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ABSTRACT OF THE DISSERTATION

Survival Analysis and Causal Inference: from Marginal Structural Cox to Additive
Hazards Model and beyond

Denise Rava
Doctor of Philosophy in Mathematics with a Specialization in Statistics
University of California San Diego, 2021
Professor Jelena Bradic, Chair

Professor Ronghui Xu, Co-Chair

In Chapter 1 we study explained variation under the additive hazards regression model for
right-censored data. We consider different approaches for developing such a measure, and focus on
one that estimates the proportion of variation in the failure time explained by the covariates. We

study the properties of the measure both analytically, and through extensive simulations. We apply

Xvi



the measure to a well-known survival dataset as well as the linked surveillance, epidemiology, and
end results-Medicare database for prediction of mortality in early stage prostate cancer patients

using high-dimensional claims codes.

In Chapter 2 we propose a new flexible method for survival prediction: DeepHazard, a neural
network for time-varying risks. Prognostic models in survival analysis are aimed at understanding
the relationship between patients covariates and the distribution of survival time. Traditionally,
semiparametric models, such as the Cox model, have been assumed. These often rely on strong
proportionality assumptions of the hazard that might be violated in practice. Moreover, they do
not often include covariates’ information updated over time. Our approach is tailored for a wide
range of continuous hazards forms, with the only restriction of being additive in time. A flexible
implementation, allowing different optimization methods, along with any norm penalty, is developed.
Numerical examples illustrate that our approach outperforms existing state-of-the-art methodology
in terms of predictive capability evaluated through the C-index metric. The same is revealed on the

popular real datasets as METABRIC, GBSG, ACTG and PBC.

In Chapter 3 we consider the conditional treatment effect for competing risks data in
observational studies. While it is described as a constant difference between the hazard functions
given the covariates, we do not assume the additive hazards model in order to adjust for the
covariates. We derive the efficient score for the treatment effect using modern semiparametric
theory, as well as two doubly robust scores with respect to both the assumed propensity score
for treatment and the censoring model, and the outcome models for the competing risks. We
provide the asymptotic distributions of the estimators when the two sets of working models are
both correct, or when only one of them is correct. We study the inference based on these estimators
using simulations. The estimators are applied to the data from a cohort of Japanese men in Hawaii

followed since 1960s in order to study the effect of mid-life drinking behavior on late life cognitive

Xvii



outcomes.

In Chapter 4 we consider doubly robust estimation of the causal hazard ratio in observational
studies. The treatment effect of interest, described as the constant ratio between the hazard functions
of the two potential outcomes, is parametrized by the Marginal Structural Cox Model. Under the
assumption of no unmeasured confounders, causal methods, as Cox-IPW, have been developed
for estimation of the treatment effect of interest. However no doubly robust methods have been
proposed under the Marginal Structural Cox model. We develop an AIPW estimator for this popular
model that is both model and rate-doubly robust with respect to the treatment assignment model
and the conditional outcome model. The proposed estimator is applied to the data from a cohort
of Japanese men in Hawaii followed since 1960s in order to study the effect of mid-life alcohol

exposure on overall death.
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Chapter 1

Explained Variation under the Additive
Hazards Model

1.1 Introduction

The additive hazards model (Aalen, 1980, 1989) has received increasing attention lately for
the analysis of censored survival data. It is not just an alternative to the more widely used Cox model
when the proportional hazards assumption is violated; it has also been argued to be more suitable
for causal inferences in estimating treatment effects because the Cox model is not collapsible
(Martinussen and Vansteelandt, 2013). In contrast, the additive hazards model behaves mostly
like a linear model including collapsibility, in the sense that one can integrate out an independent
covariate from the model and still end up with an additive hazards model, with the same regression
coefficients for all the other covariates. For this reason it has been used in the development of
instrumental variable approaches for survival data including competing risks (Tchetgen Tchetgen

et al., 2015; Li et al., 2015; Zheng et al., 2017; Brueckner et al., 2019; Ying et al., 2019). The



collapsibility as well as other behaviors similar to a linear model, has also enabled the additive
hazards model to be used in mediation analysis of survival data (Fosen et al., 2006; Martinussen,
2010; Martinussen et al., 2011; VanderWeele, 2013; Aalen et al., 2020). In addition, doubly robust
methods have been developed for estimating treatment effects and applied in practice under the
additive hazards model including for optimal treatment regimes (Wang et al., 2017; Kang et al.,
2018; Blomberg et al., 2019), while the noncollapsibility of the Cox model presents an obstacle in

the development of doubly robust method when confounders are present (Dukes et al., 2019a).

Estimation and inference procedures have been well developed and implemented under the
additive hazards model (eg. R package ‘timereg’), and diagnostic methods have also been proposed
(Yuen and Burke, 1997; Kim and Lee, 1998; Scheike and Martinussen, 2006). However, another
important aspect as the model becomes more widely used, is explained variation or measures of
predictability, often referred to as R2. O’Quigley and Xu (2012) provide detailed illustrations of
how such measures are used to evaluate the clinical importance of prognostic factors. Miiller et al.
(2008) and Hielscher et al. (2010) explored the use of R? measures in genetic studies to quantify
the impact of genetic variants or high dimensional gene expression on survival phenotypes, while
Preseley et al. (2011) applied them to surrogate evaluation. Very recently applications of measure
of dependence to ultrahigh dimensional variable screening were explored in Kong et al. (2019).
In the context where the estimation of treatment effect is of primary concern, following the fit of
the additive hazards models it is also natural to provide estimates of predicted survival given the
covariates (Ying et al., 2019). However, measures of explained variation have not been examined

under the additive hazards model to our best knowledge.

Explained variation has been well studied in the literature under the Cox regression model
for right-censored data. Kent and O’Quigley (1988) first defined a measure of dependence for

censored survival data, making use of the Kullback-Leibler information gain. It is based on the



conditional distribution of the time to event random variable 7' given the covariates Z. A later work
by Xu and O’Quigley (1999b) considered instead the conditional distribution of Z given T, using
also the information gain. This latter measure can be readily extended to time-dependent covariates.
A simple approximation to this second measure was described in O’Quigley et al. (2005), which
can be easily computed using the partial likelihood ratio test statistic following the fit of the Cox

model. Preseley et al. (2011) advocated for these information gain based measures.

Another approach to defining explained variation makes use of the residuals. This originated
from the R? under the linear regression model, which can be written as one minus the ratio of the
residual sum of squares over the total sum of squares. It is also well-known that these two sums of
squares estimate the residual variance and the total variance, respectively. O’Quigley and Flandre
(1994) proposed to use the Schoenfeld residuals under the Cox model, in a similar way to the R?
under linear regression. It has been shown that when the Cox model appears to be a reasonably fit
to the data, this measure and the one above based on information gain, tend to give comparable

quantifications of explained variation (O’ Quigley and Xu, 2012).

Other approaches have also been considered in the literature for right-censored data.
Schemper and Kaider (1997) proposed to compute the correlation coefficients between the failure
rankings and the covariates, using multiple imputation to handle the censored data. We note that
inference under the Cox model is only based on the ranks of the failure times, hence nonparametric
correlation coefficients like Kendall’s tau or Spearman correlation might be considered. However,
as it is known and we also elaborate below, inference under the additive hazards model is not rank

based.

Finally and not restricted to the survival context, previous experiences in describing ex-
plained variation outside the classic linear model have also considered the direct decomposition of

the total variance in the outcome, and quantifying the proportion that is explained by the covariates.



Depending on the model, this can sometimes be a straightforward approach, such as under the linear
mixed effects model (Xu, 2003; Honerkamp-Smith and Xu, 2016), or under the accelerated failure

time (AFT) models (Chan et al., 2018).

In this work we consider the semiparametric additive hazards model. We aim to quantify
the explained variation under this model. It turns out that the last approach described above, i.e. the
direct decomposition of the total variation into components of explained and unexplained (or
residual) variation, is easily computable as well as interpretable under the additive hazards model.
In the following we will first focus on its development, investigate its properties, and illustration
how it might be used in practice to quantify the predictive power of a set of prognostic variables,
and also for use in variable selection procedures. We will defer discussion to the end of the paper

why some of the other approaches described above do not work under the additive hazards model.

The rest of the paper is organized as follows. After a review of the semiparametric additive
hazards model and its inference in the next section, we describe explained variation and its estimator
in section 1.3. In section 1.4, we study the properties of the measure, both the population and the
sample-based versions. Section 1.5 further explores the behavior of the measures using simulation,
under different censoring scenarios, different covariate distributions, different baseline hazard
functions, and beyond. We apply the measure to real data sets in Section 1.6, and we conclude with

discussion in the last section.

1.2 Semiparametric Additive Hazards Model

Let T be the failure time random variable of interest, Z be a vector of covariates, and C be the
censoring time random variable. Let X = min(7,C) and § = I(T < C) where I(-) is the indicator

function. We observe a random sample (X;,Z;,9;), i = 1,...,n. The semiparametric additive hazards



model Lin and Ying (1994a) assumes that the conditional hazard function
Mt|Z) = ho(1) +B' Z, (1.1)

where Ao(?) is the baseline hazard and B is a vector of regression effects. We will also use the
counting process notation: N(¢) = I{X <7, =1} and Y (¢) = I{X >t} are the counting process of

events and the at-risk process, respectively.

Under model (1.1), an estimator for B was proposed by Lin and Ying (1994b):

-1
A— - Oo. .__ ®2 - - .__ .
B—LZI | voiz-zwy dr] L_Zl | z<r>}dN,<r>], (12)

where Z(1) =Y, Y;(t)Zi /X', Yi(r). We note that unlike under the Cox model, the above estimator
of B is not rank based in that it depends on the values of X;’s beyond their ranks in the data set. It
can be shown that, if g(-) is a strictly increasing function, then g(7) in general no longer follows a
semiparametric additive hazards model. In the special case where g is multiplication by a constant
¢ >0, then T = cT still follows a semiparametric additive hazards model, but the regression

coefficient is rescaled by c: B =B/c.

The cumulative baseline hazard function Ag(¢) = [§ Ao(u)du is estimated by

) /Ot o (dN,-(u) ~Yiw) [;)(u)TZidu> | .

Ao(t) =
o e

In the following we write out the integral in (1.3), which is not a step function. Denote the K ordered

distinct observed failure times #; < ... < tg. We have fork =1,...,K:

- k §,d
Ao(r) =Y =
=1

k A —
—ZBTZ(Z‘I) (tl—ll_l), (14)
=1

T



where d; and r; are the number of events and number at risk at time #;, respectively. In addition, for

any f; <t <ty 1,
k A —_— A -
Ao(l‘) = ZBTZ(IZ) (Z‘l—tlfl)—BTZ(tk+1)(t—tk). (1.5)

The resulting estimated survival function $(t|z) = exp (—Aq(t) — BTz) is not guaranteed to be
non-increasing; therefore we make use of the following adjusted version Lin and Ying (1994a):
S(t|z) = miny<, {8(s|z)}. The adjusted version S is asymptotically equivalent to S, and the process
V1(8(-]z) — S(-|z)) converges wealy to a zero-mean Gaussian process Lin and Ying (1994a). We
note that taking minimum over s < t leads to no closed-form expression and the quantity needs
to be computed numerically. However, it is imperative that we work with a proper distribution or

equivalently, survival, function, in order to estimate the moments below.

1.3 Explained Variation

The explained variation, as described in the survival context by O’Quigley and Xu (2012),

can be defined as

_ E{Var(T | Z2)} _ Var{E(T | Z)}

Q=1 Var(T) Var(T)

(1.6)

This is consistent with the regression setting of model (1.1) for the conditional distribution of T
given Z, as the proportion of variation of 7" explained by Z out of the total variation of 7. As pointed
out in O’Quigley (2008) page 33, by virtue of the Chebyshev-Bienayme inequality, the variance
can be seen as a measure of predictability, and therefore the explained variation may also have an

interpretation as predictability.



In practice for survival studies, there is often a finite upper bound of time T due to adminis-

trative censoring, so that all the observable data are conditional upon 7" < T. We then define

CE{Var(T |Z,T <t)} Var{E(T |Z,T <71)}

Q=1 =
¢ Var(T | T < 1) Var(T | T < 1)

(1.7)

Obviously when there is no censoring, Q% = Q2 ; and in the following for uniformity of notation,

we allow T < oo,

We can estimate directly the quantities in (1.7) under model (1.1). To estimate
E{Var(T | Z,T <7t)} or Var{E(T | Z,T < 7)}, we first integrate with respect to an estimated

distribution of 7 given Z and T < T:

$(t12) - S(x | 2)

S(t)Z,T <) = 30z 12)

I{t <tx} (1.8)

We then integrate with respect to [P,,, the empirical distribution of Z. Denote the resulting estimates

E, {@r(T | Z,T < ’c)} and Var, {E(T | Z,T < 1)}, respectively. For example,

S| =

En{ﬁr(T|z,T<r)}: [E(TZ|z,-,T<«:)—{E(T|Zi7T<¢)}2], (1.9)

i=1

where the expressions for the quantities in the right-hand side above are given later in the section.

To estimate Var(T | T < T), we can use

Var(T | T <t)=E(T*| T <t)—{E(T|T <1)}>. (1.10)

In order to estimate the marginal survival function, we may use the nonparametric Kaplan-Meier



(KM) estimator. Alternatively, we may use:

1 n
Y S(t1Z,T <n). (1.11)
i=1

S| T<1)=

3 |

It can be shown that, if (1.11) is used in estimating the expectations in (1.10), then we have the

following decomposition:
Var(T | T < 1) = E, {V&r(T 1Z,T < r)} +Var, {E(T | 2,T <7)}. (1.12)

Combining all of the above, we obtain R2 as a consistent estimator of Q2 under model (1.1):

) En{Var(T]Z,T<’C)} Varn{E(T|Z,T<’E)}
R =1L _ Yans , (1.13)
Var (T | T < 1) Var(T | T <1)

We also denote R2 = RZ when T = oo.
Finally, to compute the quantities in (1.13), we have:

T
E(T|T<1) — /S(t|z,T<t)dt
0

1 " o,
= — | S@¢t|)dt—————S(tx | D) tx, 1.14
I )/o e T e

—S(tx | z

and

T
E(T?*|2,T<1) = 2/r.s(ryz,T<r)dt
0

_ 2 ¢ 2
= l—ﬁ(tKlz)/ tS(t | z)dt T S(tx |2)tg.  (1.15)

Since there is no closed-form expression for S(¢ | Z), the integrals in the above are computed using



the trapezoidal rule. We partition the interval [0, T] first using 71, . . ., 7x; additional points are added
to create a grid no wider than 0.01 between two adjacent points. We then use an iterative halving
process, i.e. adding the midpoints between any two adjacent points to the grid, until the change in

the resulting R? is less than 0.01 in absolute value.

The quantities in \//eTr(T | T < 1) can be computed in a similar fashion using (1.11).

1.4 Properties of Q? and R*

The desirable properties of a measure of explained variation are best understood under a
linear regression model, including: 1) it lies between zero and one; 2) it takes the value zero when
there is no regression effect; 3) it increases with the strength of the regression effect; 4) it tends
to one as the regression effect tends to infinity; 5) it is invariant under certain transformations
of the dependent and independent variables, depending on the model. For the last property, the
transformation is linear under the linear regression model, and is rank-preserving for the failure

time under the semiparametric Cox regression model O’Quigley and Xu (2012).

In the following we investigate if the above properties hold for the measures defined in the

last section.

e The facts that 0 < Q% <land 0 < R% < 1 follow immediately from their definitions (1.7)

and (1.13), assuming that the latter is estimated using (1.11).

e When B = 0, Q2 = 0 because independence between T and Z implies that Var{E(T | T <
1,Z)} = Var{E(T | T < 1)}. Also R? = 0 if it happens that the estimated coefficient = 0.
Otherwise, the sample based measure R > 0, but is expected to be small since it is a consistent

estimate of Q2 = 0.



o It is analytically difficulty to prove that Q,% increases with |B| in general. However, for simpler
settings such as a binary Z and T = oo, we can prove it analytically and this is given in the

Appendix. For more general settings, we illustrate this via simulation.

e It has been known that the quantity Q2 defined in (1.6) can be bounded strictly less than one
O’Quigley and Xu (2012). For a binary Z, if we assume that 7 | Z = 0 has finite second

moment, then we can show by the dominated convergence theorem that:

lim 02 _1_% 2 [ rexp{—Ao(t) }di — [ [ exp {—Ao(t) }di]?
T e (Aot i T e Ao

(1.16)

For example, when Ag(¢) = 1, limg_,., Q2 =0.333; and this is the exponential case discussed
in O’Quigley and Xu (2012). When Ao(t) = ¢, limg_,., Q2 = 0.647; and when A(t) =
1/(2v/1), limg_,., Q2 =0.091. Similar calculation can be done for covariates with continuous

distribution:

2
I f(;”zte*l\o(f)*BTZ’dt— [f(;oe*AO(t)fﬁTtht] }g(z)dz
lim Q2 =1— lim
Breo Boe e oteR0)-BTZtdrg(7)dz — [fzf(;oe_AO(t)_BTthtg(Z>d4

5. (1.17)

where g(Z) is the density of the covariates and Z is their sample space. This limit may not be
equal to one and it depends on the form of Ag(¢) and the distribution of Z; for example, when

Z ~U[0,v3] and Ao(r) = 1, limg_,., Q% = 0.500.

e By their definitions and simple algebra, it can be shown that Q2 and R? are invariant under

linear transformations of Z and when 7 is rescaled by a positive constant.

In summary, we have the following properties:

D 0<Q2<1,and0<R:<1,;
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2) Q2 =0whenp=0,and RZ2=0if p=0;
3) Q2 increases with |B|;

4) Q2 and R? are invariant under any linear transformation of Z and rescaling of 7.

1.5 Simulations

In the following we further study the properties of the measures through simulations. In
addition to the properties mentioned above, we also investigate: 1) the effect of baseline hazard on
explained variation; 2) explained variation under nested models. As we have more experience with
explained variation under the Cox proportional hazards regression model, we also investigate 3)
how the measure compares with a similar one under the Cox model, when both models are valid;

and 4) explained variation of Z give T, which has been advocated for use under the Cox model.

All simulations below were carried out with sample size 1000, and 100 simulation runs each.
All the results are reported as mean with standard deviation (SD) over the simulation runs in (). As
the simulation has been extensive, we have chosen to display the representative scenarios that carry

meaningful messages, as opposed to every combination of all possible parameters and settings.

1.5.1 Basic properties

As |B| increases

We first simulated with Ag(¢) = 1 and different values f =1, 3, 15 and 50, Z from Uniform
[0,4/3] as well as binary 0,1 with equal probabilities. Note that these two covariate distributions

have the same variance 0.25, rendering the measures comparable for a given 3 value. The censoring

11



distribution was uniform [0,t]. We computed the Q2 values as follows. When there was no censoring
we computed it analytically by definition using the fact that 7 ~ Exponential (1 4+ Z). When there
was censoring, we took a single large sample size of 100,000, and used the R? value computed with

the true B and the true A to approximate Q2.

From Figure 1.1 and Table 1.1 we see that R? and Q2 values are close in all cases, both
increasing with |B| as expected. The effect of T reflects different follow-up periods, which also leads
to different amounts of censoring. It is seen that the patterns of change with 7 is different depending
on the distribution of Z. It is more pronounced with binary Z especially for that larger 3 values,

likely because the censor percentages are much higher in that case.

Effect of Ao(+)

We consider here a binary Z taking values 0,1 with equal probabilities. We consider
Mo(t) =1,t and 1/(2+/1). In Figure 1.2 we plot the density of T for each group, to show how the
two groups differ in each scenario. The mean of R2 over the 100 simulations are printed on each
configuration. From Figure 1.2 we see that the R2 values tend to be larger when the two groups
indexed by Z = 0, 1 have different concentrations of failure times, i.e. different shapes of the density
functions, such as in the case of Ay(z) = ¢. On the contrary, with Ao(¢) = 1/(2+/1) the two density
functions have very similar shapes, resulting much smaller R2 values. As noted earlier, the upper

bound of Q2 for the three cases are 0.091, 0.333 and 0.647, respectively.

Nested models

Next we consider a limited set of simulations with data generated under A(¢|Z) = Ao(2) +
Z1 + 37, + Z3, where the covariates Z;,Z, and Z3 were independently drawn from Uniform [0, \/§]

and the baseline hazard was in turn equal to 1,7 and 1/(2+/¢). We also consider an additional pure

12



noise covariate Z4 ~ Uniform [0,+/3], not used in the data generating mechanism. We consider the
following models listed in Table 1.2: three univariate models with each of Z;,Z, and Z3, respectively;
a model with only Z; and Z3; a model with all the three Z;,Z,,73; and a model with the three
covariates plus the pure noise Z;. We see from Table 1.2 that R increases with the complexity of
the models: RZ with both Z; and Zs is larger than with Z; or Z3 alone; meanwhile, since Z, has a
strong effect as reflected in its regression coefficient, R2 with Z, alone is larger than with both Z;
and Z3. The measure is substantially larger with all three covariates Z;,Z, and Z3 than under any
of the previous models. With the noise variable Z4 added to the model, RZ increases very slightly
from 0.122 to 0.124, for example. This also informs us how to use the R? type measures for model
selection: if the addition of a variable only increases the R? very slightly, it is perhaps not worth the
cost of an extra degree of freedom. This is consistent with the concept of adjusted R?, which explicit

adjusts for the number of degrees of freedom. We further discuss this in the applications later.

1.5.2 Comparison with the measure under the Cox Model

As discussed earlier the semiparametric additive hazards model behaves somewhat differ-
ently from the semiparametric Cox model. Here we compare R? as defined in (1.13) under the two
models when both models are valid. We consider a binary Z and constant baseline hazard; this is a

case where both the semiparametric additive hazards model (1.1) and the classic Cox model hold.

Under the Cox model S(z | Z) = {So(r)}**?(B%), where the regression parameter is typically
estimated using the partial likelihood, and the baseline survival function via the Breslow’s estimate
of the cumulative baseline hazard. We can then similarly estimate the explained variation as defined
in (1.6) or (1.7), using a similar approach as described in Section 3. We denote this as R, . Both

cox*

R?,. and R? thus defined should be consistent for the same Q2. In Table 1.3 we again simulated

with A(t|Z) = 1+ BZ for a binary Z, p = 1,3, 15 and 50, with no censoring or 30% censoring . As

13



2

2 . and R? are indeed very close to each other.

expected, the values of R

1.5.3 Explained variation of Z given T

O’Quigley and Xu (2012) advocated for considering the explained variation of Z given T
under the Cox regression model. One main advantage of this approach is that the resulting measure
tend not to be bounded strictly less than one. In addition, considering Z given 7T is also consistent
with the sequential conditioning and counting process notation often used in survival analysis.
Following O’Quigley and Flandre (1994) and O’Quigley and Xu (2012), we consider in particular

the covariate residual (also called Schoenfeld residual under the Cox model) based approach.

In order to obtain the residuals of Z, we need to estimate the conditional distribution of Z
given T. A theorem from Xu and O’Quigley (1999b,a) can be readily adapted to provide a consistent

estimate of this conditional distribution under model (1.1):

Theorem 1. Under model (1.1) and independent censoring, assuming that Ay(t) is known (or

otherwise consistently estimated), the conditional distribution of Z given T is consistently estimated

by

Yz, (1) (ho(0)+B77))

PZz<z|T=1t)= ~ :
Ei Y0 (har) +B72)

(1.18)

The proof of the above theorem is similar to that of Theorem 1 in Xu and O’Quigley

(1999b,a) but applied to model (1.1).

In practice Ao(t) is unknown, and also not readily estimated by the typical software that fit
the additive hazards model. Our investigation here is of exploratory nature, aimed to understand the

behaviors of the explained variation of 7' give Z versus Z given T'. In simulations below we use the
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true Ao(r). Denote

Y51 ZY;(t) (ho(1) +BZ;)

By 210 = =5 ) Gute) + P20

(1.19)

The residuals under the fitted model and under the ‘null’ model where 3 = 0 are, respectively:
ri(B) =2i—Eg (2] X)), ri(0) =Zi—Eo (Z| X,), (1.20)

where Eq (Z | X;) is simply the empirical average of Z in the risk set at time X;. Therefore for a
scalar Z we may define

i ri2<[§)

R, =1_==1"i\F/
ZIT
| 7 (0)

The extension to multivariate Z was described in O’Quigley and Xu (2012) and can be easily

adopted here.

We simulated under A(¢) = 1+ BZ, with a binary Z and equal probabilities of 0, 1. In Table
1.4 we see that unlike R2, the values of R%T approach one with increasing |B|. We further discuss

the unknown A¢(?) in the last section.

1.6 Applications

1.6.1 Leukimia: FREIREICH DATA

We first apply the measure of explained variation to the Freireich et al. (1963) data, which
consist of the remission times of 42 Leukimia patients in a randomized clinical trial treated with the
drug 6-mercaptopurine (6-MP) versus placebo. The data set has been well-known in the survival

analysis literature, and was in the first table of Cox and Oakes (1984). As a diagnostic plot in Figure
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1.3 we show the difference of the cumulative hazard functions between the two treatment groups;
under the semiparametric additive hazards model (1.1) this difference should be linear in time. From
the figure we see that except for random noise due to limited sample size the difference shows a
very nice linear trend, indicating that the semiparametric model (1.1) fits the data reasonably well.
We note that in the R package ‘timereg’ that we used to fit the semiparametric additive hazards

model, no diagnostic tools appear to be provided for checking this model.

We calculated R? = 0.201, indicating, as is known, good separation between the two groups’
survival times. Typically if a single predictor, in particular a binary one, turns out to have an R? of
around 20% say, it is considered to be a strong predictor. Previously the explained variation of Z
given T under the Cox regression model had been calculated to be around 0.40 (ranging from 0.38
to 0.42 depending on the measure used) O’Quigley and Xu (2012). The Freireich data appears to be
a data set that fits both the proportional hazards model and the additive hazards model reasonably
well. Based on the simulation results, when the data fits both models, the explained variation of 7'
given Z would be very close under the two models. The discrepancy between the R” values seen
above are most likely attributable to the difference between the explained variation of Z given 7" and
that of T given Z, as also illustrated in the simulations. In this case they otherwise reflect somewhat

comparable strengths of association in our opinion.

1.6.2 Prostate cancer: SEER-MEDICARE DATA

We study the time to death of 29,657 prostate cancer patients with localized non-metastatic
disease identified from the linked Surveillance, Epidemiology, and End Results (SEER) - Medicare
database, diagnosed between 2004 and 2009. Following Hou et al. (2018) we consider the clinical
and the demographical variables, plus the binary insurance claims codes from Medicare. The latter

captures medical diagnoses and procedures through Healthcare Common Procedure Coding System
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(HCPCS) codes, international classification of diseases (ICD)-9 diagnosis and procedure codes, etc.
Each insurance claims code variable takes value one if that claim appeared within one year before
diagnosis, and zero otherwise. Out of the 29,657 patients 3,543 died by the end of the follow-up

which was December 2013 when the data were exported from the linked database.

The high dimensional data analysis of Hou et al. (2018) selected 143 variables to predict non-
cancer mortality, and 9 variables to predict cancer mortality, in the context of these two competing
risks. The same sets of variables were used in Riviere et al. (2019) and a complete list can be
found in Table 1 and 2 of their supplemental material. For our analysis of explained variation, we
combined these two sets of predictor for overall survival, which resulted in 146 variables: PSA,
Gleason Score, age, race (black versus other), marital status (married versus other) and registry
(California versus other), plus the claims codes. A table with the distributions of these variables can

be found in the Supplemental Materials.

In Figure 1.5 we plot the difference of the cumulative hazard functions between groups as
we did for the Freireich data above, to check the additive hazards model assumption. These are
illustrated for six binary variables, the three demographical variables plus three claims codes that

are not too sparse to plot. The plots indicate that the model seems to fit the data reasonably well.

We consider three models here. We first fit the data to the semiparametric additive hazards
model with only the cancer-related clinical variables PSA and Gleason Score. We then add the four
demographical variables. Finally we added the set of claim codes. The model fits are provided in the
tables of the Supplement Materials. Table 1.5 summarizes the R? values obtained under these three
models. In the first column of the table we see that the cancer-related clinical variables alone do not
explain much (under 1%) variation in overall survival. This can at least be partially understood since
only 734 out of the 3,543 total deaths in this data set were due to cancer. Demographical variables,

on the other hand, do explain a substantial amount of variation in overall survival. This amount of
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explained variation is further increased, by a non-trivial amount, after adding in the claims codes

previously identified from the high-dimensional SEER-Medicare database.

When high dimensional claims codes are used in the data analysis, there is often the concern
of model over-fitting. In our case, with 3,543 death events and 146 total regressors, this may not be
an issue. Nonetheless, we proceed to divide the data set randomly into two parts, a training set with
14,828 observations containing 1,803 deaths, and a test set with 14,829 observations containing

A

1740 deaths. We fit the additive hazards model to the training data set and obtain the estimates 3

2

out*

and Ag (t). We use them to compute S(¢|Z) on the test data set, and obtain an out-of-sample R
Such out-of-sample R? measures are often used in machine learning applications (eg. deep learning)
in order to reduce the risk of overfitting. We report the R2,, in Table 1.5. It is seen that, for this
data, the R2,, values are in fact slightly higher than the R? computed on the full data set, or the
R2 . computed on the training data set. Were there over-fitting, the R2,, values would have been
substantially lower. The discrepancy among the three quantities currently seen is mostly due to
variability in the estimation of the conditional survival function and consequently of the total and
explained variances. For comparison purposes, we also provide in the Supplemental Materials the
three model fits to the training data set. We can compare the estimated coefficients with those using

the full data set, and observe that the estimates for the statistically signficant ones are stable across

the training versus the full data set.

At the suggestion of a reviewer, we compute the adjusted R, R?, j=1-(1- R*)(n—
1)/(n— p—1), for the three models. Here n is the sample size, and p is the number of the covariates
included in the model. The R, ; is computed on the full data set. By definition R.,; < R?, although
no difference can be seen at three digits after the decimal point between the two measures for the
first two models since p is so small compared to n. For the third model that includes 146 variables,

the difference of 0.3% between the two does not appear to signify any over-fitting.
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Finally we note that the explained variation of Z given T under the Cox model, denoted p?,
was calculated in Riviere et al. (2019) for this data. They computed p> = 0.71 for cancer mortality
and p? = 0.60 for non-cancer mortality under competing risks setting. As discussed before, the
numerical values of explained variation of 7" given Z are not directly comparable to those of Z
given T'. Considering that the former has an upper bound less than one, it is perhaps also within
reasons to conclude that our analysis under the additive hazards model agrees with that of Riviere
et al. (2019) about the contribution of the claims codes in explaining overall mortality for this
prostate cancer patient population. This conclusion echoes the initial goal of the funded project that
lead to the previous publications Hou et al. (2018); Riviere et al. (2019) to demonstrate that the
high-dimensional insurance claims codes contain useful information about mortality in this patient

population.

1.7 Discussion

In this paper we have studied explained variation under the semiparametric additive hazards
model for right-censored survival data. The explained variation is shown to lie between zero and
one, and to increase with the magnitude of the regression effect. It has been known, and is shown
again here, that the explained variation of survival time given covariates can have an upper bound
strictly less than one. Nonetheless, Ash and Shwartz (1999) argues convincingly that low R* values
can be useful as a measure of model performance and prediction, and we have illustrated the same
in our data analyses. Indeed in many of today’s genome-wide association studies, polygenic risks
scores are commonly assessed using R> measures, even though their values are typically very low

(single digit of percentage points) for most diseases studied.

The semiparametric additive hazards model is different in several aspects from the histor-

19



ically more widely used semiparametric proportional hazards model. The model and hence its
inference is not rank invariant, which makes it less familiar to most users in the seimparametric
survival analysis field. This phenomenon also carries over to the explained variation under the
model, leading to its dependence on the baseline hazard function. Of course, the choice of a model
should depend on how close it is to the true data generating mechanism. On the other hand, as
mentioned earlier the semiparametric additive hazards model is known to be collapsible, and this
makes it more sensible to compare nested models which, as we have illustrated, is a common usage

of R? type measures.

As reviewed in the Introduction, other approaches exist in the literature in order to develop
R? type measures. In the Simulation section, we have considered a residual based approach, that
relates to the explained variation of the covariates given the survival time. This was an approach
advocated under the Cox proportional hazards model O’Quigley and Xu (2012), as it does not
encounter the problem of being bounded strictly less than one. Unfortunately, for the additive
hazards model, it requires the knowledge or consistent estimation of the baseline hazard function
Ao(1), which is not provided in the commonly used software such as the R package ‘timereg’.
Smoothing methods such as kernels may be applied to Ko(t), and can be potentially used here, but
this is beyond the scope of this work. A third approach is based on information gain, but as it turns

out, it also requires an estimate of Ao (z) under the additive hazards model.

The R package ‘timereg’ also allows 3 to vary with time, i.e. B(¢) in place of B in model
(1.1). It estimates the cumulative B(t) = [} B(u)du, together with Ag(t) = [§Ao(u)du. It is possible
to define an R*> measure similar to what we have done in this paper; the computation is in fact
simpler because the estimated conditional survival function S(z|z) is a step function. To our best
knowledge little experience exists in the literature to inform us when to use this more general

nonparametric model versus the semiparametric model we have considered here. We have noticed
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that the nonparametric model does not appear suitable for the two data sets in this paper. The
Freireich data set appears to have too small a sample size to the fit the nonparametric model, in
that the resulting estimates are extremely bumpy and have large variation. The SEER-Medicare
data set, on the other hand, is so sparse in the design matrix (i.e. many zero values for the claims
codes), together with high percentage of censoring, that the resulting estimated B(t) is practically
constant zero. This is not difficult to see from the formula B(¢) = (Z"Z)~'Z" [{ dN(u), where

Z=Z1,...,Z,)" and N(u) = [Ny (u),...,N,(u)]".

The R? measure of explained variation should not be confused with goodness-of-fit measures,
although there are connections between these two concepts. Chauvel and O’Quigley (2017) show
that the population version of the explained variation under the proportional hazards model will
increase with improvements of fit, and that the best model from a large class of models maximizes
the explained variation. They consider this in a similar setting as B(¢) in the above; see also Flander
and O’Quigley (2019). However, due to issues in fitting 3(z) under the additive hazards model, we
have not been able to observe a similar phenomenon. This would be worth future investigation once

we are able to have a good estimate of B(¢), perhaps with smoothing techniques.

The R? measure developed in this work has been implemented in the R package ‘R2Addhaz’

and is publicly available on CRAN.
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Table 1.1: Simulation results for different values of B and t under the model A(r) = 1+ BZ; in
() are standard errors from simulation runs.

~

B Z Tt Censor B R? Q?
o0 0%  1.000 (0.117) 0.072 (0.017) 0.074

U(0,v/3) 43  14%  0.992(0.128) 0.067 (0.017) 0.071
1.3 39%  0.994 (0.151) 0.027 (0.013) 0.026

! o 0%  1.000 (0.103) 0.090 (0.014) 0.090
Binary 43  17%  1.001 (0.115) 0.087 (0.017) 0.090

1.3 45%  1.006 (0.140) 0.029 (0.014) 0.029

o 0%  2.996 (0.227) 0.190 (0.027) 0.191

U (0,v/3) 4.3 8%  2.984(0.238) 0.186 (0.029) 0.192
1.3 25%  2.997(0.259) 0.128 (0.027) 0.129

3 o0 0%  3.020(0.184) 0.211 (0.018) 0.209
Binary 4.3  14%  3.037 (0.231) 0.234(0.020) 0.229

1.3 38%  2.962(0.210) 0.158 (0.033) 0.166

o0 0% 15.077 (0.765) 0.368 (0.044) 0.360

U(0,v/3) 43 3% 15.175(0.916) 0.377 (0.047) 0.367
1.3 10% 15.041 (0.925) 0.356 (0.050) 0.363

15 o0 0% 15.053 (0.765) 0.308 (0.020) 0.304
Binary 4.3  12%  14.943 (0.669) 0.353 (0.021) 0.341

1.3 30% 15.083 (0.781) 0.431(0.024) 0.431

o0 0%  49.438 (3.272) 0.438 (0.070) 0.430

U (0,v3) 4.3 1%  49.878 (2.446) 0.452 (0.069) 0.440
1.3 4%  49.741 (2.695) 0.456 (0.069) 0.467

>0 o0 0% 50.3373 (2.465) 0.321 (0.020) 0.324
Binary 4.3  12% 49.761 (2.577) 0.374 (0.018) 0.364

1.3 29% 50.056 (2.479) 0.486 (0.022) 0.484
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Figure 1.2: Density of T for each of Z = 0, 1 groups, superimposed with the average R* values
over simulations for each configuration.
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Table 1.2: R? values for nested models; in () are standard errors from simulation runs.

Model Ao(t) = ()=t () =1/(2v71)
Z 0.012 (0.005) 0.016 (0.008)  0.008 (0.005)
V43 0.084 (0.019) 0.122 (0.020) 0.060 (0.015)
Z3 0.013 (0.007) 0.015 (0.006)  0.008 (0.005)
Z4 0.001 (0.001) 0.001 (0.001)  0.001 (0.001)
Zi+7 0.025 (0.010) 0.031 (0.011)  0.017 (0.010)
Z\+Z2+73 0.122 (0.028) 0.174 (0.031)  0.087 (0.023)
Zv+Zo+7Z3+2Z4 0.124(0.029) 0.176 (0.031)  0.089 (0.024)

Table 1.3: Comparison of explained variation under the semiparametric additive hazards model
and the semiparametric Cox model, when both models are correct; in () are standard errors from

simulation runs.

B Censor R? R2,.

1 0%  0.094 (0.015) 0.094 (0.015)
30%  0.063 (0.018) 0.063 (0.016)

3 0%  0.208 (0.015) 0.208 (0.015)
30%  0.207 (0.027)  0.208 (0.026)

15 0%  0.306 (0.022) 0.306 (0.022)
30%  0.433 (0.025) 0.434 (0.025)

s 0% 0.329(0.022) 0330 (0.022)
30%  0.491 (0.023)  0.493 (0.023)

Table 1.4: Explained variation of Z|T versus T |Z; in () are standard errors from simulation runs.

B 1 3 15 50 100 1000
R2., | 0.099 (0.020) | 0.291 (0.024) | 0.668 (0.026) | 0.851 (0.020) | 0.911 (0.017) | 0.988 (0.006)
RZ | 0.090 (0.016) | 0.208 (0.017) | 0.308 (0.022) | 0.328 (0.021) | 0.332 (0.021) | 0.333 (0.020)

oo
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Figure 1.3: Difference between the cumulative hazard functions of the two groups for the
Freireich data.
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Figure 1.4: Difference between the cumulative hazard functions of groups defined by some
dichotomous variables for the SEER-MEDICARE data.
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Table 1.5: R? values for the SEER-Medicare data set. R? is computed on the full data set; Rid ;

is the adjusted R? also computed on the full data set; R2,, is the out-of-sample R> computed on

the test data set, with all parameters estimated from the training data set; and R?_, is computed
only on the training data set.

Model R2 Rﬁd j Rgut thrain
Clinical 0.048 0.048 0.053 0.051
Clinical + Demo. 0.270 0.270 0.271 0.261

Clinical + Demo. + Claims 0.373 0.370 0.388 0.379

1.8 Appendix

1.8.1 Q? increases with |3

: proof of a specific case

Here we prove that Q2 increases with |B| when Z is Bernoulii with p = 0.5 and under the

semiparametric hazards model (1.1). We have:

E{Var(T |2)} = E{E(T*|2)}-[E{E(T*|2)}]’ (1.21)
oo 00 2
= 2 2/0 texp{—Ao(t)}dt—VO exp{—Ao(t)}dt]]
o0 oo 2
+% 2/0 rexp{—Ao(t) — Bt}dr — [/0 exp{—Ao(t)—Bt}dt] ],
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and

Var(T) = E{Var(T |Z)}+ Var{E(T |Z2)} (1.22)
= E{E(T*|2)} - [E{E(T|2)})

_ % {2/()wtexp{—Ao(t)}dt—1—2/0°°texp{—Ao(t)—Bt}dt}
- B /0 " exp {—Aolt) }dr + % /0 " exp{—Aolr) Bt}dt} g

If we take the derivative with respect to |B| of these quantities we get:

OE{Var(T |Z)} —sien T Pexp{— -
J|B| = —sig (B)/O r*exp{—Ao(r) — Pr}dr (2

+sign(P) /Owexp{—Ao(t) - Bt}dt/owtexp{—l\o(t) — Bt }dt

= —sign(B)%E (T°|z=1) —i—sign(B)%E (T|z=1)E(T*|z=1),

and

oVar(T) . *
Sp = e /O 2exp {—Ao(r) — rldt (1.24)

+sign(P) B /0 wexp{—/\o(t)}dt—k% /O " exp{—Ao(t) — Bt}dr]
x /O " exp{—Ao(r) — Bt}dr

_ —sign(B)%E (1% | Z=1) +sign(B) BE (T1Z=1)+ %E (T|Z= oﬂ

| =

xE(T*|Z=1).
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By equation (1.23) and (1.24), and after some algebra:

202
d|B|
— sign(B) (Var(T)) 2

X {E{Var(T|Z)}{%E(T|Z:1)E(T2|Z:1)—%E(T|Z:O)E(T2|Z:1)H

(1.25)

Var{E(T | Z)} {—3E(T?|Z=1)+3E(T |Z=1)E(T*|Z=1)}
{Var(7)}? '

—sign(P) (1.26)

If now we consider the special case of Ag(¢) = 1, for which A(z) > 0 if and only if B > —1,

we have:
2
% (1.27)
- {s;i?(%z 1E{Var(T]Z)}E(T2]Z:1) (%)JrVar{E(T\Z)}(ﬁ)}
_ BI+B) (1.28)
{4Var(T)}* (1+B)* ~ '

proving that the measure increases with |B].
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1.8.2 SEER-MEDICARE Data

Table 1.6: Patient characteristics and claims codes from the SEER-Medicare dataset. Presented
are mean (standard deviation) for the continuous variables, and frequency (%) for the binary

variables.
Overall (n = 29657)

PSA 11.34 (14.91) var3890 322 (1.1%) var2485 6 (0.0%)
GleasonScore  6.72 (0.94) vard078 953 (3.2%) varl7297 6 (0.0%)
age 73.63 (5.61) vard229 816 (2.8%) var2431 43 (0.1%)
isBlack 3470 (11.7%) vardl65 1364 (4.6%) var2433 23 (0.1%)
isMarried 20501 (69.1%) vard4003 800 (2.7%) var2426 357 (1.2%)
isRegCalifornia 13352 (45.0%) var7750 1678 (5.7%) var7718 426 (1.4%)
var1001 162 (0.5%) varl7042 3662 (12.3%) var7673 356 (1.2%)
var7882 2026 (6.8%) varl517 18 (0.1%) var3770 1 (0.0%)
var5498 511 (1.7%) varl718 117 (0.4%) varl5060 1480 (5.0%)
var1806 2(0.0%) varld56 837 (2.8%) var7684 2311 (7.8%)
varl7742 382 (1.3%) varl500 210 (0.7%) varl6918 1 (0.0%)
var4270 24 (0.1%) var5681 2 (0.0%) var3503 8 (0.0%)
vard11s 1 (0.0%) varl4203 16 (0.1%) var2833 496 (1.7%)
varl8195 12 (0.0%) varl4388 31 (0.1%) varl7473 3 (0.0%)
vard418 63 (0.2%) var5462 171 (0.6%) varl1745 6 (0.0%)
var13233 29 (0.1%) var7887 431 (1.5%) var6136 5 (0.0%)
vard274 102 (0.3%) var5450 61 (0.2%) varl8556 4 (0.0%)
var20250 53 (0.2%) var5525 1920 (6.5%) varl6384 15 (0.1%)
var4091 54 (0.2%) var8019 24773 (83.5%) var6164 2 (0.0%)
vard074 25 (0.1%) varl921 76 (0.3%) vard827  5(0.0%)
var4286 32 (0.1%) varl3593 30 (0.1%) varl4591 12 (0.0%)
vard137 2078 (7.0%) varl6169 99 (0.3%) var21353 22 (0.1%)
var10944 226 (0.8%) varl870 297 (1.0%) var12800 4 (0.0%)
vard117 2902 (9.8%) varl844 3942 (13.3%) varl8487 21 (0.1%)
var3975 1169 (3.9%) varl361 45 (0.2%) varl7644 21 (0.1%)
var4145 170 (0.6%) varl5637 2 (0.0%) varl0776 115 (0.4%)
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Overall (n = 29657)

var6937
varl15867
var18793
var19387
varl5736
var11825
var7025
varl8457
var17613
var7723
var16068
var19322
var6170
var17623
varl7574
varl7743
var11902
varl7739
var15454
varl7591
var16063
varl7577
var19323
var19342
var21322
var18854
varl7734
var1937
var1927
var1938
var2082
varl979
var2100

28 (0.1%)
14 (0.0%)
17 (0.1%)
10 (0.0%)
65 (0.2%)
25 (0.1%)
37 (0.1%)
124 (0.4%)
91 (0.3%)
372 (1.3%)
601 (2.0%)
88 (0.3%)
276 (0.9%)
78 (0.3%)
1140 (3.8%)
548 (1.8%)
1648 (5.6%)
1985 (6.7%)
23500 (79.2%)
1022 (3.4%)
6742 (22.7%)
2680 (9.0%)
153 (0.5%)
97 (0.3%)
51 (0.2%)
2417 (8.1%)
10 (0.0%)
10 (0.0%)

6 (0.0%)

14 (0.0%)
5(0.0%)
376 (1.3%)
223 (0.8%)

vard775
vard706
var4663
vard671
vard769
varl7257
var4785
vard758
var9553
var9945
var10180
var9082
var10199
var10902
var21288
var5454
var3873
var4158
var4339
var4282
varl724
varl455
var5456
var5466
var14419
varl810
var840
var2444
var13506
var21338
var7810
var16062
varl5698

66 (0.2%)
3027 (10.2%)
696 (2.3%)
654 (2.2%)
386 (1.3%)
1101 (3.7%)
226 (0.8%)
419 (1.4%)

4 (0.0%)

5 (0.0%)

25 (0.1%)

7 (0.0%)

155 (0.5%)
1976 (6.7%)
16 (0.1%)

665 (2.2%)

2 (0.0%)

123 (0.4%)
1630 (5.5%)
702 (2.4%)

36 (0.1%)
6985 (23.6%)
391 (1.3%)
587 (2.0%)
24699 (83.3%)
3 (0.0%)

5 (0.0%)

329 (1.1%)

3 (0.0%)

1 (0.0%)

36 (0.1%)
20290 (68.4%)
20071 (67.7%)
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Table 1.7: Fit of the additive hazards model on the full data set with clinical variables as
covariates

Estimate  Std. Error  Z value  Pr(> |z])
PSA 9.40e-04  5.83e-05 16.130  <0.001
GleasonScore 1.21e-02 7.13e-04  16.939 <0.001

Table 1.8: Fit of the additive hazards model on the full data set with clinical and demographical
variables as covariates

Estimate  Std. Error  Zvalue Pr(> |z|)

PSA 7.13e-04  5.81e-05 12.266  <0.001
GleasonScore 8.94e¢-03  7.07e-04 12.657 <0.001
age 3.87e-03  1.34e-04 28.906 <0.001
isBlack 1.07e-02  1.83e-03 5.834 <0.001
isMarried -1.21e-02  1.23e-03 -9.771  <0.001

isRegCalifornia -4.05e-03 1.02e-03  -3.976  <0.001
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Table 1.9: Fit of the additive hazards model on the full data set with clinical, demographical
variables and claim codes as covariates.

Estimate  Std. Error  Z value Pr(> |z|)

PSA 5.65e-04 5.81e-05 9.725 <0.001
GleasonScore 8.34e-03  7.08e-04 11.775 <0.001
age 3.05e-03 1.34e-04 22.842 <0.001
isBlack 2.46e-03  1.85e-03 1.331 0.183
isMarried -7.85e-03 1.23e-03  -6.353 <0.001
isRegCalifornia -3.31e-03 1.05e-03  -3.145  0.002
var1001 347e-02 1.26e-02 2.749 0.006
var7882 7.67e-03  298e-03 2.570 0.010
var5498 7.69¢-03  6.15¢-03  1.250 0.211
var1806 -8.68e-03  9.52e-02  -0.091  0.927
varl7742 3.01e-02 1.28e-02 2.346 0.019
var4270 -1.29¢-02  3.34e-02  -0.385 0.700
var4115 347e-01 4.18¢-01 0.829 0.407
var18195 1.38e-01  9.16e-02  1.508 0.132
var4418 1.06e-02  2.16e-02  0.492 0.623
var13233 6.05e-02  4.76e-02  1.270 0.204
var4274 2.50e-02 1.77e-02  1.409 0.159
var20250 6.05e-02  4.54e-02  1.332 0.183
var4091 1.16e-02  1.78¢-02  0.653 0.514
var4074 1.52e-02  3.31e-02  0.459 0.646
var4286 2.09e-02 4.73e-02 0.442 0.658
var4137 2.98e-02 3.88¢-03  7.671 <0.001
var10944 1.88e-02  1.23e-02  1.531 0.126
var4117 1.60e-02  2.58¢-03  6.191 <0.001
var3975 5.70e-03 3.94e-03 1.446 0.148
var4d145 3.59¢-02 1.56e-02 2.294 0.022
var3890 3.27e-02 1.24e-02  2.637 0.008
var4078 8.606e-03 5.10e-03  1.697 0.090
var4229 1.27e-02  5.36e-03  2.370 0.018
var4165 3.94e-03 3.84e-03 1.027 0.305
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Estimate  Std. Error Z value Pr(>|z|)
var4003  7.87e-03 4.91e-03  1.602 0.109
var7750  3.60e-05 3.34e-03  0.011 0.991
varl7042 -1.18e-02 1.51e-03  -7.783  <0.001
varl517  2.34e-02  3.54e-02  0.661 0.509
varl718  1.29e-02 2.23e-02  0.579 0.563
varl456  3.56e-03  4.53e-03  0.786 0.432
var1500 1.71e-03  1.18e-02  0.145 0.885
var5681  5.03e-02  1.03e-01  0.489 0.625
var1l4203 3.63e-02 4.17e-02  0.873 0.383
var14388 8.30e-02  4.08e-02  2.033 0.042
var5462  7.46e-03 1.61e-02  0.462 0.644
var7887  1.64e-02  7.53e-03  2.171 0.030
var5450  5.73e-02  3.38e-02  1.697 0.090
var5525  4.34e-03  3.28e-03  1.322 0.186
var8019  -4.36e-03 2.17e-03  -2.014 0.044
varl921 1.98e-02  1.69e-02 1.171 0.242
varl3593 2.95e-02 3.36e-02  0.879 0.379
varl6169 3.38e-02 1.77e-02  1.909 0.056
varl870  3.91e-03 8.24e-03  0.474 0.635
varl844  2.41e-03 1.98e-03  1.215 0.225
var1361 1.76e-02  2.28¢-02  0.770 0.441
varl5637 7.47e-01  6.39e-01 1.169 0.242
var2485  1.47e-01 9.78e-02  1.498 0.134
varl7297 1.42e-01  1.02e-01 1.387 0.165
var2431  3.63e-02  2.62e-02  1.388 0.165
var2433  4.75e-02  4.95e-02  0.960 0.337
var2426  4.15e-02  1.16e-02  3.586 <0.001
var7718  -3.88e-03 6.76e-03  -0.573  0.567
var7673  2.45e-02  1.09e-02  2.259 0.024
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Estimate  Std. Error Z value Pr(> |z|)
var3770  -4.61e-02 3.85e-03 -11.990 <0.001
varl5060 1.55¢-03 4.23e-03  0.368 0.713
var7684  -8.48e-03 2.37e-03 -3.579 <0.001
varl6918 3.02¢-01  3.31e-01 0.915 0.360
var3503  7.69e-03 3.73e-02  0.206 0.837
var2833  6.05¢-03  5.27e-03 1.148 0.251
varl7473 1.21e-02 6.63e-02  0.183 0.855
var11745 991e-02  1.00e-01 0.989 0.322
var6136  2.68e-01 1.47e-01 1.826 0.068
var18556 3.24e-01  3.18e-01 1.020 0.308
varl6384 2.71e-02  3.19e-02  0.848 0.396
var6164  7.30e-02  1.16e-01 0.628 0.530
vard827  6.75¢-02  7.98e-02  0.846 0.397
var14591 2.58e-03  3.33e-02  0.078 0.938
var21353 2.53e-02 5.98e-02 0.424 0.672
var12800 1.77e-01  2.34e-01  0.756 0.450
var18487 5.82e-03 3.19e-02  0.183 0.855
var17644 9.72¢-02  6.25e-02 1.555 0.120
varl0776 2.19e-02  1.54e-02 1.426 0.154
var6937 1.72e-02  2.59¢-02  0.663 0.507
var15867 2.48e-02 3.58e-02 0.694 0.488
varl8793 1.93e-01 9.11e-02  2.119 0.034
var19387 2.64e-01  1.48e-01 1.778 0.075
varl5736 3.85e¢-02  2.12e-02 1.813 0.070
var11825 1.04e-01 5.80e-02  1.801 0.072
var7025  2.03e-02  3.83e-02  0.529 0.597
var18457 2.76e-02  2.09¢e-02  1.320 0.187
varl7613 1.20e-02 2.36e-02  0.510 0.610
var7723  7.24e-03 8.27e-03  0.875 0.381
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Estimate  Std. Error Z value Pr(>|z|)
varl6068 -5.10e-03 5.03e-03 -1.013 0.311
var19322 -1.87e-02 2.68e-02 -0.700 0.484
var6170  8.18e-03  9.07e-03  0.902 0.367
varl7623 -3.19e-02 2.67e-02  -1.192  0.233
varl7574 -7.50e-04 4.94e-03 -0.152 0.879
varl7743 2.03e-02  8.84e-03  2.293 0.022
var11902 6.65e-03  3.63e-03  1.833 0.067
varl7739 2.61e-04 4.45e-03  0.059 0.953
varl5454 -5.19e-03 2.90e-03 -1.788  0.074
varl7591 -1.23e-03 5.75e¢-03  -0.214  0.831
varl6063 -1.90e-03 1.16e-03  -1.638  0.101
varl7577 -2.83e-03 3.46e-03 -0.818 0.413
var19323 3.51e-02 1.99e-02 1.761 0.078
var19342 4.84e-02  3.17e-02  1.528 0.126
var21322 -1.01e-02 3.55e-02 -0.284 0.777
varl8854 -6.69e-03 1.73e-03  -3.855 <0.001
varl7734 3.85e-02 5.37e-02  0.718 0.473
var1937  2.58e-01 1.91e-01 1.349 0.177
varl927  2.48e-01  1.74e-01 1.422 0.155
var1938 1.41e-01  1.08e-01 1.312 0.189
var2082  -7.31e-02 4.14e-02 -1.765 0.078
varl979  4.88e-02 1.26e-02  3.873 <0.001
var2100  1.02e-02  1.33e-02  0.768 0.442
vard775  6.64e-02  2.77e-02  2.399 0.016
vard706  1.32e-02  2.60e-03  5.087 <0.001
var4663 1.87e-02  6.19¢-03  3.023 0.003
var4d671  7.59e-03  5.85e-03  1.298 0.194
vard769  1.07e-02  7.42e-03  1.447 0.148
varl7257 8.46e-03 3.78e-03  2.240 0.025
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Estimate  Std. Error Z value Pr(>|z|)
vard785  2.53e-02  1.23e-02  2.065  0.039
var4758  2.51e-02 9.74e-03  2.581 0.010
var9553  1.42¢-01  9.64e-02 1469  0.142
var9945  -1.35e-02 9.99e-02 -0.135 0.893
varl0180 2.74e-02  2.58¢-02 1.061  0.288
var9082  -1.09e-02 1.10e-01  -0.099  0.921
varl0199 2.04e-02 1.27¢-02 1.608  0.108
var10902 4.29e¢-03  2.68e-03 1.600 0.110
var21288 2.54e-02 5.33e-02  0.476 0.634
var5454  -1.60e-03 8.14e-03  -0.196  0.845
var3873  2.60e-01  2.25e-01 1.156 0.248
var4158  6.33e-03  1.64e-02  0.385 0.700
var4339  4.61e-03  3.45e-03 1.336 0.182
vard282  1.11e-02  6.04e-03  1.834  0.067
varl724  -3.30e-02 2.17e-02  -1.520 0.129
varl455  2.27e¢-03 1.41e-03 1.613  0.107
var5456  1.41e-02  7.90e-03 1.787 0.074
var5466 1.77e-02  7.63e-03  2.324 0.020
varl4419 -2.02e-03 3.55¢-03 -0.569 0.570
varl810  1.86e-01  2.19e-01  0.849 0.396
var840 2.83e-02  7.38e-02 0.384 0.701
var2444  3.65e-02  9.14e-03  3.990 <0.001
var13506 4.94e-01  3.49¢-01 1415  0.157
var21338 3.08e-01 3.73e-01  0.828 0.408
var7810  6.23e-02  4.80e-02 1.299  0.194
var16062 -1.77e-03 1.36e-03  -1.302  0.193
varl5698 -8.28e-03 1.36e-03  -6.084 <0.001
varl7681 -3.43e-03 1.68e-03  -2.042 0.041
var7826  1.13e-04 2.36e-03 0.048  0.962

Table 1.10: Fit of the additive hazards model on the training data set with clinical variables as
covariates

Estimate  Std. Error  Z value  Pr(> |z])
PSA 8.97e-04  8.02e-05 11.173  <0.001
GleasonScore 1.38¢-02 1.04e-03  13.191 <0.001
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Table 1.11: Fit of the additive hazards model on the training data set with clinical and demo-
graphical variables as covariates

Estimate  Std. Error Z value Pr(> |z|)

PSA 6.93e-04  8.01e-05 8.650 <0.001
GleasonScore 1.04e-02  1.03e-03 10.060  <0.001
age 3.87e-03  1.90e-04 20356 <0.001
isBlack 9.14e-03  2.60e-03 3.511 <0.001
isMarried -1.17e-02  1.75e-03 -6.698  <0.001

isRegCalifornia -3.41e-03 1.47e-03  -2.329  0.020
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Table 1.12: Fit of the additive hazards model on the training data set with clinical, demographical
variables and claim codes as covariates

Estimate  Std. Error  Z value Pr(> |z|)

PSA 5.43e-04 7.99-05 6.795 <0.001
GleasonScore 9.92e-03 1.03e-03 9.594 <0.001
age 3.04e-03 1.91e-04 15936 <0.001
isBlack 1.65e-03  2.63e-03  0.627 0.530
isMarried -7.85e-03 1.75¢-03  -4.487 <0.001
isRegCalifornia -3.29e-03 1.52e-03  -2.166  0.030
var1001 3.33e-02  1.80e-02  1.848 0.065
var7882 6.30e-03  4.22¢-03  1.492 0.136
var5498 1.41e-02  9.21e-03  1.527 0.127
var1806 1.18e-01 2.24e-01  0.529 0.597
varl7742 391e-02 1.84e-02 2.128 0.033
var4270 -4.00e-02 3.61e-02 -1.109  0.267
var4115 3.37e-01 4.18¢-01  0.806 0.420
var18195 1.95e-02 9.91e-02 0.197 0.844
var4418 1.09e-02  2.53e-02  0.429 0.668
var13233 9.14e-02  6.35e-02  1.439 0.150
var4274 2.41e-02 2.22e-02 1.089 0.276
var20250 2.58¢-02 5.94e-02 0.434 0.664
var4091 4.92¢-02 3.54e-02  1.387 0.165
var4074 -8.89e-03 3.98e-02 -0.223  0.823
var4286 3.52e-02  7.59e-02 0.463 0.643
var4137 3.28e-02 5.60e-03  5.849 <0.001
var10944 7.20e-03 1.68e-02  0.427 0.669
var4117 2.17e-02  3.76e-03  5.767 <0.001
var3975 9.11e-03 5.66e-03  1.609 0.108
var4d145 5.65e-02  2.52e-02  2.245 0.025
var3890 3.03e-02  1.79e-02  1.695 0.090
var4078 1.17e-02  7.85¢-03  1.492 0.136
var4229 1.11e-02  7.41e-03  1.495 0.135
var4165 3.78e-04  5.54e-03  0.068 0.946
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Estimate  Std. Error Z value Pr(>|z|)
var4003  5.79e-03  6.80e-03  0.852 0.394
var7750  -8.45e-04 4.72e-03  -0.179  0.858
varl7042 -1.18e-02 2.21e-03  -5.337 <0.001
varl517  3.72e-02  4.82¢-02  0.771 0.441
varl718  1.97e-02 3.23e-02  0.609 0.543
varl456  -4.07e-03 6.01e-03  -0.677  0.499
varl500  -1.18e-03 1.75e-02  -0.068  0.946
var5681  4.29e-02  1.03e-01  0.419 0.675
var14203 1.12e-01 9.42e-02  1.193 0.233
var14388 2.05e-01 9.74e-02  2.101 0.036
var5462  1.85e-02  2.30e-02  0.807 0.420
var7887  2.25e-02  1.07e-02  2.099 0.036
var5450  8.41e-02 5.89e-02  1.427 0.154
var5525  1.00e-03  4.54e-03  0.221 0.825
var8019  -4.03e-03 3.15¢-03  -1.281 0.200
varl921  3.55e-02  2.30e-02  1.545 0.122
var13593 2.98e-02 4.32e-02  0.691 0.490
varl6169 7.19e-02  3.19e-02  2.254 0.024
varl870  1.06e-02 1.27e-02  0.834 0.404
varl844  1.59e-03  2.82e-03  0.566 0.572
var1361 -1.94e-02 2.78e¢-02 -0.699 0.485
varl5637 7.79e-01  6.41e-01 1.215 0.224
var2485  2.76e-01  1.86e-01  1.488 0.137
varl7297 2.27e-01  1.56e-01 1.458 0.145
var2431 1.95e-02 3.17e-02 0.616 0.538
var2433  -1.50e-03 5.20e-02  -0.029  0.977
var2426  4.27e-02  1.53e-02  2.786 0.005
var7718  -2.70e-03 9.41e-03  -0.287 0.774
var7673  4.05e-02  1.64e-02  2.471 0.013
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Estimate  Std. Error Z value Pr(>|z|)
var3770  -4.34e-02 5.46e-03 -7.956 <0.001
var15060 -7.18e-04 5.77¢e-03  -0.124  0.901
var7684  -7.28e-03 3.36e-03 -2.165 0.030
varl6918 3.03e-01 3.31e-01  0.916 0.360
var3503  -3.27e-02 7.4le-03 -4.412 <0.001
var2833  7.53e-03  7.32e-03  1.028 0.304
varl7473 -1.78e-02 5.24e-03  -3.394  0.001
varl1745 4.99e-02  9.56e-02  0.521 0.602
var6136  4.32e-01  2.30e-01 1.878 0.060
var18556 5.42e-02  2.54e-01  0.213 0.831
varl6384 1.70e-02 4.81e-02  0.354 0.724
var6164  2.49e¢-01 3.33e-01  0.749 0.454
var4827  6.43e-02  8.00e-02  0.803 0.422
varl4591 -6.18e-03 4.02e-02  -0.154  0.878
var21353 -4.77e-03 8.93e-02 -0.053 0.957
var12800 2.28e-01  2.90e-01  0.786 0.432
varl8487 2.37e-03  3.88e-02  0.061 0.951
varl7644 1.45e-01  9.12e-02  1.591 0.112
varl0776 1.00e-02 1.91e-02  0.525 0.600
var6937  4.35e-02 5.22e-02  0.833 0.405
varl5867 2.34e-02 6.42e-02  0.365 0.715
varl8793 1.96e-01  2.06e-01  0.951 0.342
var19387 7.10e-01  5.05e-01  1.404 0.160
varl5736 3.28e-02 2.70e-02  1.215 0.224
var11825 6.01e-02 6.59e-02 0913 0.361
var7025  4.87e-02  6.63e-02  0.735 0.463
varl8457 5.25e-02 3.01e-02  1.745 0.081
varl7613 -7.14e-03 3.28e-02  -0.218  0.828
var7723  5.64e-03 1.18e-02  0.478 0.633
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Estimate  Std. Error Z value Pr(>|z|)
varl6068 -8.28e-03 6.90e-03  -1.199  0.231
var19322 -9.97e-03 4.07e-02  -0.245 0.807
var6170  -4.33e-04 1.20e-02 -0.036 0.971
varl7623 -3.80e-02 3.73e-02 -1.018 0.309
varl7574 -6.01e-03 6.94e-03  -0.866  0.387
varl7743 2.11e-02  1.25e-02  1.686 0.092
var11902 3.46e-03 4.88e-03  0.709 0.478
varl7739 -7.28e-03 6.14e-03  -1.186  0.236
varl5454 -6.04e-03 4.29¢-03 -1.408 0.159
varl7591 -6.97e-03 8.33e-03  -0.838  0.402
varl6063 -1.44e-03 1.68e-03  -0.859 0.391
varl7577 -3.16e-04 5.01e-03  -0.063  0.950
var19323 1.48e-02 2.56e-02  0.577 0.564
varl9342 597e-02 4.68e-02  1.278 0.201
var21322 3.09e-02 4.81e-02  0.642 0.521
varl8854 -6.63e-03 2.45e-03 -2.705  0.007
varl7734 4.81e-03  6.35e-02  0.076 0.940
varl937  2.34e+00 1.86e+00 1.256 0.209
varl927  2.27e-01  1.79e-01 1.263 0.206
var1938  1.16e-01  1.33e-01  0.868 0.385
var2082  -1.04e-01 6.37e-02  -1.631 0.103
varl979  3.62e-02 1.67e-02  2.162 0.031
var2100  9.01e-03  1.82e-02  0.494 0.621
vard775  6.17e-02  3.48e-02  1.775 0.076
vard706  1.27e-02  3.75e-03  3.395 0.001
var4663  2.12e-02  9.02e-03  2.355 0.019
var4671  -3.26e-03 8.08e-03  -0.403  0.687
vard769  2.84e-02  1.19e-02  2.382 0.017
varl7257 7.48e-03  5.30e-03 1.412 0.158
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Estimate  Std. Error Z value Pr(>|z|)
vard785  1.69e-02  1.69¢e-02  1.001  0.317
vard758  4.04e-02  1.54e-02  2.617 0.009
var9553  -9.24e-03 8.65¢-03  -1.068  0.285
var9945  -9.69e-02 891e-02 -1.088  0.277
varl0180 3.36e-04 2.48e-02  0.014  0.989
var9082  1.41e-01 3.19e-01  0.443 0.658
varl0199 2.77e-02  1.79e-02  1.550 0.121
var10902 -4.23e-04 3.75¢-03 -0.113 0.910
var21288 -4.98e-02 6.76e-02  -0.737 0.461
var5454  1.30e-02  1.20e-02  1.085 0.278
var3873  2.62e-01 2.25e-01 1.166 0.244
var4d158  4.49e-02  2.70e-02  1.663 0.096
var4339  3.74e-03 4.79¢e-03  0.780 0.435
vard282  1.57e-02  8.60e-03  1.824  0.068
varl724  -1.32e-02 3.27e-02 -0.402  0.687
varl455  4.35e-03  2.05e-03 2.120  0.034
var5456  9.20e-03  1.07e-02  0.862 0.389
var5466 1.63e-02  1.02e-02  1.595 0.111
varl4419 -2.49e-03 5.30e-03 -0470 0.639
varl810  7.76e-01  6.64e-01 1.168 0.243
var840 -4.77e-02 8.45e-03 -5.643 <0.001
var2444  4.58e-02 1.38e-02  3.311 0.001
varl3506 5.10e-01 5.36e-01  0.952  0.341
var21338 3.12e-01 3.73e-01  0.838 0.402
var7810  5.60e-02  1.0le-01  0.552  0.581
varl6062 -2.19e-04 1.90e-03  -0.115  0.908
varl5698 -1.08e-02 1.96e-03 -5.523 <0.001
varl7681 -2.68e-03 2.54e-03 -1.056 0.291
var7826  -4.38¢-04 3.34e-03  -0.131  0.896
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Chapter 2

DeepHazard: neural network for

time-varying risks

2.1 Introduction

Understanding the relationship between covariates and the distribution of survival time is
fundamental in many fields spanning medicine, biology, healthcare, economics, and engineering.
Survival data are often incomplete due to censoring, making the traditional predictive methods
unsuitable. Traditionally, several semiparametric survival models, such as the popular Cox Model
(Cox, 1972), the Additive Hazards Model (Aalen, 1980) or the Accelerated Failure Time model
(Wei, 1992), have been proposed and extensively used. Developed to deal with censoring; however,
they model the hazards as a particular function of a linear combination of the data, limiting their

applicability in many real-world applications.

To overcome this difficulty, the interest in using deep learning methods, such as neural

networks, for survival prediction has been increasing. Several nonparametric extensions of the Cox

45



Model have appeared in the literature; see, for example, (Faraggi and Simon, 1995; Ching et al.,
2018; Liao and Ahn, 2016; Zhu et al., 2016; Katzman et al., 2018; Kvamme et al., 2019). They
make use, to train the neural network, of the classical Cox partial likelihood and base their analysis
on the proportional hazard assumption. The latter is often unrealistic and represents a relevant
limitation. Non-proportional hazards are widely occurrent: when the effect of a treatment vanishes
over time, and henceforth the ratio of the hazards tends to one, or when a drug is beneficial for one
subgroup but harmful for the other, resulting in crossing survival curves. Non-proportional hazards
are difficult to model. They usually indeed don’t allow the use of a flexible and nonparametric

baseline hazard.

Another line of work pertains the usage of discrete-time hazards for survival prediction; see
for example, Liestbl et al. (1994); Brown et al. (1997); Biganzoli et al. (1998); Zhu et al. (2016);
Luck et al. (2017); Fotso (2018); Lee et al. (2018); Gensheimer and Narasimhan (2019); Grisan et al.
(2019); Ren et al. (2019); Zhao and Feng (2019); Lee et al. (2019). They don’t make assumptions on
the form of the hazard; however, they treat survival time as a discrete random variable taking only
finitely many pre-determined values, loosing, therefore, the continuous nature of the problem itself.
Moreover, they often cast the survival problem as a classification one, considering every observation
as a sequence of zeros and ones to indicate their status. Naturally, with discrete approaches, the
hazard is no longer a rate but a conditional probability. A different approach is the one proposed by
Zhao and Feng (2019). The authors reduce the survival problem to a standard regression problem
by considering inputting the missing outcomes with Kaplan Meier survival estimates. However,
regression on such pseudo-responses is deemed biased whenever data is not missing at random. We

construct, instead, a new survival neural network.

To overcome these limitations, we propose DeepHazard, a new neural network that doesn’t

rely on the assumption of proportional hazards while not neglecting the continuous nature of the
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data. Our approach is indeed tailored for a wide range of hazards, with the only restriction of being
continuous and additive in time. Illustrative examples include a case where the effect of treatment or

the treatment status changes with time; some patients are treated only after their disease progresses.

Building on the promising alternative of the Cox model, the non-parametric additive hazards
model, we propose a new non-parametric alternative of the additive hazards loss. The latter doesn’t
constrain the risk of being of a particular form or being constant in time. Moreover, it naturally
incorporates time-dependent covariates making our approach suitable for a large class of real data
applications. In particular, our approach is designed to treat an aligned type of data arising whenever
for each observation, and each covariate, a sequence of measurement at different time points is

available, for example, in a series of follow-up visits.

The sequential nature of the data is incorporated by dividing the data in multiple time-frames
and building a neural network in each time-frame to estimate the time-varying risk. Each neural
network is trained on the observations, still at risk. Moreover, the interdependency between different
time-frames is directly assimilated by adding to the input of every time interval-specific neural
network, the output of the network built in the previous time-period. Figure 2.1 presents one possible
architecture. The output node (blue in Figure 2.1) of each of the time-frames, denotes the predicted
value of the risk score at that period. The input nodes (red in Figure 2.1) in each of the time-frames
denote at-risk observations at that time-frame. Note that they change both in numbers and type
from time-frame to time-frame. For the proposed neural network, the steps of feature extraction and
survival analysis are not separated or done through two separate optimization procedures. They are
gathered in one unique neural network, and the optimization of all the parameters happens together

using the proposed survival loss. In this way, observations still at-risk are kept together.

DeepHazard outputs, for each combination of covariates, a rich estimate of the risk function

and, for external covariates, survival function, including the baseline survival, as well as survival
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in desired time-intervals, therefore allowing a deep understanding of the time to event distribution
and comparison between different groups and observations. The performance of our approach is
evaluated through extensive simulations. We show that our method outperforms existing methods in
terms of predictive capability, evaluated through the time-dependent C-index metric (Antolini et al.,
2005). We also apply DeepHazard to the popular real datasets: METABRIC, GBSG, and ACTG to

study time to death of breast-cancer and HIV-infected patients.

2.1.1 Related literature

Different methods that make use of machine learning techniques have been employed to
analyze continuous survival data. Random survival forest of Ishwaran et al. (2008) extends the
random forest methodology to survival analysis. Recently broadened to accommodate time-varying
covariates, (Wongvibulsin et al., 2020), random survival forest consists of an ensemble of survival
trees that are grown following a particular splitting rule that aims to maximize the difference
between estimated survival curves in children nodes. Although a model is not explicitly assumed,
the random survival forest’s predictive performance depends on the splitting rule chosen. The most
popular uses log-rank split statistics, which is known to lack power when the proportional hazards

assumption is violated.

Machine learning techniques for discrete-time survival data include DeepHit and Dynamic-
DeepHit, (Lee et al., 2018, 2019), a neural network that directly estimates the probability mass
function of experiencing a particular event at a specific time. Fotso (2018) recasts the output of
observation as a sequence of zeros (up to the event time) followed by a sequence of ones (after
the event time) and applies the framework of neural networks to the multi-task logistic regression.
Kvamme and Borgan (2019) rewrites the output as a vector of zeros with a single one corresponding

to the observed event and makes use of the negative log-likelihood for Bernoulli data to train the
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neural network. The authors then propose an extension to continuous-time survival data using
discretization and interpolation strategies. Zhong and Tibshirani (2019) introduce the stacking idea
that recasts the data into a large data frame where the output column is a series of zeros and ones.
The problem is then treated as a classification problem onto which various existing techniques can

be directly applied.

When the time is not discretized and is treated as continuous, semi-parametric approaches
based on the popular Cox model have been proposed. Katzman et al. (2018) parametrizes a Cox
regression model with a neural network building on the work of Faraggi and Simon (1995). Kvamme
et al. (2019) proposes an extension of it introducing an approximation of the partial log-likelihood
to batches of data and allowing the relative risk function to depend on time. In both cases, the
model is a relative risk model that does not allow the introduction of time-dependent covariates. A
fully parametric approach has recently been proposed by Nagpal et al. (2020), where the survival
function conditional on the fixed (not time-dependent) covariates is assumed to be a mixture of

individual parametric survival distributions.

In this work, we build on the literature of semiparametric models for continuous-time
survival data, proposing a different loss function, entirely unrelated to the partial likelihood typical
of the proportional hazards model. Moreover, we propose a framework that allows the extension of

our and potentially many other neural network methodologies to time-dependent covariates.

2.1.2 Organization of the paper

Section 2.2 contains the details of the proposed DeepHazard algorithm which includes a
new time-additive hazards model, Section 2.2.1, a decomposition of the loss function, Section 2.2.3,
as well as the details of the estimation and prediction, Section 2.2.4 and 2.2.5, respectively. Section

2.3 includes detailed finite sample experiments on time-dependent covariates and outcomes where
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we illustrate the impact of censoring, sample size, time, and feature space. Section 2.4 focuses on
real data examples where we compare with the Random Survival Forest and DeepSurv algorithms

and demonstrate superior performance.

2.2 DeepHazard learning

We introduce a new survival model, additive in time only, that explains the survival of a

subject given, possibly time-varying, covariates.

Observations of survival times are often censored. This is the case when a patient drops out
of a hospital or drug-treatment study. The time of death is, in this case, never observed; however, we
know that the patient was still alive when he left the study. This is modeled with a random variable
C. If T denotes the survival time, then the censored observations regarding the outcome of interest
are denoted with X = min{7,C}. Together with X we typically assume that an event indicator, J is

observed; here, 6 = 1{T < C}.

Medical studies are typically monitored in regular time intervals where a set of personal,
medical information is collected, such as blood pressure, drugs taken, temperature reading, oxy-
genation of the blood. Some of those can naturally be treated as baseline variables, i.e., variables not
changing with time; examples include gene expressions of particular tumor tissue, demographics,
age. However, the majority are time-varying. For simplicity in notation, we denote all of the

covariates as time-varying variables Z(t) € R”.
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Figure 2.1: Example of DeepHazard architecture: The output node (blue) of each time-frame,

denotes the predicted value of the hazard at that time period. The input nodes (red) in each of
the time-frames denote at-risk observations at that time-frame.
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2.2.1 Time additive hazards model

We propose a new model, additive in time, that assumes that the hazard function,

At | Z()) = %%P(T € (t,t+ZHT > 1,2(1))

)

is the sum of two components, a baseline hazard A¢(¢) that depends only on time and a risk score,
h(Z(t),t) that encloses the effect of the individual’s covariates Z(z), possibly time-varying, onto the
hazard. The hazard is interpreted in the standard way, as the probability of an event in the interval

[t,t+drt) given covariate Z(¢) and assuming that no previous event has happened.

We assume that the covariates are measured at a sequence of M time points (follow up

Visits),

o,t1,...,IMm.
Let’s notice that we don’t require 7, ?1,...,f) to be the same as event times. Therefore, we naturally
divide the time into a sequence of intervals [to,1), ..., [far,0). For example, let us assume that every

patient is subjected to a visit every two months, and at every such visit, a series of physical values, as
blood pressure, is measured and recorded. In this case, we would have as intervals [0,2),[2,4),...,
and the series of the measured values will be encoded as Z(0),Z(2),.... We assume that at any

intervals [¢;,741) the risk score of a subject is described by a constant in time risk score ;.

h(Z(t),t) =hj(Z(t)), tEtjtit1), j=0,1,....M,

To acknowledge the continuous nature of the time and the natural possible dependence onto the past

values, we allow the risk score /; to depend on previous-in-time risk scores Ay, ...,h;_1. In other
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words h(Z(t),t) satisfies

hji(Z(1)) = fi(Z(tj),ho(Z(2)), k1 (Z(2)), -+ s hj-1(Z(1))), 1 € [tjstj1), j=0,1,....M, (2.1)

where f; is an unknown function. This describes a recursive relationship

ho(Z(1)) = fo(Z(10)), h(Z(1)) = f1(Z(11), fo(Z(t0))),
m(Z(0) = £2(2(02). o2 10)),f1 (Z(1). fo(Z (1)) ) -+

With a small abuse in notation we drop the notation f; and use £, to denote the unknown functional

relationship at time interval j.

Therefore, primarily we consider the following representation of the hazard

Mt|Z(2)) = ho(2) +h(Z(1),1) (2.2)
where
M
h(Z(1),1) = Zhj<Z(fj);ho(Z(f)),-~-,hj—l(Z(l)))ﬂ (tj <t <tjs1), (2.3)
=0

where ty11 = o0 and ho(Z(t)),...,hy(Z(t)) are functions of the covariates.

The form of model (3.1) is reminiscent of the traditional additive hazards model (Aalen,
1980), which takes the following form, A(7 | Z) = Ao(t) + B(¢)Z(¢) with the risk being limited to be
of a linear form. The proposed model extends it to comprise a broader range of risk score forms and

to incorporate the sequential nature of time-varying covariates.
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Example 1: Sum of all previous in time hazards:

ho(Z(t)) = fo(Z(10)), mi(Z(1)) = ho(Z(1)) + f1(Z(t1)),

hi(Z(t)) = ho(Z(t)) +---+hj—1(Z(t)) + f;(Z(2;))

This can be named nonparametric additive hazards model; structure of the hazard mimics that of
generalized additive models (Hastie and Tibshirani, 1990). Similarly, one can consider sum of the

last few in time hazards only.

Example 2: Product of the last k hazards:

ho(Z(1)) = fo(Z(10)), h1(2(2)) = fo(Z(10)) /1(Z(11)),
hj(Z(t)) = hj-i(Z(t))---hj-1(Z(2)) £;(Z(1}))-

Here the logarithm of the hazard has nonparametric and additive structure. However the logarithmic

transformation as well as functions fy, ..., fys are unknown a-priori.

Example 3: Heterogeneous hazard:
hi(Z(t)) =0;Z(t;)  oF =w;+0,fr (Z(tji-1))+BjoT_1,

where ® > 0, a,,3 > 0. The aforementioned constants as well as functions f; are all unknown

parameters of the hazard. In particular,

ho(Z(t)) = 60Z(19),05 = wy > 0,

m(Z(t)) = 61Z(t1),01 = 1 + o1 (fo(Z(to)) — 810)* + Ba§, - -
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More in general, it is easy to see how any survival model can be written as equation (3.1).
Our modeling Assumption, (2.3), on the form of 4(Z(t),t) can be seen as an approximation for
estimation purposes. Indeed, we only assume the risk to be constant into intervals. Moreover, we
allow the dependency of the risk score, of a specific interval, onto the risk scores of the previous
intervals, making the assumption of piecewise constant risk less strict and allowing the continuous
nature of the time to play an explicit role. Therefore, our model can be applied to a wide variety of
risk score forms. As long as the intervals are dense enough, and the smoothness of the risk score is

adequate, our approximation will work well.

2.2.2 Quadratic loss function

In this section we want to motivate our score function or loss function through a population
perspective first. In the following we use Y (¢) = 1(X > t) to denote the at-risk indicator, i.e. subset
of observations which are at time 7 still at risk of experiencing an “event,” i.e., death. In addition,
we indicate with N(r) = 1(X <1, = 1) the counting process of whether and when an “event” has

occurred.

The estimation strategy borrows techniques from the additive hazards model and its least
squares loss therefore landing itself particularly useful for neural-network approaches. If indeed,

we consider the generic representation of the model (3.1),

dN(t) =Mt | Z(2))Y (¢)dt +dM(r) (2.4

where M(t) is the associated martingale process, the following least squares loss, also called in the

literature least-squares contrast, (Reynaud-Bouret et al., 2006), for a generic function f(Z(z),t), can
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be easily derived:

:——Z/f 1)dNi(t) + — Z/f Y;(t)dt.

In the above, T is an upper bound of time due to administrative censoring. Taking the expected value

on both sides of (2.4) and considering the martingale decomposition, we get:

B0 = —5{ [ r@mone zowoa |+ 58] [ r@n.0noa .

Defining with [|-||,,, the following norm: [|g||, = E {J5 F2(Z(t),0)Y (t)dt } , we are left with

000} =B | [ @00 - 101 200 | 20| -£{ a1 20Proa
= 1£20).0) =M | 2O, ~ I 2D,

The latter justifies the minimization of the least squares contrast as estimation strategy for the hazard
function A(r | Z(¢)), as explained in Comte et al. (2011). If we consider our additive form of the

hazard (3.1), f(Z(t),t) = Ao(t) + h(Z(t),t), the loss can be decomposed as follows:

Y(f) = v1(ho) +12(h) +v3 (Ao, ),

where

11 (o) = Z—Inii‘i/(:{?\.o(t)—l—fl(t)}zlfi(t)dt—%g/or{ko(t)—l—fl(t)}dNi(t)
w00 = 5, 1 [ zi0.0 -y v 3 [0, -5} av
13 (0, ) Z / h(Zi(0),1) = h(0)} {hole) + h(1) } Yilt)dr

56



where
=0 Y h(Zi(1),0)Yi(2)
hie) = YY) o

By easy computation it can be proven that y3(Ag,/#) = 0. It is therefore suitable, for estimation of
the risk 2(Z(t),1), to consider the minimization of y, () solely. Details of the above decompositions
can be found in Gaiffas et al. (2012). In our approach, we make use of a regularized version of
Y2(h),

min {2 () + P(h)}

where P is an appropriate penalty function of practitioners choice. We show the details in the next

section.

2.2.3 Loss function decomposition

Noticing that time-dependent covariates are observed in a natural, sequential ordering,
to <t <--- <ty, and because of the assumed form of the hazard (2.3), to estimate the risk
h(Z(t),t), we need to estimate the various time-intervals specific risk /2 for j =0,...,M. Intuitively,
it makes sense to involve in the estimation of each 4}, only the observations at risk on the jth
interval, discarding everyone that is censored or have experienced the events before the start of that

particular interval. In the following, we explain the mathematical arguments in detail.

In our approach, every h; will be estimated by a neural network j, whose parameters,
biases and weights, will be indexed by 6;. In the following we use the generic 0 to indicate the
collection of (6, ...,0) and we use hg to denote the dependency, explained in details later, of the

final estimate of h(Z(¢),¢) onto the parameters of the networks. Henceforth, we make use of the
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following regularized version of Y, (h):

M
va(ho) + 2} [16)]] - (2.5)
Jj=0

where we implemented two norms: p = 1,2 to allow for both the Lasso and the Ridge penalty.

We observe that the integrals in (2.5) can be broken down as sums of M + 1 integrals, one

for each time intervals introduced above, as in the following:
M
Y L;(8;)+A[8y]],, (2.6)
Jj=0

where

n

£i0) =00y [ " (V0 [, (Z00).1) — T 1)) 2t — 2 [, (Zi0).1) T, ()] N/ 1), )

i=17"%

2.7)

where

Nj(l‘) = ﬂ(Xi <t,0;= 17l‘j §l<lj+1),

1

Y/ (1) = 1(Xi > 1,t) <t <tj)

1

and we consider #9 = 0 and #)741 = T. If we look more closely, we can see how the counting process
Nl.j (1), specific to the intervals [¢;,7;,1), is constant outside [t;,7;,1). Hence, its increment, dNij (1),
is null for every subjects i that experiences an event outside that specific interval of time. Moreover,
Y/ (1) = 1(Xi > 1,8 < X < tjq1,0 <t <tjp1) + L(X; > tjp1,1; <t <tjy1).

1

Therefore, Yl.j (t) is a function consistently equal to one that becomes null when the subject expe-
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riences the event or is censored. Hence, any observation with X; < 7; doesn’t play any role in the
j-integral, since Yl-j (t) =0and le-j(t) = 0. However, if X; > t;,1, since dNij(t) =0and Yl-j (1) =1,
every such observation still appears in the risk set. Indeed, observations that experience the event or

are censored after 7;, 1 are still alive in the interval [t >t j+1) and, therefore, still at risk.

In conclusion, while considering [t it )interval, we can censor at ¢ j+1 anyone that dies
after 7;,1 and we can eliminate anyone that dies or is censored before ;. More technically, we

create therefore for each interval, [fo,11),. .., [tm—1,tm), [far,0), M+1 working “datasets”,

D= (x],8,Z))

17107

for j =0,...,M, according to the following principles:

(

. Xi 1 <Xi<tjq
Xl] — b
tiv1 Xi>tj
(
. O tj <Xi<tjq
& = . (2.8)
0 Xi>tjn1
\
Zlo :Zi(l())
, . T
- s - = i1
Zi]: (Zi(tj)T,ho(ZlQ),...,hjfl(ZiJ )) . (2.9)

Here, n; = |D j|, denotes the cardinality of the at-risk observations, i.e., the set D;. Note that the

at-risk datasets, are rarely of the same size and that typically, no > ny > --- > nyy.

The idea described above is inspired by the time-dependent coefficient survival models,
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utilized widely since the early work on histogram sieves (Murphy and Sen, 1991) or more generally
time-varying coefficient models (Hastie and Tibshirani, 1993). The justification can be understood

from breaking down the integrated score into a product of time intervals specific score.

2.2.4 Estimation

Each dataset D; is now used to estimate the part of the risk /(Z(z),t) that is specific to the
interval j, that is h;(Z(t)). To this goal, M + 1 neural networks, one for each time interval, are
constructed. To accommodate the sequential nature of the time, observations within D together
with outcomes of the trained neural networks from previous time intervals, flk (Zk) for k < j, are fed
into the neural network j. The neural network j uses, as loss function, the j-th loss £;(8;), (2.7),

relative to that specific interval. Due to the assumed structure (2.1), that loss simplifies to:

1 & [l i - 2
521/[] Y () [hjﬁj(Zi)_hj,ej(t)} dt
=

_l nj Tj+1 I Zj _}_l‘ de e, 5 10
nZl . Jvej( i) ]79]‘(1() i(t)+ || ]Hp7 (2.10)
1= J
where o
nj Z7I\vyvJ
- S hio (Z)Y! (¢
h'ge.(l‘) _ Zl—l ]7'9]( .l) i ( ) (211)
1Y nj vJ
Y.L Y @)

The above function / 78 (t) represents the mean of & j.6; restricted to the risk set at time 7 which

comprises all the subjects still alive. Now, noticing that the function / 78, (1) is a stepwise function
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that is constant on any interval [er_l ,er |, as shown in the appendix, the above simplifies to:

i

ﬁ )y [hjﬁj AR Bj,ﬁj(er)]z (er _er—1>

i=1r=1

1
2n

1 . _ . .
Tak o, (Z) =Ry (X)) | 8+ ]J0,]],.

where X({ =t;. See Appendix 2.6.2 for more details.

Here, we notice how the loss cannot be written as a sum of independent individual i-specific
losses. Indeed, the term £ ] (Xij ), as explained before, uses all the individuals still at risk at time
Xl.j . Thus, the optimization method that relies on breaking down the sample in batches cannot be
performed here. This is a common characteristic of every loss related to any continuous survival
model. It is the same, for example, in Katzman et al. (2018), where the loss used is the partial
likelihood that characterizes the Cox proportional model. The application of batch optimization
for survival data requires the use in the loss of an approximate risk set, instead of the true one, as

explained in Kvamme et al. (2019) where the idea is applied to the Cox model.
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Input layer

N~ o Neural-Network Architecture Unit
Zl(tj),h()(z(l)),... h] 1 ZJ 1
Output layer

o\ A
h;j

~ ~ ~ 1
Z3(t),ho(28), - b1 (2] CN —@

2(t)),ho(23), ... hj (2!

Figure 2.2: Deep Hazard: An example of j-th NN with Input Layer consisting of six still at
risk observations and forward passes of previously learned j — 1 networks, with arbitrary NN
Architecture Unit.

In our experiments, every hidden fully-connected layer is followed by a nonlinear activation
function and a dropout layer; however, the method can take any architecture of the layers of interest.
As is common in neural networks, the output is a plain weighted combination of the last hidden
layer’s output. No activation function is used for the computation of the output. An example of
the input structure of each j-th NN network is depicted in Figure 2.2. We observe how each set of
still-at-risk observations is enriched with additional features coming out of feed-forward passes run

on previously fitted j — 1 networks.

A possible time-convolution, as proposed earlier, can be visualized in Figure 2.3. There, we
illustrate how the time-dependent outputs of each j-th NN are passed onto all of the future NNs.
Moreover, we indicate that each dataset, D ;, comprising inputs of j-th NN, depends on the previous

dataset D; .
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a(wszhy + b3)

a(wyhy + b3)
a(wahy +by)
Input . a(wihy + bl) ‘ a(wphy + bz) ‘ a(wshy + b3) ‘ Output
ho hy hy h3
O @ @ @
Dy D D Ds

Figure 2.3: Deep Hazard: unpacked time-convolutions. Each time-specific neural network (NN)
disregards hidden layers. The blue nodes denote outputs of time-specific NNs whereas, arrows
denote feed-forward interactions over time. At each arrow, we show the activation function a and
weights w; and biases b;, i = 1,2, 3.. Dotted lines denote dependence of still-at-risk individuals
comprising inputs of each time-specific NN.

After running M + 1 sequential (or time-convoluted) neural networks on the M + 1 working
datasets, we obtain the optimized weights and biases, denoted here with 0g,...,0),. To form

prediction of the new, test individual we proceed as follows. With a little abuse in notation, let

Z(t) ={Z(t),---, Z(tm) } »

be observations pertaining to a sequence of follow up visits, at times f, .. .,f, of a new patient.
For each 0y, - - - , 0y, with standard forward pass (evaluating the estimated hazard for a specific new

observation), one for each network, we get the following estimates:
}Azo(ZO) = heo(ZO), ... ,sz(ZM) = heM(ZM).

Here, each Z is constructed following equation (2.9), in other words, each prediction of the risk at a

future time ¢; uses the formed predictions of previous time points 7o, - - - ,#;—1. Combining these into

63



a single risk estimator is then simple. Following (3.1) we obtain for an out-of-sample individual

Z(),1) = ho(ZO)1L(t <t)) 4+ (ZN1(1y <t <t2)+ -+ hp(ZM)1(r > 13). (2.12)

For more details on the training process see Algorithm 1.

Algorithm 1 DeepHazard:Training

Require: Training set (X;,8;,Z;(%),...,Zi(tm))?_,, hyper parameters and hidden layers of M + 1
neural networks
0 < initialize weights and biases
Set ZIO — Zi(t())
Create Dy dataset according to (2.8)
00 < neural network initialized at 8 and with input 70, ... ,Z,?
for jin0: M do
0 < initialization of weights and biases accordingly to initialization method
Set 7/ « (zi(zj),%(Z?),...,i,j,l(zg—l)>
Create D; dataset according to (2.8)
Setn; = card(D;)

0, < neural network initialized at 6 and with input Zl.. ... 7] ;

foriinl:ndo ‘
hi(Z]) « he,(Z!) > forward pass of the j-th NN on the training data
ri <Y Yi(Xi) > number of people at risk at that time

hi(Xi) < X_ri ' hy(Z))
foriinl :ndo

Ji{j i <Xi<tjy1} > which interval contains the censored time
ri = Yo Yi(Xi)

i 8 Ji
A l -
AO(Xi) <~ Z T Z Z [Xs—H _Xs]hj(Xs)
=1 T j:() SZZ‘J'SXS<1‘]'+1
return '
A matrix h = [hj(Z)]i=1,..nj=1,.M-
The vectors 0y, ...,0y > weights and biases for each neural network

A vector </A\0(X1), o ,AO(Xn)>
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2.2.5 Prediction of the survival for external covariates

Practitioners are often concerned with predicting the survival rate of a new patient for a
given period of time in the future: survival at one, five, twenty years after diagnosis, for example.
Time-dependent covariates may be classified as external and internal. The former are covariates that
are fixed or whose total path is determined in advance for each individual under study, while the
latter are covariates whose values are generated by the individual. While survival prediction may be
performed for the former, since internal covariates carry information about the failure time, it is
never carried out for the latter (Kalbfleisch and Prentice, 2011). In the following we explain how to

use our method to predict the survival function for time-dependent external covariates.

With estimated risks of the previous section, we only need to design baseline estimates of
the hazard. When considering an additive hazards model A(¢|D,Z) = Ao(t) + BZ(t) as explained in
Lin and Ying (1994a), a semiparametric estimate of the cumulative baseline can be proposed. Here,

we directly extend their semi-parametric approach.

Observe that under the model (3.1),
t t
AN(1) = dMi(t) + /O Yi(u)dAo(u) + /O Yi(u)h(Zi (), u)du,

it is natural to consider the following estimator

/ Y, {dNi(u) (u)iz(Zi(u),u)du} 2.13)

Zl IY(M)

with & as defined in (2.12). Our time-convolutions provide a way to also estimate cumulative
baseline hazards for each time-interval. Therefore our method allows data exploration in each time

interval as well as overall. We show the equivalence of the two approaches in the Appendix 2.6.3.
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Lastly, we compute the predicted survival curve by combining the results of the M neural

network predictions in the following way

eXp(—Ao(t) - ho(ZO)t) r<n

exp(—Ao(t) —h1(ZV)(t —t1) — ho(Z)1)) Hh<t<t
(2.14)

A ~ ~ A~ ~

eXp(—Ao(l‘) —hz(Zz)(l‘ —l‘z) — hl(zl)(tz —tl) —h()(ZO)l‘l) n<t<n

Here, we take as value for Z(t) = Z(t;,) where J; = {j : t; <t <tj41}.

Finally we construct the following adjusted version of the predicted survival

$(t1 (1)) = min$(s | Z(s),

s<t

guaranteeing the estimator of the survival to be decreasing, consequently avoiding the well known

problem of possibly negative risk and therefore hazard. For more details see Algorithm 2.
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Algorithm 2 DeepHazard:Prediction

Require: Test data Z(ty),...,Z(ty), event times from the Test data, {X1,...,X,} and outcomes of

DeepHazard:Training, i.e., 09, ..., 0y and Ag(X1),...,Ag(X,)

Set Z0 «— Z(ty)

for jin0: M —1do
hi(Z)) « he (Z7) > forward pass of the DeepHazard on the test data
27— (Z(tjs1), ho(Z0), ..., hi(Z)))

haa (ZM) < how (ZM)

foriinl:ndo

SetJi {j : t; <X; <tj41} > Here Z(X;) =~ Z(t;,)
Set

S(Xi | Z(Xy)) <—CXP( Ao(X;) = hy,(Z7) (X Z hi(Z fl+1—tl)>
Set S(X; | Z(X;)) + min;<; S(X; | Z(X;)) > monotonicity guarantee

return S(X; | Z(X))),...,S(X, | Z(X,))

Until now, we have implicitly assumed that, any new observation will have Z(¢) measured at
the same time points used to train the network - fo, . . ., #37. If this is not the case we approximate Z(¢;)
with the nearest Z() available. More in details, if the measurements Z(f), ..., Z(f;;) are available,

we make use of the following approximation: Z(t;) = Z(i),) where J; = argmin,;_; 7 |t; —7;|.

We study in simulation the effect of the number and the placement of the time points that
define the M + 1 intervals. We show that the performance of our procedure remains stable when
the time points at which the covariates are measured shift or more time points are added. The only
restriction that needs to be kept in mind is that we need to have enough observations to train the last
neural network, that, we remind, uses as input only the observation still at risk after #3;. The last
time point therefore cannot be too large in comparison to the magnitude of the censored event time

of our sample.
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2.3 Finite sample experiments

In this section, we evaluate the performance of Deep Hazard in finite samples. We compare

DeepHazard with the Additive Hazards Model, (Aalen, 1980), that presuposes

Me [ Z(1)) = ho(1) +B(1)Z(2),

and with the Time dependent Cox Model, (Fisher and Lin, 1999), that assumes

Me [ Z(1)) = ho(r) exp (BZ(1))-

We use the R packages Timereg and Survival, respectively to fit the Additive Hazards Model and the
Time dependent Cox model. As a measure of performance, we use the time dependent C-index as

proposed by Antolini et al. (2005),

Coo= Y ¥ 1(80:12:0)) <805 120 i

i=1j=1;j#i

where

L{t<t;, =1} +1{t,=1;,8=1, § =0}
X <, 8i=1}+1{ti=1;, 8 =1, §;=0}]

Pij =

We also introduce a new measure, the integrated mean square prediction error (IMSPE),

defined as follows:

IMSPE—/ Z{S 1 Z(1) = S(t | Z(1))},

to capture the quality of the prediction error through time.
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We implement our neural network in PyTorch,
https://github.com/deniserava/DeepHazard. The implementation is flexible in that the user
can choose the structure of the Neural Network: the number of hidden layers, number of hidden
nodes, activation function, and a dropout rate. Moreover, the following Hyperparameters related
to the optimization procedure of the neural networks, as initialization method, optimizer used,
learning Rate (Ir), number of Epochs (E), and early stopping can be chosen. The user can also
select the regularization parameters A and p of the loss (2.10). It is worth noting that Epochs are
updating the network weights and biases (parameters) through a suitable optimization method, but
stay un-permuted to preserve the order of the survival outcomes. A list of the popular activation

functions, that we implemented, can be found in Appendix 2.6.1; see Table 2.15.

Our numerical experiments are evaluated on simulated data. We focus on the settings with
time-varying covariates. There is a need to describe data-generating processes for the hazard models
in the presence of time-varying covariates. The latter are generated using the procedure described in

Algorithm 3.

2.3.1 Impact of the sample size

We assume the data is generated according to the following four different hazards models.
Below "’ denotes multiplication. Model 1 follows additive structure but the covariates are highly
correlated and non-linear. Model 2 considers further interactions with time whereas Model 3 works

with highly non-linear interactions. Model 4 is perhaps the most challenging one.

Model 1:

Mt | Z2) =48 + 2y ()« Zo(t) + Z1 (6) % Z3(t) + Z1 (1) % Z3(t) % Z (1)
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Algorithm 3 Time-dependent Simulation

Require: Covariate function z such that Z(¢) = z(Z, ) and Z follows distribution Z, hazard function
h(-,-), baseline hazard Ay(-), censoring level ¢, follow up times #1, ... ,ty;, sample size n
fori=1,...,ndo

Simulate ® from Uniform distribution U (0, 1)
Let Z be a realization of a random draw from Z.
Let T; =t where ¢ solves

f)=o
where Z(u) :=z(Z,u)

£(1) = exp {— [ )+ 200

> f(t) stands to denote the function S(z|Z(z))
for j=1,--- ,Mdo
Let Zi(1) = 2(Z,1))

Simulate n independent censoring time C; from Uniform distribution U (0, ¢)

> ¢ is such that censoring level is below some level ¢
Set X = min{T,C}
> Observed censored event times
Let 6 =1{T <C} > Observed censoring indicator
return Data {Xi78,-,Zi(t) = (Z,'(l‘l), - 7Zi(l‘M))}?:1

Model 2:

Mt | Z) = 463 +cos(t)[Z1 (1) * Za ()] + [log(z + 1)|Z1 (1) ¥ Za(t) + 12 Z5 ().

Model 3:

Mt | Z) = 48% 4-cos(1)[Z1(t) x Za ()] + | Tog(t + 1) | Z1(1)Za(t) + 12 Z3(1)?

4 cos|Z1 (1) # Za(1)] + Z1 (1) % Za (1) + I;Jttf

Zl(l‘) *Zz(l‘) +Zl(t)3*Z2(t)4
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Model 4:
1

Mt | 2) :4t3+Lzl(t)*Zz(t)+Zl(r)*Zz(t)*Zg(t)2+1‘

t+1

The covariates are generated according to the following structure

V't Zoi t<0.6
Zi(t) = (2.15)

V0.6 Zy; otherwise

where i = 1,2,3 and Zy; ~ U(0,20) for i = 1,2,3 except for Model 1, where Zy; ~ U (0,10), Zgy ~
U(0,20), Zoi ~ U(0,30).

We assume to measure the covariates at the following times 0.001,0.2,0.4,0.6. We generate
1000 observations for the training set and for the test set. We fit to the training set the Additive
Hazards Model, the Time-dependent Cox Model and DeepHazard. 1000 epochs are used with early
stopping rate le~> and initialization method he Normal is employed. The C-index of each Model is
presented in Table 2.1. The Hyperparameters chosen for our neural network are reported in Table

2.2.

We report also the Oracle C-index that uses the true S(z | Z(¢)) for comparison purposes.
We then repeat the simulations with a sample size of 200 for both train and test set. We observe
superior performance of DeepHazard both across samples as well as Models. Moreover, C-index is

often extremely close to the oracle C-index indicating certain optimality.

71



Table 2.1: Result of Simulation for additive Hazards Model, Time-dependent Cox and our
method (DeepHazard) for Model 1, 2, 3 and 4.

Model 1 Model 2 Model 3 Model 4

C-index

n = 1000

Oracle 0.765 0.749 0.716 0.742
Deep Hazard 0.752 0.735 0.716 0.733
Additive Hazards 0.665 0.590 0.674 0.636
Time-dependent Cox 0.726 0.718 0.703 0.717
n =200

Oracle 0.743 0.734 0.681 0.739
Deep Hazard 0.726 0.717 0.666 0.727
Additive Hazards 0.635 0.174 0.651 0.598

Time-dependent Cox 0.713 0.700 0.676 0.699

Table 2.2: DeepHazard experimental Hyperparameters of Table 2.1.

Hyperparameter

n = 1000 Model 1 Model 2 Model 3 Model 4
Optimizer Adam Adam Adam Adam
Activaction Elu(0.1) Relu Elu(0.1)/Selu Selu
N. Dense Layer 5 2 2 2
N. Nodes Layer 10/15/20/15/10 10 20 10
Learning rate 0.01 2e—2 2e—1 2¢e —1
A le—5 le—3 le—5 le—5
Penalty Ridge Ridge Ridge Ridge
Dropout 0.2 0.2 0.2 0.2
n =200

Optimizer Adam Adam Adam Adam
Activaction Selu Relu Selu Relu
N. Dense Layer 2 2 3 2
N. Nodes Layer 10 10 10/15/10 10
Learning rate 2e—1 2e—2 le—3 2e—1
A le—2 0.41 0.61 le—4
Penalty Ridge Ridge Ridge Ridge
Dropout 0.2 0.2 0.1 0.2

For Model 3, both for small and large sample, we plot in Figure 2.4, the true and the

estimated survival functions by the three different methods. We divide observations into high,
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median-high, median-low and low risk according to the risk value Z‘}:] hj(Z(t))/4, i.e., the mean
of the all interval specific risk scores /1;(Z(t)). We observe a strong bias of the Additive Hazards
Model despite a low C-index value. It is often very far from the true survival function. Figure 2.4
part (c) illustrates that Sxz414-(0.19 | Z(0.19)) ~ 0.875 while the true survival function satisfies
$(0.19 | Z(0.19)) a2 0.187. On the other hand Speepraz(t | Z(t)) is a good smooth approximation of

the true function. We also observe that larger samples lead to a better Deep Hazard approximation.
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Figure 2.4: Survival curves for Model 3 for different groups of subject for n = 200 (a)-(d)

and n = 1000 (e)-(h). Red color denotes the proposed DeepHazard, Blue denotes the time-

varying Additive Hazards Method, Green denotes the true Survival curve and Purple denotes the
Time-dependent Cox.
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Further studies on Model 3 were done to showcase the impact of the architecture on the
learning. We see that our procedure preforms better both in terms of C-index as well as IMSPE
measure of prediction quality. We see that DeepHazards is showcasing IMSPE improvement from

50% to 200%.

Table 2.3: Model 3 where each Layer is dense and learning rate is 2e — 1 unless specified
differently. Activation function is Relu and A = le — 5 with Ridge penalty. ’Ir’ stands for
learning rate, ’Deep Haz’ stands for Deep Hazard, ’Add Haz’ stands for Additive Hazard, TV
Cox’ stands for Time-varying Cox

Architecture
# of Layers One Two Three Four Ten
Node x layer [50] [50] [10] [10] [50] [50] [10] [10] [10] [10] [10]
Ir 2e—2 2e—2 2e—2 2e—2 2¢—2 2e—2
IMSPE %100

Deep Haz 0.311 0.282 0.365 0.287 0.369 0.423 0.409 0.316 0.315 0.326 0.529
Add Haz 7.373 7.373 7.373 7.373 7.373 7.373 7.373 7.373 7.373 7.373 7.373
TV Cox 0.967 0.967 0.967 0.967 0.967 0967 0.967 0.967 0.967 0967 0.967
C-index
Deep Haz 0.717 0.708 0.710 0.714 0.723 0.744 0.705 0.796 0.696 0.710 0.695
Add Haz 0.674 0.674 0.674 0.674 0.674 0.674 0.674 0.674 0.674 0.674 0.674
TV Cox 0.683 0.683 0.683 0.683 0.683 0.683 0.683 0.683 0.683 0.683 0.683
Oracle 0.716 0.716 0.716 0.716 0.716 0.716 0.716 0.716 0.716 0.716 0.716

Lastly, we investigated the impact of the activation functions. Setting is that of Model 3

with Two Layers each comprised of ten (dense) nodes. Learning rate was fixed at 2e — 1.
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Table 2.4: Results within Model 3 across different activation functions

Relu  Selu Atan  Tanh LoglLog LeakyRelu
IMSPE %100
Deep Hazard 0.269 0.238 0.308 0.353 0.298 0.399
Additive Hazards  7.373 7.373 7.373 7.373  7.373 7.373
Time-varying Cox 0.967 0.967 0.967 0.967 0.967 0.967
C-index
Deep Hazard 0.709 0.705 0.709 0.688 0.692 0.705
Additive Hazards  0.674 0.674 0.674 0.674 0.674 0.674
Time-varying Cox 0.683 0.683 0.683 0.683  0.683 0.683
Oracle 0.716 0.716 0.716 0.716 0.716 0.716

2.3.2 Impact of a large number of time-varying covariates

We assume the data is generated according to the following different models:

e Model 5:
Mt | Z) = 413 +cos(1)[Z1 (1) * Za(2)] + | log(t + 1)|Z1 () % Z2(¢)
1
Oz L+ 2Zo0(1) % Z1 (1) + /1
e Model 6:

M1 | Z) =413 +cos(1)[Z1 (1) * Za(2)] + |log(r + 1)|Z3(¢) % Z4(t) +132Z5(1)?
2
tl Z1o(t) *Zy1 (1)

+cos[Ze(1) x Z7 (1)) + Zs (t) * Zo (1) + lt——t
1
Lt Zoo(t) # Za(t) + VT

+Zin(t) = Zi3 (1) +

where Z;(1) follows (2.15).

For Model 5 all Zy; are drawn from U (0,20) except for Zy; that is drawn from U(5,20)
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and Zop0,Zo19 from U (3,4) and Z,¢,Z17,Z13 from U (0, 1). For Model 6 all Zy; drawn from U (0,20)

except for Z()1 from U(S, 20) and Z020,Z()19,Z04 from U(3,4) and 216,217,218 from U(O, 1).

We considered the following measurement times 0.001,0.2,0.4,0.6 for Model 5 and at
0.001,0.1,0.2,0.3 for Model 6. We generate 1000 observation for the training set and for the test
set. The Hyperparameters chosen for our neural network are reported in Table 2.6. 1000 epochs are
used with early stopping rate le~> and initialization method he Normal is employed. The C-index of
each model is presented in Table 2.5. In these cases we observe strong failure of the additive hazards
model with C-index being extremely low, especially for non-linear time interactions. Time-varying

Cox approach had difficulties due to the periodic covariate effects.

Table 2.5: Results of Simulation for Additive Hazards Model, Time-dependent Cox and our
method (DeepHazard) for Model 5 and 6.

C-index
n = 1000 Model 5 Model 6
Deep Hazard 0.691 0.635

Additive Hazards 0.135 0.423
Time-varying Cox  0.677 0.598

Table 2.6: DeepHazard experimental Hyperparameters for Model 5 and 6.

Hyperparameter ~ Model 5  Model 6

Optimizer Sgd Adam
Activaction Elu(0.1) Selu
N. Dense Layer 1 1
N. Nodes Layer 20 20
Learning rate 2e—1 2e—1
A 0.56 0.1
Penalty Ridge Ridge
Dropout 0.2 0.2
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2.3.3 Impact of the censoring rate

We assume the data is again generated according to the Model 4, with Z;(¢) following (2.15).
and Zy; ~ U(0,20) for i = 1,2,3. We assume to measure the covariates at the following times
0.001,0.2,0.4,0.6. We generate our data under different censoring scenario: 10%,20%. We also

consider the setting of Model 5 and Model 6 with covariates measured at 0.001,0.1,0.2,0.3 and

0.001,0.1,0.15,0.2, respectively, each with censoring of 0%, 15%, and 30%.

We generate 1000 observations for the training set and for the test set. The Hyperparameters
chosen for our neural network are reported in Table 2.8. 1000 epochs are used with early stopping

rate 1e > and he-Normal initialization. The C-index of each model is presented in Table 2.7. The

result shows strong stability with respect to censoring.

Table 2.7: C-index for additive Hazards Model, Time-dependent Cox and our method (Deep-
Hazard) under different censoring scenarios.

C-index
Model 4 Model 5 Model 6
Censoring 10%  20% 0% 15%  30% 0% 15%  30%
DeepHazard 0.724 0.719 0.682 0.678 0.681 0.641 0.632 0.623

Additive Hazards 0.532  0.625
Time-dependent Cox 0.713  0.699

0.504 0.501 0.413
0.676 0.671 0.674

0.506 0.498 0417
0.604 0.592 0.598

Table 2.8: DeepHazard experimental Hyperparameters

Hyperparameter Model 4 Model 5 Model 6
Censoring (10%,20%) (0%, 15%,30%) (0%,15%,30%)
Optimizer Adam Sgd Sgd
Activation Selu Elu(0.7) Elu(0.5)

N. Dense Layer 2,1 2,23 2

N. Nodes Layer 10, 20 20 20
Learning rate 2e—1,3¢—3 le—2,1e—2,1e—1 le—2

A le—5,le—4 0.061,0.061,0.05 0.061
Penalty Ridge Lasso Lasso
Dropout 0.2 0.1/0.15,0.1/0.15,0.1/0.15/0.15 0.1/0.15
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Further studies on the impact of the censoring and architecture structure were performed
under Model 2. We worked with 1000 samples in the training and testing phase and report the

findings in Table 2.9.

Table 2.9: C-index and IMSPE for Deep Hazard, Additive Hazards and Time-dependent Cox
model for Model 2. For the Deep Hazard, the dropout rate is 0.2 and A = le — 3 with Ridge
penalty and Adam optimizer is used. Architecture, activation function and learning rate is

specified in the table.
Architecture 10/10, Relu, 2e — 2 20/20, Leaky Relu, 2¢ — 3
Censoring 0% 10% 0% 10%
IMSPE*10
Deep Hazard 0.045 0.051 0.036 0.048
Additive Hazards 0.641 0.785 0.641 0.785
Time-dependent Cox  0.249 0.340 0.249 0.340
C-index
Deep Hazard 0.735 0.746 0.732 0.743
Additive Hazards 0.592 0.102 0.592 0.102
Time-dependent Cox 0.718 0.707 0.718 0.707

2.3.4 Effect of shifting the time points at which the covariates are measured

We assume the data is again generated according to the Model 6. The covariates are assumed
to be measured at the following different sets of time points:
(A) 0.001,0.1,0.15,0.2; (B) 0.001,0.05,0.08,0.12; (C) 0.001,0.15,0.2,0.25;
(D) 0.001,0.05,0.08,0.12,0.15,0.2.

We generate 1000 observation for the training set and for the test set. The Hyperparameters
chosen for our neural network are reported in Table 2.11. 1000 epochs are used with early stopping
rate le > and initialization method he Normal. The C-index of each Model is presented in Table
2.10. Our methods outperforms the other traditional ones for every sets of time points. Moreover,

it is interesting to notice how, while the C-index of Ls and Cox depends on where the covariates
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are measured, our method presents greater stability with respect to the shift. Our C-index is indeed
roughly always 0.63 no matter at which and how many time points the measurements are taken.

Table 2.10: Results of Model 6 for additive Hazards Model, Time-dependent Cox and our
method (DeepHazard) for different censoring scenario.

C-index

(A) B) © D)
DeepHazard 0.633 0.630 0.633 0.632
Additive Hazards 0.506 0.572 0.485 0.605

Time-dependent Cox  0.604  0.620 0.601  0.619

Table 2.11: DeepHazard experimental Hyperparameters

Time points A B C D
Hyperparameters

Optimizer Adam Adam Adam Adam
Activaction Elu(0.5)  Eu(0.5) Eu(0.5) Elu(l.5)
N. Dense Layer 2 2 2 2

N. Nodes Layer 20 20 20 20
Learning rate le—2 le—2 le—2 le—2
A 0.061 0.0007 0.08 0.0001
Penalty Lasso Lasso Lasso Lasso
Dropout 0.1/0.15 0.1/0.15 0.1/0.15 0.1/0.15

2.4 Real data experiments

In this section we use our method on three benchmark real datasets.

We compare our method with semiparametric additive hazards Model that assumes:
Mt [Z) = 2o(1) +BZ,

survival random forest, (Ishwaran et al., 2008), as well as Deepsurv of Katzman et al. (2018).

Deepsurv is a Cox proportional hazards deep neural network that assumes proportionality of the
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hazard but it doesn’t assume linearity of the risk as the standard Cox model:

Mt [ Z) = ho(1)exp{h(Z)}.

We use the R package Timereg and the Python package PySurvival, respectively to fit the Additive

Hazards Model and DeepSurv.

Notice that both DeepSurv and the traditional Cox Model rely on the proportional hazard
assumption, under which the ratio of the cumulative hazards between groups is assumed to be
constant with time. As a diagnostic, for each of the dataset analyzed, we plot this ratio between
groups defined by binary covariates. Not constant line in this type of plot indicates departure from

the proportional hazard assumption; see Figure 2.5.

With slight abuse in notation, as a measure of predictive capability of the models, we report

the traditional concordance index, defined as

co - va ﬂ(Xi > X,-/)It(h(Z,-) < h(Zi/))Si/
index ZiJ., 1Xi>Xi/ 6[/ .

2.4.1 Molecular Taxonomy of Breast Cancer International Consortium

dataset (METABRIC)

The dataset consists of gene expression and clinical features for 1980 breast cancer pa-
tients,(Curtis et al., 2012). The time variable is time to death and 57.72% of observations experi-
enced the event. For ease of comparison we use, as training and test set, the same dataset used in
Katzman et al. (2018) where 20% of the data are saved as test set. As covariates 4 gene indicators are
used plus hormone treatment indicator, radiotherapy indicator, chemotherapy indicator, ER-positive

indicator and age at diagnosis.

81



We report in Table 2.12 the C-index for us, DeepSurv, Semiparametric Additive Hazards
Model (LS) and Survival Random Forest. For our Neural Netwok we use one layer with 40 nodes,
Elu activaction function with oo = 0.1, Adam optimizer, learning rate of 0.001, A = le — 4 for Ridge
penalty and 0.1 for Dropout. For DeepSurv we use the hyperparameters reported in their paper. One
layer with 41 nodes, Selu activaction function, Adam optimizer, learning rate of 0.010, AL = 10.891

for Ridge penalty and 0.160 as Dropout rate.

In Table 2.12, in parenthesis, we write the result reported by Katzman et al. (2018) for both
DeepSurv and RSF. We plot in Figure 2.5a the ratio of the cumulative hazards between four groups
defined by the four patient’s clinical features (hormone treatment indicator, radiotherapy indicator,

chemotherapy indicator, ER-positive indicator).

It is clear from the plot how these ratios are not constant with time and therefore how the
proportional hazards assumption, on which Deepsurv is based, is violated. From the results, our
method indeed outperforms Deepsurv. Moreover it outperforms random survival forest which we

fine-tuned. RSF C-index, as per tuning, was very comparable with Deep Surv.

Table 2.12: Results for Metabric dataset Results in parenthesis are the reported numbers of
Katzman et al. (2018) of the corresponding methods.

C-index
Deep Hazard 0.664
Additive Hazards 0.645
Deep Surv 0.650 (0.654)
RSF 0.647 (0.619)

2.4.2 Rotterdam and German Breast Cancer Study Group dataset (GBSG)

The dataset consists of 1546 patients with node-positive breast cancer (Schumacher et al.,

1994). The time variable is time to death and 90% experienced the event. Again, as training and test
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set, we use the same dataset used in Katzman et al. (2018) where 20% of the data are saved as test
set. The testing data consists of 686 patients in a randomized clinical trial that studies the effect of
chemotherapy and hormone treatment on survival rate. We report in Table 2.13 the C-index for us,

DeepSurv, Semiparametric Additive Hazards Model (LS) and Survival Random Forest.

For our Neural Netwok we use one layer with 40 nodes, Elu activaction function with
o = 0.1, Adam optimizer, learning rate of 0.01, A = 0.09 for Ridge penalty and 0.1 as Dropout
rate. For DeepSurv we use the hyperparameters reported in their paper. 1 layer with 8 nodes, Selu
activaction function, Adam optimizer, learning rate of 0.154, A = 6.551 for Ridge penalty and 0.661
as Dropout rate. Moreover, in parenthesis we report the results reported by Katzman et al. (2018)
for both DeepSurv and RSEF. We plot in Figure 2.6b the ratio of the cumulative hazards between 3
groups defined by the 4 binary variables. It is clear from the plot how these ratios are not constant
with time and therefore how the proportional hazards assumption, on which Deepsurv is based, is
violated. From the results, our method indeed outperforms Deepsurv which is not showing better

results than RSF. Moreover it outperforms RSF as well.

Table 2.13: Results for GBSG dataset

C-index
Deep Hazard 0.685
Additive Hazards 0.666
Deep Surv 0.670 (0.676)
RSF 0.680 (0.648)

2.4.3 AIDS Clinical Trials Group (ACTG 320)

The dataset consists of 1151 HIV-infected patients (Hosmer et al., 2001). The data come
from a double-blind, placebo-controlled trial that compared the three-drugs regime of indinavir,

open label zidovudine (ZDV) or stavudine (d4T), and lamivudine (3TC) with the two-drugs regime
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of zidovudine or stavudine and lamivudine. Patients were eligible for the trial if they had no more
than 200 CD4 cells per cubic millimeter and at least three months of prior zidovudine therapy.
Randomization was stratified by CD4 cell count at the time of screening. The primary outcome
measured was time to death and 2.26% of observations has observed death time. 500 observations

are saved as test set.

We report in Table 2.14 the C-index for DeepHazard, DeepSurv, Semiparametric Additive
Hazards Model (LS) and Survival Random Forest. For DeepHazard and DeepSurv we use 2 layers
with 50 nodes, Selu activaction function, Adam optimizer, learning rate of 0.1, A = 2 with Lasso
penalty and 0.2 as Dropout rate. We plot in Figure 2.6c¢ the ratio of the cumulative hazards between
3 groups defined by 3 binary variables ivdrug, start2 and txgrp, clearly indicating violation of

proportionality of the hazards. We observe that our method outperforms DeepSurv and RSF.

Table 2.14: Results for AIDS:ACTG dataset

C-index
Deep Hazard 0.825
Additive Hazards  0.824
Deep Surv 0.773
RSF 0.803
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Figure 2.5: Proportional hazards diagnostic

2.4.4 Primary Biliary Cirrhosis: PBC dataset

We study the overall survival of patients with primary biliary cirrhosis, a fatal chronic liver

disease.The popular PBC dataset comprise of 312 patients, referred to the Mayo Clinic between
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January 1974 and May 1984, who participated in a randomized, double-blinded, placebo-controlled,
clinical trial of the drug D-penicillamine. For each of the patients, clinical, biochemical, serologic
and histologic parameters were collected. Since patients have been followed regularly since the
trials ended, follow-up was extended to April 1988. By the end of the study, 140 of the 312 had died.
The original clinical protocol for these patients specified visits at 6 months, 1 year, and annually
thereafter. Fleming and Harrington (1991) studied the survival time of these patients using only the
baseline value of the covariates. They showed that DPCA has a negligible effect on the survival, and
they propose a model based on age, total serum bilirubin value, serum albumin value, prothrombin
time and presence or absence of edema. This model, called the Mayo PBC model has been widely
used and studied (Dickson et al., 1989; Jeffrey et al., 1990; Klion et al., 1992; Markus et al., 1989;
Grambsch et al., 1989; Bonsel et al., 1990). Here, we propose to use Deephazard to analyse this
dataset exploiting the available values of the covariates at each follow-up visits. To this aim, since
we only have 3 deaths that happen after 11 years of being enrolled in the program, we consider
the following set of time points [0,0.5,1,2,...,10,]. Moreover we assume that the value of the
covariates is constant between one visit to the other, therefore, if a patient misses visit 3, we use as
values of his/her covariates the ones collected at visit 2. Following the previous studies, we consider
as covariates, the same one of the Mayo PBC model plus the presence of absence of ascites and the
treatment. We include the presence of absence of ascites since Christensen et al. (1986) showed
that it has a significant interaction with prednisone treatment and we use the treatment as covariate
because we are interest in study the treatment effect on overall survival. We fit Deephazard with
three layers with 10,15,10 nodes respectively. We use Elu(0.1) activation function, 0.2 of dropout,
learning rate of 0.1, A = 10~* with Ridge penalty, 1000 epochs and adam optimizer. Since in this
case the majority of the covariates considered are internal, we don’t predict the survival function
but we predict for different hypothetical new patients the score i (Z(r),t). We predict the score & for

two new patients with covariates at each time points fixed at their mean value and both treatment
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equal to placebo and DPCA . We plot the estimated score in figure 2.6. Moreover, we then predict
the score / for someone with no edema or ascites both under treatment or placebo and for someone
with both edema and ascites under treatment or placebo.We leave the other covariates fixed to their

mean. Results are plotted in Figure 2.6.

treatment
21 treatment
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DPCA

score

DPCA ~— placebo

— Placebo
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(b) Edema=0, Ascites=0. Other covariates fixed
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Figure 2.6: PBC data: Predicted score for a new patient.
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2.5 Discussion and possible applications

Although not extensively exploited in the past due to its complicated interpretation or the
lack of methods available, understanding the relationship between survival and time-dependent

covariates could be very useful in practice.

2.5.1 Individualized treatments

It could indeed be a helpful tool for making decisions in the context of dynamic treatment.
Let’s assume, for example, that, besides some baseline fixed covariates measured at the first visit, Lo,
at each visit j, the doctor has to decide whether to put a patient under treatment, A; € {0, 1}, which
dose of certain medications to administer, D; € [0, 1], or whether continue with the same treatment
or switch to some alternative, M; € {1,2,3}. The doctor could predict the survival of a new patient
under different strategies and pick the one that maximizes patient survival. For example, at visit 2,
considering the history of the covariate of a patient, Zy; = (Lo, A¢.Do,Mo,A1,D1,M]), given two
possible different strategies for visit 2, zp = (a2,d»,m») and z, = (d5,d},m)), the analysis of the
predicted

S(t | {Zo1,22}), and St | {Zo1,2}),

could help the doctor decides whether to treat the patient with strategy z; or z5. More in general,
the same reasoning applies to other varying clinical variables as blood pressure. It could indeed be
useful to observe the change in predicted survival under the different hypothetical paths of such
covariates. If, for example, the increase of blood pressure appears dangerous for the patient, the

doctor could think to introduce medications to keep it stable.
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2.5.2 Estimation of treatment effects

Estimated conditional survival could also be needed as a necessary step towards obtaining
a flexible estimator of some other parameter of interest. For example, it is common in the double
robust treatment effect estimation literature to employ the use of method that require, as step one, the
estimation of baseline quantity or conditional survival distribution. This is in particularly true when
AIPW scores are constructed. The augmentation part of the latter indeed usually requires estimation
of the conditional distribution of both the censoring and the time to event variable, (Zhang and

Schaubel, 2012b; Zhao et al., 2015; Kang et al., 2018).

2.5.3 Variable predictive strength

On the other hand, the estimated conditional survival could be used to estimate other
quantities of interest as the expected value of the survival time or R? measure of explained variation
to study the predictive ability of different covariates. The latter is indeed function of the conditional
variance of time T and it can be estimated, if an estimator S(z | Z(¢)) is available, using the following

formula:

T . 2
\Tarmza)}:/o 2t§(t|Z(t))dt—{/0 S(t|Z(t))dt} .

Measure of explained variation can be used, for example, to evaluate the clinical importance of
prognostic factors, the impact of genetic variants on gene expression on survival phenotypes or they
can be applied in variable screening process, (Miiller et al., 2008; Hielscher et al., 2010; Kong et al.,

2019).
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2.6 Appendix

2.6.1 Activation functions

Table 2.15: Activation functions

Atan a(x) = atan(x)
>0
Elu(c) alx) =4~ *
oaef—1) x<0
>0
LeakyRelu a(x) = x !
0.01x x<O0

LogLog a(x) =1 —exp(—exp(x))

0
Relu a(x) = roxe
0 x<0
0
Selu a(x) = 1.05074 " *
1.67326(" — 1) x<0

Tanh a(x) = tanh(x)

2.6.2 Technical details about /()

We explain here why, for each j, h;p, (t) is a step function with jump at censored event time

Xl.j . We know that
_ Yl hie, (ZY! (1)
Z:Zl Y/ (1)

hje, (1) : (2.16)
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and that, by definition,

(2.17)

Therefore, h j.0;(?) represents the mean of /¢, (Z7) into the risk set at time ¢. Since the risk set

changes only when an individual is censored or dies, /¢, (t) changes only at censored event time

X/

1

2.6.3 Details on the estimation of camulative hazard

If we break down everything we will have:

M+-1 M+-1
M) =} Mo(OL(tj—1r <t <tj)+ Y Ltj—1 <t <t1;)h(Zi(u),u)
=1 =1
M+1 M+1 B
=Y MOt <t <t)+ Y Utj—1 <t <t)hi(Z]),
j=1 =1

so if ké(t) =No(t)1(tj—1 <t <tj), we have:
M+1 »
M= Y (MO +ri)] 16 <1 <1y,
j=1
Therefore, if we consider:

dN/ (1) = dM! (1) + lYij(u)dA(MIZi(u))J € [tjstj+1)

1j

. , t . L
le.f(z) = dMl.’(t) + Yl.’(u)d/\f(u|Zi’),t € [tj,tjt1),

Ij
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we have:
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0 1<t

A = gt [ )] i (aVi ) Y (@) )du 1 <1<

5 R ] e (N =¥ iy (2D )au 1> 50

\

and so:
J— lt, [RASTYS 1 Jiy— 1<t<tJ o t
ro= 3 [P [ =X [ Kw [ e
tj— tj—1 i 1j—1
and so:
. M+1 L
A0<t) = A(])(t)7
j=1

and therefore:

M+1 7 . n .
o) = X[ [ZYx(u)] > (4N )~ ¥ ks (Z)) )t o> 1)
= aE 4
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Chapter 3

Doubly Robust Estimation of the Hazard

Difference for Competing Risks Data

3.1 Introduction

Competing risks analysis concerns event times due to multiple causes. This work is mo-
tivated by a study on the effect of mid-life exposures on late-life cognitive outcomes related to
Alzheimer’s disease. We use data from the Honolulu Heart Program (HHP) and the Honolulu-Asia
Aging Study (HAAS) on a cohort of Japanese men in Hawaii followed from 1965 to 2012 to
investigate the effect of mid-life alcohol exposure on late-life cognitive impairment. As it is often
the case in clinical trials, death is a competing risk for the event of interest; indeed, by the end of

the study, only about 500 of the original 8006 men were still alive.

As for analysis of time-to-event data in general, it is often of interest to study the conditional
treatment effect given the covariates in the presence of competing risks. Conditional treatment

effects are typically expressed using regression models, and the commonly used ones include the
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proportional hazards model (Cox, 1972, 1975) and the additive hazards model (Aalen, 1980, 1989).
The additive hazards model has received increasing attention lately because of its collapsibility, and
therefore more suitable for causal inference (Tchetgen Tchetgen et al., 2015; Li et al., 2015; Zhao
et al., 2015; Wang et al., 2017; Zheng et al., 2017; Ying et al., 2019). For a binary treatment, this
conditional treatment effect is the hazard difference given the covariates under the additive hazards
model. On the other hand, misspecification of the functional form of the covariates in the hazard

regression model can lead to bias in the estimation of the treatment effect of interest.

To overcome such dependence on the correct specification of the covariate terms which are
‘nuisance’ themselves, flexible modeling such as nonparametric approaches might be considered.
However, they are often inefficient and lead to slower rates of convergence of the estimated
treatment effect; this is the ‘curse of dimensionality’ problem discussed in Robins and Ritov (1997).
Alternatively, there has been a growing literature on doubly robust estimators that protect against
misspecification of the ‘nuisance’ parts of the model (Robins and Rotnitzky, 1995, 2001; Bang and
Robins, 2005; Tchetgen Tchetgen et al., 2010; Zhang and Schaubel, 2012a; Farrell, 2015; Jiang
et al., 2017; Wang et al., 2017).

In the absence of competing risks, doubly robust estimators for the hazard difference have
been proposed by Dukes et al. (2019b) and Hou et al. (2021). In the following we first derive the
semiparametrically efficient score for the cause-specific hazard difference under competing risks.
We then propose two doubly robust estimators with respect to two sets of models. The first set
contains the treatment assignment model, also called the propensity score, and the model for the
censoring distribution. The second set includes the cause-specific hazard models for the competing
risks. As the proposed estimators incorporate the censoring distribution into the scores, they also

weaken the assumption on censoring as needed in Hou et al. (2021) and Dukes et al. (2019b).

The rest of the paper is organized as follows: after formally defining the parameter of interest,
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in Section 3.3 we derive the two doubly robust scores. In Section 3.4 we describe their asymptotic
properties and we derive their asymptotic distribution when the two sets of working models are
both correct, or when only one of them is correct. We study the finite sample performance of
the proposed estimators through extensive simulations in Section 3.5 and we then apply them on
the HHP-HAAS dataset to estimate the effect of alcohol exposure on development of cognitive

impairment in Section 3.6. We conclude with discussion in the last section.

3.1.1 Related work

In the context of time-to-event data, different doubly robust estimators have been proposed
in the literature. The already mentioned works of Dukes et al. (2019b) and Hou et al. (2021) are
most closely related to ours. They focus on doubly robust estimation of the constant difference
between the hazard functions given the covariates in the absence of competing risks in low and high

dimension, respectively.

Zhang and Schaubel (2012a); Bai et al. (2017); Sjolander and Vansteelandt (2017) derive
doubly robust estimators for the treatment effect defined as the comparison between functions of
the potential failure times T(1), T(0); i.e. the failure time that would be observed if a subject were
treated or untreated, respectively. Zhang and Schaubel (2012a) and Bai et al. (2017) propose AIPW

estimators for E[f{T (a)}] for a = 0,1 and for different functions f. Sjélander and Vansteelandt

1-S7()(t)

(2017) develop a doubly robust estimator for the attributable fraction 1 — —— S0

. Yang et al.

(2020) develop instead a doubly robust estimator for structural failure time models.

Another line of work discretizes the time,recasts the failure time as a 0-1 vector and uses
techniques tailored for binary outcomes. For estimation of the parameters of marginal structural
models, Petersen et al. (2014) and Zheng et al. (2016) derive targeted maximum likelihood estimators

that are doubly robust while Yu and Van Der Laan (2006) propose a doubly robust estimator
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following Van Der Laan et al. (2003) theory.

3.1.2 Model and Notation

Assume there are J competing risks and denote 71, ..., 7 the (latent) time to each type of
failure. Let T = min(71,...,Ty), C be the censoring random variable, and X = min(7,C) be the
observed (and possibly censored) failure time. Denote § = 1{7T < C} the event indicator, and let
€ =1,...,J indicate the type of failure. Let A = 0, 1 be a binary treatment, and Z be a vector of

baseline covariates.

A commonly used approach for competing risks data is to model the cause-specific hazard
function for each type of failure (Holt, 1978; Benichou and Gail, 1990; Kalbfleisch and Prentice,
2011). The cause-specific hazard functions are the quantities ‘just identified’ by such data, in the
sense that any other quantity that can be identified from competing risks data, can be expressed
as a function of the cause-specific hazard (Kalbfleisch and Prentice, 2011). We assume that the
conditional cause-specific hazard function, /;(t|A,Z) = lima, 0 AltP(t <T<t+A,e=j|T >

t,A,Z), for j=1,...,J, satisfies:
hj(t|A,Z) ZBJ'A—F}LJ'(I,Z), (3.1

where A;(t,Z), representing the effect of the covariates on the hazard, is left unspecified. This
is a key difference from the more traditional cause-specific additive hazards model that assumes
linear effects of both A and Z; see for example, Shen and Cheng (1999). From model (3.1) then,
Bj=nhj(t|]A=1,Z)—hj(t|A =0,Z) is the difference between the conditional cause-specific hazard

functions of the two treatment groups.

In the following we assume that C L T'|(A,Z), where ‘L’ indicates statistical independence.
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This is a standard assumption in the analysis of time-to-event data, and it relaxes the stricter
assumption C L (A, T)|Z imposed by both Hou et al. (2021) and Dukes et al. (2019b). We will
also use the counting process and the at-risk process notation: N;(t) = 1{X <t, =1, ¢ = j} and
Y(t) = 1{X >1t}. Under model (3.1), M;(t) = N;(t) — H;(t|A,Z)Y (t) is a local square-integrable
martingale with respect to the filtration % =6 {N;(s),Y (s+),A,Z: j=1,...,J, 0 < s <t}, where

H,(11A4.2) = [ih;(ulA,Z)du

3.2 Semiparametrically efficient score for 3

In the following we derive the orthogonal complement of the nuisance tangent space and the
efficient score for B = [By,...,Bs]". The derivation follows the modern semiparametric theory as

described in Tsiatis (2007), and we provide the details in Section 3.8.1 of the Supplement.

Under model 3.1, the data follows a semiparametric distribution identified by the parameter
of interest B = [By,...,Bs] " and the nuisance parameter N = [A{(£,2),...,As(t,2),Ac(t]a,2)
,p(alz), f(z)]", where A.(t|a,z) is the conditional hazard function for C, P(a|z) is the conditional
distribution of A and f(z) is the density of the covariates. The likelihood for a single copy of the

data takes indeed the following form:

L= TTiBA+ 002 exp—par— a0x.2))
=1

x (Me(X|A,2)} Pexp {~Ac(X|A,2)} p(AIZ) £(2),

where Aj(t,z) = [oAj(u,z)du for j=1,...,J and A.(t|a,z) = [ Ac(u|a,z)du. From the likelihood,

__ dlogL

one can derive the score for the parameter of interest, SB =38 and, if  has finite dimension,
the score for the nuisance parameter, Sy = algﬁL. In this case, the nuisance tangent space is the
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space spanned by the nuisance score. When 1 has infinite dimension, as in our case, the notion of
nuisance tangent space can be extended through the definition of parametric submodels. We leave
the technicality of this definition to Chapter 4 of Tsiatis (2007).

An estimator ﬁ is asymptotically linear if there exists a function of the data ¢, such that

\/ﬁ(fi —Bo) = LHZ?:I @; +0,(1). The function ¢, named influence function, has mean zero
and finite variance and guarantees the asymptotic normality of the estimator. Such estimators are
therefore desirable and they are uniquely defined by their influence function. Theorem 4.2. of Tsiatis
(2007) proves that every influence function belongs to the orthogonal complement of the nuisance
tangent space. This space, denoted by A, is therefore the starting point to define semiparametric

estimators for P that are consistent and asymptotically normal.

The space A is also important since it allows one to find orthogonal scores in the classical

sense of the definition. A score y(,m) is orthogonal if

SELWBimo =) =0,

where we use the subscript O to indicate the true parameters. Orthogonal scores are invariant to
small perturbations of the nuisance parameter around the true and so the estimation of the nuisance
parameter doesn’t greatly affect the estimation of the treatment effect (Bickel et al., 1993; Newey,
1990, 1994). Lemma 11 in the Supplement shows that an estimating function belongs to A" if and

only if it is orthogonal.

The following lemma, proven in the Supplement, defines the form of the orthogonal comple-

ment of the nuisance tangent space.

Lemma 1. Under model (3.1), the orthogonal complement of the nuisance tangent space takes the
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following form:

E{gj(r,A,Z)h;I (114, 2)S.(1]A, Z)e~ Xl B1Af|z}

J T
At = Z/ gi(t,A,Z) —
j=170

dM;(t)
hj(t|A,Z)

E{hjfl(t|A,Z)SC(t|A,Z)e—ZL1 B;At|Z}

. forallgj(t,A,Z) € JRJ} . (3.2)

Among all the semiparametric asymptotically linear estimators of f it is often of interest to

derive the efficient one. Tsiatis (2007) defines the efficient score as Sg —I1{Sg|A}. Since, under

(g dM) 7 .
model (3.1), SB = { fo AW }j_l, we have the following lemma.

Lemma 2. Under model (3.1) the efficient score has the following form:

_ v J
E{h; (11A,2)Sc(114,2)e TP ZL ] )

T
sor = 1)) |4 (3.3)
) 0 E{h;l(z|A,z)SC(;|A,z)e—ZL1 BzAr|Z} hi(t|A,Z)

j=1

The above score is locally efficient in the sense that its asymptotic variance attains the
semiparametric efficency bound when P(a|z),Sc(t|a,z) and A;(t,z) are known or correctly estimated
(Theorem 4.1. of Tsiatis (2007)). Unfortunately, since #; (t|A,Z) in (3.3) is unknown and estimators
for it are not readily available, the efficient score may not be directly used in practice. We will

however exploit both (3.2) and (3.3) to derive two doubly robust scores for estimation of [3.

Remark: if we make the stronger assumption of C L (A, T)|Z as in Dukes et al. (2019b) and

Hou et al. (2021), S.(t|A,Z) = S.(t|Z), and so the efficient score simplifies to:

_ v J
E{an; 1A, z)e HBAzE ) )

T
S = / A—
! 0 E{h;l(t’A,Z)e_lezlﬁlqu} ]’lj(l|A,Z)

j=1

In this case, S, is therefore no longer needed for the estimation of [3.
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3.3 Doubly robust scores

Doubly robust score 1: Inspired by Hou et al. (2021), we choose
gj(t,A,Z) = {A—n(Z)} h;(t|A, Z)S. ! (t|A,Z)ele:l BiAr in (3.2). We obtain the following estimating

function:

J

S1(B;A,Z,Sc,m,A) = {/TgZIJquA’SCTl(ﬂA,Z) {A —ﬂ;(Z)}de(t;B,A)} . (3.4
0 =1

Here we have used the propensity score notation ©(Z) = P(A = 1|Z) and M;(t;B,A) = N;(t) —
Y(t)BjAt =Y (t)Aj(t,Z). We use hj(t|A,Z) in the definition of g; to cancel the hazard weights
h;l (t|A,Z) from (3.2). To understand the rest of g; is important to notice that, under model (3.1),
E{Y(1)|A,Z} = e~ Li Piodig (t |A,Z)e_):§:l Mo(t2) where again the subscript 0 is used to indicate
the true quantities. The expectation of the j*—component of S; with the true parameter of interest

plugged in is:

E(JFE et Pois 1(114,2) {A - =(2) E{Y (1)|4, 2} 2] d {Aj(1,2) — Ap(1,2)})

=B (T[S 114,25 (114, 2){A ~ m(2)} 2] e T D {A;(1,2) — Ao(1,2)} )

Therefore, the form of g; is chosen such that, as it is common for doubly robust scores, the above
integrand is the product of two residuals, one for the outcome models for the competing risks and

one for the censoring and the treatment model.

The main difference between our score and Hou et al. (2021) score is that, beside our score
being suitable for estimation in a competing risks setting, our score, incorporating the censoring

distribution S, does not need the stronger assumption C L (7,A)|Z to hold.

Given quantities S.(-|-,-), ©(-) and A(-,-) = [A1(-,-),...,As(-,-)] " we propose the following
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score for estimation of 3:

1

n
S1.a(B:Se, 7, A) Z (B:A;,Z;,Sc,m,A) = 0. (3.5)

3

Doubly robust score 2: Traditionally, for hazard models of the additive form, the hazard
weights have been removed from the efficient score to derive scores that can be used in practice
(Lin and Ying, 1994b). If we simplify the efficient score (3.3), removing the hazard weights, we are

left with the following:
$2(B:A,Z,Se,A) = {5 {A — Ea(t:B,Se, ™ 2) M, (1, M)} (3.6)

where:

E [Ae—ile BiATS (1]A,Z) |z}
£A<t; B,SC,TE,Z) =

E [e* Li1Bidig (114, 2) yz}

e LimBitg (1A = 1,2)n(2)
e LPIS (1A = 1,Z)7(Z) + Se(1]A = 0,2) {1 — ()}

Given quantities Sc(-|-,-), ©(-) and A(-,-) = [A1(+,-), ..., As(,-)] " we propose the following score
for estimation of J3:

1

n
S2.0(B:Sc, ™, A) Z (B:Ai,Z;,Se,m,A) =0. (3.7)

:

Since the two proposed scores belong to A™, they are orthogonal. Moreover they are doubly

robust with respect to the estimation of both S (+|-,-) and 7t(+) and of A(,").

Theorem 2. E{S(Bo;A,Z,S;,mw,A)} =0 and E{S>(Bo;A,Z,S;,m,A)} = 0 if either
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{Sc(-|-,) = Sco(-|-,-) and w(-) = mo(-) } or A(-,-) = Ao(+,), where we use subscript 0 to indicate

the true quantities.

Score 2, (3.6), is completely new, no similar score has never been proposed in the literature,

even in the absence of competing risks.

Both scores incorporate the censoring distribution, relaxing the censoring assumption of
both Hou et al. (2021) and Dukes et al. (2019b). However, if we are willing to make the stronger

assumption C L (T,A)|Z, the two scores simplify to:

T J
Si(B:AZmA) = { /0 er—IBfA’{A—n(Z>}de(t;B,A>} , (3.8)
j=1
J

T ~ X5 Bjt
SH(B:AZmA) = {/ {A— e bibin(z) }de(t;B,A)} . (3.9)
0 (2)}

e Li-bilmz) (1 -

j=1

Traditionally, estimation of parameters in competing risks setting has been carried over
estimating one parameter at a time and considering the other competing risks as censoring. This is
true for example for the cause-specific Cox proportional hazards model and the traditional cause-
specific additive hazards model. A novelty of both our approaches is that every component of our

parameter of interest [ is here estimated together using a multidimensional score.

3.4 Estimation and inference

Both proposed scores depend on the quantities S(+|-,-),®(+), A(+,-). These, unknown in ob-
servational studies, can be estimated via working models. Once estimators S, (-|-,-), &(-),A(-,-) are
available, we define (1) to be the root of S1.2(B;Se,®t,A) and B@ to be the root of S2.n(B;Se, /t, A).

The user is free to choose any working model as long as mild traditional assumptions, listed later, are
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satisfied. For estimation of the propensity score 7t(-) and the censoring model S.(:|-,-) we don’t offer
any specific suggestion. Estimation of A(-,-) is more delicate; we propose to use the following set
of linear working models: {Aj(t,Z; Gj,vj) =Gj(t) +'YJTZI}5_] . The parameters Y= [y, ...,Ys] "
and G = [Gy,...,G,]" can be estimated applying the cause-specific additive hazards model routine
(Shen and Cheng, 1999). This applies the estimating procedures proposed by Lin and Ying (1994b)

separately to each competing risk:

~1
7= [ZI / Yoz —Z(z)}@zdr] LZI / oz —Z(r)}dNﬁ<r>] » (3.10)

where Z(1) = {Y/, Y;i(t)}Y 'Y, Yi(1)Zi, 222 = Z" Z and

X {dNGi() = Yi()BjAdu — Yi(u)y] Zid
) /Z ) KR A u} (3.11)

Gj(t:B),v)) = Y Yi(u)

For estimation of G; we moreover propose the following weighted version of the Breslow

estimator:

5 t Limg WilSe, T) {dei(u) —Yi(u)BjAidu — Yi(u)Y]TZidu}
G;(t:B),7),Se, ™) =/0 T or(Se M) . (312

where w;(S., ) = -1 (u|A;, Z:)A; {1 —(Z;)} . The above weights are chosen such that plugging

(3.12) as estimator of G j(t) into (3.5) gives the following closed form score:

S1.a(B;Se, f,A) (3.13)
- {—BJ;Z/S (t|Ai, Zi) (1 — A))R( dr——Z/S (t1Ai, Zi) (1 — A)R(Z;)

~(dei(f)_Yi(t) [?,T{Zi—z<f?§cﬁ)}dt+d]v( £:5c, % )]>}j—l
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where:

A " Yi(t)Z;
2(6:5,. ) = K Oz

Bof) oo a0 EiadNi(Ow
L Hwi(Se)

NGESe ) = 0 (557;

)
T

One could argue that using only the treated subjects for estimation of G could lead to a loss in the
efficiency of the estimator of the parameter of interest. However, we show in the next section that,
when all the nuisance parameters are consistently estimated, the asymptotic distribution of B(l) does

not depend on the specific estimator of A(-) .

No weighted version of the Breslow estimator can lead to a closed-form expression for B(z)

Plugging (3.11) in (3.6), after some tedious algebra, we get the following score:
S2n(B:Se, tA) = { Z/{A F, (1:B,8c, 7, Zi) — A1) + E(1) } (3.14)
Aani) i) (Bai+4; 2 ) arf )
where

(e — r-lzlyi(f)Ai - Zz IY() ( B?Sﬁ:?Zi).

Since however we leave to the user the freedom to choose any working models, from
now on, we use S.(-|-,-),%(:),A(-,-) to denote generic estimators for the nuisance parameters
Sc(+]-y),m(+),A(+,-). Tt is possible that the estimator used for A(-,-) depends on 3, as the proposed
(3.11) and (3.12); we will therefore use as generic notation A(t, z;3) when we leave the estimator

./A\(-, -) to depend on the unknown parameter.

We will now study the asymptotic properties of score 1 and score 2. For ease of notation we

report the results assuming J = 2; however, everything can be extended to the case of more than 2
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competing risks.

3.4.1 Asymptotic properties of score 1.

To prove consistency and asymptotic normality of B(l) we need a series of assumptions.

Assumption 1. There exist S} (-|-,-),n*(-), A*(-,-) such that:

sup  |Se(t]a,z) — Si(tla,z)| = Oplan),
t€[0,1],z€ 2,a=0,1
sup [ft(z) —m*(2)| = Op(bn),
€D
sup | A;(1,zBj0) —Aj(1,2)| = Oplen),

1€[0,1],2€2

for some a, = o(1), b, =0(1), ¢, = 0(1) and for j=1,2.

Assumption 1, common for the literature on doubly robust estimators (Zhang and Schaubel,
2012a; Yang et al., 2020), assumes that the generic estimators Sc.(-|-,-),%(-), A(-,-) converge to some
SE(C|- ), (+),A*(+, ), possibly different from the true quantities. We don’t require specific rates of
convergence for the estimators of the nuisance parameters; assumptions on ay, b,, ¢, will indeed

depend on which model is correctly specified. We moreover need a series of common regularity

assumptions that we report in Section 3.8.3 of the Supplement.

The following results prove consistency of our estimator as long as one of the sets of models
is correctly specified. Moreover they prove our estimator to be both rate-doubly robust and model-
doubly robust in the sense that it is asymptotically normal if either both sets of models are correctly
specified and the product of their convergence rates is o(n_]/ 2) or if only one of the two sets of

models is correctly specified with a convergence rate of /n.
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Theorem 3. Let Assumption 1 and Assumptions S1-S8 in the Supplement hold. If either S(-|-,-) =
Seo(-|-,+) and 7 () = mo(+) or A*(-,-) = Ao(-,-), it holds BV — By = op(1).
Theorem 4. Let Assumption 1 and Assumptions S1-S8 in the Supplement hold.

a) (Model-double robustness): Let S:(t|a,z) = Sc(t|a,z;M0,Ac0) = Sco(t]a,z), ' (z) =
(z;00) = To(z) and A*(-,-) # Ao(-,-), for some known functions S. and &. Let a,, = b, = n~"/?;
specifically let Assumptions A1-A2 in the Supplement hold. Then /n <[§)(1) — B()) is asymptotically

~1
linear with influence function {K (“)} W(“) and therefore,
R T
Vi (B —Bo) 2 A0.2 = {EK)""} var(y)EK ).

b) (Model-double robustness): Let N*(t,z) = L(t,z;Go,Yo) = Ao(,2), Si(|-,+) # Seco(¢]-,+)
and 7 (-) # 1o (+), for some known function L. Let ¢, = n~'/?; specifically let Assumptions BI-B2
in the Supplement hold. Then \/n (G(l) - BO> is asymptotically linear with influence function

-1
{K (b)} w(b) and therefore,

Vi (B~ o) 2 a0, = {B(K®) 1} Var(y®) (k™) ).

c) (Rate-double robustness): If Si(+|-,-) = Sco(-|-,), #*(-) = mo(-) and A*(-,-) = Ao(-,-)

with apc, = o(n='/2) and bpc, = o(n="/?) under Assumptions C1, C2 in the the Supplement
B _py) 2 (© @11 ylo) gple-t
VaBY — Bo) B A0, = { W) v w),

where V¢ and W'°) are diagonal matrices with components [ {p(u)Bjo+q;(u)}duand

E (fOT ePBrotB0)A1 A £5.0(11A, Z2)} " {A —To(2)} Y(t)dt), respectively.
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Quantities W(“),\V(b ) and K@, K®) are given in Section 3.8.4 of the Supplement. Quantities

p and q are defined in Assumption CI in the Supplement.

Remark 1. Both the assumed working models for S¢(-|-,-) and A(-,-) are semiparametric. They
indeed have a parametric component encoded by M and Y and a nonparametric component encoded

by A.(t) and G(t), respectively. Either one of them can be chosen null by the user.

The consistency result requires either sets of estimators of the nuisance parameters to
converge to the true without requiring any specific rate of convergence or knowledge of which
model is correct. The asymptotic normality of the score requires more specific assumptions. Case
a) and b) of Theorem 4 assume that only one of the two sets of models is correctly specified and
that the rate of convergence of the corresponding estimators is /n. This is easily achieved using
classical semiparametric models as logistic regression for the propensity score and the Cox model
for the censoring distribution. Both our proposals for estimation of A(z,Z) achieve the required
rate of convergence. Case a) and b) of of Theorem 4 provide the asymptotic distribution of fi(l)
when one of the two sets of models is possibly misspecified. This is an improvement with respect to
the result of Hou et al. (2021), where the asymptotic distribution of the estimator is derived only
when both models are correct. Case c) of Theorem 4 assumes that both sets of models are correctly
specified. If this is the case no specific rate is required for the convergence of the estimators of the
nuisance parameters, as long as their product rate is o(n’l/ 2). A set of estimators can therefore
be arbitrary slow as long as the other set is fast enough. The property just described is known as
rate double robustness and allows the user to choose from a variety of estimators for the nuisance
parameters. This is a relaxation with respect to Wang and Chen (2001); Tchetgen Tchetgen et al.
(2010); Zhang and Schaubel (2012a); Bai et al. (2017); Dukes et al. (2019b); Tan (2019). The
following result derives a consistent estimator for the asymptotic variance of B(l) when both models

are correctly specified.
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Theorem 5. Let Assumption 1 and Assumptions S1-S8 in the Supplement hold. If Si(-|-,-) =
Seo(-]-), m(-) = mo(+) and A*(-,-) = Aq(-,-) with anc, = o(n="1?) and b,c, = o(n~"/?) under

Assumptions C1, C2 in the the Supplement, the asymptotic variance of ﬁ(l) can be consistently

estimated by:
{W<C)}1V<C>(r){W(C>}1, (3.15)
where
W = li_i‘iA, {A,—ft(Z,)}/OXi{Sc(t|A,,Z,)} By +B2 )t gy
and
21{8 1, = BB NS 2(XilAi, i) {Ai — R(Z)
for j=1,2.

The asymptotic variance when one of the two sets of models is misspecified, (case a) and
b) of Theorem 4), depends on the form of the nuisance parameters correctly specified and their
estimators. In the following corollary of case a) and b) of Theorem 4 we derive the explicit form of

the asymptotic variance for common specific working models.

Corollary 1. Under the same Assumptions of Theorem 4, it holds:

a) If Sk (t|a,z) = Sco(t|a,z) = exp (—Aco(t)engd> where D = [A,Z], m*(z) = Tp(z) =

{1+exp(—a'z) }_] and N*(-,-) # Ao(+,+), and if additional regularity Assumptions A*1-4 in the
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Supplement hold, then

T /
Var(y)EK) ).

Vi (B =) B ao,z) = { (K@)~}
b) Let’ s assume that A*(t,z) = Ao(t,z) = Go(t) +Yg 2t , SE(+|-,-) # Seo(+|, ) and w*(-) #

().
If Gj(t) is estimated using (3.11) then, under additional regularity Assumptions B*1 ,2, 4 in

the Supplement,
A / / T / /
Vi (B = o) B (0,2 = LK) Var(y®)EK) ).

If G(t) is estimated using (3.12) then,under additional regularity Assumptions B*1 ,3, 4 in

the Supplement, then
A 1/ /! T /! /!
Vi (B =) 2 A0.2") = {E&®) | var(y)EEP) ).

Quantities K(“),K(b/),K(b"),\y(“,),w(b/),\p(bﬂ) are given in Section 3.8.4 of the Supplement.

The above Corollary offers an explicit form for the asymptotic variance of B(l) when one
of the two sets of models is misspecified. However, because of its complex form and because in
practice one does not know which model is correct, we do not derive a consistent estimator for it.
We show in simulations that the variance estimator (3.15), derived under the assumption of both sets
of models being correct, is somehow robust to model misspecification. Alternatively we suggest the
use of bootstrap. The use of bootstrap is typical of the doubly robust literature (Zhang and Schaubel,

2012a; Bai et al., 2017; Yang et al., 2020) and the validity of such procedure is due to the fact that [3
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is asymptotically linear. We will use a standard nonparametric bootstrap, where one draws bootstrap

samples from (X;,8;,A;,Z;), i = 1,...,n with replacement.

Detailed proofs of the Theorems are contained in Section 3.8.5 of the Supplement.

3.4.2 Asymptotic properties of Score 2.

Similarly to the previous section, we prove consistency and asymptotic normality of B(Z).
The majority of the assumptions needed for studying the asymptotic behavior of B(Z) are the same
needed for B(1). Again, we need the estimators S.(-|-,-), &(-) and A(-,-) to convergen to some
SE(-]- ), m*(+),A*(+,-), possibly different from the true quantities, as specified in Assumption 1.
The following results prove that B(Z) shares the same properties of B(l); being both rate-doubly

robust and model-doubly robust.

Theorem 6. Let Assumption 1 and Assumptions S1-S7 and S9 in the Supplement hold. If either

Si(-I's+) = Seo(-|-,-) and w*(-) = mo(-) or A*(-,-) = Ao(:, ) we have /n(BP —Bo) = 0,(1).
Theorem 7. Let Assumption 1 and Assumptions S1-S7 and S9 in the Supplement hold.

a) (Model-double robustness): Let S (-|-,-) = Sco(+|-,+), () =mo(-) and A*(-,-) # Ao(+,-).
Let ay = n~ "2 and b, = n=Y/?; specifically let Assumption A’l in the Supplement hold. Then

Vn <B(2) — Bo> is asymptotically linear with influence function {J (“)} 09 and therefore,

T

Vi (B —Bo) 2 20,1 = {EU) | var(e)EG) ).

b) (Model-double robustness): Let A*(-,-) = Ao(+,-), SE(+|+,-) # Sco(|, ) and w* (-) # =°(-).

Let ¢, =n~1/2; specifically let Assumption B’l in the Supplement hold. Then \/n ([3(2) — [30> is
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-1
asymptotically linear with influence function {J (b )} q)(b) and therefore

T

Vi (B® o) B A0.1 = {EG) T} var(o®)EG®) ).

¢) (Rate-double robustness): Let SE(+|-,-) = Sco(+|,+), T*(-) = wo(-) and A*(-,-) = Ao(,")
with anc, = o(n="2) and byc, = o(n="/?) and let Assumptions C’1, 2 in the Supplement hold. We

have
V(B —Bo) 2 A(0,T) = (W) Ty gy w1ty

where W) is a 2x2 diagonal matrix with diagonal element E [A fg( {A—Ea(t; BO,SCO,EO,Z)}dt]

and V') (1) is a diagonal matrix with diagonal elements | {p/(u)ﬁjo +¢;(u) } du.

Quantities J\@J (b>,¢(a>,¢(‘?> are given in Section 3.8.4 of the Supplement. Quantities p'

and q' are defined in Assumption C’1 in the Supplement.

Theorem 8. Let Assumption 1 and Assumptions S1-S7 and S9 in the Supplement hold. If S{(+|-,-) =
Seo(-]-), () = mo(-) and A*(-,-) = Ao(-,) with ayc, = o(n='/?) and byc, = o(n~"/?) and
Assumptions C’1, 2 in the Supplement hold, the asymptotic variance of 3(2) can be consistently

estimated by
(W) O @)W~ (3.16)

where:
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and
’\(Cl) 12 . Aa 2
Vij (T):;Zﬂ{siz1781'ZJ}{Ai—fA(Xi;B»Sc,R,Zi)} :
i=1

The techniques used for the proof of these results are similar to the one needed for the proofs
of the asymptotic results concerning [AS(I). We therefore report only a sketch of the proof in Section

3.8.5 of the Supplement.

3.5 Simulation experiments

In this section we investigate the performance of our proposed estimators on a series of
simulated dataset. We call Bl and 32 the results of the score (3.13) and (3.14), respectively. The
first score offers a closed form solution, while for the second one, we use Newton Raphson to
approximate its roots with 0 as starting point. We consider the covariates Z to be 2-dimensional.
For ease of exposition we define the set M = {h;(t|a,z) = Bja+A(t,z) : forall Bj € R,Aj(-,-):

[0,7] x RZ = R, j=1,...,J} that describes model (3.1).

3.5.1 Independent censoring

We consider four different simulation scenarios defined in Table 3.1. The censoring
variable C is simulated independently of T,A,Z = [Z;,Z,]"; estimation of the censoring dis-
tribution is not required and we therefore use the simplified scores (3.8) and (3.9). We con-
sider, for estimation of the propensity score and Aj, the following working models: 4,,, =
{n(z;a) = expit(at' z) : forall o € R*}, Ay ={n(z0) = expit(o’ z+ ¥ z122) :

forall [o,a*]" € R®} and B = {A;(t,z:G},Y;) = Gj(t) —I—Yszt forally; € R?,
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G;(-):10,71] = R*, j=1,...,J}. Moreover, we investigate the performance of gradient boosted
logistic regression (twang (Cefalu et al., 2021)) for estimation of the propensity score and we call

A;,, the corresponding working model.

Both (1) and B are consistent and asymptotically normal under model M N (AU B),
where A4 is the model chosen for the propensity score, 4;,, or /‘le*og or 4;,,. For comparison, we
also estimate 3 separately fitting the traditional semiparametric additive hazards model to each
competing risk. We call this method traditional and we remind the reader that it is consistent under

model M N B.

In Scenario 1 both A;,, and B are correctly specified while in Scenario 2 4, is misspecified

since it excludes the interaction term. In Scenario 3 and 4, B is misspecified but 4 is correct. The

log
correctness of the nonparametric model 4, is hard to asses.

For each scenario, we simulate 500 datasets of 1000 observations. The percentage of treated
subjects is 40% — 50% and the percentage of censored subjects is 10% — 30%. For both estimators,
model-based standard errors, (3.15) and (3.16), are used to construct 95% confidence intervals.
Additionally, in Scenario 4, for the first 100 simulations, we also report the bootstrap-based standard

error. To this aim we sample 100 bootstrap samples without replacement.

Results of simulations are reported in Table 3.2. Our proposed estimators exhibit consistency
when either one of the two models is correctly specified. On the other hand, when model B is
misspecified, the traditional estimator appears to be biased. The model-based standard errors are
proven consistent only when both models are correct. However, in Scenario 2 and 3, they still
perform well, exhibiting some level of robustness to mild departure from A4 M B. In Scenario 4, the
model-based standard errors show some bias. However, bootstrap-based confidence intervals show
correct coverage. The use of logistic regression and boosted logistic regression for estimation of the

propensity score exhibits similar performance. We conjecture that this is due to the model-double
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robustness of our proposed estimators.

Table 3.1: Data-generating mechanisms of Scenarios 1-4. We define Z = [Z;,7,]". Here

C 1 (T,AZ).
Scenario Data-generating mechanism Fitted models
Z1,Z> ~ U(0,0.5)
| logi{n(Z2)} =21 — Z» Ajpg: CORRECT and 4,
Ai(t) =01A+14+2Z1+2, B: CORRECT
C~U(0,3)
Z1,Z> ~U(0,0.5)
) logit{n(Z)} = 0.25(Z; — Z») — 0.5Z,Z> Ajpg: WRONG and 4,
Aj(t) =0.1A+03+Z1+ 2> B: CORRECT
C~U(0,3)
Zy ~N(0,1)
7y ~N(Z1,1)
3 logit{n(Z)} = 0.25(Z1 — Z2) +0.5Z1Z, — 1 A},;: CORRECT and Ay,
Aj(t) =0.1A40.3+|Z; | +1log(1 +|2Z,|) B: WRONG
C~U(0,3)
Zy ~N(0,1)
Zy ~ N(Z1,1)
4 logit{n(Z)} = 0.25(Z1 — Z2) +0.5Z,Z, — 1 A,,: CORRECT and 4,,,
Aj(t) =0.1A+exp(Z +22) B: WRONG
C~U(0,3)
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Table 3.2: Results of simulations from Scenarios 1-4. Here C L (T,A,Z). Column PS indicates
the working model used to estimate the propensity score. For Scenario 4, the first SE and CP are
model based, while the second one uses bootstrap. SD, standard deviation; SE, standard error;
CP, coverage of the 95% confidence interval.

Method Score 1 Score 2 Traditional
Bias SD SE CP Bias SD SE CP Bias SD SE CP
Scenario PS B B

Bi  —0.012 0.156 0.146 0.93 —0.006 0.157 0.146 0.93

| Logistic 5 (0006 0144 0.147 095 0006 0.146 0.146 095 b1 0006 0157 0.147 093
By —0.012 0.159 0.150 093 —0.006 0.161 0.149 0.93

Twang g 00003 0147 0.150 096 0005 0145 0.149 095 P> 0006 0146 0147 0.95

Logisie B1 0010 010801200 097 —0007 0108 0020 097 = (oo™ " o™ o™ (o

’ B2 0.001 0.127 0.121 095 0.005 0.129 0.121 0.95
By —0.011 0.110 0.124 0.97 —-0.008 0.110 0.124 0.97

Twang g 0001 0131 0.124 095 0004 0133 0124 094 b2 0005 0128 0121 095
B R TR
s B0 013 DI 007 o Dl 01 0% e i arer e
Logisic Pr 0004 0.091 8:8;; 8:33 0-006 0091 8:82(9) g:gsls Bl 0570 0.127 0095 0

4 Bo  0.002  0.094 8:8;; 8:22 0.003  0.095 8:82(9) g:gg
Twang P1 0044 0.089 8:832 8:% 0.047 0092 gi%(g) gigg B, 0566 0.128 0095 0

o o oo O DB g o ST 03

3.5.2 Dependent censoring

To investigate the robustness of our proposed estimators with respect to the censoring
distribution, we consider the same settings as Scenario 1,2,3 but with censoring dependent on the

covariates A, Z. Specifically we consider 4 different scenarios defined in Table 3.3.

We report the results of using both the simplified scores, (3.8) and (3.9), under the assumption
of independent censoring (B(l),ﬁ(z)) and score (3.13) with an estimator for S, plugged in (B(l")).
For estimation of the censoring distribution, we consider the following working model:
C= {Sc(t|a,z;n,AC) = exp{—Ac(t)ean} . forallm € R? A.() : [0,7] — R+} where
D=[AZ]".
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B19) is consistent and asymptotically normal under model M N{(AN C) U B}.

In Scenario 5 both A;,, N C and B are correctly specified while in Scenario 6, 4., is
misspecified since it excludes the interaction term. In Scenario 7 both 4, and C are misspecified

while in Scenario 8, B is misspecified but ﬁll*og N C is correct.

For each scenario, we simulate 500 datasets of 1000 observations. The percentage of treated
subjects 1s 40% — 50% and the percentage of censored subjects is 10% — 30%. For both estimators,

the model-based standard errors, (3.15) and (3.16), are used to construct 95% confidence intervals.

Results of simulations are reported in Table 3.4. In every scenario, the proposed estimators
are unbiased. This seems to suggest that both our proposed scores are not really sensitive to the
censoring distribution. However, Scenario 7 shows that the model-based standard error is somehow
sensitive to departure from the censoring model. The user needs to carefully construct the censoring

model if s/he intends to use the model-based approach.
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Table 3.3: Data-generating mechanisms of Scenarios 5-8. We define Z = [Z;,2,] .

CLTIAZ
Scenario Data-generating mechanism Fitted models
Z1,Z> ~U(0,0.5)
5 logi{n(2)} =21 - Z Ajpg: CORRECT and 4;,,
C ~Exp(exp(—1+A+Z1+2,)) C: CORRECT
Ai(t) =01A+14+Z1+2, B: CORRECT
Z1,Z, ~U(0,0.5)
6 logit{n(Z)} = 0.25(Z; — Z») — 0.5Z,Z> Ajog: WRONG and 4;,,
C~ Exp(exp(—1+A+Z+2,)) C: CORRECT
Ai(t)=0.1A4034+Z,+ 2, B: CORRECT
Z1,Z, ~U(0,0.5)
7 logit{n(Z)} = 0.25(Z) — Z,) — 0.5Z,Z, Ajog: WRONG and 4,

7\,4-(I|A,Z) =2+A-7Z1—-7

7\,.,'([) =0.1¥A4+03+Z1+2,

C: WRONG

B: CORRECT

Zl ~ N(Ov 1)
Zy ~ N(Z1,1)

logit{n(Z)} = 0.25(Z1 — Z») +0.52,Z, — 1
C ~Exp(exp(—A+Z1 —Z2))

Aj(t) = 0.1A+0.3 + |Zy| +log(1 +|Za])

;.- CORRECT and 4,
C: CORRECT

B: WRONG

Here

Table 3.4: Results of simulations from Scenarios 5-8. Column PS indicates the working model
used to estimate the propensity score. Here C 1. T|A,Z. SD, standard deviation; SE, standard

error; CP, coverage of the 95% confidence interval.

Method Score 1 Score 1-Cens Score 2

Bias SD SE CP Bias SD SE CP Bias SD SE CP
Scenario PS B

Logistic B; —0.021 0.157 0.181 097 -—-0.032 0.163 0.180 0.97 —0.006 0.154 0.180 0.98
5 B, —0.018 0.160 0.182 097 -0.026 0.168 0.181 0.96 —0.003 0.158 0.180 0.97
Twang B; —0.021 0.159 0.186 0.97 —-0.030 0.166 0.184 0.97 —0.007 0.157 0.184 0.97
B» —0.018 0.163 0.186 0.97 —-0.026 0.171 0.185 0.95 -0.003 0.162 0.184 0.97
Logistic By —0.009 0.115 0.113 095 -0.012 0.115 0.119 0.96 -0.006 0.115 0.113 0.95
6 B, —0.011 0.127 0.113 092 —-0.013 0.124 0.119 0.94 —0.008 0.127 0.113 0.93
Twang i —0.009 0.120 0.117 095 -0.013 0.118 0.123 0.96 —0.005 0.119 0.117 0.95
B, —0.013 0.131 0.116 091 —0.014 0.128 0.123 0.93 —0.009 0.131 0.116 0.91
Logistic Bp —0.007 0.126 0.136 096 —0.012 0.128 0.336 0.83 0.000 0.127 0.135 0.95
7 B> —0.008 0.128 0.136 0.97 -0.014 0.131 0.368 0.82 —0.002 0.129 0.135 0.97
Twang B;  —0.007 0.128 0.140 096 —0.012 0.129 0.339 0.83 0.001 0.129 0.139 0.97
By —0.009 0.135 0.140 096 —0.014 0.138 0.362 0.81 —0.003 0.135 0.139 0.96
Logistic By 0.001 0.170 0.160 0.93 —0.030 0.184 0.197 0.96 0.012 0.168 0.161 0.94
3 B2 0.002 0.164 0.160 0.95 -0.034 0.177 0.197 0.97 0.013 0.163 0.161 0.94
Twang B1 0.011 0.168 0.159 0.94 —-0.024 0.185 0.197 0.96 0.020 0.166 0.160 0.95
B2 0.014 0.160 0.159 0.95 -0.026 0.176 0.198 0.97 0.022 0.160 0.159 0.94
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3.6 Application

We study the effect of mid-life alcohol consumption on the development of late-life dementia
related to Alzheimer disease. To this aim we use data from the linked epidemiologic projects
Honolulu Hearth Program (HHP) and Honolulu-Asia Aging Study (HAAS). HHP was established
in 1965 as epidemiologic study of rates and risk factors for heart disease and stroke in men of
Japanese ancestry living in Oahu and born between 1900 and 1919. 8006 men participated in
the initial examination and interview (1965, then aged 45-65 years). HHP comprises of 2 further
exams, (exam 2, n=7498, 1968-1971), (exam 3, n=6860, 1971-74) and a subsequent follow-up
interview (mailout, n=4655, 1986-89). HAAS was established in 1991 (HHP exam 4, n=3734) as
a continuation of the HHP with a shift focus on brain aging, AS, vascular dementia, other causes
of cognitive and motor impairment, stroke, and the common chronic conditions of late-life. Eight
further exams were done at 2-3 years intervals until 2012. During all the 9 HAAS examinations

neuropsychological screenings were performed.

Here we study the effect of mid-life alcohol exposure on late-life development of moderate
cognitive impairment. Cognitive impairment is assessed through the score of Cognitive Assessment
and Screening Instrument (CASI), collected on the participants starting from exam 4. A score below
74 is considered moderate impairment. The mid-life alcohol exposure was assessed by self report

and translated into units of drinks per month at exam 1 and exam 3.

At the end of the study, only about 500 of the 8006 men were still alive and so death without
development of cognitive impairment is a competing risk for the event of interest. Since our focus
is on the cognitive impairment, we consider exam 4 as time 0 and we restrict the analysis to the set
of participants who had normal cognitive functions at exam 4. After deleting 30 observations with

missing entries, we are left with 1881 observations.
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We divide the observations into people with a light exposure to alcohol both at exam 1 and 3
and people that, at least in one of the two exams, had an heavy alcohol exposure; 1390 observations
are categorized as light drinkers, while 491 as heavy drinkers. Of the 1390 in the first group, 557
developed cognitive impairment by the end of the study while 474 died, of the 491 in the second
group, 216 developed cognitive impairment and 163 died. The cumulative incidence function curves

for the two groups are presented in Figure 3.1.

The baseline covariates used to adjust for confounding are systolic blood pressure, age,
maximum years of education, ApoE genotype and heart rate. A table with the distribution of the

baseline covariates across the two groups can be found in Table 3.5.

In order to utilize our proposed scores we estimate the propensity score both using logistic
and boosted logistic regression. The distribution of the estimated propensity scores for both groups

is plotted in Figure 3.4.

We utilize both proposed scores to estimate the effect of mid-life alcohol exposure on the
development of moderate cognitive impairment and on the competing risk death without cognitive
impairment. The value of CASI at exam 4 represents a mediator for the effect under study. Following
the literature on mediation analysis, the total effect of the exposure on the outcome of interest can
be decomposed into direct and indirect effect (Lange and Hansen, 2011; VanderWeele, 2011). The
former is the effect of alcohol exposure on development of cognitive impairment not mediated by
the value of CASI at exam 4. The latter is instead the effect that can be attributed to the value
of CASI at exam 4. On the other hand we conjecture that the value of CASI at exam 4 does not
mediate the effect of alcohol exposure on the competing risk death. Here, we exploit our proposed
scores to compute both the total and the direct effect not including and including, respectively the

mediator as covariate.

In Figure 3.5 we plot Kaplan-Meier censoring survival curves for different groups, defined
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by the exposure and the covariates. The plots seem to suggest that the stronger assumption of
C L (T,A)|Z does not hold here. We report the estimates B(1), $2), B(19) as in subsection 3.5.2. We

estimate the censoring distribution according to the Cox model.
Results of the analysis are reported in Table 3.6.

The results seem to indicate that mid-life alcohol exposure has a significant effect on both
the development of cognitive impairment and death without cognitive impairment. This seems to
be in line with Figure 3.1. The estimated total and direct effect of the exposure on the outcome of
interest are around 0.013 and 0.009, respectively. There is no a big difference between the estimates
of the total and the direct effect of the exposure on the competing risk death without cognitive
impairment. Both estimated effects are indeed around 0.012. This corroborates our conjecture: the
value of CASI at exam 4 does not seem to mediate the effect of alcohol exposure on death without
cognitive impairment.

Table 3.5: Participants’ characteristic of the HHP-HAAS dataset. Presented are mean (standard
deviation) for the continuous variables, and frequency (%) for the categorical variables.

HeavyDrinkers  LightDrinkers

(n=491) (n=1390)
SystolicBP 151.40 (21.95) 148.76 (21.26)
Age 77.12 (3.75) 77.05 (3.80)
Education (in years) 10.42 (2.97) 11.22 (3.12)
ApoE genotype (yes) 105 (21.4%) 254 (18.3%)
HeartRate (in 30 secs)  31.88 (4.83) 31.22 (4.62)
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CIF

0 5 10 15 20
time
Group Heavy Drinkers — Light Drinkers
Risk — Cognimpair ---- Death w/o Cognlmpair

Figure 3.1: Cumulative incidence function curves for competing risks for the HHP-HAAS
dataset. ’Cognlmpair’ stands for ’Cognitive Impairment’.
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Figure 3.2: Propensity score for estimation of the total effect.
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Figure 3.3: Propensity score for estimation of the direct effect.

Figure 3.4: Distribution of the estimated propensity score for the HHP-HAAS dataset.
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Figure 3.5: Censoring distribution for different groups of the HHP-HAAS dataset.



Table 3.6: Estimated treatment effect for the HHP-HAAS dataset. Column PS indicates the
working model used to estimate the propensity score. The first CI is model-based, while the
second one uses bootstrap with B=50. Time is measured in years. CI, confidence interval

Method Score 1 Score 1-Cens Score 2

p

CI

p

CI

B

CI

Treatment Effect PS B

Bi
B2
B
B2

Logistic
Total Effect

Twang

0.013

0.012

0.012

0.012

[0.004,0.022]
[0.003,0.023]
[0.005,0.020]
[0.005,0.020]
[0.003,0.020]
[0.001,0.022]
[0.004,0.020]
[0.002,0.021]

0.015

0.013

0.013

0.012

[0.005,0.025]
[0.004,0.022]
[0.004,0.022]
[0.005,0.021]
[0.004,0.023]
[0.002,0.025]
[0.003,0.022]
[0.001,0.024]

0.012

0.012

0.011

0.011

[0.004,0.021]
[0.003,0.022]
[0.005,0.019]
[0.006,0.018]
[0.003,0.020]
[0.002,0.021]
[0.004,0.019]
[0.003,0.020]

Bi
B2
By
B2

Logistic
Direct Effect

Twang

0.010

0.012

0.008

0.010

[0.001,0.019]
[0.002,0.019]
[0.005,0.020]
[0.005,0.022]
[0.000,0.017]
[0.005,0.011]
[0.003,0.018]
[0.007,0.014]

0.009

0.013

0.008

0.011

[0.000,0.019]
[0.000,0.019]
[0.004,0.022]
[0.004,0.023]
[-0.002,0.017]
[-0.001,0.006]
[0.002,0.020]
[0.000,0.007]

0.009

0.012

0.008

0.010

[0.001,0.018]
[0.002,0.019]
[0.005,0.019]
[0.004,0.021]
[0.000,0.016]
[0.001,0.016]
[0.003,0.018]
[0.003,0.018]

3.7 Discussion

The proposed estimators are model-doubly robust; they are consistent and asymptotically
normal if either one of the two sets of models is correctly specified. The estimators are also
rate-doubly robust, i.e. when both sets of models are correct, they only need the product of their
rates of convergence to be o(+/n). This characteristic allows the user to choose, for estimation of
the nuisance parameters, from a big variety of methodologies, both parametric and nonparametric.
To the best of our knowledge we provide the first doubly robust estimators for the hazard difference

in the presence of competing risks.

In this article we have proposed two doubly robust estimators for the conditional cause-
specific hazard difference under competing risks. We proposed two estimators that are model-doubly

robust: they are consistent and asymptotically normal if either both the propensity score and the
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censoring distribution or the outcome models for competing risks are modeled correctly. Moreover,
they are rate-doubly robust: they are consistent and asymptotically normal if both sets of models are
correctly specified and the product of their convergence rates is o(1/n). The last property, that has its
roots in the orthogonality of the scores, gives the user the possibility to estimate the propensity score
or/and the censoring distribution or/and the outcome model using modern nonparametric methods,
known to have rates of convergence slower than /. In simulations we showed the performance
of our estimators when boosted logistic regression is used for estimation of the propensity score.
Different nonparametric methods are also available for estimation of survival curves, such as survival
random forest (Ishwaran et al., 2008), spline (Gray, 1992; Kooperberg et al., 1995a) and Kernel
(Beran, 1981; Dabrowska, 1989). The user can employ them for estimation of A; (t,Z) and then
use one of our proposed scores. In the absence of competing risks, Hou et al. (2021) proposed in
section 6.1 to estimate nonparametrically the cumulative hazard function separately for the treated
and the untreated, A(), A©) and then use A(r,Z) = w(r) {f\(l) (1|2) - Bt} {1 w(i)YAO(1]2)
for some weight w(z). In our case this method needs to be adapted to the setting of competing

risks. To this aim the user needs to carefully make use of nonparametric methods that work under

such setting to estimate /A\g.l) , /A\g.()). For example Ishwaran et al. (2014) proposed survival random
forest for competing risks for estimation of both cumulative cause-specific hazard functions and

cumulative incidence functions.

Here we propose estimators for the total treatment effect on both the event of interest and
the competing event. Since in our example mid-life alcohol consumption has an harmful effect
on both the development of cognitive impairment and survival, the total effect has not a difficult
interpretation. However, when the total effects on two competing risks have opposite directions,
it might be difficult to understand which part of the effect is due to the competing event. If for

example we had discovered a beneficial effect of heavy alcohol consumption on survival, we would
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have not known if the harmful effect of drinking on the development of cognitive impairment were
simply a consequence of aging. To shed light on this, recently separable direct and indirect effects
have been introduced (Stensrud et al., 2020). While they offer better overall interpretation, they
need to be justified by subject-matter knowledge and their identification is based on untestable
assumptions. The decomposition into separable effects of our total effect is beyond the scope of this

paper and we leave this for future work.

In simulations we have investigated the use of both logistic regression and boosted logistic
regression for estimation of the propensity score. The latter has been recently acquired popularity
among practitioners. The idea that nonparametric methods are always consistent is a common
misconception. While it is true that these methods relax the modeling assumptions typical of
parametric methodologies, their consistency is not granted and it is often hard to asses. Moreover,
nonparametric methods have often convergence rate slower than the classical \/n and their tuning
process can be non trivial. Because of all the above reasons it is useful to use them in combination

with estimators that are both model and rate-doubly robust as our proposals.

To use our scores, the censoring distribution needs to be modeled. However this is not
true if one is willing to assume that the censoring is independent of the treatment and the failure
time given the covariates. In simulations we have shown that our estimators seem to be pretty
robust with respect to this assumption. However, we advise the user to asses the validity of the
assumption as we have done in the data analysis. Moreover, when the censoring distribution is
estimated and the model-based confidence interval is considered, the censoring model needs to be
carefully constructed. To this aim, the user should choose the model that seems to best fit the data.

Alternatively, if computational time is not a concern, one can use bootstrap.
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3.8 Appendix

3.8.1 Derivation of the semiparametrically efficient score.

We have, for an individual, the following likelihood:

~

L=[T{nxIA2)} 7 exp {~H;(X|A4,2)} {A(X|4,2)}' P
j=1

x exp{—Ac(X|A,Z)} P(A|Z)f(Z)
- f{ (0(x,2) + B} = exp {— A (X, 2) — BjAX } {Me(X]A,Z)}'
j=1

< exp{—Ac(X|A,2)} PAIZ) f(2), (3.17)

where A.(t|a,z) is the conditional hazard function for C, P(a|z) is the conditional distribution of
A and f(z) is the density of the covariates. Moreover Aj(t,z) = [3A;(u,z)du for j=1,...,J and

Ac(t|a,z) = [§ Me(ula,z)du.

3.8.2 Score for

We first derive the score for the parameter of interest 3. We first prove a generic result.

Lemma 3. For a generic cause-specific hazards model hj(t|W;0), j=1,...,J where 6 = (B,m)

and the parameter of interest B = [B1,...,Bs]" is finite-dimensional and W are covariates, we have:
Sp = {/T . (t|W;0) aM; (1) }J (3.18)
P W P g efwie) S |

Proof of Lemma 3. Under a generic cause-specific hazards model the log likelihood for an individ-
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ual is

logL(6 i [1{8=1,e=j}log{h;(X|W;8)} —H;(X|W;0)]
=1

+(1—8)log {Ac(X|A,Z)} — Ac(X|A, Z) + log P(A|Z) +log £(Z),

~.

and the associated martingales are:

Mj(t) =N;(t)—H;(t|W;60)Y (1). (3.19)
Therefore, for j=1,...,J:
dlogL(0)
Sgr. = —=
{ B}j Bj 0260
03, (X|W 0)
j=1 0=0, 0
© dg.hi(t|W;90) T
. Bj J _/ ) .
_ /0 T O athJ(t]W,G)’e_GOY(t)dt

dM;(1)
_ / 9p,hi(1|W e)‘ oo B (V26

Application of the above Lemma to model (3.1) leads to:

{/A t|AZ} (3.20)

j=1
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Nuisance tangent space

Under model (3.1) we have J + 2 nuisance parameters: Aj(t,z),...,As(t,2),Ac(t|a,z),

P(alz)f(z). We call their tangent spaces Al ,..., Al , Aas, Az, respectively.

1s?

Lemma 5.1 of Tsiatis (2007) proves that:

Ao = {/Org(t,A,Z)nd(t) . forall g(t,A,Z)}, (3.21)

where M,(¢) is the martingale associated with the censoring distribution. Pag. 117 of Tsiatis (2007)

proves that:

Az ={g(A,Z) : E{g(A,2)} =0}. (3.22)

We now derive A{S forj=1,...,J.

Lemmad. For j=1,...,J:

P T de(l) )
A{S = {/0 g(t,Z)W . forall g(mZ)}. (3.23)

Moreover Alls L A{s for each |l # j.

Proof of Lemma 4. The nuisance tangent space, when the nuisance parameter has finite dimension,
is defined as the space spanned by the nuisance score. The nuisance tangent space for a semipara-
metric model is the mean-square closure of all parametric submodel nuisance tangent spaces. We

therefore starts considering parametric submodels. Let’s assume that j is fixed and let’s consider a
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generic parametric submodel:
hj(t|A,Zim) = A;(t,Z:m) +BjA,

where 1o indicates the true parameter. For this parametric submodel, by Lemma 3, we have

T dM (1)
Sﬂ :‘/0 aﬂ)\‘j(t7Z;n)|ﬂ:ﬂohj(t’j4 Z)'

We hence conjecture that, for our semiparametric model:

[ dM;(t)
A{S_{/O g(t,Z)W : forallg(nZ)}. (3.24)

By above calculations, we know that, the nuisance tangent space of any parametric submodel
belongs to A{ - To complete our proof we need to prove that for any element of the conjectured
(10), indexed by g(¢,Z), there exists a parametric submodel such that, such element belongs to its
nuisance tangent space. Given g(t,Z), straightforward algebra proves that the score of the following

parametric submodel:
h](t‘sz’n) = kj(ﬁZ;nO) +ng(taz) + BJA7

corresponds to the element of A{ , indexed by the chosen g(¢,Z). Our conjecture is therefore proven

right.

We now focus on proving the orthogonality of these spaces. For each g;(¢,Z), g;(t,Z) with
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[ # j, we have:

T dMl() T dM(t)
{/o sl2) 5 TAZ) X/o gj(t’z)hj(ﬂ]A,Z)}

{ 1

hi(t| A, Z)hj(1 | A, Z)

S~

g1(t,Z)g;(t Z) <dM,(t),dM;(t) >} =0,

where the last equality comes from the fact that we assume that competing risks don’t happen at the

same time. Therefore Al1 ;L A{ Jforl# j. 0

The nuisance tangent space is therefore:

A=A @®.. . ®A] B Ay® Ass. (3.25)

Orthogonal complement of the nuisance tangent space: proof of Lemma 1

We are now ready to derive the orthogonal complement of the nuisance tangent space. We

start with some useful lemma:

Lemma 5. For any g;(t,A,Z):

’ dM(1)

J - t * dMJ(t)
Als}_/o 8]'(%2)W7

where

E[g](t A, Z)h; (1A, Z)S.(1|A, Z)e ™ Ti-i BiAt

g§(l7z> ) B Y] BiAr
E [ (14.2)S.(114,Z)e ¥ 7]

Z]
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Proof of Lemma 20. By definition of projection, we need, for any g(¢,Z), that:

[ [T . dM (1) T dM (1)
0 = E/O {gj(t,A,Z)—gj(t,Z)}hjm—A’Z)x/og(t,Z)thA,ZJ

= E :/OT {2j(1,A,2) = g(1,Z) } 8(1,2)h;*(1|A, Z) < aM (1) >}

_ E :/()T{gj(t,A,Z) _gj.(z,z>}g(t,Z)h;l(t\A,Z)Y(t)dz]

T
= [ E(E[{eA2) =502} (4. 2Y (0)I2] 8(1.2) ) dr
implying that, almost surely,
E |{2,(1.4,2) —g;(1.2)} i (114 2)Y (1)|2] = 0.

By contradiction, let’s assume that the above expectation is not zero on an interval with positive

measure. If we take

§(.2) =E [{g,(1,4,2) ~ &1, 2) } 1, (114, 2)Y (1) 2]

then

/O«.-E (E [{gj(t,A,Z) —g}f(t,z)}hjfl(t|A,z)Y(t)\z] g(t,z)> dt £0.

and so the contradiction.
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Therefore:

{ J(6,A,2)h5 1(t\A,Z)Y(t)|Z}
“(1,7) =
802) {h L(14,2)Y (r)]Z}

4. 2)E{Y (1)A.Z} 2]

(

[ (1A, Z)h;
E[h; (

E{g)(1,4,2)h; (11A,2)Sc(1}4, Z)e P 2}

_ _vJ
E{hj (1A, Z)S.(1]A, Z)e Zzzlﬁw\z}

tIA,Z)E (Y (1)|A,Z) yz}

Lemma 6. We have:

{2/ {gi(t,A,2) — g5(1,2)} déZA(;) forall g;(t,A,Z) (3.26)

and gj(t,Z) s.t. H{/Orgj(t,A,Z)}:(]Z—i;)‘A{s} :/()Tg;(tvz>}jé4|—lf;)}~

Proof of Lemma 6. The tangent space for a parametric model identified by the parameter 6 = (3,1)
is defined as the space spanned by the score Sg. The tangent space for a semiparametric model is
the mean-square closure of all parametric submodel tangent spaces. If we don’t put any restrictions
on the density that generates the data, then it follows from Theorem 4.4 of Tsiatis (2007) that the
corresponding tangent space is the entire Hilbert space # = {g(X,8,A,Z) : E{g} =0, E{g'g} <
co}. Model (3.1) imposes restrictions on the cause-specific hazards /(t|A,Z) for j=1,...,J and it
leaves A:(t|A,Z), P(A|Z) and f(Z) unspecified. Suppose that now we don’t put any restriction and

we consider a nonparametric model in which also /(¢|A,Z) are left unspecified. The tangent space
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for this nonparametric model, i.e. #, is:

H=AD... , BA] DAy D Asy,

(3.27)

where A{ : are the spaces associated with /(t|A,Z); now left arbitrary. Similarly to what we have

done in the proof of Lemma 4, it is easy to show that:

. T dM(t)
Af = / (1A, Z2)—L— lgit,AZ
1s {Ogj(7 9 )hj(l|A,Z) fOl"(,l g](7 9 )}7
and that, for any [ # j:

% j* I* i
Als 1A Al 1A

! jk
1s» s Ls? Als 1 A{s'
By definition, the orthogonal complement of the nuisance tangent space is
At ={g—TI(g|A) : foreachge H}.

We remind the reader that

A=AL@®.. . DA], DA D Ass.

(3.28)

(3.29)

(3.30)

(3.31)

By (3.27), (3.30) and (3.31), to find A" it is sufficient to find the residual of the projection

of an arbitrary element of A%j P..., @A{;k onto A%S D... 769A{S.

135



By (3.28) and (3.29) we have, for any g(t,A,Z),...,g;(t,A,Z):

LTI ) eeaigs 5| abe- ot
- L [fanan i n)
= LT [aia 2 0 N )
Expression (3.26) is therefore proven. :

By lemma 20 and 6, we can therefore conclude that:

E{g)(1,4,2); (11A,2)S. (114, Z)e T P 2}

J T
At = Z/ gi(t,A,Z) —
j=1"0

dM;(t)
th(t|,j4,Z) '

E {hjfl(t|A7Z)SC(t|A7Z)g—ZL1 BzAt|Z}

foreach gj(t,A,Z)}. (3.32)

Efficient score: proof of Lemma 2

The efficient score is given by the projection of Sg onto A*. By the form of Sp its projection
on At would be the element of A+ that corresponds to g|(t,A,Z) = Aey,...,g;(t,A,Z) = Aej,

where ¢ is a 0 vector with 1 at the j' position. Therefore:

_ v J
E{an; (114, 2)5. (114, 2)e E Pz} ) g

T
Seff — / —
o | B{hala2)sctlA, z)e E Pz} | Bi(HlA.Z)

(3.33)

J=1
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3.8.3 Technical Assumptions
General Assumptions for Theorems 3-8

Assumption S 1. B is contained in the interior of a compact set.

Assumption S 2. We have a finite upper bound of time T and, for j = 1,...,J, there exist finite

L; < oo such that sup . Aj(T,2) < Lj.
Assumption S 3. There are no ties, both across observations and both across events.
Assumption S 4. There exists Cy, such that P (supizlw_‘n I1Z]]., < C1) =1.

Assumption S 5. There exist a positive C such that
inf  Sqo(t|a,z) >Cr >0,
7€ 2,a=0,1
and C3, Cy4 such that:
0 < C3 < infmy(z) <supmp(z) < Cs < 1.
€2 €2

There exists a strictly positive constant € > 0 such that

Var(A|Z) > €,

E{N(1)JA=0,Z} <1—¢,

E{Y(t)|A=0,Z} >,
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E{Y(7)|A,Z} > &.

Assumption S 6. If the estimator A depends on the unknown B for j = 1,2 in a neighborhood of
Bo,

\/ sup {A;(1,2:B;) — A,(t,:B50) } = Op(|B; — Bjol),

=0 €D

where Vf:og(t) = Sup0<l()<...<lN=T,N€N21Jy:1 |g(tj—1) - g@j)‘ .

Assumption S 7. There exist a positive Cs such that

inf S*(t >Cs >0
ednly, Se(Far2) > G5 >0,

and Cg, Cy such that:
0 < Cs < inf " (z) < supm*(z) < C7.
€D €2

Assumption S 8. There exists € > 0 such that:

E

T
/0 [1+td{A(t,Z) — A1o(t,2) } +td {A5(t,Z) — Ao (2,Z) }] dt| > €.
Moreover, If the estimator A depends on the unknown 3,

E[{A-n"(2)}{A—E(q;(1)}1Z] > ¢,
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where we call qji(t) a function, such that:

Z/qui(f)-

i=1

SI'—‘

Aj(t,Z:B) —A;(t1,Z:B0) = (Bj—Bjo) x

Assumption S 9. There exists € > 0 such that

T
/O E |:A _teiz;:lBJOAISC(Z|A7Z)d{AT(t7Z) _AIO(taz) +A§(I7Z) _AZO(taZ)} |Z:| > €,

/OTE [{A%—d@g}Aj(t,Z)} {A—EA(t:B,S;,m,Z)} |Z] S e

Assumptions for Theorem 4

In Theorem 4 we consider three different cases, depending on which model is correctly

specified: Each case needs specific assumptions.

Assumption A 1. Let, for j=1,2

3

—Z Pro B0t {4; — 1(Zi500) } S (114, Z:M0, Aco)dMi(15 B jo, A,

a 1y 4 - .
Py (1) = = Y Pt BN (A — m(Z3:00) } S (1A, ZiMo, Aco)AM i (8:B o, A},
and

1 n
—-Ye (Bro+B20)Ait g v(Z:: 0t) Sc (1A, Zim0, Aco)dM ji(1:Bjo, AF).
nzz]
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For 1 =1,2,3, there exist some bounded p(a.l) (t) and a neighborhood ‘B of

lj
{Bo,Sco(-],-),mo(-), A3(:,-)}, such that:

sup PO~ pid ()] B 0.
1€[0,7],{B.Sc,m,A; } €B |

Assumption A 2. There exist influence functions G1,6,(+),03 such that, for any t € [0,7]:

1 n
f—no=-) o,
i3

Ac(t) —Awo(t) = % i o2i(t),

i=1

1 n
a—op=—) O3
i

Assumption B 1. Let,

1 - i % - *
P (1) = = Y PPN (571140, 2)y ™ (A= 17 (20} ¥i(1)3y, dLy (1, 2: G o, Vo),

1 ¢ i * - *
P (0 i= = Y PP 51 1), 7)) Ay~ (Z0)} Y09, L (1,7 Go, Yi).

We assume that, there exist pl(f) (1), for I = 1,2 and a neighborhood ‘B of
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{Bo,Ajo(-,-), (|5 -), ®*(+, ) } such that :

sup PV 1)~ p (1) Bo.

1€[0,7,{B,A},Sc,m} €B

Assumption B 2. There exists influence functions 64,05(+) such that, for anyt € (0,7, j=1,...

N 1 ¢
Yi—Yjo= . ZGM,
i=1

A 1 &
Gi(t) = Gjo(t) =~} osilt).
i=1
Assumption C 1. Let

h(t;A,Z) = eProtPo)Ait £5 |4, Z)V A —my(2)},

hz(t;Ai,Zi)AiYi(t)a

~

—

-~

SN—

I
S| =

~
—

and

W (t;A4,Z:) N jo (1, Z)Yi(2).

S | =

Qj(t) =

i=1

We assume that, there exists p(t),q;(t) and a neighborhood ‘B of the true

{Bo,Sco(:|-,-),mo(+), Ao(+,") } such that:

sup [P(1) = p(t)| 0.

t€[0,7],{B,Sc,m, A} B
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and

sup [ Q(1) —q;(0)] o,
t€[0,7],{B,Sc, T, A}cB

Assumption C 2. Let p(t),q(t) as in Assumption C1, then for j = 1,2, we assume that:
T
/0 {p(u)Bj+q;(u)}du>0.

Assumptions for Corollary 1

Assumption A* 1. Let, for j =1,2

= Z (Bro+B20)Ait { expit((ngi)}eXp (Aco( )enO ) Aot )engD"Dide,-(t; Bjo, A7),

1 n
=L Bt 4, — expit(ag ) f exp (Aco(t)e0 ") €0 DM (13 Bjo, A,

n:
i

and

d 1
Py (0=~

1

n
P -BAd exp (Ao (1)) expit(0g ;) “7,dMi(1:Bjo, A3).
=1

where D = [A,Z]". There exist, for | = 1,2,3, some bounded pl(]a.) (t) and a neighborhood ‘B of
{Bo,Sco(:|-,"),mo(+),A*(+,-) } such that:

sup P~ p ()| Bo.
1€[0,7],{B,Sc,m,A; } €B
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Assumption A* 2.
sup [A}(T,Z)| < eo.
zZez

Assumption A* 3. Let, for [ =0,1,2

1 n
sU () = ) Yi(1)DleNo D,

There exist, for | = 01,2, some bounded sg) (t) such that:

sup | s (r) —s¥ (z)) 2.

t€[0,1]

Assumption A* 4,

(@ RO .
/0 ?m(t)_(?m(t)) E{Y ()N }anco)

and
E [ZTZTEQ(Z,') {1-m0(2)}|,

are positive definite.

Assumption B* 1. Let, for | =0, 1

P (1) = Y BB (52114, 7)) (A~ (20} 1) 2.
i=1

We assume that, for l =0, 1, there exist pl(b/) (t) and a neighborhood B of

143



{Bo,Ao(,),SE(|+,-),m*(+)} such that :

sup PO @)= p" )
t€[0,7],{B,A,Sc,m}eB

Assumption B* 2. Let for 1 =0,1

and

where D = [A,Z]".

We assume that, there exist sc(il) (t),sgl) (t),5s(t) such that:

sup szl)(t)—sfll)(t) 20,

t€[0,1]
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and

sup [SO (1) —sO )| 5 o.

t€[0,7]

Assumption B* 3. Let for 1 = 0,1

DTN RUAR
S (8" ) = p 2 wilS EOTOD;,

We assume that, there exist SEQ{ (t;8%, n*),s%(l;S*,n*) such that:

sup S%(I;S*,n*)—SEVIL(I;S*,N*) 50,
t€[0,1]
sup |S8 (8%, 1) — s (1:87,7%)| B o.
t€[0,7]

Assumption B* 4. [[E

(1) ®2
{D - s‘(iO) Z; } Y(t )] dt is positive definite.
Sd

Assumptions for Theorem 7

Assumption A’ 1. There exist Gg such that:

A Ak N 1 &
S2.1(Bo,Se, t, A*) — S2.2(Bo, Sco, o, A*) = . Y s
i=1
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Assumption B’ 1. There exist 67 such that:
San(Bo, S5, 1", A) — S2.(Bo, Sk, ¥, Ag) = 2671
Assumption C’ 1. Let

h(t;A,Z) = {A — E4(t: B0, Sc0, 70, 2) } ,

1 n
= - (t;A;,Z)AY;(t
n=, 1w ()
and

W (1340, Z0) A jo 1, Z0)Yi(1).

S| =

Qj(t) =

i=1

We assume that, there exist p'(t), q’;(t) and a neighborhood B of the true {Bo, Sco(+|,-), o (+), Ao(+) }

such that:

sup |P(t)—p' (1) >0,
1€[0,7],{B,Sc,m,A}eB

and

sup [ Q4(0) —d(0)] B0,
t€[0,7],{B,Sc,®,A}€B

Assumption C’ 2. Let p'(t),q/;(t) as in assumption C’1, then for j = 1,2, we assume that:

/0T {p'(u)Bj+q/j(u)}du > 0.
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Remark 2. Similarly to score 1, Assumption A’ 1 can be proved assuming some regularity assump-
tions and assuming that there exist influence functions for Sc(-|-,-) — Seo(+|-,-) and &(-) —mo(-). In
the same way Assumption B’ I can be proved assuming some regularity assumptions and assuming

that there exist an influence function for A(-,-) — Ag(-,-).

3.8.4 Technical Quantities

We introduce here the technical quantities used in the paper.

Technical quantities of Theorem 3

We note that, by algebra:

{S1a}; (B Se 7, A) = {S1.2} ; (Bo,Se, 7, A)
_ ln : BitBa)Air _ ,(Bro+Ba0)Ait  ,(Bro+B20)Ait | & AL Z) A —R(Z:
,-Zl/{ + LS00 420 (4 - 1(2)
X {del'(l‘) —Yi(I)BJ’Aidl —Yi(t)d/A\j(t,Zi;B)}
1 i/re(BIO“'BZO)AﬂSA;](t | A, Z) {Ai — R(Z)}
n =70
X {dei(t) —Yi(t)BjoAidt —Y,‘(l‘)d/A\j(t,Zi;Bo)} .
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By Lemma 12:

1 1l T * * A A
= (ButBoBuo—Pao),, Y [PV (1] 4020) (A~ R(Z) L aM0:55.8)
i=1
J A
By =By Y- [P ¢ A Z) (A 2(Z)}vlo) A
i=17/0
1 & [T A . .
Y [P BINS 1 4, Z) (A~ R(Z)} () (A 0,Z:B) — (0.2 Bo)
i=1

where 37 is between §; and [3o.

Therefore, for ease of reading we introduce the following additional notation, for j = 1,2:

n T
KV (B,S.,m) == }1 Z/ BB g (1| A, ) {Ai — T(Z3)} Yil(1) A, (3.34)
i=17/0
14 7
K BSem) = ) [CeBorBobis i 4, z) (4 -nZ)} V) 339)
i=1

Xd{f\j(t;zi;ﬁ) _[A\j(tvzi;BO)} )
K;?(l‘,B,SC,TC) = Sc_l(t |Ai7Zi) {Al_n(zl)}del(l’Bh[\)? (336)

n T
KPBsemA) = Y [P s, 4.2} - m(Z)} ()
i=170

xd {Aj(t,Z)) — Njo(t,Z) } . (3.37)

The introduction of K 3) and KJ(.4) will be clear to the reader in the proof of Lemma 7.

Jji

We now define all the technical quantities used in the Theorems.
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Technical quantities of Theorem 4

T
v = {/ e BB (5,014, 7))~ {Ai — To(Z0)} dMi(1:Bj0,A)

+/OT [{p(lf;)(t)}Tcldt+/Otpgj.)(t)cz(l‘)dt—/Ot{l’gﬂ;)(t)}—r63dt}}

j=1.2

K@ is a 2X2 matrix with the following components:

Kl(g) = _K1(4)(BO7SCOﬂTCO7A*); Kz(?) = _K2(4)(BO,SCO,TC(),A*>.

T
W= | sz} A 20} a0

T
+ [ouk) a8 taoso + ) wosw}|
=12

K®) is a 2X2 diagonal matrix with:

K = —KO(Bo,s )~ K (B.S57) /(B — Byo).
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Technical quantities of Corollary 1

f T
V= | [P (5140 20) " (A~ 720 a1 B A

(20 [0 o Sl o),
’ (/0 Lé‘”(r) _{sE}’)(z)} ]s" (t)dAC‘)(I)) h {D"_%}M" .
x [ [y wa- [0 [ d/\co(u;ﬂo)z‘;zig dudr]
[0 [} avsar
- [0 (B2 2@ - m2]) 2t mazyar

j=12

, T
v = VO PPN (52 (1|41, Z:)} " {Ai = (Z2)} dM i 1)

of |12 O o pom '
b {Zle/o {Di_%} o /O{Z"_sﬁ(’)(t)}de’(t)

, A r .
X {pgw(t)dr_pg’)(t) fo)gidr}+/o p(gb>(;){s§0>(r)} 1de,-(z)]

Sz

j=1.2

K" isa2X2 diagonal matrix with:

(b')
K" = E
Ji 0

T (1)
/ ePotP)At fg2 (114, 2)} " {A - (2)} Y (1) [A— i (’)] dt] .
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0

i {0, ”<r>
(e T ] o

(1) * -
/ W t S T * 1
-{pgb)(t)dt— (b)(t)s(oz) }+/0 Po SWZ (1:5¢, )} dMﬁ(t)]

Swe (385, )

Z T
W | [ (st 2) (- w20} aba )

K" isa2X2 diagonal matrix with:

Z T
K](.? ) _E (/ e(B1o+B20)Ar {Sﬁ(t]A,Z)}*l (AT (2)} Y (1)

0

a ST
Saw (1, 8%, %)
Technical quantities of Theorem 7

We introduce the following notation:

Z/ (Ai— B (1B, 87,7, Z) VA (1)d
Z/ BBJZA B S* T Z d{A Z‘Z,,B]Q) jo(t,Zi)},
1 ¢ t ¥ ok *
;Z/O [A;— Ea (1B7, 81,7, Z0) } Yi(1)3g, NS (1, 20),
i=1

2 / 0, B, (1B, 17" ZYi(1)d {A (1, Zi5Bro) — Awo(r, Z)}
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Z 00 B SE 2N S 0.7 Br0) Aol 20}

‘1),@ - {/OT {Ai — Ea,(t:B,Sc, 7, Zi) } dM i (5B jo, AT) + {661‘}]}

j=12

J(@) is a 2X2 matrix with the following components JJ(-?) = JJ(-}) + JJ(?) and Jl(g) =J S), Jé?) = Jﬁ)-

o = [/OT {Ai = B, (t:B,Se, 7, Zi) } dM i (5B jo, AT) + {07,-},}

j=12

J) isa 2X2 diagonal matrix with Jj(-?) = Jj(-}) +JJ(3-).

3.8.5 Proofs of the main result
Proof of Theorem 2
Proof of Theorem 2. For j=1,...,J, we have:
E [{Sl}j(ﬁo;A,Z,SC,n,A)}
T
= / E Y- 1[3;0/” (;|A 2){A—n(Z)} {de(t) —Y(t)dA(t,Z) —Y(I)BjoAdt}]

_/ L1 Biodt g1 (1|4, Z) {A — 7(Z) } AM (1))

+/ o1 Bt g— 1(tIA,2) {A—n(Z )Y (1)d {Ajo(t,Z) — Aj(t,Z) }).
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Therefore:

[{Sl}/(ﬁo;A,Z,S T, A)]

—/ E(E Li- IBNA’ L(11A,2){A —n(Z VYE{Y (1)|A,Z}|Z]d {Ajo(t,Z) — Aj(1,Z) })
_/ E(E[S; ! (14, 2)S0(t|A, 2) {A —1(Z)} |Z)e” Ela1 A00D g { A jo(t,2) — A (£,2)})

_/ “L11,2)Se0(t]1,2) {1 — (2 )}no(Z)—Sc_l(tIO,Z)Sco(IIO,Z)n(Z){1—no(Z)}}

x e Tl M0t g LA o (1, 7) —Aj(fvz)})’

and the above is zero if either {S. (-|,-) = Sco(:|-,) and 7(-) = wo(-)} or A;(-,-) = Ajo(-, ).

We have, for j=1,...,J:

E[{$2};(Bo;A,Z,Sc, T, A)]
[ B 1A= Ea:Bo, 5o, 20} {aNj(0) — Y (o1, 2) — Y (0BioAar
= [ E A £a:50.5..7.2) 1)

+/T [{A — E4(1:Bo,Se. 0, 2)} Y (1)d {Ajo(1,2) — Aj(1,2) ]

—/ E[{A— E4(1;Bo,Se, T, Z) }E{Y (t)|A, Z} |Z)d { Ajo(1,Z) — Aj(2,2) }) .
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Therefore

E [{SZ}j(BO;Auz7SC7TC7A)}
T
— ["E(E[(4- Ea:Bo. 5o 2)} e ThPobis o(eja, 2))z
0
xe~ D=t At 2) g { A o2, 7) —Aj(t,Z)}>
T
= / E{ (6_211:1 Podts o(t|A = 1,Z)m0(2)
0
—Ea(t;Bo,Se, T, Z) [e_zleﬁloAtSco(ﬂA =1,Z)m0(Z) + Sco(t]A = 0,2) {1 —ﬂo(z)}D

x e~ Tt MolZ) g { A jo(1,Z) — Aj(t,Z)}} ,
and the above is zero if either {S. (-|-,-) = Sco(+|-,-) and ©(-) = mo(-)} or Aj(-,-) = Ajo(-,-). O

Proof of Theorems 3 and 4

Here we prove Theorems 3 and 4 that claim consistency and asymptotic normality of ﬁ(l).

We remind the reader that:

I [ o
S1n(B:5e, . A) = {; Y, [ e |Ai,zo{Ai—n<zi>}dMﬁ<r;Bj,Aj>}
i=1

j=12
By algebra we have the following decomposition of the score:
S],n(Ba‘§67ﬁ7A> = Sl,n(B,SA67ﬁ7A) - Sl,n(B()vSAC,ﬁJA)
+SI,H(B()7§C77AE7/A\) - S] ,n(BOuﬁc‘uﬁ'vA*)

+81.2(Bo, Se, &, A*) — 1. (Bo, S5, 0, A¥)

+S1.2(Bo, Sr, T, AY).
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S1.2(Po, Sk, *,A%), by Theorem 2, is sum of i.i.d mean zero terms. S| 7n([3,§c,ft,f\) —
S1.2(Bo,Se, &, A) can be written as (B — Bo) times a positive definite matrix. Si,(Bo,Sc, %, A) —
SL,,(BO,S'C,TAL,A*) is negligible when the censoring model and the propensity score model are
correctly specified, otherwise it is a sum of 1.i.d mean zero terms plus a negligible term, as long as
A*(-,-) = Ao(,-) and the rate of convergence of A(-,-) is \/n.

S m(BO,S’C,fc,A*) —S1.2(Bo, 8%, 7", A¥) is negligible when A(-, -) is correctly specified, otherwise it
is a sum of i.i.d mean zero terms plus a negligible term, as long as S¥(+|-,+) = Sco(:|,-), " (-) = 7o (")

and the rate of convergence of S,(-|-,-),(-) is /7.

Therefore, in each scenario of Theorem 4, B(l) — Bo can be written as a sum of i.i.d mean

zero terms and hence the consistency and the asymptotic normality of Bl-

The details of the above decomposition are contained in the following lemma:

Lemma 7. For B in a compact neighborhood of By, under Assumptions S1-8 we have:

Sl7n<B7§C7ﬁ7A) = Slyn(BOvS;k7n*7A*) + Q(ZI) + Q(3) +K(B - BO)

+0p (112 B1+ B2 — Bro—Baol + B1 +B2 —B1o— Baol’ )

where

n.o e
07" = %Z/o eProt Pt (% (1[4, Z;)y T {A = 1 (Z0) } Yilt) (3.38)
i=1

xd {Aj(t,Z;Bo) — A (,Zi) } = 0p(1),

Q§3) = {Sl,n}j (Bovﬁwﬁ:v[\*) - {Shn}j (BO,S;,TE*,A*) = OP(1>7 (3.39)
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and K is a 2x2 matrix with the following components:
Kjj = —KO(Bo.S:.m) — KV (B,55,m") /(B — Bjo) — K\ (Bo, S5, 7" A”),
and
Kio= K" (Bo, 55,1 A%), Kot = —K3 V) (Bo, S, AY).

Moreover:

a) If Sc(tla,z) = Sc(tla,z:M0, Aco) = Seo(t]a,2), ®°(2) = W(z:00) = Wo(Z) and A*(-,-) #
Ao(+,), for some known functions S. and © with a, = n Y2 b, =n"12; specifically, under As-

sumptions Al-2: Q@Y =o0,(n"1/?) and Q) = 0,(n"1/?).

b) If A*(t,2) = L(t,2:Go,Y0) = Ao(t,2), Sc(|) # Sco(:|-,) and 7*(-) # mo (), for some
known function L with c, = n1/2, specifically under Assumptions B1-2: 00) = 0p (n’l/ ) and

00 = 0,(n112).

c) If SE(-|-) = Seo(-|+), ®(+) = mo(:) and A*(-,-) = Ao(+,-) with ayc, = o(nfl/z) and
bucw = o(n1/2): 0PV = 0,(n"1/2) and Q) = 0,(n"1/?),

The proof of the Lemma is reported in Section 3.8.6.

We report in the following a detailed proof of Theorem 3 and 4.

Proof of Theorem 3. In Lemma 7 we prove that for 3 in a neighboorhood of By:

S1n(B:Se,tA) = S1(Bo. S, A) + K (B~ Bo)

+0p( ~121By + B2 — B1o — Bao| + |B1 + B2 — Bio — Baol* )+0p( ),
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where K is a 2x2 matrix with the following components:
Kj;=—KD(Bo,S5,m") — KD (Bo, S5 7) /(B — Bjo) — K'Y (Bo, S, ", A*
Jj (BOv c7Tc) j (BO7 o )/(B] [3]0) j (B()v A )7
and
Ko = —K" (Bo, 55,75, AY), Koy = —K.\P (Bo, ST, 1", A*
12 4 (BOa can7 )7 21 4 (BO) caTc7 )
By double robustness of the score (Theorem 2), we have:
E[S1.2(Bo,S;, ", A%)] =0.

Therefore by Lemma 13, by Assumptions S1, S2 and S7 we have S5 ,(Bo, S5, 7%, A*) = 0, (n~1/2).

Hence

S1.2(B,Se, 8, A) = (B—PBo)K +0p(1) (3.40)

+0, (n*l/Z IB1 4 B2 — Bio— Bao| + |B1 + B2 — Bro — Baol? +n*1/2> .
By the above, we prove that, for |6 < 1/2:

Sia(Botn % Se,tA) = S1.(Bo, S5, A)+n K +0,(n" ).

If K is invertible we can conclude that either:
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or

S1a(Bo+n"%8.,%A) <0< S ,(Bo—n"° 8,7 A).

Therefore by definition of B(!), we can conclude that p(V) — By = 0,(n=%) = 0,(1).

We are now left to prove that K is invertible. The latter simplifies according to which model

is correctly specified. We therefore divide the proof into two cases.

e Casea): S*(|-,-) = S.o(:|-,-) and *(-) = () or A(-,-) does not depend on P or it depends

on an initial estimator of it.

By Lemma 14, we have:

w Z{A — 00(Z) } {Seo(t | Ai, Zi)} " Yi(r)eProt Bt
tel0T

=0, (n_1/2>.

By this and by Assumption S6, we have:
2 _
K} (B.Sc0.m0) = Op(n~"/2IB; — Bjol) = 0, (1).
Therefore K simplifies and it has the following determinant:

K| = {K(l)(ﬁ()asc‘OanO)} + KD (Bo, Sc0,70)KS (Bo, Seo, 0, A*)
+K (l30, Sc0,To, A)K 24 (Bo, Se0, 0, A*) + K (Bo, Seo, o) K 1(4)([30,&0,7107/\*)
_K (BO; 607n07A) 2(4)(BO7SC07TCO7A*)

= K(l)(B()»SCOunO){ (Bos Seo, o) + K5 (Bo, Seo, 7o, A*) + K (Bo, c077T07A*)}
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We prove now that both K( ([30, 0,To) and
{ ) (Bo, 0, Sc0) —|—K (Bo,no, Sc0,A") —|—K (Bo,no, co,/\*)} are different from zero proving

the invertibility of K.
We first focus on K(! (Bo, Sc0,T0)-

By Assumptions S1 and S7, we have for some finite constant C:

<CleBrotbo)tr « o (3.41)

' I
A{A = mo(Z0)} [ {Salt ] AnZi)} " PPy, o)
0

Under model (3.1), E{Y (r)|A,Z} = Sco(r | A, Z) e~ (BrotB20)41o=A10(:2)=A20(t:2) " wwe have:

E[A{A mo(Z)} / {Seo(t | A, Z)} " eProtB)ty (4 )dr]

— E {A{A mo(Z)} / {Seo(t | A, Z)} L eBrotB0)AE fy (1)|A, Z) dr

g)

E(E[A{A—n(Z }|Z]/P{TZt|A:O,Z}dt)

g)

v

(¢
E( [A{A (2 }/ P{T >1|A=0,Z}dr
(=

v

E[Var(A|Z)T(1 —E{N(1)|A=0,Z})].
Therefore, by Assumption S7 and S5, we have, for some positive €:

E {A {A—7o(2)} /O ' {Seo(t]A,2)} ! e(Bw*B?O)’Y(t)dt} > £>0. (3.42)
Hence, by Assumptions S1, S2, S7, by Hoeffding’s inequality:

KW (Bo, Sco,m0) = E{K(l)(BO,SCO,no)} +0,(n"?) >e>0.
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We now focus on K1 (Bo,no, co)—f—K (Bo, co,no,A*)—I—K ([30, Sc0, o, A*). Similarly,

by Assumptions S5 and S8 we have:

(B, c07n0)+K (Bo, co,ﬂo,/\*)JrK (Bo, Sc0,To, A")

¥ T
B %ZAi{Ai_no(Zi)}/o {Sco(t |Ai,Zi)}ilYi(l‘)e(BIO+BZO)A[[
=1

X [L+td {A{(t,Z;) — Mo(t, Zi) } +td {A5(t,Z;) — Axo(t,Z;) }]

> E({A—nO(Z)}/OTeXp{—Alo(t,Z)—AZO(I,Z)}
X [A+Atd {N(t,Z) — Mo(1,Z) } + Atd {A5(1,Z) — Aao(t,Z)}])| 4+ O, (n~1/2)
> E(E[A{A—ﬂo(z)}lz] /Or[l+fd{AT(f,Z)—Alo(t,Z)}Hd{AE(hz)—Azo(t,Z)}])‘

(1-B{N(1)]JA=0,Z})+0,(n"/?)
= E <Var(A|Z) /OT [14+td {A](t,Z) — Ao(t,Z)} +td {A5(t,Z) — Ao (2, Z) }|

x(1—E{N(1)|A=0,Z}))+0,(n""/?) > ¢.

We can therefore conclude that K is invertible.

e Caseb): A(-,-) depends on the unknown B and A*(-,-) = Ag(-,-),S*(:|-,-) # Seo(-|-,-),®* (-) #
TC()(~).
By definition K 4) (Bo, , T, Ag) = 0.

Again, we want to prove that K is invertible proving that the determinant is different from
zero. Since K ([30, , T, Ag) =0, K is a diagonal matrix so we just need to verify that the

diagonal elements are not null.
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‘We have:

Kij| = KO (Bo,Stm) + K7 (B, /By = Bo)|
}li/o‘ce(ﬁlo-i-BZO)Ail‘ {S:(l |Ai,Zi)}_l{Ai—n*(Zj>}Yl‘(l) {Al%—%iqﬂ(t)}dt
i=1 =1

bl

where we call g j;(¢) a function, such that:
A0.ZB) A0 Z0) = (B-Ba), X [ auto)
Similarly to before, by Assumptions S1, S7, and Hoeffding’s inequality, we have:

1 i‘i/or o(Bio+B20)Ait {S(r | A,-,Zi)}_] {Ai —7"(Z;)} Yi(t) [Ai B %i{qﬂ(r)] a

n':

=E (/OT {S*(t |A,Z)}—1SCO(t |A,Z)e_212:"\’0(f>z) {A-7"(Z2)} [A —E(qj(t))] dt)

+0p(”_l/2)
> CE(/O ~Lis Mol 2B [{A— 7 (Z)} {A—E(g;(1) }|z}dt)+0( 172,

Therefore, by Assumptions S7 and S8, we have ‘ij| > e+ OP(n_l/Z) and hence KX is

invertible. O

Proof of Theorem 4. In Lemma 7 we prove that for 3 in a neighboorhood of By:

S1a(B.Se.#A) = Sia(Bo.S; A" +0) + 0B + K(B—Py)
+0, (n_1/2|l31+l32—[310—[320|+![31+[32—l310—l320|2>7
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where

n T
O = LY [Pttt s:o 4,2} - (270
i=1

xd {Aj(t,Zi:Bo) — Ni(t,Zi) } = 0p(1),

Q§3) = {SLn}j(BOaSAc’fCaA*)_{Sl7n}j(B07S§7n*’A*):OP(1>'

In the proof of Theorem 3, we proved that  — By = 0,(n~%) for any || < 1/2 and that K

is invertible. Therefore we have:
VAR o) = KM { VS 1a(Bo,S5,m A + V0 4+ va0® 4 0,(1). (343)

We remind the reader that if the censoring model and the propensity score model are
correctly specified, Q1) = op(n_l/z). If A(-) is correctly specified, Q©®) = op(n_l/z). Hence, if
every model is correctly specified, (3.43) simplifies and the asymptotic normality of 6(1) is obtained

by the normality of \/nS; ,,(Bo,S;, T, A*), that is a sum of i.i.d multivariate martingale integral.

If only the censoring model and the propensity score model are correctly specified, under
Assumption A2, 00 is asymptotically linear. Asymptotic normality of ﬁ(l) is therefore obtained by

the normality of /752 ,(Bo, S, 0, A*) + /nQ) that is a sum of i.i.d mean zero random variables.

If only the baseline hazard model is correctly specified, under Assumptions B2, 0 is
asymptotically linear. Asymptotic normality of B(l) is therefore obtained by the normality of

V1S1.4(Bo, S5, 0, A*) + /nQDthat is a sum of i.i.d mean zero random variables.

In the following we prove the above statements in details.
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o Case a):

We remind the reader that, if S3(-|,-) = Sc(-|-,-) and 7*(-) = my(+), Q@Y = 0,(n""/?) and
KJ(.z) (B,S%,m*) = 0,(1). In the proof of Theorem 3 we have proved that K simplifies to a 2x2 ma-
trix with K;; = —K( (B, Sk, 1*) — (B e, A*), and Ky = —K\Y (Bo,S2, 1", A¥), Ky =

KV (o, S7, 15 AY).

Therefore, in (3.43) we are left with
V(B —Bo) = K~V {S2a(Bo. 5t 7" A7)+ 09 | +0,(1). (3.44)

Since \/nS1 »(Bo, Sk, ", A*) is already a sum of i.i.d mean zero terms, with the help of
Assumption A 2, we now prove that also term Q) can be written as the sum of i.i.d mean zero
terms. We can then apply the multivariate central limit theorem to /%81 ,(Bo, S, *, A*) + /nQ®)

and reach our conclusion.

We now look at the details. Using the fact that f(z) = nt(z; &), Se(t]a,z) = S.(t|a,z:1, Ac)

we have, by Taylor expansion:

0 = Vi |{S1a};(Bo, e A%) = {81} (Bo.Sco. 0, A")|
= V| {810}, (Bo Mt Ac, 6, A7) = {81}, (Boso. Aco, 00, A") |
1 n
— \/EZZ/O eBlOJFBZ()Al‘{Dl] ¢ nO; cO;ao,A*)}TAdMﬂ( B]O, )+0p< 1/2)7
where

D?j(n7AC7(x) = [aﬂf<AiJZi;n7Aca(x)7aA(~f(Ai7Zi;n7Acva)aaaf(Ai7Zi;n7Ac‘7a)]T7
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fALZiM, A, o) i= {A; —1(Z;6)} 7 (|4, Z:1, A,

and

A= [ﬁ _n07Ac(t) _ACO(t)ach‘_ (x‘O]T-

Standard algebra gives us:

DM A0) = [{Ai—n(Zio)}nS: (1A, Zim, Ac), {Ai — m(Zi ) } 9,8 (1A, Zim, Ac)

,—um(Zi 0)SS (1A, Z;m, AC)]

Moreover, by Assumption A2, we have:

&—oag=0,(n""%), A-mo=0,n"1?),  sup {A(t)—An(t)} = 0,(n"1/?).

t€[0,1]
Therefore, by the above and by Assumptions Al and A2 we have:

0 - /Of[{pf;O(t)}T(ﬁ M)+ Py () {Ac(t:11) - ()}—{ngf)(t)}—r(a_ao)]dt

— /0T {{pgi)(t)}T(T] ﬂo)+p21 {A (t:7) — Aco(t )}_{ng')(l)}T(éc—oco)} s
-1/2)

+0p
_ _,Zi/ { . 61i+/01p§?(t)02,~(t)—/Or{pgaj)(t)}Tcgi} dt +o0,(n"1?).
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Therefore we have:

Y v (t) +o,(1), (3.45)
i=1

\/ﬁSlﬁ(BO,SCO,TCO,A*) + \/EQ(3) =

Sl

where

T
wi = PO (e | 42} (A~ mo(Z) M (1B 0, )

+ /01- [{pﬁ) (1) }T o1 +pg}) (t)oa(t) — /OT {pgﬁ;) (t) }T 03} dt.

By Theorem (2) and by construction of Q(3) the right hand side of (3.44) is a sum of i.i.d
mean zero and the multivariate central limit theorem can be applied. Therefore, case a) of the

Theorem is proven.
e Caseb):

We remind the reader that, if A*(-,-) = Ao(-,-), Q®) = 0,(n~'/2). In the proof of Theorem 3 we

have proved that K simplifies to a 2x2 diagonal matrix with:
Kjj = —K"(Bo,Se,m") — K} (B,SLm)/ (B~ Bjo).
Therefore, in (3.43) we are left with
V(B —Bo) = K"/ {S1(Bo. 55,7, A%+ 02 | +0,(1). (3.46)
Since \/nS1 »(Bo, Sk, ©*,A*) is already a sum of i.i.d mean zero terms, with the help of

Assumption B2, we now prove that also term 0@ can be written as a sum of i.i.d mean zero terms.
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We can then apply the multivariate central limit theorem to v/nS1,(Bo, S¥, 7%, A*) + v/nQ?") and

reach our conclusion.
We now look at the details.

By Assumption B2, we know that
Y=Y =0p(n""?), Gi(t)=Gplt) = 0p(n~ /).
Therefore by Taylor expansion we have:

n T
Vg =~ Y [P (s | )} A= (20} H()
i=1
xd {L(t,2;G,3}) — L(t,Z;Gjo,Yjo) } +op(n~'/?)
_ L [ (Bro+Bo)An {S¥(t | Ai, Z0)} YA — T (Z) Y Yi(r)
\/ﬁ; 0 e c is4iQ i i i
X [(?j —vjo) Oy, dL(t,Z:G o,vjo) +d {G;(t) — Gjo(t) } 9y,L(t,Z:Gjo,Yjo)

+{G)(1) = Gjo(1)} 34,dL(1,Z: G o, Yjo)] + 0p(n™"1%).
Hence, by the above and by Assumption B1 and B2, we have:

0" = [ =10 P} W+ P (10 {G1(0) = Gpo(r)} (3.47)
+dPL) (1) {Gj() — Gyo(1)}]

— /0T '(?j —on)TpY;) (t)dt —|—p§1;) (1)d{G;(t) —Gjo(t)}

+dpy) (1) {G1(t) = Gpo(t)} | +0p(n1/?)

1 & /7 _
_ %Z /0 [G4ip§l})(t)dt—|— pgl;?(r)dcs,.(t)+dpgﬁ>(r)05i<r)}+o,,(n 1/2),
i=1
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Therefore we have:

1 n
ViS1a(Bo,Seo, o, A /P = = Y i (1) + (1) (3.48)
where

T
Wl = [P e 4,20} A - (20 B )

T
+ /O [uip?) (1)di + p) (dosi(0)dt + ) (1)si(0)]

By Theorem 2 and by construction of Q(ZI) the right hand side of (3.46) is a sum of i.i.d
mean zero random variable and the multivariate central limit theorem can be applied. Therefore, by

the above together with (3.46), we can prove part b) of the Theorem.
e Casec):

We remind the reader that, if S)(-|-,-) = Sco(+|,-), T*() = mo(-) and A*(+,-) = Ag(,-), we have
o) = op(nfl/ 2), 00) = op(nfl/ 2) and therefore the influence function in this case simplifies.
In the proof of Theorem 3 we have proved that K simplifies to a 2x2 diagonal matrix with:

Kjj = —KWD(Bo,Se0,T0, Ag).

Indeed by this, by consistency of B(l) proved in Lemma 3 and by (3.43), we have:
\/E(B_BO) = Kﬁl\/ﬁsl,n(ﬁ()vSCO)nOvAO)+Op(1)-

We prove that 1/nS1 ,(Bo, Sc0, T, Ao) is normal by martingale central limit theorem. Since
here we assume that we plug in the true parameters, for ease of notation, in the following we

will suppress the dependency of the martingale on 3, Ag. We consider the following multivariate
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martingale: M;(t) = [M1;(t),M;(t)] " with respect to the filtration
=6 {N;(s),Y(s+),A,Z : j=1,2,0 < s <t}. We consider the following two-dimensional vec-

tor: M"(t) = 752?:1 Jo h(usAi, Z;)dM;(u), where
h(t;A,Z) = eProtPo)Ait 15 (11 A,2)} A —mo(2)} .

Since h(t;A,Z) is predictable with respect to the filtration, then M"(r) is a multivariate martingale

too. By Assumption S3, we have
< Myi(t),Mai(t) >=< Myi(t),M1(t) >=< Ma(t),M>;(t) >=< M;(t),M2(t) >=0,
for each i # j therefore:

< M) ME(D) > = Z/ h(u: Av, Z)dM 2/ h(u: Ar, Z)dMoi(u) >

_ 1 Z/hzuA,,Z)d<M1z( ), Maj(u) >=0,
i,j=1

and so the two components of the multidimensional martingale M"(¢) are orthogonal to each other.
Therefore, we can apply the multidimensional version of the martingale central limit theorem of

Rebolledo (Theorem 5 of Rebolledo (1978)).

First we verify Assumption 2 about the convergence of the variance. We have, by Assumption
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S1, for j=1,2:

n n 1o ! 20
< M), M1 > = Zzl/o (A Z2)dA (| Ar, Zi)Yi(u)

184

= ;Z/Ohz(u;Ai,Zi){d/\jo(u,Zi)—i-BjoAdu}Yi(u)
i=1
1 & !

= L, N (Solu] 4020} (s mo)Y
i=1

X {dAjo(u,Z,-) + BjoAidu} Y,(u)

= /Ot {Pu)B;+0j(u)}dubs /Ot {p(u)Bj+q;(u) } du=V;(1),

and so Assumption 2 of the MCLT is verified.

We now look at Assumption 1 about the jumps of each component of the martingale.
Rebolledo (1978) at pag. 39 claims that if the Lindeberg condition is verified, then Assumption 1 of

its Theorem holds. We therefore needs to prove that, for any € and any j:
LB T »
/0 - Y R (A Z) 1 {|h(u: A1, Z)| > /e } Yi(r) {dAjo(1,Zi) + BjoAidt } = 0,
i=1
by Assumption S1 and S7, we know that:
|h(l‘;A,Z)’ < Cc—le(BIO‘FBzO)T < oo,
so, we have:

/ Y R @A 2 h(wA,2)] > Vi) V(o) {dAolt, Z) + Bjodids
< /OT% . w;A,Z)1{C,  exp(Biot+ Baot) > vne} Yi(r)
X

{dAjo(t,Z;) +BjoAidt } .

Wl
i=1
Wil
=1
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Moreover, by Assumption S2, we also know that:

on

/Tthz(u;A,Z)IL{C e(Bro+Ba0) \/‘e} ) {dAjo(t,Z:) + B oAt}
i=1

< c2Pbotbury oot s e oL+ B 50,

and so Assumption 1 of the martingale central limit theorem holds.

Therefore, we can conclude that
D
VS2.4(Bo, Sco, To, Ao) = M" () = N(0,V (1)).
Therefore part c) of the Theorem is proven. 0

Proof of Theorem 5

Proof of Theorem 5. We prove separately that Wj(;) w9 = 0,(1) and that \7]-(;) (t) — v (t) =

Ji
op(1).
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‘We have:

)
=

c (c)
JJ WJj

n XI A . A A
Z%Z i{Ai—7(Z)} / {8u(t | Aiyzi)} " eBrtboligy
i=1 0

W

X
—E {A {A—mo(2)} / {Sqo(t |A,Z)}le(510+ﬁzo)fdt}
0
n X,
= ,ll ) Ai{A; —TCo(Zi)}/ {Seo(t | Ai, Z)} " eBroth)t gy
i=1 0
X
—E {A {A —750(2)}/ {Sco(t |A7Z)}—1 e(ﬁlo-kﬁzo)tdt}
0
1 & X ] o
+= ) / Ai{Ai—mo(Zi) }{Sco(r | AiZi)} {e(Bl+Bz)I_e(B1o+Bzo)7} dt
ni=1J/o

1 & (X . A 1 _
L3 [ A R0} (81 4020} — (o2 (St 1 4020} ]
i=1
% {e(Bﬁﬁz)l _ e(B10+B20)f}dt

+%i/0XiAi[ ®(Zi)} {Sc(t | A1, Zi)} —{Ai—no(z,-)}{sco(t|A,-,z,~)}*1]

w o Bro+B20)t

=01— 02+ 03+ 04+ 0s.

As before, by Assumptions S1 and S7, by Hoeffding’s inequality we have: Q1 — Q> = OP(n_l/ 2).

by Assumptions S1 and S7 and by Lemma 12, we get:

03] <tC.! {E(BHFBZ)T - emmwmﬁ} =1C, Pt <B1 +B2—Bro— Bzo)
where Bj are points between B ;j and Bjo. Therefore, by consistency of the estimator B, we have

03] = 0,(1).
By Assumption 1 and by consistency of B we have Q4 = 0,,(1). By this and by Assumptions 1, S1,
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S7, we have:

S 014,2) = {0l 1 4,2))! |+ |80 14,2)| (2) —mo(2)]}

ol < s |

r€[0,1),Z€ 2,A€0,1
wteBrot+B20)T

= 0,(1). (3.49)

We can therefore conclude that W — W = 0, (1).

We have:

HCRAU
1 - t § 3 Y. A
= ZZ A eZ(Bl+B2)AleSCZ(Xi |Ai7Zi) {Al ( } det / {p Bj_|_qj }dt
i=1
1 & [T A -
= ;l Z A e2(510+520)A,t {S 0(x, |Aiazi)} Z{Ai_no(zi)}szji(t)
i=1
T
+/0 {P(0)Bj+Qj(t) = p(1)B; —q;(t) } dt

_|_l Z/ {Sco(Xi | Ai, Z:)} 2 {Ai — 10(Z)}* {62(31+32)t — ez(BIO+BZO)t}dei(t)

iy Y / (X | A1 Z0) (A~ (Z0) Y~ {SeolXs | AinZ0)} > {Ai—0(Z0) )]
x {e Brtpo)r _ (BloJrBzo)f}dei(t)

! 2 / 2(X; | AirZ3) {Ai = R(Z)Y ~ {Seo(t | Ai Z0)} > {Ar = 0(20) 1]
xe (Blo+l320)ldel.( )

= E\+E,+E3+E4+Es.
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For E| we notice that, by Assumptions S1 and S7, we have:
P BrotPa0)AiXi g (x| A, Z) Y 2 A — 1o (Z)) < Cc—zez(Blo-i-Bzo)AiT < oo,

and so, by Lemma 13, we have E; = 0,(1).

By Assumption S1, we can prove that E> = 0,(1).

Similarly to what we have done for Q3, Q4 and Qs, we can prove that E3 = 0,(1), E4 = 0,(1) and
Es=o0,(1).

Therefore V; —V; = 0,(1). O

Proof of Corollary 1

The proof of Corollary 1 follows directly from finding the influence functions defined
in Assumption A 2 and Assumption B 2 for the specific working models S.(t|a,z;n,A.) =
exp (—Ace“Td), where D =[A,Z]" and 1(z; &) = {1+ exp(—a'z) }_1 for case a) and
Aj(t,z:Gj,vj) = Gj(t) + yJth for case b) respectively. We indeed remind the reader that under case

a), we have:

\/ﬁ(ﬁ_ BO) = Kﬁlﬁ{SQ,n(Bo,S:,TC*,A*) +Q(3)} +0P(1)7

where Q(3), defined in Lemma 7, directly depends on the form of the influence functions of

estimators &, A¢, 7). Under case b), we instead have:

V(B —Bo) = K~/ {S2(Bo, St 7w A%) + 0V b 40, (1),
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where QY| defined in Lemma 7, directly depends on the form of the influence functions of

estimators G, .

The next Lemma defines the specific form of Q(3) when the logistic model and the Cox

model are assumed on the propensity score and the censoring distribution, respectively.

Lemma 8. We assume, T(Z;a) = {1 +exp(—(xTZ)}_] and S.(t|A,Z;m, A.) = exp (—Ace"TD>.

Under Assumptions S2, S4 and Assumption A*1- A*4 we have:

-1

1 & (7
ONRLE
X [/T {P(a/)}T(t)dt—/Tp(a/)(t)/ldA O(M'T]o)sgl)(u)dt]

0 1 0 2 0 4 s SEJO)(IU
-I-/Ofpga’)(t)%é/ol{Sgo)w)}—ldMic(u)

_/0 {pga/) }T (1) (E [ZTZnO(zi) - no(z,-)}} ) - % iézi (Ai—7o(Z) Yt
+op(1).

(1)
Sq (t) c
o }dMl "

| @ t (1) ! ’
vnQy = /o S?m( - {S({m( )} sy (1)d Ao (1)
S

The next lemma defines the specific form of 0 when the traditional additive hazard

model is assumed on the cause-specific hazards.

Lemma9. Let Aj(t,Z;G},Y;) = Gj(t) + y]TZt and let Y; be estimated by (3.10) in the main docu-

ment and G j(t) be estimated using (3.11) in the main document. Under Assumptions S2, S4 and
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Assumptions B*2 and B*4 it holds:

] (1)) 2 B (1)
ey _ [T ]|1 T sy (1) ‘ e s () )
= hBh {D’ sg‘”(t)} | G {Z’ s£°’<t>}dM”(t)
, G
X {pgb)(t)dt—p(()b)(t) ? <t>dt}

+/0‘p(<)b'><t) {sgo)(t)}_l%i_zidMﬁ(t)-l-op(l).

Lemma 10. Let Aj(t,Z;G},Y;) = Gj(t) +'YJTZI and let Y; be estimated by (3.10) in the main
document and G(t) be estimated using (3.12) in the main document. Under Assumptions S2, S4

and Assumptions B*3 and B*4 it holds:

_ T
: (1)

(1) ®2
el T 14 7 s, (1) 1 & [° 52 (1)
\/ﬁQjZI = /0 Z;/o {Di_—sgo)(t)} Yi(t)dt %;/0 {Z"_—sg(’)(t)}dM""(t)

(1) rfn g oo
/ N, Swz (8585, T
. {pi”)mdr —pé’”m%dr}

o {sa}Y v oyt

~—

Theorem 4 together with Lemma 8 proves part a) of the corollary. Theorem 4 together with
Lemma 9 proves part bl) of the corollary. Theorem 4 together with Lemma 10 proves part b2) of

the corollary.

Proof of Theorems 6, 7 and 8

Proofs of Theorems 6, 7 and 8 use similar ideas and techniques used in the proofs of

Theorems 3, 7 and 8. We therefore report here a sketch of their proofs.
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Proof of Theorem 6 (sketch). Under Assumptions S1, it follows that:
SZ7n(B,§07ﬁ:,A) = SZ,”(B?*?j:n*?A*) +0P(1)
By Taylor expansion we have:

SZ,n(Bvsi,Tf*aA*) = SZ,"(B@S;TC*’A*) + VBSZ,H(B*7S;R*>A*) (B - BO)T )

where B* lies between 3 and Py.

By double robustness of the score (Theorem 2), and by application of Hoeffding’s in-
equality under Assumptions S2 and S7, we have: S, ,(Bo,S:, %, A*) = E {S2,,(Bo, Si, T, A*) } +

0,(n"1/%) = 0,(n~'/?). Therefore we have:

S2(B,Se, 1, A) = VSa(B*, 55, A*) (B—Bo) ' +0p(n'72). (3.50)

We now focus on V := VS ,(B*, Sz, ", A*). We have as diagonal element, for j = 1,2:
Vij = 0p;{S2n}; (B"Sc, 7" A7)

1 ¢ T ¥ ox % * A K

= _;Z/o g, B, (1387, Sc, ", Zi)dM ji(t; B, Af)
i=1
1 [T

oY [ BB S Z)} A ()

i=1

14 7
+;Z/O {A; — E, (18", 87,1, Z;) } Yi(1)Ogd A (1, Z;: B*)
i=1

= 01+0,+0;3.
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We have:

0 = Z/anA (623", 85,7, Z0)dM (1)
B B]() /aﬁij B S:,J'C*,Z,')Aiyi(t)dl‘
. z/ 0p, Ea,(1:B", 811" Z)Yi(1)d { A} (1,21 B5) — A3 (1.2 Bjo) }

Z/ 85 fA B S* T Z d{/\ tZz,BJO) 10<tvzi)}

= Q011+ Q12+ 013+ Qia.

Q11 is a martingale integral with bounded integrand by Assumption S7. Therefore, by concentration

inequality of martingale integral is 0, (1). Under Assumption S6, we have
* 1 < t * % *
013 = (B —Bo)y X |95, Ealts, 557" Z0Y0) Bl 1),
i=1

where we call ¢ ;(¢) a function, such that:

Ao.Z) - Ae.z:B0) = (8B, X [ a()

Term Q14 = 0if A* = Ag. What about Q3? If S\ = S.9 and T* = T, because everything is bounded,
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by Assumption S7 we have something along the following line:

1 & T
0 = 1y / {A; — Ea, (3B, S0, M0, Zi) } Yi(1)9pd A1, Zi; B)
n=Jo

- E[Ae—ﬂ:]BjAtSCO(t|A,Z)|Z} :
= E A— Y dA(t,Z; B o.(1
/0 ] E|:e_Z§ZIBjAtSCO(t|A,Z)|Zi| (t)opdA(t,Z;B) | +o0p(1)

[ E [Ae—ile BiATS o (¢1A, Z) |Z} !
- [E|{a- E{Y(1)|A,Z} 9sdA(t,Z:B) | +o0,(1
) e sz A EE oD

. [ E [Ae_ i Pidrs o (¢1A, 2) yz}
- / E|{A—
0

E [e‘2§=1 BiALS o (1A, Z) |Z]

xefzfilBfAte*Zf:lA"(”Z)Sco(flA7Z)aBdA(f7Z;B*)} +op(1)

= o,(1).
Therefore we have:

Vi =0p, (S}, (B S5 A = (B — Bio) (U +0)) 00D 40D 1Y
where

/aﬁjzA B, S, Z)AY (1) dr,

=X [ TS 2V 0BG (0
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n T
Uy [ A B (BTS2} A ),
nzzl 0
Z/ aBJEA B S* 75 Z d{A* t ZZ’BJO) jO(tazi)}7

2/ {A; — Ea, (1B, 85,7, Z) Y (1), AN (1,2, B)).

. 2 . % 3 . *
We notice that J\ = 0if A*(-,-) = Ao(-,-) and J\) = 0,(1) if or S2(|,-) = Seo(|-,-) and

() = mo(-) or A(+,-) does not depend on the unknown P.

On the other hand, similarly, we have:
Vip = 832{52,1} (B*, Sk, ", A%)
= (BT_Blo)_Z/ aﬁzzA,'(t;B*7SZF,7'C*,Zi)AiYi(t)dt
(B B, 1 30 (5B, S Z0Y0Ea 1)

+ Z/ g, Ea; (187, 8¢, 0, Zi)Yi(1)d { A1 (2, Zi3 Bro) — Aro(t,Zi) } +op(1)

— (B —PBio)(U +I3 )+,
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and
Vz] = 851 {SZn}z(B S*TC A*)
— (B3 —Bu) IZ/ 3, Ea, (:8°,87,7° Z)AXi(1)dt
(B3 Ba0)y Y [0, BB, 52, 20V 0B g 1))
z 1
Z/ g, Ea, (1:B", i, ", Z;)Yi(t)d { A5 (1, Zis Boo) — Aoo(,Z) }

— (B —Bao) () + )+ 5,

where the last terms JS) = Jéll) =0if A*(+,-) = Ao(-,).

Therefore we have:

BT —Bio r
B> —B2o

Vo= J+

where the above multiplication is intended componentwise and

1 2 3 1
Jo J1(1)+Jl(1)+J1(1) Jl(z)
1 1 2 3|’
Jél) J§2)+J§2)+J§2)

and
(1) 2 1) 2
Ji o+ I Iy,

!

1 o it >
151 ) +J§1) Jz(z)“‘Jéz)

We will prove that J is invertible. If this is the case, for any || < 1/2, by (3.50) and the

180



above we have:

S2.a(Pox n 08 A = n ¥+ Ry + Op(n_]/z).
We can therefore conclude that either:

Son(Bo—n"2 8,1, A) <0< Sp,(Bo+n"°, S, 7, A),

or

A

S2n(Bo+n72 8,1, A) <0< Sp,(Bo— 10,8, %, A).

Therefore by definition of B, we can conclude that p — By = O p(n_s).

We now prove that J is invertible proving that its determinant is different from zero. J
simplifies accordingly to which model is correct. We therefore divide the proof of its invertibility in

two cases.
e Case a): J is invertible if S} (-|-,-) = Sco(+]-,-) and w*(-) = mo(+).

Noticing that dg, E4 (¢;B*,S7, 7", Z) = dp, Ea(t; B, S, n*, Z) and Jl(}) = g), after some algebra we

have:

Il = @ +IY S +I5) I +0,(1)

= IV I 115 +op(1).

We now prove that both Jl(}) # 0 and Jl(}) +J1(? —|—J§§) # 0. Those would prove that |J| # 0

and so that J is invertible.
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Under model (3.1), E{Y(r)|A,Z} = ScOc(t|A,Z)e (Bro+B0)Ar ;= Aw0(t.2)=A20(t.2) ' therefore

we have:
E [Aefi?zl Biodrg o (1]A, Z) yz]
E|JdA— > Y (t)dt
E [e_zjzl Bl S,0(1[A, Z) \z]
: E [Ae*Z?:IBfoAfsco(qA,z)yz]
_ /E A i E{Y(1)|A,Z} Adt | |
0 E [e—ijzl Biodrg (114, Z) \z]
and so

. E [Ae—25:1 BioArg (114, Z) |Z}
- / E|{A— i
0 E [e*Zf:I Brodrg o (1]A, Z) |Z}

e Z%Zl BjoAte_Z%:1 AJO(Z’Z)SCO (t|A7 Z)Adt

. e pun E [AeZinPolis o114, 2) 2]
A
0

E [6*2?:1 Biodrg o (1]A, Z) |z]

e Bt ]

The above is strictly different from zero under the positivity Assumption S5. Therefore applying

Hoeffding’s inequality, for some positive €: Jj(-;) > €.

We now focus on Jﬁ) + Jl(? —|—Jg). By algebra we have:

A, Ta(1:B, S0 Z) = —1Ea(t: B, S5, 2) {1 — Ea (1%, 57,7, 2) ).
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We have:

n T
W05 = Y A= BB S Z) A
i=1

—_ S| =

T
_Z Z/O t‘zAi(I;B*7S§7TE*’Zi) {1 - ‘ZAi(I;B*,Sz,TE*,Zi)}
i=1
xd {AT(Z‘,Z,';B]'()) —Ao(t,Z;) —|—A§(I,Zi;ﬁj0) —Azo(l,Zi)}Yi(t),

Similarly to before, if we look at the expected value, we have:

1 2 2
B 47 +05)]
([ E[ae EPotisea,2) 7]

T
- / E|{A— .
0 E [e—ijzl Bt S.0(1]A, Z) |z}

AE{Y(1)|A,Z}

E [Aefi?:l Biodrg o (1]A, Z) |Z}
E [e—Z?:I Biodrg (114, Z) |z]

(B [Ae™ i Potis o 114, 2) ]

_ / ‘E :
0| E[eHPotsg(a,2) 2]
x td { A} (t,Z:Bjo) — Ao(t,Z) + A5 (1,Z:Bjo) — Ao (t,Z) }E{Y (1)|A, Z}] .

Therefore
B+ +05)]
/1: E [Aei?:l Biodtg o (1]A, Z) |z}
- [ E
o \ E [e—Z?:I Piodr 5.0 (1]A, Z) yz}

2
S [A e TN (14,2) Y d (A (1, Z3B0) —/\jo(f,Z)}]> |
=1

E [Ae*Z?:1 Bodtg o (1]A, Z) |z}
E [e_ LiniBiodrg (114, 2) yz}

Again, by Assumption S5 and S9, we can conclude that E [J 1(}) +J 1(%) +J§§)} > ¢ and therefore, by

Hoeffding’s inequality that J\}) + 17 4+ 32 > &+ 0,(1).
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e Case b): J is invertible if A*(+,-) = Ao(+, ).
We have:
1 3 1 3
PO = O I+ 1),
We are now left to prove that Jj(-;) —i—JJ(;) # 0 when A*(-) = Ag(-). We have:
JW g3 = lf T Z-)}Y-(t){A-+8 AN (t z)}
jj JJ _n.lo l A[’ "wMeo 91 1 l Bj ]’l 9
=

and similarly to before, by Assumption S9 we can prove that J () +J (

3)
ij [ 2 ]

J.

Proof of Theorem 7 (sketc). By Taylor expansion we have:

S2.n(Bs S, A) = S2,4(Bo, Se, 1, A) + VpS2.(B*. e, A) (B—Bo) ' (3.51)

where B* lies between 3 and Py.

Under Assumptions S1-6, it can be proved that:
VSo.n(B*,8c. &, A) = VpSo.(B*, S5, 1%, A*) +0p(1). (3.52)

In the proof of Theorem 6 we moreover proved that:

BT —Bio
A I A M
2 — P20

Y
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where the above multiplication is intended componentwise and

1 2 3 1

Jo J1(1)+Jl(1)+J1(1) Jl(z)
1 1 2 3
Jél) J§2)+J§2)+J§2)

and

I o I o
, 11(1)4‘]51) J1(2)+J£2)

(1) | 42) 50 4(2)
TR TR/ M L
We now focus on term S5 ,(Bo,Sc, &, A). We have the following decomposition:

Sz,n(607§67ﬁ7[\) - +S2,H(B()7‘§Cuﬁ7[\) _SZ,H([‘307S:7TC*7/A\)
+82,1(Bo, 5S¢, A) = $2,(Bo, 57,1, AY)
+82,1(Bo, Sz, T, A")

= 01+0,+0;s.

We remind the reader that in the previous part of the proof we proved that B(z) —Bo =

0,(n~®) for 3| < 1/2.

Putting all the above together, by definition of [AS we have:
VB =Bo) = TV {S2a(Bo, S5 AT) + Q1+ o} +0p(1). (3.53)

S2.(Bo, Sk, ¥, A%) is by double robustness of the score, (Theorem 2), a sum of i.i.d. mean
zero terms. Similarly to the proof of Theorem 4, we can prove that O, = op(n_l/ 2Vif A*(-,-) =

Ao(-,-) and Q1 = 0,(n~/2) if S5(-|-,-) = Sco(-|-,-) and T (-) = 7o (). We therefore now divide the
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proof in three different cases according to which model is correctly specified.

e Case a): S5(:|-,-) = Seo(:|-,-), ®*(-) = mo(-) and A*(-,-) # Ag(-,-) with a, =n~'/2, b, =

n_l/z.

As said before, we can prove that Q1 = 0, (nfl/ 2), therefore, by (3.53) and by Assumption A’1, we

have:
\/E(B_ BO) = Jl\/ﬁ{Szﬂ(Bo,SZ,TC*,A*) + % iG@} +0P(1)'
i=1

\/E(B —Bo) can be therefore written as sum of i.i.d mean zero terms, and therefore, by

multivariate central limit theorem, it is asymptotically normal.

Part a) of the Theorem follows directly.
o Caseb): A*(-,-) = Ao(-,-), SE(-|-) # Seo(+|-,-) and w*(+) # mo(-) with ¢, = n~1/2.

As said before, we can prove that O, = op(n’l/ 2), therefore, by (3.53) and by Assumption B’ 1,

we have:
Valp~po) = J—lﬁ{sz,n<so,szm*,A*>+%icﬁ}+op<1>.
i=1

\/ﬁ(ﬁ —Bo) can be therefore written as sum of i.i.d mean zero terms, and therefore, by

multivariate central limit theorem, it is asymptotically normal.

Part b) of the Theorem follows directly.

e Casec): S5(:|-,-) =Seo(-|-,-) and () = mo(-) and A*(-,-) = Ag(-,-) with a,c, = o(n~1/?)

and byc, = o(n~1/?).
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In this case we have both Q1 = 0,(n~'/?) and Q; = 0, (n~/?). Therefore:
VaB—Bo) = I VnS2u(Bo. St 7 A" +0p(1). (3.54)

Moreover, when both models are correct, J simplifies to a diagonal matrix with diagonal

element equals to JS.) =1y o {Ai— Ea (B, S5, 10, Z) A ().

MCLT can be applied to v/nS2 ,(Bo, Sc0,T0, Ao) to prove asymptotic normality. Specifically
we consider the following multivariate martingale M;(t) = [My;(t),M>;(t)]" with respect to the
filtration
F = G{Nj,-(s),Yi(s—l—),Ai,Z,- j=12,i=1,...,n,0<s < t}. We consider the following two-

dimensional vector:

M"(t) = %i/oth(u;Ai,Zi)dMi(”),

where h(t;A,Z) = A — Ea(t; B, Sc0,T0,Z). Since h(t;A,Z) is predictable with respect to the filtration,
then M"(¢) is a multivariate martingale too. By Assumption S3, we have < M;(t),Mp;(t) >=<

Myi(t),Myj(t) >=< M>;(t),M2j(t) >=< My;(t),M>;(t) >= 0 for each i # j therefore:

1 & f 1 & !
<Mnt,Mnl> = < —F= /hu;Ai,Z,-dMiu,— /hu;A,-,ZidM,-u>
1), M50 v LGOI oy AT
_ 1i
- n

t
/ hz(u;Ai,Zi)d < M1,‘(I),M2j(l‘) >= 0,
i,j=170

and so the two components of the multidimensional martingale M"(¢) are orthogonal to each other.

Therefore, we can apply the multidimensional version of the martingale central limit theorem of

Rebolledo (Theorem 5 of Rebolledo (1978)).
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First we verify Assumption 2 about the convergence of the variance. We have, by Assumption
C1,for j=1,2:
n n l¢ ! 2
MM > = LY [ A Z)dNo(ulAn Z)Yi(wdu
IL& (1,
= - Z/O h*(u;Ai, Zi) {dAjo(u, Z;) + BjoAdu } Y;(u)
i=1

/Ot [P WBjo+0(u)y du Dy /Ot [0/ ()Bjo+ ()} du=V!(1),

and so Assumption 2 of the MCLT is verified.

We now look at Assumption 1 about the jumps of each component of the martingale.
Rebolledo (1978) at pag. 39 claims that if the Lindeberg condition is verified, then Assumption 1 of

its Theorem holds. We therefore needs to prove that, for any € and any j:

U R
/0 - Y 12 (A, Z0) L |h(us Ay, Z3)| > v/ne} Yi(t) {dAjo(t,Zi) + BjoAidt } 5 0,

by Assumptions S1 and S5, we know that:

max{l,e_(ﬁlo“"BZO)T}C?)
min{l,e*(BIO+B2U)T}C1C2 +1—-GC;

|h(t;A,Z2)] < 1+

so, we have:

n

Z (A, Z)1{|n(u;A,Z)| > /ne} Yi(t) {dNjo(1,Z;) + B joAidt }

:I'—‘

A

n —(Bro+B20)t
/ 12 qu)1{1+ max{l,e )G >\/ﬁa}Y,~(t)

min{l,e*(Bl()*BZ’O)‘}ClCz +1-GC;

3 |

X {dA o(t,Zi) + BjoAidt } .
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Moreover, by Assumption S2, we also know that:

T] 2 max{1 e—(Blo+Bzo)T}C3
Y P (w;A,2)14 1 ’ > \/ne
/0 n; (u:4,2) { T (e o e e 11 Y

. Y,(t) {dAjo(t,Z,') + BjoAidt}‘
2
—(B1o+B20)T
< {1+ max{1,e 1C3 }

min{l,e_(ﬁlo-f—ﬁzo)l'}clcz +1-Cs

maX{l,e_(B'0+BZO)T}C3 )
XLl > +/n€ pT|L; ol =0,
{ * min{1,e~(Bo+B0)T}C1Cr 4+ 1 — G5 Vn L +Bjo|

and so Assumption 1 of the martingale central limit Theorem holds.

Therefore, we can conclude that
D

By the above and (3.54) part ¢) of the Theorem follows. ]

Proof of Theorem 8 (sketch). This proof is similar to the proof of Theorem 5 and we leave it to the

reader.

3.8.6 Proofs of Lemmas

Proof of Lemma 7. We remind the reader that:

I [F .
S10(B. e, A) = {; Y, [ BB 114,.2) {4, —n<zl->}dMﬁ<r;Bj,Aj>}
i=1

j=1.2

189



By algebra we have the following decomposition of the score:

Sl,n( 7SAC7ﬁ:7A)

+Sz7n([30a SAC) ftw/’\\) - SZJ!(BOa SACa fC,A*)
+S27n(BOa*§Caﬁ7A*) - SZ,n(BOasjan*7A*)
+S2,n(BO; S;k7n*7A*)

= 0W4+0® 4+ 00 4o,

We first of all notice that by Assumption 1 and S7, we have:

S (1A, Zi) {Ai —R(Z)} — {Si(t|A )} A — 7" (Z))} (3.56)
< s ST {Sia )} (357)
t€l0,1],Z€ 2,A€0,1

+swp [{SH01A4,2)) | R(Z) — 7 (@) = 0p(1). (3.58)

t€0,1],Z€2,A€0,1

Moreover, we notice that, by Assumption 1 and S7 KV (By,n*,8*) = O,(1). By Assump-
tions S1, S7, S6, we have: K](.z)(B,n*,Sj) =0,(|B;j—Bjol)-

We now work on each term separately.

e Term Q(l):
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Algebra and the application of Lemma 12 gives us:

1t .
Qﬁl) _ ZZ‘{/O {e(BHrBz) (l310+[520)Af} Y(t1AL,Z) {Ai — 7(Z)}

x {dNji(t) = Yi(t)BjAidt — Yi(t )dAj(t, Zi;B)}

LSS [T Brotpao)dir o1 .
oY [ "85 1141 Z3) {Ai — (7))
i=1

x {dNji(t) — Yi(1)BjAidt — Yi(1)dA (1,7 B)}

n T
1 / eBrotBo)A g1 (114, 7. {A; — R(Z:)}

_Z; O

X {dei(l) —Yi(l‘)ﬁj()Aidl — Yi(t)df\j(t,Z,-;[So)} .

Therefore:

¢ ¢ 4
Qﬁ'l) = (Bi+B2—PBio—P20)=- ). eﬁlJrBZA[AtK()( B, 5cR)
i=1

:

0

—(B;—Bjo)K (Bo,Se. &) — KV (B, S ),

for some * between B and .
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Moreover:

Q&l) = (B1+PB2—B1o—P20)- Z/ B‘JFBZAtAlK (t,B,S;,m") (3.59)
l 1
1 . A
+(B1 +B2—Bro— Ba0)>~ z;/ Brebman 2 LD (1,8, S, 7) — KL (18,57, 70) |
1 1

+$ﬁ&—%—m—2/ Buotblbig {3 18,8, %)~ K (1,8,50.7) |
—(B;—Bjo)K" (Bo,S;, ")

_(Bj - BJO) {K(l)(Baﬁcvﬁ) - K(l)(ﬁo,Si,ﬂ:*)}

_Kj('2)<B,S*,TC*)

+K (B, 8., 1) — K (B, S ),

3»—n

where 7 is a point between §* and 3. We remind the reader that the quantities

kW, kP KV K\ are defined in equations (3.34)-(3.37).
We work now on term %Z?:l Joe (Bi+B3)Air 4, tK ( B,S:,m*). By algebra and by Lemma

12:

e(B]+ﬁ2)AtAtK (t,B,S;, %)

A;i—1"(Z)
Sk (t|Ai, Zi)

1 & ok A—TC*(Z) ~
—Bro—Bao)= Y [ PRI A2 (1B, A).
+(B1+PB2—Bio—PB2o) ”,:1/ it S;‘(t]Ai,Z,-)d i(#:B,A)

CeBrotBoin g AT 8 A)

[l

S|~ S|~
M= I
hﬁ
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Therefore:

— 10 20 ( )
N _Zl/ Pt S*(r|Al,Z)dM i)

i (Bo S A*)—(Bj—BjO) Y (Bo,Sz,m)

_%i/o e Bro+B20)Ait 4 t m(Z )d{A (t,Zi;B) — (t Z,,Bo)}

S*( |Ai,Z;)

_lil/o o(Bro+B20)A; W,,(st{ ](z‘ ZisBo) — A?(I,Zi)}

B B B** B5*) ﬂ*<Zl') r A
+(B1+PB2—Bio—PB20) - ,Zi/ BT A —S*(t|Al,Z)dM”(t’B’A)'

We work now on term %Z?:l I e(Bro+Pao)Air A 1 {Kj(-?)(t, B,S., %) —Kj(.f)(t, B,SZ,TE*)}. By algebra

and by Lemma 12:

1

/eB1o+BzoAtAt{ )(t,B, 8., %) — (-f)(t,B,SZ‘,n*)}

/eBlO+BzoAtA |i"?l_ﬁ-’(zl) Ai_n*(z)}dMﬂ( B?A)
Se(t|Ai Zi)  S(tlAiZi)

S
(e]

—

S
(e
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Therefore

- _ e(Bro+B20)Air nZ) Ai—7(Z) %
) Zl/ ) AAI[ S.(114,2) S*(rlAl,ZJdM"( b0,

—(Bj—Bjo) { K1) (Bo, S, 7) — KV (Bo, 57, 7) |

_Z o(Bro+B20)Air —*(Z) Ai—m'(Z) :
,Zl/ ) AA{ S.(lAnZ) S:(r\A,-,z»}Y’(’)

xd {Aj(1,Z;:B) — A5(1,Zi:Bo) }

__ Te (Bio+B2o)Ait —(Z) Ai—n"(Z) :
Zl/o At{ $c(1A1,Z2) Sz<r|Ai,zi>}Yl(’)

xd {Rj(1,Z:B0) — A3(t,2) }

(3.60)

Therefore putting together (3.59), (3.60) and (3.60), we get:

o'V
=Q§-”)+Q§-12)+Q§-1 +Q +Q +Q +Q +Q +Q +Q110)+Q§111 +Q112
where

= (B1+B2—Bio—P20) lzn:
i=1

:

/ oBroB0)Ai g ¢ {Ii\i(— fZ) Ai—7'(Z) }dMJ,( )

0 Se(t|Ai Zi)  S(tlAiZi)

—(B1+B2— Bro— Bao)K ' (Bo, 57,7, AY)

— (B1+B2—Bio—B20)(B; — Bjo) K" (Bo, S}, ),
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—(B1+B2—B1o—B2o) ;/ elProtPa) tS*(t|Al,Z)

xd {Aj(t,Z:Bj) — A3(t,Zi:Bjo) }

10 20 ﬂ
—(B1+B2—B1ro—PB20) ;/ elBr ol tS*(t|A,,Z)

xd {Aj(t,Z:Bjo) — Ni(t,Z:)}

—

1 ** ** AI—TC*(ZZ) ~
= —Bio— Z B HBS A g 200 T % 2D gpy e
(B1 +B2—B1o—B20) ”I_Zi/ Ail Ayt S;(t\Ai,Zi)dM”<t’B’A)’
Q§ (B1+BZ_BIO_BZO Z/ (B*+p5* AtAZ‘
i=1
< (& (.8.5.2) - KD (1.B.557) ],

=+(B1+B2—Bio—P20) li‘,
=1

n
i

/ e(Pro+B)Ait 4 4 { A —1(Zi) A — " (Z) }
0 Sc(t’Ath') SZ(Z|A[,Z,‘)

X de,-(t;Bo,A*),

0 =~ (B~ B0)(B1 + B2~ Bro— Bao) { KV (Bo, . %) — K1) (Bo, 7. 7)}.
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— — 510+B20 A _ﬁ:(zi) Ai -7 (Zi)
— (B1+ B2 —B1o—P2o) ;/ { X }

A1, Z:)  Si(t|AnLZ)

(1)d {A;(t,2::B) — Aj(t,Zi:Bo) }

—_—

(110) _ _ _ - - oBro+Bo)Ait Ai—1(Zi) _Ai_n*<Zi)}
0; — (Bt +B2—B1o—B2o) n;/ At {Sc(t\Ai,Zi) S 14,2

(l)d{Aj(l,Zi;Bo)—A;(Z,Zi)}7
Of'" == (B;—Bjo)K M) (Bo,52,m") — (B; — Bjo) { KV (B.Se,®) — K1V (Bo, 527 }

oM =k (p,s5,m) + K (B, 8. 1) — K (B,SE, ).

Qﬁ.ll) is a martingale integral, therefore, by Lemma 13, we have Qg.ll) = Op(nfl/ *|B1 +
B2 — Bio — Baol)-

By Assumptions S1 and S7, we have QE-IZ) = O, (IB1+B2—PB1o—B2ol |B; — Bjo|) and
Q5~16) =0, (|Bl + B2 —PBio— Bzo|2>-

By Assumptions S1, S7 and S6 we have QS-B) p (1B1+B2—PBio—B2ol |B; —Bjol)-

By Assumptions 1, S1, S7 and (3.56) we have Qg-M) = 0p(|B1+ B2 —B1o — B2ol). QEW) =
op (IB1+B2—Bio—Baol”) and 0" = o, (1B +B2— B1o — Baol [B; — Bl

By Assumptions 1 and (3.56) we have Q§-l7) =0, (|B1+B2—Bio —P2o|). Moreover, we
notice that, if A*(t,Z) = A%(¢,Z), we would have Qg.”) =0, (n_l/2 1B1 + B2 —Bio— [320’) since

dM (t;Bo,A*) would be a martingale.
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By Assumption 1 and S6, we have Q§.19) =0, (|[31 + B2 — B1o — Boo| ‘B/ — Bj0|)- Moreover

by Cauchy Schwartz inequality, together with Assumption S6 we get
110 _
Q§~ ) = 0p (n V2|8 + B2 — Bio — Baol |B) — Bj0|>‘
By Assumption S1, we have Q (111 —(B; —Bjo)K M (Bo, S, ") + 0, (’B] — BjO‘)-

Moreover, by Assumptions S6 and S(3.56), we have
Qﬁ.llz) =— (-2)([3 SET) +op ( |[3/ —Bjo|). We moreover notice that, if S}(-|-,-) = Soc(+|-,-) and
*(-) = mo(-), by Lemma 14, we have Q (112) —KJ(-z)(B,Sﬁ,n*) +0, <n_1/2 IB— [30]).

Therefore:

0" = —(Br+B2—Bro—Ba0)K | (Bo,S!, 1", AY)
(B —Bio)K;" (Bo. 7. 7%) — K7 (B.S:.7")
+0p(n_1/ !Bl+52—310—l320|+|51+l32—l310—l320|2>
+o, (Bt + B2 — Bro— Bao| -+ "/ By + B2 — Bio — Baol [B; — Bjol)-

e Term Q(z)
Adding and subtracting we have:

1 ¢ T i * — * A *
0OF = LY [ BB s ia, zo} (A~ @)} vio)d {1, ZiBo) — 30,20}
iz

L [ 502 (A £(20) ~ (5208020} (4 2)]
d{/\j I,Zi,Bo)— j(l‘,Zi)}

_ Q§-21)+Q§-22)
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By Assumption 1, S1, S7, we have:

IN

(21) LN BiotBo)At ot (14, 70 T4 — (7Y
oM <] [zl {80020} A - ()} %(0)

supd{f\j(laz; Bo) —Ajf(t,Z)}
zZez

= op,(1).

We moreover notice that, if S (-|-,-) = Sco(+|-,-) and w*(-) = my(+), by Lemma 14, we have

QE.ZI) = 0,(n"/?). Otherwise, by Lemma 10, we have QE.ZI) = 0,(n"/?) under Assumptions B1

and B2.

Moreover by Cauchy-Schwartz inequality we have:

(22)
o)
n . 2
< Lot Y sup [Sc_l(f|Ai,Zi){Ai—ﬁ(Zi)}—{Sﬁ(l|Ai»Zi)}71{Ai—ﬂ*(zi)}]
n i=11€[0.1]

: ; V()"d{/&j(t,zi;ﬁo)—A;(t,zi)}r.
Therefore:

o)

< elPotbo 12 sup [Sc_l(f\Ai,Zi){Ai—ﬁ(Zi)}—{S?(I\Ai,zi)}_l{Ai—n*(zi)}]
n i =1tel0]

{ [sup ‘[A\j(’C,Z;BO)_A;(T?Z)‘}'

0,1,Z€2
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Therefore, by Assumption 1 and by the fact that a,c, = 0,(n~'/?) and b,c, = 0,(n~'/?) we have

ngz) = 0,(n"'/?). Therefore Q&z) = 0,(1) +o,(n"1/?).

e Term Q(3):

By Assumption 1 we have Q) = 0,(1). Moreover, we notice that, if A*(-,-) = A°(-,-), we
have 0©) = o p(n_l/ 2) since it would be a martingale integral with integrand converging to zero.

Otherwise, Q%) = OP(n_l/ 2) under Assumptions Al, A2.

Putting all of these steps together we have:

Sl,n<67§67ﬁ7A> = Sl,n(BOaS;n*aA*)
—(B1+Ba—Bio— B20) KW (Bo, S%, 1%, A¥)
_<B] - Bjo)K(l)(Bo,Sj,ﬂ:*) _K(2)<B7S:7ﬂ:*)

+0p (/2B + B2 — Bro — Baol + [B1 + B2~ Bro — Baol*) + 012 + 0,

where Q1) = 0,,(n=1/2),0) = 0,,(n1/2) under case c) of the Theorem, Q") = 0,,(n=1/2),00) =

0,(n~'/?) under case a) of the Theorem, and under case c), Q') = 0,(n"1/2),0®) = 0, (n~1/?).

If A(-,-) depends on the unknown B, by Assumption S6, we have:
2 * % 1 ¢ T ; * — *
K7 (B.sim) = (B—Bo), Y /O eBrotBaA g (114, 70V (A, — 7 ()} Vi)
i=1
1 n
X — Z q;i(t)dt,
oy
where we call ¢ ;(¢) a function, such that:

Aj(t,Z;B) = Aj(t,Z;Bo) = (Bj—Bjo)* q;i(t)- (3.61)

~

S| =
I't1=
O\a

199



Therefore, we can conclude that:

Sl,n(BysAwﬁalA\) - S],H(Bou‘s:?n*:[\*) + Q(zl) + Q(3) +K<B - BO)

+0p (”_1/2 B1+ B2 —B1o—Baol + IB1 + B2 —Bio— l320|2> :
where K is a 2X2 matrix with the following components:
Kjj = —KO(Bo,S:.7) — KV (Bo, S, m) /(B —Bjo) — K\ (Bo, 2.1, AY),
and
Kip = —K{" (Bo,S:,m",A"), Koy = —K\" (Bo, S, A).

Remark 3. If the estimator A(-, -) does not depend on B or it depends on some initial estimator of it
the decomposition simplifies. Specifically, terms K](-Z) (B,S*,m*), 002,008 0(112) 9U13) capcels.

O

Proof of Lemma 8. We remind the reader that
Q5~3) =/n [S?(Bo,fc,ﬁ,A*) —/n8(Bo, Sco, Mo, A™) | . Using the fact that #t(z) = expit(&' z),

S.(t|a,z) = exp <—Ac(t)eﬁTd> we have, by Taylor expansion:

Q§3) = \/E[S?(Bovﬁaf\c?aal\*)_\/ES?(BOJTIO;ACO;O(O?A*)}

Ly /" 1 f T .
— %ZA e(BlO"’BZO)Alt {Dl‘j(l,nO,A507aO} AdMJl<t, BJO,AJ) +0p(1),
i=1
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where

D?j(t7n7A67a) = [anf(t7Aiazi;n7ACaa)va/\cf(lvAiuzi;nqu(x)aa(lf(t7Aiuzi;n7A67(x)]T7

f(t,Ai,Zim, A, @) := {Ai—expit((xTZ)}exp (A (1) ))

and A := [ﬁ —T](),/A\c(t) —Ac()(t),d— OL()]T.

Standard algebra gives us:

Dy(en, A 0) = [{Ai—expit(a'Z) exp (Ac(r)e" ) Ac(r)e" P,
{A,- — expit(a.' Z;) }) exp (Ac(t)enTD’) 'O

,—exp (A (1)e" 'D; ) expit(ocTZi)eaTZfZ,-]T.

Moreover, we know by traditional theory that

&—ao=0,(n""%), A-Mmo=0,n""?),  sup {A(t) —Aco(t)} = 0,(n~/?).

t€[0,1]

Therefore, by the above and by Assumption A*1 we have:

= Vn / [ (1) (A —70) + P ><><Ac<z;ﬁ>—Aco<t>>—{pga”}T(t)(a_ao)}d,
\/_/ [ (1) (A —mo) + P )()(Ac(l;ﬁ)—AcO(t»—{pga/)}—r([)(d_(xo)] d
Fop(1)- (3.62)

Lemma 15 and 16 provide the influence functions of d,ﬁ,f\c. Therefore, plugging them in
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(3.62) we can conclude that:

) W) 2 ! (1)
3 _ sy @) sy (1) (0) )y a0 c
\/7_le - (/() LEO) (Z‘) - {SEO) (t) } :| Sa (t)dAcO(t)) \/ﬁ ;/0 {Dl Sgo) (l‘) }sz (t)

. e o
: [ [T 010 [ anofun % )dz]

Sq ()

-1 1 2

_ /Or(pga/))T(;) <E [ZTZRO(Z,-) - no(Zi)}D NG i;z,- {Ai —70(Z) }dt +0p(1).

O

Proof of Lemma 9. We have:

T
Vgl = Y [Pt Bod s alan Z)) ! (A - (Z)} 1)

Sil-
HM:

=]

i=1

x| —vjo) ' Zidt +d {G(1:Bjo.¥j) GjO(t)}} :

—

We notice that, by Lin and Ying (1994b), under regularity Assumptions, we have, for each

t,z:
{Aj(t.z:Bj0.9)) — Ajo(t,2)} = Op(n~'/?), (3.63)

and
{1 =0} = 0p(n~"72). (3.64)
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Therefore, by the above and by Assumption B*1, we have:
o' =V | T\ @0dr+p (1)d {G (3B jo, 7)) — G 1). (365
710 Py (1) I+ py (1) { i(t:Bjo0. %)) ]O(t)} +op(1).  (3.65)

Lemma 17 and 18 provide influence functions for ¥; and G;(¢; B o,7;)-
Therefore, plugging them into (3.65) we have;

—1 T

(1) ®2
ey _ [ 1x () Sa () : R ), s (1) )
o = L[k {Dl s;°)<r>} o] G {Z’ <°><t>}dM”(t)
, no s
.{pgb)(t)dt—p(()b)(t) : (t;dt}

[0 00} = Y i)+ o),

]
Proof of Lemma 10. The proof is similar to the proof of Lemma S9, using Lemma 19 instead of
S18 and we leave it to the reader. ]
3.8.7 Additional Lemmas and proofs

Lemma 11. Let’s consider a generic probability model p(x;Bo,Mo) for which Po is the true param-
eter of interest and Mg is the nuisance parameter. Let 0(x,B,M) be such that Eg n {0(x,p,m)} =0
and let A be the space orthogonal to the nuisance tangent space. Then, & € A if and only if the

score is orthogonal, that is

d
5, E10(x.Bon")},— =0, (3.66)
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where " = 1o+ rAn.

Proof of Lemma 11. We have:

/90 Bo.m)plason ) =,

and so

0 = a/q) BO; B07 ) o

= [ 300 Bom)lg 3Bl g+ [ 0GBl drp (i Bo. )| gl
-~ /ar¢(x, Bo,ﬂr)b_op(x;Bo,ﬂo)dx+/¢(x,ﬁo,no)ar log p(x; Bo,M")|,—o P(x; Bo,M0)dx

- %E {¢(x, B()?nr)Hr:O +E {(l)(x’ BO»T]O)ST]} ’

Therefore, if ¢ € A*, and therefore E {§(x,Bo,N0)Sy } = 0, we obtain E%E {0(x,B0,n")},—o =0.
On the other hand, if ZE {¢(x,Bo,n")}|,_o =0, we have E {0(x, B0, 1M0)Sy } =0andso g € A+, [

Lemma 12. A simple application of the multidimensional mean value theorem gives us
BB _ o(BrotBao)t — Bi+B2)s () 4 By — Bro— Bao),

where B is a point between B and B jo for j =1,2.

Lemma 13. Let H;(t) be a random variable such that P <supi:17._,7n;te[0ﬂ] |H;(1)| < K) =1 for

some K < oo. We have, for any bounded 3 ;:

% i/()THi(t)dei(t; BjsAj) =E UOTH(f)de(f;BjaAj)} +0,(n"?) (3.67)
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Proof of Lemma 13. By definition of dM j;, we have:

li/TH,-(;)dMﬁ(r;Bj,Aj) = Z/H [dNji(t) = Yi(r) {B;Aidt +dA;(t,Z;) }]
=70

Xi
= - Z5iHi(Xi) —XiBin—/O Hi(t)dA;(t,Z;).
i=1
We have, by Assumptions S1 and S2

< K+lBj| +K|A/(1.2)] < oo

HOG) X~ [ Hi)aA(12)

Therefore, by Hoeffding’s inequality we have (3.67). [

Lemma 14. [t holds:

sup Z{A —70(Z)H{Seo(t|Ai, Z1) Y Yi(1) e ProtPao)Ait

ref0,7] |1

=0, <n*1/2) .

Proof of Lemma 14. This is a slightly modified version of Lemma A13 of Hou et al. (2021), adapted

to include the survival of the censoring. We leave the proof to the reader. 0

Lemma 15. Let t(Z; ) = expit(o' Z) and let & be the MLE estimator for o. We have:

V(6 — o) = (E [ZTZno(Z){l—ﬂo D ZZ 1Ai —mo(Zi)} +0p(1).

Proof of Lemma 15. Estimation of parameter o is done through classical MLE method. By classical
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MLE argument we have (proved in Zeng and Chen (2010)):

-1

n Ao~ (00)Zi ] 44,
-
ZZi Zi Z a )TZ
{1 +e—(0ﬂo)TZz’} Vg 14e (%

. 1 ¢
Vn(G—ag) = _ZZ "Zi
i=1

_ (E[zTZno<z>{1_no<z>}})I%izi{fxi—no(zmopu).

]

Lemma 16. Let S.(t|A,Z) = g(t|A,Z;n,A:) = exp (—AcenTD> and let f| and A.(t) be the Cox

estimators. Under Assumptions S2, S4 and A*3 we have:

vn{fl —no}
(2) (1) 2 -1 "
S A RO L HOR O e f o Do
! (/0 L§°><r>_{sg‘”<r>}isdo (”dAC“(”) #X), {Di_sgm(t)}dMi(I)-l-Op(l)
and
Vi {Ad(t:R) — Aco(t) } (3.68)
T
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Proof of Lemma 16. Estimation of parameter 1 uses the following score:

1 7 YY)D P
uim) = =) ; {D,-— =1 ]r, dNE (1)
j=11j

where M (t) = Nf (t) — Yi(t)Aco(t)emO)TDi, and N¢(¢) := 1{X <1, = 0}. By Taylor expansion we

have:

U(Mo) = Ui(mo)—Ui(A)

R I AP
—ni;/(){n Mo}

%!
SIS
I
— |~
-~
N——

s
_hﬁm}d%m

Do [sSPo
mm_&ﬁw}de

NS

NEN
—~
~
~—

R I AP
—nggh1m}

e
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Therefore, by Assumption A*2

Va{i—no} (3.69)
-1
(1 e sPe {Sé”m}z p
= (”lzi/o [szo)(f) o dNj (1)
| no Y, Yi(1)Dje" Di )
X%Z/O {Di— g’,}_l .(t)enTD. }dMi(t)

i=1

1 n gt S(z)(l‘) S(l)(t) 2 ) - 1 &gt S(l)(l‘) .
- Z;/O Lgo)(t){sgo)(t)} dN; (1) %;/0 {D,-—sfo)(t>}dM,-(r)+0p(l)

X~

d
2) (1) 2 ~1 0
_ Tlsg (1) )y t() 0 e S s ?
) /0 LE{O)(I‘) {Sfio)(t)} ] ¢ (t)dACO(t)) nl_zi/o {Dl sglo)(t)}dMl (1)

+op(1)..

We now need to find the influence function of A.(;1) — Aco(t) = Ac(t;R) — Ac(t:m0) +

t_ X dN;(u)

Ac(t;no) — Aco(t). Since A (t;m) = [ : by Taylor expansion and by (3.69) and As-

" Yi(uw)en' Oi”
sumption A* 3 we have:
Vi {A (1) — A(tm0) } (3.70)
(1)
. roa Sy (u
=—(n—no)T/ dAc(u;no) 2’0)< au
0 Sq (u)
_ T
[P0 [0 o e o)
TR R sW0are | =Y [ Di= 2420 bamso
0 1s,” () s, (1) ni=1/0 s, (t)
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Estimation of parameter A.(¢) uses the following score:

Ua(Ac(t)im) = —Zl/ {an; () - viance >}
= oL [ —Yi<u>d{Ac<u>e“TDf ~Aco(ue™ 7},

Therefore, by construction of /A\C(t;no) we have

Uz(Aco(t);M0) = Ua(Aco(t);M0) — Ua(Aco(t:M0)5M0) = /0[5510) (1) {dAco(t;mo) —dAco(t) }

and so we have:
Actimo) =) =1 ¥ [ {50} amga) +op(1),
l 1

Therefore, by putting together (3.70) and (3.71) we get:

Vi {Ad(t:f) = Aw(r)} 3.71)
2) W) 2 B (1) !
_ Ty (t)_ s, (1) J(0) 1 s (1) c
(/0 LEIO)(t) {SgO)(t)} ] d (t)dAco(t)) ”i:I/O {Dl séo)(t)}dM, (t)
" dAu(u Sﬂ(fl)(wd Ly (160 g 1
<[ - ateno) s s Y s} ami +o,(1).
]

Lemma 17. Let Aj(t,Z) = G(t) —}—'YJTZI and let Yj be estimated using (3.10) of the paper. Under
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Assumption B*2 it holds:

-1

@ o RO
} Y,-(t)dt] %1—2‘1/0 {Zi—ﬁ}dMﬁ(t)Jrop(l).

Proof of Lemma 17. The parameter Y; is estimated through the following score:

U (1B7.%17)

_ Iy, S @)
B n;/o {Dl S(O)(l‘)
(1)

} {de,-(t) —Y; ()R Aidt —Yi(1)y] Zidt }

< {dM(1) +Y0)dG jo(e) = i(e) (BY — BioAidt = Y;{o) (1 ) Zidr |

nooet (1) .
o d

Here [3’]” is just some initial 3; that we need for technical reason.

Therefore, by construction, we have:

Ui ([Bjo,ij]T) = U <[ Ta?j]T>—U1 ([Bjoﬂjo]T> (3.72)

noort (1 _
lZ{/o {D"_ i?mg; } (Y0 B~ Bjo. vy —viol Didt }. (373)
- d

n
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Therefore, by Assumption B*2, we have:

Vi —vjo) " (3.74)

Lemma 18. Let Aj(t,Z) = G(t) +'YJTZI and let Y;j be estimated using (3.10) of the paper and G(t)

be estimated using (3.11). Under Assumptions B*2 it holds:

Vi {G;(t;Bjo.7)) — Gjp(t)}
) (1)

SASON Ea e (D IRES o

i=1 d
1 & [t . sgl)(t) M ! (1) J
x%;/o 0 () s )l .

Proof of Lemma 18. The nuisance parameter G(¢) is estimated through the following score:

®2 -1
o]

Ua(Gj(1):Bjo.¥j) = %an/ot{dNi(t)—Yi(t)de(f)—K(I)B_iOAidf—Yi(f)?jZidf}
=1

= %i/ot [dMﬁ(f) —Yi()d{Gj(1) = Gjo(t) } — Yi(t) (¥ _'YjO)TZidt] .
i=1
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Therefore by construction we have:

U2(Gjo(t):Bjo,¥)) = Ua(Gjo(1):Bjo,Yjo) — U2(G(t:Bjo,7):Bjo. 7))

= X [0 {61083 - Gt}
and therefore, by Assumption B*2 and Lemma 17:
Vi{GiesBiot) -G} = va [ {50} [aMut) )3 10) ] (.76)
= /0 (00} [%fde)—f (1= "p0) s£”<>dt].

Hence, by (3.74), we have:

Vi {G;(t:Bjo. 7)) — Gjo(r) } 3.77)
- Vi [ {s0w} %Z[ (03~ Y0) Zid
_ [ )¢ - .
= [ {Pw) | pram
1 gt S(l)(l‘) ®2 !
([5;/‘) {D"_sg(”(r)} Ho 9

O

Lemma 19. Let Aj(t,Z) = G(t) -l—'YJTZt and let y; be estimated using (3.10) of the paper and G(t)
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be estimated using (3.12). Under Assumption B*3 it holds:

Vn{Gi(t:Bjo. 7)) — Gjo(1) }

' _ n n RO
= /O{SSBZ)(”;S:“*)} 1[%Zdei(u)— %Z A {Di— ?0)(t)} Yi(t)dt
)
)

n (1) T
_1 ' S t % *
\/EZ/O {Zi——io)it }dei(t)> sgvlz)(u;SC,n )du
i=1 Sz

Proof of Lemma 19. The proof is similar to the proof of Lemma 18 and we leave it to the reader. [
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Chapter 4

Doubly Robust Estimation under the
Marginal Structural Cox Model for a

Binary Treatment

4.1 Introduction

4.1.1 Background

In the analysis of time-to-event data it is often of interest to estimate the causal treatment
effect. For a binary treatment, this compares the failure time that would be observed if a patient
were treated with the failure time that would be observed if a patient were untreated or received
a different treatment. These hypothetical failure times are called potential outcomes. The causal
treatment effect is usually summarized by the causal hazard ratio, i.e. the ratio between the hazards

of the two potential outcomes. In clinical trials, the causal hazard ratio is used to compare the
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survival of a patient if s/he had been given a specific treatment with the survival of the same patient
if s/he had been given another treatment or a placebo. The causal hazard ratio can also be employed

in therapeutic trials to asses if a treatment can shorten the duration of the illness.

Here we aim at estimating the causal hazard ratio, assumed constant under the Marginal
Structural Cox model (Hernén et al., 2001), as a concise summary of the effect of a treatment on
a survival endpoint. The Marginal Structural Cox model has been widely used in observational
studies for the analysis of the effect of different therapies on the progress of various diseases, such
as AIDS, hemodialysis and HIV (Cole et al., 2003; Feldman et al., 2004; Sterne et al., 2005; Herndn

et al., 2006; Buchanan et al., 2014).

Marginal Structural models (MSMs), introduced by Robins et al. (2000), model the marginal
distribution of the potential outcome of interest. The term structural specifies that the model is
posed on the potential outcome of interest and the term marginal refers to the fact that MSMs do
not incorporate confounders. These characteristics warrant the causal interpretation of MSMs’
coefficients. This remains true even for noncollapsible models, i.e. models that change their forms
and their parameters when a covariate is integrated out. Martinussen and Vansteelandt (2013) study
the non-collapsibility of the Cox model, reason why the causal hazard ratio cannot be estimated
simply incorporating the confounders into the model. Algebra shows indeed that the causal hazard
ratio does not equal the expected value of the ratio between the hazards of the treated and the

untreated given the confounders.

In randomized trials, the absence of confounders of the relationship between treatment
and outcome guarantees consistent estimation of MSMs’ parameters using standard regression
methods. However, randomized trials can be infeasible in practice and often the assumption of
absence of confounders is not realistic. Under the assumption of no unmeasured confounders,

inverse probability weighting (IPW) has been widely used to perform estimation of the causal
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parameters characterizing this type of models (Robins et al., 2000; Hubbard et al., 2000; Hernan
et al., 2001; Chen and Tsiatis, 2001; Lunceford and Davidian, 2004; Wei, 2008; Zhang and Schaubel,
2011; Buchanan et al., 2014). IPW adjusts for the confounders weighting every observation via
the inverse of its propensity score, that is the probability of receiving the treatment conditional to
the confounders. Propensity scores are unknown in observational studies, therefore they need to be
estimated. A major drawback of this method is that, mistakes in the estimation of the propensity
score, induces bias in the estimation of the causal effect of interest. To overcome this drawback,
augmented inverse probability weighting (AIPW) has been introduced. AIPW estimators have the
interesting property of being doubly robust, that is of being consistent as long as one of two models
is correctly specified (Robins and Rotnitzky, 2001; Wang and Chen, 2001; Van Der Laan et al.,
2003; Bang and Robins, 2005; Tsiatis, 2006; Tchetgen Tchetgen et al., 2010; Zhang and Schaubel,
2012a; Jiang et al., 2017; Hou et al., 2021; Tan, 2019). Usually these estimators are doubly robust

with respect to the treatment assignment and the conditional outcome model.

In this paper, we derive the AIPW estimator for the Marginal Structural Cox Model that
is doubly robust with respect to the propensity score and the survival function conditional to the
treatment and the confounders. To this aim, we augment the Cox-IPW estimators of both structural
parameters, hazard ratio and baseline hazard, offering protection against possible misspecification
of the propensity score. To the best of our knowledge, this is the first time a doubly robust estimator

for this model is proposed.

Our estimator is model-doubly robust, that is, it needs only one of the two models to be
correctly specified to be consistent. Moreover it is asymptotically normal when only one of the two
models is correctly specified and estimated at the classical /n rate of convergence. The proposed
estimator is also rate-doubly robust, that is, when both models are correctly specified, it only needs

their product rates to be y/n to be consistent and asymptotically normal. Therefore, our estimator,
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does not require the propensity score or the conditional outcome model to be estimated at a specific
rate and in theory, one of the two rates can be extremely slow as long as the other one makes
up for it. This characteristic allows the user to use, for the estimation of the propensity score
and/or the conditional outcome model, nonparametric methods as boosted logistic regression, SVM,
random survival forest and spline, that are known to converge with a rate slower than y/n. This is
particularly interesting since these methods relax the modeling assumptions typical of parametric and
semiparametric methods giving one the possibility of overcoming the non-collapsibility challenge

posed by the Marginal Structural Cox Model.

In simulations we will show how our estimator outperforms the existing IPW-Cox esti-
mator both in terms of consistency and efficiency for different combinations of parametric and

nonparametric estimators for the propensity score and the conditional outcome model.

4.1.2 Related work

The literature on AIPW and doubly robust estimators for both structural and non structural

quantities of interest is rapidly growing. We name here few significative examples of both groups.

Robins (1998) derive a generic class of semiparametric estimators for the parameters of
MSMs with a focus on efficient estimators. For the marginal structural Cox model they propose an
augmented version of the Cox-IPW estimator of the hazard ratio. However, they don’t augment the
IPW estimators of both structural parameters, hazard ratio and baseline hazard. As a consequence,
their estimator is not robust against possible misspecification of the propensity score. Zhang and
Schaubel (2012b) and Bai et al. (2017) propose AIPW estimators separately for E[f{7(1)}] and
E[f{T(0)}] for different f. Yang et al. (2020) derive a doubly robust estimator for the structural

failure time model following the theory of Bickel et al. (1993). Sjolander and Vansteelandt (2017)
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develop a doubly robust estimator for the attributable fraction 1 — I;iT—Lé((’;)([) Even thought Zhang
and Schaubel (2012b), Bai et al. (2017) and Yang et al. (2020) estimators are model-doubly robust,
they are not rate-doubly robust; their asymptotic normality relies on the \/n convergence of classical

semiparametric estimators of the nuisance parameters.

Cui et al. (2020) adapt causal forest to the survival framework of censored data for estimation
of heterogeneous treatment effect using AIPWC methodology. Their estimator is however not
doubly robust. Dukes et al. (2019b) and Hou et al. (2021) propose doubly robust estimators for
the hazard difference in low and high-dimension, respectively. Both of these works exploit the
good property of the hazard difference of being collapsible and they focus on the estimation of
the conditional hazard difference. Bickel and Kwon (2001); Tchetgen Tchetgen et al. (2010);
Tan (2019) claim that no DR estimating function exists for the conditional logistic regression
model on the observed data with respect to the outcome model and the propensity score. However,
Tchetgen Tchetgen et al. (2010); Tan (2019), exploiting a different parametrization, propose a

doubly robust estimator with respect to different models.

4.1.3 Organization of the paper

In Section 2 we define the notation, the model and the assumptions we work with. In Section
3 we derive the AIPW estimator while in Section 4 we explain its asymptotic properties. In Section
5 we study the finite sample properties of our estimator through extensive simulations. In Section
6 we apply our estimator to the data from a cohort of Japanese men in Hawaii followed since the
1960s in order to study the effect of mid-life alcohol exposure on overall death. We conclude with
the discussion in the last section. We report the proofs of all the results in Section 4.8.2 of the

Supplementary Material.
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4.2 Marginal Structural Cox Model

Let A be a binary non randomized treatment and let 7(0), 7 (1) be the potential failure time
of a subject if s/he had been untreated or treated, respectively. As usual we indicate with A(¢) the

hazard function. We assume that 7'(a) follows a Marginal Structural Cox model, that is, for a = 0, 1:

kT(a) (t) = 7\'0(1‘) eXp(Ba)7 “4.1)

where Ag(7) is an unknown function of t and [ is the parameter of interest. We aim at estimating the
treatment effect described by the log ratio of the hazards function of the two potential outcomes

T(1) and T(0). We therefore focus on estimating the constant:
-1
B =1og |Ar(1)(1) {Aro(0)} . (42)

As is typical for time-to-event outcomes, the potential failure times 7'(1),7(0) are subject
to right censoring C(1),C(0). As usual, we use X (a) = min{7 (a),C(a)} to indicate the potential
censored failure times, 8(a) = 1{T(a) < C(a)} the potential event indicators and Z the observed

baseline covariates.

Ideally, we would be able to observe each subject under both treatment 1 and 0 and we
would then have as full data {X(1),X(0),8(1),8(0),Z} . In practice, the two potential outcomes
{X(0),8(0)} and {X(1),8(1)} are never observed simultaneously; indeed, if a subject is treated,
only {X(1),8(1),A =1,Z} is observed and if a subject is not treated, only {X(0),8(0),A =0,Z}
is observed. We use T,C, X, d to indicate the corresponding observed failure, censoring, censored

time and event indicator, respectively and we assume the following:

Assumption 2 (Consistency). T =T (a), C=C(a), X =X (a), § =98(a) ifA = a.
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Assumption 3 (SUTVA). The potential outcomes on one unit are not affected by the treatment

assignment of the other units.

The consistency and the stable unit treatment value assumptions are typical of the causal

inference literature (Robins et al., 2000; Hernan et al., 2001).

Because full data are not available in practice, we cannot consistently estimate the parameter
of interest B using standard regression methods. Moreover, because the treatment is not randomized,
we cannot assume that the group of treated subjects is a random sample of the population and
therefore, }VT(I) (t) cannot simply be estimated using only the available treated subjects; the same
can be said for Ar(g)(¢). However, estimation of the parameter of interest from the observed data is

possible under the following assumptions:
Assumption 4 (No unmeasured confounders). P(A = 1|X(1),X(0),8(1),8(0),Z) = P(A=1|Z).

Assumption 5 (Positivity). There exists € > 0, such that, for eachz: e < P(A=1|Z=2z) <1 —¢.

Assumption 4, also known as missing at random, assumes that the treatment assignment
mechanism only depends on the observed covariates Z (Robins et al., 2000; Hernén et al., 2001).
Assumption 5 assumes that every unit in the population has a chance of receiving each treatment

(Rosenbaum and Rubin, 1983).

We allow the censoring to depend on the treatment because in reality the treatment might
affect the censoring rate. For example, the side effects of a treatment might increase the percentage
of treated patients that drop out of the study. Viceversa, the beneficial effect of a treatment might
lower the percentage of treated subjects that are lost to follow-up. We assume the potential censoring

times to obey the following:

Assumption 6 (Independent Censoring). C(a) L (T(a),Z) fora=0,1.
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Above the symbol L indicates independence. Classical survival analysis models pose
assumptions on the hazard of the failure time conditional to some covariates. In these cases it is
typical to assume C(a) L T(a)|Z; i.e. independence between the censoring and the failure time
given the covariates incorporated in the model (Andersen and Gill, 1982; Bai et al., 2017). Since
our model is on the marginal distribution of T'(a), we assume C(a) L T (a). We moreover require
C(a) L Z. In the literature of doubly robust estimators it is not uncommon to require assumptions
on the censoring that are slightly stronger than the one needed for classical estimators (Dukes et al.,
2019b; Hou et al., 2021). In practice, our assumption, that only requires the potential censoring to be
independent of the covariates, is not unrealistic. This could be relaxed by using inverse probability of
censoring weighting (Scharfstein and Robins, 2002), imposing a model on the censoring mechanism.

We further analyze this in the discussion.

4.3 Augmented IPW score

We derive the AIPW score for 3 following the theory of Van Der Laan et al. (2003) and
Tsiatis (2007). We start by constructing a full data estimating function, i.e. the estimating function
we would use if we were to have observed for each individual 7, (X (1),X(0),8(1),8(0),A,Z). Model
(4.1) is the intersection of the following two models: Az (t) = Ao(?) and Ap(1)(¢) = Ao(t) exp(B).
We define:

M°(r) = NOr)—Y°(t)Ao(u), 4.3)

M'(t) = N'(t)—Y'(1)Ao(u)exp(P), (4.4)

where N%(t) = 1{X(a) <t,8(a) = 1} and Y¢(t) = 1{X(a) >t} for a = 0, 1. The quantities M°(r)

and M'(¢) are martingales with respect to the filtration ¢ = {N%(u),Y?(u™): i=1,...,n,
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0<u<t}.

We can use as full data estimating function for B and Ay(z),
U(h,t) = Yu—01 Jo h(a,t,u)dM“(u) for a two-dimensional function . We choose h(a,t,u) =

[a,1{u < t}]" obtaining as full data estimating function UF = [UF',U¥ ()], where:
T t
uf = Y / adM’(t) U= Y / AM® (). 4.5)
a=0,170 a=0,170

We now use U” as a starting point to define, as observed data estimating function, U/FW =

[UFPW UIPW ()]T where:

Uiy — /TwAdM(t) UIPY (1) = /tde(u), M(t) =AM (t) + (1 - A)MO(1),  (4.6)
0 0

where w =A/P(A =1|Z)+ (1 —A)/P(A = 0|Z) is the usual inverse probability weight. The above
technique, known as IPW, weights every treated and untreated observations by the inverse of the
conditional probability of being treated and untreated, respectively. The weighted observations
create a pseudopopulation where the treatment is randomized and in which Az (¢f|A = a) is the
same as Ar(,)(t) of the true population. We notice that by consistency we have M(t) = N(t) —
Y(t)Ao(t)exp(PA) where N(1) =1{X <t,8d =1} and Y () = 1{X >t}. We remark that while
M'(t) and M°(¢) are martingales, M(¢) is not a martingale since the assumed model (4.1) is on
the potential outcomes and not on the observed one. We notice that the above UFY is the usual

Cox-IPW score.

The estimating function U/PW has been proved to be unbiased when the weights w are
correctly estimated and therefore when the propensity score P(A = 1|Z) is known or estimated

correctly (Hernén et al., 2001). However, when it is not correct, U IPW s biased.
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To protect against possible misspecification of the propensity score, we now augment U/?W
to obtain a doubly robust estimating function UA’"Y | Following the theory of Van Der Laan et al.

(2003) we consider:
UAIPW _ IPW _ 1 {UIPW|,I} ' 4.7)

Here 7 is the propensity score tangent space, the space spanned by the score of the propensity score
and we indicate with IT{¢(-)|Z } the projection of a function ¢(-) onto the space 7 in the Hilbert

space with covariance inner product. In the following lemma we derive IT{U"*W|T'}.

Lemma 20. Under Assumption 4, for eacht € [0,1]:

m{u™|7} = /OT[wAa’E{M(t)|A,Z}—dE{M(t)|A:l,Z}], (4.8)

m{ui |7} = /Ot (WdE{M(u)|A,Z} —dE{M(u)|A = 1,Z} —dE{M(u)|A = 0,Z}].

Applying the above lemma we derive the following AIPW estimating function UA/PW =

[UAIPW UMW ()]T where:

UAPW /OTwAdM(t)—wAdE{M(t)|A,Z}+dE{M(t)\A:1,2}, (4.9)

UL (1) = /0 wdM () — wdE {M(u)|A,Z} +dE{M(u)|A = 1,2} +dE {M(u)|A = 0,Z} .

(4.10)

We notice that we augment both components of the estimating function for estimation of
both B and Ay(z). Even thought B is the parameter of interest, Ag(¢) is still a structural parameter

and so, to estimate Ag(¢) from the observed data, one needs to properly adjust for confounders. To
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protect against possible misspecification of the propensity score, it is therefore necessary to use an

augmented estimator also for Ag(t).

We now focus on the quantity E{M(¢)|A,Z}. Assumptions 2, 4 and 6 implies T L C|A,Z.
Therefore we have E{Y (¢)|A,Z} = S(t|A,Z)G(t|A) and E{N(1)|A,Z} = [§ G(u|A)d {1 —S(u|A,Z)}
where S(u|A,Z) and G(u|A) are the conditional survivorship functions of 7 and C, respectively.

Hence we get:

E{M(1)|A,Z} = /()’G(M|A)d{1 —S(ulA, Z)} 4.11)

_ /0 ' dAo(u) exp(BA)S(u/A, Z)G(ulA).

From now on we will use the propensity score notation ©(Z) = P(A = 1|Z) and the shorthand
m; = T(Z;). Moreover we use the notation UAPY = UATPW (B, Ay; 7, S, G) to stress the dependency
of the score on the nuisance parameters 7, S,G. We will use B?,n?, 5%, G° to indicate the true

quantities. Score UAPW | for estimation of B and A, is doubly robust with respect to S and .

Theorem 9. Under Assumptions 2-6: E [UAIPW(BO,AS;JI, S, G")} =0 if either S = S° or m = 1°.

If we have n observations (X;,d;,4;,Z;), we solve

S| =

{UA’PW}i —0 4.12)

i=1

to estimate 3 and Ag. Here we use the notation {U AIPW }l. to indicate the two-dimensional score

UATPW evaluated at X;, 8;,A;, Z; for observation i. We define:

Si(t,a)=S(t|A=a , Z), G(t,a)=G(t]A=a), (4.13)

Ri(1,S,G) = Y(t)—Si(t,A))G(t,A)),

224



and for/ =0,1,

D (t;B,m,S,G) —%f [w,exp (BA)AIR(1,5.G)+ Y d'exp(Ba)Si(t,a)G(t,a)|. (4.14)
i=1 a=0,1

Solving for Ag(¢) we obtain, for each z € [0,7]:

- X [wi{dNi(u) + G(u,A)dSi(u,A) } = Ya—0,1 G, a)dSi(u,a))
Ro(1:B.7.5,6) = [ == TN B ’

where we use the notation Ag when B, 7, S, G are assumed known and fixed. The above estimator is
an augmented version of the IPW-Breslow estimator: [y Y, widN;(u) {¥1, w:Y;(u Yexp(PA;)} !
The IPW-Breslow estimator is a consistent estimator for Ag () when the propensity score is correctly
estimated. The proposed augmented version protects against possible misspecification of the

propensity score.

Finally, profiling out Ay(z) we obtain the following AIPW score for estimation of f3:

l i /OTWi {Ai —A(I; B,TE,S,G)} {dNi(t) + G(t,A,-)dSi(t7Ai)} (4.15)
ni=

_/OT Y {a—A(:B.7,5,G)} G(t,a)dSi(t,a) =0,

a=0,1

where A = s(1) /S (), We remind the reader that $() is defined in (4.14).

The proposed score depends on the propensity score (Z), the conditional survival function
S(t|A,Z) and the censoring survival function G(¢|A). To stress this dependency we use the notation

UAPW (B, S, G) to indicate the score in (4.15).
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4.4 Estimation and Inference

4.4.1 Estimation

The proposed score depends on the quantities 7, S, G. These quantities, unknown in observa-

tional studies, need to be estimated from the data.

We fit the nonparametric Kaplan-Meier estimator to both the treated and the untreated group
to obtain a consistent estimator G(¢|A) such that for a = 0, 1 it satisfies SUP; (o] ‘G(t |a)—G(t | a)|
= 0,(n"'/?). We call p(t,a) the influence function such that: G(t | a) —G°(t | a) = Lyr pit,a)+

0,(n"1/?) fora =0, 1.

An estimator for the propensity score f(Z), can be obtained using different methods,
parametric or nonparametric, to be chosen by the user. We will use in simulations logistic regression,

random forest, support-vector machine and gradient boosted logistic regression.

Estimating S(¢|A,Z) is more complicated. The reason being that the Cox model is not
collapsible, that is, if the marginal distribution of T |A follows a Cox model, it is not true that
the conditional distribution T'|A,Z still follows a Cox model and viceversa. This makes the use
of classical semiparametric model for estimation of the conditional distribution T'|A,Z unsuitable
since it would raise compatibility issue with the marginal structural Cox model (4.1) assumed. To
overcome this difficulty we propose the use of nonparametric methods such as spline (Gray, 1992;

Kooperberg et al., 1995a) and random survival forest (Ishwaran et al., 2008).

Once estimators &, S, G are available, we propose to estimate B by solving

UPY (B;#,6,8) =0, (4.16)
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4.4.2 Asymptotic properties

We study here the asymptotic properties of our estimators.

Assumption 7. There exist some functions ©*(z) and S*(t | a,z) such that sup,¢ 5 |#(z) — " (z)| =

Op(bn), SUPc(01 ez }ﬁ(t |a,z) — $*(t | a,z)| = Op(cn) for some by = 0(1),cn = 0(1) and a =0, 1.

Assumption 7 is standard in the doubly robust literature, it assumes that the generic esti-
mators S and & converge to working models $* and * that are not necessarily equal to the true

quantities (Zhang and Schaubel, 2012b; Yang et al., 2020).

Assumption 8. There exist two constants 0 < Cy < Cy < 1, such that 0 < Cp < inf,c z7*(z) <

sup,c T (z) <C1 < 1.

Assumption 8 is the usual positivity assumption required for [PW based methods (Zhang

and Schaubel, 2011, 2012b; Hou et al., 2021).

Assumption 9. For any 0 < ©*(z) < 1 and any survival function S*, §© (t;p°,n*,8*,G°) is
strictly positive and there exist bounded 0 < s (1;B%,7*,8*,G?) < oo such that, for | =0, 1:

SUP;e[0,1] 5([) (t; BO,TC*,S*, GO) - 5([) (t; BO,TC*,S*, Go) = OP(I)‘
Assumption 9 is typical of the Cox model, it can indeed be considered an AIPW version of

Assumption B of Andersen and Gill (1982).

The next result proves that, under the assumptions stated above, our proposed estimator
B is consistent if either the propensity score model or the conditional outcome model is correctly

specified.

Theorem 10. Let model (4.1) and Assumptions 2-9 hold. Assume byc, = o(n'/?), if either §* = §°

or w* =7°, we have B —B° =0, (1).
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We now focus on proving asymptotic normality of B When both models are correctly
specified, our estimator is doubly robust in the rate sense. Specifically asymptotic normality of B
does not require S or & to converge to the true S° or ° at a \/n rate as long as the product of the
two rates is o(/n). Potentially, one of the two could converge to the true very slowly as long as
the other one is fast enough. This property is particularly attractive for our case since we propose
the use of machine learning methods like survival random forest for estimation of S(z|A,Z) that are

known to have rates of convergence slower than the classical /7.

On the other hand, our estimator is also model-doubly robust, that is, it is asymptotically

normal as long as one of the two models converge to the true at the classical rate /.
For the next result we need an extra assumption.

Assumption 10. R = {R(¢,5°,G°) =Y (t) —S°(t|A,Z)G°(t|A), : t € [0,7]} is a Glivenko-Cantelli

class.

We remind the reader that we indicate with $° and G the true quantities. Assumption 10 is
standard in the empirical process literature (Wellner et al., 2013). This assumption is reasonable
since R(t) is the difference between an indicator function and a monotone uniformly bounded
function.

Theorem 11. Let model (4.1) and Assumptions 2-10 hold. Assume a) or b) or c) below:

a) (Rate-double robustness): S* = S° and m* = n° and b,c, = o(n_l/z),

or

b) (Model-double robustness): ©* = n’, S* # S° and b, = n1/2; specifically, there exists

an influence function §(z) such that &(z) — " (z) = %Z?Zl 0i(z) + 0, (n_l/z),

or
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¢) (Model-double robusmess): S* = 8°, T* # 1° and ¢, = n—/%; specifically, there exists an

influence function y(t,a,z) such that S(t |a,z) —S*(t | a,z) = 1 Y vi(t,a,z) +0p(n_1/2).

We have:

Vn(B—p°) = quHop (4.17)

where explicit forms of 6 and @; = @;(B°,n*,S*,G°,0,y,p) are given in Section 4.8.1 of the
Supplementary Material. Therefore, \/n(p—B°) — N (0,6~ 2Var(9)).

When the propensity score is correctly specified (case a) and b) of the Theorem), theory
proves that also the Cox-IPW estimator is consistent and asymptotically normal. However, when
both models are correct, AIPW is more efficient than IPW (Robins et al., 1995; Van Der Laan et al.,
2003). When the conditional outcome model is not correctly specified, no theoretical results exist
that compare the efficiency of the AIPW and the IPW estimator. Still, in simulations (Table 4.2, 4.3,

4.5), our estimator shows comparable or better efficiency than Cox-IPW.

The consistency and the asymptotic normality of our estimator does not require specific
estimators for the propensity score and the conditional outcome model. The user can therefore
choose from a wide variety of estimation techniques as long as the assumptions are satisfied. To the
best of our knowledge, little is known on the rate of uniform convergence of nonparametric methods
for survival estimation as Survival Random Forest and Spline. Cui et al. (2017) proves that, for

(2+4d)

fixed covariates, a rate of n—!/ is achievable by survival random forest, where d is the number

of covariates. Kooperberg et al. (1995b) derives instead the L? rate of convergence for spline. They

show that, under some conditions, the rate can reach n—P/(2p+d)

, where p is a smoothness parameter;
1.e. the optimal global rate for nonparametric regression (Stone, 1982). However, no uniform rates

have been provided in the literature. Nevertheless, the rate double robustness of our estimator gives
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the users the possibility to choose nonparametric estimators for both the estimation of the propensity
score and the conditional outcome model. This is a relaxation with respect to Wang and Chen
(2001); Tchetgen Tchetgen et al. (2010); Zhang and Schaubel (2012b); Bai et al. (2017); Dukes
et al. (2019b); Tan (2019) where classical semiparametric estimators are considered and only the

model double robustness of their estimators is proven.

Our estimator is model-doubly robust in the sense that it is both consistent and asymptotically
normal even if only one of the two models is correctly specified. In the literature, the concept of
model double robustness has been sometimes used only to indicate consistency (Wang and Chen,

2001; Hou et al., 2021).

The complicated expression for ¢ simplifies if both models are correct and therefore we are

under case a) of the Theorem. In this case

(p,-:(pf’(Bo,Tco,SO,G"):/O wi{A;—a(t;B°,n°,8°,G°)} {dM;(t) — E[dM;(1)|A;, Zi]}  (4.18)

+ X(;' {a—a(t;B%,n°,8°,G%) } E[dM;(t)|a, Zi],
a=0,1

where @ = s(1) {5(0)}_1

Under this specific case we propose a consistent estimator for the asymptotic variance of [3

Theorem 12. Let model (4.1) and Assumptions 2-10 hold. If S* = S° and * = ©° with b,c, =

o(n_l/ 2), the asymptotic variance of ﬁ can be consistently estimated by \/Lﬁ@—l V where V =

A A~ A )2
Lyr {o0(B.7.5.6)} and

W,’dN,'(l‘)+Wié<t,Ai)d§i(t,Ai>— Z GA(Z,a)dSAi(t,a) ,
a=0,1

JRIGORG)
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where for simplicity we use A(t) to indicate A(t; ﬁ,ft,ﬁ, G). An explicit expression for ®® is given in

Section 4.8.1 of the Supplementary Material.

The above result can be used for construction of confidence intervals when both models are
correct. When one of the two models is not correct, because of the complexity of the asymptotic
variance and because in practice one does not know which model is correct, we suggest the use of
nonparametric bootstrap for estimation of the asymptotic variance of B The use of bootstrap is
typical of the literature on double robustness (Zhang and Schaubel, 2012b; Bai et al., 2017; Yang
et al., 2020) and the validity of such procedure is due to the fact that B is asymptotically linear.
We will explore both options in simulation. For the second, we will use a standard nonparametric

bootstrap, where one draws bootstrap samples from (X;,d;,A;,7Z;), i = 1,...,n with replacement.

4.5 Simulations

In this section we study the properties of our estimator on simulated dataset. We compare
our AIPW estimator, BA[ PW " \ith the IPW estimator, B[ PW "and the naive Cox model that does not

adjust for confounders. Moreover, as an oracle estimator we fit the Cox model to the full data.

Simulating data under a marginal structural model is not trivial. Since the covariates Z are
not included in the model, it is not straightforward to generate confounding. Following Havercroft
and Didelez (2012), we simulate an unobserved variable V that is both associated with the covariates
Z and the outcome T inducing confounding. Specific steps of the simulation technique are reported

in Section 4.8.6 of the Supplementary Material.

In our simulation we fix B = —1 and A¢(¢) = 1 and we consider 4 different scenarios
explained in Table 4.1. We estimate the propensity score with 4 different methods: logistic

regression without interaction, random forest, SVM and boosted logistic regression. For the last
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three we make use of the following R packages: ranger, e1071 and twang. Unless otherwise
specified we use the default settings. Except for random forest, we train our propensity score models
in-sample. Since random forest is known to have better out-of-sample performance, we divide the
dataset in two dataset with equal size: datl, dat2. We then fit RF on datl to predict the propensity
score on dat2 and viceversa. We make use of 3000 trees. We use in simulations stabilized weights,
ie.w=A-prlA=1){n(Z)} '+ (1—A) - pr(A=0){1 —n(Z)} " where the marginal P(A = 1)

is estimated by the empirical proportion.

For the observed outcome model we fit the semiparametric Cox model, survival random
forest (Ishwaran et al., 2008) and linear regression spline (Kooperberg et al., 1995a). To this aim we

make use of the following R packages: survival, randomForestSRC and polspline.

We simulate 500 dataset with a sample size of 1000. For all scenarios, 41% — 55% of
subjects are treated and 27% — 33% of subjects are censored. The root of our score is estimated
using Newton Raphson routine with O as starting value. For IPW the reported standard error is
the sandwich estimate of the standard deviation. For AIPW we report as standard error both the
model-based estimate defined in Theorem 12, that assumes both models correct, and a bootstrap

estimate. For the latter, 50 bootstrap samples are used to save computational time.

Results of simulations 1-4 are reported in Table 4.2-4.5, respectively. In Scenarios 1 and
2, AIPW outperforms IPW in term of estimation of both the treatment effect 3 and the asymptotic
variance of the estimator. In Scenario 3, IPW estimates are biased. Our method instead shows
consistency exhibiting protection against the misspecified propensity scores. As expected, the AIPW
model-based standard error underestimates the empirical standard deviation, leading to confidence
intervals with coverage below the nominal 95%. However, bootstrap confidence intervals show
nominal coverage. In Scenario 4, when the treatment model is assumed to be of logistic form, [3”3 W

shows some bias, bias that is corrected by APV . For the other propensity scores, pAPW bias is
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BIPW

always smaller or comparable to one. However, as in Scenarios 1 and 2, the model-based

standard error of APV outperforms the IPW sandwich estimator.

By theory, the model-based variance estimator is inconsistent when only one of the two
models is correctly specified. This is reflected in Scenario 3, where the propensity score is
misspecified. In the other scenarios, however, the model-based variance estimator shows some
level of robustness. On the other hand, as expected, the bootstrap confidence intervals show good

coverage in all 4 scenarios. This is in line with Funk et al. (2011).

To our best knowledge little experience exists in the literature to inform us how to properly
tune in practice survival random forest. Moreover no valuable softwares exist to find the optimal
hyperparameters. In Scenarios 3 and 4 we tune SRF paying particular attention to the split rule, the
depth of the node (nodedepth), the size of the terminal nodes (nodesize), the number of trees (ntree)
and the number of variables randomly selected as candidates for splitting a node (mtry). In Scenario
3 we fit SRF with nodesize=15, ntree=2000, mtry=4, nsplit=5, split rule=bsgradient. In Scenario 4
we fit SRF with nodesize=8, ntree=2000, mtry=7, nsplit=2, nodedepth=10, split rule=bsgradient.
However, we do not try all the possible combinations choosing a set of hyperparameters that
might not be the optimal. In both scenarios, spline outperforms SRF in term of performance.
Our simulations seem to suggest that while the latter needs to be properly tuned, Spline has good

performance when the default hyperparameters are used.
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Table 4.1: Data-generating mechanisms of Scenarios 1-4. B = —1 and Ag(z) =1t are fixed. In
Scenarios 1-3, Z = [Z1,Z5,73] . In Scenario 4, Z = [Z,Z5,73,74,75,Zs) .

Scenario Data-generating mechanism
V~U(0,1)
1 Z; = 0.5V +A((0,0.5),Z, = 0.3V +N(0,1),Z3 = V2 +2[(0,0.3)
PS: Logistic logit{n(2)} = -Z1+ 2, - Z3

C(a) ~ Exp(1/5+1/5a)
2 V~U(0,1)
PS: Logistic  Z; = 0.5V +U(—0.5,0.5),Z, = 0.3V + B(0.5),Zs = V2 + U(~0.3,0.3)
with logit{n(2)} = —Z1 + Zo + Z3 + Z1 2y — ZnZ5 + Z1 21 73
Interaction C(a) ~ Exp(1/8+1/8a)

V~U(0,1)
3 Z1 = 0.5V + N(0,0.5),Zy = 0.3V + A[(0,1),Z3 = 0.1V + A((0,0.3)
PS: Soft e =B(expit(—Z1+Zr +Z3+ Z1Zy — ZpZ3 + 212, 73))
Partition 1 n(Z) =1{Z1+Z + Z3 +£ < 0.5}
C(a) ~ Exp(1/10+1/10a)
V ~N(0,1)
4 21,2,723,24,75,Z5 = (V+N(0,1))/v2
PS: Soft n(Z) =0.8x1{Y% | Z? < xos6} +0.2x1{XS | Z? > %056}
Partition 2 C(a) ~ Exp(1/8+1/8a)

Table 4.2: Results of simulations from Scenario 1. The true B = —1. Column PS and OC
indicates how the propensity score and the conditional outcome model are estimated, respectively.
The first SE and CP are model-based. The second SE and CP are based on bootstrap. Bootstrap
is performed only for the first 100 simulations. SD, standard deviation; SE, standard error; CP,

coverage of a 95% confidence interval; Boot, bootstrap.

IPW AIPW
PS Bias SD SE CpP oC Bias SD SE Cp
Model / Boot  Model / Boot
Cox —-0.017 0.127 0.111/0.109 0.96/0.98
Log —0.016 0.090 0.205 1 SRF  —0.002 0.099 0.082/0.090 0.95/70.94
Spline  —0.011  0.090 0.089/0.097 0.97/0.95
Cox —0.020 0.117 0.133/0.118 0.98/0.97
RF —0.016 0.111  0.305 1 SRF  —-0.014 0.109 0.179/0.105 0.96/0.95
Spline —0.011 0.111  0.115/0.113 0.97/0.97
Cox 0.004  0.078 0.079/0.084 0.95/0.96
SVM —-0.100 0.088 0.122 0.95 SRF  —0.004 0.077 0.074/0.078 0.94/0.97
Spline  —0.002 0.077 0.078/0.085 0.95/0.96
Cox 0.018  0.077 0.072/0.073 0.92/0.94
Tw —0.099 0.083 0.119 0.93 SRF 0.0005 0.077 0.068/0.074 0.91/0.94
Spline  0.001 0.077  0.072/0.081 0.93/0.94
Oracle Naive Cox
—0.003 0.028 0.028 0.94 —0.302  0.086 0.084 0.13
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Table 4.3: Results of simulations from Scenario 2. The true B = —1. Column PS and OC
indicates how the propensity score and the conditional outcome model are estimated, respectively.
The first SE and CP are model-based. The second SE and CP are based on bootstrap. Bootstrap
is performed only for the first 100 simulations. SD, standard deviation; SE, standard error; CP,
coverage of a 95% confidence interval; Boot, bootstrap.

IPW AIPW
PS Bias SD SE CP ocC Bias SD SE CP
Model / Boot  Model / Boot

Cox 0.004 0.065 0.068/0.070 0.96/0.96
Log —0.010 0.061 0.108 1 SRF —0.002 0.054 0.052/0.057 0.94/0.95
Spline 0.003 0.058 0.059/0.078 0.95/0.97
Cox —0.041 0.097 0.121/0.103 0.99/0.95
RF 0.056 0.091 0.187 1 SRF —0.002 0.084 0.077/0.082 0.95/0.94
Spline  —0.015 0.097 0.098/0.079 0.94/0.91
Cox 0.049 0.062  0.061/0.063 0.86/0.85
SVM  —-0.142 0.077 0.098 0.73 SRF 0.0003 0.053 0.050/0.052 0.93/0.96
Spline 0.012 0.063  0.056/0.074 0.91/0.96
Cox 0.031 0.052  0.058/0.050 0.94/0.88
Tw —0.083 0.055 0.093 0.96 SRF —0.011 0.049 0.047/0.047 0.94/0.93
Spline 0.005 0.052  0.052/0.059 0.94/0.97

Oracle Naive Cox
—0.001 0.027 0.028 0.95 —0.322  0.080 0.085 0.02
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Table 4.4: Results of simulations from Scenario 3. The true B = —1. Column PS and OC
indicates how the propensity score and the conditional outcome model are estimated, respectively.
The first SE and CP are model-based. The second SE and CP are based on bootstrap. Bootstrap
is performed only for the first 100 simulations. SD, standard deviation; SE, standard error; CP,
coverage of a 95% confidence interval; Boot, bootstrap.

IPW AIPW
PS Bias SD SE CP ocC Bias SD SE CP
Model / Boot  Model / Boot

Cox 0.065 0.150 0.023/0.102 0.58/0.86
Log —-0993 0.133 0.261 0.04 SRF —0.040 0.140 0.052/0.121 0.55/0.97
Spline  —0.003 0.135 0.057/0.150 0.56/0.95
Cox 0.063 0.108  0.057/0.100 0.58/0.90
RF —1.030 0.149 0.314 0.12 SRF —0.053 0.144 0.056/0.125 0.57/0.94
Spline  —0.006 0.138 0.061/0.328 0.60/0.98
Cox 0.064 0.108  0.063/0.106 0.64/0.86
SVM -0970 0.143 0.374 0.19 SRF —0.028 0.142 0.062/0.124 0.60/0.98
Spline  —0.001 0.137 0.068/0.256 0.65/0.97
Cox 0.064 0.104  0.042/0.097 0.47/0.89
Tw —1.142 0.125 0.174 0 SRF —0.064 0.142 0.041/0.120 0.44/0.96
Spline  —0.009 0.137 0.045/0.284 0.47/0.96

Oracle Naive Cox
—0.001 0.029 0.028 0.93 —1.577 0.112 0.129 0
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Table 4.5: Results of simulations for Scenario 4. The true § = —1. Column PS and OC indicates
how the propensity score and the conditional outcome model are estimated, respectively. The
first SE and CP are model-based. The second SE and CP are based on bootstrap. Bootstrap is
performed only for the first 100 simulations. SD, standard deviation; SE, standard error; CP,
coverage of a 95% confidence interval; Boot, bootstrap.

IPW AIPW
PS Bias SD SE CP ocC Bias SD SE CP
Model / Boot Model / Boot

Cox —0.106 0.139 0.062/0.170 0.81/0.91
Log 0.159 0.054 0.080 0.50 SRF 0.029  0.056 0.044/0.097 0.89/0.91
Spline  0.004 0.049 0.054/0.057 0.97/0.97
Cox 0.005 0.066 0.109/0.058 0.97/0.91
RF  —0.006 0.070 0.212 1 SRF 0.003  0.061 0.048/0.065 0.89/0.95
Spline  0.004 0.059 0.048/0.059 0.95/0.93
Cox  —0.001 0.049 0.048/0.049 0.95/0.96
SVM  0.003 0.073 0.105 1 SRF 0.020 0.053 0.048/0.053 0.88/0.92
Spline  0.004 0.049 0.048/0.049  0.96/0.97
Cox —0.008 0.047 0.045/0.045 0.94/0.93
Tw 0.025 0.057 0.088 1 SRF 0.032  0.054 0.043/0.053 0.81/0.86
Spline  0.005 0.047 0.044/0.046  0.94/0.95

Oracle Naive Cox
—0.002 0.028 0.028 0.95 0.162  0.077 0.084 0.54

4.6 Real Data

We study the effect of mid-life alcohol consumption on overall death. To this aim we use
data from the Honolulu-Asia Aging Study (HAAS). The study, established in 1991 as a continuation
of the Honolulu Hearth Program project (HHP), collected data on a cohort of Japanese men with a
focus on causes of cognitive and motor impairment, stroke, and the common chronic conditions of

late-life.

The mid-life alcohol exposure was assessed at exam 1 and exam 3 of HHP (1965/ 1971-
1974) by self report. People with a light exposure to alcohol at both exams are considered light

drinkers, while people with a heavy exposure to alcohol in at least one of the two life periods are
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considered heavy drinkers. The death of the participants, when available, was collected from their

death certificates.

To study the effect of alcohol exposure on overall survival it is important to adjust for
confounding. To this aim we use as covariates age at baseline, maximum years of education, ApoE
genotype, systolic blood pressure, and heart rate. The summary statistics of these variables can be

found in Table 4.7 in Section 4.8.7 of the Supplementary Material.

Since HAAS starts at exam 4 (1991), we consider exam 4 as time 0 and we restrict the
analysis to the set of participants still available. After eliminating some observations (~ 50) with

missing entries we are left with 2061 participants; 1509 light drinkers and 552 heavy drinkers.

Among light drinkers 1317 (87%) deaths were observed while among heavy drinkers 506
(92%) deaths were recorded. The Kaplan-Meier curves for the two groups are presented in Figure

4.2 in Section 4.8.7 of the Supplementary Material.

We use our proposed score to estimate the effect of mid-life alcohol exposure on overall sur-
vival. As in simulations we estimate the propensity score by logistic regression without interaction,
random forest, SVM with sigmoid kernel and boosted logistic regression (twang). In Figure 4.1 we
plot the distribution of the estimated propensity scores for both groups. We estimate the conditional
outcome model by Cox model, survival random forest and spline. For SRF we use 500 trees, we set
the terminal nodes’ size at 30, the number of variables randomly selected as candidates for splitting

a node at 5 and the splitting rule at bs.gradient. For spline we use a penalty of 0.5.

The results of the analysis are reported in Table 4.6. For comparison we also report the

results of the naive Cox model that doesn’t adjust for confounding and IPW.

In line with Figure 4.2 all the results seem to suggest that mid-life alcohol exposure has a

significant effect on overall survival with a positive hazard ratio between heavy and light drinkers.
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The magnitude of the effect changes according to the method used. AIPW with Cox estimate
ranges between 0.243 and 0.256. AIPW with SRF estimate ranges between 0.224 and 0.255. While
when spline is used the estimated effect ranges between 0.240 and 0.259. For IPW the estimated
effect ranges from 0.242 and 0.283, while the naive Cox model gives a point estimate of 0.282. As
expected, AIPW confidence intervals provide a better representation of the causal effect. Both the
naive Cox and the IPW with SVM estimates of the treatment effect are around 0.283 suggesting
that SVM model for propensity score might not properly adjust for confounding. However, AIPW
estimates are stable across the different propensity scores corroborating their robustness with respect

to the estimation of the propensity score.

Logistic Regression Random Forest
0.20 = 0.15
> 0.15 >
= =
= Son-
C 010~ <
[} ﬂ |:H [0} |:| |:|:H
° B o0s-
0.05 =
0.00 = 0.00 =
] ] ] ] ] ! ] ] ]
0.1 0.2 0.3 0.4 05 0.0 0.2 0.4 0.6
propensity score propensity score
SVM Boosted Logistic Regression
0.20
04 =
2 2
q’ d q) 0.10
- °
0.05 =
0.0 = 0.00
0. 2'50 0. 2'65 0. 2'70 0 2'75 0 2'80 0. 2'85 0. :)O 0. I25 0 ISD 0. I75
propensity score propensity score
Group Heavy Drinkers |:| Light Drinkers

Figure 4.1: Distribution of the estimated propensity score for the HHP-HAAS dataset.
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Table 4.6: Estimated treatment effect for the HHP-HAAS dataset. Column PS and OC indicates
how the propensity score and the conditional outcome model are estimated, respectively. The
first CI and p-value are model-based while the second are based on bootstrap. The computed

P-value is two-sided. CI, confidence interval; Boot; bootstrap.

IPW AIPW
PS B cl P-valuie  OC B CI P-value
Model / Boot Model / Boot
Cox  0.243  [0.142,0.345] /[0.144,0.343] < 0.001/ < 0.001
Log 0.251 [0.133,0.368] <0.00l  SRF 0.240 [0.143,0.338] / [0.146,0.335] < 0.001 / < 0.001
Spline  0.243  [0.141,0.345] / [0.139,0.348] < 0.001/ < 0.001
Cox  0.245 [0.123,0.368] /[0.080,0.410] < 0.001/0.004
RF 0242 [0.078,0.406]  0.004 SRF  0.255 [0.134,0.376] /[0.109,0.402] < 0.001 /< 0.001
Spline  0.242  [0.120,0.364] / [0.075,0.409] < 0.001/0.005
Cox  0.256 [0.161,0.352] /[0.160,0.353] < 0.001/ < 0.001
SVM 0.283 [0.182,0.384] < 0.00l  SRF 0.250 [0.158,0.342] /[0.157,0.342] < 0.001/ < 0.001
Spline  0.259 [0.164,0.354] / [0.149,0.369] < 0.001/ < 0.001
Cox  0.243 [0.152,0.333]/[0.152,0.333] < 0.001/ < 0.001
Tw 0245 [0.144,0.345]  <0.001  SRF 0.224 [0.137,0.311]/[0.138,0.310] < 0.001/ < 0.001
Spline  0.240 [0.150,0.331]/[0.142,0.339] < 0.001/ < 0.001
Naive Cox
0282 [0.177,0.388] < 0.00001
4.7 Discussion

We have derived a new score for the estimation of the causal hazard ratio. Our proposal
is doubly robust with respect to the propensity score and the conditional survival function of the
failure time. Our score augments the Cox-IPW score to protect against possible misspecification of

the propensity score.

The potential censoring times are assumed to be independent of both the potential failure
times and the confounders. This assumption could be relaxed following AIPWCC methodology

(Rotnitzky and Robins, 2005; Tsiatis, 2007; Bai et al., 2017; Zhang and Schaubel, 2012b). Under the
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weaker assumption of independence between the potential failure times and the potential censoring
times given the confounders, AIPWCC methodology treats both censoring and treatment indicator as
coarsening variables. The IPWCC score weights every observation by the inverse of the probability
of receiving the observed treatment and of being uncensored. The AIPWCC score augments the
IPWCC to protect against possible misspecification of both the propensity score and the censoring
mechanism. The AIPWCC score would then have an extra term with respect to our proposed
score. Moreover it would be doubly robust with respect to the models corresponding to the weights,
propensity score and censoring distribution, and the conditional survival function of the failure time.
The computation of the projection that defines the augmentation for the [IPWCC score is non trivial;

such score is beyond the scope of this work and we leave it for future works.

We have proved that our score is both model and rate-doubly robust. As explained, the
latter characteristic allows the user to choose from a variety of methodologies, both parametric
and nonparametric, for estimation of the propensity score and the outcome model. In simulations
we have investigated the performance of different nonparametric methods such as random forest,
SVM, boosted logistic regression for the estimation of the propensity score and survival random
forest and spline for the estimation of the conditional survival function of the failure time. The idea
that nonparametric methods are always consistent, because in principle model-free is a common
misconception. While it is true that they relax the modeling assumptions typical of parametric
methodologies, their consistency is not granted and it is often hard to assess. Moreover, they have
often convergence rates slower than the classical y/n. It is therefore convenient to pair them with
estimators that are both model and rate-doubly robust as our proposal. The tuning process of
nonparametric methods can be non trivial. In simulations we have discovered how in practice tuning
survival random forest can be quite complicated and how the default settings are not always optimal.

On the other hand Spline has shown good performance with the default parametrization.
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Because of the non-collapsibility of the hazard ratio, assuming that the conditional distri-
bution of the failure time follows a Cox model is incompatible with the marginal structural Cox
model. However, in simulations we have investigated the performance of our estimator when the
conditional outcome model is assumed to follow the Cox model. Even though using survival random
forest and spline always outperformed the use of the Cox model, the latter has still been proven
useful by our simulations to correct for mistakes in the estimation of the propensity score. This
perhaps comes with no surprise since experience has shown that Cox model is quite robust to model
misspecification for survival prediction. We however advise the user to use nonparametric methods

for estimation of the outcome model.

In simulations we have compared our score with the state-of-the-art Cox IPW. To estimate its
asymptotic variance we have used the proposed sandwich estimator. This estimator does not take into
account the weights’ estimation and it is therefore known to be slightly biased. Practitioners have
been recently used bootstrap instead. However we have shown in simulations that our model-based

variance estimator has better performance than the IPW sandwich estimator.

The ideas beyond the derivation of the AIPW score described in section 4.3 are not neces-

sarily exclusive to the marginal structural Cox model; this work opens up a new line of research.
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4.8 Appendix

4.8.1 Formal quantities

In Theorem 11 we claim that /n(p — B%) = 6_1\/%72?:1 @i +o0p(1). We report here the

expressions for ¢ and .

0:(B°, 7", 5%, G”,0,v,p)
_/ wi {A; —a(r: B, ", 8%, G%)}
X {dMi(t) L dSH(t,A) G (1,A7) + A (t,Ai)G"(t,A,-)dAg(t)}

_/01 Y {a—a(np,n 57,6 H{ds; (,0)G7(1,0) + ¥ 5] (1,0) G (1,a)ANG (1)}

a=0,1

11 1t — 04 .
_/0 ijlq)i(zj){nj} (any(6) + G2(1,4))dS;(1,A) — dAG ()P IR (2,5,G7) ) (419)

' (0) 0 % Ck 0 -1 0 % ok MO
—/ {5 (1:B°, %", 5", G )} B(1,p%, 1", S*,G°) (4.20)
0
T -1
_/ { ( BO,TE*,S*,GO)} Di(t,B(),n*,S*,G()) (421)
0 1 1 * A] OA‘ ]
+/ dAg( r—lg °(t, Dwyi(t,1,Z; )+Sj(t,1)pi(t,1)}{n_;eﬁ j— P }
T] . A
+/O Z Z {Go(t7Aj)d\|!i(t, l,Zj) +de(t,Aj)p,~(t, 1)} {n—i — l}, 4.22)
J=1 J
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where

Bi(l’,BO,TC*,S*7G0)

:{5“)( Be.m",8".G%) — Z 0 (Zm) {7} 2 AP AR, (1, 8% Go)}

I,m=1

ln . 1—-A; _ Aj
ang(bt(zj) {l_nj}z {n;}z

X {dN +G°(t,A ~)dS;f (t,A;) —dAy(t)exp(B°A;)R;(t,S™, G")} )

and

Dl'(l,BO,TC*,S*,GO) =

(1)(I;BO,W*,S*;GO)+%ZJI(I» 1) {%eBOAI _eﬁo}]
=1 l

< LY (03 G (1A )i (1.A},Z,) + S}, AP A)))

J:

— L {G°(r,a)dyi(t,a,Z;) +dS}(t,a)pi(t,a) }

AN () {wiePN{GP (1,4 Wil1,A 3, 2) 4 3(0,A,)pi(0,A)}

3

-y el30a{GO(t,a)\ui(t,a,Zj)+S;k~(t,a)p,~(t,a)}>.

a=0,1

Moreover
T
c= / (@ (1;B°,n",8%,G%) —a(t;B°,n*,8%,G°) } dA§(r)sO) (1;B°,n", 8%, G°).
0

The complicated expression of @; simplifies according to which model is correctly specified.
Specifically, if both models are correct (case a) of Theorem 11), lines (4.19)-(4.22) are negligeable.

On the other hand, if only the propensity score model is correct (case b) of Theorem 11), lines
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(4.21)-(4.22) are negligeable and if only the conditional outcome model is correct (case c¢) of

Theorem 11), lines (4.19)-(4.20) are negligeable.

In Theorem 12, when both models are correct we derive the following consistent estimator

for @:

where

4.8.2 Proof of the main results

We remind the reader that we use the following notation:

UPY (B:m,S,G) = /OT % i‘iwi {A;—A(t;B,m,S,G) } {dNi(t) + G(t,A;)dSi(t,A) }

~ Y {a—A(t:B,7,5,G)} G(1,a)dSi(t,a),
a=0,1

where w = [AT(Z) + (1 —A) {1 —n(2)}]"".
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Moreover we remind the reader that the above is equivalent to:

Ut (B, m,S,G) = / Z [wiA; {dN;(t) + G(t,A;)dS;(t,A;)
—dAo (1:B, .S, G) PR (1,5, G)}
- {G(t, 1)dSi(1,1) +dAo (1:B, 7,8, G) BG(1,1)8:(t, 1)}]
where Ag (1;8,7,S,G) is the solution to U3"W (1, A; B, m, S, G) = 0 where:
U™ (1,803, S, G)

= - i /0T [w,- {dNi(u) +dSi(u, A7) G(u,A) — dAo(u)ePRi(u, S, G)}

— Z dSi(u,a)G(u,a) —dAo(u) Z P1Si(u,a)G(u,a)

a=0,1 a=0,1

Proof of Lemma 20

For this proof we make use of some additional lemmas, Lemmas 24-26, reported in Section

4.8.5.

Proof of Lemma 20. We start proving that, for a generic function of the observed data ¢(X,5,A,Z):
[T{q(x,8,4,2)| T} =E{q(X,5,A,2) | A,Z} —E{q(X,8,A,Z) | Z} . (4.23)

Define 7' = {0(A,Z) forall ¢}. By Lemma 24, T C 7 and hence by Lemma 25, we have:

[T{a(x,5,4,2) | T} = H[H{ XSAZ)\’IH ]

- H[E{Q(Xaaasz>|A7Z}| T]
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Now, by Lemma 26, the above equals to:

—E{q(X,8,A,Z)|A,Z} —E[E{q(X,5,A,Z) | A,Z} | Z]

= E{Q(X787A7Z) |A7Z} _E{Q(X767A7Z) | Z},

where the last line comes from an application of the tower law of conditional expectation.

We now apply (4.23) to our specific U'"". We have:

[T{vi™ |7} =e{Uv{™ |A,z} —E{U{"" | Z} (4.24)

T
- / [E{wAdM(1) | A,Z} — E{wAdM(1) | Z}].
0
Now, calculating the second conditional expectation, the above equals:

— /OT [E{wAdM(t) |A,Z}— ) wP(A=a|Z)E{AdM (1) |A=a,Z}
a=0,1

_ /OT WAdE (M(1) | A,Z} —E{dM(1) | A= 1,2}].

Similarly:
[T{vs" (o) | T} =B{U;" (1) |A, 2} —E{U;"" () | Z} (4.25)
_ /O B {wdM (1) | A, Z} — E {wdM(u) | Z}]
_ /Ot wdE {M(u) | A,Z} — E {dM(u) | A = 1,2} — B{dM(u) | A = 0,7}].
The result of the Lemma follows directly from (4.24) and (4.25). ]
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Proof of Theorem 9

Proof of Theorem 9. We prove separately that E {UM"Y (B, A3;®,5,G°)} =0 and

E{UMPW (1,B°,A9;7,5,G°)} = 0 for each ¢ € [0, 1] if either T = 1t° and § = S°.
2 0

If T = m°, we have:

E{UAIPW(BO Agm, S Go>}
_/ {E{AdM |Z}]

(5

—/0 E[GO(tu)dS(m,a—dAg(z)eﬁ”GO(zu)sm1,z) .

{G"(t|A)dS(t\A Z)+dA(1)e BUAG"(t\A)S(ﬂA,Z)} |z]>

Calculating the conditional expectation in the above equation we have:

E{UAIPW(BO TC .S GO)}
:/O E[dMl(t)]+E{Go(t|1)dS(t|1,Z)-|—dA8(t)eBoG"(t|1)S(t|l,Z)}
—/OTE{Go(t|1)dS(t\1,Z)+dA8(t)eBoGo(t|1)S(t|1,Z)}

- /OTE [dM' ()] = 0.

On the other hand, if S = §°, since by (4.11)

/O "E{dM(1)]A, 2} = — /0 " GO(tA)dS° (1]A, Z) — /O " AAS() exp(BPA) GO (1]A)S° (114, Z2),
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we have:

E{U?IPW(BO,A87TC7507GO)}
:/rE[AE{dM(I)yA,z}] _/OTE{AE{dM(t)\A,Z}}+/0TE[E{dM(Z)|A:1’Z}]

n(Z) n(Z2)

_/ [E{dM()|A=1,Z}] = / [dM'(1)] = 0.

Therefore, if either T = ©° or S = S¢, we have:
E{U{”PW(B",AS;n,S,Go)} - /OTE {aM' (1)} = 0.

Similarly to before, we have for ¢ € [0,1], if T = °:

E{U?IPW(”BOvA(O);“OaS’ G”)} = /OIE[WOE{dM(uﬂZ}]
_ Zol /’E Go(ula)ds<u|a,z)—dA8(u)eﬁoaGO<u|a)S(u|a,z)}

4 / ([ A)dS(ulA, Z) + dAG ()8 G (ulA)S (A, 2) } 2] ).

249



. > . . . A 1—-A .
calculating the above conditional expectation considering that w = ) +1=mz)e Ve have:

E{U?IPW(Z,BO, (O);TCO’S7 GO)}

_ /0’15 { En{;?‘zz)}dMl(u)} +/OIE{EE+:‘(|ZZ)}OIM"(M)}

- a%] /0 E {GO(u|a)dS(u|a,Z) + dAS(u)eraGO(u|a)S(u|a,Z)}

ap /0 tE{GO(u|a)dS(u|a,Z) +dA(u)eP G (u]a)S(ula, z)}

t 1
_ / E{dM' (u)) +/ E {dM°(u)} = 0.
0 0
On the other hand, if § = S¢:

E{U;"Pw(r,ﬁ", 3;n,S“,G”)}

= /0 E[E{de(u)|A,Z}— /0 E{wdM(u)|A,Z} + ) /0 E{dM(u)|A:a,Z}]

a=0,1

_y /(:E{dM“(u)} ~0.

a=0,1

Proof of Theorem 10 and 11

By Taylor expansion of the score Ui PV (B;#, S, G) around B° we get:

Ui (Bs#.8,6) = U™ (B3 #.8,6) + a—BUﬁZPW(B;ﬁ,SZ G) ; E(B— B%),
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where B is a point between [ and B°. Therefore, by construction of B, we have:

—VnUY (3% 1,8,6) = + UMY (B:7,5,6)|  Vn(B—B°). (4.26)

' st ’ st ok 0 0 (0) 0 % ok MO
o®) = [ 3 (5 ) S B S GONG0 (:pw 5",6).

The next lemma indeed holds.

Lemma 21. Let model (4.1) and Assumptions 2-9 hold, we have:

%U(B;ft,& 6) = (B) +0,(1). (4.27)

Term /nULPY (B2; %, S, G) requires a little bit more attention. Indeed, when both models
are correctly specified, it converges to \/ﬁUﬁQP W (B;m°,8°,G°). However, when only one of the
two models is correctly specified, the limit contains an extra term that depends on which model is

correctly specified. The following lemma proves the above in details.

Lemma 22. Let model (4.1) and Assumptions 2-10 hold. If b,,c, = o(n’l/ 2), it holds:
U (B.5,6) = U (s 57,6+ oy (1). @29

Moreover:

a) If S*(t | a,z) = S°(t | a,z) and n*(z) = n°(z) and byc, = o(n~"/?) it holds:

Uit (B:.8.6) = URY (Bm.S*.GO) +op(n 2. (4.29)
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b) T (z) = n°(z), S*(t | a,z) # 8°(t | a,z) with b, = n~='/2; specifically there exists an

influence function (z) such that &(z) —n*(z) = L 7, ¢i(z), we have:

UAIPW (B ,S,G) (4.30)
_ AIPW (Bo Tt S* G)+0p(n’1/2)

/ Y 0,(2) (1) Ay (dNi(e) + G (1. A)dS; (1. A) — dNG(0) PR (1,57, G7))

i,j=1

‘/(:{s 72,56} {5 6)

- Z 01(Zn) {5} 2 AP An R, (1,8 Go)} (4.31)

lml

A A
]

x {dN;i(t) + G°(t,A;)dS; (t,A;) — dA§(t) exp(B°A;)Ri(t,S*,G°)}.

¢) S*(t|a,z) = $°(t|a,z), 7" (z) # 1°(z) and ¢, = n='/?; specifically there exists an influence
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function y(t,a,z) such that S(t|a,z) — S*(t|a,z) = IZ:Z \Vi(t,a,z), we have:

ut" (B:#.8,6) (4.32)
_ AIPW (Bo T, 8" G)+0p(n—1/2)
_/T {5(0) (I§BO,TE*,S*,GO)}_1 5(])(IQBO,R*,S*,G0) + l ijl(t’ 1) {ﬂeﬁof\l _ eﬁo}
0 niS m

x; Zl wi {G(t,Ai)dj(t,Ai, Z;) + dS5 (1,A:)p;(t,Ai) }
L,J

- Zm {G°(t,a)dy;(t,a,Z;) +dS; (t,a)p,(t,a) }

+ang(u) {wi PN (GO (1, ) (1,40, 20) + 571, A1) 1. A1)}

-y P LG (1,a)y(1,a,2) +S§’(t,a)pj(t,a)}>

a=0,1

T 1 /! o 0
+/OdA" —22 GOtlet,l,Z)+S0t1thl}{’BA }

°(t,A;) 1.7 °(t,A;) N}e=-1
+/n22{Gt )dy(t,1,Z;) +dS? (t,A)p;(t, {* }

i,j=1 i

Putting together (4.26) and the results of the previous lemma we will prove /n(p — B) can
be written as a sum of 1.i.d mean zero terms and so the consistency and the asymptotic normality of
[3 follows. We now report the details of the proofs of Theorem 10 and 11. Proof of Lemma 21 and

22 are reported in Section 4.8.3.

Proof of Theorem 10. By Taylor expansion and by Lemma 21, 22, for 3 in a neighborhood of 3¢
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we have:

Uf;lPW (B’ﬁuﬁa é) = Uﬁzpw(ﬁo;ﬁ:7§7GA) + _UAIPW(B;ﬁ:vsA?GA) . (B - BO)

where f is a point between B and B°.

We notice that, by considering a finite T and by Assumptions 8 and 9, we have

()

(4.33)

(4.34)

(4.35)

By double robustness of the score, (Theorem 9) and, by application of Hoeffding’s inequality,

we have:

AIPW (Bo Tt S* GO) -0 ( 71/2)‘

(4.36)

if either *(-) = w?(-) or §*(-) = S°(+). Therefore, putting together (4.33) and (4.36) we have for

any |8] < 1

pAIPw (Bo n—s;ft,g,@ UPY (Boim*,5%,G°) £ 036 (B) + 0, (1)

= +n(B) +0,(n"/?).

Therefore, by the above and by (4.35), we have:

UpIew (s —n*S;ft,SA,G) <0< Uprv (Bo 3.4 8. G),
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or
UMY (B +n2.8,6) <0 < UMY (B —n%:,8,6).

Hence, by construction of 3, we can conclude that § — B = 0,(n=%) = 0,(1). O

Proof of Theorem 11. By Taylor expansion, Lemma 21 and consistency of ﬁ we get:
—VUEY (57,8, G) = V(B —B%)o(B%) +0,(1).

We are now left with working on term Uﬁflp W (B°:#,S,G). We will prove that it can be
written as a sum of i.i.d mean zero terms. We divide the proof in the three different scenarios of the

Theorem according to which model is correct.
) a) T = 1° and S* = S92 and bncn — O(n_l/z)_
By Lemma 22 we have:

. o \/ﬁUﬁflPW(BO;TCO,SO,GO)
Vi(p-p’) = o)

+o,(1). (4.37)

We focus now on term Ui /FW (B2 %, §2, G°). We remind the reader that —G° (t|A, Z)dS° (t|A,Z)— =

E[dN(t)|A,Z] and therefore we have:

AIPW(B TCO N4 GO)
E z’l: ?{Ai—A(r;B°,1°,8°,G°) } {dN;(t) — E[dN;(1)|A;, Zi] }

=1

3

0

+ Y {a—A@:p0,n°,8°,G%) VE[dNi(t)|a, Z]
a=0,1
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Moreover, noticing that, by definition of A and algebra, we get:

/0T 1 i [W;’eB”Ai {A; —A(t;B°,7°,8°,G°) } {Y;(t) — E[Y;(t)|A;, Zi] }

=

+ ¥ a—Anpn,8,G%) Y EX(1)]a,Zi] | =0,
a=0,1

we can conclude that:
Ui‘\;lPW(Bo;Tco,SO7 GO)

T n

=/, % ; (wf {A;i —A(t; %, m°,8°,G%) } [dM;(1) — E{dM;(1)|A;, Zi}]

+ Y {a—A(1:p°,1°,5°,G°) } E{dM;(1)|A = aaZi}>

= Ql +Q27

where

Q1= /0 % Y (0 (A~ a(0:7. 7,57, G°)) [dM (1) — E{dMi (1) v 23

i=1

+) {a—a(z;BO,n”,SO,G")}E{dM,-(r)|a,Z,-}> ,

a=0,1

Q2 - /O {a(I;BO,RO,SO,GO) _A(I;BovnoaSC)?Go)}

X li [W?dM,'(l‘) —W?E{dMl‘(lﬂAi,Zi}—f- Z E{a’Mi(t)|a,Z,-}] .
n; a=0,1
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Q1 i1s the leading term since it is a sum of 1.1.d mean zero terms. (O, = op(nfl/z) by
Assumption 9 and by the fact that E [w’M (1) — w’E{M(t)|A,Z} + ¥ ,—0 1 E{M()|A = a,Z}] =0.

Therefore we have:

Vi —p%) = f Z(P, +op(1 (4.38)
where
¢ = /OT wi {Ai —a(t:B%,n°, 87, G%)} [dMi(r) — E{dM;(1)|A;, Zi}]
+a:z():l{a—d(t;BO,nO,S",G")}E{dM,-(t)]a,Z,-},
and 6 = o(B°).

e b) ' (z) = °(z), S*(t|a,z) # $°(t|a,z) and b, = n~'/?; specifically there exists an influence

function ¢(z) such that #t(z) —n*(z) = Z 1 0i(2) +0,(n71/2).

Similarly to part a) we have:

AIPW (Bo ° S* GO)
’Cl I’l
/ —a(p°,7°,5%,G%))
x {dMi(t) S (1, )G (1,A7) + P NS (1,A) GO (1,4 |
-y {a—a(t;BO,nO,S,GO)}{ds;f(t,a)GO(z,a)+eﬁ"as;<(t,a)G0(z,a)dz}]
1

a=0,

—|—0p(n_1/2).
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Therefore, by the above and by Lemma 22, we have:

Vn(B—p°) = quHop (4.39)

T o
of = /O Wi (A — (680,77, 8", G} {dMi(0) + dS;(1,A0) GO (1, 40) + #4587 (1,4 G (1, A |

-y {a—é(t;B",no,S*,Go)}{dS:-‘(t,a)G"(t,a)+eBO"S;-k(t,a)GO(t,a)dt}
a=0,1

/HZ¢ ){m;} 7A, (dN()+G0(t,A,~)de(t,Aj)—dAg(t)eB”Aij(t,S*,GO))
—150-0"*0715(1).0**0

/0{ (5,757,600 b {85, 6)

—= Z O/ (Zm) {5} 2 AP AR (1, 5% G")}

lml

1—A; A;

1 n
X Y 0i(Z;) -
Jj=1 T

x {dN;(t) + G(t,A;)dS’(t,A ;) — dAG(t) exp(B°A ;)R (1,5, G%) } .

e 0)S*(t]a,z) =5°(t | a,z), 7" (z) # m°(z) and ¢, = n~/2, specifically, there exists an influence

function (¢, a,z) such that S(t | a,z) — S*(t | a,z) = 1 YL yi(t,a,z) +o,(n~1/?).
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By Lemma 22, we have: Similarly to part a) we have:

Uﬁ;PW (Bo;n*7507 GO)
"Cl n
:/ — Y [wi {Ai—a(t;B°, 7", 5°,G°)}
013
x {aMi(0) +dS2 (e, A)G (1,A) + PN (1,A) G (1, At
-y {a—d(t;BO,n*,SO,G")}{dS;-"(t,a)Go(t,a)+eBO“S?(t,a)G0(t,a)dt}]
a=0,1

—i—op(n*l/z).

Therefore, by the above and by Lemma 22, we have:

(B p) :0—1% " g+ 0p(1). (4.40)
i=1
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where

o = [ Wi lAi-apx . 6)
X { 1) +dS?(t,A) GO (t,A;) + P48 (1, A1) GO (1, A A A (¢ )}

/0 1{ (87,7, 8%, G°)}{dS7(1,0)G7 (1,0) + ¥"487(1,0) 67 (1,a)dA3 (1)}

/OT sO 1%, 7 S"GO)} 1

(t:B%,m",8%,G%) + - ZJ, (1,1) {A’ P eﬁ"}]

=1 T

12
X Y (0 {GO (A i1, A5, 2) + S (1,A)pi(1,A)
j=1

- —o1{G”(f,a)d\v,-(r,a,zj)+ds;’.(z,a)p,-(;,a)}

FANG() [P GO (0, A Wit A7, Z)) 4 3(0,A,)pi(1.A ) )

)

1 n A; 0 0
+ [ dA§(t)- Dwi(t,1,Z; 2(t,1)p;(t, 1 i B°A; _ B
/ ; °(t, ) i(t,1,Z)) + S5(¢, it )}{n*e e }

n i

- Z():leﬁoa{Go(t,a)lpi(t,a,Zj)+S§(t,a)p,~(t,a)}

—|-/0T%j_; {Go(t,Aj)dWi(tv lvzj) +dS?(t7Aj)pi(t7 1)} {% - 1} ’

J

Putting together both (4.38), (4.39) and (4.40) we have the more general (4.17). Therefore,
V(P —P°) is a sum of i.i.d. mean zero terms and we can apply Multivariate Central Limit Theorem

to prove its asymptotic normality. 0
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Proof of Theorem 12

Proof of Theorem 12. We will prove separately that V and & are consistent estimators for Var (o)

and © respectively.

a) We remind the reader that when both models are correct @ = ¢*(p°,n°,5,G).

We have:
[V~ Var(g)| = |V — E{¢°(B*,n",5°,G) 1’| < 01+ 02+ 03,
where
1 ¢ NI A 2 AQ(RO 0 QO (O
Ql = ZZ |:{(pl(B7n7S7G)} _{(pi (B , T 7S vG )} :| 5
i=1
1 n
0= | Y [{06(B"7".5°,G°) ¥ —{@i(B 0.5, 6) Y] |.
i=1
1 n
03 = Y {0f (B8, G°)} — E {0 (p,m". 5%, G°) .
i=1

By Assumptions 7 and 8 and continuos mapping Theorem, Q1 = 0, (1) follows.
By continuos mapping Theorem and Assumptions 8 and 9 Q> = 0,(1).
By construction and by Assumption 8, by law of large numbers it is easy to see that Q3 = 0, (1).

Therefore V = Var(¢) +o,(1).
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b) We have:

6 —0| < Q1+ 0>+ 03,

where

1 n
Q1=;Z

i=1

X [W,-dN,-(t) +w;G(t,A;)dS(1,A;) — G(t,a)dﬁi(t,a)]

a=0,1
T _— —

—/ [{A(:;BO,n",SO,GO)}Z—A(I;BO,nO,SO,GO)}
0

Y

X [wg'dNi(t)+W?G"(I7Ai)d5?(t>Ai)_ )y G”(t,a)dS?(faa)]
a=0,1

and

/01 [{AG:p 250,69 — {a(: 70,57, 6°) )

—A(t;B%,7°,8°,G%) +a(t; p°,n’,8°,G%)]

X [w,-”dN,-(t)+w?G"(t,A,~)dSl-0(t,Ai)— Z G”(t,a)de?(t,a)] ',
a=0,1

and

0; = %é/ot [{a(r;ﬁ”,nO,SO,GO)}Q—a(r;B",nO,SO,Gﬂ)}

X [w?dN,-(t)—|—w§’Go(t,A,~)dS§’(t,A,~)— Z G°(t,a)dS; (t,a)
a=0,1

—dN ()50 (1; BO,nG,SO,GO)} ‘ .
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Again by Assumptions 7 and 8 and continuos mapping Theorem, Q1 = 0, (1) follows.
By continuos mapping Theorem and Assumptions 8 and 9 Q> = 0, (1).

For the last term we have:

wldN;(t) +wlG°(1,A;)dS (t,A) — Y. G°(t,a)dSe(t,a) — dA§(1)s' V) (1;B°, 7%, 8°,G°)
a=0,1

=widM;(1) —wiE{dM(1)|A;,Zi} + Y, E{dM(1)|A;, Z},
a=0,1

and therefore the above has mean zero. By an application of Bernstein’s inequality to the bounded

random variable:

/OT {a(:B7,n,5°,6%) ) — (7,7, 5°, G|

Y

X lwg’dMi(r)—w;’E{dM(r)|A,-,z,~}+ Z E{dM(t)|A;,Z;}
a=0,1

we can therefore conclude that Q3 = 0, (1). O

4.8.3 Proof of Lemmas

Proof of Lemma 21

Proof of Lemma 21. Simple algebra gives us:

o

Z [{A(I;B,'R,S, G)}2 _A(Z;B,TC,S, G)]

i=1

0
ﬁU(B;n,S,G) :/0 -

X [Wi{dNi(t)—l—G(l,Al’)dSi(t,Al‘)}— Z G(t,a)dSi(t,a)] .
a=0,1
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First, we prove that %U(B;ft,g,é) = %U(B;?‘C*,S*,Go) +o0,(1).

We consider the following decomposition:

d

A& A d Lk Q% 0
55U (B::.5.6) = U (B’ 5",G%)
) oA O £ oA
+$U(B;R,S,G) —%U(B;“ .5,6)
a & A a ¥ ox 0
+$U(B;n ,S,G)—ﬁU(B;n ,§*,G?)
=01+02+03.

We now prove separately that Q> = 0,(1) and Q3 = 0,(1). From now on, for ease of

notation, we use:
{(A? =4} (1:B,7,S,G) = {A(1:B,7,5,G)}* —A(1;B,7,5,G).
e Term Q»:

By algebra, we get:

Q2 - /()T%i] [Wz{(A)z _A} (I;BaﬁvsA?G) _W?( (A)Z_A} (Z;B,R*,SA,G)]

X {dNi(t) -+ GA(Z‘,Ai)dSi(t,Ai)} .
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By adding and subtracting S° and G°:

Qz—/” [ {(A)2 — A} (B, 7,5,6) — w} {(A)2 — A} (1:B.7", 5, G)]
x {dN;(t) + G°(t,A;)dS; (t,A;)}
/” [0 { (A — A} (1:87.8,6) — w! {(A)2 — A} (1:B,", 5, )]
X {G(t,Ai)dSi(t,Ai) — G°(t,A;)dS; (1,A:) }
= 021 + 020,
where
T] A A - . A
0= [ Y }0:B.4.8.6) — {(A)° A} (1w 8.6)]
+(W,—wj‘){(A)2—A}(t,[3,n S G)] {dN;(t) + G°(t,A;)dS; (t,A;)}
and
Q22—+/T1 ] )2_A} (I’Baﬁ7§7é)_{(A)2_A} ([,TC*,S',G)}
+( w,—w,){(A)z—A}(t,B,n ) {G(t,A)dSi(t,A;) — G°(t,A;)dS! (t,A;) }

- A A 1) (4.
We notice how, A(t;B,7*,S,G) = iioz E;E% and by the fact that T < e and by Assumption

8, everything is bounded. Therefore, by Assumption 7, it is easy to see that A(t;B,®,S,G) —

A(t;B,m*,S,G) = 0,(1). By this and by Assumption 7, we have Q21 = 0,,(1) and Q2 = 0,(1) and

s0 Q2 = 0p(1).

e Term Qs:
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We have:

03 = /Tl y ( [3 T S G {dN +G(I,Ai)d§i(l,Ai)}
{(‘) A}(t B, ", 8%, G°) {dN;(t) + G°(t,A;)dS; (t,A:)}]
%Z ) / (1:B,7, 8, &) G(t,a)dSi(t, a)
i= 0,1

la=
—{(A)" = A} (1;B,n",$*,G°)G°(t,a)dS; (t,a)] .
By algebra we have:

03 = /Tln (t;B,7*,8,G) — {(A)* — A} (t;B,n",5*,G")]

X lw;.k {dNi(1) + G°(t,A)dS} (1,A)} — Y G(t,a)dS(t,a)
a=0,1
+ / 1 Z wi {(A)? —A} (1:B,7*,8,G) {G(t,A)dSi(1,A;) — G°(1,A))dS} (1,Ai) }
-y ¥ [{@ 75,6)— {(A) - A} (1:B.7",5",G)}

lla 0,1

X G°(t,a)dS (,a)

-y y [ @2 -2} (1B.7.5.6) {6 a)dSi1.0) - G° (1. 0)as; 1.0))

lla 0,1

= 031+ 03 + 033 + O34,
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where

031 = /0 [{(A)* ~A} (:B,n",8,6) ~ {(A)* - A} (1:B,n",5",G")]

x Wi {dNi(t) + GO (1,A)dS; (1, AN} — Y. G°(t,a)dS (1,a) |,

a=0,1

S| =

n
i=1

Q3 = /OT% iw? {(A)Z _A} (I;B,TE*,S*7G0) {GA(tﬂAi)dSi(t7Ai) - Go(l7Ai>dS?<([7Ai)} )
i=1

0u=—% ¥ / [(A)2—A) (1:B,7,5%,G%) {G(t,a)dSi(1,a) — G°(t,a)dS} (1,a) }

Similarly to before, by Assumptions 7 and 8, we have A(¢; B, n*,S,G) —A(1;B,n*,5*,G*) =

Therefore Q31 = 0p(1), Q3 =0p(1), 033 = 0,(1) and Q34 = 0, (1) and so Q3 = 0,(1).

We therefore have proved that

d UAIPW (B £, G) 8 AIPW(B 8%, G°) +o0,(1). (4.41)
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We are left to prove that jg UAIPW (B;m*,8*,G%) = o(B) +0p(1).
By Assumption 9, we have:

n

aaB UAPY (B,7*,S*, G°) _/OT%,-_Z{ [{d(t;ﬁ,n*,S*,GO)}z—c_l(t;ﬁ,n*,S*,Goﬂ

X [w;f {dNi(t) + G°(t,A)dSF (1,A1)} — ) G%La)de(t,a)]

a=0,1

+o0,(1).

Algebra gives us the following:

_ /T 1 Z [{a( B,TE*,S*,GU)}Z—d(t;B,TI:*,S*,G())]

i=

< [we {ami(e) +Go(1,A0)ds; (1,4) + dng(0)e P ) 61,487 (1,4) |

-y {G" (1,a)dS! (t,a) + dAS(1)e 5”“G0(z,a)sf(r,a)}+dAg(t)5(°)(z;B",n*,S*,GO)
a=0,1

+o,(1).

By double robustness, if either " = ©t° or $* = S’ we have

E |w; {dMi(0) +G*(1,4)dS; (1,41) + dA§(0)e )G (1,457 (1,4)) |

-y {GO(z,a)ds;f(t,a)+dAg(t)eﬁ"aG0(t,a)s;f(t,a)} —0,

a=0,1
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and therefore, by the above and by Assumption 9, we have

0
BB UMPW (B, 1%, 5*,G%) = 6(B) +0,(1). (4.42)
By (4.41) and (4.42), the lemma is proved. [
Proof of Lemma 22
The proof of Lemma 22 requires the following additional lemma:
Lemma 23. Under Assumption 9 we have:
Ao(t,B°,m*,8*,G°) — AY(t) (4.43)
] n
_ /0 Y i {dNi(u) + G (u,A)dS} (AN} = Y, G”(u,a)dS] (u,a)
i=1 a=0,1
0 0 -
—dAg(u)s ) (w7, 5%, 67| { O p, 57,67 )
Ao(t,B%,#,8%,G%) — Ao(t,B°, 1", 8", G°) (4.44)
t 1
:/{ 0B, 5,G) - 5O w7, 8", G°) + 5O s 7, 5,6) b
n
Z ) {dNi(u) + G°(u,A;)dS; (u,A;) — dA§(u) exp(B°A;)Ri(u,S*,G°)}

o1
[ i {dNi(u) + G (u,A))dS; (u,A)}y — Y. G°(u,a)dS; (u,a)
a=0,1

—dAS(u ( B0, 1", S GO)] {5(0)(1;[30,75*,5*,G0)}_1
x% zn:(wj —W;)equsOAj)Rj(u,s*,GO)) |
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Ao (t:B%, 7,8, G) — Ag (t;p°, 1", 5*,G°) (4.45)

' . -1
:/ {5(°>(u;[30,n*,s,c)—5<°)(u;BO,n*,S*,GO)+5<°>(u;B°,n*,S*,GO)}
0

X 1f <W7K,-(u,A,-)— ) Ki(u,a)+dA8(u){w,’-‘eBOA"J,-(u,Ai)— Y eBU“Ji(u,a)}

i3 a=0,1 a=0,1

wi {dN;(u) + G°(u,A;)dS; (u,A;)} — _ZO’I G°(u,a)dS; (u,a)

where

Ki(u,A;) = G(u,A))dSi(u,A;) — G°(u,A;)dS; (u,A;),

and

Ji(u, A7) = G(u, A1) Si(u,Ai) — G° (u,Ai)S} (u, Ay).

The proof of Lemma 23 is reported in Section 4.8.4. Moreover, the technical Lemma 27-30

needed are reported in Section 4.8.5
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Proof of Lemma 22. By algebra we have:

UAIPW (B SA G) AIPW ([30 TC S* GO) (446)
I UAIPW (Bo;ﬁ’& é) yAIPW (Bo:m 3, G)
+U AIPW (Bo T S G) AIPW (Bo T S* GO)

_ UAIPW (B 1", S*,G°) + 01 + 0.
We now work on Q1, Q> separately.
e Term Q;:
By Cauchy-Schwartz and by the fact that b,c, = 0,(n~'/?) we have:
0, UAIPW( o &, 5%, G°) — AIPW (B%:m*, 8%, G%) + 0, (n 1/2>.
Moreover, we have:

o= [13 (3 - )adani) + @ G.anasic.a)

ni=3 L\ i

1 - 1 - 0
- {EdAo (1:B7.7.5%.G) — —-dRo (1:p%, 7", 5", G")}A,-eB AiRi(1,5%,G°)

i

—d {Ro (1%, #,8*,G%) — Ao (1;B°, 7", 8*,G%) } " S2(1,1) G (1, 1)} :
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By algebra we have:
Q—/Tli U LY afanin) + 6o, A0S (1, A))
1—0ni:1 ﬁi ﬁ;k i i 341 KRS
~dRo (18,757, G%) PR (1,5",G7) }

T ~ ~
—/ d{Ao (1:B°,#,8%,G°) — Ao (1%, 1", 8*,G°) } sV (158, &, 5", G°)
0

=011+ Q12+ 013,
where
Tl 1 1 1 0 % o BOAi * 0
O :/o Z; o A; [dNi(f)+G (t,A;)dS; (t,A;) — dAg(t)e” “R;(t,5",G°)
—d{Ao (:p°,7",5",G) —Ag(r)}eﬁ”AfRi(z,S*,G”)} ,
T ~ ~
QIZ = _/ d{AO (I;Bo7ﬁ75*7G0) — Ao ([;BO,TE*7S*,GO)}5(1)(Z‘;BO,TC*,S*,G0),
0
and

T 5 ~
Q13:—/ d{ O(I;Bo’ﬁ75*7G0)—AO(I;BO7T[*,S*7G0)}
0

_ . ) AP AR (1,5%,G).
w; T
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By Lemma 23, we have:

Tl & 1 1 0
On :/ —Z (A__F>Ai <dM(I)+GO(I,Ai>dS;~k(l,Ai)—d/\g(l‘)eB AiRi(l‘,S*,Go)

0 mix i
1 n
—PAiR(1,5%,G) —Z [ wi {dN;(t)+G°(1,A;)dS5(1,A;)} — Y. G°(t,a)dS}(t,a)

n a=0,1

-1
—dAS (1) SO (t;BO,n*,S*,GO)] {5(0)(1;60,7:*,5*,60)} ) ,

T
01 = —/ sO (B2, 1,5, G)
1
x{sO:,7,57,6°) — 5O (17, 1,5°,6°) + 5O 57,57, 6%) )

an W) {dNi(t) + GO (t,A;)dS} (1,A;) — dAQ(t) exp(BAn)Ri(t, S*, G%)}
i=1

X

wi {dNi(t) + G°(1,A))dS; (1,A)} — Y, G°(t,a)dS}(t,a)
a=0,1

o
|

~1
—dAg(t)S (t;[3”77t*,S*,G”)] {5(0)(t;[3",7t*,5*,G”)}
1 & * o
X;Z —w )exp(B°Aj)R;(t,S*,G )),

J=1
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and
L 1 1
Y — — — | A;P"R, (1,57, G°
Q13 /onj;(n] nj) i )

1
< {sO:p,7.5.6) - 5O p0,m 5", 6%) + 5O (18, m 57,60 |

i=1

wi {dN;(t) + G°(1,A)dS; (t,A))} — Y G°(t,a)dS; (t,a)

X rll i {dNi(t) + G°(t,A;)dS; (t,A;) — dAj(t) exp(B°A;)Ri(¢,5",G%)}
[ a=0,1

-1

—dAg(t)S (t;B",n*,S*,G(’)] {S(O)O;BO’R*,S*’GO)}

X

:I'~

Xn; “)exp(BA,) j(t,s*,c;f’)) .

J=1

By Assumptions 7 and 8 we have:

1 & A X k 1 & A k
sup | = Y (Wj—w})exp(B°Aj)R;(t,5*,G%)| < 2exp(P°)|= ) (W;—w?)
tefo7] | j=1 ni3
= OP(1)7
and similarly
1 < A, * %
sup |= Y (W —wi)Aexp(B’A;)R;(t,5,G%)| = o,(1).
relog] | =1

Therefore by Lemma 28 and Assumptions 7 and 9, we have:

On = / = Z <l — %) A; (dN,-(t) +G°(t,A)dS; (t,A;) — dAS(t)eBOA"Ri(t,S*,G"))

0 S\ T

+0P(n_1/2)7
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T -1
on=- | s(”(t;B",n*,S*,G"){S(O)O;B”,n*,S*,G”)}
0
X Y O wE) (Vi) + G0, A (1, A7) — dAG() exp(BADR(1,5°,G) )
iz

+0P<n_l/2)7

and

] 11 -
— — — - A BAR * o . RO * * 0
013 /On§ <ﬁ] n) PAIR (2,8 G){ )(1:B,m ,S,G)}

J=1 J

X ! i ) {dNi(t) + G°(t,A;)dS; (t,A;) —dA§(t) exp(B°Ai)Ri(t,S*,G%)}
i3

+0p(n_l/2).

By the fact that sup, , |#(Z) — n*(Z)| — 0, it is now easy to see that Q1 = 0,(1).

We now divide the proof in two parts according to the three scenarios a,b,c of the Lemma.
e Case a) and ¢) of the Lemma: S* = §°.

Since §* = §%, by Lemma 27, we have Q1| = op(n—l/z), O = Op(n—l/z) and Q3 =
0,(n~1/?). Therefore Q1 = 0, (n"'/?).

e Case b) of the Lemma: §* # §¢, n* = n° with b,, = n1/2,
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Plugging into Q11,Q12, Q13 the influence function of t — °, we have:

O

:—/ g i $;(Z Z) A (dNi(t)+G0(t,A,-)de(t,A,~)—dAg(t)eBDAiRi(t,S*,G")>
i,j=1

+0P(n71/2)7

-1

T
Q12:_/ S(l)(I;B()?n*vS*?GO){5(0)(I;Boﬂﬁ75*’Go)}
0
1 —A; %Y ]

1,,
< £ 0|

x {dN;(t) + G°(t,A;)dS; (t,A;) — dA(t) exp(B°Ai)R;(¢t,S*,G°) } + Op(n—1/2)7

1 - 04 . % 0 0 ok Ok M0 -
015 _/ 2 L @) (x(2) 2AeP R, (1,57, G7) {0 (1,7, 57,6°) |
n 1—A; Ay
DL [
2 0O | e

« {dNy(t) + G(1,A1)dS; (t,A;) — dAS(t) exp(B°A;)R (¢, 57, G%)}

+0P(”71/2)~
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We can therefore conclude the following:
=[5 X 0@ (w2 A (M) + 60,40 1,40 — NG VR 1,5°,67))
i,j=1
I & 1—A; A
_/ ( BO TC S* GO) (Z‘;Bo,ﬁi,S*,Go _2 Z [ i 5 — i 2]
: v A e
X {dNi(t) + G°(t,A;)dS; (t,A;) — dA§(t) exp(B°Ai)Ri(¢,S*,G°) }

Jr/ n2 Z 0i(Zj){m;} 2 AjeP"AIR (1, 5" GO){ (I;BO,W*,S*,GO)}_I

i,j=1
1—A Ay

><— ¢/(Z
L | {n7}2]

« {dNy() + G°(t,A1)dS} (t,A;) — dAS(t) exp(B°A; )R, (¢, 57, G)}

+0p(n71/2).
e Term Q»:

For ease of exposition we define:
Ki(l,Al’) = GA(Z‘7Al’)d§i(I,A,‘) — GO(I,Ai)dS;k(l,Al’),
and

Ji(t,A) = G(t,A1)Si(1,Ai) — G°(1,A1)S} (1,A).
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By definition we have:

(4.47)
T 1 A A ~ 0
—/ ( —d {Ao (t;B%,7*,8,G) — Ag (t;BO,n*,S*,GO)}eB AiYi(t) + Ki(t,Ay)
z 1
P {dAo (t;B°,7*,8,G) Si(t,A1)G(t,A;) — dAo (t; BO,n*,S*,GO)S;“(t,A,-)GO(t,Ai)}}

—Ki(t,1) — ¥ {dAo (:°,*,8,5) 8i(t,1)G(2, 1) — dAo (1:B°, 7, S, G°) St (1, 1)G° (¢, 1)}) .

Algebra gives us:

QZZ/HZ[ d{Ro (1:B°,7,8,G) — Ao (1:B°,n",8%,G°) } sV (1:B°, ", %, G°)

0 n;=

Ai OA. 0
+dAQ (1) {Fji(f,Ai)eﬁ Ai —J,~(t,a)eB }

i

+d{[\o(r;ﬁf’,n*,§,é)—Ag(t)}{J(tA) LB J(t,a)eﬁ”}
A
+ FI(,(M,Al) — Kl'(l/t, 1)}

i

= 021+ 02+ 023+ 024,

where

Oy = — / Zd{Ao B0, 1,8, G) — Ao (1:B°,n*,8%,G°) } s (1,8, 1%, 5%, G°),

1 n

Yo gy,

3 |

O = / dAg(t)

278



Q23:/0 d {Ao (:B°,7%,8,6) — Ao (1B, 7, 8%, G°) + Ao (1:B°, 7", 5%, G%) — AY() }

1 /! A 0 0
X — {Ji(t, 1) {—;eB A _ P H ,
ni= T

and

] & A;
Q24=/O ;;Ki(ﬁl){n—?—l}-

By Lemma 23 we have:

T
QZ] :_/ 5(1)(Z;BO,TC*,S*,G0)
0
A A —1
X {5<°> (t:B%,7*,$,G) — s (1:B°, 1%, 5, G%) + 5 (t;Bo,n*,S*,GO)}
Z( Ki(t,A) - Y K,-(t,a)—l—dAg(t){ reP AT (u,A) — Y eBO"Ji(t,a)}

a=0,1 a=0,1

SI'—‘

— |wi {dNi(t) + G°(1,A)dS; (1,A)} — Y, G°(t,a)dS}(t,a)
a=0,1

-1
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J

Tl 1 A 0A . ]
Q23=/0 Z; [Jj(t,l){n—%eﬁf‘f—eﬁ H

A A -1
« 5(0)<I;BO,TE*,S,G)—5(0)(I;B0,R*,S*,G0)+5(0)(I;BO,TC*,S*,G0)}

Z( Ki(t,A) - Y K,-(t,a)+dAg(u){w;feﬁ“AfJ,-(t,Ai)— Y eBO“Ji(t,a)}

a=0,1 a=0,1

Sl'—‘ —

— |wi {aNi(t) + G°(1,A)dS} (1.A1)} — ), G°(1,a)dS;(t,a)
a=0,1

i‘, |:Ji(l, 1) {%eﬁo/‘i _ eBOH

i

X {% f [wj. {dN;(1) +G°(1,A))dS}(1,A)) } — Y, GO(z,a)def(t,a)]

a=0,1

-1
—dAg(u)S(O) (t; BO,TIE*,S*, Go)} {5(0) (t; B{),E*,S*, Go)}
By Assumption 7 we have, fora =0, 1:

sup \Ji(t,a)| = 0,(1). (4.48)
t€l0,1],i=1,...,n

Therefore, by Lemma 28 and by Assumption 9, we have:

T -1
Q21 - _/ 5(1)(t;B0,7'C*,S*7G0> {5(0)(I;BO,E*,S*,GO)}
0
(wi‘Ki(t,Ao— ) K,-<t,a)+dA8(t){w?eB”AfJi(u,Ai)— ) e‘*’%(na)})
1 a=0,1 a=0,1

+ Op(nil/z)a

X

-

1
nl
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{5<o>(t;ﬁo’n*,s*’G0)}—

<w;'<1<l (r.4)— Y Ki(t,a)—l—dAg(t){wj‘eﬁoAfJi(t,Ai)— Y eﬁo"Ji(t,a)}>

a=0,1

By Assumption 7, it is easy to see that QO = 0,(1).

We now divide the proof into two parts according to the three scenarios a,b,c of the Lemma.
e Case a) and b) of the Lemma: ©n* = t°.
By Assumption 7 we have, for a =0, 1:

T
'slup ; Ki(t,a)| = op(1). (4.49)

Since ©* = nt°, by Lemma 29 and by (4.49) we can conclude that Q2 = op (n_l/z), = op(n_l/z).
Moreover, by Lemma 30 and by (4.48) and (4.49), we can conclude that Q>; = op(n_l/ 2) and
Q23 = 0p(n~1/2).

e Case ¢) of the Lemma: n* # 7%, §* = S° with ¢, = o(nfl/z)_
We notice that, we have:

1

:

Z {G(1,A))dv(t,Ai, Z;) +dS2 (1,A)p(t,A) } +o,(n~1?), (4.50)
and

1 n
_ZZ (1, AWj(1,A1,Z:) + S2(1,A)P j(1,A1) } +0p(n~V/2). (4.51)
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Plugging (4.50) and (4.51) into Q»1, Q022,023,024 we have:

_ _201 {Go(t,a)d\Vj(t,a,Zi) ‘f’dS?(t?a)pj(taa)}

+dA8(t) {W?EBOAi {GO(IJAi)Wj(taAbZi) +S?(t7Ai)pj(t7Ai)}
_ Z eBOa{GO(;,a)\pj(t,a,Z,-)+S§’(r,a)pj(t,a)}>
a=0,1

+o0,(n"1?),

{GU(Z" 1>Wj(t7 1,Zl‘) —l—S?(t, 1)pj(t, 1)} {%eﬁ%i _eBo}7

i

023 = /OT%Z {Jl(t,l) {%eﬁ“l—eﬁ”}] {5(0)(t;B0,n*,S*,G0)}_1
X% Y, (Wi {G°(e,A)dw; (1, Ai, Zi) +dS7 (1, Ai)p (1, Ai) }
—a:ZOI{G”(t,a)dwj(t,a,Zi)+dS?(t,a)pj(t,a)}
+dAY (1) [w;“eB"A" {G(r,A)wj(1,A1,Z;) + 87 (1,A0)p (1, Ai) }
_a:ZO:leBO“{Go(t,a)\uj(t,a,Zi)—I—S?(t,a)pj(t,a)}])

+ Op(nil/z)v
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T 1 n Al i
Q24=/0 i)y {GO(t,Ai)d\Ifj(t,l,Zi)+dS§’(t,Ai)pj(t,1)}{F_l}JrOp(n 1)

i,j=1 i

Therefore, we can conclude that:

T —1 n 0 0
0:= [ {0wpx 5.6} [5<1><r;ﬁ",n*,s*,co>+1Zmr,l){/iie“’—eﬁ }]
0 n= T

o) Z (W:( {Go(taAi)de(thivzi)+dSi0(t7Ai)pj(l7Ai)}
ij=1

_ Z {Go(t,a)d\llj(l‘,a,zi) +dS§)(t=a)pj(t7a)}

a=0,1

+dAg(u) {wi‘e[‘”*"' {G7(r, A)j(r, A, Zi) + 57 (1, Ai)p (1, Ai) }

— Z ePa {Go(t,a)\lfj(l,a,zi) -l—Sl-O(t,a)pj(t,a)})

a=0,1
T 0 1 n 0 0 Ai BOAA Bo
+/0 dAO(t)ﬁ Z {G (tal)Wj<t717Zi)+Si <t71)pj(t71)} Fe ‘—e
ij=1 i
L 0 o A;
+/O ﬁ Z {G (t,Ai)dwj(t,l,Zi)—i—dSi (I,Ai>pj(t,1)} n—?{—l .

=

Therefore, putting together all the results, the lemma is proved.
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4.8.4 Proofs of additional Lemmas

Proof of Lemma 23. We remind the reader that, for each € [0,1], Ag(¢;B%,7,S,G) is the root of

U%PW (t,A0; B, T, S,G) = 0. The score UﬁPW (t,A0;B%,m,S,G) can be written as:

ALPW RO _ [ : [ ©) (- B°
U (1007 1.8.6) = | Vi(wm.S.6) — [ dAo(u)s® ... 6) (4.52)
_/VlunSG /dA" BonSG)

~ [ o) — 30} 5 1. 7.5.6)

where

n

) [w,{dN )+ G(u,A)dSi(u,A))} — Y, G(u,a)dS;(u,a)

i=1 a=0,1

Vi unSG

EI*—‘

e Proof of (4.43):

By (4.52), we have, for each ¢ € [0,1]:

Ao(t;B°,m*,8%,G%) — AJ(¢)

t
:/ {Vl(u;ﬂ:*,S*,Go)—dAg(u).s(O)(u;Bo,n*,S*,Go)}{5(0)(u;[30,7t*,5*,60)}
0

-1

a=0,1

:/01; [Wi-‘ {dNi(u) + G°(u,A1)dS} (u,A)} — ), G°(u,a)dS; (u,a)

-1
s 560 {0 560}

e Proof of (4.44):
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By (4.52) we have:
0= U™ {Ro(1:B%,7,8%,G%): B, 7, 8", G°} — U™ {Ao (1387, 1", G°) 1B, ", %, G"}
:/ (Vi(1:1, 5%, G°) =V, (", 5%, G%)}
0
t ~
—/ dAo (u; B0, 7, 5%,G%) 8O (u; p°, &, 5%, G°)
0
t ~
+/ dRo (u; B, 1, 8*,G%) 5O (u: B0, 1", 5%, G°)
112
/ wi) {dNi(u) + G°(u,A;)dS; (u,A;) }
_ / df\o(u;BO,ﬁ,S*,G")S(O)(u;Boﬁ,S*,GO)
0

t ~
+/ dAo (u; %, 7%, 8%, G°) s O (u; B0, n*, 5%, G°).
0
We have:

1 &t
=Y [ =) (M) + G, A1) .40}
i=170
! ~ ~
_/ d{Ao(u,BO,ﬁ,S*7GO>—A()(I,t,BO,TE*,S*7G0)}S(O)(M;BO,TE*,S*7GO)
0

t ~
_/ dAo(u,B°, #,8%,G%) {5(0)(M;Bo,ﬁ,5*,Go)—5(0)(14;[30,7'6*,S*,G0)}.
0

285



Moreover:

Z / D) {dNi(u) + G (u,A;)dS; (u,A)}
iz

_/ d{;\O M,Bo,ﬁ,s*,Go)—]\0(14,BO,TC*,S*,Go>}5(0)<u;BO,TC*,S*,Go)
/ ang(u) { O B’ #,5",6°) = 50 (B, x5, ") |

—/ d {Ao(u, B’ &,8%,G%) — Ag(u,p°,m*,S*,G) }
0

By (4.43), we therefore have:

Z / WE) {dN:() + GO (1, A7) dSE (4, A7)}
l 1
—/ d { Ao u,BO,ﬁ,S*,GO)—i\o(u,[30,7:*,5*,G”)}5<°)(u;[3",n*,s*,co)
/ dAg(u u; B, 1, 8%, G — 5 (u;Bo,n*,S*yGO)}
_/0 d{Ao(u,BO,fc,s*,GO)—i\o<u,30,n*,s*,c;0)}
X {5(0)(u;BO,ﬁ,S*,Go) —5(0)(u;[30,n*,5*,G°)}
—/Ot%é [w;" {dNi(u) + G°(u,A1)dS; (u, A1)} — Y G°(u,a)dS; (u,a)

a=0,1

-1
)57, 6] {5 O w576}

x {5<0>(u; B &, 5%, G%) — 5O (u; B, 1", 5, GO)} .
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Therefore, solving for Ag(t,B°, &, S*,G°) — Ag(t,p°, 7", S*,G°), we have:

Ao(t,B%,&,5*,G°) — Ao(t,B°, 1", 5*,G°)
Z/I{ w; B0, 1,8, G%) — 5O (u; B0, m*, 8%, G%) + 5O (u; B, m*, 8 GO)} :
X %Z wi) {dNi(u) + G°(u,A;)dS; (u,A;) }
i=1
—~dng(0) { 5O (s, 7,57,6%) — O (B, 57, 60) |

— |wi {dN;(u) + G°(u,A;)dS; (u,A;)} — _ZO:IGO(u,a)dS;‘(u,a)

-1
() e, 57. 67| {0560}
{50, 7,5,6%) — OB, 57,60 ).

By definition of § (O), we then have:

Ao(t,B%, &, 8%, G%) — Ao(t,B%, 7", 5*,G°)
:/{ u; %, 1,5, G%) — (Wnswﬁ+5(6“ff@ﬁl

f w) {dN; () + G° (u, A;)dS! (u, A;) — dAG(u) exp(B°Ar)Ri(u, S*,G%) }

1
[w {dNi(u) + G°(u,A;)dS; (u,A;) } — Z G°(u,a)dS; (u,a)

a=0,1
—dAS(u (ancﬂ{ mmﬁﬁﬁﬂl
%i exp (B°A;)R (u,S*,GO)> )

e Proof of (4.45):
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By (4.52), we have:

0=U, (Ao (t:p°,7*,5,G) ;p°, 1", 8,G) — Us (Ao (£;B°, 7", S*,G°) ; %, ", 5*,G°)
_/{v1 ", 8,G) — Vi (u;m*,8*,G%) } — /dAo :B%,1",8,G) s (u; B0, ", 8, G)

+/ dAo (u: B0, 7, 8%, G?) SO (u: B, 1, ¥, G).
0
Tedious algebra gives us:

0=U, (Ao (t;p°,7%,8,G) ;B°, 7", 8,G) — Up (Ao (£;B°, 7, $*,G°) ; %, 7", 5, G°)
t
—/ 1 { *Ki(u,A;) — Z Ki(u,a)}
a=0,1
/dAO wp,n*,8,6) — 0>(u;[30,n*,s*,G0)}
—/ d {Ao (u:B°,n",8,G) — Ao (u:p°, 7", 5%,G°) } 51 (u; B, 7", 5, G°)
0
!
- [ d{Ro (wp’x.5,6) ~ Ro (x5, G}
0
% {5(0)(14;[30,75*,&@) ( Bo Tt S* Go }
!
_/d{f\o(u;ﬁo,n*,S*,G”) A (u )}{S(O)( o, 5G)—S(O)(u;ﬁo,n*,S*,G")}’
0

where

Ki(u,Ai) = GA(M,A,‘)dS,'(u,Ai) — Go(u,Ai)dS;-k (M,Ai).
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Therefore, by (4.43), we get:
0=U, (Ao (t;p°,7*,5,G) ;p°, 1", 8,G) — Us (Ao (1;B°, ", %, G°); B, ", 5%, G°)

n t
:12/ wiKi(w,Ai) — Y Ki(u,a)
=170 a=0,1
t
- [ ang ) {sOu:px".5.6) - sV w5, 6 }
t
—/ d{Ro (u;B%,7*,8,G) — Ao (u; %, 1", 8*,G°) } s (u; B°, 1", 8%, G)
0
t
—/ d{ Ao (u:B°, 7", 8,G) — Ao (u:B°, 1", 5*,G°)}
0
x {5(0)(u; BO7TC*7§7 G) _5(0)(u;BO’n*7S*7G0)}
no ot
—%Z/ {w;k {dN;(u) + G°(u,A;)dS; (u,A;)} — Z G°(u,a)dS; (u,a)
i=170 a=0,1
-1
—dAg(M)S(O)(M;BO,TC*,S*,Go)} {5(0)(M;B0,TC*,S*,G0)}

% {5(0)(1/‘;607%*’5@" G) _5(0) (M;BO,TC*,S*,GO)} )
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Therefore, solving for Ag (t; B, m*, S, G) — Ao (t;B, 7, S*,G°), we get:

;\0 (I;Bovn*7SA7GA)_AO(I;607E*7S*7GO)
t A -1
:/ {5(0)(u;B0,n*,S,G)—5(0)(u;BO,n*,S*,GO)+5(0)(u;BO,n*,S*,GO)}
0
1 n
X—Z w;‘Ki(u,A,-)— Z Ki(u,a)
n; a=0,1

—dg () {50 (w7, 8,6) - 5O (B, w57, 67) }

wi {dN;(u) + G°(u,A;)dS; (u,A;) } — Zo"l G°(u,a)dS; (u,a)

—dAg(u)5<0>(u;BO,n*,S*,GO)} {5(0)(M;Bo,n*,S*,G")}_l
X {5(0)(u;30,n*,§7é) —5<0>(u;50,n*,s*,(;0)}) .

We define:

Ji(u,Ai) = G(u,A1)Si(u,Ai) — G° (u,Ai)S} (u,Ay).
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By definition of § (0), we have:

;\0 (Z;BO,TC*,SA,GA)—;\O(Z;BO,TC*,S*,GO)
t o ~1
:/ {5(0)(u;60,n*,S,G)—5(0)(u;BO,7t*,S*,GO)+5(0)(u;B",n*,S*,Go)}
0
n

X 12 (W?Ki(M,Ai)_ ), Ki(”»“)JFdA(O)(“){W:'FeBOA"Ji(M;Ai)_ ) eB"aJi(u,a)}

i3 a=0,1 a=0,1

wi {dN;(u) + G°(u,A;)dS; (u,A;)} — _ZO’I G°(u,a)dS; (u,a)

-1
—dAS(u)S“’)(u;B",n*,S*,Goﬂ {5(°>(M;B",n*,8*,60>}

1 1 % OA . °q
X ;Z {_WjeB AiTi(uAy)+ Y P Jj(%d)})-

a=0,1

4.8.5 Useful Lemmas and Results

Lemma 24 (Claim of Van Der Laan et al. (2003) (pag.87)). If
P(A=1|X(1),X(0),8(1),8(0),Z) = P(A = 1|Z) holds, the tangent space to the propensity score
P(A =1|Z) has the following form: T ={0(A,Z) : forall 9(A,Z) s.t E{O(A,Z)|Z} =0}.

Lemma 25 (Lemma 1.4 of Van Der Laan et al. (2003)). Suppose that Z = y(X) where X is a

random variable and  is a given function. Then, for any function q: [1[q(X) | {0(Z) : any ¢}] =

E{q(X)|Z}.

Lemma 26 (Lemma 1.5 of Van Der Laan et al. (2003)). Let (A,Z) be a joint random vari-
able. Let T = {0(A,Z) : forall §(A,Z) st E{0(A,Z) | Z} =0}. Then, for any function q:

H[Q<sz> ’ T] = Q(A7Z) _E{CI(A7Z) |Z}
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Lemma 27. For any H(t,A,Z) such that supjy g 7cz|H(t,a,Z)| = 0p(1) for a = 0,1, under As-

sumptions 10-6 we have:

n T
12 / H(t,Ai,Z;) {dN,-(t)+G”(t,Ai)dS§’<t,Ai> —dAS(t)eB"A"R,-(t,S",G")} —0,(n1?).
ni=1J/o

Proof of Lemma 27. Let’s notice that, by (4.11) in the main document:

0(t,A,Z) = dN(t)+G°(t|A,Z2)dS(t,A,Z) — dA3(1)eP" R(z,5°,G°)

—  dM(t)—dE{M(1)|A,Z}.

Therefore:

E{/OTH(t,A,Z)Q(t,A,Z)}

—E { / E{H(1,A,2)dM(1)|A, Z} — / “B{H(1,A,2)dM(1)|A, Z} | = 0.
0 0

Moreover, for each i, there exists C < oo such that:

< C8 + 89(1,A;) +2A3(1)eP’ = C < oo

/()TH(Z,AZ',Z,')Q(Z,A,‘,Z,')

Therefore, by Bernstein’s inequality for independent bounded random variables we get, for each
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e>0:

P( Lni/THO,Ai,Z,')Q(I,Ai,Zi) > 8)

<ex 2/2 )
p ~ Ce/\n+E(JfH(1,A,2)0(t,A,Z))?

2/2
( CS/\/_-i-E sup[ }ZGZHZ(Z7A=Z)I(;CQ2<I7A>Z)))

or{ ) o

Lemma 28. For any H(t) such that sup|y 1 |H(t)| = 0p(1), under Assumptions 10-6 we have:

1 i" /OTH(t) {widNi(t) +wiG°(t,A;)dS (t,A))

— Y G°(t,a)dS (1,a) —dA{,’(t)S(O)(u;B",n*,S*,G(’)}

a=0,1

—1/2)

= op(n
if either m* = n° and S* = S°.

Proof of Lemma 28. We define:

0(1,Ai,Z) = widMi(t)+w!G°(t,A))dS (t,A)— Y G°(t,a)dS:(t,a)
a=0,1
+dAG(1)w; GO (1,A)S} (1,A;) —dAG(1) Y, G°(t,a)dS; (1,a).
a=0,1
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By definition of § (©), we want to prove that

If * = m°:

E{/OTH(I)Q(t,A,Z)}

_E ( /O ‘E { EO?Z>H(t)dM(t)\Z} + /0 TE{ 1 _I;OIL(‘Z)H(t)dM(t)]Z}
1

i { n”?aH<t)Go<”A’Z>dS*<f!sz>rZ} +E{ s

H(t)GO(t|A,Z)dS*(t\A,Z)|Z}

— Y H(1)G’(t|a,Z)dS"(t|a,Z)
a=0,1

A1) [E{ A

n°(Z)

H(t)G"(t|A,Z)S*(t|A,Z)|Z}

+E{%O?Z)H (1)G°(114,2)S” (rlA,z)\Z} —a_Zle(t)G”(t\a,Z)S* (t]a,Z)

)
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Therefore

{/ H t A, Z }
_E { /O E{H(1)dM(t)|A = 1,2} + /0 "B {H()dM(1)]A = 0,7)

+ H(t)G°(1]1,2)dS*(1]1,Z) + H()G°(¢]0,Z)dS* (|0, Z)

— Y H(1)G(t|a,Z)dS*(t]a,Z)
a=0,1

+dA§ (1) {H(t)G°(t|A,Z)S™(t|A, Z)

a=0,1

_E [ /0 “H(aM (1) + /0 TH(t)dMO(t)] 0.

+H()G(1|A, 2)S" (1|4, Z) — Y H(1)G°(t]a, Z)S" (t]a, Z)H

On the other hand, if $* = §°, by (4.11) in the main document, we have:

E{/OTH(t)Q(t,A,Z)}
:E[ /0 n*?Z)H(t)E{dM(t)\A Z)+ / II;IL(‘Z)H(I)E{dM(t)\A,Z}

(E{dM(1)|A, Z} — /

MO M)A, 7)

+ H( JE{dM(t)|a,Z}

Za: { H(t)dM"'( +/H dMO()} 0.

a=0,1

The rest of the proof follows as the proof of Lemma 27.
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Lemma 29. For any H(t,Z) such that sup, 5 |H(Z)| = 0,(1), by Assumption 8 we have:

and

and similarly

E [H(Z) {ieﬁ”f‘f - 1}] =E {H(Z)E{%eﬁ% - 1|ZH =0,

i
The rest of the proof follows similarly to the proof of Lemma 27. [

Lemma 30. For any H(t,A,Z) such that sup|y  z¢ 7 |H(t,a,Z)| = 0p(1) fora=0,1, by Assumption

8 we have:

}li/ot {W?H(taAhZi)_ Z H(t,a,Zi)} :Op(l’l_l/2>,

i=1
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Proof of Lemma 30. We notice that

E [/OT {w"H(t,A,Z) -Y H(t,aZ)}

a=0,1
Vi 1—-A
=E /0 {RO(Z>H(t,1,Z)+TO(Z)H(t,O,Z)—a_zle(r,a,Z)H
| fE@z) E(1-A|Z) -
=F _/() { TC0<Z> H(t71’Z)+TO(Z)H(t’O7Z)_a;QIH(t7a7Z)}] =0.

The rest of the proof follows similarly to the proof of Lemma 27.

4.8.6 Simulation technique

We report here the specific steps used to generate simulated dataset.

e Simulate unobserved V ~ F, for some distribution F,,.

e Simulate covariates Z ~ F,,, for some distribution F; , that depends on the unobserved v.

e Simulate treatment A ~ B(n(Z)) for some n(Z).

e Defineu=F,(V)~U(0,1). Fora=0,1 simulate potential 7'(a) solving exp {—eB“Ao(t)}

u for t for some chosen B and Ay(t).
e Simulate C(a) ~ F. 4 for some distribution F, 4, for a =0, 1.
e Define X(a) = min{7(a),C(a)} and 8(a) = 1{T(a) < C(a)} fora=0,1.

e Define the observed X = X (a),d = 8(a) for a = A.
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4.8.7 HHP-HAAS dataset

Table 4.7: Summary of the HHP-HAAS data. Presented are mean (standard deviation) for the
continuous variables, and frequency (%) for the cathegorical variables.

Light Drinkers Heavy Drinkers
(n =1509) (n=1552)

SystolicBP
Age

Education (in years)

ApoE genotype (yes)
HeartRate (in 30 secs)

148.88 (21.50) 150.76 (22.09)
77.36 (4.06) 77.49 (4.10)
11.02 (3.19) 10.17 (3.01)
278 (18.4%) 121 (21.9%)
31.31 (4.64) 31.90 (4.85)

1.00-

0.75-

survival
o
w0
o

0.25-

0.00-

Group

Heavy Drinkers — Light Drinkers

10 15 20
time

Figure 4.2: Kaplan-Meier curves for Light and Heavy drinkers for the HHP-HAAS data.

4.9 Acknowledgements

This research was supported by a grant from the National Institute on Aging; NIH/NIA R03

AG062432. Chapter 4, is currently being prepared for submission for publication of the material.

298



Rava, Denise; Bradic, Jelena; Xu, Ronghui. The dissertation author was the primary investigator

and author of this material.

299



Bibliography

Aalen, O. O. (1980). A model for nonparametric regression analysis of counting processes. In
Lecture Notes in Statistics - 2: Mathematical Statistics and Probability Theory, pages 1-25.

Aalen, O. O. (1989). A linear regression model for the analysis of life times. Statistics in medicine,
8(8):907-925.

Aalen, O. O., Stensrud, M. J., Didelez, V., Daniel, R., Rgysland, K., and Strohmaier, S. (2020).
Time-dependent mediators in survival analysis: Modeling direct and indirect effects with the
additive hazards model. Biometrical Journal, 62(3):532-549.

Andersen, P. K. and Gill, R. D. (1982). Cox’s regression model for counting processes: a large
sample study. The Annals of Statistics, 10:1100-1120.

Antolini, L., Boracchi, P., and Biganzoli, E. (2005). A time-dependent discrimination index for
survival data. Statistics in Medicine, 24:3927-3944.

Ash, A. and Shwartz, M. (1999). R2: a useful measure of model performance when predicting a
dichotomous outcome. Statistics in Medicine, 18:375-384.

Bai, X., Tsiatis, A. A., Lu, W,, and Song, R. (2017). Optimal treatment regimes for survival
endpoints using a locally-efficient doubly-robust estimator from a classification perspective.
Lifetime Data Analysis, 23(4):585-604.

Bang, H. and Robins, J. M. (2005). Doubly robust estimation in missing data and causal inference
models. Biometrics, 61(4):962-973.

Benichou, J. and Gail, M. H. (1990). Estimates of absolute cause-specific risk in cohort studies.
Biometrics, 46(3):813-826.

Beran, R. (1981). Nonparametric regression with randomly censored survival data. Technical
Report, Univ. California, Berkeley.

Bickel, P. J., Klaassen, C. A., Bickel, P. J., Ritov, Y., Klaassen, J., Wellner, J. A., and Ritov, Y.
(1993). Efficient and adaptive estimation for semiparametric models, volume 4. Johns Hopkins
University Press Baltimore.

300



Bickel, P. J. and Kwon, J. (2001). Inference for semiparametric models: some questions and an
answer. Statistica Sinica, 11:863—886.

Biganzoli, E., Boracchi, P., Mariani, L., and Marubini, E. (1998). Feed forward neural networks

for the analysis of censored survival data: a partial logistic regression approach. Statistics in
Medicine, 17(10):1169-1186.

Blomberg, A., Wang, Y., Di, Q., Dominici, F., Schwartz, J., et al. (2019). Long-term effect of air
pollution on hospital admissions among medicare participants using a doubly robust additive
hazards model (drahm). Environmental Epidemiology, 3:355.

Bonsel, G., van’t Veer, F., Habbema, J., Klompmaker, 1., and Slooff, M. (1990). Use of prognostic
models for assessment of value of liver transplantation in primary biliary cirrhosis. the lancet,
335(8688):493—-497.

Brown, S. E.,, Branford, A. J., and Moran, W. (1997). On the use of artificial neural networks for the
analysis of survival data. IEEE Transactions on Neural Networks, 8(5):1071-1077.

Brueckner, M., Titman, A., and Jaki, T. (2019). Instrumental variable estimation in semi-parametric
additive hazards models. Biometrics, 75(1):110-120.

Buchanan, A. L., Hudgens, M. G., Cole, S. R., Lau, B., Adimora, A. A., and Study, W. I. H. (2014).
Worth the weight: using inverse probability weighted cox models in aids research. AIDS Research
and Human Retroviruses, 30(12):1170-1177.

Cefalu, M., Ridgeway, G., McCaffrey, D., Morral, A., Griffin, B. A., and Burgette, L. (2021). twang:
Toolkit for Weighting and Analysis of Nonequivalent Groups (version 2.3). CRAN R package.

Chan, P. H.,, Xu, R., and Chambers, C. D. (2018). A study of r? measure under the accelerated
failure time models. Communications in Statistics - Simulation and Computation, 47:380-391.

Chauvel, C. and O’Quigley, J. (2017). Survival model construction guided by fit and predictive
strength. Biometrics, 73(2):483-494.

Chen, P.-Y. and Tsiatis, A. A. (2001). Causal inference on the difference of the restricted mean
lifetime between two groups. Biometrics, 57(4):1030-1038.

Ching, T., Zhu, X., and Garmire, L. X. (2018). Cox-nnet: an artificial neural network method for
prognosis prediction of high-throughput omics data. PLoS Computational Biology, 14(4).

Christensen, E., Schlichting, P., Andersen, P. K., Fauerholdt, L., Schou, G., Pedersen, B. V., Juhl,
E., Poulsen, H., Tygstrup, N., and for Liver Diseases, C. S. G. (1986). Updating prognosis and
therapeutic effect evaluation in cirrhosis with Cox’s multiple regression model for time-dependent
variables. Scandinavian Journal of Gastroenterology, 21(2):163—-174.

301



Cole, S. R., Hernan, M. A., Robins, J. M., Anastos, K., Chmiel, J., Detels, R., Ervin, C., Feldman,
J., Greenblatt, R., Kingsley, L., et al. (2003). Effect of highly active antiretroviral therapy on time
to acquired immunodeficiency syndrome or death using marginal structural models. American
Journal of Epidemiology, 158(7):687-694.

Comte, F., Gaiffas, S., and Guilloux, A. (2011). Adaptive estimation of the conditional intensity of
marker-dependent counting processes. 47(4):1171-1196.

Cox, D. (1972). Regression models and life tables (with discussion). Journal of the Royal Statistical
Society, Series B, 34:187-220.

Cox, D. (1975). Partial likelihood. Biometrika, 62:269-276.

Cox, D. R. (1972). Regression models and life-tables. Journal of the Royal Statistical Society:
Series B (Methodological), 34(2):187-202.

Cox, D. R. and Oakes, D. (1984). Analysis of Survival Data. Chapman and Hall.

Cui, Y., Kosorok, M. R., Sverdrup, E., Wager, S., and Zhu, R. (2020). Estimating heteroge-
neous treatment effects with right-censored data via causal survival forests. arXiv preprint
arXiv:2001.09887.

Cui, Y., Zhu, R., Zhou, M., and Kosorok, M. (2017). Consistency of survival tree and forest models:
splitting bias and correction. Statistica Sinica (preprint).

Curtis, C., Shah, S. P., Chin, S.-F,, Turashvili, G., Rueda, O. M., Dunning, M. J., Speed, D., Lynch,
A. G., Samarajiwa, S., Yuan, Y., et al. (2012). The genomic and transcriptomic architecture of
2,000 breast tumours reveals novel subgroups. Nature, 486(7403):346-352.

Dabrowska, D. M. (1989). Uniform consistency of the kernel conditional kaplan-meier estimate.
The Annals of Statistics, 17(3):1157-1167.

Dickson, E. R., Grambsch, P. M., Fleming, T. R., Fisher, L. D., and Langworthy, A. (1989).
Prognosis in primary biliary cirrhosis: model for decision making. Hepatology, 10(1):1-7.

Dukes, O., Martinussen, T., Tchetgen Tchetgen, E. J., and Vansteelandt, S. (2019a). On doubly
robust estimation of the hazard difference. Biometrics, 75:100-019.

Dukes, O., Martinussen, T., Tchetgen Tchetgen, E. J., and Vansteelandt, S. (2019b). On doubly
robust estimation of the hazard difference. Biometrics, 75(1):100-109.

Faraggi, D. and Simon, R. (1995). A neural network model for survival data. Statistics in Medicine,
14(1):73-82.

Farrell, M. H. (2015). Robust inference on average treatment effects with possibly more covariates
than observations. Journal of Econometrics, 189(1):1-23.

302



Feldman, H. 1., Joffe, M., Robinson, B., Knauss, J., Cizman, B., Guo, W., Franklin-Becker, E., and
Faich, G. (2004). Administration of parenteral iron and mortality among hemodialysis patients.
Journal of the American Society of Nephrology, 15(6):1623—-1632.

Fisher, L. D. and Lin, D. Y. (1999). Time-dependent covariates in the Cox proportional-hazards
regression model. Annual review of Public Health, 20(1):145-157.

Flander, P. and O’Quigley, J. (2019). Comparing kaplan-meier curves with delayed treatment
effects: applications in immunotherapy trials. Journal of the Royal Statistical Society, Series C,
68:915-939.

Fleming, T. and Harrington, D. (1991). Counting Processes and Survival Analysis. Wiley, New
York.

Fosen, J., Ferkingstad, E., Borgan, ., and Aalen, O. O. (2006). Dynamic path analysis-a new
approach to analyzing time-dependent covariates. Lifetime data analysis, 12(2):143-167.

Fotso, S. (2018). Deep neural networks for survival analysis based on a multi-task framework.
arXiv preprint arXiv:1801.05512.

Freireich, E. J., Gehan, E., Frei, E., Schroeder, L., Wolman, I., Anbari, R., Burgert, E., Millis, S.,
Pinkel, D., Selawry, O., Moon, J., Gendel, B., Spurr, C., Storrs, R., Haurani, F., Hoogstraten, B.,
and Lee, S. (1963). The effect of 6-mercaptopurine on the duration of steroid-induced remissions
in acute leukemia. Blood, 21:699-716.

Funk, M. J., Westreich, D., Wiesen, C., Stiirmer, T., Brookhart, M. A., and Davidian, M. (2011).
Doubly robust estimation of causal effects. American Journal of Epidemiology, 173(7):761-767.

Gaiffas, S., Guilloux, A., et al. (2012). High-dimensional additive hazards models and the lasso.
Electronic Journal of Statistics, 6:522-546.

Gensheimer, M. F. and Narasimhan, B. (2019). A scalable discrete-time survival model for neural
networks. PeerJ, 7:€6257.

Grambsch, P. M., Dickson, E. R., Wiesner, R. H., and Langworthy, A. (1989). Application of the
mayo primary biliary cirrhosis survival model to mayo liver transplant patients. In Mayo Clinic
Proceedings, volume 64, pages 699-704. Elsevier.

Gray, R. J. (1992). Flexible methods for analyzing survival data using splines, with applications to
breast cancer prognosis. Journal of the American Statistical Association, 87(420):942-951.

Grisan, E., Zandona, A., and Di Camillo, B. (2019). Deep convolutional neural network for survival
estimation of amyotrophic lateral sclerosis patients.

303



Hastie, T. and Tibshirani, R. (1993). Varying-coefficient models. Journal of the Royal Statistical
Society: Series B (Methodological), 55(4):757-779.

Hastie, T. J. and Tibshirani, R. J. (1990). Generalized additive models, volume 43. CRC press.

Havercroft, W. and Didelez, V. (2012). Simulating from marginal structural models with time-
dependent confounding. Statistics in Medicine, 31(30):4190-4206.

Hernén, M. A., Brumback, B., and Robins, J. M. (2001). Marginal structural models to estimate the
joint causal effect of nonrandomized treatments. Journal of the American Statistical Association,
96(454):440-448.

Hernan, M. A., Lanoy, E., Costagliola, D., and Robins, J. M. (2006). Comparison of dynamic treat-
ment regimes via inverse probability weighting. Basic & Clinical Pharmacology & Toxicology,
98(3):237-242.

Hielscher, T., Zucknick, M., Werft, W., and Benner, A. (2010). On the prognostic value of survival
models with application to gene expression signatures. Statistics in Medicine, 29(7-8):818-829.

Holt, J. (1978). Competing risk analyses with special reference to matched pair experiments.
Biometrika, 65(1):159-165.

Honerkamp-Smith, G. and Xu, R. (2016). Three measures of explained variation for corre-
lated survival data under the proportional hazards mixed-effects model. Statistics in Medicine,
35(23):4153-4165.

Hosmer, D. W., Lemeshow, S., and May, S. (2001). Applied survival analysis: Regression modeling
of time to event data.

Hou, J., Bradic, J., and Xu, R. (2021). Treatment effect estimation under additive hazards models
with high-dimensional confounding. Journal of the American Statistical Association, 116:1-42.

Hou, J., Paravati, A., Hou, J., Xu, R., and Murphy, J. (2018). High-dimensional variable selection
and prediction under competing risks with application to seer-medicare linked data. Statistics in
Medicine, 37:3486-3502.

Hubbard, A. E., Van Der Laan, M. J., and Robins, J. M. (2000). Nonparametric locally efficient
estimation of the treatment specific survival distribution with right censored data and covariates
in observational studies. In Statistical Models in Epidemiology, the Environment, and Clinical
Trials, volume 11, pages 135-177. Springer.

Ishwaran, H., Gerds, T. A., Kogalur, U. B., Moore, R. D., Gange, S. J., and Lau, B. M. (2014).
Random survival forests for competing risks. Biostatistics, 15(4):757-773.

304



Ishwaran, H., Kogalur, U. B., Blackstone, E. H., Lauer, M. S., et al. (2008). Random survival forests.
Annals of Applied Statistics, 2(3):841-860.

Jeffrey, G., Hoffman, N., and Reed, W. (1990). Validation of prognostic models in primary biliary
cirrhosis. Australian and New Zealand journal of medicine, 20(2):107-110.

Jiang, R., Lu, W., Song, R., Hudgens, M. G., and Naprvavnik, S. (2017). Doubly robust estimation
of optimal treatment regimes for survival datawith application to an HIV/AIDS study. The Annals
of Applied Statistics, 11(3):1763.

Kalbfleisch, J. D. and Prentice, R. L. (2011). The Statistical Analysis of Failure Time Data, 2nd
Edition. John Wiley & Sons, New York.

Kang, S., Lu, W., and Zhang, J. (2018). On estimation of the optimal treatment regime with the
additive hazards model. Statistica Sinica, 28(3):1539.

Katzman, J. L., Shaham, U., Cloninger, A., Bates, J., Jiang, T., and Kluger, Y. (2018). Deepsurv:
personalized treatment recommender system using a Cox proportional hazards deep neural
network. BMC Medical Research Methodology, 18(1):24.

Kent, J. T. and O’Quigley, J. (1988). Measure of dependence for censored survival data. Biometrika,
75:525-534.

Kim, J. and Lee, S. (1998). Two-sample goodness-of-fit tests for additive risk models with censored
observations. Biometrika, 85:593-603.

Klion, F. M., Fabry, T. L., Palmer, M., and Schaffner, F. (1992). Prediction of survival of patients
with primary biliary cirrhosis: examination of the mayo clinic model on a group of patients with
known endpoint. Gastroenterology, 102(1):310-313.

Kong, E., Xia, Y., and Zhong, W. (2019). Composite coefficient of determination and its application
in ultrahigh dimensional variable screening. Journal of the American Statistical Association,
114(528):1740-1751.

Kooperberg, C., Stone, C. J., and Truong, Y. K. (1995a). Hazard regression. Journal of the American
Statistical Association, 90(429):78-94.

Kooperberg, C., Stone, C. J., and Truong, Y. K. (1995b). The L2 rate of convergence for hazard
regression. Scandinavian Journal of Statistics, pages 143—157.

Kvamme, H. and Borgan, @. (2019). Continuous and discrete-time survival prediction with neural
networks. arXiv preprint arXiv:1910.06724.

Kvamme, H., Borgan, @., and Scheel, I. (2019). Time-to-event prediction with neural networks and
Cox regression. Journal of Machine Learning Research, 20(129):1-30.

305



Lange, T. and Hansen, J. V. (2011). Direct and indirect effects in a survival context. Epidemiology,
22:575-581.

Lee, C., Yoon, J., and Van Der Schaar, M. (2019). Dynamic-deephit: A deep learning approach for
dynamic survival analysis with competing risks based on longitudinal data. IEEE Transactions
on Biomedical Engineering, 67(1):122—133.

Lee, C., Zame, W. R., Yoon, J., and van der Schaar, M. (2018). Deephit: A deep learning approach
to survival analysis with competing risks. In Thirty-Second AAAI Conference on Artificial
Intelligence.

Li, J., Fine, J., and Brookhart, A. (2015). Instrumental variable additive hazards models. Biometrics,
71(1):122-130.

Liao, L. and Ahn, H.-1. (2016). Combining deep learning and survival analysis for asset health
management. International Journal of Prognostic and Health Management, 7:020.

Liestbl, K., Andersen, P. K., and Andersen, U. (1994). Survival analysis and neural nets. Statistics
in Medicine, 13(12):1189-1200.

Lin, D. and Ying, Z. (1994a). Semiparametric analysis of the additive risk model. Biometrika,
81(1):61-71.

Lin, D. Y. and Ying, Z. (1994b). Semiparametric analysis of the additive risk model. Biometrika,
81:61-71.

Luck, M., Sylvain, T., Cardinal, H., Lodi, A., and Bengio, Y. (2017). Deep learning for patient-
specific kidney graft survival analysis. arXiv preprint arXiv:1705.10245.

Lunceford, J. K. and Davidian, M. (2004). Stratification and weighting via the propensity
score in estimation of causal treatment effects: a comparative study. Statistics in Medicine,
23(19):2937-2960.

Markus, B. H., Dickson, E. R., Grambsch, P. M., Fleming, T. R., Mazzaferro, V., Klintmalm, G.
B. G., Wiesner, R. H., Van Thiel, D. H., and Starzl, T. E. (1989). Efficacy of liver transplantation
in patients with primary biliary cirrhosis. New England Journal of Medicine, 320(26):1709-1713.

Martinussen, T. (2010). Dynamic path analysis for event time data: large sample properties and
inference. Lifetime data analysis, 16(1):85-101.

Martinussen, T. and Vansteelandt, S. (2013). On collapsibility and confounding bias in Cox and
Aalen regression models. Lifetime Data Analysis, 19:279-296.

Martinussen, T., Vansteelandt, S., Gerster, M., and Hjelmborg, J. v. B. (2011). Estimation of direct
effects for survival data by using the aalen additive hazards model. journal of the Royal Statistical
Society: Series B (Statistical Methodology), 73(5):773-788.

306



Miiller, M., Doring, A., Kiichenhoff, H., Lamina, C., Malzahn, D., Bickebdéller, H., Vollmert, C.,
Klopp, N., Meisinger, C., Heinrich, J., et al. (2008). Quantifying the contribution of genetic vari-
ants for survival phenotypes. Genetic Epidemiology: The Official Publication of the International
Genetic Epidemiology Society, 32(6):574-585.

Murphy, S. A. and Sen, P. K. (1991). Time-dependent coefficients in a Cox-type regression model.
Stochastic Processes and their Applications, 39(1):153—-180.

Nagpal, C., Li, X., and Dubrawski, A. (2020). Deep survival machines: Fully parametric survival
regression and representation learning for censored data with competing risks. arXiv preprint
arXiv:2003.01176.

Newey, W. K. (1990). Semiparametric efficiency bounds. Journal of Applied Econometrics,
5(2):99-135.

Newey, W. K. (1994). The asymptotic variance of semiparametric estimators. Econometrica:
Journal of the Econometric Society, 62:1349—-1382.

O’Quigley, J. (2008). Proportional Hazards Regression. Springer, New York.

O’Quigley, J. and Flandre, P. (1994). Predictive capability of proportional hazards regression.
Proceedings of the National Academy of Science USA, 91:2310-2314.

O’Quigley, J. and Xu, R. (2012). Handbook of Statistics in Clinical Oncology (3rd Ed.), chapter
Explained variation and explained randomness for proportional hazards models, pages 487-503.
Taylor & Francis Group, LLC.

O’Quigley, J., Xu, R., and Stare, J. (2005). Explained randomness in proportional hazards models.
Statistics in Medicine, 24:479-489.

Petersen, M., Schwab, J., Gruber, S., Blaser, N., Schomaker, M., and Van Der Laan, M. (2014).
Targeted maximum likelihood estimation for dynamic and static longitudinal marginal structural
working models. Journal of Causal Inference, 2(2):147-185.

Preseley, A., Tilahun, A., Alonso, A., and Molenberghs, G. (2011). An information-theoretic
approach to surrogate-marker evaluation with failure time endpoints. Lifetime Data Analysis,
17:195-214.

Rebolledo, R. (1978). Sur les applications de la théorie des martingales a I’étude statistique d’une
famille de processus ponctuels. In Journées de Statistique des Processus Stochastiques, pages
27-70. Springer.

Ren, K., Qin, J., Zheng, L., Yang, Z., Zhang, W., Qiu, L., and Yu, Y. (2019). Deep recurrent survival
analysis. In Proceedings of the AAAI Conference on Artificial Intelligence, volume 33, pages
4798-4805.

307



Reynaud-Bouret, P. et al. (2006). Penalized projection estimators of the aalen multiplicative intensity.
Bernoulli, 12(4):633-661.

Riviere, P., Tokeshi, C., Hou, J., Nalawade, V., Sarkar, R., Paravati, A. J., Schiaffino, M., Rose, B.,
Xu, R., and Murphy, J. D. (2019). Claims-based approach to predict cause-specific survival in
men with prostate cancer. JCO clinical cancer informatics, 3:1-7.

Robins, J. (1998). Marginal structural models. Proceedings of the American Statistical Association.
Section on Bayesian Statistical Science, pages 1-10.

Robins, J. M., Hernan, M. A., and Brumback, B. (2000). Marginal structural models and causal
inference in epidemiology. Epidemiology, 11:550-560.

Robins, J. M. and Ritov, Y. (1997). Towards a curse of dimensionality appropriate (CODA)
asympototic theory for semiparametric models. Statistics in Medicine, 16:285-319.

Robins, J. M. and Rotnitzky, A. (1995). Semiparametric efficiency in multivariate regression models
with missing data. Journal of the American Statistical Association, 90(429):122—129.

Robins, J. M. and Rotnitzky, A. (2001). Comment on “Inference for semiparametric models: Some
questions and an answer". Statistical Science, 11(4):920-936.

Robins, J. M., Rotnitzky, A., and Zhao, L. P. (1995). Analysis of semiparametric regression models
for repeated outcomes in the presence of missing data. Journal of the American Statistical
Association, 90(429):106-121.

Rosenbaum, P. R. and Rubin, D. B. (1983). The central role of the propensity score in observational
studies for causal effects. Biometrika, 70(1):41-55.

Rotnitzky, A. and Robins, J. (2005). Inverse probability weighted estimation in survival analysis.
Encyclopedia of Biostatistics, 4:2619-2625.

Scharfstein, D. O. and Robins, J. M. (2002). Estimation of the failure time distribution in the
presence of informative censoring. Biometrika, 89(3):617-634.

Scheike, T. H. and Martinussen, T. (2006). Dynamic Regression models for survival data. Springer,
NY.

Schemper, M. and Kaider, A. (1997). A new approach to estimate correlation coefficients in the

presence of censoring and proportional hazards. Computational Statistics and Data Analysis.,
23:467-476.

Schumacher, M., Bastert, G., Bojar, H., Huebner, K., Olschewski, M., Sauerbrei, W., Schmoor,
C., Beyerle, C., Neumann, R., and Rauschecker, H. (1994). Randomized 2 x 2 trial evaluating

hormonal treatment and the duration of chemotherapy in node-positive breast cancer patients.
German Breast Cancer Study Group. Journal of Clinical Oncology, 12(10):2086-2093.

308



Shen, Y. and Cheng, S. (1999). Confidence bands for cumulative incidence curves under the additive
risk model. Biometrics, 55(4):1093—-1100.

Sjolander, A. and Vansteelandt, S. (2017). Doubly robust estimation of attributable fractions in
survival analysis. Statistical Methods in Medical Research, 26(2):948-969.

Stensrud, M. J., Young, J. G., Didelez, V., Robins, J. M., and Hernan, M. A. (2020). Separable
effects for causal inference in the presence of competing events. Journal of the American
Statistical Association, 115:1-9.

Sterne, J. A., Hernan, M. A., Ledergerber, B., Tilling, K., Weber, R., Sendi, P., Rickenbach, M.,
Robins, J. M., Egger, M., Study, S. H. C., et al. (2005). Long-term effectiveness of potent
antiretroviral therapy in preventing aids and death: a prospective cohort study. The Lancet,
366(9483):378-384.

Stone, C. J. (1982). Optimal global rates of convergence for nonparametric regression. The Annals
of Statistics, pages 1040-1053.

Tan, Z. (2019). On doubly robust estimation for logistic partially linear models. Statistics &
Probability Letters, 155:108577.

Tchetgen Tchetgen, E. J., Robins, J. M., and Rotnitzky, A. (2010). On doubly robust estimation in a
semiparametric odds ratio model. Biometrika, 97(1):171-180.

Tchetgen Tchetgen, E. J., Walter, S., Vansteelandt, S., Martinussen, T., and Glymour, M. (2015).
Instrumental variable estimation in a survival context. Epidemiology, 26(3):402.

Tsiatis, A. (2007). Semiparametric theory and missing data. Springer Science & Business Media.

Tsiatis, A. A. (2006). Double-robust estimator of the average causal treatment effect. Semiparamet-
ric Theory and Missing Data, pages 323-337.

Van Der Laan, M. J., Laan, M., and Robins, J. M. (2003). Unified methods for censored longitudinal
data and causality. Springer Science & Business Media.

VanderWeele, T. J. (2011). Causal mediation analysis with survival data. Epidemiology, 22(4):582.

VanderWeele, T. J. (2013). Unmeasured confounding and hazard scales: sensitivity analysis for
total, direct, and indirect effects. European Journal of Epidemiology, 28(2):113-117.

Wang, C. and Chen, H. Y. (2001). Augmented inverse probability weighted estimator for Cox
missing covariate regression. Biometrics, 57(2):414-419.

Wang, Y., Lee, M., Liu, P, Shi, L., Yu, Z., Awad, Y. A., Zanobetti, A., and Schwartz, J. D. (2017).
Doubly robust additive hazards models to estimate effects of a continuous exposure on survival.
Epidemiology, 28(6):771.

309



Wei, G. (2008). Semiparametric Methods for Estimating Cumulative Treatment Effects in the
Presence of Non-proportional Hazards and Dependent Censoring. PhD thesis, University of
Michigan.

Wei, L.-J. (1992). The accelerated failure time model: a useful alternative to the Cox regression
model in survival analysis. Statistics in Medicine, 11(14-15):1871-1879.

Wellner, J. et al. (2013). Weak convergence and empirical processes: with applications to statistics.
Springer Science & Business Media.

Wongyvibulsin, S., Wu, K. C., and Zeger, S. L. (2020). Clinical risk prediction with random forests

for survival, longitudinal, and multivariate (rf-slam) data analysis. BMC Medical Research
Methodology, 20(1):1-14.

Xu, R. (2003). Measuring explained variation in linear mixed effects models. Statistics in Medicine,
22:3527-3541.

Xu, R. and O’Quigley, J. (1999a). A R? measure of dependence for proportional hazards models.
Nonparametric Statistics, 12:83-107.

Xu, R. and O’Quigley, J. (1999b). A R? type measure of dependence for proportional hazards
models. Nonparametric Statistics, 12:83-107.

Yang, S., Pieper, K., and Cools, F. (2020). Semiparametric estimation of structural failure time
models in continuous-time processes. Biometrika, 107(1):123—-136.

Ying, A., Xu, R., and Murphy, J. (2019). Two-stage residual inclusion for survival data and
competing risk- an instrumental variable approach with application to SEER-Medicare linked
data. Statistics in Medicine, 38(1):125-138.

Yu, Z. and Van Der Laan, M. (2006). Double robust estimation in longitudinal marginal structural
models. Journal of Statistical Planning and Inference, 136(3):1061-1089.

Yuen, K. C. and Burke, M. D. (1997). A test of fit for a semiparametric additive risk model.
Biometrika, 84:631-639.

Zeng, D. and Chen, Q. (2010). Adjustment for missingness using auxiliary information in semipara-
metric regression. Biometrics, 66(1):115-122.

Zhang, M. and Schaubel, D. E. (2011). Estimating differences in restricted mean lifetime using
observational data subject to dependent censoring. Biometrics, 67(3):740-749.

Zhang, M. and Schaubel, D. E. (2012a). Contrasting treatment-specific survival using double-robust
estimators. Statistics in Medicine, 31(30):4255-4268.

310



Zhang, M. and Schaubel, D. E. (2012b). Double-robust semiparametric estimator for differences in
restricted mean lifetimes in observational studies. Biometrics, 68(4):999-1009.

Zhao, L. and Feng, D. (2019). Dnnsurv: Deep neural networks for survival analysis using pseudo
values. arXiv preprint arXiv:1908.02337.

Zhao, Y.-Q., Zeng, D., Laber, E. B., Song, R., Yuan, M., and Kosorok, M. R. (2015). Doubly robust
learning for estimating individualized treatment with censored data. Biometrika, 102(1):151-168.

Zheng, C., Dai, R., Hari, P. N., and Zhang, M.-J. (2017). Instrumental variable with competing risk
model. Statistics in Medicine, 36:1240-1255.

Zheng, W., Petersen, M., and Van Der Laan, M. J. (2016). Doubly robust and efficient estimation of

marginal structural models for the hazard function. The International Journal of Biostatistics,
12(1):233-252.

Zhong, C. and Tibshirani, R. (2019). Survival analysis as a classification problem. arXiv preprint
arXiv:1909.11171.

Zhu, X., Yao, J., and Huang, J. (2016). Deep convolutional neural network for survival analysis with
pathological images. In 2016 IEEE International Conference on Bioinformatics and Biomedicine
(BIBM), pages 544-547. IEEE.

311



