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Conservatio n knowledg e an d measuremen t 
abilitie s ar e tw o centra l  component s i n 
quantitativ e development .  Piaget' s positio n i s 
tha t  conservatio n i s a  logica l  pre-requisit e o f 
measurement ,  whil e Miller' s  i s th e reverse .  I n 
thi s pape r  w e illustrat e ho w measuremen t  i s 
employe d a s a n empirica l  too l  i n th e 
constructio n o f  conservatio n knowledge .  Thi s 
accoun t  predict s th e familia r  patter n o f 
conservatio n developmen t  fro m th e limit s o n 
youn g children' s measuremen t  abilities .  W e 
presen t  Q-Soar ,  a  computationa l  mode l  tha t 
acquire s numbe r  conservatio n knowledg e b y 
simulatin g children' s performanc e i n a 
publishe d conservatio n trainin g study .  Thi s 
model  show s tha t  measuremen t  enable s a 
verificatio n proces s t o b e execute d whic h i s th e 
basi s o f  conservatio n learning . 

Introductio n 

Two central conceptual attainments in the 
developmen t  o f  quantificatio n abilitie s ar e 
conservatio n knowledg e (understandin g th e 
behavio r  o f  quantitie s unde r  transformation ) 
an d measuremen t  skill s  (creatin g 
quantitativ e value s fo r  bodie s o f  material) . 
Yet ,  despit e th e centralit y o f  thes e tw o 
aspect s o f  quantification ,  relativel y littl e 
attentio n ha s bee n pai d t o th e developmenta l 
role s tha t  the y play .  Inspectio n o f  th e 
literatur e reveal s tw o incommensurat e 
positions .  Th e vie w hel d b y Piage t  (Piaget , 
Inhelde r  an d Szeminska ,  1960 )  wa s tha t 
conservatio n i s a  logica l  pre-requisit e t o th e 
abilit y  t o measure .  H e reasone d that ,  withou t 
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an understandin g o f  th e essentia l  natur e o f 
quantity ,  measurement s i n term s o f  thos e 
quantitie s woul d mea n nothin g an d woul d b e 
of  n o practica l  use .  Th e opposin g vie w i s tha t 
measuremen t  i s th e necessar y precurso r  o f 
conservatio n (Klah r  &  Wallace ,  1976 ;  Miller , 
1984) .  Measuremen t  i s th e empirica l  too l 
used t o gathe r  informatio n abou t  whethe r  o r 
not  som e dimensio n o f  a  transforme d entit y 
has remaine d quantitativel y invariant .  Mille r 
(1984 )  state s tha t  "practica l  measuremen t 
procedure s appea r  no t  t o b e late-developin g 
concomitant s o f  a  mor e genera l  understandin g 
of  quantity .  Instead ,  th e measuremen t 
procedure s o f  childre n embod y thei r  mos t 
sophisticate d understandin g o f  th e domai n i n 
question .  Th e limitation s o f  thes e procedure s 
constitut e significan t  limit s o n children' s 
understandin g o f  quantit y .. .  (p.221)" . 

Such measuremen t  i s no t  alway s possibl e 
though .  Th e limitation s Mille r  speak s o f 
determin e wha t  childre n ca n lear n abou t 
quantity .  The y ar e responsibl e fo r  th e patter n 
i n th e developmen t  o f  conservation .  Number , 
or  discret e quantity ,  conservatio n i s acquire d 
first .  Also ,  preconserver s ca n reaso n 
successfull y abou t  transformation s o f  smal l 
discret e quantitie s bu t  no t  o f  larg e one s 
(Cowan ,  1979 ;  Fuson ,  Secad a &  Hal l  1983 ; 
Siegler ,  1981) .  Conservatio n o f  continuou s 
quantitie s suc h a s length ,  are a an d volum e i s 
acquire d a  yea r  o r  tw o late r  (Siegler ,  1981) . 

One typ e o f  limitatio n i s o n processes ,  i.e . 
on wha t  kind s o f  thing s measuremen t 
procedure s ca n b e applie d to .  A s Piage t  e t  a l 
(I960 )  state ,  "t o measur e i s t o tak e ou t  o f  a 
whole ,  on e .. .  iinit ,  an d t o transpos e thi s uni t 
on th e remainde r  o f  th e whole" .  Thus ,  an y 
materia l  t o b e measure d mus t  affor d th e 
measure r  som e uni t  whic h ca n b e use d i n tha t 
process .  Thi s characteristi c i s no t  presen t  i n 
continuou s quantities .  Beaker s o f  wate r  o r 

66 

mailto:tonys@zunow.gatech.edu
mailto:klahr@psy.cmu.edu
mailto:an@centro.soar.cs.cmu.edu


piece s o f  strin g d o no t  exhibi t  an y eviden t  sub -
units .  Onl y th e employmen t  o f  specia l  tool s 
suc h a s ruler s o r  measurin g cylinder s (an d th e 
knowledg e o f  ho w t o us e them )  ca n creat e sub -
unit s tha t  ca n b e use d fo r  quantification .  O n 
th e othe r  hand ,  discret e quantitie s ar e 
define d b y collection s o f  individua l  sub-unit s 
of  th e quantit y a s a  whole .  N o specia l  tool s 
ar e neede d sinc e quantificatio n abilitie s ar e 
presen t  t o som e exten t  i n th e head s o f  eve n 
th e younges t  children .  Youn g childre n appea r 
t o b e particularl y sensitiv e t o th e fac t  tha t  i t 
i s  a t  th e leve l  o f  unitar y objects ,  an d no t 
subpart s o f  thos e objects ,  tha t  quantificatio n 
of  collection s shoul d tak e plac e (Shiple y & 
Shepperson ,  1990) .  Thus ,  discret e quantitie s 
ar e clearl y muc h easie r  t o measure . 

A secon d typ e o f  limitatio n i s i n th e abilitie s 
of  th e childre n wh o ar e attemptin g t o us e 
measuremen t  procedures .  Th e childre n tha t 
need t o carr y ou t  measurement s t o determin e 
quantitativ e invarianc e ar e thos e belo w th e 
age o f  five .  However ,  thei r  quantificatio n skill s 
ar e no t  wel l  developed .  The y ar e efficien t  a t 
subitizing :  a  fast ,  accurat e perceptua l 
quantificatio n mechanis m (Ch i  &  Klahr , 
1975 ;  Svenso n &  Sjoberg ,  1983) .  Subitizing , 
though ,  ha s a  limi t  o f  abou t  fou r  object s 
(Atkinson ,  Campbel l  &  Francis ,  1976) .  Youn g 
children' s countin g i s onl y reliabl e fo r 
collection s o f  abou t  th e sam e siz e (Fuson , 
1988) . 

The measurement-before-conservatio n vie w 
therefor e predict s th e learnin g event s tha t 
enabl e th e acquisitio n o f  quantitativ e 
invarianc e knowledge .  I t  follow s that ,  i f 
measuremen t  i s neede d t o b e abl e t o reaso n 
abou t  quantity ,  learnin g ca n occu r  onl y whe n 
th e effect s o f  transformation s o f  smal l 
collection s o f  object s ar e evaluated .  Thes e 
quantitie s wil l  hav e t o b e discret e becaus e 
youn g childre n ar e no t  capabl e o f  creatin g 
consisten t  sub-unit s fro m continuou s 
quantities .  Gelma n (1977 )  ha s show n tha t 
one-year-old s ca n reaso n abou t  som e 
transformation s whe n th e numbe r  o f  object s 
involve d i s ver y small .  Th e discret e quantit y 
requiremen t  i s supporte d b y Piage t  e t  al' s 
(1960 )  an d Miller' s (1984 )  finding s that ,  give n 
th e tas k o f  dividin g u p a n objec t  suc h a s a 
cooki e int o equa l  parts ,  youn g childre n create d 
many arbitrarily-size d sub-units .  Thes e ar e 
unsuitabl e fo r  quantificatio n becaus e countin g 
the m doe s no t  produc e accurat e absolut e 
measure s fo r  a  singl e entitie s o r  relativ e 
measure s o f  multipl e entities . 

Mille r  (1989 )  ha s furthe r  demonstrate d th e 
interactio n betwee n th e us e o f  measuremen t 

procedure s an d th e acquisitio n o f  quantitativ e 
knowledge .  Mille r  teste d three -  t o ten-year -
old s o n a  modifie d equivalence-conservatio n 
task .  A  variet y o f  transformation s wer e 
applie d t o differen t  material s t o tes t  number , 
lengt h an d are a conservation .  H e predicte d 
tha t  th e effect s o f  transformation s woul d b e 
eas y t o determin e w h e n relevan t 
measuremen t  procedure s provide d goo d cue s 
t o th e actua l  quantit y an d vic e versa .  Fo r 
example ,  countin g i s a  goo d wa y t o determin e 
th e resultin g quantit y o f  a  transformatio n lik e 
spreadin g object s out .  Thus ,  Mille r  predicte d 
tha t  th e numbe r  tas k woul d b e easie r  tha n 
lengt h o r  are a becaus e i t  i s  easies t  t o 
measure .  Bu t  enumeratio n i s a  ba d metho d 
fo r  evaluatin g th e effec t  o f  changin g th e 
objects '  size ,  sinc e i t  doe s no t  asses s thei r 
tota l  mass .  Fo r  thi s transformation .  Mille r 
predicte d th e numbe r  tas k woul d produc e th e 
wors t  performance .  Th e result s wer e a s 
predicted ,  showin g tha t  wha t  quantitativ e 
knowledg e on e ca n lear n depend s o n wha t 
measuremen t  procedure s on e uses . 

Our  theor y (Simon ,  Newel l  &  Klahr ,  1991 ) 
follow s Klah r  (1984 )  i n statin g tha t  i t  i s 
measuremen t  o f  collection s o f  discret e object s 
tha t  provide s informatio n upo n whic h 
knowledg e abou t  quantitativ e invarianc e i s 
built .  Conservatio n knowledg e i s acquire d i n 
situation s wher e invarianc e ca n b e empiricall y 
verified .  I n othe r  words ,  learnin g event s occu r 
when th e material s allo w childre n t o us e thei r 
measuremen t  capabilitie s t o obtai n a 
numerica l  measuremen t  fo r  a  collectio n o f 
object s befor e an d afte r  i t  ha s bee n 
transformed .  Th e tw o measurement s ca n the n 
be compare d an d th e resul t  attribute d t o th e 
transformatio n a s it s effect . 

I f  th e differenc e i s zero ,  th e quantit y i s 
unchange d an d th e transformatio n i s deeme d 
t o hav e a  non-quantitativ e effec t  fo r  th e 
dimensio n i n question ,  e.g .  i t  "conserve s 
number" .  I f  som e differenc e i s detected ,  th e 
transformatio n i s foun d t o b e non-conserving . 
Such difference s ca n b e simpl y detecte d b y 
means o f  discrimination s base d o n subitizing . 
Wit h sufficien t  domai n knowledge ,  th e 
directio n an d magnitud e o f  th e chang e ca n 
als o b e determined .  Thu s w e conclud e tha t 
th e initia l  learnin g experience s fo r  invarianc e 
knowledg e wil l  b e base d o n measurement s o f 
smal l  collection s o f  discret e object s withi n th e 
subitizin g range . 
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Q-Soa r 

To show that measurements are the stuff of 
whic h conservatio n knowledg e i s made ,  w e 
buil t  a  computationa l  model ,  base d o n th e 
abov e theory .  Q-Soar' s foundatio n i s th e Soa r 
architectur e fo r  intelligen t  behavio r  (Laird , 
Newel l  &  Rosenbloom ,  1987 )  an d associate d 
cognitiv e theor y (Newell ,  1990 )  whic h involve s 
performanc e organizatio n i n term s o f  proble m 
space s an d goal-oriented ,  experienced-base d 
learnin g i n term s o f  chunking .  Q-Soa r 
simulate d th e acquisitio n o f  numbe r 
conservatio n demonstrate d i n a  trainin g stud y 
by Gelma n (1982 )  an d thu s i s th e firs t 
demonstratio n tha t  chunkin g ca n accoun t  fo r 
developmenta l  transitions .  Gelman' s stud y 
containe d tw o trainin g condition s o f  interest ; 
experimenta l  an d cardinal-once . 

The experimenta l  conditio n wa s a n 
equivalence-conservatio n tas k wher e on e o f 
tw o row s o f  thre e o r  fou r  object s wa s sprea d 
out  o r  compressed ,  leavin g th e origina l  on e 
untouched .  Befor e an d afte r  eac h 
transformation ,  childre n wer e require d t o 
coun t  eac h ro w an d stat e th e absolut e an d 
relativ e numerositie s o f  th e rows .  Gelma n 
designe d thi s conditio n t o hel p childre n mak e 
use o f  one-to-on e correspondenc e matching . 
The cardinal-onc e conditio n wa s a n identit y 
conservatio n condition ,  s o calle d becaus e th e 
singl e ro w involve d jus t  on e befor e an d afte r 
count .  Th e numerica l  compariso n require d 
was betwee n th e pre -  an d post -
transformatio n quantitie s o f  th e sam e row .  I n 
thi s conditio n ther e wa s n o mean s o f  usin g 
one-to-on e matchin g an d s o Gelma n predicte d 
tha t  thi s grou p woul d no t  benefi t  fro m 
training . 

Result s showe d tha t  three -  an d four-year -
old s learne d conservatio n fro m th e 
experimenta l  condition ,  sinc e the y solve d larg e 
number  tests .  Th e cardinal-onc e conditio n 
produce d n o learnin g i n three-year-old s bu t  i t 
di d benefi t  th e four-year-olds ,  thoug h the y 
performe d les s wel l  tha n thei r  experimenta l 
peers .  Th e no-cardina l  contro l  group ,  wh o sa w 
no transformations ,  faile d th e tests . 

Q-Soar  bega n wit h th e abilit y  t o simulat e 
th e pre-trainin g competenc e o f  th e three -  an d 
four-yea r  ol d childre n i n Gelman' s study .  Th e 
precis e detail s o f  th e mode l  ca n b e foun d i n 
Simo n e t  a l  (1991) .  Ther e wer e tw o variant s 
of  th e model ;  Q-Soar- 3 an d Q-Soar- 4 (whic h 
modelle d th e three -  an d four-year-old s 
respectively) .  The y consiste d o f  a  se t  o f 
proble m space s enablin g th e executio n o f  th e 
behavior s require d i n Gelman' s conditions . 

The proble m space s als o enable d th e mode l 
variant s t o execut e a  verificatio n process .  Thi s 
involve d comparin g pre -  an d post -
transformatio n measurement s o f  th e 
numerica l  aspec t  o f  th e array s t o determin e 
th e effec t  o f  th e transformation .  Thus ,  afte r 
training ,  th e effec t  o f  chunkin g ove r  th e 
verificatio n processin g wa s tha t  Q-Soa r  no w 
kne w th e numerica l  effect s o f  th e 
transformation s rathe r  tha n havin g t o 
determin e the m empirically .  Untraine d 
version s o f  eac h mode l  face d wit h Gelman' s 
large r  numbe r  post-test s faile d i n th e 
characteristi c manner .  Thei r  quantificatio n 
abilitie s wer e no t  sufficien t  t o measur e th e 
array s an d s o the y resorte d t o estimatio n 
base d o n th e length s o f  th e rows .  Th e resul t 
was tha t  th e wron g answe r  wa s alway s given , 
jus t  th e sam e a s childre n i n Gelman' s contro l 
group . 

The onl y differenc e betwee n th e tw o mode l 
variant s wa s tha t  Q-Soar- 4 alway s execute d 
th e verificatio n proces s (unles s chunk s fire d t o 
provid e th e effec t  o f  a  familia r  transformation ) 
wherea s Q-Soar- 3 di d not .  Th e followin g 
observation s suppor t  this .  First ,  Gelma n 
(1977 )  amon g others ,  ha s show n tha t  youn g 
childre n assum e tha t  a  se t  o f  object s tha t  ha s 
undergon e n o visibl e transformatio n wil l  no t 
underg o an y alteratio n i n qu2mtity .  Second , 
many experiment s (se e Donaldson ,  1978 ) 
hav e show n tha t  youn g childre n assum e tha t 
th e quantitativ e valu e o f  a  se t  o f  object s wil l 
chang e i f  i t  undergoe s a n obviou s visibl e 
transformation .  Thes e lea d t o tw o theoretica l 
assumptions .  First ,  three-year-old s wil l  no t 
attemp t  t o verif y th e assume d quantitativ e 
chang e resultin g fro m a  visibl e transformatio n 
unles s presente d wit h conflictin g evidenc e 
whic h suggest s tha t  th e quantit y ha s 
remaine d unchanged .  Second ,  four-year-old s 
wil l  alway s verif y th e quantitativ e effec t  o f  a 
transformation ,  irrespectiv e o f  th e post -
transformatio n perceptua l  information . 

When th e Q-Soar- 4 varian t  undergoe s eithe r 
of  th e Gelma n trainin g condition s i t  carrie s 
out  th e verificatio n processin g whic h ha s th e 
effec t  o f  allowin g i t  t o lear n th e effect s o f 
spreadin g an d compressin g transformations . 
When Q-Soar- 3 experience s th e cardinal-onc e 
trainin g condition ,  th e post-transformatio n 
arra y appear s totall y consisten t  wit h it s 
assumptio n o f  quantitativ e change .  Ther e i s a 
singl e ro w tha t  i s longe r  o r  shorte r  tha n i t 
was before .  Ther e i s n o reaso n t o chec k wha t 
appear s t o b e a n obviou s result ,  i.e .  tha t 
transformin g th e ro w ha s altere d th e numbe r 
of  object s i n it .  Thu s Q-Soar- 3 i n cardinal-onc e 
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Gdmaii ,  198 2 
(% correct ) 

3-year-old i 

4-year-old s 

(TtspoDse) 

Q-Soar-3 

Q-Soaf-4 

Experimenta l 

71 

70 

correc t 

correct 

Cardinal-Onc e 

9 

46 

incorrec t 

correct 

No-Cardlna l 

6 

15 

incorrec t 

incorrect 

Tabl e 1 .  Tes t  response s fromGelman' s subject s an d Q-Soa r 

does no t  execut e th e verificatio n procedur e 
and s o doe s no t  provid e fo r  itsel f  th e chanc e t o 
lear n abou t  th e conservatio n effect s o n 
number  o f  spreadin g an d compressin g 
transformations . 

However ,  whe n Q-Soar- 3 experience s th e 
experimenta l  conditio n ther e ar e tw o post -
transformatio n arrays ,  bot h withi n th e 
subitizin g range .  Th e transforme d ro w i s no w 
assume d t o b e quantitativel y different ,  bu t 
tw o conflictin g type s o f  perceptua l  inpu t  ar e 
available .  Th e lengt h o f  th e row s appear s t o 
confir m th e assumption .  However ,  base d o n 
subitizin g evidence ,  th e tw o row s stil l 
maintai n thei r  origina l  numerica l  values .  Thi s 
conflic t  lead s Q-Soar- 3 t o execut e th e 
veriHcatio n procedur e and ,  lik e Q-Soar-4 , 
lear n abou t  th e conservatio n effect s o f  th e 
transformations .  Thi s suggest s tha t  th e 
conflic t  i s  wha t  persuade s th e three-year-old s 
t o us e th e verificatio n proces s whe n the y see k 
t o determin e quantitativ e invariance . 
Presumably ,  onc e stimulate d t o emplo y th e 
verificatio n proces s b y suc h conflict ,  thes e 
three-year-old s wil l  eventuall y automaticall y 
do so ,  a s i s th e cas e fo r  four-year-olds . 

Result s 

Q-Soar-3 and -4 underwent the same training 
and testin g a s Gelman' s subjects . 
Compariso n o f  tes t  response s i s presente d i n 
Tabl e 1 .  Simila r  performanc e i s eviden t  fo r  Q-
Soar  an d huma n subject s i n th e experimenta l 
and no-cardina l  conditions .  Th e cardinal-onc e 
conditio n produce d n o learnin g i n Gelman' s 
three-year-olds ,  a s sh e predicted ,  bu t  th e 
olde r  childre n clearl y di d benefi t  fro m th e 
training .  Th e precis e reason s fo r  thei r  variabl e 
performanc e ar e no t  clea r  a t  present . 
Nevertheless ,  thi s coimter s th e predictio n tha t 
cardinal-onc e offer s n o opportunit y fo r 
conservatio n learnin g du e t o th e fac t  tha t 
correspondenc e matchin g i s no t  possible . 

Thoug h Q-Soar- 4 learne d rathe r  to o wel l  fro m 
th e training ,  th e resul t  suggest s tha t  it s 
processe s provid e th e mean s o f  learnin g 
conservatio n knowledge . 

Conclusion s 

In this paper we have presented Q-Soar, a 
computationa l  model ,  whic h simulate s th e 
acquisitio n o f  conservatio n knowledg e i n a 
publishe d trainin g study .  Q-Soa r  implement s 
and extend s Klahr' s theor y tha t  discret e 
quantitie s ar e foundationa l  t o conservatio n 
learning .  I t  als o demonstrate s tha t  Soar' s 
chunkin g mechanis m ca n accoun t  fo r 
significan t  developmenta l  acquisition s suc h a s 
number  conservation .  Althoug h chunkin g wa s 
originall y constructe d t o mode l  practic e effect s 
ove r  man y trial s (Rosenbloo m &  Newell , 
1986) ,  it s  applicatio n ha s bee n extende d t o a 
wid e rang e o f  cognitiv e task s (Lewi s e t  al , 
1990) .  Thi s suggest s that ,  a s a  goal-directed , 
experience-base d learnin g mechanis m withi n 
a proble m spac e architecture ,  chunkin g ma y 
be a  sufficien t  accoun t  o f  huma n learning . 

Q-Soar  als o predicte d learnin g event s tha t 
wer e no t  consisten t  wit h Gelman' s theory . 
Our  wor k show s tha t  conservatio n knowledg e 
i s acquire d whe n youn g childre n appl y tJiei r 
limite d measuremen t  capabilitie s t o 
empiricall y verif y th e quantitativ e effec t  o f 
transformin g a  collectio n o f  objects .  Th e resul t 
i s  the n boun d t o th e typ e o f  transformatio n 
observe d a s it s genera l  quantitativ e effec t  o n 
th e quantit y concerned .  I n othe r  words , 
measuremen t  enable s conservatio n judgment s 
t o b e made ,  whil e verificatio n enable s 
conservatio n knowledg e t o b e learned . 

Thi s reverse s th e logica l  relationshi p 
betwee n conservatio n an d measuremen t  i n 
Piaget' s formulation ,  makin g th e empirica l 
proces s o f  measuremen t  a  prerequisit e fo r 
necessit y judgment s abou t  conservation .  I t 
als o limit s th e scop e o f  suc h "logical " 

69 



conservatio n judgment s fro m a  genera l 
principl e abou t  al l  quantitie s i n Piaget' s case , 
t o a  domain-specifi c  generalizatio n i n ou r 
case .  Numbe r  conservatio n mus t  b e learne d 
first ,  b y determinin g th e effect s o f 
transformation s i n term s o f  number .  Th e 
transfe r  t o continuou s quantitie s appear s t o 
requir e transfe r  vi a representatio n change , 
whic h i s presumabl y wh y i t  take s s o lon g 
afte r  th e initia l  acquisition .  W e hav e no t  ye t 
addresse d thi s issu e i n detail .  Anothe r  issu e 
arisin g fro m thi s wor k i s th e nee d t o identif y 
th e exac t  processe s require d t o lear n 
conservatio n knowledge .  Q-Soa r  coul d 
complet e Gelman' s tas k i n a  numbe r  o f  ways , 
not  al l  o f  whic h woul d lear n wha t  th e childre n 
i n he r  experimen t  did .  Th e dat a sho w tha t 
th e children' s learnin g i s no t  al l  o r  non e a s Q-
Soar' s is .  A  parametri c analysi s o f  Q-Soa r 
variant s i s bein g undertaken .  Fro m thi s w e 
expec t  t o discove r  th e rang e o f  necessar y 
knowledg e an d processe s tha t  ca n b e 
employe d t o acquir e conservatio n knowledg e 
fro m thi s tas k i n th e wa y tha t  huma n 
subject s do . 
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