk produc-
tion may experience less stress and have a higher feed 
efficiency (Grossman et al., 1999). Fathi-Nasri et al. 
(2008) reported the potential of the differentials of sim-
ple growth functions as equations for fitting monthly 
milk records of Holstein dairy cattle. Sigmoidal growth 
functions have been frequently applied to study somatic 
growth and population dynamics (Thornley and France, 
2007; López, 2008). The shape of the cumulative milk 
production curve is similar to that of a growth curve; 
thus, various growth functions may be used to model 
the curve.

The cumulative milk production curve shows a 
smoother trajectory than that of the conventional lac-
tation curve. It would be affected to a lesser extent if a 
few (sporadic) records are missing, and is less sensitive 
to the occurrence of outliers or abnormal recordings. 
Disturbances in the lactation curve can be highly influ-
ential when fitting classical lactation models, whereas 
the fit of cumulative milk production curves would be 
little affected by the occurrence of such occasional de-
viations. Furthermore, the lactation curve (daily milk 
yield vs. DIM) does not always follow the typical tra-
jectory (standard curve), and other curve shapes have 
been observed. Nonstandard lactation curve shapes 
are not always easily fitted by conventional lactation 
models (Rekik and Gara, 2004; Macciotta et al., 2005; 
Silvestre et al., 2009). Regardless of the shape of the 
lactation curve, the cumulative milk production curve 
will always follow a monotonically increasing pattern 
that can be fitted using growth functions to represent 
the underlying trend of the lactation curve relating to 
the productive potential of the cow. The purpose of 
the current work was to investigate the suitability of 
6 standard growth functions in describing the 305-d 
lactation curve of Holstein dairy cows from cumulative 
milk production data calculated from daily individual 
cow milking records.

MATERIALS AND METHODS

Data

The data analyzed consisted of approximately 91,000 
daily milk yield records, corresponding to 122 first, 99 

second, and 92 third parity individual lactation curves 
(for a total of 313 curves) of Holstein dairy cows col-
lected at the Elora Dairy Research Centre (University 
of Guelph). Lactation length varied from 180 to 575 
d, but longer lactations were truncated to 305 d for 
this analysis. Most of the curves (187/313) were up to 
305 d, and only 20 curves (17 of them for third parity) 
corresponded to lactations of less than 250 d. In all 
cases milk yield was recorded daily. The database con-
tained cow records of birth date, calving date, lactation 
number (parity), milking date, and daily milk yield. 
Cumulative milk production was calculated from daily 
milk yield records. The cows were fed 60:40 forage-to-
concentrate as a TMR composed (per kilogram of DM) 
of 332 g of corn silage, 221 g of alfalfa silage, 55 g of 
hay, 202 g of high-moisture corn, and 189 g of custom 
supplement, formulated to meet NRC (2001) require-
ments for a lactating dairy cow. All cows were fed and 
milked twice daily (feeding at 0700 and 1300 h; milking 
at 0500 and 1500 h).

Model Fitting

Cumulative milk production generally follows a cur-
vilinear trend that closely resembles the trend of a clas-
sical somatic growth curve (Figure 1). The 6 equations 
presented in Table 1, and usually fitted to growth 
curves, were used to describe the cumulative lactation 
curves. The first equation is the simple exponential 
function proposed by Mitscherlich (1909), often referred 
to as the Mitscherlich or monomolecular equation, and 
has no point of inflection, thus representing only a di-
minishing returns (nonsigmoidal) pattern. The Schum-
acher, Gompertz, and logistic equations are 3-parameter 
sigmoidal functions each with a fixed point of inflection 
occurring when cumulative production reaches a cer-
tain proportion of the upper asymptote, the asymp-
totic cumulative milk production as DIM tend to infin-

ity (yf), namely at 
y y

e

yf f f

e
, , and

2 2
, respectively. The 

Richards and Morgan equations have an extra param-
eter (shape constant n) and can be considered flexible 
functions which represent diminishing returns or sig-
moidal profiles (the Richards equation is sigmoidal if n 
> –1, and the Morgan equation if n > 1) with a point 
of inflection at any y-value. The 4-parameter Richards 
equation encompasses the monomolecular, Gompertz, 
and logistic equations when n has a value of –1, 0, and 
1, respectively. In the models described, y(t) is cumula-
tive milk production (kg), t is time of lactation or DIM, 
and y0, yf, t0, th, k, D, n (all >0 except n ≥ –1 in the case 
of Richards) are parameters that define the scale and 
shape of the curves, whereas y (t) = dy/dt is the daily 
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milk yield (kg/d). For more details, refer to Chapter 5 
of Thornley and France (2007). Calculations of mea-
sures of performance [i.e., time to peak yield (t*, d), 
peak yield (dmy*, kg/d), cumulative 305-d production 
(y305, kg), and persistency (p, %/d)] are as shown in 
Table 1.

The candidate functions were fitted to individual-cow 
cumulative milk production curves for each lactation 
using the PROC NLIN procedures of SAS (v. 9.13; SAS 
Inst. Inc., Cary, NC). The Akaike information criterion 
(AIC; Akaike, 1969) was chosen for comparing models 
based on goodness-of-fit. A smaller numerical value 
of AIC indicates a better fit when comparing models 
(Burnham and Anderson, 2002; Motulsky and Chris-
topoulos, 2003). The behavior of each model across all 
the lactation curves fitted was evaluated from the mean 
AIC, the average and median ranking (for each lacta-
tion curve, rank = 1 corresponds to the model with the 
smallest AIC and rank = 6 to the one with the greatest 
AIC), and the number of curves for which the model 
had the smallest or the greatest AIC (compared with 
the other models included in the analysis).

Models were also compared based on estimates of 
model parameters or lactation traits obtained with each 
equation. Daily milk yield (kg/d) at several lactation 
times (2, 70, 140, 210, and 280 DIM) were calculated 
for each individual curve, and then values obtained with 

each model were compared with the corresponding ob-
served recordings at the same DIM. For the assessment 
of model performance, correlation between observed 
and calculated values within each DIM across all indi-
vidual lactation curves was examined using the Pearson 
correlation coefficient (PROC CORR of SAS) and the 
concordance correlation coefficient. Concordance cor-
relation coefficient (CCC) or reproducibility index 
(Lin, 1989) results from the product of 2 components: 
the correlation coefficient that measures precision and 
the bias correction factor (Cb) that assesses model ac-
curacy. If Cb equals 1, this indicates that no deviation 
from a line of unity has occurred. The product of the 
2 values gives simultaneously both the precision and 
accuracy of the estimation of actual or observed values.

Finally, average cumulative milk production curves 
were obtained for each parity (Figure 1). Within each 
parity, all individual milk recordings at each DIM 
were averaged (Figure 2) and then cumulative milk 
production was determined. For these average curves, 
cumulative production after 305 d of lactation (y305) 
was then calculated. The DIM at which peak is reached 
(t*, d) and daily milk yield at t* (dmy*, kg/d) were 
determined for each average curve by selecting the 6 ac-
tual data points clustered around peak period with the 
highest daily milk yields, and then averaging daily milk 
yield and DIM for those 6 values. The Wood equation 

Figure 1. Cumulative milk production curves of Holstein dairy cows (average curves for first, second, and third parity lactations; error bars 
represent the SD).
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was fitted to average lactation curves (daily milk yield 
vs. DIM), whereas the growth functions were fitted to 
the average cumulative milk production curves. Values 
of y305, t*, and dmy* calculated for each parity from 
the average curves were compared with those estimated 
when fitting each candidate function to evaluate model 
performance. Statistical goodness-of-fit of the models 
fitted to the average curves was assessed based on the 
comparison between observed and fitted daily milk 
yield values at each DIM, using AIC, residual mean 
prediction error (Bibby and Toutenburg, 1977), and 
concordance correlation coefficient.

RESULTS

In general, all the growth functions provided accept-
able fits and described the lactation data adequately, 
but some differences among functions were noted. 
Overall, the Richards equation ranked first in terms 
of goodness-of-fit (smallest AIC), followed by the Mor-
gan equation (Table 2). The Gompertz ranked third, 
the monomolecular fourth, and the logistic fifth. The 
Schumacher equation gave the worst goodness-of-fit of 
the 6 functions tested.

All the functions (except the monomolecular) tended 
to underestimate milk yields in early (DIM = 2 d) and 
late stages of lactation (DIM = 280 d), and to overesti-

mate them in midlactation (DIM = 140 d; Table 3). This 
trend was more noticeable for the Schumacher and lo-
gistic equations, with large deviations between observed 
and estimated values (Table 3). However, the Morgan 
and Richards equations gave a close fit to the observed 
values at all lactation stages. As result of its particular 
behavior (a nonsigmoidal diminishing returns pattern), 
the monomolecular led to a large overestimation of milk 
yield after calving, a slight underestimation in midlac-
tation, and some overestimation at late stages of lacta-
tion. Estimates of total milk production over a 305-d 
lactation (y305) were similar with the monomolecular, 
Richards, and Morgan equations, with the Gompertz 
and logistic providing greater values and Schumacher 
noticeably smaller estimates. Overall, the Morgan, 
Richards, and monomolecular equations provided close 
estimates of total milk production for a 305-d lactation, 
with strong correlation (r > 0.97) and concordance 
(CCC >0.97) between observed and predicted values 
across all the lactation curves considered in the study 
(Table 3). The Schumacher equation underestimated 
y305 by 7%, whereas the Gompertz overestimated this 
trait by 8%, although correlation (r > 0.95) and con-
cordance (CCC >0.84) between observed and predicted 
values were high in both cases. The logistic equation 
overestimated y305 by 14% and CCC between observed 
and predicted values was weaker (CCC = 0.57) than 
with the other functions.

Table 1. Growth functions used to describe lactation curves, where y(t) = cumulative milk production (kg), y (t) = daily yield (kg/d), t = days 
in milk, and y0 (kg of milk), yf (kg of milk), t0 (d), th (d), k (d–1), D (d–1), and n (dimensionless) are parameters (all > 0 unless otherwise stated) 
that define the scale and shape of the curves1 
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Functional form, 
y(t) =
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Average values (across all the lactation curves) of 
parameter estimates (yf, y0) and performance measures 
(t*, y*, dmy*, p) for the different growth functions are 
summarized in Table 4. Only the Schumacher equation 
gave acceptable estimates of y0 (milk yield at calving), 
whereas the monomolecular underestimated y0 (result-
ing in y0 = 0 for most of the lactation curves) and 
all the other functions gave unrealistic overestimates of 
this parameter (especially the Gompertz and logistic). 
Large differences were noted among functions in the 
prediction of DIM to peak yield (t*), which ranged (av-
erage values) from 70.2 (Richards) to 126.0 d (logistic; 
Table 4). These discrepancies underscore the impor-
tance of how peak yield is determined. Consequently, 
there were also substantial differences among functions 

in estimates of dmy* (daily milk yield at peak), with 
the Gompertz, Richards, and Morgan equations result-
ing in similar values, whereas Schumacher and logistic 
gave greater values. Persistency values were greatest 
when estimated with the monomolecular, and small-
est when estimated with the Gompertz and especially 
with the logistic, with the other 3 functions providing 
intermediate values.

Correlation coefficients between dmy* and p, between 
y305 and p, and between t* and y305 were low (–0.4 < r < 
0.1; Table 5) regardless of the function used to estimate 
these traits. Medium correlation was observed between 
t* and dmy* (Table 5), negative (increased dmy* as t* 
occurs earlier) when these were calculated from param-
eter values obtained with the Schumacher, Gompertz, 

Figure 2. Daily milk yield curves of Holstein dairy cows (average curves for first, second, and third parity lactations).

Table 2. Model goodness-of-fit based on Akaike information criterion (AIC) 

Item Monomolecular Schumacher Gompertz Logistic Richards Morgan

Mean 3,630 3,844 3,562 3,822 3,182 3,380
SE 24.5 31.5 24.9 24.9 30.8 25.4
Minimum 1,608 1,210 1,597 1,718 1,175 1,419
Maximum 4,352 4,444 4,779 4,956 6,819 3,959
Median 3,741 4,026 3,680 3,909 3,327 3,515
Average ranking 3.81 5.36 3.32 5.13 1.31 2.07
Standard error of rankings 0.061 0.055 0.053 0.041 0.039 0.036
Median ranking 4.0 6.0 3.0 5.0 1.0 2.0
Number of curves with smallest AIC 4 2 12 0 244 51
Number of curves with largest AIC 24 183 1 104 1 0
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Table 3. Model performance: comparison between observed values of daily milk yield (kg/d) at 2, 70, 140, 210, and 280 DIM and of cumulative lactation (305 d) milk production 
(kg) and values estimated by each model (values derived from all the individual lactation curves used in the study) 

Milk yield
Observed 

value Monomolecular Schumacher Gompertz Logistic Richards Morgan

2 DIM Mean 22.0 41.1 4.0 21.8 20.6 19.8 12.3
 SD 6.9 7.3 4.3 5.1 4.3 8.0 6.1
 Correlation  0.743 0.236 0.582 0.462 0.520 0.498
 Concordance  0.162 0.036 0.555 0.403 0.493 0.233
70 DIM Mean 36.7 35.5 41.5 34.5 32.5 36.0 36.7
 SD 6.9 5.6 8.0 6.3 5.8 6.4 6.4
 Correlation  0.893 0.886 0.875 0.808 0.896 0.893
 Concordance  0.856 0.725 0.825 0.652 0.889 0.890
140 DIM Mean 31.7 30.7 34.1 34.5 35.9 32.6 32.9
 SD 6.0 4.4 5.3 5.5 6.3 5.0 4.9
 Correlation  0.781 0.762 0.779 0.789 0.799 0.805
 Concordance  0.735 0.691 0.694 0.637 0.774 0.769
210 DIM Mean 27.9 26.8 24.6 27.0 27.2 27.1 26.6
 SD 4.9 3.9 3.8 4.7 5.1 4.2 4.2
 Correlation  0.796 0.802 0.786 0.786 0.817 0.826
 Concordance  0.753 0.606 0.771 0.778 0.795 0.789
280 DIM Mean 23.1 23.6 18.2 19.3 16.5 22.0 21.5
 SD 5.92 3.48 2.71 3.91 4.62 3.60 3.59
 Correlation  0.615 0.673 0.744 0.567 0.727 0.715
 Concordance  0.536 0.322 0.530 0.307 0.630 0.599
Cumulative milk production at 305 d of lactation Mean 9,254 9,357 8,636 9,993 10,517 9,203 9,098
 SD 1,320 1,307 1,296 1,534 1,362 1,329 1,316
 Correlation  0.989 0.975 0.959 0.823 0.978 0.995
 Concordance  0.986 0.877 0.836 0.571 0.977 0.988
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Richards, and Morgan equations, and positive when the 
traits were calculated using the logistic. A strong and 
positive correlation was observed between dmy* and 
y305 calculated with all functions except for the logistic, 
where the correlation was medium (r = 0.4). There 
was a strong and positive correlation between t* and 
p (greater persistency if t* occurred later) when the 
traits were estimated using sigmoidal functions with a 
fixed point of inflection (Schumacher, Gompertz, and 
logistic). This correlation was medium and negative 
when the Richards equation was used to estimate t* 
and p, and the traits were not correlated when they 
were estimated with the Morgan equation.

The goodness-of-fit to average lactation curves was 
best when sigmoidal functions with a variable point of 
inflection (Richards and Morgan) were used (Table 6). 
Both functions were superior to the others tested and 
provided a fit to the daily milk yield data comparing 
favorably with that achieved when the classical Wood 
equation was fitted to average lactation curves (Table 
6).

Wood, Richards, and Morgan equations also provided 
the closest estimates of y305 and t* (compared with the 
observed values for each parity). The sigmoidal functions 
with a fixed point of inflection tended to overestimate t* 
and underestimate y305, the deviations between observed 
and predicted values being largest with the logistic and 

smallest with the Schumacher (Table 7). The monomo-
lecular tended to overestimate y305. All functions (except 
the monomolecular, from which this trait cannot be 
calculated) provided close estimates of dmy* (deviations 
of ±1.1 kg/d in parities 1 and 3, and –1.6 kg/d in parity 
2), although with the logistic dmy* was slightly overesti-
mated (3.1 kg/d) in parity 1 (Table 7).

The comparison among parities was generally similar 
for all the functions fitted and conformed to that seen 
with the observed values (Table 7). Thus, total milk 
production in a 305-d lactation (y305) increased consis-
tently from parity 1 to 3. Milk yield at peak (dmy*) 
also increased from parity 1 to 2, with a small further 
increase of approximately 1 kg/d from parity 2 to 3. 
This was the trend with the observed values and with 
those predicted by all the functions. As for DIM to peak 
(t*), it occurred at a later time in parity 1 (d 68), and 
earlier in parity 2 (d 37), and at an intermediate time 
in parity 3 (d 54). This trend was best represented by 
the Wood, Richards, and Morgan equations, whereas 
no differences between parities 2 and 3 were observed 
in the estimate of t* with the other functions.

DISCUSSION

The typical lactation curve (daily milk yield vs. DIM) 
comprises 2 differentiable sections: an ascending phase 

Table 4. Lactation parameters and traits estimated by each equation (values derived from all the individual lactation curves used in the study) 

Item1 Monomolecular Schumacher Gompertz Logistic Richards Morgan

y0 0.97 24.4 1,098 1,912 100.0 128.4
 SE 0.968 4.44 24.1 32.5 15.72 4.20
yf 22,099 16,022 11,932 11,630 14,667 17,422
 SE 365.2 130.3 127.7 317.8 175.9 224.3
t*  76.5 107.0 126.0 70.2 76.3
 SE  0.75 1.14 2.01 1.69 1.26
y*  2,168 4,389 5,815 2,298 2,452
 SE  17.6 47.0 158.9 53.4 33.6
dmy*  42.2 36.6 39.4 37.0 37.4
 SE  0.43 0.36 0.59 0.36 0.35
p 0.570 0.453 0.353 0.297 0.462 0.452
 SE 0.0014 0.0011 0.0012 0.0015 0.0020 0.0010
1y0 = initial milk yield at DIM = 0 (kg); yf = asymptotic cumulative milk production (kg); t* = day in milk at which peak is reached (d); y* = 
cumulative milk production (kg) at t*; dmy* = daily milk yield (kg/d) at t*; p = persistency index (%/d); SE = standard error across all the 
lactation curves recorded.

Table 5. Correlation coefficients between lactation traits estimated by each equation (pooling all values recorded for 3 parities)1 

x-variable y-variable Monomolecular Schumacher Gompertz Logistic Richards Morgan

t* dmy*  –0.445 –0.415 0.403 –0.442 –0.464
t* y305  –0.260 –0.060 0.096 –0.116 –0.161
t* p  0.984 0.872 0.731 –0.448 0.086
dmy* y305  0.940 0.680 0.398 0.859 0.875
dmy* p  –0.362 –0.338 0.093 –0.065 –0.324
y305 p –0.171 –0.200 –0.131 0.042 –0.083 0.001
1t* = day in milk at which peak is reached (days); dmy* = daily milk yield (kg/d) at t*; y305 = cumulative milk production (kg) at 305 d of 
lactation; p = persistency index (%/d).
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from onset of lactation at calving up to a maximum 
(peak of lactation occurring between wk 4 and 8 of 
lactation in dairy cattle), and a descending phase with 
a gradual decline in milk yield from peak to end of the 
lactation when the cow is dried off. This curve can be 
represented by parametric nonlinear equations whose 
parameters, individually or in combination, are ame-
nable to mathematical and biological interpretation. 
Several mathematical functions have been used to fit 
this characteristic curve (Thornley and France, 2007; 
López, 2008), with the purpose of determining traits 
(such as DIM to peak, peak yield, total milk production 
per lactation) that summarize the information provided 
by a lactation curve built up from a limited number of 
milk yield recordings (test day milk yield). Some of the 
equations used are relatively complex, formulated from 
the combination (product) of 2 functions to represent 
both parts of the curve (Rook et al., 1993; Thornley 
and France, 2007; López, 2008). Some of the models 
have been derived from a mechanistic approach (Dijks-
tra et al., 1997; Pollott, 2000) with the purpose of not 
only predicting milk yield at any DIM but also of repre-
senting physiological and cellular processes occurring in 
the mammary gland. The statistical performance and 
suitability of the different lactation equations available 

in the literature has been extensively studied (Rook 
et al., 1993; Sherchand et al., 1995; Scott et al., 1996; 
Olori et al., 1999; Rekik et al., 2003; Val-Arreola et 
al., 2004; Macciotta et al., 2005; Silvestre et al., 2006; 
Dematawewa et al., 2007; Dijkstra et al., 2010; Steri et 
al., 2012).

The study described herein provides a novel insight 
into the modeling of lactation curves, proposing the use 
of classical growth functions to represent the cumula-
tive milk production curve. Each daily milk yield at a 
given DIM is added to the sum of all the yields from 
calving to that particular DIM to calculate cumula-
tive milk production. This results in a monotonically 
increasing curve displaying a characteristic sigmoidal 
shape, with an accelerating phase corresponding to 
early lactation when daily milk yield increases, and 
a decelerating phase in which the slope progressively 
decreases corresponding to the descending phase of the 
daily milk yield curve. Both are connected at the point 
of inflection where DIM shows the steepest slope, thus 
corresponding to peak of lactation and the slope to 
yield at peak (maximum yield during lactation). Total 
milk production per lactation is easily derived from 
this cumulative milk production curve as the value of 
the y-variable at a given DIM (at 305 d in standard 

Table 7. Comparison of lactation traits (observed values and estimates derived from each model) when equations were fitted to average 
lactation curves for each parity 

Parity Trait1 Observed Wood Monomolecular Schumacher Gompertz Logistic Richards Morgan

1 y305 8,262 8,264 8,361 8,159 8,030 7,872 8,256 8,259
 t* 68.0 78.4 — 100.9 130.3 151.6 71.7 71.7
 dmy* 31.1 30.3 — 31.2 32.2 34.2 30.1 30.1
2 y305 9,527 9,526 9,643 9,452 9,263 9,077 9,528 9,541
 t* 36.6 47.5 — 73.1 108.7 133.8 41.5 42.4
 dmy* 40.6 39.4 — 39.3 39.0 40.6 39.4 39.6
3 y305 9,773 9,772 9,920 9,711 9,510 9,316 9,779 9,792
 t* 53.6 50.5 — 72.8 108.2 133.4 46.0 47.1
 dmy* 41.5 40.6 — 40.8 40.4 42.1 40.6 40.9
1y305 = lactation cumulative milk production (kg) at 305 d of lactation; t* = day in milk at which peak is reached (d); dmy* = daily milk yield 
(kg/d) at t*.

Table 6. Model performance (comparison between observed and fitted daily milk yield values at each DIM) when fitted to average lactation 
curves for each parity 

Parity Item1 Wood Monomolecular Schumacher Gompertz Logistic Richards Morgan

1 AIC 607 1,397 1,165 1,348 1,429 587 576
 MSPE 0.419 5.89 7.49 25.22 60.85 0.439 0.432
 Concordance 0.974 0.390 0.729 0.459 0.266 0.970 0.971
2 AIC 623 1,500 1,487 1,773 1,886 606 525
 MSPE 0.428 8.10 9.88 40.65 95.34 0.423 0.339
 Concordance 0.994 0.876 0.881 0.634 0.405 0.994 0.995
3 AIC 543 1,585 1,435 1,767 1,899 570 512
 MSPE 0.338 10.80 8.28 39.39 97.15 0.379 0.326
 Concordance 0.996 0.847 0.910 0.678 0.445 0.995 0.996
1AIC = Akaike information criterion; MSPE = mean square prediction error.
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cattle lactations). This is in contrast with the classical 
lactation equations for which total milk production has 
to be calculated by integration (not always straightfor-
ward with some complex functions). The main weak-
ness of this novel approach is that daily milk recordings 
from calving to the end of lactation are preferable, in 
contrast to the classical lactation equations that are 
usually fitted using a few test day milk yields (often 
monthly records). Modern milking systems in dairy 
farms record the individual yields at each milking, thus 
the novel approach can be easily implemented. The in-
creased availability of records per individual lactation 
represents a challenge for the mathematical modeling of 
lactation curves in dairy cattle, shifting the emphasis 
of modelers toward more flexible functions (Macciotta 
et al., 2011).

The number of measurements, milking intervals, time 
interval between 2 consecutive recordings, and the DIM 
at which milk yield was recorded (particularly in early 
lactation and around the peak) are critical for accurate 
determination of lactation traits using conventional 
lactation curves (Nielsen et al., 2010; Macciotta et al., 
2011; Wasike et al., 2011). Missing milk recordings 
(especially in early lactation) are a major handicap 
with classical lactation equations (Wasike et al., 2011; 
Adediran et al., 2012), whereas the novel approach 
presented herein would be affected to a lesser extent 
if a few (sporadic) records are missed. The cumulative 
milk production curve clearly shows a smoother trajec-
tory (Figure 1) than that of the conventional lactation 
curve (Figure 2) and is less sensitive to the occurrence 
of outliers or abnormal recordings. These misleading 
data points can arise not only as a result of measure-
ment errors, but because of biological disturbances 
in animal performance occurring when animals are 
challenged by some environmental distress (e.g., nutri-
tional shortage, metabolic or infectious diseases) that 
constrains expression of their genetic potential (Codrea 
et al., 2011). It is important to detect such deviations 
from the underlying trend to identify the agent caus-
ing the distress and take corrective action, and this 
may be achieved from the analysis of daily milk yield 
records. However, these disturbances in the lactation 
curve can be highly influential when fitting classical 
lactation equations, whereas the fit of cumulative milk 
production curves would be almost negligibly affected 
by the occurrence of flawed measurements, demonstrat-
ing better adaptability to diverse data characteristics. 
Several studies have demonstrated that the lactation 
curve (daily milk yield vs. DIM) does not always fol-
low the typical trajectory (standard curve) and have 
detected other curve shapes (reverse standard, continu-
ously increasing or continuously decreasing patterns, 
other atypical shapes) that, in some cases, are not 

easily fitted by conventional lactation equations (Rekik 
and Gara, 2004; Macciotta et al., 2005; Silvestre et al., 
2009). Some alternatives have been proposed to address 
this point. However, it is worth noting that cumulative 
milk production curves always follow a monotonically 
increasing pattern, regardless of the shape of the daily 
milk yield versus DIM curve, so that any difficulty aris-
ing from the existence of different shaped curves can be 
circumvented by fitting growth functions to cumulative 
curves, thus describing more precisely the underlying 
trend of the lactation curve relating to the productive 
potential of the animal with little interference by casual 
deviations from that trend.

Well-established growth functions can be satisfacto-
rily fitted to cumulative milk production curves. In our 
study it was demonstrated that representative growth 
functions provided acceptable fits to observed lactation 
curves and accurate estimates of the required lactation 
traits. On the basis of the curve-fitting statistics exam-
ined, all the functions evaluated in the study showed 
suitable performance, considering the proportion of 
variance accounted for by the models was >0.99 when 
average curves by parity were fitted. The sigmoidal 
functions with a variable point of inflection (Rich-
ards and Morgan) provided the best fits and accurate 
estimates of lactation peak, yield at peak, and total 
milk production over the lactation. Interestingly, such 
findings on model accuracy are largely in line with the 
use of these functions to describe somatic or microbial 
growth (López et al., 2000, 2004; Darmani-Kuhi et al., 
2010). The sigmoidal functions with a fixed point of 
inflection also provided an acceptable fit to the data 
and an accurate estimate of total milk production, 
but showed large variability in the estimates of DIM 
and yield at peak because the position of the point 
of inflection, which defines these traits, is imposed by 
the functional form of the equations. All the sigmoidal 
functions, except the logistic, accurately predicted total 
milk production per lactation (significantly correlated 
with the observed values) and adequately represented 
the expected relationships between lactation traits, in 
particular that between dmy* and y305, confirming the 
validity of the estimates obtained. The monomolecular 
equation represents diminishing returns behavior, thus 
it is not suitable for providing estimates of the traits 
related to lactation peak. Regardless of this limitation, 
the function provided an accurate estimate of total 
milk production per lactation. Fathi-Nasri et al. (2008) 
reported good performance by the differentials of some 
growth equations compared with classical lactation 
models in fitting dairy cow lactation curves.

Fitting of growth functions to cumulative lactation 
curves was compared with that attained when the 
Wood equation was fitted to the traditional lactation 
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curve (daily milk yield vs. DIM). Average lactation 
curves for first, second, and third parities were used for 
this comparison. A direct comparison was not possible 
because the Wood equation cannot be fitted to the cu-
mulative milk production curve, which is a significant 
limitation of the model. The cumulative of the Wood 
equation is the lower incomplete gamma function. This 
is a special heteromorphic function and as such has 
no simple analytical solution. The cumulative of the 
Wood equation therefore does not lend itself to data 
fitting using standard nonlinear regression. The growth 
functions were fitted to cumulative lactation curves, 
and then daily milk yields at each DIM were calculated 
from the fitted cumulative milk production values es-
timated from each function for each curve. The model 
comparison (including the Wood equation) was based 
on the relationships between observed and fitted daily 
milk yield values at each DIM. Our results showed that 
Richards and Morgan functions provided a fit to the 
daily milk yield data comparing favorably with that 
achieved when the classical Wood equation was fitted 
to average lactation curves.

All the models included in our study showed a limita-
tion in estimating milk yield at calving. This parameter 
cannot be estimated accurately with any of the mod-
els used to fit lactation curves, including the classical 
equation of Wood (1967) and other popular equations 
(Thornley and France, 2007). Nevertheless, this is not a 
key parameter in the characterization of lactation curves 
and it is largely influenced by pre- and peripartum 
physiological and environmental factors (Ingvartsen, 
2006), thus showing much unexplained variation. Frig-
gens et al. (1999) stated that cows can have appreciable 
milk yields at calving because the secretory potential 
of the mammary gland is well developed at parturition. 
Therefore, models with a zero intercept (at DIM = 0, 
the function predicts zero yield) are less biologically 
acceptable. The growth functions used in the current 
study contain an intercept (y0), although the estimates 
obtained for this parameter when the functions were 
fitted to the curves were sometimes unrealistic (e.g., 
with the Gompertz and logistic equations).

It is important that models can discriminate between 
the effects of factors influencing the lactation curve. In 
this context, all the equations adequately represented 
the expected differences in the lactation curve among 
parities. These results are consistent with other report-
ed studies (Wood, 1969; Friggens et al., 1999; Dijkstra 
et al., 2010), which demonstrated that the shape of 
the lactation curve was statistically different for cows 
of differing parities. The results of the current study 
are also in agreement with those of Dematawewa et al. 
(2007), who reported later peak DIM and greater milk 

yield at peak for first- compared with third-lactation 
cows.

Persistency of lactation (p) refers to the ability of 
the cow to maintain yield after peak (Togashi and Lin, 
2003; Kamidi, 2005). Persistency was calculated as the 
fractional rate of decline in milk yield after point of in-
flection of the cumulative milk production curve (repre-
senting the lactation peak) using the formulae shown in 
Table 1. Large differences were observed among models 
in the estimates of persistency. Several calculations have 
been proposed to assess this index (Gengler, 1996). It 
appears from the magnitude of p determined using the 
different equations that the logistic and Gompertz un-
derestimated persistency, whereas the monomolecular 
overestimated it. The magnitude of p estimates from 
the Schumacher, Richards, and Morgan equations was 
similar to the relative rate of decline in cell numbers 
(or relative cell death rate) of 0.0046 per day reported 
by Pollott (2004). It was also well within the range 
of parameter values for the specific rate of death of 
secretory cells (0.002 to 0.008 per day) in the model 
of Dijkstra et al. (1997), which is based on mammary 
cell proliferation and death. In spite of the variability 
among models in the absolute values of p, all of them 
provided an acceptable relative comparison of p be-
tween parities, showing how persistency decreased from 
parity 1 to 3. First lactation cows tend to have flatter 
daily yield curves (i.e., greater persistency; Lennox et 
al., 1992; Sherchand et al., 1995; Scott et al., 1996; 
Dijkstra et al., 2010), whereas mature cows generally 
show greater yields at peak and a steeper decline (less 
persistency) toward the end of lactation than heifers 
(Table 2 and Figure 2). Wood (1968) suggested that 
older animals start their lactation at a higher level, 
but because the inhibiting effect of pregnancy occurs 
at about the same stage of lactation, whatever the level 
of production, the rate of decline is more rapid in older 
cows. Consistently no correlation was noted between 
persistency and milk production per lactation regard-
less of which function was used for their estimation, 
in agreement with Rekik et al. (2003). Other authors 
have considered persistency to be a reliable indicator of 
total milk production per lactation, based on a negative 
correlation between persistency and lactation produc-
tion (Kamidi, 2005), probably because the production 
potential for cows with high persistency can only be 
expressed in extended lactations with a reduced rate of 
decline in yield after peak (Van Amburgh et al., 1997; 
Dekkers et al., 1998).

In conclusion, classical growth functions can be fitted 
to cumulative milk production curves, resulting in suit-
able statistical performance and accurate determination 
of lactation traits. This approach requires the recording 
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of daily milk yields through all lactation, and therefore 
would be of special interest on farms with automatic 
recording systems. Flexible growth functions with 
a variable point of inflection (Richards and Morgan 
equations) showed best goodness-of-fit and provided 
accurate estimates of time to peak, peak yield, and per-
sistency of lactation. Total milk yield of Holstein dairy 
cows in a 305-d lactation is predicted reliably when 
growth functions are fitted to lactation curves.
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