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CONVOLUTION TECHNIQUES IN ANALYTICAL ELECTROCHEMISTRY

by

JEFFREY JAMES TOMAN

Chapter 1

The application of curve fitting techniques to convolution

potential sweep voltammetry, called convolutive voltammetric curve

fitting, is described. Fitting functions are derived from theoretical

relations among semiintegral, current, and potential. Use of these
fitting functions allows the return of more mechanistic information
than was previously possible.  Validity of the techniques is
determined by application to artificial voltammograms created by
digital simulation methods. The validity of semiderivative
voltammetric curve fittingvin fitting waves of several kinetic

‘mechanisms is also investigated.

Chapter. 2

The usefulness of semiderivative voltammetric curve fitting

(s.v.c.f.) is determined in application to real linear sweep and

anodic stripping vo]tammograms; An experimental setup is described in



jv

which data acquisition and experimental control are performed solely
by a dedicated laboratory microcomputer. S.v.c.f. is successful in

the fitting of classically reversible voltammograms, and kinetically
controlled anodic stripping voltammograms, but is not successful in
fitting kinetically controlled linear sweep vol tammograms. -Effects of <

perturbing influences on the method are discussed.

Chapter 3

Semiderivative voltammetric curve fitting is J%ed for the
resolution of overlapped linear sweep and anodic stripping
voltammetric waves. The mefhod is successful in the resolution of
. voltammograms of nearly classically reversible systems at peak
separations of 40 mV. Effects of homogeneous kinetics and residual
current on resolution are discussed, as well as enhéncement of

resolution through constraining peak widths.

Chapter 4

A new method for the numerical evaluation of the convolution )
integrals found in the solution of e]ectrochemica] boundary value )
problems is discussed.  The method leads to the application of @
cqnvolution techniques to more complex e]ectrochemiba] systems than

was previously possible. The method is derived from relations for

concentration profiles of electroactive species in the Laplace



o

transform domain, and uses the discrete Fourier transform to create a

~ time domain convoluting sequence. The method works in the derivation

of the convoluting sequence used to evaluate the semiintegral, and is

discussed in application to more complex systems.
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CHAPTER 1

CONVOLUTIVE VOLTAMMETRIC
* CURVE FITTING



1.1 INTRODUCTION

Linear sweep voltammetry (1sv) has several advantages as compared
to other dynamic electrochemical techniques. These include a much
larger dynamic range of scan rates, simpler instrumentation, and a
simpler physical description of the electrochemical system. For many
years, however, d.c. polarography was~the5dynamic electrochemical
method of choice both for ana]yticé] determinations and for
investigations of the physical properties of electrochemical systems.
This was because the observed current-potential function in 1sv,
called the voltammogram, is a broad, asymmetric wave (Figure 1.1), as

compared with the sigmoidally shaped polarogram.

The renaissance of electrochemistry that took place in the early
1960's resulted in electrochemical techniques that have to some extent
combined the advantages of 1lsv and dc polarography.  The renaissance
was caused by the introduction of operational amplifier technology to
electrochemical instrumentation; important results of this development
are potential step methods such as differential pulse polarography
(1-4), and square wave voltammetry (5-7), and also thé potential sweep
technique of ac voltammetry (8-9). The physical description of the
electrochemical system for these methods is more complex than in Isv.
As a consequence, except for ac voltammetry, the resultant
current-potential functions for the new techniques are not describable
by simple expressions such as the Heyrovsky-Ilkovic equation in dc |
polarography. This makes interpretation of the waveform difficult.

In addition; scan rates for these techniques are still limited in



dynamic range as compared to 1sv.

There is a more far-reaching rebirth in electrochemistry today,
caused by the appearance of low cost laboratory microcomputer and
microprocessor technology. App]ications:bf‘microcomputers and
microprocessors in analytical chemistry are legion; this is evidenced
not only by the numbér of reviews of computer applications invthe
mainstream of éna]ytica] literature (see, for examp]e,'Refs. 10-16)
but a]sq by the appearance of journals devoted solely to applications
of computers to chemical problems. Such journals include Computers in
Chemistry, the Computer Techniques and Optimization volumes of
Analytica Chimica Acta, and a new Chemometrics review in Analytical

Chemistry, among others.

For research scientists there are at least two major motives for

computerization. One is that computers, especially for complex

procedures, can control experimental conditions quite precisely. This

leads to increased precision in the results of complicated
electrochemical techniques (17) such as linear sweep vo]tammetty,
anodic stripping vo]tammetry and potentiometric stripping analysis
(18-24). The second motive is that computers, when céup]ed with rapid
analog to digital converters, have the ability to take and store large
amounts of digitized data. This makes possible the routine
application of sophisticated numerical techniques for the purposes of

signal to noise enhancement, resolution enhancement, or both.

This work discusses the application of one such numerical

technique, called convolutive potential sWeep voltammetry, (or



C.p.s.V.), to the analysis of linear sweep vol tammograms. Convolutive
potential sweep voltammetry in many cases can effect the
transformation of the broad Tsv waveshape into a form as tractable as
that of a dc polarogram. The transformed 1sv wave is describable by a
simple analytic function, which makes possible, by means of curve
fitting, both signal to noise enhancément and resolution enhancement.
Furthermore, because convolutive potential sweep voltammetry has a
rigorous theoretical basis, physita] properties of the electrochemical
system are easily determinable from the transformed wave. The
advantagés of c.p.s.v., along with the other advantages of Isv, make
linear sweep voltammetry coupled with convolutive analysis the method

of ‘choice for many ana]yticaT and physical chemistry investigations.

: This work will investigate the.curve fitting of 1sv waves that
have been tranéformed by means of c.p.s.v.; the technique will be
referred to as convolutive voltammetric curve fitting, or c.v.c.f.
C.v.c.f. s app11ed to simple charge transfer reactions. An exact
theory for analysis of charge transfer reactions will be presented.
Using this theory, information about many of the parameters of a
simple electrode reaction can be deduced from a single scan; as will
be shown,lthis exact theory allows more information to be gained from
the more complicated quasi-reversible system than from the simpler
reversible or irreversible charge transfer systems. In addition, a
simpler, more empirical view of the theory will be presented to make
possible enhancement of the resolution of overlapped peaks of
non-reversible charge transfers. The usefulness of either method of

analysis-will be demonstrated by application to artificial Isv data
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created by digital simulation.

This work will also investigate the application of c.v.c.f.
techniques to electrochemical systems that also include effects due to
homogeneous chemical reactions. As for the simple charge transfer, an
exact- theory is developed which allows information about the nature of
the homogeneous chemical reaction to be deduced from a single scan;
this information is gleaned from analysis of more complex
electrochemical systems than have been heretofore used for analysis.
As a bonus this theory results in the separation of the homogeneous
kinetic effects from the electrode kinetic effects, thus allowing the
return of information about both. In addition to the exact theony,ﬁ
the same semi-empirical treatment of the data as -discussed for the
simple charge transfer reaction will be applied to .the systems with
comp]icating‘homogeneous kihetics, with an eye towards the resolution
of overlapped kinetic peaks. These approaches will be demonstrated by
application to artificial 1sv data for the CE and EC kinetic

mechansisms. The data will be created by digital simulation.

1.2 LINEAR SWEEP VOLTAMMETRY

Convolutive potential sweep voltammetry is derived from the
results of linear sweep voltammetric theory, a]fhough as stated above
c.p.s.v. leads to more easily interpreted waveforms. To appreciate
this, it is first necessary-to review results of linear sweep

voltammetric theory. In particular the discussion of the theory to -



follow will stress the importance of the concept of limiting cases of"

kinetic behavior in the systems considered.

The Titerature on 1sv is quite extensive (25-29). Typical
applications of 1sv have been to problems in quantitative analysis,
the determination of stability constants, and investigations of
kinetic mechanisms. Linear sweep voltammetry is more formally known
as linear potential sweep:chronoamperometry. Called by either name,
the technique consists of varying the potential between an ideally
polarizable electrode, called the working electrode, and an ideally
non-polarizable electrode,-ca11éd the reference electrode. The
potential between these two electrodes is varied as a lihear function
of time, hence the name bf the technique. The current between the
working electrode and another polarizable electrode, called the
counter electrode, is monitored as a function of the applied
potential. A typical current function QbserVed in lsv is shown in

Figure 1.1,

A]thoughllsv as a technique dates back to 1938 (30), theoretical
development waited for another ten years until the work of Randles
(31) and Sevcik (32). The prob]ém of the reveréib]e charge transfer
at a planar electrode was so]ved-independéntly by these two men.
Another seven years passed until the treatment of the irreversible
charge transfer (33), but after this time advances in the theory of
linear sweep voltammetry occurred rapidly. Several reviews have been
written on the theory of many electrochemical mechanisms (34-36); the

book by Galus (35) is a particularly helpful reference work for
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Figure 1.1: Linear sweep voltammogram of a reversible system.



discussion on the theory deve]oped to date.

1.2.1 Charge transfer systems

The theory.for the treatment of reversib]e,-irreversib]e and
quasi-reversible charge .transfer systems witho&t complicating
homogeneouskinetics was: first fully developed by Matsuda and Ayabe
(37), although the -paper by Nicholson and Shain (38) is often
referenced with regard to this system. The system is defined by the
simple charge transfer reaction

KO
Ox + ne” = Red | (1.2.1)

where k° is the charge transfer rate constant for the electrode

reaction,and in general may assume any value.

The theory that predicts the behavior of any electrochemical
system is derived from the solution of the boundary value problem that
describes mass transport in the given system. The specification of
the. boundary value problem for the general charge transfer reaction is
the same as that of the reversible charge transfer, except that the
Nernst relation is replaced by the Butler-Volmer relation. The
genekal solution to the boundary value problem of the simple charge
transfer is that of the quasi-reversible charge transfer. In the past
this solution was too complex to be of much use. This was a universal
feature of the solutions to the boundary value problems. There are

for most systems limiting cases of kinetic behavior in which the



solutions are simplified, and it is for these cases that useful

relations have been derived.

For the simple charge transfer there are two limiting cases of
kinetic behavior in which the soiution may be simplified. These cases
occur as k° becomes infinitely large or small. Maﬁsuda and‘Ayabe (37)
describe the behavior of a charge transfer sysfemiin terms of a

dimensionless charge transfer rate constant A, which is defined as

o hr\l/2 :
A= X (%-:—-) (1.2.2)
Dox®

where DOx is the diffusion constant for the oxidized species, and v is
the scan rate. Figure 1.1 shows the,shape of the Isv wave of a system

with a reversible charge transfer.

One limiting case of behavior occurs as A becomes very large.
For A > 15, the charge transfer reaction is called reversible. For
the reversible charge transfer system, the beak current in amperes is
given by

VDoxv (1.2.3)

s = 5, .3/2 *
i - (2.69 x 10%) n A Cox

p
where n is .the number of elections: transferred, A is the surface area.}
* .
of the electrode and COx is the bulk concentration of the oxidized
species. If A is in cm2, Dox in cm2/s, C;x in moles/cc, and v in V/s,
_then'ip is in amperes. This equation shows the linear relation

- between peak height and concentration, which is useful in quantitative
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analysis.

One relation for the potential at the maximum of the reversible

1sv wave ( the peak potential) is

L er : RT .

where EY/é is the reversible half-wave potential, defined by

X, = 2 -2 1n|%- (1.2.5)
172 nF Dred

This relation is not usually employed in the'analysis of the 1sv
waveform. A second, more useful re]qtion is that for the difference
between the potential at the peak maximum and the potential at half

the peak maximum

= RT _
Ep - Ep/z - 2.2 HF ,(1.2.6)
This is the relation generally used to determine the reversibility of

a reaction,

The charge transfer reaction is.called irreversible as A becomes
very small, and electrode reactions have been defined as such for A <

10-2(1+a) (

where o is the transfer coefficient, 0 < o < 1). The shape
of the 1sv wave for an irreversible charge transfer system is given in

Figure 1.2.
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The peak current for the irreversible charge transfer is

o ’ *
i) o= (2.9 x 10°) n (an_)l/2 A Coy /T (1.2.7)

" where ip is in amperes if the other variables have the same units as
in (1.2.3). Equation 1.2.7 is also useful for quantitative analysis.
The relation between the peak potential Ep and the reversible

. r .
half-wave potential E]/2 is

£ = E], - 21 [0.780 + 5 1n o - 1n 4] (1.2.8)

The peak potential is seen to have a direct dependence on the
dimensionless rate constant A. This relation reduces to a simpler

relation between Ep and Ep/2

. RT

which is often used to demonstrate the irreversibility of a reaction.

1.2.2 CE mechanism

- The theory for the CE mechanism was.first developed by Saveant
and’Viane]]o (39,40) and was also treated by Nicholson and Shain in
their paper (38). In references 39 and 40 the mechanism is defined by
a homogeneous solution reaction preceding a reversible charge transfer

reaction; i.e.,



b . (1.2.10)

Ox + ne” = Red

where kf and kb are the homogeneous first order rate constahts, and K
= kf/kb is the equilibrium constant. This mechanism is important,
among other reasons, because it describes the dissociation‘ond
subsequent reduction of a metal-ligand complex, if the dissociation
reaction is assumed to be pseudo-first order (i.e., if the ligand

- concentration is in great excess as compared to the metal

concentration, as is usually the case).

As for the charge transfer reaction, the Qenera] solution to the
bouhdary value problem for the CE mechanism has up to now been too
complex to be useful, but there are three limiting cases of kinetic
behavior in which the solution isvsimplified, and from which useful
relations have been derived. The three cases of 1imiting behavior are
defined by 1imiting values of the equilibrium constant K, and by
limiting values of the dimensionless homogeneous rate constant As

which was defined by Saveant and Vianello (39) as

(k) RT) | o
A= —<n—F (1.2.11)

\Y

The trends in kinetic behavior are best described by a zone diagram

such as that of Figure 1 of reference 40.

-13-
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The first case~of limiting behavior occurs as A+0. For X0, both

kf and kb

homogeneous reaction. The solution becomes that of the reversible

go to zero, and essentially there is no preceding

charge transfer, and relations describing the wave are those of
Section 1.2.1. This kind of kinetic behavior is called pure

difosion-contro]1ed;behavior, and is .represented by the letters DO.

The. second case'of ‘1imiting behavior occurs as A+®; K+, The
homogeneous kinetics are much faster than the charge transfer
reaction; one may think of the system as being comprised of a species
that is itself electroactive and undergoes a reversible charge
transfer. For this case the mechanism described'byv(l.z.lo) feduces

to

C+ne” = Red (1.2.12)

The shape of the current-potential curve in this limit is that of the
reversible 1sv wave, as seen in Figure 1.1. The equation for peak
current is that of (1.2.3) except that the bulk concentration of
oxidized species C:x is replaced by sz+ C:. The peak potential of
the 1sv wave is shiffed with respect to (1.2.4); the new peak

potential is given by (39)

= I RT , RT K

This shift in peak potential is the same as that seen in polarography

(41) for the same mechanism. This result can be used to determine the
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equilibrium constant. This limiting type of behavior is called

modified diffusion kinetic behavior, and is represented by DE.

The width of the 1sv wave (fn terms of Ep - Ep/2) is that given
by (1.2.6). Thus systems with either DO or DE kinetics are
'reversibie'. This leads to the definition of what will be called in
- this work ‘clasically reversible' systems. A classically reversible
system is any system, with a reversible charge transfer, in which the
rate of mass transport is determined‘soler by diffusion. This can
happen either because competing modes of mass transport are much
s]bwer than diffusion, as in the DO system, or much faster, as in the
DE system. In this work, anyvmechanism, with homogeneous kinetic
reactions, that is not classically reversible is affected to some
extent by the homogeneous kinetics, and-fof.this reason will be called.

“kinetically controlied.

The last ]im{ting case of behavior for which useful relations
exist occurs as A»e, K+0. In this case there is at large negative
potentials a constant flux of dep61arizer to the e]ectrdde caused by
conversion of C to Ox; the current-potential curve looks not like
Figure 1.1, but rather like Figure 1.3. The constant flux of
depolarizer causes at large negative potentials a limiting current,
~ which is given by

Lx

. - T Ak rD——r' .

The half-wave potential of Figure 1.3 is given by
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k -
r _ 0.007 _RT (_g) -
Ep/z E1/2 - ——n-— - W 1n v (1.2.15)

and can be used to determine kb. This is called pure kinetic

behavior, and is represented by KP.

These are the on]y'types of kinetic behavior for'which relations

p’ Ep, etc. have been developed for the CE
mechanism. As implied by the names, pure and medified diffusion

for quantities like i

systems are those systems in which mass‘transpdrt is controlled solely
by the rate of diffusion; pure kinetic systems are control]ed solely
by the rate of homogeneous,chemicai reaction. Intermediate to these
limiting cases of behavior are systems controlled both by the rate of
diffusion and rate of chemical reaction. Theee have not been given
specific names in the literature, but are referred to simplyvas the KO
and KE zones, the KO zone being intermediate to the DO and KP zones

and the KE zone intermediate to the KP and DE zone (40). No work has

. been done on the analysis of systems in these zones of behavior, even

though the resultant waves contain more information about the system
than the other limiting cases, apparently because the analysis is too

complex.

-From reference to Figure 1 of reference 40, it is seen that all

types .of kinetic behavior can be found for a specified equilibrium

~ constant by varying the value of A from 0 to «, if the equilibrium

constant is small enough. Therefore, a series of electrochemical

systems, all-with the same'equi1ibrium constant, and with values of A
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ranging- from very small to very large, can be taken as representative
of all possible CE mechanisms. This work will consider a series of CE

4; for this equilibrium constant the behavior of

systems all with K=10"
the mechanism is that of pure diffusion for X < 0.03; the range of the
KO system is 0.03 < X < 0.4§ the range of the pure kinetic zone is

from 0.4 < X < 6x104-; the range of the KE system is 6x104 < A<
2x1010; and the range for the modified diffusion zone. is -for A >

2x1010,

Other than the work of Nicholson and Shain (38) there is no work
that has been done on the analysis of the CE mechanism for systems
that do not have reversible electrode reactions. Nicholson and Shain
consider the mechanism of (1.2.10) with an irreversible charge
transfer. As for the mechanism with a reversible charge transfer,
usable relations have been déve]oped for the DO, DE and KP zones only.
For the DO zone, the pertinent relations are those of (1.2.7)-(1.2.9).
- .For the DE regjon, the same relations apply, except that Ep is shifted
cathodically by RT/anF 1n(K/K+1) with respect to Ep in (1.2.8). For
the pure kinetic realm, a very complex, nearly unusable relation for

the peak current is given.

No work. has been done previously on the CE mechanism coupled with

a quasi-reversiblie charge transfer.

1.2.3 EC Mechanism

The theory for the EC mechanism, which is defined by
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Ox + ne~ = Red
(1.2.16)
K¢
Red «——= C
Ky

is also treated by Saveant and Vianello (40) and by Nicholson and

Shain (38) for a reversible charge transfer, and by Nadjo and Saveant

(42) for a quasi-reversible charge transfer. This mechanism is

interesting because it describes reactfons of some organic compounds,
and is of intere§t to those doing work in metal speciation because it
describes the pseudo-first order association of a metal-ligand complex
when meté] is stripped out of a working electrode during anodic
stripping voltammetry. The theory for this mechanism;

Red = Ox + ne”
(1.2.17)

is nearly the same as that of (1.2.16), and transposition is
immediate. The mechanism of (1.2.16) is that which will be considered -

throughout this work.

The boundary value problem for this mechanism is much the same as

| that of the CE mechanism,'and for this reason the same kind of kinetic

behavior results. A diagram defining the behayior of the EC mechanism

~with a reversible charge transfer is that of Figure 2 of reference 40,
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inlwhich it is shown that exactly.thevfive types of Timiting behavior
observed for the CE mechanism obtain for the EC mechanism, although
the definition of éome of the zones is changed. In fact, the
diffusion controlled, or classically reversible, systems of the EC
mechanism have exactly the same defihing relations as the diffusion
controlled sysfems for the CE mechanism, and exactly the same shape as

the reversible 1sv wave of Figure 1.1.

The behavior of the other zones differ from their analogues in
the CE mechanism, however. The shape of a voltammogram in the pure
kinetic zone is shown in Figure 1.4. In sharp contrast to Figure 1.3,
this voltammogram looks rather like the reversible voltammogram of
Figure 1.1. The peak of the vo]tammogram is about 10% ]éfger than
that predicted for the pure diffusion case (i.e., 10% larger than that
predicted by (1.2.3)), and the peak potential is shifted cathodically

by an amount (38)

. er  _RT K |1
Ep = E1/2 - F [0.780 + 1n <K1T> 5 In 1] (1.2.18),
so that for a change in A by an order of magnitude, the.peak shifts by

29.5/n mv, As for'the CE mechanisms, no relations exist to describe.

waves in the-KO and KE zones of behavior for the EC mechanism.

As mentioned, Nadjo and Saveant (42) have done work on the EC
mechanism coupled with a quasi-reversible charge transfer. The
behavior of the mechanism is illustrated with the aid of the zone

diagram of Figure 1 of reference 42. The most important feature of
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this diagram is that it shows that the definitions of charge transfer
reversibility change as A is increased. For A 2 0.1, an increase in A
of about three . orders of magnitude results in about a one order of
magnitude increase in the limits of reversibility and irreversibility.
Since the CE mechanism and the EC mechanism are so alike, it is.
expected that this behavior would also obtain for the CE mechanism

coupled with a quasi-reversible charge transfer.

For a large enough equilibrium constant all types of kinetic
behavior result as A is changed from O to «. For an equilibrium
constant of 104, assuming a reversible charge-tfansfer, pure diffusion
behavior results for A < 0.1; behavior is in the KO zone for 0.1 < X <
2; pure kinetic behavior results for 2 < A < 2x105; KE behavior

5 10,

results for 2x10° < X < 2x10"~; and modified diffusion behavior for A

s 2x1019,

In this sectfon it has been shown that only a-re]dtive]y few
relations exist to characterize voltammograms of even simple
electrochemical systems. These relations usually give little
information about the kinetics of the systems and when such
information is given it is only for limiting cases of kinetic
behavior. This is because-the relations of Section 1.2 are -
semi-empirical in nature, derived from the observation of numerically
created data. In the next section convolutive potential'swéep
voltammetry will be discussed. This technique, because it involves
the transformation of lsv waves into a shape describable by an

analytic function, allows the return of a great deal more information
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about an e1ectrochem1ca1 system, especia]Ty for systems not in

limiting cases of kinetic behavior.

1.3 CONVOLUTION POTENTIAL SWEEP VOLTAMMETRY

Convolution potential sweep voltammetry is a data ana]ysis-
technique about a decade old, although the technique is based on
Tinear sweep voltammetric theory, which is of course much older. The
first detailed papers on c.p.s.v. were published in 1972 and 1973
(43-45), although sketchy references to the technique were published
earlier (46-48). Most of the technique has been developed by two
factions; Oldham, Goto and their co-workers, and Saveant and his

-co-workers, although there are a number of papers by others (49-51). -

O0ldham, et al. are responsible for the development of the theory
of what they call semiintegral and semidifferential electroanalysis.
These are actually a subset of the techniques. that comprise C.P.S.V.3
semiintegral and semidifferential analysis are theoretically useful
only for classically reversible 159 waves, although, as will be shown,
they are also useful in the analysis of other e]eétrochemica] systems. .
They'are_not useful in the ana}ysis of some homogeneous kinetié
mechanisms that are not c]assicé]]y revérsib]e; Works - by O]dham,'Goto
and co-workers include a study on the analog imbleméntatioh of .
semiihtegra] analysis (52); semidifferential analysis (53, 54);
application of semioperator (i.e., both semiintegral and
semiderivativé) methods to anodic stripping'vo]tammetry (55,.56), and

applications to cyclic voltammetry (57) and staircase voltammetry
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(58).

Saveant, et al. are responsible for the development of c.p.s.v.,
having coined the term in the first of a series of papers on the
subject (44, 59-62). Convolution vo]tammétry is applicable to a wide
variety of electrochemical systems, including systems with complex
homogeneous mechanisms. Papers by Saveant and co-workers include the--
series already mentioned, which'diScusses“the"prob]éms~of multistep
Nernstian waves, the effect of sweep rate in c.p.s.v. as applied to
cyclic voltammetry, homogeneous follow-up chemical reactions, and the
determination of charge-transfer kinetics deviating from Butler-Volmer
behavior. Other papers Tnc]ude the app1i¢ation of c.p.s.v. to

spectroelectrochemistry (63) and chronopotentiometry (64).

This section will review the results of c.p.s.v. theory for
three different mechanisms: the simple charge transfer reaction, the

CE mechanism, and the EC mechanism.

1.3.1 Simple Charge Transfers

Convolution potential sweep voTtammetry, like linear sweep
Vvoltammetry, is based on the solutions of the boundary value problems-
that describe mass transport for electrochemical systems. The |
solutions to the boundary va]de problems, whenever they are possible
- to determine, are in the form of integral equations relating the
observed current at any time to the applied potential at that time.
The utility of c.p.s.v. 1lies in the anekica] evaluation of the

cbnvo]ution integrals found in these solutions, which often leads to
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simple expressions relating potential to convolution integrals.

For insight into the method, the bodndary value problem
describing the simple reduction of (1.2.1) at a hanging mercury drop
electrode will be described in detail. For c.p.s.v. it is assumed
that mass transport is due to semi-infinite, linear diffusion. This
means that there is no mass transport due to convection or migration,
and that the concentration of all species far away from the e]ectrdde
surface does not change over the course of the experiment. Secondly,
the assumption of linear diffusion implies that diffusion to the

| spherica1‘hanging drop electrode can be approximated by diffusion to a
planar surfaée. If these conditions are assumed, then the Fick's
sécond Taw vequationsrdescribing change of concentration with respect

to time and distance from the electrode surface are

2
acox - b 3 Cox
ot ox ax?
_ }(1.3.1)
Cred - ¥ Cred
at red ax2

. The bouhdary value pfob]em is completely specified when all the
boundary value conditions are specified; These boundary conditions

include the assumption of semi-infinite diffusion,
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*
Cox(Xst=0) = Cox(X==t) = C
' _ (1.3.2)
Cred(x’t=0) = Cred(x=°’t) = 0
and Fick's first law of diffusion.
aC aC :
. - d i(t) |
0X 33 x=0 red ?x %x=0 nFA

The final boundary condition has to deal with the electrode
reaction rate law whfch specifies the concentrations of the reduced
and oxidized species at the electrode sprface, or x=0. The most
génera] rate law is that for the quasi-reversible reaction; the
potential-dependent charge transfer rate constant is related to the

current i(E) and COX(OQE)'and c.. (0,E) by

red

i(E) = nFA K(E) {Cy (0,E) = C_ 4(0,E) exp [OF (£-£9) ]} (1.3.4)

For an irreversible. reaction the cred(O’E) term may be neglected so

that

i(E) = nFA k(E) cox(o,E) (1.3.5)

If Butler-Volmer kinetics are assumed, then
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. ol
k(E) = k° exp <1°%-$—1-E—)> - (1.3.6)

- where E°' is the formal potential, and is equal to E° if activity
coefficients for all species are one. With this assumption, (1.3.4)

and (1.3.5) become, respectively,

i(E) = nFA K° gexp (— ﬁﬁ (E-E°)> C oy (05E)

- exp (‘iﬁ.}.ﬁ (E-E°)> cred(o,E)§ (1.3.7)
and
i(E) = nFA KO exp <- 2{}1". (.E-E°.)> (1.3.8)

Alternatively, if in (1.3.4), k(E) is assumed to be infinite
everywhere so-that the charge transfer reaction is reversible, (1.3.4)

reduces to

. C..(0,E) :
_ 0 , RT ox'"? -
E = E° + EF 1n <E_;;T5:E%>v | | (1.3.9)

r

which is the well-known Nernst equation. The assumption of one of
these rate law equations comp1etes'the specification of the boundary

value problem.

The details of the solution to the problem are given in Appendix
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'II. Much of the power of c.p.s.v. 1lies in the fact that the final
boundary ;ondition, that of the electrode rate law, is applied only at
the very end of the solution. To see that'this is 'so, consider how
the rate law is applied to the solution of the simple charge transfer.
The Laplace transformation method uses only equations 1.3.1 through

1.3.3 and results in expressions for the surface concentrations of Ox

and Red as

E;

_ e,
Cyy (05E) c;x U S f i{y)d
nFA /O, v F ~-E

(1.3.10)

. E.
i,
Crogl0sB) = —i— [ &
nFA /Dredv £ _ly-E
where the semiintegral is defined as
& |
ne) = [ 1d | (1.3.11)
, 4 /1-E

The final expression for the simple charge transfer reaction
results from the substitution of (1.3.10) into one of the electrode

kinetic rate law expressions. A table of these‘expfessions for the

different rate laws is given in Table 1.1.

For the substitution of (1.3.10) into (1.3.9), the Nernst

equation, the solution of the boundary value problem is (44)



Table 1.1: Semiintegral, current and potential functions for the simple charge transfer system.

ETectrode Kinetics

Reversible

Quasi-reversible,
potential dependent rate law

Quasi-reversible,
Volmerian kinetics

Irreversible,
potential dependent rate law

Irreversible,
Volmerian kinetics

Function
r . RT, [m -m(E )
- _ niy -m
E = Bty dn ( m(E
/D_v i(E)
k(E) = - [0),8

m -m(E) [1+éxp6§% (E-E{/g))]

nf o, [ m*-m(E)[]+exp(%%)(EéE°)]

_ O an | k°
e= e+ fF b ] e
/D v i(E
(e - lo 8
m -m(E)

. *
.o . anf k° anF m -m{E
2 IR ST

i(E)

!

-62-
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X %* s
= " RT m»-m(E))
E = E1/2 + FF- In (W . (1.3.12)
where
* * |

Equation 1.3.12 has the same form as the Heyrovsky-Ilkovic equation in
polarography; a plot of semiintegral vs. applied potentia]v(Figure
1.5) has the same shape as a po]arographic wave, The semiintegral is
avsigmoidal wave, with a limiting p1atéau proportional to C:x and
v]/z, and with a half-wave potentia] equal to. the reversible half-wave

potential.

The derivative of the semiintegral is the semiderivative. From

(1.3.12), the semiderivative is (53)

- . |
el€) = amE) . DEM sech? ;?g% (E-E’{/Z)} (1.3.14)

A plot of semiderivative vs. potential is shown in Figure 1.6; for a
reversible charge transfer the semiderivative is a symmetric, narrow
peak, beginning'and.ending at the baseline. The height of the

1/2

%*. .
semiderivative peak is proportional to Cox and v The potential of

the peak maximum is
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Ep =-rrz'{/2 A (1.3.15)

while the full width at half of the peak maximum is, aésuming T =

25°¢,

90.6 .y (1.3.16)

For the quasi-reversible charge transfer, upon substitution of

(1.3.10) into (1.3.4), the current, semiintegral and potential

function is (44)

'/Doxv i(E) ' :
k(E) =" 0 {1.3.17)

m ~m(E) [1+exp(£% (E-E;/z))]

while that for the irreversible charge transfer is (44)

v’ﬁoxv i(E)
k(E) = ———— : (1.3.18)

m -m(E)

It is seen that semiintegral analysis is a powerful tool for the

examination of the rate-potential relationship for any simple chargé

transfer.--By means of either (1.3.17) or (1.3.18) the potential
- dependent rate law can be gained direttly, if E;/z is known. These
expressions have been used by Saveant and Tessier (62) in an

investigation of'the'reduction of tert-nitrobutane in both

-33-
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acetonitrile and dimethy]formamide.

Goto and Oldham (65) have derived an analytical expression for
the semiintegral of an irreversible charge transfer as a function of

the potential as

mEe) = - BE cl A po(-p) exeliz) (1.3.19)
j=1 7t
where
z = oF (E-E] /) + Tn A (1.3.20)

Dalrymple-Alford et al. (54) were able to extend this work to derive
an expression for the semiderivative of an irreversible charge
transfér. The expression itself is not very useful, but from this a
plot of semiderivative vs. potential was made. The éemideriVative of
an irreversible charge transfer is shown in Figure 1.7; it is seen

that this looks much like a sech2 function.

Dalrymple-Alford et al. also developed relations for the peak

potential of the irreversible semiderivative

E, = E{jp + 0.055 R+ R () + B 10 4 (1.3.21)

and for the peak width at 25°C
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Figuré 1.7: Semiderivative of‘thé»irreversible system of Figure 1.2.



-36-

FWHM = 1223 ny | (1.3.22)

‘1,3.2 CE Mechanism

The theory of c.p.s.v. for the CE mechanism derives directly
from the ‘original treatment of the mechanism by Saveant and Vianello
(39). The partial differential equations that describe this system

are

aC. azcc
3t Dc 4 7 ¥ kbcox - kfcc
X
2 .
oC a=C :
ox _ ox _
ot Dox . Ky Cox +Akfcc (1.3.23)
2
acred = D 3 cred
3t red ax?

and the boundary conditions are those of the reversible charge

transfer, with an additional boundary condition

*
v C
_ _ e - fF . ox
-Cc(x,t—O) = Cc(x- ,t) Cc < (1.3.24)

As with the solution of the boundary value problem for the simple
charge transfer, the solution to the differential equation system is

achieved with the help of the Laplace transform method. (See Appendix
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II.) The solution is in terms of the concentrations of Ox and Red, and

is (39)

E, nF
Coe(0E) = Co - J 1{yldy
E

+
OX  LFA/DY K+1 K+1 /A
Creg(0sE) = — f lyldy (1.3.25)
nFA/Dv £ YY-E

and, as before, the final -solutions are found with the application of
one of the electrode boundary value conditions,tof(1;3.25); The -
solution to the boundary .value problem for the mechanism with a
reversible charge transfer is, upon substituting (1.3.25) into

(1.3.9),

RT

= 1n (%) | | ‘ (1.3.26)

E = 2+

where
E. ' - nF
‘ A avnfoy . (YE)q _ .
} m(E,X) o f {KEI .+‘ exp[ X EI]. ] 1(:1(‘“{] | (1.3.27)

The solution of (1.3.26)‘is not véry helpful because of the
difficulty of calculating m(E,\). Fortunaté]y, for almost all of the
| systéms discussed before‘m(E,X) need not be calculated explicitly,

}a]though it has not been shown that such a calculation is not
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feasible. Table 1.2 shows the simplification of m(E,\) in the zones
of kinetic behavior discusseq earlier. Substituting the relations of
Table 1.2 into (1.3.26), and rearranging, one obtains the equations of
Table 1.3. Equations for the general case and the KO zone are not
shown because there is little or no simplification of m(E,A) in these

cases. .

For the DO zone, the exponential term in (].3.27} goes to 1, and

(1.3.25) becomes, upon rearrangement, (44)

’ %*
e = £+ 8 (ﬂ-ﬁ?%§i) (1.3.28)

This equation is the same as (1.3.12); this is in agreement with the
1sv findings, that as A»0 the behavior becomes that of the reversible
charge transfer. . A1l of the pertinent relations for peak width,

height, etc. are those of the reversible charge transfer.

In another case of limiting behavior, the DE zohe, the
exponential term may be ignored in comparison to K/K+1. The

semiintegral-potential relation is (44)

) *
_ 0 . RT K RT m -m(E)
E = E° + F 1n <—K+1> + n_F In <—m-(?)—> (193.29)

where

* * * —— ’
mo= nFA (C_ + Cl,) YDV (1.3.30)



Table 1.2: Simplification of the m(E,A) integral for different
limiting cases.

Limiting value

Zone of parameter  Simplified m(E,X)
' | By nF ' g
General Any -I” {K+1 + exp[ -2 (K+P (v F)l} i(y)dy
E y-E
By .
DO A0 ‘/’ i(y)dy
E /Y-E
F :
| ' /Y-E
E | ‘
172
KP Kfo Vv i(E)
e (ke )1/2

OB
KE Ao _K_/ i(y)dy , _ V7% i)

A-E (kf+kb)1/2 (K+1)
E

DE. A L/ i(y)dy
E

o k1 AE

—to
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Table 1.3: C.v.c.f. functions for the CE mechanism with a reversible charge transfer.

Zone Limiting value Function

* * ’ _r RT m” -m(E )
DO m = nFADY C E o= E[, t o n <_m(_E_§_l

b 1= nFADY (€, + Co)KA [nF - -8 )l .
1/2 i(E }
KA

¥ * * = g0 4 RT K\, RT !

KE.m = nFADY (G * Co) Eo= e g () ¢ g O m(E)
* * *‘ . | *.

DE m = nFA/MDV (C__ +C) = 0 RT K RT m -m(E)

. o R ACHRANLET)

-Ov -
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The semiderivative of the 1sv wave for this Timiting case of kinetic

behavior is (66)

* .
_  nFm 2 )nF 0 1 K
e(E) = w7 sech m (E-EV) - 5 In <_K+l)} (1.3.31)

Equations’1.3.29'and'1.3;31 are the same as those of equations
1.3.12 and 1.3.14, respectively, except for a difference in m* and the
In (K/K+1) term. As for the 1sv waves, in the modified diffuéion case
of limiting behavior the semiintegral and semiderivatiQe waves are
described by the relation that describes the reversible charge
transfef waves, except that the modified diffusion waves aréishifted

cathodically. The semiderivative peak potential is given by

- 0 , RT K '
Ep = E +-ﬁF In (m) (1.3.32)
while the peak width of the semiderivative is given by (1.3.16).

Thé next limiting case of kinetic behavibr is the pure kinetic
zone. As for the non-reversible charge transfer, analytic expressions
. for zones.othef than the diffusion controlled zones must invo]ve‘both
semiintegral and curfent.v»For the KP zone, the following relation for
semiintegral, current and potential can be derived from the treatment

of Imbeaux and Saveant (44)
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' k otk I S
. ¢0 RT f b RT i =i(E)
E = E --Zw]n< " >+ﬁln <W> ‘(1.3.33)

*
where i 1is the limiting current at large negative potentials.

The last zone .to be considered js the KE zone. - Although it has
not: been Stated*previous]y,,the semiintegral, current and potential
function for this zone is just a combination of the relation in the KP

and DE zones,.

e . g0, AT K\ . RT k) a1/ ‘
= E *OF In rest F;]n = 3) (1.3.34)

' *
where m 1is given by (1.3.30).

1.3.3 EC Mechanism

'The'solution of the boundary value problem for the EC mechanism
is similar to that of the CE mechanism. For the EC mechanism, the

concentration profiles are given by
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E.
1
* 1 1, K nf i(y)dy
C (O,E) = ( - % + exp [..)‘ (Y-E)]g._‘f___
ox ox " eams ) (TR (7 AE
E

(1.3.35)

so that the final semiintegral, current, and potential functions are
found by substitution into one of the electrode boundary’conditions
(1.3.4) through (1.3.9). This is not necessary; if one defines K' =
1/K and substitutes intof(1.3.35), this latter equation has. the sahe
form as (1.3.10) with K' instead of K. Thus the analysis of the EC

7 mechanismvwith c.p.s.v. 1is essentially the same as that.ofsthe CE

mechanism,

1.4 CONVOLUTIVE VOLTAMMETRIC CURVE FITTING

Sectfon 1.3 discusses ways in which analytic expressions

involving current, semiintegral and potential can be derived for
“certain electrochemical systems. Because simple analytic expressions
can be dérived, it is expected that curve fitting teéhniques would be
of great utility when combined with c.p.s.v.  theory.. The technique
of fitting curreht, semiintegral and potential data with a function
‘derived from c.p.s.v. theory is called convolutive voltammetric curve
fittiﬁg, or c.v.c.f. In the special case where a sech2 fitting

function is used to fit semiderivatives of voltammetric data, the
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technique is referred to as semiderivative voltammetric curve fitting,

or s.v.c.f.

In this section the s.v.c.f. and assorted c.v.c.f. techniques
will be derived and discussed for the three mechanisms considered in
the last section. S.v.c.f. will be derived for those systems for
which it is valid from theory. The technique will then be discussed
in its application to systems for which the method :is not
theoretically valid, but for which the shape of the voltammogram is
close enough to that of the classically reversible voltammogram so
that the error involved'in using s.v.c.f.. is small. C.v.c.f.
fitting functions w111 be presented in terms of sech2 functions, and'.
methods will be outlined for the use of_thése fifting functions in the

determfnation of kinetic parameters for different systems.

1.4.1. Simple Charge Transfers

Equation 1.3.14 implies that the shape of semiderivatives of
reversible charge transfer systems should be that of a hyperbo]ic
secant squared function. The s.v.c.f. technique should be able to
fit semiderivatives of such systems with no error at all. As will be
seen in Chapter 3, this works to gfeat advantage in the resolution of

overlapped reversible 1sv waves.

This example also serves to demonstrate that s.v.c.f. is of
little use in obtaining kinetic information about a system. Since
mass transport in this system is wholly diffusion controlled, it is

impossible to gain any information about:the kinetics of this system
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via this kind of electrochemistry. For the systems considered in this
work s.v.c.f. 1is completely valid only for systems in which mass
transport is diffusion controlled, so that it is impossible to use

s.v.c.f. to obtain any kinetic information about such systems.

For quasi-reversible charge transfer systems, if Butier-Volmer
charge-transfer kinetics are assumed, and if D = Dox = Dﬁed’ then for

the quasi-reversible charge transfer the relation (44)

F(E-E°) Do\ - i(E) 1)
oo [ o ) _ ( ) _ __ (1.4.1)
v< RT °/ m .m(E)[1+exp(£; (E-ﬁo))] : ‘

can be derived from (1.3.17), and for the irreversible charge transfer

from (1.3.18) one can derive

. _0 s : \
oo (: onF(£¢ )) _ </Dv) i(E) (1.4.2)

vk° m*-m(E)

There are two approaches to the use of (1.4.1) in the analysis of
quasi-reversible charge transfer systems. The first approach to the
analysis of (1.4.1) is the following. Solving for the
exp[(nF/RT)(E-EO)] term, and taking the natural log of both sides, one

obtains
n" - DY exp (2BE (£-£°)) 1(E)-m(E)
o . RT k° | |
E E A+ — 1n

nF m(E) ) (1.4.3)
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For k»w, (1.4.3) is seen to reduce to (1.3.12), the relation for the

reversible charge transfer.

For othér values of the electrode kinetic rate constant, for E >>
E°, i(E) is zero, and the i(E) term in (1.4.3) is essentially zero.
?or E << E°, exp( nF(E-E®)/RT) is zero, and the i(E) term is again
essentially equal to zero. This.implies that the semiintegral of a:
non-reversible Volmerian charge transfer'reaches a limiting value m*'
at very negative potentials. This will become important in
discussions about the ana1ysis of the CE and EC mechanisms. Secondly,
it imp]fes that if the constant factor of the i(E) term is small
enough, the semiintegral of a non-reversible charge transfer could be
approximated by (1.3.12), and the the semiderivative by (1.3.14), with
1itt1e error. That the semiderivative of an irreversible charge

2

transfer is sech”™ in shape is shown by Figure 1.7, and implied by the

work of Goto, Oldham and Dalrymple-Alford, discussed in Section 1.3.1.

This is important because it implies that s.v.c.f. can be used
to fit semiderivatives of quasi-reversible and irreversible charge
» transfer systehs with only small error. As mentioned above, one might -
be able to resolve 1sv waves of non-reversfble charge transfer-systems

using s.v.c.f.

In the second approach to the analysis of quasi-reversible charge-
transfers, taking the natural log of both sides of (1.4.1), upon

rearrangement one obtains



] m -m(E) [lfexp;(gg (E-E%))]  anfE anFE® K0
n T(E) v = RT = __ﬁT—_- In 765 . (1.4.4)

This means that, for the correct E°, a plot of E vs. the log éerm of
- the 1.h.s. should be a straight 1ine with slope = anF/RT, and
intercept equal to -anFEC/RT - In( k° //DV ) = -anFE®/RT -1InA-
(1/2)In(nF/RT). This gives an easy way to determine a and A, the two
paraheters of the electrode reaction, provided that the correct E° is

known,

If E° is not known, one way to determine it is to find the EC

that gives the 'straightest’' straight line, i.e., find the E° that

gives the smallest variance to a linear least squares fit of the plot'

of E vs. the 1.h.s. of (1.4.4). This is the approach outlined in
Section 1.6, in'Which it is shown to be possible, using (1.4.4), to
obtain values of E°, a and A for an electrode reaction from a single

scan.

1.4.2 CE Mechanism.

Equations 1.4.3 and 1.3.31 imply that in the limiting cases of
diffusiohAcohtro]]ed‘behaVior of this mechanism that s.v.c;f.' can be
used to fit vo]témmograms with no error at all.. For systems that are
kihetical]y controlled the out]ookvfor fftting semiderivatives with
sech2 functions is not good. The shape‘of the voltammogram in the

limiting case of pure kinetic behavior is very different from the

-47-
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shape of the voltammogram of the classically reversible system,
(Figure 1.3 as compared'to Figure 1.1), and it is doubtful that the
semiderivative of the pure kinetic wave will be even close to sech2 in

shape.

The application of c.v.c.f. techniques to these kinetically
controlled Timiting cases of behavior is much more inte}esting. For
the pure kinetic zone, from (1.3.33), a c.v.c.f. fitting function

analogous to (1.3.14) and (1.3.31) can be derived.

| 2 K2 | k e+k
f(g) = Am(E) (i 'I(E))—? = sech? {DE' (E-E°) +'% In ( f S)}

[mz(E’H(i*-i(E)')z] v ’
, (1.4.5)
Thié function has a maximum at the potential
Ep_ = g ‘VRTI"F In <kf:kb> (1.4.6)
has a peak héight of 1,_a?d a width of
FHuM = 32:3 qy | (1.4.7)

n

If E° is known, it becomes possible to obtain A from (1.4.5).

For the KE zone, from (1.3.34) a c.v.c.f. fitting function
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' 1/2 2
2 * RT i(E)
4m (E)[m - <FF-> 'K—sz- - m(E)]

f(E) = 2 >
1/2 . S\ 2]
[mz(E)+<m*- (%-::) ;—(E/)—Z - m(E)) ]
» A
= sech® {{g. (E-E9) + 1n (%)} | (1.4.8)

can be derived. This function has a maximum at the potential given by

(1.3.32), and has a peak width given by (1.3.16).

Equations (1.3.34) and (1.4.8) illustrate one of the advanfages
of c.p.s.v. as applied to the CE mechanism. As is.the caée fof the
quasi-revefsib]é'ch;;gehtransfer,.more information about the
electrochemical system is contained ih the vo]tammogram of a system‘in
the KE zone(than in thevDO, DE, or KP'zones. Up to now, howevgr, thé
information has been indecipherable because of the complexity of the
wave. Using c.p.s.v. and some é]ementéry curve fifting techniques,.
one may}obtain the informatfdn from more cdmplex systemé such as the
KE zone. Considering (1.3.34), it is seen that at large negative
potentiq]s the ﬁumerator of the last term must go to zero, i.e., for a

sufficiently negative-potentia1 one has

- 1/2 . _
* RT i(E)
m = m{E) + <~—> (1.4.9)
nF Kx172v _

1/2

This offers a way to obtain the'va1ue of KA from a single scan. By

using a fitting function
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f(E) = m(E) + Ai(E) (1.4.10)

and varying A so as to make f(E) a constant at very negative

potentials, one.obtains an estlmate of KA]/Z

: 1/2 5.1
1/2. _ (RT
K (nF) | (1.4.11)

If 9 is known, then it becomes possible to determine both K and A
from a single scan. This is a consequence of the fact that more
information is contained in the voltammogram of the more general KE

zone than of the less general KP zone.

Saveant and Vianello treat only the CE mechanism with a
“reversible charge transfer; however, there»is no reason why any of the
electrode‘boundary conditions (1.3.4) through (1.3.8) canhot be
applied to this mechanish, making possible the analysis of CE

mechanisms with irreversible and quasi-reversible charge transfers.

For example, substituting (1.3.25) into (1.3.4), the equation for
the general quasi-reversible charge transfer, one obtains -upon
rearrangement

K(E) = /Dy i(E) (1.4.12)

= *

m -m(E) [KIT + exp (g% (E-Eo))] K+1 m(E,x)

This equation bears: a strong resemblance to (1.3.17), and implies. that
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if one knows K, A, and E° that one may obtain the electrode response
for this system also. This is another one of the advantages of
c.v.c.f.; the technique allows one to separate the effects due to

homogeneous kinetics from those due to electrode kinetics.

To further illustrate the advantage of this separation, consider
a CE mechanism that is in the KE limiting case of homogeneous kinetic
behavior. Next suppose that the charge transfer is Volmerian; with

these assumptions, (1.4.12) becomes

‘eXp {E; (E-E®) + 1n (5§l>}

1/2 . — :

* _ RT " i(E) vDv .,; nF 0 K+1
m -m(E) - <—> - 1(E) ex <g__. (E-E ) + ] _.)
) nF 172 P RT 15 - in ( K )

(1.4.13)

As discussed in Section 1.4.1, for E << E° - RT/anF 1n(K+1/K) the last

term in the numerator of (1.4.13) disappears. Then for very negative

1/2

potentials (1.4.13) reduces to (1.3.34). The value of K\ may be

determined for this mechanism just as it is for the mechanism with a

reversible charge transfer.

il

One may go a step further. Rewriting (1.4.13) as
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| 1/2 .
m -m(E) - (%}) ‘(E}z - exp (&% (E-E°) + In <5§1)> m(E)

Kt/
In - TTE
onFE  onFE® <K+1> < k°>
= * - + 1n van - ]n _— (104.14)
RT RT K =

it is seen that this latter equation has a strong similarity to
(1.4.4). Since KA]/Z is now known, exactly the same approach used for
‘the analysis of simple quasi-reversible charge transfers may be
applied to the return of electrode kinetic paramgters for éystems with
complicated homogeneous kinetics. If E° is known, for example from
analysis of a system run at a 10W»SC§n rate, then it may be possible
to determine K, A,-ko, and a from a single scan! Undoubtedly in
practice this will rarely be possible, but (1.4.14) illustrates how
with a bit of ingenuity (and Tuck) c.v.c.f. can result in a dramatic

increase in-the amount of information returned from a voltammogram.

1.4.3 EC Mechanism

In Section 1.3.3 it was stated that the c.p.s.v. theory for this
mechanism was exactly that of the CE mechanism, with the equilibrium
constant for the homogeneous reaction K = 1/K'. Thus the c.v.c.f.
techniques described in Section 1.4.2 can be applied with equal
facility to the appropriate 1imiting cases of kinetic behavior of the

EC mechanism, and will not be described here.

The correspondence also implies that, as for the CE mechanism, in
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diffusion controlled limiting cases of kinetic behavior s.v.c.f.
should fit vo]tammodrams of this mechanism with no error. Unlike the
CE mechanism, howeQer, it 1$ possible that s.v.c.f. might be
~_effective in fitting voltammograms of kinetically controlled limiting
cases of behavior for this mechanism. As shown in Section 1.2.3, the
voltammogram for the KP zone of the EC mechanism (see Fig. 1.4) 16oks
like that of a reversible charge transfer. It might prove feasible to
apply s.v.c.f. fo the fitting of non-diffusion controlled systems of
the EC mechanism. The success of fhis application will be discussed

in Section 1.7.

1.5 NUMERICAL METHODS

The effectiveness and range of validity of the convolutive
voltammetric curve fitting and semiderivative voltammetric curve
| fitting procedures were determined by application to artificial lIsv
data. A great deal of time was spént on the development of computer
programs to accomplish these three tasks of simulation,
transformation, and curve fitting. A gobd understanding of the
concepts behind the.programs is essential for a successfuj evalﬁation
of the workj for this reason the ideas behind the_simulation,

semioperator and curve fitting programs will be discussed in detai],

1.5.1 Digital Simulation of Lsv Data

In’digita] simu]atidn,'the behavior of continuous systems is

mimicked by approximations involving discrete quantities. For



-54-

example, many physical systems are described by continuous ordinary or
partial differential equations. Oftentimes the systems of equations
are so complex as to defy attempts at an analytical solution. In
these cases the differential equations can be approximated by the use
of difference equations. With the aid of a computer the difference
equations can be solved and an approximation to the solution is made,
which can (within the physical limitations of the computer) be made

arbitrarily close to the real solution.

There is an extensive list of e]ectroéhemica] systems to which
digital sfmu]ation have been applied. This is because the solutions
to the boundary value problems are almost always either in terms of
- integral equations, Which must be eva1uated numerically, or the
“solutions to the boundary value problems cannot be détermined at all.
Simulation methods of one type or another were used to get the results
stated before for the simple charge transfer (31-33,37,38) and the CE
mechanism (38-40); other systems simulation methods have been app]jed
to are the EC mechanism (38,40,67), the ECE mechanism (68-71), and

many, many others (See, for example, Ref. 72).

For systems involving charge transfer kinetics alone, or for
systems with slow homogeneous kinetics, the simu]ation method used was
the explicit fihite difference method discussed by Feldberg and others
(73-75). This method involves the creation of a grid of volume
elements representing the concentration of species in solution at
specified distances from the electrode surface. The values of

concentration are changed iteratively with increasing time increments
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by means of difference equations derived from differential equations
describing the change of concentration with respect to diffusion,
| charge transfer reaction and whatever homogeneous kinetics may be

present in the system,

The relations describing the changes in concentration with time
are derived from the Fick's law equations defining the electrochemical
system. The differential equations are converted to difference
equations by considering the differential as.the limiting value as an
increment goes to zero, and then removing the limit. For example, for
the reversible charge transfer réaction given as (1.2.1), the Fick's

second law equation for the oxidized species

5 |
aC 3°C
0X (134
= = D ’ . (1.5.1)
ot ox axz
becomes
AfOX = fOX(X’T+1)_fOX(X’T) = DM{fox(X+1,T)-2fox(X,T)+fox(x—1’r)}

(1.5.2)

where the difference equation is in terms of dimensionless variables.

*

The dimensionless concentration fox’ defined by fox = Cox/Cox’
th '

- represents the concentration of Ox during the v~ iteration (where 1

h

is the total number of itératiohs) for the Xt volume element. away

from the electrode surface. The factor DM is called the model

= DoxAt', and is usually

diffusion constaht and is defined by D
: (Ax)z.

M
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chosen to be slightly less than 0.5. The factor At is the change in
time (in seconds) for one iteration, and Ax is the distance betweén
adjacent volume elements. Equation 1.5.2 is predictive; knowfng fox |
at x,T allows one to determine fox at x,t+1. In this way the change
in concentration due to diffusion can be determined. The extension of
this treatment to the concentration changes in the.reduced species is

obvious.

Equation 1.5.2 is incorrect for the volume eiement next to the
electrode surface, i.e. for x = 1. For this element in addition to
diffusion changes there is a change in conéentration due to the charge
transfer reaction. If Butler-Volmer kinetics are assumed, the
potential dependent dimensionless forward and backward charge transfer

rate constants are

(l-a)nF(E-E°)>

anF(E-Eo) , - .
_'_> " = A e""( RT

g = Aexp (‘ RT

(1.5.3)

and the change in concentration in the first volume element is given

by

. - _1 2(x)
_Afbx = DM fox(x-Z,t) - fOX( X—l,‘t‘) - ?B—zl)r-m (1.5.4)
. » Dy

where z(t) is the dimensionless flux
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i o11/2 1 i}
ey = 20T Une Tttt Fregel )
[2(0»41)1/2 et "hb]

The current, the usual quantity desired from the simulation, is found

- as

. *
i(tr) = nFA Cox /Doxtkz(r) (1.576)

where t, is the duration (in seconds) of the experiment, so that At =

-t /1.

Proceeding from what was just done, it would seem reasonable that
in simu]atingvsystems with homogeneous kinetics, one would include

terms like k foxAt in (1.5.2). For example, for the'CE mechanism of

f _
(1.2.10), the difference equation analogous to (1.5.2) would be

Afox = DM {fox(x+l,r)-2fox(x,1‘)+fox(x-l,’r)} + kff-c(x,_‘r)At—kbfox(x,‘r)At

(1.5.7)

One wou]& simply replace (1.5.2) by this équation in doing the

simulation,

~In practice, however, this is'psua1]y.not done. Instead the
concentration changes due to homogeneous kinetics are done after the
~ diffusion and charge transfer reaction changes. This is permissable

provided that At is small, which it must be for an accurate
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simulation.

For the CE mechanism, if one separates the homogeneous kinetics
from the diffusion and charge transfer effects, the resultant
difference equation is

Aoy = kefolxstlat - kpfo (x,T)at ' (1.5.8)

One does the simulation by applying (1.5.8) subsequent to (1.5.2), so
that each iteration consists of two steps, first finding the
concentration change due to diffusion and charge transfer and then

finding the concentration change due to homogeneous kinetics.

Equation 1.5.8 can be, and often is, Qsed to do simulations,
especially for very complicated homogeneous kinetics. Unfortunately,
for first order kinetics the solution is accurafe only for At <
0.1/(kf+kb). This means that for large rate constants At must be very
small, which in turn means that a.very large number of iterations must
be used to do the simulation. THe explicit finite difference method
is impractical for very fast kinetics,'because the computer time

needed to do the simulation becomes excessively large.

This situation can be improved by considering the differential
equations that describe the change in concentration due to only

homogeneous kinetics. For the CE mechanism the equations are
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c _
at kbfox - kffc,
of
ox _
St = Kefe - Kyfox (1.5.9)

These can be solved exactly for Af oy (and.AfC = -Afox) ’as

f.(x,1) = kef  (x,7) |
af = *o'c — “¢"ox (1-exp[-(k ¢+k,)at]) (1.5.10)

where fC(X,T) and fox(x,t) are the concentrations of C and Ox after
the diffusion-charge transfer step. Equation 1.5.10 enables the use
of about five times larger rate constants. WNote that for At small,

(1.5.10) reduces to (1.5.8).

For very fast kinetics this improvement is not enough. For this
reason the numerical integratfdn method of Nicholson and Shain (38)
_was'employed for theisimuTation of systems with répid kinetics. In
this method, the partial djfferéntia] equations and boundafy
conditions describing the CE mechanism with a reversible charge

transfer are first solved to get an integral equation in time:

at

1 - " e . KL g (at)f wzldz L [ exp[-aat-z) [u2)dz
Yat-z vat-z 0 vat-z

(1.5.11)

where a = nFv /RT, 6 = exp[(nF/RT)(E -E°)], E, s the initial
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potential, and Sk(at) = exp(-at).

The solution desired is the value of y(at). Suppose that the
entire interval from 0 to at is divided into n subintervals each of
length$ = at/n; from this it is seen that the value of y(ns§) is
desired, where n_is some integer. Furthermore suppose that all the
w(ks), k =~1,2,...,n=-1 are-already known. The-substitution z ="k§ is

made into all the integrals of (1.5.11) and these now have the form:

at n
f fat-z)y(z)dz . ,/5—[ f((n-k)s)y(ké)dk (1.5.12)
0 Yat-z ' 0 /n-k

These integrals cannot be evaluated in this form because a singularity
exists at n = k. This singularity is removed by integration by parts,
and the resulting integral is in the form of a Riemann-Stieltjes.
integral (76), where it is assumed that the integral of f((n-k)8)//n-k
exists, and g((n-k)¢) is thdt integral. The Riemann-Stieltjes

integral may be recast as a finite sum

n n
-/ﬁ g((n-k)8)dy(ks) = § g({n<k)s) [w(ks)-w((k-1)8)] (1.5.13)
0 k=1 '

After substituting the corresponding sum for all the integrals of
(1.5.12), the resulting equation is solved for y(ns). As all the
p(ks) are known, the value of y(ns) follows immediately. The process
is extended to determine Y((n+1)8), and continued until the desired

termination.
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For the simulation of the EC mechanism with a reversible charge

transfer the following equation, also from Nichdlson and Shain, was

. used
at
1 _f }Q(Z)dz”
0 VaE"Z

at at
1 . cwlz)dz . K exp[-r(at-z) Ju(z)dz
T oS (at) * 3T °S. (at)
* A { Yat-z * A { : at-z .

(1.5.14)

For the simulation of the CE mechanism with a quasi-reversible charge

transfer, Nicholson and Shain do not give an integral equation. One

is easily constructed, however, from (1.3.10) and (1.3.4). Making the

same substitutions as did Nicholson and Shain, one derives

bt
1 - <1+K-+1 es (at))- ylzldz |
A K OUTa .T!.v =
bt [ !
K+1 u-bt /ey o 1 expl-x(bt-z) ly(z)dz
e” p(bt) + . (1.5.15)
X ](’?!. Bz ,

where b = anFv/RT, and el = ((EEYA)'exp((anF/RT)(E -EO));' From these

two equations, algorithms for a solution in terms of y(nd) can be

’obtained in the same manner as above.

One other technique was tested for the simulation of fast
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homogeneous kinetic systems; this is the orthogonal collocation
technique (77-79). In this method the space part of the solution to
the partial differential equation is approximated by a sum of
.orthogonal Laguerre polynomials of order N. In this way the system of
M partial differential equations can be reduced to a system of MN
first order ordinary differential equations, which can be solved using-
a standard.differential equation solving téchnique such és a
Runge-Kutta or Hamming predictor-corrector technigue. (For
information on these differential equation solving methods, see Ref.
80, for example.) Work done by us using this method showed little
improvement in computation time over the explicit finite difference
method, however, even though this method had been touted as a time
Saver. For large rate constants the order of the approximating
polynomia]‘must be very large, which leads to great increases in

computer time.

1.5.2 Semiintegration and Semidifferentiation

The artificially created data files were numerically transformed,
either by simple semidifferentiation or by the app]icétidn of one of
the c.v.c.f. functions. In either case, the input file must be
either semidifferentiated or semiintegrated. The algorithm to perform
.semioperations originally used by this group (66) was based upon
semiintegration employing the method of Huber (81) as discussed by
Nicholson and Olmstead (82), followed by differentiation to get the
semiderivative if desired. It was discovered that this process is in

error (83), and'subsequenfly semioperations were done using the Gl
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- algorithm of Oldham and Spanier (84)

d9; N9 r(j-q) .
a1 —Tq—gT i. : (1.5.16)
de9 |E1'-Ef|q r(-q) & r(j+l) 'J 4 _

vwhere ij is t’he»jth current point, T is the Euler gamma function, N is
the number of points in the current file, and q = 1/2 for
semidifferentiatibn, q = -1/2 for semiintegration. This operation is
a convolution of the current with another file, and it is from this

operation that convolution voltammetry gets its name.

1.5.3 Curve Fitting

~ After the artificial 1sv-dafa'f11es have been created and
transformed by the convolution methodsg the files were used as input
~to a curve fitting program. In all cases the c.v.c.f. technique
fnvo]ves fitting avsech2 funétion to the transformed data. For this
reason the curve fitting process is properiy called non-linear
regression éna]ysis. _Theré' are a number” of review articles on the
application of both Tinear and non-iinear regression analysis to
chemistry (85-87) as well as a great number of statistics texts
describing regression methods (See, for example, Refs. 88 and 89).
Two different non-linear regression methods were investigated: for this

work, the sequential simplex method and Marquardt's method.

‘The theory behind non-linear regression analysis is, éxcept for

" the nature of the fitting function, exactly the same as regression
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analysis with a linear fitting function. It is assumed that some
measurable response Y is describable by the sum of a model function f

and an error term

Y = f(x,a) +¢ (1.5.17)

where x is a vector of observations such that x = (x],xz,...,xn) and a
is a vector of parameters a = (a],az,...,ap). If the error ¢ is
assumed to be independent and uncorrelated between measurements, as is
the case for random error, then the best values of the parameters a,

can be found by minimizing the error sum of squares.

n |
Sta) = T (Y - fixg.2)) (1.5.18)
L=l

with respect to a. In linear regression it is possible to find the
3s
aai
simultaneous equations. For non-linear fitt{ng functions, however,

best a; by setting all the equal to zero and solving the system of
the system of equations is too complex to be solved, and other

approaches to minimizing S(a) must be taken.

One approach is that of the sequential éimp]ex method. The
sequential simplex method (90) is not really a curve fitting method,
but is rather a general optimization method, whether optimization
towards a minimum or a maximum. Suppose the fittingvfunction contains
p parameters to be fit. Ihitia]]y a p+l verticed equilateral figure

(a 'simplex') is created in a p+1 dimensioned response space, where p
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dimensions are the parameters to be fit, and the other dimension is
the response variable, in this case the error sum of squares. The
simplex works to optimize the response by replacing the vertex with.

- the worst response with a new vertex. The new vertex is placed
somewhere along the line cdhnecting the old, worst vertex. and the
centroid of the simplex and'extending'through.both of these points.
After the new vertex is found, the response for this vertex is
determined, and the process is repeéted; i.e., the new worst response
is determined and that vertex is then changed. The optimization
process is continued until a limiting number of fterétions is reached,

or until some convergence criterion in the response is reached.

The motivation behind the simplex method is that a movement away
from the worst respohse is in the end a movement towards the best
“response. Unfortunately, however, this movement can occur very
slowly. By using a more statistically oriented regression method that
wokks by moving towards the besf response it is often possible to

achieve a fit more rapidly than by using the simp1ex;

Marquardt's method (88,89) is actually a compromise between two
other non-linear regresssion methods, Taylor's method and the method
of steepest descents. In Taylor's method the non-linear fitting

function f(x,a) is approximated by a Taylor series expansion

af(x,a)\ ’ | _
). T) (ai-aio) (1.5.19)
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which is truncated after the first order terms. The vector 3, is the
vector of initial guesses of the parameter vector a. By this means
the problem becomes one of linear regression anaiysisg using standard
Tinear regression techniques, a correction vector 90 can'be determined
such that 3, =34+ go is a revised best estimate of the optimum value
of a. From this corrected value 3, a new correction vector Qq may be
determined, and then a new best estimate 2. The process is continued
until some convergence criterion is reached. The Taylor method works
well for cases in which the initial guess 2, is close to the opfimum
value a. For initial guesses far away from a, the higher order terms
not included in (1.5.19) cause the technique to converge slowly, or

not at all.

The method of steepest descent is complementary to Taylor's
method; it works well for 3, far from a, but poorly for 3, hear a. In
the method of steepest descent the gradient vector ¢ = -v-S(a) is
used as a correction vector; this makes sense, because this is the
direction of the greatest 1oéa1 improvement of the response. The
response is found for points 3, + AEO for increasing values of X until
the response begins to decrease. The point with the best response is
~ chosen asvgq, and the process begun anew with the determination of the

<, vector at the point 3. Near the optimum résponse the response
curve is quite flat, and small errors in the input data often cause
the direction of the gradient to be significantly away from the

direction of the best response, and thus convergence near a generally

takes a long time with this method.
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The Marquardt method uses as a correction vector

§ = b+ : (1.5.20)

where b and c are the correction vectors for the Taylor method and the
method of steepest descents, respectively. Initially A is large, so
that for.g0 far away fromlg the method corresponds to the method of
steepest descents. -As thevfitting continues, however, and a,
approaches a, A is decreased so that the method becomes more 1ike
Taylor's method. Marquardt's method achieves the best of both worlds,

“and fits the function quickly both far away from convergence and near

convergence,

1.6 IMPLEMENTATION OF METHODS |

The data files created for the study of the application of both
é.v;c.f; and c.v.c.f. to charge transfer kinetic systems are shown
in Table 1.4. The program used to create these files was a FORTRAN
program named DIGIT, which employed thé exp]icit'finite dffference

method discussed in Section 1.5.1. This program requires as input the
K?
(which equals the number of data points per file), the dimensionless

total duration of the simu]ation't the number of iterations 1,
rate constant A, the standard potential E°, the number of electrons
transferred n, the initial potential Ei and the scan rate v. For

| programs taken from the Titerature the reader is directed to the

appropriate references.



Table 1.4: Definition of systems and returned fit parameters for
application of s.v.c.f. to single peak charge transfer
kinetic systems '

a b Heignt® width®  R?

Filename | A Pot.

A 1133 x 1073 -0.6614 1.85  76.0  0.9980
B 1,133 x 1072 -0.6023  1.85  76.0  0.,9980
c 0.1133 -0.5441  1.94  73.3  0.9990
D 0.2667 -0.5289  2.08  68.5 0,999
£ 0.5667 ~0.5143  2.39  59.2  0.9999
F 1.133 -0.5078  2.65 53.4  0.9999
6 5.667  -0.5019  3.01 47.1  0,9999
H 11.33 _0.5011  3.06  46.2  0.9999
I 1.133 x 10 -0.5004  3.12  45.4  0.9999
J 1.133 x 105 -0.5003  3.13  45.3  0.9999

‘a) Other parameters defining the systems are discussed in the text.
b) Units for potential are V, of width are mv.
c) Arbitrary units.
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The dimensionless rate constants for each file are included in
Table 1.4. A1l files are of one peak, have potential ranges from 0.0
V to -1.0V, and aésume tk = 1.0, a = 0.5, £ = -0.5 V, and n = 2.
~A11 files required 512 iterétions, which took about 85 seconds of CPU

time to complete.

DIGIT, like ai] programs used in this work, was run on a
1aboratory microcomputer with a Digital Equipment Corp. LSI-11/23
CPU. The operating system was DEC RT-11, Version IV, with a FORTRAN
. IV compiler. The system possessed graphics capability via a Tektronix
4006 terminal and 4662 digital plotter, and was equipped with Data
Systems DSD-440 floppy disk data stdrage.

After creation, the artificial chargé transfer kinetic files were
semidifferentiated by'é FORTRAN called GDSEMI which employed the GI
algorithm as given by (1.5.16). The time for the semidifferentiation
of a 512 point. file was about 80 seconds. Thevsemidifferentiated
files were written to disk and used as input for the curve fitting
program BIMFIT, which is based on the sequential simplex algorithm,
and for the program MARFIT, which is based on Marquardt's method.

Each program uses as a fitting function

f(E) = A sech® {B(E-C)} (1.6.1)

The variable A is called the returned peak height andvis the height at
- the peak maximum. B is related to the peak width by peak wi&th =
1.7627/B, where the peak width is the FWHM of the sech2 peak;



-70=

Finally, C'is called the peak potential and is the potential of the
sech2 peak at the peak maximum. As input, each program requires only
the number of peaks in the input data file and the file itself. Each
program first determines trial values of A; B and C for each peak

using an iterative stripping approach (92).

After-the-initial guesses to the parameters have been found the
two programs differ. The simplex algorithm in BIMFIT is’ implemented
through the subroutine NELMIN as given by 0'Neill (93), with
corrections from Chambers and Ertel (94), Benyon (95), and Hill (96).
NELMIN requires a function to evaluate the response at the vertices
(Which is the cdefficient.of determination R2, calculated as 1 - (the
error sum of squares S(a) divided by the variance of the dependent
variable.)) As input NELMIN requires dependent and independent
variable arrays, the number Qf parameters to be fit, and an'array 6f
initial guesses to the parameters. The program also requires stepping
. values by which to vary the parameters as the simplex is created;
these were chosen to be 10 mV.for the peak potential, half of the
height for the peak height, and the FWHM for the peak width. The
program terminates whenever the variance of the coefficients of
determination among all of the vertices of the simplex was less than 1

12

x 100'C Times for fitting of single peaks were on the order of 50-80

seconds,

The subroutine CURFIT to do curve fitting using Marquardt's
method was taken from Bevington (89). This is a driver subroutine; it

requires other subroutines to evaluate the fitting function, to
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evaluate the derivatives of the fitting function, and to do matrix
inversion. As input CURFIT requires an independent and dependent
variable array, the number of parameters to be fit, an array
containing the vaiﬁes of the parameters, and the value of the
coefficient x}used in (1.5.20) and not to be confused with the
dimensionless homogeneous rate constant. Lambda is initially set
equal to 1000. The convergence criterion for this program is that the
relative change in each of the parameters be less than 0.1%. Typical

~ times for the fitting of sihg]e peaks using MARFIT were on the order

of 25-30 seconds.

The output for both brograms is the final values of the peak
potentials, heights and widths. Also output are the final coefficient

of determination and the time in seconds needed to do the fit.

The returned values of peak potential, height and width by BIMFIT
and MARFIT were nearly identical for fhe files bonsidered in this |
work. The time required for fitting was more than twice as long for
BIMFIT than for MARFIT. This decreased fitting time has also been
nbted for the fitting of peaks in Mossbauer spectroscopy (97) using
both the simplex method and the Gauss iterative method, which is
similar to Marquardt's method. However, the fitting program used
fhroughout‘Chapters 2 and 3 is BIMFIT. This is because MARFI% was not

available for use at the time this earlier work was done.

Synthetic semiderivative voltammograms of overlapping waves
corresponding to systems with reversible and non-reversible charge

transfer kinetics were also created. This was done to demonstrate the
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effectiveness of s.v.c.f. in fitting sysﬁems with non-reversible
charge transfer kinetics. These waves were constructed by adding
sech2 functions with specified peak potentials, heights and widths to
the semiderivatives of the files in Table ],4; The added sech2
function was in all cases of approximate]y the same height as the wave
to which it was added, was of 45.3 mV in width, and had a peak"
potential either 35, 50, or 70 mV cathodic to the peak potential of

the file to which it was added.

After creation, the overlapped semiderivative was used as input
to the curve fitting programs, and also to versions of BIMFIT and
MARFIT called CNWSBM and'CNWSMR, respectively. 'These,progréms are thé
same as the original except that the peak widths are.not varied, but
rather are entered as input parameters to the program. In this study,
peak widths input to CNWSBM and CNWSMR were the returned peak widths
vtaken from application of BIMFIT and MARFIT to the semiderivatives of
the single peak charge transfer kinetic systems. As for BIMFIT and
MARFIT, results frbm these two programs were identical, except that

CNWSMR was about twice as fast as CNWSBM.

In addition to s.v.c.f., a c.v.c.f. technique based on (1.4.4)
was used for the analysis of the files 1n Table 1.4. The program used
to accomplish this is a FORTRAN program called QUASMI. This first
semiintegrates the input current data, and then employs a fitting

function
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| A-m(E.) [l+exp (ﬂ$ (E;-C))]
) 3 RT ‘55"
f(Ej) = 1In { i(Ej) , } _ (1.6.2)

to fit the data, where A is the 1imiting value of m(E) at very
negative potentials (here taken as the average of the last 50 points

of the semiintegral), and C is a parameter to be varied.

The correct C is from (1.4.4) C = E°. The best estimate of C is
achieved by varying C so that the variance in the linear Teast squares

fit of Ej to f(Ej),.defined by

' 2
| Sz i rf (Ej)-a z f(Ei) b I Eif(Ej)
~ NP-2

(1.6.3)

is a minimum. In (1.6.3), a'ahd b are the slope and intercept of the
fit, and the sums are on]y over cértain Ej.  Because the exponéntia]
term-either blows up or goeé to ;éro for E much different from Ej’ the
fittinnguncfibn was weighteq so that f(Ej)~was non-zero only for
those values of Ej such that 0.1A < m(Ej) < 0.9A. The process used to'_
determine C is an interactive one, allowing the user to view p]ots of
52 as a function of C. After the user chooses thé range over'which C
- is to be varied, QUASMI' plots the variance and, if s0 desired,
determines the interpo]ated minimum of the variance plot, which is the
best estimate of C (or E°). The program then does one final fit of Ej

-~ to f(Ej), and returns the slope and intercept from this fit. From

(1.4.4), the transfer coefficient is
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= (BL) siope ' (1.6.4)

and the dimensionless heterogeneous rate constant is

0
InA = - Eg%g_v- % n (%%) - Intercept (1.6.5)

where E° = C.

The data files created for the study of the s.v.c.f. and
c.v.c.f. techniques as applied to the CE méchanism with reversible
charge transfer are shown in Tab]e 1.5, a]ong with the corresponding
rate constants. The program DIGIT was used to create files K through
P, with é modification to enter the forward and backward homogeneous
kate constants instead of the dimensionless charge transfer rate
congtanf; The FORTRAN program NSSOL1, employing Nicholson and Shéin's
simulation method, was used for the creation of files Q through CC.
This program was based on the use of (1.5.11). NSSOL1 required the
same input as the modified vérsion of DIGIT just described. For both
programs the equilibrium constant K = kf/kb was assumed to be 10'4;
other input parameters were the same as those input to DIGIT for the

charge transfer systems. Ail files required 512 iterations, and

either program required about 180 seconds of CPU time.

Files K through CC were semidifferentiated and input to BIMFIT to
determine the applicability of s.v.c.f. to the CE mechanism. Perhaps

more importantly, several c.v.c.f. techniques were applied to the



Table 1.5: Definition of systems. and results for application
' of s.v.c.f. to voltammograms of the CE mechanism
with a reversible charge transfer

b

Filename 227D Pot. Height®  width®  R?

K 0.00100 -0.5003  2.211 x 107*  45.4 0.9999

L 0.0100 -0.5007  2.219 x 10°%  46.2. 0.9958

M 0.0500  -0.5023  2.284 x 107* 48.8 0.9338

N 0.100 -0.5062  2.409 x 107 50.4 0.8457

0 0.200 ~0.5075  2.639 x.107%  52.8 0.7315°
p 0.500 ~  -0.5159  3.351 x 10°% 58.8 0.6316

Q 1.00 -0.5234  4.543 x 10°%  75.7 0.6064

R 2.00 -0.5276  6.428 x 107% "75.5  0.6065

s 3,00 -0.5301 7.869 x 107 74.6  0.6055

T 5.00 ©-0.533  1.018 x 1073 74.8 0.6065

u 10.0 05379 1.437 x 1073 75.3 0.6090

v 100, -0.5530  4.389 x 10°°  55.6  0.5687

W 1.00 x 103 -0.5781  1.266 x 10°° 78.7 -~ 0.6720

X 1.00x10% -0.5913  3.875 x 1072 82.0  0.6964

Y 1,00 x 10°  -0.6182  0.3044 9.6  0.8407

z 1.00 x 108 -0.6203  1.340 59,2 0.9851

AA 1.00 x 10'9 _0.6196  2.067 - 47.1.  0.9998

BB 1.00 x 10" _0.6195  2.156 46.0 0.9999

¢ 1.00x 102 _0.6195 2.185 . 45.6 0.9999

a) Other parameters defining the systems are discussed in the text.
b) Units of potential are V, of width are mV.
c) Arbitrary units. :
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analysis of these files. The first applied was intended to enhance
the analysis of systems in the KP zone of behavior. A FORTRAN program
KPSEMI was written to accomplish this. The program first
semiintegrates the input current file. After semiintegration, a
further transformation was made by means of (1.4.5), where i*‘is the
limiting value of the current at negative potentials, and was chosen:
as the average-of the last 50 current points. The file f(E) was then -

written to disk and used as input to BIMFIT.

Another FORTRAN program, called KESEMI, was written to effect the
analysis of systems in the KE zone of kinetic behavior. This brogram
initially semiintegrates-the input current file., After this, the

program varies a parameter C in thevfitting function

f(E) = wm(E) + Ci(E) (1.6.6)

From (1.4.9), for the correct value of C, at very negative potentials
f(E) is a constant. KESEMI determines a best estimate df C by varying
C so as to make the absolute value of the slope returned from-a linear
least squares fit of f(E) to E a minimum. The last 50 points of the
file are used for this purpose. After the best estimate is

1/2 is determined from (1.4.11). The '

determined, the value of K
function f(E) is determined for the entire file using the best
estimate, and the transformed file is subsequently written to disk.

The transformed file is then used as input to BIMFIT.

Several data files were created to investigate the application of
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c.v.c.f. to a CE mechanism coupled to a non-reversible charge

transfer. A FORTRAN program NSSOL3 was used to create these files.

This program was based on (1.5.15). Input to the program was the same
a§ that of NSSOL1, with the addition of the dimensionless rate

constant and transfer coefficient for the charge transfer reaction.

The files created are shown in Tab]e 1.6, along with the input A for
each file. The forward and backward homogeneous rate congfant for

each file was 1.947 x ]05 s’l and 1.947 x 109 s']

4 and A = 2.5 x ]07 for each file.- The transfer

, respectively, which
results in K = 107
coefficient’was chosen as 0.5, and the other input parameters were

‘those used in creating files K through CC.

A c.v.c.f. technique based on (1.4.14) was used for the analysis
of files DD through NN. As discussed in Section 1.4.2, for very
negative potentials (1.4.14) reduces to (1.3.34). Thus, the FORTRAN
program ALLSMI first uses the methods of KESEMI to determine thév
parametekvc:in (1.6.6). After the best estimate of C is found so as
to make the funétion f(E) of (1;6.6) as flat as possible for the last
50 points, the entike file is transformed by means of (1.6.6), using
the best estimate. The resultant file can than be analyzed by the

methods that QUASMI uses to find-Eo, o and A.

Finally, several dafa files were created to study the
~applicability of the s.v.c.f. technique to systems of the EC
mechanism with a reversible charge transfer. The program used to
create these files was a FORTRAN prograh called NSSOL2. The files

created by NSSOLZ are shown in Table 1.7, along with the corresponding



Table 1.6: Definition of systems and results of application of c.v.c.f.
: for CE mechanism with quasi-reversible charge transfer

kinetics
Filename A2 /2 b g xehP axiol) o AP
DD 1.772 x 10° 0.508 No Minimum
EE 8.862 x 10> 0.508 -0.6174  1.06  2.30  0.562 479,
FF 3.545 x 10 0.508 -0.6175 1.06  2.30 0.508 313.
66 1.772 x 10° 0.509 -0.6175  1.06  2.31 0.500 177.
HH 8.862 x 10! 0.508 -0.6175  1.06 = 2.30  0.500  91.]
11 3.545 x 101 0,508 -0.6175  1.06  2.30 0.500  36.6
3J 1.772 x 101 0.508 -0.6175 1.06  2.30 0.500  18.4
KK 8.862 0.499 -0.6177  1.08  2.30 0.500  9.10
LL 3,545 0.498 -0.6181  1.01  2.43 0.500  3.65
MM 1.772 . 0.498 -0.6156  1.23  1.64 0.500 1.8
NN 8.862 x 107! 0.497 ~ No Minimum

a) Other parameters defining the files are discussed in the text.
b) Calculated by ALLSMI as discussed in the text. '
c) Units are V. .

-8[-



Table 1.7: Results for application of s.v.c.f. to voltammograms
of the EC mechanism with a reversible charge transfer

Filename A2 Pot1.D  Heignt® width® Rr®

00 1.00 x 10'2 -0.3819 2.20  45.4 1.000
pp. 1,00 x 10°  -0.3846 2.26  44.0 1.000
QQ 1.00 x 105 -0.4102  2.51  39.6 0.999
RR 1.00 x 10%  -0.4385 2.55  39.1 0.999
S5 5.00 x 102 -0.4576 2.55  39.0 0.998
T 1.00 x 10°  -0.4679 2.55  39.0 0.998
uu 5,00 x 101 -0.4724 2.55  39.0 0.998
w 5.00 ~0.4868 2.52  39.7 0.999
WW 1,00 -0.4948 2.39  42.0  0.999
XX 0.100 -0.4994 2.23  44.9  1.000
v o 1.00 x 1072 -0.5001 2.20  45.4 1.000
72 1.00 x 1074

-0.5002  2.20  45.5 1.000-

a) Other parameters defining the files are discussed in the text.
b) Units of potential are V, of width are mV.
c) Arbitrary units.
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dimensionless homogeneous rate constants. Besides the rate constants,
other input parameters to NSSOL2 were the same as those input to
NSSOL1. The equilibrium constant assumed for the files was K = 104.

After creation, files were semidifferentiated and written to disk.

Several files of overlapped waves were a]sd created to determine
the applicability of s.v.c.f. for the:fitting of waves of the EC
mechanism, Sech2 functions were added to the semiderivative of the
file TT of'Tab1e 1.7. The height of the added function was 2.55, the
FWHM was 45 mV, and the peak potentials of the functions were varied
to be between 25 and 60 mV cathodic to the peak potential of the
semiderivative peak. After the sech2 functions were added,'the files

were written to disk and used as input to BIMFIT.

1.7 RESULTS AND DISCUSSION
1.7.1 Charge Transfer Kinetics

As was seen in Section 1.3.1, the s.v.c.f. technique is not
strictly valid for the cufve.fitting of semiderivatives of}
non-reversible charge transfers. Nonetheless, s.v.c.f. is the only
technique based»oh c.p.s.v. that allows one to attempt the resolution
of overlapped 1sv peaks. Because, as was seen, the appearance of the
semiderivative of an irreversible charge transfer is very much like
that of a réversib]e charge transfer, it was thought that, even though
there would be some error in the fitting, because of the peak
resolution ability it might prove useful to try to use s.v.c.f. for

non-reversible charge transfers. The first discussion, then, is on
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the effectiveness of the application of s.v.c.f. to the curve fitting

of the non-reversible charge transfer..

The effectiveness of any curve fitting technique is judged by how
well returned fit peak parameters obey relations derived from theory.
For fhe semiderivative voltammetric curve4fitting technique as applied
to charge transfer kinetic systems, this first implies that the
semiderivative is sech2 in form, as is stated by (1.3.14) for
reversible charge'transfer systems, and implied by Figure 1.7 for
irreversible charge transfers. The first condition of validity of
s.v.c.f. for any system must be the return of avcoefficient of
determination, as defined before, close to 1, whenever there is no

appreciable noise or distortion in the voltammogram.

" The s.v.c.f. technique will be considered valid for
non-reversible charge transfer systems only when, in addition to the
return o;f'R2 close to 1, returned peak parametersvagree:with |
parameters derived from theoretical relations. This is because the
coefficient of determinatioh‘is not a feliab]e criterion on which to
judge the accuraéy of a peak resolution technique; oftentimes large
coefficients of.determination'are returned from fits to peaks, while |
the fit parameters are in-greaf_error. Useable relations with whfch
 to judge the effectiveness of s.v.c.f." eXist only for reversible and
irreversible charge transfer kinetic'systems. The relations that may
be so used are (1.3.15) and (1.3.16) for reversible charge transfers
and'(1.3.21) and (1.3.22) for irreversible charge transfers.  From

(1.3.15) and (1.3.16) if s.v.c.f. 1is valid for reversible charge
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transfer systems, then returned peak potentials and widths for these
systems will be -0.500 V and 45.3 mV, respectively. If s.v.c.f. is
to be valid for irreversible charge transfer systems; the returned
.peak widths for these systems will be 75.5 mV, as given by (1.3,22),
vand a linear least squares fit of returned peak potential vs. In A
for these systems will have a.slopé of 25.7 mV, and an intercept of

-0.435 V, as given by (1.3.21).

The returned fit parameters'fdr thevapplication of s.v.c.f. to
the simple charge transfer system are shown in Table 1.4. From the
definitions of charge transfer reversibility and irreversiblity given
in Section 1.2.1, files I and J are seen to be reversible while files
A and perhaps B are irreversible. A Tinear least squares fit of
returned Ep vs. 1In A for files A and B gave a sjope of 0.0257 V and
an intercept of -0.4313 V. Comparisons of these values and the |
returned peak parameters for files A, B, I, and J with the values
predicted in the preceding paragraph show close agkeement between fit
and theoretical parameters for both reversible and irreversible charge
transfer systems. Coefficients of determination are close to 1 for
the four files. Both conditions of validity are fulfilled for the
application of s.v.c.f. to both reversible and irrevefsib]e charge

transfer systems.

There are no simple relations with which returned peak potentials
or widths can be used to judge the effectiveness of s.v.c.f. for
systems with quasi-reversible charge transfer kinetics. Because the

returned R2 values get closer to 1 as A is increased, and because
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quasi-reversible systems become more and more reversible as A is
increased, one might expect semiderivatives of waves of these systems
to become more and more sech2 in shape as A is increased. The
semiderfvative voltammetric curve fitting technique is expected to
better fit these semiderivatives than in the completely irreversible

cases

There 1is. another way to show that s.v.c.f. is ralid for
non-reversible charge transfer systems. One may overlap
semiderivatives of waves for these systems with sech2 functions and
use s.v.c.f. to resolve the over]appéd peaks. The accuracy with
which barameters are returned from the fused peak waves gives an
indication of the suitability of s.v.c.f. for the curve fitting of
the wave for the»quasi-revgrsfb]e‘system, and 1n¢identa]Ty'gives an
indication of how well peak resolution of such overlapped syétems;may

work.,

Towards this end, the accuracy of reso]ution is rather

arbitrarily defined as

. p
\ _ 1 , |(Returned,peak parameter —,True-peak,parameterﬂ
Accuracy ="1 - g 2 ‘ True peak parameter
1

i=

(1.7.1)

where NP is the number of peaks, and P is the number of parameters, 3.
~ x NP, Because the peak potential is referenced to-an arbitrary zero,

the residual in peak potential is not divided by the true peak
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potential; rather, it is divided by the true peak width, giving
(perhaps) a less biased estimate of the accuracy. Failure of

resolution is defined as the return of accuracy less than 0.85

A p]oﬁ of accuracy vs. increasing A is shown in Fig. 1.8. HNote
that the abscissa is not to any scale , but rather reflects only an
- ordering of accuracy with increasing A. These plots of accuracy in
general increase with A, This implies that fits of semiderivatives of
waves of non-reversible charge transfer kinetic,syétems improve with
increasing A. The sech2 function is an even better fitting function
for the sehiderivative of a quasi-reversible charge transfer system

than it is for an irreversible charge transfer system.

It is interesting that accuracy does not always increase
monotonically with increasing A, and that accuracy does not always
increase with increasing peak separation, This may be the result of
the obtaining of a false minimum by the curve fitting programs. If
the peak potential of a fit peak is changed slightly, the R2 betweeﬁ
experimental peak and fit peak changes greatly. If fit peak height
and width are changed simultaneously so as to increase height and
 decrease width (or vice versa) the returned R2 changes only slightly.,
In this case the small non-sech2 nature of a semiderivative of a wave
for a non-reversible charge transfer system could, in the right

circumstances, affect returned accuracy greatly.

One way to negate this effect is to constrain the peak widths in
the fitting program, using input peak widths from single pedk data.

This is equivalent to empirical approaches employed in the past
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Figure 1.8: . Plots of accuracy vs. increasing dimensionless
‘heterogeneous rate constant for parameters. returned from application
of s.v.c.f. to overlapped waves of non-reversible charge transfer
systems. The abscissa is not to scale. Triangles are accuracies for
overlapped systems with peak potentials 35 mV apart, squares are

~accuracies. for peaks 50 mV apart, and crosses are accuracies for
systems 70 mV apart. v
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(98-100). Figure 1.9 shows a plot of accuracy vs. increasing A for
constrained width fits. These curves always change monotonically with
increasing A, except for some small fluctuations at accuracy very near
1.' The ordering of accuracy with peak separation goes almost
monotonica]iy from most overlapped to least overlapped systems for a
given A. This indicates that a great deal of the effect attributed to
a false minimum has been eliminated. Note also that if failure is
defined as the return of accuracy < 0.90 that resolution succeeds for
all systéms_except for the totally irreversible systems at 35 mV peak

separation.

C.v.c.f. can be judged in its analysis of simple charge transfer
systems much more easily. If returned kinetic parameters from QUASMI
are the same as the parameters used to create the system, the c.v.c.f.
techpique works.. The results for the application of c.v.c.f. are
shown in Table 1.8. The systems with 'No Minimum' are systems that
did not exhibit a minimum in the plot of 52 vs. C. These are the"
systems that were determined to be either reversible or irreversible;
fof these systems, the dependence of the f(Ej) function of (1.6.2) on

the exponential term disappears.

It is seen that the c.v.c.f.  technique does quite a good job of -
returning the various electrode parameters. Returned values of C are
all near the input standard potential of -0.5 V , transfer
coefficients are near the input 0.5, and the returned A for each

system is close to the input dimensionless rate constant.
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 Figure 1.9: Same as Figure 1.8, except that accuracies are determined
fr_qm CNWSBM fits, Input peak widths to CNWSBM are taken from BIMFIT
fits to single peak data.



Table:1.8: Results of c.v.c.f. for simple charge transfer systems

b 2b

Filename A pot1.2:0 &P A s

A 1.133 x 1073 No: Miiimum.

B 1.133 x 1072 No Minimum

c 0.1133 -0.4992 0.504 0.110 1.84 x 107°
D 0.2267" -0.4995 0.504 0.224 2.73 x 107°
E 0.5667 ~0.4995 0.504 0.564 7.71 x 107°
F 1,133 -0.4995 0.505 1.131 2.16 x 1078
6 5.667  -0.4994 0.524 5.36 4.76 x 107"
H 11.33 -0.4993 0.563 9.38 1.60 x 1075
I 1.133 x 102 No Minimum-

J 1.133 x 10° No Minimum

a) Units of potential are V.
b) Calculated by QUASMI as discussed in text

-88-
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The plots of 52 vs. C for the individual systems lead to some
speculation about the usefulness of this technique as applied to real
data. Figure 1.10 shows the variance plots for, from bottom to top,
systems C, E, G, and H. The plot for system C is very flat; for
systems like C, that are on the verge of eithek reversibility or
irreversibility, it is quite possible that in the presence of noise or
distortion that a false minimum might be obtained. Indeed, the
variances shown in Figure 1,10 for all systems are quite small. It
might be that with noisy real data that the increase in 52 due to
noise might overwhelm the small variances QUASMI uses to determine the
best estimate of C. In general, though, in doing kinetic
investigations noise is not a difficu]fy, because samples are run

under carefully controlled conditions, and signals are large.

1.7.2 CE Mechanism

The effectiveness of semiderivative voltammetric curve fitting
for systems with non-reversible homogeheous kinetics is judged in the
same way as is s.v.c.f. for systems with non-reversible charge
transfer kinetics. The methods are valid for only those systems where
.keturned-fif'parameters are close to those predicted from theory and

‘returned RZ'va]ues are close to 1.

Relations that may be used for the evaluation of s.v.c.f. for
the CE mechanism with a reversib]e charge transfer are (1.3.15),
(1.3.32) and (1.3.16). From (1.3.15), a pure diffusion system has a

semiderivative with a peak potential equal to the reversible half-wave
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potential, which for all systems studied is -0.5000 V. For an

4, from (1.3.32) the peak potential of the

equilibrium constant of 10~
'semidefivative of a modified diffusion system should be -0.618 V.

Peak widths of semiderivatives of systems with éither form of
reversible behavior should be‘45.3_mv. For s.v.c.f. to be considered
~valid in either the pure diffusion or modified diffusion zone of

kinetic behavior, returned peak parameters must be close to these.

2 for the

Table 1.5 gives-returnedvpeak parameters and R
application of s.v.c.f. the CE mechanism with a reversible charge
transfer.' From Section 1.2.2, systems K and L shou]d‘exhibit pure
diffusion behavior and‘syétems AA, BB, and CC shou]d exhibit modified
diffusion-beha?ior. Returned peak parameters for these systems, and
for system Z also, show both good agreement with theoreticé] _
parameters and R2 close to 1. The limits of validity of the's.v.c.f.
tecﬁnique as applied to this mechanism can be said to extend to the
bbundaries of the pure and modified diffusion zones as defined in

Section 1.2.2.

The réturned R? values for the application of s.v.c.f. to
systems ofvthe CE mechanism with behavior that is nbt c]aésica]]y
reversible suggest that s.v.c.f. 1is not vaiid for the curve fitting
of waves for these systems. One relation applicable for testing the
va]idity.of's.v.c.f. . for these systems is a relation for peak height

given by Nicholson and Shain (38)
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0.471 1 :
= + =2 - (1.7.2)
K v ¢ 5

where ik is the peak height of an 1.s.v. wave for a system with
preceding homogeneous kinetics, and id is the peak height'of an l.s.v..
wave.in the 1imit of large A for the same:equilibrium constant and:is-

called the diffusion: current.

Linear least.squares'fits of 1/1‘k vs. 1//X were made for ik
taken as the interpolated peak height of the systems of Table 1.5, and
for ik taken as the returned peak height from the application of
s.v.c.f. to the same homogeneous kinetic system. Slopes and
intercepts are reTated to id and K through (1.7.2). VTab]e 1.9 shows
‘the actual id (taken as 0.4463 from Nicholson and Shain) and K, and
the id and K calcu]afed from s]obes and intercepts of the linear least
squares fits. Calculated id and K for both fits agree well wfth the

actual i, and K, although the results found from heights returned by

2

d
s.v.c.f. are a little low in both cases. Thus, although the R

values are poor, the error in the returned peak height is small.

~ Figure 1.11 shows the semiderivative of system S and the
reconstructed sech2 fit to that system. For the first part of the

2 function fits fairly well; it is

wave, including the-peak, the sech
only at mofe negative potentials, where the homogeneous kinetics have
more of an effect, that the greater portion of the misfit occurs.

Even though retﬁrned peak heights are in error only by a small amount,

the s.v.c.f. technique is not a valid approach for the CE-mechanism



Table 1.9: Actual and determined diffusion currents and equilibrium
constants for the CE mechanism

Actual values Interpo]ated va1uesa S.v.c.f. va]uesb
i 0.443 0.446 | 0.432
K 1.00 x 1074 1.01 x 107% 4

0.757 x 10°

a) Values are determined.from linear least squares fits of 1//X to
1/i,, where i, s the peak height of the 1.s.v. wave determined
froh parabo11c interpolation. :

b) Values are determined from linear least squares fits of 1//X to
1/ik, where iy is the returned peak height from s.v.c.f.

-03-
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not in a diffusion controlled limiting case.

The results for the application of c.v.c.f. to systems not in
the diffusion controlled zones of behavior are mofe rewarding. The
first application of c.v.c.f. to be considered is the application of"
(1.4.5), which should be Qalid when applied to systems in the pure
kinetic case of 1imiting behavior. From Section 1.2.2, the systems of
Table 1.5 that exhibit this type of.behavior should be systems P

through X.

For c.v.c.f. to be a valid technique returned parameters from
the application should match. those parameters used in creating the
systems. More specifically, returned peak heights should be close to
one; returned peak widths, from (1.4.7), should be close to 22.6 mV;
and returned peak widths shou]d be related to the input dimensionless
homogeneous rate constant through (1.4.6). In addition, (1.4.5)
requires that the coefficient of determination for the fit be close to

one,

Table 1.10 shows retdrned values of the pafameters from the
application of this c.v.c.f. technique to some of the éystemsvof
Table 1.5. Figure 1.12 shows the result of the application of (1.4.5)
to syétem S,’and the'sech2 fit to this transformed system. The
returned. values of K in this fabie were calculated by means of (1.4.6)
with the assumption'of E®=.0.5V. Forall systems, except the
extreme systems P and X, coefficients of determination are near one,
calculated A values are near the input A, peak heights are one, and

peak widths are close to 22;6 mV. This c.v.c.f. technique exhibits



Table 1.10: Returned peak parameters for the application of the
pure kinetic c.v.c.f. technique to waves of the CE
mechanism : .

Filename? Pot1.®  calc. A Height Width® R?

N -0.5341 0.98  73.5 0.939%
0 ~0.4707 0.0062 3.7 0.0001
p ~0.5107 0.0680 1.003  13.1 0.9935
Q 0.5279  0.991  1.001  22.5 0.9999
R -0.5323 1.97  1.001 22.5 0.9999
s ~0.5349  2.95  1.000  22.5 0.9999
T -0.5382 4,93  1.000  22.4 0.9999
U -0.5426 9.79  1.000  22.4 0.9999
v -0.5571 93.7  1.001  22.1 0.9999
W ~0.5710  817.  1.003  21.1 0.999
X -0.5833 5550,  1.006  18.8 0.9956
Y  -0.5963 1.239 5.1 0.0846

a) As defined in Table 1.5.
b) Units of potential are V, of width are mV,
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all the criteria of validity for thosé systems for which the technique.

should be valid.

C.v.c.f. also works well when applied to systems in the KE zone
of 1imiting behavior. For these systems the c.v.c.f. equation used
is (1.4.8). If this technique is valid one should be able to obtain

/2 £or the particular system without any other

the correct value. of K\
information. If in addition E° is known, then through (1.3.32) one
should be able to determine the equilibrium constant, and thus A, for
the system. This value must match the input equilibrium constant,

4

which for all systems is 1.00 x 10" '. Peak heights again should be

close to one, and peak widths close to 22.6 mV.

Table 1.11 shows the results of the sequential application of
KESEMI and BIMFIT to some of the systems of Tab]evi.S. Systems from
Table 1.5 that should be in the KE zone are systems Y, Z, and AA. To
augment these systems, three other systems; X1, Y1, and Z1 were
created in the same way as those of Table 1.5 except with input

5 1.00 x 107,

dimensionless homogeneous rate constants of 1.00 x 10
and 1.00 x 109, respeétive]y. Shown in Table 1.11 along with the
returned peak parameters from BIMFIT are the returned KA]/Z from the
application of KESEMI, the equilibrium constant K calculated by méans
of (1.3.32) with the assumption of E° = 0.5 V, and the A derived from
KA]/Z and K. The results for systems X1 through AA exhibit all the

criteria of validity necessary to say-that c.v.c.f. 1is also valid

when applied to systems in the KE Timiting case of behavior.



Table 1.11: Application of c.v.c.f. to systems in the KE zone of the
CE mechanism with reversible charge transfer

Filename® Pot1.P | Height Width®  RZ _ kal/2 g (x10—4) A

X -0.6106 1.13  10.9  0.2132 0.0101 1.81

X1 -0.6145 1.02 v]7,8 0.9305 0.0322 1,34 5.79

Y -0.6183 1.00 22,7 - 0.9999 0.101 0.995 1.03

Y1 -0.6184 1.00 22.7  0.9999 0.315 0;988 1.02

Z -0.6185 1.00 -22.6 0.9999 0.983 0.980 1.01

21 -0.6185 1.00  22.7 0.9999 3.09  0.980 9.94

A -0.6187 22,9 0.9999 12.2 0.967. 1.59

1.00

X

X

10
10

10"

10
10

]010 ’

a) As def1ned in Tab]e 1.5 and ‘text.
b) Units of potential are V, of width are mV

-66- .
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There is one more application of c.v.c.f. to review: that is the
application of (1.4.10) and (1.4.11) to systems of the CE mechanism
coupled with a quasi-reversible charge transfer. The results of this
application are shown in Table 1.6. All of the input physical
parameters for the systems can be determined directly from the
application of (1.4.10) and (1.4.11) to the systems, so that there is
no need (as with QUASMI) to output a transformed f(E) system to fit

with BIMFIT. For the systems of Table 1.6, the input K = 10'4

7

, and
) 1/2 v
the input A was 2.5 x 10", so that KA\ for all systems was 0.5. The

input A for each system is also shown.

The results of Table 1.6 show very good agreement'with the input
parameters. It is to be remembered that nothing was assumed in the
procurement of all of the returned parameters; every parameter was
obtained by means of C.p.SaVe theory. This example shows the
potential pbwer of fhe p;v;c.f. technique, especially when épp]ied to

systems not in limiting cases of kinetic behavior.

1.7.3 EC Mechanism:

Last to be considered is the application of s.v.c.f. to the EC
mechanism with a reversible charge transfer. The results of this
application are shown in Table 1.7. The systems vary over the entire
range of kinetic limiting behavior, from the DO behavior of 00 to the:
DE behavior of ZZ. It is seen that'réturned coefficients of - |
determination for the sechzvfits to semiderivatives of the systems are.

close to one not only for the diffusion controlled systems, but are .
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close to one even for‘the pure kinetic systems of SS, TT, and UU. For
these latter three systems peak heights are aboutllo% higher than for
the diffusion controlled cases, which matches the results of lsv
theory. The peak widths for these three systems are only slightly
sma]]er.thanlthose of the diffusion controlled systems. The
semiderivative of system TT is shown in Figure 1.13, along with the
sech2 fit to this system. The fit is seen to be a good approximation
to the semiderivative. Because of these results, and because results
for the KO and KE zones are even better than thdse of the KP zone,

s.v.c.f. 1is seen to be effective inthe fitting of systems of the EC

mechanism.

Other evidence supporting this view comes from Figure 1.14.. This
figure shows the returned accuracy, calculated via (1.7.1), for fits

2

- to éystems composed of a sech™ function overlapped with the

semiderivative of file TT. The abscissa of the plot shows the
~difference in peak potentials between semiderivative and sech2
function. The accuracy is large, even down to small peak separations.

This implies that s.v.c.f. would be effective in the resolution of

Isv waves of the/EC mechanism.

1.8 CONCLUSIONS

The s.v.c.f. method has been shown to be valid not only in the
fitting of 'reversible' linear swéep voltammograms (i.e., those with
- diffusion controlled homogeneous kinetics and reversible charge

- transfers) but also in the curve fitting of other systems. The
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Figure-1.13: Semiderivative of file TT, and the sechZ fit to this
semiderivative.



'ACCURACY

8,88

-103-

1.00 L.B4

.96

p.92

Ny

/

/

A

.84

F0.00 2600 .00 B.00 400 5000 S6.00 6200 6800
PERK SEPARATION (V) .

Figure*1.14:' Plot of accuracy vs. peak separation for parameters'
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2functions to

s;v.c.f. technique works well in fitting sech
semiderivatives of voltammograms of systems with simpTe,
non-reversible charge transfer kinetics, or in fitting semiderivatives
of voltammograms of systems with succeeding homogeneous kinetics
coupled with a reversible charge transfer, but does not work well for
systems with precedinj homogeneous kinetics not in diffusion
controlled limiting cases. For the c]assibally reversible system, and
for the non-reversible charge transfer and waves of the EC mechanisms,
it appears possible to use s.v.c.f. as a tool for the accurate
resolution of overlapping voltammetric waves. Enhanced resolution is

provided by the use of a curve fitting program like CNWSBM that uses

peak parameters from single peak data as input.

| Several c.v.c.f. teéhniques have also been shown to be useful
when applied to artificial 1sv data. To. the extent that these
artificial data reflect the behavior of'real electrochemical systems,
the c.v.c.f. téchniques are a valuable tool for the feturn of both
charge transfer and homogeneous kinetic information. The great
advantage of the c.v.c.f. techniques is that they allow the aha]ysis
of.complex electrochemical systems that until the introduction of this
technique were not amenable to analysis. This is an advantage because
these more complex electrochemical systems contain more information
than the simpler limiting cases of systems used for analysis
previously, and thus allow the return of more information from the

same amount of data.
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CHAPTER 2

~ SEMIDERIVATIVE VOLTAMMETRIC -
CURVEVFITTING IN
LINEAR SWEEP VOLTAMMETRY
AND
~ ANODIC STRIPPING VOLTAMMETRY
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2.1 INTRODUCTION

- In the first chapter of this work convolutive voltametric curve
fitting techniques were shown to be valid in the fitting of simulated
linear sweep voltammograms. It is knbwn from long experience that
scientific techniques developed from the assumption of simple systems
like those of the simulated voltammograms often fail to describe
complex real systems. The work of Chapter 1 ignores, for example, the
possibi]ity that éomp]ex homogeneous kinetic mechanisms or adsorption
onto the electrode surface might distort a vo]tammogram. For the most
commonly used electrode, the hanging mercury drop‘e1ectrode, diffusion
will actually be spherical, and not linear; this will affect the shape
of the wave. Other effects, such as large residual current, or even
simple noise, could cause the c.v.c.f. techniques to fail. Any of
these effects, and others not mentioned, cou]d alter the shape of the
voltammogram sufficiently so that the application of s.v.c.f. would

give wildly erroneous results.

Before c.v.c.f. may be exploited for the inherent advantages of
curve fitting techniques, the question of how useful c.v.c.f. is for
the analysis of real electrochemical data must be answergd. The
answer will be determined for one of the c.v.c.f. techniques, ‘
semiderivative voltammetric curve fitting. This chapter will discuss
the usefulness of s.v.c.f. for the curve fitting of real linear sweep
voltammetric data. In addition, it will be shown that s.v.c.f. is
app}itab]e to some electrochemical systems when anodic stripping

| voltammetry is used. The usefulness of s.v.c.f. 1in the analysis of
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asv data will also.be determined. The effects of perturbing
influences such as sphericity effects, residual current, finite
plating time in asv and non-reversible homogeneous kinetics will also
be discussed. Finally, results for the application of s.v.c.f. to
1ineaf sweep voltammograms will be compared with results from
untransformed voltammograms to gain insight into the possible benefits

of s.v.c.f.

2.2 ANODIC STRIPPING VOLTAMMETRY

Anodic stripping voltammetry is an old technique; Zbinden (1) was
the first to publish work on the use of electrolytic stripping to
determine coppek dissolved in solution. The advantage of stripping
voltammetry is the great increase in sensitivity which derives from
the concentration of metal into or onto an electrode before the
stripping. This preconcentration often extends. limits of detection

for electrochemical methods by three or four orders of magnitude.

There have been several long review articles and books published
on stripping vo]tammetry in the last fifteen years. Some of the most
usefu]landvcomprehensive have been those written by Barendrecht (2),
Vydra et al. (3) and Brainina (4). Other reviews exist on more
specific topics in stripping voltammetry. In this work the stripping
technique used is anodic strippfng voltammetry at a hanging mercury

drop electrode.

In its most general form, analysis via anodic stripping

voltammetry occurs in three steps.. (See Figure 2.1). Initially the
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potential at the working electrode is held at some potential positive
enough so that essentially no metal species is reduced. The potenfja]
is then made negative enough so that the metal ions of analytic
interest are electrodeposited into the drop in the form of an amalgam;
this is called thevelectrodepOSition step. The choice of the
e]ectrodeposition potential Ed is ﬁade so that the potential is.
several hundred millivolts more negative than the E])Z of the species
of intereét that-is most easily oxidized. Species with E]/2 more
negative than Ed are not plated into the electrode, and thus are not
seen in the following stripping step. This selectivity is an

attractive feature of asv for purposes of quantitative analysis.

The solution is usua11y stirred during fhe deposition period to
increase the f]uxfof electroactive species to the working e]ectrdde,
thefeby increasing both the amount of metal plated and the current
during the stripping step. The current evolved by the plating reaches
a limiting value described by the following semiempirical relation (2)

1/2 |
2 oX ox 0 0X ~OX u ’ (2.2.1)

i, = mrFD_ Co o+ knrZD2/3 ¢
where u = rate of stirring»in rpm, r, is the radius of the drop, and K
is a constant particular to a specific cell geometry. If the duration
" of the deposition period is T seconds, the molar amalgam concentration.

of Red at the end of the period is (2)
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* 31‘21 _
Cred,hg ~ TaroF (2.2.2)

*
red,Hg
amalgam concentration increases with the duration, so that the longer

. . *
so that C is seen to be directly proportional to Cox . The
the plating time. the better the sensitivity. Unfortunately, if a HMDE
is used, at very long plating times appreciable amounts of Red begin

to diffuse into the Hg capi]iary, so that (2.2.2) no longer holds.
. .

* .
red,Hg.to Cox is about 30

The maximum period for a linear response of C

minutes, while more usual plating times are around 10-20 minutes.

After the electrodeposition step comes a rest period of several
secondsg‘ At the beginning of this.period the potentia] of the working
electrode is changed to Ei’ the initial potentia] for the stripping
brocess, and the.stirring of the solution is stopped. The potential
is changedbto Ei at this time so that capacitive current resultant
from the potential step will die away before the stripping step. The
stirring of the solution is stopped so that mass transport occurs only
by diffusion, and‘so that the concentration profile of Red within the
Hg drop may become homogeneous. It was shown by Shéin and Lewison (5)
that for long plating times the concentration becomes nearly
hohogeneous after about 20 seconds. Typical durations for the rest

period are from 20-30 seconds.

The last step is the stripping process itself. During this step
all the various waveforms that can be applied to an electrode during

analyses without plating may be applied to the electrode with
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preconcentrated metal-amalgam. In this-work a linearly varying
pofentia]'ramp was applied to the electrode. If the radius of the
electrode is large enough, and the concentration profile within the
drop at the end of the rest period is homogeneous, theh during the
stripping step mass transport occurs by linear, semi-infinite .
diffusion (6). This means that the relations developed in Chap. 1

for c.v.c.f. applied to lsv will be expected to apply to asv also,

for the particular mechanism of the system considered.

2.3 RESTATEMENT OF THEORY FOR S.V.C.F,

- The full treatment of the theory of s.v.c.f. for electrochemical
systems for which it has been proved valid is given in Chapter 1. In
short, for a reversib]é charge.transfer, or for very rapid preceding
or following first order reactions coupled with a reversible_chafge

transfer, the semiderivative is given. by

_ nFm 2 )nF_ _ _
g(E) = ZRT sech ;ZRT (E-Ep)§ | | (2.3.1)
where
* * '
m = nFAC, vD__v - (2.3.2)
v i Tox’
Lk * * *
and Ci = Cox for 1sv, and Ci = Cred,Hg for asv. The potent1al at the

‘maximum of the semiderivative peak Ep is
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- ¢ ‘
for.a simple, reversible charge transfer, and is
. . or LRI K
Ey = Elj2 *qp I (xz1) (2.3.4)

for a reversible charge transfer coupled with rapid preceding or
following first order homogeneous kinetics. The width at half the

peak maximum is, assuming T = 25°¢C,
FunM = 20:6 v (2.3.5)

and the height of the peak H is

2 * T
Yoo mEm (NF)7A & Pox® | (2.3.6)
- IRT T -9

_ o *
so that the height is seen to be linearly proportional to nz, A, Ci’

and v 1/2.

In this work linear sweep voltammetry is used to accomplish the
reduction of a metal to a mercury amalgam from a solution containing
metal complexed by complexing ligands. The mechanism for this is, for
the formation of only one complex in solution, that of the CE

mechanism of (1.2.10)



-121-

ke
ML = M™
Ky
. (2.3'7)
M™ + ne” = M(Hg) '

if the concentration of the complexing ligand is assumed to be much
greater than that of the metal. If this is the case, then the
reaction is pseudo-first order, and the rate constants of (2.3.7) are

functions of the ligand concentration.

Often several complexes exist in solution simultaneously. If the
dissociation kinetics are very rapid for every complex the results of
(2.3.1) through (2.3.6) still obtain, with the peak potential now .

given by (7)

N

£, - E'{/z'%}”_ o8 C (2.3.8)
. =0

where the sum is over the N complexes in solution, and the'Bi are.the -

_stabi]ity constants. for. the comp]eXatibn reactions, defined by;

B, = —— i (2.3.9)

If only one complex is formed, the behavior of systéms that are

‘not classically reversible should be that seen in Chapter 1; s.v.c;f..



-122-

Will not fit semiderivatives of these systems well at all. It is

expected that similar behavior would result for a system of several

complexes.

Anodic stripping voltammetry is used in this work to strip metal
from a mercury amalgam into a solution containfng a great excess of
complexing ‘ligands-.. This ‘means ‘that the homogeneous kinetic mechanism -
for asvvis not the CE mechanism of (2.3.7), but rather is the

pseudo-first order EC mechanism of (1.2.17)

M(Hg) = M + ne
' (2.3.10)

where, again, the charge transfer reaction is assumed to be
reversible. Again, if only one complex is formed, and if the
homogeneous kinetics are very rapid, the pertinent relations are those
of (2.3.1) through (2.3.6), with the peak potential given by (2.3.8).
If the homogeneous kinetics are not classically reversible, it is
still expected that s.v.c.f. will work well (Sée Section 1.7.3).
Peaks should be about 10% larger and 10% narrower than in the

classically reversible case.

If several complexes exist simultaneously, and all of the
dissociation equilibria are very fast, the s.v.c.f. relations should

be those of the CE mechanism with several complexes and fast kinetics.
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'One'might expect that if some of the equi]ibria are not rapid, the
shape of the resultant voltammogram would be like that of the
kinetically controlled EC mechanism for one complex. It is possible

that the s.v.c.f. technique would still Serve to fit the asv data.
2.4 EXPERIMENTAL

2.4.1 Cell and Electrodes

The working electrode for all experiments in this work was a
Metrohm hanging mefcuky drop electrode (HMDE);‘ Thié eiectrode
consists of two main parts: a micrometer-p]unger'assemb]y that is

-seated on top of a piece of capillary tubing with a small reservoir on
top.-  When the micrometer head is turned the plunger is forced into
the reservoir, extruding a reproducible volume of mercury out of the“
end of the length of capillary tubing. The surface tension of the

mercury causes it to assume the shape of a sphere.

Most of the difficulties that developed during the cohrse of an -
experiment were direcf]y traceable to some problem with the HMDE.
Very often the end of the capillary tubing would get dirty and cause
the drop to fall off. This could usually be alleviated by cleaning
the capillary for fifteen minutes in boiling HN03, and fhen coating
the capillary with a 5% solution of (CH3)251C12 in CC14. After such a
treatment the HMDE would usually behave well for several months, when

the process would have to be.repeated.’
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The reference elect}ode was a homemade Ag/AgCl electrode. This
electrode was used instead of the more common saturated calomel
electrode (SCE) because many of the solutions under inveStjgation
contained large amounts of C]Oi. Because KC]O4 is only marginally
soluble, over a period of time the Vycor frit separating the KCl
filling solution in the SCE from the solution containing C]Oi would
become clogged. This résu]ted in an undefined potential at the.
working e1ectrodé. By using a Ag wire coated with AgCl, and a
NaC]/NaC]O4 filling solution as a reference electrode, problems with
clogging were avoided. This electrode was measured to be at a stable
potential +44 mV vs. SCE at T. = 20.°C. The counter electrode was a

heavy gauge Pt wire.

The cell, cell holder and purge tube were all Princeton Applied
Research (PAR) equipment. The geometry of the cell was such that the
reference electrode was placed as close as possible to the working |
electrode, so as to minimize uncompensated solution resistance. The
vce]] Was thermostatted by placement in a water bath that was a Pyrex
dish 19.1 cm in diameter by 9.8 cm tall. Inside the dish was a coil
of copper tubing>through which ran water from a larger heat bath. The
larger heat batﬁ was simply a wastebasket lined with plastic. The
bath was heated and stirred by a Haake Model E12 ciécu]ator, and the
water surface was covered with the polystyrene 'foamies', normally
used in packing, to prevent heat loss to the atmosphere. Water was
pumped from the wastebasket by the circulator through a short length

of Tygon tubing to the copper coil, and back.
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For asv an 8 x 1.5 mm Teflon coated magnetic stirring bar was
included inside the cell. The stirrer was a Corning PC-351 Hot
Plate/Stirrer. This was powered by an extension cord, in the middle
of which was an International Rectifier D1202 Solid State Relay. This
relay, when a potentia1 of 0.0 V is input to it, is open, a1]owing'no
current to flow through the extension cord. ;when a voltage of 5.0V
or more is input to the relay it closes, allowing current to pass.

The relay was interfaced to the microcomputer via a digital to analog
converter for precise control of stirring.
&

2.4.2 Potentiostat and Linear Ramp Generator

The potentiostat used in all experiments was a PAR 173
pbtentiostat. This is a thfee electrode potentioétat, and can be used
as either a synthetic or analytic tool. The potentiostat is designed
to be run in either a controlled current or controlled potential mode.
For all experiments in this work the potentiostat was run in the
controlled potential mode. The potentioStat on its own does not have
the capability of applying other than a constant»potentia1'to the
working electrode; it does, however, have two inputs through which any

_potential function may be applied. The potentia] between reference
and working electrode was output directly from the mainframe of the
potentiostat. The_currént passing through the cell is output via a
separate plug in module. The module used in this work was the PAR 179

Digital Coulometer.

There are two major disadvantages to the use of this
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potentiostat. Firstly, because the 173 is intended to serve as a
synthetic instrument, it has to be able to push a 1ot of current
through a solution. This results in a lot of noise; compared to some
other potentiostats, the 173 is quite noisy. The noise is primarily
60 Hz ‘'pickup' noise, and harmonics of 60 Hz. Currents much smaller
than about 100 nA are obscured by the noise invthis instrument.
Secondly, the sensitivity.of the: 179 current follower is gréded only
in orders of magnitude. This causes problems when one is forced to
change scales because of an increase in signal. When the sensitivity
is reduced by an ordér of magnitude, the signal is indeed reduced by
an order of magnitude, but the noise,.unfortunately;vis not. What is
at the-higher sensitivity a scan with large signal énd little noise
becomes at fhe Tower sensitivity a small signal with relatively more

noise.

A PAR 175 Tinear scan generator is used to apply a potential
function to the potentiostat. This is a very useful instrument
‘because it is quite adaptable to computer interfaéing. “Initial and
‘fina] potentials are set on this generator (values ranging from =10 V
can be chosen for either) as well as the scan rate, which can be
chosen to be from 1 mV to 10000 V/s. The unit is equipped with two
TTL triggers, one of which can be used to start a scan, and one of
which can be used to end a scan by resetting the unit to the initial
parameters. By means of these two triggers,‘and the settings dialed
into the PAR 175, the computer is able to control the entire

- experiment,
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2.4.3 Compu‘ter

" There were two différeht micro-combuters used in these
experiments. The microcomputer used to acquire data was a Digital
Equipment Corp. (DEC) MINC 11-2/B microcomputer system. The MINC is
a. package instrument fntended for use in laboratory experimentation.
The MINC is Eontro]]ed by an LSI-11/2 CPU with 32K memory of 16 bit
words, (28K of which are available for user programming), and has an
DEC RX02 dua1 drive, double density floppy disk drive for data storage

purposes. The terminal for this MINC was a VT105 terminal, which is

-capable of simultaneously plotting two 512 point arrays.

The largest advantége of the MINC is the ease with which the
computer may be interfaced. This is be¢ause peripheral devices exist
as modu]es for such things as a real time clock, ana]pg to digital
cbhverter'and others. ‘These simply plug into slots prbvided for them
in an expanded backplane. Moét of the wiring for the interfacing of
these units is already done, so that only a very meager knowledge of

electronics is needed to complete a laboratory microcomputer system.

~ The unfortunate feature of the MINC is that these peripherals are
not very powerful. The analog to digital conQerter, for example, has
a minimum samb]ing timevof about 69 us per point for 12-bit
resolution., This is exceedingly siow, and hampers the use of the
electrochemical apparatué in doing experiments at very fast scan

rates.

‘The devices in use with these experiments include a real time
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clock that is programmable to 5 different counting freduencies. This
kept the time for the events that occurred during the course of an
experiment. A digital to analog converter (D/A) with 12-bit
réso]ution, 4 outputs, user selectable voltages ranges was used to
provide offset voltages in asv and to triggér the PAR 175. An analog
to digital converter (A/D) with 12 differential and 16 Sing]e.ended
inputs, 12-bit reso]utiqn, and range from -5 to +5 V, was: used to

sample both current and potential data from the potentiostat.

A more powerful microcomputer is used for data manipulation and
analysis. The CPU is a DEC LSI-11/23 with floating pofnt chip :
accessory. This CPU is about twice as fast as the LSI-11/2, has the
capabi]ity of doing floating point operations direéf]y, and, besides
the 32K of core memoky, has the -capability of addressing an extra 100K
of "virtual” memory. The processor was mounted in a Netcom Products,
Inc. bin, and for data storage was equipped wifh é Data Systems
DSD440 dual drive, double density floppy disk drive. Thevterminal was
also a DEC VT]OS; for more sophjsticated graphics, a Tektronix 4006-1
terminal and a Tektronix 4662 digital plotter were available, both
driven via a DLV11vaseria1 I/0 board. For hardcopy of programs, data
fi]eé, etc., a DEC LAT20 printer was interfaced'via a DLV11-d, and
finally, for text processing an IBM Selectric typewriter was
interfaéed via a DLV11 board, and an Escon Products, Inc. interface.

Both computers used the DEC RT-11 operating system, both versions 3B

and 4,
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2.4.4 Computer'Programs

A great variety of computer programs were written to perform data
acquisition and analysis. Two programs, GDSEMI and BIMFIT, were
discussed in Section 1.5. Other programs to do experimental control

and data acquisition, and to do data analysis, are described here.

2.4.4.1 Voltammetry Programs

The 1sv and asv programs to do voltammetric cohtro] and data
sampling were called ROB4 and JEFF3, respéctive]y. Each program
consists of é FORTRAN drivervprogram, and various FORTRAN -and MACRO
(DEC assembly language) subroutines to perform individua]'funcfions.
The programs are large, and extensive 0ver1aying'of subroutines is
necessary to be -able to fit the program into the 28K words of user
memory. This is feasible because the different subroutines‘do not
depend on one another and therefore do not have to be resident in
memory simultaneously. The logical procedure for both programs is

.depicted in a flow chart in Figure 2.2.

Each program begins with a statement as to what connections must
be made for the program to operate correctly. The Isv program ROB4
' requifes.connections from- the e]ecfrometer-monitor on the PAR 173 and
the current dutput on the PAR 179 to analog to digital converters.
These allow monitoring the potential and current, respectively, as a
function of time, which is kept by the real time clock. ROB4 also
requires a connection from a digital-to-analog converter to both the

external trigger and frame reset inputs on the PAR 175 Tinear scan
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lllllll

Figure 2.2: Flow diagram for voltammetry programs.
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generator. A positive gding vb]tage to the external trigger starts
the generation of the linear ramp, and a negative going voltage to the
-frame reset sets all conditions back to the initial conditions. The .
asv program JEFF3 in addition requires Teads from DACs to both the
relay controlled stirrer, and to one of the voltage inputs on the PAR
173. The latter connection provides the voltage offset for‘p1ating

and cleaning.

For both programs, the first step after the machine connections
and settings are made is the entering of parameters for the scan. The
}computer checks these parameters to see whether they are compatible
with hardware capab111t1es, and calculates from them the correspond1ng'

integer numbers that are written to the various device addresses.

After all parameteré have been input, the program executes the
experiment, The MACRO subroutine JSCANSvactually performed
éxperimenta]lcontrol and data écquiéition. Because assembly language
routines are much more efficient than routines written in higher level
languages, assembly 1anguage.subroutines run much faster. Thus, it is
essential to use-assemb]y language subroutines to perform real time
experimental control and data acquisition functions. A good
“introduction to MACRO prograhming for the LSI-11/2 is given in
Cooper's book (8). The programming fok the particular hardware this
system implements was done with the assistance of thé DEC
'Microcompdter Processor Handbook' (9) and 'Microcomputer Interfaces 

‘Handbook' (10).
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The first step in the actual experiment is the calibration of the
potential file. If calibration of the potential is desired, four
scans are taken by sending a positive trigger to the PAR 175, and the
potential between the working and reference elctrodes is monitored as
a function of time. A running average of the potentia] is performed
after each individual scan is taken. After the final average is
determined, a linear least squares fit of the potential to the clock
time gives the real initial potential and scan rate. If these are
acceptable, then the potential file for sﬁbsequent voltammograms run
at that scan rate is constructed from them, If Ei and v are not
acceptable, the machine settings are changed, and another four

potential scans are taken.

After an acceptable Ei and v are found, and the potential file
created; the current scans érebtaken. Prior to the actual scan the
program pauses to allow a new drop to be extrdded from the HMDE. For
both programs, the subroutine JSCANS then performé_the actual scan.

In ROB3, thjs involves only the monitoring of the current produced by.
a linear potential sweep. JEFF3 has in addition the cleaning, plating
and rest steps to control. The botentiai at the working electrode is
he]d_at the cleaning potential for 10 seconds while stirring is
initiated. The potential is then changed to the plating potential.
Six seconds before the end of the plating period the stirring fs
discontinued. At the end of the period, the potential is changed to
the rest potential, and is held at this potential for 15 seconds. The

scan is taken at the end of the rest period.
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Both ROB4 and JEFF3 have the capability for signal averaging.
This is done by taking a running'average after each acceptable
voltammogram. After the voltammetric data are taken they are plotted
on the VT105. If the observed voltammogram is acceptab]e and ﬁo scan
averaging is required, the current and potential files are writ@en to
disk. If the voltammogram is not acCeptab]e Oor more scans are

required for signal averaging purposes, another scan is taken.

2.4.4.2 Fourier Filtering

* Most noise in electrochemical data is high frequency noise; most
e]ectrochemica] signa]s'are of relatively low frequency. This is thét
rationale for Fourier transform based filtering, which has been
discussed in many p]acés (11, 12 among others). A detailed discussion
of the.Fourier transform is given in Chapter 4. The filtering program
used in this work is called BAJSM. A Fourier transform subroutine
given by Mertz (13) was used to the foryard.and backward discrete
Fourier transform (DFT). Before transformation, the voltammogram was
rotated as per Hayes et al. (11) so as.to avoid aliasing effects, A
step function filter was used to keep the fifst 19 points oh either
side of the DC offset, and apply a Tinearly decreasing ramp tovthe
neit»four.'.All other fkequencieé were set‘equal to zero. The back .

transform was then taken, and the resu]tant filtered vo]tammogram was

scaled back to the original.

2.4.4.3 Background Subtraction
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Much of the current seen in a vo]tammogram comes from
non-faradaic sources, and is usually called residual current. Most of
residual currenf, if a solution has been deoxygenated, comes from the
~ charging of the so called ‘double 1ayer' in solution, and for this
reason is called capacitive current. That this component can be quite
significant is seen from typical capacities of solutions at mercury
electrodes, which generai]y are in the range of 10 to 50 Cou]ombs/cm2
(14). For a hanging mercury drop electrode with a surface area of 4
mm2, an electrochemical scan with a scan rate of 1.0 V/s evolves a

capacitive current of 1 uyA, about the same current evolved by a

faradaic reaction at a concentration of_]O's M.

Much of the work done in electrochemistry since 1960 has been
aimed at lessening the effect of capacitive current. Most of the work
done employs pulse methods. These rely on the fact that after a
potential step, the capacitive current decays as exp(-t/RC), where RC
is the time constant of the electrochemical cell, and t is the time
e]apséd_since the potential step, whj]e the faradaic current decays as :
t°]/2, more slowly. By waiting for a period.after the potential step
the ratio of if/iC increases, although the total current itself
.decreases. Through this mechanism the use of pulse ‘techniques is
widely accepted to increase sensitivity in voltammetry by about an
order of magnitude. Unfortunately, however, large scan rates are not

possible using pulse methods.

A method that has been less frequently used is the differential

method. In this method the residual current alone is measured by
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simultaneously scanning two solutions, one with depolarizer and one
without, so that upon subtraction of one current from the other all
that is left is the current due to the depolarizer. For obvious
reasons this technique would be difficult to extend to the analysis of
complex solutions; however, there are quite a few occasions in which a
procedure similar to the differential method may be adopted. In asv,.
for example, Kryger and Jagner (15) and Brown and Kowalski (16)
developed a technique where, after stripping, the electrode is
cleaned, and a second scan occurs Without plating. This second scan
is almost wholly residual current, and upon subtraction of the second

scan from the first, only faradaic current is left.

The method used in this work is similar to the differential
method; in all of the solutions considered? a background scan of
e]ectrolyte without depolarizer was first téken and stored on disk.,
~Depolarizer is added to the electrolyte in small amounts with an
Eppendorf pipette, and a voltammogram taken. After data are taken and
’filtered, the background vo]tahmogram is subtracted point by point

from the sample voltammogram using the program'BBACK.

2.4.4.4 Semidifferentiation and Curve Fitting

The final steps in the dafa analysis procedure are
semidifferentiation and the application of a sech curve fitting
program. These are accomplished by the programs GDSEMI and BIMFIT,
which are described in Section 1.6. Typical times for convergence of

BIMFIT for the files discussed in Section 2.5 were from 100-200
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seconds. Times were considerably longer for some other files,

especially the noisy files of Section 2.5.4.

2.4.5 Solutions

The composition of all the solutions used in this work is
outlined in Tab]é 2.1. There were two dffferent kinds of experiments
,performed. For series A through E, voltammograms were taken after
each of a'series of standard additions to a background electrolyte in
order to observe the effects of concentration on s,v.c.f. The
background electrolyte for the 1sv standard additions series A through
C was a solution of 0.58 M HC1. This background é]ectro]yte was
chosen because é]] the metals considered in this study were known to
be reversible or near reversible in this electrolyte. The HC1
background was made by the dilution of Mallinckrodt A.R. HC1 with
laboratory deionized water. This deionized water was used in making

dilutions for all the solutions studies by lsv.

' The'individual series A, B, and C differed by which of the three

2 3+

* or In” were added to the electrolyte. Stock

zf and Pb

metals Pb2+, Cd

2+ were made by the dissolution of AR Cd and

3+

solutions of Cd
Pb metal in a minimum amount of HN03, followed by dilution. The In

stock was made by dissolving Alfa Products 99.95% In203 in a small

2+ 2+ 3+

amount of hot HC104, followed by dilution. The Pb Cd™ and In

stock solutions were then standardized by EDTA titrations (17) to

2 2 2

concentrations of 1.96 x 10°M, 2.09 x 107°M and 2.02 x 107°M,

respectively. The concentrations of metal for the individual
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Table 2.1 Composition of solutions used in this work

L.s.v. standard addition series

A1l solutions include 25 ml of 0.58 M HC1 background electrolyte with

Series

A: 6-20 ul add1t1ons of Pbg stock solution

B: 5-20 1 additions of Cd3+ stock solution
C: 5-20 1 additions of In” stock solution

L.s. v2 stock so]ut1o concen rat1ons
[Pbe*] = 1.96 x10-4 M [Cd4*] = 2.09 x10°2 M [1n3+] = 2.02 x10-2 M

A.s.v. standard addition series

A1l solutions inc]ude-25'm1 of 0.58 M purified HC1 background
electrolyte with:

Series

D: 5-20 ul additions of‘T1++stock solution
E: 6-20 ul additions of In™  stock solution

A.s.v. stock solution: concentrat1ons
[T1*] = 8.84 x 10-5 M = [In3t] = 2.02 x 10 -4 M

L.s.v. single solutions:

A11 solutions diluted with laboratory deionized water,

: [Cd2*] = 4.2 x 10-9 M, [HC1] = 0.23 M, [HC104] = 0.69 M
G [In3+] = 4.0 x 10-5 M, [HC1] = 0.23 M, [HC104] = 0.69 M
H: [€d(N03)p] = 2.0 x 10-3 M, [NaC10,] = 1.01 M, pH = 5.0

A.s.v. singlé solutions:
Made with quartz distilled water.

I:'[Pb(N03)2] = 4,2 x 10‘7 M, [NaC1] = 0.56 M, [NaC1O4] = 0.50 M
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additions in each standard addition series are shown in Table 2.2.
The metal stock solutions were stored in tightly closed linear

polyethylene bottles.

The standard addition series D and E examined by asv were also
based on a background’e]ectrolyte of 0.58 M HC1. Because of the great -
" sensitivity of asv special care must be taken to use ultra-pure .
reagents, especially for those reagents that are present in large
concentrations. The HC1 background was prepared from 6 M HC1 that had
been purified by the sub-boiling distillation method of Mattison (18).
This reagent was stored in pre-leached Teflon bottles to avoid
contamination from the container walls. The water used to dilute the
HC1, and used in the dilution of solutions for all asv experiments,
was taken from a pre-leached all vitreous silica quartz still. No
metal contaminants were seen in a solution of this water and a
purified NaC]O4 reagent when asv with'a'thin film mercufy electrode

and a plating time of ten minutes was performed.

2+

3+ and Cd™= metal stock solutions for the asv standard

The In
addition series were made fresh daily by a 1:100 dilution of the stock
solutions used in 1sv. A T1 stock solution was created by “the
disso]ution of AR T]NO3 directly in deionized water, and standardized
gravimetrically via a Croi precipitation method taken from Vogel (19).
The concentration of metal for each individual additioh in each sefies

is shown in Table 2.3.

In addition to the several series just described, four single

solutions were made to investigate the effects of perturbing
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Table 2.2: Results for application of s.v.c.f. to FT filtered,
- background subtracted, linear sweep voltammograms

- Filename .Conc.a Pot].b Heightb Widthb R2
Al 1.57 -0.4864 8.20 45.2  0.944
A2 3.14 -0.4864 6.5  46.4  0.991
A3 4.72 -0.4855  24.2- 45.3  0.988
Ad ' 6.29 -0.4864  33.0 43.8  0.996
AS 7.86 -0.4863 40.6- 45.3  0.998
A6 9.42 -0.4859 47.9  44.1  0.997
B1 1.67 -0.6894  7.45. 42.6  0.854
B2 3.34  -0.6885 13.9  47.6  0.966
B3 5.01  -0.6885 21.6  46.0  0.980
B4 6.68 -0.6878 30.1  45.2 0,988
BS 8.36 -0.6879  35.8  47.1 © 0.994
o 1.62 . -0.6521 1.0 36.9  0.953 -
c2 3.24  -0.6522 '21.9 347 0.972
c3 4.85 -0.6516 30.2  36.8  0.986
4 . 6.47 40.6516 41.0 37.0  0.993

- ¢5 8.09 -0.6512  52.5  36.7  0.992

a) Units for concentration are 1072 M, ' 1/2

,b) Units for potential are V, for he1ght are pA/vV' ' and for

w1dth are mV.



-140-

Table 2.3: Results for application of s.v.c.f. to FT filtered,
background subtracted, anodic stripping voltammograms

Filename Conc.? Pot1.”  Height® widtn® R®

D1 0.707 -0.5440  1.14  98.4  0.969
D2 1.41 -0.5443 1.9  92.5 0,989
D3 2,12 -0.5480  2.71  94.6  0.993
D4 2.83 -0.5437  3.48  92.0  0.994
D5 . 3.54 --0.5438  4.28  94.4  0.996
El 1.62  -0.6487 8.30  27.2  0.941
E2 3.24 -0.6489 19.4  29.8 _ 0.987
E3 4.85 -0.6491  30.9  28.7  0.992
E4 6.47 -0.6488  40.4  29.1  0.995
E5 8.09 -0.6488  53.3  28.7  0.99%
E6 9.71 -0.6487  64.7  28.8  0.997

-7y

a) Units for concentrat1on are 10~
b) Units for potential are V, for he1ght are MA/V
width are mV.

/2, and for
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influences on s.v.c.f. Two solutions, F and G, were created to study
the effects of varying scan rates on s.v.c.f. The background
electrolyte for both solutions was made by diluting Mallinckrodt AR

HC1 and HC]O4 to concentrations of 0.23 M and 0.69 M, respectively.

2+ 3+

The final solutions were made by adding 50 ul of Cd” and In”" stock

solutions into 25 ml of the electrolyte.

A solution was made to examine the effect of electrode drop size

on the s.v.c.f, technique. Solution H was made by dissolving AR _
3)2 and G.F. Smith Co. AR NaC]O4 to concentrations of 2.0 x 10'5

M and 1.01 M, respectively, and then adjusting the pH of the solution

Cd(NO

to 5.0 to prevent hydrolysis of the cd?*,

A final so]utfon, solution I, was made to investigate the effects
of asv p]atihg time on s.v.c.f. - The background electrolyte for this
solution was made from the dilution of purified NaCl and NaC104 with
quartz-distilled water. These purified electrolytes were made by the
electrolytic purification of AR NaCl and NaC]O4 over a mercuny pool
cathode that was held at a potential of -1.5 V vs. SCE. E]ectro]ysis
was done under an Ar atmosphere for about a week. These purified
reagents were then stored in pre-leached Teflon bottles. The solution
5

3)2 to 25 ml of the

backgfound electrolyte, which was standardized at [C1"] = 0.56 M and

I was made by adding 50 ul of 2.1 x 107> M AR Pb(NO

[C]OA] = 0.50 M. The final solution was adjusted to a pH of 3.9 by

additions of Ventron ultra-pure HC]O4.

- 2.4.6 Procedure
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For the 1sv standard addition series A, B, and C, 25 ml of the
background electrolyte was first pipetted into a clean, dry cell, and
bubbled for 5-10 minutes with Ar to remove oxygen. A mercury drop was
then extruded by rotating the micrometer head of the HMDE 0.50
revolutions, which creates a drop of 0.57 mm radius. The program ROB4
was then used,to”run the experiment and take data. After a
voltammogram was taken of the background electrolyte and written to
disk, five or six 20 ml standard additions of metal stock solution
were made, after each of which a voltammogram was taken and written to
disk. A typical linear sweep voltammogram before data analysis is
shown in Figure 2.3. For series A-C all scans were taken from an
initial potential of -0.2 V. vs. the Ag/AgCl electrode to a final
potential of -0.9 V at a scan rate of 1.00 V/s. For all Isv
experiments. the sensitivity setting on the PAR 179 coulometer was 10

pA/full scale. A new drop was extruded for each 1sv or asv scan.

The procedure for the voitammOgrams taken of solutions F, G, and
H were quite similar. For the scan rate investigation done oh
solutions F and G the procedure was the same, except that no standard
additidns were made. Instead, a series of voltammograms were taken of
each solution at different scan rates, where The scan rates used are

shown in Table 2.4.

For the drop size investigation done on So]ution H, different
drop sizes were achieved by rotating the HMDE micrometer head from
0.05 rev. to 0.50 rev. in increments of 0.05 rev. The weight of

mercury extruded for 10 revolutions of the micrometer head was:



12.00

10.00
) §

8.00

LAMPS
6,00

b0

2,00

-143-

NHM*W

V vs. Rg/AgCl

Figure 2.3: Raw Isv data of file A6.
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Table 2.4:

Peak potential,

in V

Peak Heigh

in'pA/V¥72

Peak Width,
in mV

H/vl/z’ :
in pA-s

RS

E -E s
P in RGZ

12y

Dependence of fit peak parameters on scan rate for l.s.v. single peak data

Solution

oM o m o o m M

o M

0.1017

-.6764
~-.6396

5067
17.3

44,7
37.6

17.78
54.2

0.994
0.969

28.7
23.7

0.2031

.6761
.6400

22.1

46.1
39.4

17.97
49.0

0.996
0.974

0.5077

-.6756
-.6410

13.17
29.2

44.0
42.8

17.48
41.0

- 0.985
0,972

28.0
26.2

Scan Rate (V/s)

0.9895

-.6754
-.6413

17.55
33.8

45,4
47.6

17.64
34.0

0.993
0.971

28.9
27.3

1.983

-.6755
-.6431

24,10
27.2

44.3
54.4

17.11
27.2

0.983
0.960

27.9
33.1

4.950

-.6752
-.6417

40.0
20.9

44.0
60.7

17.98
20.9

0.987
0.952

28.7
34.1

10.03

-.6780
-.6448

55,5
16.0

41.3
69.5

17.53
16.0

0.972
0.951

28.4

43,2

20.09

-.6750
-.6444

78.0
11.8

46.0
70.6

17.40
11.8

0.993
0.909

29.4
43.3

hhl-
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determined to be 0.211 g at 24°C. The density of mercury at 24°C is
1.354 x'10f? g/ul (20), so that this weight corresponds to a volume of
15.6 ul of -Hg. Thus 1.56 ul of Hg is extruded per revolution of the

micrometer head. The radius of the drop .can be determined from

1/3 :
_33(1.56) ‘
r, { T rev. - (254-1)
The radii are shown along with the revolutions of the micrometer head
in Table 2.5. The initial potential for the voltammograms taken in
this experiment was -0.4 V vs. the Ag/AgC1 electrode, the final

potential was -0.9 V, and the scan rate 1.0 V/s.

The stripping vo]tammograms for series D and E of Table 2.1 were
taken in much the same way as the voltammograms of series A, B, and C,
except that the program JEFF3 was used instead of ROB4. For D and E,
‘the plating potential was -1.0 V vs. Ag/AgCl and the plating time was
600 s. Thé rest potential was -0.9 V, the scan rate 1.00 V/s, and the
fiﬁal,potentia] -0.2 V;‘ The potential used to clean the electrode

both before and after experiments was -0.235 V,

For the anodic stripping voltammograms taken for theApIating»time
, invesfigation done on Solution I, the rest potential was -0.8 V vs.
Ag/AgCl, and thevfinal pbtentia] was -0.1 V. The plating times used
for this study are shown in Table 2.6. A1l stripping voltammograms
were taken at a sensitivity of 1 pA/full scale, and a drop size of

0.50 rev.
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Table 2.5: Results for drop size studies®

Filename Radius Surface Potl.  Height Width R2
Area

H1 0.265 0.882 -0.6263 25,5 47.0 0.999%4
H2 0.334 1.40 -0.6262 35.4 47.1  0.9993
H3 0.382 1.83 -0.6259 45,2 46.8 0.9996
H4 0.421 2.23 -0.6261 53.8 46.8 0.9996
H5 0.453 2.58 -0.6257 66.4 46.6 0.9996
H6 0.482 2.92 -0.6259 69.1 46.8 0.9998
H7 0.507 3.23 -0.6259 75.2 46.6 0.9997
H8 0.530 3.53 -0.6262 81.7 46.9 0.9996 -
H9 0.551 . 3.82 -0.6262 88.1 46.7 0.9996
H10 0.571  4.10 -0.6261 95.1 46.9 0.9997

a) Units for radius are mm, for surface area are mmz, for
other parameters are those of Table 2.2.

Table 2.6: Results for asv plating time studies?

Filename Time Potl. Height Width
I 100. -0.4544 2.05 46.0
12 - 150. -0.4543 - 2.99 45.4
I3 300. -0.4545 6.55 44.0
14 450. -0.4546 9.63 44.7
I5 600. -0.4548 13.25 45,1

a) Units for time are seconds, all others are those of Table 2.3.
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After all data were taken and written to disk, the data analysis
vpfocedure began. The full daté analysis procedure was fourfold;
first, Fourier transform filtering, followed by point by point
background subtraction, followed by semidifferentiation, and lastly
the curve fitting of a sech lfunction. The last two steps are, of
course, the s.v.c.f. technique as outlined in Chapter 1. The effect
of the application of the three data analysis programs BAJSM, BBACK
and GDSEMI is to change the raw 1sv data file of Figure 2.3 to that of
Figure 2.4. To determine the effects of perturbing influences on the
s.v.c.f. techniques, some of ‘the steps of:the data treatment were

skipped; this will be discussed in the appropriate section.

2.5 RESULTS
2.5.1 C]assica11y.ReverSib1e Lsv Systems

The effectiveness of the s.v.c.f. technique in its application
to real data is determined in much the same way as is the |
effectiveness of s.v.c.f. applied to the artificial data of Chaptér
1. From the results of Chapter 1, returned coefficients of
determination should be close to 1, at least in the 1imit of a large
signal to noise (S/N) ratio. Returned peak potentials should be close
to reported E]/z values, as predicted by.(2.3.3); similarly, peak
widths should be close to the predicted peak widths of (2.3.5). From
(2.3.6) reported peak heights should be linearly proportionail to C;x’
v]/z,'and A,
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Table 2.2 shows results for the application of s.v.c.f. to the
FT filtered, béckground subtracted voltammograms of series A and B.
The averages and standard deviations of the peak potential and Width
for the series of Table 2.2 are shown in Table 2.7, along with the
slopes, intercepts and regression coefficients for 1inear least
squares fits of concentration to returned peak'height for these
series. The average peak potentials and widths are repeated in Table
2.8, which also shows E]/2 and peak width values taken from the
po]arégraphic literature (21), and E;/z and peak width values taken
from the filtered, background subtracted but not semidifferentiated

Vo]tammograms of series A and B.

The peak width values are indicative of the reversibility of the

reaction. For the polarographic data, the Tomes (22) criterion

- g, = 28.4.y (2.5.1)

E 1/4 n

3/4

can be used to determine reversibi]ity,»whi]e for the
unsemidifferentiated voltammetric data of this work (1.2.6) can be

used. The E;/z va1ué5'f0und for this work are corrected to be vs.
r

~ the SCE, and (1.2.4) was used to determinevE]/

2 from the

unsemidifferentiated voltammetric data.

Application of the Tomes criterion to the previous polarographic

2+ systems. should be

data of Table 2.8 indicate that the Cd2+ and Pb
classically reversible two electron charge transfers. This is

confirmed for the systems studied in this work by the application of
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Table 2.7: Average peak parameters and results of straight line fits of
concentration to peak height for data of Tables 2.2 and 2.3

b

series Potl.?  wWidth 2

Slope Intercept r

AC -0.4862 + 45.0 + 5.09 0.42 0,999
0.0004 0.9

B¢ -0.6884 + 45.7 + 4.36  -0.08  0.998
0.0006- 2.0

¢ -0,6517 + 36.4'+ 6.31  0.67  0.999
0.0004 1.0

pd:¢  _0.5440 + 93.4 + .1.10 0.394  0.999
0.0002 1.3

g4 _0.6488 + 29.0+ 6.95 -3.17  0.999
0.0002 0.4

a) Slope, intercept and r2 are from the linear least squares
fit of concentration to peak height in each series.
b) Units for potential are V vs. the Ag/AgCl electrode,
for width are mV. ' : 172 -5 172
c) Units for slope and intercept are uA/[V]/2 x 10_5 M] and uA/V1/2-
d) Units for slope and intercept are pA/[V x 107" M] and pA/vV'/ <,
e) Averages and straight 1ine fits do not include first point in
series.
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Table 2.8: Average half-wave potentials and peak widths

Element . Other works® ~ This work

£1/2 b E-E)2 b-_';1/2 E-Eyp  E,  FHM
Pb -0.435 28, -0.441 27.8  -0.442 45.0
cd -0.642  28. -0.644  28.6  -0.644 45.7
In (Isv) -0.597  19. -0.608 22.1 ~ -0.608 36.4
T1 -0.475 58, -0.501  57.3 -0.500 93.4
In (asv) -0.597 19, -0.605 19.1 -0.605 29.0

a) Units for E]/z are V, for widths are mV E]/z is reported vs.
the saturated ca]ome] electrode.

b) Values are from Ref. 10. Supporting e]ectro]yte is 1F HC1,
except for In, which is 1F KC1. :

c) Calculated from (1.2.4).
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(1.2.6) to the Ep-Ep/2 values for the filtered, background subtracted
voltammogram. These are very close to the 28.2 mV expected for a

reversible two electron charge transfer.

For these reversible charge transfer systems Table 2.2 shows that
returned R2 values from the application of s.v.c.f. are near one and
increase.with inéreasing concentration, i.e. with increasing S/N.
Table 2.8 shows that averagevpeakvpotentials from s.v.c.f. are. close
to both polarographic E]/2 values and to E¥/2 values calculated from
the unsemidifferentiated data. Returned peak widths are close to the
expected 45.3 mV éa]cu]ated from (2.3.5); in fact, they are within one
standard deviation of 45.3 mV. Returned parameters show good
agreement with values expected from_(2.3.1), (2.3.3), and (2.3,5) for

these classically reversible systems.

Table 2.7 shows that regression coefficients are near one and
intercepts near zero for fits of peak height to concentration for
series A and B. These data imply that the peak height is Tinearly

. % .
proportional to Cox'-

Table 2;4 shows™ the fesultSvof an investigation on the effects of -
scan rate on solution F of Table 2.1. The Ep-Ep/2 forvthe
voltammograms taken at the different scan rates are all near the
classically reversible value of 28.2 mV, indicating that the system is
reversible over the entire range of scan rates.. Returned peak widths
for solution F are all c1osé to 45.3 mV, providing further
confirmation of the validity of (2.3.5). The H/\)]/2 values are the

ratios of semiderivative peak heights to the square root of the scan
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rate. This remains essentially constant over the range of scan rates,
| at a value of about 17.6. This implies that for reversible files, the
peak height of the semiderivative is proportional to the square root

of the scan rate.

Solution H of Table 2;1, 1ike in composition to solution F, is
expected also fo be reversible. Table 2.5 shows fhe reéu]ts of the
drop size investigation on. solution H. The returned peak widths all
near 45 mV indicate that the charge transfer reaction is reversible.

A 1ineér ]eaStAsquares fit of.returned peak height to surface area for
the ten drop sizes has a regression coefficient of 0.998. This
satisfies the last of the criteria necessary to say that s.v.c.f. is

valid when applied to real, classically reversible Isv systems.

2.5.2 Kinetically Controlled Lsv Systems

Tables 2.2, 2.7 and 2.8 also show results for the app]ication of
s.v.c.f. to filtered, background subtracted files of sériés_C, which

is In3+

in a solution of Of58 M HC1. Previous polarographic data for
1n3* in 1F KC1 (Ref. 23, and Table 2.8) indicate that this three
electron charge transfer reaction is not quite classically reversible.

The Ep—E 2 from the unsemidifferentiated voltammogram is also larger

p/
than the 18.8 mV expected for a classically reversible three electron

charge transfer, further implying a slightly non-reversible system.

Even though the series C is not classically reversible, the
returned results show that s.v.c.f. works well for this particular

system. Returned R2 values are close to 1, and returned peak
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potentials are close to those of previous works. Returned peak widths
are broadened as compared to the 30.2 mV peak width expected for a
three electron charge transfer, indicating the non-reversible nature.
The straight line fit of_conéentration to peak height has a large
regression coefficient and small intercept, indicating good linearity
in spite of the non-reversibility. The slope is larger than the

slopes for the.Cd2+'or-Pb2+ straight line fits, but not by as much as
would be expecfed from (2.3.6) for a three electron charge transfer,

probably because of the non-reversibility.

Table 2.4 shows the results of the effects of scan rate on
Solution I. This system is expected to be less classically reversible
than the system of series C because of the decreased C1~ concentration

3+ is known to be

and inéreased C]Oi concentration, in which In
irreversible (3). The Ep-Ep/2 values bear this out; even for the
lowest scan rate the Eb-E/Z value is 1arger than the Ep—Ep/2 for
series C. The Ep-Ep/2 values increase with scan rate, indicating that
| the system is becoming less and less reversible, and more and more
affected by.the homogeneous kinetiés. A plot of thé semiderivative
for the highest -scan rate shows that the sémiderivative is skewed
toward negative potentials. This is indicative of a kinetic zone of

‘behavior of the CE mechanism. (See Chapter 1, and'especially Figure

1.11.)

The results of Table 2.4 imply that the s.v.c.f. technique
becomes increasingly worse in fitting 1sv systems that are controlled

more and more by the homogeneous kinetics. As scan rates increase,
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decreasing the -dimensionless homogeneous rate constant A (defined by
(1.2.11)), R2 values degrade, indicating a worsening of fit. Peak
widths increase steadily to a maximum of about 70 mV and peak
potentials decrease steadily. The H/\)]/2 va]ues.decrease steadily,
indicating that sem1der1vat1ve peak height does not increase as v]/z

In fact, for v > 0.9895 V/s the peak heights are seen to actually

decrease. " While s.v.c.f. is effective in the analysis of slightly

non-reversible peaks, it is not generally effective for the fitting of
voltammograms in kinetically controlled zones of behavior of the CE

mechanism.

2.5.3 Sphericity Effects

The data of Table 2.5 should also show the effects of the
sphericity of the,drop on the s.v.c.f. technique. The current for a

diffusion controlled system is given by (24)

nFA D C

it = () anap * —,,i’ﬂ’i 3(t) | (2.5.2)
Y

where ¢ is the tabulated spherical correction factor of Nicholson and
Shain (25), and ro is the radius of the HMDE. The spherical

correction term becomes large at small rs ; it also becomes large at

1/2

small scan rate v, since the planar term goes as v The

vsemiintegra] of a voltammogram where spherical terms are significant

~has a gradually sloping limiting plateau (26). This implies that the

2

semiderivative will be a sech™ function slightly broadened and skewed
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toward cathodic potentials. Table 2.5 shows that the results for the
two smallest drop sizes do show a slight shift to cathodic potentials,
and a slight peak broadening, but the sphericity effect.is not really

large enough to be significant at this scan rate.

2.5.4 Effect of Electrochemical Noise

A1l of 'the c.v.c.f. equations were derived with the assumption
that the only source of current was that of a charge transfer reaction
of the appropriate kinetic mechanism. If there is current due to any

other source it will cause some error in the returned results.

One source of error that is always présent to some extent is
simple noise. In the course of the data processing done to obtain the
results of Table 2.2, Fourier transform based filtering was used to
é]iminate high frequency noise prior to the application of s.v.c.f.
Since it is a least squares based curve fitting technique, in the
right circumstances s.v.c.f. should succeed in fitting -a very noisy
voltammogram. It is interesting to see whether or not s.v.c.f. can

enhance the S/N ratio of very noisy electrochemical data.

. Table 2.9 shows returned peak parameters for series A, B, and C.
In the data.prbces;ing done to achieve these resu]tsAvoltammograms
were not FT filtered, but were background subtracted, prior to
s.v.c.f. When compared to Table 2.2, the results of Table 2.9 show
that for the data encountered in this work s.v.c.f. is not effective

in returning correct parameters from noisy linear sweep voltammograms.
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Table 2.9: Results of s.v.c.f. for background subtracted
voltammograms of Table 2.28

Filename Potl. Height Width. R2
Al -0.6325 - 30.1 0.5 0.008
A2 -0.6670  29.4 0.4 0.001
A3 ©-0.4871  31.5  23.8 0.330
A -0.4869  39.3  28.9  0.397
AS -0.4866  44.3  36.4 0.497
A6 -0.4860  56.3  34.0 0.583
B1 ©-0.7340  10.1 0.5 0.001
B2 -0.6907 179 18.0  0.090
B3 -0.6901  28.0  24.1 0.232
B4 .0.6892  37.6  25.8 0.324
'BS.  -0.6886  39.5 37.5 0.539
C1 0.6464 14 10,7 0.098
c2 -0.6516  27.7  16.1  0.160
€3 -0.6510 37.9  22.2 0.329
c4 -0.6516  45.3  27.3 0.503
¢5  -0.6507  55.1  33.1 0.681

a) Units of all parameters are those of Table 2.2.
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There are several reasons why in this case s.v.c.f. does not
enhance the S/N ratio. Least squares curve fitting techniques are
successful in fitting data in which noise is independent and
uncorrelated, as is the case for random errors. A frequency plane
analysis of the data shows that for this system noise is not random,
but is rather periodic. Figure 2.5 shows the power spectrum of the
voltammogram A6. This'sbectrum has: spikes in it at high- frequencies;
this is indicative of some kihd of periodic noise, and in fact the
périod of the noise can be shown to be at multiples of 60 Hz. The
noise is probably 'pick-up' noise, which is induced from unshielded or
badly shielded a.c. power lines. Periodic noise is not independent
and uncorrelated, so that the basic assumptions underlying the
application of least squares fitting techniques do not ho]d true. The
noise in all of the data of this work is predominantly pick-up noise,

so that the s.v.c.f. technique cannot be used to enhance S/N ratio.

Even if noise is random, s.v.c.f. may not help in improVing the
S/N ratio. This is because the process of semidifferentiation, like
-any differentiation technique, accentuates high'frequency components
of a_vo]tammogram.' The power spectrum of the unfiltered, background
subtracted semiderivative of A6 is shown in Figure 2.6. The high
frequency spfkes in this figure are relatively larger than in Figure
2.5. The semidifferentiated voltammogram is relatively noisier than
the original voltammogram, and this serves to offset any gain in S/N
ratio achieved through curve fitting. Since random noise also is a
high frequency component of the voltammogram, this lack of gain in. S/N

is true even if the noise is random.
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Because, however, the FT fi1tering technique works_very_we]] in
the elimination of noise from.most e]ectrochemi;a] data, the problem
- of noise is really not a serious one for the application of s.v.c.f.
If the time of an electrochemical experiment is much shorter than
usual, as is the case for very'faSt.SCan rates, the frequency
components of the signal are moved into the higher frequency part of
the power spectrum, making impossible the sepafaﬁion of noise and
signal frequency-componehts upon which FT filtering is based. In this

instance s.v.c.f. will probably not be applicable.

2.5.5 Effect of Background Current

Anothef source of .current is the so-called backgrbund, or
residual, current. Table 2.10 shows the results for the application
of s.v.c.f. to voltammograms of series A, B, and C that were filtered-
but not baékground subtracted. The results for this application more
nearly match the results of Table 2.2, being worse than: those of Table

2.2 for the systems with smaller metal concentrations.

The peak potentials are shifted only very slightly cathodically,
while peak widths for the most part increase slightly. Peak heights,
especially for small concentrations, are increased greatly over the
results of Table 2.2. This would make results of quantitative
ana1ysis of systems using s.v.c.f. in error at low concentrations.
This is unfortunate, because in performing qualitative analysis on
real systems it is usually very difficult to:correct_for background

current, and might make s.v.c.f. unsuitable for qualitative analysis
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Table 2.10: Results of s.v.c.f. for FT filtered
voltammograms of Table 2.2a

Filename Potl.  Height Width R

AT .0.4857 10.8  53.8 0.336
A2 -0.4859 18.9.  51.1 0.604
A3 -0.4852  26.4  49.8 0.734
Ad -0.4859 34,5 49,0 0.821]
A5 -0.4859  42.3  49.0 0.878
A6 -0.4856 49,7  47.3 0.895
B1 _0.6878  7.40 44.7  0.147
B2 -0.6876 14.1  47.3 0.390
B3 © -0.6880  21.4  46.9 0.613
B4 -0.6874  29.9  46.1 0.754
BS ~ -0.6875 - 35.8 47.3 0.818
Cl -0.6518  11.0  39.2 0.262
c2 -0.6521  21.7  36.6 0.551
c3 -0.6514  30.0  38.0 0.719
ca -0.6514  40.7  38.2 0.827

C5 -0.6510 52.1 37.8- 0.881]

a) Units of all parameters are those of Table 2.2.
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in Tsv at low concentrations.

At first glance it might be thought thét the situation is worse
in asv, where background current is relatively larger thén in 1sv. In
asv, however, one has fhe-mefhods of Krygef, Jagner and Skov (15) and
Brown and Kowalski (16) with which one might correct for the

background current.

2.5.6 Classically Reversible Asv Systems

~ Table 2.3 shows the resﬁjts for the application of s.v.c.f. to
the filtered, baCkground subtracted anodic stripping vo]tammogfams_qf
series D. Results from previous studies (See Table 2.8) indicate that
for a simiiar electrolyte the nt charge transfer'is actually slfght]y
non-reversible, but the Eb;Ep/Z values determined in this work are

very close to the reversible 56.5 mV, and so the system is considered

classically reversible.

~Just as for the cIassica]]y reversible 1sv systems the

coefficient of determination for each of the fits in series D is close
to one, and incréases with concentration. The returned peak potential
is fair]y_ciose to the po]arographich]/z, and agrees exactly with the
E;/zvca1cu1ated directly for the voltammogram. The linear fit of
concentration to peak héight has a regression-coefficient close to
one, showing that C;X is 1Tnear with-beak height, as prédictéd from
(2.2.1), (2.2.2) and (2.3.6). The interéept, although still small, is
relatively 1argér in comparison with the slope than are the intercepts

for the 1sv series. The cause of this»is not clear, at present, but
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the possibility of contamination is always significant at the
concentration levels used in asv. A fit of concentration to peak
height for the unsemidifferentiated sripping voltammograms has a
similarly large intercept. This supborts the hypothesis that the

large intecept is not due to the s.v.c.f. technique.

~The idea of contamination is further hinted at by the anomaly of
the: large average peak widths. The theoretical peak width for a one
electron charge transfer js 90.6 mV. The broader peak width cannot be
ascribed to non-reversibility; as seen in Chapter 1, the
non-reversible EC mehcanism resu]ts>1ﬁ narrower semiderivative peaks,
not broader peaks. The answer 1ies‘1n.a look at the semiderivative
-(Figuré 2.7). on either side of the foot of the peak are what appear
to be small peaks at -0.69 V, -0.65 V and -0.46 V. These are

3+ and Pb2+

potentials at which Cd2+, In beaks are expécted; the beaks
can be assumed to be contamihants of these three speciés, The effect
is to broaden the peak; when two or three peaks are assumed and fit,
the peak width narrows to near reversible width. The problem with
contamination in this case is exacerbated because the T17 is a

one-electron transfer, and the others are multi-electron transfers.

2.5.7 Kinetically Controlled Asv Systems

Tables 2.3, 2.7 and 2.8 also show results for the application of
s.v.c.f. fo the ahodic'stripping voltammograms of series E. The
systems of series E are basically the same as those of series C, so

that one would expect the behavior of the system to be not quite
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classically reversible. In contrast to the lsv system'of Section
2.5.2, hoWever, because this is an EC mechanism, semiderivative peaks
should be s]ight]y narrower than the 30.2 mV expected for a three
electron charge transfer. It is expected that even if the system is-

kinetically controlled that s.v.c.f. might still work well.

The results-of thé-tables confirm the expectations. Returned
peak potentials are close both to literature E]/2 values and the EB
values found for series C. Least squares fits of concentration to
peak height show a linear debendéncé betwéen these two variables.

Peak widths are only s1ight1y narrower than the reversible 30.2 mV,
indicating that (as was seen in Section 2.5.2) the system is on]yz
s1ightly non-reversible, S.v.c.f. appears to be valid in the fitting

of non-reversible asv systems.

2.5.8 Effect of Plating Time in Asv

Table 2.6 shows the effects of plating time in asv on the results
of s.v.c.f. The solution this investigation was done on was Solution
I; the times shown in Table 2.6 are the p]atiné times in seconds.
From (2.2.2) and (2.3.6), a plot of H vs. plating time T shoﬁ]d be
linear, going through the origin.” A linear least squares fit gives a
large regression coefficient of 0.9986, indicating good Tinearity.

The intercept of -0.27 is an indication of the error involved in the

asv background subtraction, again probably due to contamination.

The large R2 values and peak widths near the reversible peak

width of45.3 mV imply that the-amalgam concentration is homogeneous
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at the end of the rest period, because diffusion is apparently
semi-infinite. A non-semi-infinite, non-homogeneous system should
have narrowed, cathodica]]y shifted peaks, because the concentration
of amalgam is less towards the center of the drop. This phenomenon
causes the narrow peaks observed in asv with thin film merc@ry

electrodes (27).

2.6 CONCLUSIONS

In this chapter semiderivative voltammetric curve fitting has
been shown to be effective in the curve fitting of real linear sweep
and anbdic stripping vo]tammograms.' For systems that are composed of
metal complexed by ligands, in the limit of large ligand concentration
-the c.p.s.v. theory works for the pseudo-first order association and
dissociation reactions. For Isv and asv systems that are classically
reversible, returned parameters from application of s.v.c.f. agree
well with parameters found in the literature and with expected results

from s.v.c.f.

S.v.c.f. has also been shown to be effective in fitting some
systems that are not classically reversible, both 1sv and asv.

Results from the use of s.v.c.f.. for these systems reflect the

results of Chapter 1, in particular the peak broadening and narrowing
effects noted for the lsv and asv systems, whichvindicate ihat perhaps
the artificial data of Chapter 1 in the kinetically contro]]ed rea1ms
do mirror the behavior of real data. Other factors, such as

sphericity effects, drop size effects, and effects of finite plating
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time in asv, apparently have no effect on the use of s.v.c.f. for

usual drop sizes, plating times and scan rates.

There are some perturbing effects, however, that can make
s.v.C.f. fneffective in fitting electrochemical data. In Isv, it was
shown that s.v.c.f., except for only slightly non-reversible systems,
is ineffective in tﬁe.curve fitting of kinetically controlled systems.
The addition of a large amount of high frequency noise, whether
periodic or random, will p]ay havoc with resu]ts; which implies that
noisy voltammograms must be filtered before application of s.v.c.f.

_ Residual currents also distort the shape of a semiderivative,
especié]]y at low concentrations. This means that results for
guantitative analysis using s.v.c.f. could be in great error unless
thevbackground‘ is compensated. This would be very difficult to do in
1sv for real samples; however, in asv, the methods of Kryger et al.

- {15) ‘and Brown and Kowalski (16) make possible elimination of

background;

The advantages of the s.v.c.f. technique derive from the fact
that it is a curve fitting technique. As stated in Chapter 1, curve
fitting can'lead to signal to noise enhancement and resolution
enhancement. Although the s.v.c.f. technique does not lead to
significant increases in S/N enhancement, s.v.c.f. does have much to
offer in the way 6f enhancement of resolution of overlapping Isv and

asv waves. -This is discussed in the next chapter.
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PEAK RESOLUTION IN
LINEAR SWEEP VOLTAMMETRY
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ANODIC STRIPPING VOLTAMMETRY
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SEMIDERIVATIVE VOLTAMMETRIC
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3.1 INTRODUCTION

A principal difficulty in the use of dynamic electrochemistry as
a quantitative analytical technique is the problem of resolution of
overlapping waves. This is of particular importance in linear sWeep
voltammetry (1sv) and anodic stripping voltammetry (asv) at a
stationary mercury electrode because of the very broad, asymmetric
nature of the peaks. Another difficulty is that the current-potential
relationship is not describable by an analytic function. These
problems are particularly unfortunate since 1sv instrumentation is
easy to use and is relatively inexpensive. 3

There have been two general approaches to electrochemical peak
resolution, a "hardware" approach and a "software" approach. The
hardware approach is typified by thé methods of Martin and Shain (1)
and Bond and Grabaric (2). In both methods a sample is run along with
a blank solution containing a suitable background electrdolyte and one"
of the overlapped components. The concentration of this component is
varied in the blank until, upon subtraction of the blank vo1tammogrém
from the sample.voltammogram (whether by analog or digital means), no
trace of the overlapped component is left. Besides being very time
intensive, the making of a suitable b]ahk may not even be feasible for

cases in which the suppdrting electrolyte is complex.

The software approach, that of resolution after data taking, is
perhaps more promising. Annino (3) divides software resolution
techniques into two types: frequency domain and time domain (curve

fitting). Peak resolution in the frequency domain can be accomplished
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by the method of Kirmse and Westerburg (4). In this method the
Fourier transform of an overlapped spectrum is divided by the

transform of a single component, resulting in a sharpened spectrum.

~ This is the method used by Grabaric, 0'Halloran and Smith (5) in their

paper on the resolution enhancement of a.c. polarographic peaks.

In electrochemistry Binkley and Dessey (6) have recently done
work on the least-squares fitting of FT transformed square-wave
| voltammograms. 'In this procedure the transform of the overlapped peak
is fit with the transforms of siﬁg]e peak data in a least squares
manner by varying what would be the peak height in the time domain.
This pfocedure is advantageous in two ways. The fit is reduced in
complexity by the reduction of points in going to the frequency
domain, and fits may be done on both real and imaginary parts of the
transform in order to obtain an averaged, improved fit. The procedure

does rely on utilization of empirical single peak parameters, however.

Another approach to the problem of resolution is a more
sophisticated mathematical épproach emp]oying the Kalman filter, as
demonstrated by Brown and Brown (7). The Kalman filter makes possible
- the linear parameter estimation of data by eliminating the necessity
for the manipulation of large matrices in the solution of the problem.

This method also requires as input single peak data, however,

Curve fitting of electrochemical data has been hampered by the
lack of analytic current-potential funttions. Some work has been done
in this area, principally by Perone and co-workers (8-10). Boudreau -

and Perone (10) describe the application of an empirical peak shape
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function ( the sum of skewed gaussian and cauchy functions) in the use
of curve fitting for the resolution of square wave voltammetric peaks.
This function reqUires five parameters per peak and in addition
requires that three "shape" parameters be found from‘single peak data.
The other two parameters are determined from a least squares
minimization procedure. Overlapped peaks with separations as small as

30 mV are resolved.

In Chapters 1 and 2 a method, cai]éd semiderivative-vo]tammetric
curve fitting, was developed to enéb]e the curve fitting of
semiderivatives of voltammetric data. It was shown that the sech2
fitting function was a good approximation to semiderivatives of linear
sweep and anodic stripping voltammograms in many cases. This provides
a powerful tool for the resolution of overlapped vd]tammetric wavés,

because for the first time voltammetric data can be fit with'a peak'

shape function derived from theory.

As discovered in Chapter 2, however, in many cases perturbing
inf]uenées may make s.v.c.f. ineffective in resolving peaks.
Residual current might distort the voltammetric wave, and it is to be
expected that non-classically reversible kinetics for the CE me;hanism

might make s.v.c.f. ineffectual in resolving some lIsv peaks.

This work will use s.v.c.f. to return peak parameters from Isv
-'and‘asv systems that have over]appéd waves. Initially a cohputer

study will be done to determiﬁe the theoretical Timits oflreso1ution
for this technidue. Then the accuracy of resolution for overlapped

- peaks of the systems of Chapter 2 will be discussed. The effects on
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the accuracy of resolution of non-classically reversible homogeneous
kinetics for both Tsv and asv systems, and of residual current for Isv |
systems, will be determined. In addition, single peak parameters will
be used in fitting‘ﬁultip1e overlapped peaks, with aﬁ eye to improving

the accuracy of resolution.
3.2 THEORY

The theory for the app]icat{on of convolutive potential sweep
voltammetry to overlapping 1sv waves of classically reversible systems
was developed by Ammar and Saveant (11). The theory states that the
semiintegral of the sum of two Isv waves (for reversible systems) is
the sum of the semiintegrals of the individual waves. This was shown
to be true for p-dfnitrobenzene in acetonitrile (11). Since the
semiderivative is the derivative of the semiintegral, and
derivatization is a 1inéar operation, the semiderivative of the sum of
two 1sv waves is the sum of the semiderivatives of the individual
waves. Therefore thebtheory for the semiderivative of overlapped 1sv
waves is that of the individual semiderivatives, and is outlined in

Section 2.3.

The theory for overlapping waves. of non-classically systems is
also that of Section 2.3. The effectiveness of s.v.c.f. 1in resolving
overlapped semiderivative peaks should depend on its ability to fit
single peak systems. S.v.c.f. will probably fail in resolving 1sv
waves for systems that are kihetica]]y controlled, as s.v.c.f. does
not fit these waves well. It will probably be more successful in

resolving overlapping asv waves for kinetically controlled systems.
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3.3 EXPERIMENTAL -

The experimental set-up for these experiments is outlined in
Section 2.4. ATl of the hardware and software used in this chapter is

the same as that of the last.

The composition of the solutions studied in this work is outlined
in Table 3.1. With the exception of series M, Table 3.1 lists series
of solutions upon which standard addition analyses were done in
exactly the same manner as in Chapter 2. The background electrolytes
and stock solutions used in the construction of these solutions are
those of Chapter 2, and the manner of the construction of the
solutions was the same, with one>differénce. After.aivo]tammogram of
the sUpporting'eleétrolyte alone is taken, (for use in later
background subtraction), but before thé series‘of standard addition
voltammograms is taken, a single, large addition of a different metal
is made. Other details about the voltammograms are exactly those of
the series of standard addition runs in Chapter 2 for both 1sv and

asv.

One standard addition series, sekies M, was made up with a
supporting e]ectro]yfe equivalent to those of solutions F and G of the
second Chapter. This was done-tovdetermine the accuracy of reso]utidn
for the application of s.v.c.f. to kinetically controlled 1sv
systems. A large éddftioﬁ of Cd2+ stck solution was initially made
to the background electrolyte, and subSequent additions were made of

3+

In°*, After each addition a voltammogram was taken at a scan rate of

1.983 V/s. Other parameters for the voltammograms were also those of



Table 3.1. Composition

L.s.v. systems

Series

I: 100 1l of Pb2t stock
stock solution to-25

J: 100 1 of Cd®t stock
stock solution to 25

K: 100 ul of InS" stock
stock solution to 25

L: 100 ul of both Pbe*
additions of Cd2* st

M: 50 ul of Cd®" stock
stock solution to 25

L.s.v. stock solution conc
[Pb2t] = 1.96 x10-2 M

A.s.v. systems

Series
N: 50 ul of Cd?™ stock
' stock solution to 25
3+

0: 50 pl of In” stock
stock solution to 25

P: 20 ul of both In3+ a
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of solutions used in this work

solution and 5-20 ul-additions of-Cd2+'

ml of 0.58 M HCI.

solution and 5-20°ul additions of In3'
ml of 0.58 M HCI.

solution and 5-20 pl additions of Cd2+
ml of 0.58 M HCI.

and In3+ stock solution and 5-20 yl
ock solution to 25 ml of 0.58 M HC1.
solution and 5-20 pl additions of In3+'

ml of 0.23 M HC1, 0.69'M HC]04.

entrations:
[Cd2+] = 2.09 x10-2 M [In3+] = 2.02 x10-2 M

+
solution.and 5-20 pl additions of T1
ml of purified HCI.

+
solution and 5-20 pl additions of TI
ml of purified HCI.

nd Cd2+ stock solution and 5-20 pl additions

of T1* stock solution to 25 ml of purified HCI.

A.s.v..stock solution concentrations:

[T1+] = 8.84 x10-5 M

[In3+] = 2.02 x10-4 M [Ccd2*] = 2.09 x10-4 M
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the standard addition series of Chapter 2.

After all data were taken, the ana]ysis routine outlined in
Chapter 2 was performed on these data. The programs BAJSM, BBACK and
GDSEMI were used, in that order, to perform noise fi]tering,
background subtraction, and semidifferentiation. These three programs
transformed a voltammogram like that of Figure 3.1 into the form of
Figure 3.2. The resultant semiderivative was used as input to BIMFIT,
which returned a peak potential, height, and width for each of the
peaks specified. The resolved components of the semiderivative of

Figure 3.2 are shown in Figure 3.3.

In addition to BIMFIT,'constrained width fits of series I, J, K
and L were done using CNWSBM. The inpuf peak width for each peak was
taken as the average peak width for the corresponding single peak

standard addition series of Chapter 2. These are given in Table 2.7.

3.4 RESULTS
3.4.1 Synthetic Fused Peak Systems

The first step in the study of the use of s.v.c.f. for the
resolution of overlapping voltammograms was to détermine the limits of
resolution of the least squares‘fitting'program'BIMFIT. The limits of
resolution were determined by applying BIMFIT to thé resolution of
artificial overlapped hyperbolic secant squared data. The artificial
data were created by the FORTRAN pfogram MAKEIT. Input to MAKEIT

consisted of a peak potential Ci’ height Ai and width Bi for each of
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WANPS

<i90 -0.80 6.7 -0.60 650 0.0 0.9 8.2 D10

e
-V va. Hg/ﬂgbl XBL 825-9974

Figure 3.1: Raw Isv data of file L5, with waves due to Pp2*, 1nd*t,
and Cd2*, o
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598 -0.80 -0.78 -0.60 -8.50 -0.80 -0.33 -0.20 -B.13
V vs. Ag/AgCl

XBL 825-9973

Figure 3.2: FT filtered, background subtracted semiderivative of file
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)

12,40

12,08 0.00

990 -0.80 6.7 .60 050 8.0 0.9 0.8 D10
| V vs. Ag/Agll

XBL 825-9972

Figure 3.3: Semiderivative peak of Figure 3.2, and the fit components
to the semiderivative. '
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two peaks; the output is given by

f(E) = I A, sech’{ (1.763/8,)(E-C.)} (3.4.1)

1

n o

1

if B., the peak width, is in volts.

The fitting program BIMFIT was used to return values of peak
potentia],_height and width for this artificial sech2 data. The
.parameter most sensitive to the separation in peak potential AE =
|E]-E2| was the returned peak height. For this reason, an error of
10% or gfeater’was chosen, rather arbitrarily, to constitute failure

of resolution.

The effects of peak overlap are first considered for two peaks of
equa] height and full width at half maximum.' Each éech2 beak has a
height of one, and a half-width of 40 mV, which is intermediaté to the
half-width expected for a classically reversible two electron charge
transfer-(45.mv)'and~a reversible three electron charge transfer (30
mV). Several files were created with peak séparations ranging from 50
mV to 10 mV. It was found that resolution failed for peak separations
of between ]O and 15 mv; If two peaks of‘équal height and unequal
half-width (100 mV and 40 mV) overlap bne another, resolution fails at

_approximaté]y the same peak separation, between 10 and 15 mV;

The resolving power of the curve fitting-program BIMFIT was also
determined for peaks of equal half-width (40 mV), and heights with a

ratio of 10:1. Again,'éeveral files with peak separations of between
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50 to 10 mV were created. Failure of resolution was defined as the
return of the height of the smaller peak with an error of 10% or
greater. Judged by this definition, resolution failed at peak

separations of 20 mV.

BIMFIT is seen to be powerful enough to separate sech2 peaks, of
about the-half-width of the semiderivative of a classically reversible
charge transfer system, down to peak. separations of 10420 mV. Since
the half-wave potentials of real systems are almost never that close
to one another, BIMFIT should be powerful enbugh to resolve any two
semiderivatives that are Sech2 in shape. If the s.v.c.f. method
fails to resolve two pgaks, it will be because the shape of the
2

semiderivative (due to kinetics, residual current, etc.) is not sech

in shape.

As a point of interest, the coefficient of determination R2
obtained from the fits to the artificial sech data for which
resolution failed was as close to one as it was fok the data for which
resolution succeeded. This illustrates the danger of relying upon R2

as a measure of the resolving power of a fitting method.
3.4.2 Nearly Classically Reversible Lsv Systems

The success of the s.v.c.f. technique in resolving the
individual components of a voltammogram containing overlapped peaks
~can be evaluated using several criteria. As in Chapters 1 and 2, the
coefficient of determination R2 should be near one for all fits, and

should.get closer to one as signal increases. Returned peak
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potentials and peak widths must remain constant for all additidns.
Since the systems;ﬁif it is assumed that added metals do not ihteract,
are the same as the single peak systems of Chapter 2, returned peak
potentials and widths should match the averaged peak potentials and
widths of Table 2.8. Since standard additions are made of one
component only, the returned peak heights for the components not added
must remain constant as additions are made. Lastly, linear least
squares fits of returned peak height to the concentration of the added
- components for a given series should have a regression coefficient r2
close to one, ihtercepts near zero, and slopes that are close toithose

of the single peak systems of Chapter 2.

Table 3.2 shows the average and standard deviation of the peak
potential and width for each component of the series I, J, K, and L.
Also shown are the average and standard deviation for the height of
the component(s) not added in each series, and the slope, intercept,
and regression coefficient r2 for the linear least squares fit of peak
height to concentration for fhe added component of each series. At
the bottom of the table, for comparison pufposes, are the same

parameters for the single peak systems of Chapter 2.

' The results in Table 3.2 show fhat, for all of the lsv series

3+, the s.v.c.f.

considered,.even the ones with the non-reversible In
technique is successful in resolving the components of the system.
Coefficients of determination are all near one, and increase with
increasing concentration of the added component. Standard deviations

for the peak potentials are small, being (for the most part) between



Table 3.2 Averages and standard deviations of returned peak parameters
and results of straight line fits of peak height to concentrat1on
for nearly c]ass1cally reversible 1sv data @,b,C

cd In Pb

Sérfes Potl. Height Width Potl. Height Width Potl. Height Width Slope Intercept rz
1 -.6902+ 47 1+ : . -.4815+ 38,9+ 43,8+

0.0004 1.3 S : 0.0003 0.4 0.6 4.50 -0.9 0.998
J -.6912+ 40.5: 48,7+ -.6513+ 31.6¢

0.0014 1.3 1.3 0.0012 1.2 5.83 2.3 0.999
K -.6878x 52.2+ -.6518+ 34.6% 32,3+

0.0034 3.3 0.0007 1.3 0.7 4.21 5.4 0.999
L -.6859% 49,6+ -.6489+ 49.0+ 33.1¢ -.4801x 40.1+ - 45.2:

0.0018 1.7 0.0002 0.7 0.2 0.0002 0.5 0.7 4,22 6.3 0.999
A ‘ -.4862¢ - 45,0%

o 0.0004 0.9 5.09 0.4 0.999
B -.6884+ : 45,7+

0.0006 2.0 _ _ _ 4.36 -0.1 0.998
c - -.6517t 36,4+ '

: 0.0004 1.0 ‘ §.3] 0.7 0.999

a) Slope, intercept and r2 result from the least squares straight line fit of peak height to the
concentration of added species in each series.

b) Units for slope and intercept are pA/[V1/2 x 1.0 x 10-5 M] and wA/V1/2 , respect1vely.

c) Units for potent1a1 are V vs. the Ag/AgCl electrode, for height are pA/V1/2 , for width are mv.

=981~
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one and two mV for the added component in each series, and less than
one mV for componehts not added. Average peak potentials for each
component are close to the average peak potential for the component

found in the single peak scans.

The standard deviation for the Pb peak, in the series with Pb2+,

is small, and the average width is close both to that of the singie
peak series and the theoretical 45.3 mV expected for a twovelectron
charge transfer. Peak widths for the Cd and In peaks do not show as
small a standard deviation or as good an agreement with sing1e peak
averages, especially for the three series J, K and L in which Cd2+}and

3+ are present simultaneously. The Cd peaks in particular show a

In
large standard deviation in width, while the In peak widths are

smaller, and the Cd widths broader, than the single peak averages..

There are two possible explanations for this effect. Firstly,
the Cd and In peaks are much closer tdgether (40 mV separation, peak
to peak) than are the In and Pb peaks;vin fact, as seen in Figure 3.2,
the Pb semiderivative peak (fdrthest to right) is completely resolved
from the others. HoweVer, the results of Section 3.4.1 imply that
BIMFIT should be able to resolve these two peaks if the |
semiderivatives are sech2 in shape.. A better explanation is that the
In syétem, as was seen in Chapter 2, is slightly non-reversible. This
means that the semiderivative of the In Tsv wave is not eXact]y sech2
in shape. What is probably happening is that some of the In
2

semiderivative is attributed tq the Cd semiderivative in the sech

curve fitting step.
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The peak heights for the component not added in each series
remain fairly constant, as reflected by the small standard deviations
in the peak height. The regression coefficients for the linear least
squares fits of peak height to concentration of the added component
are all near one, indicating a linear relation between concentration
and peak height., The slopes are near the slopes for the single peak
systems. The intercepts for series with both Cd and In are very large-
and positive, however. This would be the result if some of the In
peak peak were attributed to the Cd peak. It is worth noting that the

intercept for the Cd-Pd system, series I, is very near zero.

A1l in all, the results for the application of s.v.c.f. to these
serie§ of 1sv waves do meet the criteria for success in the resolution
of overlapping 1sv waves. Lsv waves with a separation in peak
potentials as small as 40 mV can be resolved, without the assumption

of any single peak parameters.
3.4.3 Effect of Constraining Width

In section 3.4.2, it was noted that results for Cd and In peak
widths and peak heights appeared to be-s]ightly.in error whenever
these two components were present simultaneously. It was hypothesized
that some of the In peak was being taken as part of the Cd peak. One
way to eliminate part of the error is to use a constrained width
program; i.e., fit only peak potentials and.heights, while entering
the peak width as input and not varying this last parameter. This was
done for the files of series I, J, K and L, using the FORTRAN program
CNWSBM, described in Section 1.5. Peak widths input-to CNWSBM were
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the average peak widths for the single peak series, taken from Table

2.8,

The avefages, standard deviétions, slopes, intercepts, etc. for
the different series are shown in Table 3.3. Comparing these results
with the results of Tab]e 3.2, it is seen that returned peak
potentials and heights remain almost unchanged for Pb, as would be
expected. Returned peak potentials for In and Cd show much smaller
- standard deviations, indicating less error in the fit, although peak
potentials are shifted slightly to more negative potentials. Standard
deviations of the peak height for the component not added are.smaller. :
For the J series, the returned height of the Cd peak is smaller than
in Table 3.2, Whi1e for the K and L series, the peak heigh£ of the In
peak is larger than in Table 3.2, indicating that what BIMFIT saw as
part of the Cd semiderivative peak,’CNWSBM sees, more correct]y, as
part of the In peak. Thé constrained width brogram does éppear to
avert part of the error retrned by BIMFIT. The returned parameters
for the straight line fit show this also; slopes are closer to the
single peak values, and intercepts much closer to zero. For systems
with some hon-reversibi]ity, constraining the peak width can lead to

significant increases in accuracy in the returned parameters.
3.4.4 Kinetically Controlled Lsv Systems

As seen in'Section.2.5.2, s.v.c.f. fails in fitting the
semiderivative of a metal-ligand 1sv system whenever the syStem is
kinetically controlled. It is to be'expected, then, that s.v.c.f.

will not be able to resolve overlapping semiderivative peaks, if the



Table 3.3 Averages and standard deviations of returned peak parameters
and results of straight line fits of peak height to concentrat1og
for nearly classically reversible 1sv data, constrained width 3,P»C

Cd In Pb

Series Potl. Height Width Potl. Height Width Potl.. Height Width Slope  Intercept r2

1 -.6902+ : -.4815+ 38.4x
0.0005 0.0003 0.5 4.52 -0.8 0.998
J -.6930: 39,2+ -.6528+ '
0.0009 1.0 0.0009 : 6.16 2.2 0.999
K -.6924+ -.6532¢  37.4: '
0.0005 0.0006 0.4 _ 4.4 2.5 0.999
L -.6894+ -,6499+ 50,4+ -.4801+ 40.2+ . . _
~ 0.0004 0.0002 0.9 0.0002 0.4 4.30 4.0 0.999
A ' -.4862+ 45.01
0.0004 0.9 5.09 0.4 0.999
B -.6884+ 45,7t , o
0.0006 2.0 ' 4.36  -0.1 0.998
c -.6517+ 36.4+
0.0004 1.0 . : 6.31 0.7 0.999

a) Slope, ‘intercept-and r2 result from the Teast squares straight line fit of peak height to the
concentration of added species in each i?ﬁ‘

b; Units for slope and intercept are yA/[V X 1 0 x 10°2 M] and pA/v1/2 ' respectively.
Units for potential are V vs. the Ag/AgCl electrode, for height are pA/V1/2 | for width are mv,

=061~
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kinetics of one of the systems are not completely classically

reversible,

This is the case for'standard addition series M. This series has
the same background electrolyte as solutions F and G of Table 2.1. |
For a scan rate of ].983 V/s the Cd component .of solution .F was found
to be classically reversible, but the In component is kinetically

controlled.

For s.v.c.f. to be judged‘effective in the resolution of the
oVer]apped voltammograms of serie$ M, returned peak parameters must,
matéh}those found for the single peak solutions F and G. Also,
standard deviations for returned potentials, widths and height of the
non-added componeht mﬁst be small, and the intercept and regression
coefficient from the peak height vs. cohCéntration fit should be near

0.0 and 1.0, respectively.

Table 3.4 shows the averages and standard deviations of the
returned peak potentials, widths, and height of the non-added
component (Cd2+) for series M. Also shown are the slope, intercept,
and regression coefficient for the linear least squares fit of
returned peak'heightlto concentration of the added component (In3+)

for this series. At the bottom of the table are single peak

parameters taken from Table 2.4.

S.v.c.f. s c]ear1y not successful in resolving the two peaks.
Peak potentials, heights, and widths are all very far from the single

peak values. Standard deviations of these returned parameters are



Table 3.4 Averages and standard deviations of returned peak parameters
and results of straight line fits of Beak height to concentration
for kinetically controlled systems 2sD,C

cd - In

Fitting Method Potl. Height Width | Potl. Width Slope Intercept r2

S.v.c.f. -.6707+ 33.4+ 53,8+  -,6338t 30.8t 4,70 -3.4 0.941
| 0.0027 4.8 6.6 0.0012 2.5

Constrained -.6798+ 22,2+ - .6456 5.09 0.4 0.999

Width S.v.c.f. 0.0027 0.7 0.0013 '

Single Peak -.6755 241 44.3 -.6431 54.5

S.v.c.f.

a) Slope, intercept and rz result from the least squares straight line fit of peak height to the
concentration of added species in each ser1es. _
b) Units for slope and intercept are uA/[VI/2 x 1.0 x 102 M] and pA/v1/2 . respectively.
c) Units for potential are V vs. the Ag/AgCl1 electrode, for height are pA/V1/2 , for width are mv.

-¢6l-
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extremely large. The regression coefficient for the fit of peak
height to concentration is 0.941, a very small value, and the
‘interéept is quite far from zero. S.v.c.f. cannot be used to

 separate overlapped kinetic peaks in Isv.

Much of the error in fitting_fhe peaks could perhaps be avoided
by the use of single peak parameters in fifting the semiderivatives.
To this end, the constrained width curve fitting program CNWSBM was
also used to fit the semiderivative data. Input peak widths to CNWSBM
were the single peak widths, 44'3-TV for the Cd peak and 54.5 mYy for
the In peak. 'The results are-alsdﬁshown in Table 3.4, and are. '
surprisingly good. Peak potentials are somewhat nearer to the single
peak values, a]thOuéﬁ the standard deviation does not improve.' The
average and standard deviation of the height for the Cd peak- impfove
dkamatica]]y, as do the intercept and regression coefficient for the
fit of peak height to concentration. It might be possible to‘dov'
quantitative analysis df kinetically controlled systems using the

constrained width s.v.c.f. procedure.
3.4.5 Effect of Residual Current

In Chapter 2 it was remafked>£hat_qne of the prob]éms in the
application 6f s.v,c.f.> fo real lsv systems might be the effectfof
background, or resfdua1, current. This is because it is usually very
| difficult to correct for the residual current in 1sv, a]though’(as
mentioned) there are several approches to background'correction-in

asv.
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A study was made of the effects of background current on the
application of s.v.c.f. to the nearly classically reversible data of
Table 3.2. The voltammograms of series I, J, K and L were FT
fi]tered, but not gackground subtracted, befbre the application of
s.v.c.f. The results from s.v.c.f. to these data are shown in Table

3. 5.

The results of Table 3.5 match the results of Table 3.2 closely.
This indicates that the inclusion of the residual current, even at the
Tow concentrations used in this work, does not affect the s.v.c.f.
results greatly. The -effect the residual current does have is shown

2* 4n HC1, both

in the results for series I, which is Pb2+ and Cd
already shown to be classically reversible. The average height of the
Pb peak is increased slightly, but the major effect of the inclusion
of residual current seems to be a broadening of the returned peak
width. The slope and intercept of the straight line fit are hardly
changed at all, which indicates that s.v.c.f. might be successful in

doing quantitative analysis with linear sweep voltammograms that have

not been background'subtracted.

In fact, the inclusion of the background seems to improve results
for the systems that contain In3+. Probably the two errors, the
slightly non-reversible kinetics and the background, are cancelling
one another. This improvement is ﬁot to be looked for in the general

case.

3.4.6 Multiple Peak Asv Systems



Table 3.5

Series Potl.

L -.6896¢
~0.0008

J -.6914+
0.0013

K -.6912¢
0.0007

i | -.6887:
‘ 0.0011

a) Slope, intercept and r

Potl.

-.6518¢
0.0012

-.65281
0.0010

-.6493:
0.0004

Averages and standard deviations of returned peak parameters
and results of straight line fits of peak height to concentration
for nearly classically reversible 1sv data without prior background subtraction

In

Height

3

50,7+
6

concentration of added species in each serles.

b) Units- for slope and intercept are pA/[V /2
c) Units for potent1a1 are V vs. the Ag/AgCl electrode, for height are pA/V1/2

x 1.0 x 10-5 M] and pA/VY/2 respectively.

-.4807+ 40.6%

7.2+
0.9
0.

‘1,

Slope

4.51

5.97

4.53

4.44

result from the least squares straight line fit of peak height to the

» for width are mV.

a,b,c

Intercept rz

0.998

0.999

0.999

0.999

-G6 L~
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The success of the s.v.c.f. technique in resolving the
indjvidual componehts of an anodic stripping voltammogram is to be
judged in exactly the same way as it is for a linear sweep
voltammogram. Table 3.6 shows the averages and standard deviations of
returned peak potentials and widths, the average and standard
deviation of the peak height of fhe compbnent(s) nof added, and the
linear least squares fit parameters of the fit of concentration of
added component to peak height for series N, 0, and P. At the bottom
of the table are resuits for the single peak series D and Evstudied in

Chapter 2.

S.v.c.f. appears to be’even more successful for the resolution
of peaks in these a.s.v. systems than it was for the Isv systems.
Although they are not shown for the.individual_vo]tammograms, returned
coefficients of determination are close to one, and become larger and
Targer as the concentration of added component increases. Standard
deviations of peak potentials are smaller than for the Isv systems,

. and average peak potentials for T1 and In are very near the single
peak potentials. Except for the T1 component, standard deviations of
peak widths are small. The large deviatibn in T1 peak widths is
probably because the T1 peaks are-much smaller than either the In or

Cd peaks.

In contrast to the 1sv results of Table 3.2, the asv peak widths
for Cd in systems with In are very close to the theoretical 45.3 mV
.expected for this classically reversible system, and the peak widths

for the In peak are close to those of the single peak width,



* Y
Table 3.6 - Averages and standard deviations of returned peak parameters
: and results of straight line fits of peak height to concentration
for a.s.v. data @,b,C ’
Cd o In B
Series Pot], . Height  Width Potl. Height Width Potl. Width Slope Intercept r2
N | -.6934t 17.19:  46.1% ' -.5439: 97,2+
0.0001 - 0.27 0.2 ' 0.0002 2.1 1.12 - 0.34 0.999
0 -.6506+ 11.34: 28.6¢ -.5415¢ B7.2: .
0.0003 0.49 0.1 0.0016 4.3 1.37 0.09 0.999
P -.6937¢ 9,28t 45.7: -.6502x 12,23+ 29,0+ ~-.5428+ 90.3t
0.0006 0.13 0.4 ~0.0006 0.23 0.1 0.0010 3.7 1.54 0.36 0.999
D ' -.5440¢ 93.4:
: 0.0002 1.3 1.10 0.39 0.999
E . -.6488¢ 29,0+
0.0002 . 0.4

6.95  .-3.17 0.999

a) Slope, intercept and r2-result from the least squares straight line fit of peak height to the
concentration of added species in each series, -7 /2

b) Units for slope and intercept are pA/[V!/2 x 1.0 x 107/ M] and pA/V ,_respectively.

c) Units for potential are V vs. the Ag/AgCl electrode, for height are pA/V1/2 | for width are mV.

-/61-
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Intercepts for the straight line fits are all near zero. All of these
results imply that s.v.c.f. works very well in the resolution of

peaks in anodic stripping voltammetry.
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A METHOD FOR
THE NUMERICAL EVALUATION OF
ELECTROCHEMICAL CONVOLUTION INTEGRALS
USING TRANSFORM TECHNIQUES
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4,1 INTRODUCTION

Convolution potential sweep voltammetry is based on the numerical
-evaluation of convolution integrals like those of (1.3.11) and |
(1.3.27). The methods used fo eva]uate these integrals are based on
the knowledge of the exact form of the convolution integrals
determiﬁed in the solutions to electrochemical boundary value
problems. From the form of an integral a conyo]uting sequence is
derived, and by a sequential convolution of the convoluting sequence
with a sampled cur}ent sequence an approximation to the convolution

integral is made.

The weakness of c.b.s.v. up to now is that the}cdnvo]ution
integral can be obtained in a simple, analytic form only for a few
very simple sysfems like the simple charge transfer, CE and EC
mechanisms'of.Chapter 1. For systems with effects like non-infinite
diffusion, or electrode adsorption isotherms, an analytic form of the
convolution integral cannot be obtéined, and c.p.s.v. as implemented

previously cannot be appTied to these systems.

For some systems, even if analytic forms of the convolution
integral do not exist, analytic forms exist for the Laplace
transformed concentration profile. Keller and Reinmuth (1) showed
that for a system with finite diffusion, quasi-reversible electrode
kinetics, and linear complications (first order kinetics, linear
adsorptfon isotherms), thé concentration profile in the Laplace domain

is given by
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+ 7(p)F(p) - (4.1.1)

Ic‘)
ol %

Ci(O,p) =
where, for spherical diffusion,

T(p) = - hyof (4/p/D) (4.1.2)
nFA vp/D

The'vériab]e'p is called the Laplace variab]e,'1vis the solution ]ayer.
thickhess for finite diffusion, and hypf is coth for a bounded system,
and tanh for a non-bounded system. (A bounded system is a system with
a solution layer of finite thickness.) Other symbols have the same
meanings as in previous chapters. The function f(p) is commonly

called a forcing function.

This papér proposes an a]térnate method for the numerical
evaluation of the convolution integrais found in electrochemistry.
This method does not depend on exact knowledge of the time domain
convo]utidn integral; instead, a convoluting sequence will be
determined from knowledge of the Laplace domain forcing function f(p)
of (4.1.1). The sequential convolution of this sequence with a
sampled current sequence is equivalent to the methods used to evaluate

the time domain convolution integral..

The method will be applied to the evaluation of the convolution
integral encountered in the solution to the boundary value problem for

classically reversible systems, i.e., the semiintegral. The
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application of the method to more complex electrochemical systems will

also be discussed.

4.2 BACKGROUND

This work involves the application of several mathematiéa]
techniques, including the Laplace transformationiand the continuous
and discrete Fourier transformations, that are not very well known to
chemists. Another concept nof well understood is that of convolution.
For this feason, a short background of these ideas and techniqués is
presented in this section. For knowledge of all of these topics, the
book by Bracewell (2) is very informative and presented in.a manner

that is easy to understand.

4.2.1 The Continuous Fourier Transform

Many references exist on the continuous Fourier transform.
Besides the book by Bracewell, useful works have been written by

Brigham (3) and Griffiths (4).
The continuous Fourier transform (CFT) f(s) of f(t) is defined as

T(s) = [ f(t) exp(-2nist) dt @2

-0

where s is a real number and is called the Fourier variable. The
following definitions of the continuous Fodrier transform are also

often found:
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f(s) = [ f(t) exp(-ist) dt (4.2.2)
or
f(s) = z;l;T7?f'f- f(t) exp(-ist) dt. (4.2.3)

The only difference among these is whether or not a factor of 27 or
(21)1/2 is included in the definition of s. The definition (4.2.1) is

assumed throughout this work.

The continuous Fourier transform exists if and only if the

function f(t) fulfills the following criteria: -
1) The integral of |f(t)| from t = - to +o exists.
2) Any discontinuities in f(t) are finite.

If f(t) is a physically observable quantity, then 1 and 2 must be

true, and f(t) does have a continuous Fourier transform.

The back Fourier transform is defined as the operation on'f(s)
that returns the original function f(t). For the definition of f(s)

. given by (4.2.1), this is

[ -]

f(t) = [ F(s) exp(2nmist) dt (4.2.4)

-0
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There are a number of theorems relating to the continuous Fourier
transform which derive directly from the definition (4.2.1). As some

of these will be used later, it is best to review them now.

1) Similarity theorem: If f(t) has the Fourier transform f(s), then

f(at) has the Fourier transform |a|'1 f(s/a).

2) Shift theorem: If f(t) has the Fourier transform f(s), then f(t-a)

has the Fourier transform exp(-anasX?(s).

3) Addition theorem: If f(t) and g(f) have the Fourier transforms F(s)

and g(s), then the Fourier transform of f+g is. f+g.

The continuous Fourier transform has found much application in

" the analysis of electrical waveforms and filters, where a filter is to
be understood. in its electrica1~engineering,sense as being somé
.operation upon an input function that produces an output function. It
has found many app]ications_in'image analysis. It is also, of course,
fahi]iar to students of é]ementary calculus as a tool in the so]ution'

of certain classes of differential equations.

There are some rather unusual functions that are often
encountered in dealing with Fourier transforms. Several of these will

be defined and discussed.

1) The rectangle function of unit height and width is defined as
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1, |t| < 1/2
n(t) = 1/2, |t| = 1/2 (4.2.5)
0, |t| > 1/2

Thus any finite segment of an infinite function can be represented as
a product of the infinite function and a suitably multiplied-and

shifted rectangle~function-Ii(at=b).

2) The Heaviside function H(t), which is the unit step function, is

defined by

1,t>0
H(t) = 1/2, t
0, t <0

(4.2.6)

Any function with finite discontinuities can be decomposed. into a
continuous function plus a sum of shifted and multiplied Heaviside

functions.

3) The filtering, or interpolating, function sinc (t) is defined by

sinc t = siprt. : (4.2.7)
: nt : v

This function has the property sinc (0) = 1, sinc (1) = 0, and [: sinc

(t) dt = 1.

. The Fourier transform is not useful in the solution of those

differential equations that describe mass transport in the
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electrochemical systems of Chapter 1. To solve these problems, one
must make use of a relative of the Fourier transform, the Laplace

transform.

4,2.2 The Continuous Laplace Transform

The Laplace transformation is familiar to most electrochemists
because of its power in the solution of electrochemical -.boundary value
problems. vaacewe]] (2) has a chapter devoted to the Laplace
transformation, and Bard and Faulkner (5) and Churchill (6) discuss
the application of the Laplace transform to boundary value problems of _

the type encountered in electrochemistry.
The two-sided Laplace transform f(p) of f(t) is defined by

T(p) = [ f(t) exp(-pt) dt . (4.2.8)

- 00

where p is the Laplace variable and is in general a complex number.
From this definition, the Fourier transform is seen to be a special

case of the Laplace transform, with p in (4.2.8) purely imaginary.

Usually one employs the Laplace transform with functions f(t)
such that f(t) = 0 for t < 0. This leads to the more commonly
encountered definition of the Laplace transform, sometimes called the

 0he-sided Laplace transform.
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~f(p) = [ f(t) exp(-pt) dt (4.2.9)
s

The back Laplace transformation of a function f(p) is »

c*iw .
Cf(t) = 31{—1 , f F(p) exp(pt) dp- (4.2.10)
c-i

where ¢ is some real constant.

It is the real part of p that makes the Laplace transform
necessary for the solution of electrochemical béundary value prob]éms.
Consider the solution to the simple charge transfer reaction, given in
Appendix iI. One of the first step in the solution involves the

integration by parts of the integral

- -]

2 aC t=o |
-/. 32x exp(-pt) dt = Cox(x,t) exp(-pt) +p d/-co exp(-pt) dt
t=0 0
0 .

(4.2.11)

Up to»this point in the solution the Fourier transform could have been
used. At this point the argument'isvmade that Cox(x,t)exp(—pt) at t =
o is equal to zero. This is true only if the real part of p > O; if

the Fourier transform is used, so that exp(-pt) = exp(-ist), then the

exponential term does not go to zero, and is in fact undefined. The

Laplace transform must be used for the elimination of this term. In
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general, the purpose of the real part of p is to force the convergence

of (4.2.9) at large t for a given time domain function f(t).

The similarity of the Laplace transform to the Fourier transform
results in an identity of theorems for both transformations. All of
the similarity, shift, and addition theorems apply to the Laplace

transformation as well as to the Fourier.

There is one very important_theorem that remains to be discussed,
and also applies equally to both Fourier and Laplace transformations.
This is the convolution theorem. The importance of this theorem will

“become more obvious after a discussion of convolution.

'4.2.3 Convolution

The concept of convolution is central to many concepts in the»
analysis of real signals. Bracewell (2) gives a very thorough
discussioﬁ»of convolution in his ;ork. The idea of convo]ution
describes Varfously the familiar data manipu]étion techniques of
smoothing, peak sharpening, auto-- and cross-correlations and many

others. The convolution of two functons f(t) and g(t), denoted by the
-asterisk notation f(t)*g(t), is defined as
h(t) = f(t)*g(t) = [ f(u)gt-u) du  (4.2.12)

-0

Convolution is commutative, associative and distributive; that is,
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| frg = g¥f
(f*g)*h = f*(g*h) o (4.2.13)
fx(gth) = f*g + f*h

Ohe way to perceive convolution is the following. The function
h(t) is an integral, and as such can be.understood as the area under
the curve f(u)g(t-u). For example: consider the convolution of two
functions f(t) = n(t), g(t) = n(t). The convolution of these two
functions is easy to determine, since both are non-zero only for |t| <
1/2. The convolution h(t) of these two functions is depicted

graphically in Figure 4.1.

In this convolution the function f(u), by (4.2.12), remains
centered at the origin of the u axis. The convolution h(t) is
performed by reveréing‘the g(u) function, and moving the g(t-u)
function along the u axis for eaéh value of t. At each value of t,
the product f(u)g(t-u) is determined and gives h(t). In Figure 4.1,
the value of f(u)g(t-u) for a given t is the area of the intersection
of the two II functions, which isvindicatedubyvcrdss-hatching, This

area is h(t) for the given t. The: convolution function h(t) is shown
for all t at the botfom of Figure 4.1. The convolution function is a

triangle, which is well known to be the convolution of a rectangle

function with itself,

Convolution is sometimes easier to understand if one considers

the convolution of two sequences of numbers. Bracewell (2) discusses
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gi-1-u) | f(v)
- + ety P — r—
-2 -1 0 1 2 -2 -1 0 1
h-1) = 0 - he0) =1
h-0.5)=0.5 ' h(0.5)=0.5
f(u) g(1-u)
h-0.25)= 0.75 h(l) =0
'ﬁ‘f + ‘;
-2 7

XBL 825-10197

Figure 4.1: Convolution h(x) of two rectangle functions. Cross
- hatches indicate overlap of f(u) and g(x-u) for different x, and
consequently h(x).
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at lTength sequential convolution, which he calls the serial product of
two seqﬁences. The sequence fN is defined as an ordered set of values
( fN(O) fN(l) e fN(N-l) ), and the sequence gN as ( gN(O) gN(1) sen
gN(N-i) ). This notation for a sequence of numbers, and for the

elements of a sequence, will be used throughout this work.

Figure 4.2 shows the convolution of two sequencesa-f4 and g4. The

first step in the sequential convolution f4*g4 is the reversal of g4,

and the positioning of the erstwhile first element (now last) of-g4

4 4

under the first element of f'. The sequence g' is called the

convoluting sequence. The two elements f4(0) and g4(0) are

multiplied, and the product h7(0) is the first element of the

4

resultant convolution sequence. The reversed g  sequence is moved

over one space, and the first two elements of f4 are multiplied by the

4

last two elements of the reversed g sequence and summed to get the

second element h7(1) of the convolution sequence. The process is

repeated as shown in Figure 4.2 until the last element in T is

4 convoluting

sequence. The result is a seven element convolution sequence h7. In

multiplied by the first element of the reversed g

gehera], the convolution of two N-element sequences results .in a 2N-1

element convolution sequence.

Convoiution in nature takes many forms. For scientists, perhaps
the most important instance of convolution is in the description of
mechanisms that cause the broadening of spectral peaks or lines. One
type of broadening familiar to all analytical chemists is the

broadening of a peak in an atomic or molecular spectrum due to the
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f=(3 1 2 0) (1 1 0 1)
3 1 2 0 3 1 2 0
T 0 1 1 1 0 1 1
n7(0) = (3)(1) = 3 h7(3) = (0)(1) + (2)(1)
h (0) ( )( ) ( ) + (])(0) + (3)(]) = h
3 1 2 0 3 1 2 0
1 0 1 1 1 0 1 1
Ty - (1 Ty L 70y = (0)(1) + (2)(0
)= M) -GN =3 W) = (o)) ¢ (2)(0)
31 2 0 3 1 2 0
1 0 1 1 1 0 1 1
h7(2) = (2)(1) + (1)(1) n7(5) = (0)(0) + (2)(1) = 2
+ (3)(0) = 3
3 1 2 0
1 0 1 1

Figure 4.2: Sequential convolution of two sequences. The convolution
~begins at upper left, proceeds down the left -hand column, cont1nues at
upper right, and proceeds down the right hand column.
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finite resolving power of a monochromator (7,8). The observed
spectrum S(\) is not the true spectrum T(\) but is rather a
convolution of the true spectrum with the broadening function B()) of

the monochromator:

S(A). = f T(A')B(A-2') da' (4.2.14)

The function B(A) is commonly called the slit function. Many methods
exist for the retrieval of T(A) from -S(x) (9-11); this results in a

sharpening of the peaks in a spectrum, and hence enhances resolution.

Other instances of convolution include, for example, the
averaging process which an analog to digital converter performs to
obtain a digitaT data point, or the effect of mixing chambers in
chromatography. In almost any conceivable experiment an observed
signal is the result of the convolution of the true signal with some
instrument function. This.makes an understanding of convolution

important for nearly all scientists.

Convolution enters.into the study of electrochemistry very
directly. Consider agaih'the solution of the boundary value problem -
for the reversible charge transfer system, which is given_in Appendix
If. One of the final steps in the solution is the transformation of
the concentration profi]e'fi(o,p), which is in terms of the transform
variable p, to a solution in terms of the time variable t. In
Appendix II this occurs between (A.II.12) and (A.II.14). This

transformafion is made by means of the convolution theorem, which is
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the last, and perhaps most important, of the transform theorems.

A The convolution theorem, which holds for both Lap]aqe and Fourier
»tranSforms, says that if f(t) has the transform f(p) (or f(s)), and
g(t) has the transform g{(p) (or g(s)), then the transform of the
product f(t)g(t) is the convolution T(p)*g(p) (br'?(s)*ﬁ(s)). In

mathematical terms, for the Laplace transformation,

[ f()9(t) exp(-pt) dt = [ F(p'Ja(p-p') dp’ (4.2.15)

There is an equivalent theorem for the product of two transforms,

Cti= ' t
2 [ T exotpr) = f f(n)g(tor) o (4.2.16)
c=1w 0 v

Similar equations obtain for the Fourier transform (2). In equation
A.11.14, the inverse transform of 1(p) is i(t), while it is known that
. the inverse transform of p']/2 is (t/n)']/z. The concentration

profile equations A.II1.14 follow immediately from (4.2.16).

4.2.4 Discrete Fourier_Transform

Because experimental data is always obtained as a finite set of
'points, one cannot analyze data with either the continuous Fourier
transform or the contiﬁuous Laplace transform. To allow the:transform
analysis of discrete data, several discrete transforms have been

developed. One of these is the discrete Fourier transform (DFT).
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A great deal of work has been done with the aid of the DFT in the
last fifteen years. Undoubtedly this is due to Cooley and Tukey (12),
who developed an algorithm for the fapid computation of the discrete
Fourier transform, the so-called Fast Fourier transform. A number of
references exist on the discrete Fourier transform (2-4, 13-16). Only
in the last few years have chemists apprgciéted the'great differences
between the discrete and continuous Fourier transforms, probably
because it is'ohly in the last few.years that electrical engineers

have written explanations of the DFT that chemists.have understood.

By definition, the forward discrete Fourier transform of a

sequence of points N = (fN(O) fN(I) <o fN(N-l)) is

N-1 |
oom) = N3 o) expezmiven) (4.2.17)
r=0 : -

where v also ranges from O to N-1, so that ?N(v/N) is part of the
sequence - (?N(O) ?N(1/N) cee ?N((N-1)/N). The backward discrete

Fourier transformation is

N-1 |
Moy = 3 F(u/N) exp(2nive/N) (4.2.18)
v=0

The DFT can be derived from the CFT. It is instructive to
present the derivation, since it shows the correspondence between

discrete and continuous transforms. The derivation, which follows, is
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taken from Cooley, et al. (14).

Suppose that the function f(t) has the CFT f(s). Next, suppose
that f(t) is sampled at intervals of length At. To represent this,

let t = tAt, T = 0, 1, 2,... Substituting t = tAt into (4.2.4),

f(tat) = [ f(s) exp(ZwisrAt) ds - (4.2.19)

- 00

One may represent (4.2.19) as

® (k+1)/at
f(uat) = f F(s) exp(2mistat) ds (4.2.20)
k=-e ~k/At

Because T is an integer, exp(2mistAt) is a periodic function of s with
~ period 1/At. Since the function exp(2mistAt) is periodic over the

intervals of integration, one may write the sum of (4.2.20) as

k/At .
f(tat) = f (...+F(s)+F(s+1/at) + F(s+2/at)+...) exp(2nistat) ds
) 0
(4.2.21)
Letting
Tols) = 20 Flsw/nt) (k222

one obtains
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‘ 1/at
f(eat) = [ ?p(s) exp(2risTat) dt (4.2.23)
0

where ?b(s) is the periodic function formed by the superposition of
the non-periodic function f(s), shifted by all multiples of a

fundamental period 1/At.

The Fourier series expansion of any periodic function g(t) with

period T is
Ca(t) = 1 Y a. exp(-2nijt/T) (4.2.24)
: j:'.oo i
where
:
a; = fg(t) exp(2mijt/T) dt (4.2.25)
-

so that, for the periodic function ?b(s)_with period 1/At, one can

represent ?b(s) as

©

Fgls) = at 3~ f(xat) exp(-2nisat) (4.2.26)

T= =00

Consider the values of ?b(s) at N equally spaced points between 0

and 1/At. Making a substitution s = v/(NAt) = vAs,
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-]

Tlws) = st Y f(wt) exp(-211v3/M) (4.2.27)

= =00

Since exp(-2wivt/N) is a periodic function of t with period N, one may

make the argument as was done with ?b(s), and say

N-1
folvas) = at :E: fp(TAt) exp(-2mivt/N) (4.2.28)
T:-Q
where
fp(TAt) = Z f(rat+eNat) : - (4.2.29)
z:..oo

The function fp(TAt)' is a periodic function with period NAt. For
this reason, one may épp]y the same arguments just used to obtain

(4.2.28) to obtain
N-1 |

fo(wat) = ) T (vas) exp(2nive/N) (4.2.30)
v=0

If At is taken as one, the relations (4.2.28) and (4.2.30)'feduce to
(4.2.17) and (4.2.18).

The periodic nature of the functions ?b(vAs) and fp(TAt) lead to
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a great difference in the application of the CFT and DFT. Suppose
that At = 1. The periodic nature of fp(r) means that fp(T) = fp(T +
N). This means, for example, that for an N-point sequence that fp(r =
-1) = fp(T = N-1); i.e., the last point in the transform is actually
right next to the first point. This is equally true for a frequency

domain sequence.

The periodic nature of both time and frequency domain sequences
explains many effects found in the practical‘application of the DFT.
For example, consider a paper about the use of the Fast Fourier
Transform (FFT) in the filtering of high frequency noise ffom
electrochemical data (17). High frequency noise is eliminated from
the data by taking the FFT of the data, setting all the high frequency
terms after a certain frequency equal to zero, (e.g., settjng ?b(v/N)
= 0 for |v| > 20, and N = 512) and taking the back transform. Because
fhe high frequency components are mostly noise, this process shoﬁ]d
return electrochemical data with significantly less noise thdn the

original data, as indeed it does.

Reference 17 states,'however, that if the data does not begin and
end at the baseline, that this process produces large, sinusoidal
waves in the back transformed filtered data. The effect is removed by
subtracting a straight line ffom the data prior to the initfa]
transformation, so that the subtracted data file does begin and end at
the baseline, and adding the straight line back in at the end of the
process. The large, sinusoidal waves originally superimposed upon the

data are ascribed to some kind of aliasing effect.
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The cause of this aliasing effect is obvious if the DFT 15
understood in the cyclic sense. If the first and last points of the
data file are not nearly equal, there is a large discontinuity between
fp(T = -1), which is also fp(T = N-1), and:fp(1_= 0). This
discontinuity is déscribed, in the frequency domain, (i.e., in the
function ?b(v/N)), by high frequency terms, so that if all high
frequency tefmsvare set to zero, many of the terms that describe the

discontinuity vanish. The result is the degradation of the data at

the endpoints.

The background presented in this section is.sufficient for an
understanding of thé rest of this work. A method will be derived for
the numerical evaluation of time domain convolution integrals from
knowledge of the fdrcing function f(p) in Laplace épace, .To do this,
if‘is necesséry to e*amfhe how the numerical‘éonvb]htion hésAbeen done

in the past.

4.3 NUMERICAL EVALUATION OF CONVOLUTION INTEGRALS

Up to now c.p.s.v. has relied on the numerical integration of

the convolution .integral

m(t) = L f ilzdc (4.3.1)
ym g Jt-t _

by means of a sequential convolution like that described in Section
4,2.3. This section will describe the defivation_of the convoluting

sequence used most commonly in the past to evaluate (4.3.1). A
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derivation of a different convoluting sequence for the eVa]uation of
(4.3.1) will be proposed. This latter sequence will be shown to give
identical results in the appfoximation of the semiintegral for a
classically reversible charge transfer system. This section will also
develop a method for the evaiuation of more general convolution

integrals.

4.3.1 Derivation of Convoluting Sequences for the Semiintegral

" The semiintegral of (4.3.1) has the form of the Riemann-Liouville
~definition of an integral of fractional order -1/2 (18-20). This
definition can be shown (21) to be equivalent to the Grunwald

definition of a semiintegral (22), so that one has

t N-1
1 f.i )dr - 1 4. 1/2 r(j+1/2) . : |
— = — Tlim {§ i(t-83) (4.3.2)
I =1 T . E) CAR

where T is the Euler gamma function, i(t-8j) is the (N-j)th current

point, and N is the number of subdivisions of equal width 6 = t/N into

which the interval from t = 0 to T = t is divided. The integral is
approximated (for N large enough) simply by dropping the limit in

(4.3.2), so that

N-1 .
~ . . 1/2 . :
1 i(t)dr S r(j+1/2) . .
— 1~ — 03 ITt-GJ 4.3.3
Mg TR s Z. ri+l ) (4.3:3)

This is known to. be a good approximation to.the actual semiintegral.
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(See the previous chapters of ‘this work, and the references contained

therein.)

There'are many possibie approaches to the evaluation of m(t),
howeverf Equation 4.3.3 is inconvenient because it employs T
functions, which are impossible to represent as simple analytic
| functions. Another approach can be made by using the more generq]
definition of an integral. Because convolution is commutative,

(4.3.1) can be written as

43

-i

t .
m(t) = L f (4.3.4)
) |

Using the definition of an integral as the 1imit of a sum, if the
interval from T =0 to T = t is divided into N subintervals of equal

length §, one has

't - : | o N- .
1 / i(t-t)dr - im s _é: (t-t. ) (4.3.5)
T

R S

p—l

where T is some point such that &j 2T < §(j+1). The approximation

~ is achieved by dropping the limit, so that

—

t N . o
/_‘_C;;)ﬁ 8y i(t-15) | (4.3.6)
! ' | ,

: J

T
-0 J

It was found by us that for large j



Fgg+l/2§ 1 (
= m———— . 4.397)
rig+ /I77%3

Therefore if one chooses (as is possible, for large enough N),

1 . 1

= — i(t-1,)=1(t-63) (4.3.8)
7 8T !
The final approximation to m(t) is
§1/2 o 1
m(t) = i(t-683) (4.3.9)

V/?T_ j=0 V/I;Tl"*'j

This is the approximation used by Suprenant et al. (23), which was

given by them without any justification.

Both (4.3.3) and (4.3.9) are examples of time domain sequential

convolution as described in Section 4.2.3. In the implementation of -

(4.3.3), a convoluting sequence N - (CN(O) CN(1) oo CN(N-l)) is
created by sétting c (0) = 6]/2, and deriving a recursion relation

using the properties of the gamma function, so that for j > 1,

NGy = ii:%iél ) (4.3.10)

The convoluting sequence CN is then sequentially convolved with an N

point current sequence to obtain the semiintegral.

The implementation of (4.3.9) is simpler: a convoluting sequence

N

C" is constructed from

-224-
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(4.3.11)

for j =0 to j = N-1, and subsequently is sequentially convolved with

the current,

Figure 4.3 shows two semiintegrals of an artificial 1sv wave of a

classically reversible system. The éemiihtegrals were made by a

o FORTRAN program called SEMI; which sequentially convolved the -

sequences defined by (4.3.10) and (4.3.11) with the artificial linear
| sweep voltammogram. The voltammogram was created by means of the
digital simulation program DIGIT, which is described in Section 1.5.1.
The :computer system usedzto run these programs, and all other programs
discussed in this work, is the LSI-11/23 system described in Section

2.4.3.

The semiintegrals created by the two different approximations are
seen to be superimposed. This implies that (4.3.9) is as good an

approximation to the semiintegral as is the approximation of (4.3.3).

'4.3.2 Derivation of Convoluting Sequences for General Convolution

Integrals

One would like to derive approximations to the convolution
integrals of more complex systems. Suppose a system is of the type
such that the Laplace domain concentration profile (4.1.1) may be

obtained. Supposé‘also that the inverse transform of F(p) is f(t);
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o
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XBL 825-10195

Figure 4.3: Semiintegrals of a voltammogram of a classically
reversible system created by the sequential convolutions of (4.3.3)

and (4.3.9).
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f(t) certainly exists, a]though it is probably not a simple function,
and possibly is not even descr1bab1e by an analytic function. If the

inverse transform of f(p) is f(t), then (4.2:15) implies that

t
Ci(O,t _/. f(t-1)i(r) dr (4.3.12)
-0

and it is seen that integrals of the form
t
= [ ft 1)i(r) dr | (4.3.13)
0 _

vmust be approkimated.

For N large enough, one may make the same approximation used in

'defiving (4.3.9), and derive

t N-1
f(t-t)i(t)dr = ¢ fr,)i(t-, - (4.3,
Oj( Ji(r)dr = ;g(,)(J)(J) (- 414)
The approXimation is again a convo]ution of the current sequence iN by
a convolutioh sequence'CN, where the individual element CN(j) in-this

. sequence is given by

C3) = fs(ani)) (4.3.15)

and where a is some constant 0 < a ;'] to be determined. For N very

large, the choice of a does not matter.
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The next section will describe how the convolution sequence CN,

defined by (4.3.15), may be derived from the Laplace equation 4.1.1.

4,4 DERIVATION OF CONVOLUTING SEQUENCES FROM LAPLACE EQUATIONS

One would like to be able to derive a sequence CN like that
defined by (4.3.15) from the Laplace equation (4.1.1). This must
involve threevsteps. One must first derive from the continuous
Laplace domain function'(4.1.2) a continuous Fourier domain function
that represents the sampled convolution function (4.3.15). Using this
- Fourier domain function, one must next construct a sequence in the
dfscrete Fourier domain corresponding to the DFT of the time domain
convolution sequencerEN. Finally, one must take the back DFT to
obtain the sequence CN. One must go from the continuous Laplace

domain, to the continuous Fourier domain, to the discrete Fourier

domain, and lastly to the time domain.

4.4.1 Derivation of the Correct Laplace Function

The forcing function T(p) in (4.1.1) does not represent the
Laplace transformation of the function f of (4.3.15) that is sampled
at times t = &(a+j), j =0, 1, ..., N-1 in the derivation of a
convoluting sequence. This is because f(p) represents in the time
domain a function f(t) that extends fromt = 0 to t = », Because of
the periodié nature of the function fp(T) of (4.2.29), the function

f(t) must be truncated.



Consider this in a slightly different way. ‘We hope to derive
from the Laplaceltranstrm equation (4.1.1) convolution segences CN
.that are giVen by (4.3.15), The very last step in this derivation
wi]]_be to iake the DFT of some sequence CN'to obtain CN. What must
the continuous function C(t) corresponding to cN be in order to

N

achieve this? As was seen in Section 4.2.4, C' is related to C(t) by

Ny = T e+ Kne) (4.4.1)

1f N

= f(8(a+j)) of (4.3.15) from j = 0 to j = N-T, the function f(8(a+j))

is to represent, for example, the sampling of the function C(j)
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must be equal to zero for j < 0, j > N-1. Otherwise (4.4.1) implies -

that,CN wiTl be in error due to the superpositioning of terms fér Jj <

0 and'j > N-T. -

The function_f(S(a+j)) must be truncated at j =0 and j = N-T1.
This truncation can be represented by the rectangle function I(t), so

that

c(t) = n <t 'G?Qfg?“1)> flas+t) (4.4.2)

The ‘Laplace transform function that describes the truncated function

is not f(p), but is rather
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tp) = f“<t -af{fﬂ'l)) f(as+t)exp(-pt)dt (4.4.3)
0 .

By the Laplace transform shift theorem this is

C(p) =+ exp(aép) /ﬁ <6(N-1) (g?ﬁyii)) f(t)exp(-pt)dt’ (4.4.4)

Equation 4.2.15 says that the transform of a product is the
_convolution of the transforms. The Laplace transform of f(t) is f(p)
of (4.1.2). The Laplace transform of the rectangle function is
sinh(p/2)/(p/2), and by the shift and similarity theorems the Laplace

transform of the rectangle function of (4.4.4) is

[ <§(ﬁ:T -.ig%ﬁgi%l> exp(-pt)dt =
0

exp <- (Za"g'l)P‘S) S‘?gfs‘(’fl(';'; %2) 5(N-1) (4.4.5)

Then the Laplace transform convolution theorem (4.2.15) Says

Ctio

—EKL)- [ §(N-1) exp(- (Za‘f'“.-.l_)dp?) sinh(8{N-1)p'/2)
2 - (8(N-1)p"/2)

C-io

f(p-p')dp" (4.4.6)
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4.4.2 Derivation of the Convoluting Sequence CN From C(p)

One would like to derive from (4.4.6) a relation for C(s), the
Fourier transform of the truncated convolution function c(t). 1If this
can be done, then (4.2.22) can be used to obtain the discrete Fourier

transform pair of the convolution sequence CN.

The relation between Laplace and Fourief transformations is as
follows. Consider a function f(t), that has both Laplace and Fourier
transformations f(s) and f(p). Taking the back transforms of both

f(s) and f(p),

© . Ctiw
/7(s)exp(21r1’st)ds = £(t) =Zlﬁf F(p)exp(pt)dt (4.4.7)
~oo ' C=jo '

¢ + 2mis', c real, in the integral of the

Then, substituting p

r.h.s.,

«©

/[?(s)]exp(Zwist)ds = /_[T’(c+21r1'vs')exp(ct)]exp(Znis't)ds' (4.4.8)
This implies that Laplace and Fourier transform functions are related

by

F(s) = TF(c+2mis')exp(ct) (4.4;9)

The choice of ¢ remains to be determined. The purpose of ¢ in

the Laplace transformation is to force the Laplace integral of (4.2.9)
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to convergence as t»«; in other words, c must be chosen large and
positive enough to force f(t)exp(-pt) to go to zero as to«, In

general, then, ¢ cannot be chosen to be zero.

In this particular instance, however, the function f(t) is a
truncated function and is itself equal to.zero for t greater than some .
finite value. In this case the Lap]aée integral is convergent for any
c, since f(t) itself is zero as t+o, Therefore c can be chosen to be

zero, and (4.4.9) reduces to
'?(s) = '?(ZHis') (4.4.10)

The Fourier transform C(s) of the truncated convoluting function is
obtained by substituting p = 2mis in C(p). The Fourier transform of

the truncated convolution function C(t) is

- -]

T(s) = exp(2misas) [ &(N-1)exp(-ins'(2a+N-1))

-0

sinc(ns'6(N-1))?(2ni(sfs'))ds' (4.4.11)

Since one knows f{p) from the solution of the boundary value
problem (4.1.1), one can solve for EN as the periodic summation of the
integral (4.4.11). From this, the convolution sequence CN can be

- determined from (4.2.18).

4,5 EXAMPLE FOR REVERSIBLE SYSTEMS
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4.5.1 Derivation of the Convolution Function

To show that the procedure suggested by Section 4.4 works,
consider the application of this method to a simple reversible charge
transfer system. For such a system the Laplace domain concentration -

profile is

Sop - ST s

. nFADp

so that the forcing function‘?(p)'is p']/z. From the last section,
_w ; v

- the Fourier transform function F(s) equivalent to F(p) is F(s) =

(ans)']/z. Substituting this into (4.4.11), one obtains

C(s) = gxp(Z%fsaa) [ 8(N-1)exp(-ins'(2a+N-1))

sinc(ws'§(N-1)) (2mi(s-s')) "1/ 245" (4.5.2)

If one assumes a = 1/m, as in (4.3.11), then

- -]

exp(2iss) [ 6&(N-1)exp(-ins'(2/n+N-1))

HNis

-0

sinc(ns'8(N-1))(2i(s-s'))"1/24s" (4.5.3)
" Because the function (21(5-5'))"/2 does have an analytic Fourier
transformation, (4.5.3) can be simp]ifiéd. Because the forward and

backward Fourier transformations are inverse operators, (4.5.3) can be
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written as

- expl2ist) /fss [ exp(-2nist) [ exp(2nist) [ 8(N-1)...ds' ds dt
w -] 4 00 ;m -

- exggii_séz f exp(_znist)fG(N-l)exp(.-ins'(21r+‘N-1)) sinc(ws'8(N-1))

| / (2i(s-s'))" 2exp(2nist)ds| ds'dt

-00

- (4.5.4)

The term in brackets is the inverse Fourier transform of

(Zi(s-s'))']/z. The Fourier transform of the function f(t) such that

| t1/2 ¢ > 0
f(t) = | (4.5.5)
0, t <O
e =1/2 . =172 .
is (2is) . Therefore, the inverse transform of (2i(s-s')) is,

by the shift theorem, exp(2wis't)f(t). Then

T(s) = 9‘-"-}/@)— f exp(-2nist)f(t) ] [ G(N-l)exp(-ins'((2/.1r+N-1))

-0

exp(2wis't)ds'| dt

(4.5.6)

The term in brackets is the inverse Fourier transform of thé‘Fourier
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o t _ (2/mN-1)
transform of the rectangle function H{é(N—17 ADEE and so

Ts) = SRAN by L) f)erp(-zrist)ar

ﬁr- - 00
(4.5.7)
This is just
: ) §(1/m+N-1) o :
T(s) = %Rﬁ-zﬁ-‘ilf L exp(-2nist)dt (4.5.8)
| s 7
Making the substitution u2 = 2rist,
o (2riss(1/mN-1))1/2
T(s) = _Eéﬂiﬁié%}i | C exp(-ud)du (4.5.9)
/m(2nis) 1/2
(2is8)

From the definition of the error function

T(s) = -2521§i§§%- erf((2niss(1/7#4-1))2) - erf((2is8)1/2)
' Ym(2is) '

(4.5.10)

Following Section 4.2.4, and substituting s = v/N§ in (4.5.10), one .

obtains the final form of C(s) as
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1/2 .
Clome) = (88)7 XRlZIVA) Tore((2ni (u/n) (1/met-1))1/2)
- m (2iv)1/2

—erf((2ivm)/2) | (4.5.11)

One then uses -the definition of fb(v/NG)‘of (4.2.22) to determine the

DFT EN‘of»fhE”convoluting sequencevCN;

In the practical application of this method, it is of course
impossible to sum (4.2.22) from k = ~= to k = », However, because of
the v']/z factor in (4.5.11), the function C(v/N§) is band-Tlimited,

and C(v/Ng)»0 as v, A function

] _
Ep(v/Na) = ¥ T ((v/N#k)/6) (4.5.12)

will, for large enough &, approximate the true fb(v/Né) closely.

4.5.2 Construction of the Convolution Sequence CN

Using (4.5.12) and (4.5.10) one can now construct the discrete
Fourier transform pair of the convoluting sequence. This is done by

means of the FORTRAN program FDOMSI.

In the program FDOMSI, for a given value of k, starting with k =
0, the values of C((v/N + k)/&) are calculated for v = 0,1,..., N-1,
where N is the number of points in the convolution sequence and for
this work is set equal to 512. After all of the values of C((v/N +

k)/8) have been calculated for a given k, the function fb(v/Né) is
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constructed by means of (4.5.]1). One property of the CFT speeds the
calculation of fh(v/Nﬁ). If a time domain function f(t) is wholly
real, as the function C(t) must be, since the concentration Ci(o,t) to
which it is related is physically observable, then the CFT of f(t),

f(s), has the properties (2):

n

1) Re F(s) = Re F(-s)

2) Im f(s) = =-Im T(-s)

Thus, after all of the C((v/N + k)/8) have been calculated for a given

-k, the'ﬁp(v/Na) function is created by

Re T, (5) = ReT, (35) +Re T (5 +§) + ReT (2 + %)
| (4.5.13)
Im Cp (%6-] = Im ’Cp ‘(-’\\’ﬁ)} ImT (ﬁ-g + %) -ImT (m— %)

This suhmation sums over the negative k as well as over the positive

k, without-expljcitly calculating C{(v/N + k)/G) for negative values

of k. After the summation has beenvmade; the process begins anew for
k incremented by one. - The procees terminates when k reaches a

. limiting number of iterations %, which is input to the program.

The error function terms in”f((v/N + k)/68) are not calculated
difect]y: instead, two different series approximations to the error
functions are made. The absolutely convergent series approximation to

the error function (24)
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™~

3 5 7 \
erf(x) = /—_(x -%+5’f7-7—’f3—,-+ ) (4.5.14)

m

is used to approxiﬁate the error function term.erf((Ziv/N)]/z).

For the numerical calculation of the discrete FourierAtransform,
the function Eb(v/Né).in (4.5.12) must be separated into real and
imaginary parts. Letting v = 2v/N, and substituting x ='(1'v)]/2 into
(4.5.13), one has o

: ] 1/2 ‘
Re [&%) z:f&%%% erf ((iv)l/zﬂ

1/2 28 3 5
28 i v . v v v
. ,{C"S v <1 T 52T Y 9T - > s "<§ T 73T Y IIET >}

-+

1/2 2 4 < 3 5
26 . v v v v v
= {5‘” v <1 52T T 9T T > - €0 VA3 - 7T TSt T >

(4.5.15)
The series (4.5.14) is usefu] for small x, but for large x it is
often impossible to evaluate because of computer roundoff error.
Instead, for large x the folowing asymptotic approximation to erf(x)

must be used (24)



~239-

Loep(=x®) fp .1, 13 13
/T X 2 2) 2)3

erf(x) =

2x (2x (2x

(4.5.16)

This series was used to evaluate the erf((2wis(v/N)(1/n+N-1))]/2)
' 1/2

term.. Letting w = 2w(v/N)(1/n+N-1), and substituting x = (iw) into
(4.5.16), one obtains | '
: s\1/2 exg(iQ) 5 1/2

Re '(- 177 erf(iw)

T (iv) : ’
o172

= C%V) {cos v £ (1) - sin vz (2)}
- 8 1/2 exp(iv) | . 1/2

Im -(; 172 erf(iw)

(iv) ’
» s 172 | |
= ‘(;V) {sin vz (1) +cos ve(2)}" (4.5.17)

where
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1 1 . 1.3 1:3.5.7
I(l) = —+ — {s1n w <1 - + - ~‘°>
e (20® (2w)"
_ COS W <1 . 1325, 1.3.5.7.9 ...>
v (20°  (2w)*
£(2) = 1_,_;;{(;05 w_<1 - 1.3, 1:3.5.7 _ >
Y2 Ytw (2.w)2 (gw)4

_sinw <1 12325, 1.3.5:7.9 ...>}
2 (20)*  (2m)®

(4.5.18)

The entire T((v/N + k)/8) function for a given v, k is the difference

between (4.5.17) and (4.5.15).

After the discrete Fourier transform sequence was created by
FDOMSI, the backward DFT of the §equence was.taken and written to
disk. The subrputine used to perform the back DFT was a Fast Fourier
transform subroutine written in FORTRAN by Mertz (25). fhe back
transform is the approximation to the convoluting sequénce CN defined
by (4.3.11). The sequence created bvaDOMSI for ¢ = 8 is plotted as a
function of T in Figure 4.4. This sequence should be close to that

defined by (4.3.11), and does appear to go as t_]/2

except for the
first and last points, which are too small. These latter points are
~in fact almost exactly half of the values of the convoluting sequence
cN defined by (4.3.11) at these points. This is an artifact of the

method used to approximate the sequence. The rectangle function I(t)
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F_igure 4.4: Convolution sequencé CN created by’FDOMS.I for 2 = 8,
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was defined in Section 4.2.1 as being equal to 1/2 at |t| = 1/2; thus,
the first and last points of the sequence are 1/2 of what they should
be. This is easily rectified by multiplying the first and last points

by two.

The best way to check the method i§ to use the convoluting
sequences created by FDOMSI for different values of £ to semiintegrate
voltammetric data by the process of sequential convolution., Figure
4.5 shows the semiintegral aﬁproximated by the sequential convolution
of the sequence created by FDOMSI, with £ = 16, and a simulated
- voltammogram of a classically reversible system. Also shown is the
semiintegral created from the sequential convo]utioﬁ of the simulated
voltammogram with the convoluting sequence defined by (4.3.11). It is
seen that for 2 = 16, the convoluting sequences created by the method
outlined in Section 4.4 result in a semiintegral that is
indistinguishable from the semiintegral created by sequential
convolution with the convoluting sequence defined by (4.3,11). The

method of Section 4.4 works in the evaluation of the semiintegral.

4.6 CONSIDERATION OF MORE COMPLEX SYSTEMS

For systems like the reversible charge transfer, where the
inverse Fourier transform of f(2mis) does exist, the method outlined
in Section 4.4 1is not necessary: for these systems one may derive an
integral equation representation of the concentration profile in the
~time domain., For more complex systems, one must depend on the direct

evaluation of (4.4.11) to determine the DFT of the convolution
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Figure 4.5: Semiintegrals of the voltammogram of Figure 4.3, cf'eated
by sequential convolution with the sequence CN of Figure 4.4, and by
the sequential convolution of (4.3.9).
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sequence CN. This integral is impossible to evaluate directly since
it contains a singularity at s' = s, and does not possess one of the

special forms necessary for the application of Gaussian quadrature.

Equation 4.4.11 can be simplified, however. From (4.1.2), it is

1/2

seen that the.function f(p) of (4.1.1) has the form f(p)/p'/“. This

means - that (4.4.11) reduces.to

-]

C(s) = exp(2risas) [ §(N-1)
0

exp(-iws’(2a+N-1))sing(ws'6(N-1)) (jﬁ??lfzzj;%}z ds

(4.6.1)

Letting & =m(2a+N-1), m=r§(N-1), n = 2mad, substituting for exp(-ifs')

using de Moivre's theorem, and separating the integral into two

integrals at s' = s, one obtains
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-C(S) = exp(ins) ; COS(JLS')sin(msl)‘f?(zﬂ(s_sn))dsu
TT/_ZTT_'I / Sl/s—_s—r
S .
oy sin(1s')sin(ms')F(2ni(s-s'))ds"
s'vYs=s"

_ /°° sin(%s')sin(ms')f(2ni(s-s'))ds"
S s'/s'=s

_1-/“ cos{2s')sin(ms')f(2ni(s-s'))ds’
: s'Ys'=s

(4.6.2)

Making the substitution u = (s,-s')]/2 for the first two integrals, and

u= (s"-s)]/2 for the second two, one obtains
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cos(z(s—uz))sin(m(s-uz)Y?(Zniugldu
m(s+u2)

25(N-1)exp(ins)
w2l

T(s) =

O\s

sin(z(s-uz))sigim(s-uz)Y?(Zniuz)du

1
O

m(s+u2)
» /°° cos(2(s+u?))sin(m(s*u?) ) F(-2niu?)du
0 m($+u2)'

_ isih(z(s+u2))smm(sm?))?(-zniu?)dg
0 m(s+u2)

(4.6.3)

Since f is known from (4.1.2), it looks to be possible to
determine C(s) for many electrochemical systems using (4.6.3). None |
of the integrals in (4.6.3) have a singularity, and since the |
integrand goes as (s+u2)'],'it should be possible to truncate the
evaluation of.the'integra]s at some ]arge u. This calculation i§ not
suitable for a microcomputer like the LSI-11/23 used in this work,
howéver. Further verification of the method outlined in this work

awaits the calculation of (4.6.3) on some main frame computer.

4.7 CONCLUSIONS

This work has présented a method for the evaluation of

convolution integrals in electrochemistry for systems in which the
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form of the convolution integral is not known exactly. That this
method works for the simple charge transfer system is shown by Figure
4,5, in which the semiintegral calculated by means of the transform
method. outlined in this work is seen to be identicaT to the
semiintegral calculated by means of the time domain approximation used
previously. This implies, for N large enough, that (4.6.1) can be
used to evaluate convolution integrals of very complex systems. It
then becomes possible to extend the benefits of convolutive
voltammetric curve fitting, as described in Chapter 1, to these more
_comp1éx systems. This extension is at present not possible by any

~ other means.

It'remains to be seen whether or not the 1mp1éﬁentation of
(4.6.1) proves practical on a routine basis. At the present time, it
is probab]y'not practica]'for'implemehtation on a smé]] laboratory
microcomputer. In the future, however, as 1aborafory microcomputers
are interfaced to larger computers, or if the increases in the power
of laboratory microcomputers continue, the transform method used in
_this work may prove suitable for the enhancement of the analysis of

compTex electrochemical systems.
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GENERAL CONCLUSIONS
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This work has tried to show the advantages of the application of
sophisticated data analysis tethniques to digitized electrochemical
data. The acquisition of such data is dependent upon the existence of
cheap, fast, 1abbratory microcomputérs, so that the author is grateful
to the computer people in Silicon Valley and elsewhere, although he
doubts that the advénces in computer technology have been made. purely

for his benefit,

In this work methods have been outlined for the determination of
system parameters for simple electrochemical systems. One of the
methods outlined, semiderivative voltammetric curve fitting, has been
shown to be effective in fitting waves of several electrochemical
systems. The next logical step is to'app1y other convolutive
voltammetric curve fitting techniques to the determination of system
parameters for other systems. This will prove (or disprove) the
theories of Nicholson and Shain (1) and Séveant and Vianello (2) about
the behavior of linear sweep voltammetric systems in several limiting

cases of kinetic behavior.

S.v.c.f. has been shown to be effective in the resolution of
some overlapped 1sv and asv waves. Although it was stated to be:
impoésib]e to use other c.v.c.f. techniques in'the’reso1ution of
overlapped voltammetric waves, it may in fact be.possible, only very
difficult. Certainly it will require the use of a mainframe computer.
This may not be a severe handicap, however, and some work could be
done on this problem, especially on using c.v.c.f. techniques to

resolve waves of systems for which some parameters ( such as rate
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constants and equilibrium constants) are known from single peak

investigations.

To the author, the most interesting part of this work is the

fourth chapter. This is because the method outlined in this chapter

.a]]oWs, in theory, the extension of c.v.c.f. techniques to many more

electrochemical systems than has been previously possible. The next
step in the development of the methods of Chapter 4 is the evaluation
of equations Tike (4.4.11) for systems described by (4.1.1), and

applying the evaluation methods to real data. If the method is found
to be useful for theée real systems, the scope of future applications

for this method is virtually unlimited.
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APPENDIX I: Glossary

A.I.1 Glossary of Symbols

A Surface area of e]éctrode
C{ Concentration of component i
C:E Bulk concentration of component i
Di Diffusion constant
e Semiderivative
E Potential
- E Standard potenfia]
EO' Formal potential
E§/2 ’Reversiblé half-wave potentia1
Ei Initial potentfa1
Ep Potential at'peak maximum
Ep/2 Potential at half peak méximum
f(p) Laplace transform pair of function f(t)
f(s) Foukier.transform pair of function f(t)
fN Sequence'of N values | |

fN(r) rth element of a sequence-of'N values

N | Discrete Fourier tran;form pair of a séquence of N values
F -+ Faraday constant |
i Current, square root of -1
i Limiting current
ip | Current at peak maximum'
£ Faradaic current
i “Capacitive current

-255-
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k° Charge transfer rate constant
kf' Forward homogeneous rate constant
kb - Backward homogeneous rate constant
K Equilibrium constant
L Solution layer thickness
m ' Sehiintegral,
m* Limitingﬂva]ue of semiintegral
n Number of-e]ectrons
p . Laplace variable
r2 Linear least squares regression coefficient
R Gas constant .
R2 Coefficient of determination
S Fourier variable
52 Var{ance of linear least squares fit
S(a)  Error sum of squares
Tt Time
T - Temperature
X Distance from electrode surféce
a Transfer coefficient
A Dimensionless homogeneous rate constant
A ~ Dimensionless charge transfer rate constant
v Scan rate, index for frequency'domain sequence
X Dimensionlesé distance variable
T Dimensionless time variable, index of time domafn sequence

r Euler Gamma function



A.I.ZVGlossary of Abbreviations

asv
- CFT
C.p.S.V.
c.v.c.f,
DEC
DFT
Tsv

HMDE

- PAR

S/N

s.v.c.f.

Anodic stripping voltammetry

Continuous Fourier transform
Convolutive potential sweep voltammetry
Convolutive vo]tammetfic curve fitting

Digital Equipment Corporation

Discrete Fourier transform

Linear sweep voltammetry

Hanging mercury drop electrode
Princeton Applied Research (Corp.)
Signal to noise ratio

Semiderivative voltammetric curve fitting
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APPENDIX II: SOLUTION TO BOUNDARY VALUE PROBLEMS
A.II1.1: Solution for the simple charge transfer system.

Restatement of the problem:

For the.charge transfer reaction

k° .
Ox + ne- = Red (A.I1.1)

&
- if it is assumed that mass transport is due solely to diffusion, and

that diffussion can be assumed to be linear, then the Fick's second

law equations are

.2,
aCox . ) Cox
at 0X ax2
(A.11.2)
2
at red ax2

Two boundary conditions are, with the assumption of semi-infinite:

diffusion,

*
Cox(x=m,t) = C

Cox(x,t=0) ox

(A.I1.3)
Cred(x’t=0) = Cred(x=w,t) = 0

Another boundary condition results from Fick's first law
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(aC | aC o - |
ox \ 3x /. _g re X )y=0

The first step in the solution of the boundary value problem is
the Laplace transformation of (A.II.2). A review of the Laplace
.transformation as app]lied to the solution of electrochemical boundary
value problems is given in Bard and Faulkner (Ref. 75 in Chapter 1).
The definition of the Laplace transformation f(p) of a function f(t)
is

oo

Fp) - S fn e Pt (A.IL.5)
J -

so that the Lép]ace transformation of the first equation of (A.II.2)
is

oC 3°C
ox _-pt .. _ f ox _-pt
f —2 e Ptgr = —7* e at
0 0 _ _

Since the integral on the r.h.s. is independent of x, one may rewrite .

this latter equation as
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But the term in brackets is just the Laplace transformation of the

concentration ﬁsx,'so that

w 2
aC 3T :
ox _-pt - 0x
f oS¢ e dt Dox 5 (A.11.6)
0 ax

X =0 0

At t = o, exp(-pt) = 0; from (A.II.3), Cox(x,t=0) = C:x. Therefore

2
3°C
_0x * 4+pT (A.11.7)

Similarly, one can derive for the reduced species

2=
52T
red _ ¢ (A.11.8)

D —a— = p C,
red ax2 red
These last two equations reveal the utility of the Laplace

transformation technique: the partial differential equations in time

and space are reduced to ordinary differential equations in space

alone. The solution to (A.II.7) is



* \1/2
C D aC 1/2
T = 2X. <—9£) (—129 exp ,—<JE—> %> ' (A.11.9)
ox p p X x=0 ‘Dox _
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' 1/2 ' v
- D aC - 1/2
Cred = - < ;ed) ( 3;?é>x=0 exp (:<52——> ;> (A.I1.10) -

One is interested in the surface concentration of both species, and

so, substituting x = 0 in (A.I1.9) and (A.I1.10)

T (x:‘OIp) = C°_fx_. VD_°5> ‘ <BCOX> ‘
ox;/ ™ 7 P P/ 3/ 20

1/2 v

D 3C

= . __{| red ““red)
Crea(x=0:pP) = <_B—;> < X >

Taking the Laplace transformation of (A.II.4), and substituting this

- (A.II.11)

x=0

into (A.II.11), one obtains
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Cox __Tip)
P
/Doxp nFA

on(o,p)
(A.11.12)

1(p)
JDredp nFA

Cred(o’p)

where 1(p) is the Laplace transformation of the current i(t).

The solution for the surface concentrations of Ox and Red can
" then be found by taking the back transform of (A.II.12). The back
transform of Eﬁx (o,p) is Cox(d,t), the back transform of E}ed(o,p) is
Cred(o’t)’ and the back transform of C:x/p is C;x. The back
transforms of the other terms are found indirectly, by means of the
convolution theorem. The Laplace transform éonvo]ution theorem says
that if two functiohs'?(p) and g(p) have back transforms f(t) and g(t)
respectively, then the product f(p)g(p) has the back transform
f(t)*g(t), where this latter éxpression is called the convolution of f
.and g and is defined by
t t
fxg = g f(t)g(t-t)dr = é f(t-t)g(t)dr (A.I1.13)

-1/2

Since the transform of i(p) is i(t), and p has the transform

t—]/2’
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C, (0,t) = C:x‘l— f i(7)dr
‘ “DOX nFA 0 Yt-1

(A.11.14)

1 i(x)dr
C..4(0,t) = ——f —=
red /D, nFA =

Making the change of variable y = E1. - v1, and substituting in E = E

- vt,

E;
: = F 1 i(y)dy
C.(0,E) = C -————-———/.
ox X nFA Do % AE
(A.11.15)
- 1 ily)dy
|r'ed(0 E) Y ’
) "FA red’ E /-E
A.II.Z: So]ution for the CE mechanism. -
Restatement of the problem:
" Consider a reactjonv
ke
C = Ox
k. o
b ' o (A.11.16)
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Assuming semi-infinite, linear diffusion, the partial differential

equations describing this system are

2C, azcc
T 7+ Kplox = Kele
ax< A
2
aC 3cC
0X _ n. 0X _ ‘
2
Cred - aCred
at red ax2
+
with boundary conditions
(x,t=0) = C_ (x==,t) = C.
Cox(%st=0) = Cj (x==,t) = C,
Cred(x’t=0) = Cred(x=w,t) = Q (A.II.;8)
C*
= = . =00 = * = _ol
Cc(x,t—O). = CC(X- ,8) = CC 9

where K = kf/kb' The last boundary condition is the Fick's first law

equation

O P %
x=0 x=0 x=0

The solution of (A.II.17) is made simpler by a change of

variable. Letting
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f(x,t) = Coylx,t) + Colx,t)
(A.11.20)

4

g{x,t) = Cc(x,t)

and substituting (A.I1I.20) into (A.II.17), and (for simplicity)

assuming D = Dt = DOx = Dred’ one obtains upon rearrangement
.?i = D iz_f.
ot ' %
3 32 ' |
99 - pdg. kg o _ : (A.IEF.21)
at ax2
2
aCred Dva Cred
at axz

_where k = kf + kb.

'Taking the Laplace transformation of each of (A.II.21), one

obtains
2 crec”
af . py . lc ox
ax2 D D
29 _ prk— | .
« 2 D ~ _
X : v
2 2
3-Cr'ed = BT
ax2~ _~D red

The solutions to these differential equations are
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o\/2 xr)’ [p\L/2 CorCr
1/2 /— -\1/2
D 3 +
i <5¥K> <§%>x=0 exp (} <95;> x> (A.11.23)

o = (0 () o (5"

-]
1]
]
P
o

@l

The desired solution is in terms of be. From (A.I1.20), and

=K 7
= (f -

- because the Laplace transformation operator is linear, ng

g). So

* *
{C +C 1/2
= _ K c OX D af 1/2
Cox - KT P <_p-> <3X>x=0 o (-<%> X)
\1/2 /.— 172
D ag ptk
+‘<p+k> <3X> =0 = <} < ] ) - ;> (A-11-24)
~ But (A.II.19) implies that
X k=0 X =0 aX =0

Therefore




% % _
-C‘ = < K ) CC+COX' + K <8C0X> . 2 1/2 ex - .E)l/z X
oX K+1 p K+1 \ 3ax /__ p P D
x=0
1/2 - 1 \172 _ '
- % <52F> exp <-<RD-5> x) ' (A.11.25)
Then Cred (o,p) and Cox (o,p) are

' * % _ ‘
(x\ SctCox + K <3Cox> _(D 172 _1({D 1/2
K+1 p K+1 \ ax =0 p : K \ptk

Cox(0sP) =
(A.11.26)
, \1/2 [aC, _
c}ed(o’p) - - (Q) . (_3£9é>
. P . x=0
From (A.II.19), and. since C* = C* /K,
‘ c ox’ ™
cr | 2‘ '
T (0p) = Sox, KT f (o\F_1(p\VA
ox\"sP p K+1 DnFA p K \ pt+k
, - ' (A.11.27)

T .4(0.p) = (p)
nFA vDp

The shift theorem for Laplace transformations says that if f(p) haS
the inverse Laplace transform f(t), then F(p + a) has the inverse
~transform exp(-at) f(t). Therefore the.inverse'transform of (p +
k)']_/2 is exp(-kt) g1/2, Then, using the convolution theorem as

before to find the back transform of (A.II1.27),
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t
‘ = o* 1 K exp[-k(t-1) I i(t)dt
COX(O’t) _ COX /0 nEA f {'KTT'F K+1 T
0
(A.11.28)
¢ )
- 1 i(1)dr
red YD nFA 0 /t-1.
Substituting vy = Ei - v, and E = Ei -vt, one has
_ . |
| ) 1 exp AR 40y)ay
Cox(0:E) = Cou = _/- K+1 — K#
nFA/53 c Vy-EF
E1
Creq(0,E) = 1 f i(v)dy | (A.11.29)
nFA/DV ¢ -E
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