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The wake of a bluff body is significantly modified by the presence of a

stable density stratification. Buoyancy effects introduce a complex coupling be-

tween kinetic and potential energy which results in a significantly longer wake

lifetime, internal wave radiation, and long lived coherent structures. This dis-

sertation presents results obtained from high resolution numerical simulations of

stratified turbulent wakes. The dissertation is divided into two parts.

The first part of the dissertation uses the well established temporal ap-

proximation to simulate from the near wake to the far wake. In this part of the

dissertation, the effect of the Prandtl number on a stratified turbulent wake was

considered. For 0.2 < Pr < 7 the qualitative behavior of the wake is the same as
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Pr=1. There are differences in a number of small scale features but these changes

are small relative to the significantly higher computational cost. The role of mo-

mentum imbalance in the stratified wake of a propelled body was also considered.

Adding a small to moderate amount of excess momentum, 40% or less, to a self-

propelled wake does not produce qualitatively different behavior. Flow statistics

retain the character of a self-propelled wake but with larger quantitative values.

The second part of the dissertation involved development and application

of a new computational tool to simulate spatially-evolving flow past a sphere.

Flow past a weakly heated sphere is considered to demonstrate the suitability of

the present scheme to accurately capture flow past a body. The most significant

contribution of the present dissertation is the simulation of flow past a sphere at

a Froude number of 3. The present case of flow past a sphere in a stable density

stratification is the first spatially evolving numerical simulation to capture the early

to intermediate development of the stratified turbulent wake. The wake evolution

occurs in 3 stages: a very weakly stratified near wake (Nt < 2), a transition region

(2 < Nt < 5) and a more strongly stratified region corresponding to the non-

equilibrium regime for Nt > 5. Buoyancy effects lead to strong anisotropy in the

velocity field in the wake beginning shortly after Nt = 2.
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Chapter 1

Introduction

Any object moving in a fluid leaves behind a wake and similarly a wake

is generated by flow past a stationary object. Wakes are found in virtually all

engineering, geophysical, and industrial applications from small scale phenomena

such as droplet sprays to large scale phenomena such as flow past mountains in

the ocean and atmosphere. Due to their almost universal existence, wakes are

a problem of great practical scientific and engineering interest and considerable

attention has been paid to analytical, experimental, and numerical studies. While

many studies have been performed, much remains unknown and even the wake

behind simple objects lacks a complete description. The wake is highly sensitive

to the ratio of inertial forces to viscous forces, referred to as the Reynolds number,

Re = UD/ν where U and D are characteristic velocity and length scales and ν is

the dynamic viscosity. When Re� 1, the inertial forces dominate and turbulence

is present in the wake. In general, the presence of turbulence is the rule rather

than the exception.

With complicated object geometries one is able to obtain very complex

wake behavior, for this reason it is common to study a sphere as the simplest

possible three-dimensional geometry. Despite the symmetric nature of a sphere,

the flow around it shows significant asymmetry with the wake exhibiting three-

dimensionality, separation, intermittency, unsteady vortex shedding, transition to

turbulence, and fully turbulent flow. Since the rich dynamics characteristic of flow

past an object with complex geometry are also encountered in flow past a sphere,
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the wake behind a sphere has become a benchmark problem with resultant data

being used to tune turbulence models.

When a wake occurs in a fluid with a density or temperature gradient, re-

ferred to hereafter as a stratified fluid, the effects of buoyancy must be included.

The presence of stratification can significantly alter the wake dynamics as it de-

stroys the radial symmetry of the wake and introduces a complex coupling between

kinetic and potential energy. The strength of stratification is characterized by an

internal Froude number, hereafter referred to simply as Froude number, defined as

Fr = U/ND where N is the buoyancy frequency defined as N2 = −(g/ρ0)∂ρ/∂z

with g the acceleration due to gravity, ρ0 the characteristic density, and ∂ρ/∂z the

background density gradient. In the presence of stratification, both the Reynolds

number and Froude number must be specified to characterize the wake.

For this dissertation we are interested in cases where both Re and Fr are

large. Such a situation is encountered in submersibles maneuvering in the ocean

and the wake behind mountains in the ocean and atmosphere. Flow past a body

at large Re and Fr is also a useful model problem as it creates conditions similar

to those existing in geophysical applications.

1.1 Dissertation motivation

To date, all stratified turbulent wakes have been simulated using the well

established temporal approximation. The temporal approximation dates back to

the early 1970s with the work of Orszag & Pao (1974) and has developed into a

mature simulation technology, see the list of simulations using the temporal ap-

proximation in Brucker & Sarkar (2010). Until recently, spatially evolving direct

numerical simulations of the turbulent wake were far out of reach due to the limited

computational resources available. Researchers intending to perform wake simula-

tions had to be creative and resort to approximate methods. Orszag & Pao (1974)

wanted to simulate self-propelled wakes without stratification. In their pioneering

work, they took a slab of fluid in the fully developed wake region, transformed it

into a computational box that is statistically homogeneous in the streamwise di-
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rection and performed a simulation inside the periodic box where the flow evolves

in time. Statistics in the temporally evolving field were related to distances behind

the body by the Galilean transformation x1 = U∞t where x1 is the distance behind

the body, U∞ is the speed of the body, and t is the time evolved in the temporal

simulation.

The temporal approximation can be thought of as taking a plane of data

at a fixed distance behind a body, extending it periodically by collecting the time

evolution of data at the fixed plane, and shooting the computational box through

the wake. Results from temporally evolving simulations have been shown to agree

well for intermediate to late times. The high uncertainty in the initial conditions,

combined with the high sensitivity of the wake to the initial conditions, makes it

extremely challenging to obtain proper early to intermediate wake results.

For stratified cases the temporal approximation involves even more assump-

tions. As with the unstratified case, the wake must be initialized with data corre-

sponding to a fixed distance behind the body. While mean velocity and turbulence

intensity profiles are available for the unstratified case, reliable near field velocity

and density profiles are lacking and not likely to become experimentally available

in the near future. Stratified simulations are initialized with unstratified velocity

profiles and often no density fluctuations. This may be appropriate for very high

Fr cases, order Fr = O(1000) where the velocity field becomes fully developed

before density effects become significant but it is not appropriate for cases of large

but intermediate values of Fr, say Fr = O(10), where density effects may lead to

a fully developed state that is far different than that of the unstratified wake.

Another disadvantage of the temporal approximation is that all information

related to coherent structures in the spatially evolving case is lost in the tempo-

rally evolving case. The initial ‘turbulence’ in the temporal approximation has

to be created artificially. It is possible to match the mean velocity field and tur-

bulence intensities with experiments, and possibly even the same initial spectra,

but the coherent structures are not the same and higher-order moments and other

turbulence correlations do not match either.

The temporal approximation is a useful tool for studying some features of
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stratified turbulent wakes. However, it will never be able to conclusively study

the near to intermediate stratified wake field. Similarly it is almost impossible to

perform a direct one to one comparison with experimental data. It is not sufficient

to continue refining the temporal approximation, a new approach is needed.

1.2 Dissertation contribution

The principal contribution of this dissertation is the first spatially-evolving

simulation of the near to intermediate wake that resolves the body in the compu-

tational domain. The emergence and dominance of buoyancy effects in the wake

is clearly captured. The high resolution simulations that have been used in this

study provide a high detailed set of velocity, pressure, and density fields which have

been used to address remaining fundamental questions in the near to intermediate

wake.

In addition to the work on spatially-evolving flow past a sphere, a number

of complementary model problems have been studied in this dissertation. High

resolution numerical simulation has been used for each of the model problems.

The first part of the dissertation uses the well established temporal approximation

to simulate from the near wake to the far wake. In this part of the dissertation,

the effect of the Prandtl number on a stratified turbulent wake was considered.

Additionally, the role of momentum imbalance in the stratified wake of a propelled

body was also considered.

The second part of the dissertation involved development and application

of a new computational tool to simulate spatially-evolving flow past a sphere. In

this part of the dissertation, flow past a heated sphere is considered as well as flow

past a sphere in a stable density stratification. The case of flow past a sphere in a

stable density stratification is the first spatially evolving numerical simulation to

capture the early to intermediate development of the stratified turbulent wake.
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1.3 Dissertation organization

The organization of this dissertation is as follows: background information

on turbulent wake physics is given in Chapter 2 and background information on

simulating turbulent wakes in Chapter 3. The methodology employed for the dis-

sertation is covered in detail in Chapter 4. Chapters 5-8 describe specific problems

undertaken. Each of these chapters can be read independently from the rest of

the dissertation. Chapter 5 considers the effect of the Prandtl number on a strat-

ified turbulent wake. Chapter 6 considers the role of momentum imbalance in the

evolution of a propelled wake. Chapter 7 considers flow past a hot sphere in an

unstratified fluid. Chapter 8 considers flow past a sphere in a stratified fluid. The

dissertation concludes with a summary of the results obtained in Chapter 9.



Chapter 2

Background material: Wake

physics

The wake behind a bluff body has been a problem of interest for over 150

years which has resulted in an extensive body of literature that prevents covering

all relevant research in this literature review. To keep this section tractable, this

review will not discuss the wake behind oscillating or rotating spheres, cylinders,

fluid-structure interaction, 2D or plane wakes, unstratified wakes (except for a

short section describing the near wake), heated spheres, wakes with background

turbulence, or 2D or 3D oceanographic topography. Emphasis is placed on the

wake behind moving bodies such as spheres and propelled slender bodies.

2.1 Turbulent wakes in an unstratified fluid

The wake behind a bluff body in an unstratified fluid has been studied

extensively, with a significant amount of studies emphasizing flow behind spheres.

For a comprehensive review on flow past a sphere see Tomboulides & Orszag (2000);

Constantinescu & Squires (2003, 2004); Yun et al. (2006) and references therein

for an emphasis on the near wake, for the far wake see the textbooks of Tennekes

& Lumley (1972); Schlichting (1979) and Pope (2000). Here we focus on the near

wake behind a sphere.

The wake of uniform flow past a sphere is broadly broken into two cate-

6
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gories depending on whether the boundary layer remains laminar up to separation

(subcritical regime) or becomes turbulent before separation (supercritical regime).

Flow past a sphere in the subcritical regime evolves in the following manner: a

stagnation point forms at the front of the sphere, a thin laminar boundary layer is

formed on the surface of the sphere which grows until separation occurs. Separa-

tion results in very thin laminar shear layers forming above and behind the sphere

as well as a recirculating region directly behind the sphere.

The wake can be broken down into a number of flow regimes based on the

shedding characteristics at different Reynolds numbers. There remains some slight

disagreement about where exactly the transition between regimes take place but

the laminar wake can be classified into the following four regimes: steady axisym-

metric, Re < 200, steady planar-symmetric, 210 < Re < 270, unsteady planar-

symmetric, 280 < Re < 375, and unsteady asymmetric 375 < Re < 800. Above

Re ≈ 1, 000, unsteadiness in the shed vortices and instability in the wake leads

to the creation of turbulence behind the sphere from initially laminar structures.

As the Reynolds number increases, the vortex sheet separating from the sphere

becomes more turbulent, becoming fully turbulent at Re ≈ 6, 000 according to

Constantinescu & Squires (2003). Above Re ≈ 7, 000, reduced disorder occurs in

the shedding pattern due to the fully turbulent vortex sheet in the separated shear

layer. The wake structure and integral parameters remain approximately constant

in the range 7, 000 < Re < 1.65×105 until the boundary layer on the surface of the

sphere transitions to turbulence before separation. The low sensitivity of the wake

to Re beyond 7000 in the subcritical regime motivates the choice of Re = 10, 000

for our spatially evolving simulations. When the boundary layer becomes turbu-

lent, separation is delayed and the drag is decreased, resulting in what is known

as the ‘drag crisis’.

There are two well known instabilities that form in the near wake of a

sphere in the subcritical regime. The first and lower frequency mode, referred to

as the vortex shedding mode, occurs above Re = 300 and is associated with large

scale instability of the flow, Yun et al. (2006). The second and higher frequency

mode, lacking a consistent naming convention but being referred to as a Kelvin-



8

Helmholtz (KH) mode, occurs above Re = 800 and is driven by a Kelvin-Helmholtz

like instability in the cylindrical shear layers shed by the wake. Above Re = 800 the

vortex frequency mode occurs at a near constant value around 0.175 < St < 0.200

where St = fD/U is the Strouhal number and f is the frequency. Although there

is significant scatter for different experiments, above Re = 800 the frequency of

the KH mode continually increases with Re. Chomaz et al. (1993) suggested a

scaling law based on the frequency being derived from the shear thickness of the

shear layer which is proportional to the boundary layer thickness gives St ∼ Re1/2;

an empirical fit of St ∼ Re3/4 was suggested by Kim & Durbin (1988).

Numerical simulations have also documented the presence of a very low-

frequency mode an order of magnitude lower than the vortex shedding mode. This

was first observed by Tomboulides & Orszag (2000) at Re = 1, 000 and also by

Constantinescu & Squires (2004) at Re = 10, 000, although neither study had a

sufficiently long time history to accurately determine the true frequency value.

In studies using direct numerical simulation (DNS) with a large time history at

Re = 3, 700, Rodriguez et al. (2011), and at Re = 10, 000, Rodriguez et al. (2013),

observed the presence of the low frequency mode. Rodriguez et al. (2011) postu-

lated that this low frequency mode is related to periodic shrinking and enlargement

of the vortex formation zone immediately behind the sphere. The low frequency

mode has been observed in the wake of a number of bluff objects with unsteady

re-circulating regions, see the list provided in Lehmkuhl et al. (2013).

2.2 Turbulent wakes in a stratified fluid

Stratification is known to have a large impact on the wake behind a bluff

body. The radial symmetry of the problem is broken and stratification disrupts

motion in the vertical direction. A complex coupling between kinetic and poten-

tial energy occurs, and the system is able to support internal gravity waves which

transfer momentum from the wake to the background. For a turbulent wake, strat-

ification increases the lifetime of the wake and preserves both the mean velocity

and vortical structures into the late wake, Spedding et al. (1996,a).
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For a wake in a stratified fluid the Reynolds number alone is not suffi-

cient to describe the flow, one must also determine a Froude number. When

Fr � 1, vertical motion is almost completely inhibited and the flow is constrained

to flow horizontally around the body. At Fr � 1, the flow can be thought

of as behaving like an unstratified wake (not necessarily true, details to follow

in momentum wake section). At intermediate Froude numbers there are signifi-

cant differences between cases with the wake evolution dependent on both Re and

Fr; Lin et al. (1992a) (Fr ε [0.005, 20], Re ε [5, 10000]) and Chomaz et al. (1993)

(Fr ε [0.125, 6.35], Re ε [150, 50000]) qualitatively characterize regimes for the wake

depending on Re and Fr. Briefly, according to Chomaz et al. (1993) the wake

can be thought of as changing from a quasi-two-dimensional wake bounded by

lee waves for Fr < 0.5 to a saturated lee wave regime for 0.4 < Fr < 0.75 to

a transition regime where the wake transitions from being dominated by the lee

wave to one virtually unaffected by stratification for 0.75 < Fr < 2.25 to a near

wake that behaves as an unstratified fluid at Fr > 2.25, Lin et al. (1992a) makes

similar distinctions although they employ 8 regions instead of the 4 of Chomaz

et al. (1993). The intermediate Re, large Fr region (Re > 5, 000, Fr > 4) is the

region of interest for this dissertation and henceforth we will confine the discussion

to this parameter regime.

All stratified turbulent wakes follow a qualitatively similar evolution. A

proposed model for evolution was first proposed by Spedding (1997) who charac-

terized the wake evolution as beginning with a near wake region (NW) where the

wake evolves essentially as though it is unstratified; this regime lasts until Nt ≈ 2.

As the wake initially spreads, it mixes the background density field which raises

heavy fluid up and forces light fluid down; once the kinetic energy of the wake is

not long sufficient to support the density perturbations, the wake begins to col-

lapse in the vertical direction. As a result of the collapse, the wake contracts in the

vertical direction, expands in the horizontal directions, the mean velocity decays

at a slower rate, and internal waves are generated which radiate energy to the

background. The period of collapse is part of the non-equilibrium regime (NEQ)

where buoyancy affects transfer of energy between kinetic and potential modes
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until the vertical component is significantly reduced and the wake motion becomes

quasi-horizontal although significant vertical variations occur, Spedding (2002).

The quasi-horizontal regime is referred to as the Q2D regime and is characterized

by the presence of large coherent counter-rotating vortical structures with large

horizontal extent compared to vertical extent. These structure are often referred

to as pancake eddies; they are one of the characteristic signatures of a stratified

turbulent wake. This evolution is shown schematically in Figure 2.1.

NW+AC NEQ Q2D

X
3

X
2

Figure 2.1: Wake evolution in the vertical, x3, and horizontal, x2 directions.

Wavy arrows illustrate the time when wake collapse generated in-

ternal gravity waves are significant and pancake eddies are shown in

the late wake.

Modifications to the original proposal of Spedding (1997) have been made

by a number of subsequent authors. Bonnier & Eiff (2002) proposed breaking

the NEQ regime into an accelerated collapse (AC) region, 2 < Nt < 7, and a

transition region, 7 < Nt < 50, as the initial effects of buoyancy are significant

and result in a strong generation of turbulent kinetic energy and a sharp decrease

of the decay rate of the defect velocity (or even an increased value). They also

note that the initial effects of buoyancy are sensitive to the Froude number with

higher Fr having an earlier transition to the AC in terms of Nt. Brucker &

Sarkar (2010) and Diamessis et al. (2011) observed a prolongation of the NEQ

regime at higher Reynolds number. The prolongation of the NEQ at high Re

was derived analytically for the wake of a sphere by Meunier et al. (2006) who

assumed self-preservation of the velocity profile at high Re and Fr. Meunier
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(a) (b) (c)

U

Figure 2.2: Velocity profiles in the wake of towed and jet-propelled bodies. This

image shows the fluid velocity behind the moving body. (a) Dragged

body with no propulsion. (b) Self-propelled body with zero net mo-

mentum. (c) Propelled body with excess momentum. The dashed

line corresponds to zero velocity.

et al. (2006) named this region the buoyancy controlled (BC) regime; they also

obtained a viscous three-dimensional (V3D) regime at very late time. Despite

these modifications, the simplified wake evolution model of Spedding (1997) has

proven useful in understanding and analyzing turbulent wakes.

For the case of a moving body, fundamental differences are observed in the

wake depending on the propulsion source. As shown in Figure 2.2, a towed body

contains only a velocity deficit in the wake whereas a propelled body contains

velocity excess and deficit in its thrust and drag lobes, respectively, resulting in

a doubly-inflected mean velocity profile. Figure 2.2(b) illustrates the special case

where the momentum in the drag lobes balances the momentum in the thrust

lobe representing a momentumless wake, such a profile is characteristic of a self-

propelled body moving at constant speed. Figure 2.2(c) shows an example of a

self-propelled body undergoing acceleration (nonzero net momentum in the wake).

The towed wake illustrated in Figure 2.2(a) is often referred to as a momentum

wake, such a profile is characteristic of the flow past stationary bodies as well.

The next section contains a discussion of momentumless wakes followed by

a short section on the effect of different propulsion mechanisms for a moving body

and then the more general case of a momentum wake is covered. For an alternate

review of the momentum and momentumless wake with more of a chronological
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organization, see chapter I of Brucker (2009).

2.2.1 Momentumless wakes

The first experiments of the wake behind a bluff body in a stratified fluid

were performed by Schooley & Stewart (1963) who considered the wake behind a

self-propelled body. The wake of a self-propelled body became a topic of intense

interest with significant attention paid to the collapse region and obtaining scaling

laws for the turbulent parameters. A review of work prior to 1979 is given in Lin

& Pao (1979): important results include the vertical extent of the wake reaching

a maximum height at Nt ≈ 2, the observation that the vertical collapse generates

internal waves, the observation that pancake eddies with large horizontal to vertical

extent form in the late wake, the observation that vortical structures are smaller,

have shorter spacing, and a more complicated nature for a self-propelled compared

to a towed body, and empirically observed scaling laws for the wake height, wake

width, and turbulence and density fluctuation intensities in the near wake.

Gilreath & Brandt (1985) studied the internal waves generated by a self-

propelled body in a stratified fluid using an ensemble approach and attempted to

analyze the resulting wavefield in terms of body generated waves, propeller swirl

waves and wake collapse waves. They found that linear theory was able to suc-

cessfully predict the body generated component of the wavefield but the other two

components were extremely complicated. The wake wave generation process ex-

hibited strong non-linearity with significant differences in the structure of the wave

field observed between experimental runs with virtually identical parameters, the

authors postulated that these differences between cases in an ensemble are due to

the presence of turbulence bursts connected to a fundamental shedding frequency

in the wake. The authors noted that the emission of internal waves results in

a ‘drastic change in the turbulence structure’ causing them to suggest that full

3D numerical simulations may be required to accurately predict the turbulence

generated internal waves in lieu of predictive models based on linear theory.

After a long hiatus, self-propelled wakes were re-examined experimentally

by Meunier & Spedding (2006) who found significant differences in the vorticity
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field behind a self-propelled body (4 layers) and a propelled body with nonzero

net momentum (2 layers). They found that a small imbalance between thrust

and drag (> 2%) is sufficient to destabilize the momentumless wake into evolving

as a momentum wake. Meunier & Spedding (2006) also note the existence of a

third regime corresponding to a momentumless body at a slight angle of attack

(< 5 ◦) which is characterized by three layers of vorticity and behaves similarly to

a momentum wake with proper normalization as discussed in the follow-up study

of Gallet et al. (2006). Meunier & Spedding (2006) observe no coherent mean

velocity profile in the far wake of a self-propelled body and they observe turbulent

fluctuations an order of magnitude larger than the mean values which leads them

to describe the flow as a ‘null mean profile’. They also extended the range of Nt

for the wake width scaling law of Lin & Pao (1979) for 5 < Nt < 150. Meunier &

Spedding (2006) echo the comments by Higuchi & Kubota (1990) on the sensitivity

of the self-propelled wake to initial conditions and furthermore question whether

self-propelled wakes ever exist in practice due to the sensitivity of the self-propelled

wake to perturbations in the body velocity, background conditions, and momentum

loss due to internal waves.

All previous experimental studies in a stratified fluid have involved a pro-

peller for propulsion, with the exception of Voropayev et al. (1999) who was not

interested in the steady behavior of the wake. Using direct numerical simulation

(DNS), Brucker & Sarkar (2010) considered the case of a self-propelled wake pro-

pelled by a non-swirling axial jet as described by Naudascher (1965) and Higuchi

& Kubota (1990). Brucker & Sarkar (2010) found significant differences from

previous experiments, observing the late time preservation of a three-lobed mean

velocity profile in the vertical direction corresponding to two drag lobes located

above and below a central thrust lobe. They also found that the mean velocity

evolves in a manner similar to the universal model proposed by Spedding (1997)

with an extended NEQ region due to their high Reynolds number (Re = 50, 000).

de Stadler & Sarkar (2011a) found that the vertical mean velocity structure was

preserved with increasing Fr for a self-propelled wake up to Fr = 20 and that

transition values between regimes occurred at similar values of Nt although the
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exact transition points depended on Fr as observed for the towed wake by Bonnier

& Eiff (2002). de Stadler & Sarkar (2011a) also found that the vertical collapse at

higher Fr results in a significant increase in the relative contribution and absolute

value of the horizontal component of the mean kinetic energy.

The sensitivity of the self-propelled wake to maneuvers was studied ex-

perimentally by Voropayev et al. (1999) and Voropayev & Fernando (2010) and

numerically by Chernykh et al. (2009) using a RANS model and de Stadler &

Sarkar (2012) using DNS. Note that Voropayev & Fernando (2010) was the first

truly self-propelled study, all other studies employed independent thrust and drag

mechanisms which were tuned to give approximately zero net momentum in the

wake. Voropayev et al. (1999) and Voropayev & Fernando (2010) observed the

formation of significantly larger pancake eddies which resemble dipoles when an

initial self-propelled wake accelerates. This result was not observed in the DNS of

de Stadler & Sarkar (2012) who observed quantitative changes but not qualitative

ones in their simulations using up to 40% excess momentum. Both Chernykh et al.

(2009) and de Stadler & Sarkar (2012) found that the excess momentum affected

the mean velocity much more than the turbulent kinetic energy and that internal

waves were not significantly different between cases. The differences between the

results of Voropayev et al. (1999) and Voropayev & Fernando (2010) and de Stadler

& Sarkar (2012) were postulated to be due to the significantly higher levels of excess

momentum imparted over a smaller radial extent in a strong jet into the wake in

the the experiments of Voropayev et al. (1999) and Voropayev & Fernando (2010).

Voropayev & Smirnov (2003) showed that a moving point momentum source, in

their case a moving jet unconnected to a body, is able to generate large vortex

structures at late time. These large vortex structures behind a moving momentum

source are similar to those observed in Voropayev et al. (1999) and Voropayev &

Fernando (2010).

Rottman et al. (2003) used high resolution large eddy simulation (LES) to

investigate stratified turbulent momentumless wakes with swirl. They found that

the mean swirl generates internal waves which reduce the turbulent production

significantly, especially the shear stresses, significantly reducing the decay rate of
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the mean velocity. Simulations of momentumless wakes using RANS modeling

with and without swirl, have been performed by a number of authors, especially

Russian authors, Hassid (1980a,b); Glushko et al. (1994); Voropayeva & Chernykh

(1997); Voropayeva et al. (2002); Chernykh & Voropayeva (1999); Chernykh et al.

(2001, 2003, 2004); Gavrilov et al. (2000); Chernykh et al. (2009); Vasil’ev et al.

(2001); Chernykh et al. (2005). A thorough review of their numerical results is not

presented here as results obtained using RANS modeling are model dependent.

In the following section we will address some of the differences in the near

wake behind bodies with different propulsion mechanisms and specifically the dif-

ferences in the wake of a non-swirling axial jet and a swirling propeller. We will

look to see if differences in the wake evolution can be attributed to differences in

the initial conditions.

2.2.2 Propulsion sources

Moving bodies are typically propelled by one or more propellers or jets,

resulting in a wake with both axial momentum and angular momentum. Numer-

ous experimental studies, all in an unstratified background, have shown that the

wake behaves differently depending on the momentum source for a momentum-

less wake, see for example Park & Cimbala (1991); Schetz & Jakubowski (1975);

Sirviente & Patel (2000b, 2001); Schetz (1980); Piquet (1999). The presence of

swirl is known to result in significant differences in both the net momentum and

momentumless cases, the effect is especially strong in the momentumless cases as

noted by Chernykh et al. (2005) in their review of relevant literature. Gavrilov

et al. (2000) note that many of the early momentumless wake studies are not truly

momentumless as angular momentum in the flow is balanced by the model support

structures resulting in a nonzero angular momentum in the wake. For a compact

summary of momentumless results with and without swirl prior to the mid 1990s

see the literature review on wakes in section 5.7 of Piquet (1999).

In the case of propulsion by a non-swirling axial jet, the flow evolves as only

a function of the axial momentum and can be thought of as a combination of a wake

and jet. This case has been addressed by Naudascher (1965), Higuchi & Kubota
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(1990) and Sirviente & Patel (2000a). For this case the wake defect velocity in

the near wake matches the doubly inflected profile shown in Figure 2.2(b). The

streamwise velocity fluctuations transition from a double humped structure in the

immediate wake of the body to a Gaussian structure at later time. The shear

stress shows a doubly inflected anti-symmetric profile. Sirviente & Patel (2000a)

describe the mixing between the jet and wake boundary layer as taking place in

three stages: x/Dj < 4 where the jet and wake preserve their characteristics in the

outer and inner regions of the flow with a growing shear layer in between them,

4 < x/Dj < 12 where the shear layer grows until it mixes up to the centerline and

x/Dj > 12 where the flow evolves as a fully developed momentumless wake. Here

Dj refers to the diameter of the jet.

The momentumless wake behind a swirling jet was considered by Sirviente

& Patel (2000b) for flow past a long axisymmetric body. They found the three

step evolution for the non-swirling jet also occurred for the swirling jet although

with transition points of x/Dj = 3 and x/Dj = 13. The swirl was found to

decay at a slower rate than the axial velocity, maintained coherence, and agreed

with predictions from similarity theory despite the axial velocity not agreeing with

predictions from similarity theory. The swirl resulted in a rapid decrease of mean

shear and turbulence which resulted in lower production of turbulence compared

to the non-swirling case, however the turbulence levels were almost identical for

x/Dj > 12. The defect velocity also decays faster and the length scale increase

in a swirling jet compared to a non-swirling jet. In their momentumless wake

experiment with a swirling jet behind a sphere Kostomakha & Lesnova (1995)

found qualitatively opposite results to Sirviente & Patel (2000b) for the defect

velocity, length scale, and the decay rate of turbulence. Gavrilov et al. (2000)

consider the special case where the wake is swirling but the net axial and angular

momentum equal zero (the body also rotates to counteract the swirl of the swirling

jet) and find that swirl in the momentumless wake has a significant stabilizing

effect.

The majority of momentumless wake studies have employed a propeller.

Flow past an axisymmetric body with and without a propeller is addressed by
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Hyun & Patel (1991a) for circumferentially-averaged flow and by Hyun & Patel

(1991b) for phase-averaged flow. These studies did not have zero net momentum

although they do provide detailed characterizations of the near wake immediately

downstream of the propeller. Hyun & Patel (1991a) find significant differences

with and without a propeller in the radial structure of axial mean velocity, cir-

cumferential mean velocity, turbulent kinetic energy components and Reynolds

stresses, and the spatial evolution of the defect velocity at x/Dp = 4.6, where Dp

is the diameter of the propeller. In the very near wake, X/Dp = 0.16, the radial

velocity fluctuation component is an order of magnitude larger with a propeller

compared to the case without one. This difference may be magnified in the near

wake and preserved further downstream due to the presence of stratification. For

the case with a propeller, both the circumferential momentum flux deficit and the

momentum deficit are conserved, after an initial transient.

Hyun & Patel (1991b) find that the axial velocity and the turbulent kinetic

energy become rotationally symmetric by x/Dp = 3.0. Prior to this the flow is

dominated by the compact blade wakes which appear to evolve independent of the

background flow which is similar to the body generated boundary layer upstream

of the propeller. Hyun & Patel (1991b) also noted that the tip vortices shed by the

propeller preferentially move towards the center of the wake with axial evolution.

Complex vortical structures were observed in the core of the near wake although

high levels of uncertainty prevented the authors from measuring them.

From this section we can observe that depending on the propulsor there are

clear differences in the near wake of a body. Some of these differences diminish

with downstream development which means that depending on the Froude num-

ber under consideration, initial differences may or may not be felt depending on

whether the body generated and propulsion source generated flows fully develop

and become fully mixed before or after Nt ≈ 2.

2.2.3 Momentum wakes

The momentum wake is the most commonly studied form of wakes behind

bluff bodies, with experimental studies all employing a towing mechanism to drag
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a sphere through a stratified water tank. See Gad-el Hak (1987) for a short dis-

cussion on the capabilities and limitations of experiments in a tow tank. Lin et al.

(1992a) note that the wake evolution behind a towed sphere is qualitatively similar

to that of a self-propelled slender body as described by Lin & Pao (1979). Differ-

ences in wake evolution due to body geometry for momentum wakes were shown

to be removed upon normalization by an effective diameter based on the wake

momentum by Meunier & Spedding (2004) for the defect velocity, wake width,

Strouhal number and the maximum streamwise velocity fluctuation defect and

width. This was later extended to propelled wakes by Meunier & Spedding (2006)

who determined that as long as the net imbalance of momentum is greater than

2%, the wake behind a propelled body evolves as a momentum wake upon proper

normalization. The lack of memory of initial conditions for the stratified wake

observed in Meunier & Spedding (2004) is in contrast to the memory observed in

unstratified fluids by Bevilaqua & Lykoudis (1978). The lack of memory of initial

conditions implies that the late wake evolution is dominated by the net amount of

momentum in the wake independent of the source details, such a claim was also

made by Voropayev et al. (1999).

Near wake

Chomaz et al. (1993) and Lin et al. (1992a) find that the near wake (Nt < 2)

evolves with the same flow structure as an unstratified wake when Fr > 2.25 for

sufficiently high Reynolds number. This result is shown most convincingly by the

virtually identical power spectra of vertical velocity for Fr = 2.25 and Fr = ∞
(unstratified case) in Chomaz et al. (1993). The lee waves which dominate flow

at Fr < 1 and which remain significant until Fr ≈ 2 become insignificant at

higher Fr, Chomaz et al. (1993). However, Lofquist & Purtell (1984) found that

the addition of stratification decreased the drag coefficient CD for Fr > 1 due

to suppression of turbulence in the immediate wake of the sphere; the magnitude

of the decrease diminished with increasing Fr over the extent of Fr considered,

Fr ≤ 5. Lin et al. (1992b) also note that the streamwise length immediately

behind the sphere over which vertical velocity fluctuations are significant increases
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as Fr1/3 for Fr > 2.

NEQ regime / collapse

In the NEQ regime stratification effects become significant causing the wake

to collapse in the vertical direction. This vertical collapse is accompanied by

internal wave radiation, re-arrangement of the velocity, density and vorticity fields,

and begins a period where the decay rate of the defect velocity is reduced. This is

the least well understood of the three main flow regimes of Spedding (1997) due to

significant non-linear effects and the coupling of the kinetic and potential energy

through buoyancy. As noted by Diamessis et al. (2010), neither the mechanism

for the transition of the unstratified disordered near wake vorticity field to the

well ordered late wake vorticity field nor the mechanism for the generation of

internal waves by intense local patches of turbulence are well understood. These

two processes are of vital importance for a complete understanding, and hence

predictability, of wake dynamics.

Both Chomaz et al. (1993) and Lin et al. (1992b) note that the onset of

buoyancy effects corresponds to a reduction in height of the large scale spiral struc-

tures of the near wake. Lin et al. (1993) found two flow regimes based on Re and

Fr within the originally proposed fully turbulent regime of Lin et al. (1992a),

with high Re, Fr corresponding to a large-scale coherent structure regime (Ts)

and intermediate Re, Fr corresponding to a small-scale structure regime (T ). The

boundary between the two regimes was found to depend on both the Reynolds

number and the Froude number. In the Ts regime, dominant internal waves were

found to be generated by the large scale coherent structure. The large coherent

structures are characterized by large-amplitude oscillations which occur before the

wake height reaches its maximum. After reaching their maximum value, these spi-

ral structures collapse over 2 < Nt < 8, this timeframe is similar to that proposed

for the AC by Bonnier & Eiff (2002) where the defect velocity was observed to ac-

tually increase. In the T regime, the spiral structures were not observed and short,

small amplitude waves were generated. Bonneton et al. (1993) did not perform ex-

periments at large enough Fr to compare with the two regime designation of Lin
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et al. (1993) however they do observe the large scale spiral structures. It is worth

noting that there is a lack of complete agreement among the experiments of Lin

and co-workers, Lin et al. (1992a,b, 1993), Chomaz and co-workers, Chomaz et al.

(1993); Bonneton et al. (1993); Hopfinger et al. (1991), and other experiments.

In their extension to Lin et al. (1992a), Lin et al. (1992b) found that visual

inspection of the wake height showed an initial growth in both the horizontal and

vertical directions followed by a reduction of the wake height to approximately

the diameter of the sphere and an increase in the horizontal spreading rate from

Nt1/3 to Nt1/2 as a result of the collapse. Other investigators also reported a

constant wake height, Spedding (2002), although with a different value, and that

the wake width scaling rate remains Nt1/3, Spedding et al. (1996a); Spedding

(1997). Horizontal meanders in the wake structure became evident at Nt ≈ 10

and then quasi-2D vortex structure appeared at Nt ≈ 20, Lin et al. (1992b). Lin

et al. (1992b) present scaling laws for a number of near wake statistics including

wake width, wake height, the horizontal extent of the turbulent core, time to

maximum wake height, and Strouhal number.

Throughout the NEQ, the wake retains a Gaussian shape with increasing

aspect ratio due to the continued expansion of the wake in the horizontal direc-

tion. While Ozmidov length arguments arguments appear physically appropriate,

Spedding (2001) found that they do not correctly predict the Froude number de-

pendence of the wake height or width. As a result of the collapse, the vertical

component of velocity fluctuations decays until it is far smaller in magnitude than

the horizontal and streamwise components. The reduction in strength of the ver-

tical fluctuations also coincides with re-stratification of the density field from a

well-mixed field in the near wake to a strongly stratified field at late wake, Bonnier

et al. (2000). Internal waves are also radiated and can act as a significant sink of

turbulent kinetic energy, Brucker & Sarkar (2010).

A number of experiments, Lin et al. (1992b, 1993); Spedding (2001), ob-

served the evolution of turbulent motion into vertically thin streaks due to strat-

ification and associated two-dimensional horizontal motions inside the core of the

wake. Pronounced internal wave motions occurred at the top and bottom of the
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wake next to the thin horizontal layers, Lin et al. (1992b, 1993); Spedding (2001).

Spedding (2001) reported that the thin shear layers in the wake core were every-

where stable to overturning although the high Re LES of Diamessis et al. (2011)

did observe significant overturning in the NEQ regime due to a secondary KH in-

stability. The dependence of the vertical structure of the wake core on the mean

wake defect was found to be a strong function of Fr, Spedding (2001).

Late wake

In the late wake, flow is almost entirely horizontal with negligible vertical

fluctuations and with small local Froude number which means that the flow can

be described as strongly stratified as discussed by Riley & Lelong (2000). Above

a minimum Reynolds number, well organized, coherent, vortical structures with

large horizontal extent compared to vertical extent are present in a periodic, stag-

gered, and counter-rotating arrangement. The commonly used term to describe

such vortical structures, ‘pancake eddies’, is a misnomer as they retain signifi-

cant vertical structure, Bonnier et al. (1998, 2000); Spedding (2002). Spedding

et al. (1996a) found that Re > 5, 000 was a necessary condition for stable, co-

herent vortices to appear in the late wake with higher Reynolds number resulting

in the formation of more regular-shaped vortices. In comparing LES simulations

at Re = 10, 000 and Re = 100, 000, Dommermuth et al. (2002) note that while

the wake has finer structure at higher Re and evolves differently due to reduced

low Re effects, the far-field result is similar. However, the later higher-resolution

simulations of Brucker & Sarkar (2010) and Diamessis et al. (2011) show that, at

high Re, the NEQ regime with significant three-dimensional small scale activity

persists substantially longer.

Depending on the Froude number and experimental conditions, the pancake

eddies exist in either a single layer or multiple layers. Chomaz et al. (1993a)

observe a multilayer structure in the vertical direction when Fr >≈ 2.25; note

that 2.25 is suggested as an approximate value chosen since the wake changes into

the 3D regime when Fr > 2.25 in Chomaz et al. (1993), single layer behavior

was observed in experiments, Bonnier et al. (2000), and numerical simulations,
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Gourlay et al. (2001), at Fr > 2.25. Models for the vertical topology of the vortices

have been proposed by Spedding et al. (1996a) based on a closely coupled series of

interconnected vortex patches offset from their neighbors in an arrangement similar

to a necklace and by Gourlay et al. (2001) based on vortex loop geometry with

viscous diffusion smoothing the initially disordered loops into smooth rings which

are organized by the mean velocity and buoyancy into an organized structure.

Pancake vortices have approximately Gaussian cross-sections at the vertical

centerline, Spedding et al. (1996a), and the streamwise distance between them,

Std = λx/D where λx is the streamwise distance between like-signed vortices, scales

with Std ∼ Nt−1/3 according to Spedding (2002a). However, Lin et al. (1992b)

found that Std was approximately constant and equal to the value corresponding

to the near wake shedding frequency (Std ≈ 0.18) in the late wake independent

of Fr, although they do not provide the Nt where their measurements were made

and they note that the distribution of vortices is sensitive to secondary background

motions in their towing tank. Spedding (2002a) notes that Std is a surprisingly

simple yet effective statistic whose time evolution contains a significant amount of

wake physics including the most significant dynamics in the wake evolution and

vortex pairing, and collapses data across a wide range of Fr. Spedding (2001)

observed significant vertical variability in vorticity structures. Thin swept back

shear layers postulated to be at the outer boundaries of coherent vortices were

observed with small local vertical and horizontal Froude numbers. Despite the

presence of intense shear, overturning was not observed although the high Re LES

of Diamessis et al. (2011) did observe significant overturning in the NEQ regime

due to a secondary KH instability. Bonnier et al. (2000) find that the density field

for a turbulent wake evolves from an early well mixed field to a re-stratified late

wake where the re-stratification during the NEQ results in a stronger stratification

in the vortex cores than in the ambient background due to pinching of isopycnals.

They confirm the model for the density field in a vortex proposed by Bonnier et al.

(1998) where the quasi-stationary behavior observed for individual vortices in the

late wake results from a balance between the centrifugal force and pressure and

density.
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There are two potential sources responsible for the creation of the late

wake structures: (i) instabilities in the near wake and (ii) an inherent wake profile

instability. While the first explanation was originally favored by Chomaz et al.

(1993) and Spedding (1997), it was shown to be unnecessary for the formation

of the late wake structures as shown numerically by Gourlay et al. (2001) and

Dommermuth et al. (2002) and experimentally by Bonnier et al. (2000). Using

DNS, Gourlay et al. (2001) showed that the mean wake profile with superposed

random velocity fluctuations is sufficient to generate pancake eddies in the late

wake. Dommermuth et al. (2002) performed similar simulations to Gourlay et al.

(2001) with a highly resolved LES model and found that appropriate turbulent

initial conditions are important for accurately simulating the near and intermediate

wake but unnecessary for capturing far wake behavior. Experimentally, Bonnier

et al. (2000) find that despite gross differences in the near wake behavior, the late

wake density structure is identical for both laminar and turbulent wakes. This

leads them to conclude that the late structure is independent of initial conditions.

Despite the observed formation of late wake structures due to (ii) in the absence

of (i), it is not necessarily true that (i) plays no role in the vorticity dynamics and

late wake structure, Spedding (2002a). Motivated by this open question regarding

pancake eddies, Pal et al. ((accepted) performed simulations of a turbulent patch

without mean shear finding that pancake structures with horizontal eddying motion

form, albeit with less organization relative to a towed wake.

Internal gravity waves

In this section we briefly describe the relationship between internal gravity

waves and the stably stratified turbulent wake. For a more detailed review, see

the introduction of Abdilghanie & Diamessis (2013).

Internal gravity waves are generated at the body, during the wake collapse,

in the near wake recirculating region and from random turbulent motions, Bon-

neton et al. (1993). Significant internal gravity wave activity is generated during

the initial collapse and persists through the NEQ regime. At Re = 50, 000, Brucker

& Sarkar (2010) found that internal waves were the dominant sink of turbulent
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kinetic energy during 25 < Nt < 75. In follow up studies to Lin et al. (1992a),

Lin et al. (1992b) and Chomaz et al. (1993); Hopfinger et al. (1991), Lin et al.

(1993) and Bonneton et al. (1993) analyzed the internal waves produced by the

turbulent wake behind a sphere. Major results from these studies include: (i) The

lee waves which dominate at low Fr are insignificant for Fr > 2, (ii) the random

waves scale with the coherent structures from the near wake, (iii) random waves

are continually emitted until the Q2D regime (iv) random waves emitted by the

wake are constrained to lie within a conical wedge of fixed angle.

In addition to these results, Lin et al. (1993) found two flow regimes based

on Re and Fr within the originally proposed fully turbulent regime of Lin et al.

(1992a), with high Re, Fr corresponding to a large-scale coherent structure regime

(Ts) and intermediate Re, Fr corresponding to a small-scale structure regime (T ).

In the Ts regime, dominant internal waves were found to be generated by the large

scale coherent structures, the wavelength of the emitted waves scaled with the

streamwise length of the structures, and the maximum amplitude of the internal

waves was found to be below the maximum height of the turbulent wake which is

a function of Fr. In the T regime, the internal wave field was characterized by

short, small amplitude waves. Bonneton et al. (1993) did not perform experiments

at large enough Fr to compare with the two regime designation of Lin et al. (1993).

The internal waves generated by a turbulent wake were investigated nu-

merically by Brucker & Sarkar (2010); Diamessis et al. (2010); de Stadler et al.

(2010); de Stadler & Sarkar (2012). These studies have sought to quantify the en-

ergy carried by internal waves, Brucker & Sarkar (2010); de Stadler et al. (2010);

de Stadler & Sarkar (2012), and investigate the structure of the internal waves,

Diamessis et al. (2010). de Stadler et al. (2010) showed that the Prandtl number

impacts the density fluctuations and transfer of energy due to internal waves with

differences at low Pr more pronounced than those at higher Pr.

The recent study of Abdilghanie & Diamessis (2013) investigates the inter-

nal wave field generated by a stratified turbulent wake over a range of Reynolds

and Froude numbers, Re = [5 × 103, 105] and Fr = [2, 32]. They found a strong

Reynolds number dependence on the length of time at which internal wave ra-
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diation is significant with higher Reynolds number wakes exhibiting much longer

radiation times. The low Reynolds number cases exhibited viscously dominated

internal gravity wave emmission with waves being radiated at an angle associated

with minimum viscous decay. In this case the waves have a negligible effect on

the mean flow. Higher Reynolds number cases showed modified horizontal wave-

lengths, modified phase-line tilt angles with respect to the vertical, a broader wave

cone, and a significant amount of wave drag on the mean wake flow.

Wake scaling

Geophysical and naval applications of turbulent wakes occur at Reynolds

numbers orders of magnitude larger than those considered in numerical simula-

tions and experiments, however the Froude number is accessible experimentally. A

major effort of wake studies has been to obtain general scaling laws to extrapolate

wake behavior to large Re and Fr. This has primarily been done empirically and

while many scaling relationships have been obtained for the defect velocity, wake

width, wake height, turbulence intensities, vorticity magnitude, etc., these empir-

ically obtained results often lack a complete theoretical framework and different

experiments have obtained different exponents, and even qualitatively different

behavior, for comparable cases, Meunier et al. (2006).

While a wake may begin with an initially large Froude number, as the wake

evolves the velocity scale decreases and the horizontal scale increases which results

in a rapid decrease of the local Froude number leading to a small local Froude num-

ber within the first few buoyancy periods, Riley & Lelong (2000), which means that

the intermediate to late time flow will be dominated by buoyancy effects. As the

intermediate to late wake is characterized as a strongly stratified flow, indepen-

dent of initial Fr, the presence of similar scaling between cases with differing Fr

was proposed by Spedding (1997). The best known and widely accepted scaling

laws are for the towed wake width, R2, and wake defect velocity, U0. In the near

wake, and at sufficiently high Fr, R2 has been found to scale as (Nt)1/3 and U0 as

(Nt)−2/3, values that are consistent with the power laws in unstratified wakes, Ten-

nekes & Lumley (1972). The decay rate of the defect velocity is markedly reduced
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during the NEQ regime, Spedding (2002) obtained a scaling law of approximately

(Nt)−0.25±0.04 for the scaling of U0 in the NEQ regime, before increasing in the late

wake to (Nt)−0.76±12 for the quasi-two-dimensional regime.

In general, classical similarity theory is not appropriate due to the presence

of stratification although with appropriate assumptions, similarity assumptions can

be derived, Meunier et al. (2006); Troitskaya et al. (2006). Stratification poses diffi-

culty for similarity analysis due to the lack of radial symmetry, presence of internal

waves, and complex coupling between kinetic and potential energy. Nevertheless

Meunier et al. (2006) used the self-preservation hypothesis assuming a Gaussian

shape of the mean velocity to derive scaling laws for the defect velocity and wake

dimensions that agreed well with prior experimental data. Another model was pro-

posed for intermediate times, Nt < 50, by Troitskaya et al. (2006) who modeled

high Re, high Fr wakes as a quasi 2-D turbulent jet flow governed by the transfer

of momentum from the mean flow to a growing quasi-2D hydrodynamic instability

mode.



Chapter 3

Background material: Numerics

3.1 Models for simulating turbulent wakes

Historically, two very different approaches have been taken to simulate tur-

bulent wakes. The first approach includes the body in the domain and performs

a spatially evolving simulation. The second approach uses the temporal approxi-

mation to relate temporally evolving data to the spatially evolving wake behind a

body. Both cases are illustrated in Figure 3.1.

(a)

U

(b)

Figure 3.1: (a) Spatially evolving simulation framework. (b) Temporally evolv-

ing simulation framework. Simulations are performed in the bottom

domain. The image in (b) is taken from Brucker (2009).

The cost of simulating flow past a body is extremely expensive. A large

27
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computational domain with boundaries far from the sphere is required to avoid

blockage effects. High resolution is required to capture the small scales on the

laminar boundary and in the separated shear layer. The fine spatial resolution

requires fine temporal resolution for numerical stability. The combination of a

large computational domain with fine spatial and temporal resolution requirements

translates into a large number of grid points and a very small timestep. This results

in a very expensive calculation in terms of computer memory, computer processing

power and runtime.

As a result of the high cost of simulating flow past a body, previous simu-

lations have been limited to low Re and a small domain, often extending on the

order of 10 body diameters past the body, even for simulations using a turbulence

model. Such an approach has been taken using DNS by Hanazaki (1988) and

Lee & Yang (2004) for stratified flow at Re = 200 and Gushchin & Matyushin

(2006) for up to Re = 1, 000 and Matyushin & Gushchin (2010) for stratified flow

at up to Re = 500. Note that Matyushin & Gushchin (2010) almost exclusively

covers cases with Re = 100 and Gushchin & Matyushin (2006) presents limited

data at Re = 500, 750, 1000 with Fr < 1. Neither Matyushin & Gushchin (2010)

nor Gushchin & Matyushin (2006) provide sufficient detail for appraisal of their

technique, they are mentioned here to give an estimate of the state of the art for

DNS in terms of Re for this approach. The state of the art for unstratified flow

past a sphere is the DNS at Re = 10, 000 by Rodriguez et al. (2013); the state of

the art for flow past a bluff body is the DNS at Re = 1.1 × 105 by Smith et al.

(2010) for flow past a golf ball.

Recently, Pasquetti (2011) used LES to perform the first high Re, high Fr

spatially-evolving simulation of flow past a sphere at Re = 10, 000, F r = 25, P r =

7. The emphasis of this study was to generate improved initial conditions to ini-

tialize a simulation employing the temporal approximation. The spatially evolving

wake received little attention in contrast to the present study. In terms of the

buoyancy timescale, the computational domain was short for Pasquetti (2011).

The wake was still in the near wake region, before density effects begin to become

significant, at the outflow of the spatial domain. Similar to other temporal model
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simulations (Dommermuth et al. (2002); Brucker & Sarkar (2010); Diamessis et al.

(2011), the simulations of Pasquetti (2011) also reveal near-wake, NEQ and Q2D

regimes with the peak deficit velocity exhibiting scaling laws with exponents sim-

ilar to experimental data, Spedding (2002).

The temporal approximation dates back to Orszag & Pao (1974) and in-

volves advancing a section of the flow forward in time with the assumption that

variation in the streamwise direction is much less than the variation in the vertical

and horizontal directions. The flow is taken to be periodic in the streamwise direc-

tion and temporal statistics are related to spatial statistics by the relation x = Ut.

The advantage of the temporal approximation is that it can be used to simulate the

wake to very late time with simulations proceeding as far as t ≈ 1× 105, Gourlay

et al. (2001). The primary disadvantage of the temporal approximation is that

there is not sufficiently detailed experimental data to initialize the simulations so

ad-hoc methods must be used together with mean velocity profiles and root mean

square profiles of the turbulent kinetic energy. As the wake is essentially an initial

condition problem with very little shear production of turbulence, the uncertainties

in the initial conditions for the temporal approximation translate into uncertainty

in the simulation results. For stratified wakes, the temporal approximation has

been used by Gourlay et al. (2001); Dommermuth et al. (2002); Rottman et al.

(2003); Brucker & Sarkar (2010); de Stadler et al. (2010); Diamessis et al. (2011);

de Stadler & Sarkar (2012, 2011a); Abdilghanie & Diamessis (2013) to perform

DNS with Re up to 50,000 by Brucker & Sarkar (2010), and high resolution LES

up to 100,000 by Diamessis et al. (2011) and Abdilghanie & Diamessis (2013).

3.2 Complex geometries and the immersed

boundary method

There are a number of techniques available for simulating flows with com-

plex geometries. For relatively simple geometries, such as a sphere or ellipsoid, one

is able to use body-fitted orthogonal coordinates. For more complex geometries,

one is able to use overlapping grids, body-fitted non-orthogonal grids, unstructured



30

grid methods, or immersed boundary methods. There are advantages and disad-

vantages to each method, for example body-fitted non-orthogonal grids suffer from

requiring the use of Jacobian operators which increases complexity and increases

the computational cost. Chapter 8 of Ferziger & Peric (1996) describes the various

approaches available for simulating flows with complex geometries. As we employ

the immersed boundary method in this dissertation, in this section we will cover

that technique.

The immersed boundary method (IB method) is a technique to introduce

objects with complex geometries into simple Cartesian grids where the boundaries

of the object do not correspond to the boundaries of the computational grid, i.e.

Figure 3.2(a). As with most computational methods, there are advantages and

(a) (b)

Figure 3.2: (a) Illustration of the immersed boundary method for a body that

does not conform to the grid. Image from Fig 2 of Balaras (2004).

(b) One possible arrangement of image points (IP) and ghost cells

(GC) to enforce a sharp interface at the boundary. Image from Fig

5 of Mittal et al. (2008).

disadvantages to such an approach. Disadvantages include the requirement to

modify the governing equations in the immersed boundary regions to incorporate

the boundary conditions which impacts the accuracy and conservation properties

of the numerical scheme as well as the requirement of increased number of grid

points to resolve thin boundary layers. While the use of a Cartesian grid increases

the number of grid points required compared to a body-conforming grid, Mittal &

Iaccarino (2005) state that the ratio of grid points required near a 3D body for a
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Cartesian grid compared to a body-conforming grid scales as Re1.5, the IB method

has the advantage that grid generation is comparatively simple, computational cost

per grid point operation is reduced and powerful computational techniques such

as multigrid methods and line-iterative techniques can be used, Mittal & Iaccarino

(2005). Since its conception, the IB method and its derivatives have been used in

a wide variety of applications ranging from cardiovascular fluid dynamics to fluid-

structure interaction to flow past solid bodies. A general review of the method for

flow past solid bodies is given in Mittal & Iaccarino (2005), a brief outline of the

method follows.

The IB method uses a forcing term in the Navier-Stokes equations to enforce

boundary conditions at locations not coincident with the grid boundaries. This

forcing can be applied to the governing equation before discretization (continuous

forcing) or after discretization (discrete forcing), Mittal & Iaccarino (2005). For

flow past solid bodies with sharp interfaces, such as a thin boundary layer at the

surface of the body, discrete forcing is required. For the discrete forcing approach

one is able to either impose the boundary conditions directly on the IB or indirectly.

For high Re flows with marginal resolution it is challenging to resolve the boundary

layers on surfaces which are not aligned with the grid boundaries and care must

be taken to ensure local accuracy of the computed flow solution near the IB. To

ensure local accuracy, the computational stencil near the boundary is modified such

that the desired boundary conditions are applied directly on the IB. This is often

accomplished with ’ghost cells’, nodes in the solid region with at least one neighbor

in the fluid region, Mittal & Iaccarino (2005), or projection points, additional

points located inside the fluid region but not at a grid point, Figure 3.2(b). At

each ghost cell or projection point a coupled interpolation scheme is formulated

to implicitly enforce the boundary conditions on the immersed boundary. The

resulting equation for the interpolation points is then solved simultaneously with

the Navier-Stokes equations for the flow in the fluid region to obtain the flow

solution. The details of where and how one places additional points to enforce

the boundary conditions is the primary factor distinguishing different immersed

boundary schemes.
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Immersed boundary methods have been used successfully for turbulent flow

past bluff bodies with Campregher et al. (2009) performing DNS of flow past a

sphere at Re = 1, 000, Yun et al. (2006) performing LES of flow past a sphere at

up to Re = 10, 000, El Khoury et al. (2010) performing underresolved DNS of flow

past a prolate spheroid at Re = 10, 000, and Smith et al. (2010) performing DNS

past a golf ball at Re = 25, 000. In their simulations, Campregher et al. (2009)

extended to 3D the Virtual Physical Model of Lima E Silva et al. (2003) which

indirectly imposes the no-slip condition by directly calculating the forcing required

at the boundary using the momentum equation applied to Lagrangian points on the

boundary. Yun et al. (2006) used the IB method of Kim et al. (2001) which employs

forcing in both the mass and momentum equations and a second order linear or

bilinear interpolation scheme. El Khoury et al. (2010) employ the IB method

of Peller et al. (2006) who found that least squares interpolation is preferable

to Lagrange interpolation due to improved stability and accuracy characteristics.

Smith et al. (2010) used a method based on Balaras (2004) and Balaras & Yang

(2005) where the solution is reconstructed using linear interpolation along a gridline

instead of a line normal to the body due to the complexity of the golf ball geometry.

Roman et al. (2009) modified the semi-implicit implementation of Balaras

(2004) by introducing a simplified single step procedure for time advancement

which does not require the inversion of a large sparse matrix, Balaras (2004), nor

an explicit-implicit two step procedure, Kim et al. (2001). Another noteworthy

approach is that of Mittal et al. (2008) who use a combination of ghost points inside

the solid and image points outside the solid to enforce their boundary conditions

at a sharp interface. A method similar to the immersed boundary method has

been used by Pasquetti (2011) to perform LES of stratified flow past a sphere at

Re = 10, 000. Pasquetti (2011) used the pseudo-penalization method detailed in

Pasquetti et al. (2008) which solves the Navier-Stokes equation outside of the body

but penalized Steady stokes equations inside the body with interface boundary

conditions to connect the two regions.
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Numerical Formulation

In this chapter we discuss the simulation methodology used in the present

dissertation. We begin with the governing equations which apply to all problems

considered. The numerical formulation is divided into two sections with one sec-

tion corresponding to the chapters using the temporal approximation, Chapters 5

and 6, and the other section covering chapters using the spatially-evolving model,

Chapters 7 and 8. The material in this chapter is relatively general, the exact

details of the method used for each study is provided in the associated chapter.

4.1 Governing equations

The governing equations for this dissertation are the unsteady incompress-

ible Boussinesq form of the Navier-Stokes equations.

Mass

∂uk
∂xk

= 0 (4.1)

Momentum

∂ui
∂t

+
∂ (ukui)

∂xk
= − ∂p

∂xi
+

1

Re

∂2ui
∂xk∂xk

− 1

Fr2
ρ′δi3 (4.2)

Density

∂ρ

∂t
+
∂ (ukρ)

∂xk
=

1

RePr

∂2ρ

∂xk∂xk
(4.3)
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Where Re = UD/ν is the Reynolds number with U characteristic velocity, D diam-

eter, ν the kinematic viscosity, Pr = ν/κ is the Prandtl number with κ the thermal

diffusivity, Fr = U/N∗D is the Froude number with N∗ the dimensional buoyancy

frequency where N∗2 = (−g/ρ0)(∂ρ∗/∂x3)bg , δij is the Kronecker delta, p is the

deviation from hydrostatic pressure and ρ′(x1, x2, x3, t) = ρ(x1, x2, x3, t)−ρ(x3, t =

t0). Note that ∗ is used to represent a dimensional quantity. Equations (4.1)-(4.3)

are shown in non-dimensional form. They have been non-dimensionalized using

t =
t∗U

D
, xi =

x∗i
D
, ui =

u∗i
U
, ρ =

ρ∗

∂ρ
∂x3

∣∣∣
bg
D
, p =

p̃∗

ρ0U2
, (4.4)

where ρ0 is a reference density and ∂ρ/∂x3|bg is the background density gradient.

The 1/Fr2 term in equation (4.2) only appears if there is a constant density vari-

ation, more generally one obtains a term of the form g∆ρD/ρ0U
2. All variables to

follow are non-dimensional unless otherwise noted.

4.2 Numerical methodology: temporal simula-

tions

The numerical formulation of this section has been used by a number of

researchers working in professor Sarkar’s research group. A detailed description of

the method is presented in Brucker (2009). Validation of the numerical implemen-

tation for stratified wakes is provided in Brucker & Sarkar (2010), see Figures 6-8.

A short description is included here for completeness.

4.2.1 Model

The problem being examined is the wake behind a bluff body in a stratified

fluid. The body is taken to be a rigid sphere of diameter D which is moving at a

constant speed of U . Due to the high cost of simulating the far wake in a spatially

evolving frame, the similar problem in a temporally evolving frame is simulated.

In this frame, the streamwise direction is periodic and all statistics are therefore

functions of (x2, x3, t). The problem setup for simulations using the temporal
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approximation is shown schematically in Figure 4.1. Statistics in the temporally

Figure 4.1: Problem Definition. Note that simulations are performed in the tem-

porally evolving frame shown at the bottom.

evolving frame can be related to a spatially evolving frame by the relationship

x = x0 + Ut, where x0 is a reference distance behind the body corresponding to

the initial conditions of the temporal simulation, x is the distance behind the body

in the streamwise direction and t is the elapsed time in the temporally evolving

simulation.

Direct numerical simulation is used to solve the incompressible Boussinesq

form of the Navier-Stokes Equations, Equations (4.1)-(4.3). No turbulence model

is used and all relevant spatial and temporal lengthscales are resolved.

4.2.2 Numerical implementation

For the spatial discretization, a finite volume formulations is employed. A

staggered grid arrangement is used where the velocities are stored at cell faces and

the pressure and density are stored at the cell centers. Second order centered finite

differences are used for spatial derivatives. The advective terms are treated in con-

servative form as shown in Equation (4.2). Time advancement is performed using
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the explicit, low-storage third order Runge-Kutta (RK3) scheme of Williamson

(1980). A pressure-correction algorithm is used where the velocities are updated

from an initially divergence free field to an intermediate field which is not diver-

gence free. To maintain a divergence free flow-field, a Poisson pressure equation is

obtained by taking the divergence of Equation (4.2). A parallel geometric multi-

grid solver is used to solve the Poisson pressure equation. The velocities are then

made divergence free by adding the correction in the pressure gradient term.

The implementation of the numerical scheme is written in Fortran 90. Par-

allelization is accomplished using Message Passing Interface (MPI). A detailed

description of the geometric multigrid solver is given in Appendix B. Pseudocode

for the implementation of the explicit RK3 algorithm is given in Appendix A.1.

4.2.3 Boundary conditions

For temporal simulations of turbulent wakes, the streamwise direction, x1

is by definition periodic. A combination of Neumann and Dirichlet conditions

are applied at the x2 and x3 boundaries to represent the undisturbed background

conditions far away from the wake. The exact form of the boundary conditions

applied is :

∂ui (±L2,3)

∂xj
= 0,

∂p (±L2)

∂x2
= 0, p (±L3) = 0, (4.5)

∂ρ (±L2)

∂x2
= 0,

∂ρ (±L3)

∂x3
=

∂ρ

∂x3

∣∣∣
bg

where i = 1, 2, 3, j = 2, 3 and |bg indicates a background value.

For stratified simulations a sponge region is required to allow waves and

intrusions from the wake into the background to exit the domain without reflection.

A sponge region is required at the horizontal and vertical boundaries. The sponge

takes the form of a Rayleigh damping function with the strength of the sponge

increasing quadratically from zero at the boundary of the computational domain

to a fixed strength at the domain boundary, Ai. The sponge acts to slowly damp

variations down to the background value at the edge of the domain. The terms

φ(xi)[uj(xi, t)− Ubg], φ(xi)[ρ(xi, t)− ρ|bg], (4.6)



37

are added to the right hand side of equations 4.2 and 4.3 respectively, where

j = 1, 2, 3, Ubg and ρbg are the background mean velocity and density.

4.2.4 Initial conditions

Exact initial conditions are generally not available. The numerical method

requires full three-dimensional velocity, density and pressure fields. Typically ex-

perimental data contains mean velocity profiles and turbulent intensity profiles.

The complete details on the initial conditions used in Chapters 5 and 6 are pro-

vided in the respective chapters.

The general approach used in the studies contained in this dissertation

is to assume a canonical profile for the mean velocity and turbulence intensity

fields. The values for the mean and fluctuating fields are set based on available

experimental and numerical data. The initial fluctuations are generated using a

method similar to Rogallo (1981) where a triply-periodic box of divergence free

velocity fluctuations is formed with a prescribed spectrum. The fluctuations are

then cropped to the appropriate wake region. At this time the velocity fluctuations

are not properly correlated to the mean flow field. An adjustment procedure is

employed where the mean velocity field is held constant and the flow advances

following the unstratified Navier-Stokes equations in the temporal frame. The

adjustment procedure terminates once the maximum value of the radially averaged

shear stress correlation −〈u′1u′r〉 /K ≈ 0.25, where K = 〈u′iu′i〉 /2. This conditions

is consistent with fully developed turbulent shear flow, Pope (2000). Initially

density fluctuations are set to zero and gravity is gradually ramped up from zero

to its full value over the first two time units.

4.2.5 Computational domain

In the streamwise direction uniform grid spacing is used as the flow is peri-

odic. In the cross-stream direction, grid stretching is used to concentrate resolution

near the wake center and reduce the computational cost. A typical x2 − x3 grid is

illustrated in Figure 4.2. A uniform grid is applied in the wake core. Away from
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Cross−section of the Computational Domain
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Figure 4.2: A representative cross section of the computational domain at a

fixed streamwise location illustrating the grid layout (image from

de Stadler et al. (2010)). Section 1 is the region with constant grid

spacing. The buffer region is denoted 2. Section 3 is the region with

constant grid stretching. The outermost section is the sponge region.

the core, stretching is applied with a constant rate of stretching, ∆xi/∆xi−1 = pc

where pc− 1 is the rate of stretching, i.e. pc = 1.05 corresponds to 5% stretching.

To ensure a smooth transition between the uniform grid region and the stretched

region, a hyperbolic tangent based blending function is applied in a buffer region.

At the boundaries of the domain, a sponge region is applied as described earlier.

4.3 Numerical methodology: spatially-evolving

simulations

4.3.1 Model

We are interested in studying the turbulent wake behind a bluff body in

a density stratified fluid. A number of shapes can be taken for the body with a

sphere being the simplest possible 3D geometry. Here we consider the case of a
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sphere of diameter D moving horizontally at constant speed U in a fluid with a

stable density stratification. We perform the simulations in a frame moving with

the mean velocity of the body. Our formulation is the numerical equivalent of flow

past a body in a wind tunnel. A schematic of the computational domain is shown

in Figure 4.3.

U

D

g

<ρ> x
1

x
3

Figure 4.3: Problem formulation. The body is stationary in the computational

domain and fluid flows from left to right with initial velocity U . A

linearly stratified background density gradient is shown, any stable

stratification is permissible. Note that the actual simulations are

performed in three dimensions (x2 is positive into the image).

4.3.2 Numerical model

Two options are available for solving the incompressible Boussinesq form

of the Navier-Stokes equations in the spatially-evolving model: Direct Numerical

Simulation (DNS) and Large Eddy Simulation (LES). For DNS, equations (4.1)-

(4.3) are discretized and solved as written in equations (4.1)-(4.3). All temporal

and spatial lengthscales must be resolved.

For LES we solve for the large scales and model the small scales. Instead

of solving the Navier-Stokes equations directly, we filter equations (4.1)-(4.3) and

solve the filtered equations. By choosing our computational grid and an appro-

priate filter size, we set the cutoff between the energy containing scales that are

resolved and those that need to be modeled. In LES, we lose the model free nature

of DNS but LES is far preferable to Reynolds Averaged Navier-Stokes methods

which solve for the mean flow. We defer discussion of LES to subsection 4.3.6.
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4.3.3 Numerical scheme

In this subsection we present a summary of the basic numerical scheme

employed. Modifications to the basic scheme are given in the following subsections.

The initial formulation and serial implementation of the RK3-ADI scheme was

done by Narsimha Rapaka for DNS, a current student of Professor Sutanu Sarkar.

Narsimha Rapaka was also responsible for the initial serial implementation of the

immersed boundary method with the RK3-ADI code. The dissertation author

parallelized and optimized the basic scheme and made the modifications described

in this chapter.

The basic scheme is identical for LES and DNS except where explicitly

noted. A finite volume formulation is employed with flow variables stored at the cell

centers. As with the explicit RK3 method, second order centered finite differences

are chosen for spatial derivatives with the exception of the advective term where

special treatment is required (see subsection 4.3.5 on upwinding).

Time advancement is performed with an RK3 method to advance explicit

terms and an Alternating Direction Implicit (ADI) method with a pressure-correct-

ion algorithm to advance the implicit terms; this scheme will be referred to as the

‘mixed RK3-ADI scheme’ from here on. The mixed RK3-ADI scheme uses a col-

located grid arrangement and is compatible with the immersed boundary method.

The method is a combination of the explicit RK3 algorithm of Williamson (1980),

the unconditionally stable and second order accurate ADI algorithm of Douglas

(1962), and the pressure-correction algorithms of Zang et al. (1994) and Rhie &

Chow (1983). This formulation is suited to flow with boundaries, such as having

a sphere in the computational domain, and spatially evolving flows. By treat-

ing the viscous terms implicitly, the paralyzingly small timestep restriction that

occurs from fine grid spacing near boundaries for an explicit method is avoided.

The downside of using a semi-implicit method is that implicit methods are inher-

ently data-dependent and therefore do not scale well with problem size, especially

for a parallel computation, compared to an explicit method. Additionally, as a

collocated grid arrangement is employed, more memory is required to store the

contravariant velocity terms necessary to prevent decoupling of the pressure and
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velocity fields.

Mixed RK3-ADI scheme: time advancement

The following material summarizes an algorithm description written by Nar-

simha Rapaka, a student of Professor Sutanu Sarkar. For complete details of the

pressure correction scheme and RK3-ADI scheme, see the original algorithm de-

scription in Appendices C and D, respectively. Pseudocode for the implementation

of the mixed RK3-ADI algorithm is given in Appendix A.2.

The mixed RK3-ADI scheme separates the advancement of the momentum

and density equations into explicit and implicit components. For the momentum

equation we may discretize and rewrite equation (4.2) as

∂ui
∂t

= E(ui) + I(ui) (4.7)

E = −δukui
δxk

− ρ′δi3
Fr2

(4.8)

I = − δp

δxi
+

1

Re

δ2ui
δxkδxk

(4.9)

where E represents the explicit component of the equation, and I represents the

implicit component. Temporal integration of the velocity at a given time, uni , to

the velocity at a later time, un+1
i , is performed using three sub-steps:

q1 = C1
1q

0 + ∆tE (uni , ρ
′n) = ∆tE (uni , ρ

′n) (4.10)

u1i = uni + C1
2q

1 + C1
3∆tI(u1i , p

1) (4.11)

q2 = C2
1q

1 + ∆tE
(
u1i , ρ

′1) (4.12)

u2i = u1i + C2
2q

2 + C2
3∆tI(u2i , p

2) (4.13)

q3 = C3
1q

2 + ∆tE
(
u2i , ρ

′2) (4.14)

un+1
i = u2i + C3

2q
3 + C3

3∆tI(un+1
i , pn+1), (4.15)

where ∆t is the timestep and the coefficients Cm
1 , C

m
2 , C

m
3 are given for each substep

in Table 4.1. C1 and C2 are coefficients for the Runge-Kutta substeps and C3 is

a coefficient corresponds to the time percentage of the RK substep advancement
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Table 4.1: Coefficients of mixed RK3-ADI scheme.

step, m C1 C2 C3

1 0 1/3 1/3

2 -5/9 15/16 5/12

3 -153/128 8/15 1/4

for the implicit integration. Equations (4.11), (4.13), (4.15) are updated using a

predictor-corrector scheme.

For clarity, we will describe one of the RK steps. Each step is performed in

the same way. A note on notation: ui describes the collocated velocities at the cell

centers. Ui describes the contravariant velocities at the cell faces, ∆trk1 = C1
3∆t.

The predictor-corrector scheme can be described as follows:

1. Predict the collocated velocity. First calculate E in (4.8). Next calculate q1

and use ADI to solve the implicit equation for u∗i .

q1 = ∆t

(
−δukui

δxk
− ρ′δi3
Fr2

)
(4.16)[

1− ∆trk1
Re

δ2

δxkδxk

]
u∗i = uni + C1

2q
1 −∆trk1

δpn

δxi
(4.17)

2. Interpolate the collocated velocity onto the cell faces to calculate the con-

travariant velocity and add pressure gradient modified to eliminate pressure-

velocity decoupling.

Ui = ui,P−1, ui,P + ∆t

(
δp1

δxi

∣∣∣
P
,
δp1

δxi

∣∣∣
P+1

)
−∆t

δp1

δxi

∣∣∣
f

Note that p refers to the current gridpoint, p+1 is the neighboring value in the

positive xi direction, an overbar indicates interpolation, and |f corresponds

to values taken at the cell faces, the p+ 1/2 location.

3. Compute divergence of the predicted field using the contravariant velocities.

Solve Poisson equation for pressure correction using a geometric multigrid
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solver.

δ2pc
δxkδxk

=
1

∆trk1

δUk

δxk
(4.18)

4. Update pressure, collocated velocity and contravariant velocity using cor-

rected pressure.

p1 = pn + pc

u1i = u∗i −∆trk1
δpc
δxi

U1
i = U∗i −∆trk1

δpc
δxi

This process is repeated in the following two substeps until uni has been advanced

by ∆t to un+1
i . The density equation follows a parallel treatment to the one just

discussed for the velocity terms.

4.3.4 Solving the pressure correction equation: Multigrid

The Poisson pressure correction equation is the most time-consuming part

of the mixed RK3-ADI scheme. To accelerate convergence, a geometric multigrid

solver is used. Two variants of the multigrid solver are available, a standard V cycle

method and a flexible semi-coarsened multigrid solver. Details of both variants, as

well as a general description of multigrid, are provided in Appendix B.

For this dissertation, all of the spatially-evolving cases required use of the

flexible semi-coarsened multigrid solver. Grid stretching in all three directions

results in a very challenging situation for a multigrid solver as different levels

of anisotropy are found in different regions of the computational domain. Sim-

ple V cycling with point or line relaxation fails miserably, a more robust method

is needed. We employ a variation of the method of Piquet & Vasseur (2000).

Line relaxation is performed in the x1 direction and coarsening is performed in the

other two directions. The main difference between the current implementation and

that of Piquet & Vasseur (2000) is that we apply a direct coarse grid approxima-

tion whereas Piquet & Vasseur (2000) uses a Galerkin coarse grid approximation.
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Therefore we refer to the flexible semi-coarsened multigrid solver as MG-SD. MG-

SD was found to reduce the L2 norm of the residual by 104 in one iteration. This

is impressive given that the aspect ratio of the cells in the domain ranges from 1

to 30 in each direction. Here the aspect ration is defined as max(∆xi)/min(∆xi).

4.3.5 Upwinding the advection term

Centered difference schemes are ideal in that they have low numerical dis-

sipation, unfortunately they are prone to dispersion error. As noted by Mittal

& Moin (1997), centered schemes are very sensitive to simulation details such as

grid stretching and outflow boundary conditions. Also, if insufficient resolution is

employed then dispersion error is formed. This is particularly a problem in con-

vection dominated flows such as thin shear layers. The dispersion error takes the

form of spurious 2∆x oscillations commonly referred to as wiggles. Once these

wiggles form it is very difficult to remove them from the computational domain

and they can contaminate the numerical solution.

Upwind differencing is a solution to the problem of dispersion error. The

basic idea of upwinding is to bias the derivative calculation based on the dominant

flow velocity. If information is primarily passing from left to right, an upwinded

calculation uses more points on the left side of a given point than the right side. In

general it is ideal to maintain as close to a centered stencil, as opposed to a purely

upwinded stencil, as this results in lower numerical diffusion, Zhong (1998). With

upwinding one trades dispersion error for diffusive error. Early efforts at upwinding

were excessively diffusive, however it is possible to define higher order schemes with

minimal numerical diffusion, see for example Zhong (1998). In general there are

trade-offs between using centered schemes and upwinded schemes. A discussion of

the relative merits of each for the case of LES for flow past a cylinder is given in

Mittal & Moin (1997).

In general it is preferable to use a conservative treatment for the advec-

tion term as this ensures momentum conservation by construction. Second order

centered differences are often used to treat the advection term Hi as given in
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equation 4.19

Hi =
∂ukφi
∂xk

=
δukφi
δxk

(4.19)

where φ can be any of the ui velocities or the density ρ. However if one wishes

to use upwinding, the modification of (4.19) for high order of accuracy is non-

trivial, Rai & Moin (1991). Additionally, numerical experiments by Ghosh &

Baeder (2012) showed that the 5th order upwinding using the conservative form

had larger numerical diffusion than 5th order upwinding using a non-conservative

scheme.

In this dissertation an explicit 5th order biased upwinding based on Rai &

Moin (1991) is employed. The non-conservative form of the advection term given

in (4.20) is chosen as it is relatively easy to calculate δφi/δxk to arbitrary level of

accuracy.

Hi = uk
∂φi
∂xk

= uk
δφi
δxk

(4.20)

Also, a high level of resolution is applied so differences between a conservative

and non-conservative scheme are expected to be small. The explicit formulation is

chosen over a compact formulation as a compact formulation requires solution of a

tridiagonal system of equations for each point whereas the explicit formulation is

a local calculation and hence more suited to be applied for a parallel computation.

The upwinding algorithm of Rai & Moin (1991) was applied to unstratified channel

flow calculations. In the present study, modification had to be made to allow for the

presence of wave motion that occurs in flows with stratification. A disadvantage

of upwinding is that if one biases their calculation in the wrong direction, the

calculation is unconditionally unstable and one’s code can rapidly diverge. It was

determined that the primary difficulty to the use of upwinding with the Rai & Moin

(1991) formulation was when the velocity on two faces of a cell was converging,

i.e. Ui−1 > 0 and Ui < 0. In this case a modification was made following ideas

presented in Ghosh & Baeder (2012). In the converging flow case, a 2nd order

centered finite difference scheme is applied in the conservative form for Hi.

The decision algorithm for upwinding is as follows for updating ui∂φ/∂xi
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at point i.

if Ui − 1 > 0 and Ui > 0 then

ui
∂φ

∂xi
= ui

δφ

δxi
using φ at i− 3, i− 2, i− 1, i, i+ 1, i+ 2

if Ui − 1 < 0 and Ui < 0 then

ui
∂φ

∂xi
= ui

δφ

δxi
using φ at i− 2, i− 1, i, i+ 1, i+ 2, i+ 3

if Ui − 1 < 0 and Ui > 0 and ui > 0 then

ui
∂φ

∂xi
= ui

δφ

δxi
using φ at i− 3, i− 2, i− 1, i, i+ 1, i+ 2

if Ui − 1 < 0 and Ui > 0 and ui < 0 then

ui
∂φ

∂xi
= ui

δφ

δxi
using φ at i− 2, i− 1, i, i+ 1, i+ 2, i+ 3

if Ui − 1 > 0 and Ui < 0 then replace ui∂φ/∂xi with ∂(uiφ)/∂xi

∂uiφ

∂xi
=
δUiφ

δxi
using φ at i− 1, i, i+ 1 and Ui at i+ 1/2, i− 1/2

Modification near solid boundaries

When the immersed boundary is used, care is required to make sure that

the upwind derivative stencil does not cross into the solid region where data is

not present. Rather than attempting to maintain a 5th order upwinding scheme

in these near boundary points, a simple modification was made. For the points

within 3 gridpoints of the immersed boundary, a conservative second order centered

scheme is adopted.

4.3.6 Large Eddy Simulation

The filtered incompressible, unsteady Navier-Stokes equations subject to

the Boussinesq approximation are given as follows.
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Mass

∂uk
∂xk

= 0 (4.21)

Momentum

∂ui
∂t

+
∂ (ukui)

∂xk
= − ∂p

∂xi
+

1

Re

∂2ui
∂xk∂xk

− 1

Fr2
ρ′δi3 −

∂τij
∂xj

(4.22)

Density

∂ρ

∂t
+
∂ (ukρ)

∂xk
=

1

RePr

∂2ρ

∂xk∂xk
− ∂λj
∂xj

(4.23)

Here we have omitted the overbars that are typically used for flow variables to

indicate the filtered velocity, density and pressure fields. The residual stress ten-

sor, τij, and the subgrid density flux, λj are defined using a Smagorinsky model,

Smagorinsky (1963), as

τij = −2νsgsSij, λj = −κsgs
∂ρ

∂xj
, Sij =

1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, (4.24)

where the subgrid-scale eddy viscosity and eddy diffusivity are given by

νsgs = CM∆2|S|, κsgs = Cρ∆
2|S|; |S| =

√
2SijSij. (4.25)

Note that |S| is defined in a special way, see p.579 of Pope (2000) for details. Here

∆ is the filter width. It is defined as

∆ =
√

∆x21 + ∆x22 + ∆x23 (4.26)

In addition to the modeling assumption inherent in assuming a Smagorinsky

model, equation (4.24), one must determine the coefficients CM and Cρ. The details

of this process are described in the next subsection.

Dynamic Smagorinsky Model: DSM

The Dynamic Smagorinsky Model was first suggested by Germano et al.

(1991). The basic idea is that there is no single value of CM that is appropriate

for all regions of a turbulent flow. Instead, Germano et al. (1991) proposed using
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a second test filter along with the present grid filter to automatically calculate

CM(xi, t) depending on the local flow field. As this procedure results in an overde-

termined tensor equation, Lilly (1992) suggested calculating a local coefficient by

minimizing the least squares error.

CM is calculated as

CM =
〈LijMij〉
〈MpqMpq〉

(4.27)

Lij = ûiuj − ûiûj (4.28)

Mij = 2
(

∆̂2|S|Sij − ∆̂2 |̂S|Ŝij
)
. (4.29)

A test filter is indicated byˆand 〈〉 has been used to indicate an average in either

space or time. Averaging is used to prevent the formation of negative values of

CM . Negative values are highly numerically unstable and clipping is used to ensure

that CM is strictly positive. Averaging in flows with a complicated geometry is

non-trivial and will be discussed in the next subsection. Similarly Cρ is defined.

Cρ =
〈LiMi〉
〈MjMj〉

(4.30)

where

Li = ρ̂ui − ρ̂ûi (4.31)

Mi = 2

(
̂

∆2|S| ∂ρ
∂xi
− ∆̂2 |̂S| ∂̂ρ

∂xi

)
(4.32)

The only tunable parameter in this model is the choice of the filter width. Here

we filter in all 3 directions using a trapezoidal interpolation rule. Filtering in a

given direction is shown below, note that an overbar indicates filtering using the

grid filter instead of the test filter (denoted by )̂.

φ̂i =
1

4
(φi−1 + 2φi + φi+1) (4.33)

φi =
1

8
(φi−1 + 6φi + φi+1) (4.34)

The filter width ratio ∆̂/∆ =
√

6 is chosen. This was recommended by Lund

(1997) to be the optimal choice for filters evaluated using the trapezoidal rule.

Note that φi is implicit, it never explicitly enters into the calculation.
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Averaging in complex geometries with the DSM

Spatial averaging is often performed for problems with at least one direc-

tion of periodicity. For problems with no directions of homogeneity then one must

resort to either local spatial averaging procedures, Ghosal et al. (1995); Piomelli

& Liu (1995), or Lagrangian averaging, Meneveau et al. (1996). For the case of a

turbulent wake without stratification, one is able to average over the azimuthal di-

rection. For a turbulent wake with stratification, there are no longer any directions

over which one may average and we must resort to alternative averaging methods.

In this dissertation we use the Lagrangian pathline averaging of Meneveau

et al. (1996). Additional modifications to the basic method of Meneveau et al.

(1996) have been made by Park & Mahesh (2009), Verma & Mahesh (2012), and

VerHulst & Meneveau (2012). Preliminary testing indicated that the additional

expense and complexity of the method introduced by Verma & Mahesh (2012)

were not justified by significantly improved results. As noted by Stoll & Porté-

Agel (2008) and echoed by Verma & Mahesh (2012), results for different DSM

averaging techniques collapse for sufficiently fine grids. Since the resolution used

in this dissertation is high, the simple method of Meneveau et al. (1996) is sufficient.

As before we define the coefficient CM dynamically but this time we replace

spatial averages with pathline averages,

CM =
JLM
JMM

, (4.35)

where

JLM =

∫ t

−∞
LijMij[x(t′), t′]W (t− t′), dt′ (4.36)

JMM =

∫ t

−∞
MijMij[x(t′), t′]W (t− t′), dt′. (4.37)

By integrating over a pathline and choosing an appropriate weighting function of

the form

W (t− t′) =
exp

−
(

t−t′
T

)
T

, (4.38)



50

here T is a local time scale which must be specified (details to follow), then we can

replace backwards time integrals with forward time relaxation equations.

DJLM
Dt

=
∂JLM
∂t

+ uj
∂JLM
∂xj

=
1

T
(LijMij − JLM) (4.39)

DJMM

Dt
=
∂JMM

∂t
+ uj

∂JMM

∂xj
=

1

T
(MijMij − JMM) (4.40)

Following Meneveau et al. (1996), we uses a first order discretization in

space and time for (4.40) to write

Jn+1
LM (x1, x2, x3) = H1

{
ε[LijMij]

n+1(x1, x2, x3) (4.41)

+ (1− ε)JnLM(x1 − u1∆tL, x2 − u2∆tL, x3 − u3∆tL)}

Jn+1
MM(x1, x2, x3) = H2

{
ε[MijMij]

n+1(x1, x2, x3) (4.42)

+ (1− ε)JnMM(x1 − u1∆tL, x2 − u2∆tL, x3 − u3∆tL)}

ε =
∆tL/T

n

1 + ∆tL/T n
(4.43)

H1{x} =

{
x if x ≥ 10−16

10−16 otherwise
(4.44)

H2{x} =

{
x if x ≥ 10−14

10−14 otherwise
(4.45)

Here ∆tL is the time elapsed since the previous update of CM and JLM(xi−ui∆tL)

and JMM(xi − ui∆tL) are calculated using multilinear interpolation. The first

iteration of this method had T defined as

T n = θ∆(JnLMJ
n
MM)−1/8 (4.46)

note that θ is an adjustable parameter, chosen as 1.5 for channel flow. We use

(4.46) with the suggested value of θ = 1.5.

Modification to mixed RK3-ADI scheme

LES introduces only a minor difference from the base RK3-ADI scheme for

DNS. The implicit part of the prediction step is modified. For DNS we have,[
1− ∆trk1

Re

δ2

δxkδxk

]
u∗i = uni + C1

2q
1 −∆trk1

δpn

δxi
. (4.47)
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For LES this becomes[
1− ∆trk1

Re

δ2

δxkδxk

]
u∗i = uni + C1

2q
1 −∆trk1

δpn

δxi
−∆trk1

∂τij
∂xj

, (4.48)

where τij is the residual stress tensor which is treated semi-implicitly. The imple-

mentation of the additional term is treated by decomposing each term using the

chain rule

∂τij
∂xj

= − ∂

∂xj

[
νsgs

(
∂ui
∂xj

+
∂uj
∂xi

)]
(4.49)

= −∂νsgs
∂xj

∂uj
∂xi
− νsgs

∂2uj
∂xi∂xj

− ∂νsgs
∂xj

∂ui
∂xj
− νsgs

∂2ui
∂xj∂xj

(4.50)

= −∂νsgs
∂xj

(
∂uj
∂xi

+
∂ui
∂xj

)
− νsgs

∂2ui
∂xj∂xj

(4.51)

Here we have used the incompressibility condition, ∂uj/∂xj = 0 to simplify the

equation. The cross derivative terms are applied to the right-hand side of (4.48)

and the diffusion term is absorbed into the left hand side resulting in[
1−∆trk1

(
1

Re
+ νsgs

)
δ2

δxkδxk

]
u∗i = uni + C1

2q
1 −∆trk1

δpn

δxi
(4.52)

+ ∆trk1
∂νsgs
∂xj

(
∂uj
∂xi

+
∂ui
∂xj

)
.

For computational efficiency the subgrid scale Prandtl number Prsgs =

νsgs/κsgs is set to 1, just as the Prandtl number is for the bulk viscosity and

thermal diffusivity. This eliminates the requirement to calculate κsgs directly as it

can instead be assigned from νsgs.

4.3.7 Immersed boundary method

The implementation of the immersed boundary method used for this disser-

tation is the direct forcing IB method of Roman et al. (2009). This implementation

was chosen as it decouples fluid and solid nodes, allows for a sharp interface at the

boundary and requires only a single solution of the momentum equation at each

substep. The algorithm begins by searching for solid and fluids nodes; this is ac-

complished by usage of a ray-tracing procedure. Next the fluid nodes surrounded

by at least one solid node are identified as immersed boundary (IB) nodes. This
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process is done only once at the initialization of the simulation. At each of the RK

substeps, Equations (4.11), (4.13), (4.15), the initial predicted field is computed

without the forcing term corresponding to the IB. The velocity in the IB nodes is

modified by suitable interpolation of the initial predicted field near the boundary

(details next paragraph) and the velocities in the solid points are set to zero. Next

the contravariant velocities of the initial predicted field are calculated, the Poisson

pressure correction equation is solved, and the modified initial predicted field is

corrected as described in the previous section.

Interpolation details

The interpolation strategy used in the present study is that of Roman et al.

(2009) in the case of a Cartesian grid. At each IB node a line normal to the

immersed boundary that passes through the IB node is drawn. An intersection

point (IP) is defined at the intersection of the immersed boundary and the normal

line. A projection point (PP) is defined an equal distance away from the IB node

as IP along the normal line away from the boundary. The interpolation stencil

at a sample IB node is shown in Figure 4.4. The velocity at IP is known from

the boundary conditions on the body and the velocity at PP is calculated by

volume weighting interpolation of the surrounding fluid points. The velocity at IB

is obtained through linear interpolation of the velocities at IP and PP.

Parallelization for ADI

For the problems under consideration for this thesis, parallel computing is

required due to the large amount of memory and run-time required. To keep the

cost of performing the implicit line solving small in Equations (4.11), (4.13), and

(4.15), a pipelined Thomas algorithm was employed. Here we will illustrate the

pipeline algorithm by means of an example.

Consider a 3D field of size [Nx, Ny, Nz] for which we want to solve a tridi-

agonal system of equations in the y direction. The original [Nx, Ny, Nz] field is

subdivided into equal sized [nx, ny, nz] blocks over [Nxprocs , Nyprocs , Nzprocs ] proces-

sors. At each [xproc, 1 : Nyprocs , zproc] stack we use the Thomas algorithm over an



53

Figure 4.4: Figure 3 of Roman et al. (2009). Identification, for a two-dimensional

grid, of solid nodes (small solid squares), fluid nodes (small empty

circles) and immersed boundary nodes, IB (small circles marked with

a cross). For each IB node, identification of the intersection point

(IP) and the projection point (PP), located at distances d1 and d2,

respectively, from (IB). Here we choose d1 = d2. V is the pivot

point for the interpolation of the fluid velocity upon the PP point

(necessary for a curvilinear grid, not applicable for a Cartesian grid).

[nx, Ny, nz] section of the domain where Ny is subdivided over Nyprocs processors.

As the line solves in the y direction are independent of x and z position, line solves

take place on each [xproc, 1 : Nyprocs , zproc] stack of processors simultaneously. As

a first step we subdivided the [nx, ny, nz] block on each processor into nx planes

of size [ny, nz]. We solve the line in a two step process: a forward sweep from the

yproc = 1 processor to the yproc = Nyprocs processor and then a backwards sweep

from the yproc = Nyprocs processor to the yproc = 1.

The forward sweep begins with the yproc = 1 processor updating its nx = 1

[ny, nz] plane while processors yproc = 2 : Nyprocs are idle. Once the yproc = 1

processor completes its sweep over all ny, boundary data is passed from yproc = 1

to yproc = 2. Next the yproc = 1 processor updates its nx = 2 [ny, nz] plane

and the yproc = 2 processor updates its nx = 1 [ny, nz] plane while processors

yproc = 3 : Nyprocs are idle. Once the yproc = 1 and yproc = 2 processors complete

their sweep over all ny, boundary data is passed from yproc = 1 to yproc = 2 and

from yproc = 2 to yproc = 3. This process continues until all yprocs are busy and the
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forward sweep completes once the nx = nx [ny, nz] plane is solved on yproc = Nyprocs .

From here the backward sweep commences in the same manner as described above

although with the yproc = Nyprocs processor beginning with the nx = nx [ny, nz]

plane and passing data downwards until the nx = 1 [ny, nz] plane is solved on

the yproc = 1 processor. The pipelined Thomas algorithm is shown schematically

in Figure 4.5. Performing line solving using the Thomas algorithm reduces the

Figure 4.5: Adapted from Figure VI.16 of Taylor (2008). Illustration of a

pipelined Thomas algorithm for a given [xproc, 1 : Nyprocs , zproc] stack.

The forward sweep is performed in (a)-(d) and the backwards sweep

(back-substitution) in (e)-(g). Lines are performed in the y direction.

Each colored sub-block in y is of size ny.

latency time inherent in the data-dependent implicit calculation of the Thomas

algorithm and scales well when the size of the domain in the direction over which

planes have been extracted (x for this example) is large compared to the number

of processors in the direction of line solving, nx >> Nyprocs . For more details on

the pipelined Thomas algorithm, see Chapter VI of Taylor (2008) pg. 190-192.

The currently implemented version was chosen as a balance between optimal

performance and complexity. Increased performance over the current implementa-

tion can be obtained by using bi-directional sweeping to sweep from the boundaries

towards the center, solving at the center, and then backsubstituting from the cen-



55

ter to the outer boundaries, Taylor (2008), (instead of forward solving from one

boundary to the other, solving at the boundary and then back substituting across

the whole domain). Another way to increase performance is to implement a sched-

uler overlapping communication and computation as described by Povitsky (1999)

and Povitsky & Morris (2000). However, the scheduling algorithm employed re-

quired manually tuning a number of simulation parameters such as the number of

lines to be solved per communication message (this can be different in the forward

and backward sweeps) for the hardware being used which reduces the portability of

the code and increases the likelihood of unintended user error resulting in reduced

performance.

4.3.8 Initial conditions

One of the major advantages of performing a simulation with a body in the

domain compared to the standard temporal approximation is that ad-hoc initial

conditions are no longer necessary to initialize the computation. Following previ-

ous authors, Tomboulides & Orszag (2000); Johnson & Patel (1999), the solution

for flow at low Reynolds number was calculated first. Once a statistically steady

solution was reached, the Reynolds number was increased and the code was run un-

til the flow reaches the higher Reynolds number solution. This process is repeated

as necessary until the flow reaches the desired Reynolds number. Initializing simu-

lations in this manner reduces the transient time as the cost of performing a coarse

lower resolution simulation is much lower than the cost of a high resolution fine

simulation.

4.3.9 Boundary conditions

Inflow boundary conditions are required at the inlet and outflow boundary

conditions at the outlet. The horizontal and vertical boundaries are considered

to be infinitely far away from the wake and take values commensurate with an

undisturbed background. Note that in this section we are setting boundary con-

ditions for the pressure correction pc and not for the pressure directly. At the x2
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boundaries we enforce

∂ui
∂x2

= 0, pc = 0,
∂ρ

∂x2
= 0, (4.53)

where i is an index that varies from 1 to 3. At the x3 boundaries we enforce

∂ui
∂x3

= 0, pc = 0,
∂ρ

∂x3
=

∂ρ

∂x3

∣∣∣
bg
. (4.54)

At the inflow boundary we set

u1 = U u2, u3 = 0,
∂pc
∂x1

= 0, ρ = ρ(x3). (4.55)

At the outflow boundary we use linear extrapolation.

∂(ui, ρ, pc)

∂x1
= 0 (4.56)

While an advection boundary condition is preferable to linear extrapolation, nu-

merical testing found that the combination of an outflow sponge with linear extrap-

olation boundary conditions was sufficient to allow vortical structures and internal

waves to smoothly transition out of the domain.

At the surface of the sphere we apply the no-slip condition for velocity.

ui = 0, (4.57)

The density on the surface of the sphere is set to the value of the background

density gradient. No explicit boundary condition is set for the pressure across the

sphere. The influence of the boundary is felt indirectly in the modification of the

pressure source term in the pressure projection equation.

For stratified simulations a sponge region is required to allow waves and

intrusions from the wake into the background to exit the domain without reflection.

A sponge region is applied at the horizontal, vertical and outflow boundaries.

The sponge applied for the spatially-evolving simulations is equivalent in form to

the sponge applied for the temporally-evolving simulations. For more details see

subsection 4.2.3. Because of the fast decay of the defect velocity in the wake, it

was found that damping the outflow values to the undisturbed background was

sufficient.



57

4.3.10 Computational grid design

A large number of gridpoints are required for wake simulations due to the

requirements of high resolution and in the wake and a large computational domain.

How much resolution is needed?

For direct numerical simulation it is necessary to resolve all spatial and

temporal scales in the flow. Large eddy simulation requires resolving the majority

of the energy and only modeling the effect of the small scales. For designing a

simulation this raises the question of what are the smallest scales in the flow?

For a turbulent flow we can get an estimate of the dissipation length scale η by

using Kolmogorov scaling η = (ν3/ε)1/4, similarly we can get an estimate of the

dissipation time scale tη as tη = (ν/η)1/2. Note that η and tη are estimates only

and it is required that the grid spacing and timestep be of the order η, tη, Rogallo

& Moin (1984); Moin & Mahesh (1998). ∆x/η ≈ 4 is an appropriate value for

turbulent shear flows away from boundaries as shown in Moin & Mahesh (1998).

Significantly higher resolution is required for wall bounded flows in the wall-

normal direction to resolve small scale boundary layer dynamics. One estimate for

the smallest scale in the boundary layer for unstratified flow past a sphere is given

by Schlichting (1979) as δ/D = 1.13/Re1/2. The thin steady laminar boundary

layer on the upstream half of the sphere is the most computationally demand-

ing region of the flow. If insufficient resolution is used then the separated shear

layer will be too thick which delays the formation of Kelvin-Helmholtz secondary

instabilities.

Even if sufficient resolution is employed for the laminar boundary layer,

the separated shear layer remains a challenging area to resolve. The shear layer is

laminar at separation and natural transition occurs. The braids between Kelvin-

Helmholtz billows that form are extremely thin and the shear layers oscillate

strongly as they transition to billows and interact with the recirculation region.

Improper resolution in this area, or similarly, the use of an inappropriate treat-

ment of the advection term (see subsection 4.3.5 for more details) can lead to the

formation of spurious 2∆x numerical oscillations.
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Domain size

In addition to resolving the small scale dynamics of a turbulent flow, a

proper simulation requires negligible boundary effects. For this to occur, the

boundaries have to be sufficiently far away from the region of interest. One way

to quantify this is to examine the blockage factor defined as Aobs/Ats where Aobs

is the maximum cross section area of the obstacle and Ats is the cross sectional

area of the test section. As noted by Achenbach (1974), if Aobs/Ats is too large

then significant errors in flow statistics are obtained, as much as 100% error in St

was observed by Achenbach (1974) due to blockage effects. According to Kim &

Durbin (1988) and Achenbach (1974), Aobs/Ats should be order 1%.

Computational grid

The domains used in this study span at least [-5D:18D,-5D:5D,-5.0D:5.0D].

A larger domain is desirable but the exact dimensions will depend on how much

resolution is needed as well as the computational resources available. The grid

used is stretched in all 3 directions. The strategy for designing the grid is to keep

high resolution in the laminar regions of the flow. The smallest spacing is used on

the upstream half of the sphere. The x1 grid is stretched strongly from the sphere

towards the inlet where the flow is laminar, a much weaker stretching is applied

in the wake region. The x2, x3 grids are fine in the boundary layer, and stretch

weakly from above the top of the separated shear layer towards the outer boundary

until the outer region of the domain where strong grid stretching is applied until

the outer boundary. Moderate stretching is applied from 60 degrees towards the

center of the sphere.



Chapter 5

Effect of the Prandtl number on a

stratified turbulent wake

5.1 Abstract

Direct numerical simulations (DNS) are employed to study the effect of

Prandtl number, Pr = ν/α with ν the molecular viscosity and α the molecular

diffusivity, on a towed wake in a stratified fluid. Simulations were conducted at

a Reynolds number of 10,000, Re = UD/ν with U the velocity of the body and

D the diameter of the body, for a range of Prandtl numbers: 0.2, 1, and 7. The

simulations were run from x/D = 6 to x/D = 1, 200, a range that encompasses

the near, intermediate, and far wake. Mean quantities such as wake dimensions

and defect velocity were found to be weakly affected by Prandtl number, the same

result was observed for vorticity as well. The Prandtl number has a strong effect

on the density perturbation field and this results in a number of differences in

quantities such as the total energy of the wake, wave flux, scalar and turbulent

dissipation, mixing efficiency, spectral distribution of energy in the density and

velocity fields, and the transfer of energy between kinetic and potential modes. The

approximation Pr = 1 for the ocean is often used in practice. As the qualitative

behavior of the large scale features was the same for the three cases, we conclude

that Pr = 1 is a reasonable approximation for the Pr = 7 case in stratified wake

59
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simulations, given the significantly higher computational cost required at large

Prandtl number.

5.2 Introduction

Direct numerical simulations (DNS) are employed to study the effect of the

Prandtl number, Pr = ν/α with ν the molecular viscosity and α the molecular

diffusivity, on a towed wake in a stratified fluid. Historically, stratified wake sim-

ulations have been performed at Pr = 1 although Pr = 7 for thermally stratified

water and Pr = 700 for salt stratified water. The reason is the high numeri-

cal cost, proportional to Pr2 for three-dimensional simulations with explicit time

integration, of simulating larger values of Pr.

For DNS it is necessary to resolve all scales of motion. Assuming that

density behaves as a passive scalar, the Batchelor length scale, ηB, is related to the

Kolmogorov length scale, η, by the relation ηB = η/
√
Pr for large Pr, Tennekes

& Lumley (1972). While the density is not a passive scalar, a first approximation

can be made using the estimate for a passive scalar. The requirement of increased

resolution in each of the three spatial dimensions results in an additional reduction

of the timestep due to the CFL condition for stability. As an example of the high

cost of simulating large values of Pr, the Pr = 7 DNS at a modest Reynolds

number, Re = UD/ν with U the velocity of the body and D the diameter of

the body, of Re = 10, 000 performed here requires approximately 1.88 billion grid

points.

It is assumed that the Prandtl number makes only a small difference in the

behavior of the wake. It is well known that increasing Pr increases the dynamic

range of scalar fluctuations but it is not known how the Prandtl number affects the

coupling of density, an active scalar, to the velocity field and consequently impacts

the dynamics of the wake. Assessment of the Pr effect takes urgency given that

increasing the Reynolds number by a factor of 5 in recent a DNS study by Brucker

& Sarkar (2010), has been found to cause large qualitative and quantitative changes

in wake behavior.
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5.2.1 Previous Research

The towed wake in a stratified fluid is a problem which has received much

attention from both experimental and numerical studies. Research up to 1979 was

primarily experimental, a comprehensive review is given by Lin & Pao (1979). It

has been commonly accepted that there are three major regions that characterize

the towed wake. The first region is the near wake where the wake develops in an

unstratified manner. The second region, referred to as the non-equilibrium regime

(NEQ) following Spedding (1997), is characterized by the effect of stratification

which causes an initial collapse as the potential energy associated with the wake

can no longer be sustained by the decaying kinetic energy of the wake. Stored po-

tential energy in the density field causes the wake to collapse vertically and spread

horizontally. The initial collapse results in a dynamic exchange between kinetic

and potential energy as the wake decays downstream. This exchange generates

strong internal wave activity which radiates energy from the wake region to the

ambient background. The third region occurs at late time when stratification has

confined the wake to quasi-2D horizontal motion. This region is characterized by

large-scale, high aspect ratio vortex structures.

In addition to the three major regions discussed above, Bonnier & Eiff

(2002) propose considering the first collapse region as separate from the NEQ

region. A recent DNS by Brucker & Sarkar (2010) at Re = 50, 000 showed the

existence of a different scaling region at the end of the NEQ region. Diamessis &

Spedding (2006) found similar results in their high Re numerical simulations.

Previous simulations, Gourlay et al. (2001); Dommermuth et al. (2002); Di-

amessis & Spedding (2006); Brucker & Sarkar (2010), have shown that simulations

initiated with a mean profile with superimposed fluctuations, but no body, have

proven successful in capturing the dynamics of towed wakes in the intermediate

and far wake. Gourlay et al. (2001) found that coherent vortices formed at late

time, independent of stratification or seeding in the early wake. They concluded

that the late time vortex structures are due to the initial vorticity distribution of

the mean flow.

To the best of the authors’ knowledge, this paper is the first study of the
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effect of the Prandtl number on the the turbulent stratified wake. Previous re-

search concerning the effect of the Prandtl number on different classes of turbulent

flows has been performed and conclusions from those studies are summarized as

follows. Gerz et al. (1989) found that high frequency components of the counter

gradient heat flux cause an increase in the dissipation rate for kinetic energy while

causing a decrease in the dissipation rate of potential energy. Gerz & Yamazaki

(1993) found that higher Prandtl numbers increase the turbulent kinetic energy

due to less potential energy being dissipated in the thermal field in their work

on buoyancy-driven flows. In contrast to their previous work, Gerz et al. (1989),

Gerz & Schumann (1996) found that the Prandtl number influences the dissipation

rate of available potential energy but not of kinetic energy for homogeneous shear

flow turbulence with stratification. This different conclusion gives the appearance

that the effect of the Prandtl number on shear flows is not fully understood; this

contradiction will be examined later in the results section. Smyth & Moum (2000)

found that, for a given Reynolds number, higher Prandtl number flows tend to be

more isotropic than lower Prandtl number flows in their studies of stably stratified

mixing layers. Smyth et al. (2001) also found that the mixing efficiency decreases

with increasing Prandtl number. In numerical simulations of stably stratified open

channel flows, Wang & Lu (2005) found that the Prandtl number has a significant

impact on the structure of turbulent fluctuations, with smaller scale features ap-

pearing as Prandtl number increases. Lienhard & Atta (1990) summarize previous

results while contrasting their results for decaying grid turbulence in a stratified

fluid. They found that the scalar variance is weakly affected by dissipation for high

Pr fluids and that the evolution of scalar variance is more affected by the appear-

ance of large-scale buoyancy forces. They also found that turbulent scalars exhibit

significant fluctuations at high wavenumbers for large Pr. Scalar fluctuations are

found to persist for much longer time than velocity fluctuations for higher Pr cases.

Brucker & Sarkar (2007) found that the bulk Richardson number decreases with

increasing Prandtl number during the evolution of a shear layer. They also found

that the root mean square (rms) velocity at the centerline decreases with increasing

Pr. Consistent with other work by Smyth et al. (2001), Brucker & Sarkar (2007)
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found that the mixing efficiency decreases with increasing Pr.

5.2.2 Objectives

The present numerical simulations were designed to systematically inves-

tigate the effect of Prandtl number on a turbulent stratified wake. The effect

of Prandtl number on the towed wake is of interest because the towed wake is

a high Reynolds number shear flow and it is a problem of practical interest for

bodies moving in the littoral region of the ocean. The study was conducted at

a Reynolds number of 10,000 for a range of Prandtl numbers: 0.2, 1, and 7. A

Froude number, Fr = U/ (N∗D) where N∗ denotes the constant initial value of

the dimensional buoyancy (Brunt-Väisälä) frequency, of 2 was used. The Reynolds

and Froude numbers were chosen so that both numerical and experimental data

would be available for comparison. Most stratified turbulent wake simulations are

conducted using Pr = 1, that value was chosen as a baseline case. Pr = 7 is

a reasonable value for thermally stratified water. Pr = 0.2 was chosen to have

a test case with a low Prandtl number. The simulations were run from x/D=6

to x/D=1,200, a range that encompasses the near, intermediate, and far wake.

Areas of interest for this study on the effect of the Prandtl number are: (i) the

evolution of mean velocity and wake dimensions, (ii) the integrated mean kinetic

energy (MKE), integrated turbulent kinetic energy (TKE), integrated turbulent

potential energy (TPE) and their corresponding budgets, (iii) mixing efficiency,

(iv) vortex dynamics, (v) internal wave flux, and (vi) spectra.

We are also interested in testing the assumption that it is reasonable to

simulate towed bodies in the ocean using Pr = 1. While a simulation using the

Prandtl number of the ocean is prohibitively expensive, significant differences ob-

tained with a moderate increase in Prandtl number would invalidate the assump-

tion that Pr = 1 is a reasonable approximation for bodies moving in the ocean.

No simulations were performed for self-propelled wakes but it is anticipated that

the Prandtl number effect in the towed case would also apply for the self-propelled

case.

The organization of this paper is as follows: Section 5.3 contains the formu-
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lation and description of the DNS code used, Section 5.4 discusses the similarities

and differences in the wake at different Prandtl numbers, and Section 5.5 presents

conclusions.

5.3 Formulation

The formulation presented in this paper is based on the one used by Brucker

& Sarkar (2010) who simulated stratified wakes assuming Pr = 1. Whenever

possible, identical notation is used.

5.3.1 Model

The problem being examined is the towed wake behind a bluff body in a

stratified fluid. The body is taken to be a rigid sphere of diameter D which is

towed at a constant speed of U . Due to the high cost of simulating the far wake in

a spatially evolving frame, the similar problem in a temporally evolving frame is

simulated. In this frame, the streamwise direction is periodic and all statistics are

therefore functions of (x2, x3, t). Statistics in the temporally evolving frame can be

related to the spatially evolving frame by the relationship x = Ut, where x is the

distance behind the body in the streamwise direction and t is the elapsed time in the

temporally evolving simulation. The temporal approximation has been applied for

many simulations of free shear flows, Brucker & Sarkar (2010). The problem setup

for this paper is shown schematically in Figure 5.1. The three dimensional, un-

steady, incompressible Navier-Stokes equations are solved numerically using DNS

in the computational test section shown in Figure 5.1. No turbulence models are

used and all relevant velocity and density lengthscales are resolved.

5.3.2 Governing Equations

The governing equations for this model are the incompressible unsteady

Navier-Stokes equations subject to the Boussinesq approximation. Note that * is

used to denote a dimensional quantity in the following presentation.
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Figure 5.1: Problem Definition. Note that simulations are performed in the tem-

porally evolving frame shown on the left.

Mass:

∂u∗k
∂x∗k

= 0 (5.1)

Momentum:

∂u∗i
∂t∗

+
∂ (u∗ku

∗
i )

∂x∗k
= − 1

ρ0

∂p̃∗

∂x∗i
+ ν

∂2u∗i
∂x∗k∂x

∗
k

− ρ̃∗

ρ0
gδi3 (5.2)

Density:

∂ρ∗

∂t∗
+
∂ (u∗kρ

∗)

∂x∗k
= α

∂2ρ∗

∂x∗k∂x
∗
k

(5.3)

Here ρ0 is the reference density, ν is the dynamic viscosity, g is the magnitude of

gravity, α is the molecular diffusivity, δij is the Kronecker delta, p̃∗ is the deviation

from hydrostatic pressure, and ρ̃∗ is the deviation of the density from the instan-

taneous mean background state, ρ0 + ρ̄∗ (x3, t). Note that the density has been

decomposed as follows

ρ∗ (xi, t) = ρ0 + ρ̄∗ (x3, t) + ρ̃∗ (xi, t) ,

where ρ̃∗ (xi, t) � ρ0 + ρ̄∗ (x3, t). Equations (5.1)-(5.3) are non-dimensionalized

using the diameter of the sphere, D, body velocity, U , initial background density

gradient, ∆ρ = D |dρ̄∗/dx∗3| (t = 0) and the reference density ρ0 as follows:

t =
t∗U

D
, xi =

x∗i
D
, ui =

u∗i
U
, ρ̃ =

ρ̃∗

∆ρ
, p =

p̃∗

ρ0U2
. (5.4)
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Upon substitution of the relations of equation (5.4) into equations (5.1)-(5.3), the

following non-dimensional governing equations are obtained.

Mass:

∂uk
∂xk

= 0 (5.5)

Momentum:

∂ui
∂t

+
∂ (ukui)

∂xk
= − ∂p

∂xi
+

1

Re

∂2ui
∂xk∂xk

− 1

Fr2
ρ̃δi3 (5.6)

Density:

∂ρ

∂t
+
∂ (ukρ)

∂xk
=

1

RePr

∂2ρ

∂xk∂xk
(5.7)

Here Re = (UD) /ν is the Reynolds number, Pr = ν/α is the Prandtl num-

ber and Fr = U/ (N∗D) is the Froude number with N∗ denoting the constant

initial value of the dimensional buoyancy (Brunt-Väisälä) frequency. The non-

dimensional buoyancy frequency is N ≡ Fr−1. Unless otherwise noted, all vari-

ables to follow in the paper are expressed in non-dimensional form.

5.3.3 Reynolds Decomposition

For analyzing data, the Reynolds decomposition is used to write each vari-

able as the combination of a mean and small fluctuating component as follows:

ui = 〈ui〉+ u′i, ρ = 〈ρ〉+ ρ′, p = 〈p〉+ p′,

where angled brackets refer to an average over the entire homogeneous periodic

direction x1. Note that quantities such as 〈ui〉 are functions of (x2, x3, t). To

quantify the fluctuating quantities it is necessary to employ root mean square av-

eraging using the following formula φrms =
√
〈(φ− 〈φ〉)2〉, where φ is the variable

of interest. Note that the rms quantities are also functions of (x2, x3, t).

5.3.4 Numerical Scheme

The numerical algorithm is similar to that discussed by Basak (2005), Basak

& Sarkar (2006) and Brucker & Sarkar (2007, 2010). The numerical code of Brucker
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& Sarkar (2010) was used with minor updates to allow for stretched grids. Vali-

dation of the numerical code, including a detailed comparison to existing experi-

mental and numerical towed wake studies, is provided in Brucker & Sarkar (2010),

see Figures 6-8. A summary of the algorithm is provided here. A finite volume

staggered-grid method is used to solve the non-dimensional Boussinesq form of

the Navier-Stokes equations, equations (5.5)-(5.7). Spatial derivatives are evalu-

ated using second order centered differences and the low-storage explicit 3rd-order

Runge-Kutta method of Williamson (1980) is used for time advancement. To re-

move divergence, a pressure Poisson equation is solved using a parallel multi-grid

solver that uses an increasing number of relaxation sweeps during coarsening to

accelerate convergence.

The main difference between the current scheme and the one used by

Brucker & Sarkar (2010) is that the current simulations were performed using

stretched grids in the x2 and x3 directions. Line Gauss-Seidel is used as the

smoother in the parallel multi-grid solver for the Poisson pressure equation. Lines

are taken in the x1 direction. The numerical treatment of the advective terms

in equations (5.6) and (5.7) is slightly different as well. For these terms a quasi

second order discretization is used instead of a fully second order discretization

as the quasi second order discretization has better energy conserving properties,

Bewley (1999).

5.3.5 Initial Conditions

The initial mean profile corresponds to the Gaussian profile used in previous

towed wake cases by Brucker & Sarkar (2010)

〈ui〉 (r) = U0 exp(−1/2)(r/r0)2

where r =
√
x22 + x23, U0 = 0.11 is the peak defect velocity and r0 = 0.5 is the initial

wake radius. Divergence free fluctuations are added with an initial spectrum,

E(k) =

(
k

k0

)4

exp−2(k/k0)
2
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where k0 is taken to be 4. The fluctuating field is spatially limited using the

following damping function.

g(r) = a

(
1 +

r2

r20

)
exp(−1/2)(r/r0)2

where a = 0.055 is the maximum centerline amplitude of the velocity fluctua-

tions. The velocity field is advanced for tadjust = 7.05 using the unstratified

Navier-Stokes equations while holding the mean profile constant. This adjust-

ment procedure, allows turbulence correlations to build up to realistic values

while retaining a reasonable mean profile, Brucker & Sarkar (2010). The crite-

rion that max(〈u′1u′r〉 /K) ∼ 0.2, where K is the turbulent kinetic energy defined

by K = 〈u′iu′i〉 /2, for turbulent shear flow was used to judge when to conclude the

initial adjustment period. Implicit in this criterion is the assumption that the near

wake is adjusted by shear before stratification can take effect. Density fluctuations

were set to zero following Brucker & Sarkar (2010). The effect of non-zero density

fluctuations was evaluated by Brucker & Sarkar (2007) and Riley & de Bruyn Kops

(2003) for the case of a temporally evolving shear layer; both found almost identical

results with or without initial density fluctuations.

The goal for this study is to vary the Prandtl number while holding all other

parameters constant to minimize the degrees of freedom involved. Therefore, the

initial velocity field is obtained on the fine grid used for the Pr = 7 case and then

interpolated onto the corresponding coarser grid used for simulating the Pr = 0.2

and Pr = 1 cases. The initial conditions used for the three simulations are shown

in Figure 5.2. Figure 5.2(a) shows the radial distribution of the rms velocity

fluctuation components. Note that anisotropy is present in the initial conditions

consistent with turbulent shear flows. Figure 5.2(b) shows the normalized Reynolds

shear stress 〈u′1u′r〉 /K which was used to identify when reasonable cross-correlation

had developed.

Following previous simulations, Brucker & Sarkar (2010); Dommermuth

et al. (2002), the end of the adjustment period is taken to correspond to t = 6.0

to match experimental data from Bevilaqua & Lykoudis (1978) for an unstratified

wake. During the first two time units of the simulations, t = 6 to t = 8, gravity

is slowly ramped up from g(t = 6) = 0 to its full value using the relation g(t) =
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Figure 5.2: Spatial profiles after the adjustment procedure. (a) Root mean square

profiles of the velocity. (b) Normalized Reynolds shear stress. The

Pr = 7 case is shown with a solid line and the Pr = 1 and Pr = 0.2

cases are represented with dashed lines. Note that r =
√
x22 + x23.

g tanh(1.5t/tramp), where g is the magnitude of gravity, t is the current time, and

tramp = 2 is the time over which gravity is adjusted. Gravity is slowly turned on

so that the absence of initial density fluctuations will be corrected by the velocity

fluctuations as the wake begins to feel the effect of stratification.

5.3.6 Boundary Conditions

A combination of Neumann and Dirichlet conditions are applied at the x2

and x3 boundaries to represent the undisturbed background conditions far away

from the wake:

∂ui (±L2,3)

∂xj
= 0,

∂p (±L2)

∂x2
= 0, p (±L3) = 0, (5.8)

∂ρ (±L2)

∂x2
= 0,

∂ρ (±L3)

∂x3
= −∆ρ/D,

where i = 1, 2, 3 and j = 2, 3. In addition to the above boundary conditions, a

sponge region taking the form of a Rayleigh damping function is used in the x2

and x3 directions to prevent reflection of outgoing waves and other extrusions into

the computational test section. The Rayleigh damping function is added to the
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right hand side of equations (5.6) and (5.7) as

−φ (xi) [Ui (xi, t)− Ui,∞] , −φ (xi) [ρ (xi, t)− ρ∞] (5.9)

respectively, where Ui,∞ (x2, x3) = [0, 0, 0] is the free stream velocity and

ρ∞ (x2, x3) = ρ0 − (∆ρ/D)x3 is the free stream density. φ (xi) increases quadrat-

ically from φ = 0 at the beginning of the sponge region to φ = Ai at the domain

boundaries. The sponge is designed so that it it is always sufficiently far away

from the wake so that it does not interfere with the main flow. For all of the

simulations, the sponge amplitude was set to A2 = A3 = 0.1. In the Pr = 7 case,

20 points were used for the sponge at each of the x2 and x3 boundaries over lengths

of L2,s = 1.85 and L3,s = 1.75 respectively. For the Pr = 0.2, Pr = 1 and the

second part of the Pr = 7 cases, 20 points were used for the sponge at each of the

x2 and x3 boundaries over lengths of L2,s = 1.66 and L3,s = 2.50 respectively.

5.3.7 Simulation Parameters

The parameters used in the three cases are described in Table 5.1.
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Table 5.1: Simulation parameters. Note that tf and Li are non-dimensionalized following equation (5.4). tf refers to the

time at the end of the simulation. The lengths given above are all for the computational grid. The net domain

for the simulations in x2 and x3 is larger as it includes a sponge region for enforcing the boundary conditions.

case Re Fr Pr tf L1 L2 L3 n1 n2 n3

Pr = 7 early 10,000 2 7 296.7 59.98 26.02 13.43 3584 1024 512

Pr = 7 late 10,000 2 7 1,200 59.95 26.02 13.43 1280 512 256

Pr = 1 10,000 2 1 1,200 59.95 26.02 13.43 1280 512 256

Pr = 0.2 10,000 2 0.2 1,200 59.95 26.02 13.43 1280 512 256
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The parameters used to generate the grids for the different cases are given

in the following subsection. The Pr = 7 case, requiring a grid of approximately

1.88 billion grid points, is the most expensive of the three simulations due to the

increased resolution needed to capture the Batchelor length scale. Due to the

high cost of simulating a wake with Pr > 1, the simulations were designed for

a resolution of ∆x/ηL = 4, where ηL is the smallest length scale in the flow,

either the Kolmogorov length scale or the Batchelor length scale depending on the

value of Pr. While it would have been desirable to perform the simulations with

∆x/ηL = 2, our limited computing resources prevented this. The resolution is

acceptable as in other studies, see review by Moin & Mahesh (1998).

To keep the cost of the Pr = 7 case reasonable, a re-gridding procedure was

used. This same procedure was also used by Brucker & Sarkar (2010), however the

re-gridding was done at significantly later time for the current study. An overlap

period was used to ensure that the errors introduced by the re-gridding process

did not significantly affect the results.

The Pr = 7 case required a total of approximately 14,000 supercomputing

hours, around 13,500 supercomputing hours on 448 processors for the early grid

and around 500 supercomputing hours on 40 processors for the late grid. The

Pr = 0.2 and Pr = 1 cases each required approximately 800 supercomputing

hours on 40 processors.

Computational Grid

The computational grid was designed to use the fewest number of points

possible while still retaining a high level of accuracy. The x1 direction has uniform

grid spacing. The x2 and x3 grids are comprised of three regions as sketched in

Figure 5.3 and as described below. The first region, a rectangle with −l2 < x2 < l2

and −l3 < x3 < l3 , where li is the distance from the wake centerline in either x2 or

x3, uses uniform grid spacing, ∆x. This region is where turbulence is expected to

be most intense and where the greatest resolution is required. The middle region is

a buffer zone that uses ni,b grid points to smoothly transition between the uniform

grid of the center to the stretched grid in the outer region. The outer region uses
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Figure 5.3: A cross section of the computational domain in the non-periodic di-

rections. Section 1 is the region with constant grid spacing. The

buffer region is denoted 2. Section 3 is the region with constant grid

stretching. The outermost section is the sponge region.

a constant rate of stretching. The formula for the buffer region is

xi (i+ 1) = xi (i) +

[xi (i)− xi (i− 1)]

{
1 + tanh

[
4

(
2j − ni,b
ni,b

)]
(pci − 1)

2
+
pci − 1

2

}
,

j = 1, ni,b

and for the outer region is

xi (i+ 1) = xi (i) + [xi (i)− xi (i− 1)] pci, (5.10)

where j is an index that goes from unity at the edge of the uniform grid to ni,b

at the edge of the stretched grid, and pci is the percent stretching expressed in

decimal form (1% stretching corresponds to pci=1.01). Most of the flow in the

outer region of the domain comes from internal waves and similar structures which

are exiting the domain. The resolution required to capture such phenomena is

much less restrictive than the resolution needed at the turbulent core of the wake.

Note that only two grids are used, one for the early time part of the Pr = 7 run,
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and a second coarser one for the Pr = 0.2, Pr = 1, as well as the late time part of

the Pr = 7 cases. The parameters for the two cases are given in Table 5.2.

Table 5.2: Grid Parameters

case l2 l3 ni,b min ∆x pc2 pc3

Pr = 0.2, 1, 7 late 5.0 1.8 25 0.04683 1.0049 1.0150

Pr = 7 early 5.0 1.8 25 0.01674 1.0092 1.0135

5.4 Simulation Results

This section is structured into two subsections: one on important simi-

larities between the three cases and another discussing the important differences

between the three cases. For the purpose of this paper, a quantity is considered to

be weakly influenced by the Prandtl number if the quantity behaves qualitatively

similarly in the three cases and is within 10% quantitatively among the three cases.

Differences between the Pr = 7 and Pr = 1 case are of special interest as they

correspond to an approximation that is usually made for simulating towed bodies

moving in the ocean.

5.4.1 Important Similarities

We are interested in determining the effect of the Prandtl number on overall

wake quantities such as the maximum defect velocity and the wake dimensions.

Following Brucker & Sarkar (2010), a second spatial centered moment of the square

of the mean streamwise velocity 〈u1〉 (x2, x3, t) was used to describe the dimensions

of the wake. The exact definitions of the wake width, R2, and the wake height,
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R3, are as follows:

R2
α (t) = F

∫
A

(xα − xcα)2 〈u1〉2 dA∫
A
〈u1〉2 dA

, (5.11)

xcα (t) =

∫
A
xα 〈u1〉2 dA∫
A
〈u1〉2 dA

,

where α = 2, 3, A is taken to be over the area of the x2 − x3 plane excluding the

sponge region, and F = 2 is an amplification factor that sets R2 and R3 to r0 = 0.5

at the start of the simulation.

The wake dimensions were found to behave very similarly between the three

different cases. Figure 5.4(a) shows the defect velocity for each of the three cases.
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Figure 5.4: Overall wake quantities. (a) Defect velocity. (b) Wake width. (c)

Wake height.

All three cases follow the same qualitative trend: an initial decay followed by

an increase due to the initial collapse in the vertical owing to buoyancy followed

by the non-equilibrium regime and later the Quasi-2D regime. The quantitative

values are different due to differences in the feedback from the density field, this

is discussed further in Section 5.4.2. The wake width and height have some slight

quantitative differences at intermediate to late times but the Pr = 1 case is a

reasonable approximation for the Pr = 0.2 and Pr = 7 cases.

The vorticity field is similar between the three cases. This was established

by examination of instantaneous slices of plane normal components of vorticity on

centerline cuts in all 3 directions. Figure 5.5, vertical vorticity on a horizontal

centerplane, illustrates the similar evolution of vorticity among cases. Small quan-
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(a) (b)

Figure 5.5: Instantaneous ω3 at the horizontal centerplane, x3 = 0. Top Pr =

0.2, middle Pr = 1, bottom Pr = 7. (a) ω3 at t=100. (b) ω3 at

t=1,200. Flow is from left to right.
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titative differences exist but the qualitative agreement, including the number and

location of vortex cores, is excellent.

Brucker & Sarkar (2010) found that the mean kinetic energy is most strongly

affected by the production of turbulent kinetic energy. As the production is a large

scale feature of the flow, the Prandtl number is not expected to strongly affect it.

This implies that the mean kinetic energy will be very similar between the three

cases and similarly the mean flow, which governs the defect velocity and wake

dimensions will also not vary significantly. This result was observed in the present

simulations.

The wake dimensions, defect velocity, and vorticity fields are dominated

by the mean flow which appears to be weakly influenced by the Prandtl number.

These results agree well with the assumption that the Prandtl number makes a

small difference in the behavior of the wake. Most of the differences due to Prandtl

number appear in fluctuating quantities which are discussed in the next section.

5.4.2 Important Differences

The Prandtl number has a strong effect on the density field. Turbulence in

the wake disturbs the density field by moving heavy fluid up and light fluid down

which results in a rise in the potential energy of the wake. Buoyancy couples the

potential energy stored in the density field to the kinetic energy of the velocity

field. The Prandtl number governs the relative strength of diffusion in the velocity

and density fields. Higher values of Pr correspond to lower molecular diffusivity

which results in density fluctuations persisting for longer times. For lower values

of Pr, the density fluctuations are damped more efficiently. The difference in the

strength of the density fluctuations results in a number of differences in quantities

such as the total energy of the wake, wave flux, scalar and turbulent dissipation,

mixing efficiency, spectral distribution of energy in the density and velocity fields,

and the transfer of energy between kinetic and potential modes. Each of these

differences are discussed in this section.

The effect of Prandtl number on the density field can be seen by looking at

contour plots of ρ′ and ρrms. In agreement with Wang & Lu (2005), smaller scale
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features were found to appear in ρ′ with increasing Prandtl number; this result can

be observed in Figure 5.6. The temporal evolution of the density perturbation field

Figure 5.6: Instantaneous ρ′ at t = 90 at the streamwise centerplane, x1 = L1/2.

Top Pr = 0.2, Middle Pr = 1, Bottom Pr = 7.

is visualized using ρrms in Figure 5.7. The Pr = 7 case has significantly stronger

fluctuations than the Pr = 0.2 case and they persist for much longer time. The

ρrms field in the Pr = 1 case is closer to the Pr = 7 case than the Pr = 0.2

case but shows reduced strength and lifespan of fluctuations due to the increased

molecular diffusivity compared to the Pr = 7 case.
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Figure 5.7: ρrms evolution. Left column Pr = 0.2, middle column Pr = 1, right

column Pr = 7. (a) t = 90. (b) t = 150. (c) t = 210. (d) t = 300.
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The ρrms field can also be used to visualize the internal gravity waves that

are radiated from the wake to the surroundings. From Figure 5.7, one can observe

that the Pr = 7 case exhibits stronger wave activity for longer time than the

Pr = 0.2 case. One can calculate the internal wave flux of the wake to verify

this observation. Integrating the pressure transport around the boundaries of the

domain gives a measure of the energy lost from the wake to the surroundings due

to internal wave transport. The integrated wave flux is defined

Tp =

∫
C

〈p′u′n〉 dC,

where C is the boundary of the x2−x3 cross section of the computation domain and

u′n is the fluctuating velocity normal to C. The wave flux has a strong dependence

on the Prandtl number as shown in Figure 5.8. Reduced wave flux with lower

10 100 1000

t

0

5e-06

1e-05

1.5e-05

2e-05

T
p

3 5 50 500

Nt
2.5e-05

Pr=0.2

Pr=1

Pr=7

6

Figure 5.8: Integrated wave flux evolution.

Prandtl number is reasonable since larger molecular diffusivity damps potential

energy stored in the fluctuating density field more effectively, which results in less

potential energy available to be transferred by buoyancy to kinetic energy in the

NEQ regime.

It is desirable to have a measure of the energy associated with the wake. For

this study we define the total wake energy as the sum of the mean kinetic energy,

turbulent kinetic energy and the turbulent potential energy using the following
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definition:

E = mke+K +Kρ =
1

2
〈ui〉 〈ui〉+

1

2
〈u′iu′i〉+

1

2Fr2
〈
ρ′2
〉

(5.12)

where Kρ is defined as done by Itsweire et al. (1993). By integrating mke, K,

and Kρ over the computational domain, the net mean kinetic energy, MKE, net

turbulent kinetic energy, TKE, and net turbulent potential energy, TPE, are

obtained, respectively. As shown in Figure 5.9(a), the integrated total wake energy

was found to be behave qualitatively and quantitatively similar in the Pr = 1 and

Pr = 7 cases. The Pr = 0.2 case showed similar qualitative trends but a reduced

quantitative value until very late time. The MKE (not shown), is similar among

the three cases but TKE and TPE are reduced in the Pr = 0.2 case. The reduced
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Figure 5.9: (a) Total energy evolution. (b) Turbulent energy evolution. (c) Tur-

bulent kinetic energy evolution. (d) Turbulent potential energy evo-

lution. Note that all plots show integrated quantities.
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value of TKE obtained shows that the Prandtl number effect is not limited to the

density field. It is interesting to note that reducing the Prandtl number by a factor

of 5 has more of an effect on the turbulent kinetic and turbulent potential energy

than increasing the Prandtl number by a factor of 7.

One-dimensional spectra are calculated in the periodic direction x1 for the

velocity and density fields to assess the spectral distribution of energy. To increase

the sample size of the spectra, an nspec × nspec cross pattern is used as shown in

Figure 5.10. The centerline point and its (nspec − 1)/2 neighbors are averaged in

the x2 direction and then the centerline point and its (nspec− 1)/2 points in the x3

direction are averaged to determine spectra at the centerline. The cross pattern

Figure 5.10: Cross pattern used for calculating spectra.

allows an average of 2nspec points to be used for spectra instead of a single point. A

larger sample size reduces the statistical jitter. nspec = 11 for the Pr = 7 case, and

nspec = 5 for the Pr = 0.2, Pr = 1, and the latter part of the Pr = 7 case. Less

points were used for the coarser grid so that the spatial extent of the averaging

was consistent between all the cases.

The higher Prandtl number simulations have more energy at the intermedi-

ate and small scales in both the velocity and density fields as shown in Figure 5.11.

This relationship was observed in the early, intermediate and far wake. Energy

spectra are shown in Figure 5.11 for both the turbulent kinetic energy and the

turbulent potential energy. E(k) and Eρ(k) are defined such that

K(x2,c, x3,c) =

∫ ∞
0

E(k) dk, Kρ(x2,c, x3,c) =

∫ ∞
0

Eρ(k) dk,

where x2,c is the centerline in x2 and x3,c is the centerline in x3. The centerline

values are used because they are the most energetic part of the wake.
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Figure 5.11: Differences between spectra in the Pr = 0.2 and Pr = 7 cases illus-

trated at three times, t = 20, 100, 1000. (a) Eρ (k). (b) E (k). (c)

Compensated spectra for Eρ (k); see (a) for legend. (d) Compen-

sated spectra for E (k); see (b) for legend. The horizontal black lines

in (c) and (d) show the range of wavenumbers where Kolmogorov

scaling is present for the Pr = 7 case. Note that a 5 point weighted

average is used for the first 60 modes and an 11 point unweighted

average is used for k > 60.
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It is known that for a passive scalar, increasing or decreasing the Prandtl

number will change the length scale at which the dissipative subrange begins, Ten-

nekes & Lumley (1972). Increasing Prandtl number shifts the dissipation subrange

for Eρ(k) to smaller scales whereas decreasing Pr shifts the dissipation subrange

to larger scales. If the density were a passive scalar then we would not expect to

observe any differences in E(k). This is not the case which further illustrates that

ρ should not be considered a passive scalar. While ρ is an active scalar, the argu-

ment made for a passive scalar concerning the relative locations of the dissipation

subrange for E(k) and Eρ(k) at large or small Prandtl number is applicable for

the current study. Figure 5.11(a) confirms the increase in extent of the inertial

subrange for Eρ(k) with higher Prandtl numbers but there does not appear to be a

viscous-convective subrange as predicted for a passive scalar, Tennekes & Lumley

(1972).

Compensated spectra can be used to assess whether or not Kolmogorov

scaling is present, plots are given in Figures 5.11(c) and (d) for Eρ(k) and E(k),

respectively. It is interesting to note that the Eρ(k) plot for Pr = 7 approximately

shows Kolmogorov scaling, k−5/3, over a decade at early times. There is a shorter

k−5/3 range at intermediate and late time as well. Approximately k−5/3 inertial

scaling is observed at very early time in the E(k) spectrum but this scaling is not

maintained in the intermediate or far wake. In contrast, the Eρ(k) spectrum has

a short range with approximately k−5/3 inertial scaling even at t = 1000.

If we return to Figure 5.11(a) and (b) and include the spectra for the Pr = 1

case while focusing in on time t = 20, we can observe that both the E(k) spectrum

and the Eρ(k) spectrum for Pr = 1 resemble Pr = 7 more closely than Pr = 0.2.

This is shown in Figure 5.12. The Pr = 0.2 case shows a shorter inertial range

and reduced energy at wavenumbers greater than k = 60. The larger scales in the

Pr = 0.2 case are being interfered with by diffusive effects. The reduced energy

in the Pr = 0.2 case is similar to the behavior of a lower Re flow. The value of

RePr = 10, 000× 0.2 = 2, 000 is rather small in the Pr = 0.2 case and, therefore,

the lower wavenumbers (larger scales) are directly affected by molecular diffusion.

These differences in the spectra are responsible for the larger impact on Tp, K,
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Figure 5.12: Separation in scales at different values of Pr. (a) Eρ(k). (b) E(k).

and Kρ from reducing Pr with respect to Pr = 1 by a factor of 5 than increasing

Pr by a factor of 7.

If one examines the three components of E(k) for the Pr = 7 case shown

in Figure 5.13(a), one can observe that, at large scales, E(k) is dominated by

E11(k) and E22(K). For small scales E33(k) dominates E(k). The dominance
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Figure 5.13: (a) Components of E (k) for the Pr = 7 case. (b) Components of

E (k) for the Pr = 0.2 case. Note that a 5 point weighted average

is used for the first 60 modes and an 11 point unweighted average

is used for k > 60.

of E33(k) at small scales is reasonable as the density fluctuations at small scales

lead to fluctuations in the vertical velocity. The opposite behavior with respect to
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the relative importance of E33(k) to E(k) occurs for the Pr = 0.2 case shown in

Figure 5.13(b).

Scalar dissipation is the main sink for turbulent potential energy stored in

the density field. The scalar dissipation varies strongly with the Prandtl number.

This is to be expected from the role of Pr in the definition of scalar dissipation,

ερ =
1

PrReFr2

〈
∂ρ′

∂xk

∂ρ′

∂xk

〉
.

However, as shown in Figure 5.14(d) ερ does not scale as 1/Pr because the density

perturbation gradients are different in the three cases. Density fluctuation gradi-

ents are larger in the higher Pr cases but not so large as to overcome the 1/Pr

factor in the definition of ερ.

Analogous to the role of scalar dissipation for the turbulent potential energy,

turbulent dissipation is the main sink of turbulent kinetic energy. The turbulent

dissipation is defined as follows

ε =
1

Re

〈
∂u′i
∂xk

∂u′i
∂xk

〉
,

Note that formally this is the definition of the pseudo-dissipation, however this is

often used as it is essentially identical to the dissipation in high-Re turbulence,

Pope (2000). Significantly stronger turbulent dissipation occurs in the Pr = 7

case than the Pr = 1 and Pr = 0.2 cases. The trend of increasing turbulent

dissipation with increasing Prandtl number can clearly be observed from
∫
A
ε dA

in Figure 5.14 (b). The change in turbulent dissipation is consistent with the fact

that density is not a passive scalar. The result of increasing ε and decreasing ερ

with increasing Pr shown in Figure 5.14(a) and (b) agrees with the results of Gerz

et al. (1989).

The quantity ε + ερ represents the net dissipation of the turbulent energy,

K + Kρ;
∫
A

(ε+ ερ) dA is shown in Figure 5.14(c). The net dissipation is much

larger in the Pr = 0.2 case which is consistent with the reduced TKE + TPE

shown in Figure 5.9. The Pr = 7 and Pr = 1 cases exhibit comparable values of

net dissipation with the Pr = 7 case having slightly larger net dissipation after

t > 10.
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Figure 5.14: Dissipation evolution. (a) Integrated dissipation of K. (b) Inte-

grated dissipation of Kρ. (c) Integrated dissipation of K +Kρ. (d)

Integrated dissipation of Kρ with Prandtl number effect removed.

The initial difference in
∫
A
ε(t = 6) dA between the Pr = 7 and

Pr = 0.2, 1 cases is due to the interpolation used to generate the

initial conditions. Information from gradients is lost upon transfer

from a fine grid to a coarse grid.
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Following previous studies, Smyth et al. (2001); R. & Caulfield (2003);

Brucker & Sarkar (2007), the mixing efficiency can be defined using ερ and ε. To

ensure that the mixing efficiency takes values between 0 and 1, the normalizing

definition

γd =

∫
A
ερ dA∫

A
ε dA+

∫
A
ερ dA

was used. The physical meaning of this definition is that efficiency is defined as

the fractional contribution of molecular mixing of turbulent potential energy to

molecular mixing of total fluctuation energy. As the disturbances to the back-

ground density field are small, one can get a picture of how well-mixed the wake

is by examining ρrms in Figure 5.7. Consistent with the contour plots of ρrms, γd

was found to be significantly higher with decreasing Prandtl number; this is shown

in Figure 5.15. The trend of decreased mixing efficiency with increasing Prandtl
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Figure 5.15: Mixing efficiency based on γd.

number found by Smyth et al. (2001) and Brucker & Sarkar (2007) in their studies

on shear layers is found to hold in the turbulent stratified wake as well.

The mixing efficiency tends to zero at late times because the mean flow ex-

cites stronger velocity fluctuations in the horizontal plane than density fluctuations

and, consequently, the flow becomes quasi-2D at late time and density fluctuations

become weaker since vertical motion is required to obtain ρ′ whereas ui,rms can

occur in-plane. Figure 5.16 shows the dominance of fluctuations in the horizontal
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Figure 5.16: (a) Fluctuation strength. (b) Local horizontal Froude number. Both

plots show data from the Pr = 1 case, the same trends occur in all

three cases.

plane at late time in the quasi-2D region. Figure 5.16(a) shows the ratio of the

integrated ρrms and integrated uh,rms, where uh,rms = (u21,rms + u22,rms)
1/2. Note

that ρrms is scaled by 1/Fr for dimensional consistency. Figure 5.16(a) also shows

the ratio of integrated u3,rms and uh,rms. Both quantities go to zero at late time.

A local Froude number was defined using Frh = U0/(2R2N), this value also goes

to zero as shown in Figure 5.16(b).

The buoyancy flux term quantifies the transfer of energy between the tur-

bulent potential energy and turbulent kinetic energy; it is defined as

B = − 1

Fr2
〈ρ′u′3〉 .

As shown in Figure 5.17, the buoyancy flux shows a bias depending on the mag-

nitude of the Prandtl number. For Pr = 1,
∫
A
B dA is approximately centered

around zero for t > 350. For Pr = 1, there is an initial transient followed by a

peak in
∫
A
B dA at t ≈ 90 followed by a smooth decay down to zero. For Pr = 7,∫

A
B dA shows a positive bias and for Pr = 0.2

∫
A
B dA shows a negative bias.

Between t ≈ 30 and t ≈ 80 the magnitude of
∫
A
B dA for the Pr = 7 and Pr = 0.2

cases are comparable, this also holds from 300 ≤ t ≤ 600. Between 80 ≤ t ≤ 300

the magnitude of
∫
A
B dA is much larger for the Pr = 7 case than the Pr = 0.2

case.
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At very late time, t ≥ 600, the magnitude of
∫
A
B dA is much larger in the

Pr = 0.2 case than the Pr = 7 case. A positive value of B will result in more
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Figure 5.17: Buoyancy flux bias. (a) Early time. (b) Intermediate time. (c) Late

time. (d) Very late time. Note that a 15 point running average was

used to filter the raw data to clearly show the bias based on Pr.

energy being transferred from turbulent potential to turbulent kinetic energy. In

contrast, a negative buoyancy flux results in energy moving from turbulent kinetic

to turbulent potential energy. At lower Prandtl numbers, molecular diffusion is

an effective smoother, quickly damping out density differences and reducing the

turbulent potential energy. This causes energy to be transferred on average from

turbulent kinetic to turbulent potential energy. Conversely, for high Pr the viscous

diffusion acts on the velocity field reducing the turbulent kinetic energy while

the reduced molecular diffusivity allows for more energy storage in the form of
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turbulent potential energy. It is the coupling between the vertical velocity and

density field which allows the energy to be transferred between potential and kinetic

modes. The average rate of energy transfer is from the higher energy modes to

lower energy modes.

The mixing efficiency is often quantified using

γ =

∫
A
B dA∫

A
B dA+

∫
A
ε dA

for stratified turbulent flows. The preceding definition is not appropriate for tur-

bulent stratified wakes because the value of
∫
A
B dA oscillates frequently between

positive and negative values which results in γ not being positive definite. An-

other problem is that
∫
A
B dA and

∫
A
ε dA are of the same order which makes it

possible to obtain unreasonably large values of γ when the magnitudes of
∫
A
B dA

and
∫
A
ε dA are comparable but their signs are opposite.

5.5 Conclusions

DNS at Re = 10, 000, Fr = 2, and Prε[0.2, 1, 7] were performed to examine

the effect of the Prandtl number on the towed wake. Bulk quantities such as wake

defect velocity and the wake dimensions were found to be weakly influenced by the

Prandtl number. However, the Prandtl number was found to strongly affect the

density perturbation field. Through the coupling between kinetic and potential

energy, differences in the density perturbation field resulted in differences in the

wave flux, total energy of the wake, turbulent and scalar dissipation, spectral

distribution of energy in the density and velocity fields, mixing efficiency, and

buoyancy flux. For example, the maximum internal wave flux at Pr = 7 exceeds

that at Pr = 0.2 by about 50%. The Pr = 7 case shows a decade of wavenumbers

with approximately k−5/3 inertial scaling in both density and velocity spectra at

early time. A short k−5/3 range is present at late time in the density field but not

in the velocity for the Pr = 7 case; none exists for the Pr = 0.2 case. The Pr = 7

case exhibits significantly higher values of ε and significantly lower values of ερ

compared to the Pr = 0.2 case. The increased ε with increasing Pr clearly shows

that density should not be treated as a passive scalar.
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The degree of difference between the Pr = 1 case and the other cases varied

based on whether the Prandtl number was increased or decreased. In general,

differences were more pronounced between the Pr = 1 and Pr = 0.2 cases than

the Pr = 1 and Pr = 7 cases. This is because the value of RePr = 2, 000 in

the Pr = 0.2 case is rather small so that direct damping by molecular diffusivity

extends to the larger scales. Lower values of Pr damp density fluctuations more

efficiently which results in substantial differences in several of the quantities used to

characterize the turbulent wake, this effect can be seen most clearly by examining

spectra of E(k) and Eρ(k) as shown in Figure 5.12. At higher values of Pr there

are differences in wake quantities but they tend to be small-scale features which

do not have a significant impact on the larger scale features of the wake.

The main question this paper sought to answer: “Is it reasonable to assume

Pr = 1 for conducting simulations of submersible wakes in a stratified environment

with Pr = 7?” has been answered in the affirmative. The qualitative agreement

between the mean flow and second-order turbulent statistics in the Pr = 1 and

Pr = 7 cases is very good. While quantitative differences do exist between the

Pr = 1 and Pr = 7 cases, the differences are small relative to the significantly

higher computational cost required by increased resolution. As the upper limit

of the Reynolds number for stratified turbulent wake simulations using DNS is

still substantially below that in applications, it is more important to increase the

Reynolds number to a more realistic value as it has a significant impact on the

wake dynamics, Brucker & Sarkar (2010); Diamessis & Spedding (2006).
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Chapter 6

Simulation of a propelled wake

with moderate excess momentum

in a stratified fluid

6.1 Abstract

Direct numerical simulation is used to simulate the turbulent wake behind

an accelerating, axisymmetric self-propelled body in a stratified fluid. Accelera-

tion is modeled by adding a velocity profile corresponding to net thrust to a self-

propelled velocity profile resulting in a wake with excess momentum. The effect of

a small to moderate amount of excess momentum on the initially momentumless

self-propelled wake is investigated to evaluate if the addition of of excess momen-

tum leads to a large qualitative change in wake dynamics. Both the amount and

shape of excess momentum are varied. Increasing the amount of excess momentum

and/or decreasing the radial extent of excess momentum was found to increase the

defect velocity, mean kinetic energy, shear in the velocity gradient and the wake

width. The increased shear in the mean profile resulted in increased production of

turbulent kinetic energy leading to increased turbulent kinetic energy and dissipa-

tion of turbulent kinetic energy. Slightly larger vorticity structures were observed

in the late wake with excess momentum although the difference between vorticity

94
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(a) (b) (c)

U

Figure 6.1: Velocity profiles in the wake of towed and jet-propelled bodies. This

image shows the fluid velocity behind the moving body. (a) Dragged

body with no propulsion. (b) Self-propelled body with zero net mo-

mentum. (c) Propelled body with excess momentum. The dashed

line corresponds to zero velocity.

structures in the self-propelled and 40% excess momentum case were significantly

smaller than those suggested by previous experiments. Buoyancy was found to

preserve the doubly-inflected velocity profile in the vertical direction and similar-

ity for the mean velocity and turbulent kinetic energy was found to occur in both

horizontal and vertical directions. While quantitative differences were observed

between cases with and without excess momentum, qualitatively similar evolution

was found to occur.

6.2 Introduction

The near wake behind a propelled body is fundamentally different than its

towed counterpart. As shown in Figure 6.1, a towed wake contains only a velocity

deficit in the wake whereas a propelled wake contains velocity excess and deficit

resulting in a doubly-inflected mean velocity profile. Figure 6.1(b) illustrates the

special case where the momentum in the drag lobes balances the momentum in the

thrust lobe resulting in a momentumless wake, such a profile is characteristic of a

self-propelled body moving at constant speed. Figure 6.1(c) shows an example of a

self-propelled body undergoing acceleration. The velocity profile in Figure 6.1(b)

was observed experimentally for the mean velocity in the unstratified near wake
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by Naudascher (1965), Sirviente & Patel (2000a), Higuchi & Kubota (1990), by

Aleksenko & Kostomakha (1987) in unstratified non-swirling axial jet propelled

momentumless wake studies, and by Kostomakha & Lesnova (1995) for an un-

stratified swirling axial jet propelled momentumless wake. The mirror image of

Figure 6.1(b) was obtained in momentumless cases with a propeller by Hyun &

Patel (1991a,b) and Sirviente & Patel (2000b) for an off-center swirling jet. It is

important to note that in the presence of stratification, an initially momentum-

less wake will acquire a net momentum during its evolution due to the transfer

of momentum from the wake to the background by internal waves. In addition,

stratification is known to significantly alter the mean velocity profile during the

downstream evolution. In contrast to the coherent profile observed in unstratified

experiments, Meunier & Spedding (2006) observed no coherent mean velocity pro-

file in the intermediate and late wake in their experiments with a momentumless

self-propelled body in a stratified fluid.

Experimentally, stratified wakes are usually studied by towing a body, often

a sphere, or by towing a body with an independent momentum source, generating

what we refer to as a propelled wake, which can balance the momentum deficit in

the wake to create a momentumless wake. Note that it is extremely challenging,

if not impossible, to obtain a truly momentumless wake, in practice experiments

have a momentum imbalance on the order of 1%, Novikov (2009). Only recently

have remote control submersibles been used to represent a true self-propelled wake,

e.g., Voropayev et al. (2007) and Voropayev & Fernando (2010).

For a propelled wake, the momentum source can take a number of forms

including propellers, swirling jets, and non-swirling jets. Numerous experimental

studies, mostly with an unstratified background, have shown that the wake behaves

differently depending on the momentum source for a momentumless wake, see for

example Park & Cimbala (1991); Schetz & Jakubowski (1975); Sirviente & Patel

(2000b, 2001). The presence of swirl is known to result in significant differences in

both the net momentum and momentumless cases, the effect is especially strong

in the momentumless cases as noted by Chernykh et al. (2005) in their review of

relevant literature. Further detail on the effect of swirl is summarized in the review



97

of Schetz (1980) and the literature review on wakes in section 5.7 of Piquet (1999).

Results from unstratified wind tunnel experiments of propelled bodies with net

momentum, such as the 3D study by Higuchi & Kubota (1990) and the 2D study

of Cimbala & Park (1990), are not generally expected to extend to the case of

a stratified wake as stratification significantly impacts the wake dynamics. The

following paragraphs discuss work related to the wake of axisymmetric propelled

bodies.

Wakes of self-propelled bodies were first discussed by Schooley & Stewart

(1963), and remained an area of intense interest until the early 1980s when research

efforts emphasized the wake behind spheres. A partial summary of results from

early self-propelled wake studies in a stratified fluid can be found in the review

article Lin & Pao (1979). After a long hiatus, self-propelled wakes were investigated

recently in laboratory experiments that employed modern diagnostics by Meunier

& Spedding (2006). Voropayev et al. (1999) and Voropayev & Fernando (2010)

also investigated self-propelled wakes, although their studies emphasized the effect

of acceleration maneuvers on the formation of large eddies in the late wake of a

self-propelled body. Direct numerical simulation (DNS) was used by Brucker &

Sarkar (2010) to compare self-propelled and towed wakes at a Reynolds number of

50,000.

There is strong evidence from unstratified experimental studies that a self-

propelled wake is qualitatively different than a towed wake; the mean velocity and

streamwise turbulence intensity decays faster (Higuchi & Kubota (1990)) and the

mean shear is significantly reduced in the self-propelled profile (Sirviente & Patel

(2000a)). In a stratified fluid, Lin & Pao (1979) observed a more complicated late

wake vorticity field with smaller horizontal scales and spacings compared to a towed

wake. Smaller horizontal scales and spacing between vortices of a self-propelled

wake relative to a towed wake was also observed by Brucker & Sarkar (2010) and

Meunier & Spedding (2006). Brucker & Sarkar (2010) found that the mean velocity

decayed significantly faster in a self-propelled wake relative to a towed wake, this

result is consistent with unstratified experiments. However, Meunier & Spedding

(2006) found that the quadratic horizontal velocity fluctuations decayed slower in
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a self-propelled wake relative to a towed wake; this result is in contrast to the

results observed for the integrated turbulent kinetic energy given in Brucker &

Sarkar (2010).

While a number of differences are known to occur between a canonical towed

wake and a self-propelled wake, far less attention has been devoted to the case

of a propelled wake with a small to intermediate amount of excess momentum.

Analytical studies are limited to the similarity analysis of Tennekes & Lumley

(1972) and a solution using a linearized interferential model of wake development

by Novikov (2009), both of which are for wakes in an unstratified fluid. Higuchi

& Kubota (1990) considered the case of a propelled wake with moderate excess

momentum in an unstratified fluid and Meunier & Spedding (2006) considered the

case of a propelled wake with a small amount of excess momentum in a stratified

fluid. Numerical work for the unstratified case was performed using RANS by

Lewellen et al. (1974); Chernykh et al. (2009) and with DNS by de Stadler &

Sarkar (2011) in a companion study to the present study. The only numerical

work done for the stratified case has been done using RANS by Chernykh et al.

(2009).

Tennekes & Lumley (1972) consider what happens when a momentumless

self-propelled wake is contaminated by a small amount of excess momentum in an

unstratified fluid. Based on a self-similarity analysis they determine that the excess

momentum component decays as U0 ∝ x−2/3 and the self-propelled component de-

cays as U0 ∝ x−4/3. Thus, they deduce that a self-propelled wake with even a small

amount of excess momentum differs significantly from a self-propelled wake with-

out excess momentum where U0 ∝ x−4/5. However, this result requires the usage

of two unverified assumptions. The first is that the turbulent viscosity is constant

across the wake. The second is the assumption that the velocity can be treated as

a superposition of two independently varying components, a momentumless one

and a Gaussian excess momentum component.

In experiments using towed cylinders and streamlined bodies with a thrust

producing propeller, Meunier & Spedding (2006) find that a propelled wake with

a small amount of momentum, ≥ 2%, behaves qualitatively differently than a
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momentumless wake and can be scaled as a momentum wake with appropriate

normalization by an effective momentum thickness. Note that this conclusion is

based on statistics taken on a horizontal plane at the vertical centerline. Meunier &

Spedding (2006) also found that a momentumless propelled wake at a small angle

of attack generates a three lobed vorticity structure and the velocity becomes self-

similar, retaining the initially asymmetric profile. The asymmetric momentumless

case introduced in Meunier & Spedding (2006) is discussed in detail by Gallet et al.

(2006) who found that both the wake width and maximum velocity decayed at the

same rate as a momentum wake when the velocity is normalized appropriately. As

a result of their observation that the wake is strongly sensitive to small amounts of

excess momentum as well as the angle of attack of the body, Meunier & Spedding

(2006) question whether a momentumless wake ever exists in practice.

Voropayev et al. (1999) observed the formation of significantly larger eddy

structures in the late wake of an accelerating body compared to a self-propelled

body at low Reynolds number, Re ≈ 630, in a stratified fluid. They used a

towed model submarine with a thrust producing axial jet to control the amount

of acceleration. In a follow up study, Voropayev & Fernando (2010) used a re-

mote control propeller driven submarine to conduct similar experiments at higher

Reynolds number, Re = O(10, 000), Fr ≈ 1, and with different levels of accelera-

tion. Although data for a weak acceleration is not shown, Voropayev & Fernando

(2010) state that the results for that case are similar to the case discussed where a

vorticity front is formed upon acceleration with the fluid behind the front moving

faster than the front leading to the later fluid becoming entrained into the front

region forming a large dipole.

Numerical work for the case of a stratified, self-propelled wake with excess

momentum is limited to Chernykh et al. (2009), who employ a modified k − ε

turbulence model for their Reynolds-averaged Navier-Stokes (RANS) simulations.

Chernykh et al. (2009) found that a small amount of excess momentum has a

significant effect on the defect velocity but a small impact on turbulent kinetic

energy and internal wave radiation. Note that their solution technique used sym-

metry arguments to solve the flow in one quadrant of the domain. While de Stadler
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& Sarkar (2011) observed quantitative differences with the amount and shape of

excess momentum in an unstratified fluid, there was little qualitative difference

between cases with the exception of the mean kinetic energy where the cases with

increased amounts of excess momentum diverged earlier from momentumless be-

havior.

Brucker & Sarkar (2010) performed DNS of initially momentumless wakes

and found that they decay faster than towed wakes. Larger shear production of

turbulence for the momentumless wake profile was identified as the reason for

more rapid decay. The buoyancy induced reduction of vertical Reynolds shear

stress was found to decrease mean-to-turbulence transfer and allow the wake to

be long-lived in a stratified fluid compared to an unstratified fluid. They also

found that the standard regimes for towed wake evolution, near wake (NW), non-

equilibrium (NEQ) regime, and quasi-2D regime (Q2D), occurred in self-propelled

wakes as well, with the NEQ regime being prolonged at higher Reynolds number.

The longer duration of the NEQ regime was predicted analytically based on a

model for a momentum wake in a stratified fluid by Meunier et al. (2006) and was

observed in the numerical simulations of a momentum wake by Diamessis et al.

(2011).

6.2.1 Objectives

The present study is designed to investigate the effect of excess momentum

on the downstream evolution and wake structure of an initially momentumless

wake in a stratified fluid. Numerical simulation is employed for this study as

numerical simulation allows for precise control over the location, shape, and extent

of excess momentum. Fully three-dimensional simulations are performed using

DNS to study the effect of excess momentum from the near wake to the far wake;

note that the present simulations are the first usage of DNS for this problem. Here

we present quantitative and qualitative data describing the self-propelled wake

dynamics in the presence of varying amounts of excess momentum and shapes of

excess momentum. The most common application for the present study is the

wake of a self-propelled submersible moving in the littoral region of the ocean.
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Qualitative questions of interest for the present study include (i) How does

the amount of excess momentum impact the downstream development of the wake?

(ii) How does the shape of excess momentum impact the downstream development

of the wake? (iii) How does excess momentum impact the size of late wake eddies?

(iv) What features of the initial flow structure, if any, are preserved in the late

wake? We also quantify the effect of excess momentum on characteristic wake scales

and wake energetics. Vertical profiles of mean and turbulence quantities have not

been reported previously and are characterized here. Results for cases with excess

momentum are compared with an initially momentumless self-propelled wake as

well as the experimental data of Meunier & Spedding (2006) for propelled wakes

and the limiting cases of self-propelled and towed bodies.

6.3 Formulation

The formulation for this paper is similar to that used by de Stadler et al.

(2010) and Brucker & Sarkar (2010). The description given here emphasizes differ-

ences between the present study and de Stadler et al. (2010) and Brucker & Sarkar

(2010).

For this study we consider the wake behind a self-propelled body of size D

moving at speed U in a fluid with a linear density stratification. The body is ini-

tially moving at constant speed such that the thrust and drag balance in the near

wake resulting in zero net momentum. Suddenly the body accelerates, transferring

net momentum into the wake over a finite time interval. This accelerating maneu-

ver is modeled as excess momentum being applied to the initially momentumless

wake profile. Physically, this problem setup corresponds to an overthrusted wake

which is being towed at constant speed while employing an independent propulsor

to generate thrust in excess of the drag. Such a situation has been considered

experimentally by Higuchi & Kubota (1990) in an unstratified fluid and Meunier

& Spedding (2006) in a stratified fluid.

Ideally, we would like to perform these simulations with the body inside

the computational domain in a frame similar to a wind-tunnel where fluid flows
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past the body. This is not possible due to the prohibitive computational cost of

resolving the fine scales occurring close to the body. Even without resolving the

body in the domain, it is extremely expensive to perform a spatially evolving sim-

ulation as domain sizes on the order of thousands of body diameters downstream

are of interest and the large vortex structures that form in the late wake require

substantial domain size in the horizontal direction as well. Due to the high com-

putational cost of performing such a simulation in a spatially evolving frame, the

equivalent problem is simulated in a temporal frame following previous authors,

see Brucker & Sarkar (2010) for a list of stratified and unstratified simulations

using a temporal frame. A limitation of the present study, due to the temporal

approximation, is that information is not allowed to travel downstream as would

be the case in a spatially evolving wake where the excess momentum would interact

with the initially momentumless wake further downstream.

The temporal frame moves with a velocity of U in the positive streamwise

direction which corresponds to the wake evolving behind a body moving with

velocity U in the negative streamwise direction. Note that in this formulation, the

x1 direction is periodic. Statistics in the temporal frame are related to those in the

spatial frame by the relation x = x0 +Ut where x is the distance behind the body

in the streamwise direction, x0 is the spatial location corresponding to the initial

conditions for the temporal simulation, and t is the time evolved in the temporal

simulation.

The three-dimensional, incompressible, unsteady form of the Navier-Stokes

equations subject to the Boussinesq approximation are the governing equations

for this problem. DNS is used to advance the solution from the near wake to the

far wake. All relevant scales of motion are resolved and no turbulence models

are used. The numerical scheme employed is identical to that given in Brucker &

Sarkar (2010), see that reference for details.

6.3.1 Boundary conditions

Boundary conditions for this study are taken to correspond to an undis-

turbed background with a linear density stratification. Stress-free boundary con-
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ditions are applied at the x2 − x3 boundaries for the velocity terms. The vertical

density gradient is maintained at the value corresponding to the background at

the x3 boundary. At the x2 boundary ∂ρ/∂x2 = 0 is enforced. By definition, all

flow variables are periodic in the x1 direction in the temporal approximation. As

in de Stadler et al. (2010) a sponge region is employed over twenty gridpoints at

both the x2 and x3 boundaries to avoid spurious reflections from waves and other

disturbances that propagate out of the computational domain; the details of the

sponge region are identical to those given in de Stadler et al. (2010).

6.3.2 Initial conditions

As the self-propelled wake is notoriously sensitive to initial conditions as

noted by Meunier & Spedding (2006), we initialize our simulations with the ide-

alized doubly inflected mean velocity profile of Rottman et al. (2003), which was

also used by Brucker & Sarkar (2010), that is representative of the near wake of

a body moving under its own power. The opening paragraph of this paper con-

tains a list of experiments with qualitatively similar velocity profiles to that used

in the present study. Detailed experimental data describing the near wake of a

self-propelled body is not available for the Reynolds numbers under consideration,

for a stratified or unstratified fluid, so the initial conditions of Brucker & Sarkar

(2010) were used as a guide for both the mean and fluctuating components of the

velocity field.

Initial condition generation procedure

All simulations began with an initially momentumless self-propelled wake

profile. Note that the designation SP will be used to refer to the case with zero

net momentum in the wake. The SP case was initialized as described by Brucker

& Sarkar (2010). Excess momentum was added as described later in section 6.3.2.

No swirl is present in the initial conditions. The initial mean velocity field is
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constructed as U1(r) = uSP (r) + δu(r), with uSP and δu given by

uSP (r) = U0

[
1− 1

2

(
r

r0

)2
]

exp
− 1

2

(
r
r0

)2

, (6.1)

δu(r) = U0cM(r0/rM)2 exp
− 1

2

(
r

rM

)2

, (6.2)

where r0 = 0.5, U0 = 0.11, δu(r) is the excess momentum profile, cM controls the

amount of excess momentum, and rM controls the shape of the excess momentum.

Turbulent fluctuations with a given spectrum are superposed on U1(r) and then

spatially limited following Brucker & Sarkar (2010). The spectrum used is

E(k) =

(
k

k0

)4

exp−2(k/k0)
2

where k0 = 4. The fluctuations are cropped to the wake region using the limiting

function g(r),

g(r) = a

(
1 +

r2

r20

)
exp

− 1
2

(
r
r0

)2

where a = 0.055 is the maximum initial centerline amplitude of the velocity fluc-

tuations.

The initial velocity field is allowed to adjust following the unstratified

Navier-Stokes equations until max(〈u′1u′r〉 /K) ≈ 0.25. During this time, the mean

velocity field is held constant and the fluctuations adjust to the mean profile. The

initial velocity fluctuation fields at the start of the simulation are shown in Fig-

ure 6.2.

Adding excess momentum

As a first attempt to study this problem, an accelerating maneuver was

approximated by adding a velocity profile corresponding to net thrust to a self-

propelled velocity profile resulting in a wake with excess momentum. There are

a number of shapes that can be used for the excess momentum. For this study,

the excess momentum is applied as a Gaussian profile, Equation (6.2), with a

parameter to control the shape of the excess momentum, rM , and a parameter to

control the amount of excess momentum, cM . Applying excess momentum in this
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Figure 6.2: Initial conditions at the end of the initialization procedure for the

rM = 0.25 cases. (a) Velocity rms components. (b) 〈u1ur〉 /K. In

(a), gray lines are used for SP and black lines for M40r25. Cases

M20r25 and M05r25 are in between the SP and M40r25 cases.
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Figure 6.3: Initial mean profiles. (a) rM = 0.25, three different values of excess

momentum are imposed by changing cM . (b) cM = 0.4, two different

shapes are imposed on the excess momentum by varying rM .

manner corresponds to superposing a developed jet that began with a radial top

hat velocity profile at the body onto the initially momentumless velocity profile.

The effect of varying the shape and amount of excess momentum is shown in

Figure 6.3.

One also has freedom to choose a reference value of momentum for calcu-

lating the amount of excess momentum injected. For this work, the reference value

for excess momentum was chosen to be the amount of momentum in the Gaussian

term of USP , U0 exp (−1/2(r/r0)
2) in Equation (6.1); this definition is equivalent

to that of Higuchi & Kubota (1990). Thus, cM = 0.4 corresponds to 40% excess

momentum using our definition.
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6.3.3 Simulation parameters

Numerical simulations were designed to study the effect of excess momen-

tum on the wake by varying two parameters: the radial extent of the excess mo-

mentum and the strength of the excess momentum. Two values were chosen for

the radial extent, one equal to the radial extent of the mean profile to allow for

comparison with the mixed wake of Tennekes & Lumley (1972) and one with a nar-

rower radial extent to represent an axial jet used to propel a body. The amount of

excess momentum was chosen to represent the effect of a small to moderate change

in velocity. Three values were used to study the influence of successively increasing

the acceleration. Our computational resources, combined with data from Brucker

(2009), made a Reynolds number of 10,000 an attractive choice.
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Table 6.1: Simulation parameters. In the labelling of the cases, SP denoted self-propelled; the number following M refers

to the strength of the excess momentum cM , and the number following r refers to its radial extent rM . Li

refers to the size of the computational domain in a given direction (not including the sponge region), ni refers

to the number of gridpoints in a given direction and tf refers to the end time of the simulation.

case 100× cM rM Re Fr Pr L1 L2 L3 n1 n2 n3 tf

SP 0 n/a 10,000 3 1 48.125 24.883 11.758 1408 768 384 2276

M05r25 5 0.25 10,000 3 1 48.125 24.883 11.758 1408 768 384 2267

M20r25 20 0.25 10,000 3 1 48.125 24.883 11.758 1408 768 384 2026

M40r25 40 0.25 10,000 3 1 48.125 24.883 11.758 1408 768 384 1495

M05r50 5 0.50 10,000 3 1 48.125 24.883 11.758 1408 768 384 2254

M20r50 20 0.50 10,000 3 1 48.125 24.883 11.758 1408 768 384 2067

M40r50 40 0.50 10,000 3 1 48.125 24.883 11.758 1408 768 384 1951
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Simulations were designed for a resolution of ∆x/η ≤ 4. Each case required

approximately 1,650 CPU hours on Einstein, a Cray XT5.

6.4 Data analysis methods

One of the advantages of numerical simulations is that they produce full

three-dimensional fields for all flow variables. This allows direct measurement

of quantities inaccessible to experimentalists such as turbulent dissipation. To

analyze this data, streamwise averages, area integrated quantities and contour

plots are used. The Reynolds decomposition is used to write variables as the

combination of a mean and fluctuating component, φ = 〈φ〉 + φ′, where arrow

braces indicate a streamwise average.

We are interested in measuring characteristic velocity and length scales for

the wake. The defect velocity is defined as the maximum value of the streamwise

velocity in the temporal frame. The wake dimensions are defined following Brucker

& Sarkar (2010),

R2
α (t) = F

∫
A

(xα − xcα)2 〈u1〉2 dA∫
A
〈u1〉2 dA

, xcα (t) =

∫
A
xα 〈u1〉2 dA∫
A
〈u1〉2 dA

, (6.3)

where F = 2 is a normalization factor to set the initial wake width, R2, and height,

R3, to 0.5 in the case with zero net momentum, and A is the area of the x2 − x3
plane not including the sponge region. One can also define similar length scales

for the turbulent kinetic energy, RK2 and RK3, and the kinetic energy RE2 and

RE3, by replacing 〈u21〉 with 〈K〉 = 〈u′iu′i〉 /2 or 〈E〉 = (〈ui〉 〈ui〉 + 〈u′iu′i〉)/2 in

equation (6.3). Note that due to the method of defining the wake dimensions, a

wake with excess momentum will have a larger velocity weighting closer to the

origin which results in the denominator increasing more than the numerator so by

definition the initial wake dimensions will be reduced.

We are also interested in measuring the energy associated with the wake.

The integrated mean kinetic energy, MKE, and integrated turbulent kinetic en-

ergy, TKE, are defined as

MKE =

∫
A

1

2
〈ui〉 〈ui〉 dA, TKE =

∫
A

1

2
〈u′iu′i〉 dA.
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In addition to the integrated turbulent kinetic energy, we are also interested in

measuring the energy budget of the turbulent kinetic energy, K = 〈u′iu′i〉 /2. The

evolution equation for the turbulent kinetic energy is given as

DK

Dt
= P +B − ε− ∂Ti

∂xi

where production, P , dissipation, ε, buoyancy flux, B, and turbulent transport,

∂Ti/∂xi, are given by the standard definitions, see Pope (2000) for details,

P = −
〈
u′iu
′
j

〉 ∂ 〈ui〉
∂xj

, ε =
1

Re

〈
∂u′i
∂xk

∂u′i
∂xk

〉
,

B = − 1

Fr2
〈ρ′u′3〉 , Ti =

1

2

〈
u′iu
′
ju
′
j

〉
+ u′ip

′ − 2

Re

〈
u′js
′
ij

〉
.

The energy contribution radiated to the background due to the internal wave flux

is given by

Tp =

∫
C

〈p′u′n〉 dC,

where C denotes the closed curve corresponding to the x2 − x3 boundary.

6.5 Varying the amount of excess momentum

6.5.1 Characteristic scales

From inspection of the mean profiles in Figure 6.3(a) one can observe that

as the amount of excess momentum increases, the defect velocity, mean kinetic

energy, and mean shear all increase. Despite initial differences, in each of the cases

considered in this study, the defect velocity follows qualitatively similar behavior

as shown in Figure 6.4(a) for the cases with rM = 0.25. In Figure 6.4(a) the

universal wake evolution for a towed wake proposed by Spedding (1997) is shown

as well. The early time decay of the present study is significantly faster than the

-2/3rds decay rate for a towed wake and the -4/5 decay rate for a self-propelled

wake in an unstratified fluid as predicted by Tennekes & Lumley (1972), with the

decay rate increasing with increasing amounts of excess momentum. The decay

rate in the NEQ regime is faster than that predicted using Spedding’s proposed



110

10 100 1000

t

0.01

0.1

U
0

2 3.33 33.33 333.33
Nt

SP
M05r25
M20r25
M40r25

6

(a)

t
-2/3

t
-1/4

t
-3/4

t
-0.4

10 100 1000

t

0.1

1

U
0 / 

U
0(t

0 )

2 3.33 33.33 333.33
Nt

SP
M05r25
M20r25
M40r25

6

(b)

Figure 6.4: (a) Defect velocity. (b) Defect velocity normalized by initial value.

The universal wake evolution for a towed wake proposed by Spedding

(1997) is shown as a dotted line below the curves.

model although the observed decay exponent of -0.4 matches the value observed

by Meunier & Spedding (2006) for a momentumless stratified wake at intermediate

time. At late time the defect velocity decayed at a rate comparable to Spedding’s

universal model, -0.75, and the value predicted for a self-similar momentumless

wake in an unstratified fluid, -4/5; note also that the same late time decay was

obtained in the unstratified analog to the present cases given in de Stadler &

Sarkar (2011). Differences between cases are reduced when normalized by the

initial value of the defect velocity but the data does not completely collapse as

shown in Figure 6.4(b).

As shown in Figure 6.5(a), the MKE is a good surrogate for the defect ve-

locity and has the advantage of being an integrated quantity and therefore showing

smoother behavior than the defect velocity. Both the defect velocity and MKE

show a distinct 3D regime at early time where the defect velocity rapidly decays.

The 3D regime is followed by a region showing an accelerated collapse (AC) and

a region with constant scaling, the NEQ regime, from 20 < t <≈ 200. At late

time, t > 300, the scaling changes as the wake enters the Q2D regime. Unlike

the defect velocity, the mean kinetic energy for cases with excess momentum col-

lapses when scaled by the initial amount of mean kinetic energy for the rM = 0.25

cases as shown in Figure 6.5(b). Differences are present in the near wake and

AC region but for t > 20 the agreement is excellent with the exception of the
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Figure 6.5: (a) Integrated mean kinetic energy. (b) Integrated mean kinetic en-

ergy normalized by initial value.

M40r25 case for t > 300. The variation among the rM=0.5 cases (not shown here)

decreases substantially after normalization but the excellent collapse seen in the

rM = 0.25 cases is not seen. For the unstratified cases in de Stadler & Sarkar

(2011), the MKE for the rM = 0.25 cases with excess momentum departed from

self-propelled behavior at intermediate time, 30 < t < 50 with departure occurring

earlier for larger amounts of excess momentum. In the present study, departure

can only be observed in the M40r25 case and at significantly later time, t ≈ 300

in the present study versus t = 30 for the unstratified case.

Unlike the MKE, the wake dimensions do not collapse when scaled by

their initial values. However, scaling by the initial values allows for comparison

of the relative expansion of the wake in the horizontal and vertical directions

for the different cases. As shown in Figure 6.6, the wake width grows larger

with increasing amounts of excess momentum. After early differences due to the

accelerated collapse, all cases evolve close to t1/3, a value which has been observed

in both stratified and unstratified towed wake studies and corresponds to the self-

similar expansion rate of an unstratified towed wake. Here we note that in the

NEQ, the cases with increased excess momentum have a slightly larger expansion

rate with the M40r25 case growing at a rate of 0.42 compared to the 0.30 rate of

the SP case. At late time, t > 200, the expansion rate increases to a value closer

to 1/2. Again the cases with increased amounts of excess momentum expand

faster than the self-propelled case; in the M40r25 case the expansion rate is slower
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Figure 6.6: Wake dimensions based on mean velocity. (a) Wake width. (b) Wake

height.

that observed for the M20r25 case, a result not observed when rM = 0.5. The

expansion rate of the wake width is comparable to what was observed in Brucker

& Sarkar (2010), Lin & Pao (1979) and larger than the value of 0.18 observed by

Meunier & Spedding (2006).

The wake height shows reduced vertical growth with larger excess momen-

tum. Higher values of R2/R2(t0) for the wake are accompanied by lower values

of R3/R3(t0) due to momentum conservation. A vertical collapse, shown by the

reduction in R3/R3(t0) from t = 15 to t = 20, is observed in cases with 20% and

40% momentum in contrast to the behavior of the self-propelled wake. The plateau

in wake height observed in Brucker & Sarkar (2010) and Lin & Pao (1979) was

not observed in the present study and it should be noted that the early growth

rates are reduced in the present study, 0.10 in the present study versus 0.25 in

Lin & Pao (1979) and 0.2 in Brucker & Sarkar (2010). The different behavior in

the present study at Re = 10, 000 is attributed to low Reynolds number effects,

the present simulations are conducted at a Reynolds number 3-5 smaller than that

of Lin & Pao (1979) and 5 times smaller than Brucker & Sarkar (2010). In self-

propelled wake simulations at Re = 25, 000, de Stadler & Sarkar (2011a) observed

an increased initial growth rate of the wake height and more of a plateau at in-

termediate time. We note that the reduced wake height with excess momentum

would be expected based on intermediate behavior between the two limiting cases

of a self-propelled wake and a towed wake in Brucker & Sarkar (2010).
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Figure 6.7: Wake dimensions based on kinetic energy. (a) Wake width. (b) Wake

height.

The wake width and height based on the kinetic energy evolves differently

than the similar definitions based on the mean velocity as shown in Figure 6.7.

The wake width based on kinetic energy shows an initial growth until t = 150, a

contraction from 150 < t < 400, and growth for t > 400. At late time, the value

of RE2 appears to increase with additional amounts of excess momentum although

the M20r25 case increases faster than the M40r25 case. The wake height based

on kinetic energy increased until t = 150 and then decreased until t ≈ 800 when it

begins to level out. The late time value of RE3 is reduced with increasing amounts

of excess momentum.

The contraction in the horizontal, a direction that is not restrained by

gravity, occurs only in RE2(t), not in R2(t). This surprising behavior can be

explained as follows. After an initial expansion due to turbulent diffusion, the wake

begins to feel the effect of buoyancy and begins to contract in the vertical. The wake

collapse results in the generation of internal waves which carry energy away from

the wake into the background. In the NEQ regime, RE2 and RE3 (see definitions in

Equation 6.3 and following text) come to be dominated by the distribution of the

turbulent kinetic energy. For RE2, turbulent transport and internal wave radiation

result in delayed decrease of turbulent kinetic energy at the horizontal boundary of

the wake which results in the numerator of RE2 increasing during times when the

internal wave radiation is significant and a subsequent decline of the numerator

of RE2 when the wave flux is reduced. Once the wave flux becomes negligible,
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t > 400, the numerator of RE2 becomes approximately constant in time while

the denominator, the MKE, continually decreases. For RE3, buoyancy limits the

vertical expansion of K so that majority of the turbulent kinetic energy is confined

close to the centerline. The kinetic energy of the outgoing internal waves as they

travel out of the domain, amplified by the moment arm (x3 − xc3)2, is the reason

for the increase of RE3 from 20 < t < 150. As the internal waves propagate out

of the domain RE3 decreases, 150 < t < 400, until RE3 becomes dominated by K

close to the centerline.

6.5.2 Energetics

As the amount of excess momentum in the wake is increased, the shear

in the velocity profile is increased which results in larger production, which leads

to larger amounts of energy being extracted from the mean velocity to turbulent

fluctuations resulting in increased values of the turbulent kinetic energy and subse-

quently increased dissipation. This was observed to occur as shown in Figure 6.8.

Note that the initial levels of dissipation and production differ due to differences

in the velocity fields at the end of the initial adjustment period. The production

is initially balanced between the P12 = 〈u′1u′2〉 ∂u1/∂x2 and P13 = 〈u′1u′3〉 ∂u1/∂x3
components. P12 remains strictly positive and is in general the dominant term for

the production throughout the flow evolution. The value of P13 decreases as the

effects of stratification begin to be felt and becomes negative during the accelerated

collapse, remaining negative throughout the flow evolution with a magnitude of

20% or less of P12 after t = 40 which indicates that stratification causes a transfer

of turbulent kinetic energy to mean kinetic energy in the vertical direction in the

NEQ and Q2D regimes, a result not observed in the unstratified wake. Production

is the main sink of mean kinetic energy and removes greater than 80% of the initial

MKE. The collapse of the mean kinetic energy when normalized by the initial

value, Figure 6.5(b), can be explained by the collapse of the cumulative integral

of production for t > 20. Higher values of scalar dissipation in the density field

(not shown) and slightly reduced values of positive buoyancy flux (not shown) were

observed as the amount of excess momentum was increased.
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Figure 6.8: Effect of excess momentum on turbulent quantities. (a) Integrated

production and dissipation. (b) Integrated turbulent kinetic energy.

(c) Cumulative integral of production normalized by initial MKE.

(d) Internal wave flux.
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Figure 6.9: Partition of kinetic energy into mean and turbulent modes. Lines

without diamonds show MKE and lines with diamonds show TKE.

Figure 6.8(b) shows that the difference in TKE between cases increases in

the NW region, 10 < t < 15, and then progressively erodes over time. As the

wake begins to feel the effects of stratification, the differences decay at the high-

est rate, from 16 < t < 26, and then the decay rate of the differences between

the self-propelled and excess momentum cases slows in the NEQ. The additional

turbulence generated by production in the NW regime has a smaller value of char-

acteristic time scale, K/ε, when the amount of excess momentum increases which

results in the ‘new’ shear-generated turbulence dissipating faster in the higher

excess momentum cases than the turbulence in the self-propelled case.

While quantitative differences are most pronounced at early time, they

persist for the duration of the simulation. Despite the relatively large quantitative

differences between the r25 cases, the qualitative behavior was similar for the

TKE, production, and dissipation. It is interesting to note that the internal wave

flux was not as sensitive to excess momentum as the other turbulent quantities.

The partition of kinetic energy between turbulent kinetic energy and mean

kinetic energy modes at late time in a self-propelled wake is dominated by the tur-

bulent kinetic energy as observed experimentally by Meunier & Spedding (2006)

and numerically by Brucker & Sarkar (2010). Adding excess momentum changes

the partition of kinetic energy with larger amounts of excess momentum leading

to a more equipartioned balance of kinetic energy as shown in Figure 6.9. The
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redistribution of kinetic energy with excess momentum shows that the MKE as-

sociated with excess momentum is significantly higher at late time relative to a

self-propelled wake. The evolution of TKE/E and MKE/E is similar between

cases as can be expected by the qualitatively similar evolutions of TKE and MKE.

It is interesting to note that the three flow regimes can be observed in this plot with

a region showing decrease of MKE relative to TKE at early time, (NW), a region

showing decrease of TKE relative to MKE at intermediate time, (NEQ), and a

region showing a quasi-balance between MKE and TKE at late time, (Q2D).

6.6 Varying the shape of excess momentum

Similar to increasing the amount of excess momentum, reducing the radial

extent of the excess momentum increases the defect velocity, mean kinetic energy

and shear in the velocity gradient. Note that the rM = 0.25 cases do not disturb the

drag lobes whereas the rM = 0.5 cases weaken the velocity in the drag lobes. The

largest differences from the SP case were observed in the cases with 40% excess

momentum; identical qualitative behavior with smaller quantitative differences was

found in the 20% and 5% cases.

The defect velocity in Figure 6.10(a) and mean kinetic energy (not shown)

begin at lower values in the rM = 0.5 case than the rM = 0.25 case. The MKE

remains lower for the duration of the simulation but the defect velocity becomes

almost equal for t > 700. While the wake follows the same general trends in

evolution with different shapes, NW regime to NEQ regime to Q2D regime, the

decay rates in the NEQ and Q2D regimes are different. The wake is larger in the

horizontal direction, Figure 6.10(b), and vertical direction, (not shown), in the

rM = 0.25 case. Since momentum is conserved in the wake, the faster decay of

the mean velocity in the rM = 0.25 cases compared to the rM = 0.5 cases leads

to larger wake dimensions for the rM = 0.25 cases. The same result for the wake

dimensions was found to occur in RE2 and RE3.

The integrated production, TKE, and dissipation are larger in the M40r25

case at early to intermediate time yet the quantitative differences become reduced
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Figure 6.10: Effect of varying the shape of excess momentum. (a) Defect veloc-

ity. (b) Wake width. (c) Integrated turbulent kinetic energy. (d)

Integrated production and dissipation.
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or disappear at late time as shown in Figure 6.10. Similar to the case of increased

amount of excess momentum, the increased shear at early time in the M40r25 case

generates turbulence which increases the TKE, however, the turbulent dissipation

rate also increases which reduces the differences between the M40r25 and M40r50

cases until the TKE in both cases is comparable when t > 100. The wave flux

(not shown) shows a small increase in the M40r25 case compared to the M40r50

case; in the other cases the wave flux shows no difference. In general, differences

in statistics with the shape of excess momentum tended to be largest at early

time and reduced at intermediate to late time. While quantitative differences do

occur in mean and turbulent statistics, the qualitative behavior of the wake is not

sensitive to the shape of the excess momentum for the two cases considered in this

study.

6.7 Wake vorticity

Contour plots of the instantaneous vertical vorticity, ω3, at the x3 = 0

horizontal plane are used to visualize structures in the wake. As shown in Fig-

ure 6.11, at t = 75 a vortex street is evident with pairing beginning to occur. The

vorticity field appears qualitatively similar to that observed in Voropayev et al.

(1999) for a steadily moving self-propelled body, their Figure 2(b), although here

we note that Voropayev et al. (1999) report results at significantly lower Reynolds

number, Re ≈ 630, and at Fr ≈ 13. The number of vortices decreases and their

size increases as the amount of excess momentum increases. This effect is more

pronounced in the rM = 0.25 cases than the rM = 0.5 cases due to the larger initial

vorticity at the centerline of the wake at the start of the simulation. The vorticity

fields in the SP and M05r25 cases are extremely similar, small differences occur

in the M20r25 case, and larger differences are evident in the M40r25 case.

At late time, t = 1400, pairing has reduced the number and increased the

size of pancake eddies in the wake. Similar to the vorticity field at t = 75, small

differences from the self-propelled case are present for the M05r25 and M20r25

cases. The most significant differences occur in the M40r25 case. The late wake
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Figure 6.11: ω3(x3 = 0) for the rM = 0.25 cases. (Left column) t = 75. Right

column t = 1400. (a) SP . (b) M05r25. (c) M20r25. (d) M40r25.
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pancake eddies in the SP and M05r25 cases are qualitatively similar to the mo-

mentumless results of Meunier & Spedding (2006) although the late wake pancake

eddies in the M20r25 case and especially the M40r25 case are more reminiscent

of the structures behind a towed body as observed in numerical and experimental

studies, e.g. de Stadler et al. (2010); Brucker & Sarkar (2010); Diamessis et al.

(2011); Meunier & Spedding (2006).

The structures observed in all cases are not significantly larger than the

structures observed in the case with no excess momentum. This result is in contrast

to the results of Voropayev et al. (1999) and Voropayev & Fernando (2010) who

observed significantly larger dipole structures forming in the late wake when a

body maneuvered in their experiments. One possible reason for the disagreement

is that their experiments involved an acceleration performed over a finite time

whereas the present study involves a continually acting propulsor generating excess

momentum in the wake. In Voropayev et al. (1999) and Voropayev & Fernando

(2010), a finite amount of momentum is added into the wake which forms a jet-

like front region resulting in a region of concentrated strong vorticity which forms

several pairs of eddies which pair and merge, often leading to the formation of a

single large dipole. The excess momentum wakes considered here occur behind a

body moving at constant speed which leads to the formation of a steady system

of eddies of comparable size similar to the case of a moving momentum source as

discussed in Voropayev & Smirnov (2003). Nevertheless, we note that Voropayev

et al. (1999) and Voropayev & Fernando (2010) employ a significantly larger initial

excess momentum at the beginning of their maneuvers, the initial thrust to drag

ratio in Voropayev et al. (1999) is 5, which results in a dipole of significantly larger

size than the eddies generated in the present study where the excess momentum is

comparatively small. To further test the sensitivity of the size of wake vortices to

the initial amount of excess momentum, an additional case (not shown) was run

with rm = 0.25 and cM = 2.0 where the size of vortical structures was significantly

larger due to the higher initial excess momentum.
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Figure 6.12: Horizontal variation of mean velocity at x3 = 0 for the M40r25

case. (a) Early time. (b) Late time. In both (a) and (b) the mean

velocity is normalized by peak velocity defect U0(t).

6.8 Wake Structure

6.8.1 Mean velocity profile

The mean velocity begins as a doubly-inflected profile in both the verti-

cal and horizontal direction. As shown in Figure 6.12(a), the horizontal double-

inflection is quickly lost and the profile transitions to a Gaussian shape. The

mean velocity in the thrust lobe retains a Gaussian shape in the horizontal direc-

tion until late time with small disturbances due to coherent structures in the flow,

Figures 6.12(b) and 6.13. Meunier & Spedding (2006) also observed a Gaussian

profile at the vertical centerplane, x3 = 0, in their propelled wake experiments

when the wake was in the momentum regime, however they did not observe a co-

herent mean velocity in their momentumless case which is in contrast to the results

of the present SP case. The drag lobes above and below the thrust lobe transition

from an arc structure to a Gaussian structure at late time as shown in Figure 6.13.

In the vertical direction, buoyancy preserves the doubly inflected profile

through the far wake as shown in Figures 6.13 and 6.14. Note that Figure 6.14(b)

shows data normalized by x3/R3,x2=0(t) and ∆Ux2=0(t) = (Umax(t)−|Umin(t)|)|x2=0.

The data collapsed better at late time by normalizing by the velocity difference in

the thrust and drag lobes than by the defect velocity for the SP and M05 cases,

the M20 and M40 cases collapsed with both normalizations. Although the vertical
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Figure 6.13: Mean velocity evolution for the M40r25 case. (a) t = 49. (b)

t = 125. (c) t = 275. (d) t = 1405.
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Figure 6.14: Vertical variation of mean velocity at x2 = 0 for the M40r25 case.

(a) Intermediate time. (b) Late time.
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Figure 6.15: Effect of increasing excess momentum on the late wake vertical ve-

locity structure. (a) Late time. (b) Comparison of mean kinetic

energy in the thrust and drag lobes. Lines without diamonds cor-

respond to MKE in the thrust lobe and lines with diamonds cor-

respond to MKE in the drag lobes.

spread of the wake is weak, the collapse of the data improves when normalized by

R3,x3=0. The two velocity scalings become identical in the horizontal direction in

the absence of drag lobes and the spread in the horizontal direction necessitates

scaling by R2,x3=0 for the data to collapse.

Adding excess momentum changes the relative strength of the thrust and

drag lobes but not the qualitative shape of the wake profile in the vertical direc-

tion. Figure 6.15(a) shows that the ratio of the velocity magnitude in the thrust

lobe to the velocity magnitude in the drag lobe increases as the amount of excess

momentum is increased. The evolution of the velocity in the drag and thrust lobes

can be examined by plotting the MKE in the each of the lobes separately. As

shown in Figure 6.15(b), the MKE in the drag lobes evolves virtually identically

at early and intermediate time. At later time, the drag lobes (identified by the

mean velocity being negative) decay slightly faster in the presence of excess mo-

mentum. The initial value of the MKE in the drag lobe is slightly diminished in

the r50 cases (not shown) but qualitatively similar behavior occurs.
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Figure 6.16: Horizontal variation of turbulent kinetic energy at x3 = 0 at early

time for the M40r25 case. (a) Early time. (b) Late time.

6.8.2 Turbulent kinetic energy profile

Just as the wake spreads in the horizontal direction at early time, the tur-

bulent kinetic energy also spreads horizontally with a roughly Gaussian shape,

Figure 6.16(a). At late time, K in the horizontal direction is dominated by the

presence of coherent pancake eddies in the wake, resulting in a doubly humped

profile as shown in Figures 6.16(b) and 6.17(d). In contrast to K in the hori-

zontal direction, K in the vertical direction does not spread at early time. In the

NEQ regime, as shown in Figures 6.17 and 6.18(a), K transitions from an initially

Gaussian profile to a compact profile with a sharp central peak in the thrust lobe

and small secondary peaks at the outer edges corresponding to the drag lobes.

The secondary peaks in K corresponding to the drag lobes are preserved at late

time. As the vertical distribution of K changes very little at late time, it was not

necessary to normalize by RK3,x2=0 for the data to collapse. However, one is also

able to normalize by RK3,x2=0 and the data remains collapsed. In the horizontal

direction K expands continually and it is necessary to scale by RK2,x3=0 to collapse

the data.

6.8.3 Reynolds stress profiles

The turbulent viscosity hypothesis states that the Reynolds stress in a given

direction is proportional to the velocity gradient in that direction. In the horizontal

direction, the Reynolds stress, 〈u′1u′2〉, was found to be proportional to the mean
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Figure 6.17: Turbulent kinetic energy evolution for the M40r25 case. (a) t = 49.

(b) t = 125. (c) t = 275. (d) t = 1405.
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Figure 6.18: Vertical variation of turbulent kinetic energy at x2 = 0 for the

M40r25 case. (a) Intermediate time. (b) Late time.
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Figure 6.19: Turbulent viscosity hypothesis in the horizontal direction at x3 =

0. (a) Reynolds stress 〈u′1u′2〉. (b) Mean velocity gradient in the

horizontal direction.
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Figure 6.20: Turbulent viscosity hypothesis in the vertical direction at x2 = 0.

(a) Reynolds stress 〈u′1u′3〉. (b) Mean velocity gradient in the vertical

direction.

velocity gradient ∂u1/∂x2 at all times in the flow evolution. This result agrees with

Meunier & Spedding (2006) who also observed the validity of the turbulent viscos-

ity hypothesis in the horizontal direction. As shown in Figure 6.20, the turbulent

viscosity hypothesis is not valid in the vertical direction as 〈u′1u′3〉 does not appear

correlated to the mean velocity gradient. The turbulent viscosity hypothesis was

not found to be valid at any time for the flow evolution in the vertical direction.

The disconnect between the Reynolds stress and the mean velocity gradient in the

vertical direction shows that the turbulence in the vertical direction is not classical

shear-driven turbulence; recall that the value of the integrated P13 component is

negative for the majority of the flow evolution. 〈u′1u′3〉 fluctuates about zero which
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is attributable to buoyancy effects and internal wave activity inside the wake core.

The fact that the turbulent viscosity hypothesis is not valid is an important result

as it is a necessary condition for the momentumless wake predictions of Tennekes

& Lumley (1972).

6.9 Conclusions

Numerical simulations of the effect of excess momentum (up to 40% excess

momentum) on an initially momentumless wake in a stratified fluid have been

performed. These simulations are the first usage of DNS for this problem.

We offer the following characterization of what occurs to the wake in the

presence of a small to moderate acceleration due to an axial jet propulsor. The

velocity in the thrust lobe is enhanced owing to excess momentum, leading to

an increased defect velocity and mean kinetic energy throughout the evolution.

The enhanced velocity gradient leads to increased turbulence production in the

horizontal direction and a faster decay of the thrust lobe than the drag lobe.

The area-integrated turbulent kinetic energy (TKE) is initially larger owing to

enhanced shear production but the dissipation also increases so that, later in the

evolution, there is little difference in TKE between cases. Buoyancy decouples

the thrust and drag lobes in the vertical direction, preserving the initial vertical

structure and trapping the excess momentum near the vertical centerline. The

wake expands in the horizontal direction and large scale vorticity structures are

formed in the late wake.

The wake with excess momentum retains a consistent velocity structure

throughout its evolution. The drag lobes in the horizontal direction are quickly

lost and the thrust lobe transitions to a Gaussian profile. Similar to the thrust

lobe, the drag lobes above and below the thrust lobe transition to Gaussian pro-

files although at a significantly slower rate than the thrust lobe. In the horizontal

direction, the turbulent kinetic energy retains a Gaussian profile with slight distur-

bances at the top and bottom due to the drag lobes until late time when coherent

structures dominate the wake to strengthen the disturbances, leading to a doubly
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humped profile. Data for the mean velocity was found to collapse at late time

when normalized by the peak defect velocity, U0(t), and the wake width, R2(t),

and the turbulent kinetic energy was found to collapse with Kmax(t) and RK2(t).

The turbulent viscosity hypothesis was found to apply from the near wake to the

far wake only in the horizontal direction.

In the vertical direction, buoyancy preserves the initially three lobed mean

velocity structure throughout the evolution of the wake. The turbulent kinetic en-

ergy transitions from a Gaussian profile to a sharply peaked single lobed structure

with smaller secondary peaks corresponding to the position of the drag lobes. Data

for the mean velocity was found to collapse at late time when normalized by ∆U

and R3(t) and the turbulent kinetic energy was found to collapse with Kmax(t) and

RK3(t). In all cases, there was no clear relationship between the Reynolds stress

〈u′1u′3〉 and the mean velocity gradient in the vertical direction during the evolu-

tion of the wake which shows that buoyancy invalidates the turbulent viscosity

hypothesis for vertical fluctuation stresses.

A contraction of the horizontal length scale based on kinetic energy in the

horizontal direction, RE2, was observed in all cases. This is contrary to usual

turbulent diffusion, modeled by local gradient transport, that tends to increase

the thickness of turbulent regions. The reason for the contraction is that there

is deposition of turbulent kinetic energy into the horizontal wake boundary by

non-local transport through internal waves. When that wave flux decreases, the

horizontal length scale of the turbulent region decreases. Similarly, the growth

and subsequent decay of RE3 is also dominated by internal waves although for RE3

the internal waves responsible for the expansion and contraction occur outside of

the wake region whereas for RE2 internal waves readjust the turbulence inside the

wake region.

The present simulations lead one to conclude that a propelled wake with a

small to moderate amount of excess momentum, 40% or less, behaves qualitatively

similar to a self-propelled wake. The qualitatively different behavior observed by

Meunier & Spedding (2006) and suggested by the similarity analysis of Tennekes

& Lumley (1972) was not observed. The difference with Meunier & Spedding
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(2006) could be that their initial mean velocity profiles in the momentumless and

excess momentum cases differed qualitatively from those chosen here. For example,

Meunier & Spedding (2006) employ a propeller which imparts angular and axial

momentum to the wake whereas the present study applies axial momentum using a

non-swirling jet. The assumptions underlying the self-similar analysis of Tennekes

& Lumley (1972) of constant eddy viscosity and of two independently varying

velocity components, a momentumless one and a excess momentum one, are not

borne out in the current study. While initial differences are present in the mean

kinetic energy and defect velocity, the difference between cases becomes small when

velocity and mean kinetic energy are normalized with the case-dependent initial

values. Similarly, early differences in the turbulent kinetic energy, dissipation, and

production in the cases with excess momentum compared to the self-propelled case

become reduced as the wake evolves.
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Chapter 7

Large Eddy Simulation of the

wake of a heated sphere at

Re=10,000

7.1 Abstract

Large eddy simulation is used to numerically simulate flow past a heated

sphere at Re=10,000. A second order accurate in space and time, semi-implicit

finite difference code is used with the immersed boundary to represent the sphere

in a Cartesian domain. Visualizations of the vorticity field and temperature field

are provided together with profiles of the temperature and velocity fields at various

locations in the wake. The laminar separated shear layer was found to efficiently

transport temperature from the hot sphere surface to the cold fluid in the wake.

Pronounced Kelvin-Helmholtz induced rollers are formed which destabilize the

separated shear layer and promote mixing. Calculations of the wake dimensions

showed that the wake dimensions of the velocity field and the temperature field

differ by 10% in the developed region behind the re-circulating region.
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7.2 Introduction

Scalar mixing is important for a large number of practical situations from

industrial applications to the detection of underwater vehicles to mixing and trans-

fer of energy and contaminants in the ocean and atmosphere and others as noted

by Berajeklian & Mydlarski (2011). Despite the practical importance of this flow,

the literature for scalar mixing in the wake of three-dimensional bluff bodies is

rather limited. Significantly more work has been done for the case of a cylin-

der wake, see for example Berajeklian & Mydlarski (2011), Matsumura & Antonia

(1993) and references therein. Here we will discuss the relevant literature on three-

dimensional bluff-bodies. Gibson et al. (1968) performed the first study of scalar

mixing in the wake of a sphere by performing water tunnel measurements. The

scalar field was added by a jet of hot water from the back of the sphere into the

re-circulating region. They measured and obtained power law fits for the decay of

the mean temperature, temperature variance, and scalar dissipation in the region

3 < x/D < 60. In wind-tunnel experiments with an optically heated sphere at

Re = 4, 300, Freymuth & Uberoi (1973) observed self-similarity of the mean tem-

perature and temperature variance for x/D > 80. The temperature excess was

found to scale as T ∼ x−2/3 and the length scale as lT ∼ x1/3. They also quantified

the terms of the scalar variance budget where they observed strong convection

and dissipation. They also observed self-similarity in one dimensional temperature

spectra and the presence of a k−5/3 region with an increasingly large inertial range

as Reynolds number increases. The very late wake of a heated sphere and the

transition to the final decay period of turbulence was considered experimentally

by Freymuth (1975) and theoretically by Freymuth (1976).

In wind-tunnel studies with a 6:1 ellipsoid with a hot jet of air emitted

from the back of the body, Dmitrenko et al. (1986a) measured the relationship

between the mean and fluctuating velocity and temperature fields in the wake.

The data from Dmitrenko et al. (1986a) was used by Dmitrenko et al. (1986b) to

measure cross-correlations of the velocity and temperature fluctuations as well as

the terms in the temperature variance balance equation. Important results from

these studies include: the thermal field has a finer scale than the velocity field, the
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mean temperature reaches self-similarity before the temperature fluctuations, the

growth rate of the thermal wake width appears to be universal for axisymmetric

bodies, temperature fluctuations increase as velocity fluctuations decrease and vice-

versa. Dmitrenko et al. (1986a) found that the ratio of length scales between the

velocity and temperature field was constant for both mean and fluctuating profiles

for the entire wake evolution despite the thermal wake not exhibiting self-similarity.

Results from studies of scalar mixing in the wake of axisymmetric bodies

are not universal. One of the principal results of Dmitrenko et al. (1986b) is that

the shape of the body significantly affects the physical processes governing the

evolution of scalar variance. Also, Berajeklian & Mydlarski (2011) showed that

even for the same velocity field, flow statistics are sensitive to the method of scalar

injection.

7.3 Formulation

We consider spatially-evolving flow past a stationary heated sphere in a

fixed computational domain. The sphere is weakly heated so that temperature

can be treated as a passive scalar. Our setup is the computational equivalent

to a wind tunnel where undisturbed inflow enters the computational domain and

flow exits through an outflow boundary. Suitable far-field boundary conditions

are applied in the cross-stream directions to prevent blockage and end effects from

contaminating the simulation.

High resolution LES is used to simulate the three-dimensional, unsteady,

incompressible, Navier-Stokes equations subject to the Boussinesq approximation.

For the LES, a standard Smagorinsky model is used for the sub-grid scale stress

and buoyancy flux. As was done by Schmid & Peric (2001), a Smagorinsky coef-

ficient of 0.1 was selected for this study. The governing equations are solved on a

Cartesian grid with the immersed boundary method used to represent the sphere

inside the domain. A Cartesian grid was chosen as we are more interested in the

wake dynamics than in the near sphere flow field; such an approach was used by

Parnaudeau et al. (2008) for flow past a cylinder. The grid used is a tensor product
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of three one-dimensional grids; grid stretching is used in all directions to concen-

trate points on the sphere to resolve the laminar boundary layer and to capture

the details of the separated laminar shear layers.

The numerical method used is a semi-implicit combination of third order

Runge-Kutta (RK3) for convective terms and second order alternating direction

implicit (ADI) with a pressure correction algorithm for the viscous and pressure

gradient terms. Second order centered differences are used for all spatial deriva-

tives. The method is a combination of the low-storage RK3 method of Williamson

(1980), with the unconditionally stable ADI method of Douglas (1962), and the

pressure correction algorithms of Zang et al. (1994) and Rhie & Chow (1983). A

flexible semi-coarsened multigrid solver is used for the pressure projection. Grid

stretching in all 3 directions requires the use of a more robust multigrid solver able

to handle different levels of anisotropy throughout the computational domain, a

modification of the method of Piquet & Vasseur (2000) is employed. Lines are

performed in the streamwise direction and coarsening is performed in the other

two directions. Unlike Piquet & Vasseur (2000) who use a Galerkin coarse grid

approximation, here we apply a direct coarse grid approximation. A pipelined

Thomas algorithm is used to efficiently solve the tridiagonal system of equations

generated by ADI.

The direct forcing immersed boundary method of Roman et al. (2009) is

used. This implementation decouples fluid and solid nodes, allows for a sharp

interface at the boundary and requires only a single solution of the momentum

equation at each substep.

7.4 Simulation parameters

Simulations are performed at a Reynolds number of 10,000 and a Prandtl

number of 1. For this study, all values given are provided in their normalized form

where normalization uses the sphere diameter D, the free stream velocity U∞, and

the initial temperature difference between the sphere and the background ∆T0.

The computational grid details are given in Table 7.1. The center of the sphere is
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Table 7.1: Grid parameters. Here Li represents the grid length in a given direc-

tion and ni the number of grid points in the given direction. Note that

the domain length given here does not include the additional size of

the sponge region.

L1 L2 L3 n1 n2 n3

21.00 10.64 10.64 1024 576 576

located at [0, 0, 0] with the inflow boundary at x1 = −5.0D. A fixed timestep of

∆t = 0.00275 is used; this value corresponds to a CFL number slightly less than

1. A sub-grid scale Prandtl number of 1 was chosen so that κsgs = νsgs.

Stress-free boundary conditions are applied at the top, bottom and side

boundaries. Uniform undisturbed inflow is applied at the inlet and linear extrapo-

lation together with a sponge region are applied at the outflow boundary to allow

flow to smoothly transition out of the domain. A no-slip boundary condition is

applied for the velocity at the sphere and the temperature at the sphere boundary

is fixed at a constant value, ∆T = 1. Data from a simulation of flow past a sphere

at Re = 3, 700 is interpolated to the current grid for use as an initial condition.

18432 CPU hours on 288 processors were required for this study, see sec-

tion 7.10 for details of the machine used. Averaging was performed using data

from six shedding cycles.

7.5 Validation

Validation of the flow is performed with available data from previous nu-

merical and experimental studies at Re = 10, 000 in Table 7.2. Good agreement

is observed in the provided statistics, note St is the Strouhal number, ψS is the

separation angle, Cpb is the back pressure coefficient and Lr is the recirculation

length. The mean pressure coefficient around the sphere was also found to agree

well as shown in Figure 7.1. Considerable uncertainty was observed in the separa-

tion angle due to the mismatch of the computational grid and the sphere surface

combined with interpolation error. In addition to reasonable agreement for the
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Table 7.2: Comparison of present data with that from previous numerical and

experimental studies of the wake of a sphere at Re = 10, 000. 1 Com-

parable statistics are also provided using DES in Constantinescu &

Squires (2004).

St ψS Cpb Lr/D

Present study 0.185 85-95 -0.262 1.724

Rodriguez et al. (2013) (DNS) 0.195 84.7 -0.272 1.657

Yun et al. (2006) (LES) 0.17 90 -0.274 1.364

Constantinescu & Squires (2003)1 (LES) 0.195 84-86 -0.27 1.74

Achenbach (1974) (exp.) 0.148 - - -

Cometta (1957) (exp.) 0.195 - - -

shedding frequency, we also observe a low frequency peak (f < 0.04, not enough

data was present to determine the value) and a secondary peak corresponding to

Kelvin-Helmholtz shedding as observed by previous studies.

7.6 Visualization of the vorticity and tempera-

ture fields

In Figure 7.2, we illustrate the connection between the vorticity field and

the temperature field in the wake of the heated sphere. There is good agreement

between the behavior of the vorticity and the temperature field. The tempera-

ture value is large in the re-circulating region immediately behind the sphere as

expected. However, we can clearly see that fluid is being transported from the

sphere surface to the wake through the separated shear layer. Large values of both

vorticity and temperature are seen in these thin separated layers. The vortex roll

up is evident in the vorticity field and the rollers can be observed in the tempera-

ture field as well. These rollers enhance mixing by entraining cold fluid into the hot

wake region. A secondary peak in the temperature field can be seen in the region

in between the two shear layers at x/D ≈ 0.8. This secondary peak is caused by
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Figure 7.1: Mean pressure coefficient around the sphere. Data from the Re =

10, 000 DNS of Rodriguez et al. (2013) is shown for comparison.

swirling motions in the re-circulating region.

7.7 Mean and fluctuating statistics in the wake

Profiles of the mean and fluctuating velocity and temperature field are

provided at five locations in the wake in Figure 7.3. The thin separated shear layers

in the near wake can be seen in all four images at x1/D = 1.0. By x1/D = 2.0

the mean streamwise velocity field has transitioned to a Gaussian shape which is

retained for the rest of the flow evolution. The mean temperature field transitions

to a Gaussian profile slightly later in time with evidence of the presence of the

shear layers still retained at x1/D = 2.0. The rms fields of the streamwise velocity

and temperature are qualitatively similar. Both show a double-humped profile in

the early wake before transitioning to what appears to be more of a flat-topped

profile at intermediate time. The double-humped profile persists further in x1/D

for the fluctuating fields than for the mean fields.

7.8 Wake dimensions

The size of the wake for the velocity field and the temperature field can be

quantified by calculating the wake dimensions. The wake dimensions are shown in

Figure 7.4. Here the second order spatially centered moment definition of Brucker
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& Sarkar (2010) is used where the wake length scale Lf is given by

L2
f (t) = 2

∫
A

(xα − xcα)2 f 2 dA∫
A
f 2 dA

, xcα (t) =

∫
A
xαf

2 dA∫
A
f 2 dA

, (7.1)

with α representing a given coordinate direction and f representing the variable

of interest. Note that for the mean streamwise velocity, the wake dimensions are

calculated based on the wake defect velocity. The wake dimensions presented here

were calculated from the 1D average of the x1 − x3 and x1 − x2 planes.

For analyzing the wake dimensions we will break the wake into two pieces.

The first is for the re-circulating region with x1/D < D/2 + Lr = 2.224. In this

region the obtained wake dimensions are much larger for the mean temperature

field than the mean velocity field. This occurs due to the dominance of the large

temperature value in the separated shear layer which is located far from the ver-

tical centerline. Similarly to the larger mean temperature value, the temperature

fluctuations are larger in the re-circulating region than the velocity fluctuations.

The second region occurs after the re-circulating region, x1/D > 2.224.

We will refer to this region as the developed region. In the developed region, the

dimensions of the temperature and velocity fields are comparable for both the mean

and fluctuating fields. The values for the temperature and velocity fields differ by

10%. It is interesting to note that the mean velocity field is 10% larger than the

mean temperature field but that the fluctuating temperature field is 10% larger

than the fluctuating velocity field. Dmitrenko et al. (1986a) observed a fixed ratio

of 1.2 for both Lu1,rms/L<u1 > and LTrms/L<T >. Here we observed that both

Lu1,rms/L<u1 > and LTrms/L<T > are approximately constant in the developed

region but the values are different with Lu1,rms/L<u1 >≈ 1.4 and LTrms/L<T >=

1.63 The growth rate in the developed region was found to be nearly identical for

the mean and fluctuating values at approximately x1/2. This value is larger than

the value of x1/3 expected in the self-similar regime.

7.9 Conclusions

To the best of the author’s knowledge, this study is the first numerical at-

tempt to simulate scalar mixing in the wake of a sphere with a turbulent wake.
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Visualizations of the temperature and vorticity field show a link between the co-

herent structures in the velocity field and temperature fluctuations. The separated

shear layer carries large values of the temperature away from the hot sphere and

into the cold fluid. Mixing is enhanced by the Kelvin-Helmholtz shear instability

which causes rollers to form which engulfs cold fluid into the hot region.

Profiles of the mean and fluctuating fields were provided at five locations in

the wake. These profiles show the strong role played by the separated shear layer

in the near wake evolution. In particular, large fluctuating values of the velocity

and temperature are found at off center peaks in the region behind the separated

shear layers. The values for the wake dimensions were found to be within 10%

for the velocity and the temperature field in the developed region behind the re-

circulating region. A constant power law was obtained for the growth rate with

the same value of approximately x1/2 obtained for the mean and fluctuating fields.

Simulations and analysis are currently ongoing. We plan to report more

detailed results in a future publication.
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(a)

(b)

(c)

(d)

Figure 7.2: Instantaneous contours of the spanwise vorticity ω2 (left column) and

temperature field (right column). (a) The four images are shown at

a time spacing of 1/4 of a shedding period with time increasing from

top to bottom. Note that due to the rapid decay of the temperature, a

lower contour limit is chosen to illustrate the temperature distribution

in the wake.
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Figure 7.3: Mean and root mean square profiles in the wake. (a) Mean streamwise

velocity. (b) RMS streamwise velocity. (c) Mean temperature. (d)

RMS temperature.
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Chapter 8

Spatially-evolving flow past a

sphere in a stratified fluid at

Re = 10, 000, F r = 3: body to

intermediate wake

8.1 Abstract

The present case of flow past a sphere in a stable density stratification is the

first spatially evolving numerical simulation to capture the early to intermediate

development of the stratified turbulent wake. A Cartesian grid is used along with

an immersed boundary method to represent the sphere inside the computational

domain. Simulations were performed at a Reynolds number of 10,000 and a Froude

number of 3. Visualizations and statistics clearly show the transition between

the virtually unstratified near wake and the buoyancy dominated intermediate

wake. Qualitative and quantitative agreement with previous studies is observed.

Statistics of interest that are presented include spectra, the defect velocity, wake

dimensions, turbulence intensities, mean kinetic energy, turbulent kinetic energy.

Visualizations of the vortical structures in the wake and the internal wave field are

also be provided and discussed.
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8.2 Introduction

The wake behind a bluff body moving in a stratified fluid has been a problem

of interest since the study of Schooley & Stewart (1963). Since that time numerous

experimental, numerical, and theoretical studies have been undertaken. A general

overview of the wake behind a sphere at different values of Reynolds number and

Froude number has been given in Chomaz et al. (1993) and Lin et al. (1992a).

Here we define the Froude number as Fr = U/ND where N is the buoyancy

frequency. All Froude numbers given in this paper have been converted to use

this definition. Lin & Pao (1979) is a classical review of research on stratified flow

past a body until 1979 although the majority of data is focused on the case of a

propelled slender body. Riley & Lelong (2000) provide a review of the wake with

an emphasis on strongly stratified behavior, times when the local Froude number

is small. Significant work has been done by Spedding and co-workers. However,

the majority of this work does not measure the early to intermediate wake with

data often beginning around Nt = 10 for 2 < Fr < 10.

A model for the evolution of high Fr turbulent wakes was first proposed by

Spedding (1997) who characterized the wake evolution as beginning with a near

wake regime (NW) where the wake evolves essentially as though it is unstrati-

fied; this regime lasts until Nt ≈ 2. The NW region is followed by a transition

regime, called the non-equilibrium regime (NEQ), where buoyancy affects trans-

fer of energy between kinetic and potential modes until the vertical component is

significantly reduced and the wake motion becomes quasi-horizontal (although sig-

nificant vertical variations occur, Spedding (2002). The quasi-horizontal behavior

characterizing the late wake behavior is referred to as the Q2D regime.

Modifications to the original proposal of Spedding (1997) have been made

by a number of subsequent authors. Bonnier & Eiff (2002) proposed breaking

the NEQ regime into an accelerated collapse (AC) region, 2 < Nt < 7, and a

transition region, 7 < Nt < 50, as the initial effects of buoyancy are significant

and result in a strong generation of turbulent kinetic energy and a sharp decrease

of the decay rate of the defect velocity (or even an increased value). They also

note that the initial effects of buoyancy are sensitive to the Froude number with
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higher Fr having an earlier transition to the AC in terms of Nt. Brucker & Sarkar

(2010) and Diamessis et al. (2011) observed a prolongation of the NEQ regime

at higher Reynolds number. Diamessis et al. (2011) observed a marked increase

in the amount of secondary KH instabilities that formed in the NEQ regime at

higher Re. The prolongation of the NEQ at high Re was derived analytically for

the wake of a sphere by Meunier et al. (2006) who assumed self-preservation of the

velocity profile at high Re and Fr. Meunier et al. (2006) named this region the

buoyancy controlled (BC) regime; they also obtained a viscous three-dimensional

(V3D) regime at very late time. Despite these modifications, the simplified wake

evolution model of Spedding (1997) has proven useful in understanding and ana-

lyzing turbulent wakes.

The present study is focused on the wake in the NW and NEQ regimes, the

following two subsections describe previous studies of the wake there.

Near wake

The effect of the stratification on integral parameters such as the drag coef-

ficient was considered by Lofquist & Purtell (1984) who showed that stratification

reduces the drag coefficient with a reduced decrease as Fr increases. Experimental

studies focusing on the near wake were performed by Lin et al. (1992b), Lin et al.

(1993), Bonnier & Eiff (2002), Hopfinger et al. (1991), Bonneton et al. (1993), and

Chomaz et al. (1993). Of these studies, Lin et al. (1993), Hopfinger et al. (1991),

and Bonneton et al. (1993) all focus on internal wave radiation by the body and by

the turbulent wake behind the body. Bonnier & Eiff (2002) focused on the collapse

period, Chomaz et al. (1993) focused on the wake structure in the near wake and

Lin et al. (1992b) provided turbulence statistics similar in style to those of Lin &

Pao (1979).

The results of these early studies can be summarized as follows. For Re >

2, 000−4, 000, and at sufficiently large Fr, the near wake behaves essentially as an

unstratified wake. This result is shown most convincingly by the virtually identical

power spectra of vertical velocity for Fr = 2.25 and Fr = ∞ (unstratified case)

at x/D = 1, z/D = D/2. in Chomaz et al. (1993). Different authors disagree
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on what the dividing Fr is, Chomaz et al. (1993) and Spedding et al. (1996a)

state for Fr > 2.25 then the wake can be considered large Fr whereas Lin et al.

(1992b) note that for Fr > 10 the spiral mode appears in the near wake but for

3 < Fr < 10 the spiral mode does not appear despite Fr being reasonably large.

If Fr is larger than 2.25 then the body generated waves, also known as lee waves,

are small relative to the contribution of wake generated waves. Beyond a certain

distance behind the body, 2 < Nt < 3, the near wake region ends and the wake

can be thought of as strongly stratified, i.e. the flow behavior is as described in

Riley & Lelong (2000).

The presence of a vortex shedding mode and Kelvin-Helmholtz mode in the

near wake of a sphere is well known, Kim & Durbin (1988), Chomaz et al. (1993).

Recently, in studies using direct numerical simulation (DNS) with a large time

history at Re = 3, 700, Rodriguez et al. (2011), and at Re = 10, 000, Rodriguez

et al. (2013), observed the presence of a very low frequency mode St = O(0.01)

in the wake in addition to the vortex shedding and KH mode. Rodriguez et al.

(2011) postulated that this low frequency mode is related to periodic shrinking and

enlargement of the vortex formation zone immediately behind the sphere. Previous

experimental studies of flow past a sphere were unable to identify or simply were

not looking for this mode.

Internal waves

A review of internal wave emission in stratified fluids with an emphasis on

the case of a stably stratified turbulent wake is given in Abdilghanie & Diamessis

(2013). Abdilghanie & Diamessis (2013) found that viscous effects significantly

modify internal wave emission at values of Re = O(10, 000, found in laboratory

wake studies. At higher Re, the NEQ regime lasts longer with much longer internal

wave emission. Additionally, at high Re the internal wave emission acts as a sink

for the mean wake flow; this term is negligible at lower Re.
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8.2.1 Numerical studies of turbulent wakes

Since the pioneering work of Gourlay et al. (2001), the temporal approx-

imation has become well established as a simulation methodology for studying

stratified turbulent wakes. To date, the vast majority of stratified turbulent wake

simulations using LES and DNS have been performed using the temporal approx-

imation. Notable exceptions include Pal et al. ((accepted), Gurev & Tkachenko

(2010), Gurev et al. (2011), and Pasquetti (2011). Pal et al. ((accepted) used DNS

to study the spatial evolution of self-propelled wakes and their relation to a patch

of turbulence in a stratified fluid. Gurev & Tkachenko (2010) studied the flow

past a 6:1 ellipsoid of revolution in a pycnocline and Gurev et al. (2011) studied

flow past a wing in a pycnocline; both studies used LES and resolved the body in

the computational domain. Pasquetti (2011) used results from a spatially-evolving

LES calculation of flow past a sphere to generated improved initial conditions for

a temporally evolving study.

In the case of unstratified flow past an sphere, far more spatially-evolving

studies have been performed. At Re = 10, 000, LES was performed in a body

conforming grid by Constantinescu & Squires (2003), DES in a body conforming

grid by Constantinescu & Squires (2004), and LES in a non-body conforming grid

with the immersed boundary method by Yun et al. (2006). Rodriguez et al. (2013)

performed the largest Reynolds number unstratified sphere simulation to date using

DNS at Re = 10, 000. With the immersed boundary method, Smith et al. (2010)

considered flow past a golf-ball using DNS at Re = 25, 000 and Re = 1.1× 105.

8.2.2 Objectives

Despite the numerous studies of the past, the NEQ regime remains the least

well understood of the three major regions suggested by Spedding (1997). The

main objective of the present study is to analyze the near to intermediate wake as

buoyancy effects begin to become significant and then come to dominate the flow.

Specific questions of interest include: (i) How are the mean and fluctuating fields

correlated in the near wake? (ii) How are the mean and fluctuating fields correlated

in the collapsed region? (iii) How do internal waves alter the velocity, density and
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vorticity structure? (iv) How is energy re-distributed during the collapse? Does

the wake height reduce in the vertical direction in the NEQ regime as observed

by Lin et al. (1992a) and Bonnier & Eiff (2002) or does the wake height instead

stop growing but maintain a constant height as noted in Abdilghanie & Diamessis

(2013)? (v) How does buoyancy modify coherent structures?

To investigate these questions, a high resolution LES spatially-evolving sim-

ulation is performed which resolves the sphere in the computational domain. Three

dimensional velocity, density and pressure fields are available which allows us to

ask and answer detailed quantitative questions. This study is the first compu-

tational study in the open literature of the spatially-evolving stratified turbulent

wake to resolve the sphere in the computational domain and to capture density

effects into the NEQ regime. Pasquetti (2011) also included the sphere in their

spatial simulation of the wake, although the emphasis of that paper was on gen-

erating improved initial conditions for a temporal study. The flow was still in the

near wake regime at the outlet boundary for Pasquetti (2011).

The present study is part of a two part study on spatially-evolving flow

past a sphere at Re = 10, 000, Fr = 3. This paper is concerned with the wake

from 0 < Nt < 9. A follow-up study on the flow past a sphere from Nt = 5 into

the late wake will be reported shortly.

8.2.3 Organization of the present paper

The organization of this paper is as follows: the numerical formulation is

covered in section 8.3. Data analysis techniques for the present study are covered

in section 8.4. Validation of the numerical method for flow past an unstratified

sphere is provided in section 8.5. Visualizations of the velocity, vorticity and

density perturbation field presented and discussed in section 8.6. The spectral

content of the near and intermediate wake is analyzed in section 8.7. Mean and

turbulence statistics are provided in section 8.8.
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8.3 Formulation

8.3.1 Model

We are interested in studying the turbulent wake behind a bluff body in a

density stratified fluid. Here we consider the case of a sphere of diameter D moving

horizontally at constant speed U in a fluid with a stable density stratification. We

perform the simulations in a frame where the sphere is stationary. Our formulation

is the numerical equivalent of flow past a body in a wind tunnel. A schematic of

the computational domain is shown in Figure 8.1.

U

D

g

<ρ> x
1

x
3

Figure 8.1: Problem formulation. The body is stationary in the computational

domain and fluid flows from left to right with initial velocity U . A

linearly stratified background density gradient is shown, any stable

stratification is permissible. Note that the actual simulations are

performed in three dimensions (x2 is positive into the image).

8.3.2 Governing equations

The governing equations for this study are the unsteady incompressible

Boussinesq form of the Navier-Stokes equations. As LES is being employed, we

solve the filtered equations which are given as follows.

Mass

∂uk
∂xk

= 0 (8.1)
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Momentum

∂ui
∂t

+
∂ (ukui)

∂xk
= − ∂p

∂xi
+

1

Re

∂2ui
∂xk∂xk

− 1

Fr2
ρ′δi3 −

∂τij
∂xj

(8.2)

Density

∂ρ

∂t
+
∂ (ukρ)

∂xk
=

1

RePr

∂2ρ

∂xk∂xk
− ∂λj
∂xj

(8.3)

where Re = UD/ν is the Reynolds number with U characteristic velocity, D

diameter, ν the kinematic viscosity, Pr = ν/κ is the Prandtl number with κ the

thermal diffusivity, Fr = U/N∗D is the Froude number with N∗ the dimensional

buoyancy frequency where N∗2 = (−g/ρ0)(∂ρ∗/∂x3)bg, τij is the residual stress

tensor and the subgrid density flux is λj. Here we have omitted the overbars that

are typically used for flow variables to indicate that we are now dealing with the

filtered velocity, density and pressure fields. Details of the LES treatment of τij

and λj is postponed until the numerical scheme section.

8.3.3 Numerical scheme

This section contains a brief but complete summary of the numerical scheme

employed for this study, further details are available in de Stadler (2013). A fi-

nite volume formulation is employed to solve equations 8.1-8.3. The method is a

combination of the explicit RK3 algorithm of Williamson (1980), the uncondition-

ally stable and second order accurate ADI algorithm of Douglas (1962), and the

pressure-correction algorithms of Zang et al. (1994) and Rhie & Chow (1983). A

collocated grid arrangement is used with flow variables stored at the cell centers.

Additional contravariant velocity are stored at the cell faces to ensure mass conser-

vation. Second order centered finite differences are chosen for spatial derivatives

with the exception of the advective term where special treatment is required (see

subsection on upwinding). Within the structure of a pressure-correction method,

time advancement is performed with an RK3 method to advance explicit terms and

an Alternating Direction Implicit (ADI) method to advance the implicit terms. A

pipelined Thomas algorithm is used to efficiently solve the tridiagonal system of

equations generated by ADI.
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The pressure correction equation is solved using a geometric multigrid

solver. Due to the large anisotropies in different regions of the computational

domain, a robust multigrid algorithm was required. We employ a variant of the

flexible semi-coarsening method of Piquet & Vasseur (2000). Smoothing is ac-

complished by a line solver in the x1 direction, semi-coarsening is performed in

the other two directions. The main difference between the current implementa-

tion and that of Piquet & Vasseur (2000) is that we apply a direct coarse grid

approximation whereas Piquet & Vasseur (2000) uses a Galerkin coarse grid ap-

proximation. Therefore we refer to the flexible semi-coarsened multigrid solver as

MG-SD. MG-SD was found to reduce the L2 norm of the residual by more than

104 in one iteration. This is impressive given that the aspect ratio of the cells in

the domain ranges from 1 to 30 in each direction. Here the aspect ration is defined

as max(∆xi)/min(∆xi).

Immersed boundary method

The immersed boundary method was used to model the sphere inside the

computational domain. The direct forcing method of Roman et al. (2009) was

used. This implementation was chosen as it decouples fluid and solid nodes, allows

for a sharp interface at the boundary and requires only a single solution of the

momentum equation at each substep.

Upwinding

Initial simulations using a conservative second order centered difference

scheme showed a strong sensitivity to dispersion error, particularly in the separated

shear layer region. Once dispersion error formed, appearing as 2∆x wiggles in the

flow variables, it was exacerbated by the weak but steady grid stretching and was

convected through the domain with little attenuation. The high sensitivity of

centered schemes to simulation details such as grid stretching, outflow boundary

conditions, etc. was noted by Mittal & Moin (1997) in the case of LES applied

to flow past a cylinder. Significantly increasing the grid resolution to avoid the

formation of wiggles was not a computationally feasible option.
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Upwinding of the advection term was found to be a reasonable solution.

Early efforts at upwinding were excessively diffusive, however it is possible to

define higher order schemes with minimal numerical diffusion, see for example

Zhong (1998). In general there are trade-offs between using centered schemes and

upwinded schemes. A discussion of the relative merits of each for the case of LES

for flow past a cylinder is given in Mittal & Moin (1997). It should be noted that

the two previous LES studies of flow past a sphere at Re = 10, 000 both required

upwinding over at least part of the domain, Yun et al. (2006) and Constantinescu

& Squires (2003).

In this study an explicit 5th order biased upwinding based on Rai & Moin

(1991) is employed. The non-conservative form of the advection term given in (8.4)

is chosen as it is relatively easy to calculate δφi/δxk to arbitrary level of accuracy.

Hi = uk
∂φi
∂xk

= uk
δφi
δxk

(8.4)

Also, a high level of resolution is applied so differences between a conservative

and non-conservative scheme are expected to be small. The explicit formulation is

chosen over a compact formulation as a compact formulation requires solution of a

tridiagonal system of equations for each point whereas the explicit formulation is

a local calculation and hence more suited to be applied for a parallel computation.

The upwinding algorithm of Rai & Moin (1991) was applied to unstratified channel

flow calculations. In the present study, modification had to be made to allow for the

presence of wave motion that occurs in flows with stratification. A disadvantage

of upwinding is that if one biases their calculation in the wrong direction, the

calculation is unconditionally unstable and one’s code can rapidly diverge. It was

determined that the primary difficulty to the use of upwinding with the Rai & Moin

(1991) formulation was when the velocity on two faces of a cell was converging, i.e.

ui−1/2 > 0 and Ui+1/2 < 0. In this case a modification was made following ideas

presented in Ghosh & Baeder (2012). In the converging flow case, a 2nd order

centered finite difference scheme is applied in the conservative form for Hi.

When the immersed boundary is used care is required to make sure that

the upwind derivative stencil does not cross into the solid region where data is

not present. Rather than attempting to maintain a 5th order upwinding scheme
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in these near boundary points, a simple modification was made. For the points

within 3 gridpoints of the immersed boundary, a conservative second order centered

scheme is adopted.

LES details

The residual stress tensor, τij, and the subgrid density flux, λj are defined

using a Smagorinsky model, Smagorinsky (1963), as

τij = −2νsgsSij, λj = −κsgs
∂ρ

∂xj
, Sij =

1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, (8.5)

where the subgrid-scale eddy viscosity is given by

νsgs = CM∆2|S|, |S| =
√

2SijSij. (8.6)

Here ∆ is the filter width defined as ∆ =
√

∆x21 + ∆x22 + ∆x23. A subgrid-scale

Prandtl number Prsgs = νsgs/κsgs is defined and set to a value of 1 to match the

bulk fluid Prandtl number.

The coefficient CM is calculated based on a Dynamic Smagorinsky Model,

Germano et al. (1991), Lilly (1992). As there are no homogeneous flow directions

for stratified flow past a sphere, the pathline averaging of Meneveau et al. (1996)

is adopted for the calculation of CM . The implementation of pathline averaging

matches that in Meneveau et al. (1996).

8.3.4 Initial and boundary conditions

The initial conditions for this study were interpolated from a lower Reynolds

number stratified simulation at the same Fr. After interpolating, the flow was run

for a sufficient time to eliminate the initial transient.

Uniform undisturbed inflow boundary conditions were applied at the inlet.

At the outlet boundary, linear extrapolation was used for all flow variables. Stress-

free boundary conditions were applied to the velocity fields at the top, bottom and

side boundaries, homogeneous Neumann conditions were set for the density field

at the sides and the density gradient was set to the background density gradient

at the top and bottom. The pressure correction is set to be zero at the top,
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bottom and side boundaries. On the surface of the sphere the no-slip condition

was applied for velocity and the density was set to the value corresponding to

the background density field. No explicit boundary condition is applied for the

pressure, the presence of the boundary is felt implicitly by modification of the

source terms for the pressure correction equation.

A sponge region is applied at the top, bottom, side, and outlet boundaries to

ensure that internal waves and other intrusions from the wake into the background

to exit the domain without reflection. All three velocity components and the

density are damped to their background values. Because of the fast decay of

the defect velocity in the wake, it was found that damping the outflow values to

the undisturbed background was sufficient. The form of the sponge applied for

the present study matches that of de Stadler et al. (2010), see that reference for

details.

8.3.5 Simulation parameters

Simulations are performed at Re = 10, 000 and Fr = 3. The Froude num-

ber was chosen to be 3 so that Fr is large enough for wake generated internal

waves to dominate body generated waves yet a small enough Fr that a large num-

ber of buoyancy periods, Nt are resolved in the computational domain. As the

Reynolds number increases, the vortex sheet separating from the sphere becomes

more turbulent, becoming fully turbulent at Re ≈ 6, 000 according to Constan-

tinescu & Squires (2003). Above Re ≈ 7, 000, reduced disorder occurs in the

shedding pattern due to the fully turbulent vortex sheet in the separated shear

layer. The wake structure and integral parameters remain approximately constant

in the range 7, 000 < Re < 1.65×105 until the boundary layer on the surface of the

sphere transitions to turbulence before separation. The low sensitivity of the wake

to Re beyond 7000 in the subcritical regime motivates the choice of Re = 10, 000

for our spatially evolving simulations. Additionally, numerical and experimental

data is available for the unstratified wake for validation and comparison.

Details of the computational domain are give in Table 8.1. A large cross-

stream domain size is chosen so that the blockage factor is below 1% as suggested
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Table 8.1: Grid parameters. Here Li represents the grid length in a given direc-

tion and ni the number of grid points in the given direction. Note that

the domain length given here does not include the additional size of

the sponge region.

L1,min L1,max L2 L3 n1 n2 n3

-5.59 27.01 ±5.70 ±5.06 960 640 576

by Kim & Durbin (1988) and Achenbach (1974). Here the blockage factor is

defined as Aobs/Ats where Aobs is the maximum cross section area of the obstacle

and Ats is the cross sectional area of the test section. A Cartesian computational

grid was chosen as we are primarily interested in the behavior of the wake rather

than the details of the flow at the body. Such an approach was also used by

Parnaudeau et al. (2008) for flow past a cylinder. Also, a Cartesian grid provides

better resolution of the coherent structures in appearing in the wake.

The strategy for designing the grid is to keep high resolution in the laminar

regions of the flow. The smallest spacing is used on the upstream half of the

sphere. 6-9 points appear in the laminar boundary layer at separation where 6

points corresponds to the points with |x2| = |x3| and 9 points appear at the x2 = 0

and x3 = 0 points. The x1 grid is stretched strongly from the sphere towards the

inlet where the flow is laminar, a much weaker stretching is applied in the wake

region. The x2, x3 grids are fine in the boundary layer, and stretch weakly from

above the top of the separated shear layer towards the outer boundary until the

outer region of the domain where strong grid stretching is applied until the outer

boundary. Moderate stretching is applied from 60 degrees towards the center of

the sphere. Cross-sections of the computational grid are shown in Figure 8.2.

The timestep was set for ∆t = 0.0036 for the majority of the simulation,

however it was allowed to drop slightly to ensure that the CFL number remained

below 1.0 for the entirety of the simulation. Data was obtained for 212 time units

and statistics show the result of averaging over 41 shedding cycles. 75,000 CPU

hours on 720 processors were required for the present study on on Haise, an IBM

iDataPlex at the Navy Department of Defense Supercomputing Resource Center.



156

Figure 8.2: Cross sections of the computational grid. For clarity, only every 8th

grid point is shown. This results in a small loss of symmetry in the

present figure, the actual grid is symmetric.

8.4 Data analysis

The stratified wake is inhomogeneous in all three flow directions. The only

averaging that can be done is in time which necessitates the storage of significant

amounts of data. The present simulation generated 11 TB of data. In this paper,

averaging is taken to mean only a time average, no spatial averaging is performed.

We save flow statistics at the following locations: x1 − x2 plane at x3 = 0,

x1 − x3 plane at x2 = 0, single point probes at various locations in the sepa-

rated shear layer and in the wake, sets of 3 adjacent x2 − x3 planes at various x1

locations, full 3D fields for visualization of vortical structures. At regular inter-

vals, checkpoint files are written out which contain 3D fields for all flow variables.

The checkpoint files are written out too infrequently to use for calculating aver-

aged statistics but they allow for the determination of any instantaneous quantity.

With these flow statistics we are able to calculate virtually any statistic of interest

in the wake.

8.5 Validation

Validation of the computational method is provided by comparison with

previous numerical and experimental studies of unstratified flow past a sphere at

Re = 10, 000. The validation simulation is an updated version of de Stadler &
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Figure 8.3: Pressure coefficient along the sphere.

Sarkar (2013) which is currently being prepared for publication. Table 8.2 com-

pares results from an unstratified case at Re = 10, 000 with previously available

numerical and experimental data. Good agreement with previous numerical and

Table 8.2: Comparison of present data with that from previous numerical and

experimental studies of the wake of a sphere at Re = 10, 000. ψS is

the separation angle and Lr is the length of the re-circulating region. 1

Comparable statistics are also provided using DES in Constantinescu

& Squires (2004).

St ψS Cpb Lr/D

Present study 0.185 85±1 -0.254 1.641

Rodriguez et al. (2013) (DNS) 0.195 84.7 -0.272 1.657

Yun et al. (2006) (LES) 0.17 90 -0.274 1.364

Constantinescu & Squires (2003)1 (LES) 0.195 84-86 -0.27 1.74

Achenbach (1974) (exp.) 0.148 - - -

Cometta (1957) (exp.) 0.195 - - -

experimental data is observed. Figure 8.3 compares the pressure coefficient ob-

tained in the present study with the DNS data of Rodriguez et al. (2013). Good

agreement is observed which shows that the present method is able to capture the

pressure field around the body.

Comparison with the DNS data of Rodriguez et al. (2013) in the near wake

is shown in Figures 8.4. The present LES calculation shows good agreement with
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Figure 8.4: Validation with DNS data of Rodriguez et al. (2013). (a) Mean

streamwise velocity at x/D = 1.6. (b) Streamwise velocity rms at

x/D = 1.6. (c) Mean streamwise velocity at x/D = 2.5. (d) Stream-

wise velocity rms at x/D = 2.5. (e) TKE at x/D = 1.24. (f) TKE

at x/D = 1.55. (g) TKE at x/D = 2.35. (h) TKE at x/D = 3.88.
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Figure 8.5: Instantaneous isocontours of λ2 = −0.08. (Top) x1 − x2 plane view.

(Bottom) x1 − x3 view.

the Rodriguez et al. (2013) data for both the mean and fluctuating statistics. The

thin separated shear layer is clearly captured and resolved by the present method.

The near wake turbulence behind the re-circulating region is captured as well.

8.6 Visualizations

We begin the presentation of results from the present study with visual-

izations of the wake. Figure 8.5 uses the λ2 criterion of Jeong & Hussain (1995)

to visualize vortical structures in the wake. From the x1 − x2 plane view one can

see the main regions of the wake from the laminar boundary layer on the body to

the sinuous structure of the wake. Buoyancy has a strong effect on the wake, the

vertical extent of the wake matches the height of the sphere for almost the entire

wake extent. The horizontal direction however is not restrained by buoyancy ef-

fects and contains sinuous motions which are reminiscent of the unstratified wake.

Figure 8.5 shows many small structures in the highly turbulent near wake of the

sphere characteristic of strong turbulence. These structures diminish in number

and grow in size as the flow advances in the downstream direction.

Figure 8.6 shows the evolution of the spanwise vorticity over a shedding

cycle. The presence of a spiral type mode is evident in the near wake until x/D = 7.

From 7 < x/D < 15 the wake transitions between the nearly unstratified near wake

to a strongly stratified intermediate wake for 15 < x/D < 27. The presence of long
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Figure 8.6: Instantaneous snapshots of ω2 on an x1 − x3 plane. The snapshots

are spaced out 1/4 of a shedding cycle in time with time advancing

from top to bottom.
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swept back structures in the wake has been observed experimentally by a number

of authors including Spedding (1997, 2001), and numerically by Diamessis et al.

(2010, 2011); Brucker (2009). Buoyancy plays a large role by effectively fixing the

height of the wake at a constant value beyond Nt = 3.

The vertical vorticity at the horizontal centerplane is often shown at inter-

mediate to late times for stratified wakes when pancake eddies appear in a vortex

street. However, these plots usually do not show the near field. Figure 8.7 shows

the vertical vorticity along the horizontal centerplane. The vertical vorticity in

the horizontal direction does not show the constriction of the spanwise vorticity in

the vertical direction. The vorticity fields in the vertical and horizontal directions

clearly show the presence of intermediate size structures beyond x/D = 15, Nt = 5.

The wake meanders along the centerline as observed in the experiments summa-

rized in Lin & Pao (1979) although a distinct vortex street is not yet present at

the end of the computational domain, x/D = 27, Nt = 9.

The streamwise evolution of the mean velocity and root mean square (rms)

velocity fluctuations are shown in Figure 8.8. All the plots in Figure 8.8 are

shown in their normalized form. The aim of this figure is to characterize the flow

structure, quantification of the streamwise intensity of the maximum values will be

presented later in this chapter. From Figure 8.8 a number of observations can be

made: (1) the fluctuating velocity fields occur over a much larger extent than the

mean field. (2) The mean velocity field and u2,rms are Gaussian in nature although

u1,rms, u3,rms and ρrms are not. (3) u3,rms contains peaks which are centered at

x3 = ±D/2 which corresponds to the top and bottom of the sphere. (4) u1,rms

contains peaks which are centered around x2 = ±D/2 which corresponds to the

left side and right side of the sphere. (5) ρrms and u3,rms extend over a broader

region than u1,rms and u2,rms. Evidence of wave like behavior appears in all of the

fluctuating velocity values.

8.6.1 Density perturbation field

Figure 8.9 shows the streamwise evolution of the density perturbation field.

The wake begins with a lee wave carrying heavy fluid over the sphere and light fluid
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Figure 8.7: Instantaneous snapshots of ω3 on an x1 − x2 plane. The snapshots

are spaced out 1/4 of a shedding cycle in time with time advancing

from top to bottom. These snapshots are shown at the same times

as ω2 in Figure 8.6.
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Figure 8.8: Streamwise evolution of mean and fluctuating velocities and density

fluctuation. (Top row) U0. (2nd row) u1,rms. (3rd row) u2,rms. (4th

row) u3,rms. (Bottom row) ρrms. All plots are normalized by their

maximum value at a given distance downstream. Red indicates a

value close to 1 and blue indicates a value of 0.
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Figure 8.9: Instantaneous isocontours of ρ′ = ±0.1. Blue indicates heavy fluid

with ρ > ρbg and red indicates light fluid with ρ < ρbg. x2−x3 planes

are shown at x/D = 6, 12, 18, 24, Nt = 2, 4, 6, 8; for these planes the

contour plot minima and maxima are modified to ρ′ = ±0.05.

under the sphere. The lee wave is not steady, unsteady forcing in the re-circulating

region causes the back half to oscillate in the streamwise and vertical directions.

After the fluid returns back towards to the wake centerline after the re-circulating

region, the fluid is mixed. Large scale structures are evident in the density field

from the near wake through to the end of the domain. Internal wave motion can

be observed in the x2 − x3 plane.

Figure 8.10 shows the evolution of ρ′ over a shedding cycle. The presence

of layering in the density perturbation field can be observed for x/D > 18, Nt >

6. The signature of wake-generated internal waves appears above and below the

centerline, starting around x/d = 13-17. As most of the waves are directed at an

angle to the vertical, the waves do not appear to extend to the boundary as they

are exiting the visualization plane.

An alternate view of the wake can be constructed by visualizations of den-

sity perturbations along the horizontal centerplane (not shown). The large scale

structure of the density perturbation field agrees with the large scale structure of

the vertical vorticity field. Structures in the density field appear larger than the

corresponding vortical structures.

The emphasis of the present paper is not on the internal wave field. There-
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Figure 8.10: Instantaneous snapshots of ρ′ on an x1 − x3 plane. The snapshots

are spaced out 1/4 of a shedding cycle in time with time advancing

from top to bottom. These snapshots are shown at the same times

as ω2 in Figure 8.6.
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Figure 8.11: Time history and frequency spectra at xi = [1.0, 0, 0.6] showing the

presence of the KH mode and the low frequency mode. (Top row)

u1. (Bottom row) u3.

fore the internal wave field will not be quantified in this paper but the results will

be reported in a follow-up study.

8.7 Frequency spectra

At various locations through the wake, probes measured the velocity, den-

sity and pressure at each timestep. The well known vortex shedding (VS) fre-

quency and the KH shedding frequency were both captured. In addition, the low

frequency value of St=O(0.01) obtained by Rodriguez et al. (2013) was observed

in the present study at almost all of the wake centerline probes from xi = [1.0, 0, 0]

to xi = [24.0, 0, 0].

Figure 8.11 shows the presence of the KH instability and the low frequency

mode. From the time histories of u1 and u3 it is clear that there is a strongly

energetic low frequency mode. The high energy in this mode is confirmed by

the spectra. This low frequency mode was associated with periodic shrinkage

and enlargement of the re-circulating region by Rodriguez et al. (2011). The low

frequency mode has been observed in the wake of a number of objects with unsteady

re-circulating regions, see the list provided in Lehmkuhl et al. (2013). The low

frequency mode adds to the inherent uncertainty of analyzing wakes as all previous
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Figure 8.12: Streamwise evolution of maximum frequency component along the

wake centerline for x/D ≥ 4.

studies have been conducted over a limited time history due to computational cost

limits and tow tank size limits. This low frequency mode is at least partially

responsible for the variation in statistics between different studies.

Figure 8.12 shows the streamwise evolution of the peak frequency in all

flow variables: ui, p, ρ. A number of observations can be made from Figure 8.12:

(1) For x/D > 4, the peak frequency for each of the flow variable is roughly

constant with the exception of the pressure. (2) The low frequency mode observed

in the near wake is present and dominant for the streamwise velocity at almost all

times. (3) The vertical velocity and density are closely coupled and share a peak

value of approximately St=0.28. (4) The horizontal velocity, u2, maintains a peak

frequency in good agreement with the vortex shedding frequency of 0.175.

8.8 Mean and turbulence statistics

One of the well known results of stratification is to prolong the lifetime

of the stratified wake. This is demonstrated clearly in Figure 8.13. The defect

velocity agrees well quantitatively with the results of Bonnier & Eiff (2002). The

near wake decay is similar to the x−1 decay of Bonnier & Eiff (2002). However,

unlike Bonnier & Eiff (2002) we do not observe a sharp increase in the defect

velocity around Nt = 2.3. Instead, a more gradual plateau is recovered similar to

what was observed in the temporal simulation of Brucker & Sarkar (2010).
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Figure 8.13: (Left) Defect velocity. (Right) Wake dimensions based on defect

velocity.

Figure 8.14: (Left) turbulence intensities. (Right) Reynolds stresses.

A number of different measures for the wake dimensions based on the mean

velocity have been used in previous studies. In this study we use the definition

Li = (xi(U0 = 0.2U0,max) − −xi(U0 = 0.2U0,max))/2. This definition was used

previously by Spedding (2001). The present definition shows qualitatively expected

behavior from the figures in the visualization section, the wake height is virtually

constant for x/D > 6 and the wake width grows continually for x/D > 2. Note that

the wake width growth rate appears to change at Nt = 3 from a value consistent

with the near wake to a slower one in the NEQ regime.

The streamwise velocity fluctuation along the centerline shows a peak in

and around the re-circulating region as shown in Figure 8.14. Again, good agree-

ment with the experimental study of Bonnier & Eiff (2002) was observed. Unlike
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Figure 8.15: Streamwise evolution of centerline density fluctuation.

the unstratified case, the horizontal and vertical fluctuations are not equivalent.

Larger fluctuations are obtained in the vertical direction for Nt < 2. This is con-

sistent with the transfer of energy from potential energy to kinetic energy where

the heavy fluid that has been lifted up and over the sphere brings more energy

towards the center than particles of equal density which have been swept around

the sphere. The Reynolds stress < u′1u
′
3 > associated with vertical fluctuations

becomes progressively smaller than < u′1u
′
2 > starting from Nt ∼ 2 providing a

clear indicator of the onset of buoyancy effects in the wake. The decrease is pre-

cipitious leading to a value of < u′1u
′
3 > is that is almost an order-of-magnitude

smaller than that of < u′1u
′
2 >. Beginning at Nt = 3 u3,rms begins to increase

until Nt = 5. This secondary increase in u3,rms is due to the collapse process. The

Reynolds stress u′1u
′
3 also shows a local increase and peak around Nt = 3 before

another sharp decrease.

The density fluctuations peak at a different distance behind the body than

the velocity fluctuations, Nt = 2 for ρrms versus Nt < 1 for ui,rms. As shown

in Figure 8.15, the density fluctuations along the centerline steadily increase until

Nt = 3. After the peak value, ρrms decreases at a steadily value until Nt = 4.5

(a location where the wake generated waves become distinct) at which time the

density fluctuation begins to level off from 4.5 < Nt < 6.0 before slowly decaying

again.

The wake dimensions can also be defined for the turbulent kinetic energy
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Figure 8.16: Wake dimensions based on the turbulent kinetic energy field.

Figure 8.17: Partition of kinetic energy into turbulence in the wake.

field. Using the same definition of the wake width and height we calculate the

wake dimensions as shown in Figure 8.16. The wake width based on TKE steadily

increases from 1 < Nt < 6. For Nt > 6 there is a slight decay in the growth

rate of L2,TKE. The wake height based on TKE grows weakly until Nt = 2,

from 2 < Nt < 5 the height is constant and then a secondary peak forms due to

disturbances at the edge of the top of the wake caused by internal wave emission

at the turbulent non-turbulent interface.

Initially the kinetic energy in the wake is dominated by the mean component

due to the influence of the re-circulating region as shown in Figure 8.17. The TKE

increases sharply beyond the re-circulating region and grows until buoyancy effects

become significant at Nt = 2. The TKE fraction decays weakly for 2 < Nt < 5,
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Figure 8.18: Kinetic energy partition into three directions for the mean (Left)

and the fluctuation (Right).

reducing by 10%. Beyond Nt = 5 the flow is balanced with slightly more energy

being stored in the mean field than the fluctuating field.

In Figure 8.18 the partition of the mean and turbulent kinetic energy into

their respective directional components is quantified. The mean kinetic energy is

dominated by the streamwise component. Interestingly, the horizontal component

is essentially constant beyond Nt = 2.3. The streamwise and vertical components

oscillate in balance with each other. The collapse of the wake around Nt = 2.3

bring an increase of M33 at the expense of M11.

The turbulent kinetic energy is closer to equipartioned than the mean ki-

netic energy. The K11 component still dominates but its value is lower than that

of M11. As with the MKE, the K22 component is almost constant and the K11

and K33 components fluctuate with each other. Again the collapse is shown in the

decrease and rise of the K33 component.

8.9 Conclusions

The wake evolution occurs in 3 stages: a very weakly stratified near wake

(Nt < 2), a transition region (2 < Nt < 5)and a more strongly stratified region

similar to the non-equilibrium regime Nt > 5. In this case our results are more

like the suggested model of Bonnier & Eiff (2002) with its 4 regions as opposed to

the 3 regions in the universal wake evolution model of Spedding (1997). Beginning
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in the near wake region significant anisotropy is obtained for the three velocity

components and the density perturbation. Anisotropy can be seen clearly in the

Reynolds stress 〈u′1u′3〉 where the behavior sharply diverges from 〈u′1u′2〉 around

Nt = 2. In the transition region there is an interchange between the energy in the

streamwise direction and the vertical direction with decreases in the streamwise

kinetic energy component corresponding to increases in the vertical kinetic energy

component and vice-versa.

In the vertical direction, beyond Nt = 2 the wake height is essentially fixed

at a constant value. However, in the horizontal direction the wake behaves more

like an unstratified wake with constant expansion. The presence of the spiral mode

is retained in the horizontal plane as can be seen in visualizations of the vortical

structures, vertical vorticity, density perturbation, and spectra of the spanwise

velocity component along the wake centerline. Initially the vertical velocity and

density perturbation are not well correlated but after Nt = 5, the two become well

correlated.

The results obtained in this study show that the near wake is signifi-

cantly different from what is customarily applied as an initial condition in tem-

porally evolving DNS/LES studies. The mean velocity is Gaussian, although the

anisotropy present in both the structure and the magnitude of the velocity fluctu-

ations show strong anisotropy. Coherent structures are clearly present in the near

wake inducing a meandering behavior which is not present in the initial conditions

for temporally evolving wakes. The low frequency mode appearing in the stream-

wise component throughout the flow evolution is also not present in the temporal

cases.
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Chapter 9

Conclusions

In this dissertation high resolution numerical simulations have been used

to investigate a number of model problems related to the turbulent wake of a bluff

body in a stratified fluid.

The primary results of this dissertation can be summarize as follows:

1. The approximation Pr = 1 for DNS/LES of the wake behind a bluff body

in thermally stratified water is reasonable. Small differences are observed

between studies with Pr = 1 and Pr = 7.

2. A small to moderate amount of excess momentum does not lead to quali-

tatively difference behavior for a propelled body. Flow statistics retain the

character of a self-propelled wake but with larger quantitative values.

3. The separated shear layer plays a strong role in transporting and mixing hot

fluid from a hot sphere to the cold background

4. The wake evolution occurs in 3 stages: a very weakly stratified near wake

(Nt < 2), a transition region (2 < Nt < 5) and a more strongly stratified

region corresponding to the non-equilibrium regime for Nt > 5.

5. Buoyancy effects lead to strong anisotropy in the velocity field beginning

shortly after Nt = 2.
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9.1 Effect of the Prandtl number on a stratified

turbulent wake

Bulk quantities such as wake defect velocity and the wake dimensions were

found to be weakly influenced by the Prandtl number. However, the Prandtl

number was found to strongly affect the density perturbation field. Through the

coupling between kinetic and potential energy, differences in the density perturba-

tion field resulted in differences in the wave flux, total energy of the wake, turbulent

and scalar dissipation, spectral distribution of energy in the density and velocity

fields, mixing efficiency, and buoyancy flux. For example, the maximum internal

wave flux at Pr = 7 exceeds that at Pr = 0.2 by about 50%. In general, differences

were more pronounced between the Pr = 1 and Pr = 0.2 cases than the Pr = 1

and Pr = 7 cases. At higher values of Pr there are differences in wake statistics

compared to the Pr = 1 case but they tend to be small-scale features which do

not have a significant impact on the larger scale features of the wake.

9.2 Simulation of a propelled wake with moder-

ate excess momentum in a stratified fluid

Increasing the amount of excess momentum and/or decreasing the radial

extent of the excess momentum was found to increase the defect velocity, mean

kinetic energy, shear in the velocity gradient and wake width. The increased shear

in the mean profile results in increased turbulent production which extracts energy

from the mean profile to turbulent kinetic energy which results in increased dissipa-

tion. The area-integrated turbulent kinetic energy (TKE) is initially larger owing

to enhanced shear production but the dissipation also increases so that, later in the

evolution, there is little difference in TKE between cases. The vorticity structures

were found to increase slightly in size with increasing excess momentum although

the difference in size was significantly less than that suggested by previous exper-

iments. Buoyancy was found to preserve the doubly-inflected velocity profile in

the vertical direction, and similarity for the mean velocity and turbulent kinetic
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energy was found to occur in both horizontal and vertical directions.

9.3 Large Eddy Simulation of the wake of a

heated sphere at Re=10,000

Visualizations of the temperature and vorticity field show a link between

the coherent structures in the velocity field and temperature fluctuations. The

separated shear layer carries large values of the temperature away from the hot

sphere and into the cold fluid. Mixing is enhanced by the Kelvin-Helmholtz shear

instability which causes rollers to form which engulfs cold fluid into the hot region.

Profiles of the mean and fluctuating fields in the wake show the strong role played

by the separated shear layer in the near wake evolution. In particular, large fluc-

tuating values of the velocity and temperature are found at off center peaks in the

region behind the separated shear layers.

9.4 Spatially-evolving flow past a sphere in a

stratified fluid at Re = 10, 000, F r = 3: body

to intermediate wake

The wake evolution occurs in 3 stages: a very weakly stratified near wake

(Nt < 2), a transition region (2 < Nt < 5)and a more strongly stratified region

corresponding to the non-equilibrium regime Nt > 5. In this case our results

are more like the suggested model of Bonnier & Eiff (2002) with its 4 regions

as opposed to the 3 regions in the universal wake evolution model of Spedding

(1997). Beginning in the near wake region significant anisotropy is obtained for

the three velocity components and the density perturbation. Anisotropy can be

seen clearly in the Reynolds stress 〈u′1u′3〉 where the behavior sharply diverges from

〈u′1u′2〉 around Nt = 2. In the transition region there is an interchange between

the energy in the streamwise direction and the vertical direction with decreases in

the streamwise kinetic energy component corresponding to increases in the vertical
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kinetic energy component and vice-versa.

In the vertical direction, beyond Nt = 2 the wake height is essentially fixed

at a constant value. However, in the horizontal direction the wake behaves more

like an unstratified wake with constant expansion. The presence of the spiral mode

is retained in the horizontal plane as can be seen in visualizations of the vortical

structures, vertical vorticity, density perturbation, and spectra of the spanwise

velocity component along the wake centerline. Initially the vertical velocity and

density perturbation are not well correlated but after Nt = 5, the two become well

correlated.

The results obtained in this study show that the near wake is signifi-

cantly different from what is customarily applied as an initial condition in tem-

porally evolving DNS/LES studies. The mean velocity is Gaussian, although the

anisotropy present in both the structure and the magnitude of the velocity fluctu-

ations show strong anisotropy. Coherent structures are clearly present in the near

wake inducing a meandering behavior which is not present in the initial conditions

for temporally evolving wakes. The low frequency mode appearing in the stream-

wise component throughout the flow evolution is also not present in the temporal

cases.

The present study has focused on the structure of the near to intermediate

wake and the energetics of the flow at this time. Two follow up studies are planned.

The first study will focus on the energetics and dynamics of the internal wave field.

The second study will will extend the present study from Nt=9 well into the Q2D

regime.



Appendix A

Numerical implementation of

computational method

This appendix contains details of the numerical method employed for this

thesis.

A.1 Explicit RK3 algorithm

At each RK step we perform the following operations to update our velocity

and density files from step n to step n+1, uni , ρ
n → un+1

i , ρn+1. The implementation

for the first RK step is given in the following text. The same procedure is used

in the second and third steps as well. Here δ/δx is used to refer to a numerical

derivative. The values C1 and C2 correspond to coefficients for the RK update.

Their values are given in Table A.1.

Table A.1: Coefficients for RK3 scheme

step, m C1 C2

1 0 1/3

2 -5/9 15/16

3 -153/128 8/15
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1. Allocate F temporary array (re-used to save memory in next steps)

2. Predict updated velocity field (3 ghost cell data exchanges)

F ∗i = −δ(u
n
ku

n
i )

δxk
+

1

Re

δ2uni
δxkδxk

− 1

Fr2
ρ′nδi3

3. Calculate pressure source term (1 ghost cell data exchange)

SRCi =
δF ∗i
δxk

+
δuni
δxi

∆t

4. Advance velocity to calculate q1 for momentum equations

u∗i,tmp = C1F
∗
i + C2u

n
i,tmp∆t

5. De-allocate F temporary array

6. Solve for divergence free pressure using a geometric multigrid solver

δ

δxi

(
δp∗

δxi

)
= SRCi

7. Project divergence using the pressure gradient term (3 ghost cell data ex-

changes)

u∗i,tmp = u∗i,tmp −
δp∗

δxi
∆t

8. Calculate density field field using divergence free velocity field

ρ∗ = ρ∗ − δ(ukρ)

δxk
+

1

RePr

δ2ρ

δxkδxk

9. Advance density to calculate q1 for density equation

ρ∗tmp = C1ρ
∗ + C2ρ

∗
tmp∆t

10. Advance velocity to intermediate value at the end of the time step

u1i = uni + a3u
∗
i,tmp
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11. Advance density to intermediate value at the end of the RK step

ρ1 = ρn + a3ρ
∗
tmp

12. Exchange ghost cell data for u1i and ρ1 (4 ghost cell data exchanges)

Total memory usage: 11 full field 3D arrays

Total communication (excluding pressure solver): 11 ghost cell data ex-

changes

A.2 Mixed RK3-ADI algorithm

At each RK step we perform the following operations to update our velocity

and density files from step n to step n+1, uni , ρ
n → un+1

i , ρn+1. The implementation

for the first RK step is given in the following text. The same procedure is used in

the second and third steps as well. Here Ui represents a contravariant velocity and

ui a collocated velocity.

1. Predict explicit term of velocity and density field

u∗i,tmp = −δ(U
n
k u

n
i )

δxk
− 1

Fr2
ρ′nδi3

ρ∗tmp = −δ(U
n
k ρ

n)

δxk

2. Advance velocity to calculate q1 for momentum and density equations

u∗i,tmp = C1
1u
∗
i,tmp + C1

2u
n
i,tmp∆t

ρ∗tmp = C1
1ρ
∗ + C1

2ρ
∗
tmp∆t

3. exchange ghost cell data for ui,tmp and ρtmp (4 ghost cell data exchanges)

4. Predict implicit terms of velocity and density fields using the ADI method

of Douglas (1962) (not counting line solves, 12 ghost cell data exchanges, 3
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per variable)[
1− 1

2

∆trk1
Re

δ2

δx1δx1

]
u†i = uni + u∗i,tmp −∆trk1

δpn

δx1

+
∆trk1
Re

[
1

2

δ2

δx1δx1
+

δ2

δx2δx2
+

δ2

δx3δx3

]
uni[

1− 1

2

∆trk1
Re

δ2

δx2δx2

]
u‡i = u†i −

∆trk1
Re

[
1

2

δ2

δx2δx2

]
uni[

1− 1

2

∆trk1
Re

δ2

δx3δx3

]
u∗i = u‡i −

∆trk1
Re

[
1

2

δ2

δx3δx3

]
uni

[
1− 1

2

∆trk1
Re

δ2

δx1δx1

]
ρ† = ρn + ρ∗i,tmp

+
∆trk1
Re

[
1

2

δ2

δx1δx1
+

δ2

δx2δx2
+

δ2

δx3δx3

]
ρn[

1− 1

2

∆trk1
Re

δ2

δx2δx2

]
ρ‡ = ρ† − ∆trk1

Re

[
1

2

δ2

δx2δx2

]
ρn[

1− 1

2

∆trk1
Re

δ2

δx3δx3

]
ρ∗ = ρ‡ − ∆trk1

Re

[
1

2

δ2

δx3δx3

]
ρn

5. Modify Contravariant velocity to avoid checkerboard pressure (3 ghost cell

data exchange). Here P indicates the current grid point and |f indicates a

value at the cell face. The overbar indicates interpolation.

Ui = ui,P−1, ui,P + ∆t

(
δp1

δxi
|P ,

δp1

δxi
|P+1

)
−∆t

δp1

δxi
|f

6. Allocate pressure correction variable pc

7. Calculate pressure source term (1 ghost cell data exchange)

SRCi =
δUn

i

δxi
∆t

8. Solve for pressure correction term pc using a geometric multigrid solver

δ

δxi

(
δpc

δxi

)
= SRCi
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9. Correct pressure field and simulaneously project divergence in the collocated

and contravariant velocities (3 ghost cell data exchanges for Ui terms)

p1 = pn + pc

u1i = u∗i −∆trk1
δpc

δxi

U1
i = U∗i −∆trk1

δpc

δxi

10. Deallocate pressure correction variable pc

11. Exchange ghost cell data for u1i and ρ1 (3 ghost cell data exchanges) Note

that ρ1 is ghosted at the end of the ADI solution. It is not updated after

that step.

Total memory usage: 14 full field 3D arrays (+1 for the provisional thomas

algorithm if one or more periodic directions are used)

Total communication (excluding pressure solver and ADI details): 26 ghost

cell data exchanges
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Modification for LES

If LES is used, then step 4 is modified as follows:[
1− ∆trk1

2

(
1

Re
+ νsgs

)
δ2

δx1δx1

]
u†i = uni + u∗i,tmp −∆trk1

δpn

δx1

+ ∆trk1
δνsgs
δxj

(
δunj
δxi

+
δuni
δxj

)
+ ∆trk1

(
1

Re
+ νsgs

)
×
[

1

2

δ2

δx1δx1
+

δ2

δx2δx2
+

δ2

δx3δx3

]
uni[

1− ∆trk1
2

(
1

Re
+ νsgs

)
δ2

δx2δx2

]
u‡i = u†i −∆trk1

(
1

Re
+ νsgs

)[
1

2

δ2

δx2δx2

]
uni[

1− ∆trk1
2

(
1

Re
+ νsgs

)
δ2

δx3δx3

]
u∗i = u‡i −∆trk1

(
1

Re
+ νsgs

)[
1

2

δ2

δx3δx3

]
uni

[
1− ∆trk1

2

(
1

RePr
+ κsgs

)
δ2

δx1δx1

]
ρ† = ρn + ρ∗i,tmp + ∆trk1

δκsgs
δxj

δρn

δxj

+ ∆trk1

(
1

RePr
+ κsgs

)
×
[

1

2

δ2

δx1δx1
+

δ2

δx2δx2
+

δ2

δx3δx3

]
ρn[

1− ∆trk1
2

(
1

RePr
+ κsgs

)
δ2

δx2δx2

]
ρ‡ = ρ†

−∆trk1

(
1

RePr
+ κsgs

)[
1

2

δ2

δx2δx2

]
ρn[

1− ∆trk1
2

(
1

RePr
+ κsgs

)
δ2

δx3δx3

]
ρ∗ = ρ‡

−∆trk1

(
1

RePr
+ κsgs

)[
1

2

δ2

δx3δx3

]
ρn



Appendix B

Description of multigrid pressure

solver

Our multigrid pressure solver is designed to solve elliptic partial differential

equations on weakly to moderately stretched grids with second order accuracy.

The program is written in Fortran 90 and parallelized using MPI: both parallel

and serial implementations are available. The governing equation is

∂

∂xi

∂p

∂xi
= rhs.

Here we emphasize that rather than writing the differential operator as a Laplacian,

a sequence of derivatives are obtained for consistency with the derivation of the

Poisson pressure equation.

B.1 Brief overview of multigrid

Here we provide a brief overview of the multigrid technique. For a good

introduction I recommend starting with Briggs et al. (2000) and Pozrikidis (2008).

Further detail can be found in Brandt & Livne (2011); Wesseling (1992); Trotten-

berg et al. (2001); Hackbusch (1985); Wienands & Joppich (2005). Of these, the

most extensive cell-centered treatment (really the only extensive treatment of any

textbook) is given in Wesseling (1992).
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We begin by writing the governing equation in matrix form:

∂

∂xi

∂p

∂xi
= rhs.

Ax = b

Iterative methods such as Gauss-Seidel and Jacobi are good at smoothing high

frequency error but are very slow to modify low frequency errors. We note that

by using a coarser grid, say with grid spacing 2h where h is the original grid

spacing, we are able to more effectively damp low frequency errors. Extending this

observation we can see that the further we coarsen the grid the more effectively

we can damp low frequency errors. Unfortunately it is not clear how the solution

at the different grid levels interact and should be combined. Fortunately, we can

re-write the governing equation in terms of the error and a residual. We can

decompose our variable x into an exact and error component x = xexact + e. An

approximation to the error can now be written as

Ae = b− Ax

Rather than attempting to iterate on the fine grid equation, we iterate on the error

equation. An additional residual is calculated on the difference between the error

equation and its right hand side and data is transferred to the next coarser grid.

This process continues until we reach the coarsest possible grid where we can solve

exactly. Starting with the coarsest grid level, the error at the next highest level is

corrected based on the error at the current grid level. After adding the correction

from the coarser grid, we relax the error equation and then transfer a correction

to the next highest grid until the finest grid level has been updated.

Details of the data transfer between grid levels and how the error equation

is relaxed separates different multigrid methods. They all involve using a series of

coarser grids and iterating on the error equation to improve the fine grid estimate.

Here we outline the steps used for a V cycle.

1. Iterate on fine grid solution: Ahxh = bh

2. Calculate residual at current level as rh = bh−Ahxh and restrict to the next

coarsest level: rH = RH
h rh
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3. Iterate on error at current grid level: AHeH = rH

• Repeat steps (2) and (3) until at the coarsest grid level

4. Solve equation exactly at the coarsest grid level: AHeH = rH

5. Interpolate error correction to the next finer grid: eh = eh + P h
He2h

6. Iterate on error at current grid level: Aheh = rh

• Repeat steps (5) and (6) until at the finest grid level

7. Iterate on fine grid solution: Ahxh = bh

Here h is the current grid level, H is the coarse grid with H = 2h, eh is the error

at a given grid level, RH
h is the restriction operator which transfers data at grid

level h to grid level H, and P h
H is the prolongation operator which transfers data

from grid level H to grid level h.

B.2 General description of the pressure solver

There are two related but different versions of the multigrid pressure solver.

As of now they differ only in the implementation of boundary conditions. One

version, the ’edgeBC’ version, sets boundary conditions at the last grid points

whereas the ’wallBC’ version sets the boundary conditions in between the last two

grid points. Both versions have been verified that they give the correct order of

accuracy for serial and parallel execution.

The code is made up of 4 main components:

1. Smoother: used to iteratively solve at the current level

2. Restriction: operator to transfer information from a fine grid to a coarse grid

3. Coarse grid operator: the equation for the error on coarser grids

4. Prolongation: operator to transfer information from a coarse grid to a fine

grid
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The interaction of these 4 components is important for ensuring optimal perfor-

mance.

B.3 Cycling strategy

Currently we have implemented V cycle multigrid, Full Multigrid (FMG)

and a flexible multiple semicoarsening method (referred to from here on as MG-

SD). FMG and V cycles are shown schematically in Figure B.1. In Figure B.1,

(a) 32h

16h

  8h

  4h

  2h

    h

(b)

32h

16h

  8h

  4h

  2h

    h

Figure B.1: (Left) Sample 6 level V cycle. (Right) Sample 6 level Full Multigrid

cycle using V cycles. Arrows indicate interpolation from a coarse

grid to the next finest grid (can be different from the standard pro-

longation used in the rest of the algorithm). In both figures, square

blocks indicate an exact solution on the coarse grid. Black circles

indicate pre-smoothing and grey circles indicate post-smoothing.

the pre-smoothing and post-smoothing is shown in different colors to emphasize

that the number of smoothing iterations on the way down a cycle and the way up

a cycle are not required to be the same. The code is implemented such that the

number of smoothing cycles at each level on the way down and up can be specified

individually.
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B.3.1 V cycle

V cycle multigrid begins with an estimate of the solution on the finest grid

and then iteratively performs cycling descending down to the coarsest grid, solving

there exactly, and then correcting the error up to the finest grid to improve the

original fine grid estimate. V cycling is ideal if we begin with a good estimate of

the solution on the fine grid.

B.3.2 Full Multigrid

Full multigrid assumes no knowledge of the solution on the fine grid but

instead begins at the coarsest grid level to generate a good estimate for the fine

grid. FMG begins by coarsening the right hand side until a right hand side has

been obtained for the coarsest grid. The governing equation is solved exactly on

the coarsest grid and then the solution is interpolated up to the next finer grid

level. The interpolation performed here does not have to be the same interpolation

that is used for prolongation. It is often ideal to take a higher ordered interpolation

operator (cubic interpolation is often used for 2nd order methods). However, cubic

interpolation results in a 64 point stencil instead of the 8 point stencil required

for trilinear interpolation and therefore additional ghost point storage is required.

Interpolation results in added smooth error modes and therefore V cycling is re-

quired to remove them. The process of solving at a grid level, interpolating to the

next higher grid level, and then performing a V cycle is repeated until an initial

fine grid is obtained. Once the initial fine grid approximation is achieved, V cy-

cle iterations are performed. The main advantage of FMG is that convergence to

discretization error is often obtained in 1 or 2 V cycles.

B.3.3 MG-SD

This method was first proposed by Washio & Oosterlee (1998) for vertex

centered grids and then adapted to cell centered grids by Piquet & Vasseur (2000).

The method was first developed for solving 2D problems with strong anisotropies

and an extension to 3D problems was also provided in Washio & Oosterlee (1998).
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The main difference between our method and that of Piquet & Vasseur (2000) is

that Piquet & Vasseur (2000) uses a Galerkin coarse grid operator and performs

prolongation using trilinear interpolation within a tetrahedron (referred to earlier

as Wesseling interpolation) whereas our implementation uses a direct coarse grid

approximation and trilinear interpolation within a box. The last D in the des-

ignation MG-SD indicates a direct coarse grid approximation to differentiate our

method from that of Washio & Oosterlee (1998) and Piquet & Vasseur (2000).

The basic idea for MG-S is as follows: assume that we have a 2D problem

with unknown anisotropy. One way to handle this problem is to use a plane

smoother. Another way is to keep a standard V cycle approach with a modified

smoother. Here instead of using a plane smoother we instead perform a V cycle

with semi-coarsening in the y direction to handle areas of the domain where ∆y <

∆z and subsequently we perform a V cycle with semi-coarsening in the z direction

to handle areas with ∆z < ∆y; both semi-coarsened cycles use a point smoother.

So one smoothing step is made up of 2 V cycles, one with coarsening in y only and

the other with coarsening in z only. This process is illustrated in Figure B.2.

1,1

2,2

3,3

4,4

5,5

1,5

2,5

3,5

4,5

5,1

5,2

5,3

5,4

Figure B.2: (a) Sample 5 level MG-SD cycle. The black lines indicate a V cycle

with coarsening in y and z. The left grey lines indicate V cycles

only coarsening in y and the right grey lines indicate V cycles only

coarsening in z. This images was derived from a similar figure in

Washio & Oosterlee (1998).

Flexible semi-coarsening

Depending on the anisotropy of the given problem it is not always necessary to
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travel to the coarsest grid for each of the semi-coarsened V cycles. It is only

necessary to coarsen until the grid is approximately isotropic. With this is in

mind we stop coarsening in y when min ∆y > max ∆z and in z when min ∆z >

max ∆y. Using flexible semi-coarsening was found to improve the performance of

the method; the amount of improvement is problem dependent.

Extension to 3D

In 3D we keep the same approach as in 2D but instead of doing point smoothing

in the semi-coarsened V cycles we use lines in the 3rd direction. To keep the

strong coupling in the x-direction we do not coarsen at all in the x direction. In

our implementation we do lines in the x-direction and semi-coarsening in y and

z. This was done because in Fortran the first index is the fastest in memory and

because we expect stronger stretching in y and z than in x for wake problems.

In practice the method is very robust with respect to y and z stretching (up to

15% has been successfully used) but appears sensitive to stretching in the the x

direction (5% is a rough upper limit).

B.3.4 Other cycling strategies

W cycle multigrid is another technique that spend more time at coarse grids

than in V cycle multigrid. This is often ideal for serial problems but the increased

number of coarse level iterations results in much more communication at the coarse

grid levels. Therefore W cycles are often not used. F cycling is similar to the FMG

strategy. An F cycle begins with the first half of a V cycle and then cycles in the

same way as shown for FMG until it reaches the coarsest level. As with W cycle

multigrid, additional work is performed on the coarsest grid.

B.4 Grid coarsening

Both the ’edgeBC’ and ’wallBC’ versions use cell centered coarsening. This

allows the same restriction and prolongation operators to be used for both cases

although the location of the boundary is modified. We define two sets of grid
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points on the coarse grids: xc points where the defect is located at each level,

and xe points located in between the defect points. The xe points are never used

directly for computation but correspond to the location of the dp/dx terms in

the expression d/dx(dp/dx); they are used only in the definition of the coarse grid

operator d/(d/dx)/dx. The xc points are defined as halfway between two xc points

on the higher grid level. The xe points are defined as halway between neighboring

xc points on the current level.

The coarsening is shown in Figure B.3 for 3 levels. At the coarser levels

for the wallBC the boundary location is always half way between the last two grid

points. For the edgeBC case the boundary is located at different places between the

last two grid points at each level. To account for this difference linear interpolation

is used to set dirichlet boundary conditions and a modified forward/backward

difference stencil is used which incorporates the 3 nearest grid points for neumann

boundary conditions. The modified interpolation and differentiation stencils are

maintained as second order accurate.

An advantage of cell-centered coarsening is that 2n grid points are required

rather than the 2n+1 grid points required for vertex centered coarsening. In serial

the difference is minimal but in parallel this reduces the organizational overhead

and creates a better load balance (only really an issue for small domains). It is

important to note that performance of a cell-centered approach can not be directly

compared with that of a vertex-centered approach due to the different interplay

between smoothing and coarse grid operators as discussed in Mohr & Wienands

(2004). Note that most textbooks focus on vertex centered multigrid.

B.5 Coarse grid operator

We use a direct coarsening approach where we apply the same discretization

technique for the governing equation on the coarse grids and the fine grid. This

results in a compact 7 point stencil. Another option is to use a Galerkin approach

where the operator at the coarse grid is derived using the restriction operator R2h
h ,
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(a)

wallBC
edgeBC

level 1

level 2

level 3

(b)

Figure B.3: (a) Grid coarsening in 1 dimension. The domain boundaries are

shown by the dashed lines. The edgeBC case shows coarsening with

a Dirichlet boundary condition on the left and a Neumann boundary

condition on the right. (b) Coarsening in the interior in 2D; black

dots fine grid, grey dots coarse grid.

fine grid operator Lh, and prolongation operator P h
2h. This would be done as

L2h = R2h
h LhP

h
2h.

The Galerkin approach is in general preferred as it preserves variational properties,

such as M-matrices. One of the main disadvantages of such an approach is that

the stencil size can grow significantly on the coarse grids compared to that of the

fine grid.

For the coarse grid operator, we have homogeneous zero valued boundary

conditions. A significant performance improvement was obtained by modifying

the operator stencil to eliminate Neumann BCs in the vicinity of the boundary

conditions. Eliminating the Dirichlet BCs by modifying the operator stencil was

found to be useful when solving for lines but not point smoothing.
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B.6 Smoothing

As of now point and line Gauss-Seidel are implemented. In parallel, box

versions of each smoother are implemented where each processor sweeps over its

local domain only. This is only equivalent to the serial case for the red-black

variants, for other cases the box variants approach performance more reminiscent

of Jacobi smoothing as described in Chow et al. (2006). Lines can be taken in

all the directions individually. Both lexicographic (loop stride=1) and red-black

orderings are available for all cases. If you are using a uniform grid, red-black

point Gauss-Seidel is recommended. For stretched grids the line solvers are almost

always required. For very stretched grids, single line sweeps are inadequate and we

have to do either alternating lines, i.e. sweep lines in y followed immediately by

lines in z, or else plane smoothing. Plane smoothing is the most robust, particularly

if we do alternating direction planes.

In 3D, successive over-relaxation (SOR) is ideal for both uniform grids and

stretched grids. If the grid stretching is mild, we may be able to get away with

using a point smoothing method with (SOR).

Governing equations:

∂

∂xi

∂φ

∂xi
= src.

1

dxc(i)

(
φ(i+ 1, j, k)− φ(i, j, k)

dxe(i)
− φ(i, j, k)− φ(i− 1, j, k)

dxe(i− 1)

)
= src(i, j, k)

+
1

dyc(i)

(
φ(i, j + 1, k)− φ(i, j, k)

dye(j)
− φ(i, j, k)− φ(i, j − 1, k)

dye(j − 1)

)
+

1

dzc(i)

(
φ(i, j, k + 1)− φ(i, j, k)

dze(k)
− φ(i, j, k)− φ(i, j, k − 1)

dze(k − 1)

)
A set of 1d arrays, pcf1−6, are defined using the grid information resulting in a

simplified stencil with

pcf2φ(i+ 1, j, k)− (pcf1 + pcf2)φ(i, j, k) + pcf1φ(i− 1, j, k) = src(i, j, k)

+pcf4φ(i, j + 1, k)− (pcf3 + pcf4)φ(i, j, k) + pcf3φ(i, j − 1, k)

+pcf6φ(i, j, k + 1)− (pcf5 + pcf6)φ(i, j, k) + pcf5φ(i, j, k − 1)

The different smoothing techniques iteratively solve this equation to update the

value of φ(i, j, k) at all points over the interior.
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B.7 Restriction: fine to coarse

At a given level the residual is calculated as r = b−Ax and then transferred

to the next coarser level. Full volume weighting is implemented for restriction;

equivalently this is the adjoint of constant interpolation. With our coarsening

scheme the coarse grid is located at the center of 2,4, or 8 grid points depending

on the dimension of the problem. Note that grid stretching does not modify this

operator. The restriction operator is shown schematically in Figure B.4. No mod-

Figure B.4: (a) Restriction in 2 dimensions. The residual is calculated at the

fine grid points (black dots) and then transferred to the coarser grid

points (grey dot). Note that the coarse grid point is in the center of

the fine grid cell.

ification in the vicinity of the boundary should be required as the right hand side

is only defined at locations inside the domain and therefore the residual can be

taken to be zero outside the boundaries.

Here we use a tensor product to calculate weights for the restriction. In nD
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our operator is given by

RnD
(
φCi
)

=

(
1

2

)n [
φFi−1/2 φFi+1/2

]
R1D

(
φCi
)

=

(
1

2

)[
φFi−1/2 φFi+1/2

]
R2D

(
φCi,j
)

=

(
1

4

)[
φFi−1/2, φ

F
j+1/2 φFi+1/2, φ

F
j+1/2

φFi−1/2, φ
F
j−1/2 φFi+1/2, φ

F
j−1/2

]

R3D
(
φCi,j,k

)
=

(
1

8

)[
φFi−1/2, φ

F
j+1/2, φ

F
k+1/2 φFi+1/2, φ

F
j+1/2, φ

F
k+1/2

φFi−1/2, φ
F
j−1/2, φ

F
k+1/2 φFi+1/2, φ

F
j−1/2, φ

F
k+1/2

]
[
φFi−1/2, φ

F
j+1/2, φ

F
k−1/2 φFi+1/2, φ

F
j+1/2, φ

F
k−1/2

φFi−1/2, φ
F
j−1/2, φ

F
k−1/2 φFi+1/2, φ

F
j−1/2, φ

F
k−1/2

]

Note that for the 3D case we obtain a 3D tensor, therefore we show the 2 matrices

that make it up, no multiplication should be assumed.

B.8 Prolongation: coarse to fine

At a given level we correct our error estimate based on the smoothed error

at the level immediately below the current level. Full volume weighting is imple-

mented for prolongation; this is equivalent to trilinear interpolation. Here again

we use a tensor product to calculate weights for the prolongation. The standard

way for writing the prolongation stencil is to write the influence of the coarse point

on the neighboring fine points. Unfortunately this is less intuitive since in the code

it must be written in terms of the influence on multiple coarse points on a single

fine point. For details, see Mohr & Wienands (2004) and pages 68-70 of Wesseling

(1992). The prolongation operator is shown schematically in Figure B.5.
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Figure B.5: (Left) Prolongation in 2 dimensions at an interior node. The correc-

tion at the coarse grid (grey dots) is interpolated onto the fine grid

(black dots). See p. 69 of Wesseling (1992) for the corresponding

3D picture. (Right) Prolongation in 2 dimensions at a corner loca-

tion. The domain boundary is shown using the dashed black line;

the interior domain is in the bottom right.

P nD
(
φCi
)

=

(
1

4

)n [
1φFi−1/2 3φFi−1/2 ∗ 3φFi+1/2 1φFi+1/2

]
P 1D

(
φCi
)

=

(
1

4

)[
1φFi−3/2 3φFi−1/2 ∗ 3φFi+1/2 1φFi+3/2

]

P 2D
(
φCi,j
)

=

(
1

16

)


1φFi−3/2,j+3/2 3φFi−1/2,j+3/2 3φFi+1/2,j+3/2 1φFi+3/2,j+3/2

3φFi−3/2,j+1/2 9φFi−1/2,j+1/2 9φFi+1/2,j+1/2 3φFi+3/2,j+1/2

∗
3φFi−3/2,j−1/2 9φFi−1/2,j−1/2 9φFi+1/2,j−1/2 3φFi+3/2,j−1/2

1φFi−3/2,j−3/2 3φFi−1/2,j−3/2 3φFi+1/2,j−3/2 1φFi+3/2,j−3/2



Here a star shows the position of a coarse grid cell. The 3D case is not shown to

save space. Using the notation of Figure B.5, in 2D φa is updated as follows:

φa = φa +
1

16
(9φA + 3φB + 3φD + 1φC)

Important note: The prolongation operator reaches outside the domain

boundary at the fine grid points adjacent to the boundary. This includes the

boundary planes, boundary lines and boundary corners. If the boundary conditions
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are applied properly before prolongation, the boundary planes, lines and corners

are not an issue. See Mohr & Wienands (2004) and pages 68-70 of Wesseling (1992)

for information on how the pure neumann and pure Dirichlet values are obtained.

Using the notation of Figure B.5, in 2D φa at the corners (or at lines for

3D problems) is updated as follows if the prolongation operators are modified:

2 Dirichlet BCs φd = φd +
1

4
φD

2 Neumann BCs φd = φd + φD

1 Dirichlet, 1 Neumann BC φd = φd +
1

2
φD

Using the notation of Figure B.5, in 3D φa at the corners is updated as follows:

3 Dirichlet BCs φd = φd +
1

8
φD

3 Neumann BCs φd = φd + φD

2 Dirichlet, 1 Neumann BC φd = φd +
1

4
φD

1 Dirichlet, 2 Neumann BC φd = φd +
1

2
φD

Numerical experiments showed that the current implementation of bound-

ary conditions in ghost cells result in values in the corner region equivalent to those

obtained using the modified stencils above.

B.9 Multigrid on stretched grids

If proper care is not taken, a substantial degradation of multigrid perfor-

mance occurs with anisotropic or stretched grids. Consider the equation

∂

∂x1

∂p

∂x1
+

∂

∂x2

∂p

∂x2
+

∂

∂x3

∂p

∂x3
= b.

a
∂

∂x1

∂p

∂x1
+ b

∂

∂x2

∂p

∂x2
+ c

∂

∂x3

∂p

∂x3
= b,

where a, b, and c corresponding to normalized coefficients such that the grid spacing

is uniform.
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For flow past a sphere we will have the worst case possible having regions

of the domain where

a� b� c a� c� b

b� a� c b� c� a

c� b� a c� a� b

Pages 130-147 of Trottenberg et al. (2001) has a good discussion for options for

how to treat grid anisotropy. Basically there are 3 options:

1. Use full coarsening. Use a more complicated smoother.

2. Use semi-coarsening along strongly coupled areas. Use a simple smoother.

3. Hybrid of options 1 and 2.

For simple cases with a ≈ b ≈ c point-solvers are ideal.

B.9.1 Full coarsening with a complicated smoother

1. For cases with a � b ≈ c, this means that 4x1 � 4x2 = 4x3, line solvers

in the x1 direction are ideal.

2. For cases with a = b � c, this means that 4x1 = 4x2 � 4x3, (x1, x2)

plane solvers are ideal. An exact plane solution is not needed in general,

an approximation solution is sufficientLlorente & Melson (2000). Llorente &

Melson (2000) found that a V(1,0) cycle with alternating lines as an ideal

method. Note that for this case, a = b� c, performing lines in x1 and x2 as

an alternating line smoother gives behavior comparable to point smoothing,

far worse than the plane smoothing case.

3. For cases with a� b� c, then (x1, x2) plane smoothing is required.

Note that for cases with uniform fine spacing in x1 and grid stretching in

x2, x3 then we have regions of the domain with a ≈ b ≈ c, c � b � a, and

b � c � a. In this case the line smoother in x1 perform poorly. The anisotropy
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much be such that a � b, c everywhere for the ideal performance of x1 lines to

occur.

Special note for line solver of anisotropic equations

If we solve a case with uniform spacing and a� b ≈ c then it is required to elimi-

nate Dirichlet boundary conditions for ideal performance. However, for stretched

grid cases it is not always ideal to eliminate the Dirichlet BCs at the finest grid

level or in some cases it is not ideal to eliminate Dirichlet BCs at all.

B.9.2 Semi-coarsening with a simple smoother

The idea behind semi-coarsening is to try reduce the anisotropy by coars-

ening in such a way as to increase the isotropy of the coarser grids. Usually the

smoother of choice is a point-smoother accelerated with SOR.

For cases with a � b ≈ c, this means that 4x1 � 4x2 = 4x3, semi-

coarsening should take place in the x1 direction. For cases with a = b � c, this

means that 4x1 = 4x2 � 4x3, semi-coarsening should take place in the x1 and

x2 directions. For cases with a� b� c, semi-coarsening should take place in the

x1 direction.

Larsson et al. (2005) presents a method where semi-coarsening takes place

in all directions but only at locations where significant anisotropy occurs. The

goal is to reduce the grid anisotropy until the grid is approximately isotropic.

Once the grid becomes approximately isotropic then full coarsening takes place.

In parallel this can lead to significant load imbalances for processors containing

the highly stretched grid sections. A domain re-organization on the coarse grids

may be called for to reduce the load imbalance. Doing such a method introduces

significant complexity and therefore the method of Larsson et al. (2005) was not

implemented.
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B.9.3 Semi-coarsening with a complex smoother

In addition to MG-SD, there are additional methods for creating a robust

multigrid method using semi-coarsening and a complex smoother. We could semi-

coarsen in one direction and perform planes in the other directions. Similarly, we

could use a multiple semi-coarsening method with more grids and using a point

smoother. The multiple semi-coarsening strategy without line solving is generally

avoided due to the large amount of time spent on coarse grids and the significant

storage requirements, see p. 147 of Trottenberg et al. (2001).

B.9.4 Grid coarsening for stretched grids

For stretched grids we retain the prolongation and interpolation stencils

given for the unstretched case. The grid stretching is explicitly contained in the

coarse grid operator, no other modifications for grid stretching are required.

B.10 Special considerations for parallel Multi-

grid

Parallel multigrid is still a hot research area and there is no uniformly

accepted best way to proceed. For a recent review of the state of the art see Chow

et al. (2006) and Hulsemann et al. (2005).

We enforce parallelism by using an additional band of ghost cells to extend

the local domain of each processor. After each smoothing step, restriction, or

prolongation operation the band of ghost cells is updated. This can be thought

of as a multigrid plus domain decomposition method (MG-DD). An alternative

and usually not preferred approach is to do domain decomposition plus multigrid

(DD-MG) where multigrid is used to solve the local problem on each processor.

In general we want to limit the amount of communication performed. A

major difference between serial and parallel multigrid is that in serial the coarsest

grid levels are practically free and so we want to do as much work as possible on the

coarsest grids. In parallel, the ratio of communication to computation increases
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at the low grid levels so we do not want to do too much work on the coarse grid

levels. The increase in communication time is the primary reason why V cycling

is usually preferred to W cycling in parallel.

Important note on cycle depth

The depth of the multigrid cycle is an important problem specific issue. In

general we want to go down to the coarsest grid possible. In testing with the model

problems described below, the best results were obtained with two grid points on

the coarsest grid level. When more points were used on the coarsest grid, problems

with one or more Neumann boundary conditions in particular exhibited a slowdown

of up to a factor of 4 compared to problems with all Dirichlet boundary conditions.

In parallel this is a major issue as it is not possible to reduce the problem down

to two grid points on the coarsest grid level since we need to have at least one

interior grid point on each processor. This means that we will obtain a coarsest

grid size on the order of Px× Py × Pz where Pn is the number of processors in the

n direction.

In parallel we have three options as to how to treat the coarsest grid level:

1. Iteratively solve coarse grid

2. Direct solution such as with cyclic reduction

3. Collect coarse grids to smaller number of processors, solve on this subset

while the other processors wait.

Right now we have option 1 available and option 3 has been implemented

for V cycle multigrid but not FMG or MG-SD.

B.11 Multigrid data structure

Traditionally multigrid data structures were organized inside one long work-

ing vector. As modern programming languages have evolved, the ability to use a

more natural data structure has emerged. Both versions are available for the
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Table B.1: Options for solving the coarsest grid level in parallel.

Option: Advantage Disadvantage

1 No additional coding

needed

Can require a significant number of itera-

tions and large communication time

2 Not required to go to

too coarse of a grid level

Generally not competitive with other

methods.

3 Fast execution on a sin-

gle processor

Communication to collect data on one pro-

cessor and idle time for the non master pro-

cessors solving the coarse system

present solver. Unfortunately the version using the more natural data structure

is up to 20% slower for parallel cases than the one long working vector version.

Due to the reduced performance of the more natural version, the production ver-

sion uses the single working vector. Nwv, the number of grid points required for a

working vector with full coarsening in all 3 directions and having N points on the

finest level is equal to

Nwv = N(1 + 2−3 + 2−6 + ...+ 2−3n) <
8

7
N

Note that no additional storage is required for the FMG method.

B.11.1 Multigrid data structure for MG-SD

For MG-SD we retain the 1D data structure of working vectors as in the

case of full coarsening. The worst possible case (in terms of storage required) is

illustrated in Figure B.6. To keep the storage costs low, we dynamically allocate

the 1D semi-coarsening arrays at each level only when they are required. This

reduces the memory requirements by more than a factor of 2 compared to a naive

implementation. Immediately before doing a V cycle in the x2 direction we first

allocate the work vector, perform the V cycle and then de-allocate the work vector.

This process is repeated in the x3 direction and ensures that we only dedicate as

much memory as we need for the current cycle.
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Figure B.6: Storage requirements for MG-SD with 4 levels (to scale). The grey

boxes indicate the storage of standard coarsening. The rectangu-

lar blocks below and to the side indicate the worst-case additional

storage required for MG-SD. The size of the blocks is as follows

ni = n/2i−1. This image was derived from an almost identical image

in Washio & Oosterlee (1998).

Nwv, the number of grid points required for a working vector with full

coarsening in y and z but no coarsening in x and having N points on the finest

level is equal to

Nwv = N(1 + 2−2 + 2−2 + ...+ 2−2n) <
4

3
N.

If all the semi-coarsened grids were saved we would require an additional 8N/3

words of memory; the area of the entire box of Figure B.6 with the area for the

grey boxes removed. By dynamically allocating memory we require an additional

N words of memory, a savings of 62.5% compared to the naive implementation.

Nwv = N(1 + 2−1 + 2−1 + ...+ 2−n)−N < N.

.

B.12 Expected results

B.12.1 Accuracy

The discretization of the governing equation, restriction, and prolongation

operators, and the boundary conditions are designed to give second order accuracy
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for both the ’wall BC’ case and the ’edge BC’ versions. 2nd order accuracy is

expected for all cases.

B.12.2 Performance

There are a number of different ways to estimate the ideal performance of a

multigrid algorithm. The main tools are Local Fourier Analysis (LFA) with which

we can obtain performance estimates from a one grid analysis, two grid analysis

or three grid analysis. A one grid analysis focuses only on the smoothing method

whereas 2 and 3 grid analyses also incorporate information on the prolongation

and restriction operators. The most comprehensive resource for this method is

Wienands & Joppich (2005).

one grid LFA

For a one grid analysis we assume that the coarse grid corrections works

perfectly and that the smoother acts only on high frequency error. For a simple

example see chapter 1 of Brandt & Livne (2011).

We begin with the discretized form of the governing equation; here for

simplicity we assume a uniform grid in all three directions.

φ(i+ 1, j, k)− 2φ(i, j, k) + φ(i− 1, j, k)

h2
= src(i, j, k)

+
φ(i, j + 1, k)− 2φ(i, j, k) + φ(i, j − 1, k)

h2
(B.1)

+
φ(i, j, k + 1)− 2φ(i, j, k) + φ(i, j, k − 1)

h2

Next we re-write the equation in terms of our iterative method to solve for the

variable of interest φ(i, j, k). We take φ̄ to be an updated value of φ in one iteration

and φ̃ to be a value of φ that has not yet been updated. For example, if we are
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doing point Gauss-Seidel we obtain:

φ̃(i+ 1, j, k)− 2φ(i, j, k) + φ(i− 1, j, k)

h2
= src(i, j, k)

+
φ̃(i, j + 1, k)− 2φ(i, j, k) + φ(i, j − 1, k)

h2
(B.2)

+
φ̃(i, j, k + 1)− 2φ(i, j, k) + φ(i, j, k − 1)

h2

We define a single grid convergence factor as

µ =
‖v‖
‖v‖

where v = φexact − φ̃ and v = φexact − φ.

We subtract Equation (B.1) from Equation (B.2) to obtain

v(i+ 1, j, k)− 2v(i, j, k) + v(i− 1, j, k) = 0

+v(i, j + 1, k)− 2v(i, j, k) + v(i, j − 1, k) (B.3)

+v(i, j, k + 1)− 2v(i, j, k) + v(i, j, k − 1)

Next we expand v and v as a Fourier series with

v(i, j, k) =
∑

Aθ expî(θ1i+θ2j+θ3k) v(i, j, k) =
∑

Aθ expî(θ1i+θ2j+θ3k)

Here î is the complex number defined as î =
√
−1 and θ = (θ1, θ2, θ3) and the

summations are over a subset of the cube |θ| = max(|θ1|, |θ2|, |θ3| ≤ π. Substituting

into Equation (B.3) we obtain(
expîθ1i + expîθ2j + expîθ3k

)
Aθ +

(
exp−îθ1i + exp−îθ2j + exp−îθ3k−6

)
Aθ = 0

(B.4)

Hence we can re-write the amplification factor µ as

µ =

∣∣∣∣AθAθ
∣∣∣∣ =

∣∣∣∣∣ expîθ1 + expîθ2 + expîθ3

6− exp−îθ1 − exp−îθ2 − exp−îθ3

∣∣∣∣∣
note that µ(θ)→ 1 as θ → 0 which shows why convergence is very slow for iterative

methods on a large grid. Here we restrict our interest to components which are not
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able to be resolved on a coarse grid: θ such that π/2 ≤ |θ| ≤ π. Our smoothing

factor is then

µ = max
π/2≤|θ|≤π

µ (θ)

The smoothing factor can be determined analytically only for simple cases, in gen-

eral a numerical solution is needed. Wienands & Joppich (2005) provides software

which automatically calculates one, two and three grid smoothing factors. It may

be worth investing in this for the future. A number of example values for one grid

predictions are given in the next subsection.

one grid LFA predictions

Table B.2: One grid predictions: Smoothing factors, µ, for one relaxation sweep

at the fine level. Analytic estimates for lexicographic Gauss-Seidel

smoothing rates are given in Hocking & Greif (2011), equivalent rates

for red-black Gauss-Seidel are given in Yavneh (1995). * for the first

2 sweeps then increases with sweep number, ** up to 4 sweeps then

increases with sweep number, see Yavneh (1995) for details.

1D 2D 3D

point Lexicographic Gauss-Seidel 0.447 0.500 0.570

line Lexicographic Gauss-Seidel 0.333 0.447 0.500

plane Lexicographic Gauss-Seidel n/a ? 0.447

Red-black point Gauss-Seidel 0.250∗ 0.444∗∗

Red-black line Gauss-Seidel 0.444

For point red-black schemes using SOR we can calculate an upper bound

for the optimal over relaxation parameter using the relation

ωopt < ωub =
2

1 +
√

1− µ(ω = 1)

Here µ(ω = 1) are the values in the above table, see Yavneh (1996) for details.

Note
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Table B.3: ωopt values and corresponding smoothing rates for 3D red-black point

Gauss-Seidel.

µ(ω = 1) ωub µ(ω = ωub)

Red-black point Gauss-Seidel 0.444 1.1457 0.237

The above metric for calculating an optimal value for SOR is based on

vertex centered coarsening and numerical experiments indicate that the results do

not transfer to cell centered coarsening. SOR is still found to be faster although

experimentation is needed to determine ω.

Method costs in terms of work units

Neglecting the cost of intergrid transfers, the cost C of an n level V (ν1, ν2)

cycle in d dimensions is

C = (ν1 + ν2)(1 + 2−d + 2−2d + ...+ 2−nd) <
ν1 + ν2
1− 2−d

WU

where WU is the cost of one work unit (defined as the cost of one sweep on the

fine grid). So a V(1,1) cycle multigrid iteration in 3D has a cost of 16/7 WU .

Neglecting the cost of intergrid transfers, the cost C of an n level

FMG(ν1, ν2) method using V cycling in d dimensions is

C <
2

(1− 2−2d)2
WU.

See p.48 of Chapter 4 of Briggs et al. (2000) for details on the derivation.

Neglecting the cost of intergrid transfers, the cost C of an n level MG-SD

V (ν1, ν2) cycle is equal to the cost of a 2D V (ν1, ν2) cycle multiplied by the cost

of 2 1D coarsened V (µ1, µ2) cycles

C = (ν1 + ν2)(1 + 2−2 + 2−4 + ...+ 2−4n)
[
2(µ1 + µ2)(1 + 2−1 + 2−2 + ...+ 2−n)

]
<

(ν1 + ν2)

1− 2−2
2(µ1 + µ2)

1− 2−1
WU

C <
16

3
(ν1 + ν2)(µ1 + µ2)
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here µ1, µ2 are the number of sweeps on the pre and post relaxation of the semi-

coarsened V cycles. Assuming µ1 = µ2 = 1, the cost of a MG-SD V(1,1) is 64/3

WU.



Appendix C

Predictor-Corrector Algorithm

for the Collocated Grid

Arrangement

The contents of this chapter are taken from a technical report written by

Narsimha Rapaka, a PhD student of professor Sutanu Sarkar.

C.1 Diffusion terms treated explicitly

un+1
i − uni

∆t
= Cn

i +Dn
i −

1

ρ

∂pn+1

∂xi
(C.1)

where Cn
i and Dn

i represent convection and diffusion terms respectively. Let’s

decompose the velocity and pressure fields into a predicted field and a correction

to that.

pn+1 = p∗ + p
′

(C.2)

un+1
i = u∗i + u

′

i (C.3)

where u∗i is the predicted velocity field and p∗ is a guess for the pressure field. A

good way to guess p∗ is to take p∗ = pn so that the corrections to the pressure

and velocity field will be minimum. If we consider an arbitrary pressure field,

209
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then the Poisson solver may take significantly more number of iterations or it

may encounter difficulty with convergence. From now on, we will always take

p∗ = pn. The pressure field thus choosen enables us to neglect the diffusion of

velocity correction which shall be described later in section C.2.2.

C.1.1 Predictor step:

u∗i − uni
∆t

= Cn
i +Dn

i −
1

ρ

∂p∗

∂xi
(C.4)

C.1.2 Corrector step:

Subtract Eq.C.4 from Eq.C.1 to have

un+1
i − u∗i

∆t
= −1

ρ

∂p
′

∂xi
(C.5)

un+1
i = u∗i −

∆t

ρ

∂p
′

∂xi
(C.6)

u
′

i = −∆t

ρ

∂p
′

∂xi
(C.7)

Take divergence of Eq.C.6,

∂un+1
i

∂xi
=
∂u∗i
∂xi
− ∆t

ρ

∂2p
′

∂xi2
(C.8)

From continuity

0 =
∂u∗i
∂xi
− ∆t

ρ

∂2p
′

∂xi2
(C.9)

∂2p
′

∂xi2
=

ρ

∆t

∂u∗i
∂xi

(C.10)

In the above expression density is assumed to be constant. If spatial variation of

density is considered, then divergence of Eq.C.6 along with continuity gives,

0 =
∂u∗i
∂xi
− ∆t

ρ

∂2p
′

∂xi2
+

∆t

ρ2
∂ρ

∂xi

∂p
′

∂xi
(C.11)

∂2p
′

∂xi2
− 1

ρ

∂ρ

∂xi

∂p
′

∂xi
=

ρ

∆t

∂u∗i
∂xi

(C.12)
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In the following formulation spatial variation of density is ignored. Take divergence

of Eq.C.4 and use the fact that
∂uni
∂xi

= 0 to have

∂u∗i
∂xi
− ∂uni

∂xi

∆t
=

∂

∂xi
[Cn

i +Dn
i ]− 1

ρ

∂2p∗

∂xi2
(C.13)

∂2p∗

∂xi2
= − ρ

∆t

∂u∗i
∂xi

+ ρ
∂

∂xi
[Cn

i +Dn
i ] (C.14)

Eq.C.10 + Eq.C.14 gives,

∂2

∂xi2
(p
′
+ p∗) = ρ

∂

∂xi
[Cn

i +Dn
i ] (C.15)

∂2pn+1

∂xi2
= ρ

∂

∂xi
[Cn

i +Dn
i ] (C.16)

To summarize, the predictor-corrector involves a prediction of the velocity

((C.4)), solution of a Poisson equation for the pressure correction ((C.10)), and

a correction of the velocity ((C.6) ) to enforce solenoidality. From Eq.C.1 and

Eq.C.16, the predictor corrector algorithm described above is equivalent to solving

∂2pn+1

∂xi2
= ρ

∂

∂xi
[Cn

i +Dn
i ] (C.17)

un+1
i = uni + ∆t

[
Cn
i +Dn

i −
1

ρ

∂pn+1

∂xi

]
(C.18)

The predictor-corrector formulation is preferred to the direct formulation because it

simplifies the boundary conditions for pressure by allowing the use of homogeneous

Neumann and Dirichlet boundary conditions.

C.1.3 Boundary conditions:

Dirichlet BC for velocity

At inlet the boundary normal velocity is prescribed. Take inner product of

Eq.C.6 with the unit vector in the outward boundary normal direction. This gives,

un+1
n = u∗n −

∆t

ρ

∂p
′

∂n
(C.19)

where un represents the velocity component in the outward boundary normal di-

rection and ∂p
′

∂n
is the pressure gradient in the outward boundary normal direction.
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Since un is specified, let the predictor velocity have the same boundary value as

that of actual velocity. u∗n = un+1
n = Uspecified From Eq.C.19 it follows that

∂p
′

∂n
= 0 (C.20)

Note: We need the boundary value p∗1 to calculate ∂p∗

∂x
|2 at points adjacent

to boundary.

Outflow/Neumann BC for velocity

Take derivative of Eq.C.19 in the boundary normal direction

∂un+1
n

∂n
=
∂u∗n
∂n
− ∆t

ρ

∂2p
′

∂n2
(C.21)

Usually we apply homogeneous Neumann boundary condition for the veloc-

ity at the outflow boundary. Let ∂u∗n
∂n

= ∂un+1
n

∂n
=
(
∂un
∂n

)
specified

. This gives us from

Eq.C.21
∂2p

′

∂n2
= 0 (C.22)

Since the boundary condition for pressure is of the same order as that of the

governing equation we avoid using above expression. Instead we prefer to use a

boundary condition that is atleast one order less than the governing equation. We

know that pn+1 = p∗ + p
′
. If we choose p∗ = pn+1 then the outflow boundary

condition for pressure becomes

p
′
= 0 (C.23)

We have to note that the predicted pressure field (p∗) has to satisfy the imposed

pressure values at the outlet boundary (pn+1). This is ensured by taking p∗ = pn

and ensuring that the initial pressure field also satisfies the imposed pressure profile

at the outlet. The flow being incompressible, we can set any reference value to

pressure at the outlet boundary and usually, for the sake of convenience and higher

precision, this value is set to zero.

Note: If pn+1
out = 0 then pn+1

in must satisfy the integral momentum balance.
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C.2 Diffusion terms treated implicitly

un+1
i − uni

∆t
= Cn

i +Dn+1
i − 1

ρ

∂pn+1

∂xi
(C.24)

where Cn
i and Dn+1

i represent convection and diffusion terms respectively. Let’s

decompose the velocity and pressure fields into a predicted field and a correction

to that.

pn+1 = p∗ + p
′

(C.25)

un+1
i = u∗i + u

′

i (C.26)

where u∗i is the predicted velocity field and p∗ is guess for the pressure field. A

good way to guess for p∗ is to take p∗ = pn so that the corrections to the pressure

and velocity field will be minimum.

C.2.1 Predictor step:

u∗i − uni
∆t

= Cn
i +D∗i −

1

ρ

∂p∗

∂xi
(C.27)

where D∗i represents the diffusion term evaluated using u∗i , i.e., implicit.

C.2.2 Corrector step:

Subtract Eq.C.27 from Eq.C.24 to have

un+1
i − u∗i

∆t
= Dn+1

i −D∗i −
1

ρ

∂p
′

∂xi
(C.28)

u
′
i

∆t
= ν

δ

δxk

δu
′
i

δxk
− 1

ρ

∂p
′

∂xi
(C.29)

Formulation with neglecting ν δ
δxk

δu
′
i

δxk

If we take p∗ = pn, it serves a good approximation to ignore the influence

of the term ν δ
δxk

δu
′
i

δxk
when ν is small because Laplacian of u

′
i is very small over the

R−K substep as we expect a smooth variation of spatial gradients of the velocity
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correction. However, we have to note that this is still an assumption. Practically

this assumption works well with most of the flows.

u
′

i ≈ −
∆t

ρ

∂p
′

∂xi
(C.30)

Take divergence of Eq.C.30.

∂u
′
i

∂xi
= −∆t

ρ

∂2p
′

∂xi2
(C.31)

From continuity

∂un+1

∂xi
= 0 (C.32)

∂(u∗i + u
′
i)

∂xi
= 0 (C.33)

∂u
′
i

∂xi
= −∂u

∗
i

∂xi
(C.34)

From Eq.C.31 and Eq.C.34 we have

∂2p
′

∂xi2
=

ρ

∆t

∂u∗i
∂xi

(C.35)

In this formulation spatial variation of density is ignored.

Formulation without neglecting ν δ
δxk

δu
′
i

δxk

Take divergence of Eq.C.29 to have

∂u
′
i

∂xi
= ν∆t

δ

δxk

δ

δxk

∂u
′
i

∂xi
− ∆t

ρ

∂2p
′

∂xi2
(C.36)

Using Eq.C.34

−∂u
∗
i

∂xi
= −ν∆t

δ

δxk

δ

δxk

∂u∗i
∂xi
− ∆t

ρ

∂2p
′

∂xi2
(C.37)

And finally we have the Poisson equation for pressure correction:

∂2p
′

∂xi2
=

ρ

∆t

∂u∗i
∂xi
− ρν δ

δxk

δ

δxk

∂u∗i
∂xi

(C.38)

and the implicit expression for velocity correction:[
1− ν∆t

δ

δxk

δ

δxk

]
u
′

i = −∆t

ρ

∂p
′

∂xi
(C.39)
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C.2.3 Boundary conditions:

Same as the case with diffusion terms treated explicitly. If we consider

the influence of the term ν δ
δxk

δu
′
i

δxk
the boudary conditions discussed previously are

approximate!

C.3 Solution procedure using collocated grid ar-

rangement

In collocated grid arrangement all the flow variables including velocity, pres-

sure and all scalars are located at the same location, say, cell center. In addition

to the flow variables, three components of velocity, called contravariant velocity,

one for each direction, are stored at the cell face in their respective directions

(similar to the velocity components in the staggered arrangement) and used in the

algorithm to avoid pressure-velocity decoupling [Zang et al. (1994)]. This costs

additional memory as compared to the staggered grid arrangement. In the present

code, the implementation is a combination of Zang et al. (1994) and Rhie and

Chow (1983).

The contravariant velocity is used in computing the volume fluxes in the

advection term and the divergence term in the Poisson equation. Let us denote the

velocity components stored at the cell center (collocated) by ui and contravariant

velocity components by Ui. The momentum equations are treated as follows:

∂ui
∂t

+
∂Ujui
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj2

(C.40)

Note about indices of collocated velocity and contravariant velocity: con-

travariant velocity is defined at half-cell width ahead (in the direction of increasing

index) of the collocated velocity; for example physical location of the collocated

velocity index ‘k + 1
2
’ is same as that of the contravariant velocity index ‘k’. In

the following description, physical location of the collocated velocity is defined at

the cell center (P ) and the corresponding contravariant velocity is defined at the
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cell face (f) which is half-cell width ahead of the cell center. We can say that the

contravariant velocity corresponds to the velocity in the staggered grid formulation.

Predictor step:

u∗i − uni
∆t

= −
δUn

j u
n
i

δxj
+

δ

δxj

δu∗i
δxj
− 1

ρ

δp∗

δxi
(C.41)

Contravariant velocity is computed by a method that is similar to Zang et

al (1994). In the predictor step, it is calculated by linear interpolation of values of

collocated velocity at neighbouring cell centers (nb) separated by the face.

U∗i,f =
(
u∗i,P , u

∗
i,nb

)
(C.42)

where the overbar represents a interpolation scheme. Zang et al (1994) used a third

order accurate upwind quadratic interpolation similar to the QUICK formulation;

in that formulation, a collocated velocity at another cell in the upwind direction

has to be included in the interpolation stencil. In the present implementation,

a second order accurate central linear interpolation scheme is used that includes

collocated velocity at locations P and nb.

Poisson equation:

The discrete form of Poisson equation for pressure correction (C.35) is given

by
δ

δxj

δp
′

δxj
=

ρ

∆t

δU∗i
δxi

(C.43)

Corrector step:

un+1
i,P = u∗i,P −

∆t

ρ

δp
′

δxi

∣∣∣∣
P

(C.44)

Un+1
i,f = U∗i,f −

∆t

ρ

δp
′

δxi

∣∣∣∣
f

(C.45)



217

Note that the pressure gradient is calculated at cell center in Eq. [C.44] and at

face center in Eq. [C.45] so that the differencing schemes vary with each other

which is the key to pressure-velocity coupling in the algorithm of Zang et al.

For example, assuming a uniform grid, second order central differencing

scheme gives

δp∗

δx

∣∣∣∣
P

≡ δp∗

δx

∣∣∣∣
i

=
p∗i+1 − p∗i−1

2∆x
(C.46)

δp∗

δx

∣∣∣∣
f

≡ δp∗

δx

∣∣∣∣
i+ 1

2

=
p∗i+1 − p∗i

∆x
(C.47)

where i in Eqs. C.46 - C.47 is the collocated variable index in X− direction defined

at cell center.

With the formulation described above, checker-board pressure distribution

is observed in the DNS of channel flow at Reτ = 395. This can be attributed

to the second order central linear interpolation scheme. Zang et al (1994) avoids

this decoupling by making use of the bias inherent in the interpolation stencil of

the upwind scheme. Since the authors prefer central schemes with direct numeri-

cal simulation to avoid numerical dissipation, the above problem is addressed by

modification of the predictor step as follows.

Modified predictor step:

A modified pressure gradient as described in Rhie and Chow (1983) is added

to the contravariant velocity in the predictor step to capture the pressure difference

between neighbouring cells. This modification successfully addressed the problem

of pressure-velocity decoupling in the DNS of channel flow at Reτ = 395 and

succeeding simulations using immersed boundary method.

U∗i,f = u∗i,P , u
∗
i,nb +

∆t

ρ

(
δp∗

δx

∣∣∣∣
P

,
δp∗

δx

∣∣∣∣
nb

)
− ∆t

ρ

δp∗

δx

∣∣∣∣
f

(C.48)

The average pressure gradient denoted by the over bar (second term on the RHS

of above equation) cancels out exactly the pressure gradient inherent in the av-

erage predictor velocity (first term on the RHS). Above treatment is essentially

equivalent to calculating the pressure gradient at the cell face using the values of
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pressure at adjacent cell centers (third term on the RHS). The pressure gradients

at the neighbouring cells are interpolated onto the common face using the same

interpolation scheme as that used for the velocity. For example, assuming uniform

grid, contravariant velocity component in the X− direction can be written as,

U∗i =
u∗i + u∗i+1

2
+

1

2

∆t

ρ

(
δp∗

δx

∣∣∣∣
i

+
δp∗

δx

∣∣∣∣
i+1

)
− ∆t

ρ

δp∗

δx

∣∣∣∣
i+ 1

2

(C.49)

=
u∗i + u∗i+1

2
+

1

2

∆t

ρ

(
p∗i+1 − p∗i−1

2∆x
+
p∗i+2 − p∗i

2∆x

)
− ∆t

ρ

p∗i+1 − p∗i
∆x

=
u∗i + u∗i+1

2
+

∆t

ρ

(
p∗i+2 − 3p∗i+1 + 3p∗i − p∗i−1

4∆x

)
(C.50)

Note that the subscript in above Eqs. C.49 - C.50 refer to the cell index rather

than the cartesian index. Also note that p∗ = pn.

To summarize:

• Predict the collocated velocity (Eq. C.41)

• Interpolate collocated velocity onto the cell faces to calculate the contravari-

ant velocity and add modified pressure gradient to avoid pressure-velocity

decoupling as in (Eq. C.48)

• Compute divergence of the predicted velocity field using the contravariant

velocity and solve the Poisson equation for pressure correction (Eq. C.43)

• Update the collocated velocity and contravariant velocity using Eqs. C.44

and C.45 respectively

• Use contravariant velocity to calculate the advection term in the next time

step.
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Appendix D

RK3-ADI Time Marching Scheme

The contents of this chapter are taken from a technical report written by

Narsimha Rapaka, a PhD student of professor Sutanu Sarkar.

D.1 Governing Equations

∂ui
∂t

= −δUkui
δxk

− 1

Fr2
ρ
′
δi3 +

1

Reo

δ

δxk

δui
δxk
− δp

δxi
(D.1)

= E(ui, ρ
′
) + I(ui, p) (D.2)

where E(ui, ρ
′
) and I(ui, p) represent the explicit and implicit parts of the RHS of

Eq. D.1 defined by,

E(ui, ρ
′
) ≡ −δUkui

δxk
− 1

Fr2
ρ
′
δi3 (D.3)

I(ui, p) ≡
1

Reo

δ

δxk

δui
δxk
− δp

δxi
(D.4)

D.2 Temporal Integration

The temporal integration is accomplished with a combination of RK3-ADI

scheme. The explicit part is treated using explicit 3rd order Runge-Kutta method

of Williamson (1980) and the implicit part is treated using an unconditionally

220
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stable ADI method in three dimensions with second-order accuracy in both time

and space, see Douglas (1962) or page 934 of Pozrikidis (2008).

The temporal integration can be demonstrated using a model ordinary dif-

ferential equation,

Φ̇ = E(Φ) + I(Φ) (D.5)

where E and I include explicit and implicit terms respectively.

Table D.1: Coefficients of mixed RK3-ADI Scheme

m C1 C2 C3

1 0 1/3 1/3

2 -5/9 15/16 5/12

3 -153/128 8/15 1/4

qm = Cm
1 q

m−1 + ∆t E(Φm−1) (D.6)

Φm = Φm−1 + Cm
2 q

m + Cm
3 ∆t I(Φm) (D.7)

Define ∆trkm ≡ Cm
3 ∆t, above equation can be written as,

Φm = Φm−1 + Cm
2 q

m + ∆trkm I(Φm) (D.8)

Note that above equation is implicit in Φm, hence involves solving a system of

linear equations.

Momentum Equations

The momentum equations D.2 can be marched using above method. The

details are given below, Temporal integration of the momentum equations along

with the scalar equations is performed from step n to n + 1 in three sub-steps.

Details of the scalar equation is not shown here as it involves exactly the same
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sub-steps.

q1 = ∆t E(uni , ρ
′n) (D.9)

u1i = uni + C1
2q

1 + ∆trk1 I(u1i , p
1) (D.10)

q2 = C2
1q

1 + ∆t E(u1i , ρ
′1) (D.11)

u2i = u1i + C2
2q

2 + ∆trk2 I(u2i , p
2) (D.12)

q3 = C3
1q

2 + ∆t E(u2i , ρ
′2) (D.13)

un+1
i = u2i + C3

2q
3 + ∆trk3 I(un+1

i , pn+1) (D.14)

D.2.1 RK3-ADI Step 1

This step includes RK3 sub-step 1 and simultaneous time integration of

implicit terms using ADI method.

q1 = ∆t

[
−δU

n
k u

n
i

δxk
− 1

Fr2
ρ
′nδi3

]
(D.15)

u1i = uni + C1
2 q

1 +
∆trk1

Reo

δ

δxk

δu1i
δxk
−∆trk1

δp1

δxi
(D.16)

After re-arranging above equation, we have:[
1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u1i = uni + C1

2 q
1 −∆trk1

δp1

δxi
(D.17)

Details of the predictor-corrector algorithm and treatment of flow variables on

a collocated grid arrangement are discussed separately in sections C.2 and C.3

respectively. The equations solved are briefly presented below.

Predictor Step:

Let p1 = p∗ + p
′

and u1i = u∗i + u
′
i, and use p∗ = pn[

1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u∗i = uni + C1

2 q
1 −∆trk1

δpn

δxi
(D.18)

ADI Method in 3D

ADI method of Douglas (1962) is presented below to solve Eq. D.18 which

is unconditionally stable and second order accurate in time and space. Let us
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denote the right hand side by S ≡ uni + C1
2 q

1 −∆trk1
δpn

δxi
, we march the solution

from uni to u∗i in three steps[
1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u∗i = S (D.19)

ADI Step 1[
1− 1

2

∆trk1

Reo

δ

δx

δ

δx

]
u†i = S +

∆trk1

Reo

[
1

2

δ

δx

δ

δx
+

δ

δy

δ

δy
+

δ

δz

δ

δz

]
uni (D.20)

ADI Step 2[
1− 1

2

∆trk1

Reo

δ

δy

δ

δy

]
u‡i = S +

∆trk1

Reo

[
1

2

δ

δx

δ

δx
+

1

2

δ

δy

δ

δy
+

δ

δz

δ

δz

]
uni

+
∆trk1

Reo

[
1

2

δ

δx

δu†i
δx

]
[
1− 1

2

∆trk1

Reo

δ

δy

δ

δy

]
u‡i = u†i −

1

2

∆trk1

Reo

δ

δy

δuni
δy

(D.21)

ADI Step 3[
1− 1

2

∆trk1

Reo

δ

δz

δ

δz

]
u∗i = S +

∆trk1

Reo

1

2

[
δ

δx

δ

δx
+

δ

δy

δ

δy
+

δ

δz

δ

δz

]
uni

+
∆trk1

Reo

1

2

[
δ

δx

δu†i
δx

+
δ

δy

δu‡i
δy

]
[
1− 1

2

∆trk1

Reo

δ

δz

δ

δz

]
u∗i = u‡i −

1

2

∆trk1

Reo

δ

δz

δuni
δz

(D.22)

Poisson Equation:

δ

δxk

δp
′

δxk
=

1

∆trk1

δU∗i
δxi

(D.23)

Note that U∗i is obtained by interpolating u∗i onto the cell face and adding a

modified pressure-gradient as described in section C.3.
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Corrector Step:

p1 = p∗ + p
′

(D.24)

u1i = u∗i −∆trk1
δp
′

δxi
(D.25)

U1
i = U∗i −∆trk1

δp
′

δxi
(D.26)

D.2.2 RK3-ADI Step 2

This step includes RK3 sub-step 2 and simultaneous time integration of

implicit terms using ADI method.

q2 = C2
1q

1 + ∆t

[
−δU

1
ku

1
i

δxk
− 1

Fr2
ρ
′1δi3

]
(D.27)

u2i = u1i + C2
2 q

2 +
∆trk2

Reo

δ

δxk

δu2i
δxk
−∆trk2

δp2

δxi
(D.28)

After re-arranging above equation, we have:[
1− ∆trk2

Reo

δ

δxk

δ

δxk

]
u2i = u1i + C2

2q
2 −∆trk2

δp2

δxi
(D.29)

Predictor Step:

Let p2 = p∗ + p
′

and u2i = u∗i + u
′
i, and use p∗ = p1[

1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u∗i = u1i + C2

2q
2 −∆trk2

δp1

δxi
(D.30)

Let us denote the right hand side by S ≡ u1i + C2
2q

2 − ∆trk2
δp1

δxi
, we march the

solution from u1i to u∗i by solving[
1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u∗i = S (D.31)

ADI Step 1[
1− 1

2

∆trk1

Reo

δ

δx

δ

δx

]
u†i = S +

∆trk1

Reo

[
1

2

δ

δx

δ

δx
+

δ

δy

δ

δy
+

δ

δz

δ

δz

]
u1i (D.32)
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ADI Step 2 [
1− 1

2

∆trk1

Reo

δ

δy

δ

δy

]
u‡i = u†i −

1

2

∆trk1

Reo

δ

δy

δu1i
δy

(D.33)

ADI Step 3 [
1− 1

2

∆trk1

Reo

δ

δz

δ

δz

]
u∗i = u‡i −

1

2

∆trk1

Reo

δ

δz

δu1i
δz

(D.34)

Poisson Equation:

δ

δxk

δp
′

δxk
=

1

∆trk1

δU∗i
δxi

(D.35)

Note that U∗i is obtained by interpolating u∗i onto the cell face and adding a

modified pressure-gradient as described in section C.3

Corrector Step:

p2 = p∗ + p
′

(D.36)

u2i = u∗i −∆trk1
δp
′

δxi
(D.37)

U2
i = U∗i −∆trk1

δp
′

δxi
(D.38)

D.2.3 RK3-ADI Step 3

This step includes RK3 sub-step 3 and simultaneous time integration of

implicit terms using ADI method.

q3 = C3
1q

2 + ∆t

[
−δU

2
ku

2
i

δxk
− 1

Fr2
ρ
′2δi3

]
(D.39)

un+1
i = u2i + C3

2q
3 +

∆trk3

Reo

δ

δxk

δun+1
i

δxk
−∆trk3

δpn+1

δxi
(D.40)
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After re-arranging above equation, we have:[
1− ∆trk3

Reo

δ

δxk

δ

δxk

]
un+1
i = u2i + C3

2q
3 −∆trk3

δpn+1

δxi
(D.41)

Predictor Step:

Let pn+1 = p∗ + p
′

and un+1
i = u∗i + u

′
i, and use p∗ = p2[

1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u∗i = u2i + C3

2q
3 −∆trk3

δp2

δxi
(D.42)

Let us denote the right hand side by S ≡ u2i + C3
2q

3 − ∆trk3
δp2

δxi
, we march the

solution from u2i to u∗i by solving[
1− ∆trk1

Reo

δ

δxk

δ

δxk

]
u∗i = S (D.43)

ADI Step 1[
1− 1

2

∆trk1

Reo

δ

δx

δ

δx

]
u†i = S +

∆trk1

Reo

[
1

2

δ

δx

δ

δx
+

δ

δy

δ

δy
+

δ

δz

δ

δz

]
u2i (D.44)

ADI Step 2 [
1− 1

2

∆trk1

Reo

δ

δy

δ

δy

]
u‡i = u†i −

1

2

∆trk1

Reo

δ

δy

δu2i
δy

(D.45)

ADI Step 3 [
1− 1

2

∆trk1

Reo

δ

δz

δ

δz

]
un+1
i = u‡i −

1

2

∆trk1

Reo

δ

δz

δu2i
δz

(D.46)

Poisson Equation:

δ

δxk

δp
′

δxk
=

1

∆trk1

δU∗i
δxi

(D.47)

Note that U∗i is obtained by interpolating u∗i onto the cell face and adding a

modified pressure-gradient as described in section C.3
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Corrector Step:

pn+1 = p∗ + p
′

(D.48)

un+1
i = u∗i −∆trk1

δp
′

δxi
(D.49)

Un+1
i = U∗i −∆trk1

δp
′

δxi
(D.50)
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