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Classical Model for Electronic Degrees of Freedom: 

Charge Transfer in Na + I Co11isi6ns 

by 

s. K. Gray and W. H. Miller 

Department of Chemistry and Materials and Molecular Research Division, 
of the Lawrence Berkeley Laboratory, University of California, 

Berkeley, California 94720 

Abstract 

Charge transfer in Na + I collisions is treated with the classical 

analog Hamiltonian developed previously by Miller, McCurdy, and Meyer. 

Purely classical trajectories are shown to describe the energy dependence 

of the ionization cross section reasonably well. A semiclassical 

perturbation theory analysis, valid at high energies, is also given. 
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I. Preliminary Remarks 

One of the classic problems of chemical dynamics is collisional 

ionization.l The problem is nonadiabatic in that at least two Born 

Oppenheimer potential surfaces and their associated couplings must 

be considered. Quantum mechanics provides the natural language for 

the description of such processes. However, since a full quantum 

mechanical treatment is often difficult--particularly if one or both 

of the collision partners is a molecule--there is interest in developing 

simpler classical models. One approach that has proven tb be successful 

in a number of applications is Tully and Preston's surface-hopping 

trajectory method. 2 As pointed out by Miller,3 this approach, in 

mixing classical and quantum dyanrnical treatments, can occasionally miss 

certain dynamica-l resonances. An alternative classical approach, due 

to Mille·r, McCurdy, and Meyer, 4 remedies this situation by treating 

both the relevant nuclear and electronic degrees of freedom classically, 

and has been shown to describe successfully fine structure transition 

in fluorine atom collisions with atoms and molecules. The essence of 

this approach is to work backwards from the quantum representation and 

obtain a classical analog Hamiltonian. The key electronic degrees of 

freedom are described by canonically conjugate action-angle variables 

and purely classical trajectories determine the dynamics. 

In Section II classical trajectories, based on the classical 

analog Hamiltonian , are used to describe the charge transfer reaction 

Na + I + 
-+ Na + I (I.l) 

for which the quantum mechanical results of Faist and LevineS are 

available for comparison. In Section III, semiclassical perturbation 

n r 
V 



\ .• -

" , 

-3-

6 theory is applied to the classical analog, yielding an expression for 

the transition probability valid at high energy. 
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II. Classical Trajectories for Na + I ~ Na+ + I 

The classical analog Hamiltonian that describes reaction (1.1) 

. 4 
~s 

H(P,R,n,q) 

(ILl) 

In Eq. (11.1), R is the internuclear separation, U is the reduced 

mass, and ~2 is the orbital angular momentum which is also related 

to the impact parameter through ~2 = 2UEb 2 
Voo and VII are the 

diabatic potential curves representing covalent and ionic states, 

respectively, and VOl is the coupling between them. The ~lectronic 

degree of freedom is described by the action-angle variables (n,.q). 

A value of n near 0 corresponds to the mostly covalent state, whereas 

a value near 1 corresponds to the mostly ionic state. Although 

Eq. (11.1) involves diabatic matrix elements, there is also a form 

that involves adiabatic elements, that could be used if desired.
4a 

The diabatic matrix elements of Faist and Levine5 were employed 

7 in a relatively standard quasiclassical trajectory study. For various 

fixed center-of-mass energies E, the initial coordinates and momenta 
o 

were taken as RO = 160 A, Po = - 12UE , q = 2TI~, and nO = 0, where 

~ is a random number between 0 and 1. The rather large value of RO 

was necessary because of the long range of some of the interactions 

involved. 2 
The impact parameter b (and thus ~ ) was also determined 

for each trajectory by b = I:[' b where ~' is another random number max' 

and b is a value of b large enough so that no ionization will occur max 
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beyond it. A fixed value of 9 A was found satisfactory for b , - max 

although of course it would be more efficient to determine the 

smallest possible b value for each energy. The four coupled 
max . . . 

Hamilton's equations for R, P, q, and n were then solved numerically 

for each trajectory. It was found sufficient to terminate trajectories 
o 

when R > 15 A and P > O. n was then stable to three significant 

f · If bId 3 h' d' 19ures.« n was etween 2 an 2' t e trajectory was terme react1ve. 

7 
The ionization cross section was then given by the Monte Carlo formula, 

(J = 7Tb2maxPr' where Pr is the proportion of reactive trajectories. 

Approximately 400 trajectories were run at each energy, yielding 

cross sections with uncertainties of about 10%4 

The results of the calculations are shown in Figure If and for 

. h 1 f F . d L . 5 1 h compar1son, t e quantum resu ts 0 a1st an eV1ne are aso sown. 

The agreement is reasonably good. It should also be noted that for 

present atom-atom collision system it would be relatively easy to 

utilize the classical trajectories within the framework of classical 

S-matrix theory, and in light of the discussion in ref. 4 it is likely 

that even better agreement with the quantum results would be obtained. 

Our present interest, though, has been in seeing how well the classical 

analog model works within the quasiclassical approach, for it can be 

readily applied to the case that one (or both) of the collision partners 

is a molecule. 

. ,.,.,. 
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III. A Semiclassical Model 

The encouraging results of the previous section suggest that a 

semiclassical model, based on the classical analog, might be 

appropriate. The semiclassical perturbation theory of Miller and 

Smith,6 which has been recently used in a number of applications,8 

is followed here. The Hamiltonian is written as H = HO + Hl , where 

. and 

_.I 1 3 • 
Hl = 2 ~;(n + '"2) <'"2- n) VOl cosq 

The semicla·ss.ical S matrix for an n =0 -+- n:=l transit.ion. is then 

given within this approxima·tion by6 

with 

pr dq e-iq e-iA 

)0 

In Eq. (III.2), q is understood to be the initial value of the 

(III.la) 

(III.lb) 

(III.2a) 

(III. 2b) 

electronic angle variable. The time dependence in Eq. (III.2b) is 

assumed to arise from a zero-order trajectory determined by HO alone. 

9 
As an illustration, consider the Landau-Zener model, with VOO = 

-Fa (R-Rx), Vll = -F
l 

(R-Rx) and Val = constant. In addition, the 

(I 
r; 

~, 

f \ 
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2 nuclear velocity is assumed to be constant and we take ~ = O. Within 

the stated assumptions, the zero-order trajectory is simply 

R(t) = Pt/ll + R x 

p(t) = P 

q(t) = P(F -F ) 2 -t /2ll + q o 1 

n(t) 1 (III. 3) = -
2 

where the zero of time correspond~ to the crossing point R and the 
x 

constant value of n (to zero order) was chosen to be the average, 

6 (0+1)/2, to ensure synune·t.ry o·f the S matrix. Inserting Eq. (IIL3) 

into Eq. (IIL.lb) in.to Eq .• (III..2) res·ul.ts in 

-iq -iZ(cosq:"sinq)/v'2 
e e (III.4a) 

where 

(III.4b) 

Eq. (IIL4a) can be represented in terms of the Bessel function J l , 

with the resulting transition probability 

9 The exact quantum result is 1 -

(III. 5) 

Thus, in the limit Z~, 

.,~ 
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2 2 since J
l 

(Z) ~ Z /4, it is seen that both the quantum and perturbative 

semiclassical limits are the same. For small arguments Z, i.e., large 

velocities and/or small couplings, the semiclassical analysis is 

accurate. It is interesting to note that this approach gives b"etter 

results than both the standard classical trajectory method and 

primitive semiclassical mechanics in this regime (see reference 4c 

for the classical and primitive semiclassical results). 

To apply the perturbative semiclassical method to more general 

two state problems, such as the charge transfer reaction of Section II, 

one not.es that the zero order motion for q, with a·rbitrary VII and VOO' 

is 

t 
q(t) = q + [' (Vll-VOO)dt 

0 

t - I.W dt (III.6) = q + 
0 

Inserting Eq. (111.6) into Eq. (II1.2b), and changing integration 

variables from t to R (d't = llP-ldR) results in 

R R 

A = 211 rJ f -1 -cos P llwdR'-sinq 

R 

sinS 
R

t 

-1 -1 
P llwdR' ) P dR 

R
t 

00 

cos J sin! .( V01 (cosq 
-1 P -111WdR ') P -1 dR] + P llwdR'-sinq 

t t 

(III.7) 

where P = ± "/211(E-j/,2/211R2 (V
OO

+V
11

)/2 , and Rt is the turning 

J I 
}. 

" I 

I i 
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point. In the first part of Eq. (111.7), P > 0 corresponding to 

the incoming trajectory and in the second part P > 0 corresponding 

to the outgoing trajectory. Taking into account the symmetry of the 

trajectory about Rt thus gives 

where 

Z = 411 100 

VOl (R) cos 
R 

t 

A = Z cosq 

1 p-l)lwdR')P-1dR 

t 

(III. 8a) 

(III.8b) 

The integral in Eq. (III..8b) may be more conveniently evaluated in 

the original time representation, in which case 

Z = 41' dt VOl (t) cos ( ~' w( t ') dt ') dt 
o . -t (111. .. 9) 

where the zero of time is now the turning point of the trajectory. 

From Eq., (III.2a), the S matrix then becomes 

-1! -iq -ii cosq Sl+O = (2n) dq e e 

which leads to the transition probability 

= J 2(Z) 
1 

(III. 10) 

(III.ll) 

To apply the above results to the problem of Section II, the cross 

section 
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a(E) = 21T I bdbP(Z(b» 
o 

(III.12) 

was computed, where the impact parameter dependence of Z has been 

noted. Rather than use the exact zero order motion based on HO' 

a simpler straight line trajectory approximation, R(t) = 1r7b-;;2~+-(-p-/-j.1-)-:::::2-t=2, 

was employed (with P fixed at its initial values), which should be valid 

at the higher energies. Since the perturbative treatment is really 

only valid in this region, this is not a severe approximation. The 

integrals in Eqs. (111.9) and (111.12) were evaluated numerically, and 

the result is shown in Figure 1 as a dashed line. In the high energy 

region it is seen that the semiclassical analysis works well, as 

expected. Such charge transfer reactions typically have high 

transition probabilities and represent a rather severe test of the 

semiclassical model, which is better suited for low transition 

probabilities (small coupling). 

( , 
'1., 
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IV. Concluding Remarks 

The success of the classical trajectory analysis of Section II 

suggests that the classical analog may be useful for studying 

charge transfer in more complex systems, such as M + X2 -+ M+ + X2-

10 
where M is an alkali atom and X2 a halogen molecule. The classical 

analog model is, in fact, tailor-made for non-adiabatic processes 

in these more complex systems, for the only additional complexity 

beyond a straight-forward one-surface trajectory calculation for 

M + X
2 

is the extra "classical electronic" degree of freedom (n,q). 

The s'emiclassical perturbation theory analysis of the classical 

analog, given in Section III, is less generally applicable since it 

is valid only in the case of small coupling and transition 

probabilities. In this limit, however" it is more appealing than 

the classical analog traj ec·t'ory method because it allows the 

calcula·tion to proceed further analytically before one must resort to 

numeri.cal techniques, and also because the "semiclassical" aspect of 

the model goes further toward a correct quantum theory than the 

classical trajectory treatment of the classical analog model. 
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Figure Caption 

+ Cross section for the. process Na + I -+ Na + I , as a function 

of initial translational energy. The solid curve is the quantum 

mechanical coupled channel calculation of reference 5, the open points 

the results given by the classical analog model of Section II, and the 

dashed curve the results given by the semiclassical perturbation 

approximation of Section III. 
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