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P a r a l l e l  L o g i c a l  I n f e r e n c e 

Dana H. Ballard and Patrick J. Hayes 

Compute r  Scienc e Departmen t  an d Cognitiv e Scienc e Progra m 

Th e Universit y o f  Rocheste r 

Rochester ,  N Y 1462 7 

February 1984 

Abstract 

The inference capabilities of humans suggest that they might be using 

algorithm s wit h hig h degree s o f  parallelism .  Thi s pape r  develop s a  completel y 

paralle l  connectionis t  inferenc e mechanism .  Th e mechanis m handle s obviou s 

inferences ,  wher e eac h claus e i s onl y use d once ,  bu t  ma y b e extendabl e t o 

harde r  cases . 

1.  Motivatio n 

The prospect of automating inferences has long been the goal of researchers in 

artificia l  intelligence .  Th e mos t  obviou s advantag e i s a  mor e compac t  representatio n 

of  knowledg e base s (KBs) .  Withou t  inferenc e abilit y  al l  relevan t  fact s mus t  b e 

explicitl y  represente d i n th e K B .  Usin g inference ,  onl y a  subse t  o f  th e fact s nee d b e 

explicitl y  represented ,  sinc e th e res t  ca n b e derive d whe n required .  However ,  despit e 

th e hug e payoff ,  thi s goa l  ha s s o fa r  prove d elusive .  O n e reaso n fo r  pessimis m i s tha t 

th e know n algorithm s fo r  reasonin g fal l  int o th e clas s terme d NP-complete .  I n a 

nutshell ,  thi s classificatio n mean s tha t  n o bette r  algorithm s ar e know n tha n one s tha t 

tr y ou t  al l  th e possibilities .  Fo r  theore m proving ,  th e numbe r  o f  possibilitie s ca n b e 

ope n ended .  I n contras t  t o thi s pessimisti c resul t  stand s h u m a n performanc e data . 

Psychologist s hav e show n th e followin g performanc e result :  a  hug e variet y o f  forced -

choic e decision s ca n b e mad e b y huma n subject s i n unde r  a  fe w hundre d milliseconds . 

This is a huge discrepancy in results. The theoretical result implies that problems 

of  eve n a  modes t  siz e ca n overwhel m today' s computers ,  wherea s th e practica l  test s 

sho w comple x decisio n makin g i n 10 0 -  40 0 ms .  Furthermore ,  w e kno w tha t  human s 

brin g hug e number s o f  fact s t o bea r  t o solv e a  specifi c  problem .  Thu s w e ar e le d t o 

conclud e tha t  either :  (1 )  human s d o no t  mak e comple x inferences ;  o r  (2 )  human s us e 

a bette r  algorith m and/o r  dat a structure .  I n thi s pape r  w e explor e th e secon d 

possibility .  Ou r  ai m i s t o sho w tha t  theore m provin g ca n b e don e usin g a  paralle l 

probabilisti c  relaxatio n algorithm .  Th e algorith m require s tha t  problem s b e 

formulate d a s th e intersectio n o f  (possibl y huge )  number s o f  loca l  constraint s 

represente d i n networks .  Th e intersectio n proces s take s a  worst-cas e tim e 

proportiona l  t o th e diamete r  o f  th e networ k bu t  i n practic e ofte n run s i n constan t 

time .  O f  cours e an y machin e o f  constan t  siz e wil l  no t  b e abl e t o handl e har d 
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theorem s i n constan t  time .  However ,  ou r  conjectur e i s that :  theorem s tha t  human s 

ca n solv e i n a  fe w hundre d milliscond s hav e a  constan t  lim e solutio n o n a  paralle l 

machine . 

For many scientific appUcations, an inference mechanism that handles only the 

simple r  cases ,  an d fail s i n man y cases ,  migh t  no t  b e useful .  However ,  fo r  h u m a n 

inferenc e mechanisms ,  thi s m a y no t  b e th e case .  Th e reaso n i s tha t  th e h u m a n 

inferenc e mechanis m ca n b e viewe d a s on e componen t  o f  severa l  i n a  perception -

actio n process .  Fo r  example ,  i n ou r  model ,  i f  th e inferenc e mechanis m fail s t o 

identif y a  visua l  object ,  on e o f  th e option s availabl e i s t o m o v e close r  an d gathe r 

mor e data .  Thu s ou r  goa l  i s  t o develo p a n inferenc e mechanis m tha t  allow s man y 

inference s t o b e m a d e i n paralle l  bu t  m a y als o fai l  i n m a n y cases . 

A general formulation of theorem proving is that of Robinson [1965]: to prove S 

= > W wher e S  an d W ar e set s o f  clauses ,  w e attemp t  t o sho w tha t  S  U  ~ W i s 

unsatisfiable .  O n e classica l  wa y o f  doin g thi s i s t o us e resolution .  T w o clauses , 

P(x)Q(x )  an d ~P(a) ,  ca n b e resolve d t o produc e Q(a) .  Th e proces s o f  constrainin g th e 

binding s o f  variable s i n th e clause s i s know n a s unification .  Th e resolutio n theore m 

provin g techniqu e resolve s pair s o f  clause s wit h th e objectiv e o f  producin g th e nul l 

clause .  I f  thi s i s done ,  th e unsatisfiabilit y  o f  th e se t  o f  clause s S  U  ~ W ha s bee n 

demonstrated ,  an d consequentl y th e theore m S  = > W i s true . 

The approach has several important assumptions: (1) clauses may be used only 

once ;  (2 )  th e knowledg e bas e mus t  b e logicall y consistent ;  an d (3 )  th e metho d use s a 

larg e networ k tha t  mus t  b e preconnected . 

Our approach uses observations by Kowalski [1975] and Sickel [1976]. First we 

tr y an d filter  th e clause s usin g variou s kind s o f  constraints .  Thi s filtering  proces s i s 

paralle l  an d remove s option s tha t  ar e no t  compatibl e wit h th e constraints .  Onc e thi s 

i s don e w e resolv e clause s i n parallel .  Durin g th e development ,  th e reade r  mus t 

constantl y kee p i n min d th e natur e o f  th e result :  i t  i s  no t  guarantee d t o work ,  bu t  th e 

hop e i s tha t  i t  wil l  wor k i n mos t  cases . 

The overall organization of our parallel inference is shown in Figure 1. The 

machin e ha s thre e basi c parts : 

1) Consistency Constraints. The first part has the goal of activating 

a logicall y consisten t  se t  o f  constraints .  Thi s i s th e focu s o f  othe r 

research ,  an d w e assum e tha t  th e enterpris e i s successful . 

2)  Inferenc e Constraints .  Filterin g constraint s [Sickel ,  1976 ; 

Kowalski ,  1975 ]  deactivat e part s o f  th e networ k tha t  d o no t 

appl y t o th e problem . 

3)  Resolution .  T h e las t  par t  o f  th e algorith m use s a  secon d filtering 

techniqu e base d o n resolution .  I n thi s phase ,  part s o f  th e 

networ k ar e deactivate d i f  the y correspon d t o pair s o f  clause s 

tha t  woul d resolv e wher e on e o f  th e pai r  contain s a  singl e 

predicate .  I f  th e entir e networ k ca n b e deactivate d i n thi s way ,  a 

proo f  ha s bee n found ;  otherwise ,  th e resul t  i s  inconclusive. . 
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Th e formulatio n o f  th e algorith m i s i n term s o f  a  connectionis t  networ k 

[Feldma n an d Ballard ,  1982 ]  usin g a  recently-develope d probabilisti c  relaxatio n 

algorith m [Hopfield ,  1982] .  O n e o f  th e ke y contribution s o f  thi s pape r  i s t o sho w tha t 

theore m provin g ca n b e describe d i n term s o f  thi s formalism .  T h e formalis m ha s 

severa l  advantages ,  bu t  th e mai n on e i s elegance :  th e proble m ca n b e describe d i n 

term s o f  node s whic h hav e binar y states .  Durin g th e cours e o f  th e computation , 

constraint s caus e node s t o b e turne d of f  o r  on . 

2. The Filtering Process 

The objective of the filtering process is to define a set of local constraints that 

reflec t  th e rule s o f  predicat e logic .  Startin g wit h a  predicat e logi c formulation ,  w e ca n 

examin e th e se t  o f  clause s an d deriv e constraint s tha t  mus t  hol d betwee n them ,  th e 

predicat e symbols ,  an d th e terms .  Thes e constraint s ar e expresse d i n a  c o m m o n 

networ k formalism .  Th e networ k consist s o f  node s whic h hav e binar y state s a s 

describe d i n th e previou s section .  A t  eac h ste p i n th e filtering  proces s th e constraint s 

fo r  a  particula r  nod e ca n b e evaluate d b y evaluatin g tha t  node' s loca l  inpu t  I f  i t 

canno t  b e par t  o f  th e solutio n base d o n thi s loca l  evaluation ,  i t  i s  turne d off .  Th e 

turnin g of f  o f  a  nod e m a y caus e othe r  node s t o b e turne d off .  Thi s proces s converge s 

when n o mor e nod e stat e change s ca n b e made . 

The filter network has five sets of nodes: (1) C, the set of clause nodes; (2) P, the 

set  o f  predicat e letter s an d thei r  complements ;  (3 )  F ,  th e se t  o f  claus e fragments ;  (4 ) 

B,  th e se t  o f  binding s betwee n fragments ;  an d (5 )  S ,  th e se t  o f  substitutions .  I n an y 

set  o f  clause s ther e wil l  b e on e cluas e node ,  c  €  C  fo r  eac h claus e i n th e se t  Ther e 

wil l  b e on e claus e fragmen t  nod e f  €  F  fo r  eac h predicat e lette r  mentione d i n th e 

clause .  Ther e wil l  b e a  separat e binde r  nod e b  €  5  fo r  eac h possibl e resolutio n 

betwee n complementar y predicates .  Finall y ther e wil l  b e a  substitutio n nod e s  €  5 

fo r  eac h possibl e substitutio n involvin g a  binder .  Fo r  example ,  i n th e followin g se t  S 

= {ci :  P(x,a) ,  C2 :  -•P(b,y)} , 

C = {ci, C2} 

P =  {P .  - P } 
F =  {(ci ,  P) ,  (C2 ,  -P ) } 

B =  {((ci ,  P )  C2 ,  -P)) } 

S =  {xb ,  ya > 

There are five different kinds of constraints: (1) a predicate letter constraint; (2) a 

clause-predicat e substitutio n constraint ;  (3 )  a  claus e constraint ;  (4 )  unificatio n 

constraints ;  an d (5 )  a  substitutio n constraint . 

The Predicate Letter Constraint. The predicate letter constraint is derived from 

prepositiona l  logic .  I f  i n th e se t  o f  clause s a  predicat e lette r  appear s withou t  it s 

complemen t  o r  vic e versa ,  the n tha t  symbo l  ca n b e prune d fro m th e solution .  I n 

term s o f  th e filter  network ,  thi s constrain t  i s  easil y expresse d a s a n excitator y 

constrain t  betwee n differen t  node s representin g predicat e letters ,  a s show n i n Figur e 

2.  Th e weight s an d threshold s ar e arrange d s o tha t  bot h th e nod e an d it s complemen t 
must  b e o n t o kee p eac h othe r  turne d on . 
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Th e Clause-Predicate-Substitutio n Constraint .  Thi s constrain t  i s  derive d fro m th e 

clause s i n a  straightforwar d way .  Eac h claus e m a y b e decompose d int o triple s 

consistin g of :  (claus e symbol ,  predicat e letter ,  term) .  Fo r  example ,  Cj^ :  P(x)Q(a )  ma y 

b e decompose d int o (Cj ,  P ,  sj )  an d (Cj ,  Q ,  S2 )  wher e s j  an d S 2 ar e appropriat e 

substitution s (thes e wil l  b e discusse d furthe r  a s par t  o f  th e substitutio n constraints) . 

I n th e filter  network ,  ther e ar e a  se t  o f  claus e fragmen t  node s F ,  on e fo r  eac h triple . 

A claus e fragmen t  nod e /  i s  connecte d t o eac h nod e i n th e tripl e b y mutuall y 

excitator y connection s a s show n i n Figur e 3 .  It s threshol d i s suc h tha t  i t  wil l  tur n of f 

i f  an y o f  it s  constituent s turn s of f 

The Clause Constraint. The clause constraint captures the notion that a clause 

ca n onl y b e par t  o f  th e solutio n i f  al l  o f  it s fragment s hav e viabl e bindings .  Thu s th e 

fragment s ar e connecte d t o th e nod e wit h a  conjunctiv e connection .  Figur e 4  show s 

an exampl e o f  a  claus e wit h thre e fragments .  T h e conjunctiv e connectio n mean s tha t 

i f  an y o f  th e fragment s ar e turne d off ,  th e claus e wil l  b e turne d off . 

The Unification Constraints. The unification constraints capture possible 

binding s betwee n terms .  T h e clause s tha t  ca n potentiall y  resolv e constrai n possibl e 

bindings ,  an d thes e possibl e binding s ar e realize d b y a  se t  o f  bindin g node s B . 

Binding s tha t  ar e incompatibl e ar e connecte d b y mutuall y inhibitor y connections . 

Compatibl e binding s ar e connecte d b y mutuall y excitator y connections .  Fo r  example , 

i n th e se t  o f  clause s -P(a,b) ,  P(x,y)Q(y,z) ,  -Q(c,d) ,  -P(a,c) ,  th e possibl e binding s ar e 

xa ,  yb ,  yc ,  an d zd .  O f  these ,  compatibl e pair s are :  (xa ,  yb) ,  (xa ,  yc )  an d (yc ,  zd) ,  an d 

ther e i s on e incompatibl e pair :  (yc ,  yd) .  Thi s exampl e i s simpl e an d doe s no t  captur e 

al l  th e constraint s possibl e i n unification .  A t  leas t  tw o other s ar e necessary .  Thes e 

relat e binding s betwee n constant s an d variables .  O n e i s tha t  i f  a  variabl e i s boun d t o 

a constan t  an d anothe r  variabl e i s boun d t o a  differen t  constant ,  the n th e tw o 

variable s canno t  b e boun d t o eac h other .  T h e othe r  constrain t  i s  tha t  i f  a  variabl e i s 

boun d t o a  constan t  an d th e sam e variabl e i s boun d t o a  secon d variable ,  the n th e 

secon d variabl e ca n b e boun d t o th e constan t  Thes e constraint s ar e summarize d 

below : 

X, y : var; c, d const 

x c & y d = > ->x y 

x c & x y = > y c 

xc = > -"x d 

In the network there are potentially |T|^ nodes where T is the set of literals used in 

th e formula e t o denot e al l  possibl e variable-constan t  pairings .  Thu s th e constraint s i n 

abov e ar e connecte d betwee n al l  relevan t  groupings .  A  representativ e networ k 

fragmen t  i s show n i n Figur e 5 . 

Substitution Constraints. The possible substitutions constrain the network in two 

importan t  ways .  O n e additiona l  constrain t  i s  necessar y t o lin k th e differen t  binding s 

together .  I n th e logica l  formalis m thi s constrain t  ca n b e derive d b y observin g th e 

potentia l  resolution s betwee n clauses .  (I n Sickel' s notation ,  thes e ar e arcs. ) 

Substitutio n node s S  relat e substitution s t o bindings .  Th e secon d constrain t  relate s 

th e substitutio n node s t o th e claus e fragmen t  nodes .  Eac h claus e fragmen t  nod e 
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mention s th e term s i n it s predicate .  I f  thes e term s ar e als o mentione d i n th e 

substitutio n the n ther e i s a  two-wa y positiv e lin k betwee n th e tw o nodes .  Formally ,  a 

nod e s  €  5  i s positivel y linke d t o a  nod e f  €  F  i f  f  i s positivel y linke d t o a  ter m t] ^  C  T 

an d s  i s positivel y linke d t o a  bindin g t2 X wher e t2 ,  x  € T  an d t j  =  t2 .  Figur e 6 a 

shows tiie  assignmen t  nod e t o relat e tiiree  binding s betwee n tw o claus e fragments . 

Sinc e al l  th e assignment s mus t  b e satisfied ,  th e connection s int o th e assignmen t  nod e 

ar e conjunctive . 

3. The Resolution Process 

The filtering constraints combine to reduce the network to a state where none of 

th e binding s ar e inconsistent .  I f  ther e ar e choices ,  the y ar e decide d arbitrarily .  Fo r 

example ,  th e se t  {c^ :  P(x) ,  C2 :  -"PCa) ,  C3 :  -"PCb) }  result s i n a  networ k wit h tw o 

inconsisten t  substitutions :  x a an d xb .  Th e probabilisti c  relaxatio n algorith m wil l 

make a n arbitrar y choic e betwee n thes e tw o possibilities .  Thu s th e objectiv e o f  th e 

filterin g proces s i s t o reduc e th e networ k t o a n essentia l  state ,  wherei n onl y on e 

claus e fragmen t  ca n resolv e wit h it s complement .  Thi s migh t  see m ver y restrictive , 

but  th e filter  networ k ca n mak e man y example s int o thi s form .  Fo r  example ,  th e 

proo f  use d b y Hensche n [1976 ]  t o introduc e resolutio n ca n b e reduce d t o thi s for m 

withou t  usin g resolution .  However ,  th e usefulnes s o f  thi s strateg y wil l  hav e t o b e 

teste d wit h man y differen t  examples . 

Once the network has been put into an essential state, the way constraints are 

handle d ca n b e change d slighti y an d th e networ k wil l  perfor m resolution .  T o d o this , 

thre e change s ar e made : 

1) the thresholds on clauses are changed so that singleton clause 

node s ar e turne d off ; 

2)  th e threshold s o n clause s ar e change d s o tha t  droppin g on e 

fragmen t  inpu t  doe s no t  tur n of f  th e nod e unles s i t  i s  th e las t 

one ;  an d 

3)  th e binde r  networ k i s fixed,  s o tha t  n o furthe r  change s tak e 

place . 

The effect of turning off singleton clauses is to remove the fragment associated with 

thei r  complements .  Turnin g of f  al l  th e node s i n thi s fashio n i s equivalen t  t o finding a 

proo f  b y resolution . 

4. Examples 

To describe the process, consider the example where S U -"W is given by: 

{P(x)Q(y)W(y) ,  --WCz) ,  -"PCa) ,  -«Q(b)} .  Th e networ k i s show n i n Figur e 7 .  Not e tha t 

al l  th e clause s ar e essential .  Removin g an y claus e wil l  caus e al l  th e node s i n th e 

networ k t o b e turne d off .  Fo r  example ,  withou t  claus e C4 ,  f ^  i s turne d off .  Thi s 

coul d propagat e a s follows :  -^Q ,  Q ,  a3 ,  f̂ ,  C2 ,  f̂ ,  f2 ,  P .  -"P ,  sj ,  S2 ,  cj ,  f̂ ,  W .  -"W .  O f 

course ,  man y othe r  sequence s ar e possible ;  th e exac t  sequenc e i n an y give n cas e 

depend s o n th e probabilisti c  relaxatio n process . 
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Let  u s chang e th e substitution s slightl y an d se e wha t  happens .  Suppos e c j  i s 

change d t o P(z)Q(y)W(y) .  Thi s modificatio n i s show n a s a  dotte d Un e i n Figur e 7 . 

N o w th e substitutio n constrain t  networ k come s int o play .  Th e networ k i s prewire d s o 

tha t  i f  z a an d y b ar e turne d on ,  the n the y wil l  tur n of f  yz .  Onc e thi s i s don e it s effec t 

wil l  propagat e throug h S 2 t o tur n of f  th e entir e network . 

To continue the example, we now describe the resolution phase. Note that in this 

cas e turnin g o f  al l  th e singleto n clauses ,  C2 ,  C3 ,  an d C4 ,  i s sufficien t  t o tur n of f  th e 

remainin g claus e C]̂ .  Not e tha t  th e clause s i n {P(x)Q(y) ,  W(y)-iP(a) ,  ->Q{h) ,  -'W(z) } 

ca n als o b e turne d of f  i n th e sam e manner ,  bu t  no t  thos e i n {P(x)Q(y) ,  W(y)-iP(a) , 

-iQ(b)-'W(z)} .  whic h ha s n o singletons ,  o r  thos e i n {P(x)Q(y)W(y) ,  -iW(z)-»P(a) , 

-Q(b)} -

5. Summary and Conclusions 

The implementation of the first order logic constraints results in two coupled 

networks :  (1 )  a  claus e networ k tha t  represent s th e claus e syntax ;  an d (2 )  a  bindin g 

networ k tha t  represent s th e relationship s betwee n term s i n differen t  clauses .  Th e 

metho d fo r  resolvin g bindings ,  unification ,  ca n b e a s comple x a s th e entir e inferenc e 

mechanism .  Thu s fo r  ou r  purpose s w e depen d o n th e actua l  binding s i n th e K B t o 

hav e a  simpl e structure . 

At the outset, the possibility of reusing clauses was ruled out, but there are some 

limite d case s tha t  ca n b e handled .  T o se e th e necessit y o f  reusin g clauses ,  conside r 

{ S U - .  W }  =  {Ci:P(a) ,  C2:P(b) ,  C3:--P(x)Q(x) ,  C4:-.Q(a)-.Q(b)} .  Thi s ca n b e 

handle d b y resolutio n i n a  straightforwar d way .  Th e resolutio n tre e is :  ((Cj ,  C3) , 

((C2 ,  C3) ,  C4)) .  However ,  not e tha t  C 3 appear s twice .  Th e consequenc e o f  thi s i s tha t 

sinc e th e unificatio n constraint s d o no t  allo w x a an d x b simultaneously ,  th e networ k 

wil l  no t  pas s th e filter  test .  T o handl e thi s cas e w e not e tha t  bot h possibilitie s fo r  C 3 

involv e constan t  bindings .  Thu s w e ca n resolv e thi s b y makin g tw o copie s o f  C3 : 

-«P(a)Q(a )  an d ->P(b)Q(b) .  Onc e thi s i s done ,  th e inferenc e mechanis m wil l  find  th e 

proof . 

The main intent of this paper has been to force a new look at formal inference 

mechanism s fro m th e standpoin t  o f  performance .  O u r  contentio n i s tha t  model s tha t 

d o no t  hav e a  paralle l  implementatio n ar e unlikel y candidate s fo r  model s o f  h u m a n 

inference .  Thi s realizatio n m a y prov e catalyti c fo r  approache s tha t  tr y t o unif y th e 

complementar y goal s o f  competenc e an d performance . 

The technical contribution of this paper is in the detailed specification of a 

networ k an d inferenc e mechanism .  T h e networ k run s i n paralle l  an d ca n handl e 

obviou s inference s i n first  orde r  logic .  Th e runnin g tim e i s bounde d fro m belo w b y 

0(1 )  whic h occur s whe n al l  th e constraint s ar e loca l  an d 0(diamete r  o f  network ) 

whic h occur s whe n th e constraint s hav e t o propagat e th e ful l  exten t  o f  th e network . 
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