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Abstract

We present a comprehensive analysis of natural modes of a planar metamaterial layer (metalayer) formed by arrayed pairs of
metallic dogbone-shaped conductors separated by a thin dielectric layer. The in-plane modes are classified based on the symmetric
and anti-symmetric current distributions in the pairs. Of particular interest are the anti-symmetric modes, since the anti-symmetric
current is associated with the magnetic resonance in metamaterial particles made of tightly coupled pairs. It is shown that the modal
spectrum includes both TE and TM bound (proper real) and leaky (proper complex and improper complex) modes. An interesting

observation is that a peculiar dominant TM improper leaky wave with a low attenuation constant, for the anti-symmetric current
distribution, occurs at low frequencies, with a potential application in periodic leaky-wave antennas.
© 2011 Elsevier B.V. All rights reserved.

PACS: 41.20.Jb (electromagnetic wave propagation; radiowave propagation)

ackwa
Keywords: Planar metamaterial layer; Surface waves; Leaky waves; B

1. Introduction

Backward waves through a metamaterial made of a
stack of layers (metalayers) formed by arrayed pairs of
dogbone-shaped conductors separated by an electrically
thin dielectric layer, have been recently analyzed [1].

The design proposed in [1], based on electromagnetically
tightly coupled paired scatterers (in the sense of electro-
magnetic interaction, without electrically connecting the
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44585918.

E-mail addresses: baccarelli@die.uniroma1.it (P. Baccarelli),
f.capolino@uci.edu (F. Capolino), yakovlev@olemiss.edu
(A.B. Yakovlev).
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paired conductors), constitutes indeed a general strategy
in the realization of bulk [three-dimensional (3D)] meta-
materials [2]. The pairing approach has been used in a
variety of examples, from microwaves [3–5] to optical
frequencies [6,7]. Recently, dogbone-like particles have
been extended to the two-dimensional (2D) isotropic
case by using pairs of metallic Jerusalem crosses [8,9]
and pairs of tripoles [10]. In contrast to metamaterials
made of split-ring resonators and wires, the designs pro-
posed in [1,8] are fully planar, which is advantageous
when few layers are needed, especially at very high fre-

quencies, e.g., millimeter-wave and THz frequencies.
In [1], the authors have focused on analyzing the sym-
metric and anti-symmetric mode resonances supported
by each pair in the constitutive cells, and on the nega-
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Fig. 1. (a) A layer of the metamaterial formed by a periodic arrange-
ment, along x- and y-directions, of tightly coupled pairs of dogbones.
(b) Top view of the metamaterial unit cell, periodic along the x-
and y-directions, with periods A and B, respectively. In all simula-
tions the following default parameters have been used: A = B = 7.5 mm,
P. Baccarelli et al. / M

ive refraction index behavior for waves traveling across
tacked layers. It has been shown that a metamaterial
ade by stacking layers of dogbone pairs supports a

ositive-index frequency band at low frequencies, and
negative-index frequency band at slightly higher fre-

uencies.
In most of the studies on metamaterials, researchers

ave limited their analyses to the plane-wave incidence
rthogonal to the metamaterial layers. Metamaterials
roposed in the past may guide waves along different
irections, especially in the presence of anisotropy. How-
ver, even a single metamaterial layer (metalayer) and, in
eneral, a stack of planar layers may support modal prop-
gation in the planar direction (along the metalayers),
hich could significantly alter the metamaterial per-

ormance. Indeed, localized scatterers, imperfections,
r transverse truncation of layers would be capable
f exciting modes propagating along the metalayer.
he intention of this work is to shed light on unusual
uided propagation along metalayers, with particular
ttention to in-plane modes with anti-symmetric cur-
ent distributions. Moreover, peculiar features of this
ind of metamaterial arrangement, such as the transmis-
ion and reflection properties through a layer of dogbone
airs, can find a suitable alternative or complementary
xplanation in terms of the relevant in-plane modal char-
cteristics [11]. In addition, the presence of appropriate
eaky modes of the metalayer is potentially useful in the
esign of leaky-wave antennas, when a proper excitation
s considered.

In this work, the modal (wavenumber–frequency) dis-
ersion in the planar direction for a single metalayer
ade of pairs of dogbone-shaped metallic conductors is

nalyzed by using a well-established method of moments
pproach [12], whose results have been validated for a
ariety of planar periodic structures with different ad
oc and commercial full-wave software [12–14]. Sur-
ace waves (i.e., bound waves) and proper and improper
eaky waves are accurately investigated for a meta-
ayer. The natural modes are classified in terms of TE
nd TM polarizations of the symmetric dielectric slab,
hich are perturbed by the presence of arrayed pairs
f metallic dogbones, and in this paper will be referred
o as perturbed TE and TM modes. Furthermore, these

odes are categorized in terms of their symmetric or
nti-symmetric current distributions with respect to the
ymmetry plane between the two conductors, at z = 0 in
ig. 1.
In previous studies one of the co-authors has shown
hat anti-symmetric currents exhibit a resonance (called
magnetic resonance”), which is related to artificial
agnetism and thus responsible for the negative refrac-
A1 = B2 = 0.5 mm, A2 = 7.4 mm, and B1 = 4 mm. The substrate has
thickness H = 2 mm and dielectric constant εr = 2.2, as in [8].

tive index in a metalayer made by a stack of dogbone
layers [1,2]. Here, we clearly show that such anti-
symmetric current distribution can be associated, in a
certain frequency range, with a TM improper leaky wave
propagating along the metalayer, which can give rise
to leaky-wave radiation in proximity of the magnetic
resonance when excited by a localized source. Fur-
thermore, it can be noted that, because of the image
principle, an anti-symmetric current distribution in a
layer of thickness H of dogbone pairs is equivalent to a
current distribution in a layer of single dogbones at a dis-
tance H/2 from a ground plane. Therefore, our analysis
is directly applicable to the study of modal propagation
in artificial magnetic surfaces (as high-impedance sur-
faces). Indeed, such a structure (i.e., a single layer of
dogbones or, more generally, Jerusalem crosses, printed

on a thin grounded dielectric slab) has been used as
an artificial magnetic substrate [15,16] for a low-profile
dipole antenna [17,18].
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The paper is organized as follows. A summary of
Floquet representation for periodic structures is given
in Section 2, followed in Section 3 by the analysis of
dispersion properties of symmetric and anti-symmetric
in-plane natural modes for a layer of electromagneti-
cally tightly coupled pairs of dogbones. Conclusions are
drawn in Section 4.

2. Modal analysis – Floquet representation

A complete characterization of modal spectrum is
proposed for the metalayer with the geometry shown
in Fig. 1. Since the structure consists of a dielectric
layer with a 2D array of dogbone pairs in the x–y plane,
symmetric with respect to the plane z = 0, the analy-
sis has been carried out in terms of symmetric and
anti-symmetric modes. A modal propagation along the
principal transverse directions (x and y) is considered.
Because of the periodicity (with spatial periods A and
B along x and y, respectively), modal fields admit the
following representation

E(x, y, z) =
+∞∑

m,n=−∞
emn(z)e−jkx,mxe−jky,ny (1)

in terms of an infinite number of Floquet harmonics
along the x- and y-directions, with complex propagation
wavenumbers [12,19],

kx,m = βx,m − jαx =
(

βx,0 + 2πm

A

)
− jαx (2)

ky,n = βy,n − jαy =
(

βy,0 + 2πn

B

)
− jαy (3)

The time dependence ejωt is assumed and suppressed.
It should be noted that we assume without loss of gener-
ality (m, n) = (0, 0) for the fundamental harmonic. Away
from the planes z = H/2 and z = −H/2, the Floquet har-
monics of a mode behave as emn(z) ∝ exp(−jkz,mn |z|),
where the z-directed (m, n)th Floquet wavenumber is

kz,mn =
√

k2
0 − k2

x,m − k2
y,n = βz,mn − jαz,mn (4)

and k0 is the free-space wavenumber. Depending on the
value of the phase and attenuation constants in the x-
and y-directions, we distinguish among a few cases cat-
egorized in [12,19]. Surface-wave modes bounded to the
layer do not radiate power away from the transverse plane

containing the periodic structure, i.e., all Floquet har-
monics have a phase velocity slower than that of light in

the surrounding medium, i.e.,
(
β2

x,m + β2
y,n

)1/2
> k0,

for all (m, n) indexes. Vice versa, physical leaky modes
erials 5 (2011) 26–35

are the complex modes that radiate power away from
the transverse plane containing the periodic structure,
because at least one Floquet harmonic has a phase veloc-
ity faster than that of light in the surrounding medium,

i.e.,
(
β2

x,m + β2
y,n

)1/2
< k0, for at least one pair of

(m, n). We observe [see (2) and (3)] that all Floquet
wavenumbers kx,m and ky,n, with varying indexes m and
n, have the same imaginary parts αx and αy, respectively.
Based on the choice of the imaginary part of the vertical
wavenumber of the Floquet harmonics kz,mn, different
cases are distinguished based on αz,mn > 0 (proper, or
exponentially decaying for increasing |z|) and αz,mn < 0
(improper, or exponentially growing for increasing |z|)
[12,19]. A leaky mode with one or more improper Flo-
quet harmonics can be physical, as detailed in [12].
However, a more general definition of physical and non-
physical modes is related to an excitation problem, such
that a physical mode is a mode that can be excited by
a source, whereas a non-physical mode is a mathemati-
cal solution and cannot be excited [19–21]. A thorough
description of leaky modes can be found in [22–26].

We finally recall that in the lossless case, the mathe-
matical modal solution (kx,m, ky,n) of the transcendental
equation, for structures that satisfy the reciprocity the-
orem like the present one, exhibit certain symmetry
properties. In particular, if kx,m is a solution, when ky,0 = 0
and n = 0, then, due to the conjugate property of the
modal solution and to the bidirectionality property of
the periodic structure [28,29], there are other three modal
solutions [30]: −kx,m, (kx,m)*, and (−kx,m)*, where the
asterisk * means complex conjugate. Whereas, for a
lossy case only one symmetry property is satisfied, i.e.,
if kx,m is a solution, then −kx,m is also a solution [29].

3. Symmetric and anti-symmetric modes

The in-plane natural modes, in the array of dogbone
pairs, are classified in terms of their symmetry with
respect to the plane z = 0, which is the geometrical sym-
metry plane (Fig. 1). The modes with currents flowing on
the metallic dogbone pairs in the same direction, for z > 0
and z < 0, are defined as symmetric modes. Vice versa,
the modes with currents flowing in the opposite direc-
tions, for z > 0 and z < 0, are denoted as anti-symmetric
modes [1,2]. We took advantage of this classification
based on the symmetry by modeling a half of the struc-
ture in the presence of either a perfect electric conductor

(PEC) or perfect magnetic conductor (PMC) symme-
try plane placed in the middle of the layer. Therefore,
numerically we model only the top conductor on half of
the dielectric layer with either PEC or PMC plane, and
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Fig. 2. Brillouin diagram showing the radiative (fast-wave) and bound
(slow-wave) regions for modes propagating along the principal axes
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or the 2D periodic structure as in Fig. 1(a). The lines βx,y = ±k0 and
heir periodic replicas are plotted using gray solid lines. The fast-wave
egion is indicated as a shadowed gray region.

eriodic boundary conditions imposed along the x- and
-directions.

Because of space limitation, and without deterring the
uality of the information, we show here only complex
odes with the fundamental (m, n) = (0, 0) harmonic

ropagating along the principal axes, i.e., either ky,0 = 0
modes propagating along the x-direction) or kx,0 = 0
modes propagating along the y-direction). In particular,
he complete dispersion properties of phase constants
x,m and βy,n of Floquet harmonics propagating along

he principal x- and y-directions, respectively, are pre-
ented by using the Brillouin dispersion diagram shown
n Fig. 2, where bound, stopband, and radiating regimes
an be easily displayed [25]. The dispersive behavior
f the Floquet harmonics is reported as a plot of fre-
uency versus βxA/π (βyB/π) in the first Brillouin zone,
.e., −1 < βxA/π < 1 (−1 < βyB/π < 1) in Fig. 2, where βx

βy) represents the phase constant of any particular Flo-
uet harmonic along x- (or y-) direction, and A (B) is the
eriod [25,31].

It should be noted that, for modes propagating along
he x- (or y-) direction, a fast Floquet harmonic is such
hat |βx,m| < k0 (|βy,n| < k0) and, hence, it lies in the shad-
wed gray region (fast-wave region) in the Brillouin
iagram in Fig. 2. Furthermore, a fast Floquet harmonic
s leaky forward (improper determination) if βx,mαx > 0
βy,nαy > 0), which implies that the leaky mode is atten-
ated along the positive or negative x- (or y-) direction,
.e., αx > 0 (αy > 0) or αx < 0 (αy < 0), respectively, and
he Floquet harmonic radiates in free space with βx,m > 0
βy,n > 0) or βx,m < 0 (βy,n < 0), respectively [12,19,25].

n contrast, a fast Floquet harmonic is leaky backward
proper determination) if βx,mαx < 0 (βy,nαy < 0), which
mplies that the leaky mode is attenuated along the pos-
tive or negative x- (or y-) direction, i.e., αx > 0 (αy > 0)
erials 5 (2011) 26–35 29

or αx < 0 (αy < 0), respectively, and the Floquet har-
monic radiates in free space with βx,m < 0 (βy,n < 0) or
βx,m > 0 (βy,n > 0), respectively [12,19,25]. A physical
leaky mode has at least one proper or improper Floquet
harmonic which is in the fast-wave region in Fig. 2.

In the following, we will observe and classify in-plane
modes with both positive and negative group velocities
∂ω/∂βx,m (or ∂ω/∂βy,n) in the first Brillouin zone. In gen-
eral, a forward Floquet harmonic has phase and group
velocities along the same direction and is displayed in
the Brillouin diagram with a dispersion curve that has a
positive (negative) slope when the phase constant is pos-
itive (negative), whereas a backward Floquet harmonic
has phase and group velocities along opposite directions
and is displayed in the Brillouin diagram with a disper-
sion curve that has a negative (positive) slope when the
phase constant is positive (negative) [25,31].

Since the dogbones are mainly sensitive to the electric
field polarized along the direction of the dogbone central
conductor (the x-direction in Fig. 1), modes with the
electric field mainly polarized along the y-direction will
behave similar to those in a dielectric slab of thickness
H (without dogbones). In contrast, the modes with the
electric field along the x-direction are strongly affected
by the presence of the dogbones.

In this paper we have chosen the dimensions of dog-
bones and the periodicities of dogbone pairs along x
and y as in [8], so that the in-plane modal analysis
presented here can be associated with the metamaterial
performance shown in [8]. It should be noted that in
[8] an array of pairs of Jerusalem crosses was analyzed,
which however behaves as an array of dogbone pairs
for a fixed polarization with electric field along one of
the axes. Therefore, the default chosen parameters as
defined in Fig. 1 are: A = B = 7.5 mm, A1 = B2 = 0.5 mm,
A2 = 7.4 mm, and B1 = 4 mm. The substrate has thick-
ness H = 2 mm and dielectric constant εr = 2.2, as in
[8].

3.1. Symmetric modes: TE and TM polarizations

3.1.1. Modes propagating along the x-direction
The TE modes of a dielectric slab with thickness H

propagating along x (i.e., the modes with the electric field
mainly along the y-direction) are weakly perturbed by the
dogbone conductors at low frequencies. In Fig. 3(a) the
normalized Floquet-harmonic phase constants βx,mA/π
of the fundamental perturbed TE mode (gray curves)

are shown as function of frequency in the first Bril-
louin region (−1 < βxA/π < 1) of the Brillouin diagram.
At low frequencies this mode, which does not have cut-
off, behaves similar to that of the dielectric slab with
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stant β

ase con
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Fig. 3. Brillouin diagram: (a) frequency versus normalized phase con
for symmetric modes propagating along the x-direction. Legend: (a) ph
dotted lines – improper real. (b) Attenuation constant: dashed-dotted
lines. The fast-wave region is indicated as a shadowed gray region.

the phase constant of the fundamental (m, n) = (0, 0) har-
monic (gray solid curve) that is almost superimposed
to the light line βx = ±k0 (light gray thin solid lines
in Fig. 3(a)). When the frequency increases the TE0
mode interacts with the dogbone pairs and in the fre-
quency range between 17.5 GHz and 19.5 GHz it is in
a closed stopband regime (associated with the Bragg
diffraction condition, i.e., the period is equal to a half
of the guided wavelength of this mode), and becomes
a proper complex mode (gray dashed-dotted lines), as
can be seen from the values of the normalized attenu-
ation constant αx/k0 shown in Fig. 3(b). [Since we are
considering all the four valid solutions at a given fre-
quency, i.e., kx,m, −kx,m, (kx,m)*, and (−kx,m)*, positive
and negative values of the normalized attenuation con-
stant should be shown in Fig. 3. However, for sake of
readability we show only the values αx > 0.] At the high-
est edge of the closed stopband region this mode turns
into a proper leaky wave (m, n) = (−1, 0) Floquet har-
monic as gray dashed-dotted line in Fig. 3(a)), which
becomes physical in the fast-wave region −1 < βx/k0 < 1,
indicated as a shadowed gray region in Fig. 3(a). In par-
ticular, when observing along the +x-direction (αx > 0),
the (m, n) = (−1, 0) Floquet harmonic is physical when
−1 < βx/k0 < 0, and vice versa, when observing along the
−x-direction (αx < 0), it is physical when 0 < βx/k0 < 1. In
both cases βx,−1αx < 0, which confirms the proper (back-
ward) nature of the physical leaky wave. We can also
observe that this kind of leaky wave is characterized by
phase and group velocities that are in opposite directions,

i.e., the dispersion curves in the shadowed gray region in
Fig. 3(a) have a negative (positive) slope when the phase
constant is positive (negative), and can give rise to radi-
ation of the backward type when the leakage constant
xA/π and (b) frequency versus normalized attenuation constant αx/k0

stant: solid lines – proper real; dashed-dotted lines – proper complex;
proper complex. The lines βx = ±k0 are reported as light gray solid

shown in Fig. 3(b) is sufficiently low, as in the present
case.

Also in Fig. 3, the dispersion behavior of perturbed
TM1 symmetric mode propagating along x (the mag-
netic field is mainly along y) is shown (black curves).
The TM polarization is strongly affected by the x-aligned
dogbones. It should be noted that the cutoff of the per-
turbed TM1 mode is approximately 8 GHz, while that
in the corresponding dielectric slab without dogbones
is equal to 69 GHz. The perturbed TM1 mode expe-
riences a large bandgap between 13 GHz and 20 GHz
with high values of the attenuation constant. At higher
frequency this mode turns into a backward leaky wave
(the (m, n) = (−1, 0) Floquet harmonic indicated as black
dashed-dotted curves in Fig. 3(a)), which is physical
within the fast-wave region (shadowed gray region in
Fig. 3(a)) and can radiate in free space.

A pure real improper solution arises below the cut-
off frequency of the perturbed TM1 mode (black dotted
curves in Fig. 3(a)) which is a non-physical solution. No
improper leaky waves are present at low frequencies.
At higher frequencies, when both the phase and atten-
uation constants of the perturbed TM1 and TE0 leaky
waves become equal to zero (at 24 GHz and 27.75 GHz,
respectively), transitions to improper leaky waves occur
that are followed by open stopband regimes [31] with
strong attenuation (not reported in Fig. 3).

A complete bandgap region for propagation along the
x-direction in the case of PMC symmetry is observable
between 17.5 GHz and 19.5 GHz.
3.1.2. Modes propagating along the y-direction
The TE modes, polarized along x, greatly couple

with the dogbone structure when propagating along the
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Fig. 4. Symmetric modes propagating along the y-direction. Brillouin
diagram (frequency versus βyB/π). Legend: solid lines – proper real;
dotted lines – improper real. The lines βy = ±k0 are reported as light
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passband regime (m, n) = (0, 0) harmonic as black solid

F
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ray solid lines. The fast-wave region is indicated as a shadowed gray
egion.

-direction. In Fig. 4 the phase constant of the fundamen-
al (m, n) = (0, 0) harmonic of the perturbed TE0 mode
s shown in the first Brillouin zone −1 < βyB/π < 1. A
trong perturbation is visible at low frequencies, which
eads to a wide bandgap for this mode (characterized by
ery high values of the attenuation constant, not reported
ere) for frequencies above 5.8 GHz; below this fre-
uency the mode is in a surface-wave regime (gray solid
ines). As concerns the TM1 mode (m, n) = (0, 0) har-

onic as black curves in Fig. 4], it is weakly perturbed
nd it exists as surface wave between its cutoff frequency
approximately 18.6 GHz) and 19.5 GHz, above which

he mode is in a stopband regime. Below the cutoff
requency, it continues as a non-physical real improper
olution (black dotted curve).

ig. 5. Anti-symmetric TM modes propagating along the x-direction. Brillo
nd (b) frequency versus normalized attenuation constant αx/k0 for the struc
ashed-dotted lines – proper complex; dotted lines – improper real; dashed lin
proper complex; dashed lines – improper complex. The curves βx = ±k0 are
shadowed gray region.
erials 5 (2011) 26–35 31

For propagation along the y-direction, proper and
improper leaky waves with low attenuation constants are
absent. Furthermore, a wide complete bandgap region
is observable between 5.8 GHz and 18.6 GHz, as it is
shown in Fig. 4.

3.2. Anti-symmetric modes: TE and TM
polarizations

3.2.1. Modes propagating along the x-direction
The perturbed anti-symmetric TE modes in the array

of pairs of dogbones (the modes with the electric field
polarized mainly along the y-direction) are similar to the
anti-symmetric TE modes in a dielectric slab with thick-
ness H because the electric field interacts weakly with the
dogbone pairs (directed along x) at low frequencies. As
a consequence, a proper real surface-wave behavior for
the perturbed anti-symmetric TE1 mode does not exist,
since in a dielectric slab with thickness H the TE1 cutoff
frequency is above 19.96 GHz (which corresponds to the
tip of the light-line triangle in the Brillouin diagram in
Fig. 5(a), i.e., the higher-frequency limit for the bound
region), and, therefore, it is completely suppressed.

The dispersion behavior of anti-symmetric perturbed
TM modes (magnetic field mainly along the y-direction)
of arrays of dogbone pairs is shown in Fig. 5. As it
can be noted from the Brillouin diagram in Fig. 5(a),
a perturbed TM0 mode is present, which propagates
as a proper real forward mode below 10 GHz in its
curves in Fig. 5(a)). The perturbed TM0 mode is in a
stopband regime between 10 GHz and 17.96 GHz with
the typical behavior of the attenuation constant in this

uin diagram: (a) frequency versus normalized phase constant βxA/π
ture in Fig. 1. Legend: (a) phase constant: solid lines – proper real;
es – improper complex. (b) Attenuation constant: dashed-dotted lines
reported as light gray solid lines. The fast-wave region is indicated as
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Fig. 6. Details at low frequencies of the phase (black lines, left axis)
and attenuation (gray line, right axis) constants normalized by the free-
space wavenumber as a function of frequency for the anti-symmetric
32 P. Baccarelli et al. / M

regime (black dashed-dotted line in Fig. 5(b)). Above
17.96 GHz it exits from the stopband region as a proper
leaky wave (m, n) = (−1, 0) Floquet harmonic as black
dashed-dotted line in Fig. 5(a)) with low values of the
attenuation constant. By further increasing frequency,
the (m, n) = (−1, 0) Floquet harmonic becomes fast and
lies in the fast-wave region −1 < βx/k0 < 1, indicated as
a shadowed gray region in Fig. 5(a), between 18.2 GHz
and 21.7 GHz, where it can give rise to radiation of
the backward type. At approximately 21.7 GHz both
the phase and attenuation constants of the TM0 proper
leaky wave become equal to zero and a transition to an
improper leaky wave occurs, followed by an open stop-
band [31] with high values of the attenuation constant
(not shown here).

A second proper real branch of the perturbed TM0
mode is present between 8.25 GHz and 17.85 GHz
(m, n) = (0, 0) harmonic as black solid curves in
Fig. 5(a)); at low frequencies it is weakly perturbed
and almost superimposed to the light line (gray dashed
lines), while from approximately 16 GHz the values of
the phase propagation constant increase, whereas the
slope of the curve decreases, thus giving rise to a narrow
stopband region between 17.85 GHz and 17.96 GHz. At
the end of the stopband region this second branch cou-
ples with the first branch of the perturbed TM0 mode
giving rise to the proper leaky wave described above.
Due to the presence of this second real proper branch,
the complete bandgap region for propagation along the
x-direction in the case of PEC symmetry is very nar-
row (between 17.85 GHz and 17.96 GHz); even below
16 GHz, when the phase constant is almost superim-
posed to the light line, this second branch is expected
to be weakly excited by finite sources.

At lower frequencies, a dominant TM0 improper (for-
ward) leaky mode (black dashed curves in Fig. 5(a)) is
present. The normalized phase and attenuation constants
of this improper leaky mode as a function of frequency
are shown with more details in Fig. 6. The relevant
fundamental, i.e., (m, n) = (0, 0), improper leaky Floquet
harmonic, whose attenuation constant is indicated in
Figs. 5(b) and 6 as black and gray dashed lines, respec-
tively, lies in the fast-wave region (|βx/k0| < 1), indicated
as a shadowed gray region in Fig. 5(a), and, hence,
is physical below 7.6 GHz. In particular, when observ-
ing along the +x-direction (αx > 0), it is physical when
0 < βx/k0 < 1, and vice versa, when observing along the
−x-direction (α < 0), it is physical when −1 < β /k < 0.
x x 0
In both cases βx,0αx > 0, which confirms the improper
(forward) nature of the physical leaky wave. Moreover,
we can also observe that this kind of leaky wave is
characterized by phase and group velocities that are
TM modes propagating along the +x-direction. Legend: phase con-
stant: solid lines – proper real; dotted lines – improper real; dashed lines
– improper complex. Attenuation constant: dashed lines – improper
complex.

in the same direction, i.e., the black dashed dispersion
curves in the shadowed gray region in Fig. 5(a) have
a negative (positive) slope when the phase constant is
negative (positive). When the values of the attenuation
constant (black and gray dashed lines in Figs. 5(b) and 6,
respectively) are sufficiently low, directive leaky-wave
radiation of the forward type is found, which can be
considered for the design of 2D periodic leaky-wave
antennas [26,27]. Above 7.6 GHz this improper leaky
mode enters the spectral-gap region where the leaky
mode is non-physical, since it lies within the slow-wave
region (|βx/k0| > 1), even though its attenuation constant
is different from zero, as shown in Fig. 6 [27]. By fur-
ther increasing frequency, at 7.7 GHz a splitting point is
observed, where the improper complex solution merges
with a complex conjugate solution and the two solutions
then split apart as two improper real branches (black
dotted lines in Fig. 6) [27]. By increasing frequency
from the splitting point, the higher improper real solu-
tion in Fig. 6 overlap with the first proper real branch
of the perturbed TM0 mode, while the lower improper
real solution becomes tangent to the βx = ±k0 curve and
then it changes its spectral nature, with the (m, n) = (0, 0)
Floquet harmonic being proper for frequencies above
8.25 GHz. The presence of such dominant TM0 improper
leaky mode at low frequencies is very unusual, since a
grounded dielectric slab without periodic loading typi-
cally shows a TM leaky mode of the improper kind at
higher frequencies below the cutoff of the TM mode
2
[32], and is the result of the strong periodic loading
provided by the dogbone pairs at these frequencies.

We finally note that the metalayer analyzed in [8]
(with the same dimensions as in this paper) shows a
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Fig. 7. Anti-symmetric modes propagating along the y-direction. Bril-
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ines. The fast-wave region is indicated as a shadowed gray region.

ransmission peak in proximity of the magnetic reso-
ance (near 6.4 GHz), which is the frequency at which
x = αx for the LW in Fig. 6. At this frequency, a stack
f metalayers supports backward propagation along z, as
hown in Fig. 5 of [8].

.2.2. Modes propagating along the y-direction
In Fig. 7 the fundamental (m, n) = (0, 0) harmonic

f the perturbed TE1 mode propagating along the y-
irection (with electric field polarized mainly along x) is
hown in the Brillouin diagram. The cutoff frequency of

he perturbed TE1 mode (gray curves) is approximately
.45 GHz, while that in the corresponding dielectric slab
s equal to 69 GHz. The passband region of this phys-
cal mode is a very narrow one (between 6.45 GHz

ig. 8. Phase (solid lines, left axis) and attenuation (dashed lines, right axis)
requency for the TM0 improper leaky mode propagating along the x-directio
erials 5 (2011) 26–35 33

and 6.61 GHz), while below cutoff a non-physical real
improper solution is present. Above 6.61 GHz a wide
bandgap occurs for this mode, characterized by very high
values of the attenuation constant, not reported here.

As concerns the TM0 mode (black curves), it is
weakly perturbed at low frequencies. Below 15 GHz
the phase constant of the fundamental (m, n) = (0, 0)
harmonic (black solid curves in Fig. 7) is almost super-
imposed to the light line. At higher frequencies, a narrow
stopband is present between 19.20 GHz and 19.46 GHz,
followed by a very narrow second passband, between
19.46 GHz and 19.64 GHz, and a transition to a proper
leaky wave (the (m, n) = (0, −1) Floquet harmonic indi-
cated as black dashed-dotted curve in Fig. 7, which is
physical within the fast-wave region, i.e., the shadowed
gray region in Fig. 7). Improper leaky waves with low
attenuation constants are absent for propagation along
the y-direction.

3.3. Discussion

In conclusion, the complete dispersion analysis of
symmetric and anti-symmetric modes propagating along
the principal x- and y-directions has shown that at
low frequencies surface waves of both perturbed TE
and TM polarizations are present below 19.96 GHz,
which can modify the metamaterial performance of the

arrayed pairs of metallic dogbones separated by a thin
dielectric layer. In particular, a very narrow complete
stopband is present between 17.85 GHz and 17.96 GHz
for propagation along the x-direction, while surface-

constants normalized by the free-space wavenumber as a function of
n, for different values of the slab thickness H.
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Fig. 9. Detail of the phase (a) and attenuation (b) constants nor-
malized by the free-space wavenumber for the TM improper leaky

which has been associated in the previous studies [1,2,8]
0

mode propagating along the x-direction, as a function of frequency for
H = 0.5 mm.

and leaky-wave propagation is present at any frequency
along y. Moreover, physical proper leaky-wave regimes
are observed at higher frequencies (as usual for this
kind of periodic structures [12,14]) above 18.2 GHz for
propagation along the x-direction and above 19.64 GHz
along the y-direction. Finally, a peculiar physical TM
improper leaky-wave regime occurs for propagation
along the x-direction below 7.7 GHz, where the magnetic
(anti-symmetric) resonance and the effective negative
refractive index of the tightly coupled dogbone pairs are
experienced [1]. Also highly perturbed symmetric proper
TM1 and anti-symmetric proper TE1 modes are present
at low frequencies, which propagate along the x- and y-

directions above 8.20 GHz and 6.45 GHz, respectively;
no physical leaky-wave branches are observed in these
cases.
erials 5 (2011) 26–35

In order to investigate the behavior of the fundamen-
tal TM0 improper leaky wave and in view of a possible
use of such thin metalayer as a periodic leaky-wave
antenna at low frequency [26], a parametric analysis has
been performed as a function of the dielectric thickness
for this anti-symmetric leaky wave propagating along
the x-direction. In Fig. 8, the phase constants in the
region of physical leakage, i.e., 0 < βx/k0 < 1, and the
attenuation constants (solid and dashed lines, respec-
tively) relevant to the in-plane TM0 improper leaky
mode traveling along the x-direction are shown for four
different slab thicknesses (H = 2 mm, 1 mm, 0.5 mm,
and 0.25 mm). By reducing the slab thickness, it is
possible to obtain sufficiently low values of the nor-
malized attenuation constant, which can give rise to
directive radiation in a wide angle range as a function
of frequency. In addition, the operating frequency of
the leaky-wave antenna increases, while the leaky-wave
antenna frequency range, which is encompassed between
the frequencies at which βx = αx (radiation at broadside
when both the propagation and attenuation constants are
much smaller than k0 [26]) and that at which βx = k0 (end-
fire radiation [26]), narrows as the slab thickness reduces.
In particular, in Fig. 9 a close-up of Fig. 8 for the case of
H = 0.5 mm is shown. The frequencies at which βx = αx

and βx = k0 are approximately 7.61 GHz and 8.04 GHz,
respectively. Furthermore, the values of the attenuation
constant normalized to the free-space wavenumber are
well below 0.05 in a wide frequency range, thus permit-
ting a directive beam scanning.

4. Conclusion

In this paper, we have presented a full-wave study of
in-plane (i.e., transverse) natural modes propagating in
the planar direction of a metamaterial layer (metalayer)
formed by tightly coupled arrayed pairs of dogbone-
shaped conductors. It is shown that the modal spectrum
includes both perturbed TE and TM surface (bound)
and proper and improper leaky modes. It is noticed that
surface waves propagate at low frequencies with typ-
ical stopbands at higher frequencies (when the period
is comparable with a half of guided wavelength). Most
importantly, it is observed that the proposed structure is
capable of supporting at low frequencies (i.e., periods
much smaller than the free-space wavelength) a TM0
improper leaky mode with very low attenuation con-
stant, exhibiting an anti-symmetric current distribution,
with artificial magnetism and with backward propaga-
tion along z when metalayers are stacked. The presence
of such an improper leaky mode also implies that the
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