UC Irvine
UC Irvine Previously Published Works

Title
Global well-posedness of a system of nonlinearly coupled KdV equations of Majda and Biello

Permalink
https://escholarship.org/uc/item/8hh2t62K

Journal
Communications in Mathematical Sciences, 13(5)

ISSN
1539-6746

Authors

Guo, Yangiu
Simon, Konrad
Titi, Edriss S

Publication Date
2015

DOI
10.4310/cms.2015.v13.n5.a9

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/8hh2t62k
https://escholarship.org
http://www.cdlib.org/

GLOBAL WELL-POSEDNESS OF A SYSTEM OF NONLINEARLY
COUPLED KDV EQUATIONS OF MAJDA AND BIELLO

YANQIU GUO, KONRAD SIMON, AND EDRISS S. TITI

ABSTRACT. This paper addresses the problem of global well-posedness of a cou-
pled system of Korteweg-de Vries equations, derived by Majda and Biello in the
context of nonlinear resonant interaction of Rossby waves, in a periodic setting in
homogeneous Sobolev spaces H*. for s > 0. Our approach is based on a successive
time-averaging method developed by Babin, Ilyin and Titi [1].

1. INTRODUCTION

The present manuscript is motivated by a work of Babin, Ilyin and Titi [1] explain-
ing the regularization mechanism for the periodic Korteweg-de Vries (KdV) equation.
In [1] the authors exploit the dispersive structure which introduces frequency depen-
dent fast oscillations by means of successive integrations by parts and time averaging.
Our aim is to adapt this method in order to obtain analogous well-posedness results
for a certain system of coupled Korteweg-de Vries equations (cKdV):

A = aAppe — (AB), (1.1)

introduced by Majda and Biello (see [2, 3, 4, 14] and references therein). This system
arises in the study of nonlinear resonant interactions of equatorial baroclinic and
barotropic Rossby waves, and is a model for long range interactions between the
tropical and midlatitude troposphere. In (1.1), A is the amplitude of an equatorially
confined (baroclinic) Rossby wave packet, and B is the amplitude of a (barotropic)
Rossby wave packet with significant energy in the midlatitudes, and « is a parameter
close to 1.
Several conservation laws are known for (1.1):

E, ::/Adx, E, ::/Bdm (1.2)
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2 Y. GUO, K. SIMON, AND E. S. TITI

and most important for our purpose, the total energy
E::/A2—|—B2dx,

which bounds the L?-norm. In addition, as elaborated in [4], system (1.1), enjoys a
Hamiltonian structure, where the Hamiltonian is given by

1
H;:§/aA§+B§+A2de.

In contrast to the 1-d KdV no more conservation laws are known for (1.1) and so it
is not necessarily completely integrable. However, to show the global well-posedness
of weak solutions of (1.1), with initial data in L?, we only use the conservation of the
total energy and, in particular, we will not take advantage of the conservation of the
Hamiltonian.

In [2], Biello used the change of variables U = \%(x/ﬁB—l—A) and V' = %(\/_B A)
to transform (1.1) into an idealized “symmetric” model (when o = 1)

{Ut — Uppe — UU, + LUV,

1.3
Vi=Voze = VVi+ 35 (UV) (13)

and studied its soliton solutions. In this paper we will consider system (1.3) subject
to periodic boundary conditions with basic periodic domain T = [0, 2x] which is
equivalent to considering (1.3) on the unit circle. Note that there are two invariant
subspaces, U = 0 or V = 0. In case of U = 0 the solution for V' evolves according to
a standard KdV (respectively U if V' = 0 is taken).

Since system (1.3) is closely connected to the KdV equation, u; = typy + utiy,
we now briefly review some important results concerning the KdV with periodic
boundary conditions. In his seminal papers [5, 6] Bourgain introduced a new type of
weighted Sobolev spaces X**(R x T) for functions in time and space, the so-called
dispersive Sobolev spaces which is the closure of the Schwartz space under the norm

(1.4)

[ull xso@xmy = = [[(k)* (7 + K*)"a "u(r, k) HLQlQ (RXZ)

where () = (1+]-]*)'/2 and @ denotes the Fourier transform in space and time. These
spaces reflect the fact that the Fourier transform of a solution of the unperturbed
(dispersive) part of the KdV is supported on the characteristic hyperplane 7+ k3 = 0
described by its dispersion relation. In fact, the X*° spaces are an efficient tool to
capture the phenomenon that solutions to the KdV, after localization in time, have
space-time Fourier transform supported near the characteristic surface. Thus, the
nonlinearity does not significantly alter the space-time Fourier “path” of the solution,
at least for short time (see [18]). The definition can of course be adapted to account
for other dispersive PDEs like Schrodinger equation. Using this Bourgain proved local
well-posedness of the KdV in L?(T) by means of Banach’s Fixed Point principle. This
result was improved by Kenig, Ponce and Vega [12]. They proved a sharp bilinear
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estimate for the norm in (1.4) and showed local well-posedness in H~'/2(T). The
corresponding global well-posedness result in H~/?(T) has been proved by Colliander,
Keel, Staffilani, Takaoka and Tao [7] by employing the I-method (or the method
of almost conserved quantities). The letter “I” stands for a mollification operator
acting like the Identity on low frequencies and like an Integration operator on high
frequencies. Kappeler and Topalov [13] were able to prove global well-posedness in
H~Y(T) by using the complete integrability of the KdV.

The Majda-Biello system (1.1) is a member of a wider class of KdV-type sys-
tems. Another model among several other systems of this class is for example the
Gear-Grimshaw system [8]. In [15] Oh investigated system (1.1) by employing X *®-
estimates and obtained local well-posedness results depending on the value of the
parameter ow. For a = 1 he obtained local well-posedness in (a cross-product of)
H~'2(T) and he proved local well-posedness for almost every a € (0,1) in H*(T),
s > 1/2. The reason for this is that if @ # 0 certain nontrivial resonances occur
(which can be described by using Diophantine conditions) because the space-time
Fourier transforms of solutions of the two linear parts of the system are supported
on different hyperplanes described by their dispersion relation. Corresponding global
well-posedness results have also been proved by Oh [16] using the [-method. If o = 1
system (1.1) is globally well-posed in H~'/2(T) while for almost every a € (0,1) it is
globally well-posed in H*(T), s > 5/7.

In this paper we use the technique of successive differentiation by parts introduced
by Babin, Ilyin and Titi [1] on system (1.3) with periodic boundary condition. The
first step of the method is to apply the transform

Up(t) = e * g (t) | Vi(t) = et (t) | k € Z, (1.5)

on the Fourier coefficients. This transform represents the action of the unitary group
generated by the third derivative, U(t) = €%, on each Fourier coefficient. In the ter-
minology of quantum mechanics transform (1.5) means the transition to the so-called
interaction representation [9]. This can be interpreted in terms of the spaces X*°:
a function u of space and time is in X*? if and only if its interaction representation
W (—t)u(t) is in the mixed Sobolev space H?H?. The transform (1.5) introduces a
fast rotation term into the equation. Then several forms of the system are derived
using successive differentiations by parts in time (which correspond to integrations
by parts in time) after resonances are singled out. The equation becomes of higher
algebraic order but we can take advantage of smoothing properties of the higher order
operators involved which allow less regular solutions. In principle, this is similar to
the idea of normal forms by Shatah [17]. After establishing the global existence in
the homogeneous Sobolev space H* for s > 0 by using Galerkin method, we prove
uniqueness of solutions by means of the Banach’s Fixed Point Theorem. In [1] the
authors inverted a linear operator that involves the initial value in order to construct
a strict contraction mapping. The inversion and a time-independent estimate on its
inverse were done by finding an explicit solution to a boundary value problem for an
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ODE. However, for the Majda-Biello cKdV system, we run into the difficulty of now
having to solve a system of 1D boundary-value problems explicitly. In order to by-
pass this obstacle we use a proper splitting of solutions based on high and low Fourier
modes and recast the differentiation by parts procedure to terms involving only high
frequencies. This idea avoids treating the invertibility of a linear operator and simply
takes advantage of the time-averaging induced squeezing. Such strategy was first in-
troduced in [1] to deal with the less regular initial data in H*(T) for s € [0,1/2]. The
authors of [11] followed the idea from [1] to obtain unconditional well-posedness of
modified KdV in H*(T) for s > 1/2. Also, it is worth pointing out that the successive
differentiation by parts technique introduced in [1] was recently applied to estab-
lish the unconditional well-posedness of the cubic nonlinear Schrodinger equation in
H*(T) for s > 1/6 in [10], where an infinite iteration scheme was developed. Finally,
we must stress that the present work does not aim to improve the results in [15, 16].
Our purpose is rather to provide another example of employing the techniques in [1]
which is general enough to apply to other nonlinear dispersive and wave equations for
establishing global well-posedness. Although the X*’ spaces are a powerful tool to
study dispersive equations, in this paper, we simply use the standard Sobolev spaces
H?® in a systematic and natural manner.

This paper is organized as follows. In Sections 2, 3 and 4 we derive several forms of
the cKdV (1.3) analogously to [1]. In Section 5 we prove global existence of a solution
in the homogeneous Sobolev space H*, for s > 0, using a Galerkin scheme and we
establish uniform bounds for the solution on each finite time interval. Section 6 is
dedicated to regular initial data, that is s > 1/2, where uniqueness is obtained by
means of Banach’s Contraction Principle. Section 7 addresses less regular initial data,
i.e., s € [0,1/2]. For the sake of convenience we use similar notations as in [1] due to
the fact that most of the nonlinear operators occurring in this work have the same
mapping properties as the ones proven there. Therefore, throughout this work, most
relevant estimates of nonlinear operators will be taken from the appendix section and
their proofs can be found in [1].

Throughout, we adopt the following notations: (u,v) represents the vector C”j ;

| (u, v)|| x2, defined by ||ul|x + ||v]x, is the norm of a vector (u,v) in the product
space X2 =X x X.

2. TRANSFORMATIONS OF THE SYSTEM AND MAIN RESULTS

In this section, we write the cKdV (1.3) in terms of Fourier coefficients and trans-
form its variables in order to introduce oscillating exponentials into the nonlinear
term. Based on the transformed system we shall define a notion of (weak) solutions
and state the main results of the present paper.
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As mentioned in the Introduction, we consider the Majda-Biello system

Ur = Usss = U, + 3(UV),
U(0.9) = Un(a) . V(0,2) = Vin(z).

where z € T = [0,2n] with periodic boundary condition U(t,0) = U(t,27) (V re-
spectively). Here, U and V' are real-valued functions. If (U, V') is a smooth solution
of (2.1) we observe from (1.2) the conservation of the mean values, i.e.,

d 2T 2T
a Ul(t,z)d :—/ V(t,z)dz = 0.

We assume from now that the initial data and the solution both have spatial mean
value zero.
Denote Zg := Z\{0}. We make a Fourier expansion for U

1 2 )
—/ Ult,z)e ™* dw, keZy, (2.2)
0

— Z Uk(t)eikx, Uk c C, Uk(t) = or

k€Zg

as well as for V. Furthermore, we observe that U}, = U_}, since we are seeking real
valued solutions. Therefore, we denote by H*(T) the homogeneous Sobolev spaces of
order s on T which is a subspace of L'(T) functions with mean value zero endowed

with the norm
Fe= ) RIPIUK

kEZg

1U]

For s = 0 this is a normalized version of the L?-norm
1
2 2
10Nz = 5 IUIIz: -
Plugging (2.2) into equation (2.1) yields the infinite coupled system

U = —ik*Us + 3k S oo (Ui Vi — Uk Uky)
8th = —ik:?’Vk, =+ %Zlﬂ Zk1+k2:k (Uk1Vk2 — Vk1 Vk2) (23)
Ur(0) = U, Vi(0) = V™,

for k € Zy. We now apply the transform
Up(t) = e * g (t) | Vi(t) = et (t) , k € Zy (2.4)
in order to eliminate the linear terms in (2.3). By means of the identity

(k1 + ko) = 3(k1 + ko) kyko + K5 + K (2.5)
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equation (2.3) becomes

Oy, = 51k >y g g €T (g v, — g, )
Oy, = %zk > kitha—h e3ikkik2t () v, — Vg Uk,) K E Zg . (2.6)
up(0) = ul® | v (0) = viP
We emphasize that the fast oscillating term e3**1%2% in (2.6) reduces the “strength”
of the nonlinear term and make it milder which is the underlying mechanism for
prolonging the lifespan of the solutions [1].
Observe that identity (2.5) was also used in the original work of Bourgain [6]. Also,

notice that transform (2.4) is isometric in H°. Using the same notation as in [1], we
can write (2.6) as

o) = (pleh = Bln) ez, 2

with (u(0),v(0)) = (u™,v™), where the bilinear operator By (¢, ) is defined by
_ L Bikky kot
By (¢, ¢)y == §2kk %:_ke Pra Vs - (2.8)

We now define our notion of a (weak) solution of (2.6).

Definition 2.1. Given initial data (u™,v™) € (H°)? we call a function (u,v) a so-
lution of (2.6) over the time interval [0,7T] if (u,v) € L>([0,T); (H")?) and if the
integrated version of (2.6), that is

( uk(t) ) _ < uikz ) — 1@]{? /t Z e3ikk1k27 ( Uy Vgy — Uk Uk, ) dT, (29)
Uk(t) Uy, 2 0 bk Uky Vg — Uk Uky

is satisfied for every k € Zg. By means of (2.4) we ultimately get a (weak) solution
of the Majda-Biello system (2.1).

Remark 2.2. Tt is readily seen from the Cauchy-Schwarz inequality that

€3ik’k1 k’zt(ukl (t)ka (t) — U, (t)ukz (t)>
ki+ko=k

sup

2
< [[(w, ,U)HLOO([O’T];(HO)Q) . (2.10)
te[0,T

Therefore, by (2.9), ug(t) is absolutely continuous (for every k) over the interval [0, T']
which implies uy(t) is differentiable a.e. on [0,7] (same for vg(t)). Consequently,
equation (2.6), the differential form of (2.9), is satisfied for almost every ¢t € [0,T].
Also, the continuity of wug(t) and vi(t) implies that (u,v) is a weakly continuous

function mapping from [0, 7] to (H 02,

The main result of this manuscript is the global well-posedness for the cKdV (2.6)
in the space (H*)?, for s > 0. More precisely, we have the following:
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Theorem 2.3. (Global well-posedness) Let s > 0, (u™,v™) € (H*)?, and T > 0.

Then there exists a unique solution (u(t),v(t)) € C([0,T]; (H®)?) of the cKdV (2.6),
in the sense of Definition 2.1, with (u(0),v(0)) = (u™™,v™) such that

”(U’U)HLOO([O,T};(HS)Q) <cC <H(Uin,UiH)H(Ho)2 T, 3) : (2.11)

Moreover, the quantity

E(u(t), v(t)) = 270 + 2 [[0() 70 + lu(t) — v(t) |70 (2.12)

15 conserved in time. In addition, the solution depends continuously on the initial
data in the sense that

H(U, U) - (fL’ﬂ)”L(’O([O,T];(HS)Z) S L H<uin7 Uin) - (ﬁin7,&in)H(Hs)2 )

where (u,v), (4,0) are solutions of (2.6) corresponding to the initial data (u™,v™),

(@™, ™) respectively. L > 0 depends on'T, s, and max { | (u, vin)”(HO)2 ||@™, ﬁi“)H(HD)Q}.

3. FIRST DIFFERENTIATION BY PARTS IN TIME

As already mentioned above we want to derive different forms of the cKdV (2.6)
in order to obtain operators which have better mapping properties than B;, given
in (2.8), and whose regularity is specified in Lemma 8.1. This will formally be done
by the differentiation by parts procedure as described in the sequel. One observes
that (2.6) is equivalent to

3ikkikat
a U 1 Z (& 1Pz Uk Vg — Uy Uko
" R
Vk 6 k]_kQ ukl UkQ - ’Uklvkg

k1+ko=k

3ikkikat
- 1 (& 12 9 Uk Vg — Uk, Uy (3 1)
= —— E 't . .

6 P kle uk‘lvk’z - Uk:lvkz

Notice that since we assume the spatial means are zero, the indices k, k1, ks in the
above expressions are never equal to zero. That is, there is no resonance between the
nonlinearity of the cKdV system and the linear operator 92.
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We look at a typical term on the right-hand side of (3.1). By using (2.6) we deduce

€3ikk1k2t e?)ikklkgt
kik at(uk1vk2) = Lk (ulﬂatvkz + Uk2atuk1)
kytho=k L2 kithko=k L2
€3ikk1k2t
== Z (uklﬁt% + Uk, atqu)
F1ko
k1+ko=k
e?)ikklkgt i Siksaft
= Z P 51{:2 Z e [tk (U — VaUB) + Uk (UaUs — Uaug)]
k1+ko=k 172 a+p=k2
7 63i(k1+k2)(k2+k3)(k1+k3)t
-5 Z ks (Wky Uty Uiy — Uty Vkey Vg
k1+ko+kz=k

+ Vky Uy kg — Uk Uy Uy ) -

In the same manner, we can manipulate every term on the right-hand side of (3.1) to
arrive at the first form of the cKdV:

up \  ( Ba(u,v)r — Ba(u,u)y, _
at |:( Uy ) ( BQ(U, /U)k — BQ(U’ ’U)k o Rg(U,, U)k‘ ) (32)
where the bilinear operator By(¢, 1) is defined by

1 e3’ik‘k‘1k‘2t
B = =
2(¢a w)k‘ 6 Z kll{fg

k=k1+k2

Py Yk (3.3)

and all terms in each component of R3(u, v) have the structure il—iQRg(gb, ¥, €), where
631(k1+k2)(k2+k‘3)(k1+k3)t

ki

Ry(d,1,6) = Y

k=k1+ka+k3

Ory Vry S - (3.4)

Each ¢, ¢, £ may be either u or v. For the sake of conciseness, we do not provide the
exact formula of Rg(u,v).

Remark 3.1. The mapping properties of By and Rz are better than those of B; (see
the Appendix). So the first form (3.2) is “milder” than the original cKdV (2.6)
which is the purpose of the differentiation by parts procedure. On the other hand,
we remark that these two forms, (3.2) and (2.6), are not equivalent. Clearly, any
smooth functions that satisfy the original equation (2.6) are also solutions of the
newly derived equation (3.2). The converse may not be true. Nonetheless, if one is
able to show the uniqueness of solutions to (3.2), then it follows that (2.6) cannot
have more than one solution. Hence, in order to prove the uniqueness for (2.6), our
strategy is to consider the equation after the first (or the second) differentiation by
parts procedure (see Section 6 and 7 for details).
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4. SECOND DIFFERENTIATION BY PARTS IN TIME

In order to establish a priori estimates for higher order Sobolev norms than HO,
namely in H*, for s > 0, we cannot use the operator Rj due to its restricted regularity
properties. Therefore, we need to perform a second differentiation by parts in time.
But before doing this we must take care of the nonlinear resonances which reveal
themselves as obstacles for this procedure. Our aim is to decompose Rs(u,v) into a
sum of two parts:

RS(”? U) = RBres(u7 /U) + RSnres(ua U)? (41)

where the first part Raes(u, v) involves the resonances and the second part Ripres(u, v)
is suitable for the differentiation by parts procedure (non-resonance part). Recall
every term in Rg(u,v) has the structure of +:5Rs(¢,1, &) defined in (3.4), where
each of ¢, ¥, £ may be either u or v. Thus, the decomposition of Rs3(¢,1,&), =
Risres(0, 0, &)k + Ranres (¢, 1, &) describes the split (4.1). Indeed, we set

R3res(¢7¢a€)k = Z %]z?&%’

k1+ko+ks=k

, keZy, (4.2)

where the summation is carried out over the set of subscripts k1, ks and k3 satisfying
(k1 + ko) (ko + k3) (k1 + k3) = 0 (the resonances). Also, we denote

nonres 63i(k1+7€2)(k2+k3)(k1+k3)t

RSnreS(¢7 wa g)k = Z k?l

ki1+ko+kz=k

where the sum is taken over all k1, ko and k3 such that (ky + ko) (ko + k3) (k1 + k3) # 0
(the non-resonances).

Let us first consider the resonances. The set of subscripts ki, ky and k3 satisfying
(k1 + k2) (ko + k3) (k1 + k3) = 0 and ky + ko + ks = k € Zy is, see [1], the union of six
disjoint sets S, ..., S:

Phy VroSks » K € Zo (4.3)

Si={ky+hky=0yN{ky+hs =0} ky =k, ko= —Fk, ks =k
So={ki+ke=0}N{ks+ki =0} ki =k, ka=—k, ks=—k;
Sy ={ko+ks=0N{ks+ k=0 ki =k ky=F, ks = —k;
Sy={ki+ke=0}N{ka+ ks #0}N{ks+ k1 #0} &

kv =j, ko= —j, ks =k, |j| # |k];
Ss ={ka+ks=0}N{k1 +ka#0}N{ks+ k1 #0} &

ki =k, ko= j, ks = —}, ]]]7&\]{:\,
Se ={ks+ki=0}N{k1+ka#0}N{ka+ ks #0} &

ki =j, ka =k, ks =—j, |j| # k],
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where j € Zg. As a result,

R3res(¢ w £ = Z Z ¢k1¢k2§k3

m=1 S,
O—k€e  ORV-_ré—k  OxUr- O
:kkkk_i_kkkk_}_k];ck_{_gklz jj]
€T 1A
+% Do Wit ve ) Bt
J€Zo 31 £1K] jezo 4k )

Consequently, we deduce the following mapping property of Rgyes Hs 'x Hx H* —
H? s >0,

||R3res(¢7 ¢7 §)|

s SO0l grams (190 o 1€l g0 + 1€l 75 1l 1 1301 g0
160 s 1010 11170 + M- Nl sz 1€ 1o )
Notice that 1/k; in the definition (4.2) of Rspes(, %, &) has a smoothing effect on

the variable ¢. Since every term in Rgpes(u, v) has the structure of j:%RgreS(gzﬁ, W, §),
where ¢, 1, £ may be either u or v, it follows that

Hs

Hs

Rves (1, 0) | gy < C M1, 0) [ Goye (2, 0) | geye - for s > 0. (4.4)

Next, we perform differentiation by parts to the non-resonance part Ragnres(u, v).
Since every term in Ranres(u, v) is in the form of 45 Ranes(@, 9, €), where ¢, 9, & may
be either u or v, it is sufficient to work on a typical term Rgypes(u, u,v) in order to
demonstrate our strategy. Observe that

R3nres (ua u, U)k
nonres - 3i(kitka)(katks)(ki+ks)t

= E Upey Ukeo Ve,
kl 1 2 3

ki1+ko+ks=k
1 ( ) 1 nonres e3i(k1+ka)(ka+ks)(ki+ks)t
= —0,B3(u,u,v)p — 5=
31 31 kot ks—k kl (k)l + k‘g)(k‘g + /{33)(1{?1 + k3)
X (8tuk1uk21)k3 + uklatukzvkg + ukluk28tvk3) , (4.5)

where the trilinear operator Bs(¢, 1, &) is defined by

nonres €3i(k‘1+k2)(k2+k3)(k1+k3)t

B0 &= D s e TR )

k1+ko+ks=k

Orey Vo - (4.6)
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Using equation (2.6) we observe

nonres €3i(k1+k2)(k2+k3)(k1+k3)t

Z (Op by Upey Vky + Upy Oy Uy + Uy Uy Oy
k1+ka+ks=k ky(ky + ko) (ko + ks) (k1 + ks)

7 nonres ez@(k)t
2 Z (k1 + ko) (k1 + k3 + ka) (k2 + k3 + ka) (Vs ey Uy Vky = Vi Uy Uy U )

k1+ko+ks+ks=k

noires ei(b(k)t(kig + k,4)

+
ki(k1 + ko) (k1 + ks + ka) (ko + ks + k4

) (ukl Vka Ukg Vky — Uk Vky uksuk4)
k1+ka+ks+ka=k

nonres

6iq)(k)t (k3 + k’4)

+ j : (uk1uk2uk3vk4 - uk1ukgvk3vk4) y
k1+ko+ks+ka=k kl(kl + ]{72)(1{31 + ks + k4)(k2 + k3 + k:4)
(@7

where k := (ky, ko, k3, ky) and ®(k) := (kg + ko + ks + kq)® — k3 — k3 — k3 — k3.
However, the exact expression of the phase function ®(k) is not important in our
case. Proceeding in the same manner for each non-resonance term, we obtain a sum
of expressions in the structure

nonres Z‘b(k)t

Bl ¢,¢,§,77 - ¢
4( )k k1+k’2-§+k4:k (kl + kZ)(kl + k3 + k4)(k2 + kg + k4)

¢k1 ¢k2 5]63 MNiey

or

nonres

Bz(¢7¢afan)k = Z

k1+ka+ks+ks=k

<I>(k)t(k,3 + ]{34)
ki(ky + ko) (k1 + ks + ka) (ko + ks + ky)

¢k1 ¢k2 §k3 Niey -

We are now able to write the cKdV (2.6) in its second form, namely

(1) - (Bl B )
= Rapes(v, )k + By(u,v)p, k€ Zg, (4.8)

where every term in Bj(u, v); has the format j: 5 B3(9,1, ), with each of the three
arguments being either u or v. Hence, by the smoothlng property of Bs(o,,£)
provided in Lemma 8.4, one has

B3 (1w, )l 7es292 < C(5) [|(w, 0)[{0y2 » for s > 0. (4.9)

On the other hand, each term in By(u, v)y is either 5 B1(, ¥, &, 1) or £5 B3 (4,9, €, 1)
with each of the four arguments being u or v. Due to Lemma 8.8, the multi-linear
operator By(¢,1,&,n) defined by

By(¢,¢,&,m) == Bi(¢,¥. & n) + Bi(¢,9,&,n) (4.10)
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has nice a smoothing property which yields
1B, 0) [ srs1epp < Cls,€) 1w 0) | o (4.11)
for s > 0 and € € (0, 3).

5. GLOBAL EXISTENCE FOR s > 0

In this section we address the global existence of solutions of the cKdV (2.6). For
this purpose we utilize a Galerkin version of equation (2.6) which reads

uly . , (Pul ) (Pl ) — (Pud ) (Pul)
o k — Lip 3ikk1kat k1 k2 k1 k2
; ( o ) 2P ky bk © ( (Pup )(Pog) — (Pup ) (Pug) (5.1)

ufc\f(o) = uikn ) U,]CV(O) = U}cnv
for k € Zy. Here P denotes the projection on the low Fourier modes |k| < N, that is,

0 if |k >N (5:2)

Pu = Z upe™ and Puy, = (Pu)y, = {
|k|<N

We stress that the operator P depends on N. For the sake of conciseness, we choose
the notation P instead of Py.

It is easy to see from (5.1) that d,ul) = 9w = 0 for |k| > N. Therefore, (5.1) is
effectively a finite system of ODEs.

The following proposition follows by standard arguments of ODE theory since the
nonlinearity in cKdV is locally Lipschitz.

Proposition 5.1. Let the initial data (u™,v™) € (H°)2. For every positive integer
N, there exists T > 0 such that problem (5.1) has a unique solution (u¥(t),v™(t)) €
(H®)? on the time interval [0,T]. The solution can be extended to a maximal interval
of existence [0, Timax) such that either Ty = +00, or, if Tmax 1S finite, one has
lim sup, ,,— (UN(t)>UN(t))H(H0)2 = +00.

max

The next result shows that the solution (u™,v") of the Galerkin system can not

blow up in finite time in (H°)2, and therefore Ty = 400.

Proposition 5.2. Let (u™,v™) € (H®)2. Then the solution (u™,v™) of the Galerkin
system (5.1) exists globally in time. Furthermore, the quantity
2 2 2
E@(t), 0™ (1)) = 2 [[u” (&) || 7o + 2 | )| o + ™ () = ™ (B)]| o
s conserved in time.

Proof. By Proposition 5.1, it is sufficient to show the conservation of &€ (u® (), v (t))
on the interval [0, Tihax). Thus, in the proof, we consider ¢ € [0, Tinax). Let us rewrite
the quantity &(u® (t), vV (t)) as

E@N (), 0N (1)) = 3 [[u (0) |50 + 3|0 () || 5o — 2 (u™ (1), 0N (8))
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where (-,-) denotes the scalar product in H°. Differentiating &(u™ (t),v™ (t)) yields
OHEWN (1), v (1)) = 6 (Opu™, u™ ) + 6 (G, 0™) — 2 (g, 0N) — 2 (0™ W)
= Z (68tu]kvu§k + 60,vn v, — 20,ul v, — 28tv,ivu1fk) :
0<|k|<N

where we have used uy = v, and the fact dyui = dwi¥ =0 for |k| > N.
Plugging in the expressions for the derivatives of u}y and v}’ using the Galerkin
system (5.1) we obtain after collecting similar terms

0EWN (1), vV (t)) = Z ikge P FIFRRE 3w up + 3up v v

k1+ko+k3=0
0<|ky|,|kg|,|k3|<N

N, N, N N N N _ N N N
- 2uk11)k2vk3 2uklvk2uk3 - ’U,klqu’ng - ’Uklkang}
Now, writing k3 = —(ky + ko) one has
N Ny 7. —3ikikakst fo N N N N, N, N
OE(u™ (), v (1)) = — E ikie {Bug up up, + 3oy v vy

k1+ko+k3=0
0<|ky|s|kal, k3| <N

N, N, N N, N, N N, N, N
- 2uklvk2vk3 2uklvk2uk3 Uklukzvkg Ukl/vk2uk3}
_ —3ik1kokst N N_N
E tkoe {3ukluk2uk3 + 3U), Uk, Uk

ki +kg+kz=0
0<|kq|,lkal,lk3| <N

N N, N N N_ N N,N_ N
— 2Up, Uy, Uy — 22U, Uy Uy — U, Upey Vg — vkl%uk3}

By exchanging k; and k3 in the first sum and ks and k3 in the second sum, we have

0E (N (t), vV () = — Z ikge PR L6 g upy + Gup v vp

k1 +ko+kg=0
0<|ky|,lkal;|kg|<N

_3uNNN 3uNNN 2uNNN QUNNN N, N, N

k1 Uky Uy — OUpy Uy Upy — U Up ) Upy — LU Vg Uy — Uy Uy Uy — Uklukz%}
Since
N_N_ N N N_ N N _ N _ N N _ N_ N
E k3 (Vg Upoy Uy + Vg, Upy Vg ) = E k3 (g, Vg U, + U, Vi V),
ki+ko+k3=0 k1+ko+kg=0
0<|kq|;|kal, k3| <N 0< |k [,kal,|k3|<N

we conclude that

9E (N (t),vN (1)) = — Z ikge ¥ FRR LG gl up + Gupy v v,

k1+ko+ks=0
0<|ky|;lk2l,lkg| <N

N, N, N N, N, N N, N, N
- 4uklvk22}k3 4uklvk2uk3 2uk1uk2vk3 - 20k1Uk2uk3}

= —924. (5.4)
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Comparing (5.3) and (5.4) yields A = —2A, and thus A = 0, i.e., the quantity
E(uMN(t),vN(t)) is conserved.
[

Now we address estimates for higher order Sobolev norms of the global solution
of the Galerkin system (5.1). In order to do that we utilize the second form of the
equation. Taking the solution (u,v") of our Galerkin system (5.1) we see that it
satisfies the Galerkin version of the second form (4.8) of the ¢cKdV introduced in
Section 4, namely

N N , N
@Kﬁ?)—( ((”1 ))’; E“ g;k)—FBN(NN)k]
= RY (V0" + BY (W, 0N, k€ Zg, (5.5)
where we use the notations
By (¢,9) = PBy(Po, PY), B3 (6,0) := PBy(Po, Py) ,
Rieo(0,¥) = PRawes(PO, PY)) , BY (6,0)) := PBu(Pg, PY) .

The next result states that the high order Sobolev norms of the Galerkin system

solutions (u,v") are bounded on [0, 7] uniformly in N for any 7" > 0.

Proposition 5.3. Assume s > 0, (u™ v™) € (H*)?, and T > 0. Let (u™(t), vV (t))
be the solution of the Galerkin system (5.1) over the interval [0,T] with the initial
data (u™,v'™). Then (u™(t),vN(t)) solves (5.5) and satisfies the estimate

1@ @, 0™ )| e < € ([0 0™ oy To5) o forall t€0,T],  (56)
where the bound is independent of N.

Proof. Due to the fact that we are dealing with a finite number of ODEs (and finite
sums) we observe by straight forward calculation (differentiation by parts twice) as
in Section 3 and Section 4 that a solution of (5.1) also solves (5.5).

Throughout, we consider ¢ € [0,7]. By (5.1) (or (5.5)), it is clear that, d;(uly, vY) =
0 for |k| > N. Therefore,

H(I _P)<UN(t>7UN(t))H(H5)2 = H(I - P)<uinvvin)||(gs)2 < ||(uinvvin)H(Hs)2 : (57)

It follows that H (uN (t), v (t)) H(Hs)2
is to show that the bound on the H*-norm is uniform in N.
In (5.5) we set

A= () = (e o T B i) ) B 6

is bounded for every ¢t € [0, 7T]. Our goal, however,

Uk
then (5.5) can be rewritten as

atziv = Ré\ies(uNa UN)k + Bi\f(uNa UN)ka ke ZO . (59)
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Since By gives a maximal gain of ¢ < 1/2 spatial derivatives according to (4.11),
we fix a positive integer ng such that s/ny =€ < 1/2. Once we establish the uniform
bound in (H?)?, we can iterate the argument and after ny steps we will have the
desired bound in (H*)2.

Let My = [|(u™™, v™)
tion 5.2 one has

H( £70)2- Due to the conservation law established in Proposi-

| (™ (2), 0™ (¢)) < C(My), forall tel0,T]. (5.10)

H(H0)2
Here C'(My) is a constant depending on My, and it may change hereafter from line

to line. It is clear that the mapping properties of RY . and BY are the same as the
ones of Rg,es and By, and thus by (4.4), (4.11), and (5.10) we obtain

R )] e+ IBY @ )] e € COB) ()| e +1). (5:10)

Taking into account equation (5.8) and the smoothing properties of By and Bj (see
Lemma 8.2 and the estimate (4.9)) we have

1™ ) reye < 27 eye + C (o), (5.12)
and therefore together with (5.11) one has
HRZ&res N)H(Ha 2 + ||BN N N H(Ha — C(MO)(HZNH(HE)2 + 1) (513)
Then, we see from (5.9) and (5.13) that
10 | e < M2 o + 1. (5.14)
By (5.8) and the fact that ||(u™(t), vN(t))H(HS)2

that Hz]\[(t)H(]-{s)2 is also finite for every ¢ € [0,T]. Thus, we calculate

012" (e = 2 (02" 2")

< oo for each ¢ € [0,77, it is clear

g <102 s+ 12
< O P+ 1)

where (5.14) has been used. Then, by means of Gronwall’s inequality, we have

”ZN(t)H(Hs)z < C(Mo, T), te]|0,T],

and along with (5.12) it follows that

™ (0, 0™ ()] ey < C(Mo,T), ¢ € [0,T].

Finally, we iterate the above argument ng times and conclude

| (0,08 )] oy < COILTs) .t (0,7

where the bound is uniform in N. It is worth to mention that the uniform bound
above depends on the H%norm and not the H*-norm of the initial data. O
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We now establish the existence of global solutions (without uniqueness) which is
stated in Theorem 2.3 for the case s > 0. Also, we prove the conservation law (2.12)
and the bound (2.11). The uniqueness and continuous dependence on initial data for
s > 0 will be justified in Section 6 and 7. The case s = 0 will be treated in Section 7.

Proof of Theorem 2.3. Let s > 0 be given. As before, let (u™ (t),v" (¢)) be the solution
of the Galerkin system (5.1) on [0,7]. Taking some 6 > 3/2, thanks to (5.1) and the
mapping property of B; provided in Lemma 8.1 as well as the conservation law in
Proposition 5.2, we obtain

100 (1), 0N D] -0y < CO) @™ @), 0N 0)[ oy < COY @™, 0™

that is, d(uN(t),vN(t)) is bounded in L>([0,T7; (H~%)?) < LP([0,T]; (H~%)?) uni-
formly with respect to N. Furthermore, by virtue of Proposition 5.3 we observe that
the sequence (u,v") is uniformly bounded in L=([0,T]; (H*)?) c LP([0,T]; (H*)?).
Therefore, due to Aubin’s Compactness Theorem, for 0 < sy < s, there exists a
subsequence, which we also denote by (u™,v"), converging strongly to (u,v) in
LP([0,T]; (H*)?) and s-weakly in L>([0,T]; (H*)?), and along with (5.6), we infer
that (2.11) holds.

Since the subsequence (u”,v"V) converges strongly to (u,v) in LP([0,T7; (H0)2) we
can extract a further subsequence (u™(t),v"(¢)) converging strongly to (u(t),v(t)) in
(H°)? for almost every ¢t € [0,T]. Moreover, by means of Proposition 5.2, we have
EWN(t),vN(t)) = E(u™,v™) for every ¢, and therefore £(u(t),v(t)) = E(u'™, v™) for
almost every ¢ € [0, T.

Now we must show that the weak limit (u,v) is indeed a solution of the cKdV (2.6)
in the sense of Definition 2.1. For this purpose we utilize the fact that each (ud,vd)
is a solution of the Galerkin system (5.1) and hence a solution of
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Using the symmetry of B; and setting Q := [ — P we can rewrite (5.15) as

[ (BBp e PR 0P o
o \ PBUPuN, PN — o)) + PBUP(N — ), Pv)
("

_/ (7331(77( u), P(u™ + u))x + PBi(u, Q) + PB1(Qu, Pv)i )dT
o \ PB(P(" —v),P(vN +v))x + PBi(u, Qu), + PBy(Qu, Pv)y

(P
N /t < P B, (Qu, Pu + u), — QB (u,v), + QB (u, )y ) dr
PB1(Qu,Pv+v), — QB (u,v), + QB1(v,v)y

+/Ot ( gigzg’;igiigzg’; ) dr, ke Z,. (5.16)

First, we observe that due to the convergence of the subsequence (u”,v™) — (u,v)
strongly in the space LP([0, T]; (H*0)?) and due to the fact that (u,v) € L®([0, T]; (H*)?)
that the first three integral terms on the right-hand side are finite and converge to
zero as N — oo. We demonstrate this for a typical term fot PBy(Pu, PN —v))pdr
(terms of the same structure are of course treated similarly). By using the Cauchy-

Schwarz inequality, for > 3/2, we deduce

t
/ PBy(Pu, PN — )i dr

0

. 1/2
< |l<:|9/O (Z |j|_20|7)B1(PUN7P(UN_U>>j|2> dr

J€Zo

t (5.17)
< |l<;|9/ |B.PuY, PO — o)),y dr
0

t
<Ol [ o ¥ = o o

Ck|? [[o™

IA

_UHLl([O,T];HO) — 0 as N — o0 ,

where we have used the mapping property of B; provided in Lemma 8.1 and the
uniform boundedness of the H%-norm of u”. Next, we treat the term QB (u,v)y.

2
1981 (u, v)|5-0 < C Y K[ ( > IUklllvz@I)

|k|>N k=k1+ko

< Cllulfyo ol S kP — 0 as N — oo,

|k|>N
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due to # > 3/2. Thus, with similar arguments as in (5.17) we derive

t
/ OB (u,v); dr
0

where we have used Lebesgue’s Dominated Convergence Theorem with ||u(t) || o || (t) ]| 0
(which is bounded a.e.) as a majorant. The remaining terms are treated in the same
manner. Passing to the limit in (5.16) and using that the subsequence (ul (t), v (t)) —
(ug(t),vg(t)) for each fixed k € Zg a.e. on [0,T] we obtain

() Y (u [ Bilu(r), ()i = Bulu(r),u(r)e ) g
() - ) = [ (B Remnmy ) o o
which is true for almost every ¢t € [0, T]. Since u(t) and v (t) is absolutely continuous

over the interval [0, 7| (see Remark 2.2), this identity holds for every ¢ € [0,T]. That
is (u,v) is indeed a solution of the cKdV (2.6) in the sense of Definition 2.1. O

t
< |k:|9/ |QB1(u,v)| o dT — 0, as N — oo, (5.18)
0

6. UNIQUENESS FOR s > 1/2

In the previous section we established global existence without uniqueness of so-
lutions to the cKdV system (2.6) in the space (H®)? for s > 0. Here, we will use
Banach’s Fixed Point Theorem to establish the uniqueness of solutions, as well as
the continuous dependence on initial data for s > 1/2. The case s € [0,1/2] will be
treated in the next section.

In [1], where the periodic KAV was studied, the authors also used the contraction
mapping argument to establish the uniqueness. However, their technique depends
on the invertibility of a linear operator which relies on the fact that one can solve a
1d-boundary value problem for an ODE explicitly and estimate its solution. But such
a method is infeasible to adopt here for our cKdV system since the linearization of
the left-hand side of (3.2) may not be invertible, where the difficulty lies in explicitly
solving a boundary value problem for a system of two coupled ODEs in which the
situation is much more complicated. In order to bypass this obstacle, we split solutions
properly into high and low Fourier modes, and recast the differentiation by parts
procedure to terms involving high frequencies for the sake of taking advantage of
the time-averaging induced squeezing. A similar idea was also used in [1] to treat
less regular initial data (0 < s < 1/2), and in [11] (following [1]) to study the
unconditional uniqueness of the modified KdV equation for s > 1/2. We believe that
this kind of approach is more natural and general, especially for systems. Since it
avoids studying the invertibility of a linear operator it is easier to implement to other
dispersive equations for establishing uniqueness of solutions. In fact, one of the main
purposes of this paper is to demonstrate this idea for such a typical system.

Let N > 1 be an integer that will be selected later. Recall that P defined in (5.2)
denotes the projection on the low Fourier modes |k| < N. In addition, we define
Q = [ — P, where [ is the identity map. Observe that P and Q both depend on N.
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We decompose Bj(u,v) by splitting the Fourier modes of u and v into high and
low modes. More precisely,

By (u,v) = B1(Pu, Pv) + [B1(Pu, Qv) + B (Qu,v)].
Thus, the original cKdV (2.7) can be written as
0 ( ¢ ) = BP(u,v) + BY(u,v) (6.1)

(Y

where vector functions BY (u,v) and BY(u,v) are defined by
P L Bl (P'LL, PU) — Bl (PU, PU)
By (u,v) = ( B\(Pu, Pv) — Bi(Po, Po) (6.2)

and

By (Pu, Qu) + B1(Qu,v) Bi1(Pu, Qu) + B1(Qu, u)
BY (u,v) := ( Bi(Pu, Qu) + B1(Qu,v) ) B ( B1(Pv, Qu) + B1(Qu,v) ) . (6.3)

Unlike the first differentiation by parts performed in Section 3 we now apply the
differentiation by parts procedure for B (u,v) only and leave B (u,v) untouched.
We demonstrate the computation for a typical term Bi(Pu, Qu). In fact, for k € Zy,

By (Pu, Qu)y, :—zk Z Rt Dy, Quy,

ki1+ko=k

_ la Z €3ikk1k2t7)ukl kag
6 ' ey ke
k1+ko=k

1 e3ik)k1 kot

6 4 kiks

(Puklathk2 + kaﬁﬂ?u;ﬂ). (64)

If we denote
{ Uy Vky if |/€1 + ]{32| <N
0 if |k§1 + ]{72| > N

and
o Uy Vs if |k’1 + k2’ >N
Q(ulﬂvlm) - { 0 if |]€1 + k2’ < N7

then by (2.6),

6tpuk —Zl{? Z 3zkk1k2t uk1 Ukz) . P(“klukz))7
ki1+ko=k

and

at ka _Zk Z 3Zkk1k2t uk1vk2) - Q(”’ﬂwfz)) :

k1+ko=k
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Therefore, for k € Zy,
1 o3k kot

6 k1 ko

(Pukl 815 Q’Uk2 + kag atlpulﬂ>

€3i(k1 +k2)(k2 +k3) (kg—l—k:l )t

Ky

[Puk‘l Q(Uk2 'Uk:;g) - Puk:l Q(vkz Uk‘g)

ki1+ko+ks=k
+ ka1p<uk2vk3> - kalp(uhuks)}

Combining (6.4) and (6.5) yields
B (Pu, Qu)y = 9, Ba(Pu, Qu)i, + fi, k € Zy,

where f, is defined in (6.5). Similarly, we can apply differentiation by parts for all
terms in BY(u, v) defined in (6.3), and obtain the modified first form of the cKdV:

o, K ¢ ) - B?(u,v)} = B (u,v) + R¢(u, v), (6.6)

v
where BF (u, v) is defined in (6.2) and BY (u,v) is defined by

_( By(Pu, Qu) + By(Qu,v) By(Pu, Qu) + By (Qu,u)
B (u,v) = < By (Pu, Qu) + By(Qu,v) ) B ( By(Pv, Qu) + By(Qu,v) ) - (67)

For the sake of conciseness, we do not provide the exact formula of R?(u, v). But
notice that fj defined in (6.5) is a typical part of R3Q(u, v)g. Thus, all terms in each
components of RS (u,v), can be written in the form

:I:—1 )
/l Z
12
ki+kotkg=Fk
{k1,k2,k3}€D

e3i(k1+kz)(katks) (ks+k)t

ki

Pky VisSkss K € Lo, (6.8)

where D C Z3 is a set of indices that might vary for different terms in RgQ(u, v), and
each of ¢, 1, € is either u or v. For instance, the first term of f; defined in (6.5) is

e3i(k1+ka)(ko+k3)(k3+kq)t

— 350 D bt hah T Pug, Q(ug,vx, ), and for the purpose of writing
it in the form of (6.8), we take (¢, 1,£) = (u,u,v), and carry out the summation over
the set D = {{kl,kg,kg} € Z% : ‘kl‘ < N, ’k‘g + k3’ > N}

Expression (6.8) is essentially R3(¢, 1, ) with summation over a set D. Therefore,
by the mapping property of R3 provided in Lemma 8.6, we have

[RS @ w)| . < CO w0 (6.9)
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and

|R$(u,v) - RE(@,9)

(H2)?
< 0(5) (. ) = (@ Do (100 o+ 1D Pgs) . (630)
for s > 1/2.

Concerning BY (u, v), the following result shows that the smoothing property of
BP is better than the one of By provided in Lemma 8.1.

Lemma 6.1. For s > 0, the operator BY defined in (6.2) maps H° x H® into H® x H®
and satisfy

HBf(u7 U)H(Hs)2 S O(Sv N) ||(U,U)||(2Ho)2 ) (611)
and
< Cs, N) 1, 0) = (@ D)oy (10w, gsos + 1@ 9oy ) - (6.12)

Proof. We consider a typical term B; (Pu, Pv). The estimates of the rest of the terms
are similar. Indeed, by the definition (2.8) of By,

2
1
1Bi(Pu Pollle < 7 3 K2 L D o
|k|<2N k1+ko=k
|k1],[k2|<N

1 s 2 2
< ;L(QN)2+2 2N + 1) [lullfo [1v[[7o -

In addition, since By(¢, ) is a bilinear operator, it follows that
|1 B1(Pu, Pv) — Bi(Pu, Po)| .
< C(s, N)([lu = all go [loll o + lv = 0l o (|| g70)-

O

Furthermore, the operator Bg') defined in (6.7) has the following mapping property
stated in Lemma 6.2 which indicates that the corresponding constant decreases to
zero as N — oo. This reflects the time-averaging induced squeezing.

Lgmma 6.2. For any real number s > 0, the operator Bg defined in (6.7) maps
(H*)? into (H*)* and satisfies

[BS G0 ..., <€) Nw o) (6.13)

(1)



22 Y. GUO, K. SIMON, AND E. S. TITI

and

(119)2
1 ~ o
< C(S)N [ (u,v) — (U7U)||(Hs)2 (H(Uav)”(ﬁs)? + ||(Uav)||(Hs)2> : (6.14)
Proof. Observe that every term in BY (u,v) contains the operator Q (projection on

high frequencies |k| > N) which is the reason that 1/N appears in the estimates (6.13)
and (6.14). To see this, let us consider a typical term, say, Bs(Pu, Qu). The rest

terms can be estimated similarly. Let z be an element in H—*. Consider
|[Pu, || Qui, |[26] 1 | [|Vkz || 20148 |
Bsy(Pu, Q’U < - 1 2 - 1 2 1tkz |

|(Baf 2)| keZZkZ ey | Ko T 6 Z Z ey |[ Ko
0 k1+ko=k 0<|k1|<N|k2|>N

and set Uy = |ug||k|~%, Vi = |vi||k|®, Zx = |2k||k| %, where s > 0, 0 < o < 1/2. Then

U, |Viy || Z ki + ksl®

|<BQ(PU QU ’<_ Z Z | kl” k2|| k1+k2|| 1+ 2|

- T+
0<\k1|<N|k2\>N (a1 R

1 Uk [[Viea || Zy 82 | [ 2K2 |
6 Z Z 1 2 1+k2

- 1+
0<|k1|<N |k2|>N [ [ g

Z Z |Uk1 “/;62 |Zk1+k2‘
|Ka |1 ks
0<\k1|<N|k2|>N

| U |
< C(8>N Z | ‘11 o Z |Vk2HZk1+k2|

0<|k1|<N [k2|>N

(Z EE ) 1000 1V L0 12

k€Zg

1
< C(s, o) 55 Il g=a 0ll e Nzl -
By duality, this implies

1 B2(Pu, Qu)|

1
s < C’(s,a)ﬁ llull o |Vl s, for s >0, 0<a<1/2.

Furthermore, by the bilinearity of Ba(¢,1) it is easy to see that
| B2(Pu, Qu) — Ba(P, QU)|| s

1 N
< C(s, OZ)N(HU — Ul o V]

g T al o lv =0l )

Obviously, ||¢]l z-« < ||¢||zs for s > 0 and a € [0,1/2) and hence (6.13) and (6.14)
hold. U
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Now, with the mapping properties of BY, B2Q and Rg discussed above, we have
the tools to prove the uniqueness of solutions and continuous dependence on initial
data which are stated in Theorem 2.3, for s > 1/2. The less regular case s € [0,1/2]
will be considered in the next section.

Proof. Integrating the modified first form (6.6) gives us
(4)o- () ©-BSu.0) - B ). o)
+/O [Bf(u(T), v(1)) + RE (u(7), U(T))] dr. (6.15)

Let (y(t),2(t)) := (u(t),v(t)) — (u™,v™). In terms of the new variables (6.15) reads
(y,2) = F(y,2) (6.16)

where
Fly, 2)(t) == BE (y(t) + u™, 2(t) + v™) = BF (u™, 0"
+ /Ot [Bf(y(T) +u™ (1) + o) + RE(y(7) + u'™, 2(7) + o™) | dr. (6.17)
For T* > 0 which will be chosen later, consider the Banach space
Co([0, T"; (H*)?) := {(y, 2) € C([0,T"; (H*)*) : ((0), 2(0)) = 0}.
We aim to show that the nonlinear operator F maps the ball of radius A, which is

{(y,2) € Co[0,T7); (%) = [1(y, )l epo,o1scarys) < A}, (6.18)

into itself, and it is a contraction map provided that T is sufficiently small.
Let (y,z) and (y,Z) be in the ball (6.18). Then by (6.9), (6.10), (6.11), (6.12),
(6.13), (6.14), and the definition of F (6.17) we find

17 DO e < C) (424 0 o))
+ T [Cs,N) (A% 4[| 0™ [goye ) + Cs) (A ([0 [e )|

Notice that the left-hand side, i.e., || F(y, 2)(t)|| g is independent of N. Moreover,
we also have

IF . 2)0) = F . (0 oy
< w20 = G 2O {6 (A+ @0 )

+ T O, N) (A @0 o) + CCs) (A2 4+ @™, o) [Fg )|
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forallt € [0, T*]. We observe once again that the left-hand side of the above inequality
does not depend on N. Therefore, for any A > 0, we can choose N sufficiently large
and T small enough so that || F(y, 2)(¢)[| geye < A, [[F (G, 2)(O)]] j74)2 < A, and

. 1
1F (y, 2) (&) = F (g, 2) Ol 7oy < 5 10y, 2)(&) = (7, 2) (O] 17-)2
for all ¢ € [0,7*], where T* depends on A and H in_pin) H (o) By Banach’s Fixed

Point Theorem, there exists a unique solution (y, z) of (6 16) on [0, 7] in the ball (6.18)
which immediately implies the local existence and uniqueness for the integrated mod-
ified first form (6.15) in the space C([0,T*]; (H®)?), for s > 1/2.

It can be shown by elementary analysis that any solution of the original cKdV (2.6)
in the sense of Definition 2.1 also satisfies the integrated modified first form (6.15).
Therefore, the uniqueness of solutions to (6.15) on [0,7*] implies the uniqueness
for (2.6) on [0,7™*]. By extension, the global solution constructed in Section 5 is the
unique solution of (2.6) and it is in the space C([0,T]; (H*)?) for any T" > 0 and
s>1/2.

It remains to prove the continuous dependence on initial data. Let T > 0 be

given. We take two different solutions (u,v) and (u,?) evolving from two initial
points (¢, v™) and (@™, ™). Thus, by (6.15)

(ﬁjgywz(ﬁgj;)+B&wmmm—3&mmam
~ (B (", o)~ BE (", 7))
+ /0 t [Bf(u, v) — B (@, 9) + RS (u,v) — RY(@, ﬁ)} dr. (6.19)
Due to (2.11), which has been proved in Section 5, there exists M > 0 such that
[ (u, U)HLoo([o,T];(Hs)2) and |[|(a, U)||Loo([o iy < M,

,viﬂ)||(H0)2 ) H(H0)2} Thus, by taking

the (H*)?-norm on both sides of (6.19) and using (6.10), (6.12) and (6.14) we deduce
for t € 0,77,

(2, 0) = (@ O) | oo o sy < (1™ 0™) = (@ 5™ e

in in ~1n

(@™,

where M depends on T', s, max { H(u

1 1n m in ~1n
+ Cs) MU 0) = (@ D)l oo,y + (W 0™) = @5 .10)
+ Cls, )T [1(t,0) = (@, )| e o - areysy (M + M),

Therefore, if we choose N large enough such that C(s)&M < : and T* sufficient
small such that C(s, N)T*(M + M?) < 5, then

[ (u,v) — (4, U)HLOO ([0,T%];(H#)2 < 4 H ) - (um Nm H(Hs
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By iterating the above procedure [T'/T*] + 1 times we obtain

1 v) = (@ ) e o sy < AT 0™ = @ 5| e
([0,7);(H*=)?) (H?)

where T* depends on T', s, and maX{H(u v n)||(H0)2 ||@™, 6in)||(H0)2}. O

7. UNIQUENESS FOR s € [0,1/2]

Notice that the mapping property (6.9) of RQ only holds for s > 1/2. In order
to prove the unlqueness for the case s € [0,1/2] we shall perform the integration by
parts procedure to R3 (u,v) to obtain operators with nicer mapping properties in H*
for s € [0,1/2]. On the other hand, for the purpose of constructing a contraction
mapping, our strategy is similar to the one used in the previous section, i.e., decom-
posing Rg(u, v) appropriately according to high and low Fourier modes so as to take
advantage of the time-averaging induced squeezing.

Recall that all terms in RS (u, v) are in the form of (6.8). As in Section 4 we single
out the resonant terms (i.e., when (ki + ko) (ks + ks)(ks + k1) = 0) in RS (u, v)), by
splitting

RQ(“ /U) = R3QI'GS(U U) + R3nres(uav>‘ (7'1)

It is easy to see that the resonance Rgres(u, v) has the same mapping property as
Rses(u, v), ie., for s > 0,

‘Ri’)res )H .

e =€ 1ty 0) oy 12ty 0) ey (7.2)

and

RY R
H 3res ) 3res( ) (HS)Q

< O ) = (@ )laoys (1) oy + 18 ) ) (73)

Next, we decompose R3nres(u v) by appropriately splitting the Fourier modes of u
and v into high and low modes. By (6.8) all terms in RS, .. (u,v), can be expressed
in the structure

NS gBilkytka) (kaetks) (ks +k)t

1
+— kelZ 7.4
B > o Py Vkp s 0; (7.4)
k1+ko+ks=k
{k1,ko,k3}€D

where D C Z3, where each of ¢, 1, £ is either u or v. Since the explicit structure of
D is irrelevant to the following argument, we see that (7.4) is essentially the same as
Risnres(0, 1, )i, defined in (4.3) which can be split into two parts by adopting the idea
in [1]:

R3nreS(¢7 % f)k = R3nres0<¢: ?ﬂ, 5)7{ + R3nres1 (¢7 7% g)k (75)
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where
R3nre50(¢> %ZJ’ S)k L= RSnreS(¢7 Q¢7 Qg)k:
nonres €3i(k1+k2)(k2+k3)(k3+k1)t
= Z 3 Pry QUky Qs (7.6)
ey +ha+ks =k !
and

R3nresl(¢7 ¢7 f)k
= RSnres(¢7 ¢> é)k - R3nres(¢a Qw’ Qé)k
= R3nres<¢7 P¢, £>k + RSnreS(¢7 Q¢7 Pf)k

nonres e3i(l€1+k2)(k2+k3)(’€3+k1)t

= > (Ory Pky ks + Oby QUky Pis)- (7.7)

ky
k1+ko+ks=k

It has been remarked in [1] that Rapeso(®, %, &)r has only one smoothed factor Py

k1
However, every term in Rgnesi (9,1, &), has two smoothed factors: % and Py,
or P&,. The following mapping property of Ranesi(¢,1,€) is a special case of

Lemma 8.7:

[ Rsnrest (6,90, )l g« < CN I8l g0 191 70 1€ 170 + ON bl o 191l o €N e, (7-8)
for s € [0, 1].
By decomposing every term in RS, .. (u, v), according to (7.5) it follows that
RBQnres(u7 U)k = R3Qnreso<u7 U>k + R’éQnresl (u7 U)kH (79)

where all terms in R, . (u,v)), are in the form

NOWIes  3i(ky+ka)(ka+ks) (ka+ki)t

i
0 > Ky

k1+ko+kz=k
{k1,kg,k3}€D

(bkl ka‘g Q£k3) ke Zo, (710)

while all terms in RY

amrest (U, V) have the structure

i nonres 63i(k1+k2)(k2+k3)(k3+k1)t

ST 0 (00 Pibis iy + 00, Qi PEs,), K € Zo,
ki+katkg=k
{k1,ko,k3}€D

where D C Z3 and ¢, 1, £ is either u or v. By (7.8) we infer, for 0 < s <1,

HR?nresl (U, U) H .

(H#)?

< C(N, ) 1w, 0) ] g2 11 (2, 0) [ 02 (7.11)



COUPLED KDV EQUATIONS OF MAJDA AND BIELLO 27

and

RY ~“RY._ (4D H
H 3nr051<u7v) 3nrcsl(u7v) (HS)Q

< (N 8) 1, 0) = (@) ey (1) s + 1 D) ), (712)

where C(N,s) — oo as N — o0.
Now, we apply the differentiation by parts to RS (u,v). Note that all terms in

3nres0
RS o(u,v)y are in the form (7.10). We can take the following term as an example:

; nonres e3z‘(k1+k2)(kz2+k3)(k3+/€1)t
- 3 - Upey Qug, QU (7.13)
1

k1+ko+ky=k
{k1,ko,k3}€D

where D = {{ky, ko, k3} € Z3 : |k1| < N, |ky + k3| > N} which is corresponds to
the first term of fi defined in (6.5). If we ignore the explicit structure of the set D,
which is irrelevant to our following argument, then (7.13) is essentially the same as
Rsnreso(u, u, v)y defined in (7.6) to which we carry out the differentiation by parts:

R3nresO (U, u, U)k-
nonres e3i(l€1 +k2)(ka+k3)(kz+k1)t

= Z 2 U, Qukz kas
k1 +ho+ks=k 1
1
=3 (01 Bso(u, u, v)k — gi) (7.14)
where
nonres eB’L(kl+]€2)(k‘2+k‘3)(k‘1+k‘3)t

B30(¢7¢7§)k = Z ¢k1 Q¢k2 ngs ) (715)

ki+ko+ks=k

ki(ky + ko) (ko + k) (k1 + k3)
and
nonres e?)i(kl+k2)(k2+k3)(k3+/€1)t

D DR o A (P (oewy

ki1+ko+ks=k

8,5(1%1 Quk2 QU]%) (716)

Analogously to (7.14), one can complete the differentiation by parts procedure to
all terms in R, o (u,v). Hence

RS 0 (0, )1 = 0BG (u, v)i + B (u, v)y.. (7.17)

For the sake of conciseness, we do not provide the exact formulas of B%(u, v) and
B% (u,v). But notice that, 5 Bso(u, u,v)y, is a typical term in BS,(u, v)g, so by virtue
of Lemma 8.5 one has, for 0 < s <1,

|B&wo)]| . <AV s) ) (7.18)

(H#)?
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and

HBSQD(ua U) - BSQD(I&a 6)

(H*)?
<A, 1(0,0) = (@0 e (1 0) By + 1@ D), (719)

where v(N,s) — 0 as N — oo. In addition, g; defined in (7.16) is a typical term in
B (u,v);. Clearly, g, can be treated in the same way as (4.7) and generates terms
in the same structure as Bj(¢,,&,n) or Bi(¢,v,&,n). By means of the mapping
property of By provided in Lemma 8.8 one has, for s > 0,

[B& w2 ... < €O 160 (7.20)
and
HBZCIQO(Uu U) - B%(a, @) (HS)2
< C(s) I, v) = (@ Doy (It ) + 1@ D) ) - (7:21)

By virtue of (7.1), (7.9) and (7.17) we can write RY (u, v) as

R?(ua U) = R?C?res(u’ U) + R?nres(“? U)
= R?C?res(u7 U) + Ri?nresl (u7 U) + R3Qnreso<u7 U)
= R (1, 0) + R e (u,0) + 0BG (u, v) + B (u, v). (7.22)

Substituting (7.22) into the modified first form (6.6) we obtain the following modified
second form of the cKdV:

0, K h ) — B (u,v) — B%(u,v)]

v
= BP(u,v) + RE, (1, 0) + RS, ooy (1, v) + B (u, v). (7.23)

3res 3nresl

We now use this form of the cKdV to prove the uniqueness of global solutions and
continuous dependence on initial data in the space (H*)? for s € (0,1/2].

Proof. The integrated form of (7.23) reads
(2)o- () 0= [Bfwn) + Bhu] 0 - [Bfwo) + Bhn)] ©

t
+ [ [BY )+ RE0) 4 R s ,0) + B (w0)] (7). (720
0

Let (y(t),2(t)) := (u(t),v(t)) — (u',v™). Using the new variables y and z (7.24) can
be written as a fixed point equation

(y,2) = F(y,2) (7.25)
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where
F(y,2)(t) = B (y(t) + u™, 2(t) + 0™) + B (y(t) +u™, 2(1) + v'™)
_ BQ( 1n m) o B3Q0(uin, Uin)

+ /0 [Bf(y(T) +u™, 2(7) + o) + RE(y(7) + u™, 2(7) + v™™)

+ R () + U, 2(7) 4+ 0™) + B (y(7) + ™, 2(7) + o™) [dr.  (7.26)
We intend to show % maps the ball of radius A, which is

{(y,2) € Co([0. T (H*)?)  1(y, )l ooy ey < A}, (7.27)

for s € [0,1/2] into itself and is a contraction map pr0V1ded that 7™ is sufficiently
small. To see this, we let (y,z) and (7,2) be in the ball (7.27). Then, due to the
mapping properties (6.11), (6.12), (6.13), (6.14), (7.2), (7.3), (7.11), (7.12), (7.18),
(7.19), (7.20), (7.21), and the definition of .# (7.26) we deduce that for s € [0,1/2]

C L L
1702 Ol < S (42 1 @ )] g) 41 8) (474 )]

+ 77 [C(s, N (A2 + [, o) [y ) + € (4% + 1@, 0™) e
+O(N,s) (A [, o) [P ) + CCs) (A% + H(um,vm)H(Hs)2> |

One observes that the left-hand side, i.e., | #(y, z)(¢)|| s is independent of N. In
addition,

17 (y, 2)(8) = F (9, 2) D) 7092 < 1y, 2) (@) = (@, 2) ()] 192
C(s in i 2 in _iny|[2
% { ]E[) <A—|— H(uln7vln)H(Hs)2> + (N, s) <A + ||(u U )H(Hs)2>
+ 17O, N) (A+ [0 0™) [ o) + € (A2 4+ ™, 0™ [ G412 )

+O(N,5) (A2 4+ | @™, o) [[Cgeye ) +C8) (A% + (| @™, 0™ [Ee ) |

where v(N,s) — 0 as N — co. We observe once again that the left-hand side of the
above inequality is independent of N. Thus, for any A > 0, we can choose N suffi-
ciently large and 7™ small enough such that |[.# (y, 2) (t)|| o2 < A, | F (7, 2) ()| grsy2 <
A, and

o 1 o
1 (y, 2)(t) = F (G, 2) (Ol 702 = 5 1y, 2)(8) = (5 2) (D] 172)2
for all t € [0,7*], where T* depends on A and H(uin,vm H(HS)Q. By Banach’s Fixed

Point Theorem there exists a unique solution (y,z) of (7.25) on [0,7*] inside the
ball (7.27) which yields the short-time existence and uniqueness of the solution (u, v)
to (7.24) in the space (H*)? for s € [0,1/2].
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It can be shown that any solution of the original cKdV (2.6) in the sense of Def-
inition 2.1 also satisfies the integrated modified second form (7.24). Also, recall in
Section 5 we have already proved the global existence of solutions for the original
cKdV (2.6) for s € (0,1/2]. Therefore, according to the uniqueness result proved
above and using some extension argument we conclude that the global solution of (2.6)
is unique and contained in the space C([0,T]; (H*)?) for any T > 0 and s € (0,1/2].

Finally, similar to the proof in Section 6, we can also show the continuous depen-
dence on the initial data for the case s € (0,1/2]. O

Remark 7.1. Notice from the above that the contraction mapping argument is valid
for s = 0. Hence, provided there is a solution of (2.6) for the case s = 0 we also
obtain the uniqueness and continuous dependence on initial data for equation (2.6)
if s =0.

It remains to show the existence of a solution to (2.6) for the case s = 0. This will
be done by using density arguments.

Proof. We approximate the initial data (v, v™) € (H°)? by a sequence of smoother
functions (ul?,vi") € (H*)?, s > 0. Let us fix an arbitrary 7 > 0. We have already
shown that for each j there exists a unique solution (u;(t),v,(t)) € C([0,T]; (H)?)
such that (u;(0),v;(0)) = (v}, v}") and the quantity £(u;(t), v;(t)), defined in (2.12),
is conserved. By Remark 7.1 we infer

”(uj7vj) - (ub?}f)HLw([o,T],(HOP) <L H(u;nv U}n) - (ulzn7v}n)H(HO)2 ) (728)
where L depends on T and [[(u™, v™)]| (foy2- Since (u,vi") is a Cauchy sequence in
(H°)?, we deduce from (7.28) that (u;,v;) is a Cauchy sequence in C([0,T]; (H®)?),
whereas we denote the limit as (u,v). Now, using the mapping properties of By, one
can pass to the limit in equation (2.9) similarly as in Section 5 (where we proved
the existence for s > 0) and deduce that (u,v) also satisfies (2.9) and conserves
E(u(t),v(t)), defined in (2.12), for all ¢ € [0,7]. Finally, again by Remark 7.1, we
obtain the desired uniqueness and continuous dependence on initial data in the (H°)?
norm. U

8. APPENDIX: RELEVANT ESTIMATES

In this section we collect all relevant estimates for the nonlinear operators used in
our equations. The notations are not, or just slightly, different from the ones used
in [1], where all proofs can be found.

Lemma 8.1. Let § > 3/2. Then the bilinear operator By defined in (2.8) maps
H® x H° into H=? and satisfies the estimate

1B, V)| iz-0 < CO M0 |9 [| 70-
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Lemma 8.2. Let s > —1/2. Then the bilinear operator By defined in (3.5) maps
H® x H® into H**' and satisfies the estimate

1 B2(¢, )| grsr < C ()| s [

Lemma 8.3. Let s + a > 0, o < 3/4, s > —3/4. Then the bilinear operator By
defined in (3.8) maps H® x H® into H*** and satisfies the estimate

| B2(¢, )| o < C(s, )| 0]

Lemma 8.4. Let s > 0. Then the trilinear operator By defined in (4.6) maps (H*)?
into HT2 and satisfies the estimate

1Bs(0, ¢, )l sz < ()1 s 1901 g M€

Lemma 8.5. If 0 < s < 1, then the trilinear operator Bsy defined in (7.15) satisfies
the estimate

Hs Hs~

Hs Hs-

s s 1S prs -

| Bso(u, w, v)|| grs + || Bso(u, v, u) || gro + | Bso(v, u, u)]| e < ﬁHuH?{OHM s
Ifs<0andp=-s<1,a>0,p+2a<5/3, and a < 5/6, then
C(p,a)
1Bio (1, 1w, 0) | e =+ 1B (s v, )| s+ [1Boo (v, )l e < = llull ool -

Lemma 8.6. Let s > 1/2. Then the trilinear operator Ry defined in (5.4) maps
(H*)? into H® and satisfies the estimate

[1Bs(0: 0, )l s < C DN grs 100 s € -

Lemma 8.7. Let 0 < s < 1, a > 0. Then the operator Rznes1 defined in (7.7)
satisfies the estimate

[Rsnrest (6,9, )l 2 < CNT 1 o 19| o 1€l 70 + CNTF Nl o 1901 o 11175 -

Lemma 8.8. Let s > 0 and € € (0, %) Then the multi-linear operator By defined

in (4.10) maps (H®)* into H*T and satisfies the estimate

||B4(¢a 77Z)7 57 77)| Hste < 0(87 €)||¢‘ ¢|

q

s 101 s 1 1] s 1] 7

Acknowledgement : K. S. and E. S. T. would like to thank the Freie Universitat
Berlin for the kind hospitality where this work was initiated. This work was supported

in part by the Minerva Stiftung/Foundation, and by the NSF grants DMS-1009950,
DMS-1109640 and DMS-1109645.



32

[1]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

Y. GUO, K. SIMON, AND E. S. TITI

REFERENCES

A. V. Babin, A. A. Ilyin and E. S. Titi, On the reqularization mechanism for the periodic
Korteweg-de Vries equation, Comm. Pure Appl. Math. 64 (2011), no. 5, 591-648.

J. A. Biello, Nonlinearly coupled KdV equations describing the interaction of equatorial and
midlatitude Rossby waves, Chin. Ann. Math. Ser. B 30 (2009), no. 5, 483-504.

J. A. Biello and A. J. Majda, Boundary layer dissipation and the nonlinear interaction of
equatorial baroclinic and barotropic Rossby waves, Geophys. Astrophys. Fluid Dyn. 98 (2004),
no. 2, 85-127.

J. A. Biello and A. J. Majda, The effect of meridional and vertical shear on the interaction of
equatorial baroclinic and barotropic Rossby waves, Stud. Appl. Math. 112(2004), no. 4, 341-390.
J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications
to nonlinear evolution equations. I. Schrédinger equations, Geom. Funct. Anal. 3 (1993), no. 2,
107-156.

J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications
to nonlinear evolution equations. II. The KdV-equation, Geom. Funct. Anal. 3 (1993), no. 3,
209-262.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao, Sharp global well-posedness for
KdV and modified KdV on R and T., J. Amer. Math. Soc. 16 (2003), no. 3, 705-749.

J. A. Gear and R. Grimshaw, Weak and strong interactions between internal solitary waves,
Stud. Appl. Math. 70 (1984), no. 3, 235-258.

J. Ginibre, An introduction to nonlinear Schrédinger equations, Nonlinear waves (Sapporo,
1995), 85-133, GAKUTO Internat. Ser. Math. Sci. Appl., 10, Gakktosho, Tokyo, 1997.

Z. Guo, S. Kwon and T. Oh, Poincaré-Dulac normal form reduction for unconditional well-
posedness of the periodic cubic NLS, Comm. Math. Phys. 322 (2013), no. 1, 19-48.

S. Kwon and T. Oh, On unconditional well-posedness of modified KdV, Int. Math. Res. Not.
IMRN 2012, no. 15, 3509-3534.

C. Kenig, G. Ponce, L. Vega, A bilinear estimate with applications to the KdV equation, J.
Amer. Math. Soc. 9 (1996), no. 2 , 573-603.

T. Kappeler and P. Topalov, Global well-posedness of KdV in H~1(T,R)., Duke Math. J. 135
(2006), no. 2, 327-360.

A. J. Majda and J. A. Biello, The nonlinear interaction of barotropic and equatorial baroclinic
Rossby waves, J. Atmospheric Sci. 60 (2003), no. 15, 1809-1821.

T. Oh, Diophantine conditions in well-posedness theory of coupled KdV-type systems: local
theory, Int. Math. Res. Not. IMRN 2009, no. 18, 3516-3556.

T. Oh, Diophantine conditions in global well-posedness for coupled KdV-type systems, Electron.
J. Diff. Eqns. 2009, no. 52, 1-48.

J. Shatah, Normal forms and quadratic nonlinear Klein-Gordon equations, Comm. Pure Appl.
Math. 38 (1985), 685-696.

T. Tao, Nonlinear dispersive equations. Local and global analysis, CBMS Regional Conference
Series in Mathematics 106, American Mathematical Society, Providence, RI, 2006.

M. 1. Weinstein, Nonlinear Schrddinger equations and sharp interpolation estimates, Comm.
Math. Phys. 87 (1982/83), no. 4, 567-576.



COUPLED KDV EQUATIONS OF MAJDA AND BIELLO 33

(Y. Guo) DEPARTMENT OF COMPUTER SCIENCE AND APPLIED MATHEMATICS, WEIZMANN
INSTITUTE OF SCIENCE, REHOVOT 76100, ISRAEL.
E-mail address: yanqiu.guo@weizmann.ac.il

(K. Simon) DEPARTMENT OF COMPUTER SCIENCE AND APPLIED MATHEMATICS, WEIZMANN
INSTITUTE OF SCIENCE, REHOVOT 76100, ISRAEL.
FE-mail address: konrad.simon@weizmann.ac.il

(E. S. Titi) DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, 3368 TAMU, CoL-
LEGE STATION, TX 77843-3368, USA. ALSO, DEPARTMENT OF COMPUTER SCIENCE AND AP-
PLIED MATHEMATICS, WEIZMANN INSTITUTE OF SCIENCE, REHOVOT 76100, ISRAEL.

E-mail address: titi@math.tamu.edu and edriss.titi@weizmann.ac.il





