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Magnetic Field Effects in High-Power Batteries 

II: Time Constant of a Radial Circuit Terminated by a Cylindrical Cell 

with Inductance 

Abstract 

The time constant to steady-state of an electric· signal applied 

to the outer boundary of a ·radial circuit that propagates to a cen-

trally located cylindrical conductor is determined rigorously by a 

transmission-line analysis. Two cases are reported: the perfect 

radial conductor and a radial conductor with a finite resistance. 

The time constant is f.eatured as a function of the ratio of the 

radius of the radial conductive leads to the radius of the inner con-

ductor. As the ratio is increased, the time constant departs from 

that of an electric field penetrating a cylindrical conductor and 

approaches the inductive time constant of the leads. An analytic 

approximation of the time constant of the system is also provided. 

This analysis should assist in the development of high-power circui-

try design when the discharge time is on the order of the inductive 

time constant. 

Introduction 

.. The, intent of this research is to determine the inductive time 

constant of a circuit that contains a· battery. As discussed by 

1 
Rosser, the rate at which the current rises in one portion of a cir-
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cuit is a function of the configuration and properties of the rest of 

the circuit. Therefore, this problem cannot be solved in parts. The 

rigorous method for handling the inductance effects is to solve 

Maxwell's equations of electromagnetism throughout the entire circuit 

and surrounding medium, simultaneously with the equations that govern 

battery performance. This would require an enormous effort. As 

such, we direct our investigation _to the simpler case of determining 

rigorously the rate of discharge of a radial 1circuit with an indue-

tive, coaxial, cylindrical core. Applying the same arguments as 

found in part I, the cylindrical core is assumed to approximate the 

behavior of a bipolar battery. Furthermore, the electromotive force 

is assumed rooted at some radial distance, r , away. 
0 

In part I we developed the solution to the rate at which an 

electric field penetrates a cylindrical conductor. As discussed, a 

solid conductor is a poor approximation ·of the inner workings of a 

battery. However, that analysis provided an adequate first approxi-

mation of the inductive behavior of the battery. In this section, we 

shall use a transmission-line analysis in conjunction with the 

preceding work to determine the time constant of the total circuit 

configuration. The solution to this full problem may suggest where 

the limitation to instantaneous discharge resides and may then be 

used for design criteria for systems intended to be discharged at 

high rates. 

• 

.. 
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Analytic Approach 

An analytic approach is possible if a simplified circuit 

geometry is proposed. The following configuration is considered: a 

cylindrical conductor of finite length d; conductivity a., and radius 
~ 

r. sandwiched between two circular plates of radius r , where r > r. 
~ . 0 0 ~ 

(see figure 1.) The system is initially· at open-circuit, and the 

potential is zero everywhere. A constant voltage source is then 

applied at time zero at r = r . We wish to determine the time it 
. 0 

takes the system to reach steady-state. A transmission-line analysis 

shall be used to characterize the propagation of the signal along the 

radial conductors to the inner cylindrical conductor. The solution 

derived in part I section for the penetration of an electric field 

into a conductor shall be converted into a boundary condition at 

r = r i" The problem is solved using Laplace transforms. Two cases 

are considered: the first is where the outer radial conductors are 

assumed to have an infinite conductivity; and the second is where 

they have a finiteconductivity. Before proceeding to the solution, 

we shall first develop, through the elementary laws of statics and 

electrodynamics, the transmission-line equations. 

Transmission-Line Analysis 

A measure of the ease by which charge q migrates through a 

medium is' characterized by its resistivity, p. .This parameter is 

lowest for conductors, of moderate value for semiconductors, and 

highest for insulators. The total resistance of a bar of a conduct-

ing material of length 1 and area A is 



R = £1. 
A" 

4 

(1) 

Thus the resistance is defined by two parameters: the physical 

geometry and resistivity. 

According to Gauss's law, an electric field outside of a conduc-

tor acting perpendicular to the conductor is given by 

E·n = ~- (2) 

The potential is defined as 

(3) 

For two parallel plates of equal and opposite charge and distance d 

apart we obtain 

(4) 

or 

q c~. (5) 

\ 

where C is the capacitance. The capacitance, like the. resistance, is 

a function of the physical geometry and a · parameter, e, that 

describes the medium separating the- conductive material. For the 

parallel plates, capacitance per unit area is defined as 

c 
c =A= ejd. (6) 

Current is defined as the amount of charge that passes a particular 

point per unit of time. In differential form 

I 

.for a capacitive current. 

£9.. 
at 

ca<I? 
at (7) 
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Ampere's law shows that with the passing of any current there is· 

an associated magnetic field, 

V'XB (8) 

For a current flowing in a wire, the magnetic field is proportional 

to the amount of current and inversely proportional to the square of 

the distance from the center of the wire, 

(9) 

The magnetic flux, ~. is the sum of the magnetic fields of current-

carrying elements from different positions in the conductor. The 

magnetic linkage, >., is the sum of the total ·magnetic flux in the 

system. The magnetic linkage is proportional to the current, 

(10) 

L, the self-inductance, is a proportionality constant between the 

flux lirtkage and the current and again is a function of the physical 

geometry and ~. a parameter describing the surrounding medium. For a 

parallel-plate configuration, it can be shown that the self-

inductance is 

L =~d. (11) 

To relate the flux linkage back to a potential, we turn to Faraday's 

law, 

V'xE 
8B 
8t' 

(12) 

which mathematically states that a magnetic field that is varying in 

time has associated with it an electric field. These definitions 
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ultimately lead to the expression 

(13) 

We can now discuss the transmission of a signal in the radial 

direction between two conducting plates. If the conductors are ·~per-

feet," i.e. have a resistivity of zero, charge travels between the 

plates on the surfaces and is referred to as the skin current. If 

the plates have a finite resistance, the current penetrates within 

the plates and it can be integrated over the thickness i. In either 

case, the current density will have units of A/ern. Charge flowing in 

the radial direction behaves as a purely inductive current, iL' if 

the plates are perfect, and will contain an ohmic term if they are 

not. Some of the charge goes to chargi~g the plates and is referred 

to the capacitive current,· i , with,units of A/ern 
2 

A shell bal-as 
c 

a nee of the current traveling in the radial direction along a plate 

with no resistance entering the shell at r and leaving at r+Ar 

appears as 

21rriLi' = 21rriLi ;. + 21rrt.ri . (14) r r+~r c 

Dividing through by rAr and taking the limit as Ar approaches zero 

gives the differential form 

-i 
c 

(15) 

Differentiation of equation 15 with respect to time and the subse-

quent substitution of the previously derived current-potential rela-

tionships, 
.• 



and 

a if.> 
ar 

aiL 
-Lat 

7 

(16) 

(17) 

gives the transmission-line equation for a radial circuit of infinite 

conductivity, 

1 a ( aif.>) . a2if.> rar 1 ar = Lc--2. 
at 

(18) 

If the conductor maintains a finite resistivity, the equation 

a if.> 
ar 

(19) 

(a, the conductivity, is equal to 1/p.) which contains an additional 

term for the ohmic drop, is substituted into equation 15 in the place 

of equation 16. This substitution gives the transmission-line equa-

tion for a radial circuit with finite conductivity, 

1 a ( aif.>J rar r ar (20) 

Case 1: 

Outer Conduc,tors of Infinite Conductivity. 

As shown above, the following transmission-line equation for the 

potential applies to radial conductors of infinite conductivity: 

(21) 

Substitution of the dimensionless variables, 
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e = r/r., 
~ 

r =: 
2 

t/r.J.L.O., 
~ ~ ~ 

and <P = ci>/ci> J 
0 

(22) 

leads to the equation 

\ - 2 
where 8 = r.)Lc/r.J.L.O .. 

0 ~ ~ ~ ~ 

(23) 

We shall solve this equation by means of -a Laplace transforma-

tion. The Laplace transform of equation 23 is 

(24) 

The following is a list of the initial and boundary conditions. 

Initial Conditions 

<P = 0 at r = 0, (25) 

~ = 0 at r = 0. ar (26) 

The first condition mathematically states that the potential is zero 

everywhere at time zero. The second condition states that the change 

·of the p'otential with respect to time at time zero is also zero. 

This implies that some type of "inertia" or inductance must be over-

come before the potential will change at time zero. 

Boundary Conditions 

1 at e 

21r f i .rdr = 21rr .i 
~ . .l 0 

r /r., 
0 ~ 

at e = 1. 

The first boundary condition states that at r 

(27) 

(28) 

r the potential is 
0 



.. 
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instantaneously set to ~ . The second condition is interpreted as 
0 

the integral of. the current density over the area in the inner con-. 

ductor is equal to the line integral of the skin-current density that 

enters the inner conductor at r = r .. 
~ 

The Laplace transformation of equation 27 is 

1/s at e = r /r .. 
0 ~ 

(29) 

The. Laplace transformation of equation 28, carried out in the 

Appendix, is 

Solution 

JJ.i 1ii 
Ld sa€ at € = L (30) 

·Solution of equation 24 with the conditions of 25, 26, 29, and 

37 is 

and 

A I ( S sO + BK ( o sO . 
0 0 0 0 

1 r 
- BK Ss-2. 

s o r. 
A = ----,-~--~~L 

I [s s r 
0

] 
o or. 

~ 

I (a)Y(s)- ci.(a) 

(31) 

(32) 

B = s [K (b)I (a) -K (a)I (b) )Y(s)- c [K (b)I
1

(a) -K
1
(a)I (b))' ( 33 ) 

0 0 0 0 .0 0 

0 ~ 

where 
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a= o s, b = o sr /r., c = o ~./Ld, 
0 0 0 ~ 0 ~ 

(34) 

and 

. Y(s) (35) 

Inversion of this solution to position and time coordinates is 

formidable. The transformation may be performed by the method of 

residues, application of which requires the poles of the equation. 

The poles are also equal to the negative of the time constants. 

Time Constants 

Since our primary concern in this investigation is the rate at 

which a conductor in a circuit can be brought to full current, we 

shall focus our efforts on deriving the time constant of the above 

solution, The poles of the solution are the roots of the denominator 

of B. To emphasize the effect of circuit size on the time constant, 

we rearrange the denominator of B to 

0 0 0 0 

{ 

K (b)I (a) -K (a)I (b) l } 

The term on the left within the brackets, from here on referred to as 

K, is a function of s, the properties of the radial part of the cir-

cuit, and r /r .. 
0 ~ 

The term on the right within the brackets is a 

function of s and the properties of the inner conductor. A plot of 

both terms within the brackets is provided in figure 2, where the 

ratio of r /r. is a parameter. K appears as a straight line with a 
0 ~ 

slope which becomes more negative as r /r. is increased. 
0 ~ 

Y ( s) is 

,,. 
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unaltered by changes in the radius ratio. The root of equation 43 is 

the value of s where the two terms in the brackets are equal (the 

point of intersection in figure 2). As the size ratio approaches 

infinity, one sees in figure 2 that the point of intersection 

approaches zero, and, thus, the time constant approaches infinity. 

Figure 2 further shows that 1/Y(s) intersects the abscissa at the 

value of where 
2 2 = >..2. is the first of J s = s 6 .s - s >.. zero 

o' 0 ~ 0 0 0 0 

the Bessel function of the first kind, of order 0.· >..2 = 5.783186. 
2 

0 

K intersects the abscissa at s ~ 0. The time constant, 

r' = -1/root = -1/sr, is therefore bound between -1/s ·and infinity, 
,0 

and is a function of the size ratio r /r .. 
' 0 ~ 

We now wish to develop an approximate analytic expression of the 

time constant as a function of the size ratio. The limit of K as s 

approaches zero is 

limK 
s-o 

s5 r 
- ____£ ln --E. 

c r. 
~ 

(37) 

(c is defined in equation 34.) An approximation of 1/Y(s) for small 

s is 

1
. 1 
~m Y(s) s-o 

.Combination of the above equations leads to 

. r' s Is Is r p 
1 + o o ln__E 

T s 2c r, · 
0 r ~ 

This approximation of the time constant as· a 

(38) 

.(39) 

function of the size 

ratio is plotted in figure 3 along with the roots of equation 43. 
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This figure shows that the time constant increases without bound as 

the ratio of the radius of the perfectly conducting outer leads to 

the radius of the inner conductor is increased. 

Case 2: 

Outer Conductors of Finite Conductivity. 

The radia-l circuit geometry is again used here; however, this 

time the circuit maintains a finite conductivity. The transmission-

line equation for a radial conductor with a finite conductivity is 

(40) 

as derived earlier. Substituting into the above equation the previ-

ously defined dimensionless parameters from equation 22 gives 

where 

{3 = 

2 
rif.LiC!i 

a i.L~ . 
0 

(41) 

(42) 

The self-inductance of the inner conductor is proportional to its 

permeability, f.Li. The resistance of the inner conductor is inversely 

proportional to the radius squared and the conductivity, 2 
1/r a .. 

0 ~ 

Likewise, the resistance of the outer conductor is inversely propor·-

tional to the conductivity and the thickness of the plates, 1/ i.a . 
0 

Thus, /3 can be thought of as the ratio of the inductive time con-

stants, L/R, of the inner conductor and outer radial leads. 

,. 
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The Laplace transform of equation 23 is 

a 2~ + _1 8A. 2 2 ~ = o [s ~ - s¢(+0) - ¢' (+0) + {3(s~ - ¢(+0))]. (43) . ae2 e ae o · 

The same initial and boundary conditions apply as in case 1; however, 

i obeys the equation from the transmission-line analysis for a con
o 

ductor of finite conductivity, equation 19, which is rewritten here 

as 

8i 
-r 8~ -= Lr__£ + r · 

8r 8r al~o· 
(44) 

The dimensionless Laplace transform form of this equation is 

~ -[ l _ _££j_ = Ls + _1_ i 
r. ae 2 C1 1 0. 
~- r.~.a. o 

~ ~ ~ 

(45) 

Following the same arguments as developed in the appendix with the 

appropriate substitution of equation 45 provides the boundary condi-

tion 

pi £j_-
(s + f3)Ld ae 

2 2 j,.z 
. I

1 
(o .s + s) 

· 2 2 ~ !,.z · 2 2 !,.z ¢ at 
s(o .s +s) I (o .s +s) 

~ 0 ~ 

1. (46) 

Solution 

Solution of equation 43 with the derived initial and boundary 

conditions in equations 25; 26, 29, and 46 gives the Laplace 

transform solution 

¢=AI [o (s
2 

+ {3s)\J + BK [o (s
2 

+ {3s)~O. 
0 0 0 0 

(47) 



A 

1 
--BK (b) 
s 0 

I (b) 
0 

a 
-c-Y(s) I (a) - I

1
(a) 

Q cs 0 . 
0 

2 ·~ 
a = 5 (s + ~s) , 

0 

2 ~ 
b = 5 (s + ~s) r /r., 

0 0 ~ 

and Y(s) is the same as in case 1, equation 35. 
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(48) 

_1_}·(49) 

Y(s) 

(50) 

As in the first case, inversion of this solution to time coordi-

nates is difficult; we shall again focus on obtaining the time con-

stant of the problem. 

Time Constants 

We show in figure 4, as we did in figure 2, a plot of the two 

terms within the large brackets of equation 58 for several values of 

~and a r /r. ratio of 10/1. When ~ is set to zero, we recover the 
0 ~ 

analysis in Case 1. As ~ is increased, the K line from the original 

analysis is offset to the left by ~. Again, the poles of the solu-

tion are those values of s where the two curves intersect. The shift 

of K by variations in ~ precludes the time constant from approaching 

infinity even as the size of the circuit. approaches this limit .. We 

see that as ~ is increased, the time constant, which is the inverse 

of the absolute value of the roots, decreases. The dimensionless 

time constant of a circuit of finite conductivity is constrained 

between the two limits -1/~ and -1/s . 
0 
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Again we search for an analytic expression of the time constant. 

Taking the limit of the left term in the large brackets of equation 

58 as s-+0 gives 

2 r 
lim K = -8-ln~ o cs r. s-+0 o ~ 

(s + f3)o r 
----~0 1n~ 

c r. 
~ 

(51) 

The approximation of 1/Y(s) for small s was derived in case 1, equa~ 

tion 38. Combination of the two limiting forms provides an .analytic 

approximation of the time constant 

,. , 
,. 

0 

s 
0 

s 
r 

s o r 
1- ~ln~ 

2c r. 
~ 

{3o r 
1 + ~ln~ 

2c r. 
~ 

(52) 

The time· constants derived from the roots of equation 49 and those 

satisfying the above approximation are plotted versus the size of the 

system in figure 5 for two values of {3: one > s and the other < s . 
0 0 

Discussion 

· o and o . are both typically much less than 1 and were set equal 
0 ~ 

. -5 
to each other and to lxlO in all of the figures. Only for very 

2 . 
short times, s on the order of 1/6 , does the exact value of 6 play a 

significant role. In the time frame of interest, which is the long 

time referred to in chapter 1, sis 0(1). The above equations can, 

therefore, all be simplified by setting the o 's to zero. This 

approximation has little effect ori the present "long-time" results 

and explains why values o.f. the 6' s are implicitly eliminated from the 

analytic approximations of the time constant derived in cases 1 and 
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2. 

As mentioned, ~ is the ratio of the inductive time constants of 

the inner conductor to the outer radial leads. In case 1, where the 

leads are of infinite conductivity or zero resistance, the inductive 

time constant of the leads is infinite, and ~ is zero. Setting.~ to 

zero in case 2 reduces the solutions to those of case 1. 

For the system with infinitely conductive leads, the time con~ 

stant is proportional to the logarithm of the' ratio of the size of 

the leads to .the size of the inner conductor. On the other hand, the 

system with leads of finite conductivity has a time constant that is 

bound between the time constant of the inner conductor and that of 

the leads. In general, the time constant of the system may either 

increase or decrease with the size ratio of the system, but it 

becomes independent of the size of the system . as the size ratio 

approaches infinity. 

The problem we have just addressed is analogous to the problem 

of determining the time constant of a circuit with two inductors fn 

series. In that situation, the inductances are added, and the resi·s

tances are added. The time constant for the circuit is then
3 

L + L. 
T' 

0 ~ 
(53) 

R + R. 
0 ~ 

Some rearrangement gives 

T' 
1 + L /L. 

0 ~ 
(54) 

L./R. 1 + Ro/Ri 
, 

~ ~ 

which is analogous to the analytic approximation provided in equation 
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52. This investigation demonstrates that the present method of 

adding inductances to determine the overall time constant is an 

approximation (see figures 3 and 5) and that the approximation >is 

less accurate for the smaller size ratios (ln r /r. = 0(1)). 
0 ~ 

Conclusions 

A rigorous investigation has been undertaken to determine the 

time constant of a radial circuit with and without resistance. The 

circuit with an infinite conductivity has a time constant that is 

proportional to the logarithm of the size of the system: as the size 

approaches infinity, so does the time constant. For a circuit with 

finite conductivity, the time constant is bound between two limits 

' apd is independent of size ratio for large systems. An analytic 

approximation to the time constant is provided for comparison with 

the rigorous evaluation and shows that the approximation, which is 

used· in most texts of circuit analysis, is less accurate for smaller 

systems - circuits where the leads are approximately as wide as the 

cell of intere~t. This analysis is a first approximation to the time 

constant of a circuit containing an _electrochemical power source and 

is an applicable design tool for rapidly discharging systems. 

AppendiX 

On the right side of equation 28, 

defined in equation 16, is 

i , the skin-current density, 
0 



The Laplace transformation of this equation is 

i ·o 

r.p,.a.q? 
~ ~ ~ 0 

L 
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(A-1) 

(A-2) 

Ohm's law gives the relation for current density in the central con-

ductor in terms of a component of electric field 

i. = a.E. 
~ ~ 

(A-3) 

We have shown in part I that inside a cylindrical conductor . the 

Laplace transform of the axial component of the electric field dis-

tribution due to a steady field of unit magnitude applied at the sur-

face is 

E 2 2 ~ ' s I [ (o .s + s) ] 
0 ~ 

(A-4) 

I is the modified Bes·sel function of the first kind, of order 0. 4 
0 

Duhamel's Duhamel's . . . f 1 4 
superpos~t~on ormu a, an integration of the 

solution to the linear equations applicable to the system, is used to 

describe the current in the conductor 

7 
_ · , BE( 7') , 

i.- a.fE(e,7-7) a dr . 
~ ~ 0 T 

(A-5) 

The Laplace transform of this equation is equal to the product of the 

4 Laplace transform of its parts. The Laplace transform of E(e,r-r') 

is given in equation A-4. The Laplace transform of· the derivative of 

E with respect to r is 



aE 
ar sE. 
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(6) 

.Taking the Laplace transform of equation 34 and .substit~ting into it 

equations 33 and 35 gives 

2 - . 2 2 1.< 
21rr.o.~ ¢> 1 € I [(6 .s + s) 

2€] 
~ ~ 0 J 0 ~ 1.< d€ 

d 0 I (o~s2 + s) 
2 

0 ~ 

(A-7) 

After integrating and some rearrangement, we get the boundary condi-

tion, 

JLil§l 
Ld s ae 
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2 
current density in inner conductor, A/em 

current density in outer leads, A/em 

Laplace transform of i 
0 

thickness of radial leads, em 

inductance, V-s 2;c-cm
2 

radial coordinate, em 

radius of inner conductor, em 

radius of outer leads, em 

resistance, n 

Laplace transform of dimensionless time, T 

time, s 

ratio of the inductive time constants 

dimensionless parameter 

2 permeability, V-s /C-cm 

dimensionless radial coordinate 
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dimensionless time · 

dimensionless potential 

Laplace transform of t/> 

potential, V 
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Figure Captions: 

Figure 1. Radial circuit of radius r containing a cylindrical conduc
o 

tor of radius r .. 
~ 

Figure 2. l/Y and K versus s for three values of r /r .. 
0 ~ 

o o. = lxlo-5 . 
0 ~ 

Figure 3. The time constant and an analytic approximation of the cir-

cuit of infinite conductivity versus the logarithm of the size ratio. 

Figure 4. l/Y and K versus s for different values of p. r jr. 
0 ~ 

10. 

Figure 5. Time constants versus size for two values of p. The dashed 

curves are the analytic approximations. 
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