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GLOBAL WELL-POSEDNESS AND SCATTERING OF THE
(441)-DIMENSIONAL MAXWELL-KLEIN-GORDON EQUATION

SUNG-JIN OH AND DANIEL TATARU

ABSTRACT. This article constitutes the final and main part of a three-paper sequence
[24, 25], whose goal is to prove global well-posedness and scattering of the energy criti-
cal Maxwell-Klein-Gordon equation (MKG) on R!** for arbitrary finite energy initial data.
Using the successively stronger continuation/scattering criteria established in the previous
two papers [24] 25], we carry out a blow-up analysis and deduce that the failure of global
well-posedness and scattering implies the existence of a nontrivial stationary or self-similar
solution to MKG. Then, by establishing that such solutions do not exist, we complete the
proof.
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1. INTRODUCTION

In this article we prove global well-posedness and scattering of the energy critical Maxwell-
Klein-Gordon equation on R'** for any finite energy initial data data. In Section [LI], we
present some background material concerning the Maxwell-Klein-Gordon equation on R*4,
Readers already familiar with this equation may skip to Section [[.2], where we give a precise
statement of the main theorem (Theorem [[3]). This paper is the main and logically the final
part of the three-paper sequence [24], 25]. In Sections [2 and [l below, we provide an overview
of the entire proof of Theorem spanning the whole sequence.

1.1. (4 + 1)-dimensional Maxwell-Klein-Gordon system. Let R'™ be the (4 + 1)-
dimensional Minkowski space with the metric
m,,, = diag (—1,+1,+1,+1,+1)

in the standard rectilinear coordinates (t = 2%, 2%, -+ z*). Consider the trivial complex line

bundle L = R x C over R'* with structure group U(1) = {e’X € C}. Global sections
1
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of L may be identified with C-valued functions on R'**. Using the identification u(1) = iR
and taking the trivial connection d as a reference, any connection D on L takes the form

D=d+:A

for some real-valued 1-form A on R'™. The Mazwell-Klein-Gordon system is a Lagrangian
field theory for a pair (A, ¢) of a connection on L and a section of L with the action functional

S[A, ¢] :/ 1FWF“”—i- DquD“qbdtd:c
R1+4 4

where F,, = (dA),, = 0,A, — 0,A, is the curvature 2-form associated to D. We follow

the usual convention of raising/lowering indices by the Minkowski metric m, and also of

summing over repeated upper and lower indices. Computing the Euler-Lagrange equations,

we arrive at the Mazwell-Klein-Gordon equations (MKG)

{ O"F,, =Im(¢D, )

(MKG)
Uae =0,

where (4 := D*D,, is the (gauge) covariant d’Alembertian.

A basic feature of (MEKQ) is gauge invariance. Geometrically, a gauge transform is a
change of basis in the fiber C over each point on R'** by an element of the gauge group
U(1). Accordingly, we refer to a real-valued function x : R!™ — R (hence eX € U(1)) as a
gauge transformation and define the corresponding gauge transform of a pair (4, ¢) as

(4,0) = (A, 9) == (A — dx,eXg), (1.1)

Observe that D and [0y are covariant under gauge transforms (i.e., eXD¢ = f)¢ etc),
whereas F' and Im(¢D,¢) are invariant. Hence (MEG)) is invariant under gauge transforms.
Since U(1) is an abelian group, (MKG]) is said to be an abelian gauge theory.

We now formulate the initial value problem for (MKGI), in a way that is consistent with
the gauge invariance of the system. An initial data set for (MKG]) consists of a pair of
1-forms (aj, e;) and a pair of C-valued functions (f,g) on R*. We say that (a,e, f, g) is the
initial data for a solution (A, ¢) at time tq if

(Aja F0j> ¢> Dt¢) [{t:to}: (a'ja €j, .fa g)

We usually take the initial time ¢, to be zero. Observe that the ¥ = 0 component of (MEKGI)
imposes a constraint on any initial data for (MKG]), namely

§'e, = Im(fg) (1.2)

This equation is called the Gauss (or constraint) equation.

There is a conserved energy for (MKG]), which is one of the basic ingredients of the non-
perturbative analysis performed in this paper. We define the conserved energy of a solution
(A, ¢) at time ¢ to be

Eryxri]A / > FuP+ D] D d. (1.3)

{t}xR* O<u<l/<4 0<u<4



For a suitably regular solution to (MKGI) defined on a connected interval I, this quantity is

constant. This conservation law is in fact a consequence of Néther’s principle (i.e., continu-

ous symmetry of the field theory corresponds to a conserved quantity) applied to the time

translation symmetry of (MKG]); we refer to Section [l for further discussion and a proof.
Observe that the conserved energy is invariant under the scaling

(A, 0)(t,z) = A TA N (N, A ) for any A > 0,
which also preserves the system (MKG). Hence (MKG) on R'™ is energy critical.

1.2. Statement of the main theorem. Our goal now is to give a precise statement of
the global well-posedness/scattering theorem proved in this paper. For this purpose, we first
borrow some definitions from [18] [24].

We say that a (MKQ]) initial data set (a,e, f, g) (i.e., a solution to the Gauss equation) is
classical and write (a,e, f,g) € H*> if each of a,e, f, g belongs to HX® := N H». Corre-
spondingly, we say that a smooth solution (4, ¢) to (MKG) on I x R* (where I C R is an
interval) is a classical solution if A,, ¢ € O3°, _oC"(I; HY).

Define the space H' = HY(R?) of finite energy initial data sets to be the space of (MKG)
initial data sets for which the following norm is finite:

. e, f, )l = sup [I(ajs €)llixrzes) + 1(F 9lliscrz@s)- (1.4)
i=1,..,

Given a pair (A4, ¢) on I x R we define its CyH! (I x R*) norm as
(A Dl = esssup (AW gz + N0l s )

where A[t] and ¢[t] are shorthands for (A,0;A)(t) and (¢, 0:¢)(t), respectively. We then
define the notion of an admissible C;yH' solution to (MKG)) via approximation by classical
solutions as follows.

Definition 1.1 (Admissible C;H! solutions to (MKGI)). Let I C R be an interval. We say
that a pair (4, ¢) € C;HY (I x RY) is an admissible CyH (I x R*) solution to (MEKQ) if there
exists a sequence (A™, ¢(™) of classical solutions to (MKQI]) on I x R* such that

||(A7 ¢) - (A(n)’ ¢(n))||CtH1(J><R4) — 0 as n — oo,
for every compact subinterval J C I.

The necessity of restricting the class of energy solutions under consideration to the ad-
missible ones as defined above is a relatively standard matter in the realm of low regularity
solutions for nonlinear dispersive equations. Often uniqueness statements require additional
regularity properties for solutions, which are then proved to hold for the solutions which are
limits of smooth solutions, but might not be true or straightforward in general. In our case
the difficulties are compounded by the need to have a good notion of finite energy solution
which is gauge invariant.

Remark 1.2. The above definitions can be localized to an open subset O C R* or O C R'*

in an obvious manner; see [24] Sections 3 and 5].
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Next, we recall the global Coulomb gauge condition

04 =Y 0A =0 (1.5)

¢=1,..4

The role of this condition is to fix the ambiguity arising from the gauge invariance of (MKGI),
which is an immediate formal obstruction for well-posedness.

Finally, given an interval I C R, we borrow the space-time norms Y (I xR*) and S* (I xRR*)
from [18] 24 25]. We define the S norm of a solution (A, ¢) on I x R* to be

(A, @)[lsi = [[Aollyrzxray + | Azllsrzxray + [0l s1(1xrY).-

In particular, the S' norm captures the dispersive properties of A, and ¢. The precise
definition of the S* norm is rather intricate; instead of the full definition, in this paper we
only rely on a few basic properties of the spaces Y and S*, such as those below (see also

Remark [A.2]).

10 0ol cyrimrxrzy S Nlellsraxry, (0,00l ey mmxrzy S llellyraxrs).-
We are now ready to state our main theorem.

Theorem 1.3 (Main Theorem). Let (a,e, f,g) € H' be a finite energy initial data set for
(MEKQG) obeying the global Coulomb gauge condition 8°a; = 0. Then there exists a unique
admissible CyH! solution (A, @) to the initial value problem defined on the whole R*™* which
satisfies the global Coulomb gauge condition 0*A, = 0. Moreover, the S* norm of (A, ¢) is
finite, i.e.,

||A0||y1(R1+4) + ||AmH51(R1+4) + H¢H51(R1+4) < Q. (16)

Remark 1.4. The a-priori bound above implies scattering towards both ¢ — 4o00; see The-
orem It also implies continuity of the data to solution map on compact time intervals,
though not on the full real line.

Remark 1.5. We do not lose any generality by restricting to initial data sets in the global
Coulomb gauge, since any finite energy initial data set can be gauge transformed to obey
the condition 9‘ay, = 0. See [24], Section 3].

Remark 1.6. We note that an independent proof of global well-posedness and scattering
of MKG-CG has been recently announced by Krieger-Lithrman, following a version of the
Bahouri-Gérard nonlinear profile decomposition [I] and Kenig-Merle concentration compact-
ness/rigidity scheme [8, 9] developed by Krieger-Schlag [16] for the energy critical wave maps.

1.3. A brief history and broader context. A natural point of view is to place the
present papers and results within the larger context of nonlinear wave equations, of which
the starting point is the semilinear wave equation Ou = +|u|Pu. More accurately, the (MKG)
equation belongs to the class of geometric wave equations, which includes wave maps (WM),
Yang-Mills (YM), Einstein equations, as well as many other coupled models. Two common
features of all these problems are that they admit a Lagrangian formulation, and have some
natural gauge invariance properties. Following are some of the key developments that led to
the present work.

1. The null condition. A crucial early observation in the study of both long range and low
regularity solutions to geometric wave equations was that the nonlinearities appearing in the

equations have a favorable algebraic structure, which was called null condition, and which
4



can be roughly described as a cancellation condition in the interaction of parallel waves. In
the low regularity setting, this was first explored in work of Klainerman and Machedon [10],
and by many others later on.

2. The X*° spaces. A second advance was the introduction of the X*? spacesﬂ, also first
used by Klainerman and Machedon [I3] in the context of the wave equation. Their role was
to provide enough structure in order to be able to take advantage of the null condition in
bilinear and multilinear estimates. Earlier methods, based on energy bounds, followed by
the more robust Strichartz estimates, had proved inadequate to the task.

3. The null frame spaces. To study nonlinear problems at critical regularity one needs
to work in a scale invariant setting. However, it was soon realized that the homogeneous
X*? spaces are not even well defined, not to mention suitable for this. The remedy, first
introduced in work of the second author [35] in the context of wave maps, was to produce
a better description of the fine structure of waves, combining frequency and modulation
localizations with adapted frames in the physical space. This led to the null frame spaces,
which played a key role in subsequent developments for wave maps. We remark that another
scale invariant alternative to X*? spaces are the UP and VP spaces, also originally developed
by the second author; while these played a role in the study of other nonlinear dispersive
problems at critical regularity, they play no role in the present story.

4. Renormalization. A remarkable feature of all semilinear geometric wave equations is
that while at high regularity (and locally in time) the nonlinearity is perturbative, this is no
longer the case at critical regularity. Precisely, isolating the non-perturbative component of
the nonlinearity, one can see that this is of paradifferential type; in other words, the high
frequency waves evolve on a variable low frequency background. To address this difficulty,
the idea of Tao [32], also in the wave map context, was to renormalize the paradifferential
problem, i.e., to find a suitable approximate conjugation to the corresponding constant
coefficient problem.

5. Induction of energy. The ideas discussed so far seem to suffice for small data critical
problems. Attacking the large data problem generates yet another range of difficulties. One
first step in this direction is Bourgain’s induction of energy idea [2], which is a convenient
mechanism to transfer information to higher and higher energies. We remark that an alter-
nate venue here, which sometimes yields more efficient proofs, is the Kenig-Merle idea [9]
of constructing minimal blow-up solutions. However, the implementation of this method in
problems which require renormalization seems to cause considerable trouble. For a further
discussion on this issue, we refer to [16], where this method was carried out in the case of
energy critical wave maps into the hyperbolic plane.

6. FEnergy dispersion. One fundamental goal in the study of large data problems is to
establish a quantitative dichotomy between dispersion and concentration. The notion of
energy dispersion, introduced in joint work [30, B1] of the second author and Sterbenz in the
wave map context, provides a convenient measure for pointwise concentration. Precisely, at
each energy there is an energy dispersion threshold below which dispersion wins. We remark
that, when it can be applied, the Kenig-Merle method [9] yields more accurate information;

IThe concept, and also the notation, is due to Bourgain, in the context of KAV and NLS type problems.
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for instance, see [16]. However, the energy dispersion idea, which is what we follow in the
present series of papers, is much easier to implement in conjunction with renormalization.

7. The frequency gap. One obstacle in the transition from small to large data in renor-
malizable problems is that the low frequency background may well correspond to a large
solution. Is this fatal to the renormalized solution? The answer to that, also originating in
[30), 31], is that there may be a second hidden source of smallness, namely a large frequency
gap between the high frequency wave and the low frequency background it evolves on.

8. Morawetz estimates. The outcome of the ideas above is a dichotomy between dispersion
and scattering on one hand, and very specific concentration patterns, e.g., solitons, self-
similar solutions on the other hand. The Morawetz estimates, first appearing in this role
in the work of Grillakis [6], are a convenient and relatively simple tool to eliminate such
concentration scenarios.

We now recall some earlier developments on geometric wave equations related to the
present paper. We start our discussion with the (MKG) problem above the scaling critical
regularity. In the two and three dimensional cases, which are energy subcritical, global
regularity of sufficiently regular solutions was shown in the early works [21] 4, [5]. The latter
two in fact handled the more general Yang-Mills-Higgs system. In dimension d = 3, this
result was greatly improved by [I1], which established global well-posedness for any finite
energy data. In this work, the quadratic null structure of (MKG) in the Coulomb gauge
was uncovered and used for the first time. Subsequent developments were made by [3] and
more recently [20], where an essentially optimal local well-posedness result was established.
An important observation in [20] is that in Coulomb gauge exhibits a secondary
multilinear cancellation feature. The related paper [7] is concerned with global well-posedness
of the same problem at low regularity. We also mention the work [2§], in which finite energy
global well-posedness was established in the Lorenz gauge. In the higher dimensional case
d > 4, an essentially optimal local well-posedness result for a model problem closely related
to (MKG) was obtained in [I5]. This was followed by further refinements in [27] 29].

The progress for the closely related Yang-Mills system (YM) in the subcritical regularity
has largely paralleled that of (MKG), at least for small data. Indeed, (YM) exhibits a
null structure in the Coulomb gauge which is very similar to (MKG). In particular, the
aforementioned work [15] is also relevant for the small data problem for (YM) in the Coulomb
gauge at an essentially optimal regularity.

However, a new difficulty arises in the large datafl problem for (YM): Namely, the gauge
transformation law is nonlinear due to the non-abelian gauge group. In particular, gauge
transformations into the Coulomb gauge obey a nonlinear elliptic equation, for which no
suitable large data regularity theory is available. Note, in comparison, that such gauge
transformations obey a linear Poisson equation in the case of (MKG). In [12], where finite
energy global well-posedness of the 3+1 dimensional (YM) problem was proved, this issue
was handled by localizing in space-time via the finite speed of propagation to gain smallness,
and then working in local Coulomb gauges. An alternative, more robust approach without
space-time localizations to the same problem has been put forth by the first author in [22] 23],

2More precisely, a suitable scaling critical norm of the connection A (e.g., [|AllLa) or the curvature I (e.g.,
IE|l <) is large.
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inspired by [34]. The idea is to use an associated geometric flow, namely the Yang-Mills heat
flow, to select a global-in-space Coulomb-like gauge for data of any size.

Before turning to the (MKG) and (YM) problems at critical regularity, we briefly recall
some recent developments on the wave map equation (WM), where many of the methods we
implement here have their roots. We confine our discussion to the energy critical problem
in 2 + 1 dimensions, which is both the most difficult and the most relevant to our present
paper. For the small data problem, global well-posedness was established in [32], [33], [36].
More recently, the threshold theorem for large data wave maps, which asserts that global
well-posedness and scattering hold below the ground state energy, was proved in [30} B1]
in general, and independently in [16] and [34] for specific targets (namely the hyperbolic
space). See also [19] for a sharp refinement in the case of a two-dimensional target, taking
into account an additional topological invariant (namely, the degree of the wave map). Our
present strategy was strongly influenced by [30, [31], which can be seen as the first predecessor
of this work.

Despite the many similarities, there is a key structural difference between (WM) on the one
hand and (MKG), (YM) on the other, whose understanding is crucial for making progress
on the latter two problems. Roughly speaking, all three equations can be written in a form
where the main ‘dynamic variables’, which we denote by ¢, obey a possibly nonlinear gauge
covariant wave equation [J4¢ = -+, and the associated curvature F[A] is determined by ¢.
In the case of (WM), this dependence is simply algebraic, whereas for (MKG) and (YM) the
curvature F[A] obeys a wave equation with a nonlinearity depending on ¢. This difference
manifests in the renormalization procedure for each equation: For (WM) it suffices to use a
physical space gauge transformation, whereas for (MKG) and (YM) it is necessary to use a
microlocal (more precisely, pseudo-differential) gauge transformation that exploits the fact
that A solves a wave equation in a suitable gauge.

The first (MKG) renormalization argument appeared in [26], in which global regularity
of (MKG) for small critical Sobolev data was established in dimensions d > 6. This work
was followed by a similar high dimensional result for (YM) in [I7]. Finally, the small data
result in the energy critical dimension 4 + 1 was obtained in [I8], which may be viewed as
the second direct predecessor to the present work. In particular we borrow a good deal of
notations, ideas and estimates from [18].

We end our introduction with a few remarks on the energy critical (YM) problem in 4+ 1
dimensions, which is a natural next step after the present work. The issue of non-abelian
gauge group for the large data problem has already been discussed. Another important
difference between (MKG) and (YM) in 4 + 1 dimensions is that the latter problem admits
instantons, which are nontrivial static solutions with finite energy. Therefore, in analogy
with (WM), it is reasonable to put forth the threshold conjecture for the energy critical
(YM) problem, namely that global well-posedness and scattering hold below the energy of
the first instanton. Finally, (YM) is more ‘strongly coupled’ as a system compared to (MKG),
in the sense that the connection A itself obeys a covariant wave equation. This feature seems
to necessitate a more involved renormalization procedure compared to (MKG).

Acknowledgements. Part of the work was carried out during the trimester program ‘Har-
monic Analysis and Partial Differential Equations’ at the Hausdorff Institute for Mathemat-
ics in Bonn; the authors thank the institute for hospitality. S.-J. Oh is a Miller Research

Fellow, and thanks the Miller Institute for support. D. Tataru was partially supported by
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the NSF grant DMS-1266182 as well as by the Simons Investigator grant from the Simons
Foundation.

2. OVERVIEW OF THE PROOF I: SUMMARY OF THE FIRST TWO PAPERS

The basic strategy for proving Theorem [.3] is by contradiction, following the scheme
successfully developed in [30, 31] in the setting of energy critical wave maps. In the first two
papers of the sequence [24], 25] we establish successively stronger continuation and scattering
criteria, whose contrapositives provide precise information about the nature of a finite time
blow-up (i.e., failure of global well-posedness) or non-scattering. In the present paper, we
use this information, as well as conservation laws and Morawetz-type monotonicity formulae
for (MKGI), to perform a blow-up analysis and show that the failure of Theorem [[.3] implies
the existence of a nontrivial finite energy stationary or self-similar solution to (MKGI). Since
such a solution does not exist (see Section [7] below), Theorem must hold.

In this section we review the main results and ideas of the earlier two papers in the
sequence [24], 25]. In Section Bl we summarize the argument given in the present paper. To
steer away from unnecessary technical details we only consider smooth data and solutions;
however we remark that the results also apply to merely finite energy data and admissible
CyH! solutions. For the notation, we refer to Section Ml

2.1. Local well-posedness in the global Coulomb gauge and non-concentration of
energy. The main result of the first paper [24] of the sequence is local well-posedness of
(MKQ) in the global Coulomb gauge with a lower bound on the lifespan in terms of the
energy concentration scale

Te = TC(E)[G, €, .fa g] = SU.p{’l" >0:Vr e R47 gBr(m)[aa €, fa g] < 50(Ea 53)}3

where B,(z) denotes the open ball of radius r with center z, §(F, €2) = c*¢2 min{1, e, E~'})
and c¢ is an absolute constant (see Theorem [4.1]). A simplified version is as follows:

Theorem 2.1. Given any E > 0 let §o(E,€?) > 0 be as above. Let (a,e, f,g) be a smooth
finite energy initial data for (MKGI) satisfying the global Coulomb gauge condition ), d;a; =
0. Then there exists a unique smooth solution (A, @) to (MKQ) in the global Coulomb gauge
on [—re,re x R

Theorem 2.I] implies that finite time blow-up is always accompanied by concentration
of energy (i.e., 7. — 0 at the end of the maximal lifepan). For a precise statement, see
Theorem (4.3l In what follows we explain the ideas involved in the proof of local existence,
which lies at the heart of Theorem 2.1l

Strategy of proof in model cases. For many other semi-linear equations, such as Cu = oyt

or the wave map equation, a result analogous to Theorem [2.1] is a rather immediate con-
sequence of small energy global well-posedness and finite speed of propagation. Roughly
speaking, the proof (of local existence) proceeds in the following three steps:

Step A. One truncates the initial data locally in space to achieve small energy.

Step B. By the small energy global well-posedness, the truncated data give rise to global
solutions. Restricting these global solutions to the domain of dependence of the
truncated regions, one obtains a family of local-in-spacetime solutions that agree

with each other on the intersection of their domains by finite speed of propagation.
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Step C. One patches together these solutions to obtain a local-in-time solution to the orig-
inal initial data.

In particular, the lifespan of the solution constructed by this scheme depends on the size of
spatial truncation in Step A, which in turn is dictated by the energy concentration scale 7.
of the initial data.

Non-locality of (MKQ) in the global Coulomb gauge. When carrying out the above strategy
in our setting, however, we face difficulties arising from non-local features of (MKG]) in the
global Coulomb gauge. One source of non-locality is the Gauss (or the constraint) equation

de, = Im(f7), (2.1)

which must be satisfied by every (MKG) initial data set. Another source is the presence
of the elliptic equation for A in the global Coulomb gauge (cf. (24])); in particular, finite
speed of propagation fails in the global Coulomb gauge.

In the remainder of this subsection, we give an overview of the techniques developed in
[24] for overcoming these issues, and explain how these can be used to essentially execute
Steps A-C above to obtain Theorem 2.1 from the small energy global well-posedness theorem
proved in [I§] (see Theorem [.T]).

Execution of Step A: Initial data excision and gluing. Consider the problem of truncating a
(MKQG) initial data setf] (a,e, f,g) to a ball B. A naive way to proceed would be to apply
a smooth cutoff to each of a, e, f,g. However, integrating the Gauss equation (2.1]) by parts
over balls of large radius, we see that e; must in general be nontrivial on the boundary
spheres outside B, even if f and g are supported in B.

Instead, the idea of initial data excision and glumgﬁ is as follows: Rather than just excising
the unwanted part, we glue it to another initial data set (i.e., solution to the Gauss equation)
which has an explicit description, so that the Gauss equation is still satisfied. For example,
in the exterior of a ball B we may glue to the data

q
(e(q); = ﬁ@a

0,0,0)

with an appropriate ¢g. Note that e(,) is precisely the electric field of an electric monopole of
charge ¢ placed at the origin.

Using this idea we may truncate (a, e, f, g) to balls to make the energy sufficiently small.
The minimum size of these balls, which later dictates the lifespan of the solution, can be

chosen to be proportional to the energy concentration scale. This procedure is our analogue
of Step A.

FEzecution of Step B: Geometric uniqueness of admissible solution to (MKG]). Though finite
speed of propagation fails for (MKG]) in certain gauges such as the global Coulomb gauge,
it is still true up to gauge transformations. We refer to this statement as local geometric
uniqueness for (MKG]), and use it as a substitute for the usual finite speed of propagation

property.

3In application a obeys the global Coulomb gauge condition d%a; = 0, but this fact is irrelevant for the
discussion here.

“We remark that similar techniques have been developed in mathematical general relativity, as a means
to construct a large class of interesting initial data sets for the Einstein equations. Our setting involves a
simpler constraint equation, but we require sharp techniques which are applicable at the critical regularity.
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Applying a suitable gauge transformation to each truncated initial data set to impose
the global Coulomb gauge condition, we are in position to apply the small energy global
well-posedness theorem (Theorem 1) and construct a family of global smooth solutions.
Restricting these solutions to the domain of dependence of the truncated regions and ap-
pealing to local geometric uniqueness, we obtain local-in-spacetime Coulomb solutions (i.e.,
obey 9“4, = 0 on the domains) which are gauge equivalent to each other on the interaction
of their domains. We refer to such solutions as compatible pairsﬁ; geometrically, these are
precisely local descriptions of a globally defined pair of a connection and a section on local
trivializations of the bundle L.

Ezecution of Step C: Patching local Coulomb solutions. The final task is to patch together
the local-in-spacetime descriptions of a solution (i.e., compatible pairs) to produce a global-
in-space solution (A, ¢) in the global Coulomb gauge. We first adapt a patching argument of
Uhlenbeck [37] to produce a single global-in-space solution (A’,¢’) obeying an appropriate
St norm bound. The fact that a gauge transformation x between Coulomb gauges obeys
the Laplace equation Ay, and hence possesses improved regularity, is important for this
step. The solution (A’, ¢') obtained by this patching process is not necessarily in the global
Coulomb gauge; it is however approzimately Coulomb (i.e., 9° A} obeys an improved bound),
since it arose from patching together local Coulomb solutions. It is thus possible to find a
nicely behaved gauge transformation into the exact global Coulomb gauge, leading us to the
desired local-in-time solution.

2.2. Continuation of energy dispersed solutions. We now describe the content of [25].
The main theorem of [25] is a continuation/scattering criterion in the global Coulomb gauge
for a large energy solution (A, ¢) to (MKG) in terms of its energy dispersion ED[¢|(I),
defined as

EDIG|(1) = sup (2| Aoz axw) + 2 100Pulzs i 22
for any time interval I C R. A simple version is as follows:

Theorem 2.2. Given any E > 0, there ezist positive numbers e = €(E) > 0 and F' = F(E)
such that the following holds. Let (A, ¢) be a smooth solution to (MKGI) in the global Coulomb
gauge (MKG-CG) on I x R* with energy < E. If ED[¢|(I) < €(E), then the following a-
priori St norm bound holds:

[Aollyrny + [[Aellsapn + 10lls1ny < F(E). (2.3)
Moreover, (A, ¢) extends as a smooth solution past finite endpoints of I.

Theorem is analogous to the main result in [30] for energy critical wave maps. Thanks
to the a priori bound (2.3]), the solution (A, ¢) scatters towards each infinite endpoint in the
sense of Remark [I.4l For a more precise formulation, see Theorems [4.7] and [4.8

We now describe the main ideas of the proof of Theorem 2.2l In what follows, we only
consider solutions to (MKG) in the global Coulomb gauge.

5See also Section 6.3 of the present paper, where this notion arises naturally from local limits of a sequence
of solutions.
10



Decomposition of the nonlinearity. We begin by describing the structure of the Maxwell-
Klein-Gordon system in the global Coulomb gauge (MKG-CG), which take the form

A Ay =Im(¢0;¢) + (cubic terms)
OA; =P;Im(¢d,¢) + (cubic terms) (2.4)
O¢ = — 2iA,0"¢ + (cubic terms)

where P is the Leray L2-projection to the space of divergence-free vector fields. We omitted
cubic terms as they are strictly easier to handle. The elliptic equation for Ay allows us to
obtain the appropriate Y'! bound once we establish S* bounds for A, and ¢; henceforth we
focus on the wave equations for A, and ¢.

As in the case of small energy global well-posedness [18], the null structure of (MKGQ]) in the
global Coulomb gauge plays an essential role in the proof of Theorem 2.2l All quadratic terms
in the wave equations exhibit null structure, i.e., cancellation in the angle between inputs
in Fourier space. There is also a secondary multilinear null structure in the term 2iA,0"¢
which arises by plugging in the equations for Ay, A;. All of this structure is necessary for
controlling the S norm of (A, ¢), but it is by no means sufficient as we discuss below.

Renormalization for large energy. Even in the case of small energy global well-posedness
[18], the null structure alone is not enough to bound the S' norm of (A,®) due to the
paradifferential term in the ¢-equation

— > 2P A - 0, Pig.
k

Here A* is the free wave evolution of A;[0] := (4;,0;A;) [i=oy- As in [26] 18], we handle
this term by a renormalization argument. More precisely, we treat the problematic term as
a part of the linear operator and construct a paradifferential parametriz. The construction
in [26] 18], however, relied on smallness of the energy, which we lack in our setting. Instead
we consider the linear operator with a frequency gap m

ey =00+ > 2iP_y AN - 0, P,
k

and gain smallness by taking m sufficiently large. This idea is akin to the gauge renormal-
ization procedure for wave maps in [30], where a large frequency gap was used to control the
large paradifferential term.

Role of energy dispersion. We now describe the role of small energy dispersion ED[¢].
Roughly speaking, small energy dispersion allows us to gain in transversal balanced fre-
quency interactions. This complements the gain in parallel interactions, due to the null
condition, and the gain in the high x high — low interactions due to the favorable frequency
balance. For instance, by interpolation with (non-sharp) Strichartz norms controlled by the
S norm, we hav

—L min —
1Pe(Pry 0 Py o)l 22 1y S 272 ™42 EDG)’ | Py 55 | Pt s (2:5)

6Note that [23) is symmetric in ¢ and 1, so we may choose to use the energy dispersion norm of either.
Note also that all nonlinearity of (MKG) involve at least one factor of ¢. This is why it suffices to assume
smallness of just ED[¢] and not A.
11



which is useful when k1 = k4 O(1), ks = k+ O(1) and ¢, ¢ are at a large angle so that the
output modulation is high.

To see how this gain is useful, we return to the full nonlinear system (MKGI) in the
global Coulomb gauge. Upon decomposing the inputs and output into Littlewood-Paley
pieces, most of the nonlinearity exhibits an off-diagonal exponential decay in frequency. For
example, the nonlinearity in the A, -equation obeys

| Pe P Pry 605 Py ®) || iy S 272 R =R B 6| 501 [| Pry 0[] 511

Introducing again a large frequency gap m, we gain smallness except when k; = k + O,,(1)
and kg = k+ O,,(1). Furthermore, thanks to the null structure, we also gain extra smallness
except for angled interaction; then we are precisely in position to use ED[¢]. In conclusion,
we gain smallness from ED[¢] < € for the nonlinearity in the A,-equation.

Linear well-posedness of Oa1p = f. Unfortunately the a-priori estimate (2.3)) does not close
yet, as there exists a nonlinear term in the ¢-equation with no off-diagonal exponential decay.
This part is precisely the low x high — high frequency and high X low — low modulation
interactionl] in the term —2iA - 0:0, i.e.,

=2 Y Y PQq(PLQiA- 0:PQ<0). (2.6)
ki1<k j<ki
ka=k+O(1)

Nevertheless, this term has the redeeming feature that it can be bounded by a divisible
norm: Given any € > 0 the interval I can be split into smaller pieces I}, on each of which the
N norm of the above expression is bounded by < &|| Py, || 1y, where the number of such
intervals is O||¢H51[I]75(1). For a solution (A, ¢) to (MKGI), this observation leads to linear

well-posedness of the magnetic wave equationﬁ sy = f with bound

[Plls2n Siaeeigg 19O gxzz + 1f v, (2.7)

where 9[0] := (¥, 049) [1=0y. The bound (2.7)) allows us to setup an induction on energy
scheme to establish (2.3), which we now turn to explain.

Induction on energy. The starting point of our induction is the small energy global well-
posedness theorem [I8], which implies that (2.3)) holds with F(E) = Cv/E when the energy
E is sufficiently small. Our goal is to show the existence of a non-increasing positive function
co(+) on the whole interval [0, 00) such that if the conclusion of Theorem 2.2 holds for energy
up to E, then it also holds for energy up to E + ¢o(E). Monotonicity of ¢o(-) implies that
it has a uniform positive lower bound on every finite interval; thus the continuous induction
works for all energy.

In what follows, we describe the construction of ¢o(E), F := F(E + ¢o(E)) and € :=
€(E + ¢o(E)) under the induction hypothesis that Theorem holds up to energy E for
some F(E) and €(F). For the scheme to work, it is crucial to let ¢o(F) depend only on E
and not on F(E) or €(F). On the other hand, F' and € may depend on F(F) and €(F).

"We note that this term is where the secondary multilinear cancellation structure of MKG-CG is needed.

8More precisely, the observation regarding (2.0]), combined with the paradifferential parametrix construc-

tion mentioned above, implies well-posedness of the equation 0% := O¢ + 2i Y, Pep—m A 0F Pptp = f

for sufficiently large m with bound (27)). The terms in 04 — %™ also turn out to be bounded by divisible
norms, which leads to the well-posedness of 49 = f.
12



Let (A, ¢) be a solution on I x R* with energy E + ¢o(E) and ED[¢] < e. To prove
for (A, ¢), we compare it with another solution (A, ¢) with frequency truncated initial dat

(4500, 6[0]) = (Pep- A5{0], Pe-[0])

where the ‘cut frequency’ k* € R is chosen so that (A, ¢) has energy E. By taking co(F)
and e sufficiently small, we aim for the following two goals:

Goal A. The energy dispersion EDI¢|(I) is sufficiently small so that the induction hypoth-
esis applies to (A, ¢). Hence

1 Aollyin + | Aell 11 + 19lls10n) < F(E). (2.8)
Goal B. The difference (B"9" ") .= (A, — A, ¢ — ¢) obeys
1B5™ " iy + 1By | sy + 19" |s1pn < Oy (2.9)

Adding ([2.8) and (2.9), the desired bound (2.3)) would follow with F':= F(E) + Cg p(p).

Goal A is accomplished by showing that if € is sufficiently small, then (A, ¢) is arbitrarily
close (i.e., within €°) to the frequency truncated solution (Pcp-A, P<j-¢) which has small
energy dispersion. For Goal B, the idea is to view (B"9" hi9h) as a perturbation around
(A, $). To ensure that ¢y(E) is independent of F(E), we rely on two observations: First,
by the weak divisibility™] of the S' norm, the interval I can be split into Op(g)(1) many
subintervals I on each of which we have

||/~10||Y1[Ik} + ||/1:c||sl[lk} + ||¢~5||51[1k] Se L (2.10)

Second, by conservation of energy for (4, ¢) and (A, ¢), as well as the approximation (4, ¢) ~
(P<p=A, P<i¢), it follows that the H! x L? norm of the data for (B"9" "9") can be
reinitialized to be of size < ¢o(E) on each Ij.

With these two observations in hand, we claim that (B"9" 1"9") obeys the following S*
norm bound on each I:

1B5™ " Iy + 1By 110 + 19" | 5110 S co(B) + Op(€). (2.11)

Indeed, in the equation for (B"9" 1)"9") "all nonlinear terms in (B"9" 1)"9") can be handled
by taking ¢o(F) <g 1 and € < 1. Furthermore, exploiting small energy dispersion, all linear
terms can be made appropriately small except —2¢Auaw’”gh. Nevertheless, the S! norm of
(A, ¢) on I can be assumed to be <g 1 by (ZI0) and a bootstrap assumption]; hence we
can group this term with O and use (Z7) (linear well-posedness of [J4¢"9") to arrive at
(211)). Goal B now follows by summing up this bound on Op(g)(1) intervals.

9In the global Coulomb gauge, A,[0] = (A, 3, A,)(0) and @[0] = (¢, 3;¢)(0) determine the whole initial
data set (a,e, f,g), as we can solve for Ag in the constraint equation —A Ay = Im(¢pd; ) — |p|% Ao.

10 his terminology should be compared with full divisibility, which means that I can be split into a
controlled number of subintervals, on each of which the restricted norm is arbitrarily small. Weak divisibility
of the S* norm is a quick consequence of the energy inequality ||t s < 19101l 71 5 2.2 + 100 || gy and (full)
divisibility of the N norm.

H)\ore precisely, in proving (ZI1) we may assume, using a continuous induction in time, that the same
bound holds with a worse constant. Combined with (2.I0) this bound is sufficient for ensuring that the S!
norm of (4, ¢) is Sg 1.
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3. OVERVIEW OF THE PROOF II: CONTENT OF THE PRESENT PAPER

This section is a continuation of the previous section. Section 3.1 provides an overview of
the argument in the present paper, while Section contains an outline of the structure of
the remainder of the paper.

3.1. Blow-up analysis. Here we give an overview of the final blow-up analysis of (MEKG),
which is carried out in the present paper. This part is analogous to [31] for energy critical
wave maps. We refer to Section [ for the notation used below.

Main ingredients. In addition to the continuation/scattering criteria established in [24] 25]
(see Theorems 2Tl and 222]), our blow-up analysis of (MKGI) relies on the following three key
ingredients:

- (Monotonicity formula for (MKGQI) Besides the conservation of energy, we use the fol-
lowing monotonicity (or Morawetz) formula for (MEQ]). Let p := /t2 — |z|? and

XO = %(t&g +x- 893)

be the normalized scaling vector field. To avoid the degeneracy of p on 0C = {t = |z|},
we also define the translates

1
pe =/ (t+e)? —[z?, X.:= p—((t +2)0 + - 0s).

£

Given a smooth solution (A, ¢) to (MKG]) on the truncated cone Cl. 1) satisfying
Es,[A, 0 < B, Focp,[A¢]< B, G o] <3E,

where Foc,, , = Es,, — Es,, 1s the energy flux through 9Cy, +,) and Gs, := % fst |6]2, we

have

1]:

/XEPT dx+// —|LX5F‘2 —\(DXE )¢\2dtdx
Cley P

5/ XIPr[A, ] dx + E.

€

(3.1)

Here (X<) P1[A, ¢] is a non-negative weighted energy density; we refer to Lemma for
an explicit formula for X<) Pr[A, ¢]. We remark that the entire right-hand side of (3.1
is bounded by < E. Finiteness of the space-time integral term ‘breaks the scaling’ and
implies that tx_F and (Dyx. + p—ls)gb decay near the tip of the cone C.

- (Strong local compactness result) Given a sequence (A (™) of solutions whose energy
is uniformly small and ¢x F™ — 0 and (D +b)p™ — 0 in L}, on a space-time cube
for some smooth time-like vector field X and smooth function b, we show that there
exists a subsequence which converges strongly in (essentially) Ht{m in a smaller subcube;
see Proposition for more details. The proof relies on the initial data excision/gluing
technique and the small energy global well-posedness theorem.

- (Triviality of finite energy stationary/self-similar solutions) We say that (A, @) is a sta-
tionary solution to (MKG)) if for some constant time-like vector field YV

LYF = 07 DY¢ = Oa
14



and that (A, ¢) is a self-similar solution if
1
LXOFIO, (DX0+;)¢:0

Using the method of stress tensor, we show that every smooth stationary or self-similar
solution with finite energy is trivial (i.e., F' = 0 and ¢ = 0); see Propositions [7.1] and
T2l We also establish a regularity result (Proposition [.3]), which says that all stationary
and self-similar solutions arising from the above strong local compactness result (Propo-
sition [6.1]) are smooth.

With these in mind, we now sketch the blow-up analysis of (MKGI), which is performed
in full detail in Section [

Finite time blow-up/non-scattering scenarios and initial reduction. Suppose that the con-
clusion of Theorem [[3] fails for a smooth finite energy data (a, e, f, g) in the forward time
direction. Then the corresponding smooth solution either blows up in finite time, or does
not scatter as t — oo. The first step of the blow-up analysis is to construct in both scenarios
a sequence of global Coulomb solutions (A, ¢™) on [g,,1] x R* (where &, — 0) obeying
the following properties:

- (Bounded energy in the cone) Es,[A™, ¢™] < E for every t € [e,, 1]
Small energy outside the cone) Eyxrins,[A™, ¢] < E for every t € [g,, 1]

- (
- (Decaying fluz on C) Fip, yA®, 6] + s, [67)] < 4 B,
- (Pointwise concentration at t = 1) There exist k, € Z and z,, € R?* such that

27 |Gy % 0 (1, )| + 2720k + DYV (1, 2,)] > € (3.2)

for some e = e(F) > 0.

Here ( is a smooth function supported in the unit ball B;(0) and (- (z) := 2*((2%z). In
view of the next step, we require { to be non-negative. See Lemma [R.4] for details.

Key to this construction are Theorems 2.1] and 2.2 which provide detailed information
about finite time blow-up or non-scattering scenarios. In particular, the tip of the cone C'is
the point of energy concentration (which exists by Theorem 2.1]) in the finite time blow-up
case. (Pointwise concentration at t = 1) follows from the failure of the energy dispersion
bound in Theorem 221 (Decaying flur on OC') is a consequence of the local conservation of
energy and localized Hardy’s inequality; see Lemma [5.2] and Corollary 5.3l (Smaliness of the
energy outside the cone) is achieved using the initial data excision/gluing technique in the
finite time blow-up case; in the non-scattering case, this property is trivial to establish.

Elimination of the null concentration scenario. Thanks to the above properties, we may
apply the monotonicity formula (3] to each solution in the sequence (A™ ¢™). Using
the weighted energy term (i.e., the first term on the left-hand side) in (3.I]), we show in
Lemma 8.7 that the null concentration scenario (i.e., |x,| — 1 and k, — o0) is impossible.
Unlike in the case of wave maps [31], however, the weighted energy involves the covariant
derivatives DEL")gb(") = 0M¢(”) + z'AL")gb("), and the term involving A™ could be problematic.
We avoid this issue by first working with the gauge invariant amplitude |¢(™|, for which we
have the diamagnetic inequality

| X"9,|0™ || < | Dxo™|
15



in the sense of distributions, for any smooth vector field X. We then transfer the bound to
»™ using the inequality

|Gk % ¢ < Gy * [0,

which holds if ¢ is chosen to be non-negative.

Nontrivial energy in a time-like region. The absence of the null concentration scenario implies
the following uniform lower bound for ¢ away from the boundary at ¢t = 1: There exist
Ey = E(E) > 0and vy, =7 (F) € (0,1) such that

/1 ZID“WIQ \ "Pde > B (3.3)
1

See Lemma Using a localized version of the monotonicity formula (B.1), this lower
bound can be propagated towards ¢ = 0. More precisely, there exist Fy = FE5(F) and
Yo = 72(E) € (O, 1) and FEy = EQ(E) > 0 such that

/(1 ) Xo)pr[A™ ™M de > F,  forallt e [e é 7%] (3.4)
v2)t

Final rescaling. Thanks to the space-time integral term in (B.1), (A™, ™) obeys

1
// -—ﬁ ARIERE KD$4~—WWPmu5E.
mop

len, 1] En

which implies an integrated decay of tx, F™ and (Dg?gn + p%)(ﬁ(") near the tip of the cone
C. Applying the pigeonhole principle and rescaling, we obtain a new sequence of solutions
which is asymptotically self-similar. More precisely, there exist a sequence of solutions on
[1,T,] x R* (where T}, — o00) to (MKQI), which we still denote by (A™, ™), obeying the
following properties (see Lemma [R.11):

- (Bounded energy in the cone) Es,[A™, ¢™] < E for every t € [1,T,],

- (Small energy outside the cone) Epyxra\s, [A™ ¢M] < E for every t € [1,Ty,],

- (Nontrivial energy in a time-like region) For every t € [1,T,,] we have

L/ Xo) pr[A™ M) dz > Es, (3.5)
S(lf"Q)t
- (Asymptotic self-similarity) For every compact subset K of the interior of Cfy o), we have

/ lixg PP + (DX + ) M2dtde — 0 as n — oo, (3.6)

Extraction of concentration scales and compactness/rigidity argument. Let (A™, ¢™) be a
sequence obtained by the final rescaling argument. Using a combinatorial argument, we
show in Lemma [8.12 that one of the following two scenarios holds:

A. Either we can identify a sequence of points and decreasing scales at which energy
concentrates, or

B. There is a uniform non-concentration of energy.
16



In Scenario A we obtain a fixed number r > 0 and a sequence of times t, — ty, points
r, — xo and scales r,, — 0 such that

SUD  Eqt,yx By, (o) [A", 0]

2EByr(zn)

is uniformly small but nontrivial, and

tn+2rn

4 / Iy F 2+ D™ 2 dtds — 0 as n — oo.
r (n)

n Jtp,—2rn

where Y = X(to, zo). Applying Proposition [6.1], we obtain as a limit a nontrivial finite en-
ergy solution to (MKGI) which is stationary with respect to Y. As discussed above, however,
such solutions do not exist. B

In Scenario B we can cover each truncated cone C; := 0[11//22 N{2 <t < 27} with

spatial balls of radius r = r(j), on each of which the energy of (A™, ¢(™) is uniformly small
and

n 1
/ |ex, F 2+ |(D( ;)¢(")|2dtdz —0 asn— oo.

Hence we are again in position to apply Proposition and extract a finite energy self-
similar solution to (MKG]) on C[ll//zzoo). By self-similarity, this limit easily extends to the
whole forward cone C. By (B3.3]) this limit is necessarily nontrivial, which contradicts the
triviality of finite energy self-similar solutions.

In conclusion, we have seen that neither of the two scenarios can hold, which is a contra-
diction. This completes the proof of the main theorem.

3.2. Structure of the present paper. The remainder of the paper is structured as follows.

Section [4) We provide the setup for our arguments to follow. In particular, we precisely
state the results that we need from the other papers of the series [24] 25] in Section

Section[J. We state and prove all the conservation laws and monotonicity formulae that are
used in this paper.

Section [0 We use the small energy global well-posedness theorem (Theorem A.]) and the
technique of initial data excision/gluing to prove a strong local compactness statement
(Proposition [6.1]) that we rely on in our blow-up analysis. We also formulate a notion
of weak solutions to (MKGI]) and their local descriptions (weak compatible pairs), which
naturally arise as limits from Proposition 6.1

Section 7. We show that there does not exist any nontrivial stationary or self-similar solu-
tions to (MKGI) with finite energy. We also prove regularity theorems for weak stationary
or self-similar solutions to (MKGI) considered in Section

Section [8. We finally carry out the blow-up analysis as outlined in Section B.I, thereby

completing the proof of global well-posedness and scattering of (MKG).
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4. PRELIMINARIES

4.1. Notation for constants and asymptotics. Throughout the paper we use C for a
general positive constant, which may vary from line to line. For a constant C' that depends
on, say, F, we write C' = C(FE). We write A < B when there exists a constant C' > 0 such
that A < CB. When the implicit constant should be regarded as small, we write A < B.
The dependence of the constant is specified by a subscript, e.g., A <g B. We write A ~ B
when both A < B and B < A hold.

4.2. Coordinate systems on R'*%., Several different coordinate systems on R!™ will be
used in this paper. A basic choice, which has already been mentioned in the introduction,
is the rectilinear coordinates (2°,x',... 2*) on R4 in which the Minkowski metric takes
the diagonal form m = —(da®)? + (da')? + - -+ + (dz*)?. Alternatively, we will often write
t =2° and z = (z!,...,2") as well. We reserve the greek indices u, v, ... for expressions in
the rectilinear coordinates, and the latin indices 7, k, £, ... expressions only in terms of the
spatial coordinates x!, 2%, 23, 2.

We also introduce the polar coordinates (t,r,0) on R where

x
r=lz[, ©=-—¢§?
||

and the null coordinates (u,v,©), defined by
u=t—r, v=t+r.

We can furthermore specify a spherical coordinate system for ©, but it will not be necessary.
We also define the null vector fields L, L as

L=0;+0,=20,, L=0 —0.=20,.
In these coordinates, the metric takes the form
m = —dt* + dr® + r’ggs = —dudv + r*(u, v)gss.

where ggs is the standard metric on S? in the coordinates ©.
Finally, we will also use the hyperbolic polar coordinates (in short, hyperbolic coordinates)
(p,y,©) on the future light cone Cip o) = {(t,7,0) : 0 < r < t} (see below), where

p=+Vt2—7r2  y=tanh (r/t).
The Minkowski metric takes the form
m = —dp® 4 p?(dy® + sinh? y gss).

Every constant p hypersurface H, is isometric to the simply connected space of constant
sectional curvature —p%; in particular, H; is the hyperboloidal model for the hyperbolic

4-space H*. Using the coordinates (y, ©), the metric on H* can be written as

g = dy? + sinh® ggs.
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4.3. Geometric notation. To ease the transition from one coordinate system to another,
we shall use the tensor formalism. We will denote by V the Levi-Civita connection on R'**
to distinguish from coordinate vector fields 9,. The gauge covariant connection associated
to A for C-valued tensors takes the form D = V + ¢A. Similarly, we shall denote the Levi-
Civita connection on H* by Vs, and the gauge covariant connection by Dys = Vi + i A.
We use the bold latin indices a, b, ... for expressions in a general coordinate system. We
also employ the usual convention of raising and lowering indices using the Minkowski metric
m, and summing up repeated upper and lower indices.

We now introduce some notation for geometric subsets of R1** and R*. The forward light
cone

C:={(t,x): 0 <t <oo,|zr| <t}
will play a central role in this paper. For {5 € R and I C R, we define
Cr={(t,z):t eI, |z| <t} oCT :={(t,x): t € I,|x| =t},
Sty ={(t,z) : t =tg, |x| < t}, Sy, ={(t,x) : t =tg, |x| = t}.
For 0 € R, we define the translated cones

C% :={(t,z) : max{0,0} <t < oo, |z| <t —4}.

The corresponding objects C7, dCY, Sy and 95 are defined in the obvious manner.
We also define B,.(z) to be the ball of radius r centered at x in R%.

4.4. Frequency projections and function spaces. Let m<, be a smooth cutoff that
equals 1 on {r <1} and 0 on {r > 2}. For k € Z, we define

mei(r) == meo(r/2%),  my(r) := map(r) — mep_y(r).

so that suppm C {2871 <r <21} and Y-, mi(r) = 1. We introduce the Littlewood-Paley
projections P, (); and Sy, which are used in this paper:

Pop =F " m(|&]) F ],
Qi =F " 'my(lI7] — €l Flell,
S =F " ma(|(7, 1) F ],

where F [resp. F '] is the [resp. the inverse] space-time Fourier transform.
Given a normed space X of function on R'™, we define the restriction space X (O) on a
measurable subset © C R** by the norm

= inf .
lellxoy = _inf - lI¥llxqes
In application, the set O is often an open set with (piecewise) smooth boundary, and hence
there exists a bounded linear extension operator from X (O) to X (R'*?) for many standard
function spaces X (e.g., X = H').
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4.5. Results from previous papers. Here we give precise statements of results from [I§]
and the first two papers in the sequence [24] 25], which are used in the present paper. Given
a measurable subset S C {t} x R* for some ¢, we define the energy of a pair (4, ) on S by

1 1 o
&l = [ 5 30 IFuF 5> Dok

0<p<v<4 ©n=0

Accordingly, for a measurable subset S C R*, we define

4 4
1 1 1 1
Eslae, f,g] == /S 5 Z |(da) jxl* + 5 Z lejI* + 5 Z D f* + §|g\2dx-
j=1 j=1

1<j<k<4

The following is the main theorem of [1§].

Theorem 4.1 (Small energy global well-posedness in global Coulomb gauge). There exists
€. > 0 such that the following holds. Let (a,e, f,g) be a H' initial data set on R* satisfying
the global Coulomb gauge condition &‘a;, = 0, whose energy does not exceeding €2, i.e.,

Erpala,e, f,g] < . (4.1)

(1) Then there exists a unique CyH' admissible solution (A, ¢) to (MKG]) on R satis-
fying the global Coulomb gauge condition d°A, = 0 with (a,e, f,g) as its initial data
att = 0, i.e., (Aj, Foj, ¢, thﬁ) r{t:O}: (aj, €j, f, g)

(2) Moreover, (A, ®) obeys the S* norm bound

[Aollyrmieay + [[ Azl s1®iva) + ([l 51 a+ay S |l(ase, £ 9) |10 (4.2)
(3) If the initial data set (a,e, f,g) is more regular, then so is the solution (A, ¢); in
particular, if (a,e, f,g) is classical, then (A, @) is a classical solution to (MKGI).
(4) Finally, given a sequence (a'™, e™ ) gy e HYR*) of Coulomb initial data sets
such that E[a™ e fM ¢ < 2 and (a™,e™, f™ g™ = (a,e, f,g) in H' (R?Y),
we have

146" — Aollyr(rxzey + 1AL = Aellssrxmey + 19" = Bllsaaxrsy — 0 (43)
as n — 0o, for every compact interval I C R.

Remark 4.2. For the purpose of the present paper, the precise structure of the norms S* and
Y'! are not necessary. Instead, we rely on the following embedding properties:
10alizozz + 1891,y Sllsn,
102 All Loz + 1100 All , 3 SIAllyr,
L2H

x

where all norms are taken on R4, Furthermore, S* and Y are closed under multiplication
by n € C(R'™), ie., nSY(RT) C SYR™) and nY(R'™) C YI(R'™); we refer to [24]
Sections 6 and 7).

Given a positive number E 2> €, and a H! initial data set (a,e, f,g) on R* with energy
Ela,e, f,g9] < E, we define its energy concentration scale r. = r.[a,e, f, g] (with respect to
energy F), in terms of the function §(F,€?) = ce? min{l,e2E~'} with a small universal
constant ¢, by

re = 1.(E)[a,e, f,g] :==sup{r > 0:Vr € R, Ep,@wla,e, f,g] < oo(E, e2)}. (4.4)
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The following is the main result of [24].

Theorem 4.3 (Large energy local well-posedness theorem in global Coulomb gauge). Let
(a,e, f,g) be an H! initial data set satisfying the global Coulomb gauge condition d°a, = 0
with energy Ela,e, f,g9] < E. Let r. = rca,e, f,g] be defined as above. Then the following
statements hold:

(1) (Existence and uniqueness) There exists a unique admissible CyH' solution (A, ¢) to
(MEG]) on [—r., r] x R* satisfying the global Coulomb gauge condition with (a,e, f, g)
as its initial data.

(2) (A-priori S* regularity) We have the additional reqularity properties

Ay €Y —r, 1], As, ¢ € S —re, 1]

(8) (Persistence of reqularity) If the initial data set (a,e, f,g) is more regular, then so
is the solution (A, ¢); in particular, the solution (A, @) is classical if (a,e, f,g) is
classical.

(4) (Continuous dependence) Consider a sequence (a'™,e™ M) g™ of H1 Coulomb
initial data sets such that (a™,e™, f) g™y — (a e, f,g) in H' Then the lifespan
of (A™ o™ eventually contains [—r., .|, and we have

140 — A1 + 1(Ae — AL, 6 — 6|51y = 0 as n — oo,

We also state the initial data excition/gluing theorem from [24], which is used in several
places in the present paper. Given a measurable subset O C R*, the H!(O) norm is defined
as the restriction of the #!'(R?*) norm to O, and the space H'(O) consists of all initial data
sets on O with finite H'(O) norm.

Theorem 4.4 (Excision and gluing of initial data sets). Let B = By, (z0) € R*. Then there
exists an operator B from H' (2B \ B) to H'(R*\ B) satisfying the following properties.

(1) Extension property:
3
E™a,e, f,g] = (a,e, f,g)  on the annulus §B \ B.

(2) Uniform bounds:
||EeXt[a>€a I 9]||H1(R4\§) < llase, f, 9)”7{1(23\?) (4.5)
ExnglE e .0 S | = Iy omymy + Exsiglce. £.9) (4.6)
(3) Regularity: The operator E is continuous from H*(2B\B) to H*(R*\ B). Moreover,
if (aye, f,g) is classical, then so is E™[a, e, f, g].

In order to gain control of the first norm on the right in (4.6]), we will repeatedly use the
following improvement of the classical Hardy inequality, which is a consequence of a result
proved in [24], Lemma 6.5:

Lemma 4.5. Let 0 > 2. Then for any ball B of radius r in R* we have the bounds
r N fl2es) S IDefllz@s) + 0 HDefll 12 @oos) (4.7)

7’_1||f||Lg(2B\§) SIDPefllizonm) + U_1||Dxf||Lg(R4\ﬁ) (4.8)
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Furthermore, we state the local geometric uniqueness result from [24], which we use in
this paper to construct compatible pairs. For a ball B = {tq} x B,,(79) C {to} x R*, we
define its future domain of dependence D+ (B) to be the set

DT (B) == {(t,z) e R 1ty <t <1y, |o— x| <t —1to}.

Given a measurable subset O C R*, the space G?(O) consists of locally integrable gauge
transformations such that the following semi-norm is finite:

Ixllg=c0) = 19Xl 20y + 10X | 2 (0)-

Given a measurable subset O C R, define O; := ON({t} xRY) and I(O) .= {t e R: O, #
(}. Note that I(O) is measurable and O; is measurable for almost every ¢. Accordingly, we
define the space C;G?(O) by the semi-norm

Ileigsco) = esssup (I iz semvioron *+ 100X zension + 108xlzon )
€
Proposition 4.6 (Local geometric uniqueness among admissible solutions). Let Ty > 0 and
let B C R* be an open ball. Consider CyH' admissible solutions (A, @), (A’,¢') on the region
D := D" ({0} x B) N ([0, Tp) x R*).

Suppose that the respective initial data (a,e, f,g) and (a',€, f',g') are gauge equivalent on
B, i.e., there exists x € G*(B) such that (a,e, f,g) = (a/ —dx,¢,eXf' eXg'). Then there
exists a unique gauge transformation C;G*(D) such that X [{oyxp= X and

(A,¢) = (A" —dy,eX¢) onD.

We now pass to results from [25]. Given an interval I C R, we define the energy dispersion
of a function ¢ on I x R* by

ED[](I) := sup (2—'f||Pk¢||LmXR4) + 2—2’f||Pk(8t¢)IILgfzuxw)) (4.9)
S

The main theorem of [25] is as follows.

Theorem 4.7 (Energy dispersed regularity theorem). For each E > 0 there ezist positive
numbers € = €(E) and F = F(E) such that the following holds. Let I C R be an open
interval, and let (A, ®) be an admissible CyH' solution to (MKG) on I x R* in the global
Coulomb gauge 0°A, = 0 with energy not exceeding E, i.e.,

Eryxra[A, 0] < E  for everyt € 1. (4.10)
If, furthermore, the energy dispersion of ¢ on I x R* is less than or equal to ¢(E), i.e.,
ED[6|(I) < e(E), (1.11)
then the following a-priori estimate for (A, ¢) on I x R* holds:
[Aollyriny + [[Aellsapn + (|10l s1ny < FI(E). (4.12)

We also state an continuation and scattering result for Coulomb solutions with finite S*
norm, which is proved in [25].
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Theorem 4.8 (Continuation and scattering of solutions with finite S* norm). Let 0 < T <
oo and (A, @) an admissible CyH' solution to (MEQG) on [0,T.) x R* in the global Coulomb
gauge which obeys the bound

| Aolly1(0,1,)xr1) + Sup 1451 510,74 ) xr2) + || @] 51 (j0,14 ) xRy < 00.
]: PARAS
Then the following statements hold.

(1) If Ty < oo, then (A, ®) extends to an admissible CyH' solution with finite S* norm
past T .
(2) If Ty = oo, then (A,, ¢) scatters as t — oo in the following sense: There exist a

solution (AL, ()} to the system

A =0,
(O + 20 AJ0%)p>) =0,

with initial data AS[0], $[0] € HY x L2 such that

s 40 = A7 iy sz + 101 = 6 lliaz > 0 as T = o0,
J=L5
Here Al™¢ can be either the homogeneous wave with AI™¢[0] = A,[0] or Afree = AL

Analogous statements hold in the past time direction as well.

5. CONSERVATION LAWS AND MONOTONICITY FORMULAE

In this section, we derive key conservation laws and monotonicity formulae that will serve
as a basis for proving regularity and scattering. We begin by describing the main results,
deferring their proofs until later in the section. We emphasize that all statements in this
section apply to admissible CyH! solutions to (MKQI), unless otherwise stated.

One of the fundamental conservation laws for (MKG)) is that of the standard energy: Given
an admissible C;H! solution (A, ¢) to (MKG]) on I x R*, for to,t; € I we have

Eqtoyxra[A, 0] = Eppyxra[A, 8] (5.1)

For self-similar solutions, finite energy condition translates to a weighted L? estimate on H,,.
This estimate will be used to show that they must in fact be trivial.

Proposition 5.1. Let (A, ¢) be a smooth solution to (MKG]) on C oy with finite energy,
i.€., there exists E > 0 such that

esssup Eg,[A,¢] < E < 0.
te(0,00)

Suppose furthermore that (A, ¢) is self-similar, i.e., tx,F = 0 and (Dx, + %)qﬁ = 0, where
Xo = 0, in the hyperbolic coordinates (p,y,©). Then we have

1 scoshy sinh y _
A 5( e |6* +2 e Re(¢Dy¢)+coshy(lD¢|%p+|F|%p)> <E (52

where [D@[3, , |F|3, are to be defined in (5.2T).
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The next statement concerns the quantities

1
FQC[toytl] [Av ¢] = 857:1 [Au (b] - £St0 [Av ¢]7 gas;:l [¢] = E /85’ |¢|2 (53)

Here, Fsc, ,,, is the energy flur of (A, ¢) through OCy, +,). For ¢ € Cy(I; H;) and t; € I,
observe that Gy, [¢] is well-defined by the trace theorem. In fact, ¢ [as,, € H/2(DS},).

Lemma 5.2. Let (A, ¢) be an admissible C;H* solution to (MKG) on I x R* where I C R*
s an open interval. Then for every tyg,t; € I with ty < ty, the following statements hold:

(1) The energy fluz on Foc,, , [A, ¢] is non-negative and additive, i.e.,
Fociy e [As 8] = Focy,, |4, 0]+ Focy,,, [A¢]  fort' € [to, ta]. (5.4)
(2) The following local Hardy’s inequality holds on 0Cy, 4,

Gos, 61+ | Gosl6) < Gas, 161+ Facy, .y [A. 0. (55

Moreover, we also have
Gos,, [9] < Eyxrans, (4, @] (5.6)

A consequence of Lemma is a simple but crucial decay result for the two quantities

defined in (5.3).

Corollary 5.3. Let (A, ¢) be an admissible CyH' solution to (MKG]) on I x R* where I C R*
s an open interval. Then the following statements hold.

(1) If (0,9] C I for some § > 0, then we have
tlli£n>0 ‘Fac(o,tl] [A> ¢] = Oa t111£n>0 gé)Stl [¢] =0. (57)

where ]:ac(o’tl] [A, ¢] = hmto_m ]:ac[toytl] [A, gb]
(2) If [§,00) C I for some & > 0, then we have
i Focio 461 =0, 1 Gos, [¢] = 0. (5.8)

to,t1—

The statements concerning ]:act 1l follow from the monotonicity and boundedness of Eg,,
whereas those concerning Gy, follow from (5.5), (5:6]); we omit the straightforward details.

The decay statements (5.7) and (5.8)) imply that the energy flux and the quantity Gag, [¢]
vanish as one approaches (0,0) or ¢ — co. In the ideal case when ‘Fac[to,tl] =0 and gagtl =0,
the solution (A, ¢) enjoys an additional monotonicity formula, namely

[ e ]
S C

1

—|LXOF|2 —|(DX0 + 1)gz>|2chedx = / (Xo)pr[A, ¢] dz (5.9)
[to,t1] p Stq

where X, = 9, in the hyperbolic coordinate system (p,y,0), |ix,F|* = m(ix,F,tx,F)
(observe that |tx, F'|? > 0) and X0 Pr[A, ¢] is to be defined below in Lemma E.I0 It turns
out that the right-hand side is uniformly bounded by the conserved energy as ty — 0, thereby
breaking the scaling invariance. More precisely, the first term on the left-hand side precludes
null concentration of energy, whereas the second term implies that rescalings of (A, ¢) are
asymptotically self-similar.
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In application, however, the quantities F and G will be small but not necessarily zero.
Hence we will rely on the following approximate version of (5.9)) instead. Define

(t+e)?—r2 X.= pgl((t +6)0; +710,), |ix.FI*:=m(x.F, x.F).

Proposition 5.4. Let (A, ¢) be an admissible C;H' solution to (MEQG) on [e, 1] x R*, where
€ (0,1). Suppose furthermore that (A, ¢) satisfies

MI»—-

851 [Av (b] S E7 f80[5,1] [Au (b] S 6%E7 g851 [¢] S E. (510)

Then

/<X6 Pr[A dx+// —|LXEF|2 —|(DX5 )¢|2dtda:<E (5.11)
Cley P

where the implicit constant is independent of €, E. We refer to Lemma 510 for the compu-
tation of X<) Pp[A, ¢].

Using Proposition [5.4], we can also establish a version of (5.9) that is localized away from
the boundary of the cone. This statement will be useful for propagating lower bounds in a
time-like region towards (0, 0).

Proposition 5.5. Let (A, ¢) be an admissible C;H' solution to (MEQ) on [e, 1] x R*, where
€ (0,1). Suppose furthermore that (A, ¢) satisfies (B.I0). Then for 2e < 6y < 0y < tg <1,
we h(we

/ 0 Pr{A, ] da < / , CVPrA 6] dz+ C((81/t0)} + log(61/00) | 1) B (5.12)
Syt St(())

The rest of this section is devoted to the proofs of the above statements, and is organized
as follows. In Section B.Il we discuss ways of generating divergence identities for proving
the above conservation laws and monotonicity formulae. We also introduce null decompo-
sition, which will assist our computations below. In Section [5.2] we use to prove (GE.1) and
Proposition 5.1l In Section 53], we introduce and prove a local version of Hardy’s inequality
and use it establish Lemma Lastly, Section [(.4] is devoted to the proof of (5.9) and
Propositions [5.4]

5.1. Divergence identities and null decomposition. The goal of this subsection is two-
fold. First, we introduce methods for generating useful divergence identities for solutions
o (MKQ]) that essentially arise from Nother’s principle. Second, we define the notion of a
null frame and the associated null decomposition of F' and D¢, which will be useful for the
computations below.

We first present the energy-momentum tensor formalism for generating divergence iden-
tities. This formalism is a way to exploit Né6ther’s principle (continuous symmetries lead to
conserved quantities in a Lagrangian field theory) for external symmetries, i.e., symmetries
of the base manifold R'** of (MEKG]). Let (A, ¢) be a smooth solution to (MEKG]) on an open
subset @ C R'**. We define the energy-momentum tensor associated to (A, ¢) as

Qab[Aa ¢] =0 Qab[ ]ab + Qab[ ¢] (513)
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where

1
(M) Qab[A] :Fachc - ZmachdFCd (514)

K9)Q,3[4, 6] =Re(Da¢Dyd) — ymapD*6Ded (515)

Note that Q is a symmetric 2-tensor, which is gauge invariant at each point. Moreover,
since (A, ¢) is a smooth solution to (MKG]), the energy-momentum tensor satisfies

V?QablA, ¢] = 0. (5.16)

Given a vector field X on O, we define its deformation tensor to be the Lie derivative of
the metric with respect to X, i.e., X7 := £Lym. Using covariant derivatives, )7 also takes
the form

O Trab = VaXp + VaXp
We will denote the metric dual of X7 by Kzt je., (Kah)ab = maemPdXr 4 From its
Lie derivative definition, the following formula for (X )7r,w in coordinates can be immediately
derived:

N7, = X(my,) + 0,(X*)m,, + 0,(X*)m,,, (5.17)

Using the deformation tensor, we now define the associated 1- and 0-currents of (A, ¢) as

X) ']a[Av ¢] ::Qab[Av ¢]Xb7

1 (5.18)
POK[A, 6] :=Qun[A, 9](; V).
Then by (5.16) and the symmetry of Q[A, ¢|an, We obtain
V(O a4, ¢]) = VKA, ¢]. (5.19)
Remark 5.6. Taking X = T = 0; in the rectilinear coordinates (¢,z!,...,z%), we have

(M7 =0 (in other words, T is a Killing vector field) and hence ™ K = 0. In fact, (5.19) is
a local form of the standard conservation of energy (B.1). We refer to Section 5.2 for more
details.

For a (smooth) scalar field ¢ satisfying the gauge covariant wave equation u¢ = 0,
we introduce another way of generating divergence identities. This method corresponds to
using Néther’s principle for the symmetry of the equation under the action of C viewed as
the complexification of the gauge group U(1). Given a C-valued function w on an open
subset of R we define its associated 1- and O-currents by

) J,[4, 6] =(Rew)Re(¢D,6) ~ (Imw)im(6D3) — 5 Va(Rew)|o?

(5.20)
| _
W KA, ¢] =(Rew)Da¢pD2g — 5O(Re w)|¢|? — Va(Imw)Im(¢D24).
A simple computatio shows that the following conservation law holds:
V(W T[4, ¢]) = KA, ¢]. (5.21)

_12A1ternatively, the identity below can be derived by multiplying the covariant wave equation for ¢ by
we, taking the real part and differentiating by parts.
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Remark 5.7. Taking w = —i, we have
) Jo = Im(¢Dag), K =0,
and (5.21)) reduces to the well-known local conservation of charge.

Finally, we introduce the notion of a null frame and the associated null decomposition of
D¢ and F, which are useful for computations concerning the energy-momentum tensor. At
each point p = (tg, z9) € R'**, consider orthonormal vectors {e, }o—1,.. 3 which are orthogonal
to L and L. Observe that each e, is tangent to the sphere 0By, ,, := {to} x 0B,,(0) where
ro = |zo|. The set of vectors {L, L, ey, e9,e3} at p is called a null frame at p associated to
L, L.

The C-valued 1-form D¢ can be decomposed with respect to the null frame {L, L, e,} as

D¢, D¢ andDy¢ := D, ¢, which is the null decomposition of D¢. A simple computation
shows that

KDQIA, ¢)(L, L) = Drof*, “VQ[A, ¢|(L, L) = Drol’, “VQ[A, ¢](L, L) = |Do[* (5.22)

.....

Next, we define the null decomposition of the 2-form F' with respect to {L, L, e,} as
1
Qg 1= F(La ea)a Q= F(L, 6a)> Q= §F(L>L)> Oab = F(eaaeb)~

Note that p is a function, ag, o, are 1-forms on 0By, ,, and og is a 2-form on 0By, ,,. We
define their pointwise absolute values as

e Yk fafe Xk P Y
a=1,...,3 a=1,...,3 1<a<b<3
This decomposition leads to the following simple formulae for the L, L components of M Q:

QAL L) = |af?, “VQIA(L, L) =af’, “WQIA|(L,L) = o] + o[>  (5.23)

5.2. The standard energy identity and proof of Proposition [5.1l Consider the vec-
tor field T', which is equal to the coordinate vector field J; in the rectilinear coordinates
(t,2',...,2%). It can be easily checked that T is Killing, i.e., ™7 = 0. Contracting 7" with
the energy-momentum tensor Q[A, ¢], we then obtain the local conservation of energy, i.e.,
given a smooth solution (A, ¢) to (MKG) on an open subset O C R we have

V(D JL[A,¢]) =0 on O. (5.24)
Since T = (L + L), we have

0J1]A,6) =QIA,dI(T, L) = L (IDsol’ + Do) + 3 (laf + | + o), (5.29)
7J3]4,6] =QIA, 6)(T, L) = S(IDLoP + [Pof) + (ol + ol +1of).  (526)
Given a (measurable) subset S C {t} x R* for some t € R, the above computation implies
Es[A, 9] = / T Jr[A, ¢] da.
We are now ready to give a quick proof of SGBZI). For a classical solution (A, ¢) in the class

CyH'([to, t1] x R*), the standard energy conservation (5.1]) follows by integrating (5.24)) over
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(to,t1) x R* and applying the divergence theorem. The case of an admissible solution then
easily follows by approximation.
We conclude this subsection with a proof of Proposition 5.1l

Proof of Proposition[51l Note that X, = 9, and T" = coshyd, — sinhy(p~'9,) in the hy-
perbolic coordinates (p,y, ©). In the following computation, we use the orthonormal frame
{0,,p710,, ea} at each point, where {€;}4-123 is an orthonormal frame tangent to the con-
stant p,y sphere as before. Then we compute

1
K9Q|4,6)(9,.9,) =5 (D0l + 1" Dol + Do)
KG) QlA, 9](9,, p_lﬁy) =Re(D,¢p™'D,¢),
(M)Q[Aa ¢](8p78p) :%F(apvp_lﬁyf _'_1 Z F(ﬁpvea)z

2
(M)Q[Aa Cb](amp_lay) = Z F(ap,ea)F(p_lay,ea).

By the self-similarity conditions ¢y, F' = F(9,,) = 0 and (D, + %)qﬁ = 0, we have

M J,[A, ¢] =coshyQ[A, ¢](0,,d,) — sinhyQ[A, ¢](p~'0,, 0,)

1 scoshy sinh y _
—( Il + 2 Re(¢D,3) + cosh y(|Dof3, + |FI3,))
where
—h)a D. L ac(,—
|D¢|3{p = (97-[,1,) bDa¢Db¢u ‘Fﬁ[p = 5(97.&) (gHi)bdFachd, (527)

and gﬁi =p 20, -0, + Y a—1.2,3€a " €q is the induced metric on H,,.

We are ready to complete the proof. Denote by H-, the region {(p',y',©’) : p/ > p}.
Integrate (£.24)) over the region C(o4) NHs,, whose boundary is S; U (H, N Coy ), and apply
the divergence theorem. Then taking ¢ — oo, the desired estimate (5.2) on #, follows. [

5.3. A localized Hardy’s inequality and proof of Lemma We begin by stating a
very general identity (valid for any dimension d > 3), which can be thought of as Hardy’s
inequality with all the errors terms explicit.

Lemma 5.8. Let ¢ be a smooth C-valued function and A be a smooth 1-form on R? (d > 3).
Then for 0 < r; < re, we have

T2 1 [ 2 1
/ / —2\¢\2rd_1 dO'Sdfl dr + / / |—D7«Q§ -+ —¢‘27‘d_1 do’Sd,1 dr
1 r o) d - 2 T

2 \2 [ 2 d—1 2 2 d—2 " (5.28)
(m) |D7«¢| T dO'Sdfl dr + ﬁ ‘(M T dO'Sdfl .
— r — r=ri
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We omit the proof, which is a simple algebra plus an application of the fundamental
theorem of calculus in r. Specializing to d = 4 and rearranging some terms, we obtain

2 T2 T2
/{ }@r?’daw [ mieprtaears [ [ 4D o)t dosar
2
:/ |¢| 3do'3—|—/ /|DT¢|2T3dUS3 dr.
{r=ry} T

The last term on the left-hand side of (5.29)) is always non-negative; moreover, for ¢ €
S(R%), the first term on the right-hand side vanishes as ry — oco. By approximation, the
following gauge invariant version of Hardy’s inequality on R* follows.

Corollary 5.9. Let ¢, A € H'(RY). Then r—'¢ € L2(R*) and ¢ o5, L2(OB,) for every
r > 0. Moreover, we have

12

We are ready to establish Lemma [5.2

(5.29)

HLZ(R4 +SUP H(bHLZ(E)BT < ||Dr¢||L2 R4)* (5.30)

Proof of Lemma[5.3. We first consider the case when (A, ¢) is smooth. Then by local con-
servation of energy, we have

FoCiy o) = ;/ M J1L[A, ¢]r® dvdoss
9Cltg,t]

and hence the non-negativity and additivity are obvious. The first local Hardy’s inequality
(5.3) is a consequence of (5.29) applied to the hypersurface 0Cy, ) = {u = 0, r € [to, 1]}
in the coordinate system (u,r, ©), whereas the second local Hardy’s inequality (5.6]) follows
from a similar argument used to derive Corollary [5.9

Now we turn to the general case. Since (A, ¢) is an admissible C;H' solution, there exists
a sequence of smooth solutions converging to (A, ¢) in C;H(I x R*). Since all quantities in
the conclusions of the lemma are continuous with respect to the CyH!(I x R*) topology, the
general case follows from the smooth case by approximation. O

5.4. Monotonicity formulae and proofs of Propositions [5.4], 5.5l Here we derive
monotonicity formulae associated with the vector fields X., which are defined in the polar
coordinates as
X. - pi<(t 40 +1D), p=JUETR 1, (5.31)
€
where ¢ > 0, t > —e.

The starting point for derivation of the monotonicity formula (5.9]), as well as Proposi-
tions 5.4l and 5.3, is to contract the energy-momentum tensor Q with one of the vector fields
X.. Due to the unfavorable contribution of ¥ Q. however, several additional modifications
are necessary. To simplify the discussion, we first restrict to the case ¢ = 0. The reader
should keep in mind that the general case follows simply by translating in time by «.

Using the formula (5.17), we compute

E(XO)W = (8 Oy + ——
i

y () = %(m_l T Xo- Xo).

sinh? y
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Hence we have

DK =M Q] L (x0) )b +(KG>Qab(%(XO>Wu)ab
1 -
:_‘LXOF‘ + _‘DX0¢‘2 - _Da¢Da¢’ (532)
p p p

where [ix,F|*> = m(ix,F,ix,F) > 0, since X is time-like. The first term on (5.32) is
satisfactory in view of our goal (5.9]), but the rest is not. To remove the last term, we use
the currents (“0)J and (o) K with wy = % and compute

1 1 1
(Xo0) )¢ 4 (wo) f¢ :;‘LXOF‘2 + ;‘DX0¢‘2 — ;\(bﬁ (5.33)

Now we introduce an auxiliary divergence identity, which is related to Hardy’s inequality
in the p variable. Define (*0) J[¢] in the hyperbolic coordinates (p,y, ©) by

(Ho) |¢|2
Jpld] = TR (5.34)
where the remaining components are set to be zero. Define also
2 1
HOK(9] = 101 + S0.l0f (5.35)

Then a simple computation shows that
VA (T Ja[g]) = " Kg). (5.36)
Since 9,|¢|* = 2Re(¢D,¢) and Xy = 9,, we arrive at

1 1 1
(Xo) ¢ 4 (wo) ¢ 4 (Ho) pr ;|LX0F|2 + ;\(DXO + ;)¢|2, (5.37)

which is precisely the integrand in the space-time integral in (5.9]).

The preceding computation suggests that we should define a new 1- and 0-currents by
(X0) J4-(wo) J4-(Ho) J and (Xo) [{ 4-(wo) )¢ 4 (Mo) [ yespectively. To make the L and L components
of the 1-current look more favorable, however, it turns out to be convenient to add in an
auxiliary current Wo).J defined by

1
23

<r3p§|¢|2>, A6 7 (6] = — = L(3 ~1oP) (5.38)

2r3~—

where the remaining components are set to be zero. By equality of mixed partials LL =
40,0, = 40,0, = LL, it follows that

v2(N) 1,[8]) = 0. (5.39)
For (X0) p .= (Xo) 7 1 (wo) 7 4 (o) 7 4 (No) J ye claim that

o) Jp[¢] =

(XO)PL:%<Z)%(|7“ De(r) + [af?) + ;( )%(\wﬁ lo - +loP +lol),  (5.40)
0p = () (r Dy + o) + 1 (2) (1po + i L loP +1oP). ()
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We will prove (5.40), leaving the task of verifying (5.41]) to the reader. Using the relations

1 v U
= (=L +-L),
2(p p>

and the null decomposition formulae (5.22)), (5.23), we have

p2 = uv, XO

1 1
P3[4, 61 =5 (CIDL6P + ZIPOP) + 5 (Clal + 7 (1o + o))

On the other hand, we compute
1 — 11 1
0 JL[A, ¢] = ~Re(¢D1o) + s—lof>,  HT[g] = ——|[of.
P 2 pv pv
To prove (5.40)), it suffices to verify
lov lv
§;|DL¢|2 + ) J[A, @] + H0) g [g] + Mg [g] = §;|T_1DL(T¢)

For this purpose, it is convenient to work with ) = r¢. We have

1w 5 1 —— 117 1y 1
LHS of (5.42)) —§;|DL(¢/7’)| + ERG(@DDLW/T)) + 00 2 — o012 + 53

voo2 1 1 )2
S P
pr?  pr ,021+r (/) r2

t
L(;Mz)
lv, 5 1
—~Y-D —<
2p|7’ L + 5

Since r1L(t/p) = 1/(pr) — t/(prv) = 1/(pv), we see that
v 2 1 1 v 2 u
e R ) P .
* r (/) pr2 pr pr?’

which establishes (5.42)), and hence (5.40).

We now return to the general case ¢ > 0. Define (Xe)J, (we) j (M) j (Vo) J and their

O-current counterparts by pulling back the ¢ = 0 versions defined above along the map

(t,7,0) > (t +&,7,0). For X)J (we)j (XK and =) K| note that this definition agrees
with that from Section 5.1l using X, as in (5.31]) and w, := 1/p.. Let

WIPLA, ¢] =V J[A, 0] + ) T[A, 6] + M) T[g] + Y9 T[4, (5.45)

FIQLA, ¢] = KA, 6] + KA, 9] + MK [g)]. |

We summarize the discussion so far in the following lemma, which follows easily by pulling
back the above computations along (¢t,7,0) — (t 4+ ¢, r, O).

Lemma 5.10. Let (A, ¢) be a smooth solution to (MEKG]) on an open subset O C Clg o).
The 1- and 0-currents X<) P[A, ¢] and X<)Q obeys the divergence identity

V(I R[4, ¢]) = FHQ[A, ¢], (5.44)
where X)Q = X)Q[A, ¢] takes the form

1

XIQ = —Jux, FI* +
Pe
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Here, ix.F|> = m(ux.F,ux.F) > 0. Moreover, the L and L components of XIP =
(X P[A, @] take the form

9B, =3 () (rDura) + lal) + 5 (%) (Do + A 4 1o+ 1o), .16)

3 1 vz 2
P, =3 (%) Dyro) + lal?) + 2(2) (o + 2 4 o+ 10P). (5.a7)
where v == (t+¢e)+7r and u. := (t+¢) —

Here we give a quick proof of (.3 for a smooth solution (4, ¢) on R'**. By Foc,, ., =0,
Gss,, = 0 and Lemma [5.2], note that F' = 0 and ¢ = 0 on the boundary 9Cl, ). Integrate
(@) with € = 0 over C[tmtl] and apply the divergence theorem. The boundary term on
OCly, ,) vanishes thanks to F, ¢ = 0, and thus (5.9) follows.

In the preceding proof, however, note from (5.40) that there is a weight (2 )2 in the
boundary term, which would blow up if Dz(r¢) and a, were not exactly zero on 9Cl, ).
We now turn to the proof of Proposition 5.4, whose goal is exactly to deal with this issue.

Proof of Proposition[5.4). As the hypothesis (5.10) and the conclusion (.11 only involve
quantities which are continuous with respect to the C;yH!(I x R?) topology, it suffices to
consider the case when (A, ¢) is smooth. Integrating (5.44) with ¢ > 0 over C|j and
integrating by parts, we obtain

/XEPT dx+// —|LX5F|2 —|(DX5 )¢\2dtdx
51 5

/ X PrlA, ¢ da + = / X Py [A, ¢)r? dvdogs.
2 9C 1

€

(5.48)

We claim that the right-hand side is bounded from above by < E. We begin with the first
term. On S., we have the pointwise bound

K pr(A, ¢] S T Pr[A, ] + —|¢|2

since (ue,ve) ~ 1 and (v.,u:) ~ 1 on S.. By (5.10), Lemma 5.2l and (5.29) applied to ¢ on S,
with r; = 0, 9 = €, it follows that the first term on the right-hand side of (5.48)) is bounded
by < E.

We now consider the last term in (5.48]). On 00571 1, we have

P, [4,0] S e (IDsof + 16 + lal?) + LA, o,

Then by (5.10), Lemma (.2 and the fact that ¢ = r on 9C, the last term in (5.48)) is bounded
by < E as desired. O

We end this section with a proof of Proposition (.5
Proof of Proposition[5.3. As before, by approximation, it suffices to consider the case when

(A, ¢) is smooth. Let 6 € [0y, ;1] be a number to be determined below. Integrating (5.44])
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with ¢ = 0 over Cﬁo,u and using the divergence theorem, we see that (5.12) would follow if
there exists d € [dp, 61] such that

[ ORGP dudoss S ((51/10)} + |log(6 /)| ) E. (5.49)
ac?

[to,1]

The contribution of the term with the weight (ug/vo)"/? in (5.40) is easy to treat; indeed,
using localized Hardy’s inequality and local conservation of energy, we have

/306 ;( ) <|]D¢|2+W +|gl2+|a|>r3dvdagg

[to-1]

5(@)1/2 < /306 @ JL[A, 9] r’ dvdogs + 551\515 A4, ¢] + sy [¢]> S <é>1/2

to . to

It remains to treat the term with the weight (vg/uo)"/? in (5.46). Note that

r'Dy(r¢) =Dy, + %)gb = 2(3_:>é(DXE + i)ﬁb (Ua)DLCb + < ) —0,

1
—F(L, ;) = 2(“—) F(X., e0) — (%)F(L, ca).
UE UE
Note that u < u. and v < v,.. Furthermore u, < 2u on 80@07” since 2¢ < Jy. Hence,
1 1
/ S(5) (5 Do) 2 + [af?) r® dvdos (5.50)
806 2 u

[to,1]
3

S [ (1D 00+ i FE) 3 (1Def + 510 + ) r* dudos.
E)Cg5 1 Pe Pe V2 r
We claim that the integral of the right-hand side over &y < u < §; with respect to u~'du is
bounded by E. Then by the pigeonhole principle, there would exist § € [0y, 1] such that the
left-hand side of (5.50) is bounded by < |log(d,/d0)| ' E, as desired.
For the contribution of the first term, the claim follows directly from Proposition 5.4l For
the second term, we have

1
uz o, Lo 2 O (1) 017
"= (IDLoP+ 510 Hal?) drde < LD rla ¢l dide 5 (7)7F,
\C 5 T 060 \C‘sl t§ tO
t 1] VTt 1] [to,1] VY [to,1]
which is sufficient to prove the claim. O

6. LOCAL STRONG COMPACTNESS AND WEAK SOLUTIONS TO (MKG))

The first goal of this section is to establish the following local strong compactness result
for asymptotically stationary (see (6.2) below) sequences of solutions to (MKG]) with small
energy.

Proposition 6.1. There exists a universal constant ¢y > 0 such that the following holds.
Let B = By(zo) € R* be an open ball of unit radius centered at xq, and let (A™, ™) be a
sequence of admissible CyH' solutions to (MKG]) in (—2,2) x 8B such that

Eopxsn[A™, 6]+ 1070, 2) (172 s5) < €5 (6.1)
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Suppose furthermore that (A™, ™) is asymptotically stationary in the sense that
(n))2 (n) (n))2
lex FY)° + [(DY + b)¢'™|"dtde — 0 as n — oo, (6.2)
(—2,2)x2B

where X is a smooth time-like vector field and b is a smooth real-valued function. Then there
exists a pair (A, ¢) in L7 ((—1,1) x B) such that the following statements hold:

(1) There exists a sequence of gauge transforms x™ € C,G*((—1,1) x B) such that, after
passing to a subsequence, we have

(A7) = 9™, €X' M) (A, 0)  strongly in L7, ((=1,1) x B), (6.3)

(F, X" DWgM) (F,,, D,p)  strongly in L,((~1,1) x B), (6.4)

where F,,, = 0,A, — 0,A, and D,¢ = 0,0 +iA,¢ are defined in the sense of distri-
butions.

(2) The limiting pair (A, ¢) is a weak solution to (MKG]) on (—1,1) x B, in the sense of
Definition [6.0 below. The connection 1-form A obeys, in the sense of distributions,
the Coulomb gauge condition

A =0 on(—1,1)x B. (6.5)
(8) The pair (A, ) possesses the following additional reqularity:

1 3
A€ H ((-1,1) x B), Fu,€ H2((=1,1) x B), ¢ € H2((—1,1) x B). (6.6)
(4) Moreover, the pair (A, ¢) is stationary with respect to X, in the sense that
ixF'=0, (Dx+b¢p=0 on(-1,1)xB. (6.7)

As a result of taking limits, the notion of weak solutions to (MKQ]) arises naturally from
Proposition 6.1l For our application in Section [§, we also need to formulate the notion of
locally defined weak solutions (Aq], ¢[o]) that can be pieced together to form a global pair
(weak compatible pairs). Developing a theory of these objects is another goal of this section.

Remark 6.2. We remark that weak solutions and their gauge structure play only an auxil-
iary role in our work. Indeed, the stationarity equation (6.7)), combined with (MKGI]) and
the additional regularity (6.0) of (A, ¢), allow us to infer smoothness of (A, ¢) via elliptic
regularity. This issue is considered in Section [l where we study stationary and self-similar

solutions to (MKGI).

Remark 6.3. It is in fact possible to obtain stronger convergence than (6.3]) namely AL") -
dx™ — A, and X - ¢ in H}!,((=1,1) x B). Moreover, the limit A, obeys the

additional regularity Hz f_e((—l, 1) x B) for any € > 0. As these facts are not necessary for
the proof of our main theorem, we omit their proofs to avoid lengthening the paper.

The rest of this section is structured as follows. We first give a proof of Proposition
in Section [6.1] except the statement that the limit (A, ¢) is a weak solution to (MKG]). In
Section [6.2] we formulate a notion of weak solutions to (MKG]) that will be used in our proof.
Finally, in Section [6.3, we introduce and discuss the notions of smooth and weak compatible

pairs, which are local descriptions of smooth and weak solutions to (MKGI), respectively.
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6.1. Proof of Proposition [6.1. Here we prove Proposition [6.1] modulo the assertion that
the limit (A, ¢) is a weak solutlon to (MKG), which would be clear once we define the notion
of a weak solution in Definition [6.6] below.

Proof. The basic idea behind proof is as in [31], Proposition 5.1]: Small energy (6.I]) implies
local uniform S* bound on (-2, 2) x 2B, which can be combined with asymptotic stationarity
([62) via a microlocal decomposition to conclude strong convergence in (—1,1) x B. In
implementing this strategy, we need to take into account the presence of the constraint
equation and the system nature of (MEKGI) (especially the Maxwell part). Our proof proceeds
in several steps.

Step 1. In this step, we use the excision and gluing technique to produce gauge equivalent
Coulomb solutions on the smaller region (—2,2) x 2B, which enjoy a uniform S! bound.

Let (ag»"), e§"), fm, gy = (Ag-"), Foj, &™), DM ™M) [ _0y be the data for (A, ¢) on {t = 0}.
Applying Theorem .4l to 8 B \ 4B, we obtain an initial data set (a™,e™, f g™) ¢ H (R
such that (@™, €™, f) G0)) = (o™ M ) ¢ on 4B and

g[( "(n f(n>§ ]<€0

by (46) and (IE:I:I) Choosing €, appropriately, we may ensure that the left-hand side is
smaller than €2, which is the threshold for Theorem 11
To pass to the global Coulomb gauge, consider the gauge transformation X(”) € G*(RY)

defined by x" = A194 and let

(@™, 6, F 500y = G _ ) ) o™ ) gix )y

This initial data set agrees with (a™, e™, f™ ¢() on 4B up to a gauge transformation,
ie.,
( f(n - (n) ) ( (n) dx(n),6(n), eiz(n)‘f(n)’ eiz(n)g(n)) on 4B, (68)
and furthermore obeys the small energy condition
S[EL(”), é(”), f(">,g(">] < 63. (6.9)

By small energy global well-posedness (Theorem [4.]), it follows that there exists a unique
CyH' admissible solution (A™, ¢™) on R'** with initial data (a™,é™, f) () which
obeys

LAS lyr sy + 1AW |51 @aeny + 16 |51y S €. (6.10)
Moreover, by geometric uniqueness (Proposition [.6]) and the simple fact that
(—2,2) x 2B C DT ({0} x 4B) UD~ ({0} x 4B),
there exists x(™ € C,G%((—2,2) x 2B) such that
(A™ Gy = (A — dy™ X gy on (=2,2) x 2B. (6.11)
Let no, ...,n3 € C5°(R'™) be such that

nj=1on (=1,1) x B, suppn; C(—=2,2) x 2B, nnj+1 = n;.
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for j = 0,1,2,3 (except for the last property, for which 7 = 0,1, 2), which will be fixed for
the rest of the proof. We will also often write n = 79 and 77 = 3. By (6.10) and Remark A.2]
the solution (A™, (™) satisfies

10k (A" | oo r2 + 10k (0™ | o2 Sy €0 (6.12)
||at,x(77j/i(()n))||L?H§ + ||D(77j1‘i§g"))||L%H;% + ||D(nja3(”))||L§H;% S, €o- (6.13)

for any j = 0,1,2,3. In particular, in view of (6I2)) and Holder’s inequality, the sequence
(nA™, 77¢(™)) is uniformly bounded in H},. By the Rellich-Kondrachov theorem, there exists

a subsequence, which we still denote by (77A™, 77¢(™), and a pair (A, ¢) € H 190 such that
FA™, 70" =~ (A,¢)  in H.,, (GA™,76™) = (A,¢) in L7, (6.14)

as n — 0o, where the notation — refers to weak convergence.

Step 2. In this preparatory step, we make a microlocal decomposition of 7 that will allows
us to combine (6.2)) with the bound (6.13]) on the sequence; see (G.15).

We use the classical pseudo-differential calculus. Let qo(7,€) € SY be a smooth cutoff such
that go = 1 to the region {(7,&) : |7| < (1 — ¢)|¢|} in Fourier space and supp ¢y C {(7,€) :
|7] < (1 —=19/2)|¢|}, where 6 > 0 is to be chosen shortly. On the support of ¢, the norm on
the left-hand side of (6.13) is effective. On the other hand, since X = X*0, is a time-like
vector field, we have | X°(t,z)* > Z?:l | X7(t,x)|* everywhere. As suppn is compact, we
may choose 0 > 0 sufficiently small so that

IXO(t,2)| > (196 (Z|thx )5 for (t,x) € suppn.

With such a choice of § > 0, the symbol X°(¢, )7 + X*(t,7)& € S' is elliptic on the phase
space support of 1(t,z)(1 — qo)(7, &), in the sense that

[ XO(t, )7 + XE(t, )& > |XO(t, 2)7| — | X (8, 2)&] > csx0(7] +[€])
for (t,x) € suppn and (7,&) € supp (1 — o), where we may take

o(1—6
Co, X0 = 01 =9) inf |X° > 0.
o 2 Supp 7

Using the standard construction of a pseudo-differential elliptic parametrix, we may write
/)7(1 - qO)(Dt,x) = q—l(ta x, Dt@‘) nXMaM + F—l(ta xZ, Dt@‘)

where ¢_;,7_; € S™!. Rearranging the terms, commuting 7(t,z) with ¢y and applying
multiplication by n; on the right, we arrive at the decomposition

n= q—l(t7 z, Dt,m)nXua,u + doT + T—l(t7 z, Dt,m)nlu (615)

where r_; € S7! is the sum of 7_; and the commutator between n and .

n)

Step 3. Here we show the strong convergence UF;SV — nF,, in L7, where we remind the

t,xo

reader that F),, = F by gauge invariance of the curvature 2-form. By (6.13]), we may write

nF/En) =q-1(t,z, Dy x)nX)\aA + QO(Dt x)nF(ﬁ) +roa(t, @, Dt,x)an;Eg)'



Using dF™ = 0, we rewrite nX AE?AF,EZ) as
nXAONF) = 0,(n X FY) = 0,(n X FY) = 9,(nX )Y,
and hence we arrive at

nED =q_1(t, 2, D) [0, (n(ex F™),) = 0,(n(ex F™),)] + Ru[F™] (6.16)

Y8, (n XML,

where
Ru[F™], = ao(Dea)n L) — g (8,2, D) [0,(nX N EY) = 0,(nX ) FyY]
+roy(t, @, Dy )mFL.
By (6.2)), it follows that
lg—1(t, 2, Di2) [Bu(n(ex F™),) = 0, (n(ex F™) )] ||z, = 0.
Moreover, we claim that Ry[F(™],, enjoys improved regularity, i.e.,

|mmﬂWWM%5m uniformly in 7. (6.17)

t,x

By the Rellich-Kondrachov theorem, after passing to a subsequence of (/l("), QVS(")), the se-

quence 77 Ry[F™)] w is strongly convergent in Lm; moreover, we can also ensure that the

limit belongs to Hf,m- Combining these facts, as well as the identity n17 = 7, we see that

nF,Eﬁ) is strongly convergent in Lf,w to a limit that belongs to Ht% Since nA — A, in L?
the limit is equal to nF},,. Hence the statements regarding F' in (6.4]) and (6.6]) follow

It remains to verify the claim (6.I7); it is at this point we use the uniform bound (6.13)).
Expanding F™ = dA™ | it follows from (6IZ) that |5 F™|| 12, S €. Then by (6.13)) and
the support property of the symbol ¢y, we have ’

Jao(DenF g S Pz, + 100 A+ IBORAL oy S o

t,xo

and for the remainder, we have
HRM[F(H)]W - QO(Dt,m)UF,EZ)HH;z S HﬁzF(n)HLgx S €o,
which proves the claim.
Step 4. In this intermediate step, we use strong Lim convergence of Fﬁﬁ) to prove
nzzlff) —nA, strongly in LYH.. (6.18)
as n — 00, up to a subsequence. We also prove improved regularity for the limit A,,, i.e.,
0, (nA ) € Hp,. (6.19)

To begin with, observe that AAL = 0'F, by the Coulomb gauge condition. Therefore,
for each spatial component p =k € {1,2,3 4} we have

pAL) = A7 (O ) + 18, AL + [, 0. (6.20)

thanks to

the previous step. Writing out F(™ = dA™ and using the strong Lm convergence of 77/11(:),
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it follows that the remainder &;A~1([A, n]AM™ + [, 8 F") is strongly convergent in L}, as
well. Hence (6.I8) holds for u € {1,2,3,4}.
In the case u = 0, note that (6.12]) and (6.13]) already imply

HaAﬁAyan% <¢ uniformly in n. (6.21)

, T

Therefore, after taking a suitable subsequence, the desired convergence (6.18) (by the Rellich-
Kondrachov theorem) as well as the improved regularity (6.19) follow.
It only remains to prove the improved regularlty ©19) for p = k € {1,2,3,4}. Flrst

by ([6:20) and the improved regularity nF' € Htx, nA € H},, it follows that nA(" L?H?. :
Then using the identity

O (nAx) — Ok(nAo) = nFor, + [05,m]Ax — [0k, 1] Ao,

x?

1 1 .

and the improved regularity 9,(nAg) € Hp,, as well as nF' € HZ,, 1A € H},, we have
y 1 . 3

&g(nA,(fn)) € Hp,. It follows that nA,i") € Hp,, which is better than what we need.

L 3
Step 5. In this step, we show that n D™ ¢ — nD¢ in L%,:c and n¢ € H?,. For the former,
from the decomposition

nf)}(f)é(") — naqu(") + iUA,(Ln)QB(n)
the convergence A" — nA in L2H] and (GI12), we see that it suffices to prove
10,8 — nd.¢ in L. (6.22)
By (6.13]), we have
1™ = q_1(t, z, Dyo)nX*9,0" + qond™ + r_1(t, 2, Dy ) o™
To use ([6.2]), we rewrite nX “8MQVS(") as
nX"9,6" = (DY +b)e" —iX” ATIng™ — nbg

where D = d + iA™. Expanding nA®™ = n(A™ — AM™) + nA™  we arrive at
16" =ga(tw, Deon(DF + 00 —iga(t . D) X n(AL = 4)5%
—ig_1(t,x, Dy o) XA, 0™ + Rya[o™] '

where ) )
RKG [¢(n)] = QO77¢(n) + T—l(t7 z, Dt,m)n1¢(n) - bq—l(ta z, Dt,m)n¢(n)
As in Step 2, for the first term we have
||Q—1(t>za Dt,x)n( +b) ||H1 —0
as n — oo, thanks to ([6.2]). For the second term, we have
lg—1(t, 2, Dea) X'n(AL = A)S g S (AT = A 2216 || s — O

as n — oo, by Holder, Sobolev in z, L2H! convergence of nAJ" to nA, and (EIZ). On the
other hand, for the third term, we have

la-1(t 2, Do) X nA | 3 S eoll (D) (Do) H(nA) 1, wniformly in .

, T
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where we used Lemma below with f = nA, and g = ¢. We also used the obvious
bound [|nA4,¢™ |2 < €oll{Dq)(nA)| 12, which follows from Hélder, Sobolev in z and (G.12),

to control the L7, norm of the left-hand side. Finally, for Rkg (0] we have, as in Step 3,
1 Rxa[6™)]]

1 S € uniformly in n.
H

t,x

By the Rellich-Kondrachov theorem, there exists a subsequence (which we still denote by
™) such that

7(—iq_1(t, z, D1 ) X"nA, 0™ + Rig[6™))

3
is strongly convergent in Htlx to a limit that belongs to H,. As a consequence of these facts,
as well as the identity i = n, it follows that n¢™ is strongly convergent in Ht{m to a limit

3 .
in A/?,. Finally, since no™ — ¢ in Lf’w, the limit is equal to n¢. O
Lemma 6.4. For f,g € S(R'™), we have
1
1Fall .3 S M Deal? fll izl Deagliners- (6.24)

t,x

Proof. We use the Littlewood-Paley projections {S;} in R'™. For every j € Z, we decompose
Sj(fg) = S;((S5-10f)9) + 5j(S<j-10fS}j-5,5+59)

Using Sobolev and Holder, we estimate each term on the right-hand side as follows:

155 ((Ssj—10f) .1+ < Z 2§j||Sj1f||LfL§”gHL§°L§

Hie 5550
(s 1
§||Dt,x9||L§°Lg Z 220 ]1)|||Dt,x|25j1f||L§H;>
7J1>7—10
l.
195(S<j-10f Si-554a9)ll .3 S > 259185 fllr2ree 1Sy—s 519l ger2
bt ji<i-10

(i 1
SIDeaglligerz D 229 Dial2S;, fl g2

1<j—-10
Thanks to the exponential gain 27219711 we have
1
Z!lsj(fg)llzt% S IDragllzeors D M Deal2 S flI72 -
J o J1
The desired estimate is now a consequence of almost orthogonality of {S;}jez in L7,. O

6.2. Weak solutions to (MKG]). We first define a function space that is suitable for a weak

formulation of (MEKG).

Definition 6.5. Let O C R'™ be an open set. We define X*(O) to be the linear space of
pairs (A, ¢), where A is a real-valued 1-form and ¢ is a C-valued function on O, such that

Au b€ Li (0), Fu,Dyo € L7 (O)  forall p,v=0,1,...,4, (6.25)
where F),, = 0,A, — 0,A, and D,¢ = 0,¢ +iA,¢ in the sense of distributions.

We may now define a notion of weak solutions to (MKQG]) as follows.
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Definition 6.6 (Weak solutions to (MKGI)). Let O C R be an open set, and let (A, @) €
X¥(0). We say that (A, ¢) is a weak solution to (MEKG]) on O if for every real-valued 1-form
w € C§°(0) and complex-valued function ¢ € C§°(O), we have

/ / Fud"w” + Im(¢D, ¢)w” dtdz =0, (6.26)
(@]

/ / Re(D,¢0"p) + Im(A*D,,¢p) dtdz =0. (6.27)
@]

By an integration by parts argument, it may be readily verified that admissible and clas-
sical solutions to (MKG) are indeed weak solutions. In the converse direction, if (4, ¢) is a
weak solution to (MEKG]) that is furthermore smooth, then (A, ¢) solves (MKG) in the usual,
classical sense.

Next, we discuss the gauge structure of weak solutions to (MKG]). We first define the
space of gauge transformations between pairs in X",

Definition 6.7. Given an open set O C R let Y*(0O) be the space of real-valued functions
x on O such that x € H! (O).

Indeed, note that if (A, ¢) € X and y € Y, then the gauge transform (E, 5) = (A -
dy, €’X) also belongs to . Moreover, if (4,¢) is a weak solution to (MKG) then so is

(A, ¢), as the next lemma demonstrates.
Lemma 6.8. Let O C R'™* be an open set, and let (A, ¢) € X*(O) be a weak solution

to (MKG]). Then for every x € Y*(0O), the gauge transform (A, ¢) = (A — dx, eX¢) also
belongs to X (O) and is a weak solution to (MKGI).

Proof. We need to verify (6.26) and (6.27) for (Z, ¢). For (6.26) there is nothing to verify,
as both F' and Im(¢D¢) are invariant under gauge transformation. For (6.27), we have

// Re(f)w?%) + Im(Z“f)\;gE@ dtdx
0

= // Re(D 0" (e Xp)) + Im(A*D ¢ e~ Xyp) dtdz.
o

Observe that if x € C*(0O), then the last line would be equal to zero by (6.27) for (A, ¢).
Considering a sequence x™ € C>(0O) such that x™ — x in the Ht{x(O) topology and
also pointwise almost everywhere, it can be seen that the last line is indeed zero, by the
dominated convergence theorem, Leibniz’s rule and Hoélder’s inequality. U

6.3. Local description of solutions to (MEKGI). Here we discuss how to describe a solution
to (MKQG) by local data. More precisely, given an open cover Q = {Q,} of an open set
O C R we would like to describe a solution to (MKG]) on O by local solutions on Q,
satisfying certain compatibility conditions, which ensure that the local solutions combine to
form a single solution on . This idea is made precise by the ensuing definition.

Definition 6.9 (Smooth compatible pairs). Let O C R!™ be an open set and let Q = {Q,}
be a locally finite open covering of O. For each index o, consider a pair (Ajq), ¢o)) € C5%(Qa),
where Ay, is a real-valued 1-form and ¢ is a C-valued function on @,. We say that
(Ajq), @1a)) are smooth compatible pairs if for every o, 3, there exists a gauge transformation

5 € CP(Qa N Qp) such that the following properties hold:
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(1) For every a, we have x[qq) = 0.
(2) For every «, 3, we have

(Aig), @181) = (Aja) — AXfag), €X°9 ) on Qu N Qp. (6.28)
(3) For every «, 3,7, the following cocycle condition is satisfied:
Xog] + X[87] T Xha] € 27Z  on Qa N Qs N Q. (6.29)

The notion of (gauge-)equivalence of compatible pairs is defined as follows.

Definition 6.10 (Equivalence of smooth compatible pairs). Let ©@ C R be an open set,
and let @ = {Q.}, @ = {Q}} be locally finite open coverings of O. Consider two sets
of smooth compatible pairs (A, @) and (A’w], #ﬁ]) on Q and @', respectively. When Q'
is a refinement of Q (i.e., for every 3 there exists a(3) such that Qj; C Q,), we say that
(A, @) and (A’[ﬁ], gbfﬁ]) are (gauge-)equivalent if for every (3 there exists x5 € CF5(Q})
such that (A’[ﬁ], gbfﬁ]) = (A — dxig), de™#). In the general case, we say that (A, Pja))
and (A/[B}’ gbfﬁ]) are (gauge-)equivalent if there exists a common refinement Q" of Q, Q" and a
set of smooth compatible pairs ( {Q/], 1) on Q" which is equivalent to both (Ajy), ¢[a)) and

} ) (]
(Atg) Pa1)-

Remark 6.11. In more geometric terms, compatible pairs (A, ¢jo)) on @, are precisely ex-
pressions of a connection A and a section ¢ of a complex line bundle L in local trivializations
L1g,~ Q. x C. Moreover, equivalent sets of compatible pairs are alternative expressions of
the same global pair (A, ¢).

In fact, expression of connections and sections in local trivializations in the fashion of
Definition is necessary if the complex line bundle L under consideration is topologically
nontrivial (i.e., L is not homeomorphic to the product of C and the base space). In our
setting, however, there is no loss of generality in simply identifying connections and sections
of L with real-valued 1-forms and complex-valued functions, respectively, as all base spaces
we consider (e.g., O = I x R* or C[j;’oo) for some T" > 0) are contractible and hence all
complex line bundles over such spaces are topologically trivial. In this case, every smooth
compatible pairs on O is equivalent to a global smooth pair (A, ¢) on O.

Remark 6.12. We emphasize that no delicate patching is needed for smooth compatible pairs
in this paper, since all we need is merely the soft fact that the energy argument in Section
and the stress tensor argument in Section [7l (which are both gauge invariant) can be justified.
In contrast, in [24] an elaborate patching argument had to be developed in order to control
the S! norm of the equivalent global pair in the Coulomb gauge.

Based on the spaces introduced for the weak formulation of (MEKG]) discussed above, we
can also formulate the notion of weak compatible pairs.

Definition 6.13 (Weak compatible pairs). Let O C R be an open set and let Q = {Q,}
be a locally finite covering of O. For each index «, consider a pair (Ajq), @) € X*(Qa)-
We say that (Ajq, ¢a)) are weak compatible pairs if for every o, 3, there exists a gauge
transformation x5 € Y*(Qa N Qp) such that the properties (II)-(3]) in Definition hold

almost everywhere.
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The notion of equivalent sets of weak compatible pairs is defined as in Definition .10,
where the space C;,(Q7}) is replaced by Y*(Qj).

Geometrically, weak compatible pairs (A[,), ¢[o)) may be thought of as local descriptions
of a connection and a section defined on a rough complex line bundle L. A simple but
crucial observation is that smoothness of the pairs (Apq), ¢o)) implies smoothness of the gauge
transformations x[.g. Indeed, simply note that dx.s = A — Ajg by the property (2) in
Definition [6.91 As this fact will play an important role in our argument (see Proposition [7.3]),
we record it as a separate lemma.

Lemma 6.14. Let Q = {Q,} be an open cover of O C R, and let (A, ¢a)) on Qa
be weak compatible pairs. If Ay, ¢ja) € C*(Qa) for every o, then (A, ¢a)) form smooth
compatible pairs in the sense of Definition[6.9.

We end this subsection with another simple lemma, which will be used later to show that
the local solutions obtained from Proposition in the limit form weak compatible pairs.

Lemma 6.15. Let Q1,Q, C RY™ be open sets such that Q1 N Qy # 0 is an open bounded
set with a piecewise smooth boundary. Consider sequences (AEZ]), gbfa])) € X(Qy) (a=1,2)

and X[12] € V¥ (Q1 N Q2) such that

(450 = (AR = axiiy o)) ae. on @y (6:30)

In other words, (A Z] , gb ) are weak compatible pairs for each n. Suppose furthermore that

each sequence (AEZ])@[Q]) has a limit (AL, o)) in XV (Qa) as n — oo. Then the limits
(Aj], @) (o =1,2) also form weak compatible pairs, i.e., there exists X2 € V' (Q1 N Q2)
such that

(A, é) = (Apyp — dxpags ¢pe™?)  a.e. on Q1N Q. (6.31)

Moreover, there exists a subsequence of Xﬁ% that converge to xpz in YU(Q1 N Q2) up to
integer multz’ples of 27.

Pmof Let ¥ X 12 = | 01N0s X (19 ) denote the mean of X[12] By Poincaré’s inequality, the identity

dx g = E A( and the L2 convergence of A (a = 1,2), the mean-zero part XE12)] =

XE )} Xfm)] converges to a limit Xpg) in Y (Q1 N Qg) H1 (@1 N Q2). On the other hand,

i
we can easily extract a convergent subsequence from the bounded sequence e”12); abusing

the notation a bit, we denote the subsequence still by e it 1, and the limit by eXi2l for some
Xz € R. It follows that XEILQ)} converges t0 X[12) = X1z + X1z in V(@1 N Q2) as n — oo up
to integer multiples of 2. The desired gauge equivalence in the limit (€3] is now an easy
consequence of (6.30) and the above convergences. U

7. STATIONARY / SELF-SIMILAR SOLUTIONS WITH FINITE ENERGY

In the context of the blow-up analysis to be performed in Section [, the local strong
compactness result (Proposition [6.1]) will give rise to two types of solutions to (MKGI):

I3That is, there exists k,, € Z such that xfg’f) + 27k — X in VY (Q1 N Qo).
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e A stationary solution (A, ¢), which is defined by the property
LyF = 0, Dy¢ =0 (71)

for some constant time-like vector field Y'; or
o A self-similar solution (A, @), defined by the property

1
1, F =0, (Dx,+ ;)¢ = 0. (7.2)

In Sections [7. 1] and [[.2] we show that such solutions must be trivial under the finite energy
assumption. We use the method of stress tensor, which is the elliptic version of the energy-
momentum-stress tensor considered in Section In Section [L.3] we establish an elliptic
regularity result for these solutions under the improved regularity assumption (6.6]) ensured
by Proposition 6.1

7.1. Triviality of finite energy stationary solutions. As any unit constant time-like
vector field Y can be transformed to the vector field T' = 0, in the rectilinear coordinates,
we may assume that Y = T. Our main result in this case is as follows.

Proposition 7.1. Let (A, ¢) be a smooth solution to (MKG) on R with 10 F = 0 and
Dr¢ = 0. Suppose furthermore that (A, ¢) has finite energy, i.e., Eqyxra[A, @] < 00. Then
g{O}XR4 [A, ¢] = 0

Proof. We use the rectilinear coordinates (t = 2° z',...,2%), in which T = 9;. By the
stationarity assumptions (¢7F)(9;) = Fo; = 0 and Dr¢ = D¢ = 0, (MKG]) reduces to the
following elliptic system on each constant ¢ hypersurface:

d'Fj, =Im(¢D; ),
D‘D,¢ =0.

Henceforth, we work with F, ¢ restricted to the hypersurface {t = 0}.
For the purpose of showing £[A, ¢] = 0, consider the following stress tensor associated to

3):

(7.3)

Qjr[A, ¢] := Re(D;¢Dy0) — %(Sije(DkﬁbD—kﬁb) + FyF - iﬂsijszgm- (7.4)

Given a vector field S on R*, we define as before the associated 1-and O-currents
B I[A, 6] = QulA, ¢]S*, KA, ¢] := Quu[A, ¢]®)n*
which, thanks to (7.3]), satisfy the divergence identity
V(S J[A, ¢la) = D K[A, 9. (7.5)
Choosing S to be the scaling vector field on R?* so that, in the rectilinear coordinates
gk _ zk’ (8) ik — 253”9’

we have

GIK[A ¢] = —2[Do*, |DJ;[A,¢]| < |z Do) + ||| F|.

4
where |D¢|2 = Zj:l |Dj¢|2 and |F|2 = Zl§j<k§4 |ij|2
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We now integrate (T.H) by parts on a ball By C R* of radius R > 1 centered at 0. Then

we see that ,

— 2/ |Du|*dz = / ) J[A, ulan®,  where n = L9, (7.6)
Br 9Br |z

By the finite energy condition, we have |D¢|, |F| € L*(R*"); this fact is enough to deduce the
existence of a sequence of radii R,, — oo along which the boundary integral vanishes. Hence
it follows that D,¢ = 0.

It only remains to show that F' = 0. Note that F is now a harmonic 2-form in L*(R*),
as dF = d?A = 0 and the right-hand side of the first equation in (Z.3]) vanishes. Therefore,
each component Fjj is a harmonic function. By the non-existencd™} of nontrivial harmonic
functions in L*(R%), it follows that F' = 0, which completes the proof. O

7.2. Triviality of finite energy self-similar solutions. In the case of a self-similar solu-
tion with finite energy, our main result is as follows.

Proposition 7.2. Let (A, ¢) be a smooth solution to (MEG)) on the forward light cone Cig o)
with tx,F =0 and Dx,¢ + %gf) = 0. Suppose furthermore that (A, ) has finite energy, i.e.,
SUDye(0,00) €50 [A; @] < 00. Then Eg,[A,¢] =0 for all t > 0.

Proof. We use the hyperbolic coordinates (p,y, ©), in which X, = d,. By the self-similarity
assumption tx, F'(-) = F(0,,-) = 0 and Dy, ¢ = —%gb, it follows that the pullback of (A, ¢)
to H1 = {p = 1} = H*, which we still denote by (A, ¢), solves the system

—divys F =Im(¢Dgid),
(=AOm1.a — 2)¢ =0,

where F' = dA, (divgs F)a = VB4 Foa, Dgs = Viga +i4 and Ags 4 = D2, Dy . Furthermore,

by Proposition [5.1] applied to H; = H*, we have

1
/ ~coshy | F|f dogs < o0, (7.8)
B4 2
1 -
/ 3 [coshy\¢\2 + 2sinh yRe[¢D,¢] + cosh y| D34 | dog < oo. (7.9)
H4

where | FI2: = 1(g51)* (951" Fa Fea and [Dof2 = (g5})™ DagDed.
In order to proceed, we reformulate the system on D* using the conformal equivalence of
D* and H*. Consider the following map from D* to H*:

®:D* > H, (r,0) (y,0)= (2tanh™'r,O)
The map P is a conformal isometry, i.e.,
O* g = ®*(dy® + sinh? y gss) = Q*(dr? + r? gss) = Q2 gpa,

where ®* denotes the pullback along ® to D*, and Q := 1_27,2. For the pulled-back pair

(®*A, Q®*¢) on D*, which (slightly abusing the notation) we will denote by (A, u), we have
' Fjy =Im(uDju)
D‘D,u =0.

(7.10)

14This fact can be proved using the monotonicity (ZI4]), which holds for all 0 < r; < 7o for harmonic

functions on R*.
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where F' = dA and D = V + ¢A. Moreover, the bounds (7.8)) and (7.9)) then translate to

11
/ +re TP dopa < oo, (7.11)
m21—
1 2 2 1+
3 [1 5 [rDyu + 2ul” + Aul® 4 =2 ) |],Du| dops < 0. (7.12)
where |Du\2 (955" )**DauDpu. Indeed, note that
1 2 2
®*dogs = Q*dops, ®*(coshy) = 1%:2, ®*(sinhy) = 1 _7”72.

From these identities and (7.8), we immediately see that (ZII)) holds. Moreover, (ZI2)
follows from (Z.9) and the following computation:

1 _
/ 5 [cosh y|¢|* + 2sinh yRe[¢pD, @] + coshy|D¢|[2HI4] dopa
H

L <|QD (@ w)f? + | Puf) ] doss

— Re[uD,u| + ﬁ|Dru| T2 )
1472

11— 1- )'Du|]d"m4'

e will now show that (IEIII), GEII) and (TI2) imply u = 0 on D*. Since the system
(TI0) coincides with (Z.3)) restricted to D, the divergence identity (Z.5]) can be used in the
present context as well. Integrating (.5 by parts on a ball B C D?* of radius R < 1
centered at 0, we see that

4r -
— 2 Re[QuOD,.(Q~1u)| +

5| Du| ]dam

|7’D,,u + 2ul? + |Dru|2

Il
= @\g;\@\*
Nl = N = N
o
|
[\]
=
no
_|_

4

¢
- 2/ |Du|? dops = / ) J[A,u]an®,  where n = x—@g. (7.13)
Br 9Bp |z

Observe that (ZI]) and (7.12) imply the existence of a sequence R,, — 1 such that

/ |(S)J[A, uan®| — 0,
8Br,

which shows that Du = 0 on D*. Plugging this information into (Z12), it follows that u = 0
on D?*, as desired.

To complete the proof, it only remains to show that F' = 0. As before, F' is now a
harmonic 2-form in L?(D*) by (7.7); hence each component Fj is a harmonic function on
D*. Fix j,k € {1,2,3,4} and observe that ¢ := Fj;, viewed as a real-valued function, obeys
the following monotonicity property:

1 1
— o] < —3/ lo|>  where 0 < r; <7y < 1. (7.14)
1 JoB,, 2 JoB,,

Indeed, (7.14) is a consequence of interpolating the inequalities
1 1
Sz [ lel swlel<swlel  wheeo<n <<l

8B, 8B, 9B,
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which follow from the mean-value property and the weak maximum principle for the sub-
harmonic function |p| on D*, respectively. By (Z.I1)), it follows that Fj, = ¢ =0 on D*. O

7.3. Regularity of stationary and self-similar weak solutions to (MKG]). We end this
section with a regularity result, which applies to weak solutions obtained by Proposition [G.1]

Proposition 7.3. Let (A, ¢) be a weak solution to (MKG) on an open set O C R such
that
A, € HL(0), o€ HL(O). (7.15)
Suppose furthermore that one of the following holds:
(1) Either (A, ¢) is stationary on O in the sense of (T.1l); or
(2) The set O is a subset of the cone C(gooy = {0 < v <t} and (A, ¢) is self-similar on
O in the sense of (T.2).

Then for every p € O, there exists an open neighborhood p € Q, € O and a gauge transfor-
mation xp) € Y*(Qp) such that (Ap), ) = (A — dxpp), 9e’Xi) is smooth on Q.

Proof. The idea is to derive an elliptic system as in (Z.3) [resp. (7))] using stationarity
[resp. self-similarity], and then use its regularity theory. To get rid of the non-local operator

(Dt,x)% in the norm, we begin with the following simple maneuver: For any open bounded
subset Q € O with smooth boundary, by Sobolev and (.15]), we have

A, € HL(Q), ¢€W Q) (7.16)
5

where ¢ = 3. The important point is that ¢ > 2, which will make this bound subcritical.
Hence we would be able to conclude regularity via a simple elliptic bootstrap argument.
We first treat Case [l Applying a suitable Lorentz transformation, it suffices to consider
the case Y = ; in the rectilinear coordinates (¢t = 2% x' ... 2%). Moreover, applying
an appropriate space-time translation, we may assume that p is the origin. Let @), :=
(—0,9) x dB, where §B is the open ball of radius § centered at the origin. Choosing § > 0

small enough, we have Q, C O. By (7.I6) and Fubini, there exists ¢ € (—d,d) such that
Alpsp€ H'(0B), ¢ lzop€ WH(0B), (7.17)
where the shorthand ¢ = {¢} is used for simplicity. We claim that there exists xj, €
V*¥((—6,0) x 6B) so that Xy [7xsp€ H*(0B) and
Oixp) = Ao in (=6,0) X 6B, Axpy lixsp= 9 (A lawsn)e- (7.18)
Indeed, we may simply define Xpy = AT (AT =gy, where 1) € C°(R?) satisfies 7 = 1 on
0B and suppn C O, then solve the transport equation 9, xp = Ao in (=9, ) x B with initial
data xpp) [txsp= Xy That this xp, belongs to Y*((—4,8) x 6B) and x) l7.55€ H*(0B) easily
follow from the bounds for A in (TI6) and (TI7).
Consider now the gauge transform (Apy,), ) = (A — dxp, 9eX). By (ZI8), we have
Ao = 01in (=8,8) x 0B, 0 (Ap lixsp)e = 0 in §B. (7.19)
By the stationarity assumption ¢y, F' = 0 and Dg,¢ = 0, it follows that
8tA[pM = Foj = 0, 8t¢[p} =0in (—5, 5) X 0B.

Hence to prove that (Ap,, @) is smooth in @, it suffices to show that (Ap, dp)) l7xsp 15

smooth. Abusing the notation slightly for simplicity, we will henceforth write A = Ay, [74s5
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and ¢ = @) l7xsp- By ((3) and (ZI9) (in particular, the Coulomb condition for A), (A, ¢)
satisfies an elliptic system on § B of the schematic form

NA =09 + pAQ,
Ad =Adp + AA.

Moreover, (A, ¢) belongs to A € H'(6B) and ¢ € WH4(4B), thanks to (ZI7) and x() [1.s5€
H?(6B). As this system is H!-critical and every nonlinear term has at least one factor of ¢,
which obeys a subcritical bound ¢ € W14(§B), we can perform a standard elliptic bootstrap
argument to conclude that (A, ¢) is smooth on § B with uniform bounds on compact subsets.
This concludes the proof in Case [1l

The proof in Case 2] is entirely analogous to Case [Il so we only give a brief outline. Here,
instead of the rectilinear coordinates, we use the hyperbolic coordinates (p,y,©), in which
X = 0,. Applying a suitable Lorentz transformation and scaling transformation, we may
assume that p coincides with the point p = 1, y = 0. Let @, = (—0,9) x Ds, where
Ds :={(y,0) : |y| < 6}, which is contained in O if § > 0 is sufficiently small. By ([Z.16]) and
Fubini, there exists p € (=4, ) such that

Alpxp,€ H'(Ds), ¢ lpxp,€ W"P(Ds). (7.20)
Proceeding as before, we can find xp,) € Y ((—6,8) x Dj) so that xp [5xp,€ H*(Ds) and
OpXp) = 0in (=0,0) x Ds, Dy Xpp) [xDs= V%ﬁ(A [5x D )a -
Then the gauge transform (Ay,;, ¢p)) = (A — dx(y), peX#) obeys
Ap)(0,) = 01in (=6,0) x D5, Vi (Ap) [5xps)a = 0 in Ds.

By self-similarity, we have Ly, Ap) = 0 and 0,(p¢py) = 0, so it only remains to prove that the
pullback of (A, ¢,)) on px Ds, which we will refer to as (A, ¢), is smooth. As in the previous
case, this is a consequence of the fact that (A, ¢) obeys an elliptic system (thanks to (7.7))
and the Coulomb gauge condition on H;), the bounds A € H'(Ds) and ¢ € W4(D;) with
q > 2 (by (C20) and xp) [5xp,€ H?*(Ds)), and a standard elliptic bootstrap argument. [

8. PROOF OF GLOBAL WELL-POSEDNESS AND SCATTERING

Here we carry out the proof of Theorem using the tools developed in the earlier parts.

8.1. Finite time blow-up/non-scattering scenarios and initial reduction. Our over-
all strategy for proving Theorem is by contradiction. Suppose that Theorem [I.3] fails for
an initial data set (a, e, f,g) € H! in the global Coulomb gauge. By time reversal symmetry,
it suffices to consider the forward evolution. Let (A, ¢) be the admissible C;H! solution
to the Cauchy problem in the global Coulomb gauge defined on the maximal forward time
interval I = [0,7) for some T > 0 constructed by Theorem A3l By Theorem .8 the
solution (A, ¢) exhibits one of the following behaviors:

(1) (Finite time blow-up) We have T < oo and

[Aolly o,y + 1Allsporey + [|0]ls110,74) = 00 (8.1)
(2) (Non-scattering) We have T\, = oo, but
[ Aolly10,00) + [ Azl 5110,00) + 1]l 5770,00) = 00 (8.2)
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In the case of finite time blow-up, we may use the energy concentration scale r. in Theo-
rem [£.3] to show that the energy must concentrate at a point.

Lemma 8.1. Let (A, ¢) be an admissible CyH' solution to (MKG]) on [0,T)) x R* with
T, < oo in the global Coulomb gauge. Then either (A, ) can be continued past Ty as an
admissible CyH! solution in the global Coulomb gauge (as in Theorem[].3), or there exists a
point xo € R* such that

lim sup g{t}XB(T+—t)("EO)|:A’ ¢] > 0. (8.3)

t—>T+

Proof. For t < T, and x € R* we define the function
E(t, x) = EoyxBir, 1@)[A4: 9]
This is continuous in z, and, by the nonnegativity of the flux in the energy relation (5.3]), it
is nonincreasing in t. Further, by the same relation, we have
lim E(t,z) =0, uniformly in ¢t € [0,77).

T—r00
Then we have two alternatives:

(i) Either lim; 7, sup,cps E(t,2) < 0o(E, €2), which implies that there exists ¢y so that
energy concentration scale r. at t = ty as in (4.4]) is greater than T, — ty. By Theorem [4.3]
we can then extend (A, ¢) past T, as claimed.

(ii) Or, limy 7, sup,cgs E(t,2) > 6o(E,€?). Then the sets D, = {z € RY E(t,z) >
do(E, €2)} are nonempty, compact, and decreasing in t. Thus they must intersect. Any x¢ in
the intersection will provide the second alternative in the lemma. 0

Theorem [4.7] provides additional information about the nature of the singularity in both
scenarios, which is crucial to our proof of Theorem To utilize this information, we
introduce a smooth function ( satisfying the following properties:

e supp( C By(0) and [(=1.
e There exists a function € Cs°(R*) with ¢ > 0 such that ¢ = (% (.
Then we define the physical space version of energy dispersion as follows:

ED[A, ¢|(I) := ?fulz) (2_1‘3”(27;c * @1, @) || Lge (1xme) + 27| * Dyoi(2, x)HLff’x(IXR‘l)) (8.4)
S

where (- = 2%((2%.). The first property makes ED[A, ¢] simpler to use in physical
space arguments; on the other hand, the second property is helpful in connection with the
diamagnetic inequality, which we state here.

Lemma 8.2 (Diamagnetic inequality). Let O C R* be an open set and ¢, A € H'(O). Then
for any smooth vector X, |0x|¢|| < |Dxd| in the sense of distributions. More precisely, for
any smooth n > 0 with suppn C O, we have

/ nlox|6]| de < / Do dr.

The key to the proof is the formal computation |0x|®|| :~||¢|_1(¢,DX¢>| < |Dxol; we

omit the standard details. We fix the choice of functions (,  here, and henceforth we will
suppress the dependence of constants on these functions for simplicity.
The physical space version ED[A, ¢] is related to the earlier Littlewood-Paley version

ED[¢] defined in (£.9) as follows.
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Lemma 8.3. Let (A, ¢) be an admissible C;H' solution to (MEKG) on I x R* in the global
Coulomb gauge with Eyywra[A, ¢] < E. Then there exists C = C(E) such that

1
ED[g|(I) < CED[A, 6)(1) + (),
where €(E) is as in Theorem [{.7]
Proof. All norms in this proof will be taken over I x R*. The following estimates are straight-
forward to establish:

sup 2| Pz, Ssup2iGo-e % 0l (85

Sup 27| (Do)l 1, < sup 277Gk * (D)l s, (8.6)

t,x N
In view of ([83]) and (8.6]), the lemma would follow once we prove that, for any m, > 10,

s 2| P00l S 2" sup (21RO, +2 I Pidligs) +27

By the relation 0; = D; — i A, it suffices to show that
sup2 | Pu(A00) 1z, S 2" Edsup2 ¥ Pdlug, + 2 (B4 BY). (87

Thanks to the global Coulomb condition, we have
1Aoll e S B2 N0l S EYV? + E.
For each k € Z, we split ¢ = P<jim,® + Psjtm, ®. For the former, we have
_ _ _ mi 1 _
2| Pu(AoPapam ) lre, S > 27F | Apll o 1a2 || Pegll e, < 2™ B2 sup 27| P 1o -
£§k+m1 l
For the latter, by the properties of frequency supports, note that
Pu(AoPopsm @) = > (P—sirgAoPid).
0>k+mq
Hence ([87) follows from the estimate
27| Pe(AoPoim O, S D 2 Pre-s eva Aol ooz | Pell ooz

>k+mq
<972 (| 4 E¥?). O

As a result, there exists a function e = e(F) > 0 such that Theorem (.7 holds with the
condition (A.I1]) replaced by
ED[A, 6](1) < e(E). (iII)
Let € > 0 be a small parameter to be chosen below. We have the following result, which
unifies the proof of Theorem in both finite time blow-up and non-scattering scenarios
from here on.

Lemma 8.4. Suppose that Theorem [1.3 fails for some initial data (a,e, f,g) of energy E.
Then for every € > 0 there ewists a sequence €, — 0 and a sequence of admissible CyH*
solutions (A™ ¢™) on [g,,1] x R* in the global Coulomb gauge that satisfy the following

properties:
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(1) Bounded energy in the cone

Es,[A™ oM <2E  for every t € [en, 1], (8.8)
(2) Small energy outside the cone
ErxrINS, [A(”), (b(”)] <eE  for everyt € [en, 1], (8.9)
(8) Decaying flux on OC'
Fie [ A®, 6] + G, [6] < 3, (8.10)
(4) Pointwise concentration at t =1
27 Gyt 4 60 (1, 20)| 27 |Gy # DGO (1, 20| > () (8.11)

for some k,, € Z and x,, € R*.

Remark 8.5. The small parameter ¢ > 0 will be specified near the end of the proof of
Theorem [L.3] precisely in Lemma R.I1] depending only on F.

Remark 8.6. By the global Coulomb gauge condition 8ZA§") = 0, the following gauge depen-
dent uniform bounds for A™ and ¢ hold:

1 " 1,1
1002 A" | o0 (entizz) S B2, 10100 || oo enizz) S (14 E2)E>. (8.12)

Proof. Suppose that Theorem fails. Then by the discussion at the beginning of the
section, there exists an admissible CyH' solution (A4, ¢) of energy E to (MKG]) on [0, T, ) x R*
which satisfies either 0 < 7'y < oo and (81]) (finite time blow-up) or 7'y = oo and (8.2) (non-
scattering). We treat these two cases separately.

Case 1: Finite time blow-up. By Lemma RI], there exists a point 2o € R* such that
([B3) holds with T" = T',. By translation in space-time and reversing time, we may assume
that xo = 0 and we have energy concentration at the space-time origin as t — 0, i.e.,

limsup &s,[A4, ¢] > 0. (8.13)

t—0

Our next course of action is to use the excision and gluing technique (Theorem [£.4)) to cut
away the part of (A, ¢) outside the cone of influence of (0,0). In what follows, we denote
the ball B;(0) by B, so that rB = B,(0) for any r > 0.

By Corollary there exists ¢ty > 0 such that

]:a(;(o)to] [A, ¢] < min{do(E,e?),e5E}
where dg(F, €2) is as in (&4). Furthermore, we can find a collar of radius ry > 0 around
S, = {to} X toB with small energy, i.e.,
Eltopx((to+ro)Brto1) [A; @] < min{do(E, €7),e* B}
By local conservation of energy, we then have
Eiyx((t4r0)BuB) A, ¢) < min{do(E, €2),e*E}  for every t € (0, ).

Observe that the ratio (t+rg)/t goes to co as t — 0. Hence, by the improved Hardy estimate
in Lemma 5] for sufficiently small 0 < ¢ < o we also obtain

I
|z

O, )12 @iy € min{do(E, €3),e*E}  for every t € (0, ).
50



We may now apply Theorem @Al to (a, e, f,g9) = (A, Foj, ¢, D) [ 117 to obtain a new data
set (a, ¢, f,g) that coincides with (a, e, f,g) on tB and obeys

S 1
gR‘*\fB [CL, €, f> m < 5 min{éo(E> Ei)a €8E}'

To pass to the global Coulomb gauge, we define the gauge transformation y € G?(R?) by
x = A719%, and let (a,é, f,§) be the gauge transform of (@,¢€, f,q) by x. Let (A,¢) be
the admissible CyH! solution to the Cauchy problem in the global Coulomb gauge given by
Theorem (1.3, defined on the maximal time interval I > ¢.

As a consequence of the construction and local conservation of energy, the energy outside
the cone C' is always tiny, i.e.,

<~ 1
Eqnxrins, |4, 9] < 3 min{dy(F, e2),e*E}  for every t € I. (8.14)

Then by an argument similar to the proof of Lemma ] it follows that (A, ¢) can be
always continued to the past until 0, i.e., (0,¢] € I. Furthermore, there exist sequences
(tn,z,) € I x R* and k,, € Z with t,, — 0 such that

270 |Gyt # Ot Ta) | + 27 Gt # Didh(tn, 20| > e(E). (8.15)
For otherwise, there exists § > 0 such that (Il holds on (0, 6). Then by Theorem [T

(with (4II)) replaced by (I1I))) and Theorem E8| the solution (4, ¢) can be extended past

t = 0. Hence limsup, .o £s,[A, ¢] = 0, but this fact contradicts 8I3) as Eg,[A, @] = Eg,[A, ¢]
for every t € I. o
Applying Corollary B3 to (A, ¢), we may choose a sequence &, — 0 such that

Fiertnt |4 8] + s, 6] < 1 B.
Then it follows that the sequence of rescaled solutions
(A™, M) (t,x) = 1,1 (A, d)(1; 1,1, )
obeys the desired properties.

Case 2: Non-scattering. This case follows by a simple rescaling argument. Let Ry > 0
be a large radius such that E(gyx g\ g, (o) [4: ¢] < e®E. Translating in time by Ry and using
the local conservation of energy, we may assume that (A, ¢) obeys

Eqnrxrins, |4, 9] < eE  for every t € [Ry, 00).

By Theorem 7] with (&II)) replaced by (LIIl) and ([8.2), there exist sequences (t,,z,) €
[Ry,00) x R* and k,, € Z with t,, — oo such that

278 |Gyt * Pty )|+ 27 |Gy * Dy (tn, 2)| > €( )
By Corollary 5.3, we may then choose a sequence €,, — 0 such that ¢,t, — oo and
1
‘F[entnytn} [A’ ¢:| _I_ gStn [¢] S E%E

Defining (A™, (™) (t,2) :=t;1(A, ¢)(t;'t, £ 1x), we obtain a desired sequence. O
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8.2. Elimination of the null concentration scenario. Using Proposition [5.4], in partic-
ular the weighted energy estimate on S, we show that null concentration cannot happen.
The precise statement is as follows.

Lemma 8.7 (No null concentration). Let (A™, ¢™) be a sequence of admissible CyH' so-
lutions to (MEKGI) satisfying the conclusions of Lemma[8.4 with the sequences €,, k, and x,,.
There exist K = K(E) >0 and v = v(E) € (0,1) such that if k, > K(E) and |x,| > v(F)
for all sufficiently large n, and € > 0 is sufficiently small depending on E, then

Comtn * O(1, 20)] + 272G ¥ DI (1, 2,)| < e(E). (8.16)

lim sup 27*»
n—oo

Remark 8.8. As K(F) in Lemma BT can be replaced a posteriori by any number greater
than K (FE). Hence given any m = m(E) depending only on F, we may assume in addition
to the statement of Lemma [B7 that

1
27K <~ (1—~). .17
=700 m(E)( 7) (8.17)
This observation will be useful in the proof of Lemma below.

Proof. The idea of the proof is similar to that of [31, Lemma 6.2] with additional ideas to
deal with the presence of covariant derivatives.

Step 1. The starting point is Proposition [5.4] applied to (4, ¢) = (A™, ¢™) with ¢ = &,
more precisely the first term on the left-hand side of (B.I1]). Using Lemma [5.10 to write out
(Xen) P, we see that the following a-priori estimate holds on Si:

1

/ (IDP 6P +|PW6P) d £ B (818)
s (1—|z|+e,)2

By the smallness of the energy outside S;, as well as conservation energy, we then obtain

the global bound

1
D™ 2+ 1PMe™2) dz < E, (8.19)
/{t=1} (1= Ja]) (1D )

++5n>% + &8

where (-); := max{-,0}.
Step 2. We claim that for any k& € Z the following estimate holds:
limsup 27| e % |6™|(1,2)| < (2—%k (1= Jz])s +27)7 + 54)E%. (8.20)

n—oo
The point of (820) is that |¢™| is gauge invariant, and hence we can avoid estimating A.
Henceforth, we will denote 9™ := [¢(™|(1,-). We use the rotational symmetry to bring
x to the z'-axis, so that z = (|x],0,0,0). Henceforth we will write x = (x',2’) where
¥ = (22, 23, 2%).
By the diamagnetic inequality (Lemma [8.2]), conservation of energy implies

/\w(mﬁ de < E. (8.21)

where |Vo)|2 := Y0,_, [0p|?. Note that (82I) and Young’s inequality implies the trivial
bound 27| ¢y-x x 9™ || < EY/2, which allows us to restrict our attention to z = (2, 0,0, 0)

with 1/2 < 2! < 2.
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We claim that for n sufficiently large so that e/ < L-¢® the directional derivatives other

100
than 0, obey an improved estimate
4
> [ o a5 . 522
j=1

where wy, > 0 is defined as
1

We\T) = .
A TR P e e
The estimate (8.22]) is a consequence of (819). Indeed, the latter estimate combined with
the diamagnetic inequality implies
1
/ ——|Vy"Pdz S E. (8.24)
(1= lz[)+ +en)2 + &

At z = (1,0,0,0) we have T%gg_gl = 2?22 0; - 0;. Therefore, by smoothness, we have

(8.23)

4
V9P =D 10,0 S (11— '+ [/ DIVl
j=2

On the other hand, (1 — |z])+ < |1 — 2! + |2|?. Therefore, combined with (8.21)) (to control
V4 in the error), (824) implies

. 1
> —— 00" P de S E.
j=2 ( e8

1= o1+ [2/]2 + ea)? +

Then under the assumption that ¢, < ﬁség, the desired estimate (8.22) follows.
Observe that we have put in an extra 2¥ in the weight wj,. This maneuver ensures that w

is slowly varying at scale 28 x 28/2 x ... x 28/2 je. for any z,y € R* we have
|w'f7(fﬁ)| < il ogwliee < (20l 42421y (8.25)
wi(r —y)

We now turn to the task of deriving (820) from (R2I)) and (822). We introduce the
notation Zxp := (p-» * ¢ and write z;(§) for the symbol of the integral operator Zy; of
course, z is nothing but the Fourier transform of (5-+. We furthermore decompose

Zy = ZL 00+ Zi0s + -+ 204

where the symbols zi(f ) of Z,i are given by

k 1
4O = i)
(6 = ()1 — (25N - forj=2,3,4.

ilg'?
The contribution of Zl0; to (B20) is easy to treat. Observe that z}(£)i&; is a smooth
symbol which is rapidly decaying at scale 2% in the &;-direction and compactly supported in
the set {|¢/| < 2%/2} in the other directions. By Bernstein’s inequality, we have

27| 2™ ()| S 27 M ||y S 2750,
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which is acceptable.
It remains to treat the contribution of Z] 0; for j = 2,3,4. Denote by Ck( ) the inte-
gral kernel of Z,Jc, which is simply the inverse Fourier transform of z]. A straightforward

computation shows that ||z] || % < 2%, Therefore, by Plancherel,
(8.26)

[AT2p:

Moreover, for any N > 1, it is not difficult to see that

1306k Sy (23 + @F) ) (14 2 ) (3.27)

where the implicit constant is independent of k. Hence we can split (] = gg,mar + (g,far, where

CIZ near (L) = Cg(f’«“)l{x;\xl\ngk, \x/|gL2k/2}(93)a

and L > 0 is chosen large enough (independent of k) so that, by (8.27), we have

||Zackfar|| 4 <2

We denote the corresponding splitting of Z,z by Z,inear + Z,zvfar.
We are now ready to complete the proof of (820). The contribution of Z,ifaraj is accept-
' ?_ Zg 0;, we

able, thanks to (821, (828) and the Sobolev embedding H, C L;. For Y., Z] ...

4
27¥ Z a8V <25 Y [ 1 )00 = )]y
=2

SMw™3 (2) w280 2

(8.28)

have

where, by (8.25]), (8.26) and the definition of gg,mar, M obeys the bound

1

2—2’“2 / 1) )

1

< (2-%2/ GPay)” <1
5 J{lytI<L2k, |y'|<L2k/2}

j=

which proves (8.20).

Step 2. In this step we upgrade (8.20) to the following gauge dependent estimate

1
lim sup 27%|¢,-» * D™ (1, 2)] < <2_§k + (1= |2y +277)" + 54)E%.
n—oo
The idea is that ([8.20) has already broken the scaling invariance, so we can easily incorporate

A using the trivial bound || Ay < B2,

(8.29)
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We begin by applying Step 1 to CQ r, where we recall that ( = C ( We again introduce
the shorthand Zk(N) = Gy * (+). By the simple pointwise inequality |Z,0™| < |Z|o™]],
which holds since ¢ > 0, we have

hnmupz—ﬂéy#m(Lxﬂig(2%k+-«1—|ﬂ)++2—%%+w¥)E%. (8.30)

n—o0

Note furthermore that Z, = Z2. For j = 1,...,4, we may write

27| DSV (1, 2)| < 27| 240,67 (1, )| + 27| Zu (A6 ) (1, )|
$27F sup kIZwﬁ( (1,29 + 27 zk\Zk(A§" ¢™)(L,2)].
|lz—a!|<2—F

The first term on the last line is acceptable, thanks to (830). To treat the second term, we
insert 1 = (1 — 22 ktm) + Zk+m in front of A™ ¢ for some m > 0 to be determined. By

the simple inequality ||(1 — Zk+m)f||Lx < 27k "[fllz2, each term involving 1 — Zoy-pm is
bounded by

S 27 AP () lle™ (1)l
which can be made < £4E? by choosing m large enough. For the remaining term, we have

27| Z1( Zhsm AV Zpn0 ™) (1, 2)] S 279 Zisn AN 1227F sup | Zpynd™ (1,2

ja—a/| <2k

Spm 27K sup |Zk+m¢(n)(1ax/)‘

o2
which is acceptable in view of (8.30).

Step 3. We are ready to conclude the proof of the lemma. By (8.20) and the pointwise
inequality |Co—« * ¢| < (o-+ * |p|, we can achieve the desired smallness as in ([8I6) of ¢™ b

n)

taking K very large, v close enough to 1 and £ > 0 sufficiently small. For DE , we have

27 |Gy + DYV (1, 2)] < 27 |Ger + DYV (1, ) + D 27 (G« DI (1, 7).
j=1
Using (819) for the first term (also exploiting the fact that (,-+ is supported in a ball of

radius < 27%) and (829) for the second term, (816) now follows after adjusting K, v and ¢
if necessary. U

8.3. Nontrivial energy in a time-like region. An important consequence of Lemma [8.7]
is that there is a uniform lower bound for ¢™ in a time-like region at t = 1.

Lemma 8.9. Let (A™, ¢™) be an admissible CyH' solution to (MEKQ) satisfying (811).
Let K(E) > 0 and v(E) € (0,1) be as in Lemma[8.7 and Remark|[8.8. Assume that either
(1) k, < K(E) or (2) k, > K(F) and |z,| < 1—~(FE). Then there exist By = E\(E) > 0
and v1 = 11(E) € (0,1) such that if € > 0 is sufficiently small depending on E, then

AﬁEIU” P+ JWWMZE@) (8.31)
©=0
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Proof. Since the whole proof will take place on {t = 1}, we will ignore the difference between
{t = 1} and R*. Furthermore, as the argument is the same for each n, we will henceforth
suppress n for simplicity. There are two scenarios to consider:

A. Nontrivial kinetic energy. 272|¢,-« * Dy¢(z)| > 1e(E), or
B. Nontrivial potential energy. 27*|C,—« * ¢(z)| > te(E).
We first treat Scenario A. By Cauchy-Schwarz,
1 _
se< [ 2% uDite - iy s ([
B2,k($)

where we also used supp ¢ € B;(0). Hence in Case 2, (831]) immediately follows by taking
y1 >+ 2% so that By—«(z) € S}~ . Note that we may still ensure that 7, < 1 thanks to

B.1D).

Now assume that Case 1 holds, i.e., & < K. Splitting the convolution integral into
| gl T /. ssin t fR4\Sl, applying Cauchy-Schwarz and using (R.8), (8.9]), we have

e < D)2 d e (m)EY? + S EY?
~ e t Yy 0l € )
1

1/2
|Dt¢|2dy) )

where
—k, \[20—4k 1/2 —2k 1-m1 1/2
ol = (o, 6@ P2 dy) TS 2SS 0 By )]

By elementary geometry and the assumption £ < K, it follows that the last term is bounded
by < (1—~1)Y227%/2 uniformly in z. Taking 7; sufficiently close to 1, the desired conclusion
follows.

We now consider Scenario B. We repeat the above argument with D;¢ replaced by ¢,
while putting (,« [resp. ¢] in L3 [resp. L!] instead of L? [resp. L?]. Then in Case 1,

1/4
es ([ loray)” (832
B, ()

whereas in Case 2,

1
e ,S (/1 . |¢|4dy>4 —FCl(’YI)HQSHL‘é(]Rﬁl) + ||¢||L§(R4\Sl)a (833)
Sy v

with co(71) < (1 — 71)*4273K/4 The desired conclusion then follows from (8], (83), the

~Y

diamagnetic inequality (Lemma B2)) and the localized Sobolev inequalities

! 2 1
1 £l a3, (0)) 5( > H@f“ig(&(o») = Fllza. o)
=1

4 1/2
I lsenmon S( 310 1B gnmon)
j=1

which hold with a uniform constant for any % < r < 1. Both inequalities follow from the

usual Sobolev inequality on R* by extending f to R*. We remark that the norm |[r~'¢|| .2
is not needed for the second inequality, since we can use localized Hardy’s inequality as in

Corollary 5.9 O
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The uniform lower bound in a time-like region can be propagated towards ¢t = 0 using the
localized monotonicity formula in Proposition

Lemma 8.10. Let (A™ ¢™) be a sequence of admissible CyH' solutions to (MEKQ) satis-
fying the conclusions of Lemma[S]. Assume furthermore that each (A™ ¢™) obeys (B3T)).
Then there ezist Ey = Eo(E) > 0 and v2 = 1(E) € (0,1) such that

11
/(1 : Xo) pr[AM™ M) dx > Ey(E)  for every t € [e2,eh]. (8.34)
v2)t

Proof. Fix n and tg € [5,1/2, 5&/4] Applying Proposition with e = &, dg = (1 — 72)ty and

0 = My, where 75 € (0,1) and M > 1 will be chosen below, we obtain

/M<1 >0(XO)PT[A’¢] do < /( ) O Pr(A, 9 dx+C<(M(1 —7))? +\10gM|_1>E
S 72)t S 1—v9)t

On the other hand, by Lemma [5.I0 (in particular, the expression for (X0) Py = %((XO)PL +
(Xo) ) and (B3)), we have

By S (- / (50 Py (A, 6] da.
g0t

Hence choosing M sufficiently large and 75 close enough to 1 to make the last term in (8.35))
small, (B3] follows with Ey = cEy(1 — )2 for some ¢ > 0. O

8.4. Final rescaling. So far, under the assumption that Theorem fails, we have shown
the existence of a sequence of solutions (A™, (™) that satisfies the conclusions of Lemma 8.4
and a uniform lower bound (8.34]) in a time-like region. By Proposition [(5.4], the sequence
moreover obeys the uniform space-time bound

1 n 1
// p—|L P2y p—|(DfX3n + p—)¢(")|2 dtdz < E. (8.36)
[en,1] Fen En €n

Our next goal is to upgrade (836]) to asymptotic self-similarity by a rescaling argument.

Lemma 8.11. Suppose that Theorem [1.3 fails. Then there exists a sequence of admissible
C/H' solutions (A™, ¢™) on [1,T,] x R* with T,, — oo satisfying the following properties:

(1) Bounded energy in the cone

Es,[A™ o™ < E, for every t € [1,T,], (8.37)
(2) Small energy outside the cone
1
Eyxri\S; (AT ¢] < mE for every t € [1,T,], (8.38)

(8) Nontrivial energy in a time-like region

/(1 ) XO)Pr[A™ oM dx > By for every t € [1,T,], (8.39)
g(1=72)t
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(4) Asymptotic self-similarity
n 1
/ g PP+ (DY) + 2™ [P dtdz — 0 asn — oo (8.40)
K P

for every compact subset K of the interior of Cp ).

Proof. Let (A™ ¢™) be a sequence of solutions satisfying the conclusions of Lemmas 84l

and B.I0. Consider the time interval [Ei/ 2 e %], on which (834) applies. Given T}, > 1,

we partition ¢, in to dyadic intervals of the form I} = [TJ ex/? Titler! ?]; there are roughly
|log &,|/log T,, many such intervals. We choose T}, so that log T}, ~ | loge,|*/2. Observe that

T,, — oo. Also, by the pigeonhole principle applied to (836]), there exists j(n) such that
/ / o, PR+ = |(DY), + )0 Pdtde S TED ~ B (341

o X S Togea] "~ Tlog e,

which exhibits the desired decay as n — oo.

We now rescale C' ;) to Cjy 1,,); abusing the notation a bit (but conforming to the statement
of the lemma), we denote the rescaled solutions again by (A™ ¢(™). From (88) and (89)
with €® < o=, (837) and (B38) follow. Also, (839) is a consequence of (834). Furthermore,
(RA41)) implies

1 1 n 1
// —|LX,F(")|2—|——|(D_(X), + —)op™|2dtdz — 0 asn — oo (8.42)
Ly Pen " en o Pe,
where &/, = (Tg(")»si/ *)~Le, obeys £/ < ex/> = 0. For any compact subset K of the interior

, which is in particular situated away from the boundary JCj; ), note that

of Cppa
1 1 1o
)¢<">|2——|(D§<g+;)¢< ) dtde 0

IG: "

by conservation of energy, localized Hardy’s inequality and the dominated convergence the-
orem. Combined with (8.42)), the desired asymptotic self-similarity (8.40) follows. O

1 1
(n)2 (n)|2 (n)
LX, ——ltx, F' )—I—(— Dy’ —
| | | 0 | 6/n|( e

8.5. Concentration scales. Let (A™ ¢(™) be a sequence of solutions given by Lemma 811l
We now present a combinatorial result that establishes the following dichotomy: Either there
is a uniform non-concentration of energy, or we can identify a sequence of points and de-
creasing scales at which energy concentrates.

To state the result, we need few definitions. For each j = 1,2, --- we define

Ci={(t,x) € Cl oy : 2 <t <27},

C; ={(t,z) € Cll//éoo Lo <t < 21
In words, C; [resp. 5]] is the set of points in the truncated cone Cjy; o;+1) at distance > 1
[resp. > 1/2] from the lateral boundary. For each j > 1, we have the following lemma.

Lemma 8.12. Let (A™ ¢™) be a sequence of admissible CyH' solutions on [1,T,] x R*
with T,, — oo satisfying [837)—([840) for some E > 0. Let €y be as in Proposition[6.1. Then

for each 7 =1,2,---, after passing to a subsequence, one of the following alternatives holds:
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(1) Concentration of energy. There exist points (t,,x,) € 6’]-, scales m, — 0 and
0 <r=r(j) < 1/4 such that the following bounds hold:

n n 1
5{tn}me(xn)[A( ) otM] = 6—3637 (8.43)
1
Sup  Egtyx sy, (0 [A", 0] < 56, (8.44)
2€Byr(zn) Cy
tn+2r
n n n 1
/ lexo F % + |(Dg(0 M2 dtde — 0 as n — oco. (8.45)
47‘n tn—2rn T fEn p

(2) Uniform non-concentration of energy. There exists 0 < r = r(j) < 1/4 such
that the following bounds hold:

/ . Xo)pr[A™ oM de > By, fort € [27, 271, (8.46)
v2)t
1
sup  Eqyxp, ) A™, 0] < e, (8.47)
(t,2)eC; =0
1
// |ex, F™ % + |(Dg?0 )™ PPdtde — 0 asn — oo. (8.48)
p

Here ¢y > 0 is a universal constant much larger than the implicit constants in Lemma [{.5.

Proof. This lemma is essentially [31, Lemma 6.3]; for completeness we give a self-contained
alternative proof, which relies on the use of the Hardy-Littlewood maximal function theorem
to establish (845]).
Step 1. Fixj € {1,2,...}. We begin by identifying a ‘low energy barrier’ around C}; inside
C;. Let N > 0 be a large integer to be determined later. We first partition the time interval
(27,271 into smaller intervals I, where

k—1 k

Iy R ¥ R R =1,...,10N2/.
[+1ON +10N)k - 10

Accordingly, define C¥ := C;N (I, xR*) and C]'? ‘= C;N(I; xRY). Next, we partition 6’f\Cf

into U_ 1C’H where

(-1 1 14
kz k
={(t, < t- — 4+ — ¢=1,... N.
For each n and k, we claim that there exists 1 < /¢(n,k) < N such that
3
sup £ w [AM o] < ZF. 8.49
sup e [A, 6] < (5.09

Indeed, for each k consider the left endpoint t;, := 27+ (k—1)/(10N). The set S;, N (@k\C’f)
is partitioned into N annuli of the form S;, ﬂC’]]?C o By the pigeonhole principle and the energy
bound (8.3T), there exists 1 < ¢(n, k) < N — 2 such that
(n,k)+2 3
> gy nerelAM, 0] < SE
(=t(n,k)
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As @k “%) Jies in the domain of dependence of Uﬁ("zf 4,;25@ @k * (849) now follows by the
local conservation of energy.
We choose N large enough so that

3 1,

Hence, by (849, 5“ k) gerves as a ‘low energy barrier’ that separates the behavior of the
solution in the interior Ck <Hmk) (iR Ck k) )UC”‘c from the outside. Fix 0 < ry < 1/4
(independent of n and k:) so that

(t,2) € CF<™ = {1} x By, (x) € Cp= ™ n Cp ), (8.50)

=Y
Step 2. For each n and k, define f,  : [0, 7] X Iy — [0, 00) by

Fu(r ) i= sup{Epy AT, 6] : () € <D,

We then define the lowest energy concentration scale ry, x(t) as

{ inf{r € [0,7r0] : fu(t,7) > S} if fult,ro) > Se2,
Tn,k(t) = €0 €0

8.51
To otherwise. ( )

By the finite speed of propagation, each 7, is Lipschitz continuous with constant < 1:

"o (t1) — moi(to)| < [t1 — tol-

We first treat the case when there exists a common lower bound 0 < r(j) < r¢ of 7,4,
i.e., rpi(t) > r(j) for all n, k and ¢t € I. Unraveling the definition of r, ;, we see that (8.47)
holds. Moreover, (8.46]) and (8.48) follow directly from (839) and (8.40), respectively. Thus
we conclude that the second scenario (uniform non-concentration of energy) holds.

To complete the proof, it only remains to consider the alternative case and show that
the first scenario (concentration of energy) holds. After passing to a subsequence, we may
assume that there exists k € {1,...,10N2’} such that

lim infr, ; = 0. (8.52)

n—oo I

Then we claim that there exist (¢,,x,) and r, such that ([8.43)-(8.453]) hold with r(j) = o,
up to passing to a subsequence.
Define
27+2 1
ol = [ B)d ) = / 1, PP+ (DY) + 2P da
251 SiC o) P
Note that o2 — 0 by (840). By the Hardy-Littlewood maximal function theorem, for every

o > 0 we have

{t e @24 MIB() > o} < ~a (8.53)

ﬁg

where M|f3,](t) is the Hardy-Littlewood maximal function on [2/ _1, 27%2) given by
1
M{f,](t) := sup —— ga(t)dt'.
a>0 20 J(1—qg,t+a)n[2i—1,2i+2)
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Roughly speaking, (853]) says that the desired conclusion (845]) holds for ‘most of’ ¢ € Ij.
This fact, combined with the flexibility of the choice of ¢,, such that lim,, o 7k (t,) = 0, will
lead to the desired conclusions (843])—(8.45]).

More precisely, define the intervals J,, K,, C I by

Jo={tel,: M[?| <}, K,:=f, —a? T, +a?)N1,

where ¢, € I is a minimum of 7,4, i.e., 7, x(t,) = inf; 7, By the uniform Lipschitz
continuity of r, ; and the fact that a? — 0 as n — oo, we have

sup 7 k(t) = 0 as n — oo.
teKy

Note that |1}, \ J,.| < a,, by (853) with o = ay,, whereas |K,| = 20n/%. Using again the fact
that a2 — 0 as n — oo and passing to a subsequence, it follows that J, N K,, # @ for all n.
Choosing t, so that t, € J, N K, and r,, := 1, 4(t,), we have

1 tn+a

sup —— BEt)dt =0, 7, =r.x(t,) >0 asn— oo.
a>0 2a

tn—a
In particular, ([845) holds. Passing to a subsequence if necessary, we may assume that

Tnk(tn) < ro; then there exists (t,,x,) € 6’]]?’“("’]6) such that ([843) holds for all n as well.
Finally, thanks to the low energy barrier (850) and the definition of r, 5, (844 follows with
r(j) = ro- O

8.6. Compactness/rigidity argument. We are now ready to complete the proof of The-
orem [I.3], by using the tools developed in Sections [6] and [7.

Completion of proof of Theorem[I.3. Let (A™ ¢(™) be a sequence of admissible C;H! solu-
tions on [1,T},] x R* given by Lemma [B.TIl We consider two cases according to Lemma [8.12]
and show that both lead to contradictions.

Case 1. Suppose that there exists 7 € {1,2,...} such that the first scenario (concentration
of energy) in Lemma [R 12/ holds. We need to set things up so that we can use Proposition [6.1],
and for that we also need local control of the L? norm of ¢. This is achieved via the improved
form of Hardy’s inequality in Lemma From (B.44) we obtain

1
(orn) 210" (ta) 725,y < 1—063 +Co’E, o<1
To eliminate the second term we choose

o’ = ceSE_1

with a small universal constant ¢. Thus we have insured that the hypothesis of Proposition [6.1]
are satisfied with respect to the rescaled ball B,,, (x) with = as in (8.44), i.e.,

Etn}x Bsorn (2) [A(n)v ¢(n)] + (Urn)_2“¢(n) (tn)H%g(ngn(x)) < 53 (8.54)

As 6']- is pre-compact, we may assume that (¢,,z,) has a limit (¢y, zo) in the closure of 5]‘
after passing to a subsequence. Consider the sequence

(A0, GOt 2) = (A, ) (07t + by 07 + ).
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By (843]), there is always a nontrivial amount of energy at the origin, i.e.,

~ 1
Eyxn, @A™, ] = €. (8.55)

Fix any € RY. As r, — 0, observe that the point 7,2 + z, belongs to B, (,) for
sufficiently large n. Hence, by (854]), we have

Eoyx (@) |A™, 6] + || 6™ (0)||z2(Bs(ay) < €5 for sufficiently large n. (8.56)

Finally, by (84%), the convergence (t,,z,) — (to, zo) and smoothness of Xy, it follows that
// oy F)? 4 |f)(;)gg(")|2 dtde - 0 asn — oo. (8.57)
(~2,2)x B2 ()

where Y = Xq(to, zo) is a constant time-like vector field. Note that the contribution of the
term %(ﬁ(") dropped out by scaling.

As a consequence, for each z € R* we can apply Proposition to obtain a weak solution
(Aps ¢) € X“((—1,1) x By(z)) to (MKG) such that

tyFlz) =0, Dpyop =0,

and (A™, ¢(™) converges to (Ag], P]) up to gauge transformations on (—1,1) x By(x) as in
6.3), [6.4). By Lemma [6.15] the weak solutions (A, ¢,) form weak compatible pairs (as
in Definition [6.13) on the open cover {(—1,1) X By (x)},e1/2)z4 of (—1,1) x R*. Furthermore,
by Proposition [.3], there exists an equivalent set of smooth compatible pairs (Ajq], ¢[a]) on
some refined open cover @ = {Q,} of (—1,1) x R%.

Let (A, ¢) be a global smooth pair on (—1,1) x R* equivalent to (Aja], ¢o)). We then
extend (4, ¢) to R™ as a smooth solution to (MKQG]) satisfying ty F' = 0 and Dy ¢ = 0 by
pulling back along the flow of Y. Note that (A, ¢) has finite energy (in fact, bounded by
< E), as we have

@) Jp[A™, §] — D Jr[A,¢]  locally in L, on (—1,1) x R? (8.58)

by (6.4) and the gauge invariance of the energy density (¥).Jr. After applying a suitable
Lorentz transform, we may furthermore assume that Y = T. By Proposition [T1] it follows

that E[A, ¢] = 0, but this contradicts (855) and (8.58)).

Case 2. Suppose that for every j € {1,2,...} the second scenario (uniform non-concen-
tration of energy) in Lemma B2 holds. In this case there is no need to rescale. Indeed,

®417) and (B48) (as well as (837), (B38) and Lemma [LH) allow us to apply the rescaled
Proposition directly to (A™, ¢™) on {t} x ¢B(z), with ¢ as in Case 1, for (t,z) €
0[7%’00) for some T' = T'(0) > 1. Proceeding as in the previous case using Lemma and
Proposition [7.3] we then obtain a global smooth pair (A, ¢) on C[j}’oo) satisfying the following
properties:

e The pair (A, @) is a smooth solution to (MKGI) obeying the self-similarity condition

1 1
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e The following local convergences hold:
T Jp[AM ] 5D Jr[A, ¢]  locally in Ly, on C’@oo), (8.59)
(X0 pr[A™, §M) X Pr[A, ¢]  locally in L}, on Clr. ). (8.60)

We extend (A, ¢) to a smooth self-similar solution to (MEKGI]) on the whole cone C(g ) =
{0 < r <t} by pulling back (A, p¢) along the flow of Xj. Note that (A, ¢) has finite energy
(again bounded by < E), thanks to the local convergence (859). Hence by Proposition [T.2]
it follows that £g,[A, ¢] = 0 for every t € (0, 00). However, this is a contradiction with (8.46])

(in particular, for large enough t so that SU=t C[g“,oo)) and (8.60). O
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