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I, INTRODUCTION 

Scattering experiments provide the principal technique by which 

physicists attempt to understand the struct~e and ipteractions ot matter 

on a microscopic scale, Scattering theory pr~V:ides the basis tor analyzing · · :: 

and interpreting scattening experiments. 

A description of the development of scattering theory may be divided· 

into several topics, The oldest and simplest branch ot scattering theory 

is that of potential scattering, or scattering ot tvo particles which 

• •• 1' 

'' 

~ ' 4 • 

interact through a local potential [l], Potential scattering vas studied '\· 

extensively in the tirs:t two decades following the development of quantum rt " .. : , 
... · 

mechanics in the analysis of elastic scattering of particles by atoms and 
·'.-. I 

ot nucleon-nucleon scattering, 
I 

The latter topic, in particular., led to the'·::::.-< i , , 
• 'I • 

introduction of an elaborate theory ot scattering by noncentral inter

actions [2], The development ot nuclear physics, .. :vith the observation of 

resonance reactions, indicated the. need for more general descriptions ot 
•. 

scatteringo The resulting theory of resonance reactions [3] [4] has leaned 

only rather lightly on the details of the Schrodinger equation. Quantum 

field theory was developed to describe electromagnetic phenomena [~]. or 

major importance in the development or scattering theory vas the introduction 

or renormalization techniques into field theory [6]. 

It might be claimed that modern scattering theory began with the 

integral equation formulation ot Lippmann ~d Schwinger . [7] and the 

.· ' .. 
. ' 

,h. 

; · .. 

., .... ' 

. · ... 

,'. '•: I 
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introduc~ion of S-matrix theory by Heisenberg [8] and others (9]. This 

vork has stimulated much of the develo~ent of theoretical physics in the 

last decade. Of particular significance are the clarification of the 

study of rearrangement collisions and the development ot the so-called 

dispersion theoretic techniques. 

II. THE SCATTERING CROSS SECTION 

The properties of scattering interactions are usually expressed 

most conveniently in terms of the acattering cross section. To define this 

term, ve consider the· following scattering experiment: A beam of particles 

(called beam particles) is directed on a scatterer consisting of target 

particles. As. a result of collisions betveen beam and target particles,

there are particles vhich emerge from the reactions (called reaction products) 
these 

and are detected in ... P.a.r~t-ic.l_e._d_e_t_e_c_t.o.r.._s. To describe this quantitativelr, . 1\ - . 
.. 

.···. 

. :· .. 

···.· .. 

I· ve suppose that the scatterer contains Nt target particles and that this is · · · · 1 

.. ' 

uniformly· illuminated by a flux FB (expre.ssed as the number of beam particles.·.: ; . : 
I • 

per unit area per unit time arriving at the target) of beam particlese ·.We 

suppose also. that the scatterer is sufficiently small that _the beam is· 

negligibly attenuated in passing through it. Then, if there.are 6N . . s 

scattering interactions per unit time vhich lead to detect.;ci particles, ve 
':' cross 
. ·'' · define the scattering section 6a as ( 10) . · 

A 

6a (l) 

In the limit . that the detectors subtend very sm~l:.: solid angles 0 as seen 

from the target, ve define the differential scattering cross section da. 
~. · .. ~ '·.: . 

\ 

.. • 

;..: 
'.· 

' .. ·.··: . . 

. ~; ~. 

.. 
~ : 

. -
• I 

.·. ,· 
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·· When a single detector, subtending a solid angle 60, is used to de:f'ine 

6a • ve m&)". de:f'ine the cross sect:ion per unit solid· angle as · · · ·· 

da 
- D 
c:Ua 

l
; · 6a 
l.lll -

cSO+O 60 • (2) 

The total scattering cross section a is obtained b)' summing 4a over &ll · 

scattering events: 

a = t 6a .. (3) 

(The expression (3) does not exist for scattering b)' a Coulomb force.] 

· The scattering cross section ma1 be expressed in terms of' the 

square of' the magnitude of' a scattering amplitude (or s-matrix, or T-ma.trix 

element) and is completel)" desc~ibed as a function of' the momenta and 
!i 

! ' .. ·: 
. j 

internal states of' the particles in the initial and final states. Thus 0 

for the tvo particles prior to collision [11] we may take the momentall 

and~2 and the interual state quantum numbers s1 and s2 as variables •. 

(For example, s1 and s2 ma1 describe spin orientation, isotopic spin 0 etc. 

For colliding molecules these variables will describe vibrationa.l 0 

. ~ .. : ~ . . . 

',', . . :· 

rotational, and electroni~ states.) We may suppose there to be ~ particles 

in the final state following the collision and specify this'state by the 

momenta a.nd interual variables ~1 • • • o ~lJ, s1 ' • • • s'IJ'. The scattering 

cross section may be expressed in ·terms of these variables.. Because of 

symmetries. the number of' variables required to describe 6a ma.y ordinarily 

be reduced. The most commonly encountered of' these symmetries are: (l) Energy 

and momentum conservation;' (2) Rotational invariance; ·(3) The Lorentz in

vari~ce of' the scattering cross section 6a (12]. The Lorentz invaria.nce of' 

.. ·.· .. · ... · .... l· 

.... ·.· ... ·. 
' ·. ·,I 

' ' . \· , 
I 

-I 
.. : I 

l 

I 

••• I 

.; 

cSa permits one to describe the scattering in the barycentric co-ordinate · ,. 
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system--the co-ordinate system in which the total momentum of the 
'. 

interacting particles is zero, 

This may be illustrated for the special case that there are only 

· two particles in the initial and two in t~e final state and an average has 

. ~een performed over all spin orientations, Then the twelve components 

· ·of ll• ,;g2 , ~l and~ may be replaced by only two variables. These may be 

:· taken, for example, as the barycentric energy and ang~e between .2.1. and ~1 • 

Convenient variables in relativistic analyses are often chosen to.be the 

Lorentz invari~ts 

s 

\; 

I 
I. ,, ,· 
I 

! 
I 
I 

I 

r 
j 
1. 

. i 
( ,, .. 
~ 

·:.' .. :. ' . ·.1 

-; :· . 

'. 
. •. t' 

I 

r 
I 

n 
.. r 

r 
~ 

'I 

(4·) ·.• :. '• ' .' /'. 
I . ' .. ' .. • ~ I· 

·t I 

where we have vritten p1 , etc. tor the four component·:energy-momentum 

vector. 

III, POTENTIAL SCATTERING 

. I 
~ .. ,·. f, 

• • • l• . ,, 

· .. ···•·· ·,i, .. 
.<·. . . . . II 

.·': ': .• / ... !1 

., . ' ! 
We briefly illustrate the discussion of Sect~on II with the 

ot non-r~lativistic scattering by a local central potential V(r) • 

example : .. :: . . . . . j 
The 

Schrodinger equation for scattering in the· .barycentric co~ordinate system 

is 

2 . 2 . + 
[V. +.K ~v(r)]ljl (r) 

r ... ~-
• . 0 • ( 5) 

Here 1'!K::is the momentum of particle "l" ~n· the barycentric system and 

':· .. ·> '.·• ~~ . '. ~ .. ' . .' . 
·. , ... ' 

' . . . 

\ ;· 

.·:. ! 
,... I 

.··:· 

.. .'\'. 
·-. 

i 
i 

. ·. i 
; 

i 
i 
i 
I 

.·I 
I 

I 
2M . .f, ...• I 

v(r) a 1'!~ V(r), with Mr the reduced mass of the two particleso In the limit'; I 

~ + 
ot large s~parati~n r be~veen the particles the vavetunction ~ has the 

. ~ . 



asymptotic form [our notation is such that ve· represent a unit vector 

in the direction ot K b1 · ~] ' "" ..... 
. [ ·a ~~~~ +(r) + (21f)-3/ 2 e1!S'! + L · 

:IC ,-v · r 
~. . . 

• (6) 

II II 
Here f(~:!J is the scattering amplitude for scattering particle "l" f'rom 

A·. . ~ 

the direction K into the direction· r • The corresponding cross section 
. - -:·· ' 

per unit solid angle is · 

0 (7) 

•. 

.. 

. · ... 

. + 
The wave fUnction Ill may be expanded into partial waves as f'ollowsa 

~ 
00 

1)1 +(r) I ~21 + ll f\ 1\ R. 16 R. 
. (8) II 

41f.cr PR.(K•r) .i e v.t(~e;r) Cl 
IC .-v rv. tv . ! ,..,. 

R.=O 

. Here PR. is the Legendre polynomial of order. R. , cS1 is the scattering phase 

shif't (see Eq. (10) below], and w1(.c;r) satisfies the dif'f'erential 

equation (13) · 

[
d

2 
·I 2 

-+ K -2 
dr ' ' 

.. 
• '{9) ' 

This is to be integrated.subdect to the c~ndition .that vR. is regular at 

r a 0. For large r • w 1 has the. asymptoti~ form 

• (10) 

It is Eq. (10) which permits the determination of' the phase shitt· 6R." The 
.... 

quantity . 

(11)' 

is an eigenv&lu~ .of Heisenberg's S-matrix. [6] • 

. . 

.. 
.. 

.. ' 

.. ',,·: .. . , . 

., 



-6-

Fbr scattering-by noncentral forces the potential V{~·~1 ,,e2 > is 

a function of r {and sometimes the orbital angul~r momentum operator) 
y ~"./ • t 

and the spin operators ,.e1 and _.e2 of the two colliding particles {if either 

; ,. 
I 

;! 
; 

has no spin we consider its spin operator as being zero). Spin eigenfunctions 
i' 
I 

! 
u{vi,v2) may be introduced as depending on the orientations v1 and v2 or' 

the respective spins of magnitudes s1 and s2•. Th~n the wave ~ction . 
+ 0 • 0 • 

~ .. · is to be labeled with the initial spin orientations v1 and v2• 
~,v1,v2 . . 

T~e asymptotic form corresponding to Eq. {6) is 

iKr 
+ .!.-

r 

.. Here ( v1 ', v2 ' If~,£> l v1 v2) is the. scattering amplitude for. scattering to 

0 a final spin orientation. vl' t v2 I. The cr.oss section per unit solid 

angle is in this case 

(13) 

For an unpolarized initial state,· corresponding to a uniform mixture of 

,. 

.•. 

I I 

' l 
' ) 

. f 

• • 
0 ·j 

.\ 

! 

the (2S1 + 1){252 +~}'spin states,. the cro~s.section for 
A 

scattering particle_.' 

11111 into the direction r with any s:P*n orientation is 
- • -~ 0 • . :_. ;', 

··:·· ;·· :.. .. : .... 

{14) . . ; ·t-•, 

··, ·,,• 

. ': 
. .. . . ' 

where the sums extend over all spin orientations. 
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Following scattering by noncentral forces the particles will 
I 

in general have preferred spin orientations, or be polarized. When, for 

example, particle "l." has spin one..;hal.f vi.th a spin operator_:~· ve define 

its polarization vector ASv1 ,v2 ) by the. equation . 

~(v1,v2l ·f .... ,~. v 'l(v1",v2•itlvpv2>l"<v1"1!!.1 iv1 •) .• 

'L 1 .. , 1 • 2 

• (v
1

•, v2.•ftiv
1

,v2)} 

. • [ ,L ' I (vl.''"2'1tlvl.,v2)12( _;J. . • 
l"l •"2 j 

For an unpolarized initial state the polarization is 

p :a 
~ 

• 

. (15) 

(16) 

The study of polarization following scattering has provided an 

impor.tanti tool for analyzing m~cl~ar and elementary particle react.ions 

. ._ ·, 

[14] [15] ... In particular, the role of noncentral interactions . in nucleon- ·: 
' •• _.t. . 

nucleon scattering has qeen studied in great detail .. [l6]. 

IV 8 FOIMAL SCATTERIID THEORY 

To describe a general scattering reaction Lippmann and 

Schwinger [7], [l7] introduced a· scatte.ring matrix ~ ba . to describe 

scattering from an initial state x to a final. state /Xb [ 18] 8 This a . 

is defined as 

... 
_ .. -.. · / 

. ;. ' 
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• (17) 

vhere ~ + is the 'steady state vave function tor the event and V is the 
a 

scattering interaction. Since moment~ is conserved tor an isolated 

scattering, ve.me.y vrite 

:/be. a (18) 

vhere P and Pb· are the total momente.·of the particles in the initial 
. "'a ,.... 

and final states, respectively, and Tba is defined onlY for states. b and'. 

a corresponding to Pb • P o . "-' ,.._e, 

The sc.e.ttering cross section 6·a [ Eq. (l)] is expressed in terms 

of Tbe. as [ 12] . · 

4· 
6a a ( 2~) t 6(P - P )o(R - E )iT 12 

vrel b '""b "-Po o , a ba • 

Here vrel is the relative velocity of beam and target particles, ~·arid~ 
·~ .. 

Ea. are the respective total energies .of the particles in states b and a~ 

and th~ sum on b extends over those. states vhich lead to the reaction 

' 
products striking the·detectors and thus to register an evente We 

emphasize that the expre~sion (19) is Lorentz invariant [l2)e 

The Heisenberg $-maritx [S] is given by the expression 

(20) 

where. '\e. is ... a Dirac 6-tunctione The S-me.trix is unitary8 so · 
'· 

.. (21) . 

·. 

. : .. 

\! 
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On substituting Eq. (20)·into this, we obtain the ,quivalent expression 

ot uni tari ty, 

a . 2tr I: "J. bt 6(R - E ) ':J,b . • 
. b c o a a 

(22) 

which is defined only for states c and a on the same energy shell · · . 

(.corresponding to E a E ) • c a 

The fundamental problem of·scattering theory is to determine the 

~-matrix on the energy shell (or, equival~ntly, the S-matrix). The first 

step in doing this is to make use of general symmetry principles (such 

as Lorentz invariance) to limit the functional torms allowed. Following 

this a dynamica~ principle is needed. Such dynamical principles (reviewed 
. . 'l 

': 
in Chapters 5 and 10 of reference (10)) have been proposed in a great 

. . 

variety of forms including integral equat~ons1variational principles, and· 

conditions of functional analyticity. 

'. 

..... 

Re-arrangement collisions (that is, collisions in which bound .... 
. . .: ' \' 

particles re-arrange themselves) have been studied extensively following .. : .· · 
1 

the development of formal scattering theory. Much of this ( 19 ]. was 

stimulated by the observance of apparent paradoxes [ 20]. An interesting 

modification of Eq.· (17) inte~ded for application to re-arrangement 

collisions has been given by Mittleman [21). 

Anot~er, and not entirely unrelated, class of applications of 

formal scattering theory is to scattering by composite systemse These 

include .the multiple scattering and optical model descriptions ( 22] and 
~ 

elaborate theories of atomic scattering processes.(23l (24]e The 

successfUl development and use of variational principles tor such pro

cesses should also be noted [25]e; · 
. '· ·.:. 

:_ ... : ... · 
-· · ... 

r . 

·::-
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V. FIELD THEORY . 

Quantum field theory was originally developed to describe electro-

magnetic phenomena. It was applied in a prom~sing context during the 

1930's to 8-decay and to the meson theory of nuclear forcesa The great 

optimism folloving the develop:nent of renormalizati~n theory [ ~] faded 

quickly for ~~nt of adequate mathematical techniques for handling strong 

intera}ions~. The.most successful applications to strong interactions 

were the semi-phenomenologicai calculations of Chew and others ( 26}, [5]. · · · 

. ',. 

.,· 

An interesting and novel attempt to revive field theoey h~s been .. ; 

initiated by.We1nqerg.[27]. 
·\i' 

I 

VI. S-MATRIX THEORY 

Heisenberg suggested in 1946 (8] that a proper quantum theory 

of scattering would deal only with observable quantities such as the 

S-matrix and should not require off- the-energy-shell matrix elements of 

. such quantities as d [ Eq. (18)]. Considerable impetus tor this point 
I 

of view has been given by the development of dispersion theory, following 

early suggestions of Wigner and others [ 28] e The first attempt at a 

systematic formulation of a dispers.ion relation vi thin the context of 

quantum field theory was made by Gell:-Ma':ln, G~ldbergerp and Thirring 

[29] • Further development followed applicatio~s of formal scattering 

theory to quantum field theory [ 30] • The development of the ·Mandelstam 

representation [31] provided an important step toward.obtaining a 

"dynamical principle." · A further important step vas the propose.l by 

Chew and l'rautschi and Blankenbecker and Goldberger [33], vho ·suggested 
. ' 

' ~ . . ·. ·,,. ~ . 
. ~. ·. : . 

.• I 

. , .. 

.I •' 

. ·. ·~ 

. :" 
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that_· the only singularities or the s-matrix are those required by t_he 

unitarity condition (22) 
t . 

and that families of particles should be 
... ·' 

associated vith Rege;e TraJectories [ 34]. ..,. 
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