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ARTICLE INFO ABSTRACT
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Mesoscale model

The presence of grain boundaries significantly impacts the mechanical properties of crystalline materials, par-
ticularly when dealing with micro- or nano-scale samples. The nature of dislocation-grain boundary interactions
governs the macroscopic plastic behavior. We employ a mesoscale interface boundary condition, incorporating
with a two-dimensional continuum dislocation dynamics framework, to investigate these dislocation-grain
boundary interactions, examining both single- and multiple-slip numerical cases. The simulations show that,

apart from affecting strength and ductility, the accumulation of dislocations near a grain boundary generates
stress concentrators and initiates intergranular brittle fracture. Consequently, dislocation-grain boundary
interactions manifest a competition between ductile and brittle failure modes upon loading. We further analyze
the upturn in strain hardening rate across a range of interfacial reaction kinetics, which can be attributed to
the competition between the rates of dislocation accumulation and interfacial reactions at the grain boundary.

1. Introduction

Most natural crystalline materials and those of technological interest
are polycrystalline, i.e., composed of single crystal grains of different
crystallographic orientations separated/delimited by grain boundaries
(GBs). The mechanical properties of polycrystals, including their me-
chanical strength, ductility, and fracture behavior, are strongly in-
fluenced by the properties and spatial arrangement of these GBs (in
addition to the intrinsic properties of the crystals) (e.g., see Kherad-
mand et al. (2010), Zhu and Wu (2023)). In metallic systems, the
well-known and widely applicable Hall-Petch relation posits that reduc-
ing the mean grain size leads to increased strength (even approaching
the theoretical strength) (Hall, 1951; Javaid et al., 2021). However,
there is also a well-known trade-off with ductility; reducing grain size
usually results in decreased ductility (Meyers et al., 2006; Ovid’Ko
et al.,, 2018; Wang et al., 2023). In recent years, heterostructured
materials have shown promise in achieving improved combinations of
strength and ductility, attributed to hetero-deformation induced (HDI)
strengthening (Ji et al.,, 2023; Zhu et al.,, 2021). This suggests that
designing appropriate interfaces and/or optimizing their spatial distri-
bution may provide a viable route to overcome this strength-ductility
trade-off. In particular, the key feature is the nature of the interactions
between dislocations and interfaces. Extensive in situ experiments have

* Corresponding authors.

revealed that the interactions between lattice dislocations and inter-
faces are complex and go beyond simple dislocation blocking (Kacher
and Robertson, 2012; Kacher et al., 2014; Kacher and Robertson, 2014).
Since dislocations are the carriers of plastic deformation, these interac-
tions directly affect the plastic deformation of materials, subsequently
impacting their strength and ductility.

When a dislocation approaches a grain boundary (GB), it may be
transmitted into the adjacent grain, absorbed by the GB, reflected back,
or blocked. The dislocation-GB interaction can be thus represented as
a Burgers-vector reaction involving the lattice dislocations in the two
grains and the carriers of plastic shear within the GB. If the GB is a
coherent or semi-coherent interface, these carriers are well-defined GB
dislocations. If the GB is general in the sense that its structure is highly
disordered, plastic shear is accommodated by shear bands, like those
observed in the deformation of amorphous materials. Unlike disloca-
tions, the shear magnitude carried by a shear band is continuous, rather
than quantized; thus, its effective “Burgers vector” (or disregistry) can
be considered arbitrary. Therefore, for all GB types, dislocation-GB
interactions can be consistently modeled as Burgers-vector reactions.

In our recent work (Yu et al., 2025), we proposed a mesoscale in-
terface boundary condition (BC) to describe the Burgers-vector reactions
at interfaces of crystalline materials. In this framework, the reaction
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Fig. 1. Typical experimental results for strain hardening rate (©) versus true
strain (eg), reproduced with permission from Wu et al. (2014) (Copyright
2014 PNAS). Curves correspond to: coarse-grained (CG) sample (black), nano-
structured (NS) film (green), grain-size gradient structured (GS) layer (dark
red), gradient structured and coarse-grained (GS/CG) sandwich sample (blue),
and the same sandwich sample subjected to unloading-reloading tensile tests
(red). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

constant serves as a measure of the rate at which Burgers-vector reac-
tions occur at the interface. Notably, the reaction constant depends on
the detailed bicrystallography and atomic structure of the interface/GB.
This (atomic-structure-informed) reaction rate determines the rate of
dislocation transmission/reflection, thereby exerting a strong influence
on the overall plastic deformation of materials. In the limiting case
where the reaction constant is effectively zero (i.e., the interface is
impenetrable), dislocation motion is confined to within a grain. Such
a case is often assumed in mesoscale simulations (Jiang et al., 2019),
leading to the predicted flow stresses significantly higher than ex-
perimental measurements. Typically, interfacial reactions relax these
flow stresses. For example, interactions between lattice dislocations and
coherent twin boundaries can be accommodated by the propagation
of twinning partials as well as dislocation transmission, resulting in
enhanced strength without compromising ductility (Lu et al., 2004;
Li et al.,, 2010). Given that the Burgers-vector reaction constant is
intrinsically determined by GB structure, GB engineering may modify
the mechanical response of polycrystals.

Another intriguing phenomenon in polycrystals is how GBs and their
distribution influence the strain hardening rate; in particular, how the
strain hardening rate varies with strain. The strain hardening rate, de-
fined as © = do/0¢, i.e., the slope of the stress—strain curve, quantifies
the work hardening behavior, which is closely associated with ductile
fracture following necking. In tensile experiments, the strain hardening
rate commonly monotonically decreases with increasing true strain.
However, for heterostructured materials, a transient strain hardening
regime typically appears at low tensile strains, as exemplified by the
blue curve in Fig. 1 for the gradient-structured/coarse-grained (GS/CG)
sandwich steel samples (Wu et al., 2014, 2015). This regime exhibits
an upturn in the strain hardening rate © with increasing true strain.
Unloading-reloading curves for the same material further reveal a
similar upturn in @ upon each reloading cycle; see the red curves in
Fig. 1. Notably, the GS/CG sandwich sample exhibits a slower decay
in © compared to the gradient-structured (GS) sample, although not
compared to the coarse-grained (CG) sample, as shown in Fig. 1.
This behavior indicates enhanced strain hardening retention in the
GS/CG sample relative to the GS sample, leading to better ductility.
By contrast, both the standalone GS layer and CG samples display a
conventional, monotonic decrease in O (see the GS layer and CG curves
in Fig. 1), suggesting that the observed © upturn arises only from the
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heterostructure. One possible explanation for this ® upturn is scarcity
of mobile dislocations at the onset of plastic deformation (Wu et al.,
2015). Another explanation attributes the @ upturn to the high back
stress resulting from the strain incompatibility caused by microstruc-
tural heterogeneity (Yang et al., 2021). Although these qualitative
explanations of the experimental observations provide some insights,
a more clear and predictive model for this behavior remains elusive.
We re-examine these observations using our mesoscale interface re-
action model here to provide more quantitative insights into these
phenomena.

This paper employs numerical simulations to investigate how in-
terfaces affect plasticity in polycrystalline materials. The main chal-
lenge lies in properly incorporating the microscopic mechanisms of
dislocation-GB interactions into the simulation framework. To address
this, we build a model based on the crystallographically-rigorous in-
terface reaction model developed previously (rather than on widely
used phenomenological laws) (Yu et al., 2025, 2024). We then apply
this mesoscale interface BC with a well-developed two-dimensional
(2D) continuum dislocation dynamics (CDD) model (Leung et al., 2015;
Ngan, 2017). The primary focus of this study includes:

(i) The role of GB properties in macroscopic mechanical response of
materials. GB properties determine Burgers-vector reaction rates
at GBs and interfacial strength. When GB reaction kinetics cannot
keep pace with dislocation generation inside grains, GBs provide
strengthening and resist necking while promoting dislocation ac-
cumulation and the onset of intergranular fracture (Stroh, 1957;
Cottrell, 1965).

(i) The origin of the upturn exhibited in strain hardening curves.
This provides a possible mechanism for the experimentally ob-
served upturn in strain hardening rate vs. strain arising from
the competition between GB reaction kinetics and the dislocation
generation rates inside grains, with the balance tuned by the
interface reaction constant.

The remainder of this paper is organized as follows. First, we briefly
introduce the CDD model used to describe plasticity within grains and
review the mesoscale interface BC. We then present several simulation
cases to validate the model. Next, we apply the interface BC to study
plastic deformation and mechanical properties for several GBs over a
range of interface reaction constants. We analyze the transition from
ductile to brittle fracture under varying conditions (strain rates and
interface reaction constants). Finally, we examine the strain hardening
rate vs. strain for a set of interface reaction constants and disloca-
tion generation rates, to rationalize the upturn associated with GB
strengthening.

2. Methodology
2.1. Model, kinematics, and interface boundary condition

Consider a periodic bicrystal model; its geometry is given in Fig. 2.
Focus on a GB (labeled by “I”) that divides two grains (“a” and
“p”). Slip systems in the grains are characterized by slip directions
and slip plane normal vectors (s?”,n®) ((i) = a1, a,,p;,p,...). We
distinguish dislocations with opposite Burgers vector signs and denote
them by “+” and “~”. A +/— dislocation on slip system (i) moves in the
positive/negative slip direction when the resolved shear stress (RSS)
7@ > 0, where the sign of () determined by the definition of n®.
Dislocation density p"” _ is the number of positive/negative dislocations

+/
on the slip system (i) per unit area, which evolves following:

D _ _oe (i)i( M (0 )_. (,-)i( 0 @) ) L(ann |, .(i).gen
Py cos @ ox PyyVyy sin 6 ay VRN ol i o

@
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Fig. 2. Configuration of a system composed by « and f grains separated by
GBs. Periodic boundary conditions are applied along the x- and y-axes. Gray
lines denote slip planes. Black vectors denote slip directions and the normal
vectors of slip plane. Red vectors denote Burgers vector fluxes from a point of a
GB into « and f grains and along the GB. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

which describes conservation of dislocations on each slip system. In
Eq. (1), 6 is the inclination of slip plane and vgi) _ is the velocity of posi-
tive/negative dislocations on slip plane (i). Dislocation annihilation rate
follows: pﬁ)‘ann = pDamn — —pg)p@rcluﬁ) — 0|, where r, is the capture
radius which approximately equals to dislocation core size. Dislocation
generation rate follows (Kocks et al., 1975): pﬁ)'gen = pigen =y,
where the parameters p and # are the exponent and dislocation source
intensity. The power-law constitutive relation is adopted:

. n

) —zp

— .
70

0o sgn(z®) D] — 74> 0

0, [z - <0,

) _ () —
vy =-vl =

(2)

where v, and 7, are constants, 7; denotes the Peierls stress, i.e., the
minimum shear stress required to move a unit-length dislocation, and
n is a constant exponent (Yu et al., 2025; Argon, 2007). The factor
sgn(z\Y) guarantees the correct direction of dislocation motion. Specif-
ically, when |z®| > z; and z® > 0, a dislocation with a positive
Burgers vector moves in the positive slip direction (v(i) > 0), while
a dislocation with a negative Burgers vector moves in the opposite
direction (v < 0).

Dislocation-GB interactions are treated by a mesoscale interface BC
we developed previously (Yu et al., 2025); formulation of the interface
BC is restated here only for completeness. Consider a general case
where there are N (> 4) non-colinear slip systems in the two grains; the
GB can also be treated as a slip system. An arbitrary reaction “(k)” may
occur among any four of the N slip systems. The kinetics of reaction
“(k)” may be described by

-1
Jo1 = KB~ (€ ® )1y BT 10(01> 3

where the subscripts “(k)” and “I” represent reaction “(k)” and the
GB where all quantities are evaluated, x, is the reaction constant
for reaction “(k)”, J1 = (J(”,J@),JG),J(“))T is a list of dislocation
fluxes, Puol = (p(1>’p(2)’p<3)’p(4))T’ ¢ = (6(234>’0(314)’6(124)56(132))T with
Wl = 0. (5D xs®) (i, j,k = 1,2,3,4), B = diag (b0, 5@, 63, 5@) is an
array of Burgers vectors, and 7;; = diag (1), 7,7, z@) is an array
of resolved shear stresses. The interface reaction constant x,, depends
on the microscopic dislocation-GB reaction mechanisms, GB structure,
material properties, and temperature. Based on harmonic transition
state theory, k() may be expressed as x, = kyexp(—Qy,/kpT), where
O, is the activation barrier for dislocation reactions at the GB (Yu
et al., 2025). Different interfaces, such as coherent twin boundaries,
low-angle GBs, and general high-angle GBs, are therefore expected
to exhibit different x(, values. In principle, Q(, may be determined

Mechanics of Materials 221 (2026) 105798

Table 1

Dimensionless parameters for the two-dimensional continuous dis-
location dynamics simulations. For simplicity, we choose the same
parameters for all slip systems of two grains (including the GB).

Parameters Values (dimensionless)
Burgers vector magnitude, b 1x1073

Annihilation capture radius, 7. 1x1073

Time step, A7 3x107°

Length of unit cell along x axis, L, 1.0

Exponent in the velocity power law, n 1

Slip resistance, 7, 0.1

Peierls stress, 7 1x1072

Source intensity, 7 1x 108

Source term exponent, p 2

from atomistic simulations or inferred experimentally from activation-
volume measurements (Zhu et al., 2007). In the present study, K 18
varied parametrically to investigate the mesoscale effects of different
GB reaction kinetics. Similar relations apply to all combinations of
any four slip systems. The total dislocation flux, due to all M = C;‘V
reactions, is

M M

=2 Jwi=8" [Z K<k>(C®°><k)] BTp;, )
k=1 k=1

where B = diageV,...,6M™), Ty = diag(zV,...,7 ™), p; =

W, ..., p™T and J; = (JO, ..., JO)T, See our previous work for
more details about this interface BC (Yu et al., 2025).

In the simulations below, we adopt dimensionless quantities, de-
fined as:

™

EpLi, L=L/L,, T=vyt/L,, D=v/vy, #=7/K, (5)

where L denotes any quantity with the dimension of length, L, is the
length of the simulation cell in the x-direction, and K = G/[2z(1 — V)]
(with G and v being the shear modulus and Poisson’s ratio, respec-
tively). The reaction constant is defined as (x = xye~?/%87), and
its dimensionless form is expressed as (¢ = «/k;). The numerical
simulation details and parameters are presented in Appendix A and in
Table 1, respectively. It should be noted that in Table 1, the superscript
i is omitted because we assume that the parameters are identical for all
slip systems (including GB).

2.2. Validation: Impenetrable interfaces

Consider first the case in which dislocations cannot cross or react
with the GB; this corresponds to a Neumann boundary condition (BC)
at the interface (i.e., shown as the vertical dashed lines in the periodic
simulation cell in Fig. 3(a)). The model has only one grain a with
orientation % = 30°, i.e., the angle between the slip direction s* and
the x-axis as shown in Fig. 3(a). The dislocation sources are assumed
to exist at every (mesh) point in the microstructure; here, we employ a
50 x 50 mesh. When an external shear stress (cir)e{’y‘t =0.01) is applied, the
RSS activates the dislocation sources and drives the glide of opposite-
signed dislocations in opposite directions. Since there is no dislocation
flux crossing the GBs, all dislocations pile up against the GBs, as seen
in Fig. 3(a) and (b). Qualitatively, the dislocation density distribution
along the x-axis exhibits a sharp increase close to the GBs and decays
rapidly with distance from the GBs, as depicted in Fig. 3(b) (Scardia
et al.,, 2014). Fig. 3(c) shows that the total RSS 7, indicated by the
dashed blue line, decays to zero over time. As the dislocations pile up
at the GB, they induce a back stress that counteracts the external RSS,
shutting off the dislocation sources.

From Fig. 3(b) and (c), we observe that the peak dislocation density
within the pile-up adjacent to the GB increases with mesh refinement
(i.e., as the mesh size decreases). The dislocation density in a mesh
element equals to the number of dislocations in this element divided by
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Fig. 3. Simulation results for a periodic bicrystal geometry under an applied shear stress of 63‘_‘ =0.01. (a) shows the distribution of dislocation density over the
whole region (6% = 30°) at final states for simulations with a 50 x 50 mesh; (b) shows the distribution of dislocation density along the x-direction with different
mesh sizes; (c) shows the evolution of dislocation density at the interface j; (i.e., the dislocation density at the GB, X = 0.76) and averaged resolved shear stress
7 within the grain for different meshes; (d) enlargement of the dislocation density spatial distribution from (b) near the interface (¥ = 0.76) and the inset shows
the magnitude of the dislocation density localized within one mesh point of the interface; (e) the distribution of dislocation density for the case where there is a
single dislocation source located at the center of the unit cell (mesh size 50 x 50 and 6 = 0°); (f) shows the distribution of dislocation density along x-axis for

the case shown in (e) for several mesh sizes.

the mesh size. In the limiting case where all dislocations are concen-
trated at the GB, i.e., in the element next to the GB, refining the mesh
should increase the dislocation density in this element while leaving
the number of dislocations unchanged. The total number of positive
dislocations is estimated by n, = 3, ; PG, HAXAY, where (i, j) index
the mesh elements, and Ax and Aj denote the mesh sizes in the two
directions. We find that n, is independent of the mesh size; see the inset
of Fig. 3(d). The mesh-insensitivity of the total number of dislocations
demonstrates the robustness of our simulation results.

Now, consider the case where the simulation cell contains only one
point source located at the center (¥',7). The source term may be
described as ;8" = §&" = j|7|P6(% — &/, — ), where (X — ¥/, 7 — )
represents the Dirac delta function. The unit cell is also periodic in
both the x- and y-directions with Neumann BCs. The slip system in the
center crystal is 0 = 0°; all other parameters are the same as shown
in Table 1. As shown in Fig. 3(e), positive and negative dislocations
glide along the slip plane and pile up against the interface. Since there
is only one slip plane in the unit cell, the distance between sources
and slip planes along which dislocation glides is large; i.e., set by the
periodic unit cell size in the y-direction, 100b (where b is the magnitude
of Burgers vector). The dislocation density profile obtained from our
simulation results can be compared to the theoretical result derived
based on a single slip plane (Hirth and Lothe, 1982). As seen in Fig.
3(f), the agreement between the simulation and the theory is excellent.
This validates the basic simulation model. A typical simulation using a
100 x 100 mesh requires approximately 4-5 h in the current Python
implementation. The present framework is readily extendable to larger
2D polycrystalline systems and, potentially, to 3D simulations, provided
that computational efficiency is further optimized.

2.3. Fracture criteria

The material may undergo either ductile or brittle fracture, depend-
ing on the loading conditions and intrinsic material properties (Zhu and
Li, 2010). We consider ductile failure under tensile loading in terms of
the necking criterion proposed by Hart (Hart, 1967). In this framework,
strain localization occurs when the work hardening in the material is
unable to compensate for the increment of load:

0 < (1 -m)o, (6)

where o(g, £) is the stress as a function of strain € and strain rate ¢, © =
(do /0¢), is the strain hardening rate, and m = (dInc/d1n¢), is the strain
rate sensitivity. While the Hart criterion applies to rate-dependent
materials, the Considére condition may be used for rate-independent
materials: © < /(1 + €), where the stress o(¢) only depends on strain
e. We focus here on the Hart criterion.

Brittle fracture, on the other hand, is characterized by limited
microplasticity, which microcracks nucleating at interfaces and subse-
quently coalescing to cause sudden fracture. In the dislocation-based
theory of brittle fracture introduced by Stroh, fracture occurs when
the stress at the tip of a dislocation pile-up at the interface exceeds
the stress required for interfacial decohesion (Stroh, 1957; Liu et al.,
2023). Although other dislocation-based fracture models have also
been proposed (Cottrell, 1965; Smith and Barnby, 1967), they are not
directly applicable to the present model because they are formulated
for a single slip plane. Our continuum model incorporates an infinite
array of possible slip planes; see Fig. 2.

As illustrated in Fig. 4(a) and (b), we consider a microcrack of
length 2a produced by the pile-up dislocations at the GB, and analyze

the crack propagation under the shear and normal stresses: off, aff,
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GB
UXX

Fig. 4. The fracture nucleation scheme based on the linear elastic fracture model with infinite slip plane along y-direction. (a) There are n piled up dislocations
on each slip plane under resolved shear stress 7, leading to microcrack initiation near the interface/GB for two-dimensional model; (b) the stress field induced by
piled up dislocation acting at the GB with a microcrack of length 2a. The orange line segments in (b) show the new surfaces created during crack propagation.

and o-yGZB, associated with the dislocations from within the grains (and

the GB disconnections). In the linear elastic theory of fracture, the

crack will extend when the energy release rate is sufficient to over-

come the change in surface/interface energy, which can be expressed

as Weertman (1996)

KX1-v) Kil-v) K
+ +

m _
26 26 3G " et %)

where Kj, Ky, and Ky are the mode I, II, and III stress intensity factors
associated with the total stress, respectively, and y.¢ = 2y —y; represents
the effective work for GB decohesion, with y and y; being the fracture
surface energy and the GB energy, respectively.

In this study, the mode III stress intensity factor Ky is not relevant
because of the 2D nature of the model. The stress intensity factors for an
assumed slit-like crack of length 2a can be determined from the stresses
at the GB, ¢ and crfyB:

K = af’f\/na, Ky = off\/im, Ky =0, (€))

where the superscript “GB” indicates the stresses evaluated at the GB.
When there are n dislocations piled up at the GB under the resolved
shear stress 7, a microcrack with length 2a will grow to release the
local elastic energy. In this continuum model, the number of pile-up
dislocations n can be calculated by the dislocation density multiplied
by the pile-up length along the slip direction. It is worth mentioning
that the size of microcrack is quite small compared with the crystal
dimensions, and spontaneous growth of microcrack will not occur
unless the material is under the action of applied stress. The crack
length associated with dislocation pile-up can be written as Sarfarazi
and Ghosh (1987)

Gb*(nSB)?
T 82(1 = V)Y

2a = A(nSBy?, 9)
where 1 = Gb?/[87(1 — V)y.g] is a constant related to the material
properties, nSB represents the number of pile-up dislocations at the
GB with Burgers vector b projected in the x-direction. The pile-up
dislocation density n” with Burgers vector b’ can be projected onto
the x- and y-directions by n’6® = n®b® . e, = n®cosd®p® and
nPb0 = nOp . e, = nsinPp®, where 6¢) is the angle between
the slip direction s and the x-axis and »”) is the magnitude of the
Burgers vector b¥). The x-component of the Burgers vector directly
contributes to microcrack opening, while the y-component mediates
GB sliding although it also influences microcrack propagation through
its associated stress field. The x-component of the Burgers vector of
all dislocations at the GB is n®8 = n% + n, representing that the pile-
up dislocations from both sides of the GB can contribute to initiate a
microcrack.

Substituting Egs. (8) and (9) into Eq. (7), yields

8Gyerr 647
nAl-v) B2
where the last equality is obtained by substituting the expression for
4, yielding a more compact form. This equation is arranged such
that the left-hand side only depends on the instantaneous state of
the material while the right-hand side only depends on the intrinsic
material properties. For simplicity, we define the left-hand side as
M= [(aff)z + (ny}s)z] (nSB)? and treat the right-hand side as a constant
M* = 64yesz/ b? in the subsequent analysis. During our simulation, the
stress components at the GB, ¢%& and of’f, and the number of local
dislocations at the GB nB can be obtained at each step during the
simulation process.

In summary, we propose a microcrack propagation criterion for
our 2D model with infinite slip planes based on linear elastic fracture
mechanics. The critical condition for crack propagation at the GB is
given by Eq. (10), which relates the number of pile-up dislocations
and the stress components off and aff to the material properties. This
criterion allows us to predict crack propagation in our model for the
investigation of brittle fracture. It should be noted that we monitor both
failure criteria, associated with necking and crack nucleation at the GB,
during the simulations. Later, we will study which one dominates and
determine which mechanism governs the failure of the material during
the tensile test.

, (10)

M = [0S + (02| (1¥P)2 =

3. Results and discussions

Interfaces can affect both the plastic and fracture response of metal-
lic alloys (Zhu and Wu, 2023; Huang et al., 2018; Zhu and Li, 2010).
Herein, we examine the effects of interfaces on plastic deformation and
fracture based on our proposed interface BC and continuum dislocation
dynamics model under uniaxial tension in the x-direction; i.e., the
model is loaded at a constant nominal strain rate ¢. The model un-
dergoes both elastic and plastic deformation. The plastic strain rate
associated with slip system i can be calculated using the Orowan equa-
tion as ) = (pﬂi) + p@)uﬁ)b(”, where pﬁ) _and Uﬁ) _, denote the density
and velocity of positive/negative dislocations (Cai and Nix, 2016). The
total plastic strain rate tensor can be obtained by summing over all slip
systems and expressed as Cleveringa and Needleman (1997)

y (@ . . .
&P = Z J/7(5(’) ®n® +n® @ s®). an
i

The stress rate is ¢ = E£® = E(¢ — £P), where ¢ is the nominal strain
rate, £P is the corresponding component of the plastic strain rate tensor
&P along the loading direction, and E is the Young’s modulus of the
material (El-Awady et al., 2009; Zhang et al., 2021).
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Fig. 5. (a) illustrates a schematic of the model, which consists of « and f grains, each containing only a single slip system. For the case with a reaction constant
& = 10, (b) presents the dislocation density distribution along the x-axis. The vertical black dashed lines indicate the positions of the grain boundaries (GBs). The
gray, yellow, and blue lines correspond to the total dislocation density, and the dislocation density components projected along the x- and y-axes, respectively.
(c) displays the spatial distribution of the three components of the plastic strain tensor. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
3.1. Effects of reaction constant on mechanical properties

We explore the influence of the reaction constant, &, in a bicrystal
system. The parameter k& captures, in a coarse-grained manner, the
effects of atomic-scale GB structure. For example, when a GB undergoes
an interfacial phase transformation (Meiners et al., 2020), the k value
should change. Although the explicit GB-structure dependence of & is
not modeled here, this simplification allows us to explore the mesoscale
consequences of GB-mediated mechanisms without unnecessary com-
plexity. A natural extension of this interface reaction framework is to
parameterize ¥ by atomistic simulations. Incorporating such atomic-
scale information would improve the model’s predictive capability and
link the mesoscale kinetics to the underlying atomic-scale mechanisms.
Each grain contains only one slip system with misorientation angles
of 87 = 30° and 6/ = —60°, respectively. Therefore, the interface
BC is a Robin boundary condition (reaction BC) with varying reaction
constants, k. The dislocation sources are assumed at each site, and an
applied force is exerted along the x-axis, which is perpendicular to the
interface, as shown in Fig. 5(a).

From Fig. 5(b), the distribution of dislocations along the x-axis is
shown, as it is uniform in the y-direction. When an external force is
applied to the model, dislocations with different signs move in opposite
directions and are blocked by the GB denoted by the black dashed line
in Fig. 5. The accumulation of dislocations at the GB induces back
stress within the grain, resulting in strain hardening of the material.
The number of dislocations n) is measured under the local coordinate
system of each slip system. To measure the dislocation number in the
global coordinate system, the x- and y-components of the dislocation
number, n, and ny, are shown in Fig. 5(b). The corresponding plastic
strains are plotted in Fig. 5(c).

In Fig. 6, the first two rows correspond to the results with reaction
constants & = 10 and 50, respectively. The stress—strain curves are plot-
ted under different strain rates (¢ = 5 and 10), denoted by dashed and
solid lines in Fig. 6(al). These curves show that the strength increases
with the applied strain rate. The onset strain of necking is shown in Fig.
6(a2) and (b2). The black and blue lines represent the strain hardening
rate O (left-hand side of the Hart criterion) and (1 — m)& (right-hand
side of the Hart criterion) in Eq. (6), respectively. The intersection of
these lines represents the onset point of necking. The necking process
can be interpreted as follows: in the first stage, the strain hardening of
the material grows more rapidly than stress localization, allowing the
material to remain stable. As the external load continues to increase and
exceeds the intersection point, the material starts to collapse because
the rate of stress localization becomes larger than the strain hardening
rate. Considering crack nucleation criterion, Fig. 6(a3) and (b3) depict

the evolution of the value M = [(65’3)2 +(E88)?| (n3P)* at the GB. The
crack nucleates once the local value M reaches a certain threshold
value M* given by the right-hand side of Eq. (10). Here, the M* value
is set to one, indicated by the orange horizontal line in Fig. 6(a3) or
(b3), as an illustrative example. Once the ductile and brittle fracture
strains are determined, the corresponding strength of the material can
be read from the stress—strain curves, as shown by the orange lines in
Fig. 6(al) and (b1).

The dislocation fluxes represent the rate of dislocations reacted per
unit length per unit time at the interface. The reaction constant &,
as shown in Eq. (3), controls the magnitude of the dislocation fluxes
reacting at the interface. Therefore, it is crucial to explore the effect of
the reaction constant ¥ on the mechanical properties of the materials.
Similar to the previous cases, stress—strain curves can be obtained for
different reaction constants . Additionally, the onset strain of necking
and crack nucleation can be determined by considering corresponding
failure criteria.

On the one hand, there is a peak value &* for the ductility of
the material represented by the blue line with the increase of the
reaction constant ¥ as shown in Fig. 6(c). When the reaction constant
K increases until it reaches £*, more dislocations can transmit across
the GB, resulting in larger plastic deformation and increased ductility
of the material. However, when x exceeds £* and continues to increase,
the reaction dislocation flux becomes too large, leading to minimal
pile-up dislocations at the GB. As a result, the strain hardening term
O in the Hart criterion Eq. (6) becomes significantly smaller, which
in turn decreases the ductility of the material. It should be noted that
our model does not consider any other strengthening mechanisms such
as dislocation hardening, solid solution strengthening, precipitation
hardening, and dispersion hardening, apart from the GB strengthening.
In the extreme case where the reaction constant approaches infinity
(k — o), the GB can hardly block any dislocations, resembling a single
crystal. In such a case, no strain hardening occurs, and necking quickly
initiates once an external stress is applied.

On the other hand, as the dislocations pile up against the GB, the
increased local value M at the GB, which is a function of pile-up
dislocation number and local stress, may lead to crack nucleation at
the GB according to the criterion Eq. (10). Once the local value M
exceeds a certain threshold value (M > M*), the material undergoes
brittle fracture at the GB, and the corresponding strain ¢, can be
considered as the onset strain of crack nucleation, as shown in Fig.
6(a3). Comparing the two strains mentioned above, if ¢4 < ¢, the
failure mode can be classified as ductile fracture; otherwise, it is brittle
fracture (¢4 > €,). With an increase in the reaction constant &, there
is a transition point k7 for the failure strain, as depicted in Fig. 6(c).
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Fig. 6. Comparison of ductile and brittle fracture strains predicted by Hart and crack nucleation criteria, respectively. The first two row correspond to the
results under the reaction constant ¥ = 10 and 50. (al) and (b1) Stress-strain curve of material under different strain rate £ denoted by the solid and dashed
lines respectively. (a2) and (b2) The black and blue lines represent strain hardening @ and (1 — m)é respectively. (a3) and (b3) Evolution of the local value
M = [(&ff)z + (&fy‘;)z] (n%B)? near the GB under different strain rate and threshold value for interfacial strength denoted by orange horizontal line. (c) The ductile
strain ¢4 and brittle strain ¢, are plotted under different reaction constants k. (d) The strength of the material corresponds to the brittle and ductile fracture
under varying reaction constants. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Below this transition point, the fracture mode is dominated by brittle
fracture. When & gradually increases but remains below the transition
point (& < k1), more pile-up dislocations can be transmitted to another
grain, releasing the local tensile stress near the GB and resulting in an
increase in the failure strain ¢, governed by brittle fracture. When the
reaction constant & continues to increase and exceeds the point &y, the
fracture mechanism transitions from brittle to ductile modes, causing
a gradual decrease in the failure strain. It is worth mentioning that
when & is sufficiently large, brittle fracture may vanish, as shown in Fig.
6(b3), since the local value M at the GB induced by minimal pile-up
dislocations never reach the critical value M*.

From Fig. 6(d), the ultimate strength of the material also exhibits
at the reaction constant &y. Initially, the strength is controlled by
brittle fracture and then transitions to ductile fracture. As the reaction
constant ¥ increases, more dislocations react at the GB, resulting in
fewer pile-up dislocations. The reduced number of pile-up dislocations
leads to less strengthening of the material, causing the strength to
decrease with an increase in the reaction constant &, as shown in Fig.

6(d).
3.2. Transition of brittle and ductile fracture

Now we investigate the transition of ductile and brittle fracture
by varying applied strain rates ¢ and reaction constants . Each grain

has a single slip system, with % = 30° and 6/ = —60°, respectively.
A tensile stress was applied along the x-axis, and the corresponding
loading rate was & = E(¢ — £.). Other parameters are the same as in
the previous cases (see Table 1). Under a fixed reaction constant «, the
materials exhibited a transition from ductile to brittle fracture as the
applied strain rate increased. This indicates the existence of a transition
strain rate corresponding to the shift in fracture behavior under a given
reaction constant.

When the interfacial strength is set to 3.0 (M* = 3.0), Fig. 7(a)
illustrates the ductile fracture mode (represented by red dots) and
brittle fracture mode (represented by blue squares) under different
strain rates £ and reaction constants &. The black solid line represents
the boundary between ductile and brittle fracture based on the applied
strain rate. It can be observed that a higher applied transition strain rate
is required as the reaction constant & increases. Moreover, the required
transition strain rate varies when considering materials with different
interfacial strengths M*. The transition strain rate line corresponding
to different interfacial strengths M* can be obtained following the same
method. Based on the three different transition lines, the transition
surface can be interpolated as shown in Fig. 7(b). As depicted in Fig.
7(b), the corresponding transition strain rate increases with an increase
in interfacial strength M*.
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Fig. 7. (a) the black line denotes the transition strain rate line between ductile and brittle fracture when the interfacial strength is set to 3.0, where the red
dot and blue squares represent the ductile and brittle fracture respectively; (b) the transition boundary between ductile and brittle fracture is denoted by the
colored surface, where the blue dots represent the transition strain rate under different interfacial strength M* and reaction constant z. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

3.3. Variation of strain hardening rate with strain

In our simulation, the strain hardening arises solely from the back
stress induced by the accumulated dislocations at the interface. As a
result, the strain hardening rate versus strain curve should exhibit sig-
nificant variations under different reaction constants. Now we continue
to investigate the strain hardening rate upturn by this 2D CDD model
and the proposed interface BC. In these cases, each grain has one slip
system, with 8% = 30° and 6# = —60°, respectively. The applied tensile
force is along the x-axis, and the other parameters are the same as in
the previous cases (see Table 1).

For a case with reaction constant of ¥ = 2.0 and dislocation source
intensity 7 = 10°, the strain hardening process can be classified into
three stages as shown in Fig. 8(e). Initially, dislocations glide along the
slip plane, causing plastic deformation of the material and leading to a
decrease in 8. As dislocations pile up against the interface, the resulting
back stress contributes to a transient increase in strain hardening.
During this stage, the dislocation flux remains small, but dislocations
accumulate rapidly. When a sufficient quantity of dislocations has piled
up, the dislocation fluxes reacting at the interface increase significantly
due to the penetrable/Robin interface boundary condition (Eq. (4)),
leading to a decrease in the pile up and strain hardening rate. This
whole process is illustrated schematically in Fig. 9(b1)-(b3). To elu-
cidate it more clearly, the rate of pile-up dislocation at the interface is
defined as 5(0)A%4y/A7 = p(0)A%X, where A% and Ay are the lengths of
each mesh size. The corresponding dislocation flux J(0) and piled up
rate 5*(0)Ax are also plotted for each case.

In the case of a larger reaction constant, ¥ = 4.0, dislocations can
react quickly once they reach the interface as shown in Fig. 9(c1)—(c2).
Consequently, only a small number of dislocations pile up, resulting
in limited back stress and a slower increase in strain hardening. The
strain hardening rate during the loading process does not exhibit a
pronounced ©-upturn, as shown in Fig. 8(h). In the extreme case where
the interface BC is impenetrable (¢ = 0), all dislocations are blocked
from piling up against the interface as schematically shown in Fig.
9(al)-(a2). This leads to an initial decrease and subsequent constant
strain hardening rate throughout the loading process, as depicted in
Fig. 8(b). In this scenario, the theoretical ductility is quite strong, as
evidenced by the constant strain hardening rate denoted by the solid
black line in Fig. 8(b). It should be noted that in experiments, typically
only the decrease in strain hardening can be observed, as materials
often undergo brittle fracture before reaching the stage of constant
strain hardening. Hence, there is a competition between the rate of
dislocation pile-up progress and the dislocation reaction rate at the
interface, as shown in Fig. 9(b1)-(b3) and (c1)—(c2). When the source

intensity # increases while keeping the reaction constant the same,
the phenomenon of ©-upturn gradually becomes more pronounced due
to the dominance of the dislocation accumulation rate in these cases
as shown in Fig. 8(d)-(f) or (g)-(i). On the contrary, the @-upturn
gradually vanishes, and even the stress softening of the materials occurs
when the source intensity 77 = 10% as Fig. 8(d) and (g) show.

The experimental observations, such as those in Fig. 1, can be un-
derstood based on the above analysis. In coarse-grained (CG) samples,
GBs play a negligible role. Dislocation generation is dominated by
intragranular sources (like Frank-Read sources), and hardening arises
primarily from dislocation-dislocation interactions, which typically do
not produce a @-upturn. In nanocrystalline or ultrafine-grained (UFG)
samples, intragranular sources are scarce; GBs provide the primary
dislocation sources (Van Swygenhoven and Weertman, 2006; Gautier
et al., 2025). GBs act both as dislocation sources and barriers to
dislocation motion. Both source and barrier mechanisms are governed
by interface reactions with comparable reaction constants. When dislo-
cation generation rates balance dislocation transmission rates at GBs,
strain hardening rate remains low and no @-upturn occurs. In UFG/CG
sandwich structures, particularly near the interfaces between UFG and
CG domains, GBs are available as effective dislocation barriers while
robust intragranular sources operate concurrently. Under this condi-
tion, the mechanism depicted in Fig. 9(b1)-(b3) works and ©-upturn
is expected, corresponding to the bottom-right cases Fig. 8.

As shown in Fig. 10, with the reaction constant k¥ increasing, the
O-upturn gradually weakens and eventually disappears. At sufficiently
large &, the material may even exhibit softening, i.e., & < 0. The
intersection of @ (solid curves) with (1 — m)é (dashed curves) marks
the onset of ductile fracture following necking, according to Eq. (6).
The presence of ©-upturn significantly delays necking. These results
suggest that maintaining good ductility requires an intermediate «: if ¥
is too large, strain hardening is suppressed and necking is promoted; if
& is too small, as in the limit of impenetrable GBs, rapid Burgers vector
accumulation leads to brittle intergranular fracture.

The limitations in our simulations are briefly discussed below.
First, we have assumed that there is a single slip system in each
grain in all cases. Our interface model can be applied to the cases
of multiple slip systems (see our previous work (Yu et al., 2024)).
But, we intentionally simplify the intragranular plasticity here to iso-
late GB effects under controlled conditions. Including multiple slip
systems would introduce substantial work hardening via dislocation—
dislocation interactions within grains, thus hiding the GB effects. Sec-
ond, although the present analysis is restricted to 2D, we expect some
of the interface-mediated trends identified here may remain quali-
tatively relevant in 3D systems; however, this requires further in-
vestigation. Nevertheless, we choose the 2D numerical examples to
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Fig. 8. Evolution of key physical quantities with strain for various interface reaction constants ¥ and intragranular source intensity 5. For each (&,7#) case, the
upper panel shows the strain hardening rate 6 (black solid curve), the quantity (1 — m)& (c.f. Eq. (6); black dashed curve), and plastic strain rate P (red curve).
The lower panel shows the rate of dislocation pile-up 5%(0)4% (black curve) and dislocation flux J*(0) (blue curve) at the GB on the side of grain a. Crosses “x”
denote the onsets of necking. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

simplify the description of intragranular plasticity, reduce the parame-
ter space, and focus on the GB-mediated behavior. The present model
is most applicable to polycrystalline materials with intermediate grain
sizes, where both intragranular dislocation activity and dislocation-
GB interactions are important. Its applicability becomes limited for
coarse-grained materials with a very low GB density and for nanocrys-
talline materials with extremely small grain sizes (e.g., below 40 nm),
where conventional lattice-dislocation plasticity is largely suppressed
and GB-mediated deformation mechanisms dominate.

4. Conclusions

In this work, we elucidated the role of grain boundaries in me-
diating the macroscopic mechanical behavior of polycrystalline mate-
rials. Based on mesoscale simulations and analysis, our findings are
summarized as below:

(i) For a fixed applied strain rate ¢ and interfacial strength M*,

(i)

increasing the interfacial Burgers-vector reaction constant « shifts
the failure mode from brittle to ductile fracture. Therefore, there
exists a value x; marking this brittle-to-ductile transition. Ad-
ditionally, there exists another critical reaction constant «* cor-
responding to maximum ductility. Below «*, ductility improves
with increase of « as more dislocations can react at the in-
terface and promote plasticity. Beyond «*, ductility decreases
with increase of x due to diminished strain hardening. Note that
this study only considers strengthening mechanisms arising from
dislocation-grain boundary interactions, excluding other contri-
butions such as Taylor hardening or precipitation hardening.

For a particular reaction constant «, increasing the applied strain
rate ¢ can switch the failure mode from ductile to brittle fracture.
A transition strain rate exists that delimits the regimes of ductile
and brittle fracture for a given reaction constant. The trend shows
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that a higher transition strain rate is required as the reaction
constant increases; and for a material with weaker interfacial
strength M*, a lower transition strain rate is required.

The observed variation in strain hardening rate with strain can be
rationalized by the competition between the rate of dislocation
pileup and the dislocation reaction rate at grain boundaries.
Initially, strain hardening rate decreases as dislocation sources are
activated and dislocation glide occurs within grains. As disloca-
tion pile-ups form and back stresses develop, strain hardening rate
transiently increases. With further deformation, dislocation reac-
tions proceed, the effect of pile-up weakens, and strain hardening
rate declines again. For the case where « is large, dislocation reac-
tions dominate, resulting in weak strain hardening. So, the strain
hardening upturn diminishes with increasing reaction constant,
while it can be enhanced by improving dislocation generation
rates.

(iii)

In conclusion, failure modes in polycrystalline materials are par-
tially governed by the kinetics of Burgers-vector reactions at interfaces.
The proposed framework provides an approach to incorporate interfa-
cial properties into predictive models of mechanical behaviors, offering
insights for grain-boundary engineering and microstructural design.
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Appendix A. Numerical simulation

Consider a unit cell which is bounded at x = 0 and L, along the
e,-axis and bounded at y = 0 and L, along the e,-axis as shown in Fig.
2. Discretize the x and y coordinate by x; = idx (i = 0,...,N,) and
y; =jdy (j =0,..., N,) respectively, where the interval is 4x = L, /N,
and Ay = L,/N,. Discretize the time ¢ by ¢, = ndt (n =0, 1, ...), where
At is the time step.

Step 0 Calculate the initial resolved shear stress and set the initial
dislocation density

7D (x;, ¥;,0) =0y (x;, ¥ 0)s§:>nfj) +0,,(x;, ¥ 0)5(')"2”

p

+0,,(x;, )5 0)(3;71;’) + s(yi)nif)), (A.1)
P00 = P03, 3,00 = 4, (A.2)

where s©) and n® are the slip direction and unit normal direc-

tion of i slip plane respectively.

Calculate the velocity at each site by

- n
T(’)(x,-, ijtn) - Tf)

Step 1

7o

Ug)(x,»,yj, t,) = Vo <

o0 y.1,) = =0 (. y,01,) (=0, N).
(A.3)

Step 2 Apply one of the BCs:

Dirichlet BC: let pﬂi')/_(xo, t,) = pﬂj)/_(x Noty) =0;
" " 0 (xN,tn)v(l)/_(xN, 1) =

Neumann BC: let p (e 1)U, _(xoat,) = )

+/-
Rgbin BC: let p:)/_(xo,tn)ui'_)/_(xo, 1) = pﬁf/_(xN, t,,)ui)/_(xN,t,,) =
1
1
Step 3 Integrate the differential equations by the finite difference

method. First, the net source which is the sum of the generation
term and the annihilation terms can be expressed as

(i)
o (x;yp01,) = 00 Cx y;01,)

A4

PO, vy 1) = =rep (6 3y 1) (51 350 1)
+ 11ty 1)1

The new positive/negative dislocation densities at each site are
updated by the evolution equations Eq. (1). In order to handle
high gradients, a total variation diminishing scheme must be
introduced, usually Monotone Upstream-centered Schemes for
Conservation laws (MUSCL) are employed. Here, we used the
Kurganov-Tadmor central scheme, which is a second-order,
high-resolution MUSCL construction. Since it is applicable to
all slip systems within each grain, for the sake of brevity, the
slip system denoted by subscript “(i)” and subscript “+/-"
sign for positive/negative dislocations are omitted here. With
this, the flux operator above is re-cast into the semi-discrete
form (Wesseling, 2009):

s Aixl_[(pux-+1 2= ()] + - (A5)
where:

pi =G, (PO = %lp,’il/zviil/z AR

—max[|v;], v 111" = p"1; (A.6)
Py = 0+ 0500 b1 = 0)s PNy = 0 = 0500z = pig1): (A7)
iy = P 050 = i)y PRy = 0= 05000y —pp): (A8)
rp= %; @(r) = lirrz; (A.9)
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Here, &(r) is the flux limiter, which is a function such that for
r<0,®=0and @ =1 for r = 1. The main idea of MUCSL
is to use slope limited left and right extrapolated states for the
cell’s approximation, and the left and right states are those at
the cell walls, i.e., i = +1/2. Also MUSCL is combined with the
Runge-Kutta time marching method to obtain accurate results.
Step 4 Calculate the net dislocation density:
P Cxiovisty) = P Cxio s 1) = PV Cx;. i1y, (A.10)
The dissociation of dislocation densities with respect to Burgers
vector b, and b, are

Pyt = Y 0Py t,)cos 00, oyt = Y pV(x;, y,,) sin 00,
i i

(A11)
Step 5 Update the stress field of the model
01 (X1 Y5 Tyr) =5:ft(xi’y1afn)
Ny Ny
+ 2 Ay t)ol (G = DA, (T = )Ay)AxAy+
i7=0 /=0
(A12)
Ny Ny
DY Py ot = DAx, (' = DAy)AxAy,
i=0j'=0
(A.13)
where o, represents o,,, o,,, and o, cfi' and o};* are the

corresponding stress kernels as supplementary material shows.
Step 6 Update the resolved shear stress by Eq. (A.1), then go to Step
1.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.mechmat.2026.105798.

Data availability

Data will be made available on request.
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