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Abstract

The stochastic bandit problem ( , ) is a type of decision-making problem where an
agent must repeatedly choose between multiple arms from a (varying) arm set, where each arm is
associated with an unknown and different reward distribution, and the objective is to maximize the
cumulative reward over time. This problem gets its name from the analogy of a gambler choosing
which arm of a row of slot machines to pull, where each machine provides a different and unknown
probability of winning. This problem framework is widely applicable in various areas and several
sub-problems of it have been extensively studied during the past few years, e.g. multi-armed bandits
(MAB) ( , ), linear bandits ( , ), Lipschitz bandits ( ,
) and so on. However, existing research on bandits faces certain limitations, both theoretical
and crucially in practical applications. These challenges have become significant bottlenecks in
advancing the field of stochastic bandit problems. To name a few, (1) robustness against adversarial
attacks (Chapter 2); (2) auto-hyperparameter tuning (Chapter 3); (3) adaptivity to non-stationary
environment (Chapter 3); (4) efficiency under high-dimensional structure with sparsity (Chapter 4);
(5) resilience to heavy-tailed payoffs (Chapter 5).
Given that these fundamental issues have rarely been explored in the past, we have committed
significant effort to addressing and resolving these challenges both theoretically and practically. In
Chapter 1, we present a brief introduction to the bandit problem along with some limitations on
the existing literature, which motivates our research. In Chapter 2, we introduce the stochastic
Lipschitz bandit problem under the presence of adversarial attacks, and we propose a line of novel
algorithms under different types of adversaries even agnostic to the total corruption level C'. Sub-
sequently, we study how to dynamically tune the hyperparameters in bandit algorithms with an
infinite number of hyperparameter value candidates in Chapter 3. In Chapter 4, we investigate
the recently popular low-rank matrix bandit problem and propose two types of algorithms with
improved empirical performance and decent regret bounds. Then in Chapter 5, we revisit the
low-rank matrix bandit problem but under a more sophisticated scenario: the stochastic payoffs
are infused with heavy-tailed noise, and propose a novel framework to handle the heavy-tailedness
and sparsity simultaneously. All the algorithms and frameworks we propose are backed by robust

theoretical guarantees, with proofs provided in the Appendix.
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CHAPTER 1

Introduction

The stochastic bandit problem is a cornerstone and the most basic framework in the field of sequen-
tial decision-making under uncertainty, where at each round an agent follows some policy and pulls
an arm from a (varying) arm pool, and then only observes the stochastic reward of the chosen arm.
This partial feedback setting presents a classic dilemma of balancing exploration and exploitation
tradeoffs. Exploration involves trying different arms to gather more information about their reward
distributions, while exploitation means choosing the arm that has so far appeared to offer the best
rewards. In this framework, an agent aims to follow an optimal strategy to choose between multi-
ple arms with uncertain rewards in order to maximize its total reward over some time horizon T
The challenge lies in deciding whether to exploit the arm that has historically provided the best
estimated reward, or to explore other arms that might yield even greater rewards. This problem is
not only a fundamental model for reinforcement learning but also has far-reaching applications in
fields such as healthcare ( , ), finance ( , ), and personalized
recommendation ( , ). For example, in the randomized controlled trials problem, multi-
armed bandits are widely used to correctly identify the best treatment (best arm identification)
and to treat patients as effectively as possible during the clinical trial (exploitation) ( ,

). And in the e-commerce recommendation system, companies commonly use contextual ban-
dit algorithms with user-item side information to post items that the users are very likely to click
into ( , ). The inherent complexity and broad applicability make the bandit
problem an intriguing and rich study area, inviting innovative approaches and solutions.
Given the wide-ranging applications of bandit algorithms, there has been a substantial body of
literature emerging over recent years in various types of bandits. In general, bandit problems
can be classified into two categories according to how the rewards are generated. In stochastic
bandits ( , ), which are the concentration of our research, assumes all rewards of the
same arm are generated from the same distribution. The other extreme is adversarial bandits (

, ), which assume the rewards of arms can be arbitrarily manipulated by an adversary

1



at each round. Recently, there has been a line of work studying the best-of-both-world bandit that
attempts to jointly optimize under both stochastic and adversarial rewards and achieves the nearly
optimal regret bound for both settings. We will mainly focus the stochastic bandit problem in the
following text, and we would first recall the basic definitions here: the agent receives an arm set
denoted by A; at round ¢ and each arm a € A; corresponds to an unknown but fixed distribution
Vg. The agent selects some arm a; € A; and receives a reward yg, ; drawn from v,, independently

of historical observations. Denote the expected reward of the optimal arm at round ¢ as
Y =argmaxE (v,) .
M gae i (va)

And the quantity of interest we hope to control in time horizon T is the cumulative regret (pseudo
regret) defined as Ry = Y0, i — E (vg,).

Before we switch to the motivations and details of our work, we’d like to present a series of seminal
works on multiple types of stochastic bandit problems. Most existing works on the stochastic
bandits follow two key ideas: one is the upper confidence bound (UCB) strategy ( ,

) that optimistically pulls the arm with the highest upper confidence estimate of potential
reward to balance the need to exploit well-performing options and explore less certain ones; the
other is the Thompson sampling (a.k.a. Bayesian bandit) methodology ( , :

, ) choosing actions based on sampling from posterior distributions of their rewards.
The most fundamental type of stochastic bandit should be the multi-armed bandit (MAB) (

, ), which assumes there are finite and fixed arms at each round. To extend this idea
with a more complex arm set, the continuum-armed bandit ( ) ) (a.k.a. Lipschitz
bandit) has been well studied where the infinite arm set lies in a metric space and the expected
reward function is an unknown Lipschitz function. Another popular approach to modelling bandit
problems with a continuum arm setting is via the framework of Gaussian processes ( ,

) (a.k.a. kernel bandit ( , )) which assumes the unknown expected
reward function is defined on a reproducing kernel Hilbert space with various norms. Some other
types of stochastic bandits, such as dueling bandit ( ) where the agent pulls a pair
of arms and then observes the winner, and causal bandit that regards each intervention as an
arm in a causal structure ( , ; ), has been systematically investigated recently.

Parametric bandits are a well-researched area within stochastic decision-making settings as well.



The most popular (generalized) linear contextual ( , : , )
bandit assumes each arm is associated with a known, finite-dimensional vector (its feature vector),
and the expected reward is presumed to be an unknown (generalized) linear function of this vector.
This comprehensive review sets the stage for introducing our own contributions and innovations in

tackling some of the unresolved challenges within this field.

1.1. Motivation

Although the bandit framework has been extensively studied under various settings during the past

few years, several interesting challenges still remain unexplored in the existing literature:

¢ Robustness to adversarial corruptions: Although there has been extensive research
on the adversarial robustness of stochastic bandits, most existing works consider problems
with a discrete arm set, such as the traditional MAB ( , ; , ;

, ) and contextual linear bandit ( , : , :

, ). To the best of our knowledge, the stochastic Lipschitz bandit problem

with adversarial corruptions with a wide range of applications has never been explored

so far under the weak or strong adversary, and it is intrinsically more challenging due to

the complex structure of different metric spaces and the infinite number of arms in the
Lipschitz bandit setting.

e Auto-tuning hyperparameters: The empirical performance of all bandit algorithms
significantly depends on the configuration of hyperparameters, and simply using theoret-
ical optimal values is too conservative and always yields unsatisfactory practical results.
This limitation has already become a bottleneck for bandits algorithms in real-world ap-
plications, and the few existing methods ( ); ( )
have apparent flaws such as the lack of theoretical support and the inefficiency of model
configurations.

e Non-stationarity: As previously mentioned, a crucial assumption in the stochastic ban-
dit setting is that the rewards from the arms remain constant, and the stochastic contextual
bandit setting presumes that the relationship between features and rewards is stationary.

However, these conditions are often not met in real-world applications. For example,
3



in the context of news article recommendations—a significant application area for ban-
dit algorithms—users’ preferences might lean towards sports news during the Olympics.
Although the non-stationary bandits under the drifting environment (gradually drifting)
and the switching environment (abruptly change) have been well studied for MABs (
, : : , ) and contextual linear bandits ( ) :
, ), this intriguing problem has never been explored in the Lipschitz bandit
literature.

e Practical efficiency: For the high-dimensional bandit problems with sparsity, such as
the LASSO bandit ( , ) and the low-rank matrix bandit ( , :

, ), a challenging problem is to propose an efficient algorithm with a decent
theoretical guarantee. We focus on the popular low-rank matrix bandit problem, where
the contextual information of the arm can be represented by a matrix and the unknown
parameter matrix preserves a low-rank property. The existing low-rank matrix bandit
algorithms ( , ) are practically inefficient, which dampers their applications in
the real-world problems.

e Resilience to heavy-tailedness: Another very important assumptions for most sto-
chastic bandit literature is that the random noise follows some sub-Gaussian distribution,
but in many real-life applications such as financial markets ( , ;

, ), there’s a notable trend where extreme noise, a.k.a. heavy-tailed noise,
in observations occur more frequently than what would be expected under a sub-Gaussian
distribution. To address this practical challenge, a line of algorithms has been proposed to
handle heavy-tailed noise under the MAB ( , ) and linear bandit (

, ), but effectively managing heavy-tailed noise under the more complex
high-dimensional bandit framework such as the low-rank matrix bandit still remains un-

explored.

Overall, the aforementioned difficulties persist within the literature, and our goal in this dissertation

is to tackle and resolve these challenges.



1.2. Contribution

Build upon the motivations we present in the earlier section, the detailed contributions of our work
can be summarized as follows:
In Chapter 2, we present our paper entitled “Robust Lipschitz bandits to adversarial corrup-
tions” ( , ). We develop efficient robust Lipschitz bandit algorithms whose regret
bounds degrade sub-linearly in terms of the corruption budget C'. Under the weak adversary, we ex-
tend the idea in ( ) and propose an efficient algorithm named Robust Multi-layer
Elimination Lipschitz bandit algorithm (RMEL) that is agnostic to C' and attains O(C (e T%)
regret bound. This bound matches the minimax regret bound of Lipschitz bandits ( ,
; , ) in the absence of corruptions up to logarithmic terms. Under the
strong adversary, we first show that when the budget C is given, a simple modification on the
classic Zooming algorithm ( , ) would lead to a robust method, namely, Robust
Zooming algorithm, which could obtain a regret bound of order O(T% +C T Tﬁ) (d is called
zooming dimension and is explained in Chapter 2 in detail). We then provide a lower bound to
prove the extra O(C TAT %) regret is unavoidable. Further, inspired by the Bandit-over-Bandit
(BoB) model selection idea ( , : , : , ), we
design a two-layer framework adapting to the unknown C'. Three types of algorithms are discussed
and compared in both theory and practice.
In Chapter 3, we present our work entitled “Online continuous hyperparameter optimization for
generalized linear contextual bandits” ( , ). We propose an online continuous hyper-
parameter optimization framework for contextual bandits called CDT with theoretical guarantees.
To the best of our knowledge, CDT is the first hyperparameter tuning method (even model selec-
tion method) with continuous candidates in the bandit community. For the top layer of CDT, we
propose the Zooming TS algorithm with Restarts for Lipschitz bandits under the switching envi-
ronment. To the best of our knowledge, our work is the first one to consider the Lipschitz bandits
under the switching environment, and the first one to utilize TS methodology in Lipschitz bandits.
Experiments on both synthetic and real datasets with various GLBs validate the efficiency of our

method.



In Chapter 4, we present our work named “Efficient frameworks for generalized low-rank matrix
bandit problems” ( , ). We propose two efficient methods called G-ESTT and G-
ESTS for this problem by modifying two stages of ESTR ( ) ) appropriately from
different perspectives. To the best of our knowledge, the proposed methods are the first two
generalized (contextual) low-rank bandit algorithms that are computationally feasible, and achieve
the decent regret bound. The practical superiority of our algorithms are firmly validated based on
our experimental results.
In Chapter 5, we introduce our work entitled “Low-rank matrix bandits with heavy-tailed re-
wards” ( , ). Inspired by the success of Huber loss ( , : ,
) and nuclear norm penalization ( , ), we first introduce a convex-
relaxation-based estimator to approximate the low-rank parameter matrix with heavy-tailed noise.
As far as we’re aware, our work is the first one to solve the trace regression problem under arbitrary
heavy-tailed noise with bounded (1 + ¢) moment (§ € (0,1)). Equipped with this estimator, we
develop an algorithm named LOTUS for the low-rank matrix bandits under heavy-tailed noise. LO-
TUS is agnostic to the time horizon T" and can work without knowing the rank r, and its practical
superiority is then validated in our simulations.
In Chapter 6, we ultimately wrap up our work and touch upon potential future work. The rest of the

dissertation includes important technical proof and additional experimental results as Appendix.

Notations: For a vector x € R, we use ||z|| to denote its I norm and ||z||, == V& T Az for any

positive definite matrix A € R¥9. For matrices X,Y € R™*"2 we use || X||,, | X |l and [| X|

op? nuc

to define the operator norm, nuclear norm and Frobenious norm of matrix X respectively, and we
denote (X,Y) := trace(X 'Y) as the inner product between X and Y. We write f(n) =< g(n) if
F(n) = O(g(n)) and g(n) = O(f(n)), f(n) Z g(n) if g(n) = O(f(n), and f(n) S g(n) if f(n) =
O(g(n)), and these are the common notations used in high-dimensional statistics ( ,

). The notation O(-) ignores the polylogarithmic factors. We also denote [T] = {1,...,T} for
T e NT.



CHAPTER 2

Robust Lipschitz Bandits to Adversarial Corruptions

2.1. Introduction

Multi-armed Bandit (MAB) ( , ) is a fundamental and powerful framework in
sequential decision-making problems. Given the potential existence of malicious users in real-world
scenarios ( ) ), a recent line of works considers the stochastic bandit problem
under adversarial corruptions: an agent adaptively updates its policy to choose an arm from the
arm set, and an adversary may contaminate the reward generated from the stochastic bandit before
the agent could observe it. To robustify bandit learning algorithms under adversarial corruptions,
several algorithms have been developed in the setting of traditional MAB ( , ;

, : , ) and contextual linear bandits ( , : ,

; , ; , ; , ). These works consider either the weak
adversary ( , ), which has access to all past data but not the current action before
choosing its attack, or the strong adversary ( , ), which is also aware of the
current action for contamination. Details of these two adversaries will be elaborated in Section 2.3.
In practice, bandits under adversarial corruptions can be used in many real-world problems such as
pay-per-click advertising with click fraud and recommendation systems with fake reviews (

, ), and it has been empirically validated that stochastic MABs are vulnerable to slight
corruption ( , : , : , ).
Although there has been extensive research on the adversarial robustness of stochastic bandits,
most existing works consider problems with a discrete arm set, such as the traditional MAB and
contextual linear bandit. In this paper, we investigate robust bandit algorithms against adversarial
corruptions in the Lipschitz bandit setting, where a continuously infinite arm set lie in a known
metric space with covering dimension d and the expected reward function is an unknown Lipschitz
function. Lipschitz bandit can be used to efficiently model many real-world tasks such as dynamic

pricing, auction bidding ( , ) and hyperparameter tuning ( , ). The



TABLE 2.1. Comparisons of regret bounds for our proposed robust Lipschitz bandit

algorithms.
ALGORITHM REGRET BOUND FORMAT | C | ADVERSARY
Robust Zooming 0 (Tgiié + CﬁT%) HiGH. PROB. | KNOWN STRONG
RMEL 0 ((C’dz1+2 + 1)TZ§E) HicH. PROB. | UNKNOWN WEAK
EXP3.P 0 (C’ﬁ + l)T% EXPECTED | UNKNOWN STRONG
CORRAL 0 (Cﬁ + 1)T% EXPECTED | UNKNOWN STRONG
BoB Robust Zooming | O (Tﬁ + C%HT%> HicH. PROB. | UNKNOWN |  STRONG

stochastic Lipschitz bandit has been well understood after a large body of literature ( ,
; , ; , ), and state-of-the-art algorithms could achieve
a cumulative regret bound of order ON(T%)1 in time T. However, to the best of our knowledge,
the stochastic Lipschitz bandit problem with adversarial corruptions has never been explored, and
we believe it is challenging since most of the existing robust MAB algorithms utilized the idea of
elimination, which is much more difficult under a continuously infinite arm pool. Furthermore, the
complex structure of different metric spaces also poses challenges for defending against adversarial
attacks ( , ) in theory. Therefore, it remains intriguing to design computationally
efficient Lipschitz bandits that are robust to adversarial corruptions under both weak and strong
adversaries.
We develop efficient robust algorithms whose regret bounds degrade sub-linearly in terms of the
corruption budget C. Our contributions can be summarized as follows: (1) Under the weak ad-
versary, we extend the idea in ( ) and propose an efficient algorithm named
Robust Multi-layer Elimination Lipschitz bandit algorithm (RMEL) that is agnostic to C' and at-
tains O(C ﬁT%) regret bound. This bound matches the minimax regret bound of Lipschitz
bandits ( ) ; ) ) in the absence of corruptions up to logarithmic
terms. This algorithm consists of multiple parallel sub-layers with different tolerance against the
budget C, where each layer adaptively discretizes the action space and eliminates some less promis-
ing regions based on its corruption tolerance level in each crafted epoch. Interactions between layers

assure the promptness of the elimination process. (2) Under the strong adversary, we first show

that when the budget C' is given, a simple modification on the classic Zooming algorithm (

ldz is the zooming dimension defined in Section 2.3.



, ) would lead to a robust method, namely, Robust Zooming algorithm, which could obtain
a regret bound of order O(T' s +C TAT ﬁ). We then provide a lower bound to prove the extra
O(CﬁTﬁ) regret is unavoidable. Further, inspired by the Bandit-over-Bandit (BoB) model
selection idea ( , ; , ; , ), we design a two-layer
framework adapting to the unknown C where a master algorithm in the top layer dynamically tunes
the corruption budget for the Robust Zooming algorithm. Three types of master algorithms are
discussed and compared in both theory and practice. Table 2.1 outlines our algorithms as well as

their regret bounds under different scenarios.

2.2. Related Work

Stochastic and Adversarial Bandit. FExtensive studies have been conducted on MAB and
its variations, including linear bandit ( ) ), matrix bandit ( ,
), etc. The majority of literature can be categorized into two types of models (

, ): stochastic bandit, in which rewards for each arm are independently sampled
from a fixed distribution, and adversarial bandit, where rewards are maliciously generated at all
time. However, adversarial bandit differs from our problem setting in the sense that rewards are
arbitrarily chosen without any budget or distribution constraint. Another line of work aims to
obtain “the best of both worlds” guarantee simultaneously ( , ). However,
neither of these models is reliable in practice ( , ), since the former one is too ideal,
while the latter one remains very pessimistic, assuming a fully unconstrained setting. Therefore,
it is more natural to consider the scenario that lies ”in between” the two extremes: the stochastic

bandit under adversarial corruptions.

Lipschitz Bandit. Most existing works on the stochastic Lipschitz bandit ( , ) follow
two key ideas. One is to uniformly discretize the action space into a mesh in the initial phase so that
any MAB algorithm could be implemented ( , : , ). The other
is to adaptively discretize the action space by placing more probes in more promising regions, and
then UCB ( , ; , ; , ), TS ( , ) or
elimination ( , ) method could be utilized to deal with the exploration-exploitation
tradeoff. The adversarial Lipschitz bandit was recently introduced and solved in

( ), where the expected reward Lipschitz function is arbitrarily chosen at each round.
9



However, as mentioned in the previous paragraph, this fully adversarial setting is quite different
from ours. And their algorithm relies on several unspecified hyperparameters and hence is compu-

tationally formidable in practice.

Robust Bandit to Adversarial Corruptions. Adversarial attacks were studied in the setting
of MAB ( , ) and linear bandits ( , ). And we will use two classic
attacks for experiments in Section 2.5. To defend against attacks from weak adversaries,

( ) proposed the first MAB algorithm robust to corruptions with a regret C' times worse
than regret in the stochastic setting. An improved algorithm whose regret only contains an additive
term on C' was then proposed in ( ) ( ) subsequently studied the linear
bandits with adversarial corruptions and achieved instance-dependent regret bounds.

( ) also studied the corrupted linear bandit problem while assuming the attacks on reward are
linear in action. Recently, a robust VOFUL algorithm achieving regret bound only logarithmically
dependent on T was proposed in ( ). Another line of work on the robust bandit

problem focuses on a more challenging setting with strong adversaries who could observe current

actions before attacking rewards. ( ) considered the corrupted linear bandit
when small random perturbations are applied to context vectors, and ( );
( ); ( ) extended the OFUL algorithm ( , ) and

achieved improved regret bounds. However, the study of Lipschitz bandits under attacks remains

an unaddressed open area.

2.3. Preliminaries

We will introduce the setting of Lipschitz bandits with adversarial corruptions in this section. The
Lipschitz bandit is defined on a triplet (X', D, ut), where X is the arm set space equipped with some
metric D, and g : X — R is an unknown Lipschitz reward function on the metric space (X, D)
with Lipschitz constant 1. W.l.o.g. we assume X is compact with its diameter no more than 1.
Under the stochastic setting, at each round ¢ € [T] := {1,2,...,T}, stochastic rewards are sampled
for each arm « € X from some unknown distribution P, independently, and then the agent pulls

an arm x; and receives the corresponding stochastic reward g; such that,

(2.1) Gt = p(xe) + mey

10



where 7, is i.i.d. zero-mean random error with sub-Gaussian parameter ¢ conditional on the
filtration F; = {xy, x4—1, -1, ., 21,m}. W.lo.g we assume o = 1 for simplicity in the rest of
our analysis. At each round t € [T, the weak adversary observes the payoff function pu(-), the
realizations of P, for each arm z € X and choices of the agent {xz}f;% in previous rounds, and
injects an attack ¢;(z;) into the reward before the agent pulls z;. The agent then receives a corrupted
reward y; = §; + ¢¢(x¢). The strong adversary would be omniscient and have complete information
about the problem F;. In addition to the knowledge that a weak adversary possesses, it would
also be aware of the current action x; while contaminating the data, and subsequently decide upon
the corrupted reward y; = g + ¢¢(x). Some literature in corrupted bandits ( , ;
, ) also consider attacking on the contexts or arms, i.e. the adversary modifies
the true arm z; in a small region, while in our problem setting it is obvious that attacking contexts
is only a sub-case of attacking rewards due to the Lipschitzness of u(-), and hence studying the
adversarial attacks on rewards alone is sufficient under the Lipschitz bandit setting.
The total corruption budget C' of the adversary is defined as C' = Zthl maxzex |ct(z)|, which is
the sum of maximum perturbation from the adversary at each round across the horizon T'. Note
the strong adversary may only corrupt the rewards of pulled arms and hence we could equivalently
write C = 321 |e;(z)| in that case as ( ) ( ). Define the
optimal arm z, = arg max,cx p(z) and the loss of arm x as A(x) = p(x,)—p(x),z € X. W.lo.g.
we assume C' < T and each instance of attack |c¢;(x)| < 1,Vt € [T],z € X as in other robust bandit
literature ( , ; , ) since the adversary could already make any
arm r € X optimal given that A(z) < 1. (We can assume |¢(x)| < u,Vt € [T],z € X for any
positive constant u.) Similar to the stochastic case ( , ), the goal of the agent is to

minimize the cumulative regret defined as:

(2.2) Regretr = Tu(zy) — Z p(xe).
t=1

An important pair of concepts in Lipschitz bandits defined on (X, D, i1) are the covering dimension
d and the zooming dimension d,. Let B(z,r) denotes a closed ball centered at x with radius r in &,
ie. B(xz,r) ={a’ € X : D(z,2") < r}, the r-covering number N.(r) of metric space (X, D) is defined
as the minimal number of balls with radius of no more than r required to cover X. On the contrary,

the r-zooming number N (r) introduced in ( ) not only depends on the metric
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Algorithm 1 Robust Zooming Algorithm

Input: Arm metric space (X, D), time horizon T, probability rate 4.
1. Active arm set J = {}, active space X, = X.
2: fort=1to T do

3: if f(v) — f(u) > r(v) + 2r(u) for some pair of active arms u,v € J. then

4: Set J = J\{u} and Xyt = Xaer \B(u, 7(1)). > Removal

5: if Xoet € UpesB(v,7(v)) then

6: Activate and pull some arm x ¢ UyesB(v,7(v)) in Xyer such that ay = x, J = J U {x},
and set the components n(z) =0, f(z) = 0. > Activation

7: else

8: Pull z; = argmax,ey I(v) = f(v) + 2r(v), and break ties arbitrarily. > Selection

9: Observe the payoff ;. And update components associated with x; in the Robust Zooming

Algorithm: n(z;) = n(z) + 1, f(ze) = (f(ze) (n(zy) — 1) + ye) /n(zy).

space (X, D) but also the payoff function u(-). It describes the minimal number of balls of radius
not more than /16 required to cover the r-optimal region defined as {x € X' : A(z) <7} (

, )2. Next, we define the covering dimension d (zooming dimension d,) as the smallest
q > 0 such that for every r € (0, 1] the r-covering number N, (r) (r-zooming number N,(r)) can be

upper bounded by ar~? for some multiplier o > 0 that is free of r:

d=min{g > 0:3Ja >0, N.(r) < ar %, ¥r € (0,1]},

d, =min{qg > 0:3a > 0,N,(r) < ar 4, Vr e (0,1]}.

It is clear that 0 < d, < d since the r-optimal region is a subset of X. On the other hand, d,
could be much smaller than d in some benign cases. For example, if the payoff function p(-) defined
on the metric space (R¥,[|-||,), k € N is C?-smooth and strongly concave in a neighborhood of the
optimal arm z,, then it could be easily verified that d, = k/2 whereas d = k. However, d, is never
revealed to the agent as it relies on the underlying function u(-), and hence designing an algorithm

whose regret bound depends on d, without knowledge of d, would be considerably difficult.

2.4. Methods
We will present our main algorithms in this Section.

2.4.1. Known Budgets under Strong Adversaries. To defend against attacks on Lipschitz
bandits, we first consider a simpler case where the agent is aware of the corruption budget C'. We

2We actually use the near-optimality dimension introduced in ( ), where the authors imply the
equivalence between this definition and the original zooming dimension proposed in ( ).
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demonstrate that a slight modification of the classic Zooming algorithm ( , ) can
result in a robust Lipschitz bandit algorithm even under the strong adversary, called the Robust
Zooming algorithm, which achieves a regret bound of order O(T% +C T Tﬁ).

We first introduce some notations of the algorithm: denote J as the active arm set. For each active
arm = € J, let n(z) be the number of times arm x has been pulled, f(z) be the corresponding
average sample reward, and r(z) be the confidence radius controlling the deviation of the sample
average f(z) from its expectation p(z). We also define B(z,r(z)) as the confidence ball of an active
arm z. In essence, the Zooming algorithm works by focusing on regions that have the potential
for higher rewards and allocating fewer probes to less promising regions. The algorithm consists of
two phases: in the activation phase, a new arm gets activated if it is not covered by the confidence
balls of all active arms. This allows the algorithm to quickly zoom into the regions where arms are
frequently pulled due to their encouraging rewards. In the selection phase, the algorithm chooses
an arm with the largest value of f(v) + 2r(v) among J based on the UCB methodology.

Our key idea is to enlarge the confidence radius of active arms to account for the known corruption

budget C. Specifically, we could set the value of r(z) as:

@) \/41n (T) +2n(2/3) , C

where the first term accounts for deviation in stochastic rewards and the second term is used
to defend the corruptions from the adversary. The robust algorithm is shown in Algorithm 1. In
addition to the two phases presented above, our algorithm also conducts a removal procedure at the
beginning of each round for better efficiency. This step adaptively removes regions that are likely

to yield low rewards with high confidence. Theorem 2.4.1 provides a regret bound for Algorithm 1.
THEOREM 2.4.1. Given the total corruption budget that is at most C, with probability at least 1 -6,
the overall regret of Robust Zooming Algorithm (Algorithm 2.1) can be bounded as:
_1dztl 1 dy ~ dz+1 1 dz
Regretr = O (ln (T)&=+2Td+2 + Ot sz+1> =0 (sz+2 + CdF1 sz+1) .

Furthermore, the following Theorem 2.4.2 implies that our regret bound attains the lower bound

and hence is unimprovable. The detailed proof is given in Appendix A.6.1.
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THEOREM 2.4.2. Under the strong adversary with a corruption budget of C, for any zooming di-
mension d, € 7T, there exists an instance for which any algorithm (even one that is aware of C)

1 dz
must suffer a regret of order Q(C'&+1T a+1) with probability at least 0.5.

In addition to the lower bound provided in Theorem 2.4.2, we further propose another lower bound

for the strong adversary particularly in the case that C' is unknown in the following Theorem 2.4.3:

THEOREM 2.4.3. For any algorithm, when there is no corruption, we denote R% as the upper
bound of cumulative regret in T rounds under our problem setting described in Section 2.3, i.e.
Regretr < R% with high probability, and it holds that R% = o(T'). Then under the strong adversary
and unknown attacking budget C, there exists a problem instance on which this algorithm will incur

linear regret Q(T) with probability at least 0.5, if C = Q(R%/4%) = Q(RY.).

However, there are also some weaknesses to our Algorithm 1. The first weakness is that the
algorithm is too conservative and pessimistic in practice since the second term of r(z) would
dominate under a large given value of C. We could set the second term of r(z) as min{1,C/n(x)}
to address this issue and the analysis of Theorem 2.4.1 will still hold as shown in Appendix A.1l
Remark A.1.1. The second weakness is that it still incurs the same regret bound shown in Theorem
2.4.1 even if there are actually no corruptions applied. To overcome these problems and to further
adapt to the unknown corruption budget C, we propose two types of robust algorithms in the

following Sections.

2.4.2. Unknown Budgets under Weak Adversaries. The weak adversary is unaware of
the agent’s current action before contaminating the stochastic rewards. We introduce an efficient
algorithm called Robust Multi-layer Elimination Lipschitz bandit algorithm (RMEL) that is sum-
marized in Algorithm 2. Four core steps are introduced as follows.

Multi-layer Parallel Running: Our algorithm consists of multiple sub-layers running in parallel,
each with a different tolerance level against corruptions. As shown in Algorithm 2, there are [*
layers and the tolerance level of each layer, denoted as v;, increases geometrically with a ratio of B
(a hyperparameter). At each round, a layer [ is sampled with probability 1/v;, meaning that layers
that are more resilient to attacks are less likely to be chosen and thus may make slower progress.
This sampling scheme helps mitigate adversarial perturbations across layers by limiting the amount

of corruptions distributed to layers whose tolerance levels exceed the unknown budget C' to at most
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Algorithm 2 Robust Multi-layer Elimination Lipschitz Bandit Algorithm (RMEL)

Input: Arm metric space (X, D), time horizon T', probability rate J, base parameter B.
1: Tolerance level v; = In (4T/8)B'~',m; = 1,n; = 0, A; = 1/2-covering of X, fia=mnya =0 for
all A € A1 € [I*] where I* := min{l € N : In (4T/5)B'~! > T}.
2: fort=1to T do
3: Sample layer [ € [[*] with probability 1/v;, with the remaining probability sampling | = 1.
Find the minimum layer index I, > [ such that A;, # 0. > Layer sampling

4: Choose A; = arg minge 4, 71,4, break ties arbitrary.

5: Randomly pull an arm x; € A, and observe the payoff y;.

6: Set n, =mng, + 1, Ny, Ay = Ny, Ay + 1,and flt,At = (flt,At (nlt,At - 1) + yt) /nlt,At'

7 if nj, = 61n(47/9) - 4™ x | A;,| then

8: Obtain flt,* = maxae,, flt,A'

9: For each A € Ay,, if fi, « — fi, 4 > 4/2™¢, then we eliminate A from A;, and all active
regions A’ from Ay in the case that A’ C A, A" € Ap,l' <. > Removal

10: Find 1/2™ ! _covering of each remaining A € A;, in the same way as A was partitioned
in other layers. Then reload the active region set \A;, as the collection of these coverings.

11: Set ny, =0, my, = my, +1. And renew ny, 4 = fi, 4 = 0,VA € A,. > Refresh

O(In(T'/0)). For the other low-tolerance layers which may suffer from high volume of attacks, we
use the techniques introduced below to rectify them in the guidance of the elimination procedure
on robust layers. While we build on the multi-layer idea introduced in ( ), our
work introduces significant refinements and novelty by extending this approach to continuous and
infinitely large arm sets, as demonstrated below.

Active Region Mechanism: For each layer ¢, our algorithm proceeds in epochs: we initialize the
epoch index m; = 1 and construct a 1/2™-covering of X as the active region set .4;. In addition,
we denote n; as the number of times that layer [ has been chosen, and for each active region
A € A; we define ny 4, fi o as the number of times A has been chosen as well as its corresponding
average empirical reward respectively. Assume layer [; is selected at time ¢, then only one active
region (denoted as A;) in A4;, would be played where we arbitrarily pull an arm z; € A; and collect
the stochastic payoff y;. For any layer [, if each active region in 4; is played for 61n (47°/4) - 4™
times (i.e. line 6 of Algorithm 2), it will progress to the next epoch after an elimination process
that is described below. All components mentioned above that are associated with the layer [ will
subsequently be refreshed (i.e. line 10 of Algorithm 2).

Within-layer Region Elimination and Discretization: For any layer [ € [I*], the within-layer
elimination occurs at the end of each epoch as stated above. We obtain the average empirical

reward f; 4 for all A € A; and then discard regions with unpromising payoffs compared with the
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optimal one with the maximum estimated reward (i.e. f, defined in line 7 of Algorithm 2). We
further “zoom in” on the remaining regions of the layer [ that yield satisfactory rewards: we divide
them into 1/2™ ! covering and then reload A; as the collection of these new partitions for the
next epoch (line 9 of Algorithm 2) for the layer [. In consequence, only regions with nearly optimal
rewards would remain and be adaptively discretized in the long run.

Cross-layer Region Elimination: While layers are running in parallel, it is essential to facilitate
communication among them to prevent less reliable layers from getting trapped in suboptimal
regions. In our Algorithm 2, if an active region A € A4; is eliminated based on the aforementioned
rule, then A will also be discarded in all layers I’ < [. This is because the lower layers are faster
whereas more vulnerable and less resilient to malicious attacks, and hence they should learn from the
upper trustworthy layers whose tolerance levels surpass C' by imitating their elimination decisions.
A tradeoff lies in the selection of the hyperparameter B, which controls the ratio of tolerance levels
between adjacent layers. With a larger value of B, only fewer layers are required, and hence more
samples could be assigned to each layer for better efficiency. But the cumulative regret bound would
deteriorate since it’s associated with B sub-linearly. The cumulative regret bound is presented in

the following Theorem 2.4.4, with its detailed proof in Appendix A.2.

THEOREM 2.4.4. If the underlying corruption budget is C, then with probability at least 1 — §, the
overall regret of our RMEL algorithm (Algorithm 2) could be bounded as:

Regrety = O <<(B0)ﬁ + 1) T%> =0 ((Cﬁ + 1) T%> .

Note that if no corruption is actually applied (i.e. C = 0), our RMEL algorithm could attain
a regret bound of order O(T %) which coincides with the lower bound of stochastic Lipschitz
bandits up to logarithmic terms. We further prove a regret lower bound of order (C') under the
weak adversary in Theorem 2.4.5 with its detailed proof in Appendix A.6.2. Therefore, a compelling
open problem is to narrow the regret gap by proposing an algorithm whose regret bound depends
on C in another additive term free of 7" under the weak adversary, like ( ) for

MABs and ( ) for linear bandits.
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THEOREM 2.4.5. Under the weak adversary with corruption budget C, for any zooming dimension
d, there exists an instance such that any algorithm (even is aware of C') must suffer from the regret

of order Q(C') with probability at least 0.5.

2.4.3. Unknown Budgets under Strong Adversaries. In Section 2.4.1, we propose the
Robust Zooming algorithm to handle the strong adversary given the knowledge of budget C and
prove that it achieves the optimal regret bound. However, compared with the known budget C
case, defending against strong adversaries naturally becomes more challenging when the agent is
unaware of the budget C. Motivated by the literature on model selection in bandits, we extend our
Robust Zooming algorithm by combining it with different master algorithms to learn and adapt to
the unknown C' on the fly. We consider two approaches along this line: the first approach uses the
master algorithms EXP3.P and CORRAL with the smoothing transformation ( ,

) to deal with unknown C', which leads to a promising regret bound but a high computa-
tional cost. We then equip Robust Zooming algorithm with the efficient bandit-over-bandit (BoB)
idea ( , ) to adapt to the unknown C, leading to a more efficient algorithm with
a slightly worse regret bound.

Model Selection: When an upper bound on C' is known, we propose the Robust Zooming al-
gorithm with regret bound O(T% + CﬁT%) against strong adversaries in Section 2.4.1.
Therefore, it is natural to consider a decent master algorithm that selects between [logy(T')| base
algorithms where the i-th base algorithm is the Robust Zooming algorithm with corruptions at
most 2. As C < T, there must exist a base algorithm that is at most 2C-corrupted. Here we
choose the stochastic EXP3.P and CORRAL with smooth transformation proposed in

( ) as the master algorithm due to the following two reasons with respect to theoretical
analysis: (1). our action set A is fixed and the expected payoff is a function of the chosen arm, which
satisfies the restrictive assumptions of this master algorithm (Section 2, ( , ));
(2). the analysis in ( ) still works even the regret bounds of base algorithms
contain unknown values, and note the regret bound of our Zooming Robust algorithm depends on
the unknown C'. Based on Theorem 3.2 in ( ), the expected cumulative regret
of our Robust Zooming algorithm with these two types of master algorithms could be bounded as

follows:
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FIGURE 2.1. Plots of regrets of Zooming algorithm (blue), RMEL (green) and BoB
Robust Zooming algorithm (red) under different settings with three levels of cor-
ruptions: (1) dotted line: no corruption; (2) dashed line: moderate corruptions; (3)
solid line: strong corruptions. Numerical values of final cumulative regrets in our
experiments are also displayed in Table A.2 in Appendix A.7.

THEOREM 2.4.6. When the corruption budget C' is unknown, by using our Algorithm 1 with {2i}£1:()f2(T)]
corruptions as base algorithms and the EXP3.P and CORRAL with smooth transformation (Pac-
chiano et al., 2020) as the master algorithm, the expected regret could be upper bounded by
9, ((Cﬁ n 1)T%) EXP3.P,

E(Regretr) = i ) s
O ((C# +)T#2)  CORRAL
We can observe that the regret bounds given in Theorem 2.4.6 are consistent with the lower bounds
presented in Theorem 2.4.3. And CORRAL is better under small corruption budgets C' (i.e. C =
O(T%)) whereas EXP3.P is superior otherwise. Note that the order of regret relies on d instead
of d, since the unknown d, couldn’t be used as a parameter in practice, and both regret bounds are
worse than the lower bound given in Theorem 2.4.2 for the strong adversary. Another drawback
of the above method is that a two-step smoothing procedure is required at each round, which is
computationally expensive. Therefore, for better practical efficiency, we propose a simple BoB-
based method as follows:
BoB Robust Zooming: The BoB idea (Cheung et al., 2019) is a special case of model selection

in bandits and aims to adjust some unspecified hyperparameters dynamically in batches. Here
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we use [logy(T')] Robust Zooming algorithms with different corruption levels shown above as base
algorithms in the bottom layer and the classic EXP3.P ( , ) as the top layer. Our
method, named BoB Robust Zooming, divides T into H batches of the same length, and in one
batch keeps using the same base algorithm that is selected from the top layer at the beginning of
this batch. When a batch ends, we refresh the base algorithm and use the normalized accumulated
rewards of this batch to update the top layer EXP3.P since the EXP3.P algorithm ( ,

) requires the magnitude of rewards should at most be 1 in default. Specifically, we normalize

the cumulative reward at the end of each batch by dividing it with (2H + \/2H log(12T/H6)) due
to the fact that the magnitude of the cumulative reward at each batch would at most be this value
with high probability as shown in Lemma A.4.0.1 in Appendix A.4. Note that this method is highly
efficient since a single update of the EXP3.P algorithm only requires O(1) time complexity, and
hence the additional computation from updating EXP3.P is only O(H). Due to space limit, we

defer Algorithm 10 to Appendix A.5, and the regret bound is given as follows:

THEOREM 2.4.7. When the corruption budget C is unknown, with probability at least 1 — &, the

d+2)/(d+4)

regret of our BoB Robust Zooming algorithm with H = T could be bounded as:

Regretr = 0] (T%i + CﬁT%) .

Although we could deduce the more challenging high-probability regret bound for this algorithm,
its order is strictly worse than those given in Theorem 2.4.6. In summary, the BoB Robust Zooming
algorithm is more efficient and easier to use in practice, while yielding worse regret bound in theory.
However, due to its practical applicability, we will implement this BoB Robust Zooming algorithm
in the experiments. It is also noteworthy that we can attain a better regret bound with Algorithm 2
under the weak adversary as shown in Theorem 2.4.4, which aligns with our expectation since the

strong adversary considered here is more malicious and difficult to defend against.

2.5. Experimental Results

In this section, we show by simulations that our proposed RMEL and BoB Robust Zooming al-
gorithm outperform the classic Zooming algorithm in the presence of adversarial corruptions. To
firmly validate the robustness of our proposed methods, we use three types of models and two

sorts of attacks with different corruption levels. We first consider the metric space ([0,1],]-])
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with two expected reward functions that behave differently around their maximum: (1). p(z) =
0.9 — 0.95|x — 1/3] (triangle) and (2). u(x) = 2/(3w) - sin (37z/2) (sine). We then utilize a
more complicated metric space ([0,1]?,] - [lc) With the expected reward function (3). wu(x) =
1—0.8]|z—(0.75,0.75)||2 — 0.4]]z — (0, 1) |2 (two dim). We set the time horizon T' = 50, 000 (60, 000)
for the metric space with d = 1(2) and the false probability rate § = 0.01. The random noise
at each round is sampled IID from N(0,0.01). Average cumulative regrets over 20 repetitions are
reported in Figure 2.1.
Since adversarial attacks designed for stochastic Lipschitz bandits have never been studied, we ex-
tend two types of classic attacks, named Oracle ( , ) for the MAB and Garcelon (

, ) for the linear bandit, to our setting. The details of these two attacks are summarized

as follows:

e Oracle: This attack ( , ) was proposed for the traditional MAB, and it pushes the
rewards of “good arms” to the very bottom. Specifically, we call an arm is benign if the distance
between it and the optimal arm is no larger than 0.2. And we inject this attack by pushing the
expected reward of any benign arm below that of the worst arm with an additional margin of 0.1
with probability 0.5.

e Garcelon: We modify this type of attack studied in ( ) for linear bandit frame-
work, which replaces expected rewards of arms outside some targeted region with IID Gaussian
noise. For d = 1, since the optimal arm is set to be 1/3 for both triangle and sine payoff functions,
we set the targeted arm interval as [0.5, 1]. For d = 2, since the optimal arm is close to (0.75,0.75),
we set the targeted region as [0,0.5]2. Here we contaminate the stochastic reward if the pulled
arm is not inside the target region by modifying it into a random Gaussian noise N (0,0.01) with

probability 0.5.

We consider the strong adversary in experiments as both types of attack are injected only if the
pulled arms lie in some specific regions. Note although we originally propose RMEL algorithm for
the weak adversary in theory, empirically we find it works exceptionally well (Figure 2.1) across all
settings here. We also conduct simulations based on the weak adversary and defer their settings
and results to Appendix A.7 due to the limited space. The first Oracle attack is considered to be

more malicious in the sense that it specifically focuses on the arms with good rewards, while the
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second Garcelon attack could corrupt rewards generated from broader regions, which may contain
some “bad arms” as well.

Since there is no existing robust Lipschitz bandit algorithm, we use the classic Zooming algo-
rithm ( , ) as the baseline. As shown in Figure 2.1, we consider three levels of
quantities of corruptions applied on each case to show how attacks progressively disturb different
methods. Specifically, we set C' = 0 for the non-corrupted case, C' = 3,000 for the moderate-
corrupted case and C = 4,500 for the strong-corrupted case. Due to space limit, we defer detailed
settings of algorithms to Appendix A.7.

From the plots in Figure 2.1, we observe that our proposed algorithms consistently outperform the
Zooming algorithm and achieve sub-linear cumulative regrets under both types of attacks, whereas
the Zooming algorithm becomes incompetent and suffers from linear regrets even under a moderate
volume of corruption. This fact also implies that the two types of adversarial corruptions used here
are severely detrimental to the performance of stochastic Lipschitz bandit algorithms. And it is
evident our proposed RMEL yields the most robust results under various scenarios with different
volumes of attacks. It is also worth noting that the Zooming algorithm attains promising regrets
under a purely stochastic setting, while it experiences a huge increase in regrets after the corruptions
emerge. This phenomenon aligns with our expectation and highlights the fact that our proposed

algorithms balance the tradeoff between accuracy and robustness in a much smoother fashion.
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CHAPTER 3

Online Continuous Hyperparameter Optimization for Generalized

Linear Contextual Bandits

3.1. Introduction

Generalized linear bandit (GLB) was first proposed in ( ) and has been extensively
studied under various settings over the recent years ( , ; , ), where
the stochastic payoff of an arm follows a generalized linear model (GLM) of its associated feature
vector and some fixed, but initially unknown parameter 6*. Note that GLB extends the linear
bandit ( ) ) in representation power and has greater applicability in real-
world applications, e.g. logistic bandit algorithms ( , ) can achieve improvement
over linear bandit when the rewards are binary. Upper Confidence Bound (UCB) ( ,
; , ; , ) and Thompson Sampling (TS) ( ) ;
) are the two most popular ideas to solve the GLB problem. Both of these methods could
achieve the optimal regret bound of order O(v/T) under some mild conditions, where T' stands for
the total number of rounds ( , ).
However, the empirical performance of these bandit algorithms significantly depends on the config-
uration of hyperparameters, and simply using theoretical optimal values often yields unsatisfactory
practical results, not to mention some of them are unspecified and need to be learned in reality. For
example, in both LinUCB ( , ) and LinTS ( , ; ,
) algorithms, there are hyperparameters called exploration rates that govern the tradeoff and
hence the learning process. But it has been empirically verified that the best exploration rate to
use is always instance-dependent and may vary at different iterations ( , ;
, ). Note it is inherently impossible to use any state-of-the-art offline hyperpa-
rameter tuning methods such as cross validation ( , ) or Bayesian optimization ( ,
) since decisions in bandits should be made in real time. To choose the best hyperparameters,

some previous works use grid search in their experiments ( , ; , ), but
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obviously, this approach is infeasible when it comes to reality, and how to manually discretize the
hyperparameter space is also unclear. Conclusively, this limitation has already become a bottleneck
for bandit algorithms in real-world applications, but unfortunately, it has rarely been studied in
the previous literature.
The problem of hyperparameter optimization for contextual bandits was first studied in

( ), where the authors proposed two methods named OPLINUCB and DOPLINUCB
to learn the practically optimal exploration rate of LinUCB in a finite candidate set by viewing
each candidate as an arm and then using multi-armed bandit to pull the best one. However, 1) the
authors did not provide any theoretical support, and 2) we believe the best exploration parameter
in practice would vary during iterations — more exploration may be preferred at the beginning
due to the lack of observations, while more exploitation would be favorable in the long run when
the model estimate becomes more accurate. Furthermore, 3) they only consider tuning one single
hyperparameter. To tackle these issues, ( ) proposed TL and Syndicated framework
by using a non-stationary multi-armed bandit for the hyperparameter set. However, their approach
still requires a pre-defined set of hyperparameter candidates. In practice, choosing the candidates
requires domain knowledge and plays a crucial role in the performance. Also, using a piecewise-
stationary setting instead of a complete adversarial bandit (e.g. EXP3) for hyperparameter tuning
is more efficient since we expect a fixed hyperparameter setting would yield indistinguishable results
in a period of time. Conclusively, it would be more efficient to use a continuous space for bandit
hyperparameter tuning.
We propose an efficient bandit-over-bandit (BOB) framework ( , ) named Con-
tinuous Dynamic Tuning (CDT) framework for bandit hyperparameter tuning in the continuous
hyperparameter space, without requiring a pre-defined set of hyperparameter candidate configura-
tions. For the top layer bandit we formulate the online hyperparameter tuning as a non-stationary
Lipschitz continuum-arm bandit problem with noise where each arm represents a hyperparame-
ter configuration and the corresponding reward is the performance of the GLB, and the expected
reward is a time-dependent Lipschitz function of the arm with some biased noise. Here the bias
depends on the previous observations since the history could also affect the update of bandit al-
gorithms. It is also reasonable to assume the Lipschitz functions are piecewise stationary since we

believe the expected reward would be stationary with the same hyperparameter configuration over
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a period of time (i.e. switching environment). Specifically, for the top layer of our CDT framework,
we propose the Zooming TS algorithm with Restarts, and the key idea is to adaptively refine the
hyperparameter space and zoom into the regions with more promising reward ( ,
) by using the TS methodology ( , ). Moreover, we demonstrate that a sim-
ple restart trick could handle the piecewise changes of the bandit environments in both theory and
practice. To sum up, we summarize our contributions as follows:
1) We propose an online continuous hyperparameter optimization framework for contextual bandits
called CDT that handles all aforementioned issues of previous methods with theoretical guarantees.
To the best of our knowledge, CDT is the first hyperparameter tuning method (even model selection
method) with continuous candidates in the bandit community. 2) For the top layer of CDT,
we propose the Zooming TS algorithm with Restarts for Lipschitz bandits under the switching
environment. To the best of our knowledge, our work is the first one to consider the Lipschitz
bandits under the switching environment, and the first one to utilize TS methodology in Lipschitz
bandits. 3) Experiments on both synthetic and real datasets with various GLBs validate the

efficiency of our method.

3.2. Related Work

There has been extensive literature on contextual bandit algorithms, and most of them are based
on the UCB or TS techniques. For example, several UCB-type algorithms have been proposed for
GLB, such as GLM-UCB ( , ) and UCB-GLM ( , ) that achieve the
optimal O(v/T) regret bound. Another rich line of work on GLBs follows the TS idea, including
Laplace-TS ( , ), SGD-TS ( , ), etc. In this paper, we focus on the
hyperparameter tuning of contextual bandits, which is a practical but under-explored problem. For
related work, ( ) first studied how to learn the exploration parameters in
contextual bandits via a meta-learning method. However, this algorithm fails to adjust the learning
process based on previous observations and hence can be unstable in practice.

( ) then proposed OPLINUCB and DOPLINUCB to choose the exploration rate of LinUCB from
a candidate set, and moreover ( ) formulates the hyperparameter tuning problem
as a non-stochastic multi-armed bandit and utilizes the classic EXP3 algorithm. However, as we

mentioned in Section 3.1, both works have several limitations that could be decently fixed. Note that
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hyperparameter tuning could be regarded as a branch of model selection in bandit algorithms. To
name a few for this general problem, ( ) proposed a master algorithm that could
combine multiple bandit algorithms, while ( ) initiated the study of model selection
tradeoff in contextual bandits and proposed the first model selection algorithm for contextual linear
bandits. However, these general model selection methods may fail for the bandit hyperparameter
tuning task. To clarify this point, we take the state-of-the-art corralling idea ( , )
as an example: in theory, it has regret bound or order O(\/m + M Rpax) where M is the number
of base models (number of hyperparameter combinations in our setting) and Ry is the regret of
the worst candidate model in the tuning set. Therefore, on the one hand, M is infinitely large in
our problem setting with a continuous candidate set, which means the regret bound would also be
infinitely large. On the other hand, in order to achieve sub-linear regret in hyperparameter tuning,
the corralling idea requires that all hyperparameter candidates yield sub-linear regret in theory,
which is a very unrealistic assumption. On the contrary, our work only assumes the existence of
a hyperparameter candidate in the tuning set which yields good theoretical regret in theory. In
experiments, it is also costly to use since it requires updating all base models at each round, and
we have infinitely many base models under our setting. ( , ) includes the corralling
idea in their experiments, and we can observe that it achieves almost linear regret in each setting
since it has no sub-linear regret guarantee for the bandit hyperparameter tuning problem. In
conclusion, the only existing methods that focus on hyperparameter tuning of bandits are OP
and TL (Syndicated), and we use both of them in our paper as baselines. And we propose the
first continuous hyperparameter tuning framework for contextual bandits, which doesn’t require a
pre-defined set of candidates. Note it is doable to finely discretize the continuous space and then
implement an algorithm with discrete candidate sets (e.g. Syndicated) in methodology, but we
highlight the inefficiency of this idea on both the empirical and theoretical side in Appendix B.1.4.
We also briefly review the literature on Lipschitz bandits that follows two key ideas. One is
uniformly discretizing the action space into a mesh ( , : , ) so
that any learning process like UCB could be directly utilized. Another more popular idea is adaptive
discretization on the action space by placing more probes in more encouraging regions

( ); ( ); ( ); ( ), and UCB could be used for

exploration. Furthermore, the Lipschitz bandit under adversarial corruption was recently studied
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in ( ). In addition, ( ) proposed the first fully adversarial
Lipschitz bandit in an adaptive refinement manner and derived instance-dependent regret bounds,
but their algorithm relies on some unspecified hyperparameters and is computationally infeasible.
Since the expected reward function for hyperparameters would not drastically change every time, it
is also inefficient to use a fully adversarial algorithm here. Therefore, we introduce a new problem
of Lipschitz bandits under the switching environment, and propose the Zooming TS algorithm with
a restart trick to deal with the “almost stationary” nature of the bandit hyperparameter tuning

problem.

3.3. Preliminaries

We first review the problem setting of contextual bandit algorithms. Denote T as the total number
of rounds and K as the number of arms we could choose at each round, where K could be infinite. At
each round t € [T] == {1,...,T}, the player is given K arms represented by a set of feature vectors
Xy = {214 ]a € [K]} € R? drawn from some unknown distribution, where z;, is a d-dimensional
vector containing information of arm a at round ¢. The player selects an action a; € [K] based on
the current A} and previous observations, and only receives the payoff of the pulled arm a;. Denote
Ty = Ttq, as the feature vector of the chosen arm a; and y; as the corresponding reward. We
assume the reward 3; follows a canonical exponential family with minimal representation, a.k.a.
generalized linear bandits (GLB) with some mean function p(-). In addition, one can represent

this model by y; = u(z/ 6*) + ¢, where ¢ follows a sub-Gaussian distribution with parameter o

independent with the information filtration F; = o({as, Xs, ys ';;11) and o(X;) up to round ¢, and
6" is some unknown coefficient. Denote a . = arg max,¢(x] ,u(xtT .0%) as the optimal arm at round
t and x; . as its corresponding feature vector. The goal is to minimize the expected cumulative

regret defined as:

(3.1) R(T) = 3" [l T0%) — B (] 0)]

t=1
Note that all state-of-the-art contextual GLB algorithms depend on at least one hyperparameter to

balance the well-known exploration-exploitation tradeoff. For example, LinUCB ( , ),
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the most popular UCB linear bandit, uses the following rule for arm selection at round t:

(LinUCB) a; = arg max xy,0; + a1 (t) |zsally 1 -
a€lK] 7 t

Here the model parameter 6, is estimated at each round t via ridge regression, i.e. 0, = V[l 22;11 Tsls

where V; = A, + 22;11 :ES:EST. And it considers the standard deviation of each arm with an ex-
ploration parameter aq(t), where with a larger value of ay(t) the algorithm will be more likely to
explore uncertain arms. Note that the regularization parameter X is only used to ensure V; is in-

vertible and hence its value is not crucial and commonly set to 1. In theory we can choose the value

of ay(t) as a (t) = oy /rlog (1 + t/X)/8) +||6*|| VA, to achieve the optimal O(v/T) bound of regret:

However, in practice, the values of o and ||§*|| are unspecified, and hence this theoretical value of
aq(t) is inaccessible. Furthermore, it has been shown that this is a very conservative choice that
would lead to unsatisfactory practical performance, and the practically optimal hyperparameter
values to use are distinct and far from the theoretical ones under different algorithms or settings.
We also conduct a series of simulations with several state-of-the-art GLB algorithms to validate
this fact, which is deferred to Appendix B.1.1. Conclusively, the best exploration parameter to use
in practice should always be chosen dynamically based on the specific scenario and past observa-
tions. In addition, many GLB algorithms depend on some other hyperparameters, which may also
affect the performance. For example, SGD-TS also involves a stepsize parameter for the stochastic
gradient descent besides the exploration rate, and it is well known that a decent stepsize could
remarkably accelerate the convergence ( , ). To handle all these cases, we propose
a general framework that can be used to automatically tune multiple continuous hyperparameters
for a contextual bandit.

For a certain contextual bandit, assume there are p different hyperparameters a(t) = {a;(t)}r_;,
and each hyperparameter «;(t) could take values in an interval [a;, b;], Vt. Denote the parameter
space A = @?!_,[ai, b;], and the theoretical optimal values as a*(¢). Given the observations F; up
to round ¢, we write a;(a(t)|F:) as the arm we pulled when the hyperparameters are set to a(t),
and x;(«(t)|F;) as the corresponding feature vector.

Motivated by the success of Bayesian optimization ( , ) on the hyperparameter tuning of
the offline machine learning algorithms, the main idea of our algorithm is to formulate the hyper-

parameter optimization as a (another layer of) non-stationary Lipschitz bandit in the continuous
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space A C RP, i.e. the agent chooses an arm (hyperparameter combination) « € A in round ¢ € [T,

and then we decompose ju(z(a|F;) T 6%) as
(3.2) ula(alF) %) = gi(@) + 0 -

Here g; is some time-dependent Lipschitz function that formulates the performance of the bandit
algorithm under the hyperparameter combination « at round ¢, since the bandit algorithm tends to
pull similar arms if the chosen values of hyperparameters are close at round ¢. In other words, we ex-
pect close hyperparameter values to yield similar results with other conditions fixed, as in Bayesian
optimization on offline hyperparameter tuning. To demonstrate that our Lipschitz assumption
w.r.t. the hyperparameter values in Eqn. (3.3) is reasonable, we conduct simulations with LinUCB
and LinTS, and defer it to Appendix B.1 due to the space limit. Moreover, (17, o — E[nz, o)) is
IID sub-Gaussian with parameter 72, and to be fair we assume E[nz, ] could also depend on the
history F; since past observations and action sets would explicitly influence the model parameter
estimation and hence the decision making at each round. In addition to Lipschitzness, we also

suppose g; follows a switching environment: g; is piecewise stationary with some change points, i.e.

(3.3) ge(a1) — ge(a2)| < [Jar — asl|, Vai,az € A4;
T-1

(3.4) D 1[Ea € A: gi(a) # gipa(a)] = «(T), ¢(T) €N.
t=1

Since after sufficient exploration, the expected reward should be stable with the same hyperparam-
eter setting, we could assume that ¢(T) = O(1). Detailed justification on this piecewise Lipschitz
assumption is deferred to Remark B.2.1 in Appendix B.2. Although numerous research works have
considered the switching environment (a.k.a. abruptly-changing environment) for multi-armed or
linear bandits ( , : , ), our work is the first to introduce this setting
into the continuum-armed bandits. The switching environment is extended from the well-known
classic change-point detection problem in statistics, which has great applications in a wide range
of fields such as climatology ( , ) and neuroscience ( , ). In Section
3.4.1, we will show that by combining our proposed Zooming TS algorithm for Lipschitz bandits
with a simple restarted strategy, a decent regret bound could be achieved under the switching

environment.
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Algorithm 3 Zooming TS algorithm with Restarts

Input: Time horizon T, space A, epoch size H.
1: fort=1to T do
2: if te{TH+1:7=0,1,...} then

3: Initialize the total candidate space Ay = A and the active set J C Ag s.t. Ag C
UpesB(v,7m1(v)) and ny(v) < 1,Yv € J. > Restart

4 else if fi(v) — fi(u) > ri(v) 4+ 2r¢(u) for some pair of u,v € J then

5 Set J = J\{u} and Ay = Ao\ B(u, r¢(u)). > Removal

6 if Ag € UyesB(v,r(v)) then > Activation

7 Activate and pull some point v € Ay that has not been covered: J = J U {v},v; = v.

8 else

9 vy = arg maxye s It (v), break ties arbitrarily. > Selection

10: Observe the reward g;11, and then update components in the Zooming TS algorithm:

1441 (0), fr1(v), 71 (v), se41(v) for the chosen v, € J:

e (vr) = ne(ve) + 1, fron(ve) = (Fe(v)ne(vr) + Ges1) /nes (ve).

3.4. Methods

3.4.1. Lipschitz Bandits under the Switching Environment. For simplicity and con-
sistency, we will reload and introduce a new system of notations in this subsection. Consider the
non-stationary Lipschitz bandit problem on a compact space A under some metric Dist(-,-) > 0,
where the covering dimension is denoted by p.. The learner pulls an arm v; € A at round t € [T]
and subsequently receives a reward ¢; sampled independently of P,, as g = fi(v¢) + 1y, where
t=1,...,T and 1, is IID zero-mean error with sub-Guassian parameter Tg, and f; is the expected
reward function at round ¢ and is Lipschitz with respect to Dist(-,-). The switching environment
assumes the time horizon T is partitioned into ¢(7T") + 1 intervals, and the bandit stays stationary

within each interval, i.e.

!

~1
|fe(m) — fi(n)| < Dist(m,n), m,n € A; and 1[3m e A: fi(m) # fir1(m)] = c(T).
t=1

Here in this section ¢(T') = o(T) could be any integer. The goal of the learner is to minimize the

expected (dynamic) regret that is defined as:

T
Ru(T) = > max fi(0) = S E(fi(w).
1

t=
Since we consider the non-stationary Lipschitz bandit different from the setting in Chapter 2, we

will reload some notations here: at each round ¢, vy := arg max,c4 f:(v) denotes the maximal point
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(w.lo.g. assume it’s unique), and A¢(v) = fi(v*) — fi(v) is the “badness” of each arm v. We also
denote A, as the r-optimal region at the scale r € (0,1], i.e. A,y ={ve A : /2 <Ay(v) <r}at
time t. Then the r-zooming number N, ;(r) of (A, f;) is defined as the minimal number of balls of
radius no more than r required to cover A, ;. (Note the subscript z stands for zooming here.) Next,
we define the zooming dimension p,; at time ¢ as the smallest ¢ > 0 such that for every r € (0, 1]

the r-zooming number can be upper bounded by cr~—9 for some multiplier ¢ > 0 free of r:
per =min{g >0 : J¢ > 0, N, (r) < cr 9, ¥r € (0,1]}.

It’s obvious that 0 < p,; < pc, Vt € [T]. (Note p. is fixed under the stationary environment.) On
the other hand, the zooming dimension could be much smaller than p. under some mild conditions.
For example, if the payoff function f; defined on RP< is greater than ||vf — v||® in scale for some
B > 1 around v* in the space A, ie. fi(vf) — fi(v) = Q(|Jvf —v||?), then it holds that Dot <
(1 — 1/8)p.. Note that we have 8 = 2 (i.e. p,: < pc/2) when fi(-) is C%-smooth and strongly
concave in a neighborhood of v*. More details are presented in Appendix B.3. Since the expected
reward Lipschitz function fi(-) is fixed in each time interval under the switching environment,
the zooming number and zooming dimension p,; would also stay identical. And we also write
Pz = MaAX¢e[7] P2yt < Pe-

Our proposed Algorithm 3 extends the classic Zooming algorithm ( ) ), which
was used under the stationary Lipschitz bandit environment, by adding several new ingredients
for better efficiency and adaptivity to non-stationary environment: on the one hand, we employ
the TS methodology and propose a novel removal step. Here we utilize TS since it was shown
that TS is more robust than UCB in practice ( , : , ), and
the removal procedure in line 5 of Algorithm 3 could adaptively subtract regions that are prone to
yield low rewards. Both of these two ideas could enhance the algorithmic efficiency, which coincides
with the practical orientation of our work. On the other hand, the restarted strategy proceeds our
proposed Zooming TS in epochs and refreshes the algorithm after every H rounds. The epoch size
H is fixed through the total time horizon and controls the tradeoff between non-stationarity and
stability. Note that H in our algorithm does not need to match the actual length of stationary
intervals of the environment, and we would discuss its selection later. At each epoch, we maintain

a time-varying active arm set Sy C A, which is initially empty and updated every time. For each
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arm v € A and time ¢, denote n¢(v) as the number of times arm v has been played before time
t since the last restart, and ft(v) as the corresponding average sample reward. We let ft(v) =0
when ny(v) = 0. Define the confidence radius and the TS standard deviation of active arm v at

time ¢ respectively as

[13721n
(3.5) ri(v) = W, st(v) = sp niv)’

where s = /52775 In(T). We call B(v,r(v)) = {u € R? : Dist(u,v) < r(v)} as the confidence

ball of arm v at time ¢ € [T]. We construct a randomized algorithm by choosing the best active

arm according to the perturbed estimate mean I;(-):

(3.6) L(v) = fu(v) + $1(v) Zy.0,

where Z; , is i.i.d. drawn from the clipped standard normal distribution: we first sample Zt,v from
the standard normal distribution and then set Z;, = max{1/ V2, Ztﬂ,}. This truncation was also
used in TS multi-armed bandits ( , ), and our algorithm clips the posterior samples
with a lower threshold to avoid underestimation of good arms. Moreover, the explanations of the
TS update is deferred to Appendix B.4 due to the space limit.

The regret analysis of Algorithm 3 is very challenging since the active arm set is constantly chang-
ing and the optimal arm v* cannot be exactly recovered under the Lipschitz bandit setting. Thus,
existing theory on multi-armed bandits with TS is not applicable here. We overcome these diffi-
culties with some innovative use of metric entropy theory, and the regret bound of Algorithm 3 is

given as follows.

THEOREM 3.4.1. With H = © ((T/c(T))P=++2)/(P=++3)]) | the total regret of our Zooming TS algo-

rithm with Restarts under the switching environment over time T is bounded as
Ri(T) <O ((C(T))l/(pz,*+3) T(pz,*+2)/(pz,*+3)> ,

when ¢(T) > 0. In addition, if the environment is stationary (i.e. ¢(T) =0, ft = f,Dzt = Poy =

P, Vt € [T]), then by using H =T (i.e. no restart), our Zooming TS algorithm could achieve the
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Algorithm 4 Continuous Dynamic Tuning (CDT)

Input: 73,75, {Xt}t 1 A= ®z 1[“’” 1}
1: Randomly choose a; € [K] and observe x, y;, t < T7.
2: Initialize the hyperparameter active set J s.t. A C U,esB(v,r1(v)) where np, (v) < 1,Vv € J.
3: fort =(T1+1) to T do
4: Run the ¢-th iteration of Algorithm 3 with initial input horizon 1" — T}, input space A and
restarting epoch length T5. Denote the pulled arm at round ¢ as a(i;) € A. > Top
5: Run the contextual bandit algorithm with hyperparameter a(i;) to pull an arm a;. >
Bottom
Obtain y; and update components in the contextual bandit algorithm. > Bottom Update
Update components in Algorithm 1 by treating y; as the reward of arm «(i;) > Top Update

optimal regret bound for Lipschitz bandits up to logarithmic factors:

R(T)< O (T<pz+1)/(pz+2)> ‘

We also present empirical studies to further evaluate the performance of our Algorithm 3 compared
with stochastic Lipschitz bandit algorithms in Appendix B.1.3. A potential drawback of Theorem
3.4.1 is that the optimal epoch size H under switching environment relies on the value of ¢(T") and
Pz, Which are unspecified in reality. However, this problem could be solved in theory by using
the BOB idea ( ) ; , ) to adaptively choose the optimal epoch
size with a meta algorithm (e.g. EXP3 ( , )) in real time. In this case, we prove
the expected regret can be bounded by the order of O (T% - max {C(T)Pc%, Tm}> in
general, and some better regret bounds in problem-dependent cases. More details are presented in
Theorem B.6.1 with its proof in Appendix B.6. However, in the following Section 3.4.2 we could
simply set H = TZ+P)/G3+P) in our CDT framework where p is the number of hyperparameters to
be tuned after assuming ¢(T) = O(1) is of constant scale up to logarithmic terms. The value of
79 can be determined by assuring the observed rewards are bounded. Note our work introduces a
new problem on Lipschitz bandits under the switching environment. One potential limitation of
our work is how to deduce a regret lower bound under this problem setting is unclear, and we leave

it as a future work.

3.4.2. Continuous Hyperparameter Tuning (CDT). Based on the proposed algorithm in
the previous subsection, we introduce our online double-layer Continuous Dynamic Tuning (CDT)
framework for hyperparameter optimization of contextual bandit algorithms. We assume the arm

to be pulled follows a fixed distribution given the hyperparameters to be used and the history at
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each round. The detailed algorithm is shown in Algorithm 4. Our method extends the bandit-over-
bandit (BOB) idea that was first proposed for non-stationary stochastic bandit problems (

, ), where it adjusts the sliding-window size dynamically based on the changing model.
In our work, for the top layer we use our proposed Algorithm 3 to tune the best hyperparameter
values from the admissible space, where each arm represents a hyperparameter configuration and
the corresponding reward is the algorithmic result. 7% is the length of each epoch (i.e. H in
Algorithm 3), and we would refresh our Zooming TS Lipschitz bandit after every T, rounds as
shown in Line 5 of Algorithm 4 due to the non-stationarity. The bottom layer is the primary
contextual bandit and would run with the hyperparameter values «(i;) chosen from the top layer
at each round ¢t. We also include a warming-up period of length 77 in the beginning to guarantee
sufficient exploration as in ( ) ( ). Despite the focus of our CDT
framework is on the practical aspect, we also present a novel theoretical analysis in the following
for the completeness of our work.
Although there has been a rich line of work on regret analysis of UCB and TS GLB algorithms,
most literature certainly requires that some hyperparameters, e.g. exploration rate, always take
their theoretical values. It is challenging to study the regret bound of GLB algorithms when their
hyperparameters are synchronously tuned in real time, since the chosen hyperparameter values
may be far from the theoretical ones in practice, not to mention that previous decisions would
also affect the current update cumulatively. Moreover, there is currently no existing literature and
regret analysis on hyperparameter tuning (or model selection) for bandit algorithms with an infinite
number of candidates in a continuous space. Recall that we denote F; = ¢ ({as, X, ys}';;ﬁ) as the
past information before round ¢ under our CDT framework, and a;, x; are the chosen arm and
its corresponding feature vector at time ¢, which implies that a; = a;(a(i)|Ft), 20 = xe(a(iy)|Fr)-
Furthermore, we denote a*(t) as the theoretical optimal value at round ¢ and F; as the past
information filtration by always using the theoretical optimal o*(¢). Since the decision at each round
t also depends on the history observed by time ¢, the pulled arm with the same hyperparameter
a(t) might be different under F; or F;. To analyze the cumulative regret R(T") of our Algorithm

4, we first decompose it into four quantities:

33



T T
R(T) =E |3 (u(@l07) = (" 00)) | +E | 32 (el0%) - nlala” (1)1 F)760))
t=1 t=T1+1
Quantity (A) Quant\irty (B)
T
FE | (u(maa* (01 F)T0) — (o (1) F) 07
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T
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t=T1+1

Quantity (D)

Intuitively, Quantity (A) is the regret paid for pure exploration during the warming-up period
and could be controlled by the order O(7T7). Quantity (B) is the regret of the contextual bandit
algorithm that runs with the theoretical optimal hyperparameters o*(¢) all the time, and hence it
could be easily bounded by the optimal scale O(v/T) based on the literature. Quantity (C) is the
difference of cumulative reward with the same o*(¢) under two separate lines of history. Quantity
(D) is the extra regret paid to tune the hyperparameters on the fly. By using the same line of
history F; in Quantity (D), the regret of our Zooming TS algorithm with Restarts in Theorem
3.4.1 can be directly used to bound Quantity (D). Conclusively, we deduce the following theorem

for the regret bound:

THEOREM 3.4.2. Under our problem setting in Section 3.3, for UCB and TS GLB algorithms
with exploration hyperparameters (e.g. LinUCB, UCB-GLM, GLM-UCB, LinTS), by taking Th =
O(T? W43 Ty = O(TW+2/P+3)Y where p is the number of hyperparameters, and let the theoreti-

cally optimal hyperparameter combination o*(T') € A, it holds that
E[R(T)] < O(T(p+2)/(p+3))_

The detailed proof of Theorem 3.4.2 is presented in Appendix B.7. Note that this regret bound
could be further improved to O(T(p0+2)/ (po+3)) where pg is any constant that is no smaller than

the zooming dimension of (A,¢:),Vt. For example, from Figure B.1 in Appendix B.1 we can
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observe that in practice g; would be C2-smooth and strongly concave, which implies that E[R(T)] <
O(T(p+4)/ (p+6) ).

Note our work is the first one to consider model selection for bandits with a continuous candidate
set, and the regret analysis for online model selection in the bandit setting ( , ) is
intrinsically more difficult compared with the offline model selection ( , ;

, ). For example, regret bounds of the algorithm CORRAL ( , ) for model
selection and Syndicated ( ) ) for bandit hyperparameter tuning are (sub)linearly
dependent on the number of candidates, which would be infinitely large and futile in our case.
Furthermore, given the fact that Syndicated in ( ) fails to recover the optimal
O(\/T) bound of regret without stringent assumptions under the easier setting with finite hyper-
parameter candidates, it would be substantially difficult to deduce a feasible regret bound under
our more complicated problem setting. Moreover, the non-stationarity under the switching envi-
ronment would further deteriorate the optimal order of cumulative regret ( , ).
And it is intrinsically more difficult to consider the continuum-armed bandit over the multi-armed
bandit. Therefore, we believe our theoretical result is non-trivial and significant. Our work stands
as the first seminal attempt in bandit hyperparameter tuning (or even bandit model selection) with
an infinite number of candidates. An extensive study on this new problem will be an interesting

future direction.

3.5. Experimental Results

In this section, we show by experiments that our hyperparameter tuning framework outperforms
the theoretical hyperparameter setting and other tuning methods with various (generalized) linear

bandit algorithms. We utilize seven state-of-the-art bandit algorithms: two of them (LinUCB (

, ), LinTS ( ) )) are linear bandits, and the other five algorithms
(UCB-GLM ( , ), GLM-TSL ( ) ), Laplace-T'S ( , ),
GLOC ( , ), SGD-TS ( , )) are GLBs. Note that all these bandit algo-

rithms except Laplace-TS contain an exploration rate hyperparameter, while GLOC and SGD-TS
further require an additional learning parameter. And Laplace-TS only depends on one stepsize
hyperparameter for a gradient descent optimizer. We compare our CDT framework with the theo-

retical setting, OP ( , ) and TL ( , ) (one hyperparameter)
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F1cUure 3.1. Cumulative regret curves of our CDT framework compared with ex-
isting hyperparameter selection methods under multiple (generalized) linear bandit
algorithms on the simulations and Movielens dataset.

and Syndicated (Ding et al., 2022b) (multiple hyperparameters) algorithms. Their details are given

as follows:

(1) Theoretical setting: We implement the theoretical exploration rate and stepsize for each
algorithm. For the stepsize of gradient descent used in SGD-TS and Laplace-TS, we set it as 1
instead. (We observe the algorithmic performance is not sensitive to this stepsize.)

(2) OP: Bouneffouf & Claeys (2020) proposes OPLINUCB to tune the exploration rate of LinUCB.
Here we modify it so that it could be used in other bandit algorithms. Note that OP is only
applicable to algorithms with one hyperparameter, and hence we fix the learning parameter of
GLOC and SGD-TS as their theoretical values instead, and only tune the exploration rates.

(3) TL (Ding et al., 2022b) (one hyperparameter): For algorithms with only one hyperparameter,

TL is used.
36



(4) Syndicated ( , ) (multiple hyperparameters): For GLOC and SGD-TS (two
hyperparameters), the Syndicated framework is utilized for comparison.
We run comprehensive experiments on both simulations and real-world datasets. Specifically, for

the real data, we use the benchmark Movielens 100K dataset along with the Yahoo News dataset:

(1) Simulation: In each repetition, we simulate all the feature vectors {z;,} and the model pa-
rameter 6* according to Uniform(—1//r,1/1/7) elementwisely, and hence we have ||z;,| < 1.
We set d =25, K =120 and T =14,000. For linear model, the expected reward of arm a is
formulated as a?tT L0" and random noise is sampled from N (0,0.25); for Logistic model, the mean
reward of arm a is defined as p = 1/(1 +exp(—xz 20%)), and the output is drawn from a Bernoulli

distribution.

(2) Movielens 100K dataset: This dataset contains 100K ratings from 943 users on 1,682 movies.
For data pre-processing, we utilize LIBPMF ( , ) to perform matrix factorization
and obtain the feature matrices for both users and movies with d =20, and then normalize
all feature vectors into unit r-dimensional ball. In each repetition, the model parameter 6* is
defined as the average of 300 randomly chosen users’ feature vectors. And for each time ¢, we
randomly choose K = 300 movies from 1,682 available feature vectors as arms {xsq}o°%. The
time horizon T is set to 14,000. For linear models, the expected reward of arm a is formulated
as a:tT ,0* and random noise is sampled from N(0,0.5); for Logistic model, the output of arm a

is drawn from the Bernoulli distribution with p = 1/(1 + exp(—x,6%)).

(3) Yahoo News dataset: We downloaded the Yahoo Recommendation dataset R6A, which
contains Yahoo data from May 1 to May 10, 2009 with 7" = 2881 timestamps. For each user’s
visit, the module will select one article from a pool of 20 articles for the user, and then the
user will decide whether to click. We transform the contextual information into a 6-dimensional
vector based on the processing in ( ). We build a Logistic bandit on this data,
and the observed reward is simulated from a Bernoulli distribution with a probability of success

equal to its click-through rate at each time.

We first present the results on simulations and Movielens datasets: since all the existing tuning
algorithms require a user-defined candidate set, we design the tuning set for all potential hyperpa-
rameters as {0.1,1,2,3,4,5}. And for our CDT framework, which is the first algorithm for tuning

hyperparameters in an interval, we simply set the interval as [0.1, 5] for all hyperparameters. Each
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experiment is repeated for 20 times, and the average regret curves with standard deviation are dis-
played in Figure 3.1. We further explore the existing methods after enlarging the hyperparameter
candidate set to fairly validate the superiority of our proposed CDT in Appendix B.1.4.1. The
results in Appendix B.1.4.1 further lead to discussion on why it is inefficient to first discretize the
continuous space and then implement an algorithm (e.g. Syndicated) with discrete candidate sets.
We believe a large value of warm-up period 77 may abandon some useful information in practice,
and hence we use Ty = T?/(P+3) according to Theorem 3.4.2 in experiments. And we would restart
our hyperparameter tuning layer after every Ty = 3T(®*+2)/(P+3) rounds. An ablation study on the
role of T7,T5 in our CDT framework is also conducted and deferred to Appendix B.1.4.2, where we
demonstrate that the performance of CDT is pretty robust to the choice of 17,75 in practice.
From Figure 3.1, we observe that our CDT framework outperforms all existing hyperparameter
tuning methods for most contextual bandit algorithms. It is also clear that CDT performs sta-
bly and soundly with the smallest standard deviation across most datasets (e.g. experiments for
LinTS, UCB-GLM), indicating that our method is highly flexible and robustly adaptive to different
datasets. Moreover, when tuning multiple hyperparameters (GLOC, SGD-TS), we can see that the
advantage of our CDT is also evident since our method is intrinsically designed for any hyperpa-
rameter space. It is also verified that the theoretical hyperparameter values are too conservative
and would lead to terrible performance (e.g. LinUCB, LinTS). Note that all tuning methods ex-
hibit similar results when applied to Laplace-TS. We believe it is because Laplace-TS only relies
on an insensitive hyperparameter that controls the stepsize in gradient descent loops, which mostly
affects the convergence speed.

For the Yahoo News Recommendation dataset, since it is a logistic bandit, we only output the
cumulative rewards of GLBs in Table 3.1. From the table, we can observe that our proposed CDT
also performs the best overall. Specifically, it is only slightly worse than TL for GLM-TSL and
GLOC, and yields the best results among all hyperparameter tuning frameworks for UCB-GLM,
GLM-TSL, and SGD-TS. And the theoretical hyperparameter setting is very unstable again as in
Figure 3.1. Conclusively, our proposed CDT yields uniformly the best performances compared with
existing baselines in both large-scale and mild-scale experiments with multiple contextual bandit
algorithms. This fact also validates the rationality of Lipschitz continuity assumption on the bandit

hyperparameter tuning problem in Section 3.3.
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Method UCB-GLM GLM-TSL Laplace-TS GLOC SGD-TS
Theory 221.51 214.67 217.38 206.73
CDT 221.69 218.27 217.05 217.95  218.35
oP 217.25 217.08 213.95 216.28  215.58
TL/Syndicated 218.95 219.36 214.42 218.19  215.02

TABLE 3.1. Comparisons of cumulative rewards from different algorithms on Yahoo

dataset.

39



CHAPTER 4

Efficient Frameworks for Low-rank Matrix Bandits

4.1. Introduction

The contextual bandit has proven to be a powerful framework for sequential decision-making prob-
lems, with great applications to clinical trials ( , ), recommendation system ( ,
), and personalized medicine ( , ). This class of problems evaluates how
an agent should choose an action from the potential action set at each round based on an updating
policy on-the-fly so as to maximize the cumulative reward or minimize the overall regret. With
high dimensional sparse data becoming ubiquitous in various fields nowadays ( , ;
, ), the most fundamental (generalized) linear bandit framework, although has been
extensively studied, becomes inefficient in practice. This fact consequently leads to a line of work
on stochastic high dimensional bandit problems with low dimensional structures ( ,
; , ), such as the LASSO bandit and low-rank matrix bandit.
In this work, we investigate on the generalized low-rank matrix bandit problem firstly studied in
( ): atround t = 1,...,T, the algorithm selects an action represented by a d; by do matrix
X; from the admissible action set X; (X; may be fixed), and receives its associated noisy reward
yr = p((0%, X)) +n; where ©F € R41%% is some unknown low-rank matrix with rank r < {dy, d2}
and p(-) is the inverse link function. More details about this setting are deferred to Section 4.3.
This problem has vast applicability in real world applications. On the one hand, matrix inputs are
appropriate when dealing with paired contexts which are omnipresent in practice. For instance,
to design a personalized movie recommendation system, we can formulate each user as m di-
dimensional feature vectors (z1,...,x,, € ]Rdl) and each movie as m ds-dimensional feature vectors
(Y15 -+, ym € R%). A user-item pair can then be naturally represented by a feature matrix defined
as the summation of the outer products » ;" xky; € R4 which will become the contextual
feature observed by the bandit algorithm. Other applications involve interaction features between

two groups, such as flight-hotel bundles ( , ) and dating service ( , ) can
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also be similarly established. Besides, low-rank models have gained tremendous success in various
areas ( , ). In particular, our problem can be regarded as an extension of the
inductive matrix factorization problem ( , ; , ), which estimates
low-rank matrices with contextual information, under the online learning scenario.
Our study is inspired by a line of work on stochastic contextual low-rank matrix bandit (

, ; , ; , ). To design an algorithm for matrix bandit problems,
a naive approach is to flatten the dy by dy feature matrices into vectors and then apply any
(generalized) linear bandit algorithms, which, however, would be inefficient when d;ds is large. To
take advantage of the low-rank structure, ( ) have introduced the bilinear low-rank
bandit problem and proposed a two-stage algorithm named ESTR which could achieve a regret
bound of O((dy + d2)3/>v/rT/D,,)". Subsequently, ( ) constructed a new algorithm
called e-FALB for bilinear bandits and achieved a better regret of O(+/d1da(dy + do)T). However,
they only studied the linear reward framework and also restricted the feature matrix as a rank-
one matrix. As a follow-up work, ( ) further released the rank-one restriction on
the action feature matrices, and they introduced an algorithm LowGLOC based on the online-
to-confidence-set conversion ( ) ) for generalized low-rank matrix bandits
with O(+/(dy + d2)3rT) regret bound. However, this method can’t handle the contextual setting
since the arm set is assumed fixed at each round. This algorithm is also computationally prohibitive
since it requires to calculate the weights of a self-constructed covering of the admissible parameter
space at each iteration. And how to find this covering for low-rank matrices is also unclear.
In this work, we propose two efficient methods called G-ESTT and G-ESTS for this problem by
modifying two stages of ESTR appropriately from different perspectives. To the best of our knowl-
edge, the proposed methods are the first two generalized (contextual) low-rank bandit algorithms
that are computationally feasible, and achieve the decent regret bound of O(+/(dy + d2)3rT/Dy,)
and O((dy + d)"/*r3/4T/D,,) on low-rank bandits. The main contributions of this paper can be

summarized as: 1) we propose two novel two-stage frameworks G-ESTT and G-ESTS under some

mild assumptions. Compared with ESTR in ( ), eFALB in ( ) and
LowESTR in ( ), our algorithms are proposed for the nonlinear reward framework
with arbitrary action matrices. Compared with LowGLOC in ( ), our algorithms are

1o ignores the polylogarithmic factors.
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computationally feasible in practice. 2) For G-ESTT, we extend the GLM-UCB algorithms (

) ) via a novel regularization technique. 3) Our proposed G-ESTS is simple and could be
easily implemented based on any state-of-the-art misspecified linear bandit algorithms to achieve
the regret bound of order O(d; + d)"/*r3/*T /D,,.). In practice, it can be used with any generalized
linear bandit to achieve high efficiency. Particularly, when we combine G-ESTS with some efficient
algorithms (e.g. SGD-TS ( , )), the total time complexity after a warm-up stage
scales as O(T'r(dy + dz2)). 4) The practical superiority of our algorithms are firmly validated based

on our experimental results.

4.2. Related Work

In this section, we briefly discuss some previous algorithms on low-rank matrix bandit problems.
Besides the works we have discussed in the former section, ( ); ( )
considered the rank-one bandit problems where the expected reward forms a rank-one matrix and

the player selects an element from this matrix as the expected reward at each round. In addition,

( ) also studied the rank-one matrix bandit via an elimination-based algorithm.
Alternatively, ( ); ( ); ( ) considered the general
low-rank matrix bandit, and furthermore ( ) considered a stochastic low-rank tensor

bandit. However, for all these works the feature matrix of an action could be flattened into a
one-hot basis vector, and our work yields a more general structure.

Additionally, ( ) extended some previous works ( , ) and presented
a unified algorithm based on a greedy search for high-dimensional bandit problems. But it’s non-
trivial to extend the framework to the matrix bandit problem. For example, they assume that
the minimum eigenvalue of the covariance matrix could be strictly lower bounded, but this lower
bound would mostly depend on the size of feature matrices, and hence would affect the regret

bound consequently.

4.3. Preliminaries

In this section we review our problem setting and introduce the assumptions for our theoretical
analysis. Let T" be the total number of rounds and X; be the action set (A; could be fixed or not).
Throughout this paper, we denote the action set Xy = X as fixed for notation simplicity, while our

frameworks also work with the same regret bound when X; varies over time (see Appendix C.8.3
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for more details.) Algorithms along with theory could be identically obtained when the action set
varies (Appendix C.8.3). At each round t € [T], The agent selects an action X; € X; and gets the
payoff y; which is conditionally independent of the past payoffs and choices. For the generalized
low-rank matrix bandits, we assume the payoff y; follows a canonical exponential family such that:
Y8 —b(B)
¢
Eox(y:| Xt) = V' (X4, ©%)) = p((X3,07)),

(4.1) po+(yt| Xt) = exp < + c(yt,qb)) , where 8= VGC(Xt)TVGC(@*) = (X, 0%),

where ©* C 6 is a fixed but unknown matrix with rank r < {d;,ds} and @ is some admissible
compact subset of R¥1*% (w.l.o.g. di = O(dz)). We also call u(({X;,0*)) the reward of action X;.
In addition, one can represent model (4.1) in the following Eqn. (4.2). Note that if we relax the
definition of u(-) to any real univariate function with some centered exogenous random noise 7, the
model shown in Eqn. (4.2) generalizes our problem setting to a single index model (SIM) matrix

bandit, and the generalized low-rank matrix bandit problem is a special case of this model.

(4.2) yr = p((Xs, ©%)) + .

Here, n; follows the sub-Gaussian property with some constant parameter oy conditional on the
filtration F; = { Xy, X4—1, -1, .., X1,m1}. We also denote d = max{dy,d2}. And it is natural to
evaluate the agent’s strategy based on the regret ( , ), defined as the difference

between the total reward of optimal policy and the agent’s total reward in practice:
t
R ty = X,0)) — u({X;,©%)).
egret; ;gg;gu(( ,6%)) — u((X;,0%))
We also present the following two definitions to facilitate further analysis via Stein’s method:

DEFINITION 4.3.1. Let p : R — R be a univariate probability density function defined on R. The

score function SP : R — R regarding density p(-) is defined as:
SP(x) = =Vglog(p(z)) = —=Vap(x)/p(z), z€R.

In particular, for a random matriz with its entrywise probability density p = (pij) : Rérxdz
R¥*d2 e define its score function SP = (S’Z) s RAxd2 y Rdixdz g SZ' (z) = SPi(z) by applying

the univariate score function to each entry of p independently.
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DEFINITION 4.3.2. (Fact 2.6, ( , )) Given a rectangular matriz A € R4*%  the (Her-

mitian) dilation H : R9*d2 — R(ditd2)x(di+d2) G5 defined as:

0 A

H(A) =
“ AT 0

We would omit the subscript z of V and the superscript p of S when the underlying distribution

is clear. With these definitions, we make the following mild assumptions:

AssumMPTION 4.3.3. (Finite second-moment score) There exists a sampling distribution D over X
such that for the random matrix X drawn from D with its associated density p : R4 > — Rdxd2
we have E[(SP(X ))3]] < M,Vi,j. And the columns or rows of random matrix X are pairwisely
independent.

ASSUMPTION 4.3.4. The norm of true parameter ©* and feature matrices in X is bounded: there

exists S € R such that for all arms X € X, | X| 5, [|0*||» < So.

AssuMPTION 4.3.5. The inverse link function p(-) in GLM is continuously differentiable and there

exist two constants ¢, k, such that 0 < ¢, < p/(z) <k, for all |z| < Sp.

Assumption 4.3.3 is commonly used in Stein’s method ( , ), and easily satisfied by a
wide range of distributions that are non-zero-mean or even non sub-Gaussian thereby allowing us
to work with cases not previously possible. For example, to find D we only need the convex hull of
X contains a ball with radius R, and then we can use p;; as centered normal p.d.f. with variance
R?/(d;d;). This choice works well in our experiments and please refer to Appendix C.9 for more
details. Furthermore, Assumption 4.3.4 and 4.3.5 are also standard in contextual generalized bandit
literature, and they explicitly imply that we have an upper bound as |p((X, ©))| < |x(0)|+ k.S =
S

4.4. Methods

In this section, we present our novel two-stage frameworks, named Generalized Explore Subspace
Then Transform (G-ESTT) and Generalized Explore Subspace Then Subtract (G-ESTS) respec-
tively. These two algorithms are inspired by the two-stage algorithm ESTR proposed in

( ). ESTR estimates the row and column subspaces for the true parameter ©* in stage 1. In
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Algorithm 5 Generalized Explore Subspace Then Transform (G-ESTT)

Input: X, 7T, T1,D, the probability rate §, parameters for Stage 2: A\, A} .
Stage 1: Subspace Estimation
1: fort =1 to T} do
2: Pull arm X; € X according to D, observe payoff ;.
3: Obtain © based on Eqn. (4.6).
4: Obtain the full SVD of © = [U, U] D[V, V.]T where U € R4*7 V ¢ RA2%".
Stage 2: Sparse Generalized Linear Bandits
5. Rotate the arm feature set: X’ := [(7 U 1]Tx [‘//\'JAQ] and the admissible parameter space:
o =[U,U.]Te[V,V.].
6: Define the vectorized arm set so that the last (d;y —r) - (d2 — ) components are negligible:

(43) XO = {Vec(‘){ll:’r,l:r)7 VeC(X;—&-l:dhl:r)’ VeC(Xll:r,r—i-l:dg)’ VeC(X7{+1:d1,r+1:d2)}7
and similarly define the parameter set:
(44) 90 = {VeC( @{:7‘,1:7“)7 VeC( 97/’+1:d1,1:7‘)7 VeC( 9{:7‘,7‘—1—1:(12)7 VeC( 97/’+1:d1,r+1:d2 )}

7: For Ty = T — T rounds, invoke (P)LowGLM-UCB with Xy, Oy, k = (dy + d2)r — 12, (Ao, A1).

stage 2, it exploits the estimated subspaces and transforms the original matrix bandits into linear

bandits with sparsity, and then invoke a penalized approach called LowOFUL.

4.4.1. Subspace Exploration. For any real-value function f(-) defined on R, and symmetric

matrix A € R¥™? with its SVD decomposition as A = UDU ", we define

f(A) = U diag(f(D11),..., f(Daa)) U .

To explore the valid subspace of the parameter matrix ©*, we firstly define a function ¢ : R —
R ( , ) in Eqn. (4.5) and subsequently we define 1), : R91%92 — RAxd2 a5 q) (A) =
Y(WH(A))1:dy,(dy+1):(dr +do)/V for some parameter v € R,

log(1 + x + 22/2), x > 0;

(4.5) P(x) =
—log(1 — z + 22/2), x < 0.

We consider the following well-defined regularized minimization problem with nuclear norm penalty:

T
_ , 2 o -
(46) B —arg min Ly (0)+ g, [Olles L1u(O) = (0,0) — =S (hly: - S(X1)), 0).
OcR?1 xdg Th prt
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An interesting fact is that our estimator is invariant under different choices of function u(-), and

for

we could present the following oracle inequality regarding the estimation error H(:) — ure*

some nonzero constant u* by adapting generalized Stein’s Method ( , ).

THEOREM 4.4.1. (Bounds for GLM) For any low-rank generalized linear model with samples X ..., X1,
drawn from X according to D in Assumption 4.3.3, and assume Assumption 4.53.4 and 4.8.5

hold, then for the optimal solution to the nuclear norm regularization problem (4.6) with v =

\/2 log(2(dy + d2)/0) /(403 + S2)MT1(dy + dp)) and

\ 4\/2(403 + S52)M (dy + da) log(2(dy + d2)/6)
T — )
11

with probability at least 1 — & it holds that:

N 2 C1M(dy + d)rlog(29Lrd2)
(47) H@ - M*@* < 1 ( 1+ Q)T Og( 5 )’
F T1

for Cy = 36(403 + S}%) and some nonzero constant p*.

The proof of Theorem 4.4.1 is based on a novel adaptation of Stein-typed Lemmas and is deferred
to Appendix C.2. We believe this oracle bound is non-trivial since the rate of convergence is no
worse than that deduced from the restricted strong convexity (details in Appendix C.10) given
M = O((dy + dz)?), even without the regular sub-Gaussian assumption. For completeness, we also
present detailed proof of the matrix recovery rate with the restricted strong convexity in Appendix
C.10 which may be of separate interest. And its proof is highly different from the one used in the
simple linear case ( , ). We also present an intuitive explanation on why our Stein-type
method works well under our problem setting in Appendix C.10.2 even without the sub-Gaussian
assumption. In addition, this bound also holds under a more general SIM in Eqn. (4.2) other than
just GLM. Furthermore, although there exists a non-zero constant y* in the error term, it will not
affect the singular vectors and subspace estimation of ©* at all.

After acquiring the estimated O in stage 1, we can obtain the corresponding SVD as

© = [U,U.]D[V,V.]T, where U € RU*" [, € Rax(di—r) |V ¢ R2Xr apd V| € Ré2x(d2=7),
And we assume the SVD of the matrix ©* can be represented as ©* = UDV " where U € R%1*"

and V € R%*" To transform the original generalized matrix bandits into generalized linear

bandit problems, we follow the works in ( ) and penalize those covariates that are
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Algorithm 6 LowGLM-UCB

Input: Ty, k, Xy, the probability rate ¢, penalization parameters (Ag, A] ).
Initialize M (c,) = Borg :CST” +A/cy.
for t>1do

Estimate 6; according to (4.10).

Choose the arm z; = arg maxgex, {x£(z " 0;) + pi(9) HIEHMt—l(C#)}, receive y,

Update Myy1(c,) +— My(c,) + zeay

complementary to Uand V. Specifically, we could orthogonally rotate the parameter space © and

the action set X as:

o =[U,0,]"6[V, V], X' =[0,0.]"X[V,V],

Define the total dimension p := d;da, the effective dimension k := dids — (dy —7)(d2 —r) and the r-th
largest singular value for ©* as D,,., and vectorize the new arm space X’ and admissible parameter
space as shown in Eqn. (4.3) and (4.4). Then for the true parameter 6* after transformation,
we know that 0}, = Vec(@:;rllz dy.r+1:d,) 18 almost null based on results in ( ) and

Theorem 4.4.1:

(4.8)

N ~ ~ ~ ~ (dl + dg)MT’ dy + do
il = [PTODV R <070, 77V, 101 5 9 (432 s,

Therefore, this problem degenerates to an equivalent djdo—dimensional generalized linear bandit
with a sparse structure (i.e. last p — k entries of * are almost null according to Eqn. (4.8)).
To reload the notation we define Ay, @y as the new feature set and parameter space as shown in
Algorithm 5.
Remark. Note the magnitude of D, would be free of d since ©®* contains only r nonzero singular
values, and hence we assume that D,, = O(1/4/r) under Assumption 4.3.4. This issue has been
ignored in all previous analysis of explore-then-commit-type algorithms (e.g. ESTR ( ,
), LowESTR ( , )), where the final regret bound of them should be of order
O(d®?r\/T) instead of the originally-used O(d*/?v/rT) because of the existence of D,..

4.4.2. G-ESTT. After reducing the original generalized matrix bandit problem into an iden-
tical p-dimensional generalized linear bandit problem in stage 2, we can reformulate the problem

in the following way: at each round ¢, the agent chooses a vector x; of dimension p from the
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transformed action set Xy, and observes a noisy reward y; = u(z; ' 6*) 4 n;. To make use of our ad-
ditional knowledge shown in Eqn. (4.8), we propose LowGLM-UCB as an extension of the standard
generalized linear bandit algorithm GLM-UCB ( , ) combined with self-normalized
martingale technique ( , ). Specifically, we consider the following max-
imum quasi-likelihood estimation problem shown in Eqn. (4.9) for each round with a weighted
regularizer, where the regularizer is HOHi /2 = 0T Af/2 for some positive definite diagonal matrix

A = diag(Ng, ..., Ao, AL, ..., A1) with A\g only applied to the first k diagonal entries. By enlarging

A1, we ensure more penalization forced on the last p — k element of 8* as desired.

0, = arg max LM,

_ T t—1
(19) B0 =Y [peirens 0 b 0] + Y [T~ b T0)] — S 1013

=1 =1
Here xg, ; in Eqn. (4.9) is the special vectorization shown in Eqn. (4.3) of [U,U,]T X;[V, V] where
X; is the arm we randomly pull at i-th step in stage 1, and ys, ; is the corresponding payoff we
observe. z; in the second summation of Eqn. (4.9) refers to the arm we pull at i-th step in stage 2.

Since E{\ (0) is a strictly concave function of 6, we have its gradient equal to 0 at the maximum ét,

i.e. VoLA(H)

5, = 0. In what follows, for ¢ > 2,6 € R? we define the function g;(#) and have that

Ty t—1 T t—1
VQL?(G) = Z ysl,i xsl,i + Zyz Xr; — ( Z ,u(xshiTG)a:Sl,i + Z u(ziTQ)xi + A@ >,
=1 =1 =1 =1

= g1(0)
N ) Ty t—1

(4.10) VoLt (0);, =0 = g(0) =D s idsit Y vii.
=1 =1

We also define a matrix function My(s) = ZZT:I1 $sl,i93; i+ 22;11 zrz, +A/s for s € R* and denote

Vi == My(1). Furthermore, a remarkable benefit of reusing the actions {Xi}iTél we randomly pull in
stage 1 is that they contain more randomness and are preferable to the ones we select based on some
strategy in stage 2 regarding the parameter estimation because most vector recovery theory requires
sufficient randomness during sampling. More inspiring, the projection step in the tradition GLM-
UCB ( , ), which might be nonconvex and hence hard to solve, is no longer required

due the consistency of 0, after reutilizing {Xi}zil. Specifically, if we assume the true parameter
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0* lies in the interior of @y and the sampling distribution D satisfies sub-Gaussian property with

parameter o, and Assumption 4.3.4, 4.3.5 held, then we can show that Hét —6*
probability at least 1 — § as long as T} > ((C’l\/ﬁ + Ca+/10g(1/6))/02)? + 2B/0? holds for some
absolute constants Cy, Cy with the definition B = 1602 (p + log(1/4))/ ¢;. An intuitive explanation

, < 1 holds with

along with a rigorous proof are deferred to Appendix C.4 due to the space limit. The proposed
LowGLM-UCB is shown in Algorithm 6, and its regret analysis is presented in Theorem C.3.1 in
Appendix.

Notice that we can simply replace M;(c,,) by V; in Algorithm 6, and the regret bound would increase
at most up to a constant factor (Appendix C.7). A potential drawback of Algorithm 6 is that in
each iteration we have to calculate ét, which might be computationally expensive. We could resolve
this problem by only recomputing 6; whenever |M;(cy)| increases significantly, i.e. by a constant
factor C' > 1 in scale. And consequently we only need to solve the Eqn. (4.10) for O(log(7%)) times
up to the horizon T5, which remarkably saves the computation. Meanwhile, the bound of the regret
would only increase by a constant multiplier v/C. We call this modified algorithm as PLowGLM-
UCB with the initial letter “P” standing for “Parsimonious”. Its pseudo-code and regret analysis
are given in Appendix C.8.1. Equipped with LowGLM-UCB in stage 2, we deduce the overall regret
of G-ESTT in the following text.

To quantify the performance of our algorithm, we first define o (-) and 87 (-) as

k 2t 2t

(A1) ay(d) =~ (ag\/k: log(1 + Czio ) + C“ASO —10g(62) + /G (v/ A0S + \/)\LSL)>,
°w 0 1

(412)  BE0) = al®) ey e -

And the following Theorem 4.4.2 exhibits the overall regret bound for G-ESTT.

THEOREM 4.4.2. (Regret of G-ESTT) Suppose we set Ty =< /M (dy + d2)rT log((dy + d2)/8)/Dyr,
and we invoke LowGLM-UCB (or PLowGLM-UCB) in stage 2 with p(0) = aupr,(0/2),p =
dide, k = (di + do)r — 1%, AL = ¢,SeT/(klog(1 + ¢, S3T/(kXo))), and the rotated arm sets X,
and available parameter space 6y. With M = O((dy + d2)?), the overall regret of G-ESTT is, with

probability at least 1 — ¢,

Regretp = O ((W + k)ﬁ)



Algorithm 7 Generalized Explore Subspace Then Subtract (G-ESTS)
Input: X, 7T, T1,D, the probability rate §, parameters for Stage 2: A\, A} .

Stage 1: Subspace Estimation
1: Randomly choose X; € X according to D and record X;,Y; for t =1,...77.
2: Obtain © from Eqn. (4.6), and calculate its full SVD as © = [U,U,] D[V, V.]T where U €
Rdl ><r7 ‘7 c Rdgxr'
Stage 2: Low Dimensional Bandits
3: Rotate the arm feature set: X’ = [U,U,]TX[V,V.] and the admissible parameter space:
o =[U,U,]Te[V,V.].
4: Define the vectorized arm set so that the last (d; — ) - (d2 — r) components are negligible, and
then drop them:

(4’13) XO,Sub = {VeC(Xll:r,lzr)v Vec(‘)(qi—i-l:dl,l:r)? VeC(Xl/:r,r+1:d2)}7
and also refine the parameter set accordingly:
(414) QO,SUb = {VeC( 8{:7“,1:7")7 VeC( er‘Jrl:dl,l:r)? VeC( 61:r,r+1:d2)}'

5: For Ty = T — T} rounds, invoke any misspecified generalized linear bandit algorithm with
XO,suba 90,5ub7 k= (dl + dQ)T —r

Specifically, with M = O((dy + d2)?), the regret bound becomes O ((\/r(dl +d2)3 /Dy + k:)\/T)

4.4.3. G-ESTS. Although G-ESTT is more efficient than all existing algorithms on our prob-
lem setting, it still needs to calculate the MLE in high dimensional space which might be increasingly
formidable with large sizes of feature matrices. Note this computational issue remains ubiquitous
among most bandit algorithms on high dimensional problems with sparsity, not to mention these
algorithms rely on multiple unspecified hyperparameters. Therefore, to handle this practical issue,
we propose another fast and efficient framework called G-ESTS in this section.

Inspired by the success of dimension reduction in machine learning ( , ),
we propose G-ESTS as shown in Algorithm 7. And we summarize the core idea of G-ESTS as:
After rearranging the vectorization of the action set X’ and the unknown ©’* as we have shown in
Eqn. (4.3) and (4.4) for G-ESTT, we can simply exclude, rather than penalize, the subspaces that
are complementary to the rows and columns of ©. In other words, we could remove the last p — k
entries directly, i.e. Eqn. (4.13) and (4.14). Intriguingly, not only can we get a low-dimensional (k)
generalized linear bandit problem in stage 2, where redundant dimensions are excluded and hence
any state-of-the-art algorithms could be readily invoked. Specifically, by utilizing any misspecified

generalized linear bandit algorithm, we could validate the following Theorem 4.4.3.
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THEOREM 4.4.3. (Regret of G-ESTS) Suppose we set Ty =< /M (dy + do)3/2r3/2T log((dy + d2)/5) /D,
and we invoke any efficient misspecified generalized linear bandit algorithm with regret bound ON(e\/ET)
2 in stage 2 with p = dids, k = (d1 + d2)r — 72, and the reduced arm sets Xo,sup and available pa-

rameter space Oy gup. The overall regret of G-ESTS is, with probability at least 1 — 9,

_ 3/2 3/2
Regretr = O (( VR (d + dy)2M + k)\/f) )

Dy

Specifically, with M = O((dy + d2)?), the regret bound becomes O <\/7“3/2(d1 + d2)7/2T/DM).

Although our G-ESTS could achieve decent theoretical regret bound only equipped with misspeci-
fied generalized linear bandit algorithms, we showcase in practice it can work well with any state-
of-the-art generalized linear bandit algorithm: In the following experiments, We will implement the
SGD-TS algorithm ( ) ) in stage 2 of G-ESTS since SGD-T'S could efficiently proceed
with only O(dT) complexity for d—dimensional features over T rounds. Therefore, the total com-
putational complexity of stage 2 is at most O(T5(d; + dz2)r), which is significantly less than that
of other methods for low-rank matrix bandits (e.g. LowESTR ( , )). And the total
time complexity of G-ESTS would only scale O(T1d1da/€? + To(dy + da)r) where € is the accuracy
for subgradient methods in stage 1. This fact also firmly validates the practical superiority of our
G-ESTS approach. We naturally believe that this G-ESTS framework can be easily implemented
in the linear setting as a special case of GLM, where in stage 2 one can utilize any linear bandit
algorithm accordingly. In addition, we can easily modify our approaches for the contextual setting
by merely transforming the action sets at each iteration with the same regret bound. More details

with pseudo-codes for the contextual case are in Appendix C.8.3.

4.5. Experimental Results

In this section, we show by simulation experiments that our proposed G-ESTT (with LowGLM-
UCB), G-ESTS (with SGD-TS) outperform existing algorithms for the generalized low-rank matrix
bandit problems. Since we are the first to propose a practical algorithm for this problem, currently
there is no existing literature for comparison. In order to validate the advantage of utilizing low-rank

structure and generalized reward functions, we compare with the original SGD-TS after naively

2Modern misspecified generalized linear bandit algorithms can achieve O(e\/ET) bound of regret where € is the
misspecified rate.
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TABLE 4.1. Time in minutes required to make decisions all over round T in simu-
lations (480 arms).

d | 10 | 12

r |1 2 | 1 2
G-ESTS 39.46 45.41 | 41.28 48.52
G-ESTT | 516.14 531.95 | 520.25 539.83

SGD-TS 99.57 101.34 | 101.82 104.42
LowESTR | 401.88 419.15 | 410.31 425.92

flattening the d; by dy matrices without using the low-rank structure, and LowESTR (
), which works well for linear low-rank matrix bandits.

We simulate a dataset with d; = do = 10(12) and r = 1(2): when r = 1, we set the diagonal
matrix ©* as diag(©*) = (0.8,0,---,0). When r = 2, we set ©* = v1v; + vovg for two random
orthogonal vectors vy, vo with ||vi]], = |lv2|l, = 3. For arms we draw 480 (1000) random matrices
from {X € R4*% . || X||, < 1}, and we build a logistic model where the payoff y; is drawn
from a Bernoulli distribution with mean u(X,’ #*). More details on the hyper-parameter tuning
are in Appendix C.9. Each experiment is repeated 100 times for credibility and the average regret,
along with standard deviation, is displayed in Figure 4.1. Note that our experiments are more
comprehensive than those in ( ). And due to the expensive time complexity of UCB-
based baselines (Table 4.1), it is formidable for us to increase d here.

From the plots, we observe that our algorithms G-ESTT and G-ESTS always achieve less regret
compared with LowESTR and SGD-TS in all four scenarios consistently. Intriguingly, in the warm-
up period SGD-TS incurs less regret compared with our methods due to the sacrifice of random
sampling in stage 1, but our proposed framework quickly overtakes SGD-TS after utilizing the
low-rank structure as desired. This phenomenon exactly coincides with our theory. Notice that
G-ESTT is slightly better than G-ESTS in the case for r = 2 especially in the very beginning of
stage 2, and we believe it is because that our G-ESTT could reutilize the actions in stage 1 and
hence could yield more robust performance when switching to stage 2. However, G-ESTS would
gradually catch up with G-ESTT in the long run as expected. Besides, it costs G-ESTS extremely
less running time than other existing methods to update the decisions due to its dimensional
reduction as shown in Table 4.1. We also observe that the cumulative regret of G-ESTS tends to

become better eventually if we increase T} decently. (Further investigation and plots for 1000 arms

52



D 1750 ¥ 1600
jul — G-ESTS ful — G-ESTS
D15001 ___ GgSTT = el N e
Q @ 1200
o 12501 —— SGD-TS o 1000 —— SGD-TS
® 1000f —— LOWESTR ()] —— LowESTR
> > 800
s 750 =
s 600
5 500 S 400
£ 250 £ 200
= S o
© 5000 15000 25000 35000 © 5000 15000 25000 35000
Iterations Iterations
(a) (b)

- -
Y 25000 __ Ggsts Y 25000 __ Ggsts

- G ()] - G-
@ 2000 G-ESTT g 20001 G-ESTT

—— SGD-TS —— SGD-TS
g 1500 LowESTR g 1500 LowESTR
'-g 1000 g 1000
S 0 E 500
£ £
3 - 3 -

5000 15000 25000 35000

5000 15000 25000 35000
Iterations Iterations

() (d)
FI1GURE 4.1. Plots of regret curves of algorithm G-ESTS, G-ESTT, SGD-TS and
LowESTR under four settings (480 arms). (a): diagonal ©* d; = dg = 10,7 = 1;
(b): diagonal ©* d; = d2 = 12,7 = 1; (¢): non-diagonal ©* d; = dy = 10,7 = 2; (d):
non-diagonal ©* dy = do = 12,7 = 2.

are in Appendix C.9.) Moreover, to pre-check the efficiency of our Stein’s lemma-based method
for subspace estimation shown in Eqn. (4.6), we also tried some other low-rank subspace detection

algorithms for comparison. The details are also deferred to Appendix C.9.4 due to the space limit.
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CHAPTER 5

Low-rank Matrix Bandits under Heavy-tailed Rewards

5.1. Introduction

The Multi-armed Bandit (MAB) has proven to be a powerful framework to model various decision-
making problems with great applications to medical trials ( , ), personalized recom-
mendation ( , ), and hyperparameter learning ( , : , ),
etc. To leverage the side information (contexts) of arms in real-world scenarios, the most important
variant of MAB, named stochastic linear bandit (SLB), has been extensively investigated. However,
the rise of high-dimensional sparse data in modern applications has revealed the inefficiencies of the
traditional SLB, particularly in its failure to account for sparsity. To address this limitation, the
stochastic high-dimensional bandit with low-dimensional structures has emerged as the pioneering
model, such as the LASSO bandit ( , ) and the low-rank matrix bandit (

, ). In this work, we investigate the stochastic low-rank matrix bandit, where at each
round ¢ the agent first observes the arm set X; C R%*92 composing of context matrices (X; can be
infinite and changing over time). Then the agent pulls an arm X; € X; and only obtains its asso-
ciated noisy reward y; = (X, ©*) 4+ 1, with some inherent low-rank parameter ©* and zero-mean
white noise 7;. This bandit problem is broadly applicable in recommendation systems with pair
contexts, like dating service and combined flight-hotel promotion ( , ).

In all existing literature on low-rank matrix bandit, a default assumption is that the noise 7
is sub-Gaussian conditioned on historical observations ( ) ). However, in various
real-world scenarios such as financial markets ( , ; , ),
there’s a notable trend where extreme noise, a.k.a. heavy-tailed noise, in observations occur more
frequently than what would be expected under a sub-Gaussian distribution, in which case previous
studies would become futile. These heavy-tailed observations do not exhibit exponential decay
and may crucially affect the estimation. To address this challenge, a line of algorithms has been

proposed to handle heavy-tailed noise under MAB ( ) ) and SLB ( ,
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). However, to the best of our knowledge, effectively managing heavy-tailed noise under the
more complex and efficient low-rank matrix bandit framework remains unexplored. In this study,
we examine this crucial problem: low-rank matrix bandit with heavy-tailed rewards (LowHTR).
Specifically, to keep consistent with the heavy-tailed studies under MAB and SLB, we assume that
the noise has finite (1 + §) moment for some 6 € (0,1]. We first propose an efficient algorithm
named LOTUS when T is unrevealed to the agent. Then we demonstrate it attains a regret lower
bound of LowHTR for the order of T' ignoring logarithmic factors. Our LOTUS can be further
improved to be agnostic to rank r with slightly worse regret bound.

The detailed contributions of our work can be summarized as follows: (1) inspired by the success
of Huber loss ( , ; , ) and nuclear norm penalization (

, ), we first introduce a convex-relaxation-based estimator to approximate the
low-rank parameter matrix with heavy-tailed noise. As far as we’re aware, our work is the first
one to solve the trace regression problem under arbitrary heavy-tailed noise with bounded (1 + ¢)
moment (6 € (0,1)), which is highly non-trivial and stands as a noteworthy advancement on its own
merits. (2) Equipped with the aforementioned estimator, we develop an algorithm named LOTUS
for LowHTR. LOTUS exploits the estimated subspace by proposing a sub-method called LowTO
that extends from the TOFU algorithm ( ) ) designed for SLB with heavy-tailed noise.
Our LowTO truncates the rewards to mitigate the heavy-tailed effect and penalizes the redundant
features within the sparsity structure. When the total horizon T is unrevealed, our algorithm
could adaptively switch between exploration and exploitation to achieve the O(d%r%T ﬁ/ Dyp)!
regret bound. (3) We further provide a lower bound for LowHTR of order Q(d%ér%T ﬁ),
which indicates that our LOTUS is nearly optimal in the scale of T. (4) While all existing works
on low-rank matrix bandits require a priori knowledge of the rank r, we further improve our
LOTUS to operate without knowing r even under the more difficult heavy-tailed setting with
O(dr%T 45 4 dar3T ﬁ) regret bound, which is better than the trivial one in high-dimensional
case, i.e. when d 2 T%. Intuitively, it obtains a useful rank # by truncating the estimated
singular values at each batch. (4) The practical superiority of our LOTUS is then firmly validated

in our simulations.

16 ignores polylogarithmic factors. d := d; V d2 and DTT = (Dyr — 1)1s=1 + 1 where D, is the r-th singular value
of ©*.
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5.2. Related Work

Besides the line of literature on stochastic low-rank matrix bandit with sub-Gaussian noise that is

summarized in Chapter 4, we would introduce some other work that is related with our topic.

Bandit under Heavy-tailedness. Research on bandits with heavy-tailed rewards assumes the
noise has finite (1 4+ §) moment, § € (0,1), and most existing algorithms follow two key strategies:
truncation and median of means. Start with ( ), a UCB-based algorithm was
proposed for MAB with heavy-tailed rewards, enjoying a logarithmic regret bound. To extend
their study to the SLB setting, ( ) developed two algorithms based on the
truncation and median of means ideas, but both methods could only attain the regret bound of
order O(T%) when e = 1, which fails to fulfill our expectations. ( ) then refined their
results on SLB and introduced two algorithms with improved regret bound. They also constructed a
matching lower bound with 7. ( ) investigated on the finite arm case and provided two
SubLinUCB-based ( , ) algorithms. Recently, ( ) borrowed the ideas
from Huber regression and proposed an improved Huber bandit under finite arm sets. However,
their work is confined to the low-dimensional bandit without sparsity, and their parameter vectors
are presumed to be arm-dependent under the finite arm set. Another contemporary work (

, ) developed a nearly optimal algorithm for arbitrary arm sets with reduced computation
in practice. Yet, none of these studies tackle the heavy-tailedness under the more challenging

contextual high-dimensional bandits problem with sparsity, a useful niche our work aims to fill.

Matrix Recovery under Heavy-tailedness. All studies on low-rank matrix estimation revolve
around two ideas: Convex approaches tend to replace the classic square loss with some more robust
ones, like the renowned Huber loss ( , ; , ). ( ) considered the
sparse multitask regression under heavy-tailed noise, contrasting our focus on the trace regression
problem. The two works most closely related to ours are ( ); ( ).

( ) established a two-step method for the robust trace regression, but they assumed the noise
possesses finite 2k moment for £ > 1 and their approximation error is not even proportional to the
noise size. ( ) further employed the Huber loss to develop an enhanced regressor with
error aligned with the noise scale as long as the noise has bounded variance. In our work, we further

complement their result and revisit the Huber-type estimator robust to noise with only finite (1+44)
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moment for any § € (0, 1], and we deduce the error rate of order O((d/n)%E(\m\H‘;)lﬁiﬁ) scaling
with the noise scale decently. On the other hand, nonconvex methods aim to seek local optima of
the matrix recovery problem via gradient descent. The notable work ( ) developed
a Riemannian sub-gradient method and attained the optimal statistical rate under heavy-tailed
noises with bounded (14 §) moment, but their work relies on some additional assumptions like the
noise is symmetric or zero-median. In summary, our work stands as the first solution to address
the trace regression problem under arbitrary heavy-tailed noise with only bounded (1+ ¢) moment

(6 € (0,1)), which is significant on its own strengths.

5.3. Preliminaries

We will present the setting of LowHTR and introduce the common assumptions for theoretical
analysis in this section. Denote T as the total horizon, which may be unknown to the agent. At
each round ¢ € [T], the agent is given an arm set X; C R4 %% (d; = dy) that can be fixed or varying
over time. Then the agent chooses an arm X; € AX; and observes the associated stochastic reward

¢ such that,
(51) Yt = <Xt7 @*> + M,

where ©* € R%*% js an unknown parameter matrix with rank r < d; A dy and 1 is the
heavy-tailed noise. Specifically, we assume E(n¢|F;) = 0 and E(|n|'T|F;) < ¢ for some § €
(0,1],¢ > 0 conditional on the history filtration F; = {X;, Xy—1,m-1,...,X1,n1}, which indicates
that E(y|F;) = (X;,©*). The compact SVD of ©* can be written as ©* = UDV " for some
U e R and V € R%2X" and we denote Dj; as its i-th largest singular value. Furthermore, we
define X} = arg maxxecyx, (X, ©*) as the feature matrix of the optimal arm at round ¢, and the goal
is to minimize the cumulative regret in total T’ rounds formulated as Ry = Y1 (X}, 0%) — (X;, ©%).

Next, we present two mild and regular assumptions.

AssuMPTION 5.3.1. We can find a sampling distribution D over X} with the covariance matrix X,

such that D is sub-Gaussian with parameter 02 < ¢; == A\pin(X) < 1/(d1d2).

Assumption 5.3.1 is commonly used in the modern low-rank matrix bandits ( , ;

, ), and can be easily satisfied in many cases. For instance, when X; is a region in R *d2
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(e.g., Euclidean unit ball), we can find such a sampling distribution if the convex hull of this region
contains a ball with some constant radius. And when X; is a finite set, it suffices if the arms are
IID drawn from some sub-Gaussian distribution at each time. Note a random matrix X € R%1*d

follows sub-Gaussian distribution with parameter o2 if for any t € R s.t.,
P((A,X) > V2 |Allpt) <2exp (—tz/az) , VAeR>d2,
ASSUMPTION 5.3.2. We have ||©*||p < S, and for any t € [T], X € A}, it holds that || X||p < S.

Assumption 5.3.2 is very standard in contextual bandit literature. As a consequence, we can deduce
that E(|y;|'"°|F;) < 2982 + 2°¢c := b. Based on the conditions on the sub-Gaussian parameter o
in Assumption 5.3.1, we can prove that || X|| is bounded in a constant scale with high probability
with its proof in Appendix D.1. But for simplicity and consistency with previous literature, we still
impose this common assumption to bound || X|| here. Note our work can be naturally extended to
the generalized low-rank matrix bandit problem by further assuming the derivative of the inverse
link function is bounded in the interval [—S2,S%]. Such an adaptation would result in the final

regret bound being affected only by a constant factor, and we will leave it as our future work.

5.4. Methods

In this section, we present our novel LowTO With Estimated Subspaces (LOTUS) algorithm for the
LowHTR problem. Our algorithm runs in a batched format adapted from the doubling trick (
) ). And inspired by the success of the two-stage framework in ESTR ( ,
), in each batch our algorithm also first recovers the subspaces spanned by ©*, and then invokes
a new approach called LowTO that heavily penalizes on columns and rows complementary to our
estimated subspaces. Contrasting prior works, our algorithm could dynamically switch between
the exploration and exploitation stages so as to be agnostic to the horizon 7', which is significantly
more useful. We further improve LOTUS to operate without knowing the sparsity r, which further
enhances its practicality.
Initially, we will introduce the nuclear penalized Huber-type low-rank matrix estimator under
heavy-tailed noise as follows. Contracting the results in ( ), we further prove that our
Huber-type estimator is robust to arbitrary heavy-tailed noise with the finite (1 4+ §) moment for

5 € (0,1) on the trace regression problem.
o8



Algorithm 8 LowTO With Estimated Subspaces (LOTUS)

Input: Arm set &}, sampling distribution Dy, §, To, n, A, {\;, J_};'_:Of
Initialization: The history buffer index set #; = {}, the exploration buffer index set Ha = {}.
1: Pull arm X; € X} according to D; and observe payoff y;. Then add (X¢, y;) into H; and Hg for
t < Tp.
2: for 1 = 1,2,... until the end of iterations do

i
3: Set the exploration length 77 = min { [%2“1”)} e ,22}.
4: For iteration ¢ from |Hi| + 1 to |H1| + 11, pull arm X; € A} according to D; and observe

payoff y;. Then add (X, y;) into H; and Ho
5: Obtain the estimate © based on Eqn. (5.3) with Ha, where we set 7; =

[ 1

([Hal/(d + In (21 /€))) T 75, A < o ((d + In (271 /€)) /| Ha]) ™55 745,

Calculate the full SVD of © = [U,U,| D[V, V.]" where U € Rh*" V ¢ Re2x7,

For T, = 2! — T} rounds, invoke LowTO with 6, [ﬁ, (//\]_], [17, ‘7]_], A, Ai 1, M1 and obtain the
updated H;.

5.4.1. Low-rank Matrix Estimation. Suppose we collect n pairs of data {(X;,y;)} accord-
ing to some distribution satisfying Assumption 5.3.1 for X; and the model of Eqn. (5.1) for the
associated y; after time n. Define the Huber loss ( , ) I+(+) parameterized by the robus-
tification 7 > 0 ( , ) as:

x2 /2 if || < T,
I (z) =
Tlz| —12/2 if |2| > 7.
To obtain a low-rank matrix estimate, we use the nuclear norm penalization as a convex surrogate
for the rank and implement the following nuclear norm regularized Huber regressor to recover the

subspaces under heavy-tailedness:

. o . 1
(5.2) O =arg min  Lrn(0) + AOlne: Lrn(©) = 2[:] I (yi — (X:,0)),
€N

where 7 and X stand for the Huber loss robustification and the nuclear norm penalization parame-
ters, respectively.

We then establish the following statistical properties of the estimator defined in Eqn. (5.2):

THEOREM 5.4.1. By extending Assumption 5.5.1 with any order of o and ¢;, With probability

at least 1 — ¢, the low-rank estimator © in Eqn. (5.2) with T =< (n/(d + In (l/e)))lii& ¢ and
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A=<o((d+1n(1/e))/n)T+ cT+5 satisfies

5
< Clg (d+ ln(1/€)> o 01%5\/77“,

n

for some constant Cy as long as we have n 2 drv3,d,v?, and (d — In (€))Vrv3 with v = o%/¢.

The proof of Theorem 5.4.1 involves a construction of the restricted strong convexity for the empir-

VL (0*)| ,and the details
op

are presented in Appendix D.4. Note Theorem 5.4.1 generally holds without any restriction on the

ical Huber loss function L.(-) and a deduction of an upper bound for

scale of o and ¢;. Provided the noise has a finite variance, i.e., d = 1, the deduced lo-error rate aligns
with the minimax value ( ) ) under the standard penalized low-rank estimator with
sub-Gaussian noise. Based on our knowledge, this is the first error bound in the trace regression
problem under noise with finite (1 4+ §) moment (§ < 1) assuming nothing further.

To solve the convex optimization problem in Eqn. (5.2), we adopt the local adaptive majorize-
minimization (LAMM) method ( , : , : , ) that is fast
to use and scalable to large datasets. This method constructs an isotropic quadratic function to
upper bound the Huber loss and utilizes a majorize-minimization algorithm for finding the optimal
solution. One noteworthy advantage of this procedure is that the minimizer often yields a closed-

form solution. Due to the space limit, we defer more details and the pseudocode to Appendix D.3.

5.4.2. LOTUS: The Rank r is Known. We will present our LOTUS algorithm in this
subsection. To improve the two-stage framework introduced in ( ) which requires
the knowledge of T and to further yield robust performance against heavy-tailedness, our LOTUS
adaptively switches between exploration and exploitation in a batch manner without knowing T,
and is equipped with a new LowTO algorithm designed for heavy-tailed rewards. The LOTUS
algorithm is presented in Algorithm 8, with three core steps introduced in detail as follows:
Adaptive Exploration and Exploitation: Drawing inspiration from the doubling trick (

, ), after some warm-up iterations of size Ty, our LOTUS operates with batches un-
til termination where the batch sizes increase exponentially as {2i fzof We define H; and Hs as the
history and exploration buffer index sets, where after time ¢ all the indexes [t] of past observations
are included in H; while Hs only contains sample indexes particularly used for subspace estimation
of ©*. At the i-th batch of length 2¢, we first set T} = min{(d2+45r1+52i+i5/D3j25)ﬁ, 2} as
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the exploration length, and we randomly sample T} arms according to the sampling distribution in
Assumption 5.3.1 and put their indexes into both H; and Ho. Subsequently, we obtain an estimate
O based on Eqn.(5.2) with samples indexed by Hz, and then leverage the recovered subspaces in the
remaining TQi =2 — Tf rounds as the exploitation phase, where we invoke a new algorithm named
LowTO. The details of this exploitation phase will be elaborated in the following two points. As
shown in Algorithm 8 line 8, indexes of observations under LowTO are only added to H; but not
Ho and hence will not be used for matrix estimation. Unlike the traditional doubling trick that
restarts the algorithm at each batch, our algorithm facilitates interaction across different batches.
Specifically, at the i-th batch, it utilizes all the samples in H; and Hs accumulated from the pre-
vious batches for more informed decision-making. Another point to highlight is that our LOTUS
algorithm can also be run in a more randomized manner with the same regret bound: at the i-th
batch, there is an option to explore with a probability of 77/2* and to exploit with the remaining
probability. We defer its pseudocode to Appendix D.2. For simplicity, we consider our original
approach in this work, which involves an initial exploration phase of deterministic length followed
by the use of LowTO.

Subspace Transformation: At the i-th batch, after we randomly sample arms for a carefully
designed duration and add their observations into Ho, we first acquire the estimated O based
on the current Hs as shown in Eqn. (5.3). With the knowledge of 7, then we can obtain its
corresponding full SVD as 0= [[7, Z{J\J_]ﬁ[‘/}, ‘//\]_]T where U € R <7 U, € R x(d1—r) V e Ri2xr

and ‘/}J_ € Rd2x(d2—7)

(5.3) ©=arg min L ,(0)+ X\ O]

QERdl xdg nuc

Intuitively, Theorem 5.4.1 implies that our estimated column and row subspaces should align with
the ground truth U, V. Borrowing the ideas from ESTR ( , ), we aim to transform the
original LowHTR into the linear bandit problem under heavy-tailed rewards with some sparsity

feature. Specifically, we first orthogonally rotate the actions set & in the exploitation phase as

(5.4) X = {[17, UTX[V,V.]: Xe Xj} :
(5.5) o =[U,U.]"e*[V,V.].
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Define the total dimension p := djdy and the effective dimension k = p — (dy — r)(dy — ). We

perform a tailored vectorization of the arm set X, asin Algorithm 9 line 4 to obtain a new arm

set X/ C RP, and denote 6* to be the corresponding rearranged version of vec(©*’) such that
ket lp = vec(@jilzdl’TH:dQ). Then it holds that ;. is nearly zero based on the results in

( ) and Theorem 5.4.1. The formal result is shown as follows for the i-th batch with probability

at least 1 — e:

ro2cTs <d+ 1n(1/e)>124i5

* < —
(5.6) 6+ 1:pll S S D2, L%]

with the parameter setting that
7= ([Hal/(d + 1n (1/€)) 55 ¢T5, A = o ((d + In (1/€)) /|Ha|) T5 ¢T3,

Its complete proof is presented in Appendix D.6. Consequently, we can simplify the LowHTR
problem to an equivalent p-dimensional linear bandits under heavy-tailedness with a unique sparse
pattern, i.e., the final (p — k) entries of #* are almost zero based on Eqn. (5.6).
Following the recovery of row and column subspaces of ©* and the particular arm set transformation
after T} rounds in the i-th batch, we will leverage the resulting almost-low-dimensional structure
by using the following LowTO algorithm for the rest of the batch’s duration.
LowTQO Algorithm: To begin with, we reformulate the resulting p-dimensional linear bandit
problem under heavy-tailed rewards in the following way: at round ¢, the agent chooses an arm
x; € X/ of dimension p where X} is a rearranged vectorization of X,  as defined in Algorithm 9 line
4, and observes a noisy payoff y; = z;] * 4 1; mixed with some heavy-tailed noise 7.
Our LowTO algorithm is presented in Algorithm 9. Inspired by LowOFUL in the ESTR method (

, ), to exploit the additional pattern of 8* shown in Eqn. (5.6), we propose the almost-low-
dimensional truncation under OFU (LowTO) algorithm As shown in Algorithm 9 line 2, our LowTO

V2g.; fori =1,...,t — 1 at time ¢ by some increasing threshold

also truncates each entry of M~
by, Different from linear bandits under heavy-tailedness, when calculating the estimator 0 in Algo-
rithm 9 line 3, we put a weighted regularizer as the diagonal matrix A = diag(\, ..., A\, AL, ..., A1)
with A only applied to the first k coordinates. By amplifying A, we ensure greater penalization is

applied to the final p — k elements of 6 leading to their diminished values, and this phenomenon is

well intended under the almost-low-dimensional structure. Subsequently, we utilize a UCB-based
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Algorithm 9 LowTO

Input: T4, [(7, ﬁL], [‘7, ‘/}L]; Aos AL, Hi-
H 1
Stage M =3, ) o 72 +A = S8 wgal A, XT=[mar, gy | o, ] T =M XT

with H} = {(xsTt = [Vec(ﬁTXV)T,Vec(UTXXAQ)T,
Vec(ﬁIX?)T,vec(ﬁIX‘Z_)T], Yst = y) (X, y) 67—[1}.
A:diag([)\o,...,)\o,AL,...,)\L])

k p— k
1: fort=1to T do
2 Get ;= [ys,lﬂuiylys’lgbt_l, ey yt_l]lui,l?‘ﬁl-&-t—l?#—l
<b,_,| " for i € [p], where ¢; € RIPl+t=1,
3: Calculate 6;_; = M2 gy, ... 7u;;|—gp]—|—-
4: Transform the arm set X; as

X/ :{ [vec((/jTXV)T, vec(ﬁTX‘A/J_)T, vec(ﬁIX‘A/)T,

vee(U] XV )T eRP: X e X, ).
5 Pull ; = arg max,¢ 27 0; 1 + Bi1 ||z|| -1 and observe the reward y;.
6: Restore z; into its original matrix form X; and then add (X, y;) into H;.
7: Update M = M + zyx) , X T = [X T, 2] and [ug,...,uy]" = M~1/2XT,
8: return The history buffer H;.

criterion to choose the pulled arm according to Algorithm 9 line 5, where we also decrease the vari-
ation of the last p — k elements with M ! to further reduce their impact on the decision-making. It
is also noteworthy that we always reuse all the past observations stored in H; at each batch when
initializing the matrix M, which can facilitate a consistent and accurate estimator 0 in the early
stage of the exploitation phase. And the randomly drawn samples in H; contain more stochasticity
and thus are more preferable for the parameter estimation.

We then state the regret bound of LowTO in Theorem 5.4.2:

THEOREM 5.4.2. Suppose the input Hi is of size H < T and we run our LowTO algorithm for
T rounds. By setting by = (b/ log(2p/e))%+5(t + H)%,Bt = 4\/;6%)1%S log(2p/e)$(t + H);Tjﬁ +
VA0S +VALS L with A = SQTQ/(k:log(l—i—%)), with probability at least 1 —e, the regret of LowTO
can be bounded by:

1

O(M(Tﬂf{)w +\/17T+SLT),

where S| is the upper bound of ||Ox11:.pl|ly as shown in Eqn. (5.6) depending on |Ha|.
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In standard linear bandit under heavy-tailed noise case, we can recover the same regret bound of
TOFU in the order of O(p - TT5) by setting S, = S and A; = A.
Overall regret: Now we are ready to present the overall regret bound for LOTUS in the following

Theorem 5.4.3.

THEOREM 5.4.3. By using the configuration of LowTO described in Theorem 5.4.2 and the param-
eter values of LOTUS shown in Algorithm 8 for each batch, and set € as €/2F1 in B, (formulated
in Theorem 5.4.2) for the i-th batch. Then with probability at least 1 — e, it holds that

2445 146 1+ 2426

R(T) <O <d1+ssr1+3aT1+3‘is/D7};% T d%ﬁph) ,

s 148, 1E9
under the condition that T7 > 5d1t$2 r%/Dmﬁ; . Furthermore, we can simplify the above result as

RT)<q - | s 2002
0(d5r§Tm),5 <1,T > (dr)5% /D07 .

Note the regret bound in Theorem 5.4.3 improves upon the one attained for a simple linear bandit
reduction, which contains the order of d?>. When the rewards have bounded variance, i.e., § = 1,
our regret bound matches the modern one for low-rank matrix bandit under sub-Gaussian noise up

to logarithmic terms ( , ; , ).

5.4.3. LOTUS: The Rank r is Unknown. While all existing algorithms for low-rank matrix
bandits require prior knowledge of the rank r, this information is never revealed to agents in
real-world applications, and hence misspecification of r will not only undermine the theoretical
foundations but also severely compromise the performance of these methods. To solve this crucial
challenge, in this section we aim to enhance our LOTUS algorithm to be agnostic to r even under
the more complex heavy-tailed scenario. For the Lasso bandit, which is another popular and easier
high-dimensional bandit with sparsity, some algorithms ( , ; , ) free of
the sparsity index have been recently introduced. However, when compared with our work, all of
them necessitate some additional assumptions on the structure of the underlying parameter as well
as the sampling distribution. For example, ( ) further assumes that the active entries
of the parameter vector are relatively independent and the skewness of the sampling distribution is

bounded. This fact substantiates the huge difficulty of devising an efficient algorithm for LowHRT
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without additional conditions. Note our work also opens up a potential avenue for exploring low-
rank matrix bandits without the need for knowledge about r, and we believe that completely
addressing this intriguing problem must require more specific assumptions and investigations.

To improve our batched-explore-then-exploit-based LOTUS algorithm, an intuitive idea is to es-
timate the effective rank of © right after the matrix recovery in each batch. By trimming the
estimated singular values {Dii}gzl with some craftily designed increasing sequence that is deduced
from Theorem 5.4.1, we could obtain a useful rank 7 with 7 < 7 and then only focus on the
top-7 row and column subspaces. We can demonstrate that all the ground truth singular values
{Dii}f:f, 41 omitted are nearly null and hence negligible. Therefore, by penalizing the subspaces
parallel to those omitted directions with a similar idea used in our original LOTUS, we could en-
joy the low-rank benefit of LowHTR. Specifically, to modify line 6 and line 7 in Algorithm 8, we
abuse the notation here and denote D as the singular value matrix of O that is deduced in line 5.
Subsequently, we estimate the useful rank 7 as

)
~ | (d+1n (2011 /) T
f:min{ie[d—kl]:DiigC’la\/i( *T;” /6)> .clia}_mL
C 2

where C] is some specific constant in Theorem 5.4.1 and lA?(dH)(dH) is set to be 0 to avoid the empty
set case. Afterward, we rewrite the full SVD of © as © = [U, U, | D[V, V,]T with U € R1** V ¢
R%*7 for each batch in line 6. In new line 7 of our improved LOTUS, we then input the new
[U,U,] and [V, V] with the estimated rank 7 as described above, and the effective dimension k in
the following subspace estimation and LowTO implementation will become k = p—(d; —7)(d2 — 7).
Note 7 might differ across different batches, but 7 < r consistently holds. Conclusively, we can

obtain the following regret bound of our improved LOTUS algorithm agnostic to r:

THEOREM 5.4.4. By using the same setting and conditions of LOTUS as described in Theorem 5.4.3
i(1+8) .

and Algorithm 8 with Th = min {d - 271+28 ,2”} in line 3 of Algorithm 8, and utilizing the estimated

useful rank 7 to set the corresponding value of k at each batch, the cumulative regret of our LOTUS

agnostic to r can be bounded as

R(T) < O (d%T%le + dr%TH—z&) ,

with probability at least 1 — €.



BT L
The above regret bound is efficient under the high-dimensional scenario, i.e., d 2 T (1+29)(1+3),

While generally there exists a disparity between our derived regret bound in cases where r remains
undisclosed and the optimal one, as previously discussed in this section, it would prove exceptionally
difficult to devise an algorithm for LowHTR that remains agnostic to r while achieving an enhanced
regret bound. Solving this issue would necessitate the formulation of more specific assumptions on
the underlying structure of the arm matrices and ©*.

Moreover, we will showcase the superior efficiency of our LOTUS algorithm in both scenarios,
whether the agent possesses knowledge of r or not, in the following experimental results in Sec-

tion 5.6.

5.5. Regret Lower Bound

In this section, we provide a lower bound for the expected cumulative regret in LowHTR particularly

regarding the order of 7. The result is given as follows:

THEOREM 5.5.1. Under the LowHTR problem with d,r,T and S = 1 in Assumption 5.3.2, there
exists an instance with a fized X containing (d — 1)r arms for which any algorithm must suffer an

) ) 1 ) ) 1 1
expected regret of order Q(dTHr+3TT+3), j.e., E(Ry) 2 dT+r T+ T4 > TT+5,

Theorem 5.5.1 demonstrates that our LOTUS could attain the lower bound for LowHTR regarding
the order of T" when r is given. And this lower bound is tight with » = d and finite arm sets since it
matches the minimax rate for standard linear bandits under heavy-tailed noise ( , )
Further exploring the regret lower bound for d and r under LowHTR is notably challenging, given
the fact that even the simpler low-rank matrix bandits under sub-Gaussian noise this problem is
not thoroughly studied ( ) ). And the regret lower bound may differ in the order
of d when the arm set is infinitely large and arbitrary ( , ). We will leave them as

future directions.

5.6. Experimental Results

We demonstrate that our proposed LOTUS yields superior performance over the existing LowESTR
algorithm ( , ) in the presence of heavy-tailed noise under a suite of simulations. Since
our work is the first one to study the LowHTR problem and currently there is no existing method

for comparison, we utilize the LowESTR algorithm specifically designed for the sub-Gaussian noise
66



t-distribution noise Pareto noise Laplace noise
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FiGURE 5.1. Plots of cumulative regrets of LowESTR and our proposed LOTUS
with fixed or changing contextual arm set under t-distribution, Pareto, and Laplace
heavy-tailed noise. We use the LOTUS algorithm agnostic to r in the first three
experiments displayed in the first row, and we utilize the value of r in LOTUS in
experiments shown in the second row.

to validate the robustness of our proposed LOTUS. LowESTR also borrows the idea of the two-
stage framework from ESTR, and it improves upon ESTR on the computational efficiency of the
matrix recovery step. It requires both the knowledge of the horizon T and the rank r as inputs.
In the following experiments, we showcase that it becomes vulnerable and achieves suboptimal
performance under heavy-tailed noise in practice as expected.

We consider two different settings of the parameter matrices ©* with d; = do = 10 and r = 2.
For the first scenario, we set the parameter matrix as a diagonal matrix ©* = diag([7,4,0,...,0]).
The arm set is fixed where we draw 500 random matrices from {X € R*10 | X||; < 1} in the
beginning. And we implement the improved LOTUS algorithm introduced in Subsection 5.4.3 that
is unaware of the rank r in this scenario. For the second case, we consider a more challenging
parameter matrix ©* such that its first row represents a random vector of norm 7 and its second
row is a perpendicular vector of norm 4 with other entries set to 0. Contrasting the first scenario,
we consider a contextual arm set with 10 feature matrices drawn from {X € R0 || X, < 1}
at each round. And we use the original LOTUS algorithm introduced in Subsection 5.4.2 requiring
the knowledge of » = 2. For the heavy-tailed noise 7;, we consider the following three types of

distribution for both scenarios introduced above:
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e Student’s t-distribution: The density function is given as f(x) < (1 + :1:2/1/)_%1 with degree
of freedom parameter v > 0 and x € R. By setting v = 1.7, it has infinite variance but finite 1.5
moment bounded by 6. The heavy-tail index is equal to 1.60.2

e Pareto distribution: The density function is given as f(z) < a/(x + 1)®! for some shape
parameter a > 0 and z > 0. By setting o = 1.9, it also has infinite variance but finite 1.5 moment
bounded by 5. And the heavy-tail index is equal to 2.20.

e Laplace distribution: The density distribution is formulated as f(z) < exp(—|z|/b) with some
scale parameter b for x € R. By setting b = 1, the distribution possesses a finite variance bounded

by 2. The heavy-tail index of this distribution is 1.36.

According to Figure 5.1, we observe that our LOTUS algorithm consistently exhibits superior and
more resilient performance across all six scenarios compared to LowESTR. This advantage is partic-
ularly evident when dealing with distributions with a higher heavy-tail index, which is aligned with
our expectations. On the contrary, LowESTR performs fairly in the presence of Laplace noise with
a finite variance but struggles when faced with Pareto noise possessing stronger heavy-tailedness.
Furthermore, it is noteworthy that the cumulative regret of the LOTUS algorithm exhibits a batch-
wise increase, with a progressively clearer sub-linear pattern emerging in subsequent batches. This
fact firmly validates the practical superiority of our LOTUS algorithm under both cases when the

rank r is presented or not.

2A greater heavy-tail index exceeding 1 indicates that the distribution possesses stronger fluctuation and heavy-
tailedness. ( , )
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CHAPTER 6

Conclusion and Future Work

In this dissertation, we aim to solve some important and unexplored challenges of the bandit prob-
lems from both theoretical and practical perspectives. In Chapter 2, we introduce a new problem
of Lipschitz bandits in the presence of adversarial corruptions, and we originally provide efficient
algorithms against both weak adversaries and strong adversaries when agnostic to the total corrup-
tion budget C'. The robustness and efficiency of our proposed algorithms is then validated under
comprehensive experiments. In Chapter 3, we propose the first online continuous hyperparameter
optimization method for contextual bandit algorithms named CDT given the continuous hyperpa-
rameter search space. Our framework can attain sublinear regret bound in theory, and is general
enough to handle the hyperparameter tuning task for most contextual bandit algorithms. Multiple
synthetic and real experiments with multiple GLB algorithms validate the remarkable efficiency
of our framework compared with existing methods in practice. In the meanwhile, we propose
the Zooming TS algorithm with Restarts, which is the first work on Lipschitz bandits under the
switching environment. In Chapter 4, we discussed the generalized linear low-rank matrix bandit
problem. We proposed two novel and efficient frameworks called G-ESTT and G-ESTS, and these
two methods could achieve decent bounds of regret under some mild conditions. The practical
superiority of our proposed frameworks is also validated under comprehensive experiments. And
finally in Chapter 5, we introduce and examine the new problem of LowHTR, and we propose a
robust algorithm named LOTUS that can be agnostic to T" and even the rank r with a slightly
milder regret bound. We also develop a matching lower bound to demonstrate our LOTUS is nearly
optimal in the order of T. Meanwhile, we prove that our Huber-type estimator could solve the trace
regression problem under arbitrary heavy-tailed noise with finite (1+J) moment (6 € (0, 1]) and its
Frobenious norm error is of scale O((d/ n)ﬁE(\n\H‘s)lﬁié) (n is the random noise). The practical

superiority of our proposed method is validated under simulations.

69



There are several directions for our future work. For the Lipschitz bandits, how to propose an
algorithm attaining the regret lower bound without knowing the rank r under adversarial corrup-
tions is unknown, and conducting a comprehensive study on the non-stationary Lipschitz bandit
problem also remains intriguing and unexplored. For the model selection of bandits, considering a
continuous candidate space has hardly been explored and remains an interesting future direction.
For the high-dimensional bandits without knowing the sparsity value (e.g. low rank r), it remains

compelling to close the regret gap of the lower bound under some mild assumptions.
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APPENDIX A

Appendix for Chapter 2

A.1. Analysis of Theorem 2.4.1

We modify the proof in ( ) by dividing the cumulative regret into two parts,
where the first part controls the error coming from the stochastic rewards and the second part deals
with the extra error from adversarial corruptions in the following Appendix A.1.2. In the beginning

we will present some auxiliary lemmas for preparation.

A.1.1. Useful Lemmas.

DEFINITION A.1.1. We call it a clean process for Algorithm 1, if for each time t € [T| and each

active arm v € X at any time t, we have |f(v) — u(v)| < r(v).

Here we expand some notations from Algorithm 1: we denote n:(v) as the number of times the
arm v has been pulled until the round ¢, and f;(z),r(z) as the corresponding average stochastic

rewards and confidence radius respectively at time ¢ such that,

4In(T)+21In(2/0 C
)= [T r2me/s) | C
() ()
Note in our Algorithm 1 we do not write this subscript ¢ for these components since there is no
ambiguity in the description. And W.l.o.g we assume the optimal arm z, = arg max,cx pu(x) is

unique in X.

LEMMA A.1.1.1. Given the adversarial corruptions are at most C, for Algorithm 1, the probability

of a clean process is at least 1 — 9.

PrOOF. For each time ¢t € [T'], consider an arm = € X that is active by the end of time ¢. Recall
that when Algorithm 1 pulls the arm z, the reward is sampled IID from some unknown distribution
P, with expectation pu(z). And in the meanwhile, the stochastic reward may be corrupted by the

adversary. Define random variables U, s and values Cy 5 for 1 < s < my(x) as follows: for s < ny(z),
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Uy s is the stochastic reward from the s-th time arm « is played and C; s is the corruption injected

on U, s before the agent observing it. By applying Bernstein’s Inequality, it naturally holds that

P<|ft<x>—u<m>|z”(x)):p(m(w)w(w”Z\/41nT+21n<2/5> c )

ni () ny(x)
LA A AInT +2In(2/5) C
UL et 2w @2 \/ @ @)
"9y, "o [amT+2m(2/8)  C
Sl PP Gl B \/ @) )
0, ) g )| \/41nT—|—2ln(2/5) . <_nt(a:) . 41nT—|—21n(2/5)>
— ny(x) ne(x) 2 ne(x)

=672,

where the inequality (i) comes from the fact that the total corruption budget is at most C. Since
there are at most t active arms by time ¢, by taking the union bound over all active arms it holds
that,

P (Vactive arm z at round ¢, |f;(z) — p(z)| < r4(z)) > 1 — 6T L, Vvt e [T].

Finally, we take the union bound over all round ¢ < T', and it holds that,
P (Vt < T,V active arm z at round ¢, | f;(z) — pu(x)| < re(z)) > 1 — 6T,
which implies that the probability of a clean process is at least 1 — §. O

LEMMA A.1.1.2. If it is a clean process and the optimal arm x,. € B(v,r¢(v)), then B(v,ri(v)) could

never be eliminated from Algorithm 1 for any t € [T] and active arm v at round t.

PRrOOF. Recall that from Algorithm 1, at round ¢ the ball B(u,:(u)) would be discarded if we

have for some active arm v s.t.

fi(w) = ri(v) > fi(u) + 2ry(u).

If z, € B(u,r¢(u)), then it holds that

Fo) + 2r(u) S pu(u) + o) > () + D) > (),
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where inequality (i) is due to the clean process and inequality (ii) comes from the fact that p(-) is

a Lipschitz function. On the other hand, we have that for any active arm v,

u() > fi(v) = r(v),  pe) > plv).

Therefore, it naturally holds that

fe(v) —re(v) < fi(u) + 2r(u).

LEMMA A.1.1.3. If it is a clean process, then for any time t and any (previously) active arm v we
have A(v) < 3ri(v). Furthermore, we could deduce that D(u,v) > min{A(u), A(v)}/3 for any pair

of (previously) active arms (u,v) by the time horizon T'.

PROOF. Let S; be the set of all arms that are active or were once active at round t. Suppose
an arm x; is played at time . If x; is just played for one time, i.e. x; is just activated at time t,
then we naturally have that,

A(.’Et) S 1 S 37’t(.fCt),

since the diameter of X is at most 1. Otherwise, if x; was played before, i.e. x; is chosen based on

the selection rule instead of the activation rule, we will claim that

(@) < folwe) + 2r(we) < plae) + 3re(ae),

under a clean process. First we will show that fi(x) + 2ri(z) > p(zs). Recall that the optimal
arm x, is never eliminated according to A.1.1.2 under a clean process and hence is covered by some

confidence ball, i.e. z, € B(2/,r¢(2")),32’ € S;. Then based on the selection rule, it holds that
flae) + 2r(me) 2 fi(@)) + 2ri(2)) = p(@’) +re(2’) 2 () +re(2’) — D(@e, ') 2 p(a4).
On the other hand, it holds that,

fe(@e) + 2re(ze) < plwe) + 3re ()
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since it is a clean process. And these two results directly imply that

(A1) p(s) = p(we) = Alwe) < 3re(we).

For the other active arms v € S; that was played before time ¢, let s < ¢ be the last time arm v
was played, where we have f;(v) = fs(v) and r(v) = rs(v), and then based on Eqn. (A.1) it holds
that A(v) < 3rs(v) = 3r(v).

Furthermore, we will show that D(u,v) > min{A(u), A(v)}/3 for any pair of active arms (u,v) by
the time horizon T'. W.l.o.g we assume that v was activated before u, and u was first activated at
some time s’. Then if v was active at the time s’ it naturally holds that D(u,v) > ry(v) > A(v)/3
according to the activation rule. If v was removed at the time s’ then we also have D(u,v) > ry(v)
since u was not among the discarded region, and hence D(u,v) > A(v)/3 holds as well. And this

concludes our proof. ]

A.1.2. Proof of Theorem 2.4.1. We modify the original argument for Zooming algorithm (

, ) to decently resolve the presence of adversarial corruptions. In summary, we could
bound the cumulative regret of order O (T i +C T Tﬁ) the first term is the regret caused
by the stochastic rewards, which is identical to the regret we have without any corruptions; the
second quantity bounds the additional regret caused by the corruptions.

Denote St as the active (or previously active) arm set across the time horizon 7. Then based on

Lemma A.1.1.3, for any x € St it holds that,

4In(T) +2In (2/8) ~ 3C

nr(z) nr(z)

A(z) < 3rp(x) = 3\/

And this indicates that

(A.2) Al@)nr(z) < 3\/<41n (T)+21n (;)) nr(x) + 3C.
Then we denote

+o0o
. 1 .
Bir = {v eSr:2'< m < 2”1} ., where Sp = ZLJO B;r,
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and write 7; = 27%. Then for arbitrary u,v € B;r,i > 0, we have
T 5
51 < Au) <1y, 5’ < A(v) <y,

which implies that D(x,y) > r;/6 under a clean process based on Lemma A.1.1.3. Based on the
definition of the zooming dimension d, it follows that |B; 7| < O(rf:). Subsequently, for any
0 < p < 1 it holds that

(A.3) o< Y O(r;dz):o( ! )

p=
vEST, i<—logy(p)
A(v)>p

Now we define the set I as:

1=fresmios (o sam(2) )}

When an arm v is in the set I, the cumulative regret in terms of it would be more related to the

stochastic errors other than the adversarial attacks. Subsequently, we could divide the cumulative

regret into two quantities:

Regretr = ZA v)np(v Z A(v)np(v Z A(v)np(v

vEST veSTNI veSTNIC
- Y swmo+ X Am s ¥ w0 Y Awwu
veSTNI, veSrNI, veSTNIE, veSrNIE,
A(v)<p1 A(v)>p1 A(v)<p2 Av)>p2

(i)

<pT+2 ) 3 <4ln(T)—|—21n<§>)nT(U)+p2T+2 Y 3c

veSrNI, veSrnIe,
A(v)>p1 A(v)>p2

(i)
<l + 1n<§) > nr(v) Y. U+, +C Y

veSTNI, veSTNI, veSTNIE,
A(v)>p1 A(v)>p1 A(v)>p2

<piT + ln<§> > nr(v) Yo | +pT+C )

veSTNI, veSrNI, veSTNIE,
A(v)>p1 A(v)>p1 A(v)>p2

1\%
+pT +C <> .
P2

z

a4 L < )f( >d2
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The inequality (i) comes from the definition of set I and Eqn. (A.2), and inequality (ii) is due to
the Cauchy-Schwarz inequality where < denotes “less in order”. Furthermore, we get inequality

(iii) based on Eqn. (A.3). Note Eqn. (A.4) holds for arbitrary p1,p2 € (0, 1), and hence by taking
1 1 1 1
p1 =T &2In(T)%+2, py=T dt1Cd+T,
we have
_1dztl 1 da ~ dz+1 1 dz
Regretr = O (ln (T)&=+r2Td+2 4+ O sz+1> =0 (sz+2 + Cdz+1 sz+1> .
And this concludes our proof. O

REMARK A.1.1. Note we could replace the second term of r(x) with min{l,C/n(x)}, i.e.

_ [am@msemep) o C
M”‘% I {Lm@}’

since we know each instance of attack is assumed to be upper bounded by 1. And all our analyses

and Lemmas introduced above could be easily verified. Specifically, the core Lemma A.1.1.1 still

holds as

A.2. Analysis of Theorem 2.4.4

A.2.1. Useful Lemmas. We first present some supportive Lemmas.

LEMMA A.2.0.1. For a sequence of IID Bernoulli trials with a fix success probability p, then with

probability 1 — &, we could at most observe [(1 — p)In(1/9)/p| failures until the first success.

ProoF. This is based on the property of negative binomial distribution: after we complete the

first IV trials, the probability of no success is (1 — p)N . To ensure this value is less than §, we get

B ~ In(1/8) In(1/90)
N loa O = L) "m0 )
By using the inequality In (z + 1) < x,Vx > —1, we could take N = [(1 — p)In (1/6)/p]. O
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LEMMA A.2.0.2. (Adapted from Lemma 3.3 ( , )) In Algorithm 2, for any layer
whose tolerance level exceeds the unknown C, i.e. any layer with index i € [I*] s.t. v; > C, with

probability at least 1 — 0, this layer suffers from at most corruptions of amount (In(1/6) + 2e — 1).

PROOF. The proof of this Lemma is an adaptation from the proof of Lemma 3.3 in
( ), and we present the detailed proof here for completeness:
In the beginning, we introduce an important result (Lemma 1 in ( )): Let
X1,...,Xr be a real-valued martingale difference sequence, i.e. Vt € [T], E(Xy|X¢—1,...,X1) = 0.
And X; < R. Denote V = ZtT:l E(X?|X;-1,...,X1). Then for any § > 0, it holds that,

r 1\ e—2
P(ZXt>Rln<5>+ G -V) <.

t=1

Assume a layer whose tolerance level C' is no less than C, and hence the probability of pulling this
layer would be 1/C < 1/C. For this layer, let C’i be the corruption that is observed at round ¢
when arm z is pulled, z € X. Then at any time ¢, if the adversary selects corruption c¢;(a) then we
know C is equal to ¢;(a) with probability 1/C and 0 otherwise. Denote the filtration F; containing
all the realizations of random variables before time ¢. And hence at time ¢ the adversary could
contaminate the stochastic rewards of X according to Fi. Let d; be the arm that would be selected
if this layer is chosen at the time ¢. Since our Algorithm 2 is deterministic in terms of the active
region conditioned on selecting each layer, and the pulled arm is randomly selected from the active
region. Therefore, the selection of d; is also independent with C’; given Fi. We construct the
martingale as:

X; = ‘C*;

—E(‘é;

7).
Therefore, it holds that

2 2
E(X2|Xo1,..., X1) = = <|Ct(a), - Ict((;)l) . C(g 1 (|Ctgn)|> . 2|ct(cfz)|’

since we have that C' < C and |¢(a)| < 1. And conclusively it holds that

T T
|ct(a)|
V=) EX|Xi ..., X1) <) 2 < 2.
t=1 t=1




Furthermore, it naturally holds that X; < 1 due to the fact that |¢;(a)] < 1. Based on Lemma 1

in ( ) we introduced above, with probability at least 1 — ¢, it holds that

gxt <In G) +2%e—2).

On the other hand, we can trivially deduce that the expected corruption injected in this layer is at
most 1 since we have total amount of corruptions C' and the probability of choosing this layer at

each time is fixed as 1/ C<1 /C. Conclusively, we have with probability at least 1 — ¢,

T T T ) 1 1
Z’Cf& :ZXt—kIE(E’C; ‘]‘_t> <1n<5> —|—2(e—2)+1:ln<5> + 2e — 1.
t=1 t=1 t=1

And this completes the proof. d

DEFINITION A.2.1. We call it a clean process for Algorithm 2, if for any time t € [T], any layer

l € [I*] whose tolerance level vi > C, any active region A € A; and any x € A at time t, we have

foa = ()] < = + \/‘““ (T) +2In(4/5) , In(T) +1n(4/5)
ALY A A

hold for some 0 < § < 1.

To facilitate our analysis in the rest of this section, we expand notations here for Algorithm 2. Sim-
ilar as in Appendix A.1, we would add the subscript time ¢ to some notations used in Algorithm 2.
e my;: epoch index of layer | at time t;

e n;,: number of selecting the layer [ at time ¢ since the last refresh (line 10 of Algorithm 2) on

the layer [;
o A;;: active arm set of layer [ at time t;

e n; 4 number of selecting the layer [ and active region A € A;; by time ¢ since the last refresh

on the layer [;

o fi a4 average stochastic rewards of selecting the layer [ and active region A € A;; by time ¢
since the last refresh on the layer [.
We also denote [y as the minimum index of layer whose tolerance level just surpasses C, i.e.

lo = argmin{l € [I*] : v; > C}. Therefore, we get a clean process defined in Definition A.2.1 iff.
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the following set ® holds:

1 4In(T)+2In(4/6 In(T)+1n(4/5
=< [frae—pu@) < o—+ (T) (/>+ (T) (4/9)
2mi nyA NAt

(A.5) Vo€ A, VA€ Ay, Vi€ {lolo+1,...,1°}, Vt € [T]}.

Note we only need to prove the set ® holds at the end of each epoch for the analysis of Algorithm 2.

W.lo.g. we will just prove the regret bound in Theorem 2.4.4 of Algorithm 2.

COROLLARY A.2.1. With probability at least 1 — g, we select one time of layer ly at most every

BC'log(4T'/$) times of other layers simultaneously.

PrOOF. The proof is straight forward based on Lemma A.2.0.1. According to the construction
of {v}!_,, it holds that C' < v, < BC. This implies that the probability of sampling layer Iy

at each round is at least %C‘ Therefore, after sampling layer [y in line 2 of Algorithm 2, with

)

17> we would sample all the other layers for at most

probability at least 1 —

log(4T'/9)
1

- BC

BC < BC'log(4T/9)

times. Since we know the number of time sampling layer [y is naturally at most 7, by taking the

union bound, we conclude the proof of Corollary A.2.1. g

LEMMA A.2.1.1. For algorithm 2, the probability of a clean process is at least 1 — %5, i.e. P(®)>
3
1—46.

PROOF. For each layer | whose tolerance level surpasses C, i.e. [ > Iy, we know the probability
of sampling this layer in line 2 of Algorithm 2 is at most 1/C, and this indicates that with probability
at least 1 — d1, this layer suffers from at most (—1In(d1) + 2e — 1) levels of corruptions based on
Lemma A.2.0.2. Note the number of layers is less than logz (7). This indicates that by taking
the union bound on all layers whose tolerance levels surpass C, we have with probability at least

1 — 01, all these layers suffer from at most (ln (%) + 2e — 1) levels of corruptions across the

m (08T o0 g (L
51 51
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since it is natural to have T/logg(T) > €3. Then for any time ¢, any layer [ > Iy and any active

region A € A4, define x4, Ca and random variables Uy s as the s-th time arm pulled, the
stochastic reward from pulling x4 s and the corruption injected on Ua s for 1 < s < my 4. Also

denote

(T) + In (4/6)
npAt '

TLAE =

1 41n(T) 4 21n(4/90) +ln
2me NAt

With probability at least 1 —d/4, from the above argument, we know that all layers with the index
at least [y suffer from at most In ( ) levels of corruptions across the time horizon 7. Denote this

event as ¥, i.e. P(¥) > 1—6/4, then under V¥ it holds that

P(|fiar — (@) < rpap, Vo € A)
ny At Ny At
— UJ?S — CIS
—p =TSy —= —u(x)| <rpag, Ve e A
( Sz_; Ny At SZ:; Ny At ,u( ) !
Ny At At,u(«TA ) Ny, At M( Ny, At C
> P - S0 () |+ <rat,VreA
; N At SZ:; nyAt SZ:; Ny At ;nlAt !
O (& v, "Eulaa ”Z’Am(“ ) 1 21n (472/6)
>P ) S ()] < + NVre A
o ( SZ NLA Szl N AL 521 N A wa)| < 2t N A
(ll) Ny A Ny At 9
—1 ny At P Ny At ny At
>1-— 0. T2
2

Inequality (i) is due to the definition of event ¥ and inequality (ii) comes from the fact that the
diameter of A is at most 1/2"¢ and u(-) is a Lipschitz function. We know that at most 7" active
regions would be played across time T. By taking the union bound on all rounds ¢ € [T and all

active regions that have been played, it holds that

)

P(‘fl,A,t — p(z)] < T AL VT € A, VA € Al,t; RS {lo,lo +1,... ,l*}, vVt € [T]) >1-— 2
under the event W. Since P(¥) > 1 — §/4, overall it holds that

30

ie. P(®)>

P(|fiar—p@)| <rpap, Ve e A, VA€ Ay, Vi e {ly,lo+1,...

1 —3d/4. And this concludes our proof.
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LEMMA A.2.1.2. We have 1 44 < 2/2™0t if ng a4 = 61n(47/6) - 4™t

PRroor. Based on the formulation of r; 4,

TL,At =

1 \/4ln (T) +2In(4/3) | In(T) +In(4/5)

2Mmt ny A ny At

It suffices to show that

(A.6) \/41H(T)+21n(4/5) @)+l 1

ny A ny A T2

by taking n; 4, = 61n(47'/5) - 4™+, Firstly, we have that

\/41n(T)+21n(4/5) Sz\/ln(T)—i—ln(ﬁl/é) <2\/ In (T)) + In (4/5)

ny At 6111(4T/5) L4me — (3 4 2\/5) 1H(4T/5) L4
1
< (2v2 - 2) g
Secondly, it holds that
In(T) +1n (4/9) 1 1 1
< <(3-2v2 .
nl,A,t - 3 + 2\/5 4mit — ( )le’t

Combining the above two results, we have Eqn. (A.6) holds, which concludes our proof.

O

LEMMA A.2.1.3. Under a clean process, for any layer | whose tolerance level vy is no less than C,

1.e. 1 > 1y, it holds that

A(z) <16/2™t, Vo e A, VA € Ajy,Vt € [T).

Proor. We will show that under a clean process ®, the optimal arm x, would never be elim-

inated from layers whose tolerance levels are no less than C. Obviously, the optimal arm x, is in

the covering when m;; = 1, where the whole arm space X' is covered. Assume the layer /; reaches

the end of epoch my, ; at time ¢ (i.e. my, ;41 = my, ¢ + 1), and the optimal arm z, is contained in

some active region A, € A;, ;. Then under a clean process, for any active region Ay € Ay, ; it holds

that,
(A7) finied > 1(2) = 1y > i) — 2270
(AS) flon,t < N($) + 7, Aot < M($) + 2/2mlt’tvvx € Ao
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based on Lemma A.2.1.2 since we have nj, 4, = 6In(47/6) - 4™t VA € A, ; in the end of the
epoch. And since p(zy) > p(x),Va € Ay, it holds that

(A.9) Jie Aot — Juo A < 4/2M0t,

This implies that A, will not be removed. Note the above argument holds for any epoch index
and any layer whose corruption level surpasses C', and hence the optimal arm x, would never be
eliminated from layers whose tolerance levels are no less than C.

To prove Lemma A.2.1.3. When m;; = 1, it naturally holds since A(z) < 1 < 16/2'. Otherwise,
let A, be the covering that contains the optimal arm z, for layer [ in the previous epoch m;; — 1,
and according to the above argument it is well defined. And we know x is also alive in the previous
epoch, where we denote A; as the covering that contains x in the previous epoch m;; — 1. Denote

to as the time the last epoch reaches the end of layer [ (m;; — 1 = my,,), and then it holds that

4 8

A@) < fiaoto = fravto T 204000 = fracto = Jidut + G = foacte = fidut + Gary

since 1y 4, 1o = 71,4, .60 = 4/2™% at the end of the epoch m;4,. On the other hand, since A, was
not eliminated at the end of the epoch m;4,, based on the same argument used with Eqn. (A.7),

(A.8), (A.9), we have that
4 8

fl,A*,to - fl7Az'atO é 2m17t0 - 2ml’t’

and this fact indicates that

Az) < 16

— oM’
Note this result holds for any layer whose tolerance level surpasses C' and any t € [T']. This implies

Lemma A.2.1.3 holds conclusively. O

A.2.2. Proof of Theorem 2.4.4.

PROOF. If the corruption budget C' < In (47'/6), then all the layers’ tolerance levels exceed the
unknown C, in which case based on Lemma A.2.1.1, with probability at least 1 — 3§/4, it holds
that Vo € A,VA € A, VI € [I*], ¥t € [T)

N In(T) +1n(4/0)
ny Azt ny At .

[frae—p@)| < oo+

1 \/4ln (T) + 21n (4/9)
omi
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We denote Regretr(l) as the cumulative regret encountered from the layer [ across time 7', which
implies that
l*
Regretr = Z Regretp(l).
I=1

For any fixed layer [ € [I*], we will then show that Regrety(l) = O(T%). Based on Lemma A.2.1.3,
we know that for any layer [, any arm played after the epoch m would at most incurs a regret of
volume 16/2™. Note at epoch m, the active arm set consists of 1/2"-coverings for some region in
{x € X: A(x) <16/2™}. Therefore, the number of active regions at this epoch m could be upper
bounded by a2%™ for some constant o > 0. And for each active region, we will pull it for exactly
61n(47/0) - 4™ times in epoch m. Therefore, the total regret incurred in the epoch m for any layer

would at most be
a2%™ x 61n(4T/8) - 4™ x 16/2™ = 1920 In(47/5)2(%= 1™,

Therefore, the total cumulative regret we experience for any layer [ could be upper bounded as:

. AT S(@4+1ym 8
Regretp(l) < Z 192a1n 5 2= + QWT
m=1

T

4T> (d=+1)(M+1) _ 9d=+1 ]

AT 8
< 384aln (5) AN 4 o T,

where the second term bound the total regret after finishing the epoch M. Note we could take M

as any integer here, even if the epoch M doesn’t exist, our bound still works. By taking M as the

closest integer to the value <ln <48a+(4T/5))/ [(d:+2)In (2)]) It holds that
dz+1 1
Regretr(l) S Td=+2 In(T/0)%=+2, Vi e [I7].

Therefore, it holds that with probability at least 1 —30/4 > 1 —§,

l*
dy+1

dat1 1 -
Regretr = Z Regretr(l) S Td=+2 In(T/0)%=+2 - logy(T) = O(Td=+2).
=1

On the other hand, if the corruption budget C' > In (47'/0), then not all the layers could tolerate

the unknown total budget level C. We denote [y as the minimum index of the layer that is resilient
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to C as defined in Eqn. A.5. Therefore, we could use the above argument to similarly deduce that:

dz+1

l* dz+1 1 ~
(A.10) > Regretp(l) ST @2 In(T/5)% 72 - logy(T) = O(T'442).
l=lo

For the first (Ip — 1) layers that are vulnerable to attacks, we could control their regret by using
the cross-layer region elimination idea. Specifically, it holds that v;, < BC, then based on Corol-
lary A.2.1, we know that with probability at least 1 — §/4, we select one time of layer |y at most
every BC'log(4T'/§) times of the first (Ip — 1) non-robust layers. Since the active regions in a lower-
index layer are always a subset of the active regions for the layer with a higher index according
to our cross-layer elimination rule in Algorithm 2. We know when the layer [y stays at the epoch
m, any arm played in the layer 1,2,...,ly would at most incurs a regret 16/2™. Therefore, when
the layer [y stays in epoch m, we have probability at least 1 —30/4 — /4 = 1 — 0, the total regret

incurred from the first [y layers altogether could be bounded as
BClog(4T /) x a2%™ x 61n(4T/8) - 4™ x 16/2™ = 192BCa In(47/5)?2(d=+1m,
Conclusively, it holds that

lo M AT 2 .
dy+1)m
lgl Regretp(l) < E 192BCaln (5> 2 ym 2717

m=1

T

AT\ 2 9(dA1)(M+1) _ 9da+1 8
S 192BCO{ In <5> 2dz+1 1 + W

47\ ? 8
< 384BCaln (5) o(d+1)M QWT’

for arbitrary M. Similarly, then we can simply take M as the closest positive integer to the value

(m <48aBC?n(4T/6)>/ [(d: +2)In (2)]> ,

and we have that
bo bt 1
(A.11) 3" Regretr(l) S T% (BCln (T/5)2) S
=1
Combine the results from Eqn. A.10 and Eqn. A.11, with probability at least 1 — §, it holds that

Regretp = O (T% (BﬁCﬁ + 1)) =0 (T% (Cﬁ + 1)) .
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And this completes our proof. O

A.3. Analysis of Theorem 2.4.6
A.3.1. Useful Lemmas.

LEMMA A.3.0.1. (Part of Theorem 3.2 and 5.3 in ( )) If the regret of the
optimal base algorithm could be bounded by Uy(T,§) = O(c(0)T%) for some function ¢ : R — R and
constant o € [1/2,1), the regret of EXP.P and CORRAL with smoothing transformation as the

master algorithms are shown in Table A.1:

TABLE A.1. Table for Lemma A.3.0.1

Known o, Unknown c¢(9)
EXP3.P 0 (Tﬁ c(5)>
CORRAL ) (T%(a)é)
The proof of this Lemma involves lots of technical details and is presented in ( )

elaborately. And hence we would omit the proof here.
A.3.2. Proof of Theorem 2.4.6.

PROOF. The proof of our Theorem 2.4.6 is based on the above Lemma A.3.0.1. According to
Theorem 2.4.1, with probability at least 1/, the regret bound of our Algorithm 1 could be bounded
as

~ dy+1 1 dy ~ dy+1 1 dy+1
Regretr = O (TW + CWTW> -0 (Tm + CWTW) .
Due to the fact that d, is upper bounded by d and C' = O(T), it further holds that
~ 1 dzt1 ~ 1 dt1
Regretr = O ((C’dz+2 + 1) sz+2) =0 ((C@ + 1) Tm) .

Therefore, by taking o = j—ié (known) and ¢(§) = (C o 1) (unknown) and plugging them into

Lemma A.3.0.1, we have that

9 ((Cfiz + 1)T%) EXP3.P,

E(Regretr) = ) s
0 ((CdTl n 1)Tm) CORRAL.

And this concludes our proof. O
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A.4. Analysis of Theorem 2.4.7

Under the assumption that the diameter of X’ is at most 1, we could also assume that u(z) €

[0,1],Vz € X due to the Lipschitzness of () w.l.o.g. in this section.

A.4.1. Useful Lemmas.

LEMMA A.4.0.1. In Algorithm 10, for any batch i € H%”, the sum of stochastic rewards could be

bounded as

min{iH,T}
12T
< i
Z ye| < 2H + 2Hlog(H5)
t=(i—1)H+1
simultaneously with probability at least 1 — /3.
Proor. For arbitrary batch index ¢ € H%H, it holds that
min{iH,T}
12T
P > =
Z Y| > 2H + 2Hlog(H6)
t=(i—1)H+1
min{i¢H, T} o7
=P Z (@) + ce(@e) +me| = 2H + 2H10g(H75)
t=(i—1)H+1
min{iH,T'} min{iH,T} min{:H,T} o7
<P > —
<P X M)+ Y alwl+| D m| = 2H 4y 2 log()
t=(i—1)H+1 t=(i—1)H+1 t=(i—1)H+1
min{iH,T} .
121\ O H
<P > —_— < —o.
< 2 m|zy2Hlog() | < oo
t=(i—1)H+1

The inequality (i) comes from the fact that Zg(i_l) 417t is sub-Gaussian with parameter H.

Therefore, by taking a union bound on all {%1 batches, it holds that

min{iH, T}

T 12T )
A ESE < =yl >1-2.
P WE{H} Z Y| <2H + 2Hlog(H5) >1 3
t=(i—1)H+1
And this concludes the proof of Lemma A.4.0.1. O

A.4.2. Proof of Theorem 2.4.7.

PrOOF. We are ready to prove Theorem 2.4.7 now. Since we have [log,(7)| base algorithms

where the i-th base algorithm is our Robust Zooming Algorithm (Algorithm 1) with tolerance level
86



}ﬂog?(Tﬂ in terms of their tolerance levels. For

2!, we can denote the base algorithm set as W = {2
any round ¢t € [T, let w; denote the base algorithm chosen from W. And denote x¢(w), w € W
as the arm pulled if the base algorithm w is chosen in the beginning of its batch. In other words,
we have z; = x4(w;). Denote C; as the total budget of corruptions in the i-th batch and hence
C = ZE{HW C;, where recall that C' is the unknown total budget of corruptions. And we also
write Cy = max; C; as the maximum budget in a single batch. Let w, be the element in W such
that C, < w, < 2C,. Therefore, we could decompose the cumulative regret into the following two

quantities:

T

T
(A.12) Regretr = Z ((zy) — p(ze(wy)) +Z (xe(wy)) — p(xe(wy)))
t=1 t=1

Quantity (I) Quantity (II)

And it suffices to bound these two quantities respectively. We know the Quantity (I) could be
further represented as

[Z] min{iH,T}

T
Y () = pla(ws)) = Yo () = pla(ws)

t=1 i=1 t=(i—1)H+1
Here we will use the results from Theorem 2.4.1. Note by setting the probability rate as §/3 in
Algorithm 1, we can prove that we have a clean process with probability at least 1 — /3 (line 5
in Algorithm 10). Although we run the Algorithm 1 here in a batch fashion and the total rounds
is T, we can still easily show that with probability at least 1 — §/3 we have a clean process for all
batches. This is because the proof of Lemma A.1.1.1 only relies on taking a union bound over all
rounds T where whether a restart is proceeded doesn’t matter at all. According to Theorem 2.4.1

and the choice of w,, the cumulative regret of each batch could be upper bounded by the order of
1 1
O(HféiiJrcszdeil) :O<H‘Zié +C*d+1Hdil> 7

since Cy < H naturally holds by definition. Therefore, it holds that

~ T dzt1 o ~ =1 A -1
(A.13) Quantity (I) = O (’VH-‘ <Hdz+2 + C'*d“HdJrl)) =0 (THdz+2 + TC'*d“HdH) ,
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with probability at least 1 — /3. For Quantity (II), according to Lemma A.4.0.1, for any batch

1€ H%H the sum of stochastic rewards could be bounded by

min{iH,T}

12T
< -
‘Z ye| < 2H + 2H10g<H5>
t=(i—1)H+1

simultaneously with probability at least 1 — /3. We denote the event 2 as

min{iH, T}

) T 12T
e M | 2w S22 log <Hc5> |
t=(i—1)H+1
and it holds that P(€2) > 1—¢/3. And under the event 2, from Theorem 6.3 in ( ),
we know with probability at least 1 — §/3, it holds that
: ~ T ~
(A.14) Quantity (II) = O (w /H2H> =0 (\/TH) .
Specifically, in the statement of Theorem 6.3 ( , ), we have K = [logy(T)],d =

6/3, T = [L] here. And we multiply the regret bound in Theorem 6.3 ( ,
by <2H +4/2H log(%)> as well since the original EXP3.P algorithm requires the magnitude of
rewards not exceeding 1. Conclusively, by combining the results from Eqn. A.13 and Eqn. A.14 and
taking a union bound on the probability rates, with probability at least 1 —§/3—60/3—§/3 =1-19,
we have that
. - I
Regrety = O (THdziz FTCFT Har 4 \/TH) .
By taking H = T% and using the fact that d, < d, it holds that
1 2 1
Regrety = O <Tm + C’;MTW> =0 <Tm + C’f“TﬁlZig>
_6(r# ¢ o).

with probability at least 1 — 4. O

A.5. Additional Algorithms

A.5.1. BoB Robust Zooming Algorithm. Due to the space limit, we defer the pseudocode
of BoB Robust Zooming algorithm here in Algorithm 10. We can observe that the top layer is an

EXP3.P algorithm, which chooses the corruption level used for Robust Zooming algorithm in each
88



Algorithm 10 BoB Robust Zooming Algorithm
Input: Arm metric space (X, D), time horizon T, probability rate d, batch size H.

1: Budget set for base algorithms I = {2}V /N = [logy(T)], a = 2y/ln(3L) v =

12y
2: fort=1to T do
: if t e {kH +1:k €N} then
4: Fori=1,...,N set

, weight w; = 1,7 € [N], cumulative sum s = 0.

min

Wi
pi = ( 20 > ;V: w; + N
: Choose the base algorithm index i’ randomly with probability {p;}
6: Refresh the chosen Robust Zooming algorithm (Algorithm 1 with C' = 2%') with active
arm set J = {}, active space X, = X and probability rate §/3.

N
i=1"

7 Run the chosen Robust Zooming algorithm and receive the reward y;.

8: Update the chosen Robust Zooming algorithm according to Algorithm 1 and set s = s+ y;.
9: if t € {kH : k € N*} then

10: Let s = s/ |:pl-/ <2H + 2Hlog(%)>].

11: Update EXP3.P component for index i': wy = w; exp <3LN <s + Pi/jﬁ>)'

batch adaptively. For each batch, we run our Robust Zooming algorithm with the chosen corruption
level from the top layer, and use the accumulative rewards collected in each batch to update the
components of EXP3.P (i.e. line 10 of Algorithm 10). Note we normalize the cumulative reward by
dividing it with (2H+/2H log(%2L)), and this is because that we could prove that the magnitude of
the cumulative reward at each batch would be at most (2H + 1/2H log(32£)) with high probability
as shown in Lemma A.4.0.1. And the EXP3.P algorithm ( , ) requires the magnitude
of reward should at most be 1 with our chosen values of « and . The regret bound of Algorithm

10 is given in Theorem 2.4.7 of our main paper.

A.6. Discussion on Lower Bounds

We now propose Theorem 2.4.2 and Theorem 2.4.5 with their detailed proof in Section A.6.1 and
Section A.6.2 respectively, where we provide a pair of lower bounds for the strong adversary and

the weak adversary.

A.6.1. Lower Bound for Strong Adversaries. We repeat our Theorem 2.4.2 for reference

here and then provide a detailed proof as follows:
89



Theorem 2.4.2 Under the strong adversary with corruption budget C, for any zooming dimension
d, € T, there exists an instance such that any algorithm (even is aware of C) must suffer from

ds
the regret of order ) (CﬁTW) with probability at least 0.5.

PRrOOF. Here we consider the metric space ([0, 1)%, 1 ). For arbitrary e € (0, %), we can equally
divide the space [0,1]? into 1/¢? small I, balls whose diameters are equal to € by discretizing each
axis. (W.Lo.g we assume 1 is divisible by e for simplicity since otherwise we could take |[1/€?|
, then we can divide the space into 22 = 4 [, balls:

[0,0.5)2,]0,0.5) x [0.5,1),[0.5,1) x [0,0.5),[0.5,1)2. We denote these balls as {Ai}ifld, [0,1)4 =

instead.) For example, if d = 2 and € = %
o[
U;fldAi and their centers as {cl}llfld (e.g. the center of [0,0.5)% is (0.25,0.25).) Subsequently, we

could define a set of functions { fz()}lli eld as

§—llo—cillos @€ As
fi(z) =

0, x & A
We can easily verify that f;(-) is a 1-Lipschitz function. For the zooming dimension, if € is of
constant scale, then the zooming dimension will become 0. However, in our analysis here, we would
let € rely on T and be sufficiently small so that the zooming dimension is d. If the underlying
expected reward function is fi(-) and there is no random noise, consider the strong adversary that
shifts the reward of the arm down to whenever the pulled arm is in A; and doesn’t attack the
reward otherwise. This attack could be done for roughly |C/e| times. Intuitively, the learner can
do no better than pull each arm in [0, 1]¢ uniformly. This implies that roughly the learner should
do |C/e|[1/e?] rounds of uniform exploration before the attack budget C is used up, where the
learner pulls arms outside Ay for approximately [C/e] - [(1 — e?)/e?] times. Take e = (£) #, we
know that roughly the learner should do |C/e]|1/€¢?] = T rounds of uniform exploration, and the
cumulative regret is at least

m | Vl -fd>J c—e(ctira) — o (crnTR).

€ ed

For a more rigorous argument, note that for the k-th instance fx(-), the adversary could maliciously
replace the reward with 0 until the arm in Ay, is pulled at least |C/e| times. After [C/e|[1/2¢%]
rounds, for any algorithm even with the information of value C, there must be at least [1/(2¢%)]

d
balls among {AZ}ZZ | that have been pulled for at most [C/e| times. As a consequence, when we
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_1
choose the problem instance k among these |1/(2¢%)] balls and set ¢ = (%) 41 then we know that

‘. m . Q;J _1> _o(cnTin)

dz
is unavoidable. This implies that the regret could be no worse than Q(CﬁT dz+1) under the

the regret of order

strong adversary with probability 0.5. [l
For the stochastic Lipschitz bandit problem, based on ( ) we know for any algorithm
there exists one problem instance such that the expected regret is at least
N
inf | roT + Clog(T) Z N:(r) ,

ro€(0,1 ) r
0€(0,1) r=2""4eN,r>rg

where N, (r) is the zooming number. And hence the corruption-free lower bound O (ln(T) ﬁT%>
is optimal in terms of the zooming dimension d,. Combining this result with our Theorem 2.4.2, we
can conclude that for any algorithm, there exists a corrupted bandit instance where the algorithm
must incur (max {ln(T)ﬁT%,CﬁT%}> cumulative regret, which coincides with the
order of regret for our Robust Zooming algorithm. Conclusively, our algorithm obtains the optimal
order of regret under the strong adversary.

We then restate our Theorem 2.4.3 for reference and then provide a detailed proof:

Theorem 2.4.3 For any algorithm, when there is no corruption, we denote R% as the upper
bound of cumulative regret in T rounds under our problem setting described in Section 2.3, i.e.
Regretr < R% with high probability, and it holds that R% = o(T). Then under the strong adversary
and unknown attacking budget C, there exists a problem instance on which this algorithm will incur

linear regret Q(T) with probability at least 0.5, if C = Q(RS./4%) = Q(RY.).

PROOF. For the case that d, = 0, we consider the metric space ([0, 1], l2) and define the Lipschitz
function fi(-) as O
0.25 — |z — 0.25|, =z €[0,0.5];
filz) = :
0, z € (0.5,1].
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and we assume there is no random noise and no adversarial corruption. (We call this instance Ij.)

For any algorithm with E(Regretr) < R} when there is no adversarial corruption, we know that
E(# iterations playing arms in (0.5,1]) x 0.25 < E(Regretr) < R},

and hence E(# iterations playing arms in (0.5,1]) < 4R%.. By Markov inequality, with probability
at least 0.5, the number of iterations that play arms in (0.5, 1] is no more than 8R%..

Next, we define a new problem setting in the same metric space as:

0.25 — |z — 0.25|, =z €[0,0.5];

z— 0.5, z € (0.5,1].

And under the setting of f(-) there is a malicious strong adversary with budget C = 4RY. to attack
using the following strategy: whenever the arm in (0.5, 1] is selected and the corruption budget has
not been used up, the adversary moves the reward to 0. We call this instance I;. Therefore, before
the budget is used up, each selection of arm in (0.5, 1] returns a reward 0, and hence the agent can
never tell the difference between Iy and I; and would follow the same strategy under Iy until the
total corruption level reaches C' = 4R?p and then the adversary stops to contaminate the rewards.
And this requires at least C'/0.5 = 2C' = 8RY. rounds in which the agent chooses arms in (0.5, 1].
Therefore, with probability of at least 0.5, the regret in T rounds is at least (7' — 8R%)/4 = Q(T).
For d, > 0, we use the metric space ([0,1]%, | - ||oo) With d = [2d,]. We first partition the d-
dimensional cube [0, 1]¢ into 2¢ sub-cubes with side length 0.5, i.e. equally divide the cube [0, 1]%
into 0.5-radius /o, balls whose diameters are equal to 0.5 by discretizing each axis. We denote these
balls as Ai?il and the center of these balls as Ci?il» e.g. cp = [0.25]d. And we denote the vertex of
each ball that matches the vertexes of [0, 1]¢ as vi?il, e.g. v1 = [0]%. Subsequently, we could define
the function fi(-) as
4 _d_
4a=az — ||z —c1]|% %, T € Aj;

fi(z) =
0, .1‘¢A1

and we assume there is no random noise and no adversarial corruption. (We call this instance Ij.)

Since the regret of the algorithm under no corruption satisfies that E(Regretr) < R%, and we know
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—d
that pulling any arm outside A; will incur a single regret of 44-4-  and hence we have that
—d
E(# iterations playing arms not in A;) < Ry - 47d= .

Then by the pigeonhole principle, there exists a sub-ball 2 < i < 2% such that the expected number
of iterations to pull arms in A; is no more than RY. - g7 /(2% —1). Without loss of generality,
we assume i = 2, where ¢ = [0.75,0.25,...,0.25] and v = [1,0,...,0]. Similarly by using Markov
Inequality, with probability at least 0.5, the number of iterations that play arms in As is no more
than 2RY. - 4%/(2‘1 —1).

Next, we define a new problem setting in the same metric space as:

d

_=d_ s
474z — ||z —c1|| &%, z € Ag;
—d _d_
fo(z) = Q27 d — ||z —vo| &%, z € Ay
0, x ¢ A U As.

And under the setting of fa(+) there is a malicious strong adversary with budget C = 2RY. -
2ﬁ/(2d — 1) = O(R%/2%) to attack the rewards. (Note 1 < d/(d —d,) < 2). Specifically, the
adversary uses the following strategy: whenever the arm in As is selected and the corruption budget
has not been used up, the adversary moves the reward to 0. We call this instance I;. Therefore,
before the budget is used up, each selection of arm in As returns a reward 0, and hence the agent
can never tell the difference between Iy and I; and would follow the same strategy under Iy until the

—d
total corruption level reaches C' = 2R%‘2d*dz

/(2¢—1), and then the adversary stops to contaminate
—d —d
the rewards. And this requires at least C/27-d= = 2RY. - 4@-d= /(2¢ — 1) rounds in which the agent

chooses arms in As. Therefore, with probability of at least 0.5, the regret in T" rounds is at least

=4 o 0
po PR (g _gak) s B (2 3 _oipy,
2d 1 =16 2d — 1

A.6.2. Lower Bound for Weak Adversaries. Recall Theorem 2.4.5 in our main paper:
Theorem 2.4.5 Under the weak adversary with corruption budget C', for any zooming dimension
d, there exists an instance such that any algorithm (even is aware of C') must suffer from the regret

of order Q(C') with probability at least 0.5.
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PrROOF. We can modify the argument of the previous subsection A.6.1 to validate Theo-

rem 2.4.5. If d, = 0, we could simply use the metric space ([0, 1),[2) and the reward function

1—|z—1%, z€][0,05); 0, r € [0,0.5);
p(z) = p(z) =

0, r € [0.5,1). $—|z—3], z€[05,1).
We can easily verify that the zooming dimension d, = 0 holds. Assume there is no random noise,
and at each iteration the weak adversary pushes the reward everywhere in [0, 1) to 0, which would
use a 0.5 budget. Therefore, this attack could last for the first [2C'| rounds, when the agent would
just receive a 0 reward regardless of the pulled arm. For any algorithm, it would at least spend for
|C| rounds on either [0,0.5) or [0.5,1) with probability at least 0.5. By considering the above two
reward functions, we know that it would incur Q(C') regret with probability at least 0.5.
For d, > 0, we set d = [2d,] and consider the metric space ([0,1)%,1,,). Similarly, we can equally
divide the space [0,1]? into 1/2 small I/, balls whose diameters are equal to 1/2 by discretizing
each axis. We denote these balls as {Ai}?il, [0,1)¢ = U?ilAi and their centers as {ci}?il. (e.g. the

center of [0,0.5)? is (0.25,0.25).) Subsequently, we could define a set of functions {fz()}llfld as

) d
44 — ||z —¢||&6 ¥, =€ Aj;
pi(z) =

0, x ¢ A;.
We can easily verify that the zooming dimension of any instance is d,. Assume there is no random
noise, and at each iteration, the weak adversary pushes the reward everywhere in [0, 1) to 0, which

—d d
would use a 44-4= budget. Therefore, this attack could last for the first |44-4: C'| rounds, when
dz
the agent would just receive a 0 reward regardless of the pulled arm. After [4d-d= C'| rounds, for
any algorithm even with the information of value C, there must be at least [2%!| balls among
2d

{Ai}?il that have been pulled for at most LQ(d*dz 7d)CJ = O(C) times. As a consequence, as for

the problem instance k among these [297!| balls, the regret incurred Q(C). Similarly, this means

that any algorithm must incur Q(C) regret with probability 0.5. O

A.7. Additional Experimental Details

Note in our main paper we assume that o = 1, and our pseudocodes of Algorithms are based on this

assumption. When we know a better upper bound for o, we could easily modify the components
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in each algorithm based on o. For example, we could modify the confidence radius of any active

arm z in Algorithm 1 as

. 4In(T) +21n(2/9) C
r(z) = \/ @ (@)

Next, we exhibit the setup of algorithms involved in our experiments as follows:

e Zooming algorithm ( , ): We use the same setting for stochastic Lipschitz

bandit as in ( ), and set the radius for each arm as:

@) J\/len (T)T—L:j)ln (2/9)

¢ RMEL (ours): We use the same parameter setting for RMEL as shown in our Algorithm 2.

And based on the experimental results in Figure 2.1, this method apparently works best under
different kinds of attacks and reward functions.

e BoB Robust Zooming algorithm (ours): We use the same parameter setting with o for BoB

Robust Zooming algorithm as shown in Algorithm 10 without restarting the algorithm after each

batch since we found that restarting will sometimes abandon useful information empirically. This

BoB-based approach also works well according to Figure 2.1.

The numerical results of final cumulative regrets in our simulations in Section 2.5 (Figure 2.1) are
displayed in Table A.2.

Note our RMEL (Algorithm 2) is designed to defend against the weak adversary in the theoretical
analysis, and hence to be consistent, we also consider the weak adversary for both types of attacks
under the same experimental setting and three levels of corrupted budgets. Recall that in the
previous experiments in Section 2.5, the adversary will contaminate the stochastic rewards only if
the pulled action is in the specific region (Oracle: benign arm, Garcelon: targeted arm region),
and otherwise the adversary will not spend its budget. And hence it is a strong adversary whose
action relies on the current arm. To adapt these two attacks into a weak-adversary version, we
could simply inject both sorts of attacks at each round based on their principles at each round:
the Oracle will uniformly push the expected rewards of all “good arms” below the expected reward
of the worst arm with an additional margin of 0.1 with probability 0.5 at the very beginning of
each round. And the Garcelon will modify the expected rewards of all arms outside the targeted

region into a random Gaussian noise N(0,0.01) with probability 0.5 ahead of the agent’s action.
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Consequently, adversaries may consume the corruption budget at each round regardless of the
pulled arm, and we expect that they will run out of their total budget in fewer iterations than the
strong adversary does. We use the same experimental settings as in Section 2.5, and the results
are exhibited in Table A.3.

From Table A.3, we can see the experimental results under the weak adversary are consistent with
those under the strong adversary. The state-of-the-art Zooming algorithm is evidently vulnerable to
the corruptions, while our proposed algorithms, especially RMEL, could yield robust performance
across multiple settings consistently. We can also observe that compared with the strong adversary,
the weak adversary is less malicious than expected.

Another remark is that the adversarial settings used in our experiments may not be consistent with
the assumption that |¢;(x)| < 1, while we find that (1). by modifying the original attacks and
restricting the attack volume to be at most one with truncation, we can get a very similar result
as shown in Table A.2 and Table A.3. (2). actually we can change the assumption to |¢;(z)| < u

where u is an arbitrary positive constant for the theoretical analysis.
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Algorithm Budget (C') | Oracle Garcelon
0 366.58 366.58
Zooming 3000 10883.51 10660.17
4500 11153.78  11487.59
Triangle reward function 0 512.46 512.46
RMEL 3000 921.95 504.78
4500 928.27  1542.17
0 461.16 461.16
BoB Robust Zooming 3000 495.06 531.37
4500 1323.97  736.85
Algorithm Budget (C') | Oracle Garcelon
0 315.94 315.94
Zooming 3000 5289.65  3174.26
4500 5720.30  3174.29
Sine reward function 0 289.86 289.86
RMEL 3000 442.66 289.29
4500 862.90 332.71
0 435.44 435.44
BoB Robust Zooming 3000 414.54 746.96
4500 1887.35  1148.09
Algorithm Budget (C') | Oracle Garcelon
0 3248.54  3248.54
Zooming 3000 8730.73  8149.79
4500 9496.83  13672.00
Two dim reward function 0 258932 2589.32
RMEL 3000 5660.10  2590.77
4500 6265.09  2872.64
0 3831.94  3831.94
BoB Robust Zooming 3000 6310.29  4217.74
4500 6932.09  4380.19

TABLE A.2. Numerical values of final cumulative regrets of different algorithms
under the experimental settings used in Figure 2.1 in Section 2.5 (strong adversaries).
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Algorithm Budget (C') | Oracle Garcelon
0 366.58 366.58
Zooming 3000 10861.72  10660.18
4500 10862.75 10661.99
Triangle reward function 0 512.46 512.46
RMEL 3000 624.29 620.96
4500 623.50 634.59
0 461.16 461.16
BoB Robust Zooming 3000 545.27 561.77
4500 552.66 569.51
Algorithm Budget (C') | Oracle Garcelon
0 315.94 315.94
Zooming 3000 5178.81  2636.73
4500 5186.28  2799.22
Sine reward function 0 289.86 289.86
RMEL 3000 280.62 277.22
4500 284.94 288.06
0 435.44 435.44
BoB Robust Zooming 3000 450.21 439.08
4500 461.13 456.36
Algorithm Budget (C') | Oracle Garcelon
0 3248.54  3248.54
Zooming 3000 6380.37  6517.29
4500 6991.41  6854.05
Two dim reward function 0 258932 2589.32
RMEL 3000 3198.06  2940.93
4500 4231.88  4067.16
0 3831.94  3831.94
BoB Robust Zooming 3000 4019.08  3335.67
4500 4901.20  4054.05

TABLE A.3. Numerical values of final cumulative regrets of different algorithms
under the experimental settings introduced in Appendix A.7 (weak adversaries).
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APPENDIX B

Appendix for Chapter 3

B.1. Supportive Experimental Details

B.1.1. Simulations on the Optimal Hyperparameter Value in Grid Search. To fur-
ther validate the necessity of dynamic hyperparameter tuning, we conduct a simulation for UCB
algorithms LinUCB, UCB-GLM, GLOC and TS algorithms LinTS, GLM-TSL with a grid search
of exploration parameter in {0.1,0.5,1,1.5,2,...,10} and then report the best parameter value
under different settings. Specifically, we set d = 10,7 = 8000, K = 60, 120, and choose arm ;4
and 0* randomly in {x : ||z|| < 1}. Rewards are simulated from N(a:,;raQ*, 0.5) for LinUCB, LinTS§,
and from Bernoulli(1/(1 + exp (—:L‘Zaﬂ*))) for UCB-GLM, GLOC and GLM-TSL. The results are
displayed in Table B.1, where we can see that the optimal hyperparameter values are distinct and
far from the theoretical ones under different algorithms or settings. Moreover, the theoretical op-
timal exploration rate should be identical under different values of K for most algorithms shown
here, but in practice the best hyperparameter to use depends on K, which also contradicts with

the theoretical result.

Bandit type ‘ Linear bandit ‘ Generalized linear bandit
Algorithm | LinUCB LinTS | UCB-GLM GLOC GLM-TSL
K =60 2.5 1 1.5 4.5 1.5
K =120 3 1.5 2.5 5 2

TABLE B.1. The optimal exploration parameter value in grid search for LinUCB,
LinTS, UCB-GLM, GLOC and GLM-TSL based on average cumulative regret of 5
repeated simulations.

B.1.2. Simulations to Validate the Lipschitzness of Hyperparameter Configuration.
We also conduct another simulation to show it is reasonable and fair to assume the expected re-
ward is an almost-stationary Lipschitz function w.r.t. hyperparameter values. Specifically, we

set d = 6,7 = 3000, K = 60, and for each time we run LinUCB and LinTS by using our CDT
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framework, but also obtain the results by choosing the exploration hyperparameter in the set
{0.3,0.45,0.6,...,8.85,9} respectively. For the first 200 rounds we use the random selection for
sufficient exploration, and hence we omit the results for the first 200 rounds. After the warming-up
period, we divide the rest of iterations into 140 groups uniformly, where each group contains 20
consecutive iterations. Then we calculate the mean of the obtained reward of each hyperparameter
value in the adjacent 20 rounds, and centralize the mean reward across different hyperparameters
in each group (we call it group mean reward). Afterward, we can calculate the mean and standard
deviation of the group mean reward for different hyperparameter values across all groups. The
results are shown in Figure B.1, where we can see the group mean reward can be decently repre-
sented by a stationary Lipschitz continuous function w.r.t hyperparameter values. Conclusively, we
could formulate the hyperparameter optimization problem as a stationary Lipschitz bandit after
sufficient exploration in the long run. And in the very beginning we can safely believe there is

also only finite number of change points. This fact firmly authenticates our problem setting and

assumptions.
Simulations for LinUCB Simulations for LinTS
. 0.06 : . 0.06 :
g g
@ 0.04 1 i',’ 0.04 1
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o 0.021 © 0.021
(0] (0]
€ e
o 0.001 - 0.001
(0] (0]
N N
© —0.021 T —0.021
= = -
8 —0.041 : 8 —0.041 51.05
0 1 3 5 0 1 3 5
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FiGURE B.1. Average cumulative regret and its standard deviation of group mean
reward for different hyperparameter values across all groups.

B.1.3. Simulations for Algorithm 3. We also conduct empirical studies to evaluate our
proposed Zooming TS algorithm with Restarts (Algorithm 3) in practice. Here we generate the
dataset under the switching environment, and abruptly change the underlying mean function for
several times within the time horizon T. The methods used for comparison as well as the simulation

setting are elaborated as follows:
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Methods. We compare our Algorithm 3 (we call it Zooming TS-R for abbreviation) with two
contenders: (1) Zooming algorithm ( , ): this algorithm is designed for the
static Lipschitz bandit, and would fail in theory under the switching environment; (2) Oracle: we
assume this algorithm knows the exact time for all switching points, and would renew the Zooming
algorithm when reaching a new stationary environment. Although this algorithm could naturally
perform well, but it is infeasible in reality. Therefore, we would just use Oracle as a skyline here,
and a direct comparison between Oracle and our Algorithm 3 is inappropriate.

Settings. Assume the set of arm is [0, 1]. The unknown mean function f;(z) is chosen from two
classes of reward functions with different smoothness around their maximum:

(1) {0.9 - 09|z — a|,z € [0,1] : @ = 0.05,0.25,0.45,0.70,0.95} (triangle function);

(2) {% sin (%(z —a+ %)),x €[0,1]:a= 0.05,0.25,0.45,0.70,0.95}.

We set T'= 90,000 and ¢(7T") = 3, and choose the location of changing points at random in the very
beginning. The random noise is generated according to N(0,0.1). The value of epoch size H is set
as suggested by our theory H = 10[(T/¢(T))?/*]. For each class of reward functions, we run the
simulations for 20 times and report the average cumulative regret as well as the standard deviation
for each contender in Figure B.2. (The change points are fixed for each repetition to make the
average value meaningful.)

Figure B.2 shows the performance comparisons of three different methods under the switching
environment measured by the average cumulative regret. We can see that Oracle is undoubtedly the
best since it knows the exact times for all change points and hence restart our Zooming TS algorithm
accordingly. The traditional Zooming algorithm ranks the last w.r.t both mean and standard
deviation since it doesn’t take the non-stationarity issue into account at all, and would definitely
fail when the environment changes. This fact also coincides with our expectations precisely. Our
proposed algorithm has an obvious advantage over the traditional Zooming algorithm when the
change points exist, and we can see that our algorithm could adapt to the environment change

quickly and smoothly.

B.1.4. Additional Details and Results for Section 3.5.
B.1.4.1. Baselines with A Large Candidate Set. To further make a fair comparison and validate
the high superiority of our proposed CDT framework over the existing OP, TL (or Syndicated) which

relies on a user-defined hyperparameter candidate set, we explore whether CDT will consistently
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outperform if baselines are running with a large tuning set. Here we replace the original tuning set
Cy ={0.1,1,2,3,4,5} with a finer set Co = {0.1,0.25,0.5,0.75,1,1.5,2,2.5,3,3.5,4,4.5,5}. And

the new results are shown in the following Table B.2 (original results in Section 3.5 are in gray).

Candidate Set C1 C2
Algorithm Setting TL/Syndicated oP TL/Syndicated OoP
. Simulations 343.14 383.62 356.23 389.91
LinUCB .

Movielens 346.16 390.10 359.10 408.67

LinTS Simul.ations 828.41 869.30 874.34 925.29
Movielens 519.09 666.35 516.62 667.77

Simulations 271.45 350.85 298.68 367.97

UCB-GLM Movielens 381.00 397.58 406.29 412.62
Simulations 433.27 445.43 448.21 458.71

GLM-TSL Movielens 446.74 678.91 458.23 718.46
Laplace-TS Simul.ations 510.03 568.81 530.29 567.10
Movielens 949.51 1063.92 958.10 1009.23

GLOC Simulations 406.28 417.30 414.82 427.05
Movielens 571.36 513.90 568.91 520.72

SCD-TS Simul.ations 448.29 551.63 458.09 557.04
Movielens 1016.72 1084.13 1038.94 1073.91

TABLE B.2. Cumulative regrets of baselines under different hyperparameter tuning
sets.

Therefore, we can observe that the performance overall becomes worse under Cs compared with
the original C;. In other words, adding lots of elements to the tuning set will not help improve the
performance of existing algorithms. We believe this is because the theoretical regret bound of TL
(Syndicated) also depends on the number of candidates & in terms of v/ ( , ). There
is no theoretical guarantee for OP. After introducing so many redundant values in the candidate
set, the TL (Syndicated) and OP algorithms would get disturbed and waste lots of concentration
on those unnecessary candidates.

In conclusion, we believe the existing algorithms relying on user-tuned candidate sets would perform
well if the size of the candidate set is reasonable and the candidate set contains some value very
close to the optimal hyperparameter value. However, in practice, finding the unknown optimal
hyperparameter value is a black-box problem, and it’s impossible to construct a candidate set
satisfying the above requirements at the beginning. If we discretize the interval finely, then the

large size of the candidate set would hurt the performance as well. On the other hand, our proposed
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CDT could adaptively “zoom in” on the regions containing this optimal hyperparameter value
automatically, without the need of pre-specifying a “good” set of hyperparameters. And CDT
could always yield robust results according to the extensive experiments we did in Section 3.5.
On the other hand, these results also imply an interesting fact. Note it is doable to first discretize
the continuous space and then implement an algorithm with discrete candidate sets, such as Syndi-
cated ( , ). However, we observe that finely discretizing the hyperparameter space
will significantly hurt the practical performance and hence is wasteful and inefficient. Intuitively, it
is inefficient to place lots of “probes” in other regions that do not contain the optimal point, and we
should place probes in more promising regions via adaptive discretization methodology. In theory,
the uniform discretization idea will lead to regret bound of order Tt with covering dimension
d and the zooming idea will incur T% regret with zooming dimension d,, and we know d, < d
and d, could be significantly smaller than d under various cases. Therefore, we believe the same
phenomena will occur in the non-stationary Lipschitz bandits and also our hyperparameter tuning
framework as well.

B.1.4.2. Ablation Study on the Choice of Ty and Ts. For T}, we set it to T2 P+3) where p stands
for the number of hyperparameters according to Theorem 3.4.2. Specifically, for LinUCB, LinTS,
UCB-GLM, GLM-TSL and Laplace-TS, we choose it to be 118. For GLOC and SGD-T'S, we set it
as 45. Here we also rerun our experiments in Section 3.5 with 77 = 0 (no warm-up) since we believe
a long warm-up period will abandon lots of useful information, and then we report the results after
this change:

We can observe that the results are almost identical from Table B.3. For T5, Theorem 3.4.2 suggests
that Tb = O (T(p+2)/(p+3)). In our original experiments, we choose Ty = 3T7®+2/(+3)  To take
an ablation study on 75 we take To = kT®+2)/(0+3) for k= 1,2,3 in each experiment, and to see
whether our CDT framework is robust to the choice of k.

According to Table B.4, we can observe that overall k = 2 and k& = 3 perform better than k£ = 1.
We believe it is because, in the long run, the optimal hyperparameter would tend to be stable, and
hence some restarts are unnecessary and inefficient. Note by choosing £ = 1 our proposed CDT
still outperforms the existing TL and OP tuning algorithms overall. For k£ = 2 and k = 3, we can
observe that their performances are comparable, which implies that the choice of k is quite robust

in practice. We believe it is due to the fact that our proposed Zooming TS algorithm could always
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Algorithm Setting Ty =0 T, =T
s | Sk 2
LinTS Simulation 677.03 669.45
Movielens  343.18 340.85
e R T
GLATSL | SRt e der
s S %0
GLOC | Nioviehons 45530 4617
SGDTS |\ e 81301 838,06

TABLE B.3. Ablation study on the role of T in our CDT framework.

Algorithm Setting k=1 k=2 k=3
. Simulation 328.28 300.62 298.28
LinUCB Movielens 310.06 303.10 313.29
LTS Simulation 717.77 670.90 677.03
m Movielens 360.12 352.19 343.18

Simulation 314.01 316.95 299.74
UCB-GLM Movielens 347.92 325.58 314.41

Simulation 320.21 331.43 339.49
GLM-TSL Movielens 439.98 428.91 428.82
Lanl TS Simulation 565.15 540.61 520.29
aplace- Movielens 948.10 891.91 903.16
CLOC Simulation 417.05 414.70 415.05

Movielens 441.85 455.39 462.24

Simulation 450.14 430.05 414.57
SGD-TS Movielens 852.98 843.91 830.35

TABLE B.4. Ablation study on the role of T in our CDT framework.

adaptively approximate the optimal point. Although it is unknown which one is better in practice
under different cases, our comprehensive simulations show that choosing either one in practice will
work well and outperform all the existing methods. In conclusion, these results suggest that we
have a universal way to set the values of T7 and T» according to the theoretical bounds, and we do
not need to tune them for each particular dataset. In other words, the performance of our CDT

tuning framework is robust to the choice of 17,75 under different scenarios.
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B.2. Supportive Remarks

REMARK B.2.1. (Justifications on assumptions) We further explain the motivations of the Lips-
chitzness and piecewise stationarity assumptions of the expected reward function for hyperparam-
eter tuning of bandit algorithms.

For Lipschitzness, we get the motivation of our formulation shown in Eqn. 3.3 and Eqn. 3.4 from
the hyperparameter tuning work on the offline machine learning algorithms. Specifically, Bayesian
optimization is widely considered as the state-of-the-art and most popular hyperparameter tuning
method, which assumes that the underlying function is sampled from a Gaussian process in the
given space. By selecting a value x in the space and obtaining the corresponding reward, Bayesian
optimization could update its estimation of the underlying function, especially in the neighbor
of x sequentially. And it also relies on a user-defined kernel function, whose selection is also
purely empirical and lacks theoretical support. In our work, we use a similar idea as Bayesian
optimization: close hyperparameters tend to yield similar values with other conditions fixed. And
this natural extension motivates the Lipschitz assumption made in our paper. Therefore, it is fair to
make a similar and analogous assumption (close hyperparameters yield similar results given other
conditions fixed) for the hyperparameter tuning of bandit algorithms in our work. We validate this
assumption using a suite of simulations in Appendix B.1.

For the piecewise stationarity, as we mention in Section 3.3, it is inappropriate to assume the strict
stationarity of the bandit algorithm performance under the same hyperparameter value setting
across time 7. As an example, for most UCB and TS-based bandit algorithms (e.g. LinUCB,
LinTS, UCB-GLM, GLM-UCB, GLM-TSL, etc.), the exploration degree of an arm is a multiplier
of the exploration rate and the uncertainty of an arm. In the beginning, a moderate value of
the exploration rate may lead to a large exploration degree for the arm since the uncertainty is
large. On the contrary, in the long run, a moderate value of exploration rate will lead to a minor
exploration degree for the arm since its value has been well estimated with small uncertainty.
Therefore, a fixed hyperparameter setting may suggest different results across different stages of
time, and hence it is unreasonable to expect the strong stationarity of the hyperparameter tuning
for bandit algorithms at all time steps. On the other hand, it would be very inefficient to assume
a completely non-stationary environment as in ( ) which uses EXP3. In very close

time steps, we could anticipate that the same hyperparameter setting would yield a very similar
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result in expectation since the uncertainty of any arm would be close. And using a non-stationary
environment will totally waste this information and hence is inefficient. Therefore, it is very well
motivated to use a partial non-stationarity assumption that lies in the middle ground between the
above two extremes. Note our proposed tuning method yields very promising results in extensive
experiments under our formulations. And the stationary environment can be regarded as a special
case of our switching environment setting where the functions in between all change points are the
same.

Finally, we will explain why it is excessively difficult to present theoretical validation regarding
these assumptions in our paper. As we mentioned, our formulation is motivated by Bayesian
optimization, arguably the most popular method for hyperparameter tuning for offline machine
learning algorithms. And we use a similar idea: similar hyperparameters tend to yield similar
values while other conditions are fixed. However, people could hardly provide any theory backing
for the analogous assumption of Bayesian optimization for any offline machine learning algorithms
(e.g. regression, classification), and hyperparameter tuning is widely considered as a black-box
problem for offline machine learning algorithms. Not to mention that the theoretical analysis of
hyperparameter tuning for any bandit algorithm is much more challenging than that of offline ma-
chine learning algorithms since historical observations along with hyperparameter values will affect
the online selection simultaneously for the bandit algorithms, and we can use different hyperpa-
rameters in different rounds for bandit algorithms. Conclusively, our formulation is natural and

well-motivated.

B.3. Detailed Proof on the Zooming Dimension

In the beginning, we would reload some notations for simplicity. Here we could omit the time
subscript (or superscript) ¢ since the following result could be identically proved for each round t.
Assume the Lipschitz function f is defined on RP¢, and v* := arg max,c4 f(v) denotes the maximal
point (w.l.o.g. assume it’s unique), and A(v) = f(v*) — f(v) is the “badness” of the arm v. We
then naturally denote A, as the r-optimal region at the scale r € (0,1], i.e. 4, ={v €A : r/2<
A(v) < r}. The r-zooming number could be denoted as N,(r). And the zooming dimension could
be naturally denoted as p,. Note that by the Assouad’s embedding theorem, any compact doubling

metric space (A, Dist(-,-)) can be embedded into the Euclidean space with some type of metric.
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Therefore, for all compact doubling metric spaces with cover dimension p., it is sufficient to study

on the metric space ([0, 1]7<, ||-|') for some I € (0, +00] instead.

We will rigorously prove the following two facts regarding the r-zooming number N, (r) of (A, f)

for arbitrary compact set A C RP¢ and Lipschitz function f(-) defined on A:

® 0<p:<pc

e The zooming dimension could be much smaller than p. under some mild conditions. For example,
if the payoff function f is greater than |[v* — v||” in scale in a (non-trivial) neighborhood of v* for
some > 1,1e. f(v*)— f(v) > C(||lv* = v||’) as ||v* — v|| < r for some C > 0 and r = O(1), then
it holds that p, < (1 —1/8)pe. Note 8 = 2 when we have f(-) is C?-smooth and strongly concave

in a neighborhood of v*, which subsequently implies that p, < p./2.

PROOF. Due to the compactness of A, it suffices to prove the results when A = [0, 1]P<. By the
definition of the zooming dimension p,, it naturally holds that p, > 0. On the other side, since the
space A is a closed and bounded set in RP¢, we assume the radius of A is no more than S, which
consequently implies that the r/16-covering number of A is at most the order of

<S>p — (168 P,
16
Since we know A, C A, it holds that p, < p. Secondly, if the payoff function f is locally greater
than ||v* — v||? in scale for some 8 > 1, i.e. f(v*) — f(v) > C(||v* — v||?), then there exists C' € R
and § > 0 such that as long as C'|jv — v*||® < § we have f(v*) — f(v) > C |lv — v*||°. Therefore,

for 0 < r < ¢, it holds that,
- 1
foir> ) = f) > /2 C o Cllo—v*° <7} = { o= < (C>B}

It holds that the r-covering number of the Euclidean ball with center v* and radius (r/c)1/#) is of

the order of

r 1 Pc P
)P 16 \™  _q_1
(&) _ (1> RCE
16 Cs
which explicitly implies that p, < (1 —1/8)pe. O
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F1cUure B.2. Cumulative regret plots of Zooming TS-R, Zooming and Oracle algo-
rithms under the switching environment.
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Intuitively, we consider a Gaussian likelihood function and Gaussian conjugate prior to design our
Thompson Sampling version of zooming algorithm, and here we would ignore the clipping step for
explanation. Suppose the likelihood of reward g, at time ¢, given the mean of reward I(v;) for our

pulled arm vy, follows a Gaussian distribution N(I(vt),s3). Then, if the prior of I(v;) at time ¢ is
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B.4. Intuition of our Thompson Sampling update

given by N(fi(v;), s2/n¢(vt)), we could easily compute the posterior distribution at time ¢ + 1,

as N(fi11(ve), s3/ns1(ve)). We can see this result coincides with our design in Algorithm 3 and

its proof is as follows:

PROOF.

P(I(ve)[g2) o< P(GelL (0e))P(I(v1)),

P(I(ve)[gt) o< P(GelI (0r)) P(I(vt))

x exp {—;S%th) 0+ ) (I (o) — ft(vt))z]}
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Therefore, the posterior distribution of I(v;) at time ¢ 4+ 1 is N(fiy1(ve), sgm). O
This gives us an intuitive explanation why our Zooming TS algorithm works well when we ignore
the clipped distribution step. And we have stated that this clipping step is inevitable in Lipschitz
bandit setting in our main paper since (1) we’d like to avoid underestimation of good active arms,
i.e. avoid the case when their posterior samples are too small. (2) We could at most adaptively
zoom in the regions which contains v* instead of exactly detecting v*, and this inevitable loss
could be mitigated by setting a lower bound for TS posterior samples. Note that although the
intuition of our Zooming T'S algorithm comes from the case where contextual bandit rewards follow
a Gaussian distribution, we also prove that our algorithm can achieve a decent regret bound under
the switching environment and the optimal instance-dependent regret bound under the stationary

Lipschitz bandit setting.

B.5. Proof of Theorem 3.4.1

B.5.1. Stationary Environment Case. To prove Theorem 3.4.1, we will first focus on the
stationary case, where f; := f, V¢t € [T]. When the environment is stationary, we could omit the
subscript (or superscript) ¢ in some notations as in Section B.3 for simplicity: Assume the Lipschitz
function is f, and v* := arg max,c4 f(v) denotes the maximal point (w.l.0.g. assume it’s unique),
and A(v) = f(v*) — f(v) is the “badness” of the arm v. We then naturally denote A, as the
r-optimal region at the scale r € (0,1], ie. A, ={v € A : r/2 < A(v) < r}. The r-zooming
number could be denoted as N,(r). And the zooming dimension could be naturally denoted as p,.
Note we could omit the subscript (or superscript) ¢ for the notations just mentioned above since
all these values would be fixed through all rounds under the stationary environment.

B.5.1.1. Useful Lemmas and Corollaries. Recall that ft(v) is the average observed reward for
arm v € A by time ¢. And we call all the observations (pulled arms and observed rewards) over T

total rounds as a process.

DEFINITION B.5.1. We call it a clean process, if for each time t € [T] and each strategy v € A that

has been played at least once at any time t, we have | f;(v) — f(v)| < re(v).

LEMMA B.5.1.1. The probability that, a process is clean, is at least 1 — 1/T.
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Proor. Fix some arm v. Recall that each time an algorithm plays arm v, the reward is
sampled IID from some distribution P,. Define random variables U, s for 1 < s < T as follows:
for s < np(v), U, is the reward from the s-th time arm v is played, and for s > nr(v) it is an

independent sample from P,. For each k¥ < T we can apply Chernoff bounds to {U, s : 1 <s <k}
and obtain that:

2 2
P > [1375 InT <9 exp _iz 1375 InT
2k 275 2k

13
(B.1) = 2exp (4 In T) =T 3% <773,

1 k
% Z Uv,s - f(v)
s=1

since we can trivially assume that 7" > 16. Let N be the number of arms activated all over rounds T
note that N < T Define X-valued random variables {x;}7_; as follows: x; is the min(j, N)-th arm
activated by time 7. For any z € A and j < T, the event {x = x;} is independent of the random
variables {U; s}: the former event depends only on payoffs observed before x is activated, while
the latter set of random variables has no dependence on payoffs of arms other than x. Therefore,
Eqn. (B.1) is still valid if we replace the probability on the left side with conditional probability,

conditioned on the event {x = x;}. Taking the union bound over all £ < T, it follows that:
PVt < T,|f(v) = fi(v)| S m(v)|zj =v) > 1 -T2, WoeA,jelT]
Integrating over all arms v we get
P(Vt < T,|f(xj) = folwj)] <rel;)) > 1 -T2, VjelT],
Finally, we take the union bound over all j < T, and it holds that,
P(Vt<T,j <T,|f(x;) — fila;)| < ri(ay) =1 =T,

and this obviously implies the result. O

LEMMA B.5.1.2. If it is a clean process, then B(v,ri(v)) could never be eliminated from Algorithm

3 for any t € [T] and arm v that is active at round t, given that v* € B(v,r(v)).
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PRrROOF. Recall that from Algorithm 3, at round ¢ the ball B(u,r:(u)) would be permanently

removed if we have for some active arm v s.t.

N A~

fi(w) = r(v) > fi(u) + 2ri(u).

If we have that v* = arg max,eca f(z) € B(u,r(u)), then it holds that

fo(w) + 2re(u) > f(u) + re(u) > f(u) + Dist(u,v*) > f(v*),
where the first inequality is due to the clean process and the last one comes from the fact that f

is a Lipschitz function. On the other hand, we have that for any active arm v,

f) = fulv) =m(v),  f) = f(v).

Therefore, it holds that

fi(v) = ri(v) < fulu) + 2ri(w).

And this inequality concludes our proof. O

LEMMA B.5.1.3. If it is a clean process, then for any time t and any active strategy v that has
been played at least once before time t we have A(v) < 5E[r¢(v)]. Furthermore, it holds that
E(ni(v)) < O(In (T)/A(v)?).

PRrROOF. Let S; be the set of all arms that are active at time ¢. Suppose an arm v, is played at

time t and was previously played at least twice before time t. Firstly, We would claim that

f(*) < Li(ve) < f(ve) + 3re(ve)

holds uniformly for all ¢ with probability at least 1 — ¢, which directly implies that A(v;) < 3ry(vy)
with high probability uniformly. First we show that I;(v;) > f(v*). Indeed, recall that all arms
are covered at time ¢, so there exists an active arm v; that covers v*, meaning that v* is contained
in the confidence ball of v}. And based on Lemma B.5.1.2 the confidence ball containing v* could
never be eliminated at round ¢ when it’s a clean process. Recall Z;, is the i.i.d. standard normal

random variable used for any arm v in round ¢ (Eqn. (3.6)). Since arm v; was chosen over v}, we
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have I;(v:) > Ii(vf). Since this is a clean process, it follows that

(B.2) Imwzﬁ@%mmuiﬁﬁwzﬂﬁﬂﬂonimﬁw—Mﬁ)

Furthermore, according to the Lipschitz property we have
(B.3) f(wp) = f(v") = Dist(vf,v") = f(v") = re(vy).

Combine Eqn. (B.2) and (B.3), we have
* * 1 *
Ii(ve) > Li(vy) > f(v") + s0 mzt,v; — 2r¢(vy)

52772 In (T) ( 1

(B.4) = 107) + | R ) = 7w,

Ly pr —
-
where we get the last inequality since we truncate the random variable Z; ,» by the lower bound

1/v/27 according to the definition. On the other hand, we have

(B.5) Ii(ve) < f(ve) +re(ve) + s0 Ziwy = [vg) + (1 + 2\/%215,1),5) ¢ (ve)

L
¢ (’Ut)

Therefore, by combining Eqn. (B.4) and (B.5) we have that
(B.6) Alv) < (1 + 2\/27th,1%) ro(vy).

And we know that Z; . is defined as Z;. = max{1/ Vo, Zt#} where Zt,: is IID drawn from standard
normal distribution. In other words, Z;,, follows a clipped normal distribution with the following
PDF:

be)+ (1 - 0@)s (v - A=), == A

0,

flz) =
1 .

T < \/T—ﬂ_,

Here ¢(-) and ®(-) denote the PDF and CDF of standard normal distribution. And we have

1 too 1 1 L 2
E(Z; ., §+/ zop(x)dr < — + 6_47F§\/>
( t, t) m 1 ¢( ) m \/% T
v2r
By taking expectation on Eqn. (B.6), we have A(v;) < 5E(r¢(v¢)). Next, we would show that
E(n(vs)) < O(n(T))/A(v;)?. Based on Eqn. (B.5) and the definition of r.(-), we could deduce
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that

(o) < ?ng In (T)(1+2V27 Z) 57

which thus implies that

13 5 5 1 9 1
(B?) nt(Ut) S ?7'0 In (T)(]. + 2\/ 27TZt,’Uz) W = O(ln (T))(l + 2\/ 27TZt,Ut) W
By simple calculation, we could show that
B(Z2,) < — T dr<iilan
( t,vt)—%_F . Z o(z) TS+ S

Vem

2
= E [(1 + 2\/27rzt,vt)2] <1+ 4\/271'\/;4- 87 < +00.

After revisiting Eqn. (B.7), we can show that E(n;(v¢)) < O(In (T))/A(v;)?. Now suppose arm v is
only played once at time ¢, then r¢(v) > 1 and thus the lemma naturally holds. Otherwise, let s be
the last time arm v has been played according to the selection rule, where we have ry(v) = r4(v),

and then based on Eqn. (B.5) it holds that
L) < f(v) + (1 v 2\/2772870) re(v).

And then we could show that A(v) < 5E(r:(v)). By using an identical argument as before, we

could show that E(n¢(v)) < O(In(T))/A(v)2. O
LEMMA B.5.1.4. Let X1, ..., X, be independent o®-sub-Gaussian random variables. Then for every
t>0,

P <max X; > +/202(In(T) + t)> <e '

1,<,n

PROOF. Let u = +/20%(In (n) +t), we have

u2

n
P <maXXZ- > u) =P(3i,X; >u) < ZP(Xi >u)<ne 202 =e ",

1,<n °
i=1

B.5.1.2. Proof of Theorem 3.4.1 under stationary environment.

PrROOF. By Lemma B.5.1.1 we know that it is a clean process with probability at least 1 — %

In other words, denote the event (2 := {clean process}, and then we have that P(£2) > 1 — % And
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according to Lemma B.5.1.2 we’re aware that the active confidence balls containing the best arm
can’t be removed in a clean process. Remember that we use St as the set of all arms that are
active in the end, and denote

+oo
, 1 .
Bi,T = {U eSr: 2 < m < 2Z+1} s where ST = ZL:JOBZ"T’

where ¢ > 0. Then, under the event €2, by using Corollary B.5.1.3 we have E(nr(v)|Q2) <
O(InT)/A(v)?, and hence it holds that

> A@E(nr(v)|Q) <O(InT) >

'UGB.L T ’UEBZ ot

< LR,
A( ) = O(IHT) 2 |Bl,t|

Denote 7; = 27%, we have
> A (v)[) < O(InT) - f|Bi7t|
'UGBZ T Z

Next, we would show that for any active arms u,v we have

. 1 :
(B.8) Dist(u,v) > W min{A(u), A(v)}

with probability at least 1— % W.l.o.g assume u has been activated before v. Let s be the time when
v has been activated. Then by the philosophy of our algorithm we have that Dist(u,v) > 7s(v).
A(v) for

. . . 1
Then according to Eqn. (B.6) in the proof Lemma B.5.1.3, it holds that rs(v) > NeTY

some random variable Z following the clipped standard normal distribution. Define the event
YT ={Z ., <2+/In(T) for all t € [T}, then based on Lemma B.5.1.4 we have P(Y) > 1— . Then
under the event Y, we have 74(v) > ————A(v), which then implies that Eqn. (B.8) holds

= 4,/27In(T)

under Y. Since for arbitrary x,y € B; + we have

T T

3 < Ax) <1y, 9 < Ay) <1y,
which implies that under the event T
T

: 1 :
Dist(z,y) > mmln{A(m),A(g)} > 8Tln(T)
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Therefore, x and y should belong to different sets of (r;/81/2m In (T'))-diameter-covering. It follows
that |B;r| < N,(ri/8/2rIn(T)) < O(n(T)P)er?* < O(ert?). Recall N,(r) is defined as the
minimal number of balls of radius no more than r required to cover A,. As a result, under the

events Q and T, it holds that

(B.9) 3 A@E@r(v)|2NT) < O(InT)- iNZ(ri)

T
vEBi,T

Therefore, based on Eqn. (B.9), we have

R(T) = ) Aw)E(nr(v))

vEST
=POQNY) Y AWE(nr(v) [2NT)+ PQUTY) > Aw)E(nr(v) | Q°UT)
vEST vEST
< ) A@Emr@) Q0T+ > A@E(mr(v) [QNT)+ %T
vEST:A(v)<p vEST:A(v)>p

1~
< pT + Z ;O(cripz)—l—Z
z’<log2(%) !

I
<pT+0() Y e 42
i<10g2(%) !

UOg1/2 2p)
< pT + O(1) Z 2kP=+1) | 9
k=0

< pT 4 O(1) - 2 - 2llogr/220)(Pz+1) | 9

- 1 pz+1
< pT+0(1) <2p> +2

By choosing p in the scale of

it holds that
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B.5.2. Switching (Non-stationary) Environment Case. Since there are ¢(7T") change

points for the environment Lipschitz functions f(-), i.e.

T-1
Z 1Fm e A : fi(m) # fis1(m)] = o(T).
t=1

Given the length of epochs as H, we would have [T/H| epochs overall. And we know that among
these [T/H] different epochs, at most ¢(T") of them contain the change points. For the rest of
epochs that are free of change points, the cumulative regret could be bounded by the result we just
deduced for the stationary case above. And the cumulative regret in any epoch with stationary
environment could be bounded as H®=+1+1)/(pz++2), Specifically, we could partition the 7" rounds

into m = [T/H epochs:
[Tl + l,T] = [wo =T+ 1,w)U [CU1,(.U2) U---u [wm_l,wm =T+ 1),

where wiy1 = w;+H fori =0,...,m—2. Denote all the change points as 71 < p1 <+ < py) < T,

and then define
Q = {U[w;,wit1) : JRS wi,wit1),3j=1,...¢;i=0,...,m—1}.

Then it holds that |Q2| < Hc¢(T'). Therefore, it holds that

pz,*+1

. T - T  Paxtl
R(T) <O | He(T) + (H + 1) HP=++2 | <O | He(T) + T - HPat2 )

where the first part bound the regret of non-stationary epochs and the second part bound that of

stationary ones. By taking H = (T/¢(T))P=+12)/(P=++3) it holds that

- Pz x+2 1
RL(T) S O szv*+3 C(T)pz,*+3 i

And this concludes our proof for Theorem 3.4.1. O

B.6. Algorithm 3 with unknown ¢(7") and p, ,

B.6.1. Introduction of Algorithm 11. When both the number of change points ¢(T") over
the total time horizon 7" and the zooming dimension p, , are unknown, we could adapt the BOB

idea used in ( ); ( ) to choose the optimal epoch size H based on
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the EXP3 meta algorithm. In the following, we first describe how to use the EXP3 algorithm to
choose the epoch size dynamically even if ¢(T') and p, . are unknown. Then we present the regret

analysis in Theorem B.6.1 and its proof.

fixed H(]
A
r \
Zooming TS with Restarts(H;)
| H  |c-- | top epoch 1
EXP3 C
chooses H; e |%}ooming TS with Restarts(Hz) top epoch 2
AT
from the C
candidate .
set J C
adaptively Zooming TS with Restarts(Hr,p,7) top epoch [T/ H)
| Hma e - |

F1cURE B.3. An illustration of Zooming TS algorithm with double restarts when
¢(T) is agnostic.

Although the zooming dimension p, , is unknown, it holds that p, . < p., and hence we could simply
use the upper bound of p, . (denoted as p,) as p. instead (recall p. is the covering dimension). Note
that the upper bound p, . could be more specific when we have some prior knowledge of the reward
Lipschitz function f(-): for example, as we mentioned in Appendix B.3, if the function f(-) is known
to be C2—smooth and strongly concave in a neighborhood of its maximum defined in RP¢, it holds
that p, « < pc/2 and then we could use p, = p./2 as the upper bound. Note that we also use the
BOB mechanism in the CDT framework for hyperparameter tuning in Algorithm 4, where we treat
the zooming TS algorithm with Restarts as the meta algorithm to select the hyperparameter setting
in the upper layer, and then use the selected configuration for the bandit algorithm in the lower layer.
However, here we would use BOB mechanism differently: we firstly divide the total horizon T into
several epochs of the same length Hy (named top epoch), where in each top epoch we would restart
the Algorithm 3. And in the i—th top epoch the restarting length H; (named bottom epoch) of
Algorithm 3 could be chosen from the set J = {J; = [k] : k> 1,k = Hp/2""1,i=1,2,...}, where
the chosen bottom epoch size could be adaptively tuned by using EXP3 as the meta algorithm.
Here we restart the zooming TS algorithm from two perspectives, where we first restart the zooming
TS algorithm with Restarts (Algorithm 3) in each top epoch of some fixed length Hy, and then for

each top epoch the restarting length H; for Algorithm 3 would be tuned on the fly based on the
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previous observations ( , ). Therefore, we would name this method Zooming TS
algorithm with Double Restarts.

As for how to choose the bottom epoch size H; in each top epoch of length Hy, we implement
a two-layer framework: In the upper layer, we use the adversarial MAB algorithm EXP3 to pull
the candidate from J = {J;}. And then in the lower layer we use it as the bottom epoch size for
Algorithm 3. When a top epoch ends, we would update the components in EXP3 based on the
rewards witnessed in this top epoch. The illustration of this double restarted strategy is depicted

in Figure B.3. And the detailed procedure is shown in Algorithm 11.

THEOREM B.6.1. By using the (top) epoch size as Hy = [TWut2/0ut4)]  the expected total regret of
our Zooming TS algorithm with Double Restarts (Algorithm 11) under the switching environment

over time T could be bounded as

~ Put2 1 1
RL(T) S O <Tpu+3 - max {C(T) Put3 , T(p71,+3)(pu+4) }) .

Specifically, it holds that

Put2 1 1
T put3 c(T) Put3 , C(T) > T putid ,

Ri(T) < put3 1
Tputd, o(T) < Tretd,

where py, < pc is the upper bound of p, .

Therefore, we observe that if ¢(7) is large enough, we could obtain the same regret bound as in

Theorem 3.4.1 given p, ..
B.6.2. Proof of Theorem B.6.1.

PRrROOF. The proof of Theorem B.6.1 relies on the recent usage of the BOB framework that
was firstly introduced in ( ) and then widely used in various bandit-based model
selection work ( , : , ). To be consistent we would use the notations
in Algorithm 11 in this proof, and we would also recall these notations here for readers’ convenience:
for the i-th bottom epoch, we assume the candidate H;, is pulled from the set J in the beginning,
where j; is the index of the pulled candidate. At round ¢, given the current bottom epoch length
Hj, for some 4, we pull the arm v;(Hj;) € A and then collect the stochastic reward Y;. We also
define ¢;(T') as the number of change points during each top epoch, and hence it naturally holds that
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ZZE{HM ¢i(T) = ¢(T). Given these notations, the expected cumulative regret could be decomposed

into the following two parts:

[T/Ho] min{T,iHo}

A
Ri(T)=E|Y filv}) = filv)| =E| Y Y ) — Sl Hy))
Lt=1

i=1 t=(i—1)Ho+1

_]—T/HO] min{T,iHo}

_E .Z S ) = filwH))

(l 1 H0+1

Quantity (I)

[T/Ho] min{T,iHo}

(B.10) +E Z Z fe(ve(H")) = fe(ve(Hj,)) |

(’L 1 H0+1

Quantity (II)

where H* could be any restarting period in J, and we expect it could approximate the optimal
choice HP' = (T/¢(T))Pu+2)/(Put3) in Theorem 3.4.1. (Here we replace p,. by p, in Theorem
3.4.1 since the underlying p, . is mostly unspecified in reality.) According to the proof of Theorem
3.4.1 in Appendix B.7, the Quantity (I) could be bounded as:

[T/Ho|] min{T,iHo} [T/Ho] H -
E Z Z fe(vy) = fe(ve(H Z H*c,(T (H*)pu+4
(7, I)Ho—l-l

=H*e(T)+ T(H*)_zﬁ
However, it is clear that each candidate in J could at most be the length of top epoch size Hy,
which we set to be [TP«+2)/(P«+4)] and hence it would be more challenging if the optimal choice
HOoP* = (T/¢(T))Put2)/(Put3) i larger than Hy. To deal with this issue, we bound the expected
cumulative regret in two different cases separately:
(1) If HOP' = (T/¢(T))Put2)/(Put3) < Hy which is equivalent to
put?2

put2
T pu+3 T pu+3 pu+2 #
<Hys|— < Trutd & ¢(T) > Trutd
(i) < moe ()" AT) 2T,
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Algorithm 11 Zooming TS algorithm with Double Restarts

Input: Time horizon T', space A, upper bound p, < pc.
1: the (top) epoch size Hy = [T®Put2)/atD] N = [logy(Ho)] + 1,J = {H; = [Ho/2" 1},
2: Initialize the exponential weights w;(1) =1 for j=1,...,|J]|.

3: Initialize the exploration parameter for the EXP3 algorithm as o = min {1, %} .

4: for i =1 to [T/Hy| do
5: Update probability distribution for selecting candidates in J based on EXP3 as:

, w; (1) ,
Zk 1 wk(
6: Pull j; from {1,2,...,]J|} according to the probability distribution {p;(i )}LJll
7 Run Zooming TS algorlthm with Restarts using the (bottom) epoch size Hj, for t = (i —
1)Hp + 1 to min{T,iHy}, and collect the pulled arm v;(Hj;,) and reward Y; at each iteration.
8: Update components in EXP3: r;(i) = 0 for all j # j;; (i) = km;zgfﬁ;o}ﬂ Yy /p;(i) if

J = Ji, and then

wj(i—l—l)—wj()exp<|J| ()> j=1,...,|J].

then we know that there exists some HT € J such that H* < (T/¢(T))Put2/(put3) < 2+, By

setting H* = H™, the Quantity (I) could be bounded as:

- 1
Quentity (1) = O (°o() + T(21°) 72

~ _ 1 Put2 1
= O (Hoptc(T) + T(Hopt) pu+2> = O <Tpu+3 (T)pu"l‘S) .

For the Quantity (II), we could bound it based on the results in ( ). Specifically,

from Corollary 3.2 in ( ), the expected cumulative regret of EXP3 could be upper

bounded by 2Q+/(e — 1) LK In(K), where @Q is the maximum absolute sum of rewards in any epoch,
L is the number of rounds and K is the number of arms. Under our setting, we can set Q = Hy, L =

[T/Hp| and K = |J| = O(In(Hp)). So we could bound Quantity (II) as:

[T/Ho] min{T,iHo}

E Z Y. filw(HY) = filw(Hj,) | < 2ve—1Hy *IJIID(IJI)Z O(v/THo)

t=(i—1)Ho+1

- Put3 Put?2 1 Put2 1
(B.11) =0 (Tpu+4> -0 (Tpu+3T(pu+3)(pu+4)> =0 (Tpu+3 (T)pu+3) 7

where we have the last equality since we assume that ¢(T") > T/ (Pv+4) Therefore, we have finished

the proof for this case. (2) If HOP' = (T'/¢(T))Put2)/(put3) > Hy which is equivalent to
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Put2

Put2
T \put3 T \ put3 Put2 1
—_— Hy&s | —— Trutd & o(T) < Truttd
<c<T>> = Ho (cm) > A7) ’

then we know that H°P' is greater than all candidates in .J, which means that we could not bound

the Quantity (I) based on the previous argument. By simply using H* = H, it holds that

~ __1_ - Put3
Quantity (I) = O (HQC(T) +7T-H, Pu+2> -0 (Tpu+4) )

For Quantity (II), based on Eqn. (B.11), we have

_/ put3
Quantity (II) = O <Tpu+4> .

Combining the case (1) and (2), it holds that

put2 1 1
TPut3 (T)Pat3, ¢(T) > TPatd,
Rp(T) < Q0 pss 1
Trutd c(T) < Trutd,
And this concludes our proof. 0

B.7. Analysis of Theorem 3.4.2

B.7.1. Additional Lemma.

LEMMA B.7.1. (Proposition 1 in (2017)) Define Vyiq = >So1y Xy X[, where Xy is drawn
IID from some distribution in unit ball BY. Furthermore, let ¥ := E[X;X['] be the second moment
matriz, let B,ds > 0 be two positive constants. Then there exists positive, universal constants Cq
and Co such that Apin(Vat1) > B with probability at least 1 — 2, as long as

. <01\/&+ C’Q\/Iog(l/ég))Q , 2B

Amin(z) Amln(z) ’

LEMMA B.7.2. (Theorem 2 in (2011)) For any 6 < 1, under our problem
setting in Section 3.3, it holds that for all t > 0,

o

" S 5t<5)7
va € RY |27 (0, — 0%)] < [lal|, 1 Bi(6),
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with probability at least 1 — §, where

d
61(6) = oy 1o (B ) + Vs

In this subsection we denote a*(8) = Br(d).

LEMMA B.7.3. ( (2010)) Let X > 0, and {z;}t_, be a sequence in R with ||z;]| < 1,

then we have

det(%+1) t
2o < 210 <2dlog (14~ ),
an 21 < 2i0g (S ) < itog (14 1

¢ ¢
t
Z @slly—1 < | T <Z ||$s||%/sl> < \/th log <1 + /\>.
s=1 s=1

LemMmA B.74. ( (2013)) For a Gaussian random variable Z with mean m and

variance o2, for any z > 1,

1
P(‘Z —m[ Z ZO') S ﬁ6_22/2.

LEMMA B.7.5 (Adapted from Lemma B.7.2). For any § < 1, under our problem setting in Section

3.8 with the regularization hyper-parameter A € [Amin, Amax] (Amin > 0), it holds that for all t > 0,

Jo:-

S B:(9),

va € R [2T (0 — 0] < [lally-1 5u(9).

with probability at least 1 — &, where

524

min

B,(5) = U\/log <(Am“’ 1) ) + v/ DS,

PROOF. The proof of this Lemma is trivial given Lemma B.7.2. For any A € [Amin, Amax),

according to Lemma B.7.2 it holds that, for all £ > 0,

Jo:-

" S 5t<5)7
Vo € RY |27 (0, — 0%)] < [/l Be(0),

122



with probability at least 1 — §, where

524

min

B,(5) = o [og <(A5;;Z)d) +VAS < a\/log <<Amm +t) ) 4V S,

B.7.2. Proof of Theorem 3.4.2. Recall the partition of the cumulative regret as:

T T
R(T) =B |} (u(el0) = w00 | +E | 32 (wel6%) = (e ()1 F)T60"))
t=1 t=T1+1
Quantity (A) Quantity (B)
T
FE | Y (e (wela 1F)T0) — (o’ (1) F) 0
t=T1+1
Quantity (C)
T
+E | Y (u (wla”@1F)T0) —plailalin) F)T6%))
t=T1+1

Quantity (D)

For Quantity (A), it could be easily bounded by the length of warming up period as:

2 p+2
<Ty =0 (Tp+3> <0 ( p+3)

For Quantity (B), it depicts the cumulative regret of the contextual bandit algorithm that runs

T

> (nal0) = (" 0)

t=1

(B.12) E

with the theoretical optimal hyperparameter o*(¢) all the time. Therefore, if we implement any

state-of-the-arm contextual generalized linear bandit algorithms (e.g. ( )
( ; )), it holds that
T ~ ~
(B.13) E| Y (M(x;*e*) - u(xt(a*(t)|ft*)T9*)) <O(T —T) = OWT).
t=T1+1

For Quantity (C), it represents the cumulative difference of regret under the theoretical optimal
hyperparameter combination o*(¢) with two lines of history F; and F;'. Note for most GLB

algorithms, the most significant hyperparameter is the exploration rate, which directly affect the
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decision-making process. Regarding the regularization hyperparameter A, it is used to make V4
invertible and hence would be set to 1 in practice. And in the long run it would not be influential.
Moreover, there is commonly no theoretical optimal value for A\, and it could be set to an arbitrary
constant in order to obtain the O(\/T) bound of regret. For theoretical proof, this hyperparameter
(\) is also not significant: for example, if the search interval for A is [Amin, Amax|, then we can easily
modify the Lemma B.7.3 as:

det(V{H_l) t
< <
E HwSHV 1 <2lo <d ) <2dlog (14—,

)\mln

t t

t
S el < |7 (Zuxsual) < ¢2dnog (1+5).
s=1 s=1 o

We will offer a more detailed explanation to this fact in the following proof of bounding Quantity

(C). Furthermore, other parameters such as the stepsize in a loop of gradient descent will not
be crucial either since the final result would be similar after the convergence criterion is met.
Therefore, w.l.o.g we would only assume there is only one exploration rate hyperparameter here
to bound Quantity (C). Recall that «(t) is the combination of all hyperparameters, and hence we
could denote this exploration rate hyperparameter as «(t) in this part since there is no more other
hyperparameter. Here we would use LinUCB and LinTS for the detailed proof, and note that
regret bound of all other UCB and TS algorithms could be similarly deduced. We first reload some
notations: recall we denote V; = \I + ZZ 1T, ,Ht Vi ZZ 1 T;y; where x; is the arm we pulled
at round t by using our tuned hyperparameter a(i;) and the history based on our framework all
the time. And we denote
X, = arg;réz}écx—rét +a (1) [|zly, -

Similarly, we denote V; = I + Zt ' X, X—r 0, = ‘Zfl Zf;% X; i, where X; is the arm we pulled by

t—1

using the theoretical optimal hyperparameter a*(¢) under the history of always using {a*(s)},_7,

and g is the corresponding payoff we observe at round ¢. Therefore, it holds that,

X, = 0, 4+ a*(t S
¢ = argmaxa 6, + " (¢) ||zllg, -
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By using these new definitions, the Quantity (C) could be formulated as:

T T
El Y (u(wla®IF)6) — plala’ O1F)T6)) | =B | X w(X/6°) - u(X]6")
t=T1+1 t=T1+1

Quantity (C)

For LinUCB, since the Lemma B.7.2 holds for any sequence (z1,...,x¢), and hence we have that

with probability at least 1 — ¢,

(B.14) Hé .y

S Bi(6) < (T, 0),

where

d
B1(0) = o4 /log <(/\5;—/\Z) ) +VAS = a*(t).

And we will omit § for simplicity. For LinUCB, we have that

X0+ 0t ()| Xl = X700+ 0 (]| X,

V;—l

> X, 0" + (1) Hfg X (007 > X0

Vi

Therefore, it holds that

X0+ () |Xely 1+ X (0 - 67) = X[ 0
X, 0 + 205 (t) HXtHV;l > X, 6%,
which implies that
(X — Xy) 0" < 20%(T) ”XtHV;l .

By Lemma B.7.3 and choosing T} = T%(#*3) it holds that,

T T
Z ||Xt”v;1 < Z 12Xl v/ Amin (Va) = O(T x T~V @+3)) — o(7(#+2/(+3)y,

t=T1+1 t=T1+1

And then it holds that,

T T
(B.15) > (XtT 0—Xt0) =0 |a*(1) Y ( X | = o)
t=T1+1 t=T1+1 t
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Note (3;(d) contain the regularizer parameter A\, and it’s often set to some constant (e.g. 1) in

practice. If we tune A in the search interval [Apmin, Amax], then we can still have the identical bound

as in Eqn. (B.14) by using the fact that

Be(0) = o4 /log (O\(Sj_/\?d) +VAS < (f\/log <()\212H;\;_ 2 ) + mS

min
This result is deduced in our Lemma B.7.5, which implies that tuning the regularizer hyperparam-
eter would not affect the order of final regret bound in Eqn. (B.15). Therefore, as we mentioned

earlier, we could only consider the exploration rate as the unique hyperparameter for theoretical

analysis.

For LinTS, we have that

X[ 0o+ 0" (1) |Xilly % 2 X0+ 02 (T) | ||, Z

‘/t_l

v

X, 0" + o*(T) Hfg L+ X[ G-
t

v

X, 0% + o*(T) Hfg e

vt Zt+ HXt vt
t

Vi

v

X0+ (" (T)Z — a*(T)) H)Zt

-1
Vi

where Z; and Z; . are IID normal random variables, V¢. And then we could deduce that

X[ 0+ 0 (T) | Xilly1 Z2+ X[ (B - 07) = X0+ (0" (1) 2 - (7)) | %

thl

X[ 0"+ 0 (1) | Xillys Zo + 0" (1) | Xilly = X0+ (o7 (1) 2 - (1)) | %,

Vt—l

(X, — X)T0" < (a*(T) — o*(T)Z,) Hfg

L @ (D) + 0 (D)2 | Xy = K
t
where K is normal random variable with

E(K}) < 20(T)T~ V@) SD(K;) < V2o T~/ @),

Consequently, we have

T

3 (XtTG X}@) Z K=

t=T1+1 t=T1+1

. b2 pt1 pt+l
E(K) = 2a*(T)T(p+2)/(p+3) = O(Tp+3)’ SD( ) < \/>O[*T2p+6 . O(T2p+6).
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Based on Lemma B.7.4, we have

T ~ p+2 1
B16) P Y (XF0-X[0) > K>+ VT | < —
t=T1+1 Cﬁ\/f

_e2
e cT/Q.

This probability upper bound is minimal and negligible, which means the bound on its expected
value (Quantity (C)) could be easily deduced. Note we could use this procedure to bound the
regret for other UCB and TS bandit algorithms, since most of the proof for GLB algorithms are

closely related to the rate of ZtT:Tl 41 [ X¢lly,—1 and the consistency of 0. In conclusion, we have
t

. p+2
that Quantity (C) could be upper bounded by the order O(T'P+3).

For Quantity (D), which is the extra regret we paid for hyperparameter tuning in theory. Recall
we assume u(z(a|F)"0*) = gi(a) + Nz, o for some time-dependent Lipschitz function g;. And
(07,0 — E[nz, a]) is IID sub-Gaussian with parameter 72 where E[nz, o] depends on the history F;.
Denote vz, o = 17, — E[n7,.] is the IID sub-Gaussian random variable with parameter 72, then
we have that

ye = ge(a(it)) + Vr, a6y + ElNr, aa)] + €

Since Vr, (i), €t is 1ID sub-Gaussian random variable independent with F;, we denote €, (;,) =

VF; a(i;) T €t as the IID sub-Gaussian noise with parameter 72 4+ 0%, And then we have

ye = ge(a(it)) + ENg, aGn] + €rai)s  Ee) = gilalin)) + EMg, ai)]

p(ze(al ) 07) = gel@) + Elnz, ol

For Quantity (D), recall it could be formulated as:

T

E| Y (n (e 1F)T0%) — plaialin)|lF)T67)

t=T1+1

Quantity (D)

Since both terms in Quantity (D) are based on the same line of history F; at iteration ¢, and the

value of E[nr, o] only depends on the history filtration F; but not the value of «. Therefore, it
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holds that

T T
El > (1 (wt(a*(t)!ft)T9*)—M(xt(a(it)\ft)TG*)> = Y gl () — Elgi(alir))]
t=T1+1 t=T1+1
Quantity (D) T
< Y supgula) - Elgilalin)].
t:T1+1a€A

Therefore, Quantity (D) could be regarded as the cumulative regret of a non-stationary Lipschitz
bandit and the noise is IID sub-Gaussian with parameter 73 = (72+02). We assume that, under the
switching environment, the Lipschitz function g¢(-) would be piecewise stationary and the number
of change points is of scale O(1). Therefore, Quantity (D) can be upper bounded the cumulative
regret of our Zooming TS algorithm with restarted strategy given ¢(T) = O(1). By choosing
Ty = (T — T,) Pt/ (+3) — @(T(P+2)/(P+3)) and according to Theorem 3.4.1, it holds that,

d . [ P2
(B.17) Z Suggt(a) —Elgt(a(ir))] <O <TZ+3) .
t=T1+1 €

By combining the results deduced in Eqn. (B.12), Eqn. (B.13), Eqn. (B.15) (or Eqn. (B.16))
and Eqn. (B.17), we finish the proof of Theorem 3.4.2 for linear bandits. For generalized linear
bandits, under the default and standard assumption in the generalized linear bandit literature that
the derivative of p(-) could be upper bounded by some constant given |z| < S, the regret could be

bounded by further multiplying a constant in the same order.
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APPENDIX C

Appendix for Chapter 4

C.1. Clarification about 0(2)

It is a common assumption that the random noise 7; in Eqn. (4.2) is a sub-Gaussian random

variable in GLM, and here we would briefly explain this assumption.

LEMMA C.1.0.1. (Sub-Gaussian property for GLM residuals) For any generalized linear model with

a probability density function or probability mass function of the canonical form

y0 — b(0)

f(YZy;0,¢)=eXp< 3

+ c(y, ¢>)> :

where the function b(-) is Lipschitz with parameter k,. Then we can conclude that the random

variable (Y — ' (0)) = (Y — n(0)) satisfies sub-Gaussian property with parameter at most \/¢ k.
Proof. We prove the Lemma C.1.0.1 based on its definition directly. For any ¢t € R, we have:

fewt (v~ = [ ewfits-v0)+ L v )} ay

[ e L @Ay — b0+ 60)

= [ o] z e o)
. { b(6 + pt) — z;(e) — ot (6) } “

~ox b(0 + ¢t) — b(6) — Ptb'(6)

- p{ Z }

. 2 1/ 2 2 2
D {EOOLIN (PO ()

where the equality (i) is based on the remainder of Taylor expansion. O

This theorem tells us that it is a standard assumption that the noise 7; in Eqn. (4.2) is a sub-
Gaussian random variable. For instance, if we assume the inverse link function wu(-) is globally
Lipschitz with parameter k,, we can simply take 08 = ku¢. And this assumption also widely holds

under a class of GLMs such as the most popular Logistic model.
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C.2. Proof of Theorem 4.4.1

C.2.1. Useful Lemmas.

LeMMA C.2.0.1. (Sub-guassian moment bound) For sub-Gaussian random variable X with param-

eter o2, i.e.

o?s?
E(exp(sX)) < exp <2> , VseR.

Then we have Var(X) = E(X?) < 402.

Proof. 1t holds that,
—+00
E(X?) = P(X? > t)dt
0

—+00
= P(|X| > Vt)dt
0

+oo —t2
<2 —)dt
<2 ew(y)

+oo
= 402/ e du, u=t/(20%)
0

= 40?2
O

LEMMA C.2.0.2. (Generalized Stein’s Lemma, ( , )) For a random variable X
with continously differentiable density function p : R? — R, and any continuously differentiable
function f: R* — R. If the expected values of both V f(X) and f(X) - S(X) regarding the density

p exist, then they are identical, i.e.
E[f(X)-S(X)] =E[Vf(X)].
This is a very famous result in the area of Stein’s method, and we would omit its proof.

LeEmMmA C.2.0.3. ( (2018)) Let Y1, ..., Y, € RUX% be g sequence of independent real random

matrices, and assume that

n n

on > max [ (Y EY;Y;D[ D EYY))

]:1 op ]:1 op
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Then for any t € RT and v € RT, it holds that,

2 2
P Zw,, ZE > t/n §2(d1+d2)exp<ut\/ﬁ+”2"”>

op

The detailed proof of this lemma is based on a series of work proposed in ( ). And we
would omit it here as well. Based on Lemma C.2.0.2 and C.2.0.3, we would propose the following
Lemma C.2.0.4 adapted from the work in ( ). And this Lemma serves as a crux for

the proof of Theorem 4.4.1.

LEMMA C.2.0.4. L:R%*% R s the loss function defined in Eqn. (4.6). Then by setting

2
t = \/2(d1 +da) M (403 + S%) log <(dl§+d“’)>,

y 2log (2(d1;-d2)>

T (402 + Sp)M(dy + do)VT,  \ Ti(dy + do)M (403 + S2)’

we have with probability at least 1 — §, it holds that

P(IVEGe) > ) <6

where p* = K[/ ((X,0%))] > ¢, > 0.

Proof. Based on the definition of our loss function L(-) in Eqn. (4.6), we have that

9 & .
Vol (u'0") = 20" - 7 Zmy - S(x))

= E[ (<X17 *727/11/ Yi - z

—~

O 9B (X1, 0))8(X1)] — TiZ b (yi - (X))

( ) E(Yl Xl _7Z¢V Yi - z
where we have (i) due to the generalized Stein’s Lemma (Lemma C.2.0.2), and (ii) comes from the

fact that the random noise 171 = y1 — pu((X1, ©*)) is zero-mean and independent with X;. Therefore,
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in order to implement the Lemma C.2.0.3, we can see that it suffices to get o defined as:

0% = max ( Zl]E[y?S(Xj)S(Xj)T] ) ZlE[y?S(Xj)TS(Xj)] ) .

op

It holds that,
T
SOERSS(X)S(X)"| < T [Elisa)se) ||
j=1

=Ty x ||E[(m + p({X1,0")))28(X1)S(X1) ")

op

=Ty % | EpfS(X1)S(X1) '] + Elp((X1, ©)))*S(X1)S(X1) ']

op

=Ty x || E(n})E[S(X1)S(X1) "] + E[u((X1,0)))*S(X1)S(X1) ']

op

2Ty x |02 BIS(X0)S(X0)T] + S2E[S(X1)S(X1)T]

op

— (403 + SHT} % HE[S(Xl)S(Xl)T]

op

where the inequality (i) comes from the fact that [u((X1,0%))| < Sy, and S(X1)S(X1)" is always
positive semidefinite. Next, without loss of generality we assume X; are independent across rows,
since if X; are independent across columns we can study the value of HE[S (X1)TS(X1)] Hop given the
fact that the largest singular values of S(X;)"S(X1) and S(X;)S(X1)" are identical for arbitrary
X1. We know that E[S(X1)S(X1)"] is always symmetric and positive semidefinite, and hence we

have for any u € R% with |ul| = 1

uBIS(X1)S(X1) o = Blu" $(X1)S(X1) ] = {HSWT“HQ]

d [/ d 2
i=1

7j=1
do [ di

= ZE ZS’L,](XI)QUZ?] S dgM,
7=1 Li=1

and this result implies that HE[S’(Xl)S(Xl)T] Hop < doM < (dy + d2)M Therefore, we have that

T1
> EiS(X)S(X,) || < (40 + SF)(dy + d2)Ti M.

J=1 op
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And similarly, we can prove that

Ty
D EyiS(X)) S(X)))|| < (40 + SF)(dy + d2)Ti M.
J=1 op
Therefore, we can take o2 = (403 + S]%)(dl + d2)T1 M consequently. By using Lemma C.2.0.3, we

have

2t
P <HVL(“*@*)”op > ) < 2(dy + d2) exp (—Vt\/Tl +

2

v2(4og + S7)M(dy + d2)Th
vTi

By plugging the values of ¢ and v in Lemma C.2.0.4, we finish the proof. g

C.2.2. Proof of Theorem 4.4.1. Since the estimator © minimizes the regularized loss func-

tion defined in Eqn. (4.6), we have

~

L(é) + )\Tl ©

< L(p07) + Aqy 7O

nuc

nuc °

And due to the fact that L(-) is a quadratic function, we have the following expression based on

multivariate Taylor’s expansion:
L(®) — L(p*0*) = (VL(1*0%),0) +2©]%, where ©® = 0 — 1*©*.
By rearranging the above two results, we can deduce that

287 < ~(VL(1*0%),0) + Az, [|n*©”|

. @H
nuc

nuc

9 * O % * ()%
(C.1) S IVLE"O) || op 1Ol e + Ay (|70 e — Ary

nuc nuc

-~
@H ’
nuc

where (i) comes from the duality between matrix operator norm and nuclear norm. Next, we
represent the saturated SVD of ©* in the main paper as ©* = UDV ' where U € R“*" and

V € R%*" and here we would work on its full version, i.e.

* D0 T * T
0" = (U? Ul) (V, VL) = (U’ UL)D (Vv? VL) ;
0 O
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where we have U € Rhx(d1-7) D* ¢ Rdixd2 apnq V| € R%*(42~7)  Furthermore, we define

- utev utevy
A=(UUL) 6(V,V,) = =M1+ Ay
vlfev uvjev,

where we write
0 0 vrev uv'tev,
A1 = 5 A2 =
0 Ulevy ulev 0

Afterwards, it holds that

18], =116 + Bl = ||@ UL (D" + M)V V)T

nuc

= 1 D" All e 15" D" A A
> |1 D” + Al e — A2l e
= 1 Dl + A1l = 142l
= 10" e + 181l = 82l

which implies that

(Cc2) 150 e = 8] < 1Aollge = 181 e

Combine Eqn. (C.1) and (C.2), we have that

21013 < (IVL(* 0 oy + A1) IA2llne + (1700 gy = A ) 1At e

Then, we refer to the setting in our Lemma C.2.0.4, and we choose \ = 4t/+/11 where the value of

t is determined in Lemma C.2.0.4, i.e.

\ 4\/2(403 + S2)M (dy + da) log(2(dy + d2)/6)
T — )
11

we know that Ap_1 > 2 |[VL(p*©")||,, with probability at least 1 — ¢ for any ¢ € (0,1). Therefore,

with probability at least 1 — §, we have

3

1 3
2
2 H@HF < 5)‘T1 ”AQHnuC - 5)‘T1 ”Al”nuc < iATl ”AQHnuC
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Since we can easily verify that the rank of As is at most 2r, and by using Cauchy-Schwarz

Inequality we have that
2 _ 3 3 3
2013 < SAt V2 18allp < SAa VAL = Shr, VEr 1]

which implies that

(403 + S2)M (dy + do)r log(245F%2))

Ty ’

3
8115 < 5 V2rag, = 6\/
and it concludes our proof. ]

C.3. Theorem C.3.1 and its analysis

C.3.1. Theorem C.3.1.

THEOREM C.3.1. (Regret of LowGLM-UCB) Under Assumption 4.3.4 and 4.3.5, for any fixed
failure rate 6 € (0,1), if we run the LowGLM-UCB algorithm with pt(0) = cuyr, (6/2) and

cMS(Q)T

S2T.°
klog(1 + C*}g)\% )

)\J_X

then the bound of regret for LowGLM-UCB (Regretr,) achieves 5(16\/?4— TS,), with probability
at least 1 — 0.

C.3.2. Proposition C.3.1 with its proof. We firstly present the following important Propo-

sition C.3.1 for obtaining the upper confidence bound.

ProprosITION C.3.1. For any 6,t such that 6 € (0,1), t > 2, and for 57 (5) defined in Eqn. (4.11)
and (4.12), with probablity 1 — §, it holds that

(C.3) (@ " 0%) = (@ 0,)| < Bz, (6),
simultaneously for all x € R and all t > 2.
C.3.2.1. Technical Lemmas.

LeMMA C.3.1.1. (Adapted from Abbasi-Yadkori et al., 2011, Theorem 1) Let {F;}?2 be a filtration

and {:}32, be an R%-valued stochastic process adapted to F;. Let {n;}32, be a real-valued stochastic
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process such that n; is adapted to F; and is conditionally og-sub-Gaussian for some og > 0, i.e.
A2o?
Elexp(An:)|F:] < exp <20> , VA eR.
Consider the martingale Sy = 22:1 nexy and the process Vy = 22:1 xkxlz + A whent > 2. And A
is fized and independent with sample random variables after time m. For any d > 0, with probability

at least 1 — &, we have the following result simultaneously for all t > m + 1:

HStHVt‘l < 0o/log(det(V;)) — log(62 det(A)).

We defer the proof for this lemma to Section C.3.2.3 since a lot of technical details are involved.

LEMMA C.3.1.2. For any two symmetric positive definite matriz A, B € RP*P such that A < B, we

have AB71A < A.

PROOF. Since A < B and both of them are invertible matrices, we have B~' < A~! directly

based on positive definiteness property. Conjugate with A on both sides we can directly obtain

AB1A < A, 0

LeEMMA C.3.1.3. (Valko et al., 2014, Lemma 5) For any T > 1, let Vi = Zszl riz] + A € RP
where A = diag{\1,...,\p}. And we assume that ||x;||, < S. Then:

Vi1 ¢
log|’A—T’<m%xZIOg 1+ )

N {ti}z‘:1 i=1
where the mazimum is taken over all possible positive real numbers {t;}o_, such that > % _;t; =T

S2t;
Ai

PrROOF. We aim to bound the determinant |V 1| under the coordinate constrains ||z;||, < S.

Let’s denote

T
U(z1,...,x7) = \E—f—z:ztxﬂ.
t=1
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Based on the property of the sum of rank-1 matrices (e.g. Valko et al., 2014, Lemma 4), we know

that the maximum of U(x1,...,zr) is reached when all x; are aligned with the axes:
T
Ur,..oor)=  _max S+ wal|=  max |diagOu+ )
12T t1,...,t ypositive integers;
zi€S-{e1,....en} t=1 N 4 _p
=1 "
N
< max H()\z + Szti).

" t,...,t ypositive integers; -

S, =ST =

C.3.2.2. Proof of Proposition C.3.1.

PROOF. Recall our definition of g;(#) and its gradient accordingly as

Ty t—1
gt(e) = Z M(stiTe)sti + Z ,U/(x;e)xk + A07
i=1 k=1
i = (0
(C.4) Viogi(0) = Zﬂl(xsm—rg)wsmxfsl,i + Z//(xge)xk:”g + A = e Mi(cp),
i=1 k=1

where the relation (i) holds if # € ©y. Based on Assumptions, we know the gradient Vyg:(0) is

continuous. Then the Fundamental Theorem of Calculus will imply that
91(0%) — gue(B:) = Gu(6" — 0y),
where
1 A
Gr = / Vogi(s0* + (1 — 5)6;) ds.
0

Since we assume that the inverse link function u(-) is k,—Lipshitz, and the matrix G; is always
invertible due to the fact that at least we have Gy = A, we can obtain the following result. Notice

the inequality (i) comes from the fact that Gy = ¢, M;(c,) and hence M;(c,) ™ /c, = Gt

n(@T0) — pleT8)] < ke (0 = 6)] = kule G (94(6%) — 9u(8))]

. A () k,
20 = 90 1 = 2 1l

gi(0%) — gt(ét)H

< ku "$||Gt—1 Mi(e,)~1 .
"
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In addition, based on the definition of §; in Equation (4.10), we have g(6;) — g¢(6*) = Zflzl(yshk —

(@l 0T,k + S0t (e — p(@ 07))ae — AO* = Y7L 1y 1Ty e + Dojimy MkTk — AG*. Therefore,

gt(ét) —g:(0%)

. A k
(2T 0%) — p(z"6,)| < C*“ 1]l az, (c,) 1
m

Mtil(cu)
T t—1
k x
(05) < ci HxHMt(CM)_l Znsl’kxsl’k + anxk - HAH HMtil(Cu)
. k=1 k=1 Mfl(cu)

Now, let’s use Lemma C.3.1.1 to bound the term szlzl Nsy kTsy k + 22;11 NETE

‘ - IFwe
M, (Cu)

define the filtration F; = {{z¢,x¢—1,Mt—1,...,2x1,m} U {"'ESLk?nSl,k}gl:]_}? then for any § € (0,1),
with probability 1 — 9, it holds that for all £ > 2,

M,
B 7
Mtil(cu) Cu

T t—1
E Ns1,kTsy,k + E NkTk
k=1 k=1

where based on Lemma C.3.1.3,

| Mi(c,) - Cusgti
1 — | < 1
og ( |A| < g1>a§f Zlog + Y

c —
" L ti=t+Ty

cuS? S8
<klog (1+ 200 1))+ (d—K)log 1+ —H20 ¢+ 1)
(d—k)AL

kAo
2 2
(C.6) < klog 1+ﬁ(t+T1) + €50 (t+T1).
kAo AL

And next by Lemma C.3.1.2, we have

* A * *
(C.7) 140" 10,y = cu || 0 - < Vallt®lly < Ve (VAo + VALSL).
H M, (cu
Combine Equation (C.6) and (C.7) into Equation (C.5), we finish our proof. O

Since Equation (C.3) in Proposition C.3.1 holds simultaneously for all z € R and ¢ > 1, the following

conclusion holds.

COROLLARY C.3.1. For any random variable z defined in R, we have the following holds

l(z"6%) = u(="6,)| < Bi i, (6),
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with probability at least 1 — §. Furthermore, for any sequence of random wvariable {zt}tTZQ, with

probability 1 — § it holds that
(2] 07%) — (2] 00)] < B, (6),

simultaneously for all t > 1.

C.3.2.3. Proof of Lemma C.3.1.1. For the proof of Lemma C.3.1.1 we will need the following

two lemmas, and we will use the same notations as in Lemma C.3.1.1 in this section.

LEMMA C.3.1.4. Let A\ € R? be arbitrary and consider any t > 0
t T
ns(Axs) 11
M} = D12 Ts) 2 (A .
Let T be a stopping time with respect to the filtration {F;};.5. Then M} is a.s. well defined and
E(M}) < 1.

PRrOOF. We claim that {M}\} is a supermartingale. Let

T s 1

a0
Observe that by conditional og-sub-Gaussianity of 7; we have E[D}F;_1] < 1. Clearly, D} and

M} is F;-measurable. Moreover,
E[M}|Fi-1] = E[M] -+~ D} DY Fio1] = Dy ... D E[D}Fo] < MYy,

which implies that M,?‘ is a supermartingale with its expected value upped bounded by 1. To show
that M} is well defined. By the convergence theorem for nonnegative supermartingales, lim; o, M;*
is a.s. well-defined, which indicates that M? is also well-defined for all 7 € N* U{+4o00}. By Fatou’s

Lemma, it holds that

E[M)) = Ellim inf M, ] <lim inf EM ] <1
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LEMMA C.3.1.5. For any positive semi-definite matriz P € R¥? and positive definite matriz Q €

R and any x,a € RY, it holds that
2 2 - 2 2 2
lz — allp + llzllg = ||z — (P + Q)™ Pa||p, o + lallp — [1Pall{piq)-1 -

This lemma could be easily proved based on elementary calculation and hence its proof would be

omitted here.

LeEMMA C.3.1.6. Let 7 be a stopping time with T > m on the filtration {F;};2,. Then for 6 > 0,
with probability 1 — ¢,

det(V:)Y/2det(A)~1/2
HSTH?VT-lﬂoSlog( Ve Zdetd) )

Proor. W.l.o.g., assume that g = 1. Denote
. i 1
%:W_A:Z%"EST’ M} = exp <(>\T5t)—2”)\||%7t) :
s=1

Note by Lemma C.3.1.4, we naturally have that E[M}] < 1.
Since in round m + 1, we get the diagonal positive definite matrix A with its elements independent
with samples after round m. Let z be a Gaussian random variable that is independent with other

random variables after round m with covariance A~!. Define
M, = E[M?|Fx], t>m,

where Fi is the tail o-algebra of the filtration. Clearly, it holds that E[M;] = E[E[M?|z, Foo]] <
E[1] < 1. Let f be the density of z and for a positive definite matrix P let ¢(P) = /(27)4/det(P).

Then for ¢t > m it holds that,
1
M= [ e (0750 - SR ) 00
R4
1 1 2 1 51 ||? 2
_ Loz 2= H A dA.
e (51508 ) [ (<5 {r-vos; 1
Based on Lemma C.3.1.5, it holds that

~ 2 ~ 2
[r=vts .+ = = vt + [t - s
t t
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, and this implies that

1 1 2 1 -1 2
M= e <2 ustuvtl> [ e (_2 -V, St”Vt) ax
det(A) \ /2 1 a2
= (det(V})) exp —§H)\—V2 SfHVt .
Now, from E[M;] < 1, we have that for 7 > m

N A (L
P (HSTHQW > log <62det(A)>> ~ P\ F@e v ey

exp (411571131
< <
- §—1(det(V;)/det(A))H/2 | —

E[M,]6 < 6.

0

Combining Lemma C.3.1.4-C.3.1.6. We now contruct a stopping time and define the bad event:

5u0) = {w s It > oo (i ) -

And we are interested in bounding the probability that U, B;(d) happens. Define 7(w) = min{t >

m:w € By(0)}. Then 7 is a stopping time and it holds that,
Utsm Bi(0) = {w : 7(w) < oo}.
Then we have that
det(V;)

2 2
PlUtsmBi(0)] = Plm < 7 < oo] = P |[|S¢[[},-1 > o log ((52det(A)> T > m} <.

This concludes our proof of Lemma C.3.1.1.

C.3.3. Proposition C.3.2 with its proof. We denote the optimal action 2* = arg max;c x, w(zTo%).

PROPOSITION C.3.2. For all § € (0,1), with probability 1 — 0, it holds that
* 1 px T p* Tt d
a0 el 07) < 25, (3

simultaneously for all t € {2,3,...,Ts}.
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PROOF. According to Corollary C.3.1, outside of the event of measure can be bounded by ¢§/2:

. )
w(z! 0;) — p(x) 07) < R <2> forall t € {2,3,..., T2}

Similarly, with probability at least 1 — 6/2 it holds that

~ * 5
[L(CC*TQ*) _ ,U,(I*Tet) < B?_,'_Tl <2> for all t € {27 3, NN ,TQ}.

Besides, by the choice of x; in Algorithm 6
*TH T)H *T A x* g ) x* 0
(™ 0r) — p(wy 0r) = p(x™ ) + Bt 9]~ (@ 6r) — B 9
Th Tt 0 Ta x* g
< p(zy O) + Bl 5]~ (e 0r) — Biir, B)

d - [0
= Bitr <2> — Bt (2) :

By combining the former inequalities we finish our proof. (Il

C.3.4. Proof of Theorem C.3.1.

PROOF. Based on Proposition C.3.2 we have

* 1k * Tt o 4] 1)
a0 = (e 0 < 2687, (5 ) = 2000 (5 ) ol < 200 (3 ) Bl

Since we know that p(z* " 0*) — pu(z"6*) < k,(2* 0" —270*) < 2k, S? for all possible action x, and
we can safely expect that ar,(5/2) > k,Sg (at least by choosing o¢ = k, max{Sg,1}), then the
regret of Algorithm 6 can be bounded as

1o
Regretr, < 2k, St + Z min{p(z* " 0%) — pu(z] 6%), 2k,.S3}
=2

T
) .
< 26,5 + 207 (3 ) S min{lal 1, 1)
t=2

@) § Lo
< 2k, S5 + 2ar <2> VT Zmln{thH?\/[t_l(CM) ,1}.
=2
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where the ineuglity (i) comes from Cauchy-Schwarz inequality. And a commonly-used fact (e.g.

( ), Lemma 11) yields that

¢
: 2 | My (c u)|> \Mt+1(cu)\
mind ||x;||5,- 1 §210g< < 2log
2l 1 [Ma ()] 2
2
0

SQ
(t +T1)> + Cif (t+T1).

cuS
<
< klog <1+ I

Finally, by using the argument in Eqn. (C.6) and then plugging in the chosen value for A} =
CHS[%T

S2T
klog(1 + “32=)

, we have

Regretr, < 2k, S5+

2 2
2 oo\/kalog <1+C“SOT> 210g< )—hﬁ VoS0 + whl g
kAo klog

‘ (1+ %57)

¢, S?
Ty [4klog [ 1+ 207
X 2 Og( + k;)\O >7

which gives us the final bound in Theorem C.3.1. O

C.4. Consistency of One“’ in Algorithm 6

W.lo.g. we assume that {6 : ||§ — 6|, < 1} C O, or otherwise we can modify the contraint of ¢,
in Assumption 4.3.5 as ¢, = inf( e, |9-07|,<1} @ (x76) > 0. And we also assume that ||z, < 1
for x € Xj.

Adapted from the proof of Theorem 1 in ( ), define G(6) = g(0)—g(0*) = ZZT:I1( (x ;';719)

w(s1,8" 0 ) ws, i + S0 (u(]0) — u(z]0%))z; + A0 — 6%). W.lo.g we suppose ¢, < 1 based on

argument in Appendix C.7. Then it holds that for any 6,60, € RP

G(0)) — G(02) =

T
> (W (2] 0) — p(s1,i767) x31,zxm+2 (] 0%) iz + Al (61 — 62).

i=1
By denoting V = "1 xsl,lale 0w + A We have

(01— 02) T (G(61) — G(62)) > (61 — 02) " (c,V)(61 — 62) > O
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Therefore, the rest of proof would be identical to that of Step 1 in the proof of Theorem 1 in

( ). Based on the step 1 in the proof of Theorem 1 in ( ), we have
IGO)IF -1 > i Amin(V) 16 — 673 -

as long as |6 — 6*||, < 1. Then Lemma A of ( ) and Lemma 7 of ( )

Cu V o2

when Amin (V) > 160°[p + log(1/6)]/cZ, for any § > 0. Therefore, it suffices to show that the

suggest that we have

60— 0"

condition A\; > 1662 [p +log(1/6)]/c; for any 6 > 0 holds with high probability (e.g. 1—4), and we
utilize the Proposition 1 of ( ), which is given as follows:

Proposition (Proposition 1 of ( )): Define Vi, = S°1_, xx] (+A) where z; is drawn
#id from some distribution v with suppost in the unit ball, B. Furthermore, let ¥ = E(xtxtT) be the
second moment matriz, and B and § be two positive constants. Then, there exists positive universal
constants C1 and Co such that Ayin(Vy,) > B with probability at least 1 — 0, as long as

. <C1\/&+02\/10g(1/5)>2+ 2B
= A

)\min(z) min(z)

Therefore, we can dedeuce that Hét — 6"

T > ((C’l\/ﬁ + Cy+/log(1/8))/A1)? + 2B/A; holds for some absolute constants Cy,Co with the

) < 1 holds with probability at least 1 — § as long as

definition B := 160%(p+log(1/6))/c:. Notice that this condition could easily hold if A; < o2 is not
diminutive in magnitude. Otherwise, we believe a tighter bound exists in that case, and we will
leave it as a future work.

We also present an intuitive explanation for this consistency result: ( ) proved the
consistency of the MLE 6, without the regularizer. Regarding the penalty 0 A6, for the first k
entries of 6; the penalized parameter Ay is small, and hence it will have mild effect after sufficient
warm-up rounds 7;. For the remaining (p — k) elements suffering large penalty, the estimated
ét7k+1:p would be ultra small in magnitude as desired since we argue that after the transformation
05 H1p will also be insignificant. This implies that Hét,k—l-l:p — 07 +1:pH2 is well contronlled. As a

result, the estimated 6, tends to be consistent.
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C.5. Analysis of Theorem 4.4.2

C.5.1. Proof of Theorem 4.4.2.

PROOF. Let us define r, = maxxex u((X, 0%)) — u((X¢, ©*)), the instantaneous regret at time
t. We can easily bound the regret for stage 1 as 221 r¢ < 257T1. For the second stage, we have a
bound according to Theorem C.3.1 (Theorem C.8.1):

T
Z ”Sé(kﬁ+\/W+TS¢)§5<k\/f+\/m+T(d1+d2)Mrlog<d1+d2>>.

T,D? )
t=T1+1 1y

Therefore, the overall regret is:

T

) di 4+ do) M di +d
Zrt§0<ZSfT1+k\/T+\/m+T( 1;1)22) rlog( 1}— 2>>
t=1 1

After plugging the choice of T} given in Theorem 4.4.2, it holds that

T
S0 (SO i) 50N )
=1 rr

DT‘T
5 ( (d, + @)Mﬁ) |
DTT’

C.6. Details of Theorem 4.4.3

C.6.1. Proof of Theorem 4.4.3.

ProOOF. Here we will overload the notation a little bit. Under the new arm feature set and
parameter set after rotation, let X™* be the best arm and X; be the arm we pull at round ¢ for
stage 2. And we denote ;4,5 be the vectorization of X; after removing the last p — k covariates,
and similarly define z% , and 6%, as the subtracted version of vec(X*) and vec(©*) respectively.

We use 1 = p((X*,0%)) — u((X¢, ©%)) as the instantaneous regret at round t for stage 2. Then it
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holds that, for t € [T3]

- M(<X*7 @*>) - ( :ub Hsub) + :u( :ub—resub) (xt subesub) + :u(xt subgsub) (<Xt? @*>)
< kli‘ <X* ®*> - msubTQ:ub’ + k,U«|<Xt7 ®*> - xthubQ:ub| + M(x:ubTG:ub) - M(mt subesub)

bl [OTXV| +(|OL V| ) [OTUDVTOL| 4 it 02s) = (i)

d1d27’ dl + d2 "
< 2](5“5’0 T1D2 log < 5 ) + ( subTesub) M(:Et subesub)

Therefore, the overall regret can be bounded as

T2 T2
drdar ¥ %
2Sle + g ry < 2SfT1 + 2k SO D12 ;—,1 Ty + E :u(xsub—resub) :u(xt subesub)
t=1 t=1

Since efficient low dimensional generalized linear bandit algorithm can achieve regret 6(6\/&7—‘)
where € is the misspecified rate, d is the dimension of parameter and 71" is the time horizon when
no sparsity (low-rank structure) presents in the model. After plugging our carefully chosen 77, the

regret is

M M
28Ty + 2k, 5o BT %) Tlog<d1+d2)Tg+O<(dl+d2 W+ )T S + da) T2>

D2, 5 T, D?
N 3/2 320 N 3/2 320
(C.8) -0 (( v Wt )T k)ﬁ) -0 (W o+ ) ﬁ) .

C.7. Explanation of V; replacing M;(c,)

Technically we can always assume ¢, € (0,1] since we can always choose ¢, = 1 when it can take

values greater than 1. And when ¢, <1 it holds that,

t—1 t—1
A
My(cu) = JSZ-:CZT+: =Y mm + A=V
i=1 B =1

Therefore, we can easily keep the exactly identical outline of our proof of the bound of regret for
Algorithm 6 after replacing M;(c,) by V; everywhere, and the result only change by a constant
factor of 1/, /¢,,, which would not be too large in most cases. However, in our algorithm and proof

we still use M;(c,) for a better theoretical bound.
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C.8. Additional Algorithms

C.8.1. PLowGLM-UCB. We could modify Algorithm 6 by only recomputing 6, and when-
ever |M;(c,)| increases by a constant factor C' > 1 in scale, and consequently we only need to
solve the Eqn. (4.10) for O(log(T3)) times up to the horizon T», which significantly alleviate the

computational complexity. The pseudo-code of PLowGLM-UCB is given in Algorithm 12.

Algorithm 12 PLowGLM-UCB

Input: T5,k, Xy, the probability rate d, penalization parameters (Ao, A1), the constant C.
1: Initialize My (c,) = .14, @, JSST” + A/ey.
2: fort > 1 do
3: if |M;(cy)| > C|M-(c,)| then

4 Estimate 6, according to (4.10).

5 T=t .

6: Choose arm z; = arg maxgex, { 1(z 1 0;) + pr(8) ”iEHMt—l(cH)}, receive y;.
7 Update Myi1(cy) «— Mi(cy) + zpa) .

Theorem C.8.1 shows the regret bound of PLowGLM-UCB under Assumption 4.3.4 and 4.3.5.

THEOREM C.8.1. (Regret of PLowGLM-UCB) For any fized failure rate 6 € (0,1), if we run the
PLowGLM-UCB algorithm with pt(0) = a1, (6/2) and

cuSgT

S2T
klog(1 + C‘;)\% )

~

Al =<

Then the regret of PLowGLM-UCB (Regretr,) satisfies, with probability at least 1 — §
O(k\/Ta + \/XokT +TS,)-VC=OkVT +TS,) VC.

Similarly, for PLowUCB-GLM we can also prove that the regret bound increase at most by a
constant multiplier v/C' by using the same lemma and argument we show in the following Section
C.8.2. And we can get the bound of regret for PLowGLM-UCB in problem dependence case, and
the bound will be exactly the same as that we have shown in Theorem C.3.1 except a constant

multiplier VC.

C.8.2. Proof of Theorem C.8.1. We use similar sketch of proof for Theorem 5 in

( ). First, we show the following lemma:
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Lemma C.8.1.1. ( ( ), Lemma 12) Let A and B be two positive semi-

definite matrices such that A < B. Then, we have that

r! Ax < | Al
sup < .
240 T Bx ~ |B]

Then we can outline the proof of Theorem C.8.1 as follows.

PRrROOF. Let 7; be the value of 7 at step ¢ in Algorithm C.8.1. By an argument similar to the

one used in proof of Theorem C.3.1, we deduce that for any x € R and all £ > 2 simultaneously,

R k ~
T p* T 1% *
jw(@' 0%) — p(z 0r,)] < o 97.(0%) = 97, (07,) M= (e [ [pYE=To

= Bl (6%) — g (6 M:E (e,

- Cu g‘l’t th Tt M-,; (CM) Tt Cu xr )
k 5 ! M7 (c,)]

< L lgn (0%) — g7, (0 M, 2(c,)x Lt
k;u * 2 x

< VO lon 09 =g 0|, 10las e,y < VOBEr, 0)

where the last inequality comes from the proof of Proposition C.3.1 similarly. The rest of the proof
will be mostly identical to that of Theorem C.3.1 and hence we would copy it here for completeness:

Based on Proposition C.3.2 we have
p(@® 0%) — pz, 0%) < 2vC t+71 | o =2vCaim 9 th”M{l(Cu)
<2/Car (2
- ar 5 ”xtHMt_l(Cu) :

Since we have that ar,(5/2) > k,S2, the Regret of Algorithm 12 can be bounded as
T

Regretr, < 2k, St + Z min{p(z* " 0%) — pu(z] 6%), 2k,.S3}
=2

T>
1) .
< 2k,52 + 2v/Cay (2) S min{lfely 1, 1)
t=2

Ts
J :
< 2k,S3 + 2V Car (2> VT E mln{thH?\/[t—l(cM) 1}
=2
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Algorithm 13 Generalized Explore Subspace Then Transform (G-ESTT)
Input: Action set {X;}, T, T1, D, the probability rate 0, parameters for stage 2: A, A} .

Stage 1: Subspace Estimation
1: Randomly choose X; € X according to D and record X;,Y; fort =1,...77.
2: Obtain © by solving the following equation'

nuc °

O T i T < Z{b (X0,0)) — (X, )} + )z O]

3: Obtain the full SVD of © = [U, U] D[V, V,]T where U and V contains the first r left-singular

vectors and the first r right-singular vectors respectively.
Stage 2: Almost Low Rank Generalized Linear Bandit

4: Rotate the admissible parameter space: 0’ := [(7, U nl 9[17, ‘7]_], and transform the parameter
set as:

@0 = {VeC( 61:7‘,1:7”)? VeC( 8;+1:d1,1:r)? VeC( Qi:r,rqtlzdz)? VeC( 8;+1:d1,r+1:d2 )}

5. for t > T — 17 do L R
6: Rotate the arm feature set: &/ = [U,U,]T X[V, V.].
7: Define the vectorized arm set so that the last (dy — r) - (da — r) components are almost

negligible:

XO,t = {VeC(X{l:r,lzr},t% VeC(XJEr+1:d1,1:r},t)’ VeC(X{l:r,rJrl:dg},t)’ VeC(X{/rJrl:dl,r+1:d2},t)}'

8: Invoke LowGLM-UCB (PLowGLM-UCB or LowUCB-GLM) with the arm set Xy, the
parameter space 6y, the low dimension k = (d; +dz)r —r? and penalization parameter (Ao, A1)
for one round. Update the matrix M;(c,) or V; accordingly.

where the last ineuqlity comes from Cauchy-Schwarz inequality. Finally, by a self-normalized

martingale inequality ( ( ), Lemma 11) and and then plugging in the
cuSET

S2T
klog(1 + “2=)

chosen value for A| =

, we have

2k
Regretr, < 2k, S§ + TM\/C
m

S8 e, SeT
X | oot/2klog | 1+ k)\oT — 2log +Cu | VAoSo + — 951

S,
klog (1+ 57

¢, S?
Thy | 4k1 14+ 207
2 Og< + k‘>\0 >7

which gives us the final bound in Theorem C.8.1. g

C.8.3. Algorithms for the Contextual Setting. To show algorithm G-ESTT and G-ESTS
for the contextual setting, where the arm set X; = {X;;} may vary over time ¢t = [T, we would

firstly update some notations besides the ones we have defined in Section 4.4.2. We denote the
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Algorithm 14 Generalized Explore Subspace Then Subtract (G-ESTS)
Input: Action set {X;}, T, T1, D, the probability rate 0, parameters for stage 2: A, A} .

Stage 1: Subspace Estimation
1: fort =1 to 17 do
2: Pull arm X; € X according to the distribution D, observe payoff y;.
3: Obtain © by solving the following equation:

T
~ 1 <

O = arg @eréldilrlxd2 o ;{M(Xi, 0)) — yi(Xi,0)} + Ary [|O]] e -

4: Obtain the full SVD of © = [U,U,] D[V, V.]T where U and V contains the first r left-singular
vectors and the first r right-singular vectors respectively.

Stage 2: Low Rank Generalized Linear Bandit
5: Rotate the admissible parameter space: 6 :=[U,U,]" O[V, V], and transform the parameter
set as:

90 = {VeC( @{:T,IZT‘)7 VeC( 97/’+1:d171:7‘)7 VeC( @{:7‘,7’+1:d2)’ VeC( @7/’+1:d1,r+1:d2)}'
6: for t > T — 17 do
7 Rotate the arm feature set: X} == [U,U,|T X[V, V.].
8: Define the vectorized arm set so that the last (di — r) - (da — r) components are almost
negligible, and then drop the last (d; — r) - (da — r) components:
XO,SUb,t = {VeC(X{I:T,I:r},t% Vec(‘){fr—l-l:dl,l:r},t)? VeC(X{flzr,r—&—l:dz},t)}'

9: Invoke any modern generalized linear (contextual) bandit algorithm with the arm set Xp gup.¢,
the parameter space O sup, and the low dimension k = (dy + da)r — r2 for one round.

time-dependent action set X; after rotation as:
X = [U,UL]" X[V, V1],

And we modify the notations of the vectorized arm set for G-ESTT and G-ESTS defined in Eqn.

(4.3), (4.13) accordingly for each iteration:

XO:t = {VeC(X«flzr,lzr},t)v VeC(XJEr—&—l:dl,l:r},t)’ VeC(X{/lzr,r—l-l:dg},t)’ VeC(X{/r-l—l:dl,r—i—l:dg},t)}’

XO,SUbJ = {VeC(X{llzr,lzr},t)7 VeC(Xfr—i—l:dl,l:r},t)’ VeC(X{llzr,r-‘rl:dg},t)}‘

Details can be found in Algorithm 13 and 14.

C.9. Additional Experimental Details

C.9.1. Parameter Setup for Simulations. Here we present our parameter setting for al-
gorithms involved in our experiment in Section 4.5.

Basic setup: horizon T' = 45000. For the case where di = do = 12 and r = 2 we extend the
150



horizon until 75000 in figures to display the superiority of our proposed algorithms more clearly.

The 480 (1000) random matrices are sampled uniformly from d;ds-dimensional unit sphere.

LowESTR: (same setup as in ( )
e failure rate: § = 0.01, the standard deviation: ¢ = 0.01 and the steps of stage 1: T1 = 1800.

e penalization parameter in stage 1: Ay, = 0.01 %1’ and the gradient decent step size: 0.01.

e B =18 = %Jr;i)%,)\ =1\ = W, grid search for /B; with multiplier in
{0.2,1,5}.
SGD-TS: (details in ( )

e grid search for exploration rates in {0.1, 1, 10}.

e grid search for C' in {1,3,5,7}.

e grid search for initial step sizes in {0.01,0.1,1,5,10}.

G-ESTT: (LowGLM-UCB in Stage 2)

e failure rate: § = 0.01, and the steps of stage 1: T7 = 1800.

e Sy =1,0={X € Ri*d% : | X|, <1} for the case r = 1, and Sy = 5,0 = {X € Ré1xd ;
| X < 5} for the case r = 2.

penalization in solving Eqn. (4.6) with Ay suggested in Theorem 4.4.1. (We believe that a

simple grid search near this value would be better.)

pi;j set to be centered normal distribution with standard deviation 1/d in Stage 1. Specifically,
at each round we randomly select a matrix X, 4,4 based on this {p;;} elementwisely, and then

pull the arm that is closest to X,4nd¢ w.r.t. ||-|| ; among all candidates in the arm set.

proximal gradient descent with backtracking line search solving Eqn. (4.6), step size set to 0.1.

2 S2T . . .
Tu0 ;TQ S = ddr 1o <d1§d2>, grid search for exploration bonus with
eS8 )

)\0 = 1aAJ_ = T, D2
klOg(l#»W rr

multiplier in {0.2,1,5}.
G-ESTS: (SGD-TS in Stage 2)
e The steps of stage 1: T1 = 1800.
e penalization in solving Eqn. (4.6) with Ay suggested in Theorem 4.4.1. (We believe that a

simple grid search near this value would be better.)

151



2000{ —— G-ESTS 17501 __ Ggsts
D 1750] — GESTT © 1500{ — G-ESTT
o —— SGD-TS o —— SGD-TS
@ 15001 | owESTR @ 12501 — | owESTR
< 12501 e
() o 1000
.E 1000 E 750 1
% 750 1 %
£ 500 = 500
8 250 1 8 250
01 01
5000 15000 25000 35000 5000 15000 25000 35000
Iterations Iterations
(a) (b)
— G-ESTS 33009 __ Gests
© 25001 — G-ESTT © 30001 — G-ESTT
S —— SGD-TS S —— SGD-TS
@ 20001 —— @ 25001
o LowESTR o LowESTR
q>) 1500 q>) 2000
] + 1500
— 1000 =
= = 1000
g 500 g
o O 5001
0 01
5000 15000 25000 35000 5000 15000 25000 35000
Iterations Iterations

() (d)
Ficure C.1. Plots of regret curves of algorithm G-ESTT, G-ESTS, SGD-TS and
LowESTR under four settings (1000 arms). (a): diagonal ©* d; = dy = 10,7 = 1;
(b): diagonal ©* d; = d = 12,7 = 1; (¢): non-diagonal ©* d; = dy = 10,7 = 2; (d):
non-diagonal ©* dy = do = 12,7 = 2.

e p;j set to be centered normal distribution with standard deviation 1/d in Stage 1. Specifically,
at each round we randomly select a matrix X, 4,4+ based on this {p;;} elementwisely, and then
pull the arm that is closest to X,qn4¢ w.r.t. ||-|| ; among all candidates in the arm set.

e proximal gradient descent with backtracking line search solving Eqn. (4.6), step size set to 0.1.

e use the same setup for SGD-TS as we have listed.

C.9.2. Additonal experimental results. Here we display the regret curves of algorithms
under four settings with 1000 arms in Figure C.1, where our proposed G-ESTS and G-ESTT also

dominate other methods regarding both accuracy and computation.

C.9.3. Comparison between G-ESTT and G-ESTS. In this section we compare the per-
formance of our two frameworks G-ESTT and G-ESTS, and it is obvious that both these two

proposed methods work better than the existing LowESTR and state-of-the-art generalized linear
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bandit algorithms under our problem setting based on Figure 4.1 and C.1. Notice that G-ESTT
and G-ESTS perform similarly well under the scenario r = 1 (G-ESTS is slightly better). However,
for the case r = 2, we find that G-ESTT achieve less cumulative regret than G-ESTS does. We
believe it is because that, on the one hand, G-ESTS depends more on the precision of estimate (:),
which becomes more challenging for the case » = 2. On the other hand, for G-ESTS how to reuse
the random-selected actions in stage 1 is also tricky, and we will leave it as a future work. There-
fore, G-ESTT (with LowUCB-GLM) quickly takes the lead in the very beginning of stage 2 since
LowUCB-GLM can yield a consistent estimator early in stage 2 by reclaiming the randomly-chosen
actions.

However, we find that G-ESTS is incredibly faster than other methods (including G-ESTT) as it
only spends about one tenth of the running time of LowESTR until convergence as shown in Table
4.1. Notice that G-ESTT with LowUCB-GLM is a little bit slower since it utilizes more samples for
estimation in each iteration for better performance. Moreover, we conduct another simulation for
the case r = 2,d; = do = 12 where we additionally choose T7 = 3200, and the results are displayed
in Figure C.2 after 100 times repeated simulations. We observe that by appropriately enlarging the
length of stage 1 (T1), G-ESTS would perform better in the long run as we expect, since a more
accurate estimation of ©®* could be obtained. Therefore, we can conclude our proposed G-ESTS

could perform prominently with parsimonious computation by mildly tuning the length of stage 1

(T1).

25001 — 11 =1800 3000{ — T1=1800
1] — T1 = 3200 © — T1 = 3200
— 4 —
&, 2000 S 2500 1
o 2
] 2000 1
@ 1500 v
= -= 1500
T 1000 ©
g :Es 1000
S 500 S 5004
O O
0 01
5000 25000 45000 65000 5000 25000 45000 65000
Iterations Iterations

(a) (b)

Ficure C.2. Plots of regret curves of algorithm G-ESES the scenario di = dy =
12,7 = 2 under 77 = 1800 and 77 = 3200 (a): fixed 480 arms; (b): fixed 1000 arms.
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TABLE C.1. Comparison between our proposed Stein’s lemma-based method and
the log-likelihood maximization method for low-rank matrix subspace estimation.

Case Low-rank detection method Regret Transformed error
Figure 4.1(a) Stein’s lemma-based method G-ESTT:723.27, G-ESTS:510.80 0.086

BUIe 2-218) 1 he likelihood maximization ~— G-ESTT:724.96, G-ESTS:515.25 0.089
Figure 4.1(c) Stein’s lemma-based method G-ESTT:1088.26, G-ESTS:1106.71 0.542

gure & Log-likelihood maximization = G-ESTT:1136.54, G-ESTS:1198.39 0.583

C.9.4. Comparison with other matrix subspace detection methods. To pre-check the
efficiency of our Stein’s lemma-based method for subspace estimation, we also tried the nuclear-
norm regularized log-likelihood maximization with its details introduced in the following Appendix
C.9. Particularly, we could solve the regularized negative log-likelihood minimization problem with
nuclear norm penalty as shown in Eqn. (C.9).

Specifically, we consider the two cases of our simulations: 480 arms, d =10, r =1 (Figure 4.1(a)
case) and 480 arms, d =10, r =2 (Figure 4.1(c) case). We used the same setting as described in
Appendix C.9 above (T7=1800, T=45000), and implemented proximal gradient descent with the
backtracking line search for optimization. The average regret cumulative regret along with the

average transformed error HQZ‘ defined in Eqn. (4.8) are reported in Table C.1.

e,

Therefore, we can see that our low-rank matrix detection method outperforms the regularized log-
likelihood maximization method, especially when the underlying parameter matrix is complicated

(Figure 4.1(c) case). This is also consistent with our theoretical analysis, as we will show in the

. 2
0 — O* v is of order d®r /Ty using the
regularized log-likelihood maximization method, which is worse than the convergence rate of our

following Appendix C.10 that the theoretical bound of loss

proposed method in Theorem 4.4.1.

C.10. Bonus: Matrix Estimation with Restricted Strong Convexity

C.10.1. Methodology. As we have mentioned in our main paper, we can achieve a decent
matrix recovery rate regarding the Frobenius norm by using generalized first-order Stein’s Lemma
on Eqn. (4.6). For the completeness of our work, we also approach the matrix estimation problem
by using the restricted strong convexity theory alternatively to see whether we could get the same
covergence rate O(\/m) in GLM as in the linear case under the stronger assumptions

of sub-Gaussian property. Specifically, we use the regularized negative log-likelihood minimization
154



with nuclear norm penalty for the loss function in stage 1, and consequently we are able to get the
same bound as in the linear case. Notice that this work is also non-trivial since constructing the
restricted strong convexity for the generalized linear low-rank matrix estimation requires us to use
a truncation argument and a peeling technique ( , ), which is completely different
that used in simple linear case ( , ). Therefore, to facilitate further study in this area
and for the completeness of our work, we would present the detailed proof here in the following as
a bonus. Loss function: we consider the following well-defined regularized negative log-likelihood

minimization problem with nuclear norm penalty in stage 1:

~

© =arg min L7 (0)+ Ap, [|O]],c, Where
eeRdl Xdo
1
(C.9) L1,(©) = ﬁ Z{b(<X27 0)) — yi(Xi, ©)},
i=1

Note the problem defined in Eqn. (C.9) is convex and hence can be easily solved by gradient-based
algorithms. ( , : , : , ) Next, we first present

different assumptions with notations reloaded:

AssuUMPTION C.10.1. There exists a sampling distribution D over X with covariance matrix of
vec(X) as ¥ € RUd2xdid2 - qych that Apin(X) = A and vec(X) is sub-Gaussian with parameter

o = A2 such that \;/ )\% can be absolutely bounded.

AssUMPTION C.10.2. The norm of true parameter ©* and feature matrices in X’ is bounded: there

exists S € R™ such that for all arms X € X, [ X[z, [©*[|p <55 [ X]|op, 10 [lop < S2 (S2 < 9).

op’?
AssumMPTION C.10.3. The inverse link function p(-) is continuously differentiable, Lipschitz with
constant k. ¢, > infeco xex #'((X,0)) > 0 and ¢, > infy,<(942)0c,} #'(7) > 0 for some constant

C9.

Here we could safely choose o = 1//d1da ( , ) as default. Without loss of generality,
we can assume that c_o? < {\1, A3} < ¢, 0? for some absolute constant c¢_, ¢y for the simplicity of

following theoretical analysis. Assumption C.10.1 implies that if X is sampled from the distribution
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D, then for any A € R%*42 gatisfying || Al < 1, we have:

(C.10) E[(X, A)?] = vec(A) T Bvec(A) > A\ > c_ 02 = o

(C.11) E[(X,A)*] <165 < 16¢% ot = B.
C.10.2. Theorem.

THEOREM C.10.4. (Bounds for GLM via another loss function in Eqn. (C.9)) For any low-rank
generalized linear model with samples X1 ..., X7, drawn from X according to D in Assumption
C.10.1, and Assumption C.10.2, C.10.3 hold. Then the optimal solution to the nuclear norm
reqularization problem (C.9) with Ay, = Q(o+/(d —log(8))/T1) would satisfy:

2 d = d3r

~

(C.12) H@*@* el ik

with probability at least 1 — § given the condition dr < o®Ty and (1 + o)?dr < Ty hold.

To prove this theorem, roughly speaking we firstly deduce the restricted strong convexity condition
for our optimization problem with high probability, and then extend some previous results on the

oracle inequality of estimation error.
C.10.3. Restricted Strong Convexity.
DEFINITION C.10.5. (Restricted strong convexity (RSC), ( , )). Given the cost

function Ly, (©) defined in (4.6) and Xi,..., X7, € RU*%_ the first-order Taylor-series error is
defined as:

&r(A) = Ly, (0" + A) — L1, (©%) — (VL1 (©%), A).

For a given norm ||-|| and regularizer ®(-), the cost function satisfies a restricted strong convexity

(RSC) condition with radius R > 0, curvature k > 0 and tolerance 72 if
K 2 2 52
&n(A) 2 5 Al =7, 2%(4),  for all [|Allp < R.

THEOREM C.10.6. (RSC for GLM under distribution D). Consider any low-rank generalized linear
model with samples X1 ..., X1, drawn from X according to D in Assumption C.10.1, and Assump-

tion C.10.2 and C.10.3 hold. Then there exists constants cs,cq such that with probability 1 — 9§, we
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have the RSC condition holds:

d d
(C.13)  £r(8) > eso’eu | Allf —(ca0® + 20) (\/TIJF\/TQ)C;LHAHiuC for all [|A] <1
1 1

. d d
with Kk = 306, 3, = (c10°+20) (M + Vﬁ) i B=1 =1l and @) = |-

for Ty = O(log(logy(d) /6)).

REMARK C.10.1. The radius R in Theorem C.10.6 can be adapted to any finite positive constant
keeping the same proof outline. And the required sample size Ty only change in logarithmic power,

which can be easily satisfied.

C.10.3.1. Proof of Theorem C.10.6. To prove theorem C.10.6, we use a truncation argument
and the peeling technique ( , ; ) )

Using the property of the remainder in the Taylor series, we have
1 &
8T1 (A) = ﬁ ZH/ (<X’Lv ®*> + t<X’La A>) <XZ7 A>27
i=1

for some ¢ € [0,1]. Based on (C.10) and (C.11) we will set two truncation parameters K7 = 43/«
and K2 = 4352/« for further use. For any ||A]; = 6 € (0,1], we set 7 = K16 and a trunction

function ¢, (v) = v? - I{jy|<27}- Then we have:

T
1 *
ETl (A) > ?1 Z M/ (<XZ7 © > + t<Xiv A>) ¢T(<Xi7 A))I{\<X¢,@*>|§K2}‘
=1

The right hand side would always be 0 if |(X;, ©*) + t(X;, A)| > 2K; + Ko, which implies the
following result based on Assumption C.10.3:

1 &

&r (D) > hy D o ((Xi, A) I (x, 0 <K}
=1

Therefore, it suffices to how that for all 6 € (0,1] and for ||Al| = J, we have:

1
(C14) T Z ¢T(6)(<X“ A))I{KX“@*HSKQ} > CL1(52 — a2 HA”HUC o,

for some parameters a; and as since the inequality ||A|p < ||A|l,,. always holds. Note the fact

that ¢(5)((Xi, A)) = 62¢,1)((Xi, A/6)), then for any [|Al|, = & such that § € (0,1], we can apply
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bound (C.14) to the rescaled unit-norm matrix A/§ to obtain:

T

1

T Do (D((Xis A/ I x, 00y <ry = a1 = a2 | A/6]| e
=1

which implies that it suffices to show (C.14) holds when 6 = 1, i.e.
T
1
ﬁ > (X, A)Ijj(x, 00 1<ka) = a1 = a2 [ ALy, forall [A]lp=1.
i=1

Then we can construct another truncation function ¢, (v) with parameter at most 27 = 2K as

&r(v) = VI (< + (0 = 27) T cpeon + (V+27)° [ _orcpc—ry-

Then it suffices to show that

T

1 _

o D 6 (X, A I(x, 00 <kay = a1 — a2 [|A]lye s for all Al = 1.
=1

And for a given radius r > 1, define the random variable

T
1 . s
Zr(r) = ”AS”Ulp1 TZ¢T(<Xi7A>)I{\<X1~,@*>|§K2} -E <<Z>T(<X7 A>>I{\<X,@*>\SK2}) :
F_ =1
1Al

nuc

Firstly, we can prove that

(C15) E[3-({X, ADqx oyi<h] = 50

by using the chosen values for K1 and K5 to show that

}_l

Elo-((X,A)] > Za,  E[o-((X, A)ix.09>K3] < =

1

e~ w

Specifically, since we have

Elo, (X, A))] > E[(X, A)*Ijxom<n] = @ — E[(X, A)*I{j(x.0)>r)]

And we can show that the last term is at most /4 based on the Markov’s inequality and Cauchy-

Schwarz inequality:

B«
E[(X, AL x4 =m) < VE(X, A)VP([(X,0%)] > 7]) < VB S5
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And similarly we can prove that E[¢,((X, A))Ix,0%)>K2] < a/4. On the other hand, by our
choice 7 = K, the empirical process defining Zr, (r) is based on functions bounded in absolute

value by K2. Thus, the functional Hoeffding inequality (Theorem 3.26 in ( )

P (ZT1 (r) > E(Zn,(r)) + o7 <\/E + \/;?> + Z) <
(C.16) exp —n (JT (\/%+ \/%) i %>2 )

AKE

implies that

To bound the expected value term E(Zr, (r)), we introduce an i.i.d sequance of Rademacher vari-

ables {e; iT11 and then use the symmetrization argument:

Ty

1 ~ -
T > - ({Xi, Ay (x,04)< K2y — E (¢T(<X, A>)I{\(X,@*>\§K2})
i=1

E(Zr, (r)) =E sup
Al p=1,
IA[ e <r

nuc —

=E sup
Al F=1,
1Al <

nuc—

T1 Tl

1 & AR

T D> - ((Xi, A)Ix, 00y <kr) — B <T1 > :ﬁf’f((n’A))I{m,@ﬂlsm})
=1 =1
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<Ex v

- REa

sup
lAlF=1,
Al <

nuc—

T1 Tl

1 ~ 1 N

T D or({Xi, A j(x, 0% <2y T > or({(Yi, M) Ly, 00 |< k)
=1 =1

T

1 ~ -
T > e (d)r((Xz’, AN ix,,00) <ka} — O (Y, A))I{Im,@*)ngz})
i=1

= EXmYmEi sup
1Al =1,
|PAN |

nuc—

S 2EX1'782‘ Sup
[AlF=1,
A<

nuc

T

1 ~

ﬁE e ((Xi, M) Ij(x,.0%) <Kz}
=1

(C.17)

(i) (ii)
< SKI]EXZ',&; sup < 8K1 - ]EXZ',EZ'

1 Ty 1 T

T D (A, X) T D e
Al =1, L L o
(=< P

nuc —
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where the inequality (i) comes from Rademacher contraction property and (ii) is by the duality

between matrix |[|-||, and ||-||,,,. norms. Using the previous conclusion (Exercise 9.8 in

< ocse \/@—F\/@
> 0C5C+ Tl Tl )

where ¢5 is an independent absolute constant. Combine (C.16), (C.17) and (C.18), we have

nuc

( )), we have

(C.18)

1 &
T > oeX
=1

op

(C.19)

or 4 da
P <ZT1( ) > (8Kic5¢4+ + 1)o <\/;{71 \/;Tj> > <exp| - ( (CK4\/;> >

According to (C.15) and (C.19), we prove the following conclusion for any fixed value of radium 7:

1 d d
P sup  En(A) < —ac, — (8Kqcseq + 1) \/—1 + \/—2 oc,r
4]l p=1, 4 hooVh

A<
or 4 + <
o EICI Y

Since we have ||A|» = 1, based on Cauchy-Schwarz inequality we have 1 < ||A[|,.. < Vd. To prove

the RSC we use a peeling argument to extend r to all possible values. Define the event:

1
E = {There exists A s.t. ||[Allp =1, &n(A) < 10— (16Kics5c4 +2)

©21) <\/‘T 2 ) AN

Vi (27 S Al <2 i L Jloms(@) 41
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[l logsy (d)—| +1

Then we can conclude that £ C | J; % (ENV;). And we can show the probability of each

partition event (E N V) can be upper bounded by (C.20):

1 d d
P(ENV;) =P sup  En(A) < —ac, — (16Kicses +2) [ /= + 1/ 5= | ocu [|A]]e
1Al =1, 4 Ul T !
27 <Al <2’
1 d d )
<P sup En(A) < —acy, — (8Kicsey +1) ‘/—1 /= oc,2'
1Al =1, 4 T T

27 <A e <2

nuc

. 2
T (2o (V& +\/2)+9)

AKE

< exp

which implies that

2
P(B) < logy(d)exp | —— (o (/+ Vi) %)

4K

We complete our proof of Theorem C.10.6 by noticing that the constants cs,cq4 in (C.13) only

depend on the absolute constants cs, cy and c_ through our proof. O

C.10.4. Technical Lemmas.

) )

LEMMA C.10.6.1. (Bound for GLM with nuclear regualarization, (
, )) Consider the negative log-likelihood cost function Lr, () defined in 4.6 and observa-

tions X1, ..., X7, satisfy a specific RSC condtion in Definition 1, such that

K
En(8) > S 1Al — 7, AL for all JA] <1.

nuc ’

Then under the “good” event: G(Ar,) == {||VLr,(0%)|,, < A, /2}, and the following two condi-

op
tions hold:

2

A
2 K T
T < 128’ 4.5—/{217‘ <1.

Then any optimal solution to Eqn. C.9 satisfies the bound

~ 2 M,
(C.22) H@ — o] <45l
F K2
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C.10.5. Proof of Theorem C.10.4. According to Theorem C.10.6, there exists two absolute

constants cs, ¢4 such that with probability at least 1 — ¢, we have the RSC condition holds:

d d
En(A) > 30’ |A13 — (cao” + 20) (\/ Ly T) el A2 forall Ay < 1.
1 1

To implement Lemma 1, we would like to to figure out the value for regularization parameter Az
such that the event G(A7,) can hold with high probability and simultaneously the bound in (C.22)
can be well controlled. The proof is by using the covering argument and Bernstein’s inequality to
bound the operator norm.

Let & = (X;,0), we have | VLz, (0%)],, = |[2 202, ((&) — vi) X

, and for all ¢ € [T7]
op

E[(b' (&) — yi)Xi] = E [X; B[V (&) — vi | Xi]] = 0.

Let S (S89) be the dy (d2) dimensional Euclidean-norm unit sphere, and N (N%) be the 1/4

covering on S% (S%) and Z(A) = sup u' Av for all A € R4*92. By the proof of Lemma 1 in
ueEN,
vEN D2
( ), we know that

16

(C.23) 4]y < =(A)

Besides, based on the properties of Orlicz-1 norm and Orlicz-2 norm, we have:

| &) = yu Xiw

1 < H(b/(&.) _ yi)ng HUTXiv

< c6\/kya, forallue Sh ve S%.
2

Lp ‘¢

For some absolute constant cg (e.g. cg = 6). Then for any fixed u € S%, v € S%, by Berstein’s

inequality we have

_ Ty t? Tit
P >t | <2exp |—cymin , .
( ) B p[ 7 (C%W% CﬁvkuM)]

Then by the combination over all the union bounds and relation (C.23) we can claim that

1 &

/ T
A ;(b (&) —yi)u Xv

T )
1 16 . 11t Tt
Pl V(&) —y)Xil| > =t] <2782 exp | —c7 min , )
7 L&) - . p { —ermin ( 5

op
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Then the event {||VLz, (0%)||, > 3%t} holds with probability 1 — § if

ce(d1 + d2)log(7) + cglog(2/9) co(di + da2)log(7) + cglog(2/9)

t= \/k‘y)\g max \/ T1 ) Tl

. \/dl +dy — log(d) _

Ty

Since we assume (d; +dz2) < T1. By taking Ay, = gt = %:log(é) o. We complete the proof of

Theorem C.10.4 and obtain the scale of the bound in (C.12) after plugging the chosen values of
and A7, into (C.22). O
Notice that the loss function here shown in Eqn. (C.9) is also convex and hence could be solved
by a wide class of optimization methods (e.g. subgradient descent algorithm), and we have the

convergence rate of matrix estimation as
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APPENDIX D

Appendix for Chapter 5

D.1. Remarks of Assumption 5.3.2

We will show that when a series of iid random matrices X;;~; follows a sub-Gaussian distribution
with parameter o =< \/ﬁ, then the scale of max;c|y, [|Xil[p can be bounded by some constant
up to some very small logarithmic terms. The results can be directly deduced from the following

Lemma:

LEMMA D.1.0.1. If iid random matrices X;7; € R"*% follows a sub-Gaussian distribution with

parameter o, then with probability at least 1 — § it holds that:

|15l p < do\/dydy + 2v20 ln(%), Vi € [m].

PROOF. Denote N1 as the 3-covering of the matrix space {X : || X|| < 1}, then it holds that
2
V1| < (1+1/0.5)%442 = 5892 And for ||V < 1 we define S(V) as the closest point in N1 such
2 2

that |V — S(V)||p < . Next, we can have that

Xillg = max (V,X;) = max (V—-S(V)+S(V),X;) < max{(Z, X;) + max (W, X;
Il = s (V.26) = e (V= S(V) + S(V). X0 < s (2,) + e (32 )

1
< max (Z,X;) + = max (W, X;),
ZeNy 2 |Wp=1

which indicates that || X;||p < 2maxzen, (Z, X;). Therefore, it holds that for any t > 0
2

1 t2 t2
P(HXlHF > t) <P (max <Z, Xz> > 2) < |N%| - exp <&‘2> < 5d1d2 - exp (2>

ZeN 8c
2

This fact indicates that

1
P <||Xz||F > 2\/50‘ In (5) —I—40‘\/d1d2) < 4.
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Algorithm 15 Randomized LOTUS

Input: Arm set &}, sampling distribution Dy, §, To, n, A, {\i 1 f:of
Stage The history buffer index set H; = {}, the exploration buffer index set Ha = {}.
1: Pull arm X; € &} according to D; and observe payoff y;. Then add (X, y;) into H; and Hs for
t<Tp.
2: for i = 1,2,... until the end of iterations do
3: Set the expected exploration length 77 = min{ [‘12;6%”21(1%)] e ’21'}'

T

4: fOI’t:’H1|—|—1+|/H1‘+2i do

5: if Randomly sample from Bernoulli(7} /2%) and get 1 then

6: Pull arm X; € A} according to D; and observe payoff y;. Then add (X, ;) into H;
and Ho

T: else R

8: Obtain the estimate © based on Eqn. (5.3) With 7-[2, where we set 7, =
(ol (-4 10 (21 /0)) 5 €35, 3 = o (- I (2 )) ) 5 5

9: Calculate the full SVD of © = [U,U,] D[V, V. ] where U € Rdlx’" V e Rd2xr,

10: For the next round, invoke LowTO with &, [U, U], [V, VL], A, Ai,1, H1 and obtain the
updated H;.

Therefore, we have that

P <m[a)§ | Xillp < 2\/50’1 [In (1) + 40\/d1d2> >(1—a)"=1-0, wherea=1—(1-9)
i€lm Q

For any m > 1 and z € [0, 1], based on the taylor series of the function f(z) = (1 — z)

Ll

|-

1—Z —O(x?), it holds that 1 — Z > (1 — a:) . And this fact leads to the final result:

P (m%gj: 1 Xi|lp < 2v204 /In <§> + 40\/d1d2) >1-4,
1€

which indicates that max;cip || Xil|p can be uniformly bounded by a constant scale up to some

Zz
m

minimal error. OJ

In our case with o < \/ﬁ, with probability at least 1 — § it holds that

22
X; 4.
mae | Xillp $ 2= n (%) +

D.2. Alternative Version of LOTUS

As we mention in Subsection 5.4.2, we also have an alternative version of our LOTUS algorithm in a
more randomized manner. Specifically, at each batch, our original version illustrated in Algorithm 8

uses the static explore-then-exploit framework, where it first randomly samples some arms from
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Algorithm 16 LAMM Algorithm for the Solution to Eqn.(5.2)

Input: Initial (:)07 stopping threshold €, ag, ¥, A
1: for i = 1,2,... until Héi _ (?)HHF <edo

2 Initialize ©; = ©;_ 1,04 = max(ao, a;j—1/v) and s; = 0.
3 while F(@Z,@Z 1,al)<L (@)or s; =0 do

4: ©;=S5(0; 1 — a7 'VL(0;1),a;7'N).

5: si=s+1La;, =9 «q;.

the distribution D; in Assumption 5.3.1 and then exploits the recovered low-rank subspaces with
our LowTO method. However, we can mix these two exploration and exploitation steps in each
batch. Specifically, we can explore by the sampling distribution D; with the probability of T} /2! at
each time t, otherwise we will conduct the subspace transformation and LowTO algorithm based
on the current H;. The full pseudocode is presented in Algorithm 15. We can expect the same
order of regret as in Theorem 5.4.3 based on the fact that if we do a series of iid Bernoulli trials
with probability p for n times, then with a high probability the sum of success will be close to np

for large n up to some logarithmic terms.

D.3. Details of the LAMM Algorithm

We implement the LAMM algorithm that was first proposed in ( ) and recently
extended to the matrix estimation setting ( ) ) for the Huber-type estimator formulated
in Eqn. (5.2). Here we use the unified framework proposed in ( ), and for the sake of

completeness we will still present its details as follows:

LAMM is presented in Algorithm 16. The LAMM method is a very efficient and scalable algorithm
under high-dimensional datasets, and its first crux is establishing an isotropic quadratic function
that locally upper bounds the objective function f/T(@) at each iteration until convergence. Based
on the second-order Taylor expansion, given the previous estimate (:)t_l at iteration ¢t — 1, we can

define the quadratic function at iteration t as:

N L R 2
F(©;0:_1,a1) = L:(04-1) + (VL (0:-1),0 — O 0+ —= H@ O 1HF7
166



with some quadratic parameter o > 0. This parameter needs to be sufficiently large as we illus-
trated above such that ﬁT(@t) < F(@t; @t,l, ay) holds where

(:)t =arg min F(6; ét—la a) + A6

©cRd1xd2 e

We will use an iterative increment approach on a; with some multiplier v > 1 to guarantee the
quadratic function F' majorizes the objective function L at each descent. This fact ensures the
descent of the objective function at each iteration with a closed-formed solution. Specifically, to
minimize the penalized isotropic quadratic function, we can deduce the solution in the following
ways: for k > 0, define the soft-thresholding operator on a diagonal matrix ¥ = diag({o;}) as
S(X,k) = diag({max(o; — k,0)}). For any general matrix © with its SVD decomposition as
O =UXVT, we write S(0,k) = US(3,k)V . Then the solution of ©, can be represented as:

@t = S(@tfl - a;1VIA/T((:)t,1),a;1)\).

D.4. Analysis of Theorem 5.4.1

D.4.1. Preliminaries.

LEMMA D.4.0.1. (Bernstein Inequality) Let X be a random variable with mean u and variance o>.

Assume we can find some b > 0 such that

E|X — ulf < ZKlo?072, k =3,4,5,...

N

Then it holds that

t2
P(X | > ) < 2exp (2

COROLLARY D.4.1. (Adapted from Bernstein Inequality) Let X be a random variable with mean u

and variance o%. Assume we can find some b > 0 such that

E|X — pf < ZKlo?08 2, k=3,4,5,...

N | —

Then it holds that
P (X — > V210 + 2bt> < exp (—1), ¥t > 0.
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PRrROOF. Based on Lemma D.4.0.1, we have that for any ¢ > 0

V2to + 2bt)2 202t + 462 + 4v/2bot >
<e
w | -
202 + 2b(\/2to +2bt) | 202 + 402t + 2+/2bo/t

P(X—uz \/ﬂa+2bt) < exp (—
< exp(—t).

0

DEFINITION D.4.1. (Local Restricted Strong Convezity) For the empirical loss function L (-), we
can define the event of local restricted strong convexity E(s,l, k) in terms of the radius parameter

s, and the curvature parameter k as

E(s,l, k) = inf (VL (6) VLT(GQ)’Q —9") > Ko,
OEM(6°,5.) o— o2

where M(6%,5,1) = {© € R1*® ; |© — ©%[| , < 5,[|© — O%||,,,.. <1]|© — O 1}

nuc

We assume d; > do without loss of generality, and denote A =0 — 0" in the following argument.
To start with, we will show that our target

and A > 2 HVL(@*)

‘AHF can be bounded conditioned on the event (s, 1, k)

op

THEOREM D.4.2. Conditioned on the event A\ > 2 HVﬁT(G*)
9\/77% and | > 4@, then we can deduce that

and the event E(s,l, k) with s >
op

]~ 6o, < o3

ProOOF. We will prove Theorem D.4.2 by contradiction. Assume we have that A > 2 HVﬁT(G)*)

op
and €(s,, ) holds with s > 9/72 and | > 4v/2r, and we assume HAHF > 9y/7 - 2 holds. Define

O, = O + (6 — ©%) as a function of 2 € [0,1], then there exists some ¢ € (0,1) such that
ég = ©* + ((6 — ©%) satisfying ‘éc - OF - 9y/7 - 2 since Héx - O
in terms of z € [0, 1]. Furthermore, we define Q(z) = L,(0,) — L. (0*) — (VL.(0*), 0, — 6*). Note

is a continuous function

x € [0,1] = Q(z) can be easily shown as a convex function: first, we observe that ém is a linear
function of x, and the Huber loss function defined in Section 5.4.1 is convex ( , ), which
implies that L (©,) is convex. On the other hand, the inner product (VL,(©*), 0, —©%) is bi-linear

and hence naturally convex as well. Therefore, we know that Q'(z) = (VL,(0,)—VL,(6%),0—6%)
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is monotonically increasing. And it holds that
(D.1) ¢Q'(Q) <¢Q'(1) = (VL(8;) = VL(07),6¢ — ©7) < ((VL;(8) ~ VL,(6"),6 — &)

To bound the right-hand side of Eqn. (D.1), since O is the solution to the convex optimization

problem in Eqn. (5.2), then we have the sub-gradient condition as:

N

(VL.(©)+ A\Z,0 —0*) <0, where Z €9 H@)

nuc

Due to the definition of the sub-gradient, it holds that |©*]. > ||®|me + (Z,0* — ©). By

nuc

assuming A\ > 2 HVI}(@*)

, we can have that
op

(VL.(©) = VL, (6%),0 — 0*) < (A\Z,0* — ©) + (VL.(0%),0* — ©)

33)\

nuc 2

<A (167 le ~ [1Bllc) + 5 [|©* ~ ©

2

nuc

To bound HA , we utilize the regular procedure ( , : , ).
nuc

We restate the notation and define the reduced SVD of ©* as ©* = ULV with U € R%*" and

V € R%2%" Then we denote two sets as:

M = {@ e RU1*42 ; 1ow(@) C col(V), col(©) C col(U)} ,

M= {@ e R1*42 : 1ow(0) C col(V)1, col(0) C col(U)J‘} ,

and hence M C M. Next we will show that HAM e < 3H£MHnuc in the following part. First,

since © is the solution to the problem defined in Eqn.(5.2), we have that

< L (©%) + A7

nuc

L.(©) +/\H(:)

= L8)— L0 <A (107~ 6] ).

nuc

For the left-hand side, it holds that

A

L-(©) — L,(0")

v

(VL-(6),6 —6%) > — HvL(@*)

o (B

op ‘

i) 2 =5 (1B

nuc

(D.2)

v

~|vi-e

+ Hﬁmi

nuc>

nuc nuc
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And for the right-hand side, we have that

18] =lle*+Aa| <ot +Am+Age] =105+ B B
nuc nuc M nuc M nuc nuc
and hence we have that
(D.3) 10 nae = [|8] = 10%alac = B < |Bw]  — |35
nuc nuc nuc nuc

Combining the results from Eqn. (D.2) and Eqn. (D.3), we can deduce that HAML lnue < SHKMHMC.

~

Next, since we have that rank(Ag;) < 2r, then based on Cauchy-Schwarz inequality it holds that

~

A < 4V2r

nuc

< ‘AM

+H£m

<|3%

|3,

<]3

By, < avar
F

nuc nuc nuc ‘ ‘ F

nuc nuc

< 4+/2r Héc — O o And remember that we assume
nuc

- 9/ - % These facts indicate that ég € M(0*,s,1) with s > 9\/77% and [ > 44/2r.

Therefore, we can show that H(:jg — OF
Q; — O*

Therefore, based on the local restricted strong convexity, we have

KC HAHF HéC - @*HF - Héc — 0| < (Vi.(&) - Vi, (0%),6, 6.

2
F

For the left-hand side, it holds that

w8l Joc- o], = 5], 0072 = 3, o

and for the right-handed side, based on Eqn. (D.1) we have that

(VL,(O¢) — VL(67),0 — 0%) < ((VL.(O) — VL,(6%),6 - %)

<uy [&

<ol

nuc

Consequently, we have 9 < 6v/2 that contradicts the fact, which means that
3], <o
F K

0

hold with high probability
op
VI:A@*)H in Theorem D.4.3 and
op
then present the event £(s, [, k) holds with high probability in Theorem D.4.4.

Next, we will show the event £(s, [, k) and the event A > 2 HVI:A@*)

individually. Specifically, we will first give an upper bound of ‘
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THEOREM D.4.3. By taking 7 = ( 45, then with probability at least 1 — €, it holds that

5d—7lln(e) ) ?

)
~ n 1+0 1
* < _— .
HVLT(@ < (10 +11v2)0 <5d_m(€)> cTH5

op

PROOF. Define the zero-mean random matrix I' = VL, (0*) — EVL,(©*), then we have that

|vi-e

- HVL(@*) — EVL.(0%) + EVL, (0"
1% op

< IPllgp + |[EVL- ()

op

Therefore, we could control these two terms separately. Denote S9~! = {u € R : ||ul|o = 1}. For

the second term, we have that

V :——Zl/ XZ,@* :_*Zl/ 771

Therefore, we can deduce that

HEvﬁT(@*)

= sup fZ]E( (ni)u Xv)

P yeshi—lpesda—1 T

- —ZE( (z’ (m:)u TXv|f>)

uesdl 1 veSdZ 1 n

— s fZE< TXv- E(l’(m)\f)>

uesh—1 pesde—1 1T

By the expression of I/.(), we can deduce that

1+6 ¢
B (Gl | = B ()~ i) | < B (2|7 ) < 5

And since u' X;v is sub-Gaussian with the parameter o2, we have E(ju' X;v|) < v202. Conclu-

sively, it holds that

(D.4) HEVET(@*) i{?c 0.

<
op

To bound the operator norm of I', we use the regular covering technique: Let Nf be the 1/4
4

covering of S4~1, then we claim that

5
(D.5) 1T op < max  u' T
2 ueN L veN?
4 4
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To prove this result, for any u € S1~1 v € S%~1 we denote S(u) € R4 (S(v) € R%®) as the
nearest neighbor of u (v) in Nfl (./\/'fQ) such that [lu — S(u)|2,[|v — S(v)||l2 < 1. We take u,v such
4 4

that u'T'v = ||T|| op- Therefore, it holds that

||F||Op =u'Tv=_5u) TS+ (u—Su) Tv+uT'(- S(v)) + (u—S(u)"T(v— S(v))

1 1 3
< max u'To+- |0 +-|T| HFH < max u'Tv+Z|T|
uweN weN 2 a1 lop g I lop ™ o» = ueN]! wENT? g
a a 1 Y

op’

which leads to Eqn. (D.5). And then it holds that

n

1T op < ; max 1 Z {IE (l/T(ni)uTXiv> - l/T(m)uTXiv} :

eN‘fl UENd2 ni=

To bound the right-hand side term, we aim to use a union bound of probability with Corollary D.4.1.
Since v X;v is sub-Gaussian with parameter o for arbitrary u € NG h v EN fQ, then we have that
4

for k=2,3,...

E‘UTXiUVC = / P (|uTXiv|k > t) dt < 2/ exp <—2> dt < — (\TU)
0 0 2kO' 2

The above results along with the fact that |I/.(-)|] < 7 can lead to the following inequality for
k=2,3,...:

" k k—2
E) Z I (n)u' X;v k! (\@0’7’) - (2no?r17%).
=1

DN

< - 0 (1 ()|l Xol) <
Based on Corollary D.4.1, it holds that
P( Tw > 4Vzo2ri-dc f+4\f07' > e .

By taking the union bound on all © € N fl,v eN f2 and using the fact that 991192 < €54 it holds
4 4

that

d—1 - -1
(D.6) P [T, = g max  u' v > 100+/c 57II(E)T¥ + 10\@07M <.

d d -
ueNL weN 2 n n
1 1
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Combining the results in Eqn. (D.4) and Eqn. (D.6), we have that

5d —1 = 5d —1 2
> 100+/c A (E)T¥ +10v207 - 711(6) + 40 : a> <e
P n n T

O

P (HVL(@*)

1
1+o _1
U ) - cT+3 . we have that

By taking 7 = <5d—ln(e)

)

-1 5

< (10 + 11\/5)01}“5 : <5dn(e)) v ) >1—e
n

op
O

P (HVL(@*)

THEOREM D.4.4. For any s,l > 0, if we take 7 and n such that

1

2.\ T3

T 2> max {32025 l, <64J C> }
V o q

2 2 2 2

4
n > max {8111 (9)(dy + da), <2250’\/1H(9)(d1 + dg)Tl> , < 8o —21n(e)> ’_% ln(e)} .
sq q s

Then with probability at least 1 — ¢, the local restricted strong convexity E(s,l, k) holds with k =

Cl

1

Proor. Given the values of s,I > 0, for the sake of simplicity we denote the event ® as
<1]|© — ©*||g}. Since the Huber

nuc —

O = M(0%,5,1) = {© e R*d ; ||© — 0|, < 5,0 — OF|

loss is convex and differentiable, we have

D(@) = <Vﬁ7(@) - VﬁT(@*)v O — @*>
(I (yi — (X3, 0)) = U(yi — (X;,0))) - (X;,0 — ©%)

IS (s (X0.0%) — Iy — (X0,€))) - (X0, 0 — %) - 1z,e),

n -
=1

where the last inequality holds since Huber loss is convex, and Z;(0) is defined as

(© ={iml < 2} {ix,0 -6 < 20—}

— .
—

Note whenever © € ® and =;(0) hold we have that

* T *
i = (X3, ©)] < Jyi = (Xi, ©7)| + o= - [|1© = ©7[|p < 7.
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Since we have I”(u) = 1 with |u| < 7, it holds that

n

1 *
D(©) > 520(17@ — 0% 1z,(0).

=1

Furthermore, we define the function ¢r(x) with some R > 0 as

x°, if|ac]§§;

(xr — R)?, if§<x§R;

Pr(z) =
(z+R)? if —~R<z<-%

0, otherwise.

And we know ¢,(+) is R-Lipschitz continuous with the properties that
bar(azr) = a*pg(z) Vo > 0, and z* - Lig<r/2 < ¢r(7) < z? . 1 1<r-

Then we can deduce that

D(©) 1 - [((X;,0 — 0%\ 1< (X;,0 — 6%
o> Y () e > (0 ) gy e
[CEICH R ( 16— 6| =@= ngd’ l©—6, ) "tm=s

i=1
1 n
= - Z/BT,S(Xh@aT]’i)
n-
=1
= g ZE (5T,S<Xi7 67 77’5)) + ; Z/BT,S(Xia @777’L> - g ZE (/BT,S(X’iv @7771))
=1 =1 =1

1
> EZE(BT,S(XU(_)’H’L')) gup Zﬁ‘rs X17® 7]1 ZE BTS Xza@ nz))
. ed

= Al — A2.

For simplicity we write A = © — ©* as a function of ©. To lower bound the first term A;, we have

that for any i € [n],

E (BT,S(X% 97 771)) Z ]E

(X5, A)\?
AL ) Hieeaisgiale i<

(Xi,A)\? (Xi, A\ 2 (X, A2
IE< ||A||F > -k [( HA”F > ']l{|<Xi,A>|>ZSAF}] —-E [<HAHF> ]1{771|>;}]

= Ay — A2 — Ags.

Y
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Based on Assumption 5.3.1, we have A17 > ¢;. Furthermore, it holds that

<X17A> 4 <X7,,A> 4 T7\4 4 82
A12§\/E< 4/ E — ) < 2560% - =
Al ) /(&) 5
2 1+6 <X A> 2 16
A < [ = E( 22—/} g 2,1+5 < 2. .
185 () ( AT ) I < et e

By choosing that 7 > max {320 S\E (64"26)+}, it holds that Aj» < ¢ and A3 < ¢, which

indicates that

E (Br.s(X:,0.m)) 2 5, Vi€ [n,

which implies that

(D.7) Ay > %

Afterward, we’d like to upper-bound the term Ajs. Since we have that Vi € [n]

2

4
0< Bra(X0, O,m) < E (8,.4(X:, 0,1))° < E (<X"’A>) < 1604,

1652’ 1Al
Then based on the Bousquet’s inequality ( , ), with probability at least 1 — € it holds
that
T /—ln(e) [—2In(e 72 —In(e)
Ay <EA EAy - —4/ ——=
2 SEAy + VEA, 2s n 1632 3n
—21n(e) 2 —41In(e

< 2FAs + 402

n 1652 3n

To bound the first term E A5, we use the regular Rademacher symmetrization argument by defining

a series of iid Rademacher random variables {e;} with X;, 7; that are iid with X;, n;:

<E |sup ( Zﬂmxz,@ 7) ZE(BTSXZ,G m))) ]

®e<1>

EAQZE sup *ZﬁT‘g Xz,@ 77@ ZE 675 Xza@ 772))
0cd

< 2E |sup — Zﬂstz,G ni)e;

Ocd N ]
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Denote the event ¢(l) == {© € R"*% : [|© — ©*|| .. <1]|© — ©*||}. Recall that we define as:

<Xi,@—@*> <Xz,@—9*>

Define ¢(t) = %qbzl (t) and it is easy to show that ¢(-) is a 1-Lipschitz function. By using the

1

Talagrand’s concentration inequality ( , ), it holds that
T 1< 2s (X;,0 —0%)
EAy < L .E| sup — e~..¢7<’*.]1 ez
S @ec(z)n; Cr s e ey Cmiss

— . E sup — 62771 <z
5 [@@(z) n ; T le—er, s }]
T @ 9*
<—-E| sup — e X Ly, H 4
s @Ec(l) Z {|77|< } H@ S} HF nuc
7l n
< B eXi Lygics
=1

op
By using the same technique in the proof of Theorem D.4.3, we can bound the operator norm by

using the covering argument. Denote N f be the 1/4 covering of S9!, then it holds that
4

5 —~ 7
<-.E max eiu X;v- Ly <z
2 weN! veNT? ; thel<3}

n
E|D eiXi- Ty <z)

i=1

op
Note for any pair of u € N1 U E N , we have that

.
E (Z e Xiv - 11{m|s;}> =0

=1

n
E (Z e Flu" XvlF - ]1{77¢<§}> < Elu' X;v|* <

=1

K- (V20)*2 202 kE=2,3,....

l\.')\r—t

176



We can write the moment generating function M () of the random variable Y., e; -uTXiv']l{MS%}

as:
M(A) =E |exp (AZ@ ul X ]1{|m|s;}>] = [T [ (hei - X0 Ry 5 )
i=1 i=1

- 202 N2.202 [ & k—2

< _

<11 [1 TR A <Z<|A|x/§a>
i=1 k=3
- 2\%02 1

= H 1+ :
Pl 2 1—+20)|

1 1
< ex n)\202>, A< ——.
= &P < 1-— \/50])\] A= V20

Therefore, it holds that for any sp > 0
n 1 n
T T
E max . Zeiu X;v - ﬂ{\mlé%} = %E In (exp (50 . ;eiu X;v - 1{m|§§}>>]

d
u€N11 ,’UENl i=1
1 1

1 n

<—In|E max exp | so- eiu Xv-1 <z
50 ueNT weNT? ( ; ' © Himl<g)

I I
1 n
d1+d T X0y -
< %ln (9 ITR2E |exp (so . ZZ;ezu X;v ]l{m|<2}>]>
2 2 1

(dl + dQ) 111(9) + nSOO' . Talsd 1

= , o Ysol £ —.

S0 ﬂa
By taking so = %ﬁln(g), and conditioned on n > 81n(9)(d; + dz2), we have that

E max Zei'LLTXZ"U . ]1{|77¢\§%} S 3\/ln(9) . \/n(d1 + dg) - 0.

d d
ueN weNT?
4 4

And this fact implies that

1
EA, < 527‘01 n(9) dy + dg'
s n

Conclusively, with probability at least 1 — ¢ we have that
1570l [dy + da 5 [—2In(e) 72 —41n(e)
Ay < vVIn(9)/ —— +4 .
2= n(9) n o n + +1652 3n
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Therefore, by ensuring that

[\? (4807 2o
n > max {8111 (9)(d1 + da), <2250 In(9)(d; + d2)T> , < 8o —21n(e)> 7_7—72 ln(g)} :
scy al s
we have
q
. <—]>1-—¢
(D.8) P(A2_4>_1 ¢

Given the results shown in Eqn. (D.7) and Eqn. (D.8), we have that with probability at least 1 —e,

it holds that

ff‘r - IA/T * 9 - *
(VL:(©) -V (@2)@ .4 yoco
16 — 0%k

4 )
O

D.4.2. Proof of Theorem 5.4.1. Theorem 5.4.1 can be naturally proved based on the above
Theorem D.4.2, Theorem D.4.3 and Theorem D.4.4. Here we assume ¢; and ¢ are in constant scale
in general, and for the LowHTR problem with 02 =< ¢ =< ﬁ, our proof can be slightly modified
as we discuss later.

n d—In (e)
with probability at least 1 — € from Theorem D.4.3. By choosing [ < 4v/2r and s = 555/, then

5 . ~
By taking A < o (M) e cliié, and 7 < <L> "% ¢T3, we can guarantee that A > 2 HVLT(@*)

op

the conditions in Theorem D.4.2 can be satisfied as long as n > (d — In (¢))Vrv3 where we de-
note v = %j Furthermore, under the above setting, we know the local restricted strong convexity
E(s,1,¢;/4) holds with probability at least 1 —e as long as the conditions in Theorem D.4.4 hold. By
reviewing the conditions of Theorem D.4.4, we know it suffices to have n > d,v?, drv3. Therefore,
with probability at least 1 — 2¢, the final error bound in Theorem D.4.2 indicates that

<2 <d+ln(1/6)) e N

~
n

H@—@*
F C|

D.5. Proof of Theorem 5.4.2

We now prove the regret bound given in Theorem 5.4.2: We have [|§*|| < S based on Section 5.3

and [|6;, 1,,[| < 5. for some small S;. In the beginning, we have the transformed buffer set #}
of size H := |H}|, and we write the pair information (X,y) in H} as {(xs1,Ys,1),---, (Ts, 1, Ys 1)}
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And we denote (Zc¢,Ye,) as the pair of pulled arm and corresponding stochastic payoff at round
t. To abuse the notation, at round ¢ + 1 we denote {(z;,v;)}:T as the pairs of observations in the

initial buffer set and obtained by the end of round ¢ in order.

At the beginning of the round ¢+1, the current M = M; can be written as M; = Zfil xsvix;r_i Z§:1 we,szj+

A, where A is a positive diagonal matrix with A occupying the first k& diagonal entries and A the
next p — k entries. According to Algorithm 9, we denote X; € ROFHXP where each row of X;
is the feature vector of the pulled arm (in the history buffer set or not). Assume t + H > p,
we denote its full SVD as X; = U,%,V,| with U, € REHD*P and V, € RP*P. We also write
M; = Vy(22 4+ A)V,” € RP*P. And we further denote

-
T Vac,ll o Vm,lp Ux71

U _1
2l omx] =2 E sl <vol = | 2 e s ] | erexeem,
T Vz,pl T Vx,pp U:Ip

Up

We first show that for all ¢ € [p],

p
luill < 1) VigUill2 =
j=1

p
S V2Us|3 =1
j=1

N[

1 15
lwill1as < (E+ H)TH 72 - JJuglle < (6 + H)20+9)
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where the last inequality is deduced from the Cauchy-Schwarz inequality. With the formulation of

6, in Algorithm 9 line 3, we have that

u1T?91
16— 6% = 102 | 1 | = MUXTX6% — M AG
(% Up M,
uf 1 uf
<] o |- X0\ A0y
Uy Up u;)r M,
uf (§1 — X,0%)
< + 167 5
U;@p — X30%)
p
< | D (uf @i = Xi67))” + VAoS + V/ALSL

i=1
To present a bound on the first term, we divide it into two separate parts.

t+H
u;r Xtﬁ* Z Ui, j yl,j y]|fj 1))

t+H
=) uiy [(?)z‘,j — E(9i]Fj-1)) — E(yj]l{|ui,jyj|>bt}‘Fj—l)]

t+H t+H
< Zum Gig = Bl Fi )| + D i g B L ju, 150031 Fi-1)| = A1+ Ay
j=1
For the first term A;, based on Bernstein’ inequality for martingales ( , ), for any

i € [p] it holds that with probability at least 1 — ©:

% 1 t+H
2 /A
A <2b1n < . > + Tbt ]Z; E |:ui,j (yi,j - E(yl,]

) |Fj1]

t+H
<2btln< p) ZE

H
wij (Gig = B@iglFi=1)\? 2\ | be|s
< 1) ; = [Fima|| =200 (=) + 5 > E[T|F-a]|.

t

180



Since we know that |T| < 1 and hence E(T?) < E(|T|**?), and we can then deduce that

t+H 146
2p by Z |u2,]| : 2p b
A1<2bt1n<€>—|—2 b%+5 <2()tln +2b5(t+H)

Therefore, we know that with probability at least 1 — € the following result holds for all ¢ € [p]

simultaneously:

t+H 9 b
ZUZ] ij y'L]‘F] 1)) <2btln< >+21)(5(t+H)

For the term Ag, with the help of Holder’s inequality, we have for all i € [p]:

t+H 5
Ay < Z E (|“m?/y|1+6> w3 E <]l|m,jyj\>bt> "
7j=1
t+H L s
<3 uigl b P (Jug gy > b

t+H o 1+6b b B
< fuil e (1l T} 20 s
— b b?
Therefore, by taking
1-6

we can deduce that with probability at least 1 — e the following result holds for all i € [p] simulta-

neously:
)

2 T+ B
u] (§i — Xi67) < 4bT+s (m (f)) T+ o),

Therefore, with probability at least 1 — € it holds that

A . 1 Qp%ré 1=5
0= 0l < 29507 (10 ()0 mF = )
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Denote the optimal arm at time ¢ +1 as 7, ,,. Therefore, the instance regret at time ¢ 4+ 1 can be

bounded by

T T T TAh TAh T 2 T N T
x:,t+1 9*_xe,t+19* = $Z,t+1 0" — l’Z,m 0 + x:,t+1 0 — $e,t+19t + xe,t+19t - xe,t+19*
T 5 T 4
< Bty lag s+ 2l b 4 Br(Oleeriillar — 2lpefe — a2 pallyy 1 + B(@)eeellyy

< min{S?, 25t(6)|’33e,t+1“M;1}'

Therefore, with probability at least 1 — ¢, it holds that

T
S o= me{52 261 () Izl 1)
t=1

<2r (7 )me{ ) Naesally1} <280 () VT tzT;min{uxe,m@tl,l}

We denote MT+1 = Zthl xeixlt + A, and by Lemma 9 of ( ), it holds that

det(Mr.1)
me{er t+1”M 1} <2In (det(l\)

t=1
2

<2k:-ln< +ST) +2( —k:)ln<1+S2T>
= ko P (p— k)AL

52 252 52
< . —_— < .
<2k ln< +k)\0T> ALT_41<: In <1—|—k/\OT>

by taking that A\; = kL Therefore, with probability at least 1 — ¢, it holds that

n(14+55T)

R(T) < 2VT- 4k-ln< +ST>-
kAo

L
2,/p - biis <ln <2§’>> T+ H)FE 1S + \//\LSl]
) (\/kp T 4+ VET + SLT) .

D.6. Proof of Eqn. (5.6)

Our argument is adapted from the proof of Theorem 3 in ( ), and we will still present
details here for completeness of our work. Furthermore, the proof of Theorem 5.4.4 in our work

still relies on the same Lemma.
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LEMMA D.6.0.1. (Wedin’s sin © Theorem) Let the SVDs of matrices A and A be defined as follows:

. 1 0
(U1 Us Ug) A(Vl Vg)z 0 2>
0 O
. 510
(v 00 05) A W) =|0 %
0

Let R= AVi —U1%1 and S = AU, — V1%, and define Uy, = [Uy Us] and Viy = [Va V3]. Then
suppose there is a number ¢ > 0 such that

Hl.lijn |0:(21) — 05(22)| > g, ml.iHUz'(il) > q,

Then it holds that

IRIF+ 15117
; .

~ |12 ~ 112
e+ v <

Based on Lemma D.6.0.1, we define A = (:),Ul = ﬁ,El = ﬁ,Vl = ‘A/,/i = 00U, = U, =
D,Vi = V,q = D,,. Therefore, according to Lemma D.6.0.1, we have that R = (@ — @*)17 and
S =—(0—0*TU, and then it holds that

P T = JIRR sz vE|[e-er
Velerol, [ov], < lorol, + v < P < =0

F

And then by using the bound on H@ — 0

we can deduce that
F

9 2
* _ T T 4l Tl rocer
syl = [T1UDV TV, < [OT0 ] 7], 10k 5 s (

d+1n(1/e)>ffs
|Ha| '

D.7. Proof of Theorem 5.4.3

We now prove Theorem 5.4.3 in this section. We first bring up the result shown in Eqn. (5.3) again:

under Assumption 5.3.1, if we estimate ©* based on the exploration set Hg of size H, then our
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estimator © satisfies the following property:

)
o < rd2cTis d+1n(1/e) T4s
H k:+1pH2 ~ D%r H bl

under 02 < ¢; < 1/(d1ds) with probability at least 1 —e. Our Algorithm 8 first randomly samples
arms for the first 77 rounds, and then for the rest of the time horizon it utilizes a doubling-trick-
based idea. Based on line 3 of Algorithm 8, when we have that

1 1425 146

J2t40,.1+6 1135 . d=s 13

2_’_7"2(521(1+5)} >2" = i< |log, a4 re =1L,
Drr Drr

H
|
{2

then in the first L batches, we will run out of time to do random exploration. Since we have that

1425 146 1425 146
2475 ra25 . d s ra2s
e - § : j _ oL+1 .
1446 Z 2 =2 2> 1446 2’
Drr(s Jj=1 DT7“6

1428 148 1428 146
d s rz2 2d"5 r2s
T+ 5 — 2 < Tinit <T1 + s
Dyy Dyy

For the sake of simplicity in our proof, we assume that our algorithm terminates exactly at the end
of some batch, i.e. the M-th batch. And otherwise, our proof will be the same by using the index
of the last batch. In other words, it holds that

M
S 24 T =T <= 2MH =T 4254 — Ty
i=L+1

Therefore, if we set € as €/2°7! in both 3; of Algorithm 9 and ), in the matrix estimation for the

i-th batch, then based on Theorem 5.4.2, with probability at least 1 — € it holds that

R(T):5<Tinit+ i [0(2%>i+\/d?’7(21i6)i+\/ﬁ

i=L+1

2446

di+er 1

D2

+2°. :
o\ B+ S © (299
init 1 zj:LJrl

M
=0 <A1 + Z (Aip+Aiz+ Aja+ Az‘,5)> )
i=L+1
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42+48,1+5

1
with C' = (W) 3 For Ay, it naturally holds that A; < Tinit. For A; 2, we have that

1 5
S An<C b Tt
i=L+1 2143 — 1
For A, 3, we have that
M 1 1 1
> Az SVdBIr——— (T = Tonit) ™ SVBr - T
i=L+1 2140 —1

For A; 3, it holds that

M
S Ay S VAT < Vir -

i=L+1 V2-1
And finally for A; 5 we can show that
26
1496
M M 2446
. dT¥er 1
DIPTSR
) D2 i 145 \J
i=L+1 i=L+1 " Tinit + 52111 C (21+36>
25
; 1+s
. ()
SZQC o 1+2517+o£ . 146 \J
i=L+1 et o DA (2@)
TT6 C
145 =
M <2m - 1) ( 146 ) 146
i 145
5 2.C - Z T BAGEET 5 C-T1+35,
L+1 2(1+36)(1+5)
given that
1425 146 1425 146 11%??5 1425 146
d 5 rz2 d 5 r2 1 2 d7s r2
Ty 22— ——o5—+ JEY; 022+ 2o1)  m
Dy D,y 21430 —1 N D,y

Therefore, with the above condition on T} satisfied, the following result holds with probability at

least 1 — €
2445 146
~ | d1+35 p1+38 146 3 1 1
R(T):O W'Tl"'&s +d27"2T1+5
D1+35
rr
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D.8. Proof of Theorem 5.4.4

The proof of Theorem 5.4.4 is adapted from that of Theorem 5.4.3 presented in the above Appen-
dix D.7. According to Li ( ), it holds that

104(0) — 04(0%)| < H@ oS

€ |d].
o Vi € [d]

Denote H as the size of the exploration buffer set Ho at the end of the exploration phase for the

i—th batch, then according to Theorem 5.4.1 we know that

(D.9) H@ ~ o

o)
i+1 1+5
q

with probability at least 1 — ¢/2'71. We define the useful rank 7 as:

)

. ; 1 2i+1 1495
’f:min{ie[d+1]:Dii§010ﬂ(d+ n( /6)> -Cﬁ ::R(’i)}—l/\l,

c H

We will first show that ﬁ(r+1)(r+1) < R(r 4+ 1) and hence 7 < r holds if we have Eqn. (D.9). This
is because that B(r+1)(r+1) < E = R(r) < R(r +1). Furthermore, we will illustrate that all the

subspaces we remove based on our estimated 7 are sufficiently minimal. Specifically, we know that

Diy1yit1) < D)ty + 1Desnyeen) — Dgnanl < RE+1) + E < 2R(r +1).

To abuse the notation, we rewrite the SVD of O and O* as

D: 0 0 VT
6=(0 0, 0.)-|0 Dy o |-|07
0 0 Do) \Vf

D 0 0 v
o =(0 0 ) |0 Do of-|¥T
0O 0 0 v
And by making sure that H is sufficiently large such that R(r + 1) < D,,/2, we have that

Drr
2

min ‘O’Z(Df»> — O'j(DT,f)‘

v

y minal-(D,a) Z D'r'r-
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N
Il

In Lemma D.6.0.1, with A = ©,U; = U,Uy, = [U,,U,],%1 = D,Vi = V, Vi, = [V,, V1],
0xU,=U,2,=D,V, =V,q= D, /2, we can show that

~ 2
4”@ ey
F
D2,

(e N g

After we do the same transformation in Algorithm 9, we know the effective dimension (denoted by

k) satisfies that k = didy — (dy — #)(da — 7) < didy — (d1 — 7)(da — ) = k. And it holds that

I D; 0 VT
1652 = ||U1L (77 7) v
i o D) \vT

T F

= [U DV TV, + ULUTDT_MTVHHF

IN

st 77wl 19+ o

1l
el e,
~ 2
4H@—@* ) )
D2 +Vr—7 2R(r+1)

5rd2d%gd%5;d%
pe () ria() ) =o(Ha(3) )

1426
_d 5
146 2+26 *

r 28 Dmn‘s

IA

1970 -

Note the second term will be dominant for large H, s.t. H >

i(149) .
By using T7 = min{d - 271428 ,21} at each batch in line 3 of Algorithm 8, we can identically
prove Theorem 5.4.4 with the same procedure as the proof of Theorem 5.4.3. And the only slight
difference lies in the control of the term A;5. Therefore, we will omit the redundant details here.

0

D.9. Proof of Theorem 5.5.1

In this section, we will present a regret lower bound for the LowHTR. Our proof relies on the

following Lemma for the MAB with heavy-tailed rewards:

LeEmMA D.9.0.1. ( , ) For any multi-armed bandit algorithm B with T > K > 4 where
K is the number of arms, an arm a* € {1,..., K} is chosen uniformly at random, this arm pays
1/~ with probability p(a*) = 2y and the rest pays 1/y with probability v'T0 (2470 < 1). If

we set v = (K/(T + 2K))17i5, and denote 1, as the observed reward of arm a at round t under
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algorithm B, we have

5
> _TTH KT,

Los
g

lzna*—zw

Therefore, we can naturally consider the LowHTR problem with a finite and fixed arm set of size

K. For simplicity, we set di = dy = d and set K = (d — 1)r > 4. To adapt the results from
Lemma D.9.0.1, we make the reward function of an arm X; , € RY as
%, with probability v - (X¢,q, ©*)
Tt,a = )
0, with probability 1 — v - (X4, ©%)
and then we only need to make (X;,+,0*) = 27° and (X, ,,0*) = 7% for any other arm a where
a* is uniformly chosen from [K].

The contextual matrices are designed in the following way. For the first column, the first r entries

are set to be {\/T(Tlﬂ), \/ﬁ, e T(Tﬁrl)} . And for the rest (d — 1)r entries in the first r rows,

we flatten them and set the i-th entry as % for the i-th arm matrix. All the other elements in the
last (d — k) rows are set to null for all arm matrices. We can easily check that the Frobenious norm
of all arm matrices are bounded by 1.

Next, we consider the parameter matrix ©* of rank r. For the first column, the first 7 entries are

set to be [\/ =y 70, \/ D) ¥ r(r+1) 5] And similarly for the rest (d — 1)r entries in the
first r rows, we flatten them and uniformly choose an index from [(d — 1)r], then the corresponding
entry is v/27° and all the rest elements in ©* are 0. The norm of ©* can also be bounded with
large T'. By using the feature matrices and the parameter matrix described above, we can recover

the scenario in Lemma D.9.0.1, and thus we have that

) 1 ) ) 1

T (d — 1) T r T8 = TTH T T8 > 7T,
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