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Abstract

A quantum system with a black hole accommodates two widely different, though physically
equivalent, descriptions. In one description, based on global spacetime of general relativity,
the existence of the interior region is manifest, while understanding unitarity requires nonper-
turbative quantum gravity effects such as replica wormholes. The other description adopts a
manifestly unitary, or holographic, description, in which the interior emerges effectively as a
collective phenomenon of fundamental degrees of freedom.

In this paper we study the latter approach, which we refer to as the unitary gauge con-
struction. In this picture, the formation of a black hole is signaled by the emergence of
a surface (stretched horizon) possessing special dynamical properties: quantum chaos, fast
scrambling, and low energy universality. These properties allow for constructing interior op-
erators, as we do explicitly, without relying on details of microscopic physics. A key role is
played by certain coarse modes in the zone region (hard modes), which determine the degrees
of freedom relevant for the emergence of the interior.

We study how the interior operators can or cannot be extended in the space of microstates
and analyze irreducible errors associated with such extension. This reveals an intrinsic am-
biguity of semiclassical theory formulated with a finite number of degrees of freedom. We
provide an explicit prescription of calculating interior correlators in the effective theory, which
describes only a finite region of spacetime. We study the issue of state dependence of interior
operators in detail and discuss a connection of the resulting picture with the quantum error
correction interpretation of holography.

http://arxiv.org/abs/2010.15827v3
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1 Introduction

The quantum mechanics of a black hole [1,2] has been a confusing subject. On one hand, a näıve

application of the semiclassical method leads to a violation [3] of unitarity, a fundamental principle

of quantum mechanics. On the other hand, a fully quantum mechanical treatment of the problem,

such as the one based on the AdS/CFT correspondence [4], indicates that unitarity is preserved,

while it seems to be at odds with the existence of the black hole interior [5], a consequence of the

equivalence principle of general relativity.

There are two qualitatively different, though physically equivalent, approaches to this problem,

which should not be conflated with each other [6]. One is to start with a global description of

spacetime in general relativity. The quantization then involves hypersurfaces that go through both

the interior and exterior of the black hole, such as nice slices [7]. In this treatment, the existence of

the interior is evident by construction, and the challenge is to see how unitarity is preserved [3,8].

This issue has recently been addressed [9–11] using technologies [12–15] developed in the study

of holography, where it was shown that Hawking radiation emitted from the black hole obeys the
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Page curve [16], which is a signature of unitary evolution. In simple (mostly lower dimensional)

models, the origin of the discrepancy from Hawking’s result [3] was identified: the nonperturbative

effect called replica wormholes [17, 18]. A pleasant surprise was that addressing the issue did not

require a detailed knowledge of microscopic physics of quantum gravity.

The other approach to the problem is to begin with a manifestly unitary description. This

corresponds to viewing the black hole from a distance. In this view, an object falling toward

the black hole never crosses the horizon at the classical level, due to infinite time delay. At the

quantum level, the horizon is “stretched” to a timelike surface called the stretched horizon [19], on

which the local (Tolman) Hawking temperature becomes the string scale. Since the intrinsic scale

of the dynamics on the stretched horizon is the string scale, it is consistent to assume, as implied

by the AdS/CFT correspondence, that the physics there—and hence the black hole evolution—is

unitary, despite Hawking’s conclusion based on the semiclassical analysis. In other words, one

may view that the degrees of freedom outside (and on) the stretched horizon comprise the entirety

of the system [19, 20].1 In this picture, the challenge is to understand how a description based

on near empty interior spacetime emerges [5, 21, 22]. In particular, we must understand why

such a description applies only to the stretched horizon; after all, from the viewpoint of quantum

information flow, the stretched horizon is not too different from the surface of regular material

such as a piece of coal. Our concern in this paper is this second approach, which we refer to as the

“unitary gauge construction” [6].

The fact that two very different constructions lead to the same physics is a manifestation of

nonperturbative gauge redundancies of a gravitational theory, which are much larger than the

standard diffeomorphism [23,24] and relate even spaces with different topologies [23,25]. From the

quantum gravity point of view, what is special about a black hole—or more generally the system

with a horizon—is that an appropriate treatment of these redundancies is vital in obtaining the

correct physics. The unitary gauge construction deals with the issue in the most intuitive way: the

resulting picture is mostly local, although it leaves some residual nonlocality.

Unitary gauge construction

The gist of this paper is to present the unitary gauge construction of the black hole interior as ex-

plicitly as possible and analyze its salient features. Our construction builds on ideas and techniques

introduced earlier by this and other authors [26–35]; however, their detailed implementations are

different. Below we discuss these earlier works, highlighting differences from ours.

A construction of interior operators based on the doubled Hilbert space structure was consid-

ered in a seminal work by Papadodimas and Raju [26–28]. According to their prescription, the

degrees of freedom that are identified as those in the first exterior of the effective two-sided black

1We may refer to this situation either as the entire degrees of freedom being “outside and on the stretched
horizon” or simply as “outside the stretched horizon.” In the rest of the paper, we adopt the latter for brevity.

2



Figure 1: The effective theory of the interior can be erected at a boundary time t∗ in the original
unitary theory which has a one-sided black hole. It has an effective two-sided black hole geometry
and describes physics in the causal domain of the union of the zone and its mirror region on the
spatial hypersurface corresponding to the t∗ hypersurface. The effective theory is intrinsically
semiclassical and cannot describe dynamics occurring above the string scale 1/ls (although space
below ls exists to accommodate an object kinematically squeezed by a large Lorentz boost).

hole geometry (the region existing in the original one-sided geometry) increase as the black hole

evaporates; in particular, Hawking radiation emitted earlier composes degrees of freedom in the

first exterior. On the other hand, in the construction described here, the number of degrees of

freedom composing the first exterior (hard modes) decreases as the evaporation progresses [33–35];

in particular, early Hawking radiation is identified as a part of the degrees of freedom in the second

exterior, the region mirror to the zone of the one-sided black hole. This leads to different solutions

to some of the firewall problems, especially the [E, B̃] ≠ 0 paradox of Ref. [21].2

The idea that the construction of interior operators involves early Hawking radiation was pro-

moted in Ref. [32]. A specific realization of the idea, however, is different here. In contrast to the

picture laid out in Ref. [32], the second exterior of the effective two-sided geometry arises primar-

ily from degrees of freedom directly associated with the black hole (soft modes) [33–35], and the

involvement of Hawking radiation is indirect (although it is significant for an old black hole, i.e.

a black hole that is nearly maximally entangled with the rest of the system). In particular, the

structure of entanglement is not bipartite between the first exterior and early Hawking radiation

degrees of freedom as envisioned in Ref. [32].

2A construction similar to that of Refs. [26–28] was considered in Refs. [29, 30], which applies only to a young
black hole because of the lack of involvement of early Hawking radiation. The dependence of interior operators on
the microstate of the system, a salient feature of the construction of Refs. [26–28], was also noted in Ref. [31] but
without an explicit operator construction.
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A description of the black hole interior obtained by our construction applies only to a limited

spacetime region—the causal domain of the union of the zone and its mirror on the spatial hyper-

surface determined by the time at which the description is erected [33,34] (see Fig. 1). In order to

cover a larger portion of the black hole interior, we must use multiple descriptions erected at dif-

ferent times. This provides a specific realization of the idea of black hole complementarity [19,36].

Unlike what is envisioned in some of the early works (e.g. Ref. [37]), however, the exterior and

interior descriptions are not related by a unitary transformation; rather, the latter emerges through

coarse graining and is intrinsically semiclassical. In fact, this coarse graining is the origin of the

apparent uniqueness of the infalling vacuum, despite the existence of exponentially many black

hole microstates.

Our construction essentially follows that of Refs. [33–35]. In particular, microscopic operators

describing the interior are the same as those in Ref. [35]. However, our analyses on an intrinsic

ambiguity of semiclassical theory and state (in)dependence of interior operators are different, which

supersede the discussion of Refs. [6, 35] about the issues.

As discussed in Refs. [6, 33–35], what distinguishes the stretched horizon from other, regular

material surfaces is its kinematic feature of an exponentially large density of states as well as its

special dynamical properties—maximal quantum chaos [38], fast scrambling [39, 40], and the lack

of a feature discriminating low energy species, such as global symmetries [41, 42]. The fact that

the properties of the ultraviolet (UV) dynamics in one description are related to the existence

of large/infrared (IR) interior spacetime in another description is an example of UV-IR relations

pervasive in quantum gravity. Note that the criterion necessary for a surface to be a stretched

horizon is stronger than that for regular thermalization occurring around us; in particular, it must

exhibit “universal thermalization” applicable throughout all the low energy species. Such a strong

universality presumably arises only as a result of the string dynamics.

We stress that the prescription of obtaining interior operators described here does not re-

quire a detailed knowledge of microscopic dynamics of quantum gravity. This insensitivity to

the microscopic physics puts the unitary gauge construction on an equal footing with the ap-

proach [9–11, 17, 18] based on the global spacetime picture.

Outline of the paper

In Section 2, we discuss how a black hole and its evolution is described in the unitary gauge

construction when the black hole is viewed from a distance. This corresponds to the boundary

description in holography, and the evolution of the system is unitary.

In Section 3, we discuss in detail how operators used in describing the black hole interior are

constructed out of modes in the distant description. A key role is played by what is called the hard

modes: a type of coarse modes in the black hole zone which semiclassical theory describes. The

degrees of freedom necessary to construct the interior are chosen by using them as an anchor. They
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consist of both black hole micro degrees of freedom, called soft modes, and the degrees of freedom

entangled with the soft and hard modes. We discuss how the infalling operators constructed in

this way can be promoted to act more globally in the space of vacuum microstates and derive the

level of the precision preserved by such a promotion.

In Section 4, we discuss the effective theory of the interior in the unitary gauge construction.

This theory can be erected at each boundary time using suitably promoted infalling operators. It

is intrinsically semiclassical, describing the dynamics of hard-mode excitations and their fate after

crossing the horizon. We analyze the irreducible error resulting from the process of erecting the

theory, which is viewed as an intrinsic ambiguity of semiclassical theory formulated with a finite

number of degrees of freedom. We also present an explicit prescription for computing interior

correlators in the effective theory. We then discuss state dependence of infalling operators and a

connection of the resulting picture with the quantum error correction interpretation of holography.

We finally comment on a young black hole, for which infalling operators can be constructed only

out of the soft modes, and the Minkowski limit.

Section 5 is devoted to the conclusion.

Throughout the paper, we focus on a spherically symmetric, non-near extremal black hole in

asymptotically flat or AdS spacetime, although we expect that a similar construction applies to

other black holes as well. We take the Schrödinger picture of quantum mechanics unless otherwise

stated and adopt natural units c = h̵ = 1.

2 Black Hole Evolution as Viewed from the Exterior

The unitary gauge construction adopts a view that when a black hole is described in a “distant

reference frame,” the degrees of freedom outside the horizon comprise the entire system. Namely,

these degrees of freedom evolve unitarily [16,19,20] under time evolution associated with an external

observer, or boundary time evolution in holography.3 At the classical level, an object falling toward

the black hole never reaches the horizon because of infinite time delay caused by a diverging

gravitational redshift. At the quantum level, the horizon becomes a timelike surface called the

stretched horizon [19], on which the local Hawking temperature becomes the string scale and

where a falling object reaches in a finite boundary time. The basic tenet of the unitary gauge

construction is that the full quantum degrees of freedom consist of those outside the stretched

horizon.

In general, the state of the system at a given boundary time t can be expanded in terms of the

states of the black hole in question.4 A state of the black hole can be labeled by two sets of indices:

3In this paper, we assume that the external observer is located sufficiently far from the black hole and refer to
the time associated with them as boundary time, even if they may not be in the true asymptotic region.

4The boundary time can be related to a bulk equal-time hypersurface through a gauge fixing procedure, for
example by the “holographic slice” prescription of Refs. [43, 44].
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indices specifying the macroscopic properties of the black hole and additional indices necessary

to specify the black hole microstate uniquely. (The precise meaning of the black hole microstate

is discussed later.) For a non-rotating and uncharged black hole, the state of the system can be

written as ∣Ψ(t)⟩ = ∑
M

∑
AM

∑
I

dMAMI(t)∣ΨAM ,I(M)⟩. (1)

Here, M is the mass of the black hole specified up to the precision that can be discriminated by a

temporal observer (determined by the uncertainty principle):

∆ = O(2πTH), (2)

where TH is the Hawking temperature, and AM is the additional index needed to specify the black

hole microstate uniquely for each M . The index I labels all the excitations over the semiclassical

black hole vacuum (i.e. a state that has only the black hole in question) in regions near and far

from the black hole.5

Below, we concentrate on a branch with a fixed M at each time t and, accordingly, drop the

subscript M from the index A: ∣ΨAM ,I(M)⟩ → ∣ΨA,I(M)⟩. (3)

Including other branches into consideration is straightforward.

Vacuum microstates

In general, there are three classes of degrees of freedom associated with a black hole: hard modes,

soft modes, and far modes (radiation) [33–35]. Hard and soft modes are the degrees of freedom

near the black hole, often called the zone or black hole atmosphere region:

rs ≤ r ≤ rz, (4)

where r is the area radius with rs and rz representing the location of the stretched horizon and

the edge of the zone, respectively. Hard modes are the coarse degrees of freedom in this region,

which have frequencies ω and gaps among them ∆ω (sufficiently) larger than ∆,6 while the soft

modes have smaller frequencies; far modes are the degrees of freedom outside the zone, r > rz. The
dynamics of the hard and far modes are described by semiclassical theory, while the soft modes

(and a part of the far modes) comprise black hole microstates. More detailed discussion about

these modes with various examples can be found in Ref. [6].

5For example, if there is another black hole beyond the one we focus on, we treat it as an excitation over the
semiclassical vacuum and label it by I. We do this simply to focus on the black hole in question.

6When we refer to energy, frequency, and so on, we mean those as measured in the far (or asymptotic) region,
unless otherwise stated.
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Let us consider the situation in which there are no excitations beyond those directly associated

with the existence of the black hole, which we refer to as the system being in the (semiclassical)

black hole vacuum and represent by I = 0. This does not mean that hard modes, soft modes,

and far modes are all in their ground states. Because of entanglement between these modes and

the energy constraint coming from the fact that the black hole has mass M , a black hole vacuum

microstate is given by [33–35]

∣ΨA,0(M)⟩ =∑
n

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cAnina∣{nα}⟩∣ψ(n)in
⟩∣φa⟩. (5)

Here, ∣{nα}⟩, ∣ψ(n)in
⟩, and ∣φa⟩ are orthonormal states of the hard modes, soft modes, and far modes,

respectively:

⟨{mα}∣{nα}⟩ = δmn, ⟨ψ(m)im
∣ψ(n)jn
⟩ = δmnδimjn, ⟨φa∣φb⟩ = δab, (6)

where n ≡ {nα} represents the set of all occupation numbers nα (≥ 0) for the hard modes, which

are labeled by α (collectively denoting the species, frequency, and angular-momentum quantum

numbers),7 En is the energy of the hard mode state ∣{nα}⟩, and Sbh(E) is the Bekenstein-Hawking
entropy density at energy E; see Ref. [6] for a more detailed description of these states.

For the analysis of this paper, we envision the simplest setup in which the relevant components

of the far modes consist of Hawking radiation emitted earlier from the black hole. In general, they

must involve all the degrees of freedom entangled with the hard and soft modes. Such entanglement

can be generated through direct or indirect interactions of these degrees of freedom with the black

hole or matter forming it. Including this effect does not affect the analysis in this paper; it simply

requires a reinterpretation of ∣φa⟩.
The index A of ∣ΨA,0(M)⟩ labels microstates specified by the coefficients cAnina. The number

of independent microstates eStot is determined by the coarse-grained entropies of the soft modes

Sbh(Esoft) and the far modes/early radiation Srad, and we let the index A label the orthonormal

basis states (of an arbitrary basis):8

A = 1,⋯, eStot , (7)

7Because of the energy uncertainty of order ∆, the inner products of hard and soft modes in Eq. (6) may have

exponentially suppressed corrections of order ⟨{mα}∣{nα}⟩ ∼ ⟨ψ(m)im
∣ψ(n)jn

⟩ ∼ e−∣Em−En ∣/∆ (although it may be possible
to avoid this by defining hard modes using a smoothing function in frequency space which damps rapidly outside
the window of order ∆). These corrections, if any, are typically very small for a semiclassical object, Em,n ≫∆, so
we ignore them in the rest of the paper.

8Recall that ∣ΨA,0(M)⟩ represent microstates of the soft mode and radiation with the black hole put in the
semiclassical vacuum, so that a generic state in the Hilbert space of dimension eStot has the black hole of mass M .
Note that since black hole evaporation is a thermodynamically irreversible process [45,46], most of these microstates
do not become a state with a larger black hole in empty space when evolved backward in time—there is some junk
radiation around it. This, however, does not change the fact that there are eStot independent microstates relevant
for the discussion here.

7



where

eStot ≡∑
n

eSbh(M−En)eSrad = z eSbh(M)+Srad (8)

with

z ≡∑
n

e
−En

TH . (9)

With this convention, the coefficients cAnina satisfy

∑
n

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cA∗ninac
B
nina
= δAB. (10)

The spatial distribution of the soft modes, which carry the energy and entropy of the black

hole, is determined by the local Hawking temperature

Tloc(r) = TH√
−gtt(r) . (11)

This distribution is strongly peaked toward the stretched horizon, where the local temperature

reaches the string scale. Since the invariant dynamical scale among the soft modes is of the order

of the local temperature, their internal dynamics is controlled by the microscopic dynamics of

quantum gravity and cannot be described by a low energy theory; indeed, we expect that it is

nonlocal in the spatial directions along the horizon [39,40]. Nevertheless, it is widely believed that

this dynamics exhibits certain characteristic behaviors; in particular, it is maximally quantum

chaotic [38], fast scrambling [39,40], and does not have a feature discriminating low energy species

beyond their spacetime and gauge properties [41,42]. As argued in Refs. [34,35], these are critical

ingredients that distinguish the stretched horizon from normal material surfaces, leading to near

empty interior spacetime.

Specifically, the dynamical properties described above imply that the coefficients cAnina in Eq. (5)

have the statistical properties

⟨cAnina⟩ = 0, √⟨∣cAnina∣2⟩ = 1

e
1

2
Stot

, (12)

where ⟨⋯⟩ represents an ensemble average over (in, a), and that the phases of cAnina’s are distributed

uniformly. In fact, this configuration is reached quickly, within the scrambling time tscr of order(1/2πTH) lnSbh(M). With Eq. (12), we can trace out the soft modes, obtaining the thermal density

matrix for the hard (i.e. semiclassical) modes

Trsoft∣ΨA,0(M)⟩⟨ΨA,0(M)∣ = 1
z
∑
n

e
−En

TH ∣{nα}⟩⟨{nα}∣⊗ ρφ, (13)

where ρφ is an n-independent reduced density matrix for the far modes; fractional corrections to the

coefficients of ∣{nα}⟩⟨{nα}∣ and the matrix elements of ρφ (which are in general n dependent) are

only of order e−
1

2
Sbh(M−En). This is indeed the origin of the thermality of the black hole atmosphere

in semiclassical theory [33].
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Excitations in the zone

Suppose that the state of the system is given by Eq. (5) at a boundary time t. Field operators

in the zone in the semiclassical theory are then expanded in terms of annihilation and creation

operators for the hard modes

bγ = ∑
n

√
nγ ∣{nα − δαγ}⟩⟨{nα}∣, (14)

b†γ = ∑
n

√
nγ + 1 ∣{nα + δαγ}⟩⟨{nα}∣. (15)

Since the semiclassical theory is not sensitive to the microstate of the black hole and is local in

spacetime, these operators do not act on soft or far mode degrees of freedom.

Acting these operators on vacuum microstate ∣ΨA,0(M)⟩, we find

bγ ∣ΨA,0(M)⟩ =∑
n

√
nγ

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cAnina∣{nα − δαγ}⟩∣ψ(n)in
⟩∣φa⟩, (16)

b†γ ∣ΨA,0(M)⟩ =∑
n

√
nγ + 1

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cAnina∣{nα + δαγ}⟩∣ψ(n)in
⟩∣φa⟩. (17)

Note that a state obtained by acting these operators on ∣ΨA,0(M)⟩ cannot be viewed as a vacuum

state. First, it generically breaks the symmetry of the black hole spacetime; for example, it may

have an excitation localized in the angular directions. Second, excitations of such a state are

generically nonuniversal; namely, only specific low energy species are excited. Finally, even if

these features were disregarded, states obtained by acting bγ ’s and/or b†γ ’s on ∣ΨA,0(M)⟩ do not

possess properties needed to play the role of a vacuum state in the construction of Refs. [33–35];

in particular, they do not lead to the reduced density matrix of the form in Eq. (13).9

From Eqs. (16, 17), we find

⟨ΨA,0(M)∣b†βbγ ∣ΨB,0(M)⟩ = δβγ∑
n

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

nγ c
A∗
nina

cBnina, (18)

⟨ΨA,0(M)∣bβb†γ ∣ΨB,0(M)⟩ = δβγ∑
n

eSbh(M−En)

∑
in=1

eSrad

∑
a=1
(nγ + 1) cA∗ninacBnina. (19)

These are not proportional to δAB in general, although deviations from it are suppressed exponen-

tially by a factor of e−
1

2
{Sbh(M)+Srad}. In particular, this implies that the commutator [bβ, b†γ] is not

δβγ as an operator at the microscopic level, although its vacuum expectation values satisfy

⟨ΨA,0(M)∣[bβ , b†γ]∣ΨB,0(M)⟩ = δβγ∑
n

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cA∗ninac
B
nina
= δβγδAB. (20)

9The Born rule problem of Ref. [47] does not apply to our construction, since the excited states obtained in this
way are atypical in the microscopic Hilbert space [6, 35]. The frozen vacuum problem of Ref. [48] does not apply
either; see Section 4 for more details.
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States described here evolve unitarily under boundary time evolution. The time evolution of

(a superposition of) microstates of the form of Eq. (5)—particularly under the Hawking emission

process—was discussed in Refs. [33, 49]. While a complete description of the evolution requires

a microscopic theory of quantum gravity, we can write down an evolution equation leaving the

coefficients cAnina unspecified. In particular, Hawking emission occurs through soft modes at the

edge of the zone. At the level of ignoring Hawking emission and its backreaction, the dynamics of

semiclassical objects in the near horizon region is described by the Hamiltonian

H =∑
γ

ωγb
†
γbγ +Hint({bγ},{b†γ}), (21)

where ωγ is the frequency of mode γ. In particular, the evolution of a state by a boundary time

∆t is given by the time evolution operator e−iH∆t.

3 Quantum Operators for the Interior

Since all the degrees of freedom in the unitary gauge construction exist outside the stretched

horizon, we have to find the degrees of freedom that effectively describe the interior within these

exterior degrees of freedom. This boils down to identifying the degrees of freedom that can play the

role of the “second exterior” of an analytically extended two-sided black hole [26]. As discussed in

Refs. [33–35], this can be done at each boundary time, and the degrees of freedom can be identified

in the combined system of the soft and far modes. (For a young black hole, i.e. a black hole in

which the soft modes are not maximally entangled with the far modes, the soft modes alone can

provide the necessary degrees of freedom [35]. We will discuss this in Section 4.6.) In this section,

we elaborate on the construction of Refs. [33–35] and derive formulas that are used in our later

discussion of the black hole interior.

3.1 Mirror microstates

Suppose that the state of the system at a boundary time t is given by Eq. (5) (possibly) with

excitations of hard modes and/or far modes over it. Following the lines of Refs. [26–31], we define

normalized mirror microstates ∥{nα}A⟫ as the state of the soft and far modes entangled with the

hard mode state ∣{nα}⟩ in the corresponding vacuum microstate:

∥{nα}A⟫ = αAn eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cAnina∣ψ(n)in
⟩∣φa⟩. (22)

10



Here, the normalization constant αAn is given by

αAn = 1√
∑eSbh(M−En)

in=1 ∑eSrad

a=1 cA∗ninac
A
nina

=√z e En
2TH (1 − 1

2
εAAn ) , (23)

where z is given by Eq. (9), and we have used statistical properties of cAnina to obtain the last

expression, with εAAn defined below. Note that these states are defined at the boundary time t,

where the state of the system takes the assumed form.

The quantity εAAn in Eq. (23) is exponentially suppressed. Let us define related, more general

quantities by

εABn ≡ z eEn
TH

eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cA∗ninac
B
nina
− δAB, (24)

of which εAAn is the special case. These quantities satisfy the statistical properties

⟨εABn ⟩ = 0, √⟨∣εABn ∣2⟩ = O ( 1

e
1

2
{Sbh(M−En)+Srad}

) , (25)

where ⟨⋯⟩ represents an ensemble average over A for A = B and over (A,B) for A ≠ B. They also

obey

(εABn )∗ = εBAn , ∑
n

e
−En

TH

z
εABn = 0, (26)

where the second equation follows from Eq. (10).

The mirror microstates defined above have inner products

⟪{mα}A∥{nα}B⟫ = δmn αAnαBn eSbh(M−En)

∑
in=1

eSrad

∑
a=1

cA∗ninac
B
nina

= δmn ηABn , (27)

where

ηABn ≡
⎧⎪⎪⎨⎪⎪⎩
1 for A = B
εABn for A ≠ B. (28)

Note that εABn are exponentially small; see Eq. (25).

3.2 Canonical mirror operators for a microstate

The canonical mirror operators for microstate A are defined as the “annihilation and creation

operators” for the corresponding mirror microstates [33–35]:

b̃Aγ = ∑
n

√
nγ ∥{nα − δαγ}A⟫⟪{nα}A∥, (29)

b̃A†
γ = ∑

n

√
nγ + 1 ∥{nα + δαγ}A⟫⟪{nα}A∥. (30)

11



Given that the vacuum microstate in Eq. (5) can be written in the thermofield double form as

∣ΨA,0(M)⟩ = 1√
z
∑
n

e
− En

2TH ∣{nα}⟩∥{nα}A⟫ (31)

(up to exponentially small corrections of order εAAn ), these operators can be viewed as the annihi-

lation and creation operators in the zone of the second exterior region. Note that at this point,

the operators are defined only on the equal-time hypersurface of the effective two-sided black hole

obtained by analytically continuing the zone of the original black hole at the boundary time t.

Time evolution of these operators (in the Heisenberg picture) or states of the effective two-sided

theory (in the Schrödinger picture) will be discussed in Section 4.

Products of the canonical mirror operators in Eqs. (29, 30) are given by

b̃Aβ b̃
B
γ =∑

n

√(nβ − δβγ)nγ ηABn−γ ∥{nα − δαβ − δαγ}A⟫⟪{nα}B∥, (32)

b̃
A†

β b̃
B†
γ =∑

n

√(nβ + 1 + δβγ)(nγ + 1) ηABn+γ ∥{nα + δαβ + δαγ}A⟫⟪{nα}B∥, (33)

b̃Aβ b̃
B†
γ =∑

n

√(nβ + δβγ)(nγ + 1) ηABn+γ ∥{nα − δαβ + δαγ}A⟫⟪{nα}B∥, (34)

b̃A†

β
b̃Bγ =∑

n

√(nβ + 1 − δβγ)nγ ηABn−γ ∥{nα + δαβ − δαγ}A⟫⟪{nα}B∥, (35)

where n±γ ≡ {nα ± δαγ}. Thus, their commutators are given by

[b̃Aβ , b̃Bγ ] =∑
n

{√(nβ − δβγ)nγ ηABn−γ −√(nγ − δβγ)nβ ηABn−β }∥{nα − δαβ − δαγ}A⟫⟪{nα}B∥, (36)

[b̃A†

β , b̃
B†
γ ] = ∑

n

[√(nβ + 1 + δβγ)(nγ + 1) ηABn+γ −√(nγ + 1 + δβγ)(nβ + 1) ηABn+β ]
× ∥{nα + δαβ + δαγ}A⟫⟪{nα}B∥, (37)

[b̃Aβ , b̃B†
γ ] = ∑

n

[√(nβ + δβγ)(nγ + 1) ηABn+γ −√(nγ + 1 − δβγ)nβ ηABn−β ]∥{nα − δαβ + δαγ}A⟫⟪{nα}B∥
=
⎧⎪⎪⎨⎪⎪⎩
∑n[ηABn+γ + nγ(εABn+γ − εABn−γ )(1 − δAB)] ∥{nα}A⟫⟪{nα}B∥ for β = γ
∑n
√
nβ(nγ + 1) (εABn+γ − εABn−γ )(1 − δAB) ∥{nα − δαβ + δαγ}A⟫⟪{nα}B∥ for β ≠ γ,

(38)

where εABn±β are exponentially small. Interestingly, for A = B, we obtain

[b̃Aβ , b̃Aγ ] = [b̃A†

β
, b̃A†
γ ] = 0, [b̃Aβ , b̃A†

γ ] = δβγ∑
n

∥{nα}A⟫⟪{nα}A∥. (39)

Namely, the algebra between the canonical mirror operators having the same microstate index is

exactly that of standard annihilation and creation operators.
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3.3 Global promotion

The operators b̃Aγ and b̃A†
γ described above are defined for each microstate A. We can promote them

to operators that act more “globally” in the space of microstates. (For an analogous construction,

see Ref. [28].) Consider the Hilbert space spanned by all the independent vacuum microstates (of

a given mass M)

M =
⎧⎪⎪⎨⎪⎪⎩
eStot

∑
A=1

aA∣ΨA,0(M)⟩ RRRRRRRRRRR aA ∈ C,
eStot

∑
A=1
∣aA∣2 = 1⎫⎪⎪⎬⎪⎪⎭. (40)

Consider a subspace ofM spanned by eSeff independent microstates

M̃ =
⎧⎪⎪⎨⎪⎪⎩
eSeff

∑
A′=1

aA′ ∣ΨA′,0(M)⟩ RRRRRRRRRRR aA′ ∈ C,
eSeff

∑
A′=1
∣aA′ ∣2 = 1⎫⎪⎪⎬⎪⎪⎭, (41)

where

Seff < Sbh(M) + Srad. (42)

By choosing the bases of M and M̃ appropriately, we can take {∣ΨA′,0(M)⟩} to be a subset of{∣ΨA,0(M)⟩}, i.e. A′ ⊂ A. This leads to
⟨ΨA′,0(M)∣ΨB′,0(M)⟩ = δA′B′ . (43)

We define globally promoted canonical mirror operators associated with Hilbert subspace M̃ by

B̃γ =
eSeff

∑
A′=1

b̃A
′

γ , (44)

B̃†
γ =

eSeff

∑
A′=1

b̃A
′†

γ , (45)

where b̃A
′

γ and b̃A
′†

γ are given by Eqs. (29, 30). The commutation relations of these operators are

[B̃β, B̃γ] = eSeff

∑
A′,B′=1
A′≠B′

∑
n

√
nβnγ ζ

A′B′

n−γn−β
∥{nα − δαβ − δαγ}A′⟫⟪{nα}B′∥, (46)

[B̃†

β, B̃
†
γ] = eSeff

∑
A′,B′=1
A′≠B′

∑
n

√(nβ + 1)(nγ + 1) ζA′B′n+γn+β
∥{nα + δαβ + δαγ}A′⟫⟪{nα}B′∥, (47)

[B̃β, B̃†
γ] =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∑eSeff

A′=1∑n ∥{nα}A′⟫⟪{nα}A′∥
+∑eSeff

A′,B′=1
A′≠B′

∑n {(nγ + 1)εA′B′n+γ
− nγεA

′B′

n−γ
)} ∥{nα}A′⟫⟪{nα}B′∥ for β = γ

∑eSeff

A′,B′=1
A′≠B′

∑n
√
nβ(nγ + 1) (εA′B′n+γ

− εA
′B′

n−β
) ∥{nα − δαβ + δαγ}A′⟫⟪{nα}B′∥ for β ≠ γ,
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where

ζA
′B′

n−γn−β
≡ εA′B′n−γ

− εA
′B′

n−β
= O
⎛⎜⎝

e
− ωγ

2TH − e
− ωβ

2TH

e
1

2
Sbh(M−En)+ 1

2
Srad

⎞⎟⎠ , (48)

ζA
′B′

n+γn+β
≡ εA′B′n+γ

− εA
′B′

n+β
= O
⎛⎜⎝

e
ωγ

2TH − e
ωβ

2TH

e
1

2
Sbh(M−En)+ 1

2
Srad

⎞⎟⎠ . (49)

The matrix elements of the globally promoted operators between mirror microstates ∥{κα}E′⟫
and ∥{λα}F ′⟫ are given by

⟪{κα}E′∥ B̃γ ∥{λα}F ′⟫ = δκλ−γ√λγ ⎛⎝
eSeff

∑
A′=1

ηE
′A′

λ−γ
ηA

′F ′

λ

⎞⎠ , (50)

⟪{κα}E′∥ B̃†
γ ∥{λα}F ′⟫ = δκλ+γ√λγ + 1 ⎛⎝

eSeff

∑
A′=1

ηE
′A′

λ+γ
ηA

′F ′

λ

⎞⎠ (51)

for annihilation and creation operators, and

⟪{κα}E′∥ B̃βB̃γ ∥{λα}F ′⟫ = δκλ−β−γ√(λβ − δβγ)λγ ⎛⎝
eSeff

∑
A′=1

eSeff

∑
B′=1

ηE
′A′

λ−β−γ
ηA

′B′

λ−γ
ηB

′F ′

λ

⎞⎠ , (52)

⟪{κα}E′∥ B̃†

βB̃
†
γ ∥{λα}F ′⟫ = δκλ+β+γ√(λβ + 1 + δβγ)(λγ + 1) ⎛⎝

eSeff

∑
A′=1

eSeff

∑
B′=1

ηE
′A′

λ+β+γ
ηA

′B′

λ+γ
ηB

′F ′

λ

⎞⎠ , (53)

⟪{κα}E′∥ B̃βB̃†
γ ∥{λα}F ′⟫ = δκλ−β+γ√(λβ + δβγ)(λγ + 1) ⎛⎝

eSeff

∑
A′=1

eSeff

∑
B′=1

ηE
′A′

λ−β+γ
ηA

′B′

λ+γ
ηB

′F ′

λ

⎞⎠ , (54)

⟪{κα}E′∥ B̃†

βB̃γ ∥{λα}F ′⟫ = δκλ+β−γ√(λβ + 1 − δβγ)λγ ⎛⎝
eSeff

∑
A′=1

eSeff

∑
B′=1

ηE
′A′

λ+β−γ
ηA

′B′

λ−γ
ηB

′F ′

λ

⎞⎠ (55)

for products of two operators. Here, ηA
′F ′

λ is given by Eq. (28), λ−β−γ = {λα − δαβ − δαγ}, and so on.

Similarly, for products of three and more operators

⟪{κα}E′∥ B̃βB̃γB̃ρ ∥{λα}F ′⟫ = δκλ−β−γ−ρ√(λβ − δβγ − δβρ)(λγ − δγρ)λρ
×
⎛⎝
eSeff

∑
A′=1

eSeff

∑
B′=1

eSeff

∑
C′=1

ηE
′A′

λ−β−γ−ρ
ηA

′B′

λ−γ−ρ
ηB

′C′

λ−ρ ηC
′F ′

λ

⎞⎠ , (56)

⋯.

As will become clearer later, the relevant quantities are the combinations of η’s that appear in

these matrix elements. With Eq. (42), Eqs. (50, 51) give

eSeff

∑
A′=1

ηE
′A′

κ ηA
′F ′

λ ∣
κ≠λ
=
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1 +∑eSeff

A′=1
A′≠E′

εE
′A′

κ εA
′E′

λ = 1 +O ( eEκ+Eλ
2TH

+ 1
2
Seff

eSbh(M)+Srad
) for E′ = F ′

εE
′F ′

κ + εE
′F ′

λ +∑eSeff

A′=1
A′≠E′,F ′

εE
′A′

κ εA
′F ′

λ = O ( e
Emax
2TH

e
1
2
Sbh(M)+

1
2
Srad

) for E′ ≠ F ′,
(57)
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where Emax = max{Eκ,Eλ}, so we find that this quantity is δE′F ′ up to corrections exponentially

suppressed by e
− 1

2
{Sbh(M)+Srad}+Emax

2TH . For Eqs. (52 – 55), we find

eSeff

∑
A′=1

eSeff

∑
B′=1

ηE
′A′

κ ηA
′B′

µ ηB
′F ′

λ ∣
µ≠κ,λ

=
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1 + δκλO ( e

Emax
2TH

+Seff

eSbh(M)+Srad
) +O ( eEmax

2TH
+ 1
2
Seff

eSbh(M)+Srad
) for E′ = F ′

O ( e
Emax
2TH

e
1
2
Sbh(M)+

1
2
Srad

) for E′ ≠ F ′,
(58)

where Emax = max{Eκ,Eµ,Eλ}. The deviation of this quantity from δE′F ′ is thus suppressed if

e
−Sbh(M)−Srad+Seff+Emax

2TH is small. Given that Emax/TH is much smaller than min{Sbh(M), Srad} for
the backreaction on the black hole geometry to be small (except possibly for the very early stage

of the black hole evolution, when Srad ≪ Sbh(M)), this condition is satisfied when

Sbh(M) + Srad − Seff

Sbh(M) + Srad

È 1. (59)

Namely, the condition is satisfied unless the fractional difference between Seff and Sbh(M) + Srad

is much smaller than 1.

A similar analysis reveals that the situation is the same for larger numbers of operators. In

particular,

eSeff

∑
A′

1
=1

eSeff

∑
A′

2
=1
⋯

eSeff

∑
A′

p−1=1
η
E′A′

1

λ1
η
A′

1
A′

2

λ2
⋯η

A′p−1F
′

λp
= δE′F ′ +

⎧⎪⎪⎪⎨⎪⎪⎪⎩
O ( 1

e
1
2
{Sbh(M)+Srad}

) for Seff < 1
2
{Sbh(M) + Srad}

O ( eSeff

eSbh(M)+Srad
) for Seff > 1

2
{Sbh(M) + Srad}

(60)

for arbitrary p and λ1,2,⋯,p. This implies that the matrix elements of products of globally promoted

operators B̃γ and B̃†
γ between states in M̃ are the same as the corresponding quantities in field

theory on the two-sided black hole geometry, up to corrections of order

ǫ =max{ 1

e
1

2
{Sbh(M)+Srad}

,
eSeff

eSbh(M)+Srad

} . (61)

3.4 Infalling mode operators

Using the operators defined so far, we can construct infalling mode operators, as described in

Ref. [26]. For each microstate A, we define

aAξ =∑
γ

(αξγbγ + βξγb†γ + ζξγ b̃Aγ + ηξγ b̃A†
γ ), (62)

a
A†

ξ =∑
γ

(β∗ξγbγ + α∗ξγb†γ + η∗ξγ b̃Aγ + ζ∗ξγ b̃A†
γ ), (63)
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where ξ is the label in which the frequency ω with respect to boundary time t is traded with

the frequency Ω associated with infalling time τ , and αξγ, βξγ, ζξγ, and ηξγ are the Bogoliubov

coefficients calculable using the standard field theory method.10

As in Section 3.3, we can also define globally promoted infalling mode operators:

Aξ =∑
γ

(αξγbγ + βξγb†γ + ζξγB̃γ + ηξγB̃†
γ), (64)

A
†

ξ =∑
γ

(β∗ξγbγ + α∗ξγb†γ + η∗ξγB̃γ + ζ∗ξγB̃†
γ), (65)

which act linearly in the space M̃ in Eq. (41). From the results in Section 3.3, we find that the

deviations of the matrix elements of products of these operators between states in M̃ from the

corresponding field theory quantities on the two-sided geometry involve factors

eSeff

∑
A′

1
=1

eSeff

∑
A′

2
=1
⋯

eSeff

∑
A′p−1=1

ε
E′A′

1

λ1
ε
A′

1
A′

2

λ2
⋯ε

A′p−1F
′

λp
(p = 1,2,⋯) (66)

multiplied by functions of occupation numbers and Bogoliubov coefficients, integrated over the

frequencies. Here, p = 1 in Eq. (66) means εE
′F ′

λ1
. An analysis similar to that in the previous

subsection shows that these quantities are suppressed exponentially by the larger of e−
1

2
{Sbh(M)+Srad}

and eSeff−{Sbh(M)+Srad}. Namely, the matrix elements of products of Aξ and A
†

ξ in M̃ are the same

as the corresponding field theory values, up to corrections suppressed by ǫ in Eq. (61).

4 Effective Theory of the Interior

In this section, we detail how an effective theory describing the black hole interior can be erected

using operators described in Section 3. We first present the minimal construction of the theory

and discuss an ambiguity existing in the construction. This ambiguity is viewed as an intrinsic

ambiguity of a semiclassical description. We then discuss the (in)dependence of infalling opera-

tors on the microstate of the system and a connection of the resulting picture to quantum error

correction. We also comment on the situation for a young black hole and the Minkowski limit.

10For a massless scalar field, for example, Eq. (62) takes the form

aAξ = ± i

2π
√
ΩξTH

∫
∞

0

dωγ

⎡⎢⎢⎢⎢⎢⎣
Ξ√

1 − e− ωγ

TH

bγ + Ξ∗√
e

ωγ

TH − 1
b†γ − Ξ∗√

1 − e− ωγ

TH

b̃Aγ − Ξ√
e

ωγ

TH − 1
b̃A†
γ

⎤⎥⎥⎥⎥⎥⎦
in the near horizon limit. Here, we have adopted the continuum notation for the sum over the frequency, and

Ξ = (Ωξ/2πTH)±
iωγ

2πTH Γ(1 ± ωγ

2πiTH

) / ∣Γ(1 ± ωγ

2πiTH

)∣ is a pure phase. The ± symbol in these equations takes + and −
for ingoing and outgoing modes, respectively.
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4.1 Emergence of a stable semiclassical description

Suppose that the state of the system at a boundary time t∗ is given by Eq. (1). Since our interest

is the black hole in question, for the excitations labeled by I we disregard those outside the zone

(the inclusion of which is straightforward). As before, we focus on a branch in which the mass of

the black hole is M (in the sense discussed around Eq. (1)), and we adopt the notation in Eq. (3).

Our state is thus

∣Ψ(t∗)⟩ = Stot

∑
A=1
∑
I

dAI(t∗)∣ΨA,I(M)⟩, (67)

where I labels excitations in the zone.11

We want to understand what an object located in the zone and falling toward the black hole

will experience after it crosses the horizon. For this purpose, a description based on boundary

time evolution is of little use. In that description, the object will be absorbed into the stretched

horizon when it gets there, after which no low energy description is available for it. To describe

the object’s experience after reaching the horizon, we need a different time evolution associated

with the proper time of the object.

In general, the state in Eq. (67) does not factorize into a product of two states having indices

A and I, respectively, since the degrees of freedom represented by the two indices can be entangled

due to their interactions in the past, for example through interactions before the black hole is

formed or through interactions between the object and Hawking radiation. One might still think

that since we can expand the state in terms of a basis in A space as

∣Ψ(t∗)⟩ = eStot

∑
A=1

fA∣ΨA,I(A)(M)⟩, (68)

where ∑eStot

A=1 ∣fA∣2 = 1, we can regard it as representing eStot decohered branch worlds and de-

scribe the future evolution of excitations for each of them using the infalling mode operators in

Eqs. (62, 63).12 This would indeed be sufficient if the “observer”—a classical system that is sepa-

rated from the measured system as an external structure—lives purely in a single such microbranch.

This, however, is not the case in general.

If the observer is not restricted to a single microbranch, we must deal with the density matrix

in I space, which takes the form

ρ(t∗) = eStot

∑
A=1
∣fA∣2∣ΨA,I(A)(M)⟩⟨ΨA,I(A)(M)∣. (69)

In this case, we would a priori have to use different infalling mode operators for different terms, i.e.

Eqs. (62, 63) with A taking the value corresponding to each term. This is somewhat uncomfortable.

11These excitations include objects in the interior region in the effective theory if the black hole state (after
removing semiclassical objects in the zone) is not yet equilibrated. This will be discussed in more detail later.

12This corresponds to the picture presented in Refs. [31, 50].
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Moreover, the infalling mode operators that must be used even depend on the basis of A one takes

in writing Eq. (68). Specifically, if we choose to expand the state in Eq. (68) in terms of another

set of basis states labeled by A′, then we get

ρ(t∗) = eStot

∑
A′=1
∣fA′ ∣2∣ΨA′,I(A′)(M)⟩⟨ΨA′,I(A′)(M)∣. (70)

This is, of course, the same reduced density matrix as Eq. (69) in I space. Nevertheless, the

infalling mode operators used in each term are now Eqs. (62, 63) with A replaced with A′; i.e.,

predicting the outcome of a measurement performed in a subsystem requires knowledge beyond the

reduced density matrix of the subsystem. This clearly violates the principles of standard quantum

mechanics.

The existence of globally promoted operators, however, provides a rescue. (For related discus-

sion, see Ref. [28].) Suppose that the state at boundary time t∗ is given by Eq. (67). Given that

the dimension of the excitation Hilbert space is much smaller than eStot , we can write it using the

Schmidt decomposition as

∣Ψ(t∗)⟩ = K∑
I=1
gI ∣ΨA(I),I(M)⟩, (71)

where ∑KI=1 ∣gI ∣2 = 1, gI > 0, and K is the Schmidt number. The point is that K always satisfies

K ≤ Sexc < Sbh(M) + Srad, (72)

where Sexc is the logarithm of the dimension of the Hilbert space for semiclassical excitations (hard

modes). Therefore, by taking the observable to be the globally promoted infalling mode operators,

Aξ and A
†

ξ, with M̃ containing

Ṽ [∣Ψ(t∗)⟩] = span({∣ΨA(I),0(M)⟩}), (73)

i.e.

M̃ ⊇ Ṽ [∣Ψ(t∗)⟩], (74)

we can preserve the tenets of quantum mechanics.13 Note that the dimension of M̃ can be anything

that satisfies

K = ln dim Ṽ [∣Ψ(t∗)⟩] ≤ ln dimM̃ < Sbh(M) + Srad, (75)

unless the fractional difference between lndimM̃ and Sbh(M) + Srad is exponentially small. Since

Sbh(M) + Srad < Stot = lndimM, (76)

M̃ is a proper subset of the microscopic vacuum Hilbert spaceM in Eq. (40).

13A more precise condition for the choice of M̃ will be discussed in Section 4.5.
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With the infalling mode operators chosen in this way, we can construct the infalling Hamiltonian

H̃ =∑
ξ

ΩξA
†

ξAξ + H̃int({Aξ},{A†

ξ}), (77)

where H̃int({Aξ},{A†

ξ}) is determined by matching it with Hint({bγ},{b†γ}) in Eq. (21) in the first

exterior. The explicit form of H̃int({Aξ},{A†

ξ}) depends on the time parametrization we take,

which is reflected in the Bogoliubov coefficients in Eqs. (64, 65).

4.2 Erecting an effective theory

The initial state of the infalling time evolution is given by mapping the states on the right-hand

side of Eq. (71) to those in the effective two-sided geometry:

∣ΨA(I),I(M)⟩ ↦ ∣Ψ̃A(I),I⟩, (78)

where the states in the two-sided geometry, ∣Ψ̃A(I),I⟩, are defined on the union U0 of the zone and

its mirror region on the hypersurface of infalling time τ = 0, which we match with the boundary

time t∗ (see Fig. 1). Note that this operation is not tracing out the far region in the original

one-sided theory; rather, it is a map of states of the original theory into those in the effective

two-sided theory defined on the finite spatial region U0.

The index I of ∣ΨA(I),I(M)⟩ labels excitations over the semiclassical black hole vacuum, and

A(I) specifies the corresponding vacuum microstate. There are two types of an excitation repre-

sented by I. One is an excitation of hard modes corresponding to an object in the zone, and the

other is a (sufficiently large) deviation of the black hole state from the equilibrium form of Eq. (5)

which cannot be attributed only to the hard modes. Suppose that a falling object hits the stretched

horizon at t = t∗. The object then disappears from the zone, but it does not mean that the state

immediately becomes the equilibrium form of Eq. (5) at t = t∗; rather, it stays in an excited form

deviating from Eq. (5) for a while. Now, consider that we erect an effective theory of the interior

shortly after t∗: t = t∗ + δt. In this case, the effective theory is expected to have semiclassical

excitations in the interior reflecting the fact that there is an object that has fallen into the horizon

at t∗. These include everything that the object does to the spacetime region described by the

effective theory; for example, the object may emit a high energy quantum in the outward direction

shortly after it crosses the horizon. What the effective theory finds in the interior, represented

by the index I of ∣Ψ̃A(I),I⟩ on the right-hand side of Eq. (78), must be the excitations consistent

with this semiclassical expectation, which is possible.14 This provides a built-in mechanism in the

14In the distant description, these excitations can be viewed as those of the stretched horizon, where the soft
modes are mostly located. At the classical level, they correspond to an object that reaches r = rs between t = t∗−tscr
and t∗ and is squeezed into the region between r = r+ and rs at time t∗ because of a large Lorentz contraction, where
r+ is the horizon radius. Understanding the map between the collective excitations of the soft modes, included in
I of ∣ΨA(I),I(M)⟩, and these kinematically squeezed excitations in the effective theory, included in I of ∣Ψ̃A(I),I⟩,
would require a knowledge of the fundamental theory.
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framework which allows for evading the “frozen vacuum” problem of Ref. [48].

On the other hand, if we erect an effective theory more than the scrambling time after the

last disturbance to the stretched horizon, t = t∗ + ∆t with ∆t > tscr, then we expect that the

effective theory finds the semiclassical vacuum in the interior, since the black hole state is already

equilibrated by then (except for possible hard mode excitations corresponding to semiclassical

objects in the zone). This is indeed consistent with the semiclassical expectation as we see in more

detail in the appendix. In this case, the map of excitations in Eq. (78) is relatively straightforward;

we simply have to convert excitations that are generated by bγ and b†γ and localized in the zone

into those by Aξ and A
†

ξ
using the semiclassical relation in Eqs. (64, 65).

With the matching of states described above, the infalling time evolution can now be performed

using the infalling Hamiltonian H̃ in Eq. (77) with the initial state given by

ρ̃(0) = K∑
I=1
∣gI ∣2∣Ψ̃A(I),I⟩⟨Ψ̃A(I),I ∣. (79)

Since this state is defined only on the finite spatial region U0, we need boundary conditions for the

time evolution. The physics we predict in the domain of dependence, D(U0), of U0, however, does

not depend on these boundary conditions.15 (To cover a larger portion of the black hole interior,

we must use multiple effective theories erected at different boundary times [33, 34].)

We stress that the theory of the interior obtained in this way is intrinsically semiclassical.

The information about the microstate is already traced out, which is reflected in the fact that

the initial state in Eq. (79) is generally mixed. Any future interactions between semiclassical and

microscopic degrees of freedom can be treated only statistically, analogous to Hawking radiation

in semiclassical calculations. The theory is also not fully unitary under the time evolution by

Eq. (77); in particular, there is a singularity at r = 0 that cannot be resolved.

4.3 Intrinsic ambiguity

The construction of the effective theory described above has an ambiguity coming from the fact

that the actions of infalling mode operators are not strictly orthogonal to M̃ in the space of

15An alternative, perhaps more physical, way to give the initial state is to specify it on a hypersurface consisting
of the τ = 0 surface in the zone of the first exterior and the intersection between the future horizon of the second
exterior and D(U0) (properly smoothed to become a spacelike hypersurface). The initial state in Eq. (79) is then
obtained by evolving this state backward in time using the Hamiltonian in Eq. (77) (properly adapted to the new
equal-time hypersurfaces) with a boundary condition chosen on the future boundary ofD(U0) in the second exterior.
Note that this implies that the “map” in Eq. (78) is not really a map in the mathematical sense; there are multiple
choices of ∣Ψ̃A(I),I⟩ for the same ∣ΨA(I),I(M)⟩ due to the freedom in this boundary condition, which all lead to the
same physics in the interior of the black hole (but not in the fictitious, second exterior).
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microstates. We can see this, for example, by using Eqs. (18, 19) and Eqs. (52 – 55):

⟨ΨA,0(M)∣b†γbγ ∣ΨB,0(M)⟩ = 1

z
∑
n

nγ e
−En

TH (δAB + εABn )
= ⟨nγ⟩ftδAB +O ( 1

e
1

2
{Sbh(M)+Srad}

) , (80)

⟨ΨA,0(M)∣bγb†γ ∣ΨB,0(M)⟩ = 1

z
∑
n

(nγ + 1)e−En
TH (δAB + εABn )

= ⟨nγ + 1⟩ftδAB +O ( 1

e
1

2
{Sbh(M)+Srad}

) , (81)

where ⟨⋯⟩ft represents the corresponding field theory values, and

⟪{κα}A′∥ B̃βB̃γ ∥{λα}B′⟫ = δκλ−β−γ√(λβ − δβγ)λγ {δA′B′ +O ( 1

e
1

2
{Sbh(M)+Srad}

)} , (82)

⟪{κα}A′∥ B̃†

βB̃
†
γ ∥{λα}B′⟫ = δκλ+β+γ√(λβ + 1 + δβγ)(λγ + 1) {δA′B′ +O ( 1

e
1

2
{Sbh(M)+Srad}

)} , (83)

⟪{κα}A′∥ B̃βB̃†
γ ∥{λα}B′⟫ = δκλ−β+γ√(λβ + δβγ)(λγ + 1)

× {δA′B′ + δβγ O ( eSeff

eSbh(M)+Srad

) +O ( 1

e
1

2
{Sbh(M)+Srad}

)} , (84)

⟪{κα}A′∥ B̃†

βB̃γ ∥{λα}B′⟫ = δκλ+β−γ√(λβ + 1 − δβγ)λγ
× {δA′B′ + δβγ O ( eSeff

eSbh(M)+Srad

) +O ( 1

e
1

2
{Sbh(M)+Srad}

)} , (85)

where the last O(X) in Eqs. (84, 85) means that the corrections are smaller than O(X) and does

not necessarily imply the existence of corrections at that order. The existence of exponentially

suppressed corrections in these expressions—which are of order ǫ in Eq. (61)—means that we

cannot associate an excited state with a unique vacuum microstate in a strict sense.

The fact that the corrections are only of order ǫ, however, implies that up to these exponentially

suppressed corrections, the mode operators bγ , b
†
γ, B̃γ, B̃

†
γ , Aξ, and A

†

ξ act only on the excitation

index I, and not on the vacuum index A′. In other words, ignoring these corrections, the Hilbert

space can be viewed as

H ≈Hexc ⊗ (Hvac ≅ M̃), (86)

where these mode operators act only on Hexc, and an excited state can be associated “uniquely”

with a vacuum microstate.

The exponentially suppressed corrections discussed here constitute an intrinsic ambiguity of

semiclassical physics, i.e. physics associated with the operators bγ and b†γ in a distant frame and

Aξ and A
†

ξ in an infalling frame. The maximal precision allowed by this ambiguity can be achieved

by taking M̃ as small as possible, i.e.

M̃ = Ṽ [∣Ψ(t∗)⟩]. (87)

With this choice, the errors of the theory are of order ǫ in Eq. (61).
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4.4 Interior correlators in the in-in formalism

We have seen that the matching of the states between the original (one-sided) and effective (two-

sided) theories is given by Eq. (78), leading to the initial state for the infalling time evolution in

Eq. (79). In the standard practice in quantum field theory, this time evolution is implemented as

that of quantum field operators in the Heisenberg picture. How do we do this explicitly?

The operators at τ = 0 are matched to those of the original theory at t = t∗ as Eqs. (64, 65).

Quantum field operators at τ = 0 are then given by

Φ̃a(x,0) = ∑
s,Ω,L

(Aξ fs(Ω,L)ϕΩ,L(x) +A†

ξc
gs(Ω,L)ϕ∗Ω,L(x)) , (88)

where we have decomposed index ξ into a, s, Ω, and L which represent species, spin, frequency,

and orbital angular momentum quantum numbers, respectively: ξ = {a, s,Ω,L}. Here, fs(Ω,L)
and gs(Ω,L) are the standard factors providing Lorentz representation of the field (Dirac spinors,

polarization vectors, etc), and ϕΩ,L(x) are the spatial wavefunctions.

The Heisenberg picture field operators are given by

Φ̃a(x, τ) = eiH̃τ Φ̃a(x,0)e−iH̃τ , (89)

where H̃ is given in Eq. (77). The quantities we are interested in are correlators

⟨Φ̃a1(x1)Φ̃a2(x2)⋯ Φ̃an(xn)⟩ = Tr [ρ̃(0)Φ̃a1(x1)Φ̃a2(x2)⋯ Φ̃an(xn)] , (90)

where xi = {xi, τi}, and ρ̃(0) is given by Eq. (79). Since these are expectation values in the

state given at a fixed finite time, τ = 0, we must adopt the in-in formalism rather than the more

conventional in-out formalism to calculate them. This ultimately comes from the fact that the

S-matrix cannot be defined at the semiclassical level for an object falling into a black hole.

Using the Schwinger-Keldysh method, a correlator of the form of Eq. (90) can be written as a

path integral over an appropriate closed time contour with the boundary condition given by ρ̃(0).
For example, a time-ordered n-point correlator is given by taking the contour in Fig. 2, yielding

⟨T{Φ̃a1(x1) Φ̃a2(x2)⋯ Φ̃an(xn)}⟩ = K∑
I=1
∣gI ∣2∫ (∏

a

DΦ̃+aDΦ̃
−
a)
I

Φ̃+a1(x1) Φ̃+a2(x2)⋯ Φ̃+an(xn)eiSSK . (91)

Here, ∫(∏aDΦ̃
+
aDΦ̃

−
a)I represents path integral along the contour with the boundary conditions at

τ = 0 determined by ∣Ψ̃A(I),I⟩, and
SSK = S[Φ̃+a] − S[Φ̃−a], (92)

where S[Φ̃a] is the infalling frame action corresponding to H̃. With this formalism, we can calculate

arbitrary correlators as long as the fields are inside the domain of dependence of U0. Note that
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Figure 2: The contour of integration C for a time-ordered n-point correlator⟨T{Φ̃a1(x1) Φ̃a2(x2)⋯ Φ̃an(xn)}⟩ in the Schwinger-Keldysh formalism. Here, we have assumed
x0n < ⋯ < x02 < x01 for illustration purposes.

the field need not be in the interior of the black hole, so we can compute correlators between fields

inside and outside the horizon.

As in standard quantum field theory, we can develop a perturbation theory to calculate the

correlators. For this purpose, we consider interaction picture fields

φ̃a(x, τ) = eiH̃0τ Φ̃a(x,0)e−iH̃0τ , (93)

where H̃0 is the free Hamiltonian, and regard Aξ and A
†

ξ as mode operators associated with them.

We also write ∣Ψ̃A(I),I⟩ in the initial state ρ̃(0) in Eq. (79) as

∣Ψ̃A(I),I⟩ = FI({A†

ξ}) ∣0⟩, (94)

where ∣0⟩ is the infalling vacuum defined by ∀ξ,Aξ∣0⟩ = 0. We can then use the canonical in-in

formalism to calculate the correlators perturbatively.

4.5 State dependence and quantum error correction

We have seen that in the existence of a black hole, there are a set of operators Aξ and A
†

ξ
which act

on hard, soft, and far modes in such a way that they are semiclassical annihilation and creation

operators in the two-sided black hole background. These operators have been chosen in a state

dependent manner, but how sensitively do they depend on the microstate of the system?

Recall that the space of vacuum microstates M̃ which these operators cover need only satisfy

Eq. (74). In particular, it need not be the minimal choice given in Eq. (87). This implies that by

increasing Seff , we can cover more and more microstates by a fixed set of infalling mode operators.

In fact, since the error ǫ of using these operators is given by Eq. (61), we can take any Seff with

Seff = c{Sbh(M) + Srad} (0 < c < 1), (95)

while keeping the error to be exponentially suppressed in the coarse-grained entropy of the system,

unless c is exponentially close to 1. In other words, within this eSeff -dimensional vacuum microstate
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Figure 3: In the eStot-dimensional space M spanned by orthonormal vacuum microstates, we can
build infalling mode operators that cover a subspace M̃ in a state independent manner. The choice
of M̃ is arbitrary as represented by regions with different colors. Furthermore, the space M̃ can
be made larger as represented by the graded red regions, but only as long as dimM̃ is sufficiently
smaller than dimM. This implies that a single M̃ cannot cover a significant portion ofM. Note
that the figure is only a schematic representation of the situation.

space M̃, we can use the fixed operators Aξ and A†

ξ throughout; i.e., these operators act state

independently in this subspace ofM (see Fig. 3).

It might seem that this allows us to construct “fully global” state independent operators which

can be applied to most of the states in M, since we can take c in Eq. (95) to be very close to 1

for a macroscopic black hole. This is, however, not the case. The dimension of the space M̃⊥ of

vacuum microstates that are orthogonal to the states in M̃ is

dimM̃⊥ = eStot − eSeff , (96)

which is much larger than dimM̃ even for c close to 1 (unless it is exponentially close). In fact,

for c > 1/2, there is a simple relation between the fraction ofM which a fixed set of operators can

cover and the size of error for using these operators:

dimM̃

dimM
≈ ǫ. (97)

Therefore, if we want to keep the error small, ǫ≪ 1, then the set of operators can be used only for

a small fraction of states inM.

It is instructive to see how a fixed set of infalling mode operators Aξ and A†

ξ with c < 1 fails

for a generic microstate, whose corresponding vacuum is not contained in M̃. Let A′ and Ā label

orthonormal basis states of M̃ and M̃⊥, respectively:

A′ = 1,⋯, eSeff , Ā = 1,⋯, eStot − eSeff . (98)

24



We consider a generic mirror microstate having a specific semiclassical configuration {λα}:
∥{λα}⟫ = eSeff

∑
A′=1

aA′∥{λα}A′⟫ + eStot−eSeff

∑̄
A=1

āĀ∥{λα}Ā⟫, (99)

where ∑eSeff

A′=1 ∣aA′ ∣2 + ∑eStot−eSeff

Ā=1 ∣āĀ∣2 = 1. The coefficients aA′ and āĀ then have the statistical

properties

⟨aA′⟩ = ⟨āĀ⟩ = 0, √⟨∣aA′ ∣2⟩ =√⟨∣āĀ∣2⟩ = 1

e
1

2
Stot

(100)

with uniformly distributed phases, where ⟨⋯⟩ represents an average over microstate indices.

Let us now calculate the matrix elements of products of operators Aξ and A†

ξ, denoted by

O = O({Aξ,A†

ξ}), between generic states in Eq. (99). They are given by

⟪{κα}∥O∥{λα}⟫ = eSeff

∑
A′,B′=1

a∗A′aB′⟪{κα}A′∥O∥{λα}B′⟫
+
⎛⎝
eSeff

∑
A′=1

eStot−eSeff

∑̄
B=1

a∗A′ āB̄⟪{κα}A′∥O∥{λα}B̄⟫ + h.c.⎞⎠ +
eStot−eSeff

∑
Ā,B̄=1

ā∗
Ā
āB̄⟪{κα}Ā∥O∥{λα}B̄⟫. (101)

Using Eq. (60), we find that the first term on the right-hand side gives

eSeff

∑
A′,B′=1

a∗A′aB′⟪{κα}A′∥O∥{λα}B′⟫ = eSeff

∑
A′=1
∣aA′ ∣2MO

κλ [1 +O (max{ eSeff

eSbh(M)+Srad

,
1

e
1

2
{Sbh(M)+Srad}

})] ,
(102)

where MO
κλ represents the corresponding matrix elements in field theory. This, therefore, gives

the correct matrix elements up to the universal overall factor of ∑eSeff

A′=1 ∣aA′ ∣2 = O(eSeff /eStot), which
could be absorbed into the normalization of states and hence does not affect physics.

What about the second and third terms? To figure this out, we can use relations analogous to

Eq. (60) in which one or both of the “outermost” indices are replaced with barred ones:

eSeff

∑
A′

1
=1

eSeff

∑
A′

2
=1
⋯

eSeff

∑
A′p−1=1

η
E′A′

1

λ1
η
A′

1
A′

2

λ2
⋯η

A′p−1F̄

λp
= εE′F̄λp

, (103)

eSeff

∑
A′

1
=1

eSeff

∑
A′

2
=1
⋯

eSeff

∑
A′

p−1=1
η
ĒA′

1

λ1
η
A′

1
A′

2

λ2
⋯η

A′p−1F̄

λp
=
eSeff

∑
A′

1
=1
ε
ĒA′

1

λ1
ε
A′

1
F̄

λp
. (104)

We find that the second term is suppressed by a factor of O(e 1

2
Seff /eStot) relative to the first term,

and hence negligible. The third term, however, contains a contribution

eStot−eSeff

∑
Ā,B̄=1

ā∗
Ā
āB̄M

O
κλz

2e
Eκ+Eλ
2TH

eSeff

∑
D′=1

⎛⎝
eSbh(M−Eκ)

∑
iκ=1

eSrad

∑
a=1

cĀ∗κiκac
D′

κiκa

⎞⎠⎛⎝
eSbh(M−Eλ)

∑
jλ=1

eSrad

∑
b=1

cD
′∗

λjλb
cB̄λjλb
⎞⎠ δĀB̄

=
eStot−eSeff

∑̄
A=1

∣āĀ∣2MO
κλO ( eSeff

eSbh(M)+Srad

) δκλ +⋯, (105)
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in which the factor multiplied toMO
κλ depends on the external states. This contribution (and only

this contribution) is comparable to the first term, jeopardizing the potential success of Eq. (102).

This lack of fully global operators is the state dependence discussed in Refs. [27, 28].

An analysis similar to the one above shows that the state independent operators in M̃ works

correctly for a typical state built on vacuum microstate space M̃′ ⊃ M̃ as long as

dimM̃′ − dimM̃ < dimM̃, (106)

with the error of order

ǫ′ = dimM̃′ − dimM̃

dimM̃
. (107)

This implies that the condition of Eq. (74) is actually a little weaker. For a typical state in the

Schmidt basis, M̃ can be smaller than Ṽ [∣Ψ(t∗)⟩] as long as

dim Ṽ [∣Ψ(t∗)⟩] − dimM̃ < dimM̃. (108)

The space M̃ is analogous to a code subspace of the quantum error correction interpretation

of holography described in Ref. [51]. One difference is that there is no preferred choice of the code

subspace determined by semiclassical geometries. At the semiclassical level, all the states in M

look like having the same spacetime with the same black hole. We can therefore naturally take

any eSeff independent vacuum microstates satisfying Eq. (95) to form M̃.16 A similar aspect of

quantum error correction in spacetime with a black hole has been analyzed in Ref. [52].

4.6 A young black hole and the Minkowski limit

So far, we have considered the effective theory of the interior erected using mirror operators

constructed out of the soft and far modes. However, for a young black hole, i.e. a black hole that

is not yet maximally entangled with the rest of the system, these operators can be constructed

only out of the soft modes, using the so-called Petz map [17, 35]:17

ÕA[O] =∑
κ

∑
λ

Oκλ α
A
κα

A∗
λ

eSbh(M−Eκ)

∑
iκ,i′κ=1

eSbh(M−Eλ)

∑
jλ,j

′
λ
=1

eSrad

∑
a=1

X
(κ,A)
i′κiκ

cAκiκac
A∗
λjλa

X
(λ,A)
jλj

′
λ

∣ψ(κ)i′κ
⟩⟨ψ(λ)

j′
λ

∣, (109)

16Because of this freedom for choosing a set of infalling operators, one might think that we can cover the entire
M space by exponentially large number, O(eStot−Seff ), of fixed such sets. This is, however, not the case; using the
argument through Eqs. (98 – 105), it is easy to see that even a typical state inM is not covered by any of these sets.

To cover all states inM by fixed sets of operators, we need double exponentially large number, O(eeStot−Seff ), of sets.
This is related to the well-known fact that in a Hilbert space of dimension eS ≫ 1, there are O(eeS ) approximately

orthogonal states with exponentially small overlaps of O(e− 1

2
S).

17The Petz map was used in Ref. [17] to construct interior operators acting only on radiation. This was possible
because the analysis did not consider the energy constraint imposed on the black hole system, i.e. the hard and soft
modes; with the energy constraint, such a construction is not possible [35]. Note also that the expression for the
operators given in Ref. [35] adopted the so-called the Petz-light map [17]; for the purpose of this paper, however,
we need to use the full Petz map, given explicitly below.
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where A = 1,⋯, eStot labels microstates, αAκ is given by Eq. (23), and

X
(κ,A)
iκjκ

= e− 1

2
Srad

eSrad

∑
a=1

cAκiκac
A∗
κjκa

∣αAκ ∑eSbh(M−Eκ)

kκ=1 cA∗κkκac
A
κkκa
∣2 . (110)

The matrix elements Oκλ are those of operator O in field theory; for mirror annihilation and

creation operators

Oκλ =
√
λγ δκλ−γ for O = b̃γ ⇒ ÕA[O] = b̃Aγ , (111)

Oκλ =
√
λγ + 1 δκλ+γ for O = b̃†γ ⇒ ÕA[O] = b̃A†

γ . (112)

The quantity X
(κ,A)
iκjκ

in Eq. (110) satisfies

eSbh(M−Eκ)

∑
iκ,jκ=1

αA∗κ cA∗κiκa[X(κ,A)X(κ,B)]iκjκαBκ cBκjκb
= δABδab {1 +O( 1

e
1

2
Srad
) +O( eSrad

eSbh(M)
)} +O( 1

e
1

2
Sbh(M)

), (113)

where we have kept only the terms that can dominate for Srad < Sbh(M). It also satisfies

e
1

2
Srad

eSbh(M−Eκ)

∑
iκ,jκ=1

αD∗κ cD∗κiκaX
(κ,A)
iκjκ

αEκ c
E
κjκb

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δab {1 +O( eSrad

eSbh(M)
)} + (1 − δab)O( 1

e
1
2
Sbh(M)

) for D = A = E
O( 1

e
1
2
Sbh(M)

) for D = A ≠ E or D ≠ A = E
δabO( eSrad

eSbh(M)
) +O( e 1

2
Srad

eSbh(M)
) for D = E ≠ A

O( e 1
2
Srad

eSbh(M)
) for D,A,E all different.

(114)

We have again kept only terms that can dominate for Srad < Sbh(M).
The relation in Eq. (113) implies that the product of microscopic operators corresponding to

field theory operators O1 and O2 is the microscopic operator corresponding to the field theory

operator O1O2 up to exponentially suppressed corrections:

ÕA[O1] ÕB[O2] = δAB ÕA[O1O2]{1 +O( 1

e
1

2
Srad
) +O( eSrad

eSbh(M)
)} +O( 1

e
1

2
Sbh(M)

). (115)

Note that this desired property persists only for a young black hole, Srad < Sbh(M), since otherwise
the corrections are not exponentially suppressed [35]. The relation in Eq. (114) implies that

the matrix element of a microscopic operator ÕA[O] between mirror microstates with the same
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microstate index is the same as that in field theory up to exponentially suppressed corrections:

⟪{κα}D∥ÕA[O]∥{λα}E⟫ = Oκλ ×
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 +O( eSrad

eSbh(M)
) +O( 1

e
1
2
Sbh(M)

) for D = A = E
O( 1

e
1
2
Sbh(M)

) for D = A ≠ E or D ≠ A = E
δκλO( eSrad

eSbh(M)
) +O( 1

eSbh(M)
) for D = E ≠ A

O( 1

eSbh(M)
) for D,A,E all different.

(116)

The expression in Eq. (116) allows us to analyze global promotion of operators ÕA[O] analo-
gously to the case of operators comprising both soft and far modes. Specifically, we can consider

globally promoted operators

Õ =
eSeff

∑
A′=1
ÕA

′[O] (117)

and calculate the matrix elements between states built on space M̃:

⟪{κα}A′∥Õ∥{λα}B′⟫ = Oκλ ×
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 +O(eSradeSeff

eSbh(M)
) +O( 1

e
1
2
Sbh(M)

) for A′ = B′
O( 1

e
1
2
Sbh(M)

) +O( e
1
2
Seff

eSbh(M)
) for A′ ≠ B′. (118)

This implies that the error of globally promoted operators is of order

ǫψ =max{eSrad+Seff

eSbh(M)
,

1

e
1

2
Sbh(M)

} , (119)

so that the globally promoted operators work as long as

Seff < Sbh(M) − Srad (120)

(unless Seff is exponentially close to Sbh(M) − Srad). This agrees with the result of the general

analysis in Ref. [52].

The Minkowski limit

We finally make a brief comment on the Minkowski limit. This limit is obtained by taking M →∞

with the other physical scales fixed and focusing on the near horizon region. As discussed in

Ref. [34], the limit is smooth. Taking the exterior view, we recover Rindler space with the correct

implication that we cannot retrieve information from Unruh radiation in any finite time, and

making the horizon recede returns an object behind the horizon to the front without it being

scrambled. What is the implication of this limit for the operators we have discussed?

Assuming that semiclassical matter we want to describe did not exist for an infinitely long

time, we expect that Seff is finite. With this assumption, we find that Eq. (61), or Eq. (119) with
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Srad < Sbh(M) at the leading order, gives ǫ → 0 as Sbh(M) → ∞ under M → ∞. This implies

that (globally promoted) Minkowski operators describing the physics of semiclassical matter need

not have an error analogous to Eq. (61). In fact, the error for a black hole comes from the fact

that the system, of which the semiclassical matter is a part, has only a finite number of degrees of

freedom.18

5 Conclusion

From the point of view of quantum gravity, what is special about a system with a horizon is that

nonperturbative gauge redundancies of a gravitational theory become so prominent that there are

widely different descriptions of the same physics. In this paper, we have studied the unitary gauge

construction—which keeps unitarity manifest a la holography—of a system with a black hole.

We have presented an explicit procedure to construct quantum operators describing the interior

of the black hole, which does not rely on details of microscopic physics. A key role is played by

semiclassical (hard) modes in the black hole zone, determining the relevant degrees of freedom in

the soft and far modes, whose collective excitations play the role of those in the second exterior

of the effective two-sided geometry. We have analyzed the structure of infalling operators in the

space of black hole vacuum microstates, including their state (in)dependence and a connection to

the quantum error correction interpretation.

Since there are other physical systems possessing horizons, we expect that the picture developed

here is pertinent in these cases as well, most notably in inflationary cosmology as explored in

Refs. [34,53]. It is our hope that the analysis in this paper provides a further clue to uncover how

quantum gravity works for such systems.

Note added:

While completing this paper we received Ref. [54], which seems to discuss a picture similar to that

developed in Refs. [6, 33–35] and in this paper.
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18In this respect, the zone region of a black hole is viewed as a finite system (coupled weakly to the external
system) because of the gravitational confining potential; see Eqs. (18, 19).
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A Consistency with the Semiclassical Expectation

In this appendix, we show that the scrambling dynamics of a black hole in the exterior view is

consistent with what we expect in the interior in the semiclassical picture. Specifically, we consider

the situation in which a falling object, as viewed from the exterior, reaches the stretched horizon

at t = t∗, and ask what we expect to see in the effective theory erected at t = t∗ +∆t with ∆t ≥ 0.
For concreteness, let us consider a black hole in (d+1)-dimensional asymptotically flat spacetime

(or a small black hole in (d + 1)-dimensional asymptotically AdS spacetime) with d ≥ 3:

ds2 = −(1 − rd−2+
rd−2
)dt2 + 1

1 − rd−2+
rd−2

dr2 + r2dΩ2
d−1, (121)

where r+ is the horizon radius. The mass, temperature, and entropy of the black hole are given by

M = (d − 1) rd−2+
16πld−1P

vol(Ωd−1), TH = d − 2
4πr+

, Sbh = r
d−1
+

4ld−1P

vol(Ωd−1), (122)

where lP is the (d + 1)-dimensional Planck length, and vol(Ωd−1) = 2πd/2/Γ(d/2) is the volume of

the (d − 1)-dimensional unit sphere. The stretched horizon and the edge of the zone are located

at [6]

rs − r+ ≈ d − 2
4

l2s
r+
, rz ≈ (d

2
) 1

d−2

r+, (123)

respectively, where ls is the string length.

To describe the fate of the object reaching the stretched horizon at t = t∗, we can erect an

effective theory of the interior at that time, t = t∗. This theory has the geometry of a two-sided

black hole

ds2 = −dUdV + r2dΩ2
d−1, (124)

where U and V are the Kruskal-Szekeres coordinates given by

⎧⎪⎪⎨⎪⎪⎩
U = −Re−ω
V = Reω (125)

in the first exterior (i.e. Region I: U < 0 and V > 0) and by

⎧⎪⎪⎨⎪⎪⎩
U = Re−ω
V = Reω,

⎧⎪⎪⎨⎪⎪⎩
U = Re−ω
V = −Reω ,

⎧⎪⎪⎨⎪⎪⎩
U = −Re−ω
V = −Reω (126)

in the other regions: Region II (U,V > 0), Region III (U > 0, V < 0), and Region IV (U,V < 0),
respectively. Here, R and ω are given by

⎧⎪⎪⎨⎪⎪⎩
R = 2r+√

d−2

√
∣r−r+∣
r+

ω = d−2
2r+
(t − t∗) (127)
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(a) (b)

Figure 4: (a) To describe the fate of a falling object that reached the stretched horizon at t = t∗,
we may erect an effective theory of the interior at t = t∗ (blue) or some time later t = t∗ +∆t with
∆t > 0 (red). (b) The same is depicted in the coordinates adapted to each effective theory, Ũ and
Ṽ . The blue and red arrows represent the trajectory of the object in the effective theories erected
at t = t∗ (blue) and t = t∗ +∆t (red), respectively.

in the near horizon approximation.19 This is illustrated by the blue diamond region in Fig. 4(a),

where the physically relevant region (the first exterior and the interior) is shaded.

The effective theory, however, need not be erected right at t = t∗ but can be erected at some

time later t = t∗ +∆t (∆t > 0) as illustrated by red color in Fig. 4(a). If we erect an effective

theory soon enough, then we still find the object in the interior region in a way consistent with

the semiclassical expectation. As discussed in Section 4.2, this is possible because the black hole

state is not yet equilibrated, so that collective excitations of the soft modes represent the existence

of the object in the interior. On the other hand, if we erect an effective theory more than the

scrambling time after t = t∗, i.e. ∆t > tscr, then the effective theory will find that the interior is in

the semiclassical vacuum, since the black hole state is equilibrated by then. Is this consistent with

what we expect from the semiclassical picture?

Let us consider the Kruskal-Szekeres coordinates Ũ and Ṽ of the effective theory erected at

t = t∗ +∆t. These are related to U and V in Eqs. (125 – 127) by

⎧⎪⎪⎨⎪⎪⎩
Ũ = Ue d−2

2r+
∆t

Ṽ = V e− d−2
2r+

∆t
(128)

(so that Ũ = U and Ṽ = V for ∆t = 0). For ∆t > 0, the physical spacetime region that can be

19To obtain the explicit expression in Eq. (127), we need to use the near horizon approximation ∣r − r+∣ ≪ r+.
The results described here, however, are valid at an order of magnitude level even for ∣r − r+∣ ≈ O(r+).
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described by this theory is given as the red shaded region in Fig. 4(a), so it must satisfy

Ũ ≲ rz = O(r+) ⇒ U ≲ r+e
− d−2

2r+
∆t
. (129)

This implies that the object that fell into the horizon at t = t∗ can spend the proper time of only

∆τ ≲ r+e
− d−2

2r+
∆t (130)

in this region. Since holography limits that the maximum amount of information an object can

handle is of O(1) per Planck time, this implies that the object cannot cause any physical effect in

an effective theory erected after t = t∗ +∆tmax, with

∆tmax = 2r+
d − 2

ln
r+
lP
. (131)

Here, the fractional correction to this equation is only of order 1/ ln(r+/lP), which is also the case

in all similar expressions below.

We now compare this time with the scrambling time. The scrambling time of a (d + 1)-
dimensional flat space black hole was calculated in Ref. [9] in ingoing Eddington-Finkelstein time

as

vscr = 2(d − 1)
d − 2

r+ ln
r+
lP
. (132)

This is related to the scrambling time relevant here in boundary time by

tscr = vscr − tsig = 2r+ ln r+
lP
, (133)

where tsig = (2r+/(d − 2)) ln(r+/lP) is the signal propagation time [6], and we have taken ls ≈ lP.
(This is obtained by setting re ∼ r+ in the expressions in Ref. [6].) We thus find that

∆tmax

tscr
= 1

d − 2
, (134)

which is 1 or smaller for d ≥ 3. In other words, if we erect the effective theory at the scrambling

time after t∗, i.e. ∆t = tscr, then the maximal proper time which the object falling at t = t∗ can

spend in the region described by the effective theory is

∆τ = O(r+)( lP
r+
)d−2 , (135)

which is of O(lP) or smaller for d ≥ 3. Therefore, the object actually need not be included in

effective theories erected after t = t∗ + tscr, and the black hole interior in these theories should

indeed be the semiclassical vacuum. This, together with the fact that equilibration of black hole
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states takes time, comprises how the frozen vacuum problem of Ref. [48] is addressed in the present

framework.20

There are a few comments. First, the argument given here is essentially that in Ref. [39], except

that the relevant entity for the later time is the spacetime region of the effective theory, and not a

physical observer per se. However, the analysis of Ref. [39] does not fix the coefficient of Eq. (132),

which is crucial for the final conclusion because it determines the power of lP/r+ in Eq. (135).

It is reassuring that the explicit result in Eq. (132) satisfies the necessary consistency condition,

although the origin of the extra leeway—the factor of d − 2 in Eqs. (134, 135)—is not clear.

Second, at the classical level, the trajectory of the object reaching the stretched horizon at t∗

is contained not only in the region described by the effective theory erected at t = t∗ but also in

that erected at t = t∗ +∆t for any ∆t > 0. (In Fig. 4(b), we depict the trajectory of the object in

two effective theories using the coordinates Ũ and Ṽ adapted to each theory: blue for the theory

erected at t = t∗ and red for that erected at t = t∗ +∆t.) Nevertheless, at the quantum level,

the object does not appear in effective theories erected at times after t = t∗ + tscr. This is the

UV cutoff phenomenon discussed in Ref. [33] and is another manifestation of UV-IR relation in

quantum gravity: the impossibility of communication between theories erected long time (IR) apart

is ensured by the lack of short distance (UV) physics below the Planck length.

Finally, the analysis performed here can be extended straightforwardly to a large AdS black

hole:

ds2 = −(r2
l2
−

rd+
l2rd−2

)dt2 + 1
r2

l2
−

rd+
l2rd−2

dr2 + r2dΩ2
d−1, (136)

where l is the AdS radius. The properties of this black hole are given by21

M = (d − 1) rd+
16πld−1P l2

vol(Ωd−1), TH = dr+
4πl2

, Sbh = r
d−1
+

4ld−1P

vol(Ωd−1), (137)

rs − r+ ≈ d
4

r+l2s
l2
, rz = O(r+). (138)

The Kruskal-Szekeres coordinates U and V are now given (in the near horizon approximation) by

20The frozen vacuum is an example of the problems that are addressed trivially in the approach based on global
spacetime but require nontrivial elaboration in the unitary gauge construction. An example of the opposite class
of problems, which can be understood more easily in the unitary gauge construction, is the origin of the ensemble
nature of Euclidean gravitational path integral found in the global spacetime picture [17]. In the unitary gauge
construction, this is understood simply as a statistics of the soft modes arising from the fact that these modes
cannot be resolved at a timescale relevant for describing the black hole [6]. (If the gravitational—bulk—theory
is two dimensional, then there is no ensemble of soft modes, since the horizon is spatially a point. In this case,
however, the gravitational description emerges from an ensemble of unitary—boundary—theories [55, 56], making
a black hole state in the bulk correspond to an ensemble of microstates in these theories. A similar comment is
expected to apply in three-dimensional pure gravity, which does not have propagating gravitons and hence soft
modes.) More detailed discussion about the “duality” of the two constructions can be found in Ref. [57].

21For the present purpose, we must take rz = O(r+), which is the largest length scale in the system.
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Eqs. (125, 126) with

⎧⎪⎪⎨⎪⎪⎩
R = 2l√

d

√
∣r−r+∣
r+

ω = dr+
2l2
(t − t∗). (139)

The appropriate modifications of Eq. (128) and the first expression of Eq. (129) are then given by

the replacements
d − 2

r+
→
dr+
l2

(140)

and

Ũ ≲ O(r+) → Ũ ≲ O(l), (141)

respectively, yielding

∆tmax = 2l2

dr+
ln

l

lP
. (142)

Here, the fractional correction is of order 1/ ln(l/lP).
The scrambling time of a large AdS black hole was calculated in Ref. [58]:

vscr = 2(d − 1)l2
dr+

ln
l

lP
. (143)

This is related to the relevant scrambling time in boundary time as

tscr = vscr − tsig = 2(d − 2)l2
dr+

ln
l

lP
, (144)

where tsig = (2l2/dr+) ln(l/lP) is the signal propagation time. (These expressions are obtained by

setting re ∼ r+ in Ref. [6].) We thus find again

∆tmax

tscr
= 1

d − 2
. (145)

If we erect the effective theory at t = t∗+tscr, then the maximal proper time which the object falling

at t = t∗ can spend in the effective theory is

∆τ = O(l)( lP
l
)d−2 , (146)

which is indeed of O(lP) or smaller for d ≥ 3.
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