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There‘is some interest at present in experiments,involving the
directions of the spins of pafticles moving with reiativistic velocities.
In these experiments there may be a sequence of processes each of which is
cbnvenientl&Adescribed in ité owﬁ center-of4ma$s frame. The actual measure-
ments are performed in the'léboratory frame, Although the relativistic

transformation of tensor qﬁantities between various frames is simple, the

transformation of the spin direction, a three~vector quantity, has caused

‘some uncertainty.

The purpose of this note is to try to clarify the situation by a
short‘discuSSion'on‘a practical level. The first part of the discussion is

specifically relatedrto spin~% particles but the generalizations to higher

spins are valid.

The spin of a Dirac particle is described by the expectation value
of the antisymmetic tensor cu;g, Considerations reléting to conservation
of angular momenta involve this tensor. However, in_experiments'concerning

the asymmetries related to polarization effects, it is convenient to describe

the state of polarization by a three-~dimensional vector called the polariéation

vector. This vector is the expection value of the spin (in appropriat. units)

measured in the rest frame of the particle. In this frame the expectation

value of ﬂJQ reduces to a threenbynthreevantiéymmetric tensor which may

‘be expressed as an axial vector. The usefulness of the polarizgtion vector

{

-lies partially in its simple relationship tc the observed asymmetries. In
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tiheufea¢tion~;centérsofumaSSAcframebion the angular distribution of the
decay products of a Dirac particle_is of the form (1 + a_g;y), where P 1is
the polarization vector of thé decaying particle, V 1is the velocity of the
decay products, and « 1is a eonsfant,. A similar'relatiénshipvobtains_;f ' o é
the spin of the particle is detected by means of a scattering experimentt
(see belbw), . |

A second useful property of the:polarization vector,ié that for

particles emerging from some reaction-=-such as a production process or a

scattering process, etc.--it 1s this vector that is expréssedf&ather directly

in terms of the basic parameters of the reac%ion process; For these two
- reasons it is convenient in thg"discussion of experiments of this nature to
‘work directly with the polarization vectofs, eliminating explicit reference

to the o .

My : ‘
There is, however, a problem. The definition of the polarization

vector given aﬁove is ambiguous;'in order to define this vector (or more
accurétely the relationship fetween the vector and its components) a specific
rest frame for the particle must be selected. That is, the orientation of
the space axis mﬁst be detepﬂined. A natural choice for the rest frame is
that frame which is obtained by a difect‘Lorentz trahsformatién of the
1aborator& frame to the velocity of the particle. By a "direct" Lorentz

transformation I mean that trensformation correspondingvto a certain change

“in velocity which leaves the space components perpendicular to this velocity:

unchanged. Let the rest frame defined in this manner be denoted by ZEF’ ‘ :

where the superscript L indicates that it is the laboratory frame to which

' it is related by a direct Lorentz transformation. The complication arises

because the simple formulae mentioned above that relate the polarization

vector of a particle emerging from a reaction to the parametefs of the.
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reaction do not refer to the polarization vector as measured in ZEF’ but

rather to the polarization vector‘as measured in a different rest frame of

the perticle. This second. rest frame, called ZRF’ is the one obtained vy a
direct Lorentz transformation t0 the velocity of the particle, noet of the
laboratory frame, but ofﬁthe reaction center-of-mass frame. When the
components of.the,polarizariOn vector are measured in this frame, Zgy, the
relationships between the polarization vector and the parameters of the

interaction are identical with the simple relationships obtained from a

.nonrelativistic treatment.

It is important to olearly distinguish between these two frames.

- For instance, in the decay of a polarized particle the experiments are

usually analyzed by transforming the laboratory results to the rest frame of
the decaying paruicle. More speCifically one performs the direct Lorentzl
fransformation of the laboratory measurements to the rest frame of the
particle° This transforms the measurementsito ZEM' On the other hand,

the theoretical value of the polarization vector is given directly in the

frame Zgﬁﬁ In order to transform this theoretical value into the frame

-ZﬁF one may apply a sequence of transformations, the first taking Zgg

to the center-of-mass frame the next takiné ZCM to the laboratory

Zow

frame” Z., and the last teking the laboratory frame to Z§F' In the

L)
intermediate stages the spin is described by the full antisymmetric tensor
but at the end it again becones expressible as a threeevector. In general

this polarization vector, ji? is different from*the original polarization

vector ;ESM (i,e., the components of the proper polarization in the two

frames differ) However, the difference is only in direction, the product

-

of the three Lorentz transformations being eqpivalent to a. pure rotation°

If the laboratory and center~of-mass frames are related by a direct Lorentz

ol
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.'transformation then the product of the three direct Lorentz transformations

(Zgg —>ZCM —azL —>2§F} is eduivaient to a rotation whose magnitode Q is given
by | |
vy x ¥y | Qe rry +rsg)

(l + Yl)(l + Ye}(} t ) 7

sin | QT

vhere 1, 2, and 3 refer to the three transformations (in order), the T,
. -1/2 o

.are the relat1v1st1c contrac+1on factors (l - B 2) , and V are the

covariant velocities q§/d1 =Y @W/dt. If it is the effectlve rotation of

CM

the polarlzatlon vector (P - P ) that is con51aered (as opposed to a

rotatlon of the coordinsate system) then the sense of the rotation is the
same as the rotation that takes the dlrectlon of motion of the particle from
fhe center-of?ﬁass frame tobthe.laboratory frame. Tho use of thio fofmﬁla
céﬁ often oe avoided, hovever{ as the examples to be given below show.

. As a first practical eﬁamble the asymmetry of the u decay in the
7t - ¢ - e chain is considered for the oaselin Vhich.the‘n_is moving rapidly.

In the decay of the n the reaction center-of-mass frame, X is the n-rest

cM’
frame. vThe frame Zgg is obtained by a Lorentz transformation of ZCM to

the vélocity of the p particle. In ng the polarlzatlop vector of bhe o

lies along the direction (8 , ®) where these are the ﬁ-decay angles as

measured in the =n center-of-mass frame Z The experimental data on the

oM
u decay could be dnalyzed oy transforming the laboratory velocities of the
CM

:u-decay broducts first to the n rest frame and then to the‘frame ZRF .

After these two transformations the angular distribution of +the p=decay
productsvwould show a peak in the direction (®, @), the direction of motion
of the p. 'Alternatively one may analyze the experiments by'transforming

the laboratory velocities directly to the p-rest frame (i.e., to Z;F),

(1)
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The direction of the polariéation vector in this latter frame may be obtained
from the known dlrectlon in. ZRF by means of Eq. (1). Alternéfively the
magnltude of the rotation Q may be deduced by the following argument In
of motion '
the 1aboratory freme, .ZL’ the direction/pf the p particle is given by (8, @)
witn respect to a‘polar axis along the = direction. Therefore seen from ZEF
thé mdfion of the laboratory is along this same directionnbut with the |
opposite sense. Tn;svis an immediate cnnseqpence nf‘the definition of ;§F°
vLikewise, seen from the frame Zgﬁ, ﬁhe ﬁ;rest frame ZCM moves along the
diréction (8 ) in the negative sensé: With respect‘to the it rest frame the
laboratory,velocity is known and thus the angle measﬁréd in Z§¥ befwgen the
labnratory vechity'and th;lvelocity of the = is easily compnted by the
addition~of-velocities formula. _Let this angle be called 7. Then as
‘measured in Zgﬁ the laboratory velocity is in theAdirectinn (6 - 7, @)}
whereas in the‘frame ZﬁF this direcfion is (é, ¢);bthe sénse being negative
in both cases. ‘Since % and @ are equal, .thé magnitude of fhe rotation
that brlngs vectors in ZRF -to their values in ZRF mast be (9 + T = - 8).
This is the magnitude of rotation . Since the dlrectlon of the spin in ZRF
is (@, @), the direction in Z;F is (6 + T, ®). The difference in this
fr@me between the direction of motion'of the u‘(relative to~the labofatory;
| ané‘the direction of the pdlafization.vector is B+1T=0=
As a'necond éxample.the angular distribﬁtion from the decay of a
spin«% hyperon prodncéd in a pionunucleon‘collision is considered. For
energies at which only final S waves contribute to the production prnceés
£he'hyperon has no vecton polarizapion, but it.does hane a tensor polarization
or alignments This generalizedltype of polarization giyes tO‘the‘deca&
products an angular distribution of the form (3 cos® 8' + 1), where o' is

N
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is the angle between the decey products aﬁd the ineident direcfion.ef the
productlon process, This éhgle dsdgiven a meaning by the épecification

tnau the incident dlrectlen be measured in the center-OL-mass frame of the
proauctlcn process and that the decay angle be measared in ZRF .a rest frame
of the hyperon. Thet is, the preferred direction of the decay pfocess_makes
an angleiof @ with the veloeity'of the production center of mass as seen

from <the hyperon, where 8 1is the production angle in the center-of-mass

freme. Again the experiments may be anaLyzed by~transforming the laboratory'»

velocities of the decay products first to the center—of-mass frame and then

+0~Zg§. Alternatlvely the direct trdnsformatlon to ZEM may be used if the

alrect;ons dePlned in ZRF are rotated. by Q= (9 + T - @) to bring them to
L
o

the 1nc1dent direction of the productlon process 1s taken along the Z ax:Lso

x The pveferred decay dlrectlon in ZRF is along the z axis if iIn-~ ZCM

‘In the frame ZéF this direction is a$ the polar angle (6 + 7 - @). The

" angle between the laboratory direction of motion and the preferred direction
f decay, both seen from Z;F, is then (7 - @)

As 8, flnal example tbe detectlon of the direction of polarization
by means of a scaitering process is con51dered. If the uarget partlcle can
be considered as infiniiely heavy the situation is simiiar to the ones Jjust
considered The differential Eross section fof a spj’.n-?-l particle scattered
by an uppolarlzed target is of the form (a(e) + B(G)V .x A -g), where EM
is the polmrlaatdon vector of the incident partlcle as measured in Zgﬁ'.

The prlmed center-of-mass frame referred to by-the superscrlpt is the .
\center=of;mass frame of the scatterlnggprocess. If the target particle is

at rest in the laboratory frame and can be considered as infinitely massive,

ry
then Z;?A is the same as ZRF and the previous con31deratlono are dlrectly

%
R
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~applicable°: If the taréet is not sufficientiy mgssive to justify this

. L . 1
approximation the relationship between ZﬁF and Zggw can be established

in the same way as the relationship between Z;F and Zgg was established

earlier.

This work was performed under the auspices of the U.S. Atomic Energy

Commission.
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