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Abstract

Dynamics and Stability of Rolling Viscoelastic Tires
by
Trevor James Potter
Doctor of Philosophy in Applied Mathematics
University of California, Berkeley
Professor Jon Wilkening, Chair

Current steady state rolling tire calculations often do not include treads because treads
destroy the rotational symmetry of the tire. We describe two methodologies to compute time
periodic solutions of a two-dimensional viscoelastic tire with treads: solving a minimization
problem and solving a system of equations. We also expand on work by Oden and Lin on
free spinning rolling elastic tires in which they disovered a hierachy of N-peak steady state
standing wave solutions. In addition to discovering a two-dimensional hierarchy of standing
wave solutions that includes their N-peak hiearchy, we consider the effects of viscoelasticity
on the standing wave solutions. Finally, a commonplace model of viscoelasticity used in our
numerical experiments led to non-physical elastic energy growth for large tire speeds. We
show that a viscoelastic model of Govindjee and Reese remedies the problem.
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Chapter 1

Introduction

The design and modeling of rolling tires is an industrially and socially important engineering
problem. Every year in the US, approximately 300 to 375 million tires are replaced [5]. Many
of these replacements are due to a complex fracture process [25, 13|, for which we would like
a methodology to compute the internal strains of the tire. To do this, one must solve the
nonlinear equations of elasticity and for more accuracy, incorporate viscoelastic effects. Due
to the complex geometry involved, the finite element method is preferred. The problem is
often formulated using a change of variables that allows a time-independent computation of
the steady state stresses of the rolling tire [22, 4, 24, 26, 19, 12, 20, 27, 14]. This problem
is well studied, but the literature only addresses tires with tread patterns that are invariant
with the respect to rotation of the tire, while in practice, tread patterns are more complex.

1.1 Treaded tires and time periodic solutions

For a treaded tire, the change of variables commonly used to solve the steady state problem
is no longer possible. That choice of change of variables relies on the radial symmetry of
the reference configuration which is destroyed by the addition of treads. While most tires
exhibit tread patterns that are not invariant with respect to the rotation of the tire, we
exploit the fact that tread patterns are typically periodic with respect to the rotation of
the tire. That is, if one rotates the tire by some angle 0, the treads will line up with their
original position. The upshot is that although we cannot search for steady state solutions
of the treaded tire problem, we are able to search for time periodic solutions. Time periodic
solutions of PDE have been studied by Wilkening and Ambrose [2, 1], and we follow their
method of defining a nonlinear functional of the initial conditions which measures the error
between the initial condition and the solution to the PDE evaluted at a later time 7', the
proposed period. Minimizing this functional allows us to find time periodic solutions of
treaded tires and investigate the stresses occuring at different regions of the treads. We
also propose a Newton-Krylov method to solve a system of equations that solves the time
periodic problem.
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1.2 Bifurcations from steady state solutions

When searching for a steady state solution to a free-spinning tire, we expect to find a radially
symmetric solution. However, Oden and Lin [24] discovered that for tire speeds higher than
a certain critical value w,, there exist many more solutions that bifurcate from the radially
symmetric solution. They posited that there is a hierarchy of solutions with N peaks and that
as we approach the speed w,. from above, we find N-peak solutions where /N is monotonically
increasing toward infinity. We show that there are solutions outside of this hierarchy, which
appear to be N-peak solutions, but display more radial complexity. Our results suggest
there is an entire two-dimensional hierarchy of N-peak solutions that includes the hiearchy
of Oden and Lin.

Oden and Lin discovered these bifurcations by linearizing the steady state equations
about the radially symmetric solution and observing when the corresponding Jacobian ma-
trix becomes singular. The null-space of the Jacobian indicates bifurcation directions toward
N-peak solutions. In contrast, we track eigenvectors of the Jacobian matrix corresponding
to bifurcations toward N-peak solutions and observe when their corresponding eigenvalues
become zero. This is particularly useful when viscoelasticity is added, for which we used
the viscoelastic model of Govindjee and Simo [15]. In that case, we discover the Jacobian
matrix never becomes singular and hence no bifurcations are found. However, the eigenvec-
tors corresponding to the N-peak solutions still persist, but their corresponding eigenvalues
never become zero due to a real component. We expect that the real component of these
eigenvectors is negative due the damping effect of viscoelasticity. This is indeed the case for
low tire speeds, but we observe that the real component of the eigenvectors corresonding to
the N-peak solutions increases as the tire speed increases, and eventually becomes positive
for a fast enough tire speed. This surpising result led us to reconsider our viscoelastic model.

1.3 A comparison of viscoelastic models for the
spinning tire

Following the discovery of eigenvalues with positive real part for the free spinning viscoelastic
model, we evolve the tire for various initial conditions at the tire speed corresponding to the
positive real part eigenvalues. We observe that for every initial condition we try, the elastic
energy of the tire increases exponentially. In contrast, with no viscoelasticity, the elastic
energy of the system remains bounded for all time. Thus at high tire speeds, the viscoelastic
model described in [15] displays nonphysical behavior.

This viscoelastic model is based on a model of Simo [31] which is found in many finite
element codes. Similar approaches were used in [17, 18]. However, in [28] Govindjee and
Reese noted that the model of Simo has not been proven to satisfy the 2nd Law of Ther-
modynamics and the linearity of the model restricts its validity to strain states near elastic
equilibrium. This is consistent with our observations, since at higher speeds the tire moves
farther from elastic equilibrium. To address these issues Govindjee and Reese proposed a
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new viscoelastic model in [29] for which the 2nd Law of Thermodynamics can be proven.
We repeat our computations with this model and observe none of the elastic energy growth
we observed with the model of Govindjee and Simo. This provides evidence that the vis-
coelastic model of Govindjee and Reese [29] is appropriate for modeling viscoelastic effects
in materials far from elastic equilibrium.

1.4 Layout of the present work

We begin the present work by describing the equations of elasticity and our viscoelastic
model in chapter 2. The tire is modeled as a compressible Mooney-Rivlin material. The
stored energy function ¥ depends on the three invariants of the Cauchy-Green deformation
tensor. Rubber is often modeled as an incompressible material, but instead we model it as
compressible with a bulk modulus several orders of magnitude larger than the shear modulus.
We incorporate viscoelasticity into our model following the work of Govindjee and Simo [15].
This entails adding independent variables to our model that represent the viscoelastic effects
and couple to our original equations of elasticity. Our model system is a two-dimensional
annulus and we use plane strain to reduce the three-dimensional equations. The choices
of compressible versus incompressible, two-dimensional versus three-dimensional, and plane
strain versus plane stress are made in order to make the problem more computationally
tractable. Periodic treads on the tire are described by a sinusoidal perturbation of the outer
edge of the tire for which we can vary the amplitude and frequency of the treads (See Fig.
2.1). The addition of a road is modeled by a strong traction force that is applied if the
tire boundary penetrates beneath the surface of the road. Finally, in chapter 2 we also
describe the weak form of the equations and their linearization. These allow us to apply the
finite element method as well as compute derivatives needed for numerical minimization and
root-finding algorithms.

We turn to the formulation of a time periodic solution to the tire problem in chapter 3,
as well as our formulation of the steady state problem. Many previous works [22, 4, 24, 26,
19, 12, 20, 27, 14] use a change of variables X = R(t)X, where R(t) is the rotation matrix
describing the rotation of the tire up to time . The equations of motion are then reformulated
with this change of variables, and the steady state solution to the spinning tire becomes a
static problem, i.e. the transformed motion of the tire under this change of variables, ¢,
satisfies ¢(X,t) = ¢(X,0) for all time. The formulation of a time periodic solution is
similar: EIS()N(,T) = &5()2,0), where T is the period. However, we cannot use this change
of variables with the treaded tire, since R(¢)X only maps back onto the reference domain
for discrete values of ¢, and hence the reformulated evolution equations are not defined.
Instead, we consider the untransformed motion, ¢, and define a time periodic solution to
satisfy ¢(RT(T)X,T) = ¢(X,0). We also show that the viscoelastic stress tensor Q, an
independent variable in the viscoelastic model, must satisfy RQ(R™(T)X, T)R' = Q(X,0).
However, we do use the change of variables X = R(#)X to describe our approach to solving
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the steady state problem. This is particularly useful because it is easy to show that the
transformed motion ¢ is Hamiltonian in the absence of viscoelasticity.

Chapter 4 describes the numerical methods we employ. The finite element method is our
core numerical tool to describe the rolling tire and its evolution. We use non-isoparametric,
isogeometric quartic elements. An 8th order Runge-Kutta method is used to evolve the
motion of the tire. When computing time periodic solutions, we evolve an initial condition
@(X,0) until time 7" to obtain ¢(X,T). We would like to compare ¢(R"(T)X,T) to the
initial condition ¢(X,0). However, because ¢p(R"(T)X,T) may not align with our finite ele-
ment mesh, we use a Fourier series representation of the solution to compute ¢p(R"™(T) X, T).
To compute time periodic functions we describe two methods. The first is to minimize a
nonlinear functional using the Levenberg-Marquardt algorithm which requires dense linear
algebra. This second is to solve a system of equations using a Newton-Krylov method, which
only requires matrix-vector products. To solve the steady state equations we use Newton’s
method which requires solving Ax = b for sparse A. When investigating the stability and
bifurcations about steady state solutions, we compute eigenvalues of a sparse matrix using
ARPACK. Finally, we discuss the use of parallelization in our algorithms.

Our results are discussed in chapter 5. Typical computations of time periodic solutions,
steady state solutions, and eigenvalus problems are described, including choices of parameters
and computational resources needed. Based on our computation of a time periodic solution
for a treaded tire with a road, we investigate the internal stresses at material points in the
tire such as in the tread troughs, on the tread crests, or near the hub of the tire. We can
plot the evolution of these stresses as the treaded tire makes a full revolution. The time
periodic method captures structural frequencies of the material, which we demonstrate by
finding a time periodic motion of an oval-like viscoelastic body and comparing its observed
oscillations with its structural frequencies as determined by an eigenvalue analysis.

Next, we turn to the eigenvalue analysis of bifurcations from steady state solutions with no
road. We linearize our differential operator about radially symmetric steady state solutions
and plot the smallest eigenvalues while varying the tire speed. In the elastic case, we observe
only imaginary eigenvalues, some of which correspond to the N-peak eigenvectors found by
Oden and Lin [24], in addition to more complicated eigenvectors that Oden and Lin did
not report. The corresponding eigenvalues pass through 0 and lead to bifurcations from
the radially symmetric steady state solution. A spectral decomposition shows that the
additional eigenvectors possess more radial complexity than those found by Oden and Lin.
When viscoelasticity is added, we observe similar eigenvectors, except their corresponding
eigenvalues have non-zero real part and hence do not correspond to bifurcations from the
radially symmetric steady state solution. The real parts of these eigenvalues are negative
but increase with the tire speed until they become positive.

Finally, we describe the viscoelastic model proposed by Govindjee and Reese [29] and
compare it with Govindjee and Simo’s model. Evolving the equations of motion demonstrates
the the exponential growth of the elastic energy with Govindjee and Simo’s model. A
mesh refinement study indicates that the exponential growth is not a numerical artifact. In
contrast, stability of the elastic energy is observed for the model of Govindjee and Reese
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using the same initial conditions. We note that the model of Govindjee and Reese poses
no extra numerical difficulties and we repeat some time periodic computations using their
model. We also repeat our eigenvalue computations and observe that the real part of the
eigenvalues corresponding to the N-peak solutions remains negative, bounded away from
zero, and decreasing as the tire speed increases.



Chapter 2

Continuum Mechanics: Viscoelastic
Materials

2.1 Kinematics

We present the equations of three-dimensional elasticity, following Marsden and Hughes [23].
Let B C R? be a reference configuration for our elastic body. Assume our body undergoes a
motion which is described by a function x = ¢(X,t), where X € B are material points and
r € R? are spatial points. Given a time ¢, we denote the configuation of B by B; = ¢(B,1).
The velocity and acceleration of the motion ¢ are given by qz_’) and g'z'b, respectively.

The 3 x 3 matrix of partial derivatives of ¢ is denoted F = D¢. This matrix is called
the deformation gradient and its components are Fy; = 0¢'/0X7.

2.2 Balance Laws

Let p(z,t) be the mass density of the deformed body at time ¢ and let pr(X) be the mass
density in the reference configuration. We assume conservation of mass for any subbody
C C B. For this, let C; = ¢(C,t) be the configuration of the subbody at time ¢t. Then
conservation of mass can be written:

/C pu(X)ax = [ plat)da. 2.1)

Applying the change of variables © = ¢(X,t), we can compute

/C pr(X) dX = /C o, 1) J(X, ) dX (2.2)

where J = det(F) is the Jacobian of ¢. Since (2.1) holds true for any subbody C, pr = Jp.
Below, we assume pg is constant.
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The body B experiences forces across any internal surface. We denote t(z,¢,n) the force
per unit area across a surface through z with unit normal n and we call t the Cauchy
traction.

Then balance of momentum for a subbody C with boundary OC is:

d

— pédx:/ t(z,t,n)da, (2.3)
dt Je, ac,

where n is the unit normal to C;.

2.3 The Cauchy stress tensor

Cauchy’s theorem states that t(z,¢,n) is linear in n. We can write t(z,¢,n) = o(z,t)"n,
where o is a 3 X 3 matrix called the Cauchy stress tensor. From balance of angular momen-
tum, it can be proven that o is a symmetric tensor.

In terms of o, balance of momentum becomes

d .
— p¢dx:/ onda. (2.4)
dt Je, ac,

2.4 The Reference configuration

For many numerical methods, it is convenient to work on a domain that is not moving in
time; hence, we restate balance of momentum in the reference frame. To this end, we define
the Piola transform 7, which maps a vector field w(z,t) in the deformed configuration to
a vector field W(X,t) in the reference configuration by W = T(w) = JF 'w(xz,t). The
factor of J is present because it leads to the following nice relationship:

w-nda= | W-NdA. (2.5)
oC oc
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This can be proved by first showing through direct calculation that DIV JF~ = 0 and using
this to verify that DIVW = Jdivw:

OW'

0X?

a(JaX’ )

DIVW =

oz
00X
8(]%1(;) . OXTowd
ax M amax
N oxd Oxk 00X
ow?/
k
=Jo Dok
ow
oxk
= Jdivw.

Using the change of variables formula, we can then complete the proof of (2.5):

W-NdA—/DIVWdX
ac c
:/Jdivde
y (2.7)

= / divw dx
Ci

= w-nda.
aC,

Similarly, for a tensor a and its Piola transform A we have

/ anda = | ANdJdA, (2.8)
ac, ac

where the Piola transform for a tensor is defined as A = 7T (a) = JaF ~.
Using (2.5) and change of variables, we can restate balance of momententum (2.4) in the
reference configuration:

d
N rOdX = | JoF TNdA. (2.9)
We define the first Piola—Klrkhhoff stress tensor to be the Piola Transform of o, that is
P =T (o) = JoF . Then balance of momentum becomes
qu’)dX PNdA, (2.10)

with pointwise form

prp = DIVP. (2.11)
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2.5 Constitutive relations

We may solve (2.11) given a way to compute P based on the motion ¢. A material is called
Cauchy elastic if P can be written as a function of X and the deformation gradient F. We
consider a subclass of Cauchy elastic materials called hyperelastic (or Green elastic) materials
for which there exists an elastic stored energy function ¥ (X, F) such that P(X,F) = 0¥ /0F.
In coordinates, P(X,F);; = (0¥ /0F;;). We can justify that ¥ is an energy function by
defining the total energy to be

E(X,F,gb):/B[%qubJr\If(X,F) dX (2.12)

and showing that £ is constant in time. Assume either free boundary conditions or dirichlet
boundary conditions:

PN =0 on 0B (free boundary)

‘ “ (2.13)
¢ =¢=0o0n0B (dirichlet boundary) ,

where N is the outward unit normal of 0B. We discuss boundary conditions for the tire in
§2.9 below. We can now compute %5 = 0 using our definitions above and integration by
parts:

d d PR .
Lo & [ PRe. &+ W(X,F
0w d

:/BpRé)'éjL@_F'%F
~ [ b6+ P D
:/BpRa,.('p_/Bmvp.w/%PN.(b

:/B<pR¢5_DIVP> B+0
~0.

(2.14)

Several assumptions about the elastic material reduce the possible energy functions W.
Firstly, we assume the material is homogenous, so that ¥ and hence P do not depend
explicitly on X. Second, we assume material frame indifference, i.e. a rigid rotation of the
material should not change its elastic properties. This can be expressed as

P(VF) = VP(F) for all V, (2.15)

where V is a proper rotation matrix, i.e. V is orthogonal and detV = 1. This implies
¥ (VF) = ¥(F).
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Apply the polar decomposition of matrices to F and write F = TU, where T is a

rotation matrix and U = VF'F. We have that ¥(F) = ¥(U) and hence ¥ only depends

on F through C ' ETF. Cis known as the right Cauchy-Green deformation tensor.

Thirdly, we assume our material has no preferred directions, or is isotropic. This is
expressed via P(FV) = P(F) for all V. Similar to frame indifference, we have ¥(FV) =

Assuming frame indifference, homogeneity, and isotropy, we can restrict the form of
V. The polar decomposition and eigenvalue decomposition for symmetric matrices implies
F = TVC = TVAV'. T,V are rotation matrices and A is a diagonal matrix with entires
Ai = \/Vi, where the v; are the eigenvalues of C. Applying frame indifference and isotropy,
U(F) = W(A). Hence, ¥ is a function of the eigenvalues v; of C' and furthermore W is
symmetric in the v; since the eigenvalues can appear in any order. W can also be considered
as a function of the invariants Iy, I, I3 of C. We recall that the invariants of C are given by

L =trC=v +vy+vs,

1
I, =detCtrC™' = 5[(tr C)? —tr C? = vivy + V13 + 1o13, (2.16)
[3 =detC = Vs .

The invariants of C are also the coefficients of the characteristic polynomial of C, so they
completely determine the eigenvalues v; and vice-versa.
Since W depends on F through C, using the chain rule, we can write

ovr 0w oC ov
oF  0C JF oC (2.17)
The tensor S = 2‘3—3 is called the second Piola-Kirkhhoff stress tensor. It is symmetric, since

o is symmetric and S =F 'P =F ' JoF 7.

2.6 The stored energy function

We choose the stored energy function W(Iy, I, I3) to be

o= Z (I —log I — 1) + gu — ) (I —logI; — 3) + gsug —2logl; —3).  (2.18)

The first term penalizes for volume change. The constant x is known as the bulk modulus
and measures the material’s resistance to compression and expansion. % (/3 —logls — 1)
goes to infinity as either I3 goes to zero or infinity. The second and third terms account
for shear stresses. They are chosen to be linear in [; and I, for simplicity. p measures the
material’s resistance to shear and is known as the shear modulus. s € [0, 1] can be chosen to
balance the two shear terms. The constants 1,3 and 3 in each of the three terms are chosen
so that when C is the identity, each term of the energy is 0. The coefficients of log I3 in the
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second and third terms are chosen so that P(I) = 0, where I is the identity matrix. This
ensures that there are no stresses in the undeformed state.

Our stored energy function also satisfies requirements described in [3] and [30] to prove
that minimizers of our stored energy function exist. Namely, it can be shown that if s € (0, 1),
W is polyconvex, as defined in Ball [3], and W satisfies the growth conditions of Miiller, Qi,
and Yan [30]:

¥ s ooas I3 =07,

3
\I/(Il,fg,fg)201([14—]24)—00, c >0.

Given mixed traction-displacement boundary conditions, it is proved in [30] that there exist
minimizers to our stored energy function in an appropriate Sobelev space. In this work,
we are concerned with initial value evolution problems with more complicated boundary
conditions, where the existence theorems of Ball [3] and Miiller, Qi, and Yan [30] do not
apply. However, those results suggest that our stored energy function is a sensible choice.

We compute the first Piola-Kirkhhoff stress tensor P(F) = 0¥ /0F. First, we compute
0I;/0C:

(2.19)

oL oI, oly .,
a=l  Fg=0I-C.  ZZ=5C" (2.20)

We then have:

g_‘é’ =2 - 1)+ -5 a-C )+ As(nT-c - 2c )
P ‘3—:: _ ng_‘é' (2.21)

= g(ls —DF "+ u(1—s)(F—F ")+ us(hF —FC —2F 7).

2.7 Viscoelastic model

We introduce viscoelasticity to our model, i.e. we add some mechanism by which stresses
that a material point experiences at time ¢; will still have an effect at a later time t,. This
gives us a new constitutive model P,y = P, + P,, where P, accounts for stresses arising
from viscoelasticity and P, is the purely elastic consititive function described above.

Given the viscoelastic stress tensor P, below we will adopt a new notation to account
for the viscoelastic stresses. P, and S, will refer to the purely elastic stress tensors already
described and W, will refer to the elastic stored energy function described above. P = P.+P,

will refer to the total first Piola-Kirkhhoff stress tensor while S = S, + S, will refer to the
total second Piola-Kirkhhoff stress tensor, with S, def F'p,.
Our mechanism of viscoelasticity follows the model of Govindjee and Simo [15]. We

introduce the viscoelastic stress tensor

Q(t) = /t exp (ﬂ) Se(s)ds . (2.22)

—0 T
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By differentiating (2.22), we find that Q solves the differential equation

Q) = QM) +5.(1). (223)

If the weighting exp (—(t — s)/7) was not present, Q(¢) = S.(¢). From the differential
equation (2.23), we see that Q(t) is driven by the term S, to evolve as S,, with the weighting
contributing the damping term —%Q(t) The parameter 7 indicates how quickly the weight
goes to zero as one looks further back in time and how quickly changes in S. are damped
out. 7 is called the relaxation time because it gives the timescale over which the material
relaxes, i.e. the timescale over which deformations away from equilibrium are damped out.
We incorporate Q into our model by setting S, equal to Q, weighted by a paramter v:

S, (t) =vQ(t). (2.24)
This implies that P, is given by
P,=FS,, (2.25)

which gives us the constitutive equation for viscoelasticity. Our new equations of motion are
given by )
pr¢ = DIVP = DIV[P, + vFQ). (2.26)

When evolving Q, we use the differential equation form (2.23) so that values of S, from
past times do not need to be stored. According to the integral equation (2.22), in order
to define Q, the motion ¢ must be known for all previous times. To solve an initial value
problem beginning at ¢ = 0, we specify an initial value Q, = Q(X,0), which is equivalent to

assuming that .
/ exp (@) Se(s)ds = Q. (2.27)

In order to evolve Q using the differential equation (2.23), we need to compute the time
derivative S.. This can be expressed in terms of the deformation gradient F and the gradient
of the velocity F = D¢. We compute:

C=FF+F'F
det C = det C tr(C~1C)
Ccl=-crcc! (2.28)

S, = g [(det C)C! + (det C — 1)0'—1]

+ p(l —s) <—C'_1> + ps ((tr C)I-C-— 2C'_1> :
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We note that the model of Govindjee and Simo [15] assumes that only viscous shear
stresses are important and uses the deviatoric operator DEV to define Q and S,:

def

DEV(H)A € A — étr(AC(t))C(t)_l

Q(t) = / t exp (ﬂ) d%(DEV(s)Se(s)) ds (2.29)

— 0 T

S,(t) = vDEV(H)Q(t).

For simplicity, we do not include the DEV operator into our model, but note that doing so
is feasible.

2.8 Two-dimensional formulation

We reduce the full three-dimensional equations in euclidean coordinates X = (X', X? X3)
to equations only involving X = (X', X2). Two common ways to perform this reduction are
known as plane stress and plane strain. We adopt plane strain, whereby we assume there is
no component of strain in the X3 direction. Thus the motion ¢ is of the form

H(X', X2 X3 1) = (X', X?), 02X, X?), X3 1) = (p(X, 1), X?). (2.30)

_ o O

= [ F0 1 , where F is a 2 x 2 matrix. Subsequently, if A is a

% %
F is of the form | *
00 0 1

3 x 3 matrix, A is defined to be its upper 2 x 2 minor. Similarly, C is of the form [ g (1) } :
S. 0
0 Gs
of X! and X?. From the definition of Q in (2.22), Q and hence S, also have the same form

We can compute that S, = 20¥,./JC is of the form [ } , where (g is a function only

%

as S.. Finally, this implies that P = F(S. + S,) has the form { E CO ]’ where (p is a
P

function only of X! and X?. From the equations of motion
pr¢ =DIVP (2.31)

the third component of ¢ is zero due to (p being a function only of X Land X2. This justifies
that solving the problem pr¢ = DIV P with the constraint

H(X', X2 X3 1) = (p(X, 1), X3) (2.32)

is equivalent to solving the two-dimensional problem p R(vﬁtt =DIVP.
However, instead of computing the 3 x 3 matrix P and then extracting it’s upper left 2 x 2
minor P, we would like to do all computations with 2 x 2 matrices. This is easy since the
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definitions of F', C, Q, etc. above hold true for their counterparts f‘, é, Q with one exception

0 o
0 1 },thentrA—trA%—l.

This implies that I, should be defined as tr C + 1 instead of tr C. Using this, we then make
the following definitions and redefinitions:

arising from the fact that given a 3 x 3 matrix A of the form {

F = D¢

J =detF

C=F'F

flztré+1

[, = det C

e o o (2.33)
86—5(13—1)Cl+u(1—s)(I—C )+ ps(LI—C—2C )
5 ! —(t—=s5)\ d /g

Q(t) = exp( (T ))ﬁ(se(s)) dt

VUZVQ

P=F(S.+8S,)

One can check that these definitions of f‘, ée,f’ etc. agree with the definitions given
before as upper 2 x 2 matrix minors. Hence we can compute P and evolve q?) without 3 x 3
matrix computations. For ease of notation, we will subsequently drop the breve and always
refer to the two-dimensional quantities and not their three-dimensional counterparts.

2.9 Domain and Boundary conditions

We model the two-dimensional smooth tire as an annulus about the origin with inner radius
r1 and outer radius 5. The reference configuration is then given by the set

B={(X1,Xp)[r <[|X][l2 <2} . (2.34)

The inner boundary I'y, = {X]| || X||2 = r1} is called the hub and the outer boundary I', =
{X] IX||2 = ro} is called the edge.

Observe that the smooth tire above can be seen as the image of the set A = {(r,0)|r; <
r <719, 0 <6 < 27} under the polar coordinate map 7(r,6) = (rcosf,rsinf). To obtain a
treaded tire, we can perturb this map:

T.5(r,0) = (r,e, B)(cos b, sin 6)
U(r,e, ) =r+e(r —ry)cos(B86).

We define the reference configuration for the treaded tire to be B.s = T.5(A) with hub
Iy = {T.5(r,0)|r=r1,0<6 <2} and edge I'. = {T.45(r,0)|r =12, 0 <6 <27} . We

(2.35)
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s hUb — b
— cdge — cdge

Figure 2.1: The plot on the left shows the smooth tire corresponding to the reference domain
B. The plot on the right is a treaded tire corresponding to the reference domain B g.

have chosen 7. 3 so that at ry, T 3 = T'; hence the hub is the same for the treaded and
smooth tires. However, the edge of the treaded tire is a circle with § bumps, or treads.

We prescribe the boundary conditions for the smooth and treaded tires. The tire is spun
at a speed w along the hub so that

d(X,t) =R(t)X on Ty, (2.36)

cos(wt) —sin(wt)

where R(t) is the rotation matrix given by [ sin(wt)  cos(wt)

}. The time derivative of

R(t), which is needed below, is given by

R(t) = w { (2.37)

—sin(wt) — cos(wt) }
cos(wt)  —sin(wt)

On the edge, we either have a free surface or the tire is contacting the road. The free surface
is described by the absence of stresses in the outward normal direction along the boundary
of the reference configuration and given by the formula PN = 0.

Tire contact with the road is modeled by prescribing a force pushing against the edge of
the tire if the edge penetrates beneath the surface of the road. More specifically, let h > ry
be the distance from the z!-axis to the road, so that the road is lying along 2% = —h. If X
is a point on the edge and ¢* = ¢*(X) < —h, we consider a force of magnitude §v(—h — ¢?)
per unit reference area in the z? direction, e;. We apply this force at the point z = ¢(X)
in the deformed configuration. In precise terms: at a point X on the edge with outward
normal NN of the reference configuration, we have

PN = §y(—h — ¢p*)e,. (2.38)
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— Uub

Figure 2.2: The plot above shows the positioning of the road and indicates the traction forces
experienced by the edge by vectors pointing upward. The vectors increase in magnitude the
deeper the tire penetrates the road. The direction of rotation is also indicated.

We require that 7(0) = 0 and v be monotonically increasing. § > 0 is a parameter we choose
to ensure that road is sufficiently strong so that there is little tire penetration into the road.

Both the free boundary condition and the road boundary condition on the edge can be
expressed as the single condition

PN = §y(—h — ¢*)e,, (2.39)
if we choose 7 such that v(z) = 0 for z < 0. We define
h = 6y(—h — ¢*)e, . (2.40)
Thus our boundary conditions are

¢(X.t) =R(t)X on Iy,

(2.41)
PN=honT.,.
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2.10 Weak formulation

Thus far, the partial differential equation we wish to solve is
pr¢» = DIVP on B

. ) 2.42
QZ—%Q%—SeonB, ( )

with boundary conditions

¢(X,t) =R(t)X on I’

2.43
PN=honT.,. ( )

It is useful to reformulate the problem as first order differential equation, since our
numerical time stepping algorithms are designed for first order equations. We introduce
velocity as an independent variable v, which must satisfy the boundary condition

v(X,;t)=R(t)X on T},. (2.44)
The equations of motion become
¢=vonB

. 1 .
Q=--Q+S, on B,
T
with boundary conditions

¢(X,t) =R(t)X on I'y,

v(X,t)=R(t)X on T, (2.46)
PN=honl,.

We express the weak form of these equations, which are needed to apply the finite element
method. We first define some function spaces: Let H be the Sobelev space of all functions
f : B — R? which are square integrable and have a square integrable weak derivative. Let
Hy., be H restricted to those functions which are 0 on the hub. Let S be the space of
2 x 2 symmetric matrices and let Hs be the corresponding sobelev space for matrix valued
functions K : B — S. Let H= H x H x Hs and Hj,,;, = Hpup X Hpup X Hs.

We define our solution function space V: Given a final solution time 7', let V be the set
of all (¢,v,Q) € H x [0,T] such that ¢(t) is twice continuously differentiable in time, and
v(t) and Q(t) are once continuously differentiable in time. Our test function space is the set
of all triples ((,n, K) € Hyyup. Formally, we multiply (2.45) by the test functions, integrate,
and apply integration by parts to obtain
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Joc= [
/pRV n—— /P Dn+/h 0 (2.47)
o (2] »

We define a weak solution to (2.45) to be a triple (¢, v, Q) € V that satisfies (2.47) for all
(¢,n, K) € Hpy and for all ¢t € [0,T]. Additionally, ¢ and v must satisfy the boundary
conditions ¢(X,t) = R(t)X, v(X,t) = R(t)X. The boundary condition PN = h on T, has
been incorporated via the term fFe h - arising from integration by parts.

We can consider the differential equation defined by (2.47) as a mapping from an initial
function triple (¢, vo, Qo) € H to the evolved solution at time 7', (¢(T),v(T),Q(T)) € H.
This defines a nonlinear mapping H — H. When convenient, we denote the triples (¢, v, Q)
as z and write 2z, for initial conditions (¢, o, Qg)-

2.11 Linearization

We next compute the linearization of the weak form equations (2.47). First, we clarify our
notation: given a function f of z, we use the notation f to denote the directional derivative
of f about the point z in a direction z = (qb, 1% Q)

Q.
-

f< % 6:0f(z +€2). (2.48)

Furthermore, we require that a direction z = ((}b, v, Q) live in the tangent space T (Hpup ¥
[0,7]) so that z + £z satisfies the boundary conditions on the hub. If there is danger of
confusion, we write f[z] to indicate the point about which f is linearized.

We write the weak form equations as a bilinear form:

aamewaéw—uwc

_|_/BpR;).n+/BP:D77—/F€h-n (2.49)
+ Q—i—lQ—Se K.

ACEEEES

B
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Supressing the dependence of £ on ({,n, K), we choose a direction z and compute
L(z+cz) :/(¢+5€p—u—5ﬁ)-(
B
+ (/pR(i/—i—sf/) -n+/P(z+5i) ; Dn—/ h(z — ¢z) -77) (2.50)
B B

e

+(/B <(Q+e<§+%(Q—eQ)—Se(z—6i)> :K> :

Here, we are considering P, h and S, as functions of z. Next, we take the derivative with
respect to € to obtain L:

~ d
L= ELE:OE(Z + Ei)
- [@-»¢
_ N N (2.51)
—F(/prw??—i-/P:Dn—/ h~77)
B B e
A 1~ o~
+</ (Q—F—Q—Se) :K) .
B T
The weak form equations corresponding to L are then
[oc= [0
B B
/pRﬁ-n:—/f’:Dn+/ﬂ-n (2.52)
B B r.
A 1~ ~
/Q:K:/(——Q—I—Se):K.
B B T

We call the above equations the linearized weak form equations. Consequently, given z which
solves the weak form equations (2.47) and z which solves the linearized weak form equations
(2.52), z + €z solves the weak form equations (2.47) to order 2. See the appendix for a

detailed computation of f’, ﬂ, and S, in terms of z and 2.
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Chapter 3

Time periodic and steady state
solutions

3.1 Time periodic solutions for the treaded tire

We seek solutions to the evolution equations (2.47) for the treaded rolling tire that return
to the same shape as their initial configuration after some period 7. Due to the boundary
conditions on the hub, the standard time periodic correlation ¢(X,T) = ¢(X,0) can only
hold when T = 27n/w for positive integer n; i.e. the tire makes one or more full revolutions.
Since we are interested in the shape of the tire returning to its initial shape and not necessarily
a material point returning to its initial location (see Fig. 3.1), we instead look for motions
of the tire which satisfy

S(RT(T)X,T) = $(X,0). (3.1)

Thus if a material point X is mapped by ¢(0) to a point x in the deformed configuration,
¢(T) maps the material point Xz = R"(7T)X to the same point z in the deformed configura-
tion. Xz = RT(T)X is obtained by rotating X backwards for time 7. Fig. 3.1 demonstrates
this situation with Tw = /2, so that the tire makes a quarter revolution.

The number of tread blocks, 3, constrains the possible values of the period T'. Since the
tread blocks must align with the initial configuration, 7' = 27n/(fw), where n is any positive
integer.

To formalize the operation of “rotating X backwards”, we define the operator Uy which
transforms a function f defined on B x R by

Ur(f)(X,T) = fRTX,T). (3.2)

(Note: we write R for R(T") or R(t) when there is little danger of confusion.)
Using Ur, we can rewrite the time periodic condition on ¢ as (dropping the dependence
on X)

Urd(T) = ¢(0) . (3-3)
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Figure 3.1: The top figure is the reference configuration with material points X and Xz =
RT(T)X. At bottom left is the deformed configuration at time 0. At bottom right is the
deformed configuration at time 7', for which the tire is the same shape as at time 0. We
observe that ¢(Xg,T) = ¢(X,0).

The velocity of a time periodic motion behaves similarly:
Urv(T) = v(0). (3.4)

However, we do not expect Q to satisfy Q(R'X,T) = Q(X,0), because Q is a tensor defined
on the reference configuration and does not map to the deformed configuration as do ¢ and
v. Instead, we compute that if ¢(RTX,T) = ¢(X,0), then

FR'X, T)R" = F(X,0)

3.5
RCR'X, T)R' = C(X,0). (3:5)

One can verify that S, follows the same relationship as C:
RS.(R"X,T)R" = S.(X,0). (3.6)

Since time periodicity with period 7" also implies ¢(RTX,T + s) = ¢(X,s) and hence
RS.(R"X,T + s)R" = S.(X,s), we can check from the definition of Q in (2.22) that Q
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satisfies
RQR'X, T)R" = Q(X,0). (3.7)
Thus we define a time periodic solution with period T to satisfy
UT¢(T) = (;b(O)
Urv(T) = v(0) (3.8)
RUrQ(T)RT = Q(0).
We define the linear operator Uy : H — H by

Ur((¢,v,Q)) = Urd, Urv, RUTQRT)), (3.9)
and the functional Fr : H — H by
Fr(zo) =Ur(z(T)) — 2o, (3.10)

where z solves the weak form equations with initial condition z,. We may now write the
time periodic equations (3.8) as

./T"T(Zo) =0. (311)
To solve Fr(zg) = 0 we will apply Newton’s method which requires the derivative of Fr(z)
with respect to zg: R
Fr=Ur(z(T)) — 2. (3.12)
Here (X, t) evolves according to the linearized equations (2.52) with initial condition z.
Given this definition of time periodic solution for the tire, we seek initial conditions
zo = (¢, V0, Q) that give rise to a time periodic solution. In addition to solving the
equation Fr(zg) = 0, we can find solutions by defining a scalar functional Gy which gives a
measure of how close a given initial condition comes to satisfying time periodicity:

Gr(z) = %/B lerd(T) = ol + [Urv(T) = wol* + |[RUTQ(T)RT = QplI*.  (3.13)

The norm || - || used for the ¢ and v terms is the euclidean norm, while the norm used for the
Q term is the frobenius norm. These norms are also nondimensionalized by characteristic
length factors uenar, Venar and Qepar, respectively. These norms arise from inner products,
which we shall denote by (-, ).

The utility of Gr is that we can minimize it over initial conditions zy and if G7 is zero,
then we have found a time periodic solution. Minimization algorithms often require the
derivative of the objective function, so we compute the directional derivative of Gr at a
point zg = (¢, Vo, Qy) with respect to a variation zg = ((Aﬁo, o, Qp):

Gr = /B <UT¢(T) — ¢y, Urp(T) — ¢o>
+ Urv(T) — vy, Upp(T) — Do) (3.14)
+ (RUrQ(T)R — Qy. RUIQTRT - Q)
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where (¢, v, Q) evolve according to the weak form equations and (qES, v, Q) evolve according
to the linearized weak form equations.

3.2 Time periodic solutions for the smooth tire

In contrast to the treaded tire case, time periodic solutions of the smooth tire can be sought
for any period T'. In addition, the period can be allowed to vary as an independent variable,
in which case root-finding or minimization algorithms require derivatives of Fr and G with
respect to T'. In turn, these depend on the T derivative of Uy:

0 (Urf) = 0 (f(RTX,T)) = of 2L(RTX,T) + DF(RTX, T)R' X
or oT or (3.15)
of o1 T T of '
8T(R X, T)+ Df(R"'X, T)R RR' X = Uy a7 DfQX
where €2 is the skew-symmetric matrix
BT 0 -1
Q2 =RR —w{l 0 } . (3.16)

Note that €2 is independent of T', even though R and R do depend on T. We return to the
derivatives of Gr and Fp with respect to 7"

O ar = /B (Urd(T) — ¢y Ur(B(T) ~ DH(T)QX))
+ (Urv(T) — vy, Ur(0(T) — Dv(T)QX))
+ (RUFQ(T)R - Q, , Ur (R(Q(T) — DQ(T)QX)RT
TRQ(T)RT + RQ(T)RT)> ,

(3.17)

UT(<¢(T§ d(T)2X)

%;T: | Ur(v(T) — Dv(T)QX) |- B
Ur (R(Q(T) - DQ(T)QX)RT + RQ(T)RT + RQ(T)R)

3.3 Steady state solutions

Next we describe the steady state equations for the rolling tire. We define a steady state
solution of the smooth tire to be one that satisfies time periodicity for all times ¢: F;(z) = 0.
In this section, we write F (2o, t) for F;(zo) so that the steady state equation becomes

F(zo,t) =0 for all . (3.19)



CHAPTER 3. TIME PERIODIC AND STEADY STATE SOLUTIONS 24

Since time periodicity for the treaded tire is only defined for discrete times, there is no notion
of a steady state solution for the treaded tire.

We show below that zq satisfying 0;F(z¢,0) = 0 are steady state solutions. We follow a
common approach in the literature for solving the steady state problem (see [4, 24, 26, 19,
12, 20, 27, 14]) and introduce a new spatial variable X defined by

R(H)X = X . (3.20)

We define the motions corresponding to the new variable:

¢(X7 t) = ¢’(X7 t)
(X, 1) =v(X,1) (3.21)
Q(X,t) =RQ(X,H)R".

We refer to the triple (¢, 7, Q) as z. Note that z(X,t) = U,(z(X,t)). We also define
quantities related to the transformed motion:

F=Do

C—FF

Po= (- DF  +u(l—s)F~F )+ ps(lF~FC-2F )
P=P,+1Q

~ ~2

h = 5’7(—h ) )62

F = Dv

. (3.22)
C=FF+F F

det C = det C tr(éila)

1 ~1 T ~—1
C"=-C CC

§e::g{«mﬁc»6_1+(da€§—1)c'ﬂ

+M1—@(—87)+M30u6ﬂ—6-267).

Here D refers to differentiation with respect to X. Tt can be checked that analagous quantities
(e.g. F and F) are related to each through R(¢) in a simple way, which could also be taken
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as definitions. For example,

F(X,t)=F(X,t)RT

~Ei()f(/, t) =RC(X,H)R' (3.2
P.(X,t) = P.(X,t)RT '
S.(X,t) = RS.(X, )R

Using the above definitions, we can compute that z evolves according to the following system

of equations:
[é:¢= [@-Fag) ¢
B B
ry l= =~ TS ~
/V-n:/——P:Dn—FQX-n—l—/h-n (3.24)
B B PR e
- 1~ ~ ~ ~ ~~  ~
/Q:K:/ (—;Q(t)+Se(t)+QQ—QQ—DQQX) K.
B B
This gives an alternative way to define F:

F (2o, 1) = z(t) — 20, (3.25)

where z evolves according to (3.24). To find a solution to F(zg,t) = 0 for all ¢, we need only
find an initial condition z, that satisifes

8tf(ZO7 ) = Zo = (;’30,50, éo) =0. (326)

Since at time ¢t = 0, z = z, we have proved our earlier statement that 0;F (zo,0) = 0 gives
the steady state solution.

Because we are only interested in solving 9,F = 0 at time ¢t = 0, we define the differential
operator S(zg) = 0,F(zo,0). Below, we drop the subscript 0 and write S(z). Given z, we
compute z = S (z) by solving the equations (3.24). The steady state equations can be then
be written as

S(z) =0. (3.27)

We note the linearized equations corresponding to (3.24). For ease of notation, we drop

/qbg‘ /V—FQX

/V n—/lg——P Dn — FOX - 77+/Feﬁ-77 (3.28)
/BQ:K—/B(—%Q(t)+§e(t)+QQ—QQ—DQQX) K

the
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3.4 Hamiltonian structure of the elastic equations

If we ignore viscoelasticity and the presence of the road, the equations of motion are

Jéc= v
/BpRv-n=—/BPe:Dn-

By virtue of the existence of a stored energy function, this system is Hamiltonian, with the
Hamiltonian function given by

(3.29)

1
/ W, + —prv - V. (3.30)
B 2

This is a non-autonomous system due to the rotation of the hub. _
In the case of the transformed variables, from (3.24) we have already computed that ¢

and v satisfy
/qb (= /V—FQX ¢

/VT]—/——P Dn — FQX77
B B PR

A computation shows that the above evolution equations arise from the following autonomous
Hamiltonian:

(3.31)

~ 1 _ _ -~
H:/‘Ile+§pRu-u—pR(FQX)-u, (3.32)
B

where \ffe is defined from the invariants of C in the same way that W, is defined from the
invariants of C. Let Sy be the corresponding differential operator for these equations; i.e.
(gz, 17) = SH(;Z;,D), where qﬂz’;,f/, 25, v satisfy (3.31). In addition, Hamilton’s equations hold:
Sy = (OH/0v, —0H [0).

Below, we discretize our equations and obtain a finite dimensional Hamiltonian system
for which we can apply stability theory. In particular, let H be the discretized Hamiltonian
and let Sy be the discretization of Sgy. The Hessian of H is related to the Jacobian of Sy

5 - . : . 0 I
by DSy = JD*H, where J is the skew-symmetric matrix [ I o0 }

When investigating eigenvalues of DSy in §5.6, we use the following theorem about the
stability in Hamiltonian systems. Let z be a critical point of H. If the matrix D?*H is positive
definite at z, then z is Lyapunov stable, since energy level sets near H(z) remain close to
z. In turn, Lyrapunov stability implies that the eigenvalues of DSy are purely imaginary,
since otherwise z would be linearly unstable either forward or backward in time.
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Chapter 4

Numerical methods

4.1 Displacement formulation

The equations of motion for the viscoelastic tire evolve the three variables ¢, v, Q. However,
our numerical methods evolve the displacement from the steady rolling motion instead of
evolving the full motion. Let the displacement variable u and its velocity v be given by

def

u(X,t) Y p(X, 1) - R(t)X

VX)) ©ax, ) = v(X, 1) - R(H)X . 4
From these we can compute F, F by
F=Du+R, F=Dv+R; (4.2)
hence we may compute P, h, S, etc. as before. We also have
v=0+wRX, (4.3)

since R = —w?R. The displacement equations are

/Bu-g:/gv-g

/BpR(V—w2RX)-n:—/BP:Dn+/Fehw (4.4)

e (Haes) o

with boundary conditions that u and v are zero on I'},.
The time periodic solutions equations (3.8) and functional Gy (3.13) become

Uru(T) = u(0)
Urv(T) = v(0) (4.5)
RUTQ(T)RT = Q(0),
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Gr(a) = 5 [ [thru(T) = ol + [Ur(T) = ol + [RUAQUTIRT = Qo (46

We also define the transformed displacement variables:

!

def

WX, 1) = p(X, 1) - X
O )
v(X,t) =v(X,t) - QX.
The equations (3.24) for the displacement variables can be written
/ﬁ-g:/(%rm?).g—(ﬁﬁﬂ)ﬂf(.g
B B
- 1~ ~ ~_ = 1~
/v-n:/{——P:Dn—(DV~I—Q)QX~77}—|— —h-n
B BL PR r. PR (4.8)

/BQ:K:/B(—;Q&) K- DQAX K
+/BQQ:K—QQ;K.

4.2 Finite element framework

We employ the finite element method to solve the weak form equations (4.4) with quartic
quadrilateral C° elements. More specifically, the reference element E is the square [—1,1] x
[—1, 1] with nodes py;, 1 < k,l <5, such that py = (%4, T;), where &y = —1,29 = —.5, 23 =
0,%4 = .5,%5 = 1. Let the polynomials Ly, 1 < k < 5 be the unique quartic polynomials
that are 1 at &,,, m = k, and 0 on Z,,, m # k. Equivalently, [:k(fcl) = 0y;. We then define the
shape functions on E to be (', #2) = L (&) L;(Z?). Fig. 4.1 plots the reference element
F and one of its shape functions, Pa3.

We cover our reference domain B with elements by mapping copies of the reference
element to the r-6 plane and then applying the polar coordinate mapping 7'(r,6). More
precisely, we first choose the number of circumreferential elements e. and the number of
radial elements e,. We define element F;;, 1 < i < e, 1 < j < e, as the image of the
reference element £ under the map T o Sij, where S;; is the linear scaling and shifting
transformation

~1 ~2
1 - - +1 2 +1
Sij (&', 3*) = <r1 +2- 0 {x +7— 1] ,e—ﬂ [$ 5 +1i— 1}) : (4.9)

€ 2 c

and 7' is the polar coordinate transformation

T(r,0) = (rcosf,rsin). (4.10)
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Figure 4.1: The reference element E with nodes py, is plotted on the left. The shape function
19,3 is plotted on the domain F on the right.

The images of the reference nodes p;; under these maps creates a grid of nodes p;;, 1 <1 <
ne, 1 < j < n, where n, = 4e., n, = 4e, + 1. The location of the p;; are given by

21

o —7T1,. .
=T oGy, o). 411
po =T (ra+ 220G - 0,2 - 1) (411

We also consider the array of nodes p;; as a single list which is denoted with a single index:
Dk, k=1,...,n,, where n, = n.n, is the total number of nodes. The list py, is in lexicographic
order in the indices i, j; the nodes on the hub are listed first and the nodes on the edge are
listed last. Fig. 4.2 plots the maps S;;, T', and the grid of nodes p;;.

Next, we define the local shape functions on the FE;; as the push forward of the reference
shape functions via the map 7 o S;;. That is, ¥ = zﬁkl o Sigl o T~'. We define the
global shape functions 1, corresponding to the nodes p;. as follows: 1 is the function which
is zero outside any element not containing p, and takes the value of the shape function
corresponding to p; within any element containing py. The ;. are well defined since it can
be verified that local shape functions of adjacent elements corresponding to some node in
the intersection agree everywhere on the intersection. However, the derivatives of these local
shape functions do not agree on the intersection, hence the v are continuous, but have
discontinuous derivatives. Since derivatives of the v are continuous within a given element,
the weak derivative of 1, is square integrable.
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Figure 4.2: The reference element E is mapped by Sy to the -0 plane. The grid of elements
in the -0 plane is then mapped by the polar coordinate transformation 7" onto the reference
domain B; 5. We also plot the grid of nodes p;; in B 5.

We have described our finite element framework only for the smooth tire B, but the
treatment of the treaded tire B, 5 is the same provided we replace the polar coordinate map
T with T, 5.

Note that our finite element framework is not isoparametric. For example, the curved
edges are the elements in Fig. 4.2 are not given by polynomial interpolation of the nodes.
This has the advantage that it produces elements which exactly match our tire geometry for
any values of e. and e, (i.e. isogeometric), without adding significant increase in computation.
This approach is dependent on having a convenient description of the geometry, namely the
maps 1" and T g.

4.3 The discretized equations

We use the finite element framework to numerically solve the displacement equations (4.4).
First, we approximate our test function space Hy,;, with a finite dimensional space built up
from our shape functions ;. Let H be the span of {tze;}, where the e; are the euclidean
basis vectors of R?. H is a 2n,-dimensional subspace of H and any function in H can be
approximated by a function in H as we refine our mesh. Let Hj,;, be H N Hjyp, i.e. the span
of {yre;} for ¢y, whose corresponding node py, is not on the hub. There are n;, = n, —n,.. such
nodes, so Hy,, has dimension 2ny, and its basis is given by {¢ye;|n. < k < n,}. For ease of
notation, let ¥, = ¥p1n., 1 <k < ny so that we may write the basis of Hy,, as {,e;}.

We similarly define Hg to be the span of {¢E;}, where the E;, are the following basis

for S:
10 0 1 0 0
S P I I i

Hs has dimension 3n,,.
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We approximate the space Hpuy = Hpup X Hpuwp X Hs by Hpup def Hyup X Hpup X Hs, a
space of dimension n, = 2n; + 2n;, + 3n,. Given a function u € Hpup, we write u for the
coefficients of u expanded in terms of the basis {1}e;}. Similarly, we write v and Q for the
coefficients corresponding to v and Q, and write z = (11, v, Q).

We discretize the displacement equations (4.4) by searching for solutions in our discretized
spaces and require the equations (4.4) to only hold for test functions (¢, 7, K) which are in
H. This is equivalent to requiring the weak equations (4.4) to hold for the n, basis functions
of Hyu, {(¥}€:,0,0)}U{(0,1,e;,0)}U{(0,0,¢,E;)}. The discretized displacement equations
then become a n,-dimensional system of differential equations in the unknowns z = (i1, v, Q):

Mia = f'(2)
Myv = () (4.13)
MsQ = fg(z) )

where
f%i—l)nh+k = /V e, 1<k <mny, i=12
B
oo = = / P D(ied) +/ (h+w’RX)-dfe;, 1<k <my, i=12  (4.14)
B e

1 .
f?i—l)n +k:/ (——Q+Se> cYpE;, 1<k <n, i=1,23.
P B T

Furthermore, M) and Mj; are symmetric positive definite matrices related to the mass ma-
trices M and M’ for the shape functions 9" and 1. They are defined as follows:

Mij:/81/}iwj7 1§i7j§npa MJJZ/B@Z);@Z);, 1§i,j§nh,

4.15
My=|"o apls Ms=|0 M 0
0 0 M

We may similarly discretize the linearized equations and steady state solution equations.
It can be verified that the discretization of the linearized equations is the same as the
linearization of the discretized equations. The discretized linear equations are

1

>

Mju=f (z)
My = (3) (4.16)
M3é = A3<§) )
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where

~1

f(ifl)thrk = /\A’ ) %em 1<k<n,i=12
B

%?i—l)nh—i-k = —/P : D(Yye) +/ <H+W2RX) e, 1<k<np i=12 (4.17)
B

e

~3

1 4 o
p 8 T

Below, we compute the discretized steady state equations S (%) = 0 and its linearization. For
ease of notation, we drop the ~ used to denote the transformed variables. The discretized
steady state equations are:

0= (M) 'g'(2)
0= (M) 'g’(2) (4.18)
0= (M) 'g’(z),

where

gbnw=/(v+ﬂX—<Du+I>QX>Cw;ei, 1<k<m, i=12
B

1
st = — / [—p—RP . D(we,) — (Dv + Q)QX -

+/h-¢;€ei,1§k§nh,i:1,2 (4.19)

1 .
g?i_l)np+k - / (__Q + Se> . '@Z)kEz
B T

+/(—DQQX+QQ—QQ):¢,€E,», 1<k<mn, i=1,23.
B

The linearization of §(z), denoted S (), is given by
(M;)"'g
(M;)~'g
(My)7'&’(2),

,_.

—~
NP>

e

(4.20)

no
—

N>
SN—
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where

1

8l ik = — DUQX) - e, 1<k<ny, i=1,2

A

8(i—1)n,+k — {——P D(yre;) — DvQX - 77]

(v
h-ve, 1<k<n, i=12 (4.21)

J
/
-
/

We also write
dl&g(Mé,Mé,M;;)

4.4 Numerical solution of the discretized equations

The discretized displacement equations (4.13) is a first order system of ODE and as such
we can numerically integrate it using any number of ODE methods. We choose the 8th
order explicit Runge-Kutta method of Dormand and Prince [16, 11]. In addition to being
high order, this method has a larger stability region than lower order explicit Runge-Kutta
methods, which is useful since we have found the evolution equations to be moderately stiff.
When comparing its performance with Dormand and Prince’s 5th order method [10] we find
that the two methods require very similar computational effort to achieve stability, but that
the higher order method is far more accurate.

To apply our Runge-Kutta method, we must be able to evaluate the integrals which occur
in the definition of f. We numerically evaluate the integrals over the domain B using 10th
order (i.e. five quadrature points in each direction) Gaussian quadrature over the reference
element £. We also use quadrature to evaluate the matrices M and M’. These symmetric
positive definite matrices are sparse due to the locality of the basis functions ¢, and we
invert them using the direct sparse solver CHOLMOD by Timothy Davis [9, 32, 8, 7, 6]. If
M and M’ are distributed over several processors due to domain decomposition, we invert
them iteratively using Conjugate Gradients.

The linearized displacement equations (4.16) can be evolved using the same methods. We
note that the linearized displacement equations depend on the solution to the displacement
equations. Therefore, we either evolve the two equations at the same time or we evolve the
displacement equations first, store the solution values, and interpolate them as needed by
the linearized equations.
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The discretized steady state equations (4.18) require us to find the zero of a system of n,
equations in n, variables. We use Newton’s method, which requires us to invert the Jacobian
matrix of the system. The Jacobian matrix is given by the linear operator M~'g, i.e. the
composition of the inverse of the mass matrix M with the linear operator g. g is respresented
by a non-symmetric sparse matrix, which we invert using the direct sparse solver SuperLU
[21].

Below we frequently refer to the linear operator M~'g, which we denote A. Recall that
g is a linearization about some z € H. When it is necessary to emphasize this dependence,
we write A[z]. If we are considering a purely elastic tire, we can ignore the Q variable and
consider A as only a function of (¢, 7). In this case, we write A..

4.5 Eigenvalues of the Steady State Problem

Given a steady state solution z, the eigenvalues of the operator A[z| yield useful information.
For example, eigenvalues with positive real part indicate that the steady state solution is
linearly unstable and eigenvalues that are purely imaginary indicate time periodic solutions
of the linearized discretized equations.

We use the ARPACK software to compute selected eigenvalues of A[z], which is suitable
since A[z] is the composition of two large sparse matrices and ARPACK requires only matrix-
vector products. ARPACK is capable of finding eigenvalues according to many different
criteria, such as largest real part or smallest magnitude. However, it performs best when
searching for the largest magnitude eigenvalues. For our problem, ARPACK was unable
to find eigenvalues of any criterion other than largest magnitude. Because we study the
smallest magnitude eigenvalues of A[z], we apply ARPACK to the inverse of A[z]. This
requires sparse matrix solves, and as with solving the steady state problem with Newton’s
method, we use SuperLU.

We note that others have used a Newton type method [24, 14, 20] to solve the steady
state problem with viscoelasticity. These works only apply Newton’s method to the equations
without viscoelasticity. A viscoelastic update is computed from the approximate solutions
and the process is repeated until convergence. We apply Newton’s method to the full vis-
coelastic system, M~ 'g[z]. We gain superlinear convergence at the expense of solving linear
systems over twice as large as the system of equations without viscoelasticity. This is an
acceptable cost, since we need to form the full matrix A[z] to solve the eigenvalue problem
(described in the next section), which requires significantly more computational effort than
solving the steady state problem.

4.6 Numerical computation of the operator Uy

In order to search for time periodic solutions, we must numerically compute the functions
Gr, Fr, and hence the operator Uy. In the case of treaded tire, where the period T is fixed,
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we choose the number of elements in the circumreferential direction, e., to be a multiple of 3,
the number of tread blocks, so that we can compute Ur by shifting the values of the nodes.
Specifically, if after time T the tire has rotated over n tread blocks, we shift the values at
the nodes ne./f elements counterclockwise.

If such a choice of elements is not possible or if T is varying as may be the case with
a smooth tire, Fourier series yield a numerical approximation to Uy with spectral accuracy.
We denote this approximation 7. We remark that for this section,” will be used to denote
Fourier coefficients and not tangent directions.

Consider a 27 periodic function f(6) with Fourier representation f(8) = S2°° fre?. If
f(6) is shifted to the right by an angle #;, we then have

FO—01) =" (fre ™). (4.22)
Hence, a shift by 6; can be computed by multiplying the kth Fourier coefficients by a factor
of e=*%  Next, we consider a function g defined on B written in polar coordinates g(r, )
with Fourier representation »_ > gr(r)et*®. The operator Uy shifts g by an angle of wT,

hence
o

Ur(g) =Y _(gr(r)e™T)e™. (4.23)

To approximate Ur(g) numerically, consider a function described by our finite element

framework, g = >, grtr. If we consider the nodes and shape functions as arranged in a

two-dimensional grid instead of a list, we can write g = Y 1, Z?;l 9. Holding j fixed,

appy the discrete Fourier transform to the ¢ index to obtain the Fourier coefficients g;;. As
above, multiply the Fourier series by a factor of e~ to form iLijZ

hig = e gy (4.24)

We apply the inverse discrete Fourier transform on the ¢ index of izij to obtain coefficients

hi;, and finally we set
Z Z hijibij. (4.25)

=1 j=1

Lastly, we note that the time derivative of Uy (g(T)) is needed to compute -=Gr, where
g9(X, T) is now a time-dependent function. As computed in flag3.2, dTZ/{T can be expressed as
Ur(-L 79— DgQX). Thus we could numerically approximate %Z/{T by using the finite element
framework to compute Dg and then appyling Uz to ( dT g—DgQ2X). To be numerically consis-
tent, however, we must instead compute -=Ur(g(T)), i.e. take the derivative with respect to
time of the numerical procedure for computing Ur(g(T')). Given g(T') = -7, 370" gii(T) i
and its temporal derivative gr(T') = > 21, > 77" (gi5)r(T)ij, 2L Ur(g(T)) can be computed

as follows: Compute g;;(7") and (EJ)\T(T) using the discrete Fourier transform. Form

Fis (T) & e T (g0 n(T) + (—diw)e T g5 (T). (4.26)
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Apply the inverse discrete Fourier transform to fij (T) to obtain coefficients f;;(T"). We then

have
Clr(o(T)) = 3 ol (4.27)

i=1 j=1

4.7 Solving the time periodic equations

In the following two sections, we present two different methods to find time periodic solutions:
minimizing Gr(zy) using the Levenberg-Marquardt algorithm and solving Fr(zg) = 0 using
a Newton-Krylov method.

Minimization of the time periodic functional G

Once we numerically solve the evolution equations and compute the operator Ur, we can
numerically compute the function Gr(z) for zg in Hy,,. We denote the discrete version of

Gr as Gr:
Grtan) = 5 [ W (T) = dull + Uy (T) = ol + [RUQUTIRT = Q. (428)

where (u,v, Q) € Hy,,; have an initial condition given by the coefficients Zy, (u, v, Q) evolve
according to the discretized evolution equations, and the integrals are computed with Gaus-
sian quadrature. Also, the norms are the same as in §3.1; i.e. they are nondimensionalized
by constants wcpar, Venar and Qepar. These constants are chosen so that the three terms of
Gr are of the same order for our problems of interest.

We minimize G to find time periodic solutions using the Levenberg-Marquardt algorithm.
We choose this minimization algorithm because we were unable to find minima of G using
algorithms that only require the derivative of G, such as BFGS algorithms or nonlinear
conjugate gradient.

In order to apply Levenberg-Marquardt, we write Gy as a sum of squares. We define the
scalar functions r;, 1 =1,...,7:

r1 = (Urd(T) — ) - ¢

ry = (Urd(T) — ¢p) - &

r3 = (Urv(T) — vy) - €'

ry = Urv(T) — vy) - (4.29)
(

e = \/i(RHTQ(T>RT — Q) : E’
r7 = (RHTQ(T)RT - Q) : E’.
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Using the r;, Gr is expressed as an integral over a sum of squaures:

7
Gr = / > rf (4.30)
B i1

The integral above is evaluated using Gaussian quadrature over n, = 25e.e, quadrature
points ¢; with weights w;, j = 1,...,ng. Writing r;; for w;r; evaluated at g;, yields Gr as a
sum of squares:

ng 7 Tng
Gr = Z Z T?j = Z e, (4.31)
j=1 i=1 k=1

where the r;, are the r;; arranged as a single list.
To implement Levenberg-Marquardt, we must be able to compute the Jacobian matrix
J of the rp. We compute the derivative of the r; in the direction of a tangent zg:

‘e (4.32)

I'e = \/i(RHTQ(T>RT - Qo) : E?
i; = (RUrQ(T)RT — Q) : B,

where ((2), U, Q) € Hy,;, have initial condition given by z, and evolve according to the dis-
cretized linearized equations. We compute the 7 from the r; in the same manner we obtained
the r from the r;. The Jacobian matrix J is then given by setting z, to be the [th basis
function of Hy,,, computing the corresponding 7, and letting Jj; = 7.

Once we have calculated J, our implementation of the Levenberg-Marquardt algorithm
requires the SVD decomposition of J, which we solve using LAPACK or SCALAPACK.

Newton-Krylov solution to Fr =0

The same techniques used to compute Gr also allow us to compute Fr, the discrete version

of Fr and to compute Fr, the discrete version of the derivative of .7?T. Namely, we evolve
the discretized or linear discretized equations and apply the operator Uz. To solve Fr = 0,
which is a large system of equations, we apply Newton’s method. The iterative solver
GMRES allows us to invert the Jacobian of Fr by calculating only matrix-vector products;

namely Fr. This requires first computing a solution z(X,t) to the equations (2.47) and
then evolving the linearized equations (2.52) about z for multiple initial conditions z,. Since
the values of z(X,t) are needed to evolve the linearized equations, the values of z(X,t) are
stored for all time steps and interpolated (to 8th order, [16]) as needed by the Runge-Kutta
time stepper for the linearized equations.
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4.8 Parallelization

There are many opportunities for parallelization in the numerical algorithms described above.
For the steady state and eigenvalue problems, the main computational cost is performing
matrix-vector solves for the large sparse matrix .A. We achieve some speedup by using the Su-
perLU _Dist version of SuperLLU. Since we are not memory limited, we use the SuperLU _Dist
routines that depend on A being stored on each processor.

The computation of J and its SVD decomposition are the most expensive aspects of
minimizing the time periodic functional G. The computation of J requires evolving n,
solutions of the linearized displacement equations. However, the n, solutions can be evolved
completely independent of each other, leading to an embarassingly parallel problem, for which
we achieved nearly perfect speedup. We also achieved very good speedup by calculating the
SVD of J with ScaLAPACK.

The computational bottleneck for the Newton-Krylov method is evolving the linear equa-
tions (4.16) needed for the matrix-vector products in the inner loop of GMRES. We parallelize
this by finite element domain decomposition.
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Chapter 5

Results

5.1 Choice of units and constants

Our choice of units is Newtons (N), megagrams (Mg), and seconds (s). This choice implies
our unit for length is milimeters (mm).

In the remainder of the results section, we use the following values for constants, unless
otherwise noted. The tire has inner radius r;y = 240mm and outer radius ro = 400mm.
The density of the tire is p = 1 x 107 Mg/mm?®. The bulk modulus x and shear modulus
p are 689 N/mm? and 6.89 N/mm?, respectively. The dimensionless viscosity parameter v
has value 1 and the relaxation time is .01 seconds. The distance from the axis to the road,
h, is 380 mm and the road strength parameter ¢ is 1000 N/mm?. The tire tread thickness
parameter ¢ is 0.1.

We must also define the road force function y(x), which must be monotonically increasing
for x > 0 and satisfy y(x) = 0 for x < 0. A simple choice would be

r)=0, <0
{VV(SU)):L x>0. (5.1)

However, this choice of + is not smooth and leads to non-smooth discretized equations.
Instead we choose the smooth function

{7(:13) o > 0. (5:2)

This function has the drawback of converging to zero exponentially fast as x — 0 from the
right, resulting in an extremeley weak road for small road penetration.

5.2 Example computation of a time periodic solution

We describe a typical computation of a time periodic solution of a treaded tire for both the
Levenberg-Marquardt algorithm and for the Newton-Krylov method.
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Figure 5.1: Plot of the tire as it rotates counterclockwise from one tread to the next. Red
indicates high first principal stress while blue indicates low first principal stress.

The Levenberg-Marquardt algorithm

We choose mesh size e, = 16, e, = 2 and the tire has § = 8 treads and is rolling with
frequency w = 100 Hertz. The tire is rotated such that each tread lines up with its neighbor,
which implies T' = 27 /(fw).

We take 2000 time steps to compute the evolution of the tire as well as the computation
of the Jacobian matrix. This number is chosen to be big enough so that the time stepping
remains stable. We have found that with our 8th order method, a number of time steps that
ensures stability is also large enough so that the time stepping has converged.

The road strenth parameter ¢ is incrementally increased from 0. We use quadratic La-
grangian interpolation to predict the initial condition for each increment based on the pre-
vious ones.
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For each increment of §, we apply the Levenberg-Marquardt minimization to find the time
periodic solution. Levenberg-Marquardt decreases the objective function Gy approximately
by a factor of 10%® and we observe superlinear convergence.

The ¢ increment size is variable and depends on the number of Levenberg-Marquardt
Jacobian computations required to find a minimium. We increase the § increment if only
one Jacobian computation is required and decrease it if more than 2 Jacobian computations
are required. The computation of the Jacobian dominates the calculation and requires 45
minutes for each Jacobian computation using 48 processors. The number of § increments is
typically 40, requiring a total of 22.5 hours.

The Newton-Krylov algorithm

We choose mesh size e. = 32, e, = 4 (see Fig. 5.1), w = 10 Hertz, and we take 10000 time
steps to evolve the weak equations and linearized weak equations. We first perform a true
steady state calculation to determine the deformation of the tire at rest on the road. This
is used as an initial guess for Newton’s method, which then solves Fr = 0 to approximately
8 digits of accuracy. Within each Newton iteration, GMRES performs linear solves on the
Jacobian of Fp. Setting the tolerance on the GMRES residual to 1 x 1072 is sufficient for
Newton’s method to perform well and obtain superlinear convergence. A typical number of
GMRES iterations for this tolerance is 12 and a typical number of Newton iterations is 5.

The GMRES algorithm dominates the computation and each iteration requires approx-
imately 15 minutes on 32 processors, hence the entire simulation requires approximately
15 x 5 x 12 minutes = 15 hours.

It is also possible to incrementally increase the road strength, rotation speed, or tread
amplitude until the desired values are reached as we did with the Levenberg-Marquardt
algorithm, but we find this unnecessary in the above computation.

Comparison of the two methods

The main advantage of the Newton-Krylov method is that it scales very well. We are
not required to form any matrices since the GMRES algorithm only requires matrix-vector
products. In contrast, the Levenberg-Marquardt method bottleneck is forming and storing
the dense matrix J, which has size n, x n,. This makes it an order n? algorithm, whereas
the Newton-Krylov method is order n,. Furthermore, computing the SVD of J is an order
n3 operation, which would eventually become the bottleneck of the Levenberg-Marquardtz
algorithm if the mesh size is increased and the number of time steps is held fixed. For
this reason, we are able to compute time periodic solutions for larger mesh sizes with the
Newton-Kyrlov method than the Levenberg-Marquardt method.

However, the Newton-Krylov method is more sensitive to the relaxation time of the
problem. The larger 7 is, the more iterations GMRES requires to converge. The Levenberg-
Marquardt algorithm does not display this sensitivity, which is perhaps due to its access of
the entire Jacobian matrix instead of only several matrix-vector products.
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Figure 5.2: Plots of the evolution of the first principal stress over one revolution. The plots
represent points at different distances from the hub, from furthest to closest.

5.3 Time evolution of stress of the treaded tire

Given a time periodic solution for the treaded tire computed by the methods above, we
evaluate the first principal stress at various locations on the tire. We note some of the
features of the stress caused by the presence of the treads, which could not be captured by a
steady rolling computation. For these examples, we use the time periodic solution computed
by the Newton-Krylov method as described in §5.2.

Fig. 5.1 shows the principal stress of the entire tire at various points in time, while
Fig. 5.2 shows first first principal stresses at a material point as it makes one full revolution
around the tire. At time ¢t = 0, the material point begins on the positive z'-axis. The first
principal stress spikes as the material point nears contact with the road. The first principal
stress is largest at the outer boundary of the tire where contact with the road is made. We
note that the double peak in the first principal stress for a material point on the hub occurs
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Figure 5.3: Plots of the evolution of the first principal stress over one revolution. The plots
represent points at different locations along the edge of the tire. The top plot is at a tread
peak, the bottom plot is at a tread trough, and the third plot is midway between.
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because of high shear stresses on either side of the portion of the hub closest to the road.

Fig. 5.3 quantifes the difference in stresses at different points along a tread. The first
principal stress decreases as we move from the tread crest to the tread trough. We note
that the first principal stress along the tread trough has small increases during the time
that adjascent tread troughs are coming in contact with the road (approximately during
milliseconds 4-5 and 6-7 in the bottom plot in Fig. 5.3). This is caused by the tread trough
being squeezed by the adjacent treads due to its concave geometry.

We plot the traction experienced by a material point along the edge as it rotates with
the tire in Fig. 5.4. Since the traction is defined to be a vector pointing in the upward
direction, we only plot the magnitude. As expected, the traction is largest at the tread peak
and smallest at the tread trough.

In Fig. 5.5 we observe the shear stress along the hub of the tire, specifically PN -t, where
N is the outward normal along the hub and t is the tangent vector to the hub pointing in
the counterclockwise direction. This figure indicates that the largest shear stresses on the
hub occur radially in line with the tread troughs.

5.4 A rotating viscoelastic oval

We present an example where the numerical method for finding time periodic solutions can
capture the natural oscillations of a viscoelastic body. This demonstrates that the time
periodic framework accurately captures motions that would not be present in any steady
state calculation.

We consider a rotating oval-shaped body, which is modeled in the tire framework by
setting 8 = 2, = 0.4. The oval is spun at 20 Hertz and collides with the road, which we
expect to excite the fundamental of oscillation. By computing the smallest eigenvalue and
corresponding eigenvector of the oval when stationary, we observe the fundamental mode
(see Fig. 5.6) which has a period of oscillation approximately 1.7 x 10~2 seconds.

We compute a time periodic solution for a half revolution of the oval, which has a period of
approximately 0.15 seconds and hence ample time to observe oscillations of the fundamental
mode. The computed time periodic solution shows that the fundamental mode is excited
as the oval contacts the road. In Fig. 5.7 we see good agreement between the angular
displacement of the computed time periodic solution of the oval and the oscillations predicted
by the fundamental mode analysis.

5.5 Example computation of steady state solutions
and eigenvalues

We turn our attention from time periodic solutions of treaded tires to steady state compu-
tations of smooth tires, which requres Newton’s method to solve the nonlinear equations
(4.18). For a typical computation of a steady state solution for the smooth tire, we choose
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Figure 5.4: Plots of traction over one tire revolution. The plots represent points at different
locations along the edge of the tire. The top plot is at a tread peak, the bottom plot is at a

tread trough, and the middle plot is midway between.



CHAPTER 5. RESULTS 46

4 Shear stress at tread crest
T T

E

g oM s ————"F —— — =
~

z, \_/\/

o —
_4 \ \ \ \ \ \
0 0.1 0.2 0.3 0.4 0.5 0.6
4 Shear stress at mid tread
T T

2+ _
-4 L L | | l |
0 0.1 0.2 0.3 0.4 0.5 0.6
Shear stress at tread trough
4 \ \

N/mm?
: o
#
|

-2

! ! ! ! !
0 0.1 0.2 0.3 0.4 0.5 0.6
time (seconds)

Figure 5.5: Plots of shear stresses of material points along the hub over one tire revolution.
The plots represent points at different locations along the hub of the tire. The top plot is
radially in line with a tread peak, the bottom plot with a tread trough, and the middle plot
is midway between.

Figure 5.6: Plots of a simple oscillating mode of the oval over one period.
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Oscillation of the time periodic oval
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Figure 5.7: The top plot is angular displacement of the right-most tip of the oval over
a full revolution of the oval. The oscillation near 0.05 — 0.15 seconds corresponds to the
opposite end (left-most tip) of the oval contacting the road. The large displacement near
0.2 — 0.27 seconds corresponds to the right-most tip itself contacting the road. The bottom
plot displays Re (e*t), where ) is the eigenvalue corresponding to the fundamental mode. The
similar frequency and rate of decay of the two plots near 0.1 seconds indicate the excitation
of the fundamental mode is captured in the top plot.
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mesh size e. = 64,¢e, = 8. Newton’s method typically requires no more than 5 iterations
to decrease the norm between successive iterations by a factor of 102, Often we compute
a sequence of steady state solutions by varying w and using the Lagrangian interpolation
method described in §5.2. In this case, usually only a single iteration of Newton’s method
is required after the first few steps in the sequence. The computation bottleneck of this
method is performing sparse linear solves on the 58112 x 58112 matrix A once per Newton
iteration. The solve for the first Newton iteration requires about 15 seconds on 4 processors
and solves for subsequent Newton iterations require about 8 seconds, since we may reuse the
row permutation used for the first solve.

Once we have computed a steady state solution, we may apply the ARPACK software
to compute the smallest eigenvalues of A. ARPACK requires the user to choose the number
of eigenvalues to compute and to choose the size of the Krylov subspace used to search for
the eigenvalues. These choices can affect whether the ARPACK algorithm converges and
how quickly. We find that searching for 80 eigenvalues with a Krylov subspace dimension
of 300 was most efficient, requiring approximately 460 sparse matrix solves. However, since
the matrix only needs to be factored once, each solve only takes 0.4 seconds. Thus the total
ARPACK algorithm completes in 184 seconds with 4 processors.

5.6 Bifurcations of the free spinning tire

Elastic case

Oden and Lin [24] discovered that for a free spinning elastic tire, the steady state solution
bifucates as the tire speed is increased. Given any tire speed w, they found a radially
symmetric solution z, of the steady state problem. They provided evidence that below
a critical speed w,., z, is the only solution to the steady state problem but for w > w.
the radially symmetric solution z, may bifurcate at speeds w;, © = 1,2,3,... to a steady
state solution with ¢ standing waves. As w increases, the number of standing waves on the
stationary solutions decreases until a bifurcation into a two-peak or even one-peak solution is
found. The bifurcation points correspond to the Jacobian matrix of the steady state solution
problem (4.18) about z,, A.[z,], becoming singular.

We observe the same phenomenon with our tire simulation, and in addition to observing
the singularity of A.[z,] for certain values of w, we follow eigenvalues of A.[z,] as they
approach zero. In Fig. 5.8 we plot the smallest eigenvalues of the operator A.[z,] as w
varies. When w < w,, the eigenvalues are all purely imaginary. This is explained by the
Hamiltonian nature of the free spinning elastic tire described in §3.4. The operator A, is
equal to the Jacobian of Sy, so we may apply the result that if D?*H is positive definite
then the eigenvalues of A, are purely imaginary. When w = 0, the axisymmetric solution
is the identity configuration and we directly compute that D?H is positive definite. As we
increase w to w,, we numerically observe that D*H = J ' A, remains non-singular, hence
positive definite. Thus we expect that the eigenvalues of A, are purely imaginary, which our
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Figure 5.8: Plots of the smallest eigenvalues of A.[z,]. Here w, is near 210 Hertz.

eigenvalue computations confirm. For w > w,., we do not necessarily expect purely imaginary
eigenvalues and in fact, we do observe eigenvalues with a real part. Eigenvalues with a real
component are discussed below shortly.

In the plot on the left of Fig. 5.8, we can see the smallest eigenvalues are bounded away
from 0 initially and then rapidly move toward 0 near 210 Hertz. At the point where they
collide with 0, A, [z,] has a loss of rank, which indicates w.. The plot on the right of Fig. 5.8
is a zoomed-in portion of the plot on the left. There we can see a series of Xs that increase
in frequency as we approach w, ~ 210 from the right. These Xs correspond to the i-peak
standing wave solutions found by Oden and Lin, and where the Xs cross zero indicates the
bifurcation speed w; where A.[z,] is singular. The sporadic eigenvalues not corresponding
to the Xs appear to be due the discretization of the equations and do not persist when the
mesh is refined. Occasionally these eigenvalues have a non-zero real component, but we do
not observe any of these eigenvalues with corresponding eigenvectors that are resolved by
our mesh. If we plot only the eigenvalues that correspond to the w;,i = 2,...,12, we obtain
Fig. 5.9. We denote these eigenvalues as \;(w) with complex conjugate );(w). Note that
Ai(w;) = 0. For each \; and \; there is a complex conjugate pair of eigenvectors. We refer
to the eigenvectors as e;(w) and we plot the real ¢ component of two of the e; in Fig. 5.10.

In addition to the standing wave eigenvectors with ¢ peaks we discover other eigenvectors
which correspond to other bifurcation speeds. We plot these eigenvectors in Fig. 5.11
and note that these eigenvectors have more complexity in the radial direction than the
eigenvectors discovered by Oden and Lin. To investigate this, we note that the rotational
symmetry of our problem implies that eigenvectors must have a certain form. Since z, is
axisymmetric, A.[z,] commutes with a family of rotation operators R(6) defined by

$(X)\ _ [ ROSRT(O)X)
R“)( o >‘(R<e>:><RT<e>X>>' (5:3)

Hence any eigenvector z = (g;b, ) of A, associated to a distinct eigenvalue must also be an



CHAPTER 5. RESULTS 50

Eigenvalues corresponding to the w;
LTl N . i B L f 3 H
] e S : |

40 el R 5 |

imaginary part
o
T

s : y E | : ;
250 300 350 400 450 500 550 600
w (Hz)

Figure 5.9: Plot of the \; and X;. The leftmost X corresponds to A;» while the rightmost X
corresponds to As.
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Figure 5.10: Plot of eigenvectors corresponding to wys and ws. The plots are colored according
to the displacement from the reference configuration, with red being high displacment and
blue being little displacement.



CHAPTER 5. RESULTS o1

Figure 5.11: Plot of the real ¢ component of eigenvectors outside of the N-peak hierarchy
discoverd by Oden and Lin. The plots are colored according to the displacement from the
reference configuration, with red being high displacment and blue being little displacement.

eigenvector of R(#) for all . This implies that z = (¢, &), written as a function of polar
coordinates, is of the form

. , 1 o 1

B(r.6) = ay(r)e++? [ @' } + ay(r)e { : }
(5.4)

o(r,0) = ag(r)e’FH1)? [ 1@, ] + ay(r)e'k-o { 1 ]
Here k is a fixed integer and the a;(r) are functions that depend only on the radial direction
r. Also, it can be verified that the above eigenfunction is invariant with respect to R(6) for
0 = 2mn/k; hence the standing wave solutions with N peaks must be in the above form with
k=N or k=—N.

Given a numerically calculated eigenvector with N peaks, we can compute its Fourier
series in the 6 direction. As expected due to (5.4), we observe that all Fourier modes
are 0 except for two modes: N + 1 or —N £ 1. We repeat this computation for each
value of 7 to determine the functions a,;(r). By plotting the a; we can compare the radial
complexity of different eigenvectors. As in the upper left plot in Fig. 5.12, we observe the
a;(r) corresponding to the e; have one local extremum. The a;(r) corresponding to other
eigenvectors has more radial complexity with 2, 3,4 or more local extrema.

We find an N-peak hierarchy of eigenfunctions with a; having two local extrema. These
eigenvalues are denoted e; o with corresponding eigenvalues and bifurcation speeds denoted
by A;2 and w; 9, respectively. Fig. 5.13 shows the corresponding paths of their eigenvalues.
As in Fig. 5.11 and 5.12, we find eigenvalues with more radial complexity than the e; 5. This
suggests that the standing wave solutions may be described by a two-dimensional hierarcy
e; j; where 7 is the number of peaks in the circumreferential direction and j is the number
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Figure 5.12: Plots of the real part of a; for various eigenvectors. The top left plot corresponds
to the e;. The top right plot corresponds to N-peak bifurcations with extra radial complexity.
The bottom plots correspond to eigenvectors with even greater radial complexity.
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Figure 5.13: Plot of the A, » and 5\1-72. The leftmost X corresponds to Ajz 2 while the rightmost
X corresponds to Ay .
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Figure 5.14: Plots of the smallest eigenvalues of A[z?] in the viscoelastic case. Here w? is
near 285 Hertz.

of oscillations in the radial direction. It is an unresolved question whether the w; ; converge
to w. as ¢ — oo for fixed j or if perhaps there is a distinct critical speed for each j.

Viscoelastic case

Adding viscoelasticity to the free spinning tire changes the eigenvalue picture considerably.
We still find a single radially symmetric solution z;, for any tire speed w, and we compute
the eigenvalues of the operator A[z!], which we plot in Fig. 5.14.

One major difference between the eigenvalues in the elastic case (as in Fig. 5.8), is that
the Hamiltonian structure is destroyed and we no longer expect purely imaginary eigenvalues.
In fact, all of the eigenvalues we observe have a real component, there were no eigenvalues
passing through 0, and the matrix A[z?] always remains non-singular. Thus we find no bifur-
cation speeds that lead to other steady state solutions. Yet there is still an event analogous
to the critical bifurcation speed from above, at which point the many eigenvalues approach
0, although they do not pass through 0. We call this speed w?, which is approximately 285
hertz.

We also observe eigenvalues of A[z!], denoted \Y, which are analagous to the \; of the
elastic case. By “analagous”, we mean that the imaginary part of the A} form Xs and the
corresponding eigenvectors, denoted e, have a similar structure to the e;. Unlike the e;, the
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e} have a viscoelastic stress component which we plot in Fig. 5.15.

As was the case with the \;, the A} correspond to a series of X’s in the imaginary
component of the eigenvalue plot. The X’s increase in frequency as we approach w! and we
call the speed where these X’s cross zero w;. However, the w! are not bifurcation speeds,
since their corresponding eigenvalues have a non-zero real component. Instead, we refer to
them as pseudobifurcation speeds. We plot these eigenvalues in Fig. 5.16, and obtain a very
similar picture to Fig. 5.9, with the addition of a real component.

As in the elastic case, we find eigenvectors and eigenvalues that do not correspond to the
standing wave eigenvectors with ¢ peaks identified by Oden and Lin. This suggests there is
a two-dimensional hierarchy e7; in the viscoelastic setting as well as the elastic setting.

5.7 Instability of the linear viscoelastic model

Perhaps the most noteworthy observation from Fig. 5.16 is that the real part of the A}
increases as we increase w until the real part is greater than zero at wj, indicating an
unstable mode.

We perturbed the stationary solution corresponding to tire speed 461 Hertz ~ wj§ in the
direction ef and allowed the tire to evolve with this initial configuration. Surprisingly, we
observed the system exponentially gain energy to the point that our numerical time stepper
returned NaNs. We observed the same phenomenon with any initial condition evolved at
rotation speeds greater than approximately 420 Hertz.

Fig. 5.17 shows the exponential increase in elastic energy. To ensure that this nonphysical
behavior of the linear viscoelastic model was not caused by any numerical issues, Fig. 5.17
shows the energy for several mesh sizes. Reducing the time step size and refining the mesh
did not significantly affect the rate of exponential increase. We also repeated the experiment
with the elastic model using analogous initial conditions: z, perturbed in the direction e
with tire speed w = 470 Hertz =~ ws3. Fig. 5.18 indicates that the elastic model shows no
increase in energy and that the numerical simulation shows no signs of instability. These
results provide evidence that it is the viscoelastic model itself that causes the nonphysical
exponential increase in energy.

We recall that our viscoelastic model was proposed by Govindjee and Simo [15], which
in turn is based on the theory of J.C. Simo [31]. The model of Simo is used in many finite
element programs and similar approaches are taken [17, 18]. That this viscoelastic model can
lead to increasing elastic energy is not as surprising if we consider the later work of Govindjee
and Reese, which points out some of the drawbacks of the model of Simo. Govindjee and
Reese note in [28] the linearity of the Simo’s model restricts its validity to strain states
near equilibrium and that it has not been proven that Simo’s model satisfies the 2nd Law
of Thermodynamics. At high speeds the strain state of our tire is far from equilibrium,
hence it is plausible that Simo’s model becomes invalid and leads to our observation of
exponentially increasing elastic energy. To address these issues, Govindjee and Reese [29]
proposed a nonlinear viscoelastic model which can be shown to satisfy the 2nd Law of
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Figure 5.15: Plot of eigenvectors corresponding to wj, and w?. The plots on the top are
colored according to the displacement from the reference configuration, with red being high
displacment and blue being little displacement. The plots below are colored according to
the frobenius norm of the viscoelastic stress tensor.
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Figure 5.16: Plot of the real and imaginary components of the eigenvalues corresponding to
the wy. The leftmost X corresponds to wj, while the rightmost X corresponds to wj.

Thermodynamics. We shall refer to this model as the nonlinear model and refer to Simo’s
model as the linear model, which we described in §2.7. We apply the nonlinear model to our
constitutive relations.

Recall the stored energy function ¥, from §2.6

o, = 2(13 —logl; — 1) + 5(1 — ) (I, —log Is — 3) + gs(f2 ~2logl; —3),  (5.5)

which depends on the invariants I, I, I3 of C. In addition to W., consider a second stored
energy function ¥, which depends on the invariants of an internal variable b, I7, I§, IS:

U, = (Z (IS —log IS — 1) + 5(1 — ) (I¢ — log IS — 3) + gs(fg —2log I — 3)) . (5.6)

In the plane strain case that we consider, the internal variable b, is a tensor on R? and the
b, 0

0 1

As with the linear model, we can define the first Piola-Kirkhhoff stress tensor by

invariants I7, I5, IS are obtained from the augmented tensor

P=P. +P,, (5.7)
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x 10* Exponentially increasing energy for a tire spinning at 461 Hz
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Figure 5.17: The upper plot shows the elastic energy for the steady state solution to the
linear viscoelastic model perturbed in the direction of ej. We repeat the calculation for
three mesh sizes. The discrepancy between the finer meshes is barely visible on the plot.
The lower plot shows the error when halving the time step for the finest mesh.

where P, is given by 0W,./0F. In contrast to the linear model, P, is now given by

P’U = 28\IIU beF_T
a% (5.8)
= v (FU5 = DI+ (L = 5)(b, = 1) + ps(Ib, — b2 —21) | F "

The model is complete given the dynamics for the interval variable b,:

b, = £b, + bL" —2V(1.)b, (5.9)
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x 10 Elastic energy for a roller spinning at 470 Hz under the elastic model
1.2 T T T T

Elastic energy (N mm)

0)05 0.1 0)15 0.2 0.‘25
time (seconds)

Figure 5.18: We plot the elastic energy for the steady state solution to the elastic model

perturbed in the direction of ej. Unlike the viscoelastic case, the elastic energy does not

increase.

where
¢ =FF!
ow,
Te = 25y, De (5.10)

1 1
V(Te) = Cl <Te — §(tr Te):[) + Ogé(tl' Te>I .

For positive constants C', 5, it can be shown that for an evolution problem with free or
Dirichlet boundary conditions, the total energy & = fB v, + fB v, + &t fBV - Vv is non-
increasing.

C} and C5 control the volumetric and deviatoric viscoelastic response, respectively. We
choose the constants C, Cy so that the viscoelastic reponse for the nonlinear model approx-
imately matches that of the linear model. To compare the response of the two models, we
evolve two initial states with w = 0: one the expands the tire and one that twists the tire.
The first state consists of an initial velocity that expands the tire radially. We then com-
pare the radial displacement on the edge of the tire given by the two models. The second
state consists of an initial velocity that twists the tire counterclockwise and we compare the
vertical displacement of a point on the rightmost edge of the tire. The two initial states are
intended to measure the volumetric and deviatoric viscoelastic responses, respectively.

We find that ) .

C, = — Co = — 5.11

! 2ut > okt ( )

gives very close agreement between the models for these initial states. In Fig. 5.19 and Fig.
5.20 we plot the results of these tests.

Given these choices of parameters, we evolve the nonlinear model under the same initial

conditions and tire speed used to produce Fig. 5.17 and observed no blow up. We plot the
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Figure 5.19: The top plot shows the radial displacement on the edge of the tire for the
expanding initial state for the two viscoelasticity models. The bottom plot shows the error
between the models. The error between the models is several orders of magnitude smaller
than the displacement so that only a single plot can be seen in the top panel.
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Figure 5.20: The top plot shows the vertical displacements of the rightmost edge of the tire
for the twisting initial state. The bottom plot shows the error between the models. The
error between the models is several orders of magnitude smaller than the displacement so
that only a single plot can be seen in the top panel.
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x 10 Elastic energy for a roller spinning at 547 Hz under the nonlinear viscoelastic model
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Figure 5.21: Plot of the elastic energy for the same initial condition as in Fig. 5.17, but
using the nonlinear model of viscoelasticity. Unlike the linear viscoelastic model case, the
elastic energy does not increase, on average.

evolution of the elastic energy according to the nonlinear model in Fig. 5.21. For a large
range of viscoelastic parameters, we observed blow up in the linear model, but never in the
nonlinear model.

We note that the nonlinear model fits into our entire numerical framework with no
significant changes or major computational expense. The storage requirements are identical
since instead of storing the symmetric matrix Q in the linear model, we store the symmetric
matrix b.. There is a small percentage of extra computation due to the fact that the time
evolution of b, depends nonlinearly on b,, as opposed to the evolution of Q which is linear
with respect to Q. This is partially mitigated by the fact that the dependence of b, on ¢
and v is simpler than than dependence of Q on ¢ and v. Using the nonlinear viscoelastic
model, we are able to compute time periodic solutions of the treaded tire and find stationary
solutions.

In addition to computing time periodic solutions, we may also perform the same eigen-
value analysis with the nonlinear model as we did with the linear model in §5.6. Recall
that with the linear viscoelastic model we observed in Fig. 5.16 eigenvalues with steadily
increasing real part. Fig. 5.22 and Fig. 5.23 show the analogous picture for the nonlinear
model. We observe that the real part of the eigenvalues for the nonlinear model remains
negative and bounded well away from zero. The real part of an eignevalue associated with
an N-peak solution decreases as w increases, which is the opposite of the behavior in the
linear model case.

We conclude that while the linear viscoelastic model works well for a large regime of tire
speeds, there are conditions under which it can lead to a nonphysical increase in the elastic
energy. The nonlinear model, which can be shown to satisfy the 2nd Law of Thermodynamics,
exhibits no nonphysical increase in elastic energy.
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Figure 5.22: Plot of the real and imaginary components of the eigenvalues corresponding to
the w; using the nonlinear viscoelastic model. The leftmost X corresponds to wy, while the
rightmost X corresponds to wj. The real part of the eigenvalues is negative, bounded well
away from zero, and sloping downward.
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Figure 5.23: Rescaled version of the lower plot of 5.22, which shows the slope of the real
part of the eigenvalues.
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Chapter 6

Conclusions

We have described a framework to compute time periodic motions of a viscoelastic two-
dimensional tire rolling on a road and we have applied two algorithms, Levenberg-Marquardt
and Newton-Krylov, to find solutions. While the Levenberg-Marquardt algorithm is less
sensitive to the viscoelastic parameters, the Newton-Krylov method is more efficient and
scales well to large problems. Either of these methods can compute the motion and stresses
for a steadily rolling treaded tire, for which the stationary solution approach does not apply.
We are able to investigate the evolution of stresses along various points of the tire, such
as tread peaks and troughs, as they come in contact with the road. The time periodic
methodology naturally captures the fundamental oscillations of viscoelastic bodies.

Oden and Lin [24] discovered a class of N-peak standing wave stationary solutions for
the free spinning elastic tire. We discover a larger class of standing wave solutions that
display increasing radial complexity. Whereas Oden and Lin noticed N-peak standing waves
due to the linearized operator becoming singular, we follow the corresponding eigenvalues
that become 0. These eigenvalues are purely imaginary, which we prove for low speeds using
the Hamiltonian structure of the problem. We repeat our analysis with the addition of
viscoelasticity and discover that there are no standing wave solution bifurcations, but that
eigenvalues persist with corresponding eigenvectors analagous the N-peak standing waves.

These eigenvalues have a non-zero real part due to the viscoelasticity, and we observe that
at high tire speeds, the real part of these eigenvalues becomes greater than 0. This leads us to
discover that our viscoelastic model, based on the linear viscoelastic model of J.C. Simo [31],
can cause nonphsyical growth of the elastic energy of the tire. We implement a nonlinear
model proposed by Govindjee and Reese [29] for which the 2nd Law of Thermodynamics can
be proven. With this viscoelastic model, we do not observe any nonphysical growth and the
real part of the eigenvalues corresponding to N-peak standing waves remains negative. For
high tire speeds, we conclude that the nonlinear viscoelastic model is more appropriate.
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Appendix A

The linearized equations

Recall the linearized equations (2.52):

fo#rem fios
[ [[Fions [ i s
/QK Ji(ras )

We explicitly compute P, Se, and /}\1 We need several series of computations. The first

set culminates in the computation of P:

F=Do

C=F F+FF

I, =2(F: F)

I;=detC =2,(F T F)
Fle_F BFT

P = S(LF T+ (I~ JF )

(1= $)(F—F ")+ pus(l,F + ,F — (FC + FC) — 2F )
P, — (FQ+FQ)
P=P.+P,.
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The second set of computations culminates in S.:

F— Do
> ~T T~  ~T. 2
C—FF+F F+F F+FF
C'=_-C'CC!
c'—_clec'—clccl—clec!
det C = det C tr (C‘l(}) + det Ctr (6‘\1('3 + C‘lé)
S, — : [(deﬁ C)C™' + (det C)C ! + (det C)C ! + (det C — 1)0'1}

(=) (—(/:\1) ¥ s ((tré)x _C- 26'\1) .

Thirdly, we compute h.
Ty = ¢,
E = —(5’)//(—h — l’g)/l‘\geg .
Recall for the nonlinear viscoelastic model of Govindjee and Reese, we have that

P, =v (g(fg )T+ p(1— )b, — I) + ps(Itb, — b2 — 21)) FT =7 F!

b, = £b, + b LT —2V(7,.)b, .

We compute l;e and f’vz

-~

fle = (b : 1)
I§ = I(b, " : b.)
=v (gfgl 4 (1 — )by + ps(Itb, + I°b, — (b.b, + Eebe)))

—_

P,=7F " +7.F "
{=FF '+ FF!

— 1 (1 1
D= — (70— —(tr TN ) + —(tr 7))

V(Te.) 2M7'<T 2(r7’)>+4m_(r7')

—

b, = &b, + b £ — 2V(r.)b,
— (b, + £b.) + (DT + bolT) — 2(V(72)be + V(.)by).





