
UCLA
UCLA Electronic Theses and Dissertations

Title
Optimal Signaling and Rate Adaptation for Low-Density Parity-Check Codes in Satellite 
Communications and Flash Memory

Permalink
https://escholarship.org/uc/item/8hr2908m

ISBN
9798190926859

Author
Galijasevic, Semira

Publication Date
2026-09-10
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8hr2908m
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA

Los Angeles

Optimal Signaling and Rate Adaptation for Low-Density Parity-Check Codes

in Satellite Communications and Flash Memory

A dissertation submitted in partial satisfaction

of the requirements for the degree

Doctor of Philosophy in Electrical and Computer Engineering

by

Semira Galijasevic

2026



© Copyright by

Semira Galijasevic

2026



ABSTRACT OF THE DISSERTATION

Optimal Signaling and Rate Adaptation for Low-Density Parity-Check Codes

in Satellite Communications and Flash Memory

by

Semira Galijasevic

Doctor of Philosophy in Electrical and Computer Engineering

University of California, Los Angeles, 2026

Professor Richard D. Wesel, Chair

Low-density parity-check (LDPC) codes have become a cornerstone of modern communi-

cation and storage systems for their near-capacity performance and low-complexity decoding.

They are used in flash memory and adopted in standards such as CCSDS, 5G NR, Wi-Fi, and

DVB-S2/T2. However, LDPC-coded systems often operate under time-varying channel condi-

tions, which can substantially degrade performance. To address this, LDPC codes supporting

multiple rates are needed to adapt to varying channel conditions, along with feedback from

the receiver to inform the transmitter about the channel. This dissertation introduces a family

of low-rate LDPC codes that overcome the high-error floor limitations of existing low-rate

CCSDS turbo codes in such conditions. To mitigate feedback delay in free-space optical

channels, we propose a channel prediction scheme that forecasts channel variations so that

the appropriate LDPC code rate can be selected, thereby improving throughput and reducing

packet errors. In addition to adapting LDPC code rates to time-varying channels, practical

system performance is strongly influenced by interaction between coding and modulation.

When LDPC codes are combined with higher-order modulation, performance degrades due

to unequal bit reliabilities within each symbol and mismatch between the input distribution

and the channel conditions. For example, a standard equidistant and equiprobable M-PAM

signaling is suboptimal for AWGN channel, causing up to a 1.53 dB loss compared to optimal
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Gaussian signaling. This can be mitigated by constellation shaping. Probabilistic amplitude

shaping (PAS) is a practical scheme that combines constellation shaping with forward error

correction (FEC) encoder.

This dissertation analyzes and mitigates the error floor phenomenon for LDPC codes

with PAS when low-weight codewords are the dominant errors in the error-floor region. An

approximate truncated union bound (TUB) characterizes the error-floor region of bit-metric

decoding (BMD) in such cases. A bit interleaver optimized to lower the approximate TUB

significantly reduces the error floor. Further investigation reveals that the symbol-metric

decoding (SMD) TUB can be significantly lower that the corresponding approximate BMD

TUB. This dissertation develops a low-complexity post-processing technique that approaches

the performance of SMD and further reduces the error floor. Applying the proposed bit-

interleaving and post-processing techniques to the DVB-S2 rate-2/3 LDPC code demonstrates

that bit interleaving reduces the error floor by more than an order of magnitude, while the

post-processing technique provides an additional order-of-magnitude reduction.

Previous examples of PAS for LDPC codes require LDPC protographs that lack the

structure that facilitates low-complexity encoding. We show that equalizing the conditional

entropies of the bits that label the constellation points decouples the density evolution

threshold from the assignment of bits to LDPC variable nodes. This enables linear-complexity

LDPC encoding while preserving the capacity-approaching benefits of PAS.

For flash memory systems this dissertation shows that joint optimization of write voltages

(M-PAM signaling) and read thresholds, based on mutual information maximization, improves

LDPC decoding performance and extends device lifetime.

Overall, the dissertation demonstrates that optimizing signaling, bit interleaving, coding,

and rate-adaptation provides performance gains and practical design insights for communica-

tion and storage systems employing LDPC codes.
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Chapter 1

Introduction

Low-density parity-check (LDPC) codes [57] are essential to modern communication and

data storage systems, delivering capacity-approaching performance [98] that enables high-

throughput, low-latency, and reliable communication across various applications such as

cellular networks, Wi-Fi, optical communication, and Flash memory [65,99]. LDPC codes

have been adopted in standards such as 5G NR [44], Digital Video Broadcasting (DVB)

Satellite/Terrestrial (S2/T2) [41,42], Optical Communications Terminal (OCT) [104], and

the Consultative Committee for Space Data Systems (CCSDS) [47]. This dissertation studies

LDPC encoder and decoder design as well as the interaction between the LDPC code and

the underlying channel. The primary contributions include

• design of LDPC codes to support multiple rates,

• adaptation of LDPC code rate to changing channel conditions,

• interleaving and post-processing techniques to lower LDPC error floors,

• constellation design to enable low-complexity encoding,

• and threshold optimization for the Flash memory channel.
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These five primary contributions are developed in detail throughout the dissertation and

are presented in the corresponding chapters as follows. Chapters 2-5 describe work on LDPC

codes for communication systems, while Chapters 6 and 7 focus on optimizing read and write

thresholds for the Flash memory channel.

1.1 Summary of Contributions

1.1.1 Design of LDPC Codes to Support Multiple Rates

Chapter 2 presents the Protograph-based Raptor-like (PBRL) approach to develop new

low-rate LDPC codes that aim to replace existing turbo codes in the CCSDS standard. The

current CCSDS LDPC codes are used by the NASA Artemis program and are proposed

for the Human Landing System on the Moon. The development of LDPC codes has been

highly successful, particularly for high code rates where they outperform turbo codes in both

performance and decoding complexity. However turbo codes remain the published solution

for lower code rates in the CCSDS standard. While the CCSDS turbo codes offer good

performance in the waterfall region, their overall performance is limited by a high error floor,

where the frame error rate (FER) no longer improves with increasing transmission power.

The error floor for the CCSDS low-rate turbo codes for rates 1/3, 1/4, and 1/6 is between

FERs of 10−3 and 10−5. For future missions at much longer distances, such as Mars, lower

code rates with much better performance than turbo codes are desirable. To address the

issue, I designed new low-rate LDPC codes for message lengths of 1024, 4096, and 16, 384

bits that do not suffer from an error floor at least above FER of 10−7 for which simulation

was performed. The LDPC encoder for the new low-rate codes is compatible with the current

CCSDS encoder, generating additional parity check bits from the output of the current

CCSDS encoder using Exclusive-OR operations. Eventually, the constructed low-rate LDPC

codes will be proposed to the CCSDS standard to be used for space applications. Replacing

2



the low-rate turbo codes with better-performing PBRL LDPC codes would allow the CCSDS

codes to be used for longer distances and would also support dynamic rate adaptation for

fading channels.

1.1.2 Adapting LDPC Code Rate to Changing Channel Conditions

In Chapter 3 we explore prediction models for estimating future channel state information

(CSI) in fading channels and dynamically selecting an appropriate LDPC code rate. In

free-space optical (FSO) communication, LDPC rate adaptation is a widely used technique

that enables communication systems to adapt to varying channel conditions by selecting an

appropriate code rate based on CSI feedback from the receiver. FSO communication [77] offers

numerous benefits including high data rates, vast unlicensed free spectrum, high immunity to

interference, highly secure links and easy installation [70,93,112]. FSO channels can be used for

communications over distances of several kilometers as well as ultra-long distances including

ground-to-satellite, satellite-to-satellite communications, and interplanetary communications

[112]. However, FSO links are sensitive to channel fading caused by atmospheric turbulence,

varying weather conditions, and changes in the distance between the transmitter and receiver.

Rate-adaptive coding in FSO channels enables reliable communication while efficiently

utilizing the available channel mutual information. To adapt the code rate to current channel

conditions, the transmitter must sense the channel or rely on the feedback from the receiver.

FSO CSI cannot be reliably estimated at the transmitter because optical scintillation caused

by atmospheric turbulence may differ for signals traveling in opposite directions. In real-world

FSO systems, feedback from the receiver provides CSI. Even if the receiver sends accurate CSI,

the channel conditions might change by the time the feedback reaches the transmitter and

the new signal travels to the receiver. While adaptive coding has been explored in previous

research, the effect of feedback delay is often overlooked. To mitigate throughput performance

degradation caused by feedback delay, we developed linear and quadratic predictive models
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that estimate future CSI and dynamically select the appropriate low-density parity-check

(LDPC) code rate. In order to facilitate convenient rate switching, we designed PBRL

LDPC codes supporting a wide range of rates, from rate 1/10 to rate 8/9. The throughput

performance of predictive models are evaluated as the feedback delay is increased from no

delay to a delay equal to the coherence time of a fading channel. Optical channels with

coherence times of 5 ms and 10 ms are explored, where the 10 ms channel is meant to model

the optical channel of a Low Earth Orbit (LEO) satellite.

1.1.3 Interleaving and Post-Processing to Lower LDPC Error Floors

Chapter 4 presents two complementary methods, bit interleaving and a post-processing

technique, that improve the error floors of low-density parity-check (LDPC) codes with

probabilistic amplitude shaping (PAS).

One of the main challenges associated with LDPC codes is the error-floor phenomenon,

characterized by a flattening of the FER curve in the high signal-to-noise ratio (SNR) region.

This limits the performance of LDPC codes at low error rates. Even LDPC codes that exhibit

strong waterfall performance can suffer from a high error floor, which limits their practical

applicability. The error floor is generally attributed to a combination of low-weight codewords

and the limitations of iterative decoding algorithms when applied to graphs containing

short, weakly-connected cycles. Previous research has explored these two causes of error

floors, studying low-weight codewords, near-codewords [85], trapping sets [25, 64, 96, 128],

pseudocodewords [51], and absorbing sets [36].

This dissertation presents an approximate truncated union bound (TUB) for LDPC codes

with PAS that adjusts decision thresholds to match bit-metric decoding (BMD) and applies

it to the low-weight codewords. TUB tracks BMD simulation results for the DVB-S2 rate-2/3

LDPC code with an 8-PAM Maxwell-Boltzmann constellation. Analysis of the BMD TUB

identifies the nearby codewords that cause the error floor and reveals the effect of constellation
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labeling on Euclidean distance. This analysis also shows how interleaving can increase the

Euclidean distance of these neighbors and lower the BMD TUB (and thus the error floor) by

more than an order of magnitude.

While optimized bit-interleaving can significantly lower the error floor of an LDPC code,

the overall performance still differs from that of SMD decoding due to the sub-optimality of

the bit-metric decoder. We derived the TUB for SMD decoder showing that the error floor

can be lowered by an additional order in magnitude. This chapter develops a low-complexity

post-processing technique to approach SMD decoding performance. Simulation results show

that the post-processing technique lowers the error floor of the DVB-S2 rate-2/3 LDPC code

by an additional order of magnitude.

1.1.4 Constellation Design to Enable Low-Complexity Encoding

The increasing demand for higher data rates and spectral efficiency in modern communication

systems necessitates the use of higher-order modulation schemes. For low-noise channels,

spectral efficiency is improved by using PAM or QAM, and system performance can be

enhanced through constellation shaping techniques. Probabilistic amplitude shaping (PAS)

[18] adjusts the distribution of the systematic bits of a forward error correction (FEC) code so

that the probabilities of signaling amplitudes are optimized to approach the channel capacity.

Previous examples of PAS for LDPC codes use protographs that lack the structure that

facilitates low-complexity encoding. In Chapter 5 we optimize the signaling positions and

probability mass function (PMF), i.e. we use both geometric and probabilistic shaping,

to facilitate LDPC encoders with encoding complexity that is linear in blocklength while

still harvesting the capacity-approaching benefits of PAS. The new approach equalizes the

conditional entropies of the bits that label the constellation points, which decouples the

LDPC design from the specific signaling PMF.

Equalizing the conditional entropies of the bit-levels allows PAS to approach the Shannon
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limit using any of the numerous existing LDPC code constructions that allow low-complexity

encoders, which were originally developed for the binary-input AWGN channel. The effec-

tiveness of the proposed approach is demonstrated by modifying signaling PMF and the

bit mapping of a code from [105] to support efficient encoding, showing how the modi-

fied constellation yields a performance that closely competes with the one of the original

constellation-specific mapping of [105]. We then show how a protograph LDPC code optimized

for the bi-AWGN channel with the proposed constellation design outperforms the design

of [105].

1.1.5 Read and Write Threshold Optimization in Flash Memory

Chapters 6 and 7 apply a mutual-information (MI) maximization paradigm to optimize the

voltage levels written into Flash memory cells. Beyond communication channels, similar

principles apply to LDPC-coded storage systems, where signaling points represent the write-

voltage levels used to store data by placing specific amounts of electrical charge onto the

floating gate of a memory cell, changing its threshold voltage. To enable low-latency, each

page of Flash memory stores only one coded bit in each Flash memory cell. For example,

three-level cell (TL) Flash has three bit channels, one for each of three pages, that together

determine which of eight voltage levels are written to each cell. Each Flash page is required

to store the same number of data bits, but the various bits stored in the cell typically do

not have to provide the same mutual information. In Chapter 6 This dissertation uses a

mutual-information maximization paradigm to optimize the voltage levels written to cells in

a Flash memory. A modified version of dynamic-assignment Blahut-Arimoto (DAB) moves

the constellation points and adjusts the probability mass function for each bit channel to

increase the mutual information of a worst bit channel with the goal of each bit channel

providing the same mutual information. The resulting constellation provides essentially the

same mutual information to each page while negligibly reducing the mutual information of
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the overall constellation. The optimized constellations feature points that are neither equally

spaced nor equally likely requiring PAS for practical implementation.

In Chapter 7, for a two-variance model of the Flash read channel that degrades as a

function of the number of program/erase cycles, we show that jointly optimizing write voltage

levels and read thresholds to maximize the minimum MI between a page and its associated

initial or enhanced-precision read bits can improve LDPC decoding performance.

Chapter 7 Contributions

Chapter 7 concludes this dissertation.
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Chapter 2

Design of LDPC Codes to Support

Multiple Rates

2.1 Introduction

2.1.1 History of LDPC Codes

Low-density parity-check (LDPC) codes are a class of linear block codes invented by Gallager

in his 1963 doctoral dissertation [57]. 1 Despite offering near-capacity performance across

a wide range of data-transmission and data-storage channels, implementation seemed out

of reach at the time of the invention. LDPC codes were largely overlooked until Tanner’s

work in 1981 that brought renewed attention to them. Tanner generalized LDPC codes and

introduced a graphical representation of LDPC codes, now called a Tanner graph [108].

The introduction of turbo codes by Berrou et al. [11] in 1990s sparked further interest

in LDPC codes, leading to significant contributions from numerous researchers including

MacKay and Luby [3, 16,83, 84] who recognized the benefits of linear block codes with sparse

(low-density) parity-check matrices.

1Note: This chapter is largely a reprint of work published in the IEEE Aerospace Conference [55].
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A fundamental LDPC code structure that facilitates efficient encoding while achieving

good frame error rate (FER) performance is the Repeat Accumulate (RA) code [31] introduced

in 1998. The original RA codes were regular in the sense that all variable nodes have the

same degree, and all check nodes have the same degree. In 2000 RA codes were extended

to include Irregular RA (IRA) codes [69]. Some advantages offered by IRA codes include

greater flexibility in selecting the repetition rate for each information bit which enables the

design of high-rate codes. Additionally, their irregularity enables operation that approaches

capacity more closely.

In 2001 Richardson, Urbanke, and Shokrollahi [97,98] demonstrated that using density

evolution to optimize the degree distribution of the variable and check nodes produces

capacity approaching LDPC codes. In 2003, Thorpe [110] showed that LDPC codes can be

constructed by copying and permuting a small base graph, called a protograph, with only few

variable and check nodes. The parity-check matrix of the protograph is called protomatrix

and the resulting code is called a Protograph LDPC code. In this chapter, protograph and

protomatrix are used interchangeably.

The introduction of Accumulate Repeat Accumulate (ARA) Codes in 2004 and later

in 2007 [2] achieved a significant improvement in the performance of LDPC codes. A key

contribution was the ability to reduce the iterative decoding threshold to obtain capacity

approaching LDPC codes without increasing the degrees of certain variable nodes as was

required in [97,98]. This was accomplished by deleting (or "puncturing") selected bits from

the LDPC transmitted codeword.

In 2005, Divsalar et al. [33] showed that the number of degree-2 nodes in LDPC code

should be less than the number of check nodes attached to them in order to have an LDPC

code with minimum distance growing linearly with block size. This discovery inspired the

development of Accumulate Repeat Jagged Accumulate (ARJA) codes which were proposed

to CCSDS in 2007 and became the international standard for space applications.

A few years later, Protograph-based Raptor-like (PBRL) LDPC codes were introduced
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[21, 23], enabling construction of low-rate LDPC codes with good performance. PBRL codes

naturally provide a rate-compatible family of codes supporting a wide range of rates. The

PBRL structure features a highest rate code (HRC) and an incremental redundancy code

(IRC) that provides the addition symbols used to achieve the lower rates.

The current CCSDS LDPC codes are proposed for the Human Landing System on the

Moon and the NASA Artemis program to explore Mars via the Moon. While the development

of LDPC codes has been highly successful, offering performance and complexity benefits over

turbo codes at high code rates, turbo codes remained the optimal solution for lower code

rates until now and have been utilized in the CCSDS standard [45]. Replacing the low-rate

turbo codes with better-performing PBRL LDPC codes would allow the CCSDS codes to be

used for longer distances and would also support dynamic rate adaptation for fading channels.

2.1.2 Contributions

This chapter presents a new class of low-rate PBRL LDPC Codes for lower rates 1/6, 1/4, 1/3

for message lengths of K = 1024, 4096 and 16384 which avoid the error floor behavior seen in

the current CCSDS turbo codes. Deep space communication to Mars and beyond requires

transmitting data at low rates. The current CCSDS standard codes for rates less than 1/2

are turbo codes, which are hindered by an error floor. Even increasing power cannot achieve

error rates below this floor which is usually between 10−4 and 10−5 range of frame error rates.

As a remedy, this chapter provides new PBRL LDPC codes with rates below 1/2 by

attaching a Low-Density Generator Matrix (LDGM) code to the existing rate-1/2 CCSDS

LDPC code. In software simulations, the new low-rate LDPC/LDGM codes offer better

performance than the current turbo codes. By overcoming the error floor, the LDPC codes

provide the very low FERs necessary to support reliable transmission of compressed data. The

lower-rate LDPC encoder will use the current CCSDS encoder and generate the additional

parity check bits based on the output of current CCSDS code using Exclusive OR operation

10



only. The overall decoder can be implemented as a single decoder that supports all code rates

or the current LDPC decoder could be augmented with an LDGM decoder. Fig.2.1 shows

Current Rate-1/2
CCSDS Encoder

Encoder

LDGM

Generates rates 1/3, 1/4, 1/6

M

U
X

Channel Decoder

LDGM
Decoder

Current Rate-1/2
CCSDS Decoder

Figure 2.1: Encoder/Decoder for low-rate PBRL LDPC codes without changing the current
CCSDS code.

LDPC encoding and decoding for the new low code rate codes. In this chapter, the selected

HRC is exactly the existing CCSDS rate-1/2 code. The protograph for IRC parts for each

message length is designed to achieve the best possible threshold for each successively lower

rate according to Reciprocal Channel Approximation (RCA) [23]. The final rate-compatible

LDPC codes are achieved by a two-step lifting procedure. First the protograph is lifted by

four to create a protograph that has only zeros and ones and to ensure a girth of at least

four. Using the concept of extrinsic message degree (EMD), the IRC protograph is lifted

a second time by 128 or 512 or 2048 to optimize the approximate cycle EMD (ACE) [111]

of the lowest rate code without changing the structure of HRC code, which is the rate-1/2

CCSDS LDPC code.

The addition of lower rates to the CCSDS standard would allow the codes to be used

for longer distances and would also allow for dynamic rate adaptation to adapt to a fading

channel. The current CCSDS LDPC codes are proposed to be used for Human Landing

System on Moon and NASA Artemis program Moon/Mars. For future missions at much

longer distances such as Mars, lower code rates with much better performance than turbo

codes are desirable. Eventually the constructed low-rate LDPC codes will be proposed to
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CCSDS standard to be used for space applications. The lower rate LDPC encoder will use

the current CCSDS encoder and generates the additional parity check bits from the output

of the current CCSDS encoder using Exclusive-OR operations.

In this chapter we describe the construction of the new codes and show that their

performance outperforms turbo code FERs by several orders of magnitude in the error

floor region. The structure of 5G-NR LDPC codes proposed in 2017 have the PBRL code

structure that was jointly proposed by UCLA and JPL/Caltech in IEEE Transaction on

Communications 2015 [23] and before that in a 2011 conference paper [21].

We will gain improvements in the overall performance of the deep space coding system

in terms of lower required signal-to-noise ratio, increased data return, and lower FER by at

least by three orders of magnitude with respect to turbo codes. Low-rate codes enable more

reliable communication for the NASA Artemis program for future Moon/Mars and Human

Landing Systems and exploration beyond the Moon.

2.1.3 Organization

The rest of the chapter proceeds as follows: Sec. 2.2 describes the PBRL approach to LDPC

code construction and describes the newly designed LDPC codes. Sec. 2.3 compares the

FER performance of the newly designed LDPC codes with the FER performance of CCSDS

turbo codes having similar rates and block lengths. Sec. 2.4 concludes the chapter.

2.2 PBRL LDPC Code Construction

Let P given in (2.1) be an nc × nv protomatrix of PBRL LDPC code with nc check nodes

and nv variable nodes:

P =

 P HRC 0

P IRC I

 . (2.1)
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In (2.1), the highest rate code of protograph is represented by P HRC protomatrix. The 0 and

I matrices are respectively the all-zeros and identity matrices of appropriate sizes. Together,

the P IRC and I matrices specify the additional rows of the parity check matrix that lower

the rate by adding additional parity symbols to codewords of the highest rate code.

Let np denote the number of “punctured” variable nodes, i.e. protograph variable nodes

intentionally excluded from transmission in the code structure. The rate of a protograph

is R = nv−nc

nv−np
. This is the lowest rate supported by the PBRL LDPC code. Our goal is to

design the protomatrix P and lift it to produce the needed low-rate LDPC codes.

2.2.1 The Highest Rate Code (HRC)

We use the protograph of the existing rate-1/2 CCSDS LDPC code to obtain P HRC for our

new codes. The protograph of the existing rate−1/2 CCSDS LDPC code is described in (2.2).

The last column of this protograph is designated for puncturing.

PCCSDS =


0 0 1 0 2

1 1 0 1 3

1 2 0 2 1

 (2.2)

Since PCCSDS does not have a favorable PBRL structure as in (2.1) to facilitate the

design process, this chapter obtains P HRC described in (2.3) by permuting rows and columns

of the existing CCSDS rate-1/2 code given in (2.2) for all message lengths. Note that with

the permutation the last column of CCSDS code in (2.2) becomes the first column of P HRC

in (2.3) and thus the first column in (2.3) is designated to be punctured.

P HRC =


3 1 1 1 0

1 1 2 2 0

2 0 0 0 1

 (2.3)
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Table 2.1: Code Block Lengths for Supported CCSDS Code Rates and Newly Designed
Code Rates

Message
Length
K

Code block length: n− np

CCSDS Rates New Rates

4/5 2/3 1/2 1/3 1/4 1/6

1024 1280 1536 2048 3072 4096 6144

4096 5120 6144 8192 12288 16384 24576

16384 20480 24576 32768 49152 65536 98304

We use (2.3) for the PBRL design process. However, after code optimization and lifting,

the columns and rows of the HRC are inversely permuted to recover the rate-1/2 parity check

matrix H as described in the CCSDS standard with exactly the circulant permutations of

the CCSDS standard as the HRC in the final PBRL matrix.

2.2.2 Incremental Redundancy Code (IRC) Design

The identity matrix I in (2.1) generates degree-1 variable nodes, corresponding to the

incremental redundancy symbols of P . The check nodes that connect to the degree-1 variable

nodes also have connections to the variable nodes in the HRC part. These connections are

expressed by the sub-matrix P IRC, which represents the incremental redundancy code. This

section presents the design of PIRC to support rates 1/3, 1/4 and 1/6 for message lengths of

K = 1024, 4096, 16384. The existing rates and code block lengths of CCSDS code along with

new rates and code block lengths are presented in Table 2.1.

The protomatrix P IRC is designed row by row to achieve the best possible thresholds for

each successively lower rate according to Reciprocal Channel Approximation (RCA) [23]. The

RCA is a fast and accurate approximation to the density evolution algorithm with deviation

in accuracy of less than 0.01 dB. The RCA for the binary-input AWGN (BI-AWGN) channel

(BPSK modulation with soft output demodulation) uses a single real-valued parameter s, the

effective signal-to-noise ratio (SNR), and its reciprocal r to approximate the densities of the
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density evolution.

The RCA algorithm essentially models all of the message densities as Gaussian distributions

and passes a single parameter to describe each Gaussian density. In the context of the RCA

algorithm, se is the message passed along an edge e from a variable node to a check node

and re is the message passed along an edge e from a check node to a variable node. The

message se may be interpreted the SNR for the Gaussian message density corresponding to

that edge on that iteration. The message re is the reciprocal SNR for the Gaussian message

density corresponding to that edge on that iteration. The reciprocal SNR re is defined so that

C(se) + C(re) = 1, where C(x) is the capacity of the binary-input additive white Gaussian

noise (BI-AWGN) channel with SNR x. Let schl be the channel SNR

schl = 2
Ec

N0

= 2R
Eb

N0

, (2.4)

where 2Ec/N0 is the code-symbol signal-to-noise ratio, Eb is energy per information bit, and

R is the code rate. If the edge e is connected to a punctured variable node the message se is

initialized to 0. Otherwise se is initialized to schl. RCA computes a sequence of messages

(se
(n), re

(n)), n = 0, . . . , N , where N represents the maximum number of iterations. The

approximated iterative decoding threshold sth is determined as the minimum schl such that

se
(N) > T for all edges e in the graph, where T is a stopping threshold. The full RCA

algorithm can be found in [23]. Alg. 1 describes IRC design process. At every iteration i, a

Algorithm 1 Greedy Design for Protomatrix P IRC

Require: Initial P0 = P HRC, Row number t = 8
i← 1
while i ≤ t do

hi = argminhi∈A δ(Pi),
where Pi is computed from Pi−1 via (2.7)-(2.8).
i = i+ 1

end while
return [hT

1 . . .hT
t ]

T
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new row hi of P IRC is designed to minimize the threshold δ(P i)of P i, where

Pi =

 P HRC 0

P IRC,i I

 , (2.5)

and

P IRC,i = [hT
1 . . .hT

i ]
T . (2.6)

At iteration i, Pi−1 has been completely specified as

Pi−1 =

 P HRC 03×i

P IRC,i−1 I i−1×i−1

 , (2.7)

so that only the row vector hi is allowed to vary to improve the RCA threshold. Thus, hi is

selected to minimize the threshold δ(Pi) (calculated using RCA [23]) of

Pi =


P HRC 03×i 03×1

P IRC,i−1 I i−1×i−1 0

hi 01×i−1 1

 . (2.8)

After t iterations, the final IRC protomatrix is given by:

P IRC = [hT
1 . . .hT

t ]
T . (2.9)

To obtain the lowest code rate of 1/6, we set t = 8 and consider the following hi’s:

hi ∈ A = {[1 b1 b2 b3] | bj ∈ {0, 1}} . (2.10)

For all message lengths considered in this chapter a single protomatrix P IRC is designed
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consisting of 8 rows to support the lowest code rate of 1/6. The final designed protomatrix

P in (2.1) is shown below, with dimensions 11× 13.

P =



3 1 1 1 0 0 0 0 0 0 0 0 0

1 1 2 2 0 0 0 0 0 0 0 0 0

2 0 0 0 1 0 0 0 0 0 0 0 0

1 0 1 0 0 1 0 0 0 0 0 0 0

1 0 1 1 0 0 1 0 0 0 0 0 0

1 0 0 1 0 0 0 1 0 0 0 0 0

1 0 1 1 0 0 0 0 1 0 0 0 0

1 0 1 0 0 0 0 0 0 1 0 0 0

1 0 1 1 0 0 0 0 0 0 1 0 0

1 0 0 1 0 0 0 0 0 0 0 1 0

1 0 1 1 0 0 0 0 0 0 0 0 1


Protographs for rates 1/4 and 1/3 are obtained by puncturing the degree-one variable nodes

corresponding to the last four or six columns of P , respectively.

2.2.3 Quasi-Cyclic LDPC Code and Lifting

CCSDS LDPC codes are members of a class of codes called Quasi-Cyclic (QC) codes. QC

LDPC codes are characterized by a parity-check matrix that consists of square sub-matrices

that are either the zero matrix or a cyclic permutation σi of the identity matrix, also called

a circulant where σ is the right circular shift of the identity matrix of the same size. Such

parity check matrices are constructed from a protomatrix through a two-step process known

as lifting. We construct the QC-LDPC parity check matrix H from protomatrix P in (2.1)

as follows.

The first step of lifting constructs the 44× 52 matrix H1 in Fig. 2.2 by replacing each
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Figure 2.2: The 44× 52 matrix H1 after lifting by 4 of 11× 13 LDPC protograph. Dots
indicate ones.

element in P with square sub-matrices of size Z1 = 4. If the element in P is 0, then the

sub-matrix is a zero matrix of size Z1 = 4. If the element in P is k > 0, then the sub-matrix

equals to σs1 + . . .+ σsk , where s1 . . . sk ∈ {0 . . . Z1 − 1} and si ̸= sj for i ̸= j.

Note that the lifting by 4 also preserves original rate-1/2 CCSDS matrix with circulants,

i.e. the first 12× 20 part of H1 matrix after inverse permutation of columns is exactly the

rate-1/2 CCSDS code lifted by 4 and provided in the CCSDS standard [47].

The second lifting step constructs the QC LDPC parity-check matrix H by replacing

the elements in H1 with zero matrices or circulant matrices of size Z2 × Z2 to optimize

approximate-cycle extrinsic-message-degree (ACE) [111]. The value of Z2 is 128, 512, or 2048,

corresponding to message lengths K = 1024, 4096, 16384, respectively. The ACE algorithm

with parameters of dACE and η ensures that the lifted parity check matrix has the property

that all cycles whose length is 2dACE or less in the bipartite graph associated with the parity
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Table 2.2: dACE and η for different message lengths
Message Length K 1024 4096 16384

dACE 5 5 5

η 21 26 33

Z2 128 512 2048

check matrix have ACE values of at least η. Table 2.2 provides the values of dACE and η that

were enforced for the three message lengths of interest.

2.3 Comparison of LDPC Codes to Turbo Codes

The current CCSDS standard codes with rates less than 1/2 are turbo codes hindered by an

error floor—we cannot decode data frames with arbitrarily low error rates as we increase our

transmit power. In the error floor region, the slope of the turbo code FER curve becomes

significantly flatter [45]. The newly constructed LDPC codes are designed to overcome the

error floor drawbacks of the current CCSDS turbo codes.

Since CCSDS turbo codes do not support message lengths of 1024 and 4096 we compare

the performance of LDPC codes to the turbo codes by simulation and by using normal

approximation by Polyanskiy [94]. The normal approximation refines the classical Shannon

capacity result by providing tight approximations of the achievable coding rate for finite

block lengths n as short as 100 bits. The maximum coding rate R∗(n, ϵ) with a final block

length n and error probability ϵ is approximated by:

R∗(n, ϵ) ≈ C −
√

V

n
Q−1(ϵ) +

log2 n

2n
(2.11)

where C is channel capacity, V is channel dispersion and Q−1(ϵ) is inverse Gaussian function.

Comparison of the newly constructed LDPC codes to the turbo codes is obtained by comparing

frame error rates (FERs) of both codes to normal approximation in addition to simulations.
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Figure 2.3: Turbo code encoder block diagram from CCSDS Blue Book.

The closer the frame error rate of the code is to the rate predicted by the normal approximation,

the better the code performs.

2.3.1 Turbo Codes Simulation Setup

As described in CCSDS Blue Book [46] and presented in Fig. 2.3, the CCSDS turbo encoder

consists of two encoders that generate parity symbols for two recursive convolutional codes,

each with a small number of states. A main characteristic of turbo codes is the use of an

interleaver, which permutes bit-wise the original K information bits before input to the second

encoder. The interleaver for turbo codes is a fixed bit-by-bit permutation of the entire block

of data. Since the turbo code encoder is systematic, the information bits are sent uncoded in
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. . . π(k)th . . . π(s)th . . . π(1)th . . .

bits on line ‘in a’ (input of encoder a)

1st 2nd . . . sth . . . kth

bits on line ‘in b’ (input of encoder b)

Figure 2.4: Interpretation of Turbo Code Permutation.

Table 2.3: Parameters k1 and k2 for Specified Information Block Lengths from CCSDS Blue
Book.

Information block length k1 k2

1016 8 127

1024 8 128

4072 8 509

4096 8 128× 4

16384 8 128× 16

output 0a of Fig. 2.3. The turbo code permutation for any specified message length K must

follow a specific reordering of the integers 1, 2, ..., K determined by the following algorithm

which is in the CCSDS Blue Book.

1. K shall be expressed as K = k1k2, where k1 and k2 for the specified block sizes are

given in Table 2.3.

2. The following operations shall be performed for s = 1 to s = k to obtain permutation
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numbers π(s):

m = (s− 1) mod 2

i = ⌊s− 1

2k2
⌋

j = ⌊s− 1

2
⌋ − ik2

t = (19i+ 1) mod
k1
2

q = t mod 8 + 1

c = (pqj + 21m) mod k2

π(s) = 2

(
t+ c

k1
2

+ 1

)
−m

Where ⌊x⌋ denotes the largest integer less than or equal to x, and pq denotes one of

the following eight prime integers

p1 = 31; p2 = 37; p3 = 43; p4 = 47;

p5 = 53; p6 = 59; p7 = 61; p8 = 67

The permutation numbers shall be interpreted such that the sth bit read out on line ’in b’ in

Fig. 2.3 is the π(s)th bit of the input information block, as shown in Fig. 2.4.

For input block size of K = 16384 and rates R of 1/6, 1/4 and 1/3 FER performance of

the turbo codes is provided in CCSDS [45]. To compare FER performance of the designed

low-rate LDPC codes with CCSDS turbo codes for input block sizes K = 1024 and K = 4096

FER simulations for the turbo codes are performed. We also performed simulations for input

block sizes of K = 1016 and K = 4072 to explore how input length can affect interleaver

performance and error floor. For K = 1016 and K = 4072 we selected k2 as the nearest prime

number to k2 = K/8 to see if a prime k2 would improve the error floor performance. The

resulting message block sizes K are 1016 and 4072, which are very close to the LDPC code
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Turbo Codes
LDPC Codes

Figure 2.5: FER as a function of Eb/N0 of LPDC Code compared to normal approximation
and turbo codes for rates R = 1/6, 1/4, 1/3 and message length K = 16384.

input block sizes and sometimes provide better interleavers with lower error floors but now

with a message length that is not a power of 2. In CCSDS turbo codes there are 4−bit tails

to terminate the trellis, so the actual code rates for turbo codes are RK/(K + 4) which are

slightly lower than the ideal Rs of 1/6, 1/4, 1/3 and 1/2 achieved by the LDPC code.

2.3.2 Message Length K = 16384

Fig. 2.5 shows FER of the designed LDPC code compared to FER obtained with normal

approximation and FER of the CCSDS turbo code, plotted as a function of Eb/N0 for a code

rates of R = 1/6, 1/4, 1/3 and a message length of K = 16384. In the waterfall region

down to FER 10−3 or 10−4, the rate-1/6 LDPC code outperforms the rate-1/6 turbo code

by less than 0.1 dB. The rate-1/4 LDPC and turbo codes have almost identical waterfall

performance, and at rate-1/3 the turbo code outperforms the LDPC code in the waterfall

region by less than 0.1 dB
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Figure 2.6: FER as a function of Eb/N0 of LPDC Code with message length K = 4096
compared to normal approximation with K = 4096 and turbo codes with message lengths
K = 4096 and K = 4072 for rates R = 1/6, 1/4 and 1/3.

After the waterfall region, the LDPC code has much better performance for all three rates.

Below 10−4 FER, the rate-1/6 LDPC code outperforms the rate-1/6 turbo code by a few

orders of magnitude since turbo code has an error floor at 10−4. The rate-1/3 and rate-1/6

turbo codes have error floors at FER of 10−4 and rate-1/4 at FER of 10−3. The LDPC codes

did not show any error floor at the simulated SNRs. The data for turbo codes FER curves in

Fig. 2.5 is obtained from the CCSDS standard [45].

2.3.3 Message Lengths K = 4096, K = 4072

The CCSDS standard provides turbo code for message length K = 3568. In order to compare

FER performance of the designed LDPC code rates to FER performance of the turbo code, we

simulated turbo codes for message lengths K = 4072 and K = 4096 for rates 1/6, 1/4 and 1/3.

Fig. 2.6 illustrates FER of the designed LDPC code for message length K = 4096 compared
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Figure 2.7: FER as a function of Eb/N0 of LPDC Code compared to turbo codes and normal
approximation for rates R = 1/6, 1/4, 1/3 and message length K = 1024.

to normal approximation and FER of the turbo code for message lengths of K = 4096 and

K = 4072, plotted as a function of Eb/N0 for code rates R = 1/6, 1/4, 1/3.

For rates 1/4 and 1/3, the designed LDPC codes show worse waterfall-region FER

performance compared to the turbo codes. For rate 1/3, the turbo code outperforms the

LDPC codes by almost 0.2 dB in the waterfall region. However, turbo code is hindered with

an error floor at FER of about 10−5 and therefore the LDPC codes perform significantly

better for lower FERs. When using input block size of K = 4072, where the interleaver

benefits from a prime k2, the turbo code shows slightly lower error floor for rates 1/6 and 1/3.

2.3.4 Message Length K = 1024, K = 1016

The CCSDS standard provides turbo codes for message length K = 1784, which is the

closest message length to K = 1024 for which we designed LDPC code. For the purposes
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Figure 2.8: FER as a function of Eb/N0 of LPDC Code with message length K = 1024
compared to turbo codes with message length K = 1016 for rates R = 1/6, 1/4, 1/3.

of performance comparison, we simulated turbo code FER performance for message lengths

K = 1024 and K = 1016, where the interleaver benefits from a prime k2. Fig. 2.7 shows

frame error rate of the designed LDPC codes, CCSDS turbo codes, and normal approximation

as a function of Eb/N0 for rates R = 1/6, 1/4, and 1/3 and for message length K = 1024. For

message length K = 1024 the CCSDS turbo code suffers from a high error floor at FER of

10−3. Fig. 2.8 shows FER as a function of Eb/N0 for the designed LDPC codes and normal

approximation with message length K = 1024 and CCSDS turbo codes with message length

K = 1016, where the interleaver benefits from a prime k2, for rates R = 1/6, 1/4, and 1/3.

For K = 1016 turbo code shows a lower error floor at FER of 10−4 because of a prime k2.

Figs. 2.7 and 2.8 emphasize the benefit of the LDPC approach at low FERs. The LDPC

code outperforms the turbo code FER by orders of magnitude. Note that LDPC code has a

steep FER curve and no error floor for simulated data points down to FER of 10−7.
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Figure 2.9: FER as a function of Eb/N0 of the CCSDS LPDC Code with message length
K = 1024 compared to the CCSDS turbo code and normal approximation with message
lengths K = 1016 and K = 1024 for rate R = 1/2.

Fig. 2.9 compares the FER vs. Eb/N0 performance of the rate-1/2 CCSDS LDPC code

with input block size of K = 1024 to the rate-1/2 CCSDS turbo codes with input block sizes

of K = 1024 and K = 1016. The CCSDS turbo codes have error floors at FERs of 10−3 and

10−4 respectively for K = 1024 and K = 1016. The CCSDS rate-1/2 LDPC code, simulated

down to FER of 10−7, shows steep curve without error floor implying orders of magnitude

superior performance when compared to the rate-1/2 CCSDS turbo codes.

2.4 Conclusion

Deep space communication to Mars and other distant missions requires data transmission

at low rates. For rates below 1/2, the current CCSDS standard provides turbo codes which
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suffer from an error floor phenomenon where the FER does not improve significantly despite

increasing the transmission power beyond a certain threshold. To overcome this error floor

limitation, we developed new LDPC codes with rates R = 1/3, 1/4, and 1/6 while maintaining

the original rate-1/2 CCSDS LDPC code [47] as a part of the new code.

Simulations show that the FER of LDPC codes outperforms current CCSDS turbo codes

in the error floor region of the turbo codes by orders of magnitude. The turbo codes have

error floors between 10−3 and 10−5 while the newly designed LDPC codes had no error floor

visible in our simulations. The newly designed LDPC codes performed similarly to the turbo

codes in the waterfall region, generally within 0.1 dB better or worse that the turbo codes.

The most waterfall performance loss was with the K = 4096 LDPC code, which was almost

0.2 dB worse that the turbo code in the waterfall region.

In summary, the turbo codes provided in the CCSDS standard have an error floor between

FERs of 10−3 and 10−5. Since the published CCSDS performance results do not provide

enough data to observe the error floor for all the rates/block lengths, we simulated CCSDS

turbo codes for rates 1/2, 1/3, 1/4 and 1/6 and message lengths K = 1016, 1024, 4072 and

K = 4096 to provide more robust comparison with our LDPC codes. The simulated results

confirm the existence of error floor of turbo codes at about FER between 10−3 or 10−5 and

show that the newly designed LDPC codes do not display this error floor behavior.
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Chapter 3

Adapting LDPC Code Rate to Changing

Channel Conditions

3.1 Introduction

3.1.1 Background

Free-space optical (FSO) communication [77] offers numerous benefits, including high data

rates, vast unlicensed free spectrum, high immunity to interference, highly secure links,

and easy installation [70, 93, 112]. 1 FSO channels can be used for communications over

distances of several kilometers as well as ultra-long distances, including ground-to-satellite,

satellite-to-satellite communications, and interplanetary communications [112].

FSO links are sensitive to channel fading caused by atmospheric turbulence, varying

weather conditions, and changes in the distance between the transmitter and receiver. Because

of this fading, hybrid communication systems are sometimes deployed where an RF link

is used when the FSO link fails [1, 9, 71, 91]. A novel coding paradigm called “Hybrid

Channel Coding" that constructs non-uniform and rate-compatible LDPC codes to achieve
1Note: This chapter is largely a reprint of work [54] published in the IEEE Open Journal of the

Communications Society.
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the combined channel capacity of parallel FSO and RF channels is introduced in [43].

Simulation analysis in [43] shows that Hybrid Channel Codes can increase average

throughput more than 33% compared to prior systems.

FSO fading has also been mitigated by adaptive parameter selection techniques such as

those explored in [5,28,34,60,81]. The authors of [60] introduced a rate-adaptive transmission

scheme employing intensity modulation and direct detection over FSO channels. The scheme

uses repetition coding and variable silence periods to exploit the potential time-diversity

order available in the fading channel.

Similarly, the study in [28] investigated punctured digital video broadcast satellite standard

(DVB-S2) LDPC codes combined with channel interleavers to utilize time diversity. The

combination of channel coding and bit interleaving in [28] improves performance under

turbulence conditions.

In [34], three adaptive modulation schemes have been explored: (i) variable-rate variable-

power adaptation, (ii) channel inversion, and (iii) truncated channel inversion schemes. CSI is

estimated at the receiver and is fed back to the transmitter through the RF channel without

considering the feedback delay. The results show that channel inversion scheme gives similar

performance compared to variable-rate variable-power scheme when turbulence is weak but

suffers from significant performance degradation when turbulence is strong.

To mitigate FSO fading, a scheme to estimate the channel state information (CSI) at the

receiver for Raptor and punctured LDPC code rate selection is proposed in [5]. The receiver

sends estimated CSI through a feedback channel to the transmitter where the code rate is

selected to accommodate estimated fading channel conditions. The proposed feedback scheme

for both coding schemes is evaluated over a short transmission range such that feedback delay

is not significant compared to the coherence time of the fading.

A rate-adaptive scheme using LDPC codes with optimized puncturing is compared to

uncoded FSO system and coded FSO system using LDPC codes with random puncturing

scheme in [81]. Results show that rate-adaptive systems perform well in realistic FSO systems
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over different weather conditions. For example, under rainy weather conditions uncoded FSO

systems suffer from outages 87% of the time. In contrast, LDPC rate-adaptive systems can

successfully utilize 75% to 80% of the signaling rate resulting in a significant increase in

throughput. In [81], the rate is selected based on the CSI estimate at the receiver and sent

back to the transmitter through an error-free feedback channel. However, in [81] the code

rate selection does not consider how delay in the feedback channel can impact performance.

This chapter investigates the effect of feedback delay on rate-adaptive FSO system with

LDPC coding. Rate-adaptive LDPC codes provide significant coding gain [89] and efficient

encoding and decoding with low hardware complexity [113, 114]. LDPC codes comprise

the standard coding technique in Digital Video Broadcasting - Satellite, Second Generation

(DVB-S2) [41] and are also utilized by Version 3.1.0 of the Optical Communications Terminal

(OCT) Standard Developed by the Space Development Agency of the United States Space

Force [104].

To minimize performance degradation caused by feedback delay, this chapter uses predictive

models to estimate fading channel conditions and dynamically select LDPC code rate. This

achieves reliable communication while efficiently utilizing the available channel mutual

information. The three predictive models explored are zero-order prediction, linear prediction,

and quadratic prediction.

This work examines how these predictive models behave as the feedback delay is increased

from no delay to a delay equal to the coherence time of the channel. Optical channels with

coherence times of 5ms and 10ms are explored. Protograph-based Raptor-like (PBRL) LDPC

codes with rates 8/9, 8/10, ..., 8/80 are designed using reciprocal channel approximation

(RCA) [23] allowing convenient rate switching.

The feedback delay is the round-trip delay, i.e., the time between when the receiver makes

the rate prediction and when the LDPC codeword at the selected rate arrives at the receiver

experiencing a fade. A simple block diagram in Fig. 3.1 illustrates the round-trip feedback

delay. The first half of the round-trip delay is the time it takes for the rate selection signal to
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Figure 3.1: Simplified block diagram illustrating round-trip delay in using feedback for rate
control. The first half of the round-trip delay is the duration from when the receiver sends
back the predicted rate until the transmitter receives it. The second half of the round-trip
delay is the duration for the signal encoded at the selected rate to travel from the transmitter
to the receiver.

travel back to the transmitter after the receiver predicts the rate. The second half of the

round-trip delay is the signal propagation time from the transmitter to the receiver. Thus,

the receiver experiences the fade one round-trip time after sending the prediction.

Note that there is an additional small time at the transmitter to compute the codeword

after receiving the prediction. However, this could be very small or even negligible since the

transmission can start even slightly before the rate guidance arrives since the rate determines

the total number of symbols and the transmitter will always send at least the number of

symbols for the highest rate. An additional time also occurs for the receiver to compute the

prediction, which is negligible compared to the total feedback delay.

The optical channel with a coherence time of 10 ms is meant to model the optical channel

of a Low Earth Orbit (LEO) satellite. A typical LEO system usually operates at altitudes

ranging from around 160 kilometers (km) (99 miles) to 2, 000 km (1, 240 miles). The distance

between an Earth station and a LEO satellite corresponding to the specific round-trip feedback

delay time is calculated as c× td/2, where c = 3×108m/s is speed of light and td is round-trip

feedback delay time. The round-trip delay times of 2− 10 ms correspond to distances of 300

to 1500 km.

Table 3.1 provides the orbital distances of various common LEO systems. The International

Space Station (ISS), for example, has an orbital distance of 408− 420 km while SpaceX’s
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Table 3.1: Orbital distances and corresponding round-trip feedback delays of common LEO
systems.

Orbital Round-Trip
LEO system Distance Feedback Delay

(km) (ms)

Starlink (SpaceX) 340− 570 2.2− 3.8

International Space Station (ISS) 408− 420 2.7− 2.8

Hubble Space Telescope 535 3.6

TROPICS (NASA) 550 3.6

Planet Labs’ Dove Satellites 400− 500 2.7− 3.4

Kuiper (Amazon) 590− 630 4.0− 4.2

Landsat (NASA/USGS) 705 4.7

Sentinel (ESA) 700− 786 4.6− 5.2

Iridium Next 780 5.2

NOAA JPSS 824 5.5

OneWeb 1200 8.0

Globalstar 1400 9.3

Starlink satellites orbit Earth at a distance of about 340−570 km above sea level. The project

Kuiper satellites will have an orbit between 590 and 630 kilometers. The Iridium satellites

orbit at about 780 km. Earth observation satellites such as Landsat satellites operate around

705 km.

3.1.2 Contributions

The main contributions include:

• Design of 72 PBRL LDPC codes supporting a wide range of rates from 8/9 to 8/80.

The rates are designed using RCA [23] to minimize the decoding threshold.

• The analysis shows when CSI is known with no delay, dynamically selecting LDPC

code rate based on the CSI maximizes throughput. Such throughput is referred as the

zero-delay throughput in this chapter.
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• Zero-order, linear, and quadratic prediction models are explored to estimate fading

channel CSI and dynamically select the LDPC code rate. The optical channel coherence

time used for analysis is 10 ms and round-trip feedback delay times explored range

from no delay to delay equal to 4 ms.

• Providing a detailed analysis of the channel model and the simulation method used to

generate realizations of temporal fading.

• Incorporating the CSI estimate at the receiver to make prediction models more applicable

for real-world implementation.

• Studying optical channels with shorter coherence times such as 5 ms in addition to the

explored coherence time of 10 ms.

• Improving the linear and quadratic prediction models by optimizing the number of

fading channel gain samples used to predict future channel conditions and appropriately

select LDPC code rate.

• Extending round-trip feedback delay times from no delay to delay equal to the coherence

time of optical channel.

• Analyzing computational complexity of the proposed prediction models.

• Exploring how round-trip delay affects common LEO systems in terms of their orbital

distance.

3.1.3 Organization

The rest of the chapter proceeds as follows. Sec. 3.2 introduces the system architecture and

FSO channel model. Sec. 3.3 presents a estimates FER for LDPC codes in the modeled

channel using the normal approximation. Sec. 3.4 describes LDPC codes designed for a wide

range of rates. Sec. 3.5 describes three prediction models and presents throughput results
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Figure 3.2: High-level system block diagram. The fading channel gain is estimated at the
receiver and used to decode the current codeword as well as to predict the future channel
gain and corresponding LDPC code rate based on the round-trip delay. The receiver selects
the future LDPC code rate such that selected code rate achieves frame error rate (FER)
lower than 10−6 for predicted channel gain value. The time required for the transmitter to
receive a predicted codeword via the feedback channel is equal to half of the round-trip delay.

achieved by using these predictive models to select the LDPC code rate. Sec. 3.6 concludes

this chapter.

3.2 System Architecture and Fading Channel Model

3.2.1 System Architecture

Fig. 3.2 describes the high-level system architecture. The receiver estimates the fading channel

and uses it to decode the current codeword. The receiver also uses the estimated channel
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Figure 3.3: Frame Error Rate (FER) Vs. Channel Gain for LDPC code rates 8/9 to 8/77 in
descending order from right to left.

gains to predict the future channel gain and corresponding LDPC code rate at a specified

future time, which is based on the delay required to transmit the code rate to the transmitter.

The receiver selects the future LDPC code rate such that selected code rate achieves frame

error rate (FER) lower than 10−6 for predicted channel gain value.

Fig. 3.3 shows FER curves for a subset of the designed LDPC codes as a function of

fading channel gain. None of our LDPC code rates suffer from an error floor above 10−6. The

highest code rate (8/9) is the rightmost curve.

The channel gain values corresponding to FERs 10−6 in Fig. 3.3 for each code rate are

referred as “crossing points" and shown in Table 3.2 in the LDPC Simulation Crossing Point

column. The crossing points in Table 3.2 are calculated by subtracting baseline average power

on detector (Pave) of −48.1 dBm from Pave for which LDPC code rate achieves FER of 10−6.

The selected LDPC code rate is sent back to the transmitter through an error-free feedback

channel with round-trip feedback delay time td. The information message is generated at the

transmitter side and encoded with LDPC encoder with rate equal to the code rate received
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Table 3.2: LDPC codes with channel gain crossing points. Each code rate achieves FER of
10−6 for corresponding crossing point.

Code LDPC Simulation Normal Approx.

Rate Crossing Point [dB] Crossing Point [dB]

8/9 -0.1522 -0.5550

8/10 -0.7672 -1.4700

8/11 -1.2802 -2.0800

8/12 -1.7596 -2.5400

8/13 -2.0459 -2.9200

8/14 -2.5409 -3.2500

8/15 -2.8154 -3.5300

8/16 -3.1276 -3.7800

8/18 -3.5267 -4.2100

8/20 -3.8154 -4.5000

8/24 -4.4457 -5.1600

8/28 -4.8492 -5.6300

8/34 -5.3644 -6.1900

8/42 -5.7939 -6.7700

8/55 -6.3336 -7.4800

8/77 -6.8036 -8.3200

via the delayed feedback channel.

3.2.2 Fading Channel Model

The channel model (given the fade power ρ) is an asymmetric Gaussian model based on

experimentally measured gains in communications performance of a laboratory-based, free-

space optical communications system using an avalanche photodiode detector (APD) at

the receiver for signal detection [123]. Following [91] and [75], to compute realizations of

temporal fading a sequence of independent and identically distributed (i.i.d.) Gaussian

random numbers zi is filtered by a low-pass finite impulse response (FIR) filter with the
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frequency response described in (3.1).

H(f) =

√
σL

2τ0
√
π exp

(
−1

2
(πτ0f)

2

)
. (3.1)

The filtered zi values produce a band-limited discrete sequence xi of correlated Gaussian

random variables with variance σ2
L = ln (σT

2 + 1), where σ2
T is the Power Scintillation Index

(PSI) characterizing the depth of scintillations.

Generated samples xi are transformed to obtain the desired log-normal distribution of

correlated fading realizations ρTi
as follows:

ρTi
= exp (xi − σL

2/2) . (3.2)

Fig. 3.4 depicts fading channel realizations ρTi
in dB for turbulence coherence times of 5 ms

and 10 ms.

The autocorrelation function of the log amplitude of scintillation is approximated as

Rρ(τ) = (ln(σ2
T + 1))2 exp[−(τ/τo)2] , (3.3)

where τ0 denotes turbulence coherence time [123]. Turbulence coherence time represents a

time interval during which the change in fading characteristics of the channel is very small.

Fig. 3.5 shows autocorrelation function for turbulence coherence time of 10 ms as a

function of delay τ . As the delay increases, the most recent observed fade and the predicted

fade are less and less correlated, and becoming completely uncorrelated when delay becomes

longer than two times the coherence time. The less correlated the two fades are, the harder

it is to predict the future fade.

The modulation scheme used is On-Off keying (OOK) such that each OOK slot contains

either the signal (bit 1) or background noise (bit 0). Bit 1 is modulated to µ1 and bit 0
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Figure 3.4: Fading channel gain realizations ρTi
in dB as a function of time for turbulence

coherence time of a) 5 ms and b) 10 ms.

is modulated to µ0, where µ1 is the signal current when the signal is ON and µ0 is signal

current when the signal is off. Additive white Gaussian noise (AWGN) is added to the signal

so that observations for both signal (ON) for bit 1 and signal (OFF) for bit 0 are modeled

using Gaussian distributions N ∼ (µ1, σ
2
1) and N ∼ (µ0, σ

2
0). Here, σ1 and σ0 denote total

noise when the signal is on and off, respectively. Thus, the log-likelihood ratio (LLR) used

by LDPC decoder is given by:

LLR =
1

2
ln

σ2
0

σ2
1

+
(y − µ0)

2

2σ2
0

− (y − µ1)
2

2σ2
1

. (3.4)

Equations (3.5)–(3.12) describe the calculations of µ1, σ1, µ0 and σ0. The meanings and
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Figure 3.5: Autocorrelation function Rρ(τ) for turbulence coherence time of τ0 = 10 ms.

values of the variables and constants used in the equations are given in Table 3.3. Note that

F is the APD excess noise factor, and ρ(t) is the fading realization at time t.

µ1(t) =
1

2
×R×G× ρ(t)× p1 = ρ(t)µ∗

1 (3.5)

µ0(t) =
1

2
×R×G× ρ(t)× p0 = ρ(t)µ∗

0 (3.6)

F = k ×G+ (1− k)×
(
2− 1

G

)
(3.7)

S1(t) = (2× q × µ1(t)×G× F )
1
2 (3.8)

S0(t) = (2× q × µ0(t)×G× F )
1
2 (3.9)

M = (2× q × F ×G2 × Idark)
1
2 (3.10)

σ1(t) =
[
B × ((S1(t))

2 +M2 +D2
TIA)

] 1
2 (3.11)

σ0(t) =
[
B × ((S0(t))

2 +M2 +D2
TIA)

] 1
2 (3.12)
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Table 3.3: Constants and variables used to calculate signal current µ1 and total noise σ1

when signal is ON, and signal current µ0 and total noise σ0 when signal is OFF.
Symbol Quantity Value Unit

q electron charge 1.6× 10−19 C

G Avalanche Photodiode gain APD 15

R responsivity 0.9 A/W

B electronic filter bandwidth 1250 MHz

k impact coefficient 0.2

Idark dark current 2.1× 10−8 A

DTIA Transimpedance Amplifier 2× 10−12 A√
Hz

(TIA) input noise

current density

Pave average power on detector −48.1 dBm

rext extinction ratio 11 dB

P1 power on detector Pave +
rext
2

dBm

when bit 1 is sent

P0 power on detector Pave − rext
2

dBm

when bit 0 is sent

p1 power on detector 10P1/10 mW

when bit 1 is sent

p0 power on detector 10P0/10 mW

when bit 0 is sent

The electronic filter bandwidth B value of 1250 MHz is used for simulation purposes,

but it can be higher in practice. Note that for the baud rate of 2.5 Giga symbols per second

used in this chapter, the time occupancy of each codeword ranges from 3.6864 microseconds

(µs) for the highest code rate (8/9) to 31.539 µs for the lowest code rate (8/77), which is

relatively small compared to the turbulence coherence times of 5 ms and 10 ms. The fading

model generates one fade value for every 1024 bits, which means that different sections of a

codeword will experience a different fade. However, since the turbulence coherence time is
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much longer than the time occupancy of a codeword, these differences are negligible.

3.3 Normal Approximation of Frame Error Rate

For FSO On-Off Keying (OOK) with equally likely transmission of bits 1 and 0, consider the

following channel model when bit 1 (On) or bit 0 (Off) is transmitted:

y = µi + σin, i = 0 or 1 , (3.13)

where n is a zero mean, unit variance normal (Gaussian) random variable. The mean µi

already includes the fading ρ(t) as described in Sec. 3.2.2. The received value y is a Gaussian

random variable with probability density function fi(y) which is normal distributed N (µi, σ
2
i ).

When bit 1 is transmitted the channel information density is

i1(y) = 1− log2

(
1 +

σ1

σ0

e
− 1

2σ2
0
(y−µ0)2+

1

2σ2
1
(y−µ1)2

)
(3.14)

and its nth moment after change of variable is

mn(i1) =

∫ ∞

−∞
f1(y)i

n
1 (y)dy =

∫ ∞

−∞

1√
2π

e−
z2

2 in1 (z)dz ,

where

i1(z) = 1− log2

(
1 +

σ1

σ0

e
− 1

2σ2
0
(σ1z+µ1−µ0)2+

1
2
z2
)
.

When bit 0 is transmitted the channel information density is

i0(y) = 1− log2

(
1 +

σ0

σ1

e
− 1

2σ2
1
(y−µ1)2+

1

2σ2
0
(y−µ0)2

)
(3.15)
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and its nth moment after change of variable is

mn(i0) =

∫ ∞

−∞
f0(y)i

n
0 (y)dy =

∫ ∞

−∞

1√
2π

e−
z2

2 in0 (z)dz ,

where

i0(z) = 1− log2

(
1 +

σ0

σ1

e
− 1

2σ2
1
(σ0z+µ0−µ1)2+

1
2
z2
)
.

The average of channel information density with equally likely channel inputs of zero or one is

I =
1

2
[m1(i1) +m1(i0)] (3.16)

and the channel dispersion with equally likely channel inputs of zero or one is

V =
1

2
[m2(i1) +m2(i0)]− I2. (3.17)

Both I(Pave) and V (Pave) are functions of the average received power Pave at APD.

Using the Normal Approximation (NA) by Polyanskiy et al. [94], the maximal achievable

rate can be approximated by

R∗(n, FER) = I −
√

V

n
Q−1(FER) +O(

log2 n

n
) , (3.18)

where Q−1(.) denotes inverse of the Gaussian Q-function which is

Q(x) =

∫ ∞

x

1√
2π

e−
1
2
y2dy. (3.19)
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Figure 3.6: Frame Error Rate (FER) vs Channel Gain using Normal Approximation (NA).

Then the normal approximation on frame error rate FERNA can be calculated as

FERNA(Pave) = Q

(
I(Pave)−R + log2(n)/2n√

V (Pave)/n

)
, (3.20)

where R represent the code rate, n = k/R is codeword block length, k is the message block

length, and O( log2 n
n

) ≈ log2(n)/2n. However, for k = 8192 the same FERs have been

obtained for all code rates by ignoring the O(.) term.

As an example, consider a laser with extinction ratio of 11 dB, and an APD detector,

such that observations can be expressed as, µ1 = α1Pave, µ0 = α0Pave, σ2
1 = β1Pave + γ1,

and σ2
0 = β0Pave + γ0, where α1 = 47.9, α0 = 3.8, β1 = 1.3 × 10−6, β0 = 1 × 10−7 and

γ1 = γ0 = 1.36× 10−14. In this chapter block fading is considered where the fade power ρ

is constant over duration of codeword. This assumption is valid when the coherence time

of fading is larger than duration of codeword. The fading power is normalized such that

E{ρ} = 1.

In the fading channel model, Pave is then replaced with ρPave. For atmospheric fading
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the Power Scintillation Index PSI = σT
2 = 10 is assumed.

The FERs using normal approximation for rates 8/9 to 8/77 are plotted in Fig. 3.6.

The crossing points representing fading channel gain values at which FERs for normal

approximation are 10−6 are listed in Table 3.2. For LDPC simulations, crossing points are

computed based on the reference point average Pave of −48.1 dBm.

Fig. 3.7 presents a comparison between the crossing points derived from LDPC simulations

and those obtained through the normal approximation. The gap between the simulated

LDPC code FER crossing points and those resulting from the normal approximation of

random code performance ranges from 0.4 dB to 1.5 dB. The close proximity of the normal

approximation to the actual LDPC code performance adds confidence that the LDPC codes

are well-designed across the entire range of rates.

One way to see how adaptively adjusting the rate can improve performance for slow

fading is to compute the FERfixed that a fixed-rate system would provide. To compute the

theoretical performance of a fixed-rate scheme in slow fading without feedback, we integrate

the product of the density f(ρ) of ρ from [75] and the FER from (3.20) (denote that by

F (Pave)) with Pave replaced with ρPave for a fixed-rate random code, as shown below:

FERfixed =

∫ ∞

ρ=0

FERNA(ρPave)f(ρ)dρ , (3.21)

assuming that the pdf f(ρ) of fade power ρ is normalized such that E{ρ} = 1. Such a

computation reveals that the FER performance for the fixed-rate scheme incurs a huge

performance loss.

3.4 Low-Rate Protograph-based LDPC Codes Design

This chapter uses the Protograph-Based Raptor-Like (PBRL) [23] approach to design LDPC

codes with information blocklength k = 8192 and parity check matrix H described by (3.22)
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Figure 3.7: The crossing points in Table 3.2 are compared with crossing points using normal
approximation (NA).

for wide range of rates:

H =

HHRC 0

HIRC I

 . (3.22)

Let n1 represent the number of variable nodes in HHRC, of which np are punctured to improve

the iterative decoding threshold. Let m1 represent the number of rows in HIRC matrix. In

equation (3.22) submatrix HHRC ∈ F(n1−k)×n1

2 represents a highest-rate code (HRC) and

submatrix HIRC ∈ Fm1×n1
2 represents an incremental redundancy code (IRC). PBRL LDPC

code supports rates from k
n1−np

to frackn1 +m1 − np. The rate is selected by deciding

how many of the degree-1 variable nodes associated with identity matrix in (3.22) should

be punctured. This work designs the HIRC to support the lowest code rate of 1/10. Thus,

m1 = 72704 and n1 = 9216.

The parity check matrix HHRC for the highest rate code is obtained by lifting a proto-
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matrix. The proto-matrix HHRC−proto in (3.23) is adopted from [91].

HHRC−proto = [ 4 4 4 4 4 3 3 3 3 ] (3.23)

Unlike LDPC codes that start with a designed lowest rate code and increase the rate by

randomly puncturing variable nodes hoping to not degrade performance, PBRL design starts

with a well-designed highest-rate code and obtains lower-rate codes by carefully selecting the

rows of HIRC.

The design of HIRC is completed in two steps. In the first step, the proto-matrix HIRC [52]

is designed line by line in a greedy fashion by minimizing decoding threshold of newly

constructed protograph matrix computed using the reciprocal channel approximation (RCA)

algorithm [23]. The RCA is a fast and accurate approximation to the density evolution

algorithm with deviation in accuracy of less than 0.01 dB. The decoding threshold of a

protograph matrix refers to the minimum channel noise that supports reliable iterative

decoding of LDPC codes with infinite code length built from the protograph. The fully

designed protograph matrix of H for rate 1/10 consists of 72 rows (check nodes) and 80

columns (variable nodes).

In the second step, the designed protograph matrix for lowest code rate of 1/10 is

lifted using approximate-cycle extrinsic-message-degre (ACE) progressive-edge-growth (PEG)

algorithm [111] to replace each element in protograph matrix with circulant matrices and

obtain parity check matrix H with longer block-length. The ACE-PEG algorithm with

parameters of dACE = 6 and η = 7 are selected to ensure that all the cycles in the lifted

parity check matrix whose length is 12 or less have ACE values of at least 7.

The lifting process also consists of two steps. In the first step, lifting number is 4 to

remove parallel edges in protograph matrix. In the second step, lifting number is 256 which

gives a parity check matrix with information blocklength of 8192 bits. Fig. 3.3 shows FER

as a function of fading channel gain for a subset of the designed LDPC code rates. Fig. 3.7
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compares performance between designed LDPC codes and the normal approximation and

random coding for FER of 10−6.

3.5 LDPC Rate Selection To Maximize Throughput

This section presents different predictive models for selecting LDPC code rate based on the

knowledge of channel gain and feedback time delays. The fading channel gains are estimated

at the receiver and used to predict a future channel gain considering the round-trip delay

required to transmit the feedback signal from the receiver back to the transmitter and new

signal from the transmitter to the receiver. The receiver uses predicted channel gain values to

select LDPC code rate that achieves FER lower than 10−6 for predicted channel gain. For the

purpose of analysis, out of 72 designed code rates a subset of 16 code rates with approximate

differences of 0.5 dB at crossing points at FER of 10−6 is selected. The channel gain crossing

points for which each LDPC code rate decodes a codeword with FER of 10−6 are given in

Table 3.2.

3.5.1 Instantaneous Channel State Information

As a baseline for comparison, we consider the case where the feedback delay is zero and

current channel state is known. The LDPC code rate is selected to maximize throughput, i.e.

the code rate selected is the highest code rate that achieves FER below 10−6 for the current

known channel state. Actual channel gain data is represented with black curve in Fig. 3.4 for

coherence times of 5 and 10 ms. Throughput achieved when the transmitter knows the CSI

with no delay is referred as zero-delay throughput and it is used as a reference to evaluate

the performance of prediction models when feedback delay is not zero.

Fig. 3.8 shows throughput as a function of time for optical channel with coherence time

of 10 ms for a) rate-adaptive system when CSI is known at the transmitter with no delay,

referred as zero-delay throughput, b) when single LDPC code rate 8/9 is used, and c) when
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Figure 3.8: Throughput as a function of time for optical channel with coherence time
of 10 ms. a) Throughput achieved using rate-adaptive LDPC coding when channel state
information (CSI) is known. b) Throughput achieved when using LDPC code rate 8/9 only.
c) Throughput achieved when using LDPC code rate 1/2 only.

single LDPC code rate 1/2 is used. The simulations, performed over 100 ms of data, indicate

that throughput achieved when using single LDPC code rate is approximately 55.9% and

60.3% of zero-delay throughput for rates 8/9 and 1/2 respectively. Note that the optical

channel realizations used for simulations consist of 30% of very good turbulence conditions

boosting the performance of both 8/9 and 1/2 rates. As turbulence conditions become worse,

the performance of using a fixed single rate drastically decreases, which is evident between

30 ms and 55 ms in Fig. 3.8 where both rates suffer from constant failure, making the

throughput zero fo a significant fraction of the simulated time segment.
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3.5.2 Delayed Channel State Information

Now we consider the practical scenario in which the feedback delay is not zero.

CSI Estimation

Based on practical experience of the optical fading channel, our fading model assumes that

fading is constant over 1024 OOK symbols. Even between groups of 1024 OOK symbols

the fading changes very slowly. Because of this slow change in the fading, estimation of the

fading at the receiver is not the key issue, the ability to predict future fading based on the

knowledge of the current fading is the critical issue.

A simple fading channel gain estimation ρ̂(t) at the receiver is performed as follows. From

equations (3.5) and (3.6) µ∗
1 =

1
2
×R×G×p1 and µ∗

0 =
1
2
×R×G×p0. Then µ1(t) = µ∗

1× ρ̂(t)

and µ0(t) = µ∗
0 × ρ̂(t). For a single value of ρ̂(t) we see 1024 observations of µ1(t) and µ0(t).

In our estimation model we assume that out of 1024 bits there is equal possibility of getting

bit 1 or bit 0, i.e. we generate 1024 Bernoulli distributed zeros and ones2. The receiver

sees 1024 different observations of noisy signal y(t) = µi(t) + Zσi, where i ∈ {0, 1} and Z is

Gaussian random variable with zero mean and unit variance. Then estimated ρ̂(t) is given by

ρ̂(t) =
1

512

∑1024
j=1 yj(t)

µ∗
1 + µ∗

0

. (3.24)

To improve the estimation of the noisier channels, once ρ̂(t) is obtained by (3.24) we

average 9 adjacent measurements and use that value for ρ̂(t). Note that 9 channel gain

samples, each corresponding to 1024 bits, represent the duration of the codeword with the

highest code rate of 8/9.

2The generation of received noisy sequences of 1024 using Bernoulli distributed zeros and ones can be
justified since in optical transmitter and specifically in the CCSDS optical standard usually a Pseudo-
Randomizer is used at transmitter (see [26]). In addition, in the optical standard, Gold code sequences are
used for frame synchronization (frame synch marker) with almost balanced zeros and ones with a difference
of 1 between the two counts, which can also be used for CSI estimation provided that the coherence time is
longer than the duration of synch marker and a codeword.
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Figure 3.9: Comparison of actual and estimated fading channel gain data for coherence time
of 10 ms.

Fig. 3.9 shows actual fading channel gain data generated in MATLAB using fading

channel model in Sec. 3.2.2 and estimated fading channel gain data at the receiver given

by (3.24). When the channel is relatively good (e.g. above −10 dB), the received signal is

less affected by noise, making the channel estimation more reliable and closer to the actual

channel gain values resulting in low estimation error. When the channel is poor (e.g. below

−10 dB), the received signal is heavily corrupted by noise. This leads to higher uncertainty

in the estimation process, causing the estimated fading channel gains to deviate significantly

from the actual values and appear noisy which can be observed near 35 ms, 140 ms and

170 ms in Fig. 3.9.
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Zero-Order Prediction

The zero-order prediction model predicts fading channel gain value in the future to be the

same as the current channel estimate at the receiver. Let fading channel gain value estimated

at the receiver at time tk be ρ̂k in dB and let td denote the feedback channel delay time. The

predicted channel gain value ρ̃k+d at time (tk + td) is the same as estimated value ρ̂k.

Linear Prediction

Let ρ̂ = [ρ̂1, ρ̂2, ..., ρ̂n], ρ̂i ∈ R represent fading channel gain values estimated by the receiver.

Let t = [t1, t2, ..., tn], ti ∈ R represent time instances that correspond to the estimated fading

channel gain values in ρ̂. Note that ρ̂n corresponds to the current time instance tn, and

all other samples in ρ̂ are past samples estimated at the receiver. The receiver only has

knowledge of the past fading channel gain data measured at the receiver. In order to make a

prediction of channel gain in the future, the estimated n samples is used to fit a polynomial

of a form:

p(t) = x1 + x2 t+ ...+ xm+1t
m. (3.25)

For each polynomial coefficient x a vector of errors e = [p(t1)− ρ̂1, p(t2)− ρ̂2, ..., p(tn)− ρ̂n]

is formed. As described in [14], to find a polynomial that minimizes the norm of the error

vector e following norm approximation problem is solved:

min
x
||e|| = ||Ax − ρ̂|| , (3.26)

where Aij = tj−1
i , i = 1, 2, ..., n, j = 1, 2, ..., (m + 1). MATLAB function polyfit is used to

solve problem in (3.26) to obtain polynomial coefficients x. Once the polynomial model is

fitted, its coefficients are used to predict future fading channel gain ρ̃tk at some time instance

tk by plugging tk into (3.25). The coding rate is predicted based on this predicted fading
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channel gain value. In the simulations when the codeword sent at this rate arrives at the

receiver it will experience fade coming from the actual fading channel data which receiver

never saw before. Note that the polynomial coefficients change for every prediction as the

receiver keeps retraining the model in an “online" manner based on the new data it receives.

Since the receiver does not have knowledge of the future true data, there is no testing or

validation data. The only way to know if the prediction was accurate is by observing if the

codeword that was sent at the predicted rate was successfully decoded.

For linear prediction model, polynomial degree is m = 1 and number of samples used in

fitting/training is n = 1220.

In this chapter, the receiver starts prediction calculations upon the receipt of the first

codeword which code rate is chosen to be 8/16 for simulation purposes. Since each fade

represents 1024 bits, the receiver will estimate 16 channel gain values. This is the smallest

number of samples used to fit a polynomial to predict a future channel gain. As more samples

arrive at the receiver, each new prediction is modeled using more samples. For the purpose

of evaluating prediction models the codewords received until first codeword encoded with

predicted rate arrives at the receiver are considered as pilots and not used for analysis.

Training Samples Selection

The number of channel gain samples used in the prediction models is determined using a

greedy optimization approach by solving the following minimization problem:

min
j

MSE =
1

N

N∑
i=1

(ρ̂i − ρ̃
(j)
i )2, j = 1, 2, ..., l ∈ N, (3.27)

where ρ̂i are estimated fading channel gain values at the receiver, ρ̃(j)i are predicted channel

gain values solving (3.26), N is the number of data points and j represents the index of vector

with length l containing number of data points in ms starting from 0.5 ms up to coherence

time of optical channel in increments of 0.5 ms. The number of data points N used in (3.27)
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Figure 3.10: Comparison of channel gain values for quadratic and linear prediction with
respect to the actual fading channel gain values when coherence time is 10 ms and feedback
delay ranges from 2 ms to 4 ms.

corresponds to number of predicted ρ̃
(j)
i in (3.26) over duration of 200 ms for every j. For

example, for a channel coherence time of 5 ms, j would range from 1 to 10, where index

j = 1 represents 0.5 ms worth of data points and index j = l = 10 represents 5 ms worth of

data. The solution of (3.27) for the linear prediction model suggests that 0.5 ms worth of

data gives the best fitting performance for both coherence times considered.

Quadratic Prediction

The quadratic prediction model uses m = 2 in (3.25), using past and current estimated CSI

in a quadratic model to predict future CSI for LDPC code rate selection. The number of
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Coherence Time = 10 ms. Feedback Delay = 2 ms.
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Figure 3.11: a) Actual and predicted channel gain values vs. time. b) Throughput vs.
time obtained using zero-delay, zero-order, linear and quadratic prediction models for fading
channel conditions in a). Turbulence coherence time is 10 ms, feedback delay is 2 ms and
baud rate is 2.5 Gbps.

channel gain samples used in quadratic prediction is equal to 1 ms and 2 ms for optical

channels with coherence times of 5 ms and 10 ms respectively. These values are obtained by

solving (3.27). For all prediction models, we observed that adding a small margin of 0.25 dB

to the original crossing points determined in Table 3.2 when selecting LDPC code rate at the

receiver improved our FER performance.

Fig. 3.10 compares channel gain data obtained using linear and quadratic prediction

models when feedback delay increases from 2 ms to 4 ms with actual channel gain data over

the time interval of 10 ms to 100 ms. As feedback delays increases, the prediction becomes

worse. Quadratic prediction becomes noisy when the channel is very bad, mainly due to
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noisy fading channel gain estimation in this area.

Fig. 3.11 a) shows actual and predicted channel gain values for zero-order, linear and

quadratic prediction when turbulence coherence time is 10 ms and feedback channel delay is

2 ms. Fig. 3.11 b) shows throughput as a function of time obtained using prediction models

in Fig. 3.11 a). Linear and quadratic prediction models give similar performance as baseline

zero-delay model, while zero-order prediction show loss in throughput compared to other

models.

3.5.3 Computational Complexity

Polynomial regression fits a polynomial function of degree m to a data set. For linear (m = 1)

and quadratic (m = 2) prediction models, the computational complexity depends on the

number of data points n and polynomial degree m. The computational complexity of the

prediction models involves the following steps:

• Complexity O(nm): Input data are transformed into polynomial features. For linear

prediction (m = 1) this includes ti term, and for quadratic prediction (m = 2) this

includes ti and t2i terms, where i = 1, 2, ..., n. We are not counting column of all ones

in matrix A.

• Complexity O(nm2 + nm+m3): The least squares solution involves solving:

x = (ATA)−1AT ρ̂.

– Compute ATA (matrix multiplication): O(nm2)

– Compute the inverse of ATA : O(m3)

– Compute AT ρ̂: O(nm)

Total complexity for both prediction models is O(nm2+2nm+m3). For the linear prediction

model, n = 1220 for both coherence times of 5 ms and 10 ms. For the quadratic prediction
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Coherence Time = 5 ms, Baud Rate = 2.5 Gbps
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Figure 3.12: Percentage of zero-delay throughput achieved using prediction models as a
function of feedback delay when coherence time is 5 ms and feedback delay ranges from 1 ms
to 5 ms. Quadratic prediction model gives the best performance for shorter feedback delay
times (1 ms and 2 ms). Zero-Order prediction model gives the best performance for longer
feedback delay times. Simulation is performed for 80 ms.

model, the number of samples n is 2440 and 4880 for fading channels with coherence times 5

and 10 ms, respectively.

3.5.4 Prediction Models Performance

Fig. 3.12 shows the percentage of zero-delay throughput achieved using each prediction

model and single rates 8/9 and 1/2 as a function of feedback delay when coherence time

is 5 ms. The feedback delay ranges from 1 ms to 5 ms and data is collected for 160 ms.

The quadratic prediction model gives the best performance for shorter delay times achieving

95.2% and 74.5% of zero-delay throughput for feedback delays of 1 ms and 2 ms, respectively.

For feedback delays 3− 5 ms, zero-order prediction outperforms linear and quadratic models.

Throughput achieved using single rates 8/9 and 1/2 are 39.6% and 55.5%, respectively.

Fig. 3.13 depicts the percentage of zero-delay throughput achieved using each prediction

models and single rates (8/9 and 1/2) as a function of feedback delay when coherence time is

10 ms. The linear prediction model gives the best performance for 1 ms and 2 ms feedback

delays achieving 100.8% and 101.2% of zero-delay throughput, respectively. Note that 101.3%
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Coherence Time = 10 ms, Baud Rate = 2.5 Gbps
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Figure 3.13: Percentage of zero-delay throughput achieved using prediction models as a
function of feedback delay when coherence time is 10 ms and feedback delay ranges from
1 ms to 10 ms. Quadratic prediction model gives the best performance for shorter feedback
delay times (1 ms to 5 ms). Zero-Order prediction model gives the best performance for
longer feedback delay times. Simulation is performed for 160 ms.

is due to the linear prediction model occasionally overestimating channel gain values at the

peaks where the values change direction from increasing to decreasing. At these peaks, the

model sometimes successfully selects a higher code rate compared to zero-delay model. Since

we are considering crossing points where the LDPC code achieves FER below 10−6, the

selected code rate might still have a high chance of success, which happened in the simulation

for 1 and 2 ms feedback delay.

Quadratic model outperforms other prediction models for 3 − 5 ms feedback delays

achieving from 68.7% to 95.2% of zero-delay throughput. Zero-order prediction achieves the

highest throughput for longer feedback delays 6− 10 ms.

Quadratic prediction is worse than linear and zero-order predictions for longer feedback

delays because it overestimates channel gain values near peaks in data. For example, Fig.

3.14 compares prediction models when predicting channel gain value at time instance of

65 ms for feedback delay of 10 ms and coherence time of 10 ms. Quadratic prediction

overestimates channel gain values by 10 dB, which results in selecting rate 8/9 that the true

channel condition cannot support as evident in Fig. 3.8 b). Zero-order prediction is the
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Figure 3.14: The amount of data used for linear and quadratic predictions is equal to 0.5 ms
and 2 ms, respectively.

only model that underestimates channel gain values at peaks and selects a lower rate than

what channel can support, which results in successful decoding but smaller throughput than

baseline zero-delay throughput.

The single rate choice of using only rate 1/2 seems to be a preferable choice for feedback

delays longer than 8 ms. However, this is true only if the atmospheric turbulence is not

too strong to severely degrade the channel. In such cases, long outages are possible as seen

approximately between 30 ms and 80 ms in Fig. 3.8 b).

3.6 Conclusions

For an FSO fading channel when CSI is known with no delay, the throughput is maximized

by selecting the rate accordingly. This chapter presents three prediction models to mitigate

FSO fading when feedback delay is not zero.

The simulation results indicate that the quadratic prediction model is the overall best

choice for round-trip feedback delays shorter than half of the fading channel coherence time τ0.

For τ0 = 5 ms, quadratic model achieves from 95.2% to 74.6% of the zero-delay throughput

as round-trip feedback delay increases from 1 ms to ⌊τ0/2⌋ ms. For a fading optical channel

59



with a coherence time of 10 ms simulation results show that using only a single LDPC code

rate 8/9 or 1/2 results in up to 55.9% or 60.3% of zero-delay throughput, respectively. In

comparison, for the same channel for shorter feedback delays (1 ms to 5 ms) quadratic

model achieves (99.6− 68.7)% of zero-delay throughput. For feedback delays 6 ms and 7 ms

zero-order prediction model achieves (66.3− 64.0)% of the zero-delay throughput.

While quadratic model works very well for shorter feedback delays, prediction for longer

feedback delays can be improved. Quadratic polynomial fitting fails to predict the change

in fading channel gain at the peaks where the channel gain values change direction from

increasing to decreasing, and this leads to poor prediction for longer feedback delays. Our

future work will aim to mitigate this problem through various approaches, including machine

learning techniques such as neural network regression.
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Chapter 4

Interleaving and Post-Processing to

Lower LDPC Error Floors

4.1 Introduction

With capacity-approaching performance and low-complexity decoding [98], low-density parity-

check (LDPC) codes [57] are widely used in contemporary communication systems, including

digital video broadcasting (DVB) [41, 42]. For low-noise channels, spectral efficiency is

improved by using PAM or QAM, and system performance can be further enhanced through

constellation shaping techniques. Probabilistic amplitude shaping (PAS) [18] adjusts the

distribution of the systematic bits of a forward error correction (FEC) code so that the

marginal probabilities of signaling amplitudes are optimized to approach the channel capacity.

PAS has been adopted for optical communications [104], and is being considered for 6G

cellular mobile networks [4]. Although PAS improves frame error rate (FER) performance of

LDPC codes in the waterfall region, standard PAS decoding does not inherently mitigate

the error floor phenomenon, characterized by a change in the slope of the FER performance

curve that make take place at moderate-high signal-to-noise (SNR) ratios. The error floor

phenomenon can hinder the use of LDPC codes, including PAS LDPC codes, in applications

61



requiring low error rates.

Because many communication standards [41, 42, 47] require very low error rates, the

development of techniques to predict and mitigate error floors is essential. The error floor

is generally attributed to a combination of low-weight codewords and the limitations of

iterative decoding algorithms when applied to graphs containing short, weakly-connected

cycles. Previous research has explored these two causes of error floors, studying low-weight

codewords, near-codewords [85], trapping sets [25, 64, 96, 128], pseudocodewords [51], and

absorbing sets [36].

An example LDPC code from a published communication standard that suffers from a

high error floor on the BI-AWGN channel [73] is the rate-2/3 and blocklength-64800 DVB-S2

code1 [41]. When PAS is applied to this code, a high error floor is also present [18, 105].

Kim et al. [73] found that the error floor region of the DVB-S2 code on the BI-AWGN

channel is dominated by weight-nine codewords. Based on this finding, Kim et al. modified

the DVB-S2 code to eliminate the weight-nine codewords, thereby lowering the error floor on

the BI-AWGN channel. This modification exhibited a dominant (10, 1) trapping set, which

required further modification.

The remainder of this chapter refers to the rate-2/3 and length-64800 DVB-S2 LDPC

code with 8-PAM PAS using a Maxwell-Boltzmann (MB) distribution as “the DVB-S2 code.”

This chapter lowers the error floor of the DVB-S2 code without changing the underlying

LDPC code specified by the standard.

4.1.1 Contributions

This chapter develops an approximate truncated union bound (TUB) for PAM (and QAM)

constellations with PAS on the AWGN channel. The new TUB restricts attention to low-

weight codewords and computes decision thresholds to match bit-metric decoding (BMD)

behavior. When the dominant errors in the error-floor region are caused by low-weight
1DVB-S2 LDPC codes are combined with an outer algebraic code that lowers the error floor.
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codewords, selecting the bit interleaving to optimize the BMD TUB can significantly lower

the error floor. The accuracy of the BMD TUB and proposed bit-interleaving technique is

demonstrated using a rate-2/3 DVB-S2 LDPC code combined with an 8-PAM constellation

that follows a MB distribution. The approximate TUB tracks simulation results, confirming

that the weight-nine codewords are the cause of the error floor, and guides the design of a

new bit-interleaver for 8-PAM that lowers the error floor by more than an order of magnitude

by improving the worst-case Euclidean distance. While the results are shown for 8-PAM (i.e.

64-QAM), the methodology is general.

As an additional contribution, this chapter compares the BMD TUB to the TUB for

symbol-metric decoding (SMD). For the example PAS scheme considered in this chapter, the

SMD TUB indicates that SMD can lower the error floor an additional order of magnitude

below the error floor of BMD. To harvest the SMD advantage with practical LDPC decoding,

post-processing compares the SMD metric for each decoded codeword to the SMD metric of

the neighboring codewords closest in Euclidean distance to the initially decoded codeword.

Among these, the codeword with the best SMD metric is selected. Monte Carlo simulation

results show that this post-processing lowers the error floor for the rate-2/3 DVB-S2 code

with 8-PAM PAS by another order of magnitude.

4.1.2 Organization

This chapter is organized as follows: Sec. 4.2 reviews LDPC codes with PAS and presents

the concept of worst-case Euclidean distance. Sec. 4.3 derives a TUB for SMD decoding and

an approximate TUB for BMD. Sec. 4.4 applies the BMD TUB of Sec. 4.3 specifically to

the DVB-S2 LDPC code with bit interleaving as described in [105]. For each of six distinct

bit interleavers available for the DVB-S2 LDPC code, Sec. 4.5 computes the worst-case

distances and plots the approximate BMD TUBs. Then, Sec. 4.5 compares FER simulations

of decoding for the bit interleaver of [105] and the bit interleaver with the best BMD TUB.

63



Sec. 4.6 reveals that SMD decoding can significantly outperform BMD in the error floor

region for the best bit interleaver and develops a post-processing technique to approach the

SMD decoding performance.

4.2 Preliminaries

4.2.1 Low-Density Parity-Check Codes

LDPC codes [58], are (n, k) linear block codes that feature a sparse (n− k)× n parity-check

matrix H. The matrix H can be represented by a Tanner graph [108] G consisting of n

variable nodes (VNs) and n− k check nodes (CNs), such that CN i is connected to VN j

whenever element H i,j in H is 1. A protograph is a small Tanner graph of np VNs and

(np − kp) CNs. It is is expanded to a larger graph with n VNs and (n − k) CNs through

a “copy-and-permute" process, known as lifting, in which each edge in the protograph is

replaced by a Q edges.

Equivalently, a protograph can be described by a (np − kp)× np base matrix. When the

base matrix is binary, the lifting operation yields a larger matrix, where each “0" element

of the base matrix is replaced by Q × Q zero matrix and each “1" element is replaced

by a Q × Q permutation matrix. If the permutation matrices are circulants, i.e. cyclic

permutation matrices, then the lifted (n − k, k) code (with n = npQ and k = kpQ) is a

quasi-cyclic (QC) [100] LDPC code. A QC LDPC code constructed in this way can be fully

represented by a matrix whose entries specify Q×Q circulant submatrices.

For a QC code, a block index refers to the position of an entry in the base matrix.

Specifically, r ∈ [0, np − kp − 1] denotes the row-block index corresponding to a CN in the

protograph, and c ∈ [0, np − 1] denotes the column-block index corresponding to a VN in

the protograph.
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Table 4.1: Amplitude probabilities of 8-PAM constellation with Maxwell-Boltzmann distribu-
tion and E[X2] = 21.

i 1 2 3 4

ai 1.8162 5.4485 9.0808 12.7132

pi = PA(ai) 0.5819 0.3131 0.0908 0.0142

4.2.2 LDPC codes with Probabilistic Amplitude Shaping

Consider using LDPC codes with PAS on the discrete-time AWGN channel Y = X+Z, where

X, Y , and Z are random variables2 with Gaussian noise Z ∼ N (0, σ2) and transmit symbol

X distributed on a 2m-PAM constellation X ∈ {±a1,±a2, . . . ,±a2m−1}. The signal-to-noise

ratio is SNR = E[X2]/σ2, where σ2 is the Gaussian noise variance.

PAS seeks to create a stream of modulated constellation symbols that have a marginal

distribution that approaches the optimal signaling distribution according to information

theory. With PAS, the transmit symbol is factored as X = A×S, where A and S are random

variables with A = |X| and S = sign(X). Specifically for the AWGN channel, the optimal

marginal distribution is a Gaussian. To approach this distribution, PAS uses parity bits for

the sign S so that PS(1) = PS(−1) = 1/2, and the amplitude A for PAS typically follows a

MB distribution.

As an example, this chapter uses PAS with an 8-PAM constellation, which was also studied

in [18]. Following [18], transmitted symbols are drawn according to the MB distribution

yielding the amplitude probabilities PA(·) shown in Table 4.1 with average energy E[X2] = 21,

which matches the energy of equally likely 8-PAM signaling with X = {±1,±3,±5,±7}.

Furthermore, in the PAS construction A and S are stochastically independent so that PX

is symmetric, i.e., PX(x) = PX(−x), and can be factored as

2While the transmitted sequence xN is a deterministic function of the message vK , it is also helpful in
understanding PAS to think about a single symbol X as a random variable with a well-defined marginal
distribution.
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000 001 011 010 110 111 101 100

Figure 4.1: Gray-labeled 8-PAM constellation with labels B1B2B3. The symbols are equidis-
tant with distance δ0 between adjacent symbols. The Euclidean distances δ0 and 3δ0 for error
pattern e = 010 are shown. From Table 4.1, δ0 = 3.6324.

Table 4.2: Definitions of PAS labeling functions ϕ(·) for 8-PAM

x ∈ X −a4 −a3 −a2 −a1 a1 a2 a3 a4

ϕX(x) = b 000 001 011 010 110 111 101 100

ϕA(|x|) = b2b3 00 01 11 10 10 11 01 00

ϕS

(
sign(x)

)
= b1 0 0 0 0 1 1 1 1

ϕ2(x) = b2 0 0 1 1 1 1 0 0

PX(x) = PA(|x|)PS(sign(x)), ∀x ∈ X , (4.1)

where PA(|x|) denotes probability of amplitude A.

Labeling for PAS typically uses a binary reflected Gray code [61], so that adjacent

constellation points have binary labels that differ in only one bit position as shown in Fig. 4.1.

As in [17], labeling functions ϕ(·) assign binary labels to the various elements of a signaling

alphabet. As shown in Table 4.2, ϕX : X → {0, 1}m assigns an m-bit binary label b1b2 . . . bm

to each 2m-PAM symbol x ∈ X . Similarly, ϕA : A → {0, 1}m−1 assigns an (m− 1)-bit label

to each amplitude a ∈ A, while ϕS : A → {0, 1} provides the sign bit. Finally, ϕi(x) = bi.

Encoding

Fig. 4.2 shows an encoder for encoding an LDPC code with PAS that takes an input K-bit

message V K and produces a sequence XN of constellation points for transmission. The

distribution matcher processes the input message sequence V K to produce the sequence AN

of amplitudes whose empirical marginal distribution approximates the desired PA(·). For long
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Figure 4.2: Encoder for an LDPC code with probabilistic amplitude shaping as described in
Sec. 4.2.2. The distribution matcher can be modeled as an i.i.d. source.

block lengths and with a well-designed distribution matcher often K ≈ NH(PA), so that the

number of input messages 2K matches the approximate number 2NH(PA) of typical sequences

for amplitudes drawn i.i.d. from the distribution PA(·). For the MB distribution described in

Table 4.1, H(PA) = 1.3805. For the DVB-S2 code, N = 21, 600 so that NH(PA) = 29, 819.

The amplitudes A are converted into binary labels by the function ϕA(·), which produces

the binary sequence W k. For the DVB-S2 code, ϕA(·) is shown in Table 4.2, and k = 2N =

43, 200 since W k includes N b2 bits and N b3 bits. A systematic LDPC encoder then produces

the binary sequence Cn consisting of the systematic bits followed by N parity (b1) bits

computed from the systematic bits. These bits are then interleaved producing π(Cn) which

has the bits ordered so that constellation point is labeled by appropriate b1, b2, and b3 bits.

Finally, the mapper takes each three-bit label and produces an 8-PAM symbol yielding the

sequence XN of constellation points. For the DVB-S2 code the mapper µ(·) uses the labeling

of Fig 4.1 and Table 4.2.

Decoding

LDPC codes used with PAS are decoded with message passing decoders using BMD [18,103,

105,106]. The message-passing decoder can select any of the 2k LDPC codewords resulting

from a k-bit input. Thus the message passing decoder can select an LDPC codeword even if

the corresponding k-bit input could not have been produced by that distribution matcher.

This is referred as codebook mismatch3 in [87].

3One PAS system that avoids codebook mismatch entirely is probabilistically shaped trellis-coded modula-
tion [120], which performs serial list Viterbi decoding until a valid distribution matcher input is identified.
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In fact, the set of 2K ≈ 2NH(PA) valid distribution-matcher outputs is significantly smaller

than the set of 2k valid LDPC encoder inputs. For example, for the DVB-S2 code K = 29819

while k = 43200. Essentially, the distribution matcher adds redundancy behaving like an

error control code with rate H(PA)
m−1

, which is 0.69025 for the DVB-S2 code with the MB

constellation of Table 4.1.

To improve the performance of message passing in the PAS framework, BMD is biased

[18,103,105,106] to match the expected PMF for each of the label bits so that it will tend to

favor valid distribution matcher outputs.

Define a random vector B = ϕX(X) = B1B2 . . . Bm, where Bj = ϕj(X). The jth random

bit level is Bj = ϕj(X). B1 designates the random sign S, while B2 . . . Bm specify the random

amplitude A.

The bias is included in BMD as the a-priori information in the computation of the log

likelihood Li for each bit-level i, as shown in (4.2)

Li = log
PBi

(0)

PBi
(1)︸ ︷︷ ︸

a-priori information

+ log
fY |Bi

(y|0)
fY |Bi

(y|1)︸ ︷︷ ︸
channel LLR

, (4.2)

where PBi
and fY |Bi

are calculated as

PBi
(bi) =

∑
bj∈{0,1} for j ̸=i

PB(b1b2b3) , (4.3)

fY |Bi
(y|bi) =

∑
bj∈{0,1} for j ̸=i

PB(b1b2b3)

PBi
(bi)

fY |B(y|b1b2b3).

For example, with the 8-PAM constellation with the MB distribution described in Fig. 4.1

and Table 4.1 the marginal probabilities using (4.3) are PB1(1) = 0.5, PB2(1) = 0.8950, and

PB3(1) = 0.4038 [18], so that the a-priori information terms in (4.2) are −2.142863 for L2

and 0.389656 for L3.

For a typical situation in which the input message bits V in Fig. 4.2 are i.i.d. and equally
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likely to be one or zero, the distribution matcher produces equally likely amplitude sequences

AN , each with probability 2−K .

Thus, the bias term is not meant to help the decoder distinguish one equally likely

distribution matcher output from another. Rather, the bias terms help the decoder favor

actual distribution matcher outputs from other inputs that could not have come from the

distribution matcher. Thus, the decoder uses the bias term to overcome the mismatch of

operating on a larger codebook than the one used by the encoder [87].

With the bias in (4.2), BMD usually favors the distribution-matcher inputs over the other

possible encoder inputs, but there are exceptions.

Consider a constant-composition distribution matcher (CCDM) [102] where the output

sequences form a set of valid shaped codewords, each with the same fixed amplitude composi-

tion determined by the target amplitude distribution PA(·). When the LDPC decoder with

BMD and the bias in (4.2) considers the full LDPC codebook, it also considers codewords

whose amplitude composition differs from the target distribution PA(·). The prior distribution

of such codewords will differ from that of the valid shaped codewords, and thus the 2k possible

codewords are not treated as equally likely.

A decoding metric that incorporates prior information can help compensate for codebook

mismatch by assigning different metric values to these codewords according to their consis-

tency with the shaped input distribution [87]. The BMD LDPC decoder incorporates prior

information at the bit level. From the perspective of the biased BMD LDPC decoder, the

effective probabilities are the products of the marginal probabilities of each bit level, i.e.

PBMD(X
N) =

N∏
i=1

3∏
j=1

PBj
(ϕj(Xi)) . (4.4)

As an alternative to the bit-wise approach of BMD and BMD, the SMD metric [87]

calculates the metric for the sequence XN of symbols as the product of the marginal
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probabilities of each symbol:

PSMD(X
N) =

N∏
i=1

PX(xi). (4.5)

SMD usually favors valid distribution-matcher inputs over the other possible encoder

inputs, but there are exceptions. For example, SMD applied to an LDPC code with a

distribution matcher with target distribution PA(·) prefers most of all the LDPC codewords

that use only (or almost only) the most-likely amplitude according to PA(·). Such codewords

are not even permitted by the CCDM distribution matcher. Fortunately, such sequences are

relatively sparse.

Both BMD and SMD decoders use prior distributions to compensate for the fact that the

decoder is looking at the larger codebook, without explicitly restricting the decoder to the

CCDM output set. However, PBMD(X
N) ̸= PSMD(X

N) because the bit levels of a shaped

symbol are generally not independent. Because it considers the dependence of the bit levels,

SMD provides a more accurate representation of the shaping prior than BMD.

4.2.3 Worst-Case Euclidean distance

Consider the binary error pattern e = c ⊕ c′, where ⊕ indicates bit-wise exclusive-or and

c is the binary transmitted codeword that is erroneously decoded as the binary codeword

c′ = c⊕ e. We refer to the Euclidean distance between c and c′ as

dE(c, c
′) = ∥µ(c)− µ(c′)∥2 , (4.6)

i.e. to the Euclidean distance between the PAM modulations of c and c′. For a fixed binary

error pattern e, the Euclidean distance dE(c, c⊕ e) depends on the transmitted codeword c.

Following [121], define the worst-case Euclidean distance dw.c.(e) for error pattern e as

dw.c.(e) = min
c∈C

dE(c, c⊕ e) . (4.7)
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Table 4.3: Worst-case distances for the Gray-Labeled 8-PAM of Fig. 4.1 where pi = PA(ai)
and Xw.c. = {x : dE(b(x), b(x)⊕ e) = dw.c.(e)}

e (octal) 1 2 3 4 5 6 7

e (binary) 001 010 011 100 101 110 111

dw.c.(e) δ0 δ0 2δ0 δ0 2δ0 4δ0 3δ0

P (Xw.c.) 1 p2 + p3 1 p1 p1 + p2 1 p1 + p3

For example, consider the Gray-labeled 8-PAM constellation in Fig. 4.1. For the binary

error e = 010 associated with a single PAM symbol x, Fig. 4.1 shows how the distance

dE(ϕX(x), ϕX(x)⊕ 010) can be either δ0 or 3δ0, depending on x. Thus dw.c.(010) = δ0. Table

4.3 shows the worst case distances for all seven possible error patterns for the Gray-labeled

constellation of Fig. 4.1. Table 4.3 also provides, for each specified error pattern, the

probability that a transmitted symbol will produce the worst case distance for that error

pattern.

4.3 Truncated Union Bounds

This section reviews maximum likelihood (ML) decoding, SMD, and BMD and presents the

TUBs for ML and SMD as well as an approximate TUB for BMD.

4.3.1 Thresholds for ML, SMD, and BMD on the AWGN channel

Let x = µ(c) denote the modulated transmit signal for the binary codeword c. The Maximum-

likelihood (ML) decoding rule selects the codeword ĉ that makes the received sequence most

likely, i.e the codeword that maximizes the ML metric JML:

ĉ = argmax
c∈C

JML (y|x) , (4.8)
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x1

x2

T

Decision region
for x1 vs. x2

Figure 4.3: Decision regions for ML and SMD decoding. Decision boundary is a half-plane
perpendicular to the line segment between x1 and x2 and intersect the line segment at the
threshold point T = λx1 + (1− λ)x2. For ML decoding λ = 0.5. For SMD decoding, λ is
defined in (4.18). For BMD, the decision regions are not separated by a half plane as shown
in this figure.

where the ML metric JML is

JML(y|x) =
N∏
i=1

fY |X(yi|xi) , (4.9)

where N is the number of 2m-PAM symbols in each sequence and fY |X is the conditional

probability density induced by the AWGN channel:

fY |X(yi|xi) =
1√
2πσ

exp

(
−(yi − xi)

2

2σ2

)
. (4.10)

When all codewords are equally likely, ML decoding minimizes the probability of decoding

error. ML decoding can also be accomplished by maximizing the log of the ML metric:

ĉ = argmax
c∈C

ln JML (y|x) (4.11)

= argmin
c∈C

N∑
i=1

(yi − xi)
2 . (4.12)

When deciding only between two modulated codewords x1 and x2 on the AWGN channel,
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the ML decision boundary is a half-plane that is perpendicular to the line segment between

x1 and x2 and intersects that line segment at the ML threshold point TML, where

TML =
x1 + x2

2
. (4.13)

Fig. 4.3 shows how a half-plane provides the boundary between the decision regions of the

two codewords x1 and x2.

SMD selects the codeword that maximizes JSMD(x,y), the SMD decoding metric:

JSMD(x,y) =
N∏
i=1

PX(xi)fY |X(yi|xi) . (4.14)

As with ML, SMD can also be accomplished by maximizing the log of the metric, which is

equivalent to the following minimization for the AWGN channel:

ĉ = argmin
c∈C

N∑
i=1

(yi − xi)
2

2σ2
− ln

N∏
i=1

PX(xi) (4.15)

= argmin
c∈C

N∑
i=1

(yi − xi)
2

2σ2
− lnP (x) (4.16)

As with ML decoding, when deciding only between two modulated codewords x1 and x2

on the AWGN channel, the SMD decision boundary is a half-plane that is perpendicular to

the line segment between x1 and x2 as shown in Fig. 4.3. With SMD decoding, the half-plane

intersects that line segment at the SMD threshold point TSMD, where

TSMD = λSMDx1 + (1− λSMD)x2 , (4.17)

and

λSMD(x1,x2) =
1

2

(
1 +

2σ2

∥x2 − x1∥2
ln

(
P (x2)

P (x1)

))
. (4.18)
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When P (x1) = P (x2), λSMD = 1
2
, and TSMD = TML; when P (x1) > P (x2), TSMD moves closer

to c2 to increase the decision region of the more probable codeword.

When LDPC codes are used with PAS as in [18], BMD is employed. With BMD, the

decoder separately considers the marginal probability (and corresponding log likelihood) of

each bit labeling the constellation. As described in [63], the symbol-wise decoding metric

q(xi, yi) for BMD is product of m bit decoding metrics:

q(xi, yi) =
m∏
j=1

qj(ϕj(xi), y) , (4.19)

where ϕj(x) denotes j-th bit of symbol x and the j-th bit decoding metric qj(b, y) is given by

qj(b, yi) =
∑
x∈X j

b

PX(x) fY |X(y|x) , (4.20)

where X j
b denotes the set of 2m-PAM signaling points x for which the jth bit of the binary

label ϕj(x) has value b ∈ {0, 1}. In [63], (4.19) is referred as the bit-interleaved coded

modulation (BICM) maximum a-posteriori (MAP) metric.

BMD essentially replaces the joint probability of the bit label with the product of its

marginals, producing the following joint distribution for the transmitted signaling sequence

x and received symbol sequence y as

q(x,y) =
N∏
i=1

m∏
j=1

qj(ϕj(xi), yi) , (4.21)

which we saw earlier as (4.4). This is the distribution assumed by BMD to compute its metric

so that

JBMD(x,y) = q(x,y) . (4.22)
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Using this metric the decoder selects a binary codeword ĉ according to

ĉ = argmax
c∈C

JBMD(x,y) (4.23)

and we can find the same ĉ by maximizing the log of JBMD:

log JBMD(x,y) =
N∑
i=1

m∑
j=1

log (qj(ϕj(xi), yi)) . (4.24)

When deciding only between two modulated codewords x1 and x2 on the AWGN channel,

the BMD decision boundary is not simply a half-plane that is perpendicular to the line

segment between x1 and x2 as shown in Fig. 4.3.

However, we can still compute where the decision boundary intersects the line segment

between x1 and x2. We still refer to this as the BMD threshold point TBMD, where

TBMD = λBMDx1 + (1− λBMD)x2 , (4.25)

where λBMD can be computed by numerically finding the value of λ ∈ (0, 1) that satisfies

JBMD(x1,yλ) = JBMD(x2,yλ) , (4.26)

where yλ = λx1 + (1− λ)x2. While we cannot provide a closed form expression for λBMD,

we will see below that it is generally not equal to λSMD.

4.3.2 Truncated Union Bound for SMD

Let c denote binary transmitted codeword, let c̄ = c ⊕ e denote a different, competing

codeword that is under consideration by the decoder, and let y denote the received signal.

The codewords c and c̄ are modulated into x = µ(c) and x̄ = µ(c̄) respectively.

The union bound [63] provides an upper bound on the probability of message error for a
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linear block code under ML or SMD decoding as follows:

Pe ≤
∑
e

∑
x

P (x) PEP(c, c⊕ e |x), (4.27)

where PEP is the pairwise error probability

PEP(c, c⊕ e |x) ≜ P{J(x̄,y) > J(x,y)}. (4.28)

PEP(c, c⊕ e |x) is the probability that the ML or SMD decoder prefers codeword

c̄ = c⊕ e over c when c is transmitted.

For the binary-input AWGN channel with noise variance σ2, the PEP under ML decoding

is

PEPML(c, c⊕ e |x) = Q

(
dE(c, c̄)

2σ

)
, (4.29)

where dE(c, c̄) denotes the Euclidean distance between the codewords c and c̄ = c⊕ e, and

Q(·) is Gaussian tail function:

Q(x) =

∫ ∞

x

1√
2π

e−t2/2dt . (4.30)

Since for SMD decoding the decision boundary between two codewords is not necessarily

half-way and codewords are not necessarily equally likely, the pairwise error probability in

(4.29) is given by:

PEPSMD(c, c⊕ e |x) = Q

(
λSMD(c, c̄) dE(c, c̄)

σ

)
, (4.31)

where λSMD ∈ [0, 1] denotes the scaling factor along the line segment connecting the transmit-
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ted and competing codewords, as described in (4.18). The union bound under SMD decoding

is:

P SMD
e ≤

∑
e

∑
x

P (x) Q

(
λSMD(c, c̄) dE(c, c̄)

σ

)
(4.32)

If performance is dominated by low-weight codewords, (4.32) can be approximated by

truncating to only include the worst-case distances of low-weight codewords:

P SMD
e ≈

∑
e∈St

∑
x∈Sw.c.(e)

P (x) Q

(
λSMD(c, c̄) dw.c.(e)

σ

)

where St = {e : wH(e) ≤ t} is the set of all errors with Hamming weight less or equal to t,

and

Sw.c.(e) = {c : dE(c, c⊕ e) = dw.c.(e)} (4.33)

is the set of all transmitted codewords c whose Euclidean distance from the competing

codeword c̄ = c⊕ e is equal to the worst-case distance dw.c.(e).

The value of λSMD is different for different transmitted codewords c. Decompose Sw.c.(e)

into subsets that share a common λSMD as follows:

Sw.c.(e) = ∪Nλ
i=1Sw.c.(e, λi) , (4.34)

where

Sw.c.(e, λi) = {c : c ∈ Sw.c.(e), λSMD(c, c⊕ e) = λi} , (4.35)

and where Nλ is the number of subsets of transmitted codewords c such that the codewords

in the same class i have the same decision boundary λSMD = λi using (4.18). Using this

77



decomposition, the SMD TUB can be written as:

P SMD
e ≈

∑
e∈St

Nλ∑
i=1

P (Sw.c.(e, λi)) Q

(
λi dw.c.(e)

σ

)
, (4.36)

where

P (Sw.c.(e, λi)) =
∑

c∈Sw.c.(e,λi)

P (µ(c)) . (4.37)

4.3.3 Approximate Truncated Union Bound for BMD

Since the PAS decoder employs bit-metric decoding (BMD), pairwise decoding errors prob-

abilities cannot be computed using the Q(·) function so that a truncated union bound of

the form of (4.36) cannot be applied precisely. However, in the error floor region when the

dominant errors are caused by the low-weight codewords, we choose to approximately apply

the TUB given in (4.36) to BMD with the λ values computed using (4.26) as follows:

PBMD
e ≈

∑
e∈St

NλBMD∑
i=1

P (Sw.c.(e, λi)) Q

(
λi dw.c.(e)

σ

)
(4.38)

where as with the SMD case, the set of error events e is truncated to include only error

events with Hamming distance t or less,

St = {e : wH(e) ≤ t} . (4.39)

For the low-weight error events in St, we further restrict attention to the transmitted

codewords that lead to the worst-case distance:

Sw.c.(e) = {x : dE(c, c⊕ e) = dw.c.(e)} , (4.40)
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and we decompose Sw.c.(e) into subsets that share a common λBMD as follows:

Sw.c.(e) = ∪Nλ
i=1Sw.c.(e, λi) , (4.41)

where

Sw.c.(e, λi) = {c : c ∈ Sw.c.(e), λBMD(c, c⊕ e) = λi} , (4.42)

and where Nλ is the number of subsets of transmitted codewords c such that the codewords

in the same class i have the same decision boundary λBMD = λi using (4.26).

4.4 Truncated Union Bound for the DVB-S2 Code

This section uses (4.38) to approximate the error floor region of the DVB-S2 code under

BMD decoding. The error floor region of the DVB-S2 code both for BPSK and the 8-PAM

Maxwell Boltzmann constellation is dominated by errors with Hamming weight nine, as noted

in [18, 73, 105], and observed in our Monte-Carlo simulations. Thus we choose t = 9 and

truncate to only consider the set S9 of errors with Hamming weight nine.

By symmetry that we will discuss below, we can replace the outer sum in (4.38) with

the number A9 of weight-nine errors. This yields the approximate BMD TUB for Rate-2/3

DVB-S2 code as follows:

PBMD
e ≈ A9

NλBMD∑
i=1

P (Sw.c.(e, λi)) Q

(
λidw.c.(e)

σ

)
. (4.43)

Numerical computation of the approximate BMD TUB of (4.43) requires the number of

Hamming weight-nine neighbors A9, the value of the worst-case distance dw.c. for the closest

weight-nine errors, and the values of λi and P (Sw.c.(e, λi)) for each distinct decision boundary.

These required values are established in the subsections below.
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Figure 4.4: Subgraph of the DVB-S2 code Tanner graph induced by Hamming weight-nine
codewords. Degree-3 variable nodes v1 and v2 represent information bits mapped to bit levels
b3 and b2, respectively, of an 8-PAM constellation. Degree-2 variable nodes v3 to v9 represent
parity bits, each mapped to the bit level b1 of a distinct modulation symbol.

4.4.1 The Number A9 of Weight-Nine Errors

To analytically establish the number of Hamming weight-nine neighbors A9, we permute the

rows and parity columns of DVB-S2 parity check matrix to transform it into QC structure

with Q = 360 and base matrix of size 60× 180, with one exception (see Sec. 6.5 in [100]):

the code is not QC after the permutation because the non-zero Q× Q submatrix is not a

circulant. This is due to a missing edge that would connect the first CN with the last VN

in parity check matrix. This missing edge is inherent to codes whose parity-check matrix

parity part has dual-diagonal structure to enable low-complexity encoding [125]. Despite this

exception, the block-circulant structures of the parity-check matrix with Q = 360 results in

360 weight-nine codewords.

Fig. 4.4 shows the subgraph of the DVB-S2 code Tanner graph, induced by each of the

weight-nine codewords. As discussed in Sec. 4.2, each 8-PAM symbol has three bit levels

described by the binary labels (b1, b2, b3). As shown in Fig. 4.4, for weight-nine error events

the two degree-3 variable nodes are v1 and v2, which correspond to bit levels described

by binary labels b3 and b2, respectively. The remaining seven degree-2 variable nodes in

Fig. 4.4 correspond to parity bits and are mapped to bit levels described by binary label b1
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corresponding to distinct 8-PAM constellation symbols.

Consistent with the block-circulant structure, there are exactly 360 weight-nine errors each

involving column block indices 23, 68, 128, 129, 130, 131, 132, 133, 143. The errors associated

with the weight-nine codewords involve two degree-3 variable nodes associated with message

bits located in the column block indices 23 and 68. The block-circulant structure allows us

to replace the outer sum in (4.38) with the number A9 of weight-nine errors because all of

the Hamming weight-nine errors are related by cyclic shifts that have the same values of λi

and P (Sw.c.(e, λi)).

4.4.2 Worst-Case Distance dw.c. for the Standard Bit Interleaving

This chapter explores the DVB-S2 code used with PAS where the amplitude bits appear as

the systematic bits in the LDPC codeword beginning with all of the b3 bits followed by the

all of b2 bits, as in [18,105]. This section, Sec. 4.4, focuses on the parity-bit mapping used

in [105], where the b1 bits are assigned to the PAM symbols in the order they are encoded.

Sec. 4.5 explores alternative interleaving of the parity bits.

For the parity bit interleaving of [105] each bit of a Hamming weight-nine error corresponds

to a distinct 8-PAM symbol, i.e., no two bits of the error belong to the same modulation

symbol. As a result, the error pattern e for the nine affected PAM symbols can be represented

as e = (4, 4, 4, 4, 4, 4, 4, 1, 2)8 in octal, e.g. the 4’s correspond to b1 bits.

Sec. 4.5 will consider how permutations πi(e) of the LDPC codeword bits affect the

worst-case distance, TUB, and simulated performance. For clarity, we will refer to e =

(4, 4, 4, 4, 4, 4, 4, 1, 2)8 as π0(e) since it is the identity permutation that produces the default

ordering of the LDPC codeword bits.

Let δ0 denote the minimum Euclidean distance between two adjacent symbols in the

equidistant 8-PAM, and let pi denote probability of each 8-PAM amplitude ai, as in Table 4.1.

The worst-case distances dw.c.(e) for each possible three-bit error pattern for the Gray-labeled

81



constellation in Fig. 4.1 are given in Table 4.3. We can compute the worst-case Euclidean

distance for the weight-nine error π0(e) = (4, 4, 4, 4, 4, 4, 4, 1, 2)8 using the e = 001, e = 010

and e = 100 columns of Table 4.3, which correspond, respectively, to random variables B3,

B2 and B1 associated with bit levels b3, b2, and b1. The bottom two rows of Table 4.3 can be

deduced using Fig. 4.1.

The worst-case Euclidean distance dw.c.(e) for the weight-nine error

π0(e) is calculated as:

dw.c.(e) =
√

7δ20 + δ20 + δ20 = 3δ0 = 10.90. (4.44)

Specifically, this worst-case distance occurs when a transmitted codeword uses constellation

points for which the binary symbol errors take each of the nine relevant transmitted symbols

to a neighboring constellation point that is δ0 away.

For the seven parity-bit errors, the error e = 100 leads to a neighbor δ0 away only for

the two constellation points with the smallest amplitude a1 = 1.8162. The probability of a

constellation point with this magnitude being transmitted is p1 = 0.5820. For the message

bit v1 corresponding to e = 001, this error takes every constellation point, i.e. all four

amplitudes, to a neighbor that is δ0 away, so the probability of such a constellation point

being transmitted is one. For the message bit v2 corresponding to e = 010, this error takes

constellation points with amplitudes a2 = 5.4485 and a3 = 9.0808 to neighbors that are δ0

away so the probability of such a constellation point being transmitted is p2 + p3 = 0.4040.

Multiplying the nine probabilities together, the probability of the set of modulated

codewords x = µ(c) for which π0(e) = (4, 4, 4, 4, 4, 4, 4, 1, 2)8 produces a neighboring codeword

x′ = µ(c⊕ e) with the worst-case Euclidean distance 3δ0 is:

P (Sw.c.(e)) = p71(p2 + p3) = 9.138× 10−3 . (4.45)
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4.4.3 Values of λi and P (Sw.c.(e, λi))

As explained in Sec. 4.3, the decision boundaries for SMD and BMD correspond to λSMD

and λBMD. These λ values depend on the probabilities of the codewords following (4.18) and

(4.26). The codeword probabilities depend on the sequence of amplitudes of the transmitted

codeword, and the codeword probability affects λ specifically through the amplitudes of the

symbols where the errors occur.

As discussed in the derivation of (4.45), there is only one possible amplitude for the seven

B1 errors with e = 100 errors, there are two amplitudes for the B2 error with e = 010, and

four amplitudes for the B3 error with e = 001. Overall, there are eight distinct sequences of

amplitudes that can produce the worst-case distance for π0(e) = (4, 4, 4, 4, 4, 4, 4, 1, 2)8.

Table 4.4 shows the eight values of λi corresponding to the eight possible amplitude

sequences as well as the probability P (Sw.c.(e, λi)) of a transmitted codeword having each

sequence. The rows of Table 4.4 are organized into pairs of codewords that are separated by

dw.c., i.e. that play the roles of x1 and x2 in Fig. 4.3. The sum of λi for two rows in such a

pair is approximately one. Following (4.18), within such a pair of rows the SMD value of λi

is smaller for the lower value of the P (Sw.c.(e, λi)), thus giving more decision region area to

the more likely codeword.

The Monte Carlo threshold in Table 4.4 was found by simulating the LDPC decoder for

closely spaced points along the line segment between the transmitted codeword x = µ(c) and

the neighboring codeword x′ = µ(c⊕ e) to identify the point where the LDPC decoder stops

selecting x = µ(c) and begins selecting x′ = µ(c⊕ e). Since the LDPC decoder uses BMD,

we expect to see agreement with the BMD λi value, which is confirmed in Table 4.4.

Table 4.4 also reveals that for the error π0(e) the SMD and BMD thresholds have only a

slight difference.
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Table 4.4: Decision boundaries λi for error pattern π0(e) = (4, 4, 4, 4, 4, 4, 4, 1, 2)8.

Transmit Amplitudes λi

B2

e = 010
B3

e = 001
Monte
Carlo BMD SMD P (Sw.c.(e, λi))

a2 a1 0.54 0.54 0.55 p81p2 4.12× 10−3

a3 a2 0.44 0.45 0.45 p71p2p3 6.43× 10−4

a2 a2 0.51 0.51 0.52 p71p
2
2 2.22× 10−3

a3 a1 0.48 0.48 0.48 p81p3 1.20× 10−3

a2 a3 0.58 0.57 0.58 p71p2p3 6.43× 10−4

a3 a4 0.42 0.42 0.42 p71p3p4 2.92× 10−5

a2 a4 0.48 0.48 0.48 p71p2p4 1.01× 10−4

a3 a3 0.51 0.51 0.52 p71p
2
3 1.86× 10−4

4.5 Permuting Bits to Increase the Worst-Case Distance

and Lower the Error Floor

This section shows how different mappings of the LDPC code bits to the 8-PAM symbols can

produce different worst-case distances and thus different values for the approximate BMD

TUB. The section enumerates the possible permutations and identifies the permutation with

the largest worst-case Euclidean distance and the lowest error probability according to the

BMD TUB as derived in (4.38).

4.5.1 Bit Interleaving to Increase the Worst-Case Distance

Sec. 4.4 considered the worst-case Euclidean distance and the BMD TUB for the interleaving

of LDPC code bits to 8-PAM symbols used in [105]. Different interleavings can produce
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Table 4.5: Worst-case distances for all possible error patterns e, where pi = PA(ai) and
Sw.c.(e) = {x : dE(c, c⊕ e) = dw.c.(e)}.

i πi(e) (in Octal) dw.c.(πi(e)) P (Sw.c.(e))

0 (4, 4, 4, 4, 4, 4, 4, 1, 2)8 3δ0 10.90 p71(p2 + p3) 0.0091

1 (4, 4, 4, 4, 4, 4, 4, 3)8
√
11δ0 12.05 p71 0.0226

2 (4, 4, 4, 4, 4, 4, 2, 5)8
√
11δ0 12.05 p61(p2 + p3)(p1 + p2) 0.0141

3 (4, 4, 4, 4, 4, 4, 7)8
√
15δ0 14.07 p61(p1 + p3) 0.0261

4 (4, 4, 4, 4, 4, 4, 1, 6)8
√
23δ0 17.42 p61 0.0389

5 (4, 4, 4, 4, 4, 5, 6)8 5δ0 18.16 p51(p1 + p2) 0.0598

different values of dw.c., λi, and P (Sw.c.(e, λi)) and thus different error probability BMD

TUBs (4.38) when interleaving changes the way that bits of error patterns affect 8-PAM

symbols.

For the specific error pattern of interest with Hamming weight nine consisting of seven

B1 bits, one B2 bit, and one B3 bit, there are six distinct ways for the bits of the error

pattern to affect 8-PAM symbols. Table 4.5 shows the worst-case Euclidean distances dw.c.

and probabilities P (Sw.c.(e)) for the six possible permutations π(e) ordered by increasing

worst-case distance.

The seven B1 bits must each correspond to a different 8-PAM symbol. The six distinct

sets of values of dw.c. and P (Sw.c.(e)) correspond to how the B2 and B3 bits of the error

pattern are mapped to 8-PAM symbols. For the original permutation π0(e) the B2 and B3

bits are each mapped to separate 8-PAM symbols and neither of these symbols contains one

of the seven B1 bits that are part of the error pattern. Thus the error pattern involves nine

8-PAM symbols.

For permutations π2(e) and π4(e), the B2 and B3 bits are each mapped to separate 8-PAM

symbols but one of these two bits is mapped to the same symbol as one of the seven B1 bits
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that are part of the error pattern. Thus the error pattern involves eight 8-PAM symbols. For

π4(e), B2 and B1 are mapped to the same symbol. Permutations π1(e) and π3(e) map the

B2 and B3 bits to the same 8-PAM symbol. For π3(e) this 8-PAM symbol contains one of

the seven B1 bits so that the error involves only seven 8-PAM symbols, but for π2(e) it does

not so that the error involves eight 8-PAM symbols.

The final possible permutation, π5(e), has the B2 and B3 bits each mapped to different

8-PAM symbols, but both of these symbols contain one of the seven B1 bits that are part of

the error pattern. This permutation involves seven 8-PAM symbols and produces the largest

worst-case distance of 5δ0.

4.5.2 Approximate BMD TUBs for the Six Possible Mappings

Fig. 4.5 plots the approximate BMD TUB (4.38) for all six possible mappings. These curves

are not fully determined by dw.c. and P (Sw.c.(e)), since the TUB also depends on the values of

λi and P (Sw.c.(e, λi)) as well as dw.c.. For π5(e), which achieves the lowest approximate BMD

TUB curve, Table 4.6 shows the eight values of λi for SMD and BMD corresponding to the

eight possible amplitude sequences as well as the probability P (Sw.c.(e, λi)) of a transmitted

codeword having each sequence.

While the approximate BMD TUB is not completely determined by dw.c. and P (Sw.c.(e)),

the ordering of the curves in Fig. 4.5 is consistent with these values as presented in Table 4.5:

Higher values of dw.c. in Table 4.5 correspond to lower approximate BMD TUB curves in Fig.

4.5. In the case of π1(e) and π2(e), where the values of dw.c. are both
√
11δ0 = 12.05, the

lower value of P (Sw.c.(e)) produces the lower approximate BMD TUB curve.

As with Table 4.4, the rows of Table 4.6 are organized into pairs of codewords that are

separated by dw.c., i.e. that play the roles of x1 and x2 in Fig. 4.3. Also shown is the

threshold observed in Monte Carlo simulations of the LDPC decoder along the line segment

between the transmitted codeword x = µ(c) and the neighboring codeword x′ = µ(c⊕ e).
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Figure 4.5: Approximate truncated union bound (TUB) for bit-metric decoding (BMD)
of the DVB-S2 LDPC code for all possible bit interleavers π0(e)− π5(e) corresponding to
neighboring codewords that differ from the transmitted codeword by Hamming distance nine
and dw.c..

Comparing with Table 4.4 in Sec. 4.4.3, which provided these same values for π0(e), there

is an important difference. In Table 4.6, the BMD λi values do not always agree with the

SMD λi values. In the first pair of rows and the last pair of rows, we see that the BMD λi

values favor the less likely codeword while the SMD λi values favor the more likely codeword

as required by (4.18). We will explore this difference in BMD and SMD behavior further in

Sec. 4.6.
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Table 4.6: Decision boundaries λi for error pattern π5(e) = (4, 4, 4, 4, 4, 5, 6)8.

Transmit Amplitudes λi

B1B2

e = 110
B1B3

e = 101
Monte
Carlo BMD SMD P (Sw.c.(e, λi))

a1 a1 0.46 0.45 0.54 p71 2.26× 10−2

a4 a2 0.52 0.54 0.46 p51p2p4 2.97× 10−4

a3 a1 0.41 0.41 0.49 p61p3 3.53× 10−3

a2 a2 0.57 0.58 0.51 p51p
2
2 6.55× 10−3

a2 a1 0.59 0.59 0.52 p61p2 1.22× 10−2

a3 a2 0.40 0.40 0.48 p51p2p3 1.90× 10−3

a4 a1 0.54 0.55 0.47 p61p4 5.52× 10−4

a1 a2 0.45 0.44 0.53 p61p2 1.22× 10−2

4.5.3 Simulation of π5(e) with Bit Metric Decoding

Sec. 4.5.2 revealed that π5(e) achieved the lowest approximate BMD TUB curve from among

all possible bit mappings for the DVB-S2 code. This section simulates BMD on the DVB-

S2 code with interleaving of the parity bits to achieve π5(e). The interleaver permutes

the parity bits such that the weight-nine errors conform to the bit mapping specified by

π5(e) = (4, 4, 4, 4, 4, 5, 6)8. Specifically, the original parity bit sequence of [105] is written

column-by column into 60 columns of 360 bits each and then read out row by row from the

360 rows.

Fig. 4.6 compares the FER performance of the DVB-S2 code with the interleaving that

achieves π5(e) (shown with diamond markers) with the standard DVB-S2 code, characterized

by the error pattern π0(e) (shown as triangular markers). Monte Carlo simulations were

performed using a CUDA-based GPU implementation with floating-point precision and 100
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Figure 4.6: Frame error rate (FER) performance of DVB-S2 code with the π0 (triangular
markers) and π5 (diamond markers) bit interleavers. Also shown are the approximate BMD
TUBs for these two bit interleavers.

decoding iterations. The decoder used is the layered min-sum-with-correction decoder as

described in [100]. In the error-floor region (SNR > 8.35 dB), the interleaved parity code

achieves more than one-order-of-magnitude improvement in FER over the standard DVB-S2

code.

Both simulations approach their respective approximate BMD TUB curves, but there is

a gap between the simulation and the TUB. This gap is due in part to the truncation, i.e.

the simulation has frame errors that are caused by other decoding failures than neighboring
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codewords that differ from the transmitted codeword by Hamming distance nine and dw.c..

However, the difference between simulation and the approximate BMD TUB is also due

in part to the approximate nature of the TUB, since the BMD decoding regions are more

complicated than the regions defined by half planes that are used to construct the approximate

TUB.

To explore how much of the gap is due to truncation and how much is due to the

approximation of the TUB decision boundaries by half-planes, we include points shown as

magenta asterisks that plot the FER including only the frame errors caused by neighboring

codewords that differ from the transmitted codeword by Hamming distance nine. If the

approximation of the TUB decision boundaries by half-planes was precisely accurate, then

we would expect the asterisk to lie exactly on the approximate BMD TUB curve. Fig. 4.6

shows that the asterisks actually lay on the simulation curve indicating that the inaccuracy

introduced by the approximation of the TUB decision boundaries by half-planes accounts for

most of the gap between the BMD TUB and the simulated error floor.

4.6 SMD TUB and SMD Post Processing

This section compares the approximate BMD TUBs and SMD TUBs for the DVB-S2 code

for all possible weight-nine error patterns, and develops the post-processing technique to

approach SMD decoding.

4.6.1 Comparing BMD and SMD TUBs for DVB-S2 Code

In Sec. 4.5, Table 4.6 revealed that the BMD λi values do not always agree with the SMD

λi values. Sometimes, the BMD λi values favor the less likely codeword while the SMD λi

values always favor the more likely codeword as required by (15). When the the BMD λi

favors the less likely codeword, this will yield a higher FER than the optimal SMD decoding.

To find out how much loss BMD decoding incurs for these misplaced thresholds, Fig. 4.7
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Figure 4.7: SMD and BMD TUBs for the DVB-S2 LDPC code for all possible bit interleavers
π0(e) − π5(e) corresponding to neighboring codewords that differ from the transmitted
codeword by Hamming distance nine and dw.c..

shows both SMD and BMD TUBs for the truncation to errors caused by neighboring codewords

that differ from the transmitted codeword by Hamming distance nine and dw.c.. As with

Fig. 4.5, TUBs are shown for all of the possible bit mappings π0(e)−π5(e). For π0(e)−π3(e),

the SMD TUB curves are slightly below, but very similar to the approximate BMD TUBs

for those bit mappings. However, for π4(e) and π5(e), the SMD TUB curves are significantly

below their BMD counterparts. In fact, for these two cases the SMD TUBs are more than an
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order of magnitude better than the approximate TUB curves.

Both π4(e) and π5(e) contain the octal 6 error pattern, i.e. e = 110, and in both cases we

observe the behavior that BMD favors the less likely codeword when amplitude a1 or a4 is

transmitted in the symbol position where the e = 110 error takes place.

4.6.2 Post-processing to Approach SMD Decoding Performance

As shown in Fig 4.7, when the dominant errors in the error-floor region are caused by

low-weight codewords and BMD decoding favors the less likely codeword in its decision region

for some of the low-weight codewords that dominate the error floor, SMD decoding should

provide significantly improved LDPC decoding. However, the graph-based message-passing

decoding used for LDPC does not generally support SMD decoding, and BMD decoding is

adopted out of necessity.

However, with the knowledge of the specific dominant error patterns where the sub-optimal

BMD decision regions are causing a high error floor, the SMD post-processing technique

described in Algorithm 2 can mitigate the loss due to those specific sub-optimal decision

regions and thus lower the error floor.

Algorithm 2 SMD Post-Processing of dominant errors
1. Perform standard message-passing LDPC decoding for each codeword.

2. Generate the Aw weight-w neighboring codewords.
For the DVB-S2 code Aw = 360, w = 9.

3. Compute the SMD metric for each neighbor.
For the parity-interleaved DVB-S2 code, each comparison involves only seven symbols.

4. Select the candidate with the best SMD metric.

Fig. 4.8 shows that applying Algorithm 2 to the DVB-S2 code with the π5 bit mapping

lowers the error floor by additional order of magnitude, resulting in total of two orders in

magnitude error floor reduction compared to the DVB-S2 code with standard π0 bit mapping

and standard message-passing decoding. The FER performance of the parity-interleaved
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Figure 4.8: This figure builds on Fig. 4.6, adding as green dashed lines the SMD TUB
curves for π0 (triangle markers) and π5 (diamond markers) and the FER performance of
LDPC decoding with the post-processing of Algorithm 2 for the DVB-S2 code with the π5

bit mapping (diamond markers). The magenta asterisk at SNR of 8.5 dB is computed using
neighboring codewords that differ from the transmitted codeword by Hamming distance nine.

DVB-S2 code with post-processing as described in Algorithm 2 is represented by green-dashed

simulation curve with diamond markers in Fig. 4.8. The magenta asterisk marker represents

the FER at SNR = 8.5 dB obtained using the post-processing technique and counting only

weight-nine errors. It lies exactly on the TUB for SMD decoding, shown by the dashed green

line with diamond markers. Thus, the behavior of the weight-nine errors is captured precisely
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by the SMD TUB and the overall FER lies above the SMD TUB because there are additional

errors other than the weight-nine errors that are now affecting the error floor.

4.7 Conclusion

This chapter derives an analytical TUB for SMD decoding and an approximate TUB for

BMD decoding for LDPC codes with PAS. The BMD TUB facilitates the design of improved

bit interleavers that reduce the error floor in scenarios where the dominant error events of

the LDPC code are associated with low-weight codewords. The rate-2/3 DVB-S2 LDPC code

coupled with PAS and 8-PAM constellation is used as an example application to demonstrate

the effectiveness of the proposed analysis. The proposed bit-interleaving method achieves

more than an order of magnitude reduction in the error floor region. The BMD TUB gives

good estimate of the error floor.

A comparison of the BMD and SMD TUBs shows the sub-optimality of BMD for DVB-S2

code with PAS for certain bit mappings where BMD favors the less likely codeword, implying

that further error floor reduction is possible by using a SMD decoder. This chapter develops a

low-complexity post-processing technique that reduces the error floor of the DVB-S2 code in

these cases by an additional order of magnitude, resulting in an overall error floor reduction

of more than two orders of magnitude compared to the DVB-S2 code with standard bit

interleaving and standard message-passing decoding.
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Chapter 5

Constellation Design to Enable

Low-Complexity Encoding

5.1 Introduction

This chapter considers shaping for low density parity check (LDPC) codes [58] from the

perspective of encoder complexity.

5.1.1 Background

For the additive white Gaussian noise (AWGN) channel with an average power constraint, a

gain up to 1.53 dB can be attained with optimized signaling as compared to equally spaced

equally likely (ESEL) constellation points [49].1 Geometric shaping (GS) optimizes the

placement and location of signaling points to match the optimal distribution while keeping

the probability of each point uniform [50]. Probabilistic shaping (PS) optimizes the probability

mass function (PMF) of equidistant signaling points. Fig. 5.1 shows how shaping affects the

widths and heights of the stairs in the Cumulative Distribution Function (CDF) of the 8-PAM
1This chapter is largely a reprint of work previously published in the IEEE International Symposium

on Topics in Coding [53] except Fig. 5.1 and Fig 5.2 and their discussions. Section 5.2 was modified since
Chapter 4 provides discussion on PAS system
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Figure 5.1: Comparison Cumulative Distribution Functions (CDFs) for 8-PAM constellation
unde different shaping configurations.

constellation under the different shaping techniques. Each shaped constellation is scaled so

that the average power is equal to the average power of the ESEL 8-PAM constellation with

amplitudes 1,3, 5, and 7.

The widths and heights of the stairs in the CDF of the ESEL 8-PAM constellation are

constant. For reference, the CDF of the ESEL 8-PAM constellation is also added as a dashed

black line to the three other subplots in Fig. 5.1, which represent CDFs of the three possible

shaping strategies: geometric shaping, probabilistic shaping, and the combination of both

geometric and probabilistic shaping.
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Geometric shaping has constant stair height, but variable stair width. The geometrically

shaped constellation in Fig. 5.1 is shaped using the method described in [50]. Probabilistic

shaping has constant stair width but variable stair height. The probabilistically shaped

constellation in Fig. 5.1 is shaped according to the MB distribution, which was described

in Chapter 4. Geometric and probabilistic shaping has the most flexibility with variable

stair height and stair width. The geometrically and probabilistically shaped constellation in

Fig. 5.1 is shaped to equalize conditional entropies, as will be described later in this chapter.

Some practical applications of probabilistic shaping are discussed in [59, Sec. IV.B],

[15,37,48,72,76,90]. When combined with binary forward error correction (FEC) codes, such

shaping schemes may require iterative demapping-decoding at the receiver, which increases

receiver complexity [18].

Probabilistic amplitude shaping (PAS) as proposed by Bocherer et al. [18] is a practical

coded modulation scheme that combines a non-uniform PMF on equidistant signaling points

with binary FEC without requiring iterative demapping [88] at the receiver. Instead, bit-

metric decoding (BMD) [63,86] is used. At the transmitter, a distribution matcher (DM) [102]

produces a sequence of signaling amplitudes according to the desired PMF. The DM is followed

by systematic encoder that adds parity bits to the binary labels of the DM amplitudes while

preserving the PMF on the amplitudes. The parity bits specify the sign of each signaling

point, and that sign is applied to the DM amplitude to specify the final signaling level.

Results in [18] show that at frame error rate (FER) of 10−3, the PAS scheme operates within

less than 1.1 dB of the AWGN capacity over a wide range of spectral efficiencies.

Bit-interleaved coded modulation (BICM) with BMD [20,127] is widely used in wireless and

satellite communication systems, in conjunction with Gray mapping and capacity-approaching

binary iterative coding schemes, to achieve high spectral efficiencies with low-complexity

decoding. When BICM is coupled with LDPC codes, the code design should consider the

different reliabilities of the bit levels in the constellation label. For example, in [80] a

bit-reliability-mapping strategy is proposed, which carefully allocated codeword bits to the
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constellation bit levels by matching the corresponding variable node degrees to the bit level

reliability. This approach was followed also in [68,78]. In [66], the LDPC code design explicitly

considers the target modulation, and, hence, the different reliability of the bit levels. The

approach of [66] relies on a density evolution (DE) analysis, which is tailored to BMD by

introducing the idea of channel adapters to address the issue of the missing symmetry in the

BICM bit-channels.

The problem of adapting an LDPC code to different bit-level reliabilities is present in

PAS as well. In 2016, Steiner et al. [105] proposed a protograph-based LDPC code design

that jointly optimizes the code structure and the mapping of the coded bits to the BICM

bit-levels. The proposed optimization scheme is applied to both uniform and non-uniform

inputs. Following observations that the LDPC code optimized on surrogate channel performs

similarly when evaluated on the target channel [92], authors of [105] represent each bit-channel

by a uniform binary-input symmetric-output AWGN surrogate channel, which describes both

the BICM bit-channels and the non-uniform input distribution. To determine the belief

propagation convergence threshold of the designed protograph ensembles, the authors used

the protograph extrinsic information transfer (P-EXIT) analysis [82].

When modeling the observation of a bit at the output of the demapper as the observation

of the bit at the output of a surrogate BI-AWGN channel, the analysis of [105] requires

matching the conditional entropy of the bit given the demapper output with the conditional

entropy of the surrogate BI-AWGN channel.

5.1.2 The Problem

Although the LDPC codes designed by Steiner et al. [105] show excellent FER performance,

their simulation process relied on channel adapters instead of encoding actual information

bits, leaving the practical encoding complexity unclear. In fact, the PAS scheme requires

a systematic encoder, which ensures that the bits representing amplitudes are systematic
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and the bit representing the sign is a parity bit. When the LDPC code is optimized with

respect to the different constellation bit-level reliabilities, this may result in protographs

that have high variable node degrees assigned to parity bits, making it difficult to construct

a low-complexity encoder using standard techniques, such as the repeat-accumulator (RA)

structure [32], or the Raptor-like structure [21,22]. The codes designed in [105] have these

problematic protographs.

5.1.3 Contributions

This chapter proposes combined geometric and probabilistic shaping approach that builds

on the PAS architecture of [18] to simplify the encoder. Optimizing the positions and

probabilities of PAM constellation points to equalize the conditional entropies of the different

bit-levels decouples the LDPC code design (and bit mapping) problem from the underlying

constellation properties. This renders the performance of an LDPC code independent of

the specific choice of the bit mapping. It turns out that the equalization of the conditional

entropies can be accomplished with a negligible impact on the achievable rates of PAS. This

allows the employment of a bit mapping that facilitates low-complexity encoding, for example,

by associating the sign bits to the output of the inner accumulator in an RA-like LDPC code

construction.

Equalizing the conditional entropies of the bit-levels allows PAS to approach the Shannon

limit using any of the numerous existing LDPC code constructions that allow low-complexity

encoders, which were originally developed for the BI-AWGN channel. We demonstrate the

effectiveness of the proposed approach by modifying signaling PMF and the bit mapping of a

code from [105] to support efficient encoding, showing how the modified constellation yields a

performance that closely competes with the one of the original constellation-specific mapping

of [105]. We then show how a protograph LDPC code optimized for the BI-AWGN channel

with the proposed constellation design outperforms the design of [105].
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Figure 5.2: Probabilistic amplitude shaping (PAS) encoder.

5.1.4 Organization

The chapter is organized as follows: Section 5.2 reviews PAS. Section 5.3 introduces the

optimization of the constellation points to equalize conditional entropy across bit levels.

Section 5.4 introduces a protograph LDPC code design optimized for the BI-AWGN channel,

which admits linear-time encoding. Numerical results are provided in Section 5.5, and

conclusions follow in Section 5.6.

5.2 Probabilistic Amplitude Shaping

Consider the discrete-time AWGN channel Y = X + N where the transmit symbol X is

drawn from a 2m-PAM signaling with alphabet X = {±a1,±a2, . . . ,±a2m−1} ∈ R and the

noise N is Gaussian random variable with zero mean and variance σ2. The signal-to-noise

ratio (SNR) is defined as SNR = P/σ2, where σ2 is the noise variance.

A full PAS encoding block diagram is presented in Chapter 4 Sec. 4.2.2. The constellation

labeling in PAS is typically a binary reflected Gray code [61], such that adjacent constellation

points have binary labels that differ in only one bit position. Recall that, with PAS, the

transmit symbol is factored as X = A×S, where A = |X| is the amplitude and S = sign(X) is

the sign of X. Fig. 5.2 shows an encoder for encoding an LDPC code with PAS, starting from

the distribution matcher and forming a sequence XN of constellation points for transmission.

The distribution matcher or a discrete memoryless source PA(·) outputs a sequence of
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amplitudes AN that are i.i.d. according to the distribution PA(·). A labeling function

ϕA : A → {0, 1}m−1 assigns an (m− 1)-bit binary label to each amplitude Ai, producing a

binary sequence (B2B3...Bm)
N consisting of (m−1)×N bits. This sequence is then multiplied

by the parity matrix P to generate N sign labels, which are subsequently transformed into

the corresponding signs (Si = ±1), producing a sequence SN of signs. The parity matrix

P is obtained from the systematic LDPC encoder G = [Ik|P ], where k = (m − 1) × N .

Each amplitude Ai is then multiplied by the corresponding sign Si in the order in which they

were produced to form a sequence XN of N PAM symbols for transmission. The sign S is

uniformly distributed, i.e. PS(1) = PS(−1) = 1/2 and A and S are stochastically independent.

PX is symmetric around zero, i.e., PX(x) = PX(−x), and can be factored as

PX(x) = PA(|x|)PS(sign(x)), ∀x ∈ X . (5.1)

Our designs constrain the average power P = E[X2] of the constellation to be that of equally

likely equidistant 2m-PAM signaling with X = {±1,±3, . . . ,±(2m − 1)}.

In this chapter, LDPC codes with PAS are decoded with message passing decoding

using BMD as described in Chapter 4, Sec. 4.2.2. The equation used to calculate the soft

information Li for each bit-level is given in (4.2).

5.3 Equalizing Conditional Entropies

An achievable rate for BMD [17,18] is as follows:

RBMD =

[
H(B)−

m∑
i=1

H(Bi|Y )

]+
, (5.2)

where H(.) denotes entropy and [x]+ = max{0, x}. As shown in [105], the iterative decoding

threshold, computed via P-EXIT analysis, depends on conditional entropies of the bit levels
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associated with the protograph variable nodes. Hence, optimizing a protograph for the

iterative decoding threshold results in a specific mapping between bit-levels and variable

nodes according to conditional entropies H(Bi|Y ). A signaling scheme that yields, at the

desired working SNR, equal conditional entropies H(Bi|Y ) allows the iterative decoding

threshold computed via P-EXIT analysis to be independent of the assignment of bit levels to

variable nodes. Consider the two objective functions

f(X , PX) =
m∑
j=1

H(Bj|Y ) (5.3)

g(X , PX) = max
j
{H(Bj|Y )}mj=1 . (5.4)

Assuming constant H(B), minimizing f(·) maximizes RBMD in (5.2). Also, minimizing g(·)

for a given RBMD equalizes conditional entropies H(Bi|Y ). A weighted sum of f(·) and g(·)

allows a trade-off between equalizing conditional entropies H(Bi|Y ) and maximizing RBMD

as follows:

min
A,{PA|xi|}2

m−1
i=1

[αf(X , PX) + (1− α)g(X , PX)]

s.t. xk < xk+1, E[X2] = P, H(B) = h ,

(5.5)

where A = {|x1|, |x2|, . . . , |x2m−1|} and {PA(|xi|)}2
m−1

i=1 are the amplitude probabilities. The

entropy H(B) is fixed to a constant value h according to the desired spectral efficiency. P is

the average power, and α is the weighting factor between f(·) and g(·). Setting α low focuses

on equalizing conditional entropies by placing more weight on g(·). In contrast, choosing α

closer to 1 focuses on maximizing RBMD.

5.3.1 Example Application to 8-PAM

Consider achieving a target spectral efficiency of 1.34 bits per channel use at an SNR of

8.3 dB using 8-PAM and an RFEC = 2/3 code. The spectral efficiency (SE) for PAS is
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Figure 5.3: Objectives f(·) of (5.3), g(·) of (5.4) and P-EXIT threshold for P1−LCE of (5.7)
as a function of weight factor α. P-EXIT threshold is influenced by both f(·) and g(·), but
the range of f(·) is an order of magnitude smaller than the range of g(·). The solution at
α = 0.77 minimizes maximum conditional entropy g(·) achieving the minimum threshold of
7.88 dB.

calculated as SE = H(B)−m(1−RFEC) = H(B)− 1. Thus H(B) in (5.5) must be equal

to h = 2.34. Fig. 5.3 shows f(·), g(·), and the P-EXIT threshold, (which will be discussed

below) as a function of α in steps of 0.01 from zero to 1. For each α, Fig. 5.3 shows these

three properties for solutions to the optimization problem (5.5) found using the MATLAB

solver MultiStart, which returns the best of the multiple local solutions found by starting

from various initial conditions. Fig. 5.4 shows the signaling PMF for equidistant equidistant

Maxwell-Boltzmann (EMB) signaling for SE = 1.34 bits per channel use as used in [105].

This EMB signaling PMF was also the initial condition provided to MultiStart for each α.

Fig. 5.4 also shows the signaling PMF found by MultiStart for α = 0.77.

Fig. 5.5 compares the conditional entropies for the signaling PMFs given in Fig. 5.4.

Selecting α = 0.77 achieves equal conditional entropies (ECE) with only a slight increase in

the sum of the conditional entropies from 0.8676 to 0.8758. This increase leads to a reduction

of 0.0082 in RBMD of (5.2).
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Figure 5.4: Equidistant Maxwell-Boltzmann (EMB) signaling PMF [105] that was the initial
condition for (5.5) and the solution found by MultiStart for α = 0.77 which achieves equal
conditional entropies (ECE). SE = 1.34 for both.

Now let’s explore how achieving ECE affects the P-EXIT threshold for specific protographs.

For RFEC = 2/3, a protograph-based code (5.6) designed by Steiner et al. for 8-PAM with

EMB signaling has the following protomatrix P1:

P1 =

 1 1 1 1 1 6

︸︷︷︸
B2

2 2 ︸︷︷︸
B3

1 1 ︸︷︷︸
B1

2 6

 . (5.6)

The protomatrix (5.6) has P-EXIT threshold of 7.77 dB for EMB signaling, but the high-

degree column associated to sign bit B1 makes construction of an efficient encoder difficult.

Since this protograph has two degree-2 columns, it is possible to construct a linear-time

encoder by performing an appropriate lifting of the protograph based on the irregular-repeat-

accumulate (IRA) structure [69], provided that these degree-2 columns are mapped to B1.
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Figure 5.5: Conditional entropies for the two signaling PMF’s shown in Fig. 5.4. The
α = 0.77 solution achieves equal conditional entropies.

Permuting the columns of the Steiner et al. protomatrix (5.6) results in the following:

P1−LCE =

 6 1 1 1 1 1

︸︷︷︸
B2

6 2 ︸︷︷︸
B3

2 2 ︸︷︷︸
B1

1 1

 , (5.7)

where subscript LCE indicates that the protograph facilitates low-complexity encoding. This

change in bit mapping to enable low-complexity encoding increases the P-EXIT threshold for

EMB signaling from 7.77 dB to 8.04 dB. Fig. 5.3 shows the P-EXIT threshold calculated for

the protomatrix (5.7) for the signaling PMFs that optimize (5.5) as a function of the weight

factor α. In particular, the α = 0.77 solution minimizes g(·) to achieve equal conditional

entropies (ECE) and achieves the minimum P-EXIT threshold of 7.88 dB. Note that there

are a wide range of signaling PMFs for 0.1 < α < 0.85 that achieve (or almost achieve) ECE

and have excellent thresholds near 7.88 dB.

As α approaches 1 and g(.) increases, the ECE condition is not met, and the P-EXIT

threshold increases to 8.04 dB, which is the threshold of the EMB solution. The ECE

condition decouples bit mapping from the threshold so that both P1−LCE and P1 have the

same threshold of 7.88 dB, but with the new ECE signaling PMF, we can approach the
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original threshold while also implementing an efficient encoder.

5.4 Protograph-based LDPC Code Design

P1 was optimized for EMB signaling, but P1−LCE was not optimized for the ECE signaling.

This section introduces a low-complexity encoding (LCE) protograph-based LDPC code

specifically designed for ECE signaling, which is the same as optimizing for the BI-AWGN

channel. Optimizing the reciprocal channel approximation (RCA) [30] threshold yields the

following rate-2/3 protomatrix:

P2−LCE =



1 0 0 2 0 1 2 0 0 0

0 2 0 0 0 0 2 1 0 0

2 1 2 1 2 0 1 0 1 1

︸ ︷︷ ︸
B2

1 2 1 ︸ ︷︷ ︸
B3

2 1 0︸︷︷︸
punct.

2 ︸ ︷︷ ︸
B1

0 1 1


. (5.8)

(5.9)

The first parity column of P2−LCE in (5.8) is punctured and the rest of the parity columns

are mapped to the sign bit B1. The message bits are mapped to bits B2 and B3.

The lifting of P2−LCE constrains the final matrix H to have a form of Fig. 5.6, where

Hp1 and Hp3 both have the quasi-cyclic repeat-accumulate (QCRA) [109] structure. The

upper right corners of the sub-matrices Hp1 and Hp3 initially both contained a left circular

1800× 1800 identity matrix I1 after lifting, with all zeros in the first row except for a “1” in

the last column. This “1” is removed from Hp1 and Hp3 in Fig. 5.6 to enable a low-complexity

encoder without affecting the P-EXIT threshold or FER performance. Fig. 5.7 shows a

systematic LDPC encoder for H. The columns and rows of H corresponding to block matrices

Hp1 and Hp3 can be permuted so that both Hp1 and Hp3 become “dual-diagonal" matrices [69].

This allows encoding with the complexity that grows linearly in blocklength by concatenating
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Figure 5.6: Lifted matrix H from protomatrix P 1−LCE (5.8). The message length k = 43, 200,
number of variable nodes N = 72, 000, number of punctured nodes np = 7, 200, blocklength
n = 64, 800.

an accumulator with sparse matrix multiplication with HT
u1

, low-density generator matrix

[I HT
p2
] and an accumulator with sparse matrix multiplication with HT

u3
.

Lifting also optimized approximate-cycle extrinsic-message-degree (ACE) [111]. All the

cycles whose length is 2dACE = 12 or less in the bipartite graph associated with the parity

check matrix have ACE values of at least ηACE = 5.

5.5 Simulation Results

Fig. 5.8 shows FER performance and P-EXIT thresholds of codes P1 (5.6), P1−LCE (5.7),

and P2−LCE (5.8) using the ECE and EMB signaling described in Fig. 5.8. P2−LCE (5.8) with

LCE and ECE signaling (α = 0.77) outperforms P1, which does admit LCE) using EMB

signaling by 0.08 dB for a target FER of 10−3. With ECE signaling, the FER performance of

the permuted code P1−LCE is improved by 0.16 dB for a target FER of 10−3 compared to the

same code using EMB signaling, and 0.12 dB worse than original code (5.6) without LCE
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concatenated block vectors vi, i = 1, 2, . . . , n, each of size (1× 1800), and an output is the
same size binary vector w representing encoded parity bits. For example, ESn=4 means that
c1 consists of 4 serially concatenated block vectors each of size (1× 1800). MUX concatenates
vectors as follows: u1 = [u p1], u2 = [u1 p2], w = [w1, . . . wn].

and using EMB signaling.

The gap ∆SNR|dB = 0.57 dB of the code C described by parity check matrix in Fig. 5.6

to AWGN capacity is calculated as ∆SNR|dB = SNR(FER, C)|dB − 10 log10(2
2R − 1),

where SNR(FER, C)|dB denotes the SNR at which the code achieves FER= 10−3 and

R = 1.34 is the transmission rate.

5.6 Conclusion

Optimizing positions and probabilities of PAM signaling to equalize the conditional entropies

of the different bit-levels enables the construction of LDPC encoders with linear encoding

complexity while harvesting capacity-approaching benefits of PAS. The proposed scheme

decouples LDPC code design (and bit mapping) from the specific PAM constellation. An

example demonstrates capacity-approaching performance with a PAS LDPC code that features
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Figure 5.8: FER as a function of SNR for: 1) Protomatrix P1 (5.6) without low-complexity
encoder (LCE) using Equidistant Maxwell-Boltzmann (EMB) signaling (dashed orange curve,
square marker). 2) Protomatrix P1−LCE (5.7) with LCE using equal conditional entropies
(ECE) signaling (blue dash-dot curve, triangular marker) and using EMB signaling (dash-dot
orange curve, square marker). 3) Designed protomatrix P2−LCE (5.8) with LCE using ECE
signaling (full blue curve, triangular marker). Dotted green vertical line shows the SNR where
AWGN capacity is 1.34 bits per channel-use. The rest of vertical lines represent P-EXIT
thresholds with values 7.65 dB, 7.77 dB, 7.88 dB, 8.04 dB from left to right.

a low-complexity encoder. We note that equidistant points can facilitate a low-complexity

demapper, especially in systems with limited analog-to-digital converter resolution. Future

works will investigate constellations that simultaneously can achieve both equal conditional

entropies and low-complexity demapping.
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Chapter 6

Optimization of Write Voltage Levels for

TLC Flash Memory

6.1 Introduction

6.1.1 Background

Flash memory is a non-volatile storage medium invented in the 1980s that quickly became a

prominent segment within the semiconductor industry [35].1 With fast reads and no moving

parts, flash memory is widely used for storage and data transfer in consumer devices such as

phones, digital cameras, SD cards, tablets and laptops, enterprise systems, data centers and

industrial applications. Flash memory can retain data for a long period of time regardless of

whether a flash-equipped device is powered on or off. It is small, reliable, and inexpensive

which makes it attractive for mobile and miniature products, two major market demands for

electronic devices.

To meet demands for information density, flash memory has introduced multilevel cell

techniques and technology scaling which degrades the Flash read channel [62]. Sometimes,

1This chapter is largely a reprint of work published in [56].
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the values manufacturers provide in publicly available datasheets differ from the actual Flash

device performance, which is significantly worse and highly variable as demonstrated in [62].

These trends exacerbate inter-cell interference and program/erase (P/E) cycling effects. A

P/E cycle includes writing (programming) the data to the cells in a page, reading the data

from a page (possibly multiple times) and then erasing the data. The Flash memory read

channel degrades over time as a function of number of P/E cycles or the cumulative amount of

charge that is written into and subsequently erased from the memory cell [24, 79]. Multilevel

cell techniques store multiple bits in each cell. For example, triple-level-cell (TLC) Flash

stores three bits per cell by using eight levels of write voltage. However, to minimize the read

latency, each bit in the same cell is mapped to a different page.

In this manner the bits corresponding to the same cell are encoded independently.

While nearly all practical devices encode each bit in the cell independently as part of a

different page, the academic literature sometimes explores Flash memory capacity for the

joint-encoding case where all the bits belonging to the same cell are jointly encoded as part

of one codeword. Example papers considering joint encoding for Flash memory include

[35], [101], [118], [117], [6], [39], [40]. Various methods for maximizing mutual information

for encoding and decoding Flash read channels were explored in [118], [117], [6], [39], [40]

and [99]. Recent work considering independent encoding in comparison with joint encoding

include [122], [67], and [10].

In [122] the benefit of joint encoding for multi-level cell (MLC) is examined for traditional

hard decoding and enhanced precision decoding in terms of mutual information (MI). It is

shown that for MLC the difference in sum-rate MI between joint and independent encoding

is small for hard decoding and negligible for enhanced precision decoding as long as the pages

are permitted to have different rates.

In [67], the focus is the differing performance of the possible binary labelings of the cell

levels for independent encoding for MLC and TLC flash for various decoding schemes. The

results obtained in [67] show that for P/E cycling model the largest sum rate is achieved with
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Gray labeling for Treating Interference as Noise (TIN) decoding. Very recently, [10] explored

both joint and independent encoding for TLC. They found that joint encoding increases

the mutual information and improves hard-input error correction performance with LDPC

codes [10].

6.1.2 Contributions

While joint encoding provides an information-theoretic benefit, this chapter focuses exclusively

on the practical scenario of independent encoding of Flash under the constraint that all pages

must convey the same number of bits. We use a mutual information maximizing paradigm

similar to [124] to adapt the locations and probabilities of write levels to increase the mutual

information of the weakest bit channel and hence improve the reliability of its corresponding

page. In this way, we seek a constellation of write levels that delivers the same amount of

mutual information to the bit channel for each page. For simplicity, we restrict attention to

TLC Flash with a simplistic additive white Gaussian noise (AWGN) channel model.

6.1.3 Organization

The remaining parts of this chapter are organized into four main sections. Sec. 6.2 describes

Flash paradigm for writing and reading information. Sec. 6.3 introduces our problem

statement from the mutual information perspective. Sec. 6.4 describes two algorithms for

maximizing the minimum information rate in under power and symmetry constraints. Alg.

3 adapts only the positions of write levels in the constellation, seeking to maximize the

minimum rate. Alg. 4 adapts both the position and the probability of each levels, again

seeking to maximize the minimum rate. Sec. 6.5 concludes the chapter.
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Figure 6.1: The eight voltage levels and Gray labeling for a TLC flash memory. B1, B2, B3

represent three bits corresponding to three different pages. X0, ..., X7 are cell voltage levels.
Vertical lines represent thresholds for each bit. The read process provides a single bit at a
time checking a threshold and reports whether the voltage is above or below that threshold.

6.2 Writing and Reading Flash Information

A basic cell of a flash memory is composed of a floating gate transistor. The amount of charge

in the floating gate controls the voltage at which the transistor turns on. We often refer to

the write-level as a voltage because the read process will apply a voltage and learn whether

the transistor is on or not via a sense-amp comparator.

The data stored in the cell is represented by cell voltage levels. The number of voltage

levels corresponds to the number of bits stored in the cell. There are 2m voltage levels when

m coded bits are stored in each cell. Flash technologies are named based on the number of

bits they can store. For example, Single Level Cell (SLC) stands for one bit per cell, Multi

Level Cell (MLC) indicates two bits per cell, Triple Level Cell (TLC) indicates three bits per

cell, etc. Cells are grouped into pages which are grouped into blocks. Pages are the smallest

unit for write and read operations.

Since bits belonging to the same cell are mapped independently to different pages, the

read process does not provide the actual voltage level, but a single bit at a time checking

a threshold and reporting whether the voltage is above or below that threshold. Fig. 6.1
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Figure 6.2: Flash Memory Layout as Multiple Access Channel (MAC). The noise Z is drawn
i.i.d. from a Gaussian distribution with variance N .

(following [67]) illustrates the eight voltage levels and Gray labeling for a cell in TLC flash

memories. During each read process the information obtained is whether the voltage is on the

left or the right side of the threshold depicted by vertical lines. We notice that for decoding

three pages a total of 7 reads are needed. However, bit B1 requires only one threshold check,

B2 requires two checks, and B4 requires four thresholds to be checked. Additional threshold

reads can provide soft information [122].

Consider a TLC flash memory with eight voltage levels as illustrated in Fig. 6.1. The

three bits B1, B2 and B3 written to a cell for the three independent pages together cause the

threshold voltage X to be written to the Flesh cell. As noted in [67], this is analogous to

a multiple access channel (MAC) with three users as illustrated in Fig. 6.2. When the cell

position is read, distortion causes the actual threshold voltage at the time of reading to be Y.

Therefore, the system model is given by following equation:

Y = X + Z, Z ∼ N (0, N) (6.1)

The noise Z is assumed to be independent of the signal X.

We can model the Flash write levels as M-ary pulse amplitude modulation (M-PAM). For

TLC, we use 8-PAM constellations to store 3 bits per page. We will consider equally spaced

equally likely (ESEL) 8-PAM as illustrated in the Table 6.1 as a baseline for comparison,
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Table 6.1: 8-pam ESEL constellations and gray labeling for TLC flash

Voltage Levels x0 x1 x2 x3 x4 x5 x6 x7

ESEL -7 -5 -3 -1 1 3 5 7

B1 0 0 0 0 1 1 1 1

B2 0 0 1 1 1 1 0 0

B3 0 1 1 0 0 1 1 0

although practical Flash write levels are not equally spaced.

6.3 The Mutual Information Perspective

6.3.1 Mutual Information for Three Independent Pages

Let p1 denote the probability of bit B1 being equal to 0, i.e. p1 = P (B1 = 0). Similarly, let

p2 and p3 denote probability of B2 and B3 being equal to 0, respectively. Let the 8-PAM

alphabet X = {x0, x1, ..., x7} and let XB
(0) be a subset of alphabet X for which Bj = 0 and

XB
(1) be a subset of alphabet X for which Bj = 1, where j = 1, 2, 3. We use AWGN for

channel model, i.e., Z ∼ N (0, N) and i.i.d.

Mutual information rates I(B1;Y ), I(B2;Y ) and I(B3;Y )) for independent encoding of

pages are calculated as follows:

I(Bj;Y ) =

∫
y

f(Bj = 0, y) log2

(
f(Bj = 0, y)

P (Bj = 0)f(y)

)
dy

+

∫
y

f(Bj = 1, y) log2

(
f(Bi = 1, y)

P (Bi = 1)f(y)

)
dy

where P (Bj = 0) = pj, P (Bj = 1) = 1− pj,

and j = 1, 2, 3.
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We can expend the terms inside the integrals as follows:

f(Bj = 0, y) = P (Bj = 0)f(y|Bj = 0)

= pjf(y|Bj = 0) (6.2)

f(Bj = 1, y) = P (Bj = 1)f(y|Bj = 1)

= (1− pj)f(y|Bj = 1) (6.3)

f(y|Bj = 0) =
∑

xi∈XB
(0)

p(xi)f(y|xi) (6.4)

f(y|Bj = 1) =
∑

xi∈XB
(1)

p(xi)f(y|xi) (6.5)

f(y) =
∑
xi∈X

p(xi)f(y|xi)

=
∑
xi∈X

p(xi)
1√
2πN

exp
−(y − xi)

2

2N
(6.6)

Where p(xi) = P (X = xi) or equivalently,

p(xi) = P (B1 = b1(i))P (B2 = b2(i))P (B3 = b3(i)) (6.7)

where i ranges from 0 to 7 and b1(i) is the most significant bit of the binary representation

of i, i.e. the blue bit in Fig. 6.1. Similarly, b2(i) is the middle bit and b3(i) is the least

significant bit.

The penalty for decoding the three pages independently (rather than jointly) is calculated

as follows:

I(B1, B2, B3;Y )− I(B1;Y )− I(B2;Y )− I(B3;Y )

= I(B1;B2|Y ) + I(B1, B2;B3|Y ) ≥ 0 (6.8)
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Figure 6.3: Independent MI rates for Equally Spaced Equally Likely (ESEL) Constellations
as a function of SNR.

Figure 6.4: Upper subplot: Comparison of Information rate I(X;Y ) = I(B1, B2, B3;Y ) for
joint decoding depicted by green curve and 3 × min{I1, I2, I3} where I1 = I(B1;Y ), I2 =
I(B2;Y ), I3 = I(B3;Y ) for Equally Spaced Equally Likely (ESEL) points. Lower subplot:
Percentage of Mutual Information loss for ESEL points with equal rate constraint.

6.3.2 Joint Vs Independent Encoding for ESEL Constellations

For ease of notation let I1 = I(B1;Y ), I2 = I(B2;Y ) and I3 = I(B3;Y ). Plots of three inde-

pendent rates I1, I2 and I3 as a function of signal-to-noise ratio (SNR) for ESEL constellations

are given in Fig. 6.3. Fig. 6.4 illustrates the mutual information I(X;Y ) = I(B1, B2, B3;Y )

117



for the overall ESEL constellations and 3 × minj (Ij) for j = 1, 2, 3 as a function of SNR.

Observing the Fig. 6.4 we note that there would be an improvement if we could find a way to

equalize the rates so that 3×minj (Ij) is closer to I(X;Y ).

6.3.3 Maximizing the minimum page mutual information

We formulate following optimization problem to maximize the minimum page mutual infor-

mation to seek a solution for which all three page rates in TLC Flash memory are equal:

max
x∈X ,p2,p3

min
j

I(Bj;Y ) j = 1, 2, 3.

s.t.
∑
i

p(xi)x
2
i = EESEL, i = 0, ...,M − 1

xk = −xM−1−k, k = 0, 1, 2,
M

2
− 1

p(xi) = P (B1 = b1(i))P (B2 = b2(i))P (B3 = b3(i))∑
i

p(xi)xi = 0

With M = 8 for TLC Flash and X = {x0, x1, ..., x7} having the ESEL values shown in Table

6.1, EESEL, the average power for equally spaced equally likely constellation points given by:

EESEL =

∑
i=0,...,M−1 x

2
i

M
= 21 (6.9)

We seek to design an alphabet X subject to symmetry and the power constraint EX2 ≤ EESEL

that maximizes the minimum MI between binary source Bj and a real valued output Y.

6.4 Maximizing the Minimum Rate

In this section we present two algorithms for solving optimization problem in Sec. 6.3.3. The

first algorithm retains equally likely points but moves points to increase the minimum value
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Algorithm 3 Dynamic Write-Level Position Assignment
Initialization:
M ← 8

ϵ = 10−4

X (1) = {x1, x2, ..., x|X (1)|} ▷ /* Initial ESEL points */
E = 1

M

∑
x∈X (1) x2

p1 = p2 = p3 = 0.5

i← 1
Iterations:
Ij = min(I1, I2, ..., Ilog2M)
1) Optimize constellation locations X :

a) Determine direction vector D̃(k) to adjust X
b) Compute

X (k+1) = d̃
(
X (k) + λ∗D̃(k)

)
, (6.10)

where d̃ = diag(d1, ..., dM ) ensures the power constraint, and the optimal movement factor
λ∗ is determined as
λ∗ = argmaxλ Ij

(
d̃
(
X (k) + λ∗D̃(k)

)
, p

(k)
1 , p

(k)
2 , p

(k)
3

)
where Ij(X ,P) is the mutual informa-

tion I(Bj;Y ) calculated from input PMF characterized by X and p1, p2, p3. Note that in
the maximization that yields λ∗, the resulting new values must satisfy Ii(X (k+1),P) ≥
Ij(X (k),P) for all i ̸= j, 0 ≤ i ≤ 2.
Stop If (I1 − Ij) ≤ ϵ, (I2 − Ij) ≤ ϵ, . . . (Ilog2|X (1)|)− Ij ≤ ϵ
Or if maximum number of iterations is reached
i← i+ 1

of I(Bj;Y ). The second algorithm additionally adjusts the probability of the constellation

points xi under the constraint that the three bits that determine the constellation label are

independent as described by (6.7), as required for independent encoding.

Alg. 3 enumerates the steps for maximizing the minimum rate through dynamic assignment

of the write level positions. Alg. 4 enumerates the steps for maximizing the minimum rate

by optimizing both positions and probabilities of the write levels.
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6.4.1 Dynamic Assignment of Write Level Positions

Alg. 3 maximizes the minimum rate under the constraint that the constellation points are

equally likely, i.e.,

P (Bj = 0) = P (Bj = 1) =
1

2
(6.11)

for j = 1, 2, 3. The details of the steps in Alg. 3 are as follows:

Initialization: Select the modulation number M = 8 for 8-PAM TLC Flash memory.

Tolerance ϵ is the maximum acceptable distance from any two independent rates I(Bj;Y )

for j = 1, 2, 3. Initialize constellation (point) locations to X = {−7,−5,−3,−1, 1, 3, 5, 7}

and average power E = 21 for ESEL constellations. In Alg. 3 we will optimize only point

locations and therefore we fix the input PMFs to be p1 = p2 = p3 = 0.5.

Iterations: Adjust Write-level Positions X : The process at each iteratoin is similar

to Step 4 in the power-constrained AWGN dynamic-assignment Blahut-Arimmoto (DAB)

algorithm introduced by Xiao in [124]. Each iteration begins by identifying the minimum MI

I(Bj;Y ) and optimizing one symmetric pair of constellation points to increase the selected

minimum MI I(Bj;Y ) = Ij(X , p1, p2, p3) calculated using MATLAB integral(·) function.

For each symmetric pair of constellation points we select the direction D̃(k) = el − er

with ej being a j-th standard basis vector as described in [124]. Define l and r such that

r = |X (k)| − l + 1. Thus, for the two symmetric points, l corresponds to the left location

being moved and r corresponds to the right location being moved.

Once the direction is found we perform a line search routine (e.g. using fminbnd in

MATLAB) to find the λ∗ that maximizes minimum rate Ij(X , p1, p2, p3) where X is a scaled

version of X (k)+λD̃(k). The interval for line search constrained so that other two non-minimum

rates stay above Ij(X , p1, p2, p3).

To enforce the power constraint, the constellation needs to be scaled to increase power if
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the two points move closer to the origin or to decrease power if the two points move further

from the origin. To do this, we define a diagonal matrix d̃ = diag(d1, ..., dM) to scale the

remaining points to meet the power constraint as follows:

Let xi be the i-th element of X (k) + λD̃(k). Since MATLAB is used as an optimization

tool, we will consider the indices of constellation points to start at 1, i.e. i = 1, ..., 8.

Similar to above, define the symmetric pair of positions being moved to be l and r such that

r = |X (k)| − l + 1.

If l = 1 or l = M
2

the following d̃ satisfies the power constraint:

di ∈ d̃ and di = 1 if i ∈ {l, r}, o.w. di = α (6.12)

such that Pd̃ = EESEL, where

Pd̃ = p(xl)x
2
l + p(xr)x

2
r +

∑
i/∈[l,r]

p(xi)α
2x2

i . (6.13)

Otherwise, only the outermost points are scaled as follows:

di ∈ d̃ and di = α if i ∈ {1,M}, o.w. di = 1 (6.14)

such that Pd̃ = EESEL, where

Pd̃ = p(x1)α
2x2

1 + p(xM)α2x2
M +

∑
1<i<M

p(xi)x
2
i . (6.15)

Note that in this section p(xi) = 1/8 since we are only optimizing point locations and keep

PMFs the same.

All three rates are calculated with updated alphabet consisting of optimized symmetric

pair of points and new minimum rate is determined to continue iteration process. The

algorithm stops if all three rates are within epsilon distance from each other or if we reach
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Figure 6.5: Three 8-PAM independent MI rates corresponding to bits B1, B2 and B3 re-
spectively for optimized points locations using Alg. 3. Green dotted curve is minimum
Information rate for Equally Spaced Equally Likely Points

maximum number of iterations. For most SNR values maximum minimum rate is achieved

for less than 50 iterations.

Fig. 6.5 shows optimized independent rates with respect to point locations as a function of

SNR. For reference we also show the minimum rate for the ESEL constellation. The difference

between the lowest of the optimized rates and the minimum rate for the ESEL constellation

represents the an improvement in page rate for the actual system. Fig. 6.6 shows optimized

point locations as a function of SNR.

Alg. 3 was able to achive essentially equal values for I1, I2 and I3 for SNR values above

15 dB and below 8 dB. However, it was unable to achieve equal values in the region between

8 dB and 15 db. Seeking to improve on the performance Alg. 3, the next section introduces

Alg. 4 which adds the capability to adapt the probability of each write level so that the

constellation points are no longer equally likely.
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Figure 6.6: 8-PAM Optimized constellations locations as a function of SNR.

6.4.2 Optimizing Write-Level Positions and Probabilities

This section presents Alg. 4, which optimizes both the positions and the probabilities of the

write levels. The constellation point probabilities must still be symmetric, which means that

p1 remains fixed at 1
2
. Functionally, the main difference between Alg. 4 and Alg. 3 is that

Alg. 4 contains one additional step that optimizes the PMFs corresponding to bit channels

B2 and B3, which are defined by the parameters p2 and p3. Gradient descent adjusts p2 and

p3 while scaling the constellation points to maintain the power constraint.

Let Ij be the minimum rate. Since objective function is maximizing Ij, let f =

−Ij(X , p1, p2, p3) so that we change the problem into minimizing f with respect to p2 and p3.

With this notation, gradient descent method is as follows:

△p := −∇f (6.17)

p = p+ α△p . (6.18)

We used α = 0.01 as our gradient step to optimize PMFs p2 and p3. Referring back to Fig.6.1

and Table 6.1, note that the PMF of the write levels PX = p(x) can be directly computed
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Algorithm 4 Optimizing Positions and Probabilities
Initialization:
M ← 8

α← 0.01 ▷ /*gradient step*/

ϵ = 10−4

X (1) = {x1, x2, ..., x|X (1)|} ▷ /* Initial ESEL points */
E = 1

M

∑
x∈X (1) x2

p1 = p2 = p3 = 0.5

i← 1
Iterations:
1) Optimize constellation locations X :

for index = 1:M
2

do
Ij = min(I1, I2, ..., Ilog2M)

a) Determine direction vector D̃(k) to adjust X
b) Compute

X (k+1) = d̃
(
X (k) + λ∗D̃(k)

)
, (6.16)

where d̃ = diag(d1, ..., dM ) ensures the power constraint, and the optimal movement factor
λ∗ is determined as
λ∗ = argmaxλ Ij

(
d̃
(
X (k) + λ∗D̃(k)

)
, p

(k)
1 , p

(k)
2 , p

(k)
3

)
where Ij(X ,P) is the mutual informa-

tion I(Bj;Y ) calculated from input PMF characterized by X and p1, p2, p3. Note that in
the maximization that yields λ∗, the resulting new values must satisfy Ii(X (k+1),P) ≥
Ij(X (k),P) for all i ̸= j, 0 ≤ i ≤ 2.
end for
I = min(I1, I2, ..., Ilog2M)
2) Optimize PMFs p2 and p3:

Use gradient descent to optimize p2 and p3 while
satisfying power constraint by scaling constellations.

Stop If (I1 − I2) ≤ ϵ && . . .&& (I1 − Ilog2|X (1)|) ≤ ϵ
Or if maximum number of iterations is reached
i← i+ 1

from p1, p2 and p3 as follows:

PX = [p1p2p3, p1p2(1− p3), p1(1− p2)(1− p3), p1(1− p2)p3,

(1− p1)(1− p2)p3, (1− p1)(1− p2)(1− p3), (1− p1)p2(1− p3), (1− p1)p2p3] (6.19)
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Figure 6.7: 8-PAM Independent rates for optimized constellation positions and input PMFs.

The gradient descent is complicated by the need to maintain the power constraint. Let

QX be the previous constellation PMF used in step 1) of Alg. 4. We perform two separate

steps in the power constrained gradient descent to separately adjust p2 and p3 as follows:

Step 1: Adjust p2 by using (6.17) and (6.18) with p = p2. Use the new p2 to compute

the new PX according to (6.19). Scale the constellation points to satisfy power constraint as

follows:

ai =
QX(i)

PX(i)
, i = 1, ..,M. (6.20)

x
(k+1)
i =

√
aix

(k)
i (6.21)

After a gradient step in direction of p2 is performed and points are scaled recalculate all

three rates and check if they are all greater or equal to minimum rate. If this condition is not

satisfied adopt initial p2 and constellation points and move to Step 3. Otherwise, keep the

solution and move to Step 3.

Step 2: Adjust p3. This step is identical to Step 1 except applied to p3 instead of p2.

We fix p2 obtained from Step 2) and perform the gradient with respect to p3 while scaling
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Figure 6.8: 8-PAM Optimized constellations locations using Alg. 4 as a function of SNR.

points to maintain the power constraint. Step 1 and Step 2 are repeated until there is no

more improvement in maximizing the minimum rate.

Fig. 6.7 shows the independent rates achieved by the optimized point locations and input

PMFs obtained using Alg. 4. Fig. 6.8 shows optimized point positions and input PMFs

resulting from using Alg. 4 to achieve independent rates in Fig. 6.7. In Fig. 6.9, the joint

mutual information resulting from optimized points and PMFs in Alg. 4 is compared to MI

of DAB optimized input PMFs given in [124] as well as to 3 times minimum information rate

and sum of independent rates for optimized points and PMFs. Fig. 6.10 shows three losses

for flash system:

1. Shaping loss: I(X;Y )DAB − I(B1, B2, B3;Y )

2. Independent encoding loss:

I(B1, B2, B3;Y )− I(B1 : Y )− I(B2;Y )− I(B3;Y )

3. Equal rate constraint loss:

I(B1;Y ) + I(B2;Y ) + I(B3;Y )− 3 ∗minj{I(Bj : Y )}

The results in Fig. 6.10 show that equal rate constraint loss is negligible for nearly all
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Figure 6.9: Joint mutual information rate I(B1, B2, B3;Y ) for optimized points and PMFs
is compared to the sum of independent rates, 3 times minimum independent rate and joint
MI for DAB optimized input PMFs. Equal rate constraint loss is nearly zero for all SNRs.
Independent encoding loss is negligible for SNR = 15 dB and higher. The most evident loss
comes from shaping.

SNRs. Independent encoding loss is higher for very low SNRs but zero after 15 dB. Shaping

loss is evident mostly from 10 to 22 dB with highest value slightly less than 0.15 bits. Shaping

loss could be improved by explicitly adding a step to improve the joint mutual information.

6.5 Conclusion

This chapter focuses on the practical scenario of independent encoding of Flash under the

constraint that all pages have to store the same amount of information. By optimizing the

positions of the write levels in the constellation and input probabilities to maximize a mutual

information rate of the bit channel with worst information rate, we were able to significantly

improve the minimum page rate. The independent encoding loss and equal rate constraint

loss are negligible (zero) for operational SNRs. Shaping loss is the most significant loss in an

interesting range between 10 and 22 dB, with the largest loss approaching 0.15 bits. This loss
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Figure 6.10: Equal Rate Constraint Loss:
I(B1 : Y ) + I(B2;Y ) + I(B3;Y ) − 3 ∗ min[I(B1 : Y ), I(B2;Y ), I(B3;Y )], where I(B1 :
Y ), I(B2;Y ), I(B3;Y ) are information rates for optimized constellations and input PMFs.
Independent encoding loss: I(B1, B2, B3;Y )− (I(B1 : Y ) + I(B2;Y ) + I(B3;Y )) given in
Eqn. (9). Shaping Loss: Difference between DAB Mutual Information Rate I(X;Y ) given
in [124] and I(B1, B2, B3;Y ) for optimized points and PMFs.

may be reduced by an additional optimization step, which is the subject of future research.

We note that 8-PAM constellations with points that are not equally likely can be supported

by coded modulation techniques such as probabilistic amplitude shaping [13,18,27,119].
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Chapter 7

Joint Optimization of Write and Read

Thresholds for MLC Flash Memory

7.1 Introduction

7.1.1 Background

As discussed in Chapter 6, Flash memory is widely utilized data storage technologies in

modern electronic devices. 1 Techniques that prolong reliable Flash memory performance are

therefore worthy of study in response to rapidly increasing data storage demands.

Programming requires applying charge to the Flash cell to set the voltage level, or write

voltage, at which current will flow. Each Multi-Level Cell (MLC) has four possible write

voltages, one for each two-bit input. Each bit maps to a different page in the Flash cell [19].

Data is read through the application of various voltages or read thresholds on the gate to

sense the presence or absence of current [12].

One iteration of programming, reading and erasing data is referred to as a Program and

Erase Cycle or P/E Cycle. As the number of P/E Cycles of a device increases, the device
1This chapter is largely a reprint of work published in the IEEE International Symposium on Information

Theory [8]
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becomes less reliable until the frame error rate (FER) becomes too high, indicating the end of

its useful lifetime [79]. Sources of distortion in the Flash read channel include programming

noise, cell-to-cell interference, and charge leakage induced by device wear-out [116]. Therefore,

this research strives to find proper write voltage levels and read thresholds that minimize

degradation of the device, subject to noise of the cell, while still allowing for successful

memory storage.

For a specified LDPC code rate such as 8/9, when the mutual information (MI) between

the write voltage and the bits read from the Flash read channel falls below the LDPC code

rate, page failure is unavoidable. Wong et al. [122] optimizes initial and enhanced precision

read thresholds by maximizing the MI between the input and output of the Flash read

channel. However, in [122], the most-significant bit (MSB) page fails about 250 P/E cycles

before the least-significant bit (LSB) page for the same precision level. Wong et al. also does

not explore optimizing write voltage levels.

Researchers have previously explored the benefits of optimizing initial read [126] or write

[39] voltage levels using the techniques of maximizing MI as introduced in [117]. [38] proposes a

search algorithm of write level optimization to minimize error probability in multilevel coding

and bit-interleaved coded modulation (BICM). In [74], voltage level optimization is performed

to accomplish minimizing the overall bit error rate (BER) and equalizing page BERs. Both [38]

and [74] consider hard decoding reads without analyzing the benefits of optimizing enhanced

precision thresholds, write voltages and hard read thresholds simultaneously. Optimization

of both read and write voltage levels is explored in [6] and [7]. In [6] write voltages are

optimized such that the overall probability of error is minimized, while read thresholds are

optimized for maximizing total MI in the same manner as [117], but with a different Flash

channel model. In both papers optimization techniques are not compatible with practical

Flash memory coding structure where each page is encoded independently.

This chapter uses MI maximization to jointly optimize write voltages and read thresholds

in the context of practical Flash memories, which use equally-sized pages, encode each bit
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Figure 7.1: Flash system model with initial and enhanced precision reads.

of a cell into a distinct page, and use progressive reads with enhanced precision to decode

pages when the initial read fails. To maximize the Flash lifetime, we seek to equalize the

performance of the pages associated with different bits as in, e.g., [38, 74]. Since data is

written before the controller knows whether enhanced precision is needed, the same write

voltages must be used for both initial reads and the progressive reads. Therefore, a choice

must be made between selecting the write voltages that optimize the performance of the

initial read or the enhanced reads.

Thus, we consider jointly optimizing write voltages and read thresholds to maximize three

distinct MIs. One approach is to select the write voltages and read thresholds to maximize

minimum page MI between the page bit and the initial reads. This is the scenario of [38, 74],

although those papers minimize bit error rate rather than maximize MI. Our second approach

jointly optimizes the write voltage levels, initial read thresholds, and enhanced precision read

thresholds to maximize minimum page MI between the page bit and all receiver information

available after the enhanced precision read. Our third approach optimizes write voltages for

the limiting case of enhanced precision where full “soft" information is available, i.e. controller

learns the exact voltage where current begins to flow, as in [56] and Chapter 6.

7.1.2 Contributions

The main contributions of this chapter are as follows:
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• This chapter compares three approaches to optimizing write voltage levels, maximizing

the minimum of a specific MI 1) the MI for the initial read or 2) the MI after read with

enhanced precision or 3) the soft MI. The minimum MI for the initial read provided

the best overall performance for the channel studied.

• Among these three choices, information theoretic analysis and LDPC simulations

show that maximizing the minimum MI for the initial read seems to be preferable for

increasing the lifetime in P/E cycles until the LDPC frame error rate (FER) exceeds

10−6.

7.1.3 Organization

The remainder of this chapter is organized as follows. Sec. II discusses the model of the

Flash read channel. Sec. III summarizes the optimization of read thresholds for the initial

read and for enhanced-precision to maximize the MI between the channel input and the

specific outputs of that read operation. Sec. IV describes the joint optimization of write

voltages and read thresholds to maximize one of three distinct MIs. Sec. V compares the

three proposed approaches of Sec. IV to the write voltages and read thresholds used by [122].

Sec. VI presents the FER performance of LDPC simulations using the original write voltages

of [122] and write voltages of each optimization technique. Sec. VII concludes the chapter.

7.2 Flash Channel Model

Following [122], Fig. 7.1 shows the system model and read channel where the bits of the

LSB and MSB page induce the written voltage X, which is distorted by signal-dependent

Gaussian noise Z(X) to produce Y . As in [122], Z(X) is approximated by a Gaussian

distribution with two possible variances. Following the general behavior of Flash cells, the

lowest value of X corresponding to an un-programmed cell has the larger variance and the
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noise for all of the other cells has the smaller variance because the feedback loop associated

with programming reduces certain distortions. Note that the mean of Z(X) is not X because

there are distortions such as retention loss and read disturb that shift the mean in addition

to distortions that add variance [19].

As shown in Fig. 7.1, the initial read for the LSB page produces the bit YLSB. For the

MSB page, the initial read produces two bits YMSB1 and YMSB2. YLSB, YMSB1 and YMSB2

represents whether the output voltage Y is above or below the initial read thresholds TLSB,

TMSB1 and TMSB2, respectively. If the LDPC decoder fails to find a valid codeword with the

initial read, an enhanced precision read provides additional bits. The enhanced read produces

the variables YE
LSB, YE

MSB1 and YE
MSB2 which are each vectors of two variables representing

whether the real number output voltage Y is above or below the enhanced precision read

thresholds placed to the left and right of each initial read threshold.

Fig. 7.2 shows an example of the two-variance Gaussian model for an MLC at 1600 P/E

cycles. The means of the middle two means or write voltages and initial read thresholds are
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placed four ways. One way is according to [122], which is considered as a baseline. The three

new placements are according to the three optimization objectives described later in this

chapter. The means and variances used in [122] for each multiple of 100 P/E cycles can be

found in [115]. As the number of P/E cycles increase, retention losses causes the spacing

between the input means to decrease and the variance of the programmed levels to increase.

7.3 Read Threshold Optimization

Wong et al. [122] optimized initial read thresholds T I
LSB and TI

MSB (a vector containing

T I
MSB1 and T I

MSB2) as a function of the means and variances of the two-variance Gaussian

channel, according to the following two optimizations:

max
{T I

LSB}
IILSB and max

{TI
MSB}

IIMSB, with (7.1)

IILSB = I(XLSB;Y
I
LSB) and IIMSB = I(XMSB;Y

I
MSB), where XLSB and XMSB are the two

input bits, one for the LSB page and one for the MSB page using this MLC Flash cell. YI
MSB

is a vector containing Y I
MSB1 and Y I

MSB2. As observed in [122], since T I
LSB affects only Y I

LSB

and not YI
MSB and conversely TI

MSB affects only YI
MSB and not Y I

LSB, maximizing IILSB and

IIMSB are independent optimizations when the write voltages are assumed to be fixed and

not included in the optimization.

Enhanced precision read thresholds TE
LSB (a vector containing T left

LSB and T right
LSB ) and simi-

larly defined vectors TE
MSB1 and TE

MSB2 are found by solving the following two optimization

problems

max
{TE

LSB}
IELSB and max

{TE
MSB1,T

E
MSB2}

IEMSB, with (7.2)

IELSB = I(XLSB;Y
I
LSB,Y

E
LSB) and IEMSB = I(XMSB;Y

I
MSB,Y

E
MSB1,Y

E
MSB2). YE

LSB is a

vector containing Y left
LSB and Y right

LSB . YE
MSB1 and YE

MSB2 are similarly defined vectors. As with
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the initial reads, the IELSB and IEMSB calculations for the enhanced reads are independent

optimizations when the write voltages are assumed to be fixed and not included in the

optimization. In [122], enhanced precision read thresholds are chosen after initial read

thresholds are found according to Equation 7.1.

7.4 Write Voltage Levels that Optimize Page MI

For MLC Flash, there are four voltage levels, which we will refer to according to the two-bit

input label that is associated with each level. Looking again at Fig. 7.2, the write voltages

from left to right are µ11, µ01, µ00, and µ10.

In this chapter, the write voltages are assumed to completely determine the means of the

Gaussian distributions observed during the read operation. In practice charge retention issues

and read-disturb in real Flash memory systems cause the means of the read distributions

to vary from the voltages written to the device [19]. Our optimization methods can easily

incorporate a known relationship between the write voltage and the mean of the read

distribution.

This section describes three techniques, with each technique maximizing the minimum

of a specific page MI. We assume that the erased state mean µ11 cannot be changed by the

controller. Similarly, we assume that the rightmost mean µ10 is already maximized and would

not be further adjusted by the controller. Thus, our optimization only modifies the middle

two write voltage levels, µ01 and µ00.

All three optimization objectives explored in this chapter are solved in MATLAB using

fminsearchcon function [29] which utilizes the Nelder-Mead Simplex Method to perform

a direct search over multidimensional space. When using the fminsearchcon function to

maximize the minimum of ISoft, the write voltages are initialized to those found in [115].
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7.4.1 Maximizing Minimum of IInitial for LSB and MSB

The first technique jointly optimizes the write voltage levels µ01, µ00 and all initial read

thresholds to maximize the minimum page MI for the initial read. Since the write voltage

levels are deterministic of both IILSB and IIMSB a joint optimization is required as follows:

max
{T I

LSB ,TI
MSB,µ01,µ00}

min(IILSB, I
I
MSB) , (7.3)

IILSB and IIMSB MIs are IInitial. The optimization is initialized with the write voltage levels

and initial read thresholds found to optimize ISoft described below. Enhanced precision read

thresholds for this optimization objective are found by applying the optimized write voltages

and initial read thresholds to Eqn. 7.2.

7.4.2 Maximizing Minimum of IEnhanced for LSB and MSB

The second technique jointly optimizes the write voltage levels µ01, µ00, the initial read

thresholds and the enhanced precision read thresholds to maximize the minimum page MI for

the enhanced read. Since the write voltage levels are deterministic of both IELSB and IEMSB, a

joint optimization is required as follows:

max
{T I

LSB ,TI
MSB,TE

LSB,TE
MSB1,T

E
MSB2,µ01,µ00}

min(IELSB, I
E
MSB) , (7.4)

IELSB and IEMSB are considered IEnhanced. The optimization is initialized with the write voltage

levels, initial and enhanced precision read thresholds found to optimize ISoft described below.

7.4.3 Maximizing Minimum of ISoft for LSB and MSB pages

The third technique finds write voltages that maximize the page MIs I(XMSB;Y ) and

I(XLSB;Y ) where Y is the real number output voltage of the Flash read channel. These MIs

are considered ISoft because they utilize the soft output Y . Write voltages are deterministic
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Figure 7.3: Plot of IInitial vs P/E Cycle for the MSB and LSB for each optimization technique
and original mean voltages and initial read thresholds from Wong et al.

of both I(XMSB;Y ) and I(XLSB;Y ), so they must be jointly optimized. When performing

the optimization to find the minimum page MI of ISoft, the write voltages are initialized

to those found in [115]. Initial read thresholds and enhanced precision read thresholds for

this optimization objective are found by applying these write voltages to Eqn. 7.1 and Eqn.

7.2, respectively. Methods outlined in methods [116] and [107] allow the realization of the

variances and means of the erase state and highest voltage input of the Flash device every 100

P/E cycles. Optimized thresholds and write voltages found using methods outlined in this

chapter can then be pulled from a lookup table formulated offline. Learning the parameters

of the Flash channel has been researched extensively to allow novel optimization techniques,

like the one presented in this research, to extend the lifetime of Flash memory devices.

7.5 Page MI vs. P/E Cycles for Three Objectives

7.5.1 Comparing Performance for IInitial vs. P/E Cycles

IInitial is the MI between the output found from the initial reads and the LSB or MSB page

input. Fig. 7.3 shows plots of IInitial for each page calculated with the voltage levels and
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Figure 7.4: Plot of IEnhanced vs P/E Cycle for the MSB and LSB for each optimization
technique and original mean voltages and initial read thresholds from Wong et al.

initial read thresholds from [122] and each of the three optimization objectives.

For the mean voltages optimized to maximize IInitial, the MSB and LSB page fail (have

an MI below 0.9) simultaneously at 1590 P/E cycles. Thus, mean voltages optimized for

IInitial increase the initial-read lifetime of the device by around 40 P/E Cycles compared to

values from [122]. Operating the Flash device with mean voltages and initial read thresholds

optimized for IEnhanced leads to a similar initial-read lifetime as using values from [122]. Mean

voltages optimized for ISoft decreases the initial-read lifetime of the device by around 7 P/E

cycles.

7.5.2 Comparing Performance for IEnhanced vs. P/E Cycles

IEnhanced measures the MI between the output bits produced by the initial and enhanced

reads and the LSB or MSB of the input. Fig. 7.4 shows the values of IEnhanced for each page

calculated using the write voltages, initial read thresholds and enhanced precision thresholds

from [122] and each of the three optimization objectives.

The mean voltages optimized for IEnhanced the MSB and LSB page fail simultaneously at

about 1767 P/E cycles, increasing the Flash memory’s enhanced-read lifetime by around 90

P/E cycles compared to the original mean voltages and initial read thresholds from Wong et
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Figure 7.5: Plot of ISoft vs P/E Cycles for the MSB and LSB for each optimization technique
and original mean voltages and initial read thresholds from Wong et al.

al. The mean voltages optimized for IInitial and ISoft have slightly worse initial-read lifetimes

than the mean voltages optimized for IEnhanced, but both increase the Flash memory’s

enhanced-read lifetime significantly as compared to the original mean voltages from Wong et

al.

7.5.3 Comparing Performance for ISoft vs. P/E Cycles

ISoft calculates the amount of information the real number output voltage reveals about

the binary input LSB or MSB. Fig. 7.5 shows ISoft of each page calculated using the write

voltages from [122] and each of the three optimization objectives.

Write voltage levels optimized for a real number output lengthen Flash memory lifetime

by approximately 90 P/E Cycles compared to the lifetime with the original means of [122] and

provides the greatest lifetime change of all three optimization methods. However, practical

Flash devices do not have access to the real valued voltage Y . Instead, they must decode

the page data using only a few bits of information about Y obtained by comparing Y with

various read thresholds.

Fig. 7.6 shows the values IInitial, IEnhanced, and ISoft at 1600 P/E cycles for all four

ways of selecting the mean voltages.The lifetime of the flash device is determined by the
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Figure 7.6: Comparison of three MI measures for all sets of means and thresholds at 1600
P/E Cycles

page with the shortest lifetime. While the MSB page lifetime decreases for all optimization

techniques as compared to [122], the LSB page lifetime is increased so the lifetime of the

device with optimized write voltages is increased. For each of the three possible MIs IInitial,

IEnhanced, and ISoft, the mean voltages optimized to maximize the minimum of that MI result

in the MSB and LSB page MIs of that type being essentially identical. The mean voltages

optimized for other MIs have a lower minimum page MI. Figs. 7.3, 7.4, 7.5, and 7.6 reveal

that parameters optimized to maximize one MI do not generate optimal results for other MIs.

Write voltages are selected before knowing whether the initial read or the enhanced read

will be required for LDPC decoding. One optimization approach must be picked. Since ISoft

is not practically relevant, let’s focus attention on IInitial and IEnhanced. Looking at IInitial in

Fig. 7.6, the performance of the means optimized for IEnhanced is significantly worse than

the performance of the means optimized for IInitial. In contrast, looking at IEnhanced in Fig.

7.6, the means optimized for IInitial perform only slightly worse than the means optimized

for IEnhanced. Thus, for the channel studied, the MI results indicate that the best overall

performance will be obtained by using IInitial to optimize the write voltages. This will give

the absolute best performance on the initial read and the performance for the enhanced read

will be almost as good as having optimized specifically for that case.
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Figure 7.7: Block diagram of independent encoding of MSB and LSB pages.

Figure 7.8: Block diagram of independent decoding of MSB and LSB pages.

7.6 Performance with LDPC codes

7.6.1 Independent Encoding and Decoding Procedure

A protograph-based low-density parity check (LDPC) code [95] of rate 8/9 encoding 14400

message bits into 16200 codeword bits is used to simulate frame error rates (FERs) for initial

and enhanced read decoding. Fig. 7.7 illustrates that two independent k-bit messages, each

for the LSB and MSB pages, are encoded into two separate codewords of n bits, which are

then combined and mapped to n voltage levels. The decoder in Fig. 7.8 uses the n voltage

levels to determine the log-likelihood ratio (LLR) for each page independently in accordance

with the thresholds. For initial read decoding, Y I
LSB will produce two LLR regions for the

LSB page, while YI
MSB produce three LLR regions for the MSB page. For enhanced-read

decoding, Y I
LSB and YE

LSB will produce four LLR regions for the LSB page, while YI
MSB,

YE
MSB2 and YE

MSB1 will result in seven LLR regions for the MSB page.
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Figure 7.9: FER vs. P/E Cycles for initial read decoding of MSB and LSB pages.

7.6.2 LDPC Simulations Results

Fig. 7.9 shows initial read decoding FER vs. P/E cycles for simulations obtained using

optimized mean voltages and initial-read thresholds for IInitial and IEnhanced and FER curves

obtained using original mean voltages and initial read thresholds from Wong et al. Construing

lifetime as when FER of either MSB or LSB page exceeds 10−6, the initial-read lifetime

for mean voltages optimized for IInitial is about 1400 P/E cycles, offering a 100 P/E cycle

improvement over the means used in Wong et al. [122]. Initial-read lifetime for mean voltages

optimized for IEnhanced is about 1300 P/E cycles, slightly better than the means used in

Wong et al. [122]. Consistent with Fig. 7.3, the FER performance for both MSB and LSB

pages is similar for the means optimized for IInitial.

Fig. 7.10 shows enhanced-read-decoding FER vs. P/E cycles for simulations obtained

using the various mean voltages. Construing lifetime as when FER of either page exceeds 10−6,

the enhanced-read lifetime for mean voltages optimized either for IInitial and for IEnhanced

is about 1510 P/E cycles, improving the lifetime over means used in Wong et al. [122].

Consistent with Fig. 7.4, FER performance for both MSB and LSB pages is similar for the

means optimized for IInitial.
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Figure 7.10: FER vs. P/E Cycles for enhanced precision decoding.

7.7 Conclusion

This research demonstrates the additional benefits to Flash memory lifetime that can be

achieved by optimizing write voltage levels and thresholds for Flash memory with progressive

reads. Optimizing IInitial, i.e. for initial-read performance, was the most effective method

of maximizing the minimum MI of the MSB and LSB pages in terms of increasing lifetime,

whether lifetime is construed as the number of P/E cycles until the MI of a page fell

below 0.9 or until the FER of a page rose above 10−6. LDPC simulations showed a strong

correlation between MI and LDPC FER performance, confirming that selecting mean voltages

to maximize the minimum MI of a page also obtains mean voltages that achieve similar FER

performance, and thus extended device lifetime.
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Chapter 8

Conclusion

Forward error correction codes are essential for improving the reliability of data transmission

over fading channels in satellite communications. LDPC codes deliver capacity-approaching

performance with relatively low-complexity decoding, making them well suited for modern

satellite communication systems. However, the current CCSDS standard relies on turbo codes

for low-rates, and the high error floor of these turbo codes can limit their effectiveness over

longer distances. This dissertation addressed the limitations of existing coding solutions for

low-rate satellite communication by developing a new class of low-rate PBRL LDPC codes

from the rate-1/2 CCSDS LDPC code. In particular, the proposed LDPC codes support rates

1/3, 1/4 and 1/6 for message lengths 1024, 4096, and 16384, offering FER performance similar

to existing turbo codes in the waterfall region and no visible error floor for the simulated

FER range. These results demonstrate the potential of the proposed codes as a practical

alternative to low-rate turbo codes in next-generation satellite communication systems. The

new codes also support dynamic adaptation for fading channels.

Dynamic adaptation is an efficient technique that adjusts the coding rate according to

the current channel conditions. This allows the system to use stronger error protection (lower

code rate) when the channel is poor to maintain reliable transmission. Conversely, when the

channel is good, the system can use higher data rates to increase throughput. Thus, dynamic
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adaptation keeps transmission both reliable and efficient. In Chapter 3, we explore the effect

of round-trip feedback delay in rate-adaptive systems. Specifically, we mitigate performance

degradation caused by feedback delay by proposing prediction models to estimate fading

channel conditions and dynamically select appropriate LDPC code rate. The behavior of

predictive models is examined as feedback delay is increased from no delay to delay equal to

coherence time. The simulation results show that quadratic prediction model is the overall

best choice for round-trip feedback delays shorter than half of the fading channel coherence

time. For coherence time of 10 ms this model achieves from 95.2% to 68.7% of ideal zero-delay

throughput as round-trip feedback delay is increased from 1 ms to 5 ms. The channel with

coherence time of 10 ms is meant to model the optical channel of LEO satellite.

As communication systems continue to demand higher spectral efficiency and reliability,

PAS combined with LDPC codes provides a promising technique for approaching the fun-

damental limits of communication. This dissertation has investigated several approaches to

improve the performance of such systems, with a particular focus on code design, error-floor

mitigation, and encoding complexity. The proposed techniques address performance limi-

tations in both the waterfall and error-floor regions, providing significant improvements in

error-rate performance while maintaining practical implementation complexity.

In Chapter 4 we presented bit-interleaving and post-processing techniques to improve

error floors of LDPC-coded systems with PAS when the dominant errors in the error-floor

region are low-weight codewords. When these techniques are applied to the rate-2/3 DVB-S2

LDPC code the error floor is reduced by more than two orders of magnitude.

In Chapter 5 we presented a geometric and probabilistic shaping optimization scheme to

equalize the conditional entropies of the different bit-levels in the PAM constellation label.

Such scheme enables the construction of LDPC encoders with linear encoding complexity

using standard design approach for BI-AWGN channel, while harvesting capacity-approaching

benefits of PAS. We demonstrated that a protograph LDPC code optimized for the BI-AWGN

channel with the proposed constellation that equalizes the conditional entropies outperforms
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the code design optimized for unequal bit-level protection in [105].

In the last two chapters of this dissertation, we extend our investigation of LDPC codes

with optimal signaling to data storage systems, with a particular focus on Flash memory.

For TLC Flash we demonstrated that optimizing the positions of the write levels in the

constellation and input probabilities to maximize a mutual information rate of the bit channel

with the lowest information rate can significantly improve the minimum page rate, with

negligible encoding loss and equal rate constraint loss for operational SNRs. For a two-

variance Gaussian channel we demonstrated that jointly optimizing write voltage levels and

read thresholds of MLC Flash memory can extend its operational lifetime.

Overall, this dissertation introduced several optimization techniques for LDPC-based com-

munication and storage systems, demonstrating significant performance gains and potential

for practical implementation in real-world systems.
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