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ABSTRACT OF THE DISSERTATION

Persistence of trophic communities in seasonal environments

by

Guilherme Casas Goncalves

Doctor of Philosophy in Biology

University of California, Los Angeles, 2022

Professor Priyanga A. Amarasekare, Chair

Consumer-resource interactions constitute the fundamental building block of foodwebs, and

play an essential role in ecosystem services and biological pest control. The defining fea-

ture of consumer-resource interactions is their inherent tendency to oscillate in abundance.

This oscillatory tendency can be both weakened and strengthened by abiotic environmental

fluctuations such as seasonal temperature variation. My dissertation focuses on the role of

abiotic and biotic oscillations mediate the persistence and diversity of consumer-resource

communities.

I start by investigating how seasonal temperature variation influences the persistence of

tritrophic food chains consisting of multicellular ectotherms (invertebrates, fish, amphibians
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and reptiles). Since ectotherm body temperature depends on the environmental tempera-

ture, temperature variation has a direct effect on the physiology, behavior and population

dynamics of ectothermic species. I develop a trait-based mathematical framework to in-

vestigate tri-trophic interactions amongst ectotherm species inhabiting a seasonally varying

thermal environment. By incorporating mechanistic trait response functions — derived from

the first principles of thermodynamics — into a dynamical model constructed using ordi-

nary differential equations, I find that the persistence of tri-trophic interactions requires that

each trophic level be more cold-adapted than the level below it. The model predicts that tri-

trophic food chain length should increase with increasing latitude, because higher latitudes

experience higher-amplitude seasonal fluctuations and more opportunities for upper trophic

levels to be more cold-adapted.

Next I expand the framework described above to develop predictions of how developmentally

induced time delays affect niche partitioning in seasonal environment, using delay differential

equations (DDEs) to capture the effects of temperature dependent maturation rates. I find

that developmental delays reduce opportunities for thermal niche partitioning by reducing

the temporal separation between species, since juveniles keep maturing after the environment

has become unfavorable for the focal species and favorable for its competitor. The addition

of developmental delays also leads to the emergence of uninvasible attack optimum or re-

sponse breadth values which maximize the overlap between the consumer species’ lifetime

reproductive success and the resource’s fundamental thermal niche. While these uninvasible
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strategies preclude niche partitioning, such partitioning becomes possible when species vary

in their attack optima or response breadth and temperature sensitivity of juvenile or adult

mortality.

Finally, I study how stage structure and delayed negative feedback affect coexistence through

relative nonlinearity. I use a DDE based model with in a constant thermal environment,

using trait species values based on data from the harlequin bug and one of its parasitoids.

I find that the presence of stage structure hinders coexistence through relative nonlinearity,

since it reduces the differences in resource oscillations generated by consumers with different

functional responses. This result is not generated by delayed application of negative feedback,

and I posit that it is instead the delayed application of the positive feedback.

The work I present here addresses the interplay between a community’s abiotic and biotic

environments, with the latter encompassing both species life history and community struc-

ture. The frameworks developed here are based on first principles, which allows me to make

general predictions on community structure, and can be parameterized with species specific

data that can predict the outcomes of specific interactions. The data I use on our mod-

els include systems with important applications for pest control, so the results here can be

applied to specific systems of high economic importance. Taken together, this dissertation

represents a step towards a framework that advances our theoretical understanding of natural

communities and their environments and has important practical applications.
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Chapter 1

Persistence of tri-trophic interactions

in seasonal environments

Introduction

Interactions between multiple trophic levels (e.g., resource, consumer, predator) are ubiqui-

tous in all communities. The majority of such interactions involves ectotherms (microbes,

plants, invertebrates, fish, amphibians and reptiles) whose body temperature is directly

affected by the environmental temperature. Increasing evidence of climate warming has

spurred a body of theory on temperature effects on species interactions [1–12]. Much of this

theory, however, focuses on pairwise interactions. Relatively little is known of how temper-

ature variation affects multi-trophic interactions, despite the fact that such interactions are

over-represented in a number of different communities [13–15].
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Previous theory has focused solely on the effects of the mean habitat temperature on the

stability and persistence of multi-trophic interactions, yielding varied results based on the

nature of response functions (unimodal vs. monotonic), nutrient availability, or size struc-

ture. [5] modeled all temperature response functions as monotonic increasing/decreasing and

found that total biomass decreased monotonically with temperature, and that the reduction

in biomass at higher temperatures led to a decrease in intrinsic predator-prey population

fluctuations. [16], which considered the temperature response of resource birth rate to be

unimodal, found that biomass also exhibited a unimodal response with a maximum at in-

termediate temperatures. [10] showed that when the basal resource is limited by nutrient

availability, maximum resource abundance varied unimodally with temperature, as did the

interaction strengths between trophic levels [17]. [18] found that size structure in the in-

termediate consumer led to alternative community states depending on the top predator’s

feeding choices.

These previous studies have been crucial in elucidating how changes in the mean habi-

tat temperature influence multi-trophic interactions. Given that virtually all communities

experience some form of temperature variation, determining how temperature fluctuations

influence their persistence is an important next step. Indeed, mounting evidence that cli-

mate warming affects not just mean temperatures but also the frequency of extreme weather

events [19–22] makes it imperative that we develop baseline expectations of how typical

temperature variation affects multi-trophic interactions.

Here we take a first step towards addressing this key gap in current knowledge. We focus
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on tri-trophic interactions, which constitute one of the commonest trophic links in terrestrial

(e.g. plant-herbivore-predator/parasitoid, plant-herbivore-parasite/pathogen) and aquatic

(e.g. phytoplankton-zooplankton-fish) communities [13–15]. We develop a predictive theo-

retical framework for how temperature effects on species’ life history and consumption traits

translate into community-level effects of invasibility and long-term persistence.

Mathematical framework

We consider a tri-trophic interaction in a thermally varying environment, the dynamics of

which are given by:

dR(t)

dt
= b(T (t))R(t)

(
1− q(T (t))R(t)

)
− d(T (t))R(t)− aC(T (t))R(t)C(t)

dC(t)

dt
= eCaC(T (t))R(t)C(t)− dC(T (t))C(t)− aP (T (t))R(t)P (t)

dP (t)

dt
= ePaP (T (t))C(t)P (t)− dP (T (t))P (t)

(1.1)

where R(t), C(t), and P (t) depict, respectively, the resource, consumer, and predator abun-

dance, and T (t) denotes the thermal regime (e.g., seasonal variation). The functions b(T (t)),

d(T (t)) and q(T (t)) depict the resource species’ temperature-dependent birth rate, mortality

rate and self limitation strength, aX(T (t)) and dX(T (t)) (X = C,P ) depict the consumer’

and predator’s per capita consumption and mortality rates, and eX (X = C,P ), their con-

version efficiencies. Conversion efficiencies are typically temperature-independent due to the

underlying stoichiometric properties [23, 24], and there are no data to suggest that they

change systematically with temperature [10].
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Temperature responses of species’ traits

Ectotherms’ phenotypic traits exhibit variable responses to temperature, which arise from

temperature effects on the underlying biochemical processes such as reaction kinetics and

hormonal regulation [25–33]. Temperature effects on rate processes (e.g., reaction kinetics

and enzyme inactivation) give rise to trait responses that are left- or right-skewed ([29–31,

34–36], Table 1.1, Appendix A); temperature effects on regulatory processes (e.g., neural

and hormonal regulation; [28, 37, 38] push the increasing and decreasing portions of the rate

process functions towards an intermediate optimum, yielding trait responses that are more

symmetrically unimodal (e.g., Gaussian; Table 1.1). The common finding that the qualitative

nature of trait responses (e.g., monotonic, unimodal) is conserved across ectotherm taxa [33,

39–41] allows us to develop theory that can be generalized across species and habitats.

Consumer and predator persistence in a seasonal thermal

environment

The conditions for consumer and predator persistence in a constant environment are well

known and summarized in Appendix B. Here we derive conditions for invasibility, a necessary

condition for persistence, in seasonal environments.
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Table 1.1: Temperature response function parameter definitions.

Death rate

dX(T ) = dXTR
e
AdX

(
1

TRX
− 1

T

)(
1 + e

−AdXL

(
1

TLX
− 1

T

))
(X = R, C, P )

TRX
= Reference (baseline) temperature for mortality

dXTR
= Per capita mortality rate at the reference temperature

TLX
= Temperature threshold below which mortality increases with decreasing temperature

AdX
=

Arrhenius constant for increase in mortality with increasing temperature above the
low temperature threshold

AdXL
=

Arrhenius constant for decrease in mortality with decreasing temperature below the
low temperature threshold

Per capita birth rate / consumption rates

B(T ) = BTopt
e
−

(T−ToptB
)2

2sB
2 (B = b, aC , aP )

ToptB = Thermal optimum for birth / consumption rate
BTopt = Birth / consumption rate at the optimal temperature ToptB
sB = Response breadth for birth / consumption rate

Resource self-limitation (unimodal)

q(T ) = qTopt
e
−

(T−Toptq
)2

2sq2

Toptq = Temperature at which self-limitation is strongest

qTopt
= Maximum strength of self-limitation

sq = Response breadth for self-limitation

Resource self-limitation (left-skewed)

q(T ) = qTR
e
Aq

(
1

TR
− 1

T

)(
1 + e

AqH

(
1

TqH
− 1

T

))
qTR

= Self-limitation at reference temperature
TqR = Reference temperature for self-limitation
TqH = Temperature threshold above which self-limitation decreases with temperature
Aq = Arrhenius constant for self-limitation below critical temperature threshold
AqH = Arrhenius constant for self-limitation above critical temperature threshold

Consumer’s invasibility

The consumer can invade if its time-averaged per capita growth rate is positive when rare,

i.e.,

1

τ

∫ τ

0

1

C

dC

dt
dt =

1

τ

∫ τ

0

eCaC(T (t))RR(t)− dC(T (t)) dt > 0 (1.2)
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where RR(t) is the instantaneous resource abundance in the absence of the consumer and

predator. Rearranging Equation (1.2) gives:

∫ τ

0
eCaC(T (t))RR(t) dt∫ τ

0
dC(T (t)) dt

> 1, (1.3)

which expresses invasibility in terms of lifetime reproductive success (LRS). Note that the

LRS results from the multiplicative effects the consumer’s birth rate (eCaC(T (t))), instanta-

neous resource availability when the consumer is rare (RR(t)), and the consumer’s longevity

(lC(T (t)) =
1

1
τ

∫ τ
0 dC(T (t)) dt

).

Evaluating Equation (1.3) requires knowing what RR(t) is. As shown in Appendix C,

using in an argument inspired by [42], when temperature variation is predictable (e.g., sea-

sonal variation with a mean and amplitude remaining constant over time), RR(T ) can be

approximated by b(T )−dR(T )
q(T )b(T )

. By substituting this quantity in Equation (1.3), we obtain an

analytical expression for consumer invasibility:∫ τ

0
eCaC(T (t))

b(T (t))−dR(T (t))
q(T (t))b(T (t))

dt∫ τ

0
dC(T (t)) dt

> 1. (1.4)

Predator’s invasibility

The predator’s time averaged per capita growth rate over the year is given by

1

τ

∫ τ

0

dP

dt

1

P
=

1

τ

∫ τ

0

ePaP (T (t))CR,C(t)− dP (T (t)) dt > 0 (1.5)
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where CR,C(t) is the consumer’s instantaneous abundance when the predator is rare. Rear-

ranging Equation (1.5) gives us:

1
τ

∫ τ

0
ePaP (T (t))CR,C(t) dt
1
τ

∫ τ

0
dP (T (t)) dt

> 1. (1.6)

Evaluating the predator’s invasion criterion requires knowing CR,C(t). When temperature

variation is predictably seasonal, CR,C(t) can be approximated by CR,C(t) =
b(T (t))−dR(T (t))

aC(T (t))
−

b(T (t))q(T (t))
aC(T (t))

dC(T (t))
eCaC(T (t))

(Appendix D). This gives us the following expression for the predator’s

invasibility:

1
τ

∫ τ

0
ePaP (T (t))

(
b(T (t))−dR(T (t))

aC(T (t))
− b(T (t))q(T (t))

aC(T (t))
dC(T (t))

eCaC(T (t))

)
dt

1
τ

∫ τ

0
dP (T (t)) dt

> 1. (1.7)

We see that the top predator’s persistence in a thermally variable environment depends

on its birth (ePaP (T (t)) and mortality rates (dP (T (t))), and the instantaneous consumer

abundance (the term within brackets in the numerator). Closer examination shows that

the latter is driven primarily by basal resource productivity, with resource self-limitation

having only a weak effect. To see this, note that instantaneous consumer abundance is

determined by the joint effect of resource productivity scaled by the consumer’s attack rate

( b(T (t))−dR(T (t))
aC(T (t))

), resource self-limitation scaled by the consumer’s attack rate ( b(T (t))q(T (t))
aC(T (t))

),

and resource abundance set by the consumer ( dC(T (t))
eCaC(T (t))

). Since b(T (t)) and aC(T (t)) are

symmetric unimodal (Gaussian) functions and dR(T (t)) is exponentially increasing above

the low temperature threshold (Fig. 1.1(a)-(b)), b(T (t))−dR(T (t))
aC(T (t))

is a J-shaped function of

temperature (Fig. 1.1(c)). The term ( b(T (t))q(T (t))
aC(T (t))

) is largely insensitive to the qualitative form

of q(T ) (Fig. 1.1(e)). Since q(T ) < 1 ( 1
q(T )

being the resource carrying capacity) b(T (t))q(T (t))
aC(T (t))

<
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a) b) c)

d) e) f)

Figure 1.1: Temperature dependence of vital rates, self-limitation, and the consumer’s steady-
state abundance in the absence of the predator in a constant thermal environment. Panel (a)
depicts the birth/attack rate response, panel (b), the mortality response, and panel (c), the resource

availability set by the consumer in the absence of the predator ( dC(T )
eCaC(T )). Panel (d) depicts the

Gaussian vs. left-skewed temperature responses of resource self-limitation, panel (e) depicts the
decrease in the resource species’ birth rate due to self-limitation scaled by the consumer’s attack rate
( b(T )q(T )

aC(T ) ), and panel (f), the consumer’s steady state abundance in the absence of the predator when

resource self-limitation is temperature-independent (black line) vs. when it exhibits a Gaussian (red
line) or left-skewed (blue line) temperature response. Parameter values are as given in Table 1.3,
with panel (a) specifically using values for the resource’s birth rate. Left-skewed competition was

modeled as qL(T ) = qR
(eAq(1/TqR

−1/T ))

1+eAqH
(1/TqH

−1/T ) with Aq = 10,000, TqR = 292, TqH = 295 and qR chosen

so the maximum of qL(T ) matches with Toptq .

b(T (t))−dR(T (t))
aC(T (t))

, and the instantaneous consumer abundance is determined primarily by the

basal resource productivity in the consumer’s presence (Fig. 1.1(d)-(f)).

Scaling trait response parameters

Expressing species’ trait response parameters in terms of the thermal regime allows us to

derive testable predictions in terms of empirically measurable parameters. Seasonal temper-
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ature variation is depicted by T (t) = MT −ATS(t) where MT and AT are the mean habitat

temperature and the amplitude of seasonal fluctuations (AT = Tmax−Tmin

2
), and S(t) = cos 2πt

τ

(or − sin 2πt
τ
; τ = 365 days). We express species’ parameters using the natural scaling re-

lationships identified using a non-dimensional analysis. Table 1.2 summarizes the scaling

relationships we derive below.

We define the resource species’ birth rate optimum, reference temperature, and low

temperature threshold relative to the mean habitat temperature, i.e., Toptb = MT + x,

TRR
= MT + y and TLR

= MT + z where x and y are the number of degrees by which

the optimum and reference temperature exceed the mean habitat temperature, and z is the

number of degrees by which the mean temperature exceeds the low temperature threshold

for mortality. Since MT decreases with latitude, x and y increase, and z decreases, with

increasing latitude [34, 43–45].

When the temperature response of resource self-limitation is Gaussian, Toptq = Toptb and

sq = usb with 0 < u < 1 where sb and sq depict, respectively, the response breadths for the

birth rate and competition strength (u < 1 because the temperature response of competition

cannot exceed that of the birth rate). When it is left-skewed, Aq = AdR + n and TqH =

MT + AT where n is the deviation of the Arrhenius constant for competition strength from

that for mortality. We scale qTopt such that qTopt = qTR
e
Aq

(
1

TR
− 1

Tmax

)
/
(
1+ e

−AqH

(
1

THq
− 1

Tmax

))
where Tmax = MT +AT , the maximum temperature experienced by the species in their native

habitat.

We express the consumer’s and predator’s attack and mortality rates relative to the basal
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Table 1.2: Definitions of scaled temperature response parameters

Thermal regime
MT Mean habitat temperature
AT Amplitude of seasonal fluctuations

Base resource
Toptb = MT + x x = deviation consumption rate optimum from mean habitat temperature
TRR

= MT + y y = deviation of reference temperature from mean habitat temperature
TLR

= MT − z z = deviation of low temperature threshold from mean habitat temperature
Toptq = Toptb Optimal temperatures for resource self-limitation and resource birth rate are

equal
sq = usb u = ratio of resource self-limitation and resource birth rate response breadths
Aq = AdR

+ n n = difference of Arrhenius constants of resource self-limitation and resource
death rate above the low temperature threshold

Intermediate consumer
ToptaC

= Toptb + k1 k1 = deviation of consumer’s consumption rate optimum from that of

resource’s birth rate
saC

= v1sb v1 = ratio of consumer’s consumption and resource’s birth response breadths
TRC

= TRR
+ g1 g1 = deviation of consumer’s reference temperature for mortality from that

of the resource
TLC

= TLR
+ j1 j1 = deviation of consumer’s low temperature threshold from that of the

resource
AdC

= p1 +AdR
p1 = difference of Arrhenius constants above the low temperature threshold

ALC
= l1ALR

l1 = difference of Arrhenius constants below the low temperature threshold
eCaCTopt

= αCqTTopt
αC = ratio of consumer’s maximum birth rate and resource maximum

self-limitation

Top predator
ToptaP

= Toptb + k2 k2 = deviation of predator’s consumption rate optimum from that of

resource’s birth rate
saP

= v2sb v2 = ratio of predator’s consumption and resource’s birth response breadths
TRP

= TRR
+ g2 g2 = deviation of predator’s reference temperature for mortality from that

of the resource
TLC

= TLR
+ j2 j2 = deviation of predator’s low temperature threshold from that of the

resource
AdP

= p2 +AdR
p2 = difference of Arrhenius constants above the low temperature threshold

ALP
= l2ALR

l2 = difference of Arrhenius constants below the low temperature threshold
ePaPTopt

= αPaCTopt
αP ratio of predator’s maximum birth rate and consumer’s maximum

consumption rate

resource. Since the resource traits are defined relative to the mean habitat temperature, this

scaling allows us to express traits of higher trophic levels both in terms of the basal trophic

level as well as the environmental temperature. Then we have: ToptaC
= Toptb + k1 =

10



MT + x + k1, ToptaP
= Toptb + k2 = MT + x + k2, TRC

= TRR
+ g1 = MT + y + g1,

TRP
= TRC

+ g2 = MT +y+ g2, TLC
= TLR

+ j1 = MT + z+ j1, TLP
= TLR

+ j2 = MT + z+ j2

where ki, gi and ji (j = 1, 2) represent the deviations of the consumer’s and predator’s

thermal optima, reference temperatures and the low temperature thresholds from those of

the resource. The consumer’s and predator’s response breadths and temperature sensitivities

of mortality are given by saC = v1sb, saP = v2sb , AdC = AdR + p1, AdP = AdR + p2, AdCL
=

AdRL
+ l1, AdPL

= AdRL
+ l2 where v1 and v2 are respectively, the ratios of the consumer’s and

resource’s and the predator’s response breadths (vi > 0, i = 1, 2), pi and li (i = 1, 2) represent

the deviations of the consumer’s and predator’s temperature sensitivities of mortality from

those of the resource. Since the Arrhenius constants that depict the temperature sensitivity

of mortality are thermodynamically constrained to a relatively narrow range of values (5000-

12000 K−1; [34, 35, 39]), pi and li are unlikely to deviate strongly from zero.

We scale the consumer’s and predator’s temperature-independent parameters as: αP =

eP aPTopt

aCTopt

, αC =
eCaCTopt

qTTopt
, D =

dRTR

bTopt
, Q =

qToptdCTR

eCaCTopt

when the temperature response of self-

limitation strength is unimodal, and Q =
qTRdCTR

eCaCTopt

when it is left-skewed.

Temperature dependence of the consumer’s invasion criterion

By substituting the above scaling relationships into Equation (1.4) and simplifying the re-

sulting expression (see Appendix E), we obtain the following mechanistic description of the
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consumer’s invasion criterion:

αCbTopt

∫ τ

0
e
− (X(t)+k1)

2

2v21s
2
b

(
e

(1+u2)X(t)2

2u2s2
b

(
e
−X(t)2

2s2
b −De

−
AdR

Y (t)

T (t)(MT+y)

(
1 + e

AdRL
Z(t)

T (t)(MT+z)

)))
dt

dPTR

∫ τ

0
e
−

(AdR
+p1)(Y (t)+g1)

T (t)(MT+y+g1) (1 + e

(AdRL
+l1)(AT S(t)+z+j1)

T (t)(MT+z+j1) ) dt

(1.8)

where X(t) = ATS(t) + x, Y (t) = ATS(t) + y, and Z(t) = ATS(t)− z.

The consumer’s invasion success depends on its birth and mortality rates, and the instan-

taneous resource abundance when the consumer is rare. Since the conversion efficiency is

temperature-independent, temperature effects on the birth rate is driven by the temperature-

dependence of the consumer’s attack rate. This is depicted by the first exponential in the

numerator of Equation (1.8), which decreases with increasing v1 always, and with increasing

k1 when k1 < 0 and X(t) > 0 (since x > 0, X(t) > 0 for most of the year). In biological terms

this means that a consumer with a lower thermal optimum and a wider response breadth

than the resource has greater resource acquisition ability.

The temperature dependence of the instantaneous resource availability is given by the

term within parentheses in the numerator of Equation (1.8). Resource availability is greater

when resource self-limitation operates on a narrower temperature range than the birth rate

(i.e., u < 1), when the low temperature limit for resource mortality is low (z < 0), and

when the temperature sensitivity of resource mortality rate is high above this limit and low

below it (high AdR and low AdRL
). The temperature dependence of the consumer’s longevity

is given by the integral in the denominator of Equation (1.8). The consumer benefits if its

low temperature limit is lower than the resource (l1 < 0), and its temperature sensitivity of

mortality is greater above this limit, and lower below it, than in the resource (p1 > 0, j1 > 0).
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In summary, the consumer’s invasibility in a seasonal environment is increased by having

a lower thermal optimum, higher response breadth, and lower density-independent mortality

than the resource. This means that in consumer-resource interactions where the consumer

is a cold adapted thermal generalist have a greater likelihood of persistence in seasonal

environments.

Temperature dependence of the predator’s invasion criterion

By substituting the parameter scaling relationships defined previously into Equation (1.7)

and simplifying the resulting expression (Appendix E), we obtain the following mechanistic

description of the predator’s invasion criterion:

αP bTopt

∫ τ

0
e
− (X(t)+k2)

2

2v22s
2
b

(
e

(X(t)+k1)
2

2v21s
2
b

(
e
−X(t)2

2s2
b −De

−
AdR

Y (t)

T (t)(MT+y)

(
1 + e

−
AdRL

(AT S(t)+z)

T (t)(MT+z)

)
− P (t)

))
dt

dPTR

∫ τ

0
e
−

(AdR
+p2)(Y (t)+g2)

T (t)(MT+y+g2) (1 + e
−

(AdRL
+l2)(AT S(t)+z+j2)

T (t)(MT+z+j2) ) dt

(1.9)

where

P (t) = Qe
(X(t)+k1)

2

2v21s
2
b

− (1+u2)X(t)2

2u2s2
b

+
(AdR

+p1)

T (t)(MT+y+g1)
(
1 + e

−
(AdRL

+l1)Z(t)

T (t)(MT+z+j1)

)
(1.10)

is the resource self-limitation term in the expression for instantaneous consumer abundance

when the predator is rare, and X(t), Y (t) and Z(t) are as defined above. Since P (t) has but

a weak effect on the predator’s invasibility (see above), it can be ignored for the purposes of

the mathematical analyses.

The predator’s invasion success depends on its attack and mortality rates, and the instan-

taneous consumer abundance. Temperature effects on the predator’s attack rate is given by
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the first exponential in the numerator of Equation (1.9). As with the consumer, a predator

with a lower thermal optimum (k2 < 0) and a wider response breadth than the resource

(v2 > 1) has greater invasion success.

The temperature dependence of the instantaneous consumer availability is given by the

term within the parentheses in the numerator. The predator benefits when the consumer is

more warm adapted (k1 > 0) and a thermal specialist (v1 < 1) relative to the resource. Note

that the expression inside the second set of parentheses is the same as in the consumer, which

means that the predator’s invasion success is enhanced when the basal resource species has

lower overall mortality (z < 0), and when the temperature sensitivity of resource mortality

rate is high above this limit and low below it (high AdR and low AdRL
). The temperature

dependence of the predator’s longevity is given by the integral in the denominator of Equation

(1.9). The predator benefits if its low temperature limit is lower than that of the resource

(l2 < 0), and its temperature sensitivity of mortality is greater above this limit and lower

below it (p2 > 0, j2 > 0).

In summary, the predator’s invasibility in a seasonally varying environment is greater

when it has a lower thermal optimum and a higher response breadth than the consumer,

and lower density-independent mortality than the resource. This means that tri-trophic

interactions in which the predator is more cold-adapted and more of a thermal generalist than

the intermediate consumer have a greater likelihood of persistence in seasonal environments.

The key insight to emerge from this analysis is that species at higher trophic levels

have greater invasion success when they are more cold-adapted than species occupying lower
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trophic levels. This hierarchy occurs when each trophic level has a lower thermal optimum

and lower mortality above the low temperature threshold than the one below, and lead to

a conflict of interest between the consumer and the predator. This conflict arises in two

ways. First, the consumer’s fitness is maximized when it has a lower attack optimum than

the resource, but the predator’s fitness is maximized when the consumer has a higher attack

rate optimum than the resource (because this gives the predator greater opportunity to be

more cold adapted than the consumer). Second, the consumer having a high temperature

sensitivity above the low temperature threshold increases both consumer and predator fit-

ness, but the predator having a high temperature sensitivity of mortality above the threshold

increases its fitness but decreases the consumer’s by lengthening the time span during which

the predator can attack the consumer. As we show below, high temperature sensitivity of

mortality in the predator has the paradoxical result of increasing the predator’s ability to

increase when rare but decreasing its persistence following invasion by reducing consumer

abundance.

Numerical analysis

We conduct numerical analyses of the consumer’s and predator’s full invasion criteria over the

key parameter space (thermal optima, response breadths, temperature sensitivity of mortal-

ity) to determine whether the analytical predictions made based on the simplified criteria are

robust to the inclusion of the resource self-limitation term. We also check the robustness of
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the approximations used for instantaneous resource and consumer availability by numerically

simulating the full dynamical model (Equation (1.1)) and determining whether long-term

model outcomes match those predicted by the invasion analysis. We use parameter values

realistic for a temperate community as an illustrative example (Table 1.3). The analytical

results derived above are completely general and can be used to compute invasion criteria

for any consumer-resource community at any latitude.

Results

Invasion success of consumer and predator

Numerical analyses confirm the analytical predictions of invasibility in seasonally varying

environments. The consumer’s invasion success is greater when it is more cold-adapted

than the resource (k1 < 0) and has a higher temperature sensitivity of mortality above

the low temperature threshold compared to the resource (p1 > 0; Fig. 1.2). The mechanism

underlying this interplay between attack rate and mortality is as follows. Since the mortality

rate increases monotonically with temperature above the low temperature threshold, a higher

temperature sensitivity means lower mortality at lower temperatures. At the same time, a

lower attack rate optimum means that the consumer’s birth rate exceeds its death rate by

a greater amount over a wider temperature range (Fig. 1.3a). A lower attack rate optimum

also allows the consumer to be more active during periods of high resource abundance.
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Varying the ratio between the response breadths of consumer attack rate and resource birth rate (v1)

Figure 1.2: The consumer’s invasibility in a seasonally varying thermal environment. In all panels,
the x-axis depicts the deviation of the consumer’s temperature sensitivity of mortality from that of
the resource (p1), and the y-axis, the deviation of the consumer’s thermal optimum from that of the
resource (k1) when the consumer’s response breadth varies (v1 < 1 means the consumer is more of
a thermal specialist than the resource and vice versa). In each panel, the red shaded region depicts
the outcome predicted by the invasion criterion (Equation (1.9)) with white denoting invasion
failure, while the red and blue circles depict the long-term outcome (persistence vs. extinction)
based on simulations of the dynamical model (Equation (1.1)). Parameter values are as in Table
1.3.

This is because resource self-limitation strength increases with temperature, pushing peak

resource abundance to lower temperatures than in the absence of self-limitation. Finally, for

any given combination of attack rate optimum (k1) and temperature sensitivity of mortality

(p1), being a thermal generalist relative to the resource (v1 > 1) increases the consumer’s

invasion success.

Consistent with analytical predictions, the predator’s invasion success is greater when

it is more cold adapted than the consumer (k2 < k1), has a wider response breadth, and

greater temperature sensitivity above the low temperature threshold (v2 > 1, p2 > 0) than

the basal resource (Fig. 1.4). These factors interact such that a specialist predator (v2 < 1)

17



Table 1.3: Model parameter values used for figures 1 – 5, as well as C.1-C.2 and D.1-D.2

Thermal regime

Mean habitat temperature MT 285
Amplitude of seasonal fluctuations AT 10

Basal Resource

Maximum resource birth rate bTopt 10 – 15
Maximum resource competition strength qTopt 0.02 – 0.1
Resource death rate at reference temperature dRTR

0.2 – 1.0
Deviation of birth rate optimum from mean habitat temperature x 7
Deviation of reference temperature from mean habitat temperature y 7
Deviation of low temperature threshold from mean habitat temperature z 8 – 10
Resource birth rate response breadth sb 7.0
Ratio of resource competition strength and birth rate response breadths u 0.8 – 1
Resource death rate sensitivity above the critical temperature limit AdR 8000 – 10000
Resource death rate sensitivity below the critical temperature limit AdRL

−15000 – −25000

Intermediate Consumer

Maximum consumer attack rate aCTopt
0.5 – 1

Consumer death rate at reference temperature dCTR
0.2 – 0.75

Deviation of consumer’s consumption rate optimum from that of resource k1 0
Ratio of response breadths for consumer’s consumption rate and resource’s

v1 0.85 – 1
birth rate
Deviation of consumer’s temperature sensitivity of mortality above p1 0
the low temperature threshold from that of the resource’s
Deviation of consumer’s reference temperature for mortality from that of

g1 0
the resource
Deviation of consumer’s low temperature threshold from that of the resource j1 0
Deviation of consumer’s and resource’s temperature sensitivity of mortality

l1 0
below the low temperature threshold

Top Predator

Maximum predator attack rate aPTopt
0.5

Predator death rate at reference temperature dPTR
0.2 – 0.75

Deviation of predator’s consumption rate optimum from that of resource k2 0
Ratio of response breadths for predator’s consumption rate and resource’s

v2 0.85 – 1
birth rate
Deviation of predator’s temperature sensitivity of mortality above p2 0
the low temperature threshold from that of the resource’s
Deviation of predator’s reference temperature for mortality from that of

g2 0
the resource
Deviation of predator’s low temperature threshold from that of the resource j2 0
Deviation of predator’s and resource’s temperature sensitivity of mortality

l2 0
below the low temperature threshold
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a) b)

Temperature (K)

Figure 1.3: Temperature responses of attack and mortality rates and net resource/consumer
productivity in a constant thermal environment. In panel (a) the black curve depicts the Gaussian
temperature response of the resource birth rate (b(T )) and consumer attack rate (aC(T )), and the
red curve, the resource/consumer mortality rate. In panel (b), the green curve depicts the net
difference between the birth/attack rate and the mortality rate, an index of resource/consumer
productivity. Note that since the mortality rate increases monotonically with temperature above
the low temperature threshold while birth and attack rates increase to an optimum and decline
thereafter, the highest resource/consumer productivity occurs at a temperature below the species’
birth/attack rate optimum. This means that a consumer (predator) exploiting a resource (prey)
will maximize its fitness by having a thermal optimum for its attack rate lower than that of the
resource (prey). Parameter values are: bTopt = aCTopt

= 1.0, Toptb = ToptaC
= 290, sb = saC = 7.0,

dRTR
= dCTR

= 0.75, TRR
= TRC

= 292, AdR = AdC = 8000, TRRL = TRCL = 275, AdRL = AdCL =
−25000.

should have a lower thermal optimum and greater temperature sensitivity of mortality to

successfully invade compared to a generalist predator. For the parameter values we have

used, which are realistic for insects, this translates to the predator’s attack rate optimum

falling at least 2 degrees below that of the consumer, and its temperature sensitivity of

mortality well-exceeding that of the basal resource (p2 > 3500; (Fig. 1.4 (a) and (d)). In

contrast, a generalist predator (v2 > 1) can successfully invade even when its attack optimum

exceeds that of the consumer, and its temperature sensitivity of mortality falls below that of

the resource (Fig. 1.4 (c) and (f)). Regardless of response breadth, however, the predator’s
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invasion success is always greater when it has a lower attack rate optimum than the consumer.

The reason why a lower attack rate optimum increases the predator’s invasion success is

because it increases prey (consumer) availability when the predator is rare. The consumer’s

instantaneous abundance when the predator is rare is determined by temperature effects

on its attack and mortality rates. Since mortality increases with temperature above the

low temperature threshold, the maximum net difference between attack and mortality rates

occurs at a temperature below the consumer’s attack rate optimum (Fig. 1.3b). This means

that a predator with an attack rate optimum below that of the consumer will experience

greater prey availability when rare, and hence greater invasion success, than a predator whose

attack rate optimum matches that of the consumer.

Conflict of interest between consumer and predator

The conflict of interest predicted by the analytical results is borne out by the broader nu-

merical analysis. The consumer has greater invasion success when it has a lower attack rate

optimum, and greater temperature sensitivity above the low temperature threshold, than the

resource; the predator has greater invasion success when it has a lower attack rate optimum

than the consumer and greater temperature sensitivity above the low temperature thresh-

old than the resource. The important consequence is that a consumer well-adapted to its

resource can greatly constrain a top-predator’s invasion of the pairwise consumer-resource

interaction. The more maladapted the consumer (i.e., the higher its attack rate optimum,
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Varying the ratio between response breadths of predator attack rate and resource birth rate (v2)  

Difference between temperature sensitivities 
of mortality for consumer and resource (p1)

Difference between temperature sensitivities 
of mortality for consumer and resource (p1)

Difference between temperature sensitivities 
of mortality for consumer and resource (p1)

Difference between optima of resource 
birth rate and consumer attack rate (k1)

Difference between optima of resource 
birth rate and consumer attack rate (k1)

Difference between optima of resource 
birth rate and consumer attack rate (k1)

a) b) c)

d) e) f)

Figure 1.4: Top predator’s invasibility in a seasonally varying thermal environment. In panels
(a)-(c), the x-axis gives the deviation of the consumer’s thermal optimum from that of the resource
(k1), and the y-axis, the deviation of the predator’s thermal optimum from that of the resource
(k2). In panels (d)-(f), the x-axis gives the deviation of the consumer’s temperature sensitivity of
mortality from that of the resource (p1), and the y-axis, the deviation of the predator’s temperature
sensitivity of mortality from that of the resource (p2). In each row, panels from left to right depict
variation in the predator’s response breadth (v2 < 1 means the predator is a thermal specialist
relative to the resource and vice versa). In all panels, the red shaded region depicts the outcome
predicted by the invasion criterion (Equation (1.9)), while the red and blue circles depict the long-
term outcome (persistence vs. extinction) based on simulations of the dynamical model (Equation
(1.1)). Parameter values are given in Table 1.3.
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and lower its temperature sensitivity of mortality, compared to the resource), the greater is

the predator’s invasion success.

This conflict of interest arises because the consumer attributes that maximize its inva-

sibility are at odds with those that maximize the predator’s invasibility. Consider first the

role of attack rate optima in generating the conflict. The consumer’s per capita growth rate

when rare is maximized when its attack rate optimum is lower than that of the resource

because instantaneous resource availability when the consumer is rare is greater at temper-

atures below the resource’s birth rate optimum (Fig. 1.3b). In the same vein, the predator’s

per capita growth when rare is maximized when its attack rate optimum is lower than that of

the consumer’s because the instantaneous consumer abundance when the predator is rare is

higher at temperatures below the consumer’s attack rate optimum. But, the instantaneous

consumer abundance when the predator is rare is given by the stationary distribution of con-

sumer abundances over the year when the consumer is at a steady-state with resource. The

crucial point is that while the consumer’s per capita growth when rare is greater when its

attack rate optimum is lower than that of the resource (Fig. 1.2), its steady-state abundance

once it becomes established is greater when its attack rate optimum is higher than that of

the resource (Fig. 1.5(a)). Thus, increasing k1 reduces the consumer’s invasion success but

increases the predator’s invasion success and hence the overall persistence of the tri-trophic

interaction.

The second factor contributing to the conflict of interest is the temperature sensitivity

of mortality. High temperature sensitivity of mortality above the low temperature threshold
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a) b)

Difference between optima of consumer 
attack rate and resource birth rate (k1)

Difference between temperature sensitivity 
of mortality for predator and resource (p2)

Figure 1.5: Average annual abundance of the consumer in a seasonally varying environment
plotted as a function of the deviation of the consumer’s attack rate optimum from the resource
(k1) in the absence of the predator (panel (a)), and the deviation of the predator’s temperature
sensitivity of mortality from that of the resource (p2) in the presence of the predator (panel (b)).
Note that, in the predator’s absence, the consumer’s average abundance increases as it becomes
more warm-adapted relative to the resource (k1 > 0), while in predator’s presence, the consumer’s
average abundance decreases as the predator’s temperature sensitivity of mortality increases (i.e.,
the predator becomes more cold-adapted relative to the resource and the consumer). Parameter
values are as in Table 1.3.

(p1 > 1) increases consumer longevity and maximizes its invasion success (Fig. 1.2), which in

turn facilitates the predator’s invasion of the consumer-resource interaction. However, when

the predator exhibits high temperature sensitivity of mortality above the low temperature

threshold (p2 > 1), its invasion success is increased (Fig. 1.4(d)-(f)) at the cost of reducing

the consumer’s biomass relative to that of the resource, thus reducing the consumer’s control

of the resource (Fig. 1.5(b)).

Discussion

Here we develop a trait-based mathematical framework to investigate the effects of sea-

sonal temperature variation on the persistence of tri-trophic interactions. We incorporate
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mechanistic descriptions of trait responses to temperature into a dynamical model of the in-

teraction, which we use to predict community-level effects of seasonal temperature variation

based solely on trait response data.

We report two key findings. The first is that successful invasion of species at higher

trophic levels depend on their having lower thermal optima and higher temperature sensi-

tivity of mortality above the low temperature threshold than species at lower trophic levels.

For instance, an intermediate consumer experiences greater invasion success when its attack

rate optimum is lower than the birth rate optimum of the basal resource, and its temperature

sensitivity of mortality exceeds that of the resource. Similarly, a top predator experiences

greater invasion success when its attack rate optimum is lower than that of the consumer and

its temperature sensitivity of mortality exceeds that of the resource. These phenotypic-level

outcomes are the direct result of temperature effects on birth/attack and mortality rates and

resource self limitation. Mortality increases monotonically with temperature above the low

temperature threshold, while birth/attack rates and self-limitation increase to a maximum

and decline thereafter. As a consequence, the maximum difference between birth/attack

and mortality rates, which translates into maximum resource (consumer) availability for

the consumer (predator), occurs at temperatures below the thermal optima for birth/attack

rates and self-limitation. Greater accessibility to resources when rare is the reason why it

is advantageous for species at higher trophic levels to have a lower thermal optimum than

those below them in the trophic chain. This advantage is further enhanced when tempera-

ture sensitivity of mortality is high because it contributes to a greater net difference between
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birth/attack and mortality rates at temperatures below the species’ thermal optima.

A key feature of multi-trophic interactions is the conflict of interest between species

occupying different trophic levels: fitness of species at lower trophic levels is maximized by

resisting invasion by species at higher trophic levels, while the fitness of species at higher

trophic levels is maximized by overcoming such resistance. Our second finding provides

a mechanistic basis for this conflict, and a potential explanation for its resolution. As

noted above, having a lower attack rate optimum and lower mortality around this optimum

(via high temperature sensitivity of mortality) increase the consumer’s invasion success but

decreases the predator’s. High temperature sensitivity of predator mortality can increase

the predator’s invasion success, but at the cost of reducing the consumer abundance and

thus compromising the persistence of the tri-trophic interaction. When the consumer is

well-adapted to the resource and to the ambient seasonal temperature regime, successful

invasion by the predator requires that it has a lower attack rate optimum than the consumer,

a constraint that can limit the assembly of tri-trophic interactions and reduce food chain

length. When the consumer is maladapted to the resource and the ambient seasonal regime,

as in the case of recent invasion of a novel environment, the higher thermal optimum and

lower temperature sensitivity of the consumer enables greater invasibility by top predators

and increase food chain length.

The finding that invasion success is greater when each trophic level is more cold-adapted

than the one below adds to a body of emerging findings about the role of thermal adaptation

in species interactions. Previous theory shows that cold-adapted species are superior resource
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competitors precisely for the same reason that cold-adapted consumers and predators enjoy

greater invasion success: they have lower mortality rates relative to attack rates and hence

lower average R⋆ values in seasonal environments [46]. Strong empirical evidence for rapid

acclimation of the low temperature limit for viability contrasting with limited evidence for

such acclimation of the upper temperature limit [47–62] suggests that adaptation to colder

climates is not only possible but may occur on ecological time scales.

That cold-adapted species have greater invasion success in both competitive and multi-

trophic interactions is a finding at odds with the ‘hotter is better’ hypothesis [63], which

posits that warm adapted organisms have higher fitness. The reason for this discrepancy is

that the hotter is better hypothesis has been formulated for single species, based on a formula

for temperature dependence of fitness that ignores biotic interactions. Our model, in con-

trast, focuses explicitly on biotic interactions and quantifies fitness as the per capita growth

rate calculated from an explicit dynamical model of multi-species interactions. What our

work on multi-trophic interactions, and previous theory on temperature effects on competi-

tion [6, 46], show is that when temperature variation operates both directly and indirectly

through its effects on species interactions, species that are cold-adapted have an advantage

in both resource acquisition and predator avoidance.

Our results generate several testable predictions. First, we expect species at higher

trophic levels to be more cold-adapted, either by having lower attack rate optima or greater

temperature sensitivity of mortality above the low temperature threshold, than those at

lower trophic levels. Second, greater invasion success of higher trophic levels by being more
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cold-adapted should impose an abiotic constraint on the number of trophic levels that can be

supported in a given thermal environment. Because higher latitudes with larger-amplitude

seasonal fluctuations provide for more opportunities for species to diverge in their thermal

optima and temperature sensitivities of mortality, we expect, all other things being equal,

ectotherm food chain lengths to increase with increasing latitude. Comparing food chain

lengths across habitats with similar primary productivity, for example, provides for a poten-

tial test of this prediction.

Our work provides the basis for a number of future directions. One important question

is how the joint effects of temperature variation and biotic interactions drive the evolution

of multi-trophic interactions. Our finding that food chain persistence requires higher trophic

levels to be more cold-adapted provides a testable prediction for an eco-evolutionary dynam-

ical analysis. Given that species engaging in trophic interactions have to contend with the

dual challenges of resource acquisition and predator avoidance, a strategy that maximizes

both individual fitness and ensures long-term persistence of the species interaction may well

involve a certain degree of maladaptation to the thermal regime and/or the species’ resources

and predators. We have, for reasons of analytical tractability, focused on an unstructured

model of a tri-trophic interaction. Given that complex life cycles are a signature of all mul-

ticellular ectotherms, and that strategies such as dormancy can allow species to maximize

their fitness by slowing down development during unfavorable time periods, extending the

theory to age/stage-structured models is an important future direction.

27



Chapter 2

Developmental delays and thermal

niche partitioning in multicellular

ectotherms

Introduction

Temperature is an ubiquitous source of abiotic variation that has strong impacts on bio-

diversity. This is particularly the case for ectotherms, which compose a large majority of

biodiversity on the planet, and whose life history (e.g., birth, maturation, mortality), con-

sumption (attack rates, handling times), and performance (e.g., movement) exhibit plastic

responses to temperature [7, 36, 39, 40, 64]. Temperature variation is a key abiotic axis for

species coexistence via temporal niche partitioning [65–69]. It also plays a key role in biolog-
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ical pest control [70] through complementary action, whereby multiple natural enemies that

are active at different times can achieve greater pest suppression than a single enemy [71–

73]. In both temporal niche partitioning and complementary pest control, competing species

differ in their phenology (seasonal timing of life history effects; Jonsson et al. [72] and Scran-

ton & Amarasekare [74]) due to species-specific responses to seasonal temperature variation.

Importantly, these differences are driven by temperature effects on developmentally-induced

time delays, a defining feature of the life cycles of multicellular ectotherms. Despite a large

body of theory on both temporal niche partitioning and complementary pest control [75,

76], the mechanisms by which temperature effects on developmental delays translate into

population-level patterns of phenology and temporal niches remain largely unexplored. For

instance, resource competition studies that take developmental delays into account do not

consider seasonal temperature variation (Briggs [77], Briggs et al. [78], Murdoch et al. [79],

de Roos [80], and Wang et al. [81], see references in [82]). The ones that do consider sea-

sonal variation do not incorporate development [46, 83, 84] (but see [85]). The role of

temperature-dependent developmental delays on coexistence via thermal niche partitioning

and complementary pest control remains a key gap in our knowledge. Filling this gap is cru-

cial in this age of climate warming, with rising temperatures altering developmental delays

with attendant effects on phenology and species coexistence. For instance, warming-induced

phenological shifts can cause mismatches between resources and consumers that can disrupt

trophic interactions and lead to biodiversity loss in natural communities [43, 50, 86–90]; it

can also affect biological control by disrupting pest-natural enemy interactions in agricultural
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communities [91–97]. These findings speak to the urgent need for theory on coexistence and

pest control that explicitly considers temperature effects on ectotherm developmental delays.

Here we develop a trait-based mathematical framework to investigate how seasonal tem-

perature variation influences temporal niche partitioning through its effects on developmen-

tal delays. We incorporate mechanistic descriptions of temperature effects on ectotherm

life history and consumption traits, derived from first principles of thermodynamics, into

stage-structured models, constructed using delay differential equations (DDEs), that explic-

itly incorporate temperature-dependent developmental delays. We use a mechanistic model

of exploitative competition, based on R∗ theory, with two consumer species exploiting a

resource that has explicit dynamics. We test model predictions with data from a real world

pest-enemy system consisting of the green plant bug (Apolygus lucorum) and its two para-

sitoid natural enemies, Peristenus spretus and Peristenus relictus as consumers. Apolygus

lucorum became a major pest of cotton in southeast Asia following the reduction of broad-

spectrum pesticide, and the shift to transgenic Bt cotton [98–100]. Pest control studies

have identified two endoparasitoid wasps P. spretus and P. relictus, which attack the bug’s

nymphal stage, as promising biological control agents for the control of A. lucorum and

its congeners (Lygus species) in Asia, Europe and North America [99–101]. Our findings

therefore have direct applications to agricultural pests of economic importance.
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Mathematical Framework

Consider an ectotherm consumer-resource community consisting of two consumers competing

for a common resource. Resource and consumer species each have two stages in the life cycle

(juvenile and adult), and the consumer species can exploit the juvenile or adult stage of

the resource. We expect the resource species to experience intra-specific competition for its

own limiting factors (e.g., food, space), which can occur via density-dependent fecundity or

mortality. Common examples of such interactions involve insect herbivores feeding on plants,

insect parasitoids attacking juvenile (nymphal/larval) or adult stages of other insects, lizards

and spiders feeding on insects, and lady beetles feeding on aphids [102]. The dynamics of
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the stage-structured consumer-resource interaction are given by:

dJ

dt
= B(T (t), R(t))R(t)−MJ − dJ(T (t), J(t))J(t)− f1(T (t), J(t))C1(t)− f2(T (t), J(t))C2(t)

dR

dt
= MJ − dR(T (t), R(t))− f1(T (t), R(t))C1(t)− f2(T (t), R(t))C2(t)

dL1

dt
= f1(T (t), X(t))C1(t)−MJ1 − dJ1(T (t))J1(t) (X = J, R)

dC1

dt
= MJ1 − dC1(T (t))C1(t)

dL2

dt
= f2(T (t), X(t))C2(t)−MJ2 − dJ2(T (t))J2(t) (X = J, R)

dC2

dt
= MJ2 − dC2(T (t))C2(t)

MJ = B(T (t− τJ(t)), R(t− τJ(t)))R(t− τJ(t))SJ(t)

ML1 = f1(T (t− τL1(t)), X(t− τL1(t)))C1(t− τL1(t))SL1(t)

ML2 = f2(T (t− τL2(t)), X(t− τL2(t)))C2(t− τL2(t))SL2(t)

dSJ

dt
=

(
dJ(t− τJ(t))mJ(t))

mJ(t− τJ(t))
− dJ(t)

)
SJ(t)

dSL1

dt
=

(
dL1(t− τL1(t))mL1(t))

mL1(t− τL1(t))
− dL1(t)

)
SL1(t)

dSL2

dt
=

(
dL2(t− τL2(t))mL2(t))

mL2(t− τL2(t))
− dL2(t)

)
SL2(t)

dτY
dt

= 1− mY (t)

mY (t− τY (y))
(Y = J, L1, L2)

(2.1)

where J and R depict juvenile and adult abundances of the resource species, and Li and

Ci (i = 1, 2), those of the consumer species. The functions B
(
T (t), R(t)

)
and dX

(
T (t),

X(t)
)
, (X = J,R) describe the joint effects temperature and density on the resource species’

per capita birth and mortality rates, fi(X(t)) is the functional response of consumer species
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(i), and dZ(t), Z = L,C depicts the density-independent mortality rates of the juvenile and

adult consumer.

Both consumers exhibit saturating (Holling Type II; Holling [103]) functional responses

(fi) [102, 104], i.e., fi(T (t), X(t)) = ai(T (t))X(t)
1+ai(T (t))hi(T (t))X(t)

, (i = 1, 2), with a(T (t)) and

h(T (t)) depicting, respectively, the consumers’ temperature-dependent attack rates and han-

dling times. We consider consumers’ conversion efficiencies to be temperature-independent

given the absence of evidence of systematic changes with temperature [10]. Temperature-

insensitivity of conversion efficiency is expected given the underlying stoichiometric proper-

ties [23, 24]. We follow previous studies in using the functionB
(
T (t), R(t)

)
= b(T (t))e−q(T (t))R(t)

[6, 102] to depict density-dependent birth rate where b(T (t)) is the temperature-dependent

per capita birth rate, and q(T (t), the temperature-dependent resource self-limitation strength.

Density-dependent mortality is given by DX

(
T (t), X(t)

)
= dX(T (t))(1 + q(T (t))X(t)) [6,

102].

The function MY (t) (Y = J, L1, L2) is the temperature-dependent recruitment rate,

which is the product of the recruitment rate into the juvenile stage τY (t) time units ago and

the fraction of juveniles (larvae) that survive to adulthood (SY (t)). When temperature varies

over time (e.g., seasonal variation, warming), resource and consumer species’ developmental

delays (τY (t), Y = J, L1, L2) and through-stage survival (SY (t)) vary with both temper-

ature and time. The rate of change in survivorship is given by the differential equations

dsY
dt

, and that in developmental delays, by dτY
dt

. In these equations, mY (T (t)) =
1

τY (t)
depict

the instantaneous per capita maturation rate of the resource and consumer species’ juvenile
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stages. The ratio mY (T (t))
mY (T (t−τY (t)))

(Y = J, L1, L2) determines how temperature affects matu-

ration. If temperature increases over the duration of the juvenile stage, this ratio exceeds

1, stage duration is shorter, and more individuals survive to the adult stage. Conversely,

if temperature decreases over the duration of the juvenile period, the ratio falls below 1,

stage duration is longer, and fewer individuals survive to the adult stage. Further details of

deriving variable delay equations for stage-structured ecological systems are given in [102,

105–107].

A necessary condition for coexistence is that each consumer species be able to increase

from initially small numbers when its competitor is at a stationary state with the resource

(mutual invasibility). Invasiblity depends on the resource availability as determined by the

resource species birth, maturation and mortality rates, and consumers’ resource acquisition

ability, determined in turn by its life history (maturation and mortality) and consumption

(attack rate, handling time). The first step therefore is to understand how temperature

variation affects these traits.

Temperature dependence of life history and consumption traits

Phenotypic-level temperature responses of ectotherm life history and consumption traits arise

from temperature effects on the underlying biochemical processes (e.g., reaction kinetics,

hormonal regulation; Johnson & Lewin [25], Sharpe & DeMichele [26], Schoolfield et al.

[27], Nijhout [28], van der Have & de Jong [29], van der Have [30], Ratkowsky et al. [31],

34



Kingsolver [32], and Kingsolver et al. [33]). Temperature effects on biochemical rate processes

(e.g., reaction kinetics and enzyme inactivation) give rise to phenotypic-level responses that

are left-skewed or monotonic increasing/decreasing van der Have & de Jong [29], van der

Have [30], Gillooly et al. [34], Gillooly et al. [35], and Savage et al. [36]). Mortality and

maturation rates exemplify such rate-controlled responses. This contrasts with temperature

effects on on biochemical regulatory processes (e.g., neural and hormonal regulation; Nijhout

[28], Hochachka & Somero [37], and Long & Fee [38]), which yield phenotypic-level responses

that are symmetric unimodal (e.g., Gaussian). This is because regulatory processes are

driven by negative feedbacks that push increasing and decreasing rate processes towards an

intermediate optimum. Birth and attack rates tend to exhibit such regulatory responses.

Temperature response of mortality

Per capita mortality rate of all ectotherms increases monotonically with temperature for

the biologically relevant temperatures [25–27, 31], i.e the temperature range above the lower

threshold at which body fluids freeze and below the upper threshold where proteins denature

[30, 34–36]. Below this range, the freezing of bodily fluids and other related phenomena lead

to an increase in mortality with decreasing temperature [29, 34–36, 39]. We describe the

complete mortality temperature response using a modified Boltzmann-Ahrrenius function

[29, 34–36]:

d(T ) = dTR
e
Ad

(
1

TR
− 1

T

)(
1 + e

−AdL

(
1

TdL
− 1

T

))
(2.2)
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where d is the per capita mortality rate at temperature T (in K), dTR
is the mortality rate

at a reference temperature (typically 24− 25◦C; [26, 27]) and Ad is the Arrhenius constant,

which quantifies how fast the mortality rate increases with temperature.

Temperature responses of birth and attack rates

A large number of studies spanning invertebrates, fish and lizards show that the per capita

birth rate exhibits a symmetric, unimodal response to temperature (e.g., [39, 41, 108–113]).

A similarly comprehensive data analysis of resource consumption rates in a range of ec-

tothermic taxa [9, 40] show that the per capita attack rate exhibits a qualitatively similar

response. Both are well-described by a Gaussian function:

y(T ) = yTopte
−

(T−Topty
)2

2sy2 (2.3)

where Topty (y = a, b) is the temperature at which the attack (birth) rate is maximal (yTopt),

and ya depicts the response breadth, the temperature range over which the species can

reproduce or exploit prey.

Temperature response of maturation

Maturation rate exhibits a left-skewed response to temperature [26, 27, 29, 31] given by:

m(T ) =
(mTR

T/TmR)e
Am(1/TR−1/T )

1 + eAL(1/TmL−1/T ) + eAH(1/TmH−1/T )
(2.4)

where m(T ) is the maturation rate at temperature T , mTR
is the maturation rate at the

reference temperature TR at which the enzyme is 100% active, AmJ
(enthalpy of activation
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divided by the universal gas constant R) quantifies temperature sensitivity, TL/2 and TH/2

are, respectively, the low and high temperatures at which the enzyme is 50% active, and

AL and AH are the enthalpy changes associated with low and high temperature enzyme

inactivation divided by R [25–27, 29–31].

Temperature response of handling time Data from a number of ectotherm taxa span-

ning zooplankton to fish show that the handling time (inverse of the maximum uptake rate)

exhibits a symmetric U-shaped response [40], which is well-described by an inverse Gaussian

function:

h(T ) = hTopte
(T−Topth

)2

2sh
2 (2.5)

where Topth is the temperature at which the handling time is minimal (hTopt), and sh depicts

the temperature range over which a consumer can handle its resource/prey species.

Temperature response of resource self-limitation

Self-limitation in the resource species arises from intra-specific competition for its own limit-

ing factors. Empirical studies suggest that the temperature response of the per capita intra-

specific competition coefficient (q(T )) can be unimodal or left-skewed [6, 9, 114, 115]. When

increasing activity levels increase the per individual demand for resources, self-limitation

strength increases exponentially with increasing temperature until temperatures approach

the upper critical limit at which activity ceases and declines rapidly thereafter. This type of
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response is described by a modified Boltzmann-Arrhenius function:

q(T ) = qTR
e
Aq

(
1

TR
− 1

T

)(
1 + e

AqH

(
1

TqH
− 1

T

))
(2.6)

where q(T ) is the self-limitation strength at temperature T (in K), Aa is the Arrhenius

constant, which quantifies how fast self-limitation strength increases with increasing tem-

perature, TR is a reference (baseline) temperature, and qTR
is the self-limitation strength

at the reference temperature. The parameter TqH is the temperature threshold at which

self-limitation strength starts to decrease with increasing temperature, and AqH quantifies

how quickly this happens.

When self-limitation is strongest at temperatures optimal for reproduction, as is the case

when the demand for resources is most intense during periods of peak reproductive activity

[6, 9, 114], q(T ) is unimodal and well-described by a Gaussian function:

q(T ) = qTopte
−

(T−Toptq )2

2sq2 (2.7)

where Toptq is the temperature at which self-limitation is the strongest (qTopt), and sq depicts

the the temperature range over which self-limitation operates.

Trait-based predictions about resource availability and consumers’

invasion success

The next step is to determine how temperature effects on resource and consumer traits influ-

ence resource availability and the consumer species’ ability to increase when rare. Because
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we our focus is on temporal niche partitioning in the absence of other fluctuation-mediated

mechanisms such as relative non-linearity (species-specific differences the handling time lead-

ing to differential non-linearity of functional responses;Chesson [116]), we consider the two

consumer species as exhibiting the same handling time response but differing in other trait

responses.

Resource availability

We make a distinction between potential and realized resource availability. The former is

the total amount of resources available to a given consumer in the absence of competitors;

the latter is the amount available to an invader in the presence of a resident consumer. The

potential resource availability is given by the resource species’ fundamental thermal niche, the

temperature range over which the resource species can maintain a viable population (r > 0).

The realized resource availability is the resource level set by the resident competitor, given

by its R⋆. We discuss each metric in turn.

We quantify the resource species’ fundamental thermal niche in terms of the temperature

response of its intrinsic growth rate. When population growth is density-independent, the

long-run growth rate of the population constitutes its intrinsic growth rate [117]. When

the thermal environment is invariant, i.e., the resource population experiences the same

temperature, on average, with few or no fluctuations around the mean, we can use the long-

run growth rate to obtain an analytical expression for the temperature dependence of the
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intrinsic growth rate [41, 117].

r(T ) = −dR(T ) +
1

τ(T )
W

(
b(T )τ(T )e(dR(T )−dJ (T ))τ(T )

)
(2.8)

The quantity W is the principal (positive) branch of the Lambert W function or the product

logarithm (Corless et al. [118]), and b(T ), τJ(T ) = 1
mJ (T )

, dX(T ) (X = J,R) depict the

temperature responses of birth, maturation, juvenile, and adult mortality rates.

The resource species’ fundamental thermal niche (FTN) constitutes the temperature

range over which r(T ) > 0. The area under the r(T ) > 0 curve therefore determines the

potential resource availability for a given consumer in the absence of competitors. Note that

r(T ) is a unimodal, left-skewed function of temperature (Fig. 2.1). This is because it is a

composite of birth, maturation and mortality rates with b(T ) being symmetric unimodal,

m(T ) being left-skewed, and dX(T ) (X = J,R) increasing exponentially above the low

temperature threshold. As a result, the temperature at which r(T ) is maximized (Trmax) is

above the temperature at which b(T ) (Toptb), and below the temperature at which m(T ) is

maximized (Fig. 2.1). A resource species that is a thermal generalist (i.e., wider response

breadth of birth and maturation rates) will have a larger fundamental thermal niche, as

would a species with a high birth rate at the optimum temperature (bTopt), high juvenile

survivorship, and a longer adult lifespan.

We quantify the realized resource availability in terms of the resident consumer species’

R⋆ [119]. In a constant thermal environment with fixed developmental delays, the R⋆ is
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a) b) c)

d) e) f)

g) h)

Figure 2.1: Temperature responses of resource and consumer trait responses and response combi-
nations. The first row depicts the temperature responses of attack, maturation and mortality rates
(panels (a)-(c)). The second row depicts the resource species’ fundamental thermal niche (r(T ),
panel (d)), the consumer species’ lifetime reproductive success (LRS; panel (e)) and the overlap
between the two when trait response functions are parameterized with data for the cotton pest
Apolygus lucorum and its native nymphal parasitoid (Peristenus spretus; Table 2.1). The third
row depicts the overlap between the resource species’ fundamental thermal niche and the LRS of
consumer species that differ in their attack rate optima (panel (g)) and response breadth (panel
(h)).
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Table 2.1: Parameter values estimated for the temperature response curves of the resource species
A. lucorum and its parasitoids P. spretus and P. relictus

Parameter A. lucorum P. spretus P. relictus

Birth rate

bTopt
Maximum birth rate 2.41± 0.03 – –

Toptb Birth rate optimum 297.63K± 0.14K – –
sb Birth rate response breadth 8.22± 0.14 – –

Attack rate

aTopt
Maximum attack rate – 1.051 0.9408

Toptb Attack rate optimum – 294.59K± 0.28K 295.0K
sb Attack rate response breadth – 6.4± 0.45 6.0

Juvenile mortality

dJTR

Juvenile death rate at
0.0227 0.0333 0.0356

reference temperature

TdJ

Juvenile death rate reference
298K 296K 293K

temperature

TdJL

Low temperature threshold juvenile
286.524K± 5.06K 280K 280K

death rate low temperature limit

AdJ

Juvenile death rate sensitivity above
9573.61± 1139.46 6227.1± 678.9 8259.7± 164.5

the low temperature limit

AdJL

Juvenile death rate sensitivity below −33756.51± 48701.65 −30000 −30000
the low temperature limit

Adult mortality

dRTR

Adult death rate at
0.0248 0.0333 0.0356

reference temperature

TdR

Adult death rate reference
293K 296K 293K

temperature

TdRL

Adult death rate low temperature
277.36K± 7.27K 280.3K 280K

limit

AdR

Adult death rate sensitivity above
4124.85± 157.04 6227.1± 678.9 8259.7± 164.5

the low temperature limit

AdRL

Adult death rate sensitivity below −24606.51± 28987.78 −25000 −25000
the low temperature limit

given by:

R⋆ =
dC(T )

eCaC(T )e
− dL(T )

mL(T ) − aC(T )hC(T )dC(T )
(2.9)

where aC(T ) and dC(T ) are the temperature dependent attack and adult mortality rates,

hC(T ) is the handling time, eC is the temperature-independent conversion efficiency, and
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Table 2.1: Continued

Parameter A. lucorum P. spretus P. relictus

Maturation (Y = J, L1, L2)

mY TR

Maturation rate at
0.0377 0.0283 0.0396

reference temperature

TmY

Maturation rate reference
293K 292K 291K

temperature
AmY

Maturation rate Arrhenius constant 4132.805± 1038.410 6170.7± 567.1 8818.4± 653.3

TmY L

Maturation rate low enzyme
286.52K 287K 287K

denaturation temperature

AmY L

Maturation rate low temperature −25000 −25000 −25000
Arrhenius constant

TmY H

Maturation rate high enzyme
310.396K± 1.18K 299K 299K

denaturation temperature

AmY H

Maturation rate high temperature
39403.04± 14237.595 80000 80000

Arrhenius constant

Competition

qTR

Competition strength at
0.9 – –

reference temperature

TRq

Competition strength reference
297.63K – –

temperature

Aq
Competition strength Arrhenius

4132.805 – –
constant

TqL

Competition strength low enzyme
289K – –

denaturation temperature

AqL

Competition strength low tem- −60000 – –
perature Arrhenius constant

TqH

Competition strength high enzyme
303K – –

denaturation temperature

AqH

Competition strength high tem-
60000 – –

perature Arrhenius constant

dL(T ) and mL(T ) are the temperature-dependent juvenile mortality and maturation rates.

The quantity eCaC(T ) is the consumer’s birth rate, and aC(T )hC(T )dC(T ) is the lifetime

decrement in the birth rate due to the time spent handling resources. Comparing Equation

(2.9) with the R⋆ in the absence of ontogeny (R⋆ = dC(T )
aC(T )(eC−dC(T )hC(T ))

A), we see that

developmental delays invariably reduce the consumer’s birth rate and increase R⋆. The

43



degree to which this occurs depends on the temperature response of juvenile survivorship,

given by e
− dL(T )

mL(T ) .

Consumer’s ability to increase when rare

A consumer species’ ability to increase from initially small numbers is determined by its

lifetime reproductive success (LRS). In a constant thermal thermal environment, LRS

given by:

LRS =
eCaC(T )e

− dL(T )

mL(T ) − aC(T )hC(T )dC(T )

dC(T )
. (2.10)

Note that LRS is the inverse of the consumer species’ R⋆. A consumer species with a

higher LRS is potentially a superior competitor for the common resource. In a thermally

variable environment, however, competitive ability will depend on the degree to which the

temperature response of the consumer’s LRS overlaps with the resource species’ fundamental

thermal niche (FTN = r(T ) > 0). We can thus quantify competitive ability in terms of the

FTN−LRS overlap. We expect a consumer with greater overlap to be a superior competitor

for the resource.

Temporal separation in resource use can arise via species-specific differences in the con-

sumers’ conversion efficiency (eC), functional response (a(T ) and h(T )), juvenile survivor-

ship (dL(T ),mL(T )), and adult mortality (dC(T )). As noted above, since we are interested

in coexistence via temporal niche partitioning in the absence of other fluctuation-mediated

mechanisms, we consider the consumer species to differ in the temperature responses of the

attack rate but not the handling time.
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Consider first the temperature response of the attack rate (a(T ); Fig. 2.1). The higher the

maximum attack rate (aTopt) and wider the response breadth (sa), the larger is the species’

functional response for a given handling time. Energetic constraints, however, will limit a

consumer’s ability to maximize its attack rate. A higher response breadth is likely to come

as the cost of a lower maximum attack rate and vice versa. We define a generalist consumer

as one with a higher response breadth and a lower maximum attack rate, and a specialist

consumer, as one with the opposite combination. (We keep the area under the attack rate

response constant to ensure equivalent overall resource acquisition ability between the two

types.) Either strategy allows a consumer to maximize its attack response.

Since conversion efficiencies are both temperature- and density-independent, they will

have no effect on temporal niche partitioning beyond determining fitness differences between

species (i.e., the consumer species with a higher conversion efficiency will have a higher birth

rate).

Next consider the temperature responses of juvenile maturation (mL(T )) and mortality

rates (dL(T ); Fig. 2.1). In our model (Equation (2.1)), negative density-dependent feedback

arises solely through resource birth and/or adult mortality rates. Since consumer traits are

not dependent on consumer density, juvenile maturation and mortality only serve to reduce

the consumer birth rate and generate fitness differences between consumer species (i.e., the

species with a lower maturation rate and a higher juvenile mortality rate will have a lower

birth rate).

The same is true for the temperature response of the adult mortality rate (dC(T );
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Fig. 2.1). The lower the average mortality, the longer is the adult lifespan and higher will be

the consumer’s LRS. Longevity is maximized when the consumer species experiences low

temperature sensitivity of mortality both below and above the low temperature threshold.

Trait-based predictions for consumer coexistence

When the thermal environment is constant and consumer species do not differ in their

handling time responses, the R* rule operates and the species that can maintain itself at

a lower resource level excludes the other. Incorporation of developmental delays does not

alter this fundamental outcome (online Appendix F). When the thermal environment is

variable and the species do not differ in their temperature response of the handling time,

coexistence is possible via temporal niche partitioning if species’ differ sufficiently in their

attack, maturation, and mortality responses such that each species limits itself more than it

limits its competitor. Below we consider the different ways in which such temporal separation

can occur.

Consumer species differ only in attack rate optima

Two consumer species that have the same response breadth but differ in their attack rate

optima can potentially coexist if the temporal separation is sufficient to reduce inter-specific

competition relative to intra-specific competition. However, the degree to which species can

differ is constrained by resource availability, which is determined by the resource species’

fundamental thermal niche (r(T ); Equation (2.8)). A consumer whose attack rate optimum
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is too far from the temperature at which r(T ) is maximized (Trmax) will be at a competitive

disadvantage because of lower resource availability compared to a competitor whose attack

optimum is nearer to Trmax . Indeed, the left-skewed nature of r(T ) with a sharper decline

above Trmax (Fig. 2.1) means that a consumer whose optimum is above Trmax is at a significant

disadvantage. This disadvantage in resource acquisition is compounded by consumer’s own

mortality response, which increases with increasing temperature above the low temperature

threshold. The combination of lower resource availability and decreased longevity means

that consumers whose attack optima exceed Trmax are unlikely to be viable.

Now considering consumers whose attack optima are below Trmax , the closer such species

optima are to Trmax the better they can exploit the resource. However, this advantage

comes at the cost of higher mortality at warmer temperatures. Therefore we would expect

consumers to have the greatest advantage in resource acquisition when their attack rate

optima occur at a temperature below Trmax at which the higher mortality disadvantage

balances the higher attack rate advantage.

Consumer species differ only in attack response breadth

When consumer species have the same thermal optima but differ in their attack response

breadth, two outcomes are possible. If both species have the same maximum attack rate,

the consumer with the greater response breadth (thermal generalist) will always exclude the

other. However, when energetic constraints lead to a trade-off such that the species with

the greater response breadth has a lower maximum attack rate and vice versa, the specialist
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has the overall competitive advantage. This is because the two species experience different

levels of mortality even when they exhibit identical temperature responses of mortality.

Above the low temperature threshold, mortality rate increases exponentially with increasing

temperature (Equation (2.2); Fig. 2.1). The concavity of the mortality response means that

thermal generalists that are active over wider temperature ranges necessarily experience

higher average mortality than thermal specialists. To see this, consider first the case when

both species’ attack optima coincide with the temperature at which the resource species’

intrinsic growth rate is maximized (Trmax). Since the specialist has the higher maximal attack

rate, it can take advantage of high resource availability at and around Trmax without the

penalty of higher mortality. The generalist, in contrast, experiences the dual disadvantages

of higher mortality and a lower maximum attack rate that precludes capitalizing on the high

resource availability at Trmax . Now consider the case when both consumer species’ attack

optima fall below Trmax . The generalist’s wider response breadth gives it an advantage in

resource acquisition, which is offset by the lower resource availability at temperatures below

Trmax , a result of the left-skewed nature of r(T ) (Fig. 2.1). The generalist could also suffer

greater mortality if its response breadth extends to the low temperatures at which mortality

starts to increase.

Consumer species differ in their maturation or mortality responses

We predict that consumer species differing only in their maturation or mortality responses to

temperature cannot coexist via temporal niche partitioning. This is because, when species do

48



not differ in their attack responses, species-specific differences in maturation and mortality

responses can only generate fitness differences (i.e., differences in per capita growth rate

without changing the strength or nature of density-dependence; Chesson [116]). To see

this, recall the above section on the R⋆ rule showing that the temperature responses of

juvenile maturation and mortality act jointly to reduce the attack rate. This means that

a consumer species with a higher maturation rate and a lower juvenile mortality rate will

have a higher average attack rate. However, a higher average attack rate can only increase

the species’ fitness (per capita growth rate); it cannot in itself generate negative density-

dependence in the consumer’s per capita growth rate. This is because coexistence via thermal

niche partitioning requires temporal segregation in resource acquisition by the two consumer

species. Such segregation is necessary to generate stabilizing niche differences by increasing

the strength of intra-specific competition relative to inter-specific competition. The same

argument also applies to species-specific differences in the temperature response of adult

mortality. Such differences will give a competitive advantage to the consumer species with

the higher average longevity, but not generate the requisite temporal separation for niche

partitioning.

While species-specific differences in maturation and mortality cannot in themselves allow

coexistence, they can enhance coexistence when combined with differences in the attack rate

response. We discuss these cases next.
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Consumer species differ in attack and maturation/mortality responses

When consumer species differ in their attack rate optima, coexistence is more likely if the

species with the lower thermal optimum exhibits greater temperature sensitivity of mortality

above the low temperature threshold. This is because greater temperature sensitivity means

lower mortality at the lower temperatures at which the species is most active, allowing for

greater longevity and hence a longer period of resource acquisition.

When consumer species differ in their response breadths, and a trade-off between response

breadth and maximum attack rate gives thermal specialists an overall advantage (see above),

coexistence is more likely if the generalist species experiences lower temperature sensitivity

of mortality (i.e., the mortality curve is flatter, and average mortality is lower) than the

specialist.

Regardless of whether the consumer species differ in their attack rate optima or response

breadth, differential temperature effects on juvenile development can enhance coexistence.

For example, the consumer with the attack optimum farther away from the resource growth

rate maximum (Toptai
≪ Trmax , i = 1, 2), and hence a competitive disadvantage, can benefit

from the increased fitness advantage of having a faster maturation rate relative to the juvenile

mortality rate when mortality exceeds the low temperature threshold. This is because a

faster maturation combined with lower mortality makes for a smaller reduction in the attack

rate (and hence the species’ R⋆) due to the multiplicative effects of juvenile maturation

and mortality. The same argument applies when consumer species differ in their response
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breadths. The generalist will benefit from having a faster maturation rate and a slower

juvenile mortality rate.

Model Analysis

Equation (2.1) is non-autonomous (i.e., long-term outcomes are not independent of time)

and cannot yield analytical results on long-term outcomes. We conduct numerical analyses

to investigate consumer-coexistence in seasonally varying environments. We depict seasonal

variation using the sinusoidal function T (t) = MT + ATS(t) where t is time in days, MT

is the mean habitat temperature in K, AT is the amplitude of seasonal fluctuations (AT =

Tmax−Tmin

2
), and S(t) = sin 2πt

yr
(or − cos 2πt

τ
) with yr = 365 days. We consider a consumer-

resource community inhabiting a temperate climate for illustrative purposes, but the model

is general and is applicable to any ectotherm community inhabiting any latitude.

We tested model predictions by parameterizing Equation (2.1) with data from a widespread

and economically important pest-enemy system. The system consists of the green plant bug,

Apolygus lucorum (Hemipetra: Miridae), a cotton pest from China, and two native para-

sitoids, Peristenus spretus and Peristenus relictus (Hymenoptera: Braconidae) parasitoids,

that attack the bug’s nymphal stages. Apolygus lucorum, which used to be a secondary pest,

has become a major problem due to the introduction of the transgenic Bt cotton and the

concomitant reduction of broad-spectrum pesticide use [98–100]. Parasitoids of the genus

Peristenus have been used successfully to control other Mirid bugs and are therefore prime
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candidates for A. lucorum control. Peristenus relictus, a generalist parasitoid with a wide

distribution in both Asia and Europe [100] has been successfully introduced to North Amer-

ica to control Mirid bugs of the genus Lygus. Peristenus relictus is found only in China,

where it attacks native plant bug species such as A. lucorum, Adelphocoris suturalis and

A. lineolatus [100].

We used non-linear regression to estimate the parameters of temperature response func-

tions (Equations (2.2)-(2.5)) using available data from the literature. We were unable to find

sufficient data to estimate parameters of P. relictus ’ attack rate response and two param-

eters of its maturation rate response (TmL2H
and AmL2H

). We estimated these parameters

by conducting a sensitivity analysis of the pairwise interaction betweenA. lucorum and P.

relictus and choosing the parameter estimates that allowed P. relictus to increase when rare

(Online Appendix G). Table 2.1 provides the resulting parameter estimates.

We obtained climate data (mean temperature and amplitude of seasonal fluctuations)

from Lanfang (Hebei Province, China; 39.5 N, 116.6 E; [120]) where A. lucorum and P.

spretus coexist in natural and agricultutral environments [99].

We ran the parameterized model for for a period of 100 years, and recorded the long-

term average abundance as well as the minimum abundance during the last five years. We

conducted two main analyses.
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Thermal niche partitioning

The first analysis focused on testing model predictions about thermal niche partitioning (see

above section on “Trait-based predictions for consumer coexistence”), and involved two cases.

The first case involved considering the interaction between A. lucorum and its native natural

enemy P. spretus as the resident community and investigating the conditions under which

an invading parasitoid, which is identical to the resident parasitoid except for one parameter

(e.g., attack rate optimum, response breadth) can invade when rare and establish in the

community. This analysis is the equivalent of constructing a pairwise invasibility diagram

in adaptive dynamics [121, 122], except that ours goes beyond invasibility to determine the

long-term outcome of the resident-invader interaction. The possible outcomes are two fold.

The first is an ESS. i.e., a trait value, which, when adopted by the resident, cannot be

invaded by a rare mutant with a higher or lower value. The second is a branching point,

which can lead to an evolutionarily stable polymorphism (coexistence).

Our main goal is to determine what effects ectotherm developmental delays have on ther-

mal niche partitioning. To this end we first conducted a comparative analysis of competitive

dynamics with and without stage structure while varying the resident and invader species’

attack rate optima or response breadth. This was followed by further analysis of the stage-

structured model in which we varied other critical parameters one at a time (e.g., temperature

sensitivity of maturation and mortality) to derive pairwise establishment diagrams.

The second case involved deviating from the ESS approach to determine the outcome
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of competition between P. spretus and P. relictus when they differ in two parameters at a

time, with all other parameters being identical between the two species. In order to prevent

maladaptive mismatches due to the attack rate optimum or response breadth being altered

while other unimodal traits remained invariant, we shifted all other non-monotonic responses

such as mortality (Equation (2.2)) and maturation (Equation (2.4)) in the same direction

and by the same magnitude. When investigating the effects of attack response breadth on

temporal niche partitioning, we introduced a trade-off between the maximum attack rate and

the response breadth such that when the former increases the latter decreases accordingly,

and the areas under the attack response curve remains constant. We do so in order to

elucidate the conditions under which a specialist may have an advantage over a generalist

because, in the absence of such a trade-off, the generalist always excludes the specialist.

Biological control of insect pest

Our second analysis involved determining the conditions under which the two biological

control agents of A. lucorum could coexist via temporal niche partitioning in a seasonally

varying environment so as maximize pest suppression by exerting complementary control [76,

102]. We again consider the A. lucorum-P. spretus interaction as the resident community,

and determine the conditions under which P. relictus can invade when rare and establish

in the community. We determine which combination of attack rate optima and response

breadths lead to complementary control when the two species differ, as they do in nature,

in their maturation and mortality responses (Table 2.1). We quantified the degree of pest
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suppression, quantified as the long-term host abundance in the presence of the parasitoid

divided by that in the absence of any natural enemies [102], when each parasitoid acts alone

vs. when they co-occur. If the two species can coexist via thermal niche partitioning, we

expect pest suppression to be greatest due to complementary control by the parasitoids. If

one species excludes the other, we expect the winner to achieve greater suppression because,

based on R⋆ theory, the consumer species that wins in competition is the one that suppresses

the resource to the lowest level [119].

Results

The role of developmental delays on coexistence

The comparison between unstructured and structured models show that developmental de-

lays reduce opportunities for thermal niche partitioning when the two consumer species differ

in either their attack rate optima or response breadth (Fig. 2.2). Species-specific differences

in the attack rate optimum alone is sufficient to allow parasitoid coexistence in the unstruc-

tured model (Fig. 2.2a), but not in the structured model with explicit developmental delays

(Fig. 2.2d). In contrast, species-specific differences in the attack response breadth alone

does not lead to coexistence in the unstructured model, where the thermal generalist always

excludes the thermal specialist (Fig. 2.2b). However, such differences can cause mutual ex-

clusion (of specialist by generalist and vice versa) in the sturctured model. The latter also
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exhibits a small region of coexistence when both consumer species exhibit similar response

breadths (Fig. 2.2e). When consumer species differ in both their attack optimum and re-

sponse breadth, coexistence is possible over a large parameter space in the unstructured

model (Fig. 2.2c) but is limited to an extremely narrow parameter region in the structured

model (Fig. 2.2f).

Resident's attack rate optimum Resident's attack rate response breadth Invader's attack rate optimum

Resident's attack rate optimum Resident's attack rate response breadth Invader's attack rate optimum

a) b)

d) e)

c)

f)

Figure 2.2: Plots of long-term outcomes (coexistence vs. exclusion) when a second consumer
invades a pairwise resource-consumer community for an unstructured model with only the adult
stage (panels (a)-(c)) and a stage-structured model with juvenile and adult stages (panels (d)-(f))
when the resident and invader differ in their (i) attack rate optima only (panels (a) and (d)), (ii)
response breadth only (panels (b) and (e)), and (iii) attack optima and response breadth (panels (c)
and (f)). In all panels, the x- and y-axes represent, respectively, the parameter value of the resident
and invader species, and the solid circles represent long-term outcomes (coexistence, exclusion)
when the two species are identical in all other trait response parameters. Parameter values are as
in Table 2.1.

Of note, developmental delays reduce thermal niche partitioning because there is a time

delay between adult consumers acquiring resources in one generation, and energy from those

resources being converted into adults of the next generation. This delay means that juveniles

keep maturing into adults even after the thermal environment has become unfavorable for the
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focal species and favorable for its competitor. This influx of new adults reduces the temporal

separation between the two species, and the species disadvantaged by continuing recruitment

during unfavorable periods can be excluded by the other (Fig. 2.3). Cold-adapted species

with lower thermal optima that emerge earlier in the year are more likely to be thus excluded

than warm-adapted species with higher thermal optima (compare Figs. 2.3a and d and c and

f).

a) b) c)

d) e) f)

Unstructured

Structured

Figure 2.3: Time series of long-term adult abundances of resident (solid curve) and invading
consumer (dashed curve) species in an unstructured model with only the adult stage (panels (a)-
(c))) and a stage-structured delay model with juvenile and adult stages (panels (d)-(f)) when the
resident and invader differ in their (i) attack rate optima only (panels (a) and (d)), (ii) response
breadth only (panels (b) and (e)), and (iii) attack optima and response breadth (panels (c) and
(f)). Parameter values for panel (a): Topta1

= 292K,Topta2
= 288K, sa = 6.4; panel (b): sa1 =

7.0, sa2 = 10.0, Topt = 294.59K; panel (c): Topta1
= 292K,Topta2

= 288K, sa1 = 6.4, sa2 = 10.0;

panel (d): Topta1
= 295K,Topta2

= 297K, sa = 6.4; panel (e): sa1 = 6.0, sa2 = 3.0, Topt = 294.59K;

panel (f): Topta1
= 295K,Topta2

= 295K, sa1 = 6.4, sa2 = 3.0. Other parameter values are as in
Table 2.1.
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Consumer species differ in attack rate optimum or response

breadth

When consumer species differ in only one parameter of the attack rate response but are

otherwise identical, the stage-structured model leads to an interesting outcome that is not

seen in the unstructured model (Fig. 2.2). There is an attack rate optimum, which, when

adopted by the resident population, cannot be invaded by an invader with a different attack

rate optimum (Fig. 2.2d). When both species’ attack optima are below (above) that value,

the consumer species with the higher (lower) optimum will always exclude its competitor. In

adaptive dynamics terms, this means that Topta = 295.75K is an evolutionary stable strategy

(ESS; Dieckmann & Law [121] and Hofbauer & Sigmund [122]). We see a similar, albeit less

clean, outcome when consumer species vary only in their response breadth (Fig. 2.2e). There

is an uninvasible response breadth, below which the thermal generalist excludes the thermal

specialist, and above which the specialist excludes the generalist (Fig. 2.2e). As with the

attack rate optimum, there is a response breadth that is an ESS, except that in this case,

there is a small region of coexistence surrounding the ESS response breadth.

Importantly, an evolutionarily stable attack rate optimum or response breadth arises due

to an implicit trade-off between the temperature responses of attack and mortality rates.

As predicted, a consumer species with a higher thermal optimum experiences higher average

mortality even when the two species exhibit identical mortality responses because the the

mortality response is monotonic increasing above the low temperature threshold (Fig. 2.1).
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As also predicted, the wider the attack response breadth, the higher the average mortality

due to the concavity of the mortality response above the low threshold (Fig. 2.1). This is

the reason why the competitive advantage shifts from one species to the other as the attack

optimum or response breadth increases.

Consumers differ in attack rate optimum and response breadth

When resident and invading consumers differ in both attack rate optima and response

breadth but are otherwise identical, there is no longer an ESS attack optimum or response

breadth (Fig. 2.2f). Interestingly, the range of response breadths over which the invader can

displace the resident is greatest around the neighborhood of the ES attack rate optimum

(Topta = 295.75K) observed when consumer species differ in the attack rate optimum or re-

sponse breadth. Similarly, the range of attack optima within which the invader can displace

the resident is the largest in the neighborhood of the ES response breadth (Fig. 2.2f).

Consumers differ in temperature sensitivity of maturation or

mortality

As expected, coexistence is not possible when consumer species differ only in their maturation

or mortality responses (Fig. 2.4). The consumer species with higher temperature sensitivity

of maturation or mortality always excludes the other species.
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Resident's temperature sensitivity of mortality Resident's temperature sensitivity of maturation

Figure 2.4: Long-term outcomes for the structured model (Equation (2.1)) when the resident
and invading consumer species differ in their temperature sensitivity of adult mortality (panel (a))
or juvenile maturation (panel (b)) but are otherwise identical. The small area above the diagonal
at the lower left corner of both panels is a result of long periods (over 100 years) of transient
coexistence, with the resident consumer’s abundance slowly decreasing toward extinction. The
slow exclusion is due to the extremely low temperature sensitivities of mortality and maturation,
making these traits effectively independent of temperature. Parameter values are as in Table 2.1.

Consumers differ in attack and maturation/mortality responses

When the two consumers differ in two parameters of two different traits (e.g., attack rate

optimum/response breadth and temperature sensitivity of maturation/mortality), thermal

niche partitioning is not possible (Fig. 2.5) except when consumers differ in (i) attack rate

optimum and temperature sensitivity of adult mortality (Fig. 2.5c), and (ii) attack rate re-

sponse breadth and temperature sensitivity of juvenile mortality (Fig. 2.5o). In both cases

coexistence becomes possible because greater temperature sensitivity of mortality means

lower mortality at colder temperatures at the cost of higher mortality at warmer tempera-

tures.

As shown above, developmental delays prevent coexistence via thermal niche partitioning

when consumer species differ only in their attack rate optima. However, if the consumer with
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Figure 2.5: Long-term outcomes for the structured model (Equation (2.1)), when the resident
and invading consumer species differ in one aspect of their attack response as well as temperature
sensitivity of mortality or maturation. Panels (a)-(i) depict cases when consumer species differ in
attack optima and temperature sensitivity of adult mortality ((a)-(c)), juvenile mortality ((d)-(e)),
and juvenile maturation ((f)-(h)). Panels (j)-(r) depict the same cases when cases when consumer
species differ in attack response breadth. The middle column depicts the baseline case with the
resident and invader exhibiting identical temperature sensitivities of mortality/maturation. The left
and right columns depict, respectively, the cases when the invader has lower (AdA = AdL = AmL =
4500) and higher temperature sensitivity of mortality or maturation (AdA = AdL = AmL = 7500)
compared to the resident ((AdA = AdL = 6227, AmL = 6171). Other parameters are as in Table
2.1.
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the lower attack optimum experiences greater temperature sensitivity of adult mortality, it

will experience lower mortality during the colder temperatures when its resource acquisi-

tion ability is greater. This will give it a competitive advantage against the warm-adapted

consumer with a higher attack rate optimum during the colder months of the year. At the

same time, lower temperature sensitivity of adult mortality in the warm-adapted competi-

tor means lower mortality at higher temperatures and the competitive advantage during

the warmer months of the year. This separation of thermal niches increases the strength

of intra-specific competition relative to inter-specific competition, thus allowing for stable

coexistence.

As also shown above, thermal niche partitioning is not possible when consumer species

differ only in their attack response breadth. However, if the consumer with the narrower

response breadth (thermal specialist) has lower temperature sensitivity of juvenile mortality,

the lower average mortality during the juvenile stage will increase recruitment to the adult

stage. The higher the thermal specialist’s thermal optimum is the greater its competitive

advantage against the thermal generalist will be, because lower mortality combined with a

shorter developmental delay will further increase recruitment.

When consumer species differ in their attack rate optimum and temperature sensitivity

of juvenile maturation but have identical mortality responses, thermal niche partitioning

is not possible because the cold-adapted competitor experiences lower juvenile and adult

mortality but also a lower maturation rate, while the warm-adapted competitor experiences

a higher maturation rate but also higher mortality rates. Thus there is no time of the year
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when each species gains the competitive advantage over the other. When consumer species

differ in attack response breadth and temperature sensitivity of juvenile maturation but

have identical mortality responses, the species with the greater temperature sensitivity of

maturation gains the overall competitive advantage. Coexistence is not possible except for

a narrow region around the invasion boundaries (Fig. 2.5r).

Biological control of the insect pest (Apolygus lucorum)

Thermal niche partitioning

The last step is to investigate the potential for complementary control, via thermal niche

partitioning, of A. lucorum by its two nymphal parasitoids P. spretus and P. relictus. We

find that coexistence is impossible when the two species differ only in their response breadth,

but is possible over a narrow parameter range when the two species differ in their (i) attack

rate optima only and (ii) attack rate optima and response breadth (Fig. 2.6a-c) when all other

parameters are set to their empirically observed values (Table 2.1). However, this coexistence

region does not encompass the two parasitoid species’ empirically observed attack rate optima

(294.59 K for P. spretus and 295 K for P. relictus) and response breadths (6.4 for P. spretus

and 6.0 for P. relictus). This begs the question of what differences the two species should

exhibit in order to coexist via thermal niche partitioning. Both species have very similar

attack response parameters and therefore, competitive advantage must depend on other

trait responses. Peristenus relictus exhibits greater temperature sensitivity of maturation
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and mortality (Table 2.1), which, as we see from tests of model predictions above, allow

a consumer to gain an advantage over an otherwise similar competitor. Consistent with

the predictions we made at the outset, coexistence is possible only if P. relictus exhibits

a lower attack rate optimum than P. spretus regardless of its response breadth (Fig. 2.6c).

Given P. relictus ’ observed response breadth (6.0; Table 2.1) and P. spretus ’ observed attack

optimum and response breadth (294.59 K and 6.4; Table 2.1), coexistence requires that

P. relictus ’ attack optimum be at or below 293 K (Fig. 2.6a and c). Analysis of host-

parasitoid dynamics with these parameters show that coexistence is not possible for the

parasitoid species’ observed parameter values (Fig. 2.6e, g, i) is indeed possible when P.

relictus ’ thermal optimum is below that of P. spretus (Fig. 2.6d, f, h).

Pest suppression

Consistent with expectations, P. relictus, the superior resource competitor, achieves greater

pest suppression when acting alone than P. spretus (Fig. 2.6j). We find that P. relictus

achieves greater suppression even when its attack optimum is shifted below that of P. spretus

such that the two species can coexist (Fig. 2.6j). These findings show that complementary

control is not possible in this system and that releasing P. relictus alone is the most effective

biocontrol strategy.

Empirical studies show that when the two parasitoids co-occur in China P. relictus al-

ways excludes P. spretus [98–100]. Thus, our stage-structured DDE model, parameterized

with temperature response data, correctly predicts the population-level outcome of the com-
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Time (days) Time (days)

P. spretus attack rate optimum P. spretus attack rate responste breadth P. relictus attack rate optimum

a) b) c)

d) e) f)

Figure 2.6: Competitive outcomes and pest suppression when the structured model is parameter-
ized with data from Apolygus lucorum and its two parasitoids (Peristenus spretus and P. relictus).
Panels (a) and (b) depict respectively, the long-term outcomes (coexistence vs. exclusion) when the
two parasitoid species differ in their attack optima or response breadth. Panel (c) depicts these
outcomes when the invading parasitoid’s (P. relictus) attack optimum and response breadth are
varied while the native parasitoid (P. spretus) parameters are set to their empirically observed
values. In all three panels, the point encircled by the black circle represents the empirically ob-
served parameter values for the two parasitoid species. Panels (d), (f) and (h) show time series
of long-term outcomes (P. relictus excludes P. spretus) for empirically observed trait response pa-
rameters for all three species, when . Panels (e), (g) and (i) show long-term abundances when P.
relictus’ attack optimum is reduced to 293 K, allowing parasitoid coexistence. Panels (j)-(l) depict
the degree of pest suppression when each parasitoid acts alone vs. when they co-occur, with the
latter case arising when P. relictus’ attack optimum is reduced below that of P. spretus (293 K).
Other parameter values are as in Table 2.1.

petitive interactions between P. spretus and P. relictus based solely on trait response data

for the host and parasitoid species.

Discussion

Seasonal temperature variation is a key source of abiotic variation for species coexistence

via temporal niche partitioning, and ectotherms, whose body temperature depends on the
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environmental temperature, constitute the largest group of living organisms on the planet.

Temporal niches generated via species-specific adaptations to seasonal temperature variation

is likely to play a major role in driving ectotherm diversity and distributions. Ectotherm life

cycles are characterized by temperature-dependent developmental delays. Despite being a

defining feature of ectotherm life histories, relatively little is known about how temperature-

dependent developmental delays drive thermal niche partitioning in ectotherm species living

in seasonally varying environments.

Here we take a first step towards filling this key gap in our knowledge. We present

a trait-based mathematical framework, constructed using delay differential equations, that

can accurately capture the developmental delays characteristic of ectotherm life cycles. We

incorporate mechanistic descriptions of temperature response functions, derived from first

principles of thermodynamics, into the delay model of stage-structured population dynamics.

Our inspiration for this work comes from insects, the ectotherm taxon that constitutes the

majority of biodiversity on the planet. Through our focus on host-parasitoid interactions,

this work also addresses the important question of how temperature variation influences pest

control via the use of complementary natural enemies. We report three key findings.

First, a comparative analysis of an unstructured consumer-resource model with a stage-

structured model shows that developmental delays reduce opportunities for thermal niche

partitioning. This mechanism underlying this inhibitory effect can be understood as follows.

In unstructured models, seasonal competitive dynamics are driven by the temperature re-

sponses of attack and mortality rates. Resources acquired by adult consumers are converted
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instantaneously into new adults. When temperatures fall outside the attack optimum, adult

numbers immediately decrease. Thus, species-specific differences in the attack rate response

can lead to sufficient temporal separation that each species limits itself more than it does the

other. In structured models, which explicitly consider the developmental phase of the life

cycle, this temporal separation becomes blurred because of the time delay between resources

acquired by adult consumers in one generation being converted into adults in the next gen-

eration. Now, new adults are coming into the population even after resource acquisition

has declined due to suboptimal temperatures. The fact that the attack response is sym-

metrically unimodal (e.g., Gaussian) while the maturation response is left-skewed increases

this “bleeding” of adults into the unfavorable times of the year for a given species. This is

because maturation rate keeps increasing with increasing temperature even after attack rate

has started to decline, and thus juveniles born during temperatures that are optimal for re-

source acquisition will keep on experiencing temperatures that are favorable for maturation

even after resource acquisition by the current adult generation has declined. Of note, it is the

more cold-adapted consumer species (e.g., those with lower attack optima) that contribute

to the increased temporal overlap because they emerge as juveniles at a time (late winter

or early spring) when temperatures are becoming more favorable for more warm-adapted

species. Warm-adapted species contribute less to the temporal overlap because declining

temperatures at the end of the year effectively resets the system, shifting the advantage to

the cold-adapted species. This is why, when we take developmental delays into account,

thermal niche partitioning is not possible when consumer species differ only in their attack
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optima, but becomes possible when the species with the lower attack optimum exhibits

greater temperature sensitivity of mortality. Higher temperature sensitivity means greater

juvenile and adult mortality as temperatures increase from winter to summer, which reduces

the number of adults surviving to summer as well as the number of juveniles maturating

into new adults. Higher mortality during the warmer months generates greater temporal

separation and increases the possibility of thermal niche partitioning.

The second key finding is the emergence of an uninvasible attack optimum or response

breadth, equivalent to an ESS in game theory and adaptive dynamics [121–123], when con-

sumer species differ in only one aspect of their attack response (attack rate optimum or

response breadth). That an ESS should emerge when the resident and invader differ in a

single trait is not in itself surprising. The novel result is that, it the context of consumer-

resource dynamics, the ESS corresponds to the attack optimum or response breadth that

leads to the maximal overlap between the consumer species’ lifetime reproductive success

and the resource species’ fundamental thermal niche. This is the point at which the con-

sumer’s time-varying R⋆ is the lowest, i.e., when the resident species’ trait value corresponds

to this R⋆, no competitor with any other trait value can increase when rare. Equally novel

is the mechanism that gives rise to an uninvasible attack optimum or response breadth. The

ESS arises due to an implicit trade-off between consumer species’ attack and mortality re-

sponses. Even when two consumers exhibit identical temperature responses of mortality, the

fact that the mortality response increases exponentially above a low temperature threshold

(Fig. 2.1)) necessarily means that the species with the lower attack optimum will experience
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lower average mortality. Hence, a consumer whose attack optimum is closer to the maximum

resource availability (Trmax) can exclude a competitor only up to a critical thermal optimum

(the ESS) above which higher mortality negates its competitive advantage. Above this point,

a consumer with a lower attack optimum gains the overall competitive advantage. Similarly,

a thermal generalist can only exclude a thermal specialist up to a critical response breadth

(the ESS) above which the higher average mortality it experiences shifts the competitive

advantage to the thermal specialist.

Our third finding is that while maturation and mortality cannot, in themselves, allow

thermal niche partitioning, they can do so when when consumer species differ in their at-

tack response. We find that coexistence is possible when (i) the consumer with the lower

attack rate optimum exhibit a higher temperature sensitivity of adult mortality, and (ii) the

consumer with the wider attack response breadth exhibits greater temperature sensitivity of

juvenile mortality. These trait combinations allow for thermal niche partitioning by reducing

the temporal overlap that occurs due to juvenile recruitment into the adult stage even after

resource acquisition and reproduction has declined to low levels. When the consumer species

with the lower attack optimum exhibits greater temperature sensitivity of mortality, fewer

adults are produced as temperatures increase. This allows the species with the higher attack

rate optimum to increase from initially small numbers. At the same time, greater tempera-

ture sensitivity of mortality means lower adult mortality during cooler temperatures, which

allows the cold-adapted consumer to build up densities before the warm-adapted competi-

tor arrives. Similarly, when a thermal generalist with a wide response breadth experiences
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greater temperature sensitivity of juvenile mortality, the resulting reduction in the new adult

population allows a thermal specialist with a narrower response breadth to increase when

rare. The net result is that each species has a period of time during the year when it interacts

with more conspecifics than heterospecifics, thus allowing it to limit itself more than it limits

its competitor.

Taken together these results provide both a mechanism for why ectotherm species with

complex life cycles do not partition temporal niches despite different resource acquisition phe-

nologies (driven by the temperature response of the attack rate), and testable predictions

about trait combinations that can allow such niche partitioning (e.g., attack rate optimum

and temperature sensitivity of adult mortality, attack response breadth and temperature

sensitivity of juvenile mortality). The trait-based framework we have presented here also pro-

vides the conceptual foundations for predicting how climate warming may drive ectotherm

biodiversity through its effects on thermal niches. The advantage of this framework is that

it can make predictions about population-level outcomes of competitive interactions based

solely on trait response data, and completely independently of any population-level infor-

mation. This provides a potentially powerful way of predicting species coexistence under

typical seasonal variation as well as climate warming. Several large-scale data analyses [39,

40] have shown that the qualitative nature of trait responses (e.g., Gaussian, left-skewed;

Fig. 2.1) are conserved across ectotherm taxa, and that their parameters are thermody-

namically constrained to take only a narrow range of values [34–36]. This means that one

can use parameter values from related species when data are unavailable for focal species
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interactions.

Our framework is also sufficiently general that it can easily be extended to investigat-

ing competitive dynamics between ectotherms and endotherms (e.g., insects and rodents

that compete for seed resources) as well as between species with both ectothermic and en-

dothermic stages in their life cycle. Birds provide a compelling example of this case with

ectothermic early life stages (eggs and nestlings of altricial species) and endothermic later

stages (fledglings, pre-reproductive adults, and reproductive adults). Given the importance

of resource competition as a key biotic interaction structuring avian communities [124, 125],

extending our trait-based framework to accommodate avian life cycles is an important future

direction.

The theory we have developed here, and its integration with data on host-multiparasitoid

interactions, has direct applications to biological pest control. By parameterizing our model

with temperature response data for Apolygus lucorum, an important cotton pest in China,

and its two parasitoid natural enemies, we were able to both predict the conditions under

which one parasitoid excludes the other, and those under which the parastioids are able to

coexist and exert complementary control. Our parameterized trait-based model not only cor-

rectly captured the field outcomes observed in China, i.e., the parasitoid Peristenus relictus

excludes its congener P. spretus, but also the reasons why this exclusion occurs. We found

that both parasitoids exhibited comparable attack optima and response breadths (Table 2.1),

suggesting similar competitive ability. However, P. relictus exhibited greater temperature

sensitivity of both maturation and mortality responses, which, consistent with our model
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predictions, afforded it a greater competitive advantage. Consistent with the expectations

of R⋆ theory [119], P. relictus, the superior competitor, also achieved greater pest suppres-

sion. Our findings suggest that, given limited opportunities for thermal niche partitioning,

complementary control is not possible in this system, and the better biocontrol strategy is

to release P. relictus alone.

The fact that we can predict the potential for complementary control vs. competitive ex-

clusion based solely on trait response data, which are routinely quantified for pests and their

biocontrol agents, suggests that our trait-based framework may have considerable utility in

informing biological control practices. While a great deal work, both theoretical and empir-

ical, has focused on the effects of climate warming on species extinctions and biodiversity

[43, 50, 86–90, 126, 127], relatively few investigations have focused on warming effects on

biological pest control. Given an increasingly warming planet with tangible threats to food

security particularly in areas disproportionately affected by warming (e.g., tropical latitudes

of the Global south), developing testable theory on warming effects on biological pest control

is a crucial research priority.
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Chapter 3

Developmental delays and species

coexistence via relative non-linearity

Introduction

That consumer species can coexist in a fluctuating resource environment was first demon-

strated by Armstrong and McGehee in their seminal 1980 study [42]. The underlying mech-

anism, later termed relative non-linearity [116], is species-specific differences in the non-

linearity of their consumption rates (functional responses). Saturating (Type II; Holling

[103]) functional responses constitute the commonest type of non-linear consumption rates

in nature [10, 102, 104]. The longer the handling time, the more likely it is that consumer-

resource dynamics involve oscillations in abundance. A consumer with a longer handling time

that generates consumer-resource oscillations can coexist with a competitor with a shorter
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handling time because resource fluctuations enable the species to partition the resource such

that the species with the shorter handling time has an advantage when the resource abun-

dance is low (because it is more efficient at procuring the resource) while its competitor has

an advantage when resource abundance is high [42, 116, 128, 129].

A number of recent studies have highlighted the importance of relative non-linearity as a

fluctuation-dependent coexistence mechanism (e.g., Yuan & Chesson [130], Letten et al. [131],

and Hallett et al. [132]). These studies show that relative non-linearity can be as important

as the storage effect in mediating coexistence. For instance, using a plant lottery model,

Yuan & Chesson [130] showed that relative non-linearity becomes the dominant mechanism

when species differ in mortality and the species with the higher mortality is more sensitive to

environmental fluctuations. This highlights the importance of considering the role that life

history traits play in mediating coexistence via relative non-linearity in real communities.

The majority of heterotrophs on the planet exhibit complex life cycles characterized by

developmental delays (e.g., arthropods, aquatic invertebrates, fish, reptiles). Importantly,

these developmental delays can cause delays in the negative density-dependent processes

(e.g., self-limitation) that underlie population regulation, generating intrinsic fluctuations

in species’ abundances even in the absence of a consumer-resource interaction. Delays in

density-dependent fecundity can lead to delayed feedback cycles, while delays in density-

dependent juvenile mortality can lead to generation cycles [102]. This raises the important

question of how the interplay between delay-driven oscillations and consumer-resource oscil-

lations influence consumer coexistence via relative non-linearity. For instance, it is the pos-
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itive density-dependence generated by the handling time that generates consumer-resource

oscillations, which are damped when such positive feedback is counteracted by the negative

feedback generated by resource and/or consumer self-limitation [114]. However, if develop-

mental delays cause delays in the operation of negative feedback, this may enhance rather

than dampen consumer-resource oscillations. Whether the resulting increase in the complex-

ity of consumer-resource dynamics facilitates or impedes coexistence via relative non-linearity

is therefore an important question.

There is an influential body of theory on the role of developmental delays in competi-

tive coexistence [75, 77, 78, 102, 133]. However, much of this work has considered linear

functional responses. The few studies that do incorporate delays and saturating functional

responses have not incorporated species-specific differences in handling times [134, 135]. We

currently have but a poor understanding of how developmental delays inherent in resource

and consumer life cycles influence consumer coexistence via relative non-linearity.

Here we take a first step at filling this key gap in our knowledge of consumer-resource

dynamics. We present a mathematical framework, constructed using delay differential equa-

tions, that explicitly account for both the developmental delays underlying resource and

consumer life cycles, and differences between consumer species in the non-linearity of their

functional responses. We play explicit attention to the interaction between delay-driven os-

cillations and consumer-resource oscillations, and how this interplay influences coexistence.
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Mathematical Framework

Consider a consumer-resource community consisting of two consumers competing for a com-

mon resource. Resource and consumer species each have two stages in the life cycle (juvenile

and adult), and the consumer species can exploit the juvenile or adult stage of the resource

species. We would expect the resource species to experience intra-specific competition for its

own limiting factors (e.g., food, space). Such self-limitation can occur via density-dependent

fecundity or mortality. Common examples of such interactions involve insect herbivores feed-

ing on plants, insect parasitoids attacking juvenile (nymphal/larval) or adult stages of other

insects, lizards and spiders feeding on insects, and lady beetles feeding on aphids [102]. The

dynamics of the stage-structured interaction are given by:
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dJ

dt
= B

(
R(t)

)
R(t)−MJ −DJ

(
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(
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dR
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dSJ
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= SJ
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DJ

(
J(t− τJ)
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f1
(
J(t− τJ)

)
J(t− τJ)

C1(t− τJ) +
f2
(
J(t− τJ)

)
J(t− τJ)

C2(t− τJ)

−DJ

(
J(t)

)
−

f1
(
J(t)

)
J(t)

C1(t)−
f2
(
J(t)

)
J(t)

C2(t)

)

(3.1)

where J and R depict juvenile and adult abundances of the resource species, and Li and

Ci (i = 1, 2), those of the consumer species. The functions B
(
R(t)

)
and dX

(
X(t)

)
, (X =

J,R) describe the resource species’ density dependent per capita birth and mortality rates,

fi(J(t)) is the functional response of consumer species (i), and dZ(t), Z = L,C depicts the

density-independent mortality rates of the juvenile and adult consumer. The quantity τY

(Y = J, Li) represents the developmental time delay of each species.

We consider the consumer functional responses (fi) be saturating (Holling Type II;

Holling [103]) functions of resource abundance [102, 104], i.e., fi(J(t)) =
aiJ(t)

1+aihiJ(t)
, (i = 1, 2),
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where a and h depict, respectively, the consumer’s attack rate and handling time. We follow

previous studies [6, 102] in using the function B
(
R(t)

)
= be−qR(t) [6, 102] to depict density-

dependent birth rate where b is the per capita birth rate, and q the resource self-limitation

strength. Density-dependent mortality is given by DX

(
X(t)

)
= dX(1 + qX(t)) [6].

The function MY (t) (Y = J, Li) is the adult recruitment rate, which is the product

of the recruitment rate into the juvenile stage τY (t) time units ago and the fraction of

juveniles (larvae) that survive to adulthood, which is given by SY (t) = e
−

∫ t
t−τY

dY (s)ds
. Since

consumers experience constant juvenile per capita death rate, this expression simplifies to

SLi
(t) = e−dL1

τL1 , but the resource’s juvenile death rate depends on the densities of consumers

so SJ(t) can’t be simplified in this manner. Instead, we evaluate SJ(t) by means of an ODE,

which we add to the system of differential equations.

In order to reduce the parameter space, we used a non-dimensional version of equation

3.1, which we present here. We begin by rescaling time so that the resource’s time delay is

equal to 1 by creating the variable T = t/τJ . One caveat to non-dimensionalization when

working with DDEs is that when rescaling the time variable, it is important to consider not

only how this change affects the parameters of the model, but also it will affect the time

delay of each variable. To see this, first note that, by applying the chain rule and rearranging

the terms, we get

df

dT
(s) =

df

dt

(
t

τJ

)
τJ (3.2)
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This means rescaling time from t to T = t/τJ for a DDE given by df
dt
(t) = g(t, t − τ)

turns it into df
dT

(T ) = τJg(T, T − τ/τJ).

We also rescale all populations in order to make the competition strength q and the

consumer’s conversion efficiencies ei(i = 1, 2) all equal to 1, which can be done by defining

R̂ = qR, Ĵ = qJ , L̂i = q/eiLi, Ĉi = q/eiCi. Applying both time and population rescalings

allows us to rewrite the model parameters in non-dimensional form. Each death rate is

scaled by the factor of the resource’s time delay δX̂ = τJdX(X = J,R, L1, C1, L2, C2), as is

the resource’s birth rate β = τJb, while the consumer’s time delays are scaled by the inverse

of that factor υL̂i
=

τLi

τJ
, and the consumer’s attack rate and handling times are rescaled

as αi =
τJ
ei
ai and ηi =

ei
τJq

hi. We write the rescaled resource’s density dependent birth and

death rates as B̃(r) = βe−r and D̃X(X) = δX(1 + X), (X = Ĵ , R̂), and the consumer’s

functional response as ϕi(Ĵ) =
αiĴ

1+αiηiĴ
.

Applying these rescalings to Equation 3.1 yields
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dĴ
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(3.3)

Oscillatory dynamics in models with developmental delays

Coexistence through relative nonlinearity depends on how the oscillations in resource density

translate to mean resource intake by consumers with different handling times (see appendix

H for details), so factors that can alter the oscillatory regime such as developmental de-

lays may affect the potential for coexistence under relative nonlinearity. Consumer-resource

systems under the effects of development can exhibit novel oscillatory regimes that arise

from the interaction between the resource’s delayed negative feedback and the instantaneous
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positive feedback from the consumer’s nonlinear functional response. The dynamics of the

system depend on three factors: which trait resource trait exhibits density dependence, the

relative strength of the negative and positive feedbacks and which of the species has the

slowest maturing juveniles. These oscillatory dynamics can affect the potential for coexis-

tence through relative nonlinearity, depending on how they affect the mean resource intake

of a consumer with a nonlinear response. Dynamics that disproportionately reduce mean

resource intake of consumers with more (less) non-linear functional responses, i.e. a longer

(shorter) handling time, should promote (hinder) coexistence via relative nonlinearity. In

this section we present how these factors affect the system’s oscillatory dynamics, and then

ask how these dynamics can affect the mean resource intake of a consumer based on its

handling time.

Cycles in single species models with stage structure

The effects of development can lead to oscillations in population abundance by introduc-

ing delays in negative feedback processes that would otherwise stabilize the population. In

a single species model, growth is limited by negative density dependence, specifically one

particular life-history trait (fecundity, adult mortality, juvenile mortality) exhibits a depen-

dence on the density of individuals present. The type of cycle generated by the introduction

of delays in the feedback process is determined by which trait exhibits density dependence

[102].

When populations exhibit density-dependent fecundity, with the density of adults having

81



a negative effect on each individual’s birth rate, the effects of development introduce delays in

the feedback process that act between generations, since the immediate result of a high adult

density is a small number of juveniles being born, which will only feed back into the adult

population one maturation delay later. Cycles generated by this type of density dependence

are characterized by generations of juveniles and adults that alternate between low density

and high density (Fig. 3.1a). To see why, first consider an initial high density population

of juveniles, which results in a subsequent high density of adults. The density dependent

fecundity, then causes not only a reduction in new births per capita, but in a general reduction

in overall new juveniles produced by the whole population. These juveniles will grow into a

small adult cohort, which due to its low density will be able to produce a large number of

juveniles, and the cycle repeats. These types of cycles are called delayed feedback cycles and

are characterized by a period of 2 to 4 times the species’ maturation period [102].

On the other hand, if density dependence acts on juvenile mortality, then the feedback

acts within a generation and its effects are felt immediately, but only by immature individuals

who cannot yet reproduce. The cycles generated by this form of density dependence consist

of alternating which stage is most abundant, with periods of high adult and low juvenile

densities followed by periods of low adult and high juvenile density, and vice-versa (Fig.

3.1b). Again, consider an initial large density of juveniles entering the system. This leads

to an increase in juvenile mortality, including those that were just recruited and all older

juveniles as well. Only after this peak in abundance has collapsed due to high mortality

rates, are the juveniles born then able to survive to adulthood in large numbers. This means
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Time (days)

a) b) c)

d) e) f)

g) h) i)

Density dependent birth rate Density dependent juvenile mortality Density dependent adult mortality

Figure 3.1: Types of cycles induced by developmental delays when density dependence acts on the
resource’s birth rate (panels a,d,g), juvenile mortality (panels b, e, h) and adult mortality (panels c,
f, i). Panels a-c depict the dynamics of a single species stage structured single species model, while
panels d-i depict the dynamics of a stage structured consumer-resource model (Equation 3.1). In
panels d-f, we chose values of resource self-limitation (q) and consumer attack rate (a) and handling
time (h) such that the system only displays cycles due to the resource’s delayed negative feedback,
while in panels g-i we chose parameters such that the system can also display oscillations due to
the consumer’s positive feedback on top of the delayed negative feedback.
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that the recruitment of new adults is paused until these juveniles can mature to create a

new high density cohort of adults, that will in turn produce a large number of juveniles, and

the cycle begins again [102]. These are called single generation cycles and have a period

between 1 and 2 times the species’ naturation period [102, 136, 137].

Finally, if the population presents a density dependence on adult mortality, then the

feedback process acts immediately on the reproductive individuals of the population. This is

analogous to an unstructured model, and cannot generate cycles (Fig. 3.1c), as a the adult

stage will regulate its growth through an instantaneous feedback process and the juvenile

stage experiences no direct density dependence.

Cycles in consumer-resource interaction with stage structure

The dynamics seen when adding development to a pairwise consumer-resource model can be

described in terms of the patterns of the dynamics of the single species structured models

described above, combined with those of the unstructured consumer-resource model. In a

n unstructured model where the consumer has a type II functional response, there are two

possible outcomes: a stable equilibrium, if the stabilizing effects of the resource’s negative

density-dependence are stronger than the destabilizing effects of the consumer’s type II

functional response, or a limit cycle otherwise. A similar result applies to the structured

model. If the resource’s negative density-dependence is strong, then the resource’s dynamics

will be as in the single-species model, determined by the trait in which density dependence

operates, with the consumer simply the resource’s density (Fig. 3.1d-e). As in the single-
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species model, oscillations in these cases have a period that is between one and four times

the resource’s maturation period. If the consumer’s attack rate and handling time are large

enough, the system experiences oscillations of a much larger period, similar to those seen

in the unstructured model, but within these longer cycles, the resource still displays shorter

cycles similar to those seen in the single species model (Fig. 3.1f-h).

Model analysis

Due to equation (3.1)’s delay terms analytical investigation of long term outcomes is in-

tractable, so we conduct numerical analyses to investigate consumer-coexistence in season-

ally varying environments. We conducted invasion simulations, with consumer 1 and the

resource being considered the resident community, while consumer 2 is set to a low initial

density. Simulations were run for 100 years, and a consumer was considered to be excluded

if both adult and juvenile stages simultaneously dropped below 10−10 in density during the

last five years.

We tested model predictions by parameterizing Equation (3.1) with data from the harlequin

bug (Murgantia histrionica, Hemiptera: Pentatomidae) and its specialist parasitoid (Ooen-

cyrtus johnsoni, Hymenoptera: Encyrtidae) that attacks the bug’s eggs. M. histrionica is

a southern California herbivore that specializes on Bladderpod (Isomeris arborea), with a

life cycle consisting of eggs, five nymphal stages and adults [138, 139]. We use data for

these species collected in previous studies [74, 140], considering the abiotic environment to
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be constant, with temperature set at 24◦C or 297K. The exact parameter values can be

found at Table 3.1.

Table 3.1: Harlequin bug (M. histrionica) and O. johnsoni parameters.

M. histrionica O. johnsoni
b Birth rate 0.998 –
ai Attack rate – 1.456
ei Conversion efficiency – 1.75
hi Handling time – 0.0455
dZ Adult death rate 0.00287 0.25
dY Juvenile death rate 0.0563 0.000645
tauY Time delay 73.2 19.12

Effects of stage structure

The first analysis focused on comparing coexistence through relative nonlinearity structured

model (Equation 3.1) with density dependent adult mortality to its unstructured counterpart,

which is given by the following set of equations

dR

dt
= bR(t)− dR

(
1 + qR(t)

)
R(t)− f1(R(t))C1(t)− f2

(
R(t)

)
C2(t)

dC1

dt
= e1f1

(
R(t)

)
C1(t)− dC1C1(t)

dC2

dt
= e2f2

(
R(t)

)
C2(t)− dC2C2(t)

(3.4)

with parameters as defined for Equation 3.1. The death rates used in the unstructured

model are the same as the adult death rates in the structured model.

We set up a resident community consisting of the M. histrionica and O. johnsoni and

investigating the conditions under which an invading parasitoid which is identical to the
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resident except for the attack rate and handling time can invade when rare and establish

itself in the community in both the structured and unstructured case. We varied the resident

and invader’s attack rates and handling times by randomly generating 5000 sets of values,

where the value for each parameter was drawn from a uniform random distribution, with the

attack rates being selected between 0.01 and 1.5 and the handling times between 0.01 and

0.3. These limits were chosen based on a distribution of values for various different species

seen in the literature. To account for possible biases when drawing the values, the same 5000

sets of attack rates and handling times were used for both the structured and unstructured

model.

Effects of density dependence on different resource traits

Our second analysis focused on investigating how relative nonlinearity in the structured

model is affected by negative density dependence when it acts on different resource traits.

We again consider the M. histrionica-O. johnsoni resident community with the invading

consumer being identical to the resident except for their attack rates and handling times.

We use the same 5000 sets of attack rates and handling times generated for the previous

analysis, and for each paramter set run three simulations of the structured model (Equation

3.1), each time making one of the resource traits (birth rate, juvenile mortlaity and adult

mortality) density dependent, while keeping the others constant.
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Results

Effects of stage structure

In our first analysis, simulation data from the unstructured (Equation 3.4) and structured

(Equation 3.1) models with density dependent adult mortality show that coexistence is

possible in the unstructured model when the species that has a higher handling time also

has a higher attack rate (Fig. 3.2a), which matches the conditions under which relative

nonlinearity is expected to happen. Meanwhile in the structured model coexistence is only

possible when the attack rate of the resident and invader are nearly identical. In both

the structured and unstructured case, the species with the higher attack rate can never be

displaced by the invader, regardless of their handling times. So when the resident (invader)

has a higher attack rate, the only possible outcomes are exclusion of the invader (resident)

or coexistence.

the adult bug’s long lifespan and invulnerability to parasitism are both strongly stabilizing

factors that can dampen oscillations. To determine whether these traits were indeed reducing

the possibility of RN, we conducted a second comparison of unstructured and structured

models using the upper limit of adult mortality for the bug (0.0167) and increasing the birth

rate from 0.998 to 5.796 in order to keep the same lifetime reproductive success of individual

resource adults. We also found that the high conversion efficiency of the parasitoid (e = 1.75)

caused increasingly divergent oscillations and numerical overflows. We therefore reduced e

to 1 in the new simulations with higher adult mortality.
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Difference between resident's and invader's Difference between resident's and invader's

a) b)

Figure 3.2: Long term outcomes (coexistence vs. exclusion) when a second consumer invades a
pairwise consumer-resource community for an unstructured model with only the adult stage (panel
a) and a stage-structured model with adult and juvenile stages (panel b) when the resident and
invader differ only on their attack rates and handling times. The x-axis represents the difference
between the resident’s attack rate and that of the invader, with positive values indicating that
the resident has a higher attack than the invader, while the y-axis represents the same for the
resident and invader’s handling times, and the color of each circle represents the long term outcome
(coexistence, exclusion). Parameters are as described in table 3.1 with q = 35.

Using the reduced resource adult longevity causes consumer handling times to have a

larger effect on the outcome of competition compared to the case with longer lived adults

(Fig. 3.3). In the unstructured model, the coexistence region is widened to include larger

differences in handling times, and in the cases where coexistence is not possible, differences

between handling times become more important than differences in attack rate in determin-

ing which consumer will exclude the other. In the structured case, coexistence is still not

possible, and the competitive ability of each consumer is determined by both the differences

in attack rate as well as in handling, despite the former having a much lager impact.

The lack of coexistence in the structured model can be explained by the fact that stage

structure stabilizes the system, so that a set of parameters that creates oscillations in the

unstructured model leads to a either a stable equilibrium (Fig. 3.4) or to oscillations of
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Figure 3.3: Time series of pairwise and invasion simulations for the unstructured (Equation 3.4;
panels a,c,e) and structured (Equation 3.1; panels b,d,f) models when the adult resource is shorter
lived. Panels a and b depict the results when only the resource and consumer 1 are present, while
panels c and d show the case when only the resource and consumer 2 are present, and panels e
and f depict the case when consumer 2 is invading the resident community composed by consumer1
and the resource. Parameters are the same as in Fig. 3.4 except for dR = 0.01667, b = 5.796,
ei = 1, (i = 1, 2) and q = 5

90



much longer period (Fig. 3.3) in the structured model. When adult resources have a longer

lifespan relative to the parasitoid’s developmental delay [102], this helps stabilize the system,

and along with stage structure create stable equilibria which does not allow for relative

nonlinearity. When we reduce the longevity of resource adults this allows for oscillations in

the structured model, but still not enough to allow for coexistence.

Effects of density dependence on different resource traits

Results for our second analysis show that the trait affected by resource density dependence

does not have a large impact in coexistence through relative nonlinearity. Simulations of

the three different cases show very similar long term outcomes, both when using the original

parameters for M. histrionica and O. johnsoni, as well as when reducing adult resource

longevity (Fig. 3.5). The different forms of density dependence actually seem to have a small

effect on the oscillatory regime of pairwise consumer-resource interactions (Fig. 3.6) which

does not significantly affect the presence or absence of relative nonlinearity as a coexistence

mechanism.
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Figure 3.4: Time series of pairwise and invasion simulations for the unstructured (Equation 3.4;
panels a,c,e) and structured (Equation 3.1; panels b,d,f) models. Panels a and b depict the outcome
of the pairwise interaction of consumer 1 and the resource, while panels c and d show the same
for consumer 2 and the resource are present. Panels e and f depict the outcomes of invasion by
consumer 2 when the resident community is composed by consumer 1 and the resource. Parameters
are as given in Table 3.1, except for the consumers’ attack rates and handling times, which are set
to a1 = 0.4309 and h1 = 0.0520 while consumer 2’s a2 = 0.5698 and h1 = 0.2945, and q = 35.

92



Difference between resident's and invader's

a) b) c)

d) e) f)

Figure 3.5: Long term outcomes for the structured model when density dependence acts on the
resource’s birth rate (panels a, d), juvenile mortality (panels b, e) and adult mortality (panels c,
f). Panels a-c use the parameters for M. histrionica and O. johnsoni, while panels d-f use the
parameters with reduced adult longevity. The x- and y-axis represent the difference between the
resident and invader’s attack rate and handling times, respectively, with positive values indicating
that the resident has a higher trait value than the invader. The color of each circle represents the
long term outcome (coexistence, exclusion). Parameters for panels a-c are the same as in Fig. 3.2,
while for panels d-e are the same as in Fig. 3.7 except for q = 0.1 in all panels.
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Figure 3.6: Time series of pairwise and invasion simulations for the structured model (Equation
3.1) with density dependent birth rate (panels a,d,g), juvenile mortality (panels b,e,h) or adult
mortality (panels c,f,i) when the adult resource is shorter lived. Panels a-c depict the results
when only the resource and consumer 1 are present, while panels d-f show the case when only the
resource and consumer 2 are present, and panels g-i depict the case when consumer 2 is invading
the resident community composed by consumer1 and the resource. Parameters are the same as in
Fig. 3.3 except for q = 0.1
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Discussion

Relative nonlinearity is a fluctuation based coexistence mechanism in which consumers par-

tition a resource by their oscillatory behavior generated by consumer-resource oscillations.

But these dynamics can change to display new oscillatory patterns when other sources of os-

cillation are introduced into the system, such as developmentally induced time delays, which

can change the way relative nonlinearity operates on the system. Despite that, no studies we

are aware of have looked into how stage structure and developmental delays affect relative

nonlinearity in resource competition.

Here we present a first step in addressing this gap in our knowledge. We present a mathe-

matical framework based on delay differential equations that realistically captures the effects

of development and use to it to investigate how two consumers competing for a resource can

coexist through relative nonlinearity. Resource density dependence is allowed to operate on

different resource traits, which can generate different types of oscillatory behaviors, includ-

ing delayed feedback cycles, single generation cycles or no oscillations. We parametrize this

system using data from a real world system, the harlequin bug (Murgantia histrionica) and

its parasitoid wasp Ooencyrtus johnsoni. We report two key findings.

First, stage structure hinders relative nonlinearity as a coexistence mechanism by altering

the oscillations generated by the consumer-resource interaction. Adding stage structure to

the model makes it so that changes to the consumer’s functional response have a smaller

impact in the resource’s dynamics compared to the unstructured model. While two species
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that differ only in attack rate and handling time can lead to different outcomes in the un-

structured model, such as stable equilibrium vs. limit cycle (Figs. 3.4a,c and 3.3a,c), these

same species in the structured model create similar dynamics, whether that is a stable equi-

librium (Fig. 3.4b,d) or oscillatory behavior (Fig. 3.3b,d). This similarity makes it harder

to partition the resource through their oscillations, which disrupts relative nonlinearity, and

makes coexistence less likely (Figs 3.2 and 3.7).

Difference between resident's and invader's Difference between resident's and invader's

a) b)

Figure 3.7: Long term outcomes for the unstructured (panel a) and structured (panel b) models
with the shorter lived adult resource when the resident and invader differ only on their attack
rates and handling times . The x-axis and y-axis represent the difference between the invader and
resident’s attack rates and handling times, respectively. The color of each circle represents the long
term outcome (coexistence, exclusion). Parameters are the same as in Fig. 3.2, with the exception
of dR = 0.01667, b = 5.796, ei = 1, (i = 1, 2) and q = 5.

Second, the trait through which resource density dependence operates does not have

a significant effect in how relative nonlinearity operates and has almost no effect in the

long term outcomes of competition (Fig. 3.5). This is again because, as explained above,

changes in consumer functional response in a structured model leads to smaller changes

in system dynamics than they would in a structured model, and this is true regardless of

which resource trait is affected density dependence. This means that whether the system’s
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negative feedback is instantaneous, as is the case when adult mortality is density dependent,

or when this feedback is delayed, as is the case when density dependence acts on birth rate or

juvenile death rate, the effects of stage structure on relative nonlinearity are the same. This

indicates that the mechanism through which stage structure disrupts relative nonlinearity is

not related to the delay in negative feedback. We note, however, that the positive feedback

is acting on a delay in all three cases, since the consumers attack only the juvenile stages.

This effect could be a main driver of the dynamics, leading to similar oscillatory regimes for

both consumers, thus preventing relative nonlinearity.

Our stage structured model considers the case where the adult consumer attacks the

juvenile stage of the resource. We did so because this is a common situation in nature, espe-

cially in host-parasitoid communities, and data are available to parameterize the model. The

case of the adult consumer attacking the adult resource is less common and data necessary

to parameterize the model are harder to come by. However, given that the unstructured

model is constrained to be a case of adult consumers attacking the adult resource, there

is a potential mismatch between the unstructured and structured model, which may be at

least partly driving the result that stage structure curtails opportunities for coexistence via

relative non-linearity. A comparative analysis of the consumer attacking juvenile and adult

stages is an important future direction.

Another factor to consider is that the data we used for the systems parameters came from

a host-parasitoid system, in which the consumer typically has a lower maturation period than

its resource, as well as a high conversion efficiency [102]. This is the opposite of predator-prey
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systems, where the consumer’s time delay is much longer than the resource’s and conversion

efficiencies are lower [102]. Studying whether there is a difference between these two types

of systems in how stage structure interacts with relative nonlinearity is another important

future direction for this work.

The Harlequin bug-parasitoid system shares many features with pest-natural enemy in-

teractions. First, the bug is a Hemipteran herbivore, as are many economically important

agricultural pests (eg., planthoppers, scale insects, mealybugs). Hemipteran herbivores are

characterized by an invulnerable adult stage and high adult longevity relative to juvenile

developmental delay. They are typically controlled by parasitoid natural enemies with a

shorter developmental delay (e.g., red scale - Aphytis interaction; [75, 79, 141]). In biolog-

ical pest control it is common to use multiple natural enemies to control a pest. What our

results show is that natural enemy coexistence is unlikely in such systems unless the ene-

mies have separate temporal niches due to differential thermal adaptation or spatial refuges

([71–73, 102]), and that releasing the natural enemy with the higher attack rate, regardless

of handling time is the most effective strategy.

This work represents an important first step in extending work in relative nonlinearity

to include different sources of oscillation such as delayed negative feedback induced by mat-

uration. With recent studies showing that the value of this coexistence mechanism has been

underappreciated until recently [130–132], this extension is an important step to developing

a further understanding of coexistence theory.
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Supplement for chapter 1

APPENDIX A. Temperature responses of life

history and consumption traits

Temperature response of mortality

Density-independent mortality rates of all ectotherms increase with temperature (Savage et

al. [36] and references in Gillooly et al. [34] and Gillooly et al. [35]) within which temperature

range the underlying biochemical processes are fully functional (e.g., enzymes are 100%

active; Johnson & Lewin [25], Sharpe & DeMichele [26], Schoolfield et al. [27], and Ratkowsky

et al. [31]), and reproduction and development can occur. This response can be described by

the The Boltzmann-Arrhenius function for reaction kinetics [25–27]. Below the biologically

relevant range, mortality can increase with decreasing temperature due to the freezing of

body fluids and other related phenomena (Savage et al. [36]) and references in Gillooly et

al. [34] and Gillooly et al. [35]. The complete mortality response can be described by the
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following modification to the Boltzmann-Arrhenius function:

d(T ) = dTR
e
Ad

(
1

TR
− 1

T

)(
1 + e

−AdL

(
1

TL
− 1

T

))
(A.1)

where d(T ) is the mortality rate at temperature T (in K), Ad > 0 is the Arrhenius constant,

which quantifies how fast the mortality rate increases with increasing temperature, TR is

a reference (baseline) temperature, and dTR
, the mortality at the reference temperature,

represents the species-specific intrinsic mortality rate. The parameter TL is the temperature

threshold at which mortality starts to increase with decreasing temperature, and AdL > 0

quantifies how quickly the mortality rate decreases with decreasing temperature.

Temperature response of birth and consumption rates

A large number of studies spanning a range of ectothermic taxa show that per capita birth

and consumption rates exhibit unimodal responses to temperature [9, 39–41, 108–113]. Both

are well-described by a Gaussian function:

x(T ) = aTopte
−

(T−Toptx
)2

2sx2 (A.2)

where Toptx (x = b, a) is the temperature at which the birth (consumption) rate is maximal

(xTopt), and sx determines how fast or slowly the response decays from the optimum. It

provides a statistically quantifiable index of the response breadth, i.e., the temperature

range over which the species can reproduce and exploit resources.
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Temperature response of resource self-limitation

Self-limitation in the resource species arises from intra-specific competition. Empirical data

suggest that the temperature response of the per capita intra-specific coefficient (q(T )) can

be unimodal or left-skewed [6, 9, 114, 115]. When increasing activity levels increase the

per individual demand for resources, self-limitation strength increases exponentially with

increasing temperature until temperatures approach the upper critical limit and declines

rapidly thereafter. This type of response is described by a modified Boltzmann-Arrhenius

function:

q(T ) = qTR
e
Aq

(
1

TR
− 1

T

)(
1 + e

AqH

(
1

TqH
− 1

T

))
(A.3)

where q(T ) is the self-limitation strength at temperature T (in K), Aq is the Arrhenius

constant, which quantifies how fast self-limitation strength increases with increasing tem-

perature, TR is a reference (baseline) temperature, and qTR
is the self-limitation strength

at the reference temperature. The parameter TqH is the temperature threshold at which

self-limitation strength starts to decrease with increasing temperature, and AqH quantifies

how fast this occurs.

When self-limitation is strongest at temperatures optimal for reproduction, as is the case

when the demand for resources is most intense during periods of peak reproductive activity

[6, 9, 114], q(T ) is unimodal and well-described by a Gaussian function:

q(T ) = qTopte
−

(T−Toptq
)2

2sq2 (A.4)

where Toptq is the temperature at which self-limitation is the strongest (qTopt), and sq depicts
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the the temperature range over self-limitation operates.

APPENDIX B. Consumer and predator persistence

in a constant thermal environment

Consumer persistence

In the absence of temperature variation, the pairwise interaction between the resource and

consumer are given by:

dR

dt
= bR

(
1− qR

)
− dRR− aCRC

dC

dt
= eCaCRC − dCC

(B.1)

The consumer can increase from initially small numbers if its per capita growth rate

when rare is positive, i.e.,

1

C

dC

dt
= eCaCR̂− dC > 0 (B.2)

where R̂ = b−dR
aC

is the steady-state resource abundance in the absence of the consumer.

As can be seen, the consumer can increase when rare if b−dR
aC

> dC
eCaC

, i.e., the resource

carrying capacity exceeds the level to which the consumer suppresses the resource (i.e., the

consumer’s R⋆).

102



Predator persistence

In the absence of temperature variation, the dynamics of the tri-trophic interaction are given

by:

dR

dt
= bR

(
1− qR

)
− dRR− aCRC

dC

dt
= eCaCRC − dCC − aPRP

dP

dt
= ePaPCP − dPP

(B.3)

The predator can increase when it is rare and the resource and consumer are at their

stead-state abundances if its per capita growth rate when rare is positive, i.e.,

1

P

dP

dt
= ePaP Ĉ − dP > 0 (B.4)

where Ĉ =
b−dR−qb

dC
eCaC

aC
is the steady-state consumer abundance in the absence of the preda-

tor.

We see that the predator can increase when rare if
b−dR−qb

dP
eP aP

aC
> dC

eCaC
, i.e., the con-

sumer’s steady-state abundance in the absence of the predator exceeds the level to which

the predator suppresses the consumer (i.e., the consumer’s P ⋆).

Stability of the tri-trophic interaction

In a constant thermal environment, the three-species equilibrium is given by:
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R∗ =
b− dR − aCC

∗

qb

C∗ =
dP

ePaP

P ∗ =
eCaCR

∗ − dC
aP

(B.5)

Inspection of the equilibria shows the indirect positive interaction between the top preda-

tor and the basal resource. The lower the level to which the predator depresses the consumer’s

equilibrium abundance, the higher is the equilibrium resource abundance. At the same time,

the higher is the resource equilibrium abundance, the higher is the predator’s equilibrium

abundance.

We investigate the stability of the three-species equilibrium by constructing the Jacobian

matrix of Equation (B.3):

J =


b− d− 2bqR∗ − aCC

∗ aCC
∗ 0

eCaCC
∗ eCaCR

∗ − dC − aPP
∗ aPC

∗

0 ePaPP
∗ ePaPC

∗ − dP

 (B.6)

The three-species equilibrium will be stable to perturbations of species’ abundances if

the Routh-Hurwitz criteria [142, 143] are met, i.e.,

tr(J) < 0

det(J) < 0

tr(J)
(
tr(J2)− tr(J)2

)
− det(J) > 0

(B.7)
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The Routh-Hurwitz criteria for the Jacobian matrix (Equation (B.6)) are given by:

b− dR − aCC
∗ < 0

−(qbePaP )R
∗C∗P ∗ < 0

(eCaCC
∗R∗)2

eCdP
> 0

(B.8)

As can be seen, the three criteria are satisfied as long as the three-species equilibrium is

positive, i.e., the feasibility of the three-species equilibrium also guarantees its stability.

APPENDIX C. Instantaneous resource availability

in a seasonally varying environment

Equation (C.1) specifies the conditions under which an intermediate consumer can invade a

basal resource population: ∫ τ

0
eCaC(T (t))RR(T (t)) dt∫ τ

0
dC(T (t)) dt

> 1, (C.1)

where aC(T (t)), dC(T (t)) and eC depict, respectively, the consumer’s per capita consumption

and mortality rates and its conversion efficiency, and RR(T (t)) is the instantaneous resource

abundance when the resource attains a stationary state in the absence of the consumer.

Evaluating the invasion criterion requires that we specify RR(T (t)).

As shown in Appendix A, the resource species’ abundance is a function of its birth

and death rates, and self-limitation. In a constant environment, RR(T ) = b(T )−dR(T )
q(T )b(T )

, the

resource species’ carrying capacity. If a non-trivial steady-state for the resource species

105



exists in a seasonally varying environment, we would expect it to constitute a stationary

distribution of abundances, i.e., an annual abundance pattern that repeats itself year after

year. The resource species’ stationary state would then constitute a set of values of RR(T (t))

corresponding to each time point t during the year.

We use an argument inspired by Armstrong & McGehee [42] to show that when seasonal

variation occurs in a predictable manner (i.e., the mean annual temperature and the ampli-

tude of fluctuations remain constant over time) and when the consumer exhibits linear (Type

I) functional responses, RR(T (t)) can be approximated by b(T (t))−dR(T (t))
q(T (t))b(T (t))

. The argument is

as follows.

Since the resource species’ steady-state abundance is determined by its birth and death

rates and self-limitation strength regardless of whether the environment is constant or time-

varying, the steady state resource abundance at any time t (i.e., RR(T (t))) should also be

determined by the resource species birth (bR(T (t))), mortality (dR(T (t))), and self-limitation

strength (q(T (t))) at time t. The temperature response functions bR(T (t)), dR(T (t)) and

q(T (t)), which are mechanistically derived based on the underlying biochemical processes, are

continuous functions of temperature. When temperature varies seasonally with a constant

mean and amplitude, bR(T (t)), dR(T (t)) and q(T (t)) become continuous functions of time.

Since consumer-resource dynamics are described by ordinary differential equations, resource

abundance RR(T (t)) is also a continuous function of time.

Because seasonal variation is sinusoidal with a constant period τ = 365 days, the time-

varying parameters bR(T (t)), dR(T (t)) and q(T (t)) return to their original values after a
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d)c)

b)a)

Figure C.1: Dynamics of the resource exhibiting logistic growth in a seasonally varying thermal
environment in the absence of the consumer and predator. Panels (a) and (b) show, respectively,
that the temperature response functions of the resource species birth and mortality rates return
to their original values after a period of one year. Panel (c) shows resource abundance settle into
an annual limit cycle with the same minimum and maximum values attained after a period of one
year. Panel (d) shows the congruence between the instantaneous resource abundance (RR(t)) in

the limit cycle solution of logistic resource growth and the quantity
b
(
T (t)
)
−dR

(
T (t)
)

b
(
T (t)
)
q
(
T (t)
) . Parameter

values for panels (c) and (d) are given in table 1.3.

time period τ with an amplitude determined solely by the amplitude of seasonal fluctuations

(Fig. C.1(a)-(c)). Similarly, since seasonal variation is the only source of periodicity in

resource dynamics, as would be the case when the resource has logistic growth, resource

abundance also returns to their original values after a period of 365 days (Fig. C.1(d)).

Let dR
dt

= R(t)f(R(t)) where f(R(t)) = b(T (t))(1 − q(T (t))RR(t)) − dR(T (t)) is the
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resource species’ per capita growth rate. In a seasonally varying environment, the average

per capita growth rate over the year is given by:f(R(t)) =
∫ τ

0
b(T (t))(1 − q(T (t))RR(t)) −

dR(T (t)) dt. Since resource abundance returns to its original value after time τ ,
∫ τ

0
1
R

dR
dt

dt =

lnR(τ)− lnR(0) = 0. Therefore, f(R(t)) = 0, i.e.,∫ τ

0

1

R

dR

dt
dt =

∫ τ

0

b(T (t))(1− q(T (t))RR(t))− dR(T (t)) dt = 0. (C.2)

From Equation (C.2) we see that f(R(t)) = 0 when RR(t) =
b(T (t))−dR(T (t))
q(T (t))b(T (t))

. This, how-

ever, is not a unique solution because the equality of integrands is not necessary for Equation

(C.2) to hold true. In order for RR(t) = b(T (t))−dR(T (t))
q(T (t))b(T (t))

to be a unique solution, it has to

be true for all τ . The biological basis of our question helps narrow down the scope of this

problem. Since we are investigating the persistence of tri-trophic interactions, seasonal tem-

perature variation with a period of τ = 365 days is, therefore, the thermal regime of relevance

to our question. We use the equation for resource population dynamics

dR(t)

dt
= b(T (t))R(t)

(
1− q(T (t))R(t)

)
− dR(T (t))R(t) (C.3)

to determine whether RR(t) =
b(T (t))−dR(T (t))
q(T (t))b(T (t))

(t = 0, · · · , 365) represents the distribution of

resource abundances corresponding to the stationary state attained by the resource in the

absence of the consumer in a seasonally varying thermal environment.

When we numerically integrate Equation (C.3) under seasonal variation, the resource

population attains a stationary distribution of abundances in the form of a limit cycle with a

period of one year. As shown in Fig. C.2, b(T (t))−dR(T (t))
q(T (t))b(T (t))

provides an accurate approximation

of the instantaneous resource abundance RR(T (t)) in this limit cycle solution. In general, this
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approximation works well when the resource species is well-adapted to the thermal regime

it experiences, the situation pertinent to our question of food chain persistence in seasonal

environments. This occurs when the maximum resource birth rate (bTopt) is sufficiently high

and the response breadth (sb) is sufficiently wide that the resource can reproduce in excess of

mortality (Fig. C.2(a)), the resource species’ intrinsic mortality rate (dRTR
) and temperature

sensitivity below the low temperature threshold are sufficiently low that the mortality rate

does not exceed the birth rate (Fig. C.2(b) and (c)).

In summary, the match between the limit cycle solution of Equation (C.3) (RR(T (t)))

and b(T (t))−dR(T (t))
q(T (t))b(T (t))

means that when the resource species reaches a stationary state in a

seasonally varying environment, RR(T (t)), the stationary resource abundance at time t (t =

0, · · · , 365) is well-approximated by b(T (t))−dR(T (t))
q(T (t))b(T (t))

. By substitutingRR(T (t)) =
b(T (t))−dR(T (t))
q(T (t))b(T (t))

in Equation (1.3) in the main text, we can obtain a complete analytical expression for the

consumer’s invasion criterion (Equation (1.4) in the main text). In order to ensure the

accuracy of the approximation, we restricted analyses to parameter values that yield a high

(> 95%) correlation between the approximation and the solution from the dynamical model.
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a)

b)

c)

Figure C.2: Comparison between the instantaneous resource abundance (RR(t)) in the limit
cycle solution of resource species’ dynamics in the absence of the consumer and the quantity
b(T (t))−dR(T (t))
q(T (t))b(T (t)) (t = 0, · · · , 365). In all panels, the black circles depict the statistical correlation

between the two time series. Panel (a) depicts the correlation between the two time series as a
function of maximum resource birth rate (bTopt) and response breadth (sb), panel (b), resource
species’ temperature sensitivity of mortality (AdR) and baseline mortality rate (dRTR

), and panel
(c), temperature sensitivity of mortality below (AdRL

) and above (AdR) the low temperature thresh-
old. Parameter values are given in table 1.3.
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APPENDIX D. Instantaneous abundances of

consumer and resource in a seasonally varying

environment

Equation (D.1) specifies the conditions under which a top predator can invade a pairwise

consumer-resource interaction:

1
τ

∫ τ

0
ePaP (T (t))CR,C(t) dt
1
τ

∫ τ

0
dP (T (t)) dt

> 1 (D.1)

where aP (T (t)), dP (T (t)) and eP depict, respectively, the predator’s per capita consumption

and mortality rates and its conversion efficiency, and CR,C(t) is the instantaneous consumer

abundance when the consumer-resource community attains a stationary state in the absence

of the predator. Evaluating the invasion criterion requires that we specify CR,C(t). We

use the same argument as we did in Appendix B to show that CR,C(t) = b(T (t))−dR(T (t))
aC(T (t))

−

b(T (t))q(T (t))
aC(T (t))

dC(T (t))
eCaC(T (t))

.

In a seasonal environment, the average per capita growth rate of the resource and con-

sumer are zero, i.e.,

∫ τ

0

1

C

dC

dt
dt =

∫ τ

0

eCaC(T (t))RR,C(t)− dC(T (t)) dt = 0 (D.2)

and,

∫ τ

0

1

R

dR

dt
dt =

∫ τ

0

b(T (t))(1− q(T (t))RR,C(t))− dR(T (t))− aC(T (t))CR,C(t) dt = 0 (D.3)
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We can see that CR,C(t) =
b(T (t))−dR(T (t))

aC(T (t))
− q(T (t))dC(T (t))

eCaC(T (t))
is a possible solution for Equation

(D.3), as is RR,C(t) = dC(T (t))
eCaC(T (t))

for Equation (D.2). Since these are not guaranteed to be

unique solutions, we simulate the full dynamical model of the pairwise consumer-resource

interaction

dR

dt
= bR

(
1− qR

)
− dRR− aCRC

dC

dt
= eCaCRC − dCC

(D.4)

and compare the instantaneous resource and consumer abundances at the stationary state

solution to RR,C(t) = dC(T (t))
eCaC(T (t))

and CR,C(t) = b(T (t))−dR(T (t))
aC(T (t))

− q(T (t))dC(T (t))
eCaC(T (t))

. As shown in

Fig. D.1(a)-(b), dR(T (t))
eRaR(T (t))

provides an accurate approximation of the instantaneous resource

abundance RCR
(T (t)) in this limit cycle solution. In general, this approximation works well

when the consumer is adapted to exploit the resource in the seasonal thermal regime they

experience in common, the situation pertinent to our question of food chain persistence in

seasonal environments. This occurs when the maximum resource birth rate (bTopt) is suffi-

ciently high and the response breadth (sb) is sufficiently wide that the consumer can persist

on the resource (Fig. D.2(a)), the consumer’s intrinsic mortality rate (dRTR
) is high enough

to prevent resource overexploitation (Fig. D.2(b)), the consumer’s temperature sensitivities

of mortality above the low temperature threshold does not exceed those of the resource

(AdR ≤ Ad; Fig. D.2(c)), and when the consumer’s response breadth (saR) is sufficiently

wide relative to that of the resource that it can exploit the resource when it is available but

not so wide as to overexploit it (
saR
sb

≥ 1), and the consumer’s attack rate optimum aRTopt

increases (decreases) as its response breadth decreases (increases) such that the consumer is
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a) b)

Time (days) Time (days)

Figure D.1: Dynamics of a pairwise consumer-resource model in which the resource experiences
self-limitation and the resident consumer exhibits a Type I functional response and the species
experience a seasonally varying thermal environment (Equation (B.1), Appendix A). Panel (a)
shows the congruence between the instantaneous resource abundance (RR(t)) in the limit cycle

solution of Equation (B.1) and the quantity dR(T (t))
eRaR(T (t)) , while panel (b) shows the same for the

consumer. Notice that resource and consumer abundances both settle into an annual limit cycle
with the same minimum and maximum values attained after a period of one year. Parameter values
are given in table 1.3.

able to persist on the resource without overexploiting it (Fig. D.2(d)).

In summary, the match between the resource and consumer abundance obtained from

the limit cycle solution of Equation (D.4) (RR,C(t) and CR,C(t)) and the solutions to Equa-

tions (D.2) and (D.3) ( dC(T (t))
eCaC(T (t))

and b(T (t))−dR(T (t))
aC(T (t))

− q(T (t))dC(T (t))
eCaC(T (t))

) and means that when the

consumer-resource interaction reaches a stationary state in a seasonally varying environment,

RR(T (t)), the stationary consumer and resource abundances at time t (t = 0, · · · , 365) is

well-approximated by dC(T (t))
eCaC(T (t))

and b(T (t))−dR(T (t))
aC(T (t))

− q(T (t))dC(T (t))
eCaC(T (t))

. By substituting RR,C(t) =

dC(T (t))
eCaC(T (t))

and CR,C(t) =
b(T (t))−dR(T (t))

aC(T (t))
− q(T (t))dC(T (t))

eCaC(T (t))
in Equation (1.6) in the main text, we

can obtain a complete analytical expression for the top predator’s invasion criterion (Equa-

tion (1.7) in the main text). In order to ensure the accuracy of the approximation, we

restricted analyses to parameter values that yield a high (> 95%) correlation between the
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a) b)

c) d)

e) f)

g) h)

Resource correlations Consumer correlations

Figure D.2: Comparison between the instantaneous resource and consumer abundances (RR,C(t)

and CR,C(t)) in the limit cycle solution of Equation (B.1) and the quantity dR(T (t))
eRaR(T (t)) (t =

0, · · · , 365). In all panels, the black circles depict the statistical correlation between the two time
series. The left column depicts correlations for resource species’ traits and the right column, for
the consumer species’ traits. Panels (a) and (b) depict the correlation between the two time series
as a function of maximum resource birth rate (bTopt) and response breadth (sb), panels (c) and (d),
resource maximum birth rate (bTopt) and consumer’s baseline mortality rate (dCTR

), panels (e) and
(f), the consumer’s maximum attack rate (aTopt) and the ratio of response breadths of consumer
attack rate and resource birth rate (v1), and panels (g) and (h), the resource species’ temperature
sensitivity of mortality above the low temperature threshold (AdR) and the consumer’s temperature
sensitivity of mortality relative to the resource (p1). Parameter values are given in table 1.3.
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approximation and the solution from the dynamical model.
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APPENDIX E. Invasibility in a seasonally varying

environment

The consumer’s invasion criterion is given by:

∫ τ

0
eCaC(T (t))RR(T (t)) dt∫ τ

0
dC(T (t)) dt

> 1, (E.1)

where RR(t) is the instantaneous resource abundance in the absence of the consumer and

predator, and eC , aC(T (t)) and dC(T (t)) depict, consumer’s conversion efficiency and per

capita consumption and mortality rates. Substituting the expression forRR(t) =
b(T (t))−dR(T (t))
q(T (t))b(T (t))

(see Appendix C) we get

∫ τ

0
eCaC(T (t))

b(T (t))−dR(T (t))
q(T (t))b(T (t))

dt∫ τ

0
dC(T (t)) dt

> 1, (E.2)

We can incorporate the temperature responses of the resource and consumer species’

(Table 1) to get:

eCaCTopt

dCTR
qTopt

∫ τ

0
e
−

(T (t)−ToptaC
)2

2s2aC

−
(T (t)−Toptq

)2

2s2q
+

(T (t)−Toptb
)2

2s2
b

(
e
−

(T (t)−Toptb
)2

2s2
b −

dRTR

bTopt
e
−AdR

(
1

TRR
− 1

T (t)

)
(1 + e

−AdRL

(
1

TLR
− 1

T

)
)
)
dt∫ τ

0
e
−AdC

(
1

TRC
− 1

T (t)

)
(1 + e

−AdCL

(
1

TLC
− 1

T

)
) dt

(E.3)

Note that T (t) denotes the seasonal dependent temperature. The term outside the numerator’s inte-

gral represent the temperature independent components of the resource’s abundance set by the consumer

eCaCTopt

dCTR

, (i.e., its R∗) divided by the resource’s maximum self-limitation strength 1/qTopt . The terms within

the integrals determine the temperature dependent components of the consumer’s birth and death rates,
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with the numerator containing the resource’s consumption rate (e

(T (t)−ToptaC
)2

2s2aC ), multiplied by the temper-

ature dependent portion of the resource’s carrying capacity which is composed of the resource’s birth rate

(e
−

(T (t)−Toptb
)2

2s2
b ), death rate (e

−AdR

(
1

TRR ), and self-limitation strength (e
−

(T (t)−Toptq
)2

2s2q ). Notice that the death

rate here is scaled by the ratio of the temperature independent portions of the birth and death rates (
dRTR

bTopt
).

Meanwhile, the denominator simply contains the temperature dependent portion of the consumer’s death

rate (e
−AdC

(
1

TRC
− 1

T (t)

)
).

We now substitute the seasonal temperature T (t) = MT − AT sin(
2πi
τ ) and the scaling parameters from

table 1.2 onto Equation (E.3). Notice that the mean temperature term MT cancels out for all of the birth,

consumption and self-limitation responses, but not for the death rate responses. After some simplification,

the resulting expression is the following

αCbTopt

∫ τ

0
e
− (X(t)+k1)2

2v2
1s2

b

(
e

(1+u2)X(t)2

2u2s2
b

(
e
−X(t)2

2s2
b −De

−
AdR

(AT S(t)+y)

T (t)(MT +y)

(
1 + e

AdRL
Z(t)

T (t)(MT +z)

)))
dt

dPTR

∫ τ

0
e
−

(AdR
+p1)((AT S(t)+y)+g1)

T (t)(MT +y+g1) (1 + e

(AdRL
+l1)(AT S(t)+z+j1)

T (t)(MT +z+j1) ) dt

(E.4)

which is Equation (1.8) in the main text.

A similar derivation can be done for the predator, whose invasion criterion is given by

∫ τ

0
ePaP (T (t))CR,C(t) dt∫ τ

0
dP (T (t)) dt

> 1 (E.5)

where CR,C(t) is the instantaneous abundance of the consumer in a pairwise interaction with the resource

and eP , aP (T (t)) and dC(T (t)) are the predator’s conversion efficiency, consumption rate and death rate. If

we substitute the instantaneous consumer abundance expression CR,C(t) =
b(T (t))−dR(T (t))

aC(T (t)) − q(T (t))dC(T (t))
eCaC(T (t))

(see Appendix D) we get

∫ τ

0
ePaP (T (t))

(
b(T (t))−dR(T (t))

aC(T (t)) − q(T (t))dC(T (t))
eCaC(T (t))

)
dt∫ τ

0
dP (T (t)) dt

> 1 (E.6)
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By incorporating the temperature responses of the predator, consumer and resource we obtain the

following expression:

ePaPTopt

dpTR

bTopt

aCTopt

∫ τ

0
e
−

(T−ToptaP
)2

s2aP

+
(T−ToptaC

)2

s2aC

(
e
−

(T−Toptb
)2

s2
b −

dRTR

bTopt
e
−AdR

(
1

TRR
− 1

T

)
(1 + e

−AdRL

(
1

TLR
− 1

T

)
)
)
− P (t) dt∫ τ

0
e
−AdP

(
1

TRP
− 1

T (t)

)
(1 + e

−AdPL

(
1

TLP
− 1

T

)
) dt

(E.7)

where

P (t) = e
−

(T−ToptaP
)2

s2aP

+
(T−ToptaC

)2

s2aC

−
(T−Toptq

)2

s2q
−AdC

(
1

TRC
− 1

T (t)

)
(1 + e

−AdCL

(
1

TLC
− 1

T

)
) (E.8)

In Equation (E.7), the terms outside the integral represent the temperature independent portion of the

consumer abundance set by the predator
eP aPTopt

dpTR

(its R∗) as well as the ratio of the maximum resource birth

rate and the maximum consumer consumption rate. The terms within the integral represent the temperature

responses of the resource birth rate (e
−

(T−Toptb
)2

s2
b ), consumer and predator consumption rates (e

−
(T−ToptaC

)2

s2aC ,

e
−

(T−ToptaP
)2

s2aP ), as well as death rates of all species (e
−AdX

(
1

TRX
− 1

T (t)

)
(1 + e

−AdXL

(
1

TLX
− 1

T

)
)). The term

P (t) specifically the effects of self-limitation, namely the reduction in predator growth rate due to resource

intra-specific competition.

If we substitute the temperature regime T (t) = MT − AT sin(
2pit
τ ) and the scaling relationships from

table 1.2 we get

αP bTopt

∫ τ

0
e
− (X(t)+k2)2

2v2
2s2

b

(
e

(X(t)+k1)2

2v2
1s2

b

(
e
−X(t)2

2s2
b −De

−
AdR

(AT S(t)+y)

T (t)(MT +y)

(
1 + e

−
AdRL

(AT S(t)+z)

T (t)(MT +z)

)
− P (t)

))
dt

dPTR

∫ τ

0
e
−

(AdR
+p2)(AT S(t)+y+g2)

T (t)(MT +y+g2) (1 + e
−

(AdRL
+l2)(AT S(t)+z+j2)

T (t)(MT +z+j2) ) dt

(E.9)

where

P (t) = Qe
(X(t)+k1)2

2v2
1s2

b

− (1+u2)X(t)2

2u2s2
b

+
(AdR

+p1)

T (t)(MT +y+g1)
(
1 + e

−
(AdRL

+l1)Z(t)

T (t)(MT +z+j1)

)
(E.10)

which are Equations (1.9) and (1.10) from the main text.

118



Supplement for chapter 2

APPENDIX F. R∗ rule for a stage structured

predator

When the thermal environment is constant (i.e., T (t) = T ), we can derive an analytical invasibility criterion

for the stage-structured delay model of exploitative competition 2.1. We derive the invasibility criterion as

the per capita growth rate when rare of invading consumer species when the resource and a resident consumer

are at equilibrium. Let consumer 1 be the resident and consumer 2, the invader. Then the invader’s juvenile

and adult growth rates in a constant thermal environment are given by:

dL2

dt
= f2(T,R

∗
1)− f2(T,R

∗
1)e

−dL2
(T )/mL2

(T ) − dL2
(T )L2(t)

dC2

dt
= f2(T,R

∗
1)e

−dL2
(T )/mL2

(T )C2(t− τL2
(t))− dC2

(T )CI(t)

(F1)

where R∗
1 denotes the adult resource density set by the resident consumer.

Since the adult growth rate is independent of juvenile abundance, the invader’s per capita growth rate

simplifies to:

1

C2

dC2

dt
= f2(T,R

∗
1)e

−dL2
(T )/mL2

(T ) − dC2
(T ) (F2)

Consumer 2 can invade when rare if 1
C2

dC2

dt > 0. Recalling that f1(T,R
∗) = a1(T )R∗

1+a1(T )h1(T )R∗ , the invasion
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criterion is given by:

R∗
1 >

dC2
(T )

a2(T )(e2e
−dL2

(T )/mL2
(T ) − dC2

(T )h2(T ))
(F3)

The next step is to derive an expression for R∗
1, the resource density at which the resident consumer’s

birth and death rates are equally balanced, i.e., dCR

dt to zero, which gives us:

e1f1(T,R
∗
1)C

∗
1e

−dL1
(T )/mL1

(T ) − dC1
(T )C∗

1 = 0 (F4)

where C∗
1 is the equilibrial density of the adult resident in the absence of the invader. Recalling that

f1(T,R
∗) = a1(T )R∗

1+a1(T )h1(T )R∗ , we can simplify Equation (F4) to get:

R∗
1 =

dC1(T )

a1(T )(e1e
−dL1

(T )/mL1
(T ) − dC1

(T )h1(T ))
. (F5)

By substituting for R∗
1 in Equation (F2), we get the analytical expression for the invasion criterion in a

constant thermal environment:

dC1
(T )

a1(T )(dC1(T )h1(T )− e−dL1
(T )/mL1

(T )
>

dC2
(T )

a2(T )(dC2(T )h2(T )− e−dL2
(T )/mL2

(T )
(F6)

Notice that the right hand side of this inequality is R∗
2, equilibrial density of the adult invader in the absence

of the resident. Now we can rewrite F6 as:

R∗
1 > R∗

2 (F7)

which tells us that consumer species i can invade a community consisting of the resource and consumer

species j (i, j = 1, 2 inej), provided it can depress the adult resource density to a lower level than consumer

species i, (the Rstar rule; Tilman [119]). The important point is that stage-structure, in itself, does not

change this fundamental outcome of competitive exclusion in a constant environment.
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APPENDIX G. Estimating missing trait response

parameters for P. relictus

We performed a sensitivity analysis to identify suitable values for four of P. relictus’ parameters for which

data are not available in the literature: attack rate optimum (Topta2
), response breadth (sa2), the high

temperature threshold for maturation (TmL2 H
), and the corresponding Arrhenius constant (AmL2H

). We

did a stepwise sensitivity analysis. The first step involved simulating pairwise resource-consumer dynamics

between A. lucorum and P. relictus for varying attack response parameters (optimum and response breadth)

for 100 years with the two maturation parameters set to those of P. spretus G1. We considered populations to

be viable in the long run if minimum abundances during the last five years of the simulation exceeded 10−10.

Based on this analysis we chose values of the attack optimum and response breadth that corresponded to the

lowest average R∗ for P. relictus. We re-simulated pairwise dynamics with these parameters to determine

two maturation parameters that maximized P. relictus’ long-term persistence G2. We found that variation

in the high temperature Arrhenius constant for maturation (AmL2 H
) had no effect on consumer or resource

abundances, and that lowering the high temperature threshold (TmL2H
) of P. relictus’ below that of P.

spretus increased its average R∗, but that increasing this threshold above that of P. spretus had no effect.

Given that setting the high temperature threshold equal to that of P. spretus already minimizes P. relictus’

average R∗ we chose to set this parameter to be equal for the two parasitoid species.
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a) b)

c) d)

Figure G1: Sensitivity analysis of P. relictus’ attack optimum and response breadth via simula-
tions of pairwise consumer-resource interaction between P. relictus and A. lucorum. Panels (a) and
(b) depict how variation in these parameters affects mean abundances of the two species. Panels
(c) and (d) depict how the two parameters affect minimum abundances during the last five years of
simulation. For these simulations the Arrhenius constant (AmL2H

) and high temperature threshold
(TmL2H

) for maturation were set equal to those of P. spretus. Other parameter values are as in
Table 2.1.
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a) b)

c) d)

Figure G2: Sensitivity analysis of P. relictus’ high temperature threshold (TmL2H
) and Arrhenius

constant (AmL2H
) for maturation via simulations of pairwise consumer-resource interaction between

P. relictus and A. lucorum. Panels (a) and (b) depict how variation in these parameters affect the
mean abundances of the two species. Panels (c) and (d) depict how these parameters minimum
abundances during the last five years of simulation. The high temperature threshold (TmL2H

) and
Arrhenius constant (AmL2H

) for maturatiwere set equal to those of P. spretus. Other parameter
values are as in Table 2.1.
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Supplement for chapter 3

Appendix H. Relative nonlinearity in unstructured

systems

Relative nonlinearity takes place when consumers with type II functional responses partition a resource

through the oscillations they generate [42]. One reason for this is that the trait determining the most

efficient consumer depends on the level of resource density. At high resource densities, consumers can easily

find resources, and are mostly limited in by their time handling the resources they consumer, favoring

species with lower handling times. Conversely, at lower resource densities consumer spend most of their

time searching for prey, so that consumers with higher attack rates are the more effective consumers. If one

consumer has a higher attack rate but also a longer handling time than its competitor, it allows consumers

to partition the resource through times of high and low densities in an oscillatory regime.

To see why this is true, consider the special case of where one of the consumers which we name consumer

1 has zero handling time, which is the same as saying it has a type I functional response (linear) but also a

lower attack rate than its competitor, consumer 2, which displays has a nonzero handling time (Fig. H1),

and let us show that mutual invasibility is possible in this system. Consider first the case when consumer 2

is rare and consumer 1 and the resource are near equilibrium. Because consumer 1 has a linear functional

124



response, this equilibrium must be a stable point (R∗, C∗
1 ), and consumer 2 has a positive growth rate as long

as its functional response at R∗ is larger than consumer 1’s, which is possible since consumer 2 has a larger

attack rate. When consumer 1 is rare, then consumer 2 and the resource have two possible equilibria, either

a point (R∗∗, C∗
2 ) or a limit cycle, only one of which is stable [144]. If the point is stable, then consumer 1

cannot increase when rare, since we must have R∗∗ > R∗ for consumer 2 to be able to increase when rare.

But if the limit cycle is the stable attractor, then the mean resource density over time R must be larger than

R∗∗ [42]. This is because consumer 2’s functional response f2 is concave down, and by Jensen’s inequality

[145], the mean resource intake by consumer 2 f2(R) is smaller than the functional response evaluated at

the mean f2(R). But for consumer 2 to meet it resource intake requirements we must have f2(R) = f(R∗∗),

which means that the mean resource abundance R must exceed the one at the equilibrium point R∗∗, and if

this increase in mean density exceeds consumer 1’s equilibrium, i.e. if R∗∗ < R∗ < R, then consumer 1 can

invade in this circumstance [42].

Resource density

a) b)

Figure H1: Type I versus type II functional responses (panel a) and two type II functional re-
sponses with different degrees of nonlinearity (panel b). The horizontal black dotted lines represent
the mortality rate of the consumers, and vertical black dotted lines represent the reosurce density
at which this is achieved for each consumer. In panel a f1(R) = R, while in panel b f1(R) = R

1+0.2R

and f2(R) = 3R
1+1.5R .
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113. Dannon, E. A., Tamò, M., van Huis, A. & Dicke, M. Functional Response and Life

History Parameters of Apanteles Taragamae, a Larval Parasitoid of Maruca Vitrata.

BioControl 55, 363–378. issn: 1386-6141, 1573-8248 (June 2010).

143



114. Johnson, C. A. et al. Effects of Temperature and Resource Variation on Insect Pop-

ulation Dynamics: The Bordered Plant Bug as a Case Study. Functional Ecology 30

(ed Carroll, S.) 1122–1131. issn: 02698463 (July 2016).

115. Bernhardt, J. R., Sunday, J. M. & O’Connor, M. I. Metabolic Theory and the Temperature-

Size Rule Explain the Temperature Dependence of Population Carrying Capacity. The

American Naturalist 192, 687–697. issn: 0003-0147, 1537-5323 (Dec. 2018).

116. Chesson, P. General Theory of Competitive Coexistence in Spatially-Varying Envi-

ronments. Theoretical Population Biology 58, 211–237. issn: 00405809 (Nov. 2000).

117. Amarasekare, P. & Coutinho, R. M. The Intrinsic Growth Rate as a Predictor of Pop-

ulation Viability under Climate Warming. Journal of Animal Ecology 82 (ed Gurney,

W.) 1240–1253. issn: 00218790 (Nov. 2013).

118. Corless, R. M., Gonnet, G. H., Hare, D. E., Jeffrey, D. J. & Knuth, D. E. On the

LambertW Function. Advances in Computational mathematics 5, 329–359 (1996).

119. Tilman, D. Resource Competition and Community Structure Monographs in Popu-

lation Biology 17. isbn: 978-0-691-08301-8 978-0-691-08302-5 (Princeton University

Press, Princeton, N.J, 1982).

120. Climate-Data.Org

121. Dieckmann, U. & Law, R. The Dynamical Theory of Coevolution: A Derivation from

Stochastic Ecological Processes. Journal of Mathematical Biology 34, 579–612. issn:

0303-6812, 1432-1416 (May 1996).

144



122. Hofbauer, J. & Sigmund, K. Adaptive Dynamics and Evolutionary Stability. Applied

Mathematics Letters 3, 75–79. issn: 08939659 (1990).

123. Law, R., Marrow, P. & Dieckmann, U. On Evolution under Asymmetric Competition.

Evolutionary Ecology 11, 485–501. issn: 0269-7653, 1573-8477 (July 1997).

124. Jedlicka, J. A., Greenberg, R., Perfecto, I., Philpott, S. M. & Dietsch, T. V. Seasonal

Shift in the Foraging Niche of a Tropical Avian Resident: Resource Competition at

Work? Journal of Tropical Ecology 22, 385–395. issn: 0266-4674, 1469-7831 (July

2006).

125. Rybinski, J. et al. Competition-Driven Build-up of Habitat Isolation and Selection Fa-

voring Modified Dispersal Patterns in a Young Avian Hybrid Zone: COMPETITION-

DRIVEN HABITAT ISOLATION. Evolution 70, 2226–2238. issn: 00143820 (Oct.

2016).

126. Sintayehu, D. W. Impact of Climate Change on Biodiversity and Associated Key

Ecosystem Services in Africa: A Systematic Review. Ecosystem Health and Sustain-

ability 4, 225–239. issn: 2096-4129, 2332-8878 (Sept. 2018).

127. Maxwell, S. L. et al. Conservation Implications of Ecological Responses to Extreme

Weather and Climate Events. Diversity and Distributions 25, 613–625. issn: 1366-

9516, 1472-4642 (Apr. 2019).

145



128. Noonburg, E. G. & Abrams, P. A. Transient Dynamics Limit the Effectiveness of

Keystone Predation in Bringing about Coexistence. The American Naturalist 165,

322–335. issn: 0003-0147, 1537-5323 (Mar. 2005).

129. Johnson, C. A. & Amarasekare, P. A Metric for Quantifying the Oscillatory Tendency

of Consumer-Resource Interactions. The American Naturalist 185, 87–99. issn: 0003-

0147, 1537-5323 (Jan. 2015).

130. Yuan, C. & Chesson, P. The Relative Importance of Relative Nonlinearity and the

Storage Effect in the Lottery Model. Theoretical Population Biology 105, 39–52. issn:

00405809 (Nov. 2015).

131. Letten, A. D., Dhami, M. K., Ke, P.-J. & Fukami, T. Species Coexistence through Si-

multaneous Fluctuation-Dependent Mechanisms. Proceedings of the National Academy

of Sciences 115, 6745–6750. issn: 0027-8424, 1091-6490 (June 2018).

132. Hallett, L. M., Shoemaker, L. G., White, C. T. & Suding, K. N. Rainfall Variability

Maintains Grass-forb Species Coexistence. Ecology Letters 22 (ed Snyder, R.) 1658–

1667. issn: 1461-023X, 1461-0248 (Oct. 2019).

133. de Roos, A., Persson, L. & Thieme, H. R. Emergent Allee Effects in Top Predators

Feeding on Structured Prey Populations. Proceedings of the Royal Society of London.

Series B: Biological Sciences 270, 611–618. issn: 0962-8452, 1471-2954 (Mar. 2003).

134. Nelson, W. A., McCauley, E. & Nisbet, R. M. Stage-Structured Cycles Generate Strong

Fitness-Equalizing Mechanisms. Evolutionary Ecology 21, 499–515 (2007).

146



135. Kettle, H., Sann, C. & Marion, G. Quantifying Parasitoid and Predator Controls on

Rice Hopper Eggs Using a Dynamic Stage-structured Model and Field Data. Journal

of Applied Ecology 56 (ed Corley, J.) 2536–2550. issn: 0021-8901, 1365-2664 (Nov.

2019).

136. Gurney, W. & Nisbet, R. Fluctuation Periodicity, Generation Separation, and the

Expression of Larval Competition. Theoretical Population Biology 28, 150–180. issn:

00405809 (Oct. 1985).

137. Kendall, B. E. et al. Why Do Populations Cycle? A Synthesis of Statistical and Mech-

anistic Modeling Approaches. Ecology 80, 1789–1805. issn: 0012-9658 (Sept. 1999).

138. Amarasekare, P. Coexistence of Competing Parasitoids on a Patchily Distributed Host:

Local vs. Spatial Mechanisms. Ecology 81, 1286–1296. issn: 0012-9658 (May 2000).

139. Amarasekare, P. Spatial Dynamics in a Host-Multiparasitoid Community. Journal of

Animal Ecology 69, 201–213. issn: 0021-8790, 1365-2656 (Mar. 2000).

140. Kidd, D. & Amarasekare, P. The Role of Transient Dynamics in Biological Pest Con-

trol: Insights from a Host-Parasitoid Community: Transient Dynamics in Biological

Pest Control. Journal of Animal Ecology 81, 47–57. issn: 00218790 (Jan. 2012).

141. Murdoch, W., Briggs, C. J. & Swarbrick, S. Host Suppression and Stability in a

Parasitoid-Host System: Experimental Demonstration. Science 309, 610–613. issn:

0036-8075, 1095-9203 (July 2005).

147



142. Routh, E. J. A Treatise on the Stability of a given State of Motion: Particularly Steady

Motion (Macmillan and Company, 1877).

143. Hurwitz, A. Ueber Die Bedingungen, Unter Welchen Eine Gleichung Nur Wurzeln Mit

Negativen Reellen Theilen Besitzt. Mathematische Annalen 46, 273–284 (1895).

144. Rosenzweig, M. L. & MacArthur, R. H. Graphical Representation and Stability Con-

ditions of Predator-Prey Interactions. The American Naturalist 97, 209–223. issn:

0003-0147, 1537-5323 (July 1963).

145. Jensen, J. L. W. V. Sur Les Fonctions Convexes et Les Inégalités Entre Les Valeurs
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