
UCLA
UCLA Electronic Theses and Dissertations

Title
Dark Matter Production in Non-Standard Early Universe Cosmologies

Permalink
https://escholarship.org/uc/item/8j40w811

Author
Rehagen, Thomas Joseph

Publication Date
2015
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8j40w811
https://escholarship.org
http://www.cdlib.org/


University of California

Los Angeles

Dark Matter Production in Non-Standard

Early Universe Cosmologies

A dissertation submitted in partial satisfaction

of the requirements for the degree

Doctor of Philosophy in Physics

by

Thomas Joseph Rehagen

2015



c© Copyright by

Thomas Joseph Rehagen

2015



Abstract of the Dissertation

Dark Matter Production in Non-Standard

Early Universe Cosmologies

by

Thomas Joseph Rehagen

Doctor of Philosophy in Physics

University of California, Los Angeles, 2015

Professor Graciela B. Gelmini, Chair

Many dark matter candidates, including asymmetric Weakly Interacting Massive Particles

(WIMPs) and sterile neutrinos, are produced in the very early Universe, prior to Big Bang

Nucleosynthesis (BBN). We show that the relic abundance of asymmetric WIMPs and sterile

neutrinos can be very sensitive to the expansion rate of the Universe prior to BBN. In

particular, we find that if the production of asymmetric WIMPs occurs during a non-standard

cosmological phase, a larger WIMP annihilation cross section is required to produce the

present dark matter density than if the WIMPs were produced during a standard, radiation

dominated phase. Because of this, the present dark matter annihilation rate could be larger

than that of symmetric dark matter produced in the standard cosmology. We also show

that if the production of sterile neutrinos occurs during a non-standard cosmological phase,

the relic number density of sterile neutrinos could be reduced with respect to the number

expected in the standard cosmology, consequently relaxing current bounds on active-sterile

neutrino mixing. Finally, we examine whether low reheating temperature cosmologies are

allowed by current Cosmic Microwave Background measurements. We find the allowed range

of reheating temperatures using monomial and binomial inflationary potentials, and a variety

of reheating models. We show that an inflationary model with a φ1 potential and canonical

reheating allows the possibility that dark matter could be produced during the reheating

epoch, instead of when the Universe is radiation dominated.
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CHAPTER 1

Introduction

The Standard Model of particle physics includes four types of particles: leptons (such as the

electron, muon, and the neutrinos), quarks (which make up protons, neutrons, and other

composite particles), gauge bosons (which mediate the interactions between particles), and

the Higgs boson (which gives particles mass). The Standard Model is extremely successful in

describing the behavior of these particles, but there are still important unanswered questions

about the Universe that require research.

One of the most active areas of research is on the origin and composition of dark matter

(DM), so named because it does not interact with light and cannot be directly observed

in telescopes. However, indirect evidence for the existence of dark matter is abundant,

and includes observations of its effects on galactic rotation curves, gravitational lensing, and

galaxy clustering (see Ref. [23] for a review). Current Cosmic Microwave Background (CMB)

measurements reveal that DM comprises around 25% of the total energy in the Universe,

five times as much as particles in the Standard Model [22].

Weakly Interacting Massive Particles (WIMPs) are a promising DM candidate. WIMPs

are beyond-Standard Model particles that are created in the early Universe and could account

for the DM if they have weakly interacting cross sections and masses in the few GeV to 10 TeV

range. A similar DM candidate, known as asymmetric WIMPs, considers WIMP particles

that are present in the Universe in greater numbers than their anti-particles. Asymmetric

WIMPs could account for all the DM for a larger range of DM cross sections, depending on

the size of the asymmetry [78].

A second beyond-Standard Model particle that could be DM is the sterile neutrino.

The Standard Model already includes three active neutrinos. A sterile neutrino is a fourth
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neutrino that interacts only with active neutrinos (but no other Standard Model particles)

via oscillations, i.e. an active neutrino could turn into a sterile neutrino, and vice versa. A

sterile neutrino with a large enough mass is a viable DM candidate and could explain the

large velocities of pulsars (see Ref. [90] for a review). In addition, light sterile neutrinos have

been proposed to solve anomalies found in short-baseline neutrino experiments (see Ref. [86]

for an analysis of all such anomalies).

Both WIMPs and sterile neutrinos are created very early in the Universe, prior to the

formation of the first atoms during Big Bang Nucleosynthesis (BBN). Currently, there is no

data that tells us how the Universe developed during this period. In the standard cosmology,

it is assumed that the pre-BBN Universe was dominated by relativistic particles, but changing

this assumption can lead to significant results. My research examines the effects of non-

standard cosmologies on the production of WIMPs and sterile neutrinos. This thesis is a

compilation of three chapters, two of which are published papers, and the third has been

submitted for publication.

Chapter 2 examines the effects of kination and scalar-tensor pre-BBN cosmologies on

asymmetric WIMPs. We show that the relic abundance of the minority component of asym-

metric WIMPs can be very sensitive to the expansion rate of the Universe and the temper-

ature of transition between a non-standard pre-BBN cosmological phase and the standard

radiation dominated phase, if chemical decoupling happens before this transition. In particu-

lar, because the annihilation cross section of asymmetric dark matter is typically larger than

that of symmetric dark matter in the standard cosmology, the decrease in relic density of the

minority component in non-standard cosmologies with respect to the majority component

may be compensated by the increase in annihilation cross section, so that the annihilation

rate at present of asymmetric dark matter, contrary to general belief, could be larger than

that of symmetric dark matter in the standard cosmology. Thus, if the annihilation cross

section of the asymmetric dark matter candidate is known, the annihilation rate at present,

if detectable, could be used to test the Universe before BBN.

Chapter 3 considers the effects of kination and scalar-tensor pre-BBN cosmologies on the

non-resonant production of sterile neutrinos. We show that if the peak of the production rate
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of sterile neutrinos occurs during a non-standard cosmological phase, the relic number density

of sterile neutrinos could be reduced with respect to the number expected in the standard

cosmology. Consequently, current bounds on active-sterile neutrino mixing derived from the

relic energy density of sterile neutrinos could be greatly relaxed. In particular, we show

that the sterile neutrinos which could explain the anomalies found in short-baseline neutrino

experiments are compatible with recent joint Planck upper limits on their contribution to

the energy density of the Universe in a scalar-tensor or a low-reheating temperature pre-Big

Bang Nucleosynthesis cosmology.

Chapter 4 investigates whether low reheating temperature cosmologies are allowed by

current Cosmic Microwave Background (CMB) measurements. In particular, we investigate

the allowed range of reheating temperature values in light of the Planck 2015 results and the

recent joint analysis of CMB data from the BICEP2/Keck Array and Planck experiments,

using monomial and binomial inflationary potentials. While the well studied φ2 inflationary

potential is no longer favored by current CMB data, as well as φp with p > 2, a φ1 potential

and canonical reheating (wre = 0) provide a good fit to the CMB measurements. In this

last case, we find that the Planck 2015 68% confidence limit upper bound on the spectral

index, ns, implies an upper bound on the reheating temperature of Tre ∼< 6× 1010 GeV, and

excludes instantaneous reheating. The low reheating temperatures allowed by this model

open the possiblity that dark matter could be produced during the reheating period instead

of when the Universe is radiation dominated, which could lead to very different predictions

for the relic density and momentum distribution of WIMPs, sterile neutrinos, and axions.

We also study binomial inflationary potentials and show the effects of a small departure

from a φ1 potential. We find that as a subdominant φ2 term in the potential increases, first

instantaneous reheating becomes allowed, and then the lowest possible reheating temperature

of Tre = 4 MeV is excluded by the Planck 2015 68% confidence limit.
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CHAPTER 2

Asymmetric dark matter annihilation as a test of

non-standard cosmologies

Graciela B. Gelmini, Ji-Haeng Huh, and Thomas Rehagen

JCAP 1308 (2013) 003

This article was first published in JCAP by IOP Publishing and SISSA, which maintains

the Version of Record.

2.1 Introduction

The nature of dark matter (DM) is one of the fundamental problems of physics and cos-

mology. Particles with weakly interacting cross sections and masses in the few GeV to 10

TeV range, WIMPs (Weakly Interacting Massive Particles), are among the best motivated

DM candidates. DM particle candidates, such as WIMPs (but also sterile neutrinos and

axions) are produced before Big Bang Nucleosynthesis (BBN), an epoch from which we

have no data. BBN is the earliest episode (finishing 200 seconds after the Bang, when the

temperature of the Universe is T ' 0.8 MeV) from which we have a trace, the abundance

of light elements D, 4He and 7Li. In order for BBN and all the subsequent history of the

Universe to proceed as usual, it is enough that the earliest and highest temperature during

the last radiation dominated period, the so called reheating temperature TRH , is larger than

3.2 MeV [34, 49, 82, 83, 72].

The argument showing that WIMPs are good DM candidates, many times called the

“WIMP miracle”, is more than 30 years old [77, 91]. The density per comoving volume of

non-relativistic particles in thermal equilibrium in the early Universe decreases exponentially
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with decreasing temperature, due to the Boltzmann factor, until the reactions which change

the particle number become ineffective. At this point, when the annihilation rate becomes

smaller than the Hubble expansion rate, the WIMP number per comoving volume becomes

constant. This moment of chemical decoupling or freeze-out happens later for larger annihi-

lation cross sections σ, which produces smaller WIMP densities. If the Universe is radiation

dominated during decoupling and there is no subsequent change of entropy in matter plus

radiation, the present relic density is

Ωstd
χ h2 ' 0.1

(
1.8× 10−9 GeV −2

〈σv〉

)
, (2.1)

which for weak order σ ' G2
Fm

2
χ gives the right order of magnitude of the DM density

(and a temperature Tf.o. ' mχ/20 at freeze-out for a WIMP χ of mass mχ).

The “WIMP miracle” argument and the standard computation of relic densities rely on

assuming that radiation domination began before the main epoch of production of the relics,

that the entropy of matter and radiation has been conserved during and after this epoch,

that WIMPs are produced thermally, i.e. via interactions with the particles in the plasma,

and that there is no significant asymmetry between the WIMP particles and antiparticles.

With these assumptions chemical decoupling happens at Tf.o. ' mχ/20, thus all WIMPs

with mχ ≥ 80 MeV decouple at temperatures higher than 4 MeV, when the content and

expansion history of the Universe may differ from the standard assumptions.

The relic density, see e.g. Refs. [58, 61, 48, 109, 41, 54] (and also the relic velocity

distribution, see e.g. Refs. [57, 59]) before structure formation of WIMPs (and other DM

candidates, e.g. sterile neutrinos [56, 55]) depends on the characteristics of the Universe

(expansion rate, composition, etc.) before BBN. If these particles are ever found, they

would be the first relics from the pre-BBN epoch that could be studied. Thus we will want

to extract as much information about the Universe at the moment these particles decoupled

as we can.

Here we present a new potentially detectable effect that non-standard cosmologies may

have on asymmetric dark matter.
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2.2 Asymmetric dark matter

The idea of asymmetric DM is almost as old as the “WIMP miracle” argument: if DM

particles and antiparticles have an asymmetry similar to the baryonic asymmetry this could

explain why the baryonic and DM relic densities are similar, i.e. differing by a factor of a

few and not by many orders of magnitude. In 1985, S. Nussinov [107] pointed out that if the

asymmetry of technibaryons and usual baryons could be similar in the early Universe, their

present number relic density would also be similar, which would mean that the ratio of their

relic densities would be given by the ratio of the DM and baryon masses. It was then largely

assumed then that the DM relic density was the critical density, thus ΩDM/ΩB ' 100 (for

ΩB ' 0.1) would imply a ratio of the lightest neutral “Technibaryon (TB)” and nucleon mass

to be mTB/GeV ' 100 which was phenomenologically acceptable at the time. This argument

does not exactly hold now, because the ratio of dark and visible matter relic densities is

only about a factor of 5, but different versions of Technicolour models have been a fertile

framework for 100 GeV-TeV mass asymmetric DM candidates (see e.g. [26, 19, 67, 66]).

The first model unrelated to Technicolour for “light” asymmetric DM was proposed

in 1986. Gelmini, Hall and Lin [52] produced several models for 5 to 10 GeV mass DM

candidates, called “cosmions” (X), which could influence the physics of the Sun. In one

of them the baryon minus “cosmion” number (B − C) is assumed to be conserved and

a common origin of an asymmetry in both B and C numbers, ∆B = ∆C insures that

the baryon and DM asymmetries are identical, so that ΩX/ΩB = mX/GeV ' 5 to 10

(which was then considered enough just to account for the “galactic dark matter”). The

same basic idea, i.e. the conservation of a linear combination of baryon and DM particle

number and a shared origin of the baryon and dark matter asymmetry was subsequently

realized in many models for heavier candidates, in the 10’s to 100’s GeV mass range (see e.g.

Refs. [18, 80, 36, 84, 46, 85]), until Kaplan, Luty and Zurek in 2009 [81] applied it again to

candidates in the 5 to 15 GeV mass range, in a paper which generated renewed interest in

asymmetric DM models (for a recent review see e.g. [33]). Light asymmetric DM particles

not unlike “cosmions” were recently proposed as a means to solve the current discrepancy
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in the predicted composition of the Sun between helioseismological data and the revised

Standard Solar Model [49].

The ideas we develop in the following apply to asymmetric DM WIMPs of any mass.

We are not concerned here with the origin of the asymmetry. We assume only that one was

generated before the chemical decoupling of the DM particles χ and antiparticles χ̄, so that

Yχ − Yχ̄ = A, (2.2)

where Yχ = nχ/s, Yχ̄ = nχ̄/s, nχ and nχ̄ are the respective relic number densities, s is the

entropy density, s = (2π2/45)g?T
3, dominated by the relativistic degrees of freedom g? and

A is a constant that characterizes the asymmetry. Here we take A positive so χ and χ̄ are

respectively the majority and minority components of the DM at present. Moreover, in the

following we will assume that χ and χ̄ account for the whole of the DM, i.e.

Ωχ + Ωχ̄ = ΩDM , (2.3)

although the arguments can be easily changed if they account for only a fraction of the DM.

The evolution of the equilibrium values of Y EQ
χ , Y EQ

χ̄ as function of x = mχ/T are

shown in Fig. 2.1.a. The equilibrium number densities nEQχ and nEQχ̄ in the presence of an

asymmetry differ by the chemical potential µχ (in equilibrium µχ = −µχ̄)

nEQχ = gχ

(
mχT

2π

)3/2

e(−mχ+µχ)/T , (2.4)

nEQχ̄ = gχ

(
mχT

2π

)3/2

e(−mχ−µχ)/T . (2.5)

Here, mχ is the mass of χ and χ̄, and gχ is the number of internal degrees of freedom of χ

and of χ̄ separately. For simplicity in the following we take gχ = 1 (which assumes χ and

χ̄ are conjugate complex scalar fields). A different choice of gχ (e.g. gχ = 2 if χ and χ̄ are

two conjugate Dirac fermions) would not affect the results significantly. The results we find

would change by factors of O(1). The chemical potential can be written in terms of the
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Figure 2.1 1.a (left) Evolution of the equilibrium abundances Y EQ = nEQ/s for the
majority, χ, and minority, χ̄, dark matter components, as function of x = mχ/T for
A = Yχ − Yχ̄ = 4.05 × 10−12 and mχ = 100 GeV. Also shown is the equilibrium abun-
dance of symmetric dark matter (A=0). 1.b (right) Equilibrium annihilation rates of χ and
χ̄, ΓEQχ and ΓEQχ̄ respectively, for three increasing values of the annihilation cross section
〈σχχ̄v〉, 9.5 × 10−9 GeV−2, 9.0 × 10−7 GeV−2 and 5.0 × 10−6 GeV−2, for the lower (black),
middle (blue) and higher (red) lines respectively.

asymmetry A by substituting the equilibrium number densities into Eq. (2.2),

nEQχ (µ = 0)
(
eµχ/T − e−µχ/T

)
= gχ

(
mχT

2π

) 3
2

e−mχ/T
(
eµχ/T − e−µχ/T

)
= As. (2.6)

and solving this quadratic equation for eµχ/T , to get

eµχ/T =
1

2

 As

neq(µ = 0)
+

√
4 +

(
As

neq(µ = 0)

)2
 . (2.7)

Replacing Eq. (2.7) in Eqs. (2.4) and (2.5) we can find Y EQ
χ = nEQχ /s and Y EQ

χ̄ = nEQχ̄ /s

as functions of mχ, A and T . See Fig. 2.1.a for the evolution of Y EQ
χ and Y EQ

χ̄ as a function

of x = mχ/T for A = 4.05× 10−12 and mχ = 100 GeV.

In the presence of the asymmetry A, the annihilation of the majority component is

considerably reduced after Yχ reaches the value A at xA, Yχ(xA) ' A. For x > xA the
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equilibrium number density per comoving volume of the majority component becomes almost

constant while that of the minority component decreases faster than in the symmetric A = 0

case as x increases. It is easy to see why this is so by considering the annihilation rate per

particle of χ and χ̄, Γχ and Γχ̄ respectively,

Γχ = 〈σχχ̄v〉nχ̄, Γχ̄ = 〈σχχ̄v〉nχ, (2.8)

in equilibrium, whose evolution as function of x is shown in Fig. 2.1.b. Here 〈σχχ̄v〉 is the

thermally averaged χχ̄ annihilation cross section and we are assuming that these annihila-

tions are the only processes that can change the number of these particles.

For x > xA the χ̄ and χ interaction rate in equilibrium become respectively larger and

smaller than in the symmetric A = 0 case because nχ is much larger and nχ̄ is smaller than

in the A = 0 case.

The annihilation of each DM component χ and χ̄ ceases when their respective interaction

rates become smaller than the expansion rate of the Universe H, which happens at their

respective decoupling or freeze-out, xfo for χ and x̄fo for χ̄, defined by

Γχ(xfo) = H(xfo), Γχ̄(x̄fo) = H(x̄fo). (2.9)

It is clear from Fig. 2.1.b that χ decouples earlier than χ̄, i.e. xfo < x̄fo. At their respective

freeze-out, each component acquires its relic density, fixed in comoving volume. However,

little changes in the abundance of the majority component after it freezes-out, since already

at xA < xfo the annihilations had become very suppressed.

In the standard cosmology the relic density of the minority component, which was com-

puted for the first time in Refs. [118] and [65] and recently in Refs. [78] and [64], is expo-

nentially small with respect to the majority component density. (Note that our asymmetry

parameter A is called Q/q in Ref. [118], 2α in Ref. [65], C in Ref. [78] and η in Ref. [64].)

This is why there is no asymmetric DM annihilation at present.

Here we will show that if the chemical decoupling of the minority component happens dur-

9



ing a non-standard cosmological phase, the relic abundance of this component of asymmetric

dark matter can be much larger than in the standard cosmology. Thus, if the annihilation

cross section of the dark matter candidate is known, the annihilation rate at present, if de-

tectable, could be used to test the Universe before Big Bang Nucleosynthesis, an epoch from

which we do not yet have any data. In particular, because the annihilation cross section

of asymmetric dark matter is typically larger than that of symmetric dark matter in the

standard cosmology, the decrease in relic density of the minority component with respect

to the majority component may be small enough that the annihilation rate at present of

asymmetric dark matter, contrary to general belief, could be larger than that of symmetric

dark matter in the standard cosmology.

2.3 Non-standard pre-BBN cosmologies

Many viable non-standard pre-BBN cosmological models have been proposed (see e.g. [53]

for a review). Usually non-standard cosmological scenarios contain additional parameters

that can be adjusted to modify the WIMP relic density. However these are due to physics

that does not manifest itself in accelerator or DM detection experiments.

In the standard (STD) cosmology the Universe is radiation dominated, thus the expansion

rate of the Universe H depends on the temperature of the radiation bath T as H ∼ T 2, but

in non-standard models H can decrease slower, H ∼ T 1.2, or faster, H ∼ T 3 as T decreases.

This is what happens in “scalar-tensor” [116, 25] and “kination” [115] cosmological models,

respectively. In both of these models the entropy of matter plus radiation is conserved (and

it is dominated by the radiation component), thus the usual relation between T and the scale

factor of the Universe a, namely a ∼ T−1, is the same as for a radiation dominated Universe.

In models in which the potential energy of a scalar field oscillating around its true minimum

while decaying is the dominant component of the Universe just before BBN, the expansion

rate decreases even faster, H ∼ T 4 but there is entropy creation, thus T ∼ a−3/8. These

models produce the largest departure of symmetric WIMP relic density from the standard

density (see e.g. [58]) and we could expect their effect on asymmetric DM to be very large
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Figure 2.2 Expansion rate of the Universe H for the standard cosmology, STD (solid red
line) and for the kination, K (dashed blue line) and scalar-tensor, ST (dot-dashed green line)
cosmologies with a transition temperature Ttr = 5 MeV to the standard cosmology.

too. However here for simplicity we concentrate on models in which there is no entropy

creation.

Scalar-tensor (ST) theories of gravity [116, 25] incorporate a scalar field coupled only

through the metric tensor to the matter fields. In many of these models the expansion of

the Universe drives the scalar field towards a state where the theory is indistinguishable

from General Relativity at a transition temperature Ttr, but the effect of the scalar field

changes the expansion rate of the Universe at earlier times, either increasing or decreasing

it. Theories with a single matter sector typically predict an enhancement of H before BBN.

In Ref. [25], for large temperatures T > Ttr the H is enhanced with respect to the standard

expansion rate HSTD by a factor fφ ' 2.19 × 1014(T0/T )0.82 (T0 is the present temperature

of the Universe), thus HST ∼ T 1.2. At Ttr, fφ drops sharply to values close to 1 at T < Ttr

before BBN sets is.

Kination [121, 79, 115, 112, 110] is a period in which the kinetic energy ρφ ' φ̇2/2 of a

scalar field φ (maybe a quintessence field) dominates over the potential energy so ρtotal '

φ̇2/2 ∼ a−6. Since T ∼ a−1 as usual, H ∼ √ρtotal ∼ T 3. The contribution of the φ kinetic

energy to the total density is usually quantified through the ratio of φ -to-photon energy
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density, ηφ = ρφ/ργ at T ' 1 MeV so that at higher temperatures H ' √ηφ(T/1MeV )HSTD.

Notice that at T ' 1 MeV, i.e. during BBN, the quintessence field cannot be dominant,

thus ηφ < 1.

Fig. 3.2 shows the standard (STD) expansion rate, and the scalar-tensor (ST) and kina-

tion (K) expansion rates for a transition temperature (Ttr is the temperature at which the

cosmology becomes standard) Ttr = 5 MeV. As mentioned in the introduction, the lower

bound on Ttr is 3.2 MeV [72].

2.4 Asymmetric DM relic density calculation

The relic densities of DM particles χ and anti-particle χ̄ are calculated by solving their

respective Boltzmann equation (for asymmetric DM, χ and χ̄ are not self-conjugate, χ 6= χ̄).

We assume that close to the moment of decoupling, the only reactions that change the

number of DM particles and antiparticles are annihilations of χχ̄ pairs into Standard Model

particles and the inverse process of pair creation. With this assumption we have

dnχ
dt

+ 3Hnχ =
dnχ̄
dt

+ 3Hnχ̄ = −〈σχχ̄v〉(nχnχ̄ − nEQχ nEQχ̄ ). (2.10)

Notice that in (2.10) we have disregarded the possibility of having χχ and χ̄χ̄ self-annihilation,

which is instead considered in Ref. [45]. In terms of the dimensionless quantities Yχ, Yχ̄ and

x, and treating g? as a constant, the Boltzmann equations become

dYχ
dx

=
dYχ̄
dx

=
−〈σχχ̄v〉

H

2π2

45
g?
m3
χ

x4
(YχYχ̄ − Y EQ

χ Y EQ
χ̄ ), (2.11)

where (see Eqs. (2.4) and (2.5))

Y EQ
χ Y EQ

χ̄ =
1

(2π)3

(
45

2π2

)2(
gχ
g?

)2

x3e−2x. (2.12)

In the following we take g? = 90, a good approximate value for decoupling temperatures

above the QCD phase transition. Eq. (2.11) implies d(Yχ − Yχ̄)/dx = 0, so the asymmetry
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A defined in Eq. (2.2) is a constant. It is clear that A is constant because we are only

considering interactions of the form χχ̄↔ p’s where p’s are Standard Model particles, which

leave the difference between the co-moving number density of the particle and anti-particle

unchanged. We are assuming that the asymmetry has been produced prior to the epoch that

we are considering.

Using Eq. (2.2), we finally obtain the equations we wish to solve

dYχ
dx

=
−〈σχχ̄v〉

H

2π2

45
g?
m3
χ

x4
(Y 2

χ − AYχ − Y EQ
χ Y EQ

χ̄ ), (2.13)

dYχ̄
dx

=
−〈σχχ̄v〉

H

2π2

45
g?
m3
χ

x4
(Y 2

χ̄ + AYχ̄ − Y EQ
χ Y EQ

χ̄ ). (2.14)

2.4.1 Analytical solutions

It is useful to obtain approximate analytical solutions to Eq. (2.14) and compare them with

numerical solutions. Fig. 2.1.b makes it clear that in the period between xA, when Yχ be-

comes practically constant and the freeze-out x̄fo of the minority component, Yχ̄ decreases

exponentially. Until χ̄ freezes out, the densities of both DM components are those of equi-

librium (for χ it is very close) and after, for x > x̄fo, the production term in the Boltzmann

equations is suppressed compared to the annihilation term (because Yχ̄ � Y EQ
χ̄ ) and so we

ignore it. Then, for x > x̄fo, Eq. (2.14) becomes

dYχ̄
dx

=
−〈σχχ̄v〉

H

2π2

45
g?
m3
χ

x4

(
Y 2
χ̄ + AYχ̄

)
. (2.15)

Integrating this equation from x̄fo to∞ (a good approximation for the value of x at present)

we get

log

(
Yχ̄

Yχ̄ + A

)∣∣∣∣∞
x̄fo

= −A
∫ ∞
x̄fo

〈σχχ̄v〉
H

2π2

45
g?
m3
χ

x4
dx. (2.16)

For asymmetric DM the ratio Yχ/Yχ̄ increases immediately after χ̄ decouples, as Yχ̄

decreases. The decoupling of χ̄ is not instantaneous, as assumed when defining x̄fo, and

annihilations still continue for a while after Yχ̄ departs from its equilibrium value. This can

13



be seen e.g. in Figs. 2.9 and 2.10 where the solid black lines showing the numerical solutions

for Yχ̄ decrease after the freeze-out of the minority component at x̄fo ∼> xA. So we keep only

the x→∞ term on the left hand side of Eq. (2.16) and obtain

Yχ̄(x→∞) = A

[
exp

(
A

∫ ∞
x̄fo

〈σχχ̄v〉
H

2π2

45
g?
m3
χ

x4
dx

)
− 1

]−1

. (2.17)

Using Eq. (2.2), i.e. Yχ(x→∞) = A+ Yχ̄(x→∞) we get for the majority component

Yχ(x→∞) = A

[
1− exp

(
−A

∫ ∞
x̄fo

〈σχχ̄v〉
H

2π2

45
g?
m3
χ

x4
dx

)]−1

. (2.18)

We have kept H explicitly because we want to explore different possibilities for the

Hubble expansion. Had we replaced H by its functional form in the standard cosmology,

these equations would be identical to those in Ref. [78], and the ratio of Yχ̄/Yχ resulting

from these equations is the same as in Ref. [64].

2.4.1.1 Standard cosmology

In the standard cosmology, the expansion rate of the Universe is

HSTD =
πT 2

MP

√
g?
90

(2.19)

where MP is the reduced Planck mass, and g? is the effective number of relativistic degrees

of freedom. Expanding the annihilation cross section in powers of the relative velocity, v,

and then taking the thermal average, the annihilation cross section can be written in term

of constants a and b as

〈σχχ̄v〉 = a+ 3bx−1 +O(x−2). (2.20)

where the a term is dominant for s-wave χχ̄ annihilation, and a = 0 for p-wave annihilation.
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Using Eqs. (2.19) and (2.20), we solve the integral in Eq. (2.17) with the result

Y STD
χ̄ (x→∞) = A

{
exp

[
Aλ

(
a

x̄fo
+

3b

2x̄2
fo

)]
− 1

}−1

, (2.21)

where λ is defined as λ = − [(ds/dx)/3H]x=1 = 4πmχMP

√
g?/90 = 3.0 × 1021m100 GeV2,

and m100 = mχ/100 GeV. From Eq. (2.18), we get

Y STD
χ (x→∞) = A

{
1− exp

[
−Aλ

(
a

x̄fo
+

3b

2x̄2
fo

)]}−1

. (2.22)

2.4.1.2 Kination

At the transition temperature Ttr at which the Universe becomes radiation dominated after

the kination phase, the expansion rate of the Universe during kination, HK , coincides with

the standard one, HK(Ttr) ' HSTD(Ttr) which allows us to fix the constant multiplying T 3

in HK and find

HK(T ) ' π

MPTtr

√
g?
90
T 3. (2.23)

This corresponds to having the kination parameter
√
ηφ = 1 MeV/Ttr, so for Ttr ≥ 1 MeV,

ηφ ≤ 1 during BBN.

Using Eq. (2.23) in Eq. (2.17) we calculate the relic abundance of χ̄ due to kination,

Y K
χ̄ (x→∞) = A

{(
xtr
x̄fo

)(Aλa/xtr)

exp

[
Aλa

xtr

]
exp

[
3Aλb

xtr

(
1

x̄fo
− 1

2xtr

)]
− 1

}−1

(2.24)

where xtr = mχ/Ttr, and λ is defined as before. An expression for the relic abundance of χ

can be found by using Eq. (2.2), i.e. Yχ(x→∞) = A+ Yχ̄(x→∞).
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2.4.1.3 Scalar-tensor model

As mentioned above, in this model [25] the expansion rate of the Universe is given by

HST (T ) = fφ(T )HSTD(T ) (2.25)

where fφ(T ) ' 2.19 × 1014 (T0/T )0.82 is a temperature dependent factor which transitions

very fast to a value of 1 at the transition temperature Ttr, and T0 is the present temperature

of the Universe. In terms of x, this factor is fφ(x) ' 9.65×103 (GeV/mχ)0.82 x0.82. Thus, for

transition temperatures from 1 MeV to a few GeV, the Hubble parameter decreases suddenly

by a few orders of magnitude at Ttr, when the change to the standard cosmology happens.

Due to this sudden drop in the H, χ and χ̄ start re-annihilating and they freeze-out again

shortly after. Usually χ and χ̄ freeze-out in the re-annihilation phase before they can reach

equilibrium and, in this case, we can still neglect the production term in the Boltzmann

equations (again because Yχ̄ � Y EQ
χ̄ ), and Eqs. (2.17) and (2.18) still hold. Using Eq. (2.25)

in Eq. (2.17), we calculate the relic abundance of χ̄ in the scalar-tensor cosmology,

Y ST
χ̄ (x→∞) = A

{
exp

[
Aλa

(
1

xtr
+ 5.69× 10−5

( mχ

1GeV

)0.82 (
x̄−1.82
fo − x−1.82

tr

))]
− 1

}−1

(2.26)

where xtr = mχ/Ttr, and λ is defined as before. We have taken b = 0 for simplicity. As

before, an expression for the relic abundance of χ can be found by using Eq. (2.2), i.e.

Yχ(x→∞) = A+ Yχ̄(x→∞).

2.4.1.4 Estimation of the χ̄ freeze-out temperature

To find x̄fo we use the freeze-out condition Eq. (2.9) for χ̄, using in each case the corre-

sponding H written above and the reaction rate of χ̄, Γχ̄. Considering that until freeze-out

nχ and nχ̄ closely track their equilibrium values, nEQχ and nEQχ̄ given in Eqs. (2.4) and (2.5),

we can approximate Γχ̄ by

Γχ̄ ' 〈σχχ̄v〉nEQχ (µ = 0)eµχ/T . (2.27)
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Using Eqs. (2.6) and (2.7) we get an expression for Γχ̄ as function of the asymmetry A. Using

this form of Γχ̄, the χ̄ freeze-out condition Eq. (2.9) becomes a transcendental equation for

x̄fo, which we can solve numerically. After solving for x̄fo, we use the expressions calculated

above to estimate the relic abundance of χ and χ̄.

2.4.2 Numerical solutions

The Boltzmann equations (2.13) and (2.14) can be solved numerically for each of the cos-

mologies we consider. Here we show examples of the evolution of Yχ and Yχ̄ as a function

of x in each cosmology and later compare the numerically calculated relic density to the

analytical results. In all of the following we present results for pure s-wave χχ̄ annihilation.

The final relic density of the minority component depends strongly on the relation be-

tween its freeze-out temperature or x̄fo and the value xA at which the asymmetry becomes

important and the minority and majority densities Y EQ
χ and Y EQ

χ̄ become very different,

given by Y EQ
χ (xA) ' A (see in Fig. 3.2.a).

One can distinguish three cases. The first is when x̄fo < xA, i.e. the decoupling of χ̄, and

also χ since in this case xfo = x̄fo, happens before the split of Y EQ
χ and Y EQ

χ̄ , then Yχ ' Yχ̄

at freeze-out, and so the present relic abundance of χ and χ̄ are practically the same. This

case is very similar to that of symmetric DM.

The second case is when x̄fo � xA, i.e. when the decoupling of χ̄ occurs well after the

split between Y EQ
χ and Y EQ

χ̄ , so that Y EQ
χ̄ (x̄fo) is exponentially smaller than Yχ ' A, thus

the χ̄ present relic density is completely negligible when compared to the χ density.

The last case, in which the final nχ̄ is smaller but not much smaller than nχ, happens

if x̄fo > xA but x̄fo ' xA, i.e. if the decoupling of χ̄ occurs shortly after the split between

nEQχ and nEQχ̄ . Given a particular asymmetry A, the range of cross sections that satisfies this

relationship is narrow, approximately within a factor of three. We choose A such that χ and

χ̄ constitute all of the DM, Eq. (2.3). In the standard cosmology the necessary annihilation

cross section is very close to that of symmetric DM satisfying the same condition, and as soon

as the cross section departs by a factor of a few from this value, the relic minority component
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Figure 2.3 Values of m100A for which χ and χ̄ constitute all of the DM, as function of the
χχ̄ annihilation cross section 〈σv〉 = 〈σχχ̄v〉, in the standard cosmology (blue contour in
both panels) and 2.3.a (left) kination and 2.3.b (right) scalar-tensor models. The solid gray
contour to the right in each plot corresponds to a transition temperature of Ttr = 5 MeV, and
the blue contour has a transition temperature equal to the standard cosmology freeze-out
temperature, Tfo ' m100 5 GeV. The contours depends very slightly on mχ for the standard
cosmology, and if mχ > 100 GeV also for the other two (for mχ ' 10 GeV and Ttr close to
5 MeV, the contours change appreciably with respect to those shown here- see Fig. 2.5).

density becomes exponentially small. In the kination and scalar-tensor cosmologies, for a

fixed transition temperature, the required values of the annihilation cross section in this third

case can be much larger than the standard symmetric cross section (although in each case

the values must be in a reatively narrow range, within a factor of a few). This is illustrated in

Fig. 2.3, which presents the contours of m100A (recall m100 = mχ/100 GeV) as a function of

the χχ̄ annihilation cross section for which χ and χ̄ make up all of the DM (Eq. (2.3) holds).

As exemplified in Figs. 2.4 and 2.5, the m100A contours are almost independent mχ in the

standard cosmology and if mχ > 100 GeV in the other two. The contours of Fig. 2.3 do not

apply if mχ ' 10 GeV and Ttr is close to 5 MeV (see Fig. 2.5). We use ΩDM = (ρχ + ρχ̄)/ρc,

with ΩDM = 0.11h−2, ρc = 1.05375 × 10−5h2 cm−3, ρχ = mχYχs0 and ρχ̄ = mχYχ̄s0 where

s0 = 2889.2 cm−3 is the present entropy density of the Universe [22]. With these values of
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the various parameters, the m100A contours satisfy the condition

m100(Yχ + Yχ̄) = 4.01× 10−12. (2.28)

For the standard cosmology, there is only one contour that satisfies Eq. (2.28) (the left

most contour, shown in blue). In kination and scalar tensor models the contour satisfying

the same condition depends on the transition temperature Ttr, which in relevant models

can take values between somewhat below 5 MeV and the standard cosmology freeze-out

temperature. Thus, there is a range of contours which satisfy Eq. (2.28) for the kination and

scalar-tensor models, as shown (dashed gray lines) in Fig. 2.3.a and Fig. 2.3.b respectively.

Values of m100A and 〈σχχ̄v〉 above and to the left of the contours would lead to a relic density

larger than the DM density. Given a particular contour, values of 〈σχχ̄v〉 and m100A below

it would lead to a relic density of χ and χ̄ smaller than the DM density.

For each DM particle mass mχ there is a maximum value of A, corresponding to the

horizontal part of each contour, which satisfies Eq. (2.28) with Yχ + Yχ̄ = A, which (since

Yχ−Yχ̄ = A) means that Yχ = A and Yχ̄ is negligible. Thus the horizontal part each contour,

common to all of them, corresponds to the second case mentioned above, where x̄fo � xA.

Only in the curved and vertical parts of the contours can Yχ̄ be non-negligible with respect

to Yχ. As the asymmetry A becomes smaller, the contribution of χ̄ to the relic density

increases, and when A=0 we recover the symmetric case. Eq. (2.28) and the definition of

A imply that for values of m100A ranging from 0 to 3.3× 10−12, the relic density of χ̄ must

be within a factor of 10 of the density of χ. The curved part of the contour corresponds to

the third case mentioned above, where x̄fo is larger but very similar to xA, for which the

asymmetry is large but the relic density of χ̄ is only a few orders of magnitude smaller than

the density of χ.

As already mentioned the contours in Fig. 2.3 are only slightly affected by changes in mχ

in the standard cosmology, and if mχ > 100 GeV also in kination and scalar-tensor models.

Fig. 2.4 shows the almost overlapping m100A contours for which χ and χ̄ constitute the whole

to the DM in the standard cosmology for mχ of 10 GeV (red), 100 GeV (green), and 500
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Figure 2.4 Contours of m100A for which χ and χ̄ make up all of the DM as a function of the
χχ̄ annihilation cross section 〈σv〉 = 〈σχχ̄v〉 for mχ = 10 GeV (green), mχ = 100 GeV (red),
and mχ = 500 GeV (blue) in the standard cosmology.
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Figure 2.5 Same as Fig. 2.4 but for 2.5.a (left) kination and 2.5.b. (right) the scalar-tensor
model. The solid contours correspond to a transition temperature of Ttr = 5 MeV and the
dashed ones to Ttr close to the standard cosmology freeze-out temperature. In 2.5.b the
dashed lines are superimposed.
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GeV (blue). The analytic solutions predict this behavior. For example, one can calculate

the minimum annihilation cross section for a mass mχ, which occurs when m100A→ 0. For

small m100A, the exponential term in the analytic solutions (Eqs. (2.21) and (2.22)) can

be expanded as exp[Aλa/x̄fo] ' 1 + Aλa/x̄fo. With this approximation, and substituting

the analytic solutions into Eq. (2.28), we see that 2m100x̄fo/(λa) = 4.01 × 10−12. Recalling

that λ = 3.0× 1021m100 GeV2 and using x̄fo ' 20, as in the symmetric case, we calculate a

minimum cross section a ' 3.3× 10−9 GeV−2, independent of mχ.

Figs. 2.5.a and 2.5.b show the same as Fig. 2.4 but for the kination and scalar-tensor

models, respectively. The solid contours correspond to models with a transition temperature

of Ttr = 4 MeV, and the dashed contours to Ttr close to the standard cosmology freeze-

out temperature. The figure shows that for mχ = 10 GeV the m100A contours change

considerably with respect of those for mχ > 100 GeV only if Ttr is low.

Notice that the value of m100A in the horizontal part of the contours is unaffected by

changes in mχ in all three models, Figs. 2.4 and 2.5. Clearly, this must be so because there

Yχ = A, and Yχ̄ is negligible, thus the fixed DM density depends only on the product mχA.

We mentioned three cases above in which either x̄fo < xA, x̄fo � xA or x̄fo is larger but

very close to xA, so that the minority relic number density nχ̄ is either equal to, negligible

or just a few orders of magnitude smaller than the majority relic density nχ, respectively.

Figs. 2.6, 2.7 and 2.8 demonstrate these three cases in the standard cosmology, kination and

scalar-tensor models respectively. In all three figures the bottom left panel shows the regime

we are interested in, where the minority component relic density nχ̄ is only a few orders of

magnitude smaller than the relic density of the majority DM component nχ.

2.5 Comparison of analytic and numerical relic abundance solu-

tions

Figs. 2.9 and 2.10 show that the analytic solutions we found above agree very well with

the numerical solutions in all three cosmological models we examined. In the examples
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Figure 2.6 In 2.6.a (top left) the equilibrium annihilation rate over 〈σv〉 = 〈σχχ̄v〉 (black
lines) is compared with the expansion rate in the standard cosmology over 〈σv〉, for three
values of 〈σv〉, 1 × 10−11 GeV−2 (top, red, line), 1 × 10−8 GeV−2 (middle, blue, line) and
1× 10−5 GeV−2 (lower, green, line). 2.6.b (top right), 2.6.c (bottom left) and 2.6.d (bottom
right) show the evolution of Yχ (dashed colored line) and Yχ̄ (solid colored line) compared
to their equilibrium values (dashed and solid black lines) for the three values of 〈σχχ̄v〉 just
mentioned, respectively, and A = 4.05 × 10−12. In 2.6.b Yχ ' Yχ̄, so the solid and dashed
red lines are superposed. In 2.6.c Yχ (dashed blue line) closely follows equilibrium, so the
dashed black and blue lines are superposed, and Yχ̄ (solid blue line) results less than 3
orders of magnitude smaller than Yχ. In 2.6.d both χ and χ̄ closely follow their equilibrium
abundances, so the black and green lines are superposed.
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Figure 2.7 Same as in Fig. 2.6 but for kination models and 〈σv〉 equal to 1 × 10−8 GeV−2,
1× 10−6 GeV−2 and 1× 10−4 GeV−2, and Ttr = 5 MeV. In Fig. 2.7.d, Yχ̄ is slightly greater

than Y EQ
χ̄ .
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Figure 2.8 Same as in Fig. 2.6 but for scalar-tensor models and 〈σv〉 equal to 1×10−8 GeV−2,
8 × 10−6 GeV−2, and 1 × 10−4 GeV−2, and Ttr = 5 MeV. The effect or the re-annihilation
phase is clearly seen.

24



YΧ,Num
YΧ,Num

YΧ,Analytic
YΧ,Analytic

101 102 103 104 105 106

10-23

10-20

10-17

10-14

10-11

10-8

10-5

101 102 103 104 105 106

10-23

10-20

10-17

10-14

10-11

10-8

10-5

x
Y

Χ
,Y

Χ

Figure 2.9 Comparison of numerical (blue) solutions for Yχ (dashed lines) and Yχ̄ (solid
lines) as a function of x and analytical (red) solutions for Yχ(x → ∞) and Yχ̄(x → ∞)
in the standard cosmology. Here mχ =100 GeV, A = 4.01 × 10−12 and 〈σv〉 = 〈σχχ̄v〉 =
1 × 10−8 GeV−2. The analytical solutions are drawn only for x larger than x̄fo, which is
larger but very close to xA.

presented, both solutions agree within a factor of two. In both figures mχ =100 GeV and

A = 4.01 × 10−12 but the cross section for each particular cosmological model is chosen so

that x̄fo is not much larger than xA, because we wanted to show examples where the relic

density of the minority component is only a few orders of magnitude smaller than that of

the majority component (see the figure captions).

We have ascertained that the analytical solutions for the relic abundances Yχ and Yχ̄ after

χ̄ freeze-out reproduce the numerical solution to within a factor of four while Yχ̄/Yχ > 10−10

(smaller ratios are completely irrelevant). As this ratio increases, the agreement is better,

within a factor of two.

2.6 Present asymmetric DM annihilation rates

Given a particular value of the χχ̄ annihilation cross section and almost identical values of

the asymmetry, very different minority over majority asymmetric DM density ratios may

result in the three pre-BBN cosmologies we explored, if the chemical decoupling happens

during these different cosmological phases. Thus, if the annihilation cross section of the

DM candidate is known, the annihilation rate at present, if detectable, could be used to

test the Universe before BBN, an epoch from which we do not yet have any data. In
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Figure 2.10 Same as Fig. 2.9 but for 2.10.a (left) kination and 〈σv〉 = 〈σχχ̄v〉 = 1×10−6 GeV−2

and 2.10.b (left) scalar-tensor cosmology and 〈σv〉 = 8 × 10−6 GeV−2. In both cases Ttr=5
MeV.

particular, because the annihilation cross section of asymmetric DM can be larger than that

of symmetric DM in the standard cosmology, the decrease in the minority component relic

density may be compensated or even overcompensated by the increase in annihilation cross

section so that the annihilation rate at present of asymmetric DM, contrary to general belief

(see e.g. Ref. [49]), could be non-negligible and even larger than that of symmetric DM in

the standard cosmology. There are experimental upper bounds on how large the annihilation

cross section of asymmetric DM could be, but they are model dependent (see e.g. Ref. [95]).

Assuming a “neutralino like” DM candidate in the standard cosmology (for which particle

and anti-particle coincide) the standard annihilation rate at present can be written as

ΓSTDsym =
1

2
〈σselfv〉(ρ2

DM/m
2
χ), (2.29)

where the 1/2 factor corresponds to identical particles annihilating, ρDM = ΩDMρc is the

DM energy density, 〈σselfv〉 is the velocity averaged self-annihilation cross section, which is

similar to the early Universe thermally averaged s-wave dominated cross section 〈σselfv〉 = a.

For s-wave annihilation with xfo ' 20, and assuming that the candidate accounts for the

whole of the DM, this is approximately 〈σselfv〉 ' 1.8 × 10−9 GeV−2. Note that 〈σselfv〉 in

the early Universe is equal to half of the annihilation cross section needed for non-identical

particles with no asymmetry (A = 0) to make up all of the DM. Numerically, we find this

cross section to be 〈σχχ̄v〉 ' 3.7× 10−9 GeV−2.
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Figure 2.11 2.11.a (left) Contours of asymmetry A for which χ and χ̄ make up all the DM in
the standard cosmology (red), and in kination (blue) and scalar-tensor (green) models with
Ttr =5 MeV, for mχ =100 GeV. 2.11.b (right) Evolution of Yχ (dashed lines) and Yχ̄ (solid
lines) for 〈σv〉 = 〈σχχ̄v〉 = 5 × 10−6 GeV−2 (indicated by the black vertical line in 3.5.a)
in each of the three cosmological models. For this cross section A = 4.05 × 10−12 for the
standard cosmology and kination models and A = 3.8 × 10−12 for the scalar-tensor model.
The evolution of YEQ for symmetric DM (A =0) is shown for comparison.

For asymmetric DM, the annihilation rate is given by Γasym = 〈σχχ̄v〉(ρχρχ̄/m2
χ), and we

have assumed all along that ρχ + ρχ̄ = ρDM and nχ = ρχ/mχ, thus

Γasym = 〈σχχ̄v〉
ρ2
DM

m2
χ

YχYχ̄
(Yχ + Yχ̄)2

. (2.30)

The ratio of the asymmetric DM annihilation rate to the standard symmetric annihilation

rate is then
Γasym
ΓSTDsym

=
〈σχχ̄v〉
〈σselfv〉

2YχYχ̄
(Yχ + Yχ̄)2

. (2.31)

In the standard cosmology, this ratio never exceeds one, but in the kination or scalar-

tensor pre-BBN cosmological models, it may exceed one for a range of annihilation cross

sections, as shown in Figs. 3.5, 3.6 and 2.13. This range of cross sections depends on the

transition temperature Ttr at which the cosmology becomes standard.

In Figs. 3.5, 3.6 and 2.13 we provide examples in which the asymmetric DM annihilation

rate in a non-standard pre-BBN cosmological model is greater than the standard symmetric
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Figure 2.12 Same as in Fig. 3.5 but with Ttr = 40 MeV in the scalar-tensor model and
〈σv〉 = 〈σχχ̄v〉 = 9×10−7 GeV−2 for which A = 4.05×10−12 for the standard cosmology and
A = 3.9× 10−12 for the kination and scalar-tensor models.

annihilation rate for mχ = 100 GeV. We have chosen particular annihilation cross sections

and transition temperatures in each case. In Fig. 3.5 the transition temperature is low,

Ttr=5 MeV and for 〈σχχ̄v〉 = 5 × 10−6 GeV−2, i.e. 〈σχχ̄v〉/〈σselfv〉 ∼ 103, for the scalar-

tensor model we get YχYχ̄/(Yχ + Yχ̄)2 ' 10−1, so the annihilation rate is ∼ 102 times greater

than the standard symmetric DM annihilation rate. For the kination and standard models

the present annihilation rate is negligible in this example, ∼ 10−7 or smaller respectively

than the standard symmetric rate. For kination, YχYχ̄/(Yχ + Yχ̄)2 ' 10−10, and this ratio is

even smaller in the standard cosmology. Thus, in this example, the scalar-tensor model is

easily distinguishable from the other two.

For smaller annihilation cross sections we can select kination and scalar-tensor models

which would produce almost identical effects in the annihilation rate, as demonstrated in Fig.

3.6. In this figure, the transition temperatures, Ttr=5 MeV for kination and Ttr = 40 MeV

for the scalar-tensor model, are chosen so that the contours of A for which χ and χ̄ make up

all the DM in both models are very similar. For 〈σχχ̄v〉 = 9× 10−7 GeV−2, both models give

a present asymmetric DM annihilation rate ∼ 10 times larger than the standard symmetric

DM annihilation rate. If such a rate were detected, we could see that the cosmology is non-

standard, but could not distinguish between the kination and scalar-tensor models chosen
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Figure 2.13 Same as in Fig. 3.5 but with a high transition temperature Ttr =3.35 GeV in
both the kination and scalar-tensor models and 〈σv〉 = 〈σχχ̄v〉 = 8.5×10−9 GeV−2 for which
A = 3.95× 10−12 for the standard cosmology and kination model, and A = 3.75× 10−12 in
the scalar-tensor model.

here.

For asymmetric DM annihilation cross sections very close to the standard symmetric

DM annihilation cross section it is difficult to distinguish between any of the three pre-

BBN cosmological models. In order to prevent the Universe from being overdense, the

transition temperature of the non-standard cosmological models must be set very close to

the standard cosmology freeze-out temperature. This means that χ and χ̄ only evolve in

the non-standard cosmological phase for a very short time after freeze-out. In Fig. 2.13,

〈σχχ̄v〉 = 8.5× 10−8 GeV−2 and the transition temperature is high, Ttr = 3.35 GeV for both

kination and scalar-tensor models. All three models produce similar χ̄ relic densities, and the

present asymmetric DM annihilation rate is ∼ 10 times smaller than the standard symmetric

DM annihilation rate for all of them. Thus the annihilation rate could not help us distinguish

between the different pre-BBN cosmological models.

These examples show that if the mass, approximate particle-antiparticle asymmetry, and

annihilation cross section of a DM candidate is known, then if the present annihilation rate

is detectable, one could possibly distinguish between these different pre-BBN cosmological

models. A higher annihilation rate than predicted by the model of symmetric DM in the

standard cosmology would imply the existence of a non-standard cosmology during pre-BBN
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epoch.

2.6.1 Fermi Space Telescope bounds on non-standard asymmetric DM models

In non-standard pre-BBN cosmological models the annihilation rate of asymmetric DM can

be so large as to already be rejected by present bounds. The Fermi-LAT collaboration has

published upper bounds [4] on the annihilation cross section of a symmetric DM candidate

〈σselfv〉 < 〈σv〉Fermi as a function of its mass, from a combined analysis of Milky Way

satellites, assuming that it constitutes all of the DM and annihilates only into particular

final states, which correspond to limits on the annihilation rate in Eq. (2.29), ΓSTDsym < ΓFermi.

Here we use the χχ̄ → µµ̄ and χχ̄ → bb̄ modes, which impose the limit of 〈σv〉Fermi equal

to 8.80 × 10−25cm3/s= 7.33 × 10−8 GeV−2 and 5.99 × 10−26cm3/s= 4.99 × 10−9 GeV−2 to

95% C.L. for mχ = 100 GeV, respectively. Thus, under the same assumptions used by the

Fermi-LAT collaboration, for our models, the ratio

Γasym
ΓFermi

=
〈σχχ̄v〉
〈σv〉Fermi

2YχYχ̄
(Yχ + Yχ̄)2

(2.32)

must be less than 1.

Fig. 2.14 shows (in pink) the regions of the DM asymmetry A versus asymmetric DM

χχ̄ annihilation cross section in kination (Fig. 2.14.a) and scalar-tensor (Fig. 2.14.b) pre-

BBN cosmological models already rejected by Fermi-LAT bounds [4] on the annihilation

modes χχ̄→ µµ̄ and χχ̄→ bb̄ for mχ =100 GeV, under the same assumptions made by the

Fermi-LAT collaboration. These regions were found by varying the transition temperature

of each of the two non-standard cosmological models between 5 MeV and 3.5 GeV. Each

transition temperature provides a unique contour in the A versus cross section space that

gives the right relic DM density. The Fermi-LAT bounds were then applied along each of

these contours, dividing it into a section with acceptable annihilation rates and another

with rejected annihilation rates. These contours were then combined to create the ruled out

regions seen in Fig. 2.14.

In the limit of symmetric dark matter, i.e. A = 0, Eq. (2.32) reduces to 〈σχχ̄v〉 ≤
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Figure 2.14 Regions of the DM asymmetry A versus asymmetric DM χχ̄ annihilation cross
section 〈σv〉 = 〈σχχ̄v〉 in 2.14.a (left) kination and 2.14.b (right) scalar-tensor pre-BBN
cosmological models rejected by χχ̄ → µµ̄ (dark pink) and χχ̄ → bb̄ (light pink) Fermi-
LAT bounds [4] for mχ =100 GeV, under the same assumptions made by the Fermi-LAT
collaboration.

2〈σv〉Fermi. This corresponds to 〈σχχ̄v〉 ≤ 1.5 × 10−7 GeV and 〈σχχ̄v〉 ≤ 1 × 10−8 GeV

for χχ̄ → µµ̄ and χχ̄ → bb̄, respectively, for both the kination and scalar-tensor models.

Although they can not be read from the plot, the transition temperatures corresponding to

the maximum annihilation cross sections mentioned must be Ttr ' 15 MeV (100 MeV) for

χχ̄ → µµ̄, and Ttr ' 500 MeV (1.5 GeV) for χχ̄ → bb̄ in the kination (scalar-tensor) model

so that χ and χ̄ make up all the DM.

The limiting cross sections for non-zero values of A can be read off of Fig. 2.14. For

example, if A = 3 × 10−12, the corresponding limits are 〈σχχ̄v〉 ≤ 3 × 10−7 GeV and

〈σχχ̄v〉 ≤ 2 × 10−8 GeV for χχ̄ → µµ̄ and χχ̄ → bb̄, respectively. The corresponding transi-

tion temperatures are Ttr ' 9 MeV (Ttr ' 55 MeV) and Ttr ' 280 MeV (Ttr ' 800 MeV) for

the kination (scalar-tensor) model.
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2.7 Summary and Conclusions

In this paper we have studied asymmetric dark matter which decouples from the thermal bath

during a non-standard pre-BBN cosmological phase. We have assumed that the dark matter

particle asymmetry A is created prior to the period that we consider and that subsequently

the only reactions which change particle and anti-particle numbers are pair annihilation into

Standard Model particles and the inverse reactions; thus A is constant. We considered two

non-standard pre-BBN models, kination and scalar-tensor models, in which the expansion

rate of the Universe is respectively faster (∼ T 3) and slower (∼ T 1.2) than in the standard

radiation dominated cosmology (∼ T 2) until a transition temperature Ttr, which must be

larger than about 4 MeV (the latest bound is 3.2 MeV [72]) to preserve BBN and all the

subsequent history of the Universe.

We find that for a range of pair annihilation cross sections between about 5×10−6 GeV−2

and the standard symmetric thermal dark matter cross section 1.8× 10−9 GeV−2, the ratio

of the relic abundance of the minority and majority dark matter components is highly de-

pendent on the pre-BBN cosmology. For each annihilation cross section in this range, the

smallness of this ratio in non-standard cosmological scenarios with particular Ttr values can

be compensated and even overcompensated by the increased annihilation cross section so

that the annihilation rate at present of asymmetric dark matter, contrary to general belief,

could be even larger than that of symmetric dark matter in the standard cosmology. In the

standard pre-BBN cosmology the annihilation rate of asymmetric dark matter is always neg-

ligible, because as soon as the annihilation cross section increases with respect to the value

which would yield equal minority and majority relic densities, even by a factor of a few, the

minority component density becomes exponentially smaller than the majority density.

Thus, if the annihilation cross section of the asymmetric dark matter candidate is known,

the annihilation rate at present, if detectable, could be used to test the Universe before Big

Bang Nucleosynthesis, an epoch from which we do not yet have any data.

Finally, we would like to mention that there are bounds on the mass of bosonic asymmetric

DM coming from its accumulation in neutron stars, potentially leading to the formation of
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black holes.[87, 102, 88]. These bounds are weakened if the asymmetric DM has a non-

negligible present annihilation rate, as presented in this paper. In any event, although we

have taken gχ = 1 (which corresponds to bosonic DM) in Eqs. (2.4) and (2.5), the numerical

results in this paper apply to fermionic DM up to corrections of O(1).

GG and JH were supported in part by DOE grant DE-FG03-91ER40662, Task C. JH

is also partly supported by the Consolider-Ingenio 2010 Programme under grant MultiDark

CSD2009-00064.

33



CHAPTER 3

Effects of kination and scalar-tensor cosmologies on

sterile neutrinos

Thomas Rehagen and Graciela B. Gelmini

JCAP 1406 (2014) 044

This article was first published in JCAP by IOP Publishing and SISSA, which maintains

the Version of Record.

3.1 Introduction

In the Standard Model of particle physics, there are three active neutrinos, να, coupled

to the W and Z weak gauge bosons through gauge couplings. Extensions of the Standard

Model can include one or more sterile neutrinos, νs, that are not directly coupled to the W

and Z bosons, but are produced in the early Universe via mixing with the active neutrinos.

Barbieri and Dolgov [16] and Dodelson and Widrow [37] provided respectively the first

analytical calculation of the production probability and the first analytic solution for the

relic number density of sterile neutrinos produced non-resonantly in the early Universe,

under the assumption of a negligible primordial lepton asymmetry (later corrected by a

factor of 2 [38, 1]). If there is a large lepton asymmetry, sterile neutrinos can be produced

resonantly [1, 120] with a non-thermal spectrum which favors low energies.

One or two sterile neutrinos with mass of O(1 eV) have been proposed as a way to explain

several anomalies observed in short-baseline neutrino experiments, which aim a beam of

neutrinos at a nearby (∼< 1 km away) detector. LSND [10] and Mini-BooNE [11, 12] observed

an excess of electron (anti-)neutrinos above the expected level. This excess could be explained
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by the oscillation of muon (anti-)neutrinos into one or two sterile (anti-)neutrinos, and the

subsequent oscillation of these sterile (anti-) neutrinos into electron (anti-)neutrinos. In

addition to the LSND and Mini-BooNE results, radioactive source experiments meant to

test the Gallium solar neutrino experiments SAGE and GALLEX have observed an event

rate that is lower than expected. This effect can be explained by electron neutrinos oscillating

into sterile neutrinos [62, 3]. A recent re-evaluation of the neutrino flux emitted by nuclear

reactors [104, 76] has led to increased predicted fluxes compared to previous calculations

[119, 70, 126, 125]. Previous reactor experiments have not observed this flux, a result which

can be explained by assuming ν̄e disappearance due to oscillations with a sterile neutrino.

The sterile neutrinos that could explain these anomalies have a best fit active-sterile mixing

angle sin22θ ' 0.08 (and ranging from 0.03 to 0.4 at the 95% confidence level) [86]. From now

on we will refer to sterile neutrinos with mass mνs = 1 eV and mixing angle sin2(2θ) = 0.08

as the “LSND νs.”

Recently, the Planck satellite experiment has provided joint constraints on the effective

number of relativistic degrees of freedom at recombination, Neff , and the effective mass of a

sterile neutrino, meff
νs , in different models for active and sterile neutrinos. Neff is defined as

Neff = 3.046 +
ρνs
ρνα

, (3.1)

where 3.046 is the expected value of Neff in the absence of sterile neutrinos [94]. ρνs/ρνα

is the ratio of the energy density of relativistic sterile neutrinos, ρνs = 2
∫
d3p/(2π)3Eνsfνs

for each νs species, and the energy density of a neutrino in thermal equilibrium is ρνα . The

effective sterile neutrino mass is defined for non-relativistic sterile neutrinos as

meff
νs =

∑
nνsmνs

nνα
, (3.2)

where the sum is over sterile neutrino species, and nνα is the number density of an active

neutrino. For relativistic sterile neutrinos in thermal equilibrium with the active neutrinos,

each νs species would have the same relic density as one of the active neutrinos, thus ρνs/ρνα

would in fact be the number of sterile neutrino species. For a non-relativistic neutrino in
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thermal equilibrium before decoupling, its relic number density would be the same as the

number density of an active neutrino, nνα , and its relic energy density would be ρνs = mνsnνα .

Thus meff would be the sum of the masses of all the sterile neutrino species.

Assuming the existence of two massless active neutrinos and a massive active neutrino

with mass m ' 0.06 eV fixed by the atmospheric mass splitting, and a massive sterile neu-

trino with either a thermal distribution or a distribution proportional to that of the active

neutrinos, and combining Planck, WMAP, Baryon Acoustic Oscillation, and high multipole

CMB data, Planck finds the 95% limits [6]

Neff < 3.80 (3.3)

and for sterile neutrinos with mass mνs < 10 eV

meff
νs < 0.42 eV. (3.4)

The conditions of these bounds apply to the sterile neutrino distributions we consider in this

paper. The measurement of Neff provides a bound on the mixing angle of sterile neutrinos

that are relativistic at the time of recombination, i.e. with mass mνs ∼< 1 eV, while sterile

neutrinos with higher masses up to 10 eV are constrained by the measurement of meff
νs .

Refs. [103] and [35] have applied these bounds to a 3 active + 1 sterile neutrino model, and

find the sterile neutrino needed to explain short-baseline neutrino experiment anomalies is

highly disfavored. Indeed, Ref. [103] finds that this sterile neutrino is excluded at more than

4σ by the Planck results.

One way to relax these bounds is to have a reduced number of sterile neutrinos produced

in the early Universe. Many possible scenarios have been considered, including models

with a non-standard cosmology, such as a low reheating temperature[56, 55], a constant

w 6= 1 dark energy equation of state [73, 71, 63], a time-varying dark energy component

[63], and interactions between the dark matter and dark energy sectors [63, 89, 51], or non-

standard particle physics such as models with a large neutrino asymmetry [47, 27, 117], and
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interactions between sterile neutrinos and non-Standard Model particles [21, 32, 74].

Heavier sterile neutrinos with mass mνs ∼> keV could account for the whole of the dark

matter. In addition, if such sterile neutrinos carry away a sizable fraction of the energy

emitted in a supernova explosion, asymmetric emission of the sterile neutrinos due to the

presence of a strong magnetic field could explain the very large velocities of pulsars [50].

The mass and mixing of sterile neutrinos that make up all of the dark matter is subject to

constraints from X-ray measurements, phase space density arguments, and analysis of the

Lyman-α forest data. If the keV mass sterile neutrinos are produced non-resonantly, they

are strongly disfavored as the sole dark matter component [24]. If these sterile neutrinos are

not the primary dark matter component, however, these bounds are weakened [108], and a

new region of parameter space could be opened, as long as the relic energy density of the

keV mass sterile neutrinos does not exceed the energy density of dark matter.

This paper considers the effects of kination and scalar-tensor pre-Big Bang Nucleosyn-

thesis (BBN) cosmologies on sterile neutrinos. In both of these cosmologies, the Hubble

expansion rate is greater than in the standard cosmology, and so the production of sterile

neutrinos in the early Universe is suppressed. For comparison we also include the results

found in Ref. [56] for sterile neutrinos evolving in a low reheating temperature cosmology.

3.2 Non-standard pre-BBN cosmologies

In the standard cosmology, the early Universe is radiation dominated, and the expansion

rate of the Universe is given by HSTD = πT 2/MP

√
g?/90, where T is the temperature of

the radiation bath, MP is the reduced Planck mass, and g? is the number of relativistic

degrees of freedom. For temperatures higher thant the QCD phase transition (∼ 200 MeV),

g? is approximately constant, with a value of g? = 90, while for temperatures between the

QCD phase transition and the temperature at the moment electrons and positrons become

non-relativistic (T ' MeV), g? = 10.75. In order for BBN and the subsequent history of the

Universe to develop as usual, the Universe must be radiation dominated for T < 4 MeV at

the 95% confidence level [72] (see also [34, 83, 82]), but different cosmologies are allowed at
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higher temperatures.

In the kination model [121, 79, 115, 112, 110], there is a period in which the kinetic energy

of a scalar field φ dominates over its potential energy and all other contributions to the total

energy density ρtotal, so ρtotal ' ρφ ' φ̇2/2 ∼ a−6, where a is the scale factor of the Universe.

The entropy of matter plus radiation is conserved, so a ∼ T−1, thus the expansion rate of the

universe is HK ∼
√
ρtotal ∼ T 3. The contribution of the φ kinetic energy to the total energy

density is often quantified through the ratio of φ-to-photon energy density, ηφ = ρφ/ργ at

T = 1 MeV, so that at higher temperatures, HK '
√
ηφ(T/1 MeV)HSTD, where HSTD is

the standard expansion rate. We can find ηφ by assuming that there is a rapid transition

between the kination phase and the radiation dominated phase that occurs at the transition

temperature Ttr. In this case, HK(Ttr) = HSTD(Ttr), and we find that during the kination

phase, the expansion rate of the Universe is given by HK = πT 3/(MPTtr)
√
g?/90.

Scalar-tensor theories of gravity [116, 25] have a scalar field coupled through the metric

tensor to the matter fields. This scalar field changes the expansion rate of the Universe

before the thermal bath has the transition temperature Ttr, after which the theory is in-

distinguishible from General Relativity. In Ref. [25], the expansion rate of the Universe

before the transition, HST , is proven to be enhanced with respect to HSTD by a factor

fφ ' 2.19× 1014(T0/T )0.82 (where T0 is the present temperature of the Universe) at temper-

atures greater than Ttr. At Ttr, fφ drops sharply to values close to 1.

Fig. 3.1 shows the expansion rate of the Universe H as a function of temperature for the

standard cosmology, HSTD (blue), and for the kination, HK (red), and scalar-tensor, HST

(green), cosmologies with transition temperature Ttr = 4 MeV to the standard cosmology.

In low reheating temperature models, a scalar field φ oscillating around its true minimum

while decaying dominates the energy density of the Universe just before Big Bang Nucle-

osynthesis. The decay of φ and the thermalization of the decay products reheats the thermal

bath to a “reheating temperature,” TR. As we mentioned above, the reheating temperature

can be as low as 4 MeV. After the decay of φ, radiation dominates the energy density of the

Universe. This case, which we include only for comparison, was studied in Refs. [56] and
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Figure 3.1 Expansion rate of the Universe H as a function of temperature for the standard
cosmology, STD (blue), and for the kination, K (red), and scalar-tensor, ST (green), cos-
mologies with transition temperature Ttr = 4 MeV to the standard cosmology. Also plotted
is the rate of sterile neutrino interactions Γ in Eq. 3.6 for sterile neutrinos mixing with elec-
tron neutrinos with mixing angle sin2(2θ) = 0.1 and mass mνs = 1 eV and 0.1 eV (solid black
and dashed black lines, respectively).

[55].

3.3 Relic densities

In this section we calculate the relic number and energy densitiy of only one species of sterile

neutrinos, νs, produced in the kination and scalar-tensor pre-BBN cosmologies. We assume

that there is a negligible primordial lepton asymmetry, that the active neutrinos have the

usual thermal equilibrium distribution fνα = (expE/T + 1)−1, and that the sterile neutrinos

are relativistic when produced. We assume also that the sterile neutrino species interacts

dominantly with only one active neutrino να, and we use α to denote its charged lepton

partner. Under these assumptions, the Boltzmann equation for the production of sterile

neutrinos via oscillations with active neutrinos is given in Ref. [1]:

−HT
(
∂fνs(E, T )

∂T

)
E/T

' Γs(E, T ) [fνα(E, T )− fνs(E, T )] , (3.5)
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where the rate of sterile neutrino interactions is

Γs(E, T ) ' 1

4
sin2(2θm)dαG

2
FET

4, (3.6)

assuming that the time between interactions is always much greater than the oscillation

time, tosc = m2
νs/2E, so that sin2(t/tosc) averages to 1/2. The subscript E/T on the partial

derivative of the phase space distribution with respect to temperature indicates that the

derivative is to be taken while holding E/T constant. Here GF is the Fermi constant,

dα = 1.13 for sterile neutrinos mixing with electron neutrinos (νs ↔ να = νe) and dα = 0.79

for να = νµ,τ , and θm is the angle that parametrizes the magnitude of the mixing between

the sterile and active neutrinos in the presence of matter effects given by [1]

sin2(2θm) =
sin2(2θ)

sin2(2θ) +
[
cos(2θ)− 2E(VT )/m2

νs

]2 . (3.7)

In this equation θ is the mixing angle in vacuum, mνs is the mass of the sterile neutrino,

and VT is the thermal potential. If the active neutrino να is in thermal equilibrium, the

thermal potential has the form VT = −BE (T/GeV)4 , where B = 10.88 × 10−9 when α

is in thermal equilibrium and B = 3.02 × 10−9 after α decouples from the thermal bath.

For α = e, the electrons are always coupled to the thermal bath in the era we consider,

while for α = µ or τ , the decoupling occurs at T ' 20 MeV and T ' 180 MeV, respectively.

Assuming that the mixing angle in vacuum is small, we adopt in our calculations sin2(2θm) '

sin2(2θ)/
[
1 + 2BE2(T/GeV)4/m2

νs

]2
. For vacuum mixing angles as high as sin2(2θ) = 0.1,

this approximation leads to an error of at most 10 percent in the denominator of Eq. 3.7. Note

that as T increases, the thermal potential becomes important when 1 ' 2BE2(T/GeV)4/m2
νs .

Taking E ' T , we find that thermal effects are important for T ∼> 19 GeV(mνs/keV)1/3.

In Fig. 3.1 we show the rate of sterile neutrino interactions Γs(E, T ) for sterile neutrinos

mixing with electron neutrinos with mixing angle sin2(2θ) = 0.1 and mass mνs = 1 eV and

0.1 eV (solid black and dashed black lines, respectively), the parameters relevant to explain

the anomalies in short-baseline neutrino experients. We see that in the standard cosmology,

the production of these sterile neutrinos is in equilibrium only close to the maximum of the
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Figure 3.2 (∂fνs/∂T )E/T when fνs � fνα for sterile neutrinos of mass mνs = 1 eV as a
function of temperature in the standard cosmology (blue line), kination model (red line),
and scalar-tensor model (green line). The peak rate of production has been normalized to
1 in each case. Here we considered sterile neutrino production via νs ↔ νe oscillations. We
approximate g? = 10.75.

interaction rate.

Since the expansion rate of the universe H is greater in the kination and scalar-tensor

cosmologies than the expansion rate in the standard cosmology prior to BBN (see Fig. 3.1),

Eq. 3.5 makes clear that the production rate of sterile neutrinos in the non-standard cos-

mologies is lower than in the standard cosmology. We therefore expect the relic number

density of sterile neutrinos in the kination or scalar-tensor models to be smaller than the

relic density in the standard cosmology.

As shown in Fig. 3.2, the production rate (∂fνs/∂T )E/T has a sharp peak as a function

of T . The temperature Tmax at which (∂fνs/∂T )E/T peaks in the standard cosmology is

14.0 MeV(mνs/eV)1/3, while it is 13.0 MeV(mνs/eV)1/3 and 15.5 MeV(mνs/eV)1/3 for kination

and scalar-tensor models, respectively, assuming that the peak occurs in the non-standard

cosmological phase. These values are for B = 10.88 × 10−9, which assumes that the period

of peak sterile neutrino production occurs when α is in thermal equilibrium. If α is no

longer in equilibrium during the peak production, then Tmax is increased by a factor of

(10.88/3.02)1/6 ' 1.2. In order for the peak production rate to occur during the non-standard
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cosmological phase, i.e. Tmax ≥ 4 MeV, the sterile neutrino mass must be mνs ∼> .01 eV.

Fig. 3.2 shows (∂fνs/∂T )E/T when fνs � fνα for sterile neutrinos of mass mνs = 1 eV as

a function of temperature in the standard cosmology (blue line), kination model (red line),

and scalar-tensor model (green line). The peak rate of production has been normalized to 1

in each case. Fig. 3.2 corresponds to sterile neutrinos produced via oscillations with electron

neutrinos (νs ↔ νe). In this case g? = 10.75, which is a good estimation when the peak

production occurs between the QCD phase transition (' 200 MeV) and the moment electrons

and positrons become non-relativistic (' MeV). If the peak production occurs before the

QCD phase transition, we should take g? = 90. Using the expressions for Tmax mentioned

above, and assuming for simplicity that the QCD phase transition occurs instantaneously at

T = 200 MeV, we see that the transition between g? = 90 and g? = 10.75 occurs at mνs '

3 keV, mνs ' 3.6 keV, and mνs ' 2.1 keV in the standard cosmology, kination cosmology,

and scalar-tensor cosmology, respectively.

We find that as T decreases in the standard cosmology (∂fνs/∂T )E/T increases as T−10

for T � Tmax and decreases as T 2 for T � Tmax. Similarly, (∂fνs/∂T )E/T increases as T−11

(T−9.18) for T � Tmax and decreases as T 1 (T 2.82) for T � Tmax in the kination (scalar-

tensor) model. The quick drop-off from the peak production rate as T decreases motivates

the final approximation needed to solve Eq. 3.5, i.e. to take T0 � Tmax in the standard

cosmology and Ttr � Tmax in the non-standard cosmologies, since the majority of sterile

neutrinos are produced near Tmax.

Assuming that fνα � fνs , we can rewrite Eq. 3.5 as

(
∂fνs(E, T )

∂T

)
y

' −1

4
dαG

2
F sin2(2θ)

y[
1 + 2By2T 6/m2

νs(GeV)4
]2 T 4

H
fνα , (3.8)

where y = E/T is held constant. To find the phase space distribution in each cosmology,

we must substitute the appropriate functional form of H and integrate the right side of

Eq. 3.8 over T from ∞ to T0 ' 0. Once the phase space distribution fνs is obtained, we

can compute the relic number density nνs = 2
∫
d3p/(2π)3fνs and relativistic energy density

ρνs = 2
∫
d3p/(2π)3pfνs . Using fνα ' e−E/T , this gives for T � Tmax
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fSTDνs

fνα
=
nSTDνs

nνα
=
ρSTDνs

ρνα
' 46 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)1/2
mνs

eV
(3.9)

for the standard cosmology, where nνα = (2/π2)T 3 and ρνα = (6/π2)T 4.

The sterile neutrino phase space distribution in the non-standard cosmologies can be

found similarly. Since most of the sterile neutrino production occurs during the non-standard

cosmology, we integrate Eq. 3.8 from ∞ to Ttr ' 0, and we find that for T � Tmax

fKs
fα
' 15 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)1/3(
Ttr

4 MeV

)(mνs

eV

)2/3
(
E

T

)1/3

(3.10)

in the kination cosmology. The relic number density is then

nKνs
nνα
' 21 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)1/3(
Ttr

4 MeV

)(mνs

eV

)2/3

, (3.11)

and the energy density of relativistic sterile neutrinos is

ρKνs
ρνα
' 24 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)1/3(
Ttr

4 MeV

)(mνs

eV

)2/3

. (3.12)

In the scalar-tensor model instead,

fSTs
fα
' 1.5×10−4 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)3.82/6 (mνs

eV

)3.82/3
(
E

T

)−0.82/3

, (3.13)

nSTνs
nνα
' 1.2× 10−4 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)3.82/6 (mνs

eV

)3.82/3

, (3.14)

and

ρSTνs
ρνα
' 5.4× 10−5 dαsin2(2θ)

(
90

g?

)1/2(
10.88× 10−9

B

)3.82/6 (mνs

eV

)3.82/3

. (3.15)

For comparison, we include the fraction of sterile and active neutrinos relic number
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Figure 3.3 x2fνs(x), where x = E/T , for the LSND νs coupled to electron neutrinos in
different pre-BBN cosmologies. We have taken Ttr = 4 MeV. The peak of x2fνs(x) has been
normalized to 1 in each case.

densities in a low reheating temperature cosmology found in Eq. 2 of Ref. [56]:

nLRTνs

nνα
' 10 dα sin2(2θ)

(
TR

5 MeV

)3

. (3.16)

Eqs. 3.9, 3.10, and 3.13 are only valid if the condition fνs � fνα is satisfied. These

solutions can be extended to the case when this approximation begins to fail, which happens

when the mixing angle becomes large enough. In the case that fνs ' fνα , the phase space

density of sterile neutrinos is
fνs
fνα
' 1− e−S, (3.17)

where S = fνs/fνα given in Eqs. 3.9, 3.10, and 3.13. This phase space distribution can then

be integrated numerically to find the number density and energy density of sterile neutrinos.

Fig. 3.3 shows x2fνs(x), where x = E/T , for the LSND νs coupled to electron neutrinos

for different pre-BBN cosmologies, Eqs. 3.9, 3.10, and 3.13 and Eq. 1 of Ref. [56]. We

have taken Ttr = 4 MeV. The peak of x2fνs(x) has been normalized to 1 in each case. As

can be seen in Fig. 3.3, the phase space distribution of sterile neutrinos evolving in these

cosmologies is always close to a thermal equilibrium distribution. Thus, the interactions

between the sterile and active neutrinos should not significantly affect the distribution of the
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neutrinos with sin22θ = 0.1 for the standard cosmology (blue), the kination model with Ttr =
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TR = 4 MeV (purple). The solid lines show the number density found by integrating Eq. 3.17,
while the dashed lines show the approximate analytic solutions valid when fνs � fνα . The
kink in the lines at mνs ' 3 keV is due to the approximation of an instantaneous change
from g? = 90 to g? = 10.75 at the QCD phase transition.

active neutrinos, which will retain a thermal spectrum.

In Figs. 3.4, 3.5, and 3.6 we present our results for sterile neutrinos produced via os-

cillations with electron, muon, and tau neutrinos, respectively, taking sin22θ = 0.1. We

show nνs/nνα as a function of sterile neutrino mass mνs for the standard cosmology (blue),

the kination model with Ttr = 4 MeV (red), the scalar-tensor model (green), and the low

reheating temperature model with TR = 4 MeV (purple). The solid lines show the number

density found by integrating Eq. 3.17, while the dashed lines show the approximate analytic

solutions assuming fνs � fνα . This approximation ignores the back reaction νs → να, and

breaks down as as fνs approaches fνα . The kink in the lines at mνs ' 3 keV is due to approx-

imating the QCD phase transition by an instantaneous transition in which g? = 90 goes to

g? = 10.75. The new kink at mνs ' 3× 10−3 keV (mνs ' 2 keV) in Fig. 3.5 (Fig. 3.6) is due

to the transition from B = 10.88× 10−9 to B = 3.02× 10−9 at T ' 20 MeV (T ' 180 MeV),

when α = µ (α = τ) decouples from the thermal bath, again approximated as instantaneous.

Since the number density of sterile neutrinos far from equilibrium is proportional to
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Figure 3.5 Same as Fig. 3.4 but for sterile neutrinos produced via oscillations with muon
neutrinos (νs ↔ νµ). The new kink at mνs ' 3 × 10−3 keV is due to the transition from
B = 10.88× 10−9 to B = 3.02× 10−9 at T ' 20 MeV.
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Figure 3.6 Same as Fig. 3.4 but for sterile neutrinos produced via oscillations with tau
neutrinos (νs ↔ ντ ). The new kink at mνs ' 2 keV is due to the transition from B =
10.88× 10−9 to B = 3.02× 10−9 at T ' 180 MeV.
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Figure 3.7 Upper limits on the sterile neutrino mass mνs as a function of the active-sterile
mixing sin22θ imposed by the limits on Neff in Eq. 3.3 (solid lines) and meff

νs in Eq. 3.4
(dashed lines) for the standard cosmology (blue line), the kination model with Ttr = 4 MeV,
and the low reheating temperature model with TR = 4 MeV for sterile neutrinos mixing with
electron neutrinos. The entire region shown in the plot is allowed in the scalar-tensor model
with Ttr = 4 MeV.

sin22θ, changing the value of the mixing angle simply raises or lowers the dashed lines shown

in Figs. 3.4, 3.5, and 3.6. For example, decreasing sin22θ to 0.01 lowers the position of these

lines in Figs. 3.4, 3.5, and 3.6 by a factor of 10. For any value of sin22θ the solid lines, which

are valid when fνs ' fνα , follow the dashed lines until they approach thermal equilibrium

with the active neutrinos, at which point they flatten out to nνs/nνα ' 1.

3.4 Cosmological limits on sterile neutrino masses and mixings

As can be seen in Figs. 3.4, 3.5, and 3.6, the relic number density of sterile neutrinos produced

in non-standard pre-BBN cosmologies can be significantly smaller than the number produced

in the standard cosmology. As shown in Figs. 3.7, 3.8, and 3.9, this leads to a relaxation of the

bounds on the mixing angle derived from the upper limits on Neff and meff
νs given in Eqs. 3.3
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Figure 3.8 Same as Fig. 3.7, but for sterile neutrinos mixing with muon neutrinos.
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Figure 3.9 Same as Fig. 3.7, but for sterile neutrinos mixing with tau neutrinos.
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and 3.4, respectively. We consider sterile neutrinos with mass larger than 0.01 eV to ensure

that they are produced during the non-standard pre-BBN cosmological phase. The bound

on Neff applies only to sterile neutrinos that are relativistic at the time of recombination,

thus we numerically integrated Eq. 3.17 to find ρνs in Eq. 3.1, assuming that sterile neutrinos

of mass mνs < 1 eV are entirely relativistic. The bound on meff
νs applies to sterile neutrinos

which are non-relativistic at recombination, thus their energy density is ρνs = mνsnνs . We

again numerically integrated Eq. 3.17 to compute nνs in Eq. 3.2. Applying the limits in

Eqs. 3.3 and 3.4 to neutrinos with mνs < 10 eV, we obtain the upper limits presented in

Figs. 3.7, 3.8, and 3.9.

Figs. 3.7, 3.8, and 3.9 show the upper limits on the active sterile mixing sin22θ as a

function of the sterile neutrino mass mνs for the standard cosmology (blue line), kination

model with Ttr = 4 MeV, and the low reheating temperature model with TR = 4 MeV, for

sterile neutrinos mixing with electron, muon, and tau neutrinos, respectively. The dashed

lines come from the bound on meff
νs = nνsmνs/nνα in Eq. 3.4, while the solid lines are from

the bound on Neff in Eq. 3.3. The entire region of parameter space in the figures is allowed

in the scalar-tensor model with Ttr = 4 MeV, i.e. both limits in Eqs. 3.3 and 3.4 are fulfilled

for all values of the mixing and mνs < 10 eV.

Our results show that the LSND νs, i.e. a neutrino of mass mνs ' 1 eV and mixing

angle sin22θ ' 0.08, is allowed by the bounds in Eqs. 3.3 and 3.4 in the scalar-tensor and

low reheating temperature pre-BBN cosmologies, while such a sterile neutrino would be

disfavored in the standard and kination cosmologies. Therefore, if this neutrino does exist,

its discovery could be a sign that the Universe evolves differently than in the standard

cosmology prior to BBN, either in a low reheating temperature or a scalar-tensor pre-BBN

cosmology.

Sterile neutrinos of mass mνs ∼> keV, that could make up all (or some large fraction)

of the dark matter, must have a relic energy density less than the energy density of dark

matter, i.e. Ωνs = ρνs/ρcrit ≤ ΩDM , where ρcrit is the critical density of the Universe. To

compute this bound, we use ΩDMh
2 = 0.1198, ρcrit = 1.0538h2 GeV/cm3, and h = 0.673.

[22].
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Figure 3.10 Upper limits on the sterile-active neutrino mixing sin22θ as a function of the
sterile neutrino mass mνs for mνs ∼> keV in the standard cosmology (blue line),the kination
(red line) and scalar-tensor (green line) models with Ttr = 4 MeV, and the low reheating
temperature model with TR = 4 MeV for sterile neutrinos mixing with electron neutrinos.
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Figure 3.11 Same as Fig. 3.10, but for sterile neutrinos mixing with muon neutrinos.
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Figure 3.12 Same as Fig. 3.10, but for sterile neutrinos mixing with tau neutrinos.

Figs. 3.10, 3.11, and 3.12 show the upper limits on sin22θ as a function of mνs due to Ωνs <

ΩDM for sterile neutrinos with mνs ∼> keV in the standard cosmology (blue line), the kination

(red line) and scalar-tensor (green line) models with Ttr = 4 MeV, and the low reheating

temperature model with TR = 4 MeV, for sterile neutrinos mixing with electron, muon, and

tau neutrinos, respectively. As can be seen in Figs. 3.10, 3.11, and 3.12, the upper limit on

sin22θ for each mass mνs is relaxed in the non-standard pre-BBN cosmologies we consider

since there are fewer sterile neutrinos produced than in the standard cosmology. Since X-ray

measurements, phase space density arguments and Lyman-α forest measurements apply to

sterile neutrinos making up most of the dark matter, non-standard pre-BBN cosmologies

open a new region in parameter space for sub-dominant sterile neutrinos. The experimental

discovery of a sterile neutrino forbidden in the standard cosmology and allowed in others

could, therefore, be evidence of a non-standard pre-BBN cosmology.
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3.5 General constraints on H

Here we present some general constraints on the functional dependence of H on the tem-

perature that guarantee the suppression of the present number density of sterile neutrinos

produced via the Dodelson-Widrow mechanism. We consider non-standard expansion rates

with HNS ∼ T n for n ≥ 0. If HNS changes smoothly into the standard expansion rate at

Ttr, then HNS ' πT n/(MPT
n−2
tr )

√
g?/90. In order for sterile neutrino production to remain

out of equilibrium, the interaction rate of sterile neutrinos (given in Eq. 3.6) must always be

below the expansion rate of the Universe, i.e. Γs < H. To ensure that this is satisfied, the

peak interaction rate must be

Γpeaks (Tmax) < HNS(Tmax), (3.18)

where Tmax is the temperature that the peak occurs at (see Sect. 3.3). This condition can

be rewritten to find a lower bound on n,

n > ln

(
1

π

(
90

g?

)1/2
Γpeaks MP

T 2
tr

)[
ln

(
Tmax
Ttr

)]−1

. (3.19)

For an LSND νs coupled to electron neutrinos, and taking the minimum possible value

for the transition temperature, Ttr = 4 MeV, we find that n > 4.7. This justifies that, as

we have proven before, an LSND νs enters into equilibrium in a kination cosmology since

n = 3. In addition, we note that in order to suppress the production of sterile neutrinos the

transition temperature must be smaller than the temperature at which the interaction rate

drops below the standard cosmology expansion rate, i.e. Ttr < TSC , where TSC is defined by

HSC(TSC) = Γs(TSC). For an LSND νs this is TSC = 5.3 MeV (see Fig. 3.1). If Ttr = TSC ,

Eq. 3.18 requires n > 5.

We have so far considered a smooth transition between HNS and HSC . If HNS has a quick

jump at Ttr, as in the scalar-tensor cosmology, we can find an approximate condition on HNS

for small n by considering HNS as constant during the period in which the sterile neutrino

production rate is maximum, HNS = HNS(Tmax). Under this approximation, we can solve
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Eq. 3.8, and find that the ratio nνs/nνα < r, where r is a number between 0 and 1, when

HNS(Tmax)

H
mνs=1 eV
SC (Tmax)

> 98 dαsin2(2θ)
(mνs

eV

)5/3
(

10.88× 10−9

B

)5/6

r−1, (3.20)

where H
mνs=1 eV
SC (Tmax) = 8.74 × 10−23 GeV is the value of the standard cosmology ex-

pansion rate at Tmax for sterile neutrinos with mνs = 1 eV. For the production of the

LSND νs coupled to electron neutrinos to never be in equilibrium, r = 1, so HNS(Tmax) >

8.9H
mνs=1 eV
SC (Tmax). In order for the LSND νs to be allowed by the Planck joint bounds

in Eqs. 3.3 and 3.4 (for mνs = 1 eV, Eq. 3.4 is more constraining), r = 0.42, leading to

HNS(Tmax) > 21H
mνs=1 eV
SC (Tmax).

3.6 Conclusions

In this paper we presented the effects of some non-standard pre-BBN cosmologies on the

production of sterile neutrinos. If the peak of the production rate of sterile neutrinos occurs

during the non-standard cosmological phase, we have shown that the number density of ster-

ile neutrinos produced non-resonantly could be much smaller than in the standard cosmology.

Thus, current bounds on the active-sterile neutrino mixing derived from cosmological bounds

on the energy density of sterile neutrinos can be greatly relaxed if the Universe developed

differently than the standard radiation dominated cosmology assumes. We find that if the

Universe evolves in a scalar-tensor or low reheating temperature cosmology prior to BBN, a

sterile neutrino that could explain the anomalies observed in short-baseline neutrino exper-

iments would be allowed by the Planck joint bounds in Eq. 3.3 and 3.4, although it would

be disfavored if the Universe evolved according to the standard or kination cosmologies. In

general, if the expansion rate during the non-standard cosmological phase depends on tem-

perature as T n, with n ≥ 0, and goes smoothly into the standard cosmology, the LSND νs

production would never be in equilibrium only if n > 4.7. If the non-standard expansion rate

has a quick jump at the transition into the standard cosmology, and has a very small n, the

condition is instead that the expansion rate in the non-standard cosmology at the time of
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the peak interaction rate must be 8.9 times that of the standard cosmology, and to evade

the Planck joint bounds, this number should be 21.

We also find that the kination, scalar-tensor, and low reheating temperature cosmologies

open up a new region of phase space for sterile neutrinos of mass mνs ∼> keV that do not make

up all of the dark matter. The experimental discovery of such a neutrino could, therefore,

be evidence of a non-standard pre-BBN cosmology.
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4.1 Introduction

Dark matter candidates, such as Weakly Interacting Massive Particles (WIMPs), sterile

neutrinos, and axions are produced before Big Bang Nucleosynthesis (BBN). In order to

preserve the thermal history of the Universe, including BBN and all subsequent events,

the lower limit imposed by BBN on the highest temperature of the radiation dominated

epoch (in which BBN happens), i.e. the reheating temperature, is 4 MeV [72] (see also

[34, 82, 83]). Notice that, for example, the standard freeze-out temperature of thermal

WIMPs is Tfo ' m/20, thus WIMPs with mass m > 80 MeV are produced at temperatures

above the BBN limit.

We do not know the history of the Universe at temperatures above the BBN lower limit.

Thus, in order to compute the relic abundance of dark matter candidates, assumptions must

be made about the history of the Universe prior to BBN. The standard assumption is that the

Universe was radiation dominated up to very large temperatures. However, there are other

non-standard pre-BBN cosmological models, such as low reheating temperature models, that

make different assumptions about the history of the Universe. These models make predictions

of the relic density (see e.g. Refs. [61, 48, 109, 58, 41, 54, 60, 124, 56, 55, 127, 113, 114]) and

momentum distribution (see e.g. Refs. [57, 59]) of dark matter candidates that can be very
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different from the predictions made under the assumption that the dark matter is produced

when the Universe is dominated by radiation.

Recent experiments studying the Cosmic Microwave Background (CMB), such as the

Background Imaging of Cosmic Extragalactic Polarization 2 (BICEP2) and Planck satellite

experiments, are searching for evidence of primordial gravitational waves generated during

inflation. While the BICEP2 experiment claimed the potential detection of a high level

of primordial tensor modes in the polarization pattern of the CMB [5], the expected level

of tensor modes shifted downward as the contribution due to foreground dust was better

constrained. Indeed, a recent joint analysis of BICEP2/Keck Array [7] and Planck data has

put an upper limit on the tensor-to-scalar ratio of amplitudes of perturbations produced

during inflation at the scale (so called pivot scale) k = 0.05 Mpc−1, [8]

r < 0.12 (4.1)

at the 95% confidence level. This limit can be combined with the already measured amplitude

of the scalar perturbations to find a bound on the energy scale of the inflationary potential

V of V 1/4 < 1.2× 1016 GeV.

Inflation is a period of rapid expansion of the Universe before it became dominated by

radiation. The usual inflationary models consist of a scalar field slowly rolling down an

almost flat potential (see e.g. [68, 92, 13, 93]). Reheating happens when the slow-roll period

ends and the energy of the inflaton field is converted into radiation (see [15] for a review). If

reheating is assumed to be instantaneous, then the reheating temperature, Tre, is given by

V ' π2

30
g?(Tre)T

4
re. (4.2)

Assuming that the degrees of freedom come from the particles in the Standard Model (g? '

107 for T ∼> 175 GeV), Eq. 4.2 gives Tre ∼< 7 × 1015 GeV. If reheating is instantaneous, the

Universe would be dominated by radiation up to this very large temperature.

However, the physics of reheating is highly uncertain, and the reheating period may be

56



extended. During this extended period, the energy density of the Universe decreases due

to the expansion of the Universe, and is finally converted to a radiation bath at a smaller

temperature than that given by Eq. 4.2 (see e.g. [97, 98, 99, 31, 43, 42]). This opens up the

possibility that the reheating temperature may not be much larger than the limit of 4 MeV

imposed by BBN.

Here we explore the possible range of reheating temperature values implied by some

simple inflationary and reheating models, in light of the Planck 2015 results and the recent

BICEP2/Keck Array and Planck joint analysis. In particular, we want to test whether Tre

can approach the BBN limit in any of these models. We first consider the archetypal models

of inflation, large field inflation models, which are characterized by a monomial potential.

The simplest model, V = m2φ2 [20], has received ample attention recently because it fitted

the previous data well [29, 30, 31]. Thus, we consider similar monomial (V ∝ φp) inflationary

potentials and binomial (V ∝ φp + bφq) inflationary potentials, where one of the two terms

is dominant. We consider inflationary models with potentials of m2φ2, λφ1 (motivated by

axion monodromy models [101]), and λφ4 (as in chaotic inflation [93]), and for the first time,

as a modification of the monomial potential, φp + bφq, for general p and q, but bφq−p � 1.

The reheating period can be described with an effective equation of state for a cosmic

fluid wre = P/ρ (see e.g. Ref. [97]), where P is the pressure of the fluid, ρ is the energy

density, and wre is the equation of state parameter. The conservation of energy equation,

d(ρa3) = −Pda3, where a is the scale factor, then implies that the energy density scales as

ρ ∝ a−3(1+wre). For a Universe dominated by the oscillations of a scalar field around the

minimum of a monomial potential, φp, during reheating (which can be different than the

potential during inflation), wre = (p− 2)/(p+ 2) [123]. In the canonical model of reheating

[2, 39, 14], the inflaton field oscillates about the minimum of a quadratic potential, and

decays to relativistic particles. In this case, wre = 0. As in Refs. [97, 98, 99, 31], we use

a range of wre values to parametrize the physics of the reheating period. Inflation ends

when wre ' −1/3, so during reheating, the equation of state parameter must be greater

than wre ∼> −1/3. In addition, for scalar fields ρ ≥ |P |, thus wre ≤ 1. In this paper, we

consider models with wre = 0, wre = 1/3 (corresponding to V ∝ φ4 during reheating), and
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an intermediary value, wre = 1/6, as an approximate sampling of the reasonable range of

wre. For example, Refs. [111, 44] find values of wre between 0 and 0.25, including preheating.

We also consider two extreme exotic models with wre = −1/3 (as at the end of inflation)

and wre = 2/3 (corresponding to V ∝ φ10).

The characteristics of inflation are already constrained by measurements of CMB anisotropies

and large scale structures originating from quantum fluctuations of the inflaton and gravita-

tional fields during inflation(see e.g. [105, 75, 122, 69, 17]). In addition to the BICEP2/Keck

Array and Planck joint analysis bound on r, given in Eq. 4.1, we use the Planck 2015 mea-

surement [9] of the spectral index

ns = 0.9655± 0.0062, (4.3)

and the primordial scalar amplitude

ln(1010As) = (3.089± 0.036), (4.4)

to constrain the shape of the potential. The measurements of ns and As are given here with

68% confidence limits. During the slow roll phase, ns, As, and r can be related to the height

of the inflationary potential, V , and its first and second derivatives (Vφ and Vφφ) by

ns − 1 ' M2
P

V 2

(
2VφφV − 3V 2

φ

)
, (4.5)

As '
V 3

12π2M6
PV

2
φ

, (4.6)

and

r ' 8M2
P

V 2
φ

V 2
, (4.7)

where MP = 2.4 × 1018 GeV is the reduced Planck mass. During the slow roll phase, the

parameters εV and ηV , given by

εV ≡
M2

P

2

(
Vφ
V

)2

(4.8)
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and

ηV ≡M2
P

Vφφ
V

(4.9)

are much smaller than 1.

We will compute ns and r in terms of the reheating temperature for a given inflationary

potential and reheating model (parametrized by wre). In order to do so, we start by relating

Tre with Nk and ρend, where Nk is the number of e-folds of expansion of the scale factor of

the Universe between the moment when the pivot scale, k, exits the horizon and the end

of inflation, and ρend is the energy density at the end of inflation. This relation depends

on the reheating model (namely wre). Assuming that the energy density does not change

appreciably during inflation, ρend is given by the product rAs. We then compute Nk in terms

of ns and r for each particular inflationary potential. Our work extends the analyses carried

out in Refs. [97, 98, 99, 29, 31, 106, 100, 96, 28] by including, for the first time, an analytical

treatment of binomial inflationary potentials, as well as monomial potentials, by taking a

larger range of values of wre, and by including the BICEP2/Keck Array and Planck joint

analysis bound on r as a constraint. Our approach is complementary to that of Ref. [40],

which studies the relationship between the inflaton decay rate and Tre.

We find particularly interesting that, while the well studied φ2 inflationary potential re-

produces the value of ns favored by Planck, the upper limit on r found by the BICEP2/Keck

Array and Planck joint analysis cannot be satisfied with this potential by any of the re-

heating models we consider, in agreement with Fig. 21 of Ref. [9]. The quadratic potential,

therefore, is no longer favored; a φ1 potential, however, does provide a good fit to the CMB

measurements. For this potential, the Planck 2015 68% confidence limit on ns and the upper

bound on r imply an upper bound Tre ∼< 6×1010 GeV for the reheating temperature, assum-

ing canonical reheating. Only exotic reheating models with wre < 0, such as wre = −1/3,

allow for higher reheating temperatures, with a φ1 inflationary potential. If the Universe

has a low reheating temperature, as allowed by this model, the possibility is opened that

dark matter could be produced during the reheating period instead of when the Universe is

radiation dominated, which could lead to very different predictions for the relic density and
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even momentum distribution of WIMPs, sterile neutrinos, and axions from the predictions

assuming that dark matter is produced when the Universe is radiation dominated.

4.2 Relationship between Nk and Tre

In this section, we rederive a relation between the number of e-folds, Nk = ln (aend/ak), where

aend and ak are the scale factors at the end of inflation and when the pivot scale exited the

horizon, respectively, and the reheating temperature, Tre in terms of known quantities k, r,

As, aeq, and ρeq (the last two are the scale factor and energy density at matter-radiation

equality, when the energy densities of matter and radiation are equal). We do this by tracing

the dilution of the energy density of the Universe during the reheating phase.

During reheating, the energy density, ρ, scales as ρ ∝ a−3(1+wre), where wre is the equation

of state parameter. This means that

ρend
ρre

=

(
are
aend

)3(1+wre)

, (4.10)

where ρend, ρre and aend, are are the energy density and scale factor at the end of inflation

and at the end of reheating, respectively. After reheating comes an epoch of radiation

domination (with ρ ∝ a−4), which lasts until the Universe becomes matter dominated at

matter-radiation equality. Then
ρre
ρeq

=

(
aeq
are

)4

. (4.11)

Combining Eqs. 4.10 and 4.11, we find

aend
aeq

=

(
ρeq
ρend

) 1
3(1+wre)

(
ρeq
ρre

) 3wre−1
12(wre+1)

. (4.12)

Since aend = ak exp(Nk), we can replace aend in Eq. 4.12 and solve for Nk,

Nk = ln

(
aeq
ak

)
+

1

3(1 + wre)
ln

(
ρeq
ρend

)
+

3wre − 1

12(wre + 1)
ln

(
ρeq
ρre

)
. (4.13)
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This expression is valid for any inflationary potential. This potential is needed to relate ρend

to the energy density at the pivot scale ρk. An equation similar to Eq. 4.13 is given originally

in Eq. 15 of Ref. [98], and again (but solving for Nre = ln(are/aend) and applied only to the

case of a monomial inflationary potential) in Eq. 11 of Ref. [31].

The energy density at matter-radiation equality is ρeq ' 2ρrad = 2
(
(π2/30)g?,eqT

4
eq

)
,

where Teq = (a0/aeq)T0 and g?,eq = 3.36 are the temperature and number of relativistic

degrees of freedom at matter-radiation equality, respectively. The energy density at the

end of the reheating epoch is related to the reheating temperature by ρre = (π2/30)g?,reT
4
re.

The number of relativistic degrees of freedom at the end of reheating, g?,re depends on

the reheating temperature, Tre, and is approximately given by g?,re = 107, 90, and 11 for

Tre ∼> 175 GeV, 175 GeV ∼> Tre ∼> 200 MeV, and 200 MeV ∼> Tre ∼> 1 MeV, respectively,

where T ' 200 MeV roughly corresponds to the temperature of the QCD phase transition,

and T ∼< 175 GeV is when the temperature drops below the top quark mass [22].

There are still two unknown parameters, ak and ρend, in Eq. 4.13. ak can be related to

k, r, and As because at the moment the comoving scale k exits the horizon, the Hubble

expansion rate, Hk '
√

(π2/2)M2
P rAs, is related to k and ak by Hk = k/ak. Although we

do not know ρend, we do know the energy density when the pivot scale exits the horizon,

ρk = 3M2
PH

2
k ' (3π2/2)M4

P rAs. Given a particular inflationary potential, we can calculate

the relationship between r and ns, which will allow us to find the values of Hk and ρk by

using the Planck measurement of ns given in Eq. 4.3. If the energy density during inflation is

approximately constant, then ρend ' ρk. As we will show later, this approximation introduces

an error of no more than 6% to the value of Nk in the models with wre = 0 that we consider

in subsequent sections.

Fig. 4.1 shows Nk as given in Eq. 4.13 as a function of the reheating temperature Tre for

wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3

(green), for k = 0.05 Mpc−1, the central values of the measurements of ns and As, given

in Eqs. 4.3 and 4.4, and aeq/a0 = 1/3360 [22]. To make this figure, we assumed that the

inflationary potential is quadratic. We note that taking values of ns and As at the edge of

the 68% confidence limit ranges given in Eqs. 4.3 and 4.4, respectively, will only change the
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Figure 4.1 Nk for pivot scale k = 0.05 Mpc−1 as a function of the reheating temperature Tre
for wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3
(green), using ns = 0.9655, As = 2.2 × 10−9, and aeq/a0 = 1/3360. To make this figure, we
assumed that the inflationary potential is quadratic.

calculated value of Nk by ∆Nk ' 0.1. The plot ends at Tre ' 7 × 1015 GeV because this

reheating temperature occurs when the inflaton field decays instantaneously into radiation,

thus ρend does not redshift before being transformed into radiation. The case of wre = 1/3

gives a straight line because the expansion rate in the reheating epoch is the same as in

a radiation dominated epoch. In this case, it does not matter when the Universe becomes

radiation dominated, because it expands in the same way, i.e. ρ ∝ a−4, both before and after

the transition.

Fig. 4.1 makes it clear that if the reheating temperature is known, the number of e-

folds from when the pivot point exits the horizon to the end of inflation can be calculated,

given an inflationary potential and a reheating model. As previously mentioned, the lowest

possible reheating temperature is Tre ' 4 MeV. As can be seen in Fig. 4.1, this means that

Nk ' 42.5 is the lowest allowed number of e-folds between the time when the pivot scale of

k = 0.05 Mpc−1 exits the horizon and the end of inflation for wre = 0, assuming a quadratic

inflationary potential. Lower bounds on Nk for other values of wre can be found similarly.

The upper bound for all reasonable reheating models with wre ≤ 1/3 is Nk ∼< 57.
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We made Fig. 4.1 under the assumption that the energy density is approximately constant

during inflation. If the energy density does change during inflation, i.e. ρk > ρend, we must

add the term

∆Nk =
1

3(1 + wre)
ln

(
ρk
ρend

)
(4.14)

to the right side of Eq. 4.13. In the models we consider in the subsequent sections, the ratio

of the energy density when the pivot scale leaves the horizon to the energy density at the end

of inflation varies from ρk/ρend ' 15 to ρk/ρend ' 3700, which leads to a shift of ∆Nk ' 0.9

to ∆Nk ' 2.7 for wre = 0. A similar estimation can be made for other values of wre, and

∆Nk is always small.

4.3 Constraints on Tre from ns and r

In this section we find expressions for the spectral index, ns, and the tensor-to-scalar ratio,

r, for monomial (V ∝ φp) and binomial (V = φp + bφq) potentials, as a function of Nk. We

then use the ranges of r and ns, given in Eqs. 4.1 and 4.3 respectively, to derive constraints

on Nk, and subsequently Tre.

4.3.1 Monomial potentials

The simplest models of the inflaton potential are monomial potentials. These potentials

have the form

V (φ) = λM4
P

(
φ

MP

)p
. (4.15)

The slow roll parameters εV and ηV are given by

εV ≡
M2

P

2

(
Vφ
V

)2

=
p2

2

(
Mp

φ

)2

, (4.16)

and

ηV ≡M2
P

Vφφ
V

= p(p− 1)

(
MP

φ

)2

. (4.17)
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At the end of inflation, i.e. when the slow roll approximations break down, the first slow roll

parameter is generally taken to be εV = εend ' 1. Thus the value of the inflaton field at the

end of inflation is
φend
MP

=
p√

2εend
. (4.18)

When the slow roll approximation holds,

Nk '
1

M2
P

∫ φk

φend

V

Vφ
dφ, (4.19)

where MP is the reduced Planck mass, V is the inflaton potential, Vφ is the derivative of the

potential, and φk and φend are the values of the inflaton field when the pivot scale exits the

horizon and at the end of inflation, respectively.

Using Eq. 4.19, we can then find an expression for Nk in the case of monomial potentials

Nk =
1

2p

[(
φk
MP

)2

− p2

2εend

]
. (4.20)

This relation can be inverted to solve for the value of the inflaton field when the pivot scale

exits the horizon (
φk
MP

)2

= 2pNk +
p2

2εend
, (4.21)

and finally we find expressions for εV and ηV as a function of Nk

εV =
pεend

4Nkεend + p
(4.22)

and

ηV =
2(p− 1)εend
4Nkεend + p

. (4.23)

The spectral index, ns, and the tensor-to-scalar ratio, r, are given in terms of the slow

roll parameters,

ns − 1 ' 2ηV − 6εV , (4.24)
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Figure 4.2 The spectral index, ns (left vertical axis) and the tensor-to-scalar ratio, r (right
vertical axis), measured at pivot point k = 0.05 Mpc−1 as a function of Tre for p = 2, and
wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3
(green). To find Nk, we used the same values used in Fig. 4.1. The light red area marks the
68% confidence limit range of the Planck 2015 measurement of ns, while the light blue area
marks the range of r allowed by the BICEP2/Keck Array and Planck joint analysis. The
light purple area is where these two regions overlap.

and

r ' 16εV , (4.25)

which for monomial potentials gives

ns − 1 ' −2(p+ 2)εend
4Nkεend + p

, (4.26)

and

r ' 16pεend
4Nkεend + p

. (4.27)

We can see from Eqs. 4.26 and 4.27 that for monomial inflationary potentials, the tensor-to-

scalar can be related to the spectral index by

ns − 1 =
−(p+ 2)r

8p
. (4.28)

Fig. 4.2 shows the spectral index, ns (left vertical axis) and the tensor-to-scalar ratio, r
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Figure 4.3 Same as Fig. 4.2, but for p = 1.

(right vertical axis), measured at pivot point k = 0.05 Mpc−1 as a function of Tre for p = 2,

and wre = 0 (black), wre = 1/6 (red), wre = 1/3 (blue), wre = −1/3 (purple), and wre = 2/3

(green). To find Nk, we used the same values used in Fig. 4.1. The light red area marks the

68% confidence limit range of the Planck 2015 measurement of ns, while the light blue area

marks the range of r allowed by the BICEP2/Keck Array and Planck joint analysis. The

light purple area is where these two regions overlap.

We clarify that we used the central value of ns = 0.9655 to calculate the value of the

inflaton potential in order to find Nk. Nk is in turn used to calculate r and ns. However, if ns

is allowed to vary between 0.87 and 0.97, as predicted by the models we consider in Fig. 4.2,

the value of Nk is changed by no more than 0.5 (i.e. no more than 1.5%) for wre = 0.

We see that for the well studied φ2 inflationary potential, while the models reproduce

the value of ns measured by Planck, the upper limit on r found by the BICEP2/Keck Array

and Plank joint analysis cannot be satisfied by any of these reheating models. Even for

the exotic wre = 2/3 model, the predicted value of r does not fall below r < 0.12 until the

predicted reheating temperature drops below the BBN limit of 4 MeV. Thus we see that the

φ2 inflaton potential is no longer favored by current CMB data, in agreement with Fig. 21

of Ref. [9].
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Figure 4.4 Same as Fig. 4.2, but for p = 4.

Figs. 4.3 and 4.4 are the same as Fig. 4.2, but for p = 1 and p = 4, respectively. We

find that a φ1 potential fits the CMB measurements better than the φ2 model. We see that

the 68% confidence limit on ns implies an upper bound of Tre ∼< 6 × 1010 GeV, assuming

canonical reheating. Only exotic reheating models with wre < 0, such as wre = −1/3, allow

for higher reheating temperatures. In fact, with wre = −1/3, the 68% confidence limit range

in ns translates to the range 107 GeV ∼< Tre ∼< 2 × 1014 GeV for the reheating temperature.

Instantaneous reheating is not allowed by the CMB measurements. Models with wre = 1/6

restrict the reheating temperature to Tre ∼< 7×103 GeV, while models with wre ≥ 1/3 predict

values of ns that are outside of the Planck 2015 68% confidence limit range for all possible

reheating temperatures. We find that for a φ4 potential, the predicted values of ns and r are

outside of the CMB limits for all possible reheating temperatures.

In this section, we have presented bounds on Tre for models with power law index p = 1,

2, and 4, and equation of state parameter wre = 0, 1/6, 1/3, −1/3, and 2/3. However, a

similar analysis, making use of Eqs. 4.26 and 4.27, can be performed for models with other

power law indexes and equation of state parameters.

67



4.3.2 Binomial potentials

We have seen in the previous section that instantaneous reheating is not allowed in the φ1

model. We now examine analytically, for the first time, the impact of a small departure

from this potential by studying binomial inflationary potentials. By adding a second term

to the potential, we wish to find how much of a departure is necessary to allow instantaneous

reheating, and then how much of a departure it takes before the lowest possible reheating

temperature of 4 MeV is excluded. We thus consider models with inflationary potenials with

two terms, taking the form

V (φ) = λM4
P

[(
φ

MP

)p
+ b

(
φ

MP

)q]
. (4.29)

With this potential, the slow roll parameters are

εV =
1

2

(
MP

φ

)2

[
p+ bq

(
φ
MP

)q−p]2

[
1 + b

(
φ
MP

)q−p]2 (4.30)

and

ηV =

(
MP

φ

)2 p(p− 1) + bq(q − 1)
(

φ
MP

)q−p
1 + b

(
φ
MP

)q−p . (4.31)

The number of e-folds from when the pivot scale exits the horizon until the end of inflation

is

Nk =
1

MP

∫ φk

φend

φ

MP

1 + b
(

φ
MP

)q−p
p+ bq

(
φ
MP

)q−pdφ. (4.32)

If the first term of the potential dominates over the second term during inflation, i.e.

1� b

(
φ

MP

)q−p
(4.33)
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and assuming q/p ∼ O(1), Eq. 4.32 simplifies to

Nk '
1

MP

∫ φk

φend

1

p

φ

MP

[
1 + b

(
1− q

p

)(
φ

MP

)q−p]
dφ. (4.34)

The solution to this integral is

Nk '
1

2p


(
φ2
k − φ2

end

M2
P

)
+

2b
(

1− q
p

)
q − p+ 2

[(
φk
MP

)q−p+2

−
(
φend
MP

)q−p+2
] . (4.35)

The first term on the right side of Eq. 4.35 is the same as in the case of a monomial potential,

and the second term is the first order correction.

As in the case of the monomial potential, we want to find expressions for the slow roll

parameters as functions of Nk. If the first term in the potential dominates over the second,

Eq. 4.30 simplifies to

εV '
p2

2

(
φ

MP

)−2

+ p2b

(
q

p
− 1

)(
φ

MP

)q−p−2

. (4.36)

Rearranging this formula, and again using the approximation that the second term of the

potential is subdominant, we find that

(
φ

MP

)2

' p2

2εV
+ 2b

(
q

p
− 1

)(
p2

2εV

)(q−p+2)/2

. (4.37)

Using this expression in Eq. 4.35 and keeping only the first order correction, we find

Nk '
1

2p

{
p2

2εV
+ 2b

(
p2

2εV

)(q−p+2)/2(
q

p
− 1

)(
1− 1

q − p+ 2

)}
. (4.38)

A similar process can be followed for the second slow roll parameter, ηV

Nk '
1

2p

p(p− 1)

ηV
+ b

(
p(p− 1)

ηV

)(q−p+2)/2
q(q − 1)− p(p− 1)

p(p− 1)
+

2
(

1− q
p

)
q − p+ 2

 , (4.39)
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which is valid for all p 6= 1. In the case of p = 1, we find instead

Nk '
(
bq(q − 1)

ηV

)2/(3−q)

− b

3

(
bq(q − 1)

ηV

)3/(3−q)

(4.40)

By inverting Eqs. 4.38 and 4.39 (or 4.40 for p = 1) we can then find an equation for εV

and ηV in terms of the parameter b and Nk. To do this, we must use particular values of p

and q. Once we solve these equations, we use Eqs. 4.24 and 4.25 to find the predicted values

of ns and r.

4.3.3 Study of V ∝ φ/Mp + b(φ/Mp)
2 potentials

We now focus on the interesting case of a binomial potential with p = 1 and q = 2. We

particularly wish to find out how much of a departure from a simple φ1 monomial potential

is necessary to allow instantaneous reheating, and how much of a departure it takes before

the lowest possible reheating temperature of 4 MeV is excluded by the Planck 2015 68%

confidence limits.

Before plotting ns and r as functions of Tre, it is useful to know which values of b are

allowed by the approximation that the second term in the potential is subdominant to the

first. For p = 1 and q = 2, we need to satisfy 1 � b(φ/MP )1 during inflation. Keeping

the leading term in Eq. 4.36, (φ/MP )2 ' p2/(2εV ) and using Eq. 4.38, even with Nk at its

maximum value of 57 (assuming canonical reheating), we find that b ∼< 10−1 is enough to

ensure that the second term in the potential is subdominant to the first.

Fig. 4.5 shows the spectral index, ns (left) and the tensor-to-scalar ratio, r (right), mea-

sured at pivot scale k = 0.05 Mpc−1 as a function of Tre for a binomial potential with p = 1,

q = 2, b = 10−2, and wre = 0 (black dashed), wre = 1/6 (red dashed), wre = 1/3 (blue

dashed), wre = −1/3 (purple dashed), and wre = 2/3 (green dashed). The solid black, red,

blue, purple, and green lines show ns and r for the corresponding monomial potential with

p = 1. To find Nk, we used the same values used in Fig. 4.1. The red and blue shaded

areas mark the 68% confidence limit region allowed by the Planck 2015 measurement of the
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Figure 4.5 The spectral index, ns (left) and the tensor-to-scalar ratio, r (right), measured
at pivot scale k = 0.05 Mpc−1 as a function of Tre for a binomial potential with p = 1,
q = 2, b = 10−2, and wre = 0 (black dashed), wre = 1/6 (red dashed), wre = 1/3 (blue
dashed), wre = −1/3 (purple dashed), and wre = 2/3 (green dashed). The solid black, red,
blue, purple, and green lines show ns and r for the corresponding monomial potential with
p = 1. To find Nk, we used the same values used in Fig. 4.1. The red and blue shaded
areas mark the 68% confidence limit region allowed by the Planck 2015 measurement of the
spectral index and the BICEP2/Keck Array and Planck joint analysis upper bound on the
tensor-to-scalar ratio, respectively. We are no longer able to plot both ns and r on the same
plot, since the relationship between the two now depends on the parameter b.

spectral index and the BICEP2/Keck Array and Planck joint analysis upper bound on the

tensor-to-scalar ratio, respectively. We are no longer able to plot both ns and r on the same

plot, since the relationship between the two now depends on the parameter b. As expected,

when the second term in the potential is subdominant to the first, the dashed lines closely

follow the solid lines for a monomial potential with p = 1, but are slightly offset in the

direction of the lines for a monomial potential with p = 2. As b increases, the dashed lines

move increasingly farther from the solid lines, and toward the lines for a monomial potential

with p = 2.

In particular, we want to understand how the limits on Tre change as b increases. The

range of values of Tre with predicted values of r and ns that fall within the ranges given in

Eqs. 4.1 and 4.3, respectively, can be read off of Fig. 4.5. In the case of canonical reheating

(wre = 0), with p = 1, q = 2, and b = 10−2, the constraints are relaxed, compared to those

of a monomial potential with p = 1, because the addition of the second term in the potential

lowers the predicted value of ns. In this case, we see that instantaneous reheating is allowed
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(as compared with an upper limit of Tre < 6× 1010 GeV for a pure monomial potential with

p = 1). The lowest reheating temperature of 4 Mev is also allowed in this case.

Finally, we can find how much deviation from a monomial potential with p = 1 is neces-

sary to allow instantaneous reheating, and how much of a depature it takes before the lowest

possible reheating temperature is no longer allowed. We find that in the case of binomial

potentials with p = 1 and q = 2, as the subdominant term increases (i.e. b gets larger),

instantaneous reheating is allowed for the first time when b = 5.3×10−3, when the predicted

value of ns falls within the 68% confidence limit range of the Planck 2015 measurement.

Assuming canonical reheating, the lowest reheating temperature of 4 MeV is also allowed by

this value of b. As the subdominant term continues to increase, the predicted value of ns at

Tre = 4 MeV first falls out of the 68% confidence limit range of the Planck measurement when

b = 1.4×10−2. This means that when b takes values between 5.3×10−3 < b < 1.4×10−2, all

possible values of the reheating temperature are allowed by the Planck 2015 68% confidence

limit range on ns and the BICEP2/Keck Array and Planck joint analysis upper bound on r,

assuming canonical reheating.

While we have considered the interesting case of a binomial potential with p = 1 and

q = 2, a similar analysis for inflaton potentials with different values of p and q can be carried

out using the procedure described in Section 4.3.2. Corresponding limits on the reheating

temperature of the Universe can then be found for these models as well.

4.4 Conclusions

In this paper we rederived the relationship between the number of e-folds from when the

pivot scale exits the horizon until the end of inflation and the reheating temperature. We

find that in the case of canonical reheating, and a quadratic inflationary potential, the lower

bound on Nk, measured at pivot scale k = 0.05 Mpc−1, is Nk ∼> 42.5. In addition, for

reheating scenarios with wre ≤ 1/3, Nk cannot exceed 57. If our assumption that the energy

density of the Universe remains constant during inflation does not hold, then the upper

limit will be raised. For example, if the energy density falls by a factor of ρk/ρend ' 3700
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between when the pivot scale left the horizon and the end of inflation, as in the most quickly

falling potential we considered, then the upper limit will be raised by ∆Nk ' 2.7 e-folds, for

wre = 0.

We then found the dependence of the spectral index, ns, and the tensor-to-scalar ratio,

r, on Nk (and thereby Tre) for the archetypal models of inflation, large field inflation models,

which are characterized by a monomial potential. We also studied, as a modification of the

monomial potential, binomial inflationary potentials in which one term dominates over the

other. We used the measurement of ns made by Planck 2015 (given in Eq. 4.3) and the upper

limit on r given by the joint analysis of the BICEP2/Keck Array and Planck experiments

(given in Eq. 4.1) to constrain the possible reheating temperatures of these models. We see

that for the well studied φ2 inflationary potential, while the models reproduce the value of

ns favored by Planck, the upper limit on r found by the BICEP2/Keck Array and Plank

joint analysis cannot be satisfied by any of the reheating models we consider, in agreement

with Fig. 21 of Ref [9]. Even for the exotic wre = 2/3 model, the predicted value of r does

not fall below r < 0.12 until the predicted reheating temperature drops below the BBN limit

of 4 MeV. Thus we find that the φ2 inflaton potential is no longer favored by current CMB

data.

We see that a φ1 potential provides a good fit to the CMB measurements. We find

that the Planck 2015 68% confidence limit range on ns implies an upper bound of Tre ∼<

6 × 1010 GeV, assuming canonical reheating. Only exotic reheating models with wre < 0,

such as wre = −1/3, allow for higher reheating temperatures. In fact, with wre = −1/3, the

68% confidence limit range in ns translates to the range 107 GeV ∼< Tre ∼< 2×1014 GeV for the

reheating temperature. Instantaneous reheating is not allowed by the CMB measurements.

Models with wre = 1/6 restrict the reheating temperature to Tre ∼< 7×103 GeV, while models

with wre ≥ 1/3 predict values of ns that are outside of the 68% confidence limit range of the

Planck measurement for all possible reheating temperatures. We see that for a φ4 potential,

the predicted values of ns and r are outside of the CMB limits for all possible reheating

temperatures.

We then explored, for the first time, inflationary models with binomial potentials (V ∝
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φp+bφq) for general p and q, and use our results to find how much deviation from a monomial

potential with p = 1 is necessary to allow instantaneous reheating, and how much of a

depature it takes before the lowest possible reheating temperature is no longer allowed. We

find that in the case of binomial potentials with p = 1 and q = 2, as the subdominant

(φ2) term increases (i.e. b gets larger), instantaneous reheating is allowed for the first time

when b = 5.3 × 10−3, when the predicted value of ns falls within the 68% confidence limit

range of the Planck 2015 measurement. Assuming canonical reheating, the lowest reheating

temperature of 4 MeV is also allowed by this value of b. As the subdominant term continues

to increase, the predicted value of ns at Tre = 4 MeV first falls out of the 68% confidence

limit range of the Planck measurement when b = 1.4× 10−2. This means that when b takes

values between 5.3× 10−3 < b < 1.4× 10−2, all possible values of the reheating temperature

are allowed by the Planck 2015 68% confidence limit range on ns and the BICEP2/Keck

Array and Planck upper bound on r, assuming canonical reheating.

We find particularly interesting that for a monomial potential with p = 1, the 68%

confidence limits on ns and the upper bound on r imply an upper bound Tre ∼< 6× 1010 for

the reheating temperature, assuming canonical reheating. If the Universe has a low reheating

temperature, like those allowed in this model, the possibility is opened that dark matter could

be produced during the reheating period instead of when the Universe is radiation dominated,

which could lead to very different predictions for the relic density and even momentum

distribution of WIMPs, sterile neutrinos, and axions from the predictions assuming that

dark matter is produced when the Universe is radiation dominated.
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