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The rough and time-varying nature of the sea surface scatters sound in complex ways. 

The focus of this doctoral research is to better understand the interaction of sound with the 

ocean surface and exploit that understanding to inversely learn about surface wave structure. 

An inversion technique is developed that estimates surface wave shape from the details of 

forward scattered sound. This technique can improve the remote sensing of surface waves, 

which enhance greenhouse gas exchange and momentum between the atmosphere and ocean. 

The work also has implications for the performance of underwater acoustic communications 

systems. In the laboratory, the resolution of acoustically inverted surface waves exceeds that 
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of a nearby camera. Two physical length scales over which information can be determined 

acoustically about the surface are confirmed. An outer length scale, the Fresnel zone 

surrounding each specular reflection point, is the only region where optimized surfaces 

converge to a resolution set by the inner length scale, a quarter-wavelength of the acoustic 

pulse.  

Ocean forward scattered sound is inverted for wave shape during three periods: low 

wind, mix of wind and swell, and stormy. The power spectral density of the inverted surface 

wave field during low wind saturates around a frequency of 8 Hz while an upward looking 

SONAR saturates at 1 Hz. The improved high frequency resolution provided by the scattering 

inversion indicates that it is possible to remotely gain information about high frequency 

components of ocean waves. The inability of the inversion algorithm to determine physically 

realistic surface waves in periods of high wind indicates that bubbles and out of plane 

scattering become important in those operating scenarios.   

Experimentally observed phenomena such as arrival time spread, Doppler spread, and 

multiple distinct arrivals are described in terms of Fresnel zone coherence for 50 kHz – 2000 

kHz very high frequency (VHF) sound. Products of this research are improved models for 

high intensity surface-scattered arrivals and new models for the second-order statistics relating 

scattering intensity, delay time, and Doppler spread.  

 

 

 

 

 

 

 

 



 

1 

 

 

 

 

 

Chapter 1 

 

 

Introduction 
 

 

The ocean environment is possibly the most challenging communications channel in 

use today. Both channel equalization
1
 and time reversal

2
 techniques must characterize a 

communications channel that is doubly spread in time delay and Doppler
3
. Of particular 

importance in shallow water coherent signal processing is proper treatment of the surface 

channel. During low-wind, swell dominated conditions, the ocean surface can act like a lens, 

generating focused acoustic arrivals from forward scattered pulses. The sound intensity of the 

surface reflected arrival in some cases may actually equal or exceed the intensity of the direct 

arrival
2
. This implies that the surface reflected multipath is an important channel for high-

frequency acoustics in the shallow water environment. 

The dynamics however of the open ocean surface including wave breaking and the 

nonlinear evolution of wave trains leading to breaking are poorly understood. The nonlinear 

evolution of wave trains in the ocean is important because the microscale events that occur 

during breaking have macroscale implications across the fields of climatology, biology, and 

marine chemistry. When a wave breaks, the bubbles of air entrained at the surface enhance the 

transfer of atmospheric gases such as oxygen and carbon dioxide into the ocean. This bubble-



2 
 

 

mediated, air-sea gas flux has eluded proper quantification by climate scientists and remains a 

source of uncertainty in most climate models.  

The focus of this doctoral research is to better understand the interaction of sound 

with the ocean surface and exploit that understanding to inversely learn about surface wave 

structure. Extensive literature exists describing the scattering of waves from rough surfaces 

and is reviewed by Ogilvy
4
. A common procedure to handle such scenarios is to treat the 

rough surface as random, the wave scattering as stochastic, and express the scattered field 

using ensemble averages
5,6

. Our approach for handling wave scattering from the ocean surface 

is fundamentally different however in that we are treating acoustic reflection and details of the 

reflecting boundary as deterministic. A handful of attempts
7,8,9,10

 have been  made in recent 

years to describe the details of forward scattered sound from deterministic surface wave 

features. Such an approach is motivated by results from Ref. [9] which show that the sound 

reflected from the underside of surface waves can be well modeled by a technique similar to 

ray tracing known as wavefront modeling. Although wavefront modeling is not used to 

describe the acoustic field, the idea of a deterministic surface and acoustic field is followed.   

In this dissertation, an inversion process is developed which investigates the 

properties of surface waves using details of the forward scattered sound field. Effort has been 

spent to derive a time-domain broadband forward scattering model which meets the 

computational needs of an iterative inversion process. Findings from the inversion clarify the 

framework for how to better understand the underlying scattering physics associated with 

intensity fluctuations, time spread, and Doppler. Chapters 2 and 3 are dedicated to 

development and testing of the inversion algorithm in a controlled laboratory setting. Chapter 

4 describes at-sea results when the inversion process is applied to ocean data. Chapter 5 
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explains the statistical properties of forward scattered sound by considering deterministic 

wave features. 

Studies which advance our understanding of underwater sound propagation and 

scattering fall under the general category of underwater acoustics. On the other hand, 

acoustical oceanography uses acoustic techniques to understand the physical, biological, 

geological, and chemical parameters and processes that occur in the ocean.  The research 

presented throughout this dissertation will sometimes belong to the category of underwater 

acoustics while other times might be better described as efforts in acoustical oceanography. 

Either way, our ability to predict the way underwater sound propagates and scatters depends 

intrinsically on our understanding of the ocean environment.  

The modeling of single realizations of forward scattered sound in the ocean has been 

previously attempted by and Funk and Williams
11

 under oceanic ice sheets. Their model, 

based on specular point theory, captured many attributes of the ice reflected acoustic data. 

Differences between their model and data are attributed to a lack of knowledge about the 

explicit form of the reflecting surface. Ocean experiments
4,7

 have shown that during low-wind, 

swell dominated conditions, an ocean surface can act like a lens, generating focused acoustic 

arrivals from forward scattered pulses. The acoustic inversion technique developed in this 

dissertation is based on the great sensitivity of the structure of reflected sound pulses to the 

details of the surface wave field.  
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Figure 1.1: An illustration of the micro-path interference structure of sound reflected from a 

gravity wave crest (Ref. [4]). Surface features tend to focus and defocus sound as the overhead 

wave propagates. 

 

 

Current upward looking SONAR devices are limited in resolution to their beam width 

which increases with increasing depth from the surface. An extensive multiple-SONAR array 

on the ocean floor can be envisioned to detect overhead wave shape, however such a setup 

would be both impractical and expensive. Portable compact airborne scanning lidar systems 

have recently been developed for use in small single- or twin-engine aircraft
12

  that are capable 

of resolving ocean surface displacement within a vertical root mean square error of less than 9 

cm. However those systems are limited to single scans over the ocean surface and are not able 

to resolve ocean features in time. Instead, an acoustic technique based on acoustic forward 

scattering is envisioned that is highly customizable (both in transmission frequency and 

transducer positioning), relatively easy and affordable to deploy, and could be used to collect 

data indefinitely. The research completed thus far sets the framework for such a system. 

Chapter 2 details the inversion results of a single-source single-receiver wave tank 

experiment. In that experiment, an inverse processing algorithm is designed and implemented 

to reconstruct the surface displacement profiles of waves scaled to model smooth swell over 
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one complete period. The inverse processing uses the surface scattered pulses collected at a 

single receiver, an initial wave profile, and a broadband forward scattering model based on 

Kirchhoff’s diffraction formula to iteratively adjust the surface until it is considered optimized 

or reconstructed. The inversion results show that only surface wave information within a 

Fresnel zone can be determined acoustically. The size of a Fresnel zone depends on 

source/receiver positions, transmission frequency, and wave shape. Fresnel zones can be 

overlapping or spatially isolated. Within a Fresnel zone, information about the surface can be 

deduced acoustically to a resolution of about a quarter of an acoustic wave length. The ability 

to remotely infer surface shape at such fine scales is testament to the advantages of using 

underwater sound as a probing tool. 

A straightforward way to increase the extent of surface reconstructed acoustically is to 

use an array of receiver hydrophones, since each source and receiver pair will have a different 

geometry and will result in different (possibly overlapping) Fresnel zones. This idea is tested 

in a second wave tank experiment, detailed in Chapter 3, in which four receivers are used to 

collect surface reflected pulses. An improvement to the inversion algorithm is also proposed 

that uses temporal information about the scattered field to initialize the inversion. Also a 

camera is used to provide ground truth measurements of the surface wave. 
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Figure 1.2: Sample frame from the multiple receiver wave tank inversion experiment. A 

single source and four receivers are used to process high frequency acoustic data. 

 

 

In Chapter 4, ocean scattered sound is inverted for wave shape during three periods: 

low wind, mix of wind and swell, and stormy. Ocean data at 12 kHz are used from the Surface 

Processes and Acoustic Communications Experiment (SPACE08) to invert for surface wave 

shape. Based on the fundamental length scales developed in Chapter 2, surface scattering is 

expected to be influenced by surface wave components with frequencies between 1 Hz and 7 

Hz as shown in Figure 1.3. In some cases the inverted ocean wave profiles exhibit unrealistic 

temporal and spatial properties. To remedy this, the spatial gradient of inverted waves is 

constrained to a maximum slope of 0.88. Properties of the inverted surface wave field are 

compared in Chapter 4 to that of an upward looking SONAR.  
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Figure 1.3: The range of surface wave components expected to directly affect surface 

scattering for the SPACE08 experiment is shown in relation to an empirical surface wave 

spectrum. Surface waves with wave lengths smaller than a quarter acoustic wave length or 

greater than about 50 acoustic wave lengths do not focus acoustic energy. The empirical wave 

spectrum is a Pierson-Moskowitz spectrum for a fully developed sea at a wind speed of 5 m/s. 

 

 

The acoustic scattering model used in the surface profile inversions is based on work 

by Berry
13

. Berry investigated shape reconstruction of ice using backscattered, broadband 

acoustic pulses by deconvolving a time-domain, Helmholtz-Kirchhoff (H-K) scattering 

integral into two functions: one that depended only on the pulse shape and another that 

depended on the shape of the surface. From his analysis of those analytic functions, he 

determined that there is a minimum spatial resolution to which information about a reflecting 

surface can be known. That minimum length scale is shown to be about a quarter-wavelength 

of the dominant acoustic transmission frequency. The inner length scale, confirmed by results 

of the inversion process developed in Chapter 2, provides a convenient guideline when 

considering experimental design using this acoustic remote sensing technique. Although Berry 

did not actually invert for ice shape from backscattered acoustic data, his broadband time-
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domain formulation of the Kirchhoff scattering integral is the basis for our description of the 

scattered acoustic field. Our application of the H-K scattering integral makes use of the 

Kirchhoff approximation, which states that the acoustic pressure field at each point along the 

reflecting surface can be approximated by the incident field. This implies that in our 

formulation of the scattering problem, multiple reflection within a wave crest is not considered 

nor is incident or outgoing shadowing. Thorsos
14

 tests the validity of the Kirchhoff 

approximation in a wide range of scenarios and determines that the local surface correlation 

length is the most important parameter in defining the valid region of the Kirchhoff 

approximation away from the low grazing angle region. The waves generated in each of the 

wave tank experiments are assumed smooth enough such that the Kirchhoff approximation is 

valid. The at-sea data may contain acoustic data reflected from waves where the Kirchhoff 

approximation is not valid. In these circumstances, it may be useful to determine the scattered 

acoustic field by solving the H-K scattering integral without making the Kirchhoff 

approximation. A computational method for this is given by Thorsos in Ref. [14] and 

implemented recently by Siderius and Porter
15

. An interesting note regarding Ref. [15] is that 

their computationally driven results show that in order to properly describe the acoustic 

scattered field reflected from a surface gravity wave, the surface must be discretized by at 

least five points per acoustic wave length. This roughly corresponds to the quarter-wavelength 

resolution suggested by Berry
13

 and demonstrated in Chapter 2. 

Inner and outer length scale limits on surface wave reconstruction are based on 

acoustic wave length, implying that the entire technique is scalable by acoustic transmission 

frequency. A range of surface wave features from sub-millimeter scales to lengths associated 

with ocean swell can be investigated. The data processing is based on the acoustics alone, so 

the process lends itself to ocean application where traditional SONAR techniques may not 
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provide sufficient information about the surface wave field or wave gauges may be 

unavailable. 

 

 

Figure 1.4: Versatility in application of the surface profile reconstruction technique. The inner 

and outer length scales on surface reconstruction are determined by acoustic transmission 

frequency. Three transmission frequencies are considered and each corresponds to wave 

features of different characteristic scales. The range of wave features that can be resolved for 

each acoustic transmission frequency is also plotted on the dispersion relation curve for a 

gravity wave in 15 m deep water. This figure is adapted and modified from Fig. 11 in [7]. 

 

 

The results of the laboratory and ocean inversions all point to the importance of 

Fresnel zone regions in dictating properties of the scattered sound field. In Chapter 5, 

experimentally observed phenomena such as arrival time spread, Doppler spread, and multiple 

distinct arrivals are described in terms of Fresnel zone coherence for 50 kHz – 2000 kHz very 

high frequency (VHF) sound. The amplitude, Doppler, and temporal coherence of VHF 
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surface scattering is important for the performance of high frequency sonars and underwater 

communications systems in operating scenarios where energy from the sea surface cannot be 

screened. Sound is forward scattered from wind generated waves in a highly controlled 

turbine-driven wind wave channel. Amplitude fluctuations are discussed in the context of 

scintillation index (SI)
16

 which is the normalized variance in acoustic intensity. Arrival time 

spread and Doppler spread are related to the position and motion of Fresnel zones along a 

propagating surface wave.  

The intensity of coherent scatter is directly related to the size of the first Fresnel zone. 

For a surface wave field varying only in one direction, Fresnel zone length is appropriately 

described by a diameter. However the actual Fresnel zones of a 2-D surface are annuli in the 

form of ellipses. For a non-directional wave field (in the vicinity of a specular reflection 

point), the Fresnel zone annuli are symmetric along their major and minor axes. Significant 

directionality of the wave field results in disruptions to phase coherence in both the along-

crest and wave propagation directions. Such surfaces lead to out of plane scattering that can 

significantly extend the time spread of surface interacting channels.
17 

Products of this research are improved models for high intensity surface-scattered 

arrivals and potential new models for the second-order statistics relating scattering intensity 

and Doppler spread. Such modeling is important for improved performance of phase coherent 

underwater acoustic communications (ACOMM) systems. Mapping, exploration, and 

navigation of the underwater seascape is increasingly becoming reliant on new autonomous 

technologies which operate at increasingly higher frequencies. Limits on the amount of 

information extractable from scattered sound about a rough surface sets the stage for future 

inverse applications. Overall the research being presented advances our knowledge of some of 
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the physical systems important to high frequency acoustic scattering with an eye toward 

practical application.  
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Chapter 2 

 

 

Reconstructing surface wave profiles from 

reflected acoustic pulses 

 

 

Abstract 

Surface wave shapes are determined by analyzing underwater reflected acoustic 

signals. The acoustic signals (of nominal frequency 200 kHz) are forward scattered from the 

underside of surface waves that are generated in a wave tank and scaled to model smooth 

ocean swell. An inverse processing algorithm is designed and implemented to reconstruct the 

surface displacement profiles of the waves over one complete period. The inverse processing 

uses the surface scattered pulses collected at the receiver, an initial wave profile (two are 

considered), and a broadband forward scattering model based on Kirchhoff’s diffraction 

formula to iteratively adjust the surface until it is considered optimized or reconstructed. Two 

physical length scales over which information can be known about the surface are confirmed. 

An outer length scale, the Fresnel zone surrounding each specular reflection point, is the only 

region where optimized surfaces resulting from each initial profile converge within a 
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resolution set by the inner length scale, a quarter-wavelength of the acoustic pulse. The 

statistical confidence of each optimized surface is also highest within a Fresnel zone. Future 

design considerations are suggested such as an array of receivers that increases the region of 

surface reconstruction by a factor of 2 to 3. 

 

2.1   Introduction 

Features of a pressure release surface such as local curvature and small scale 

roughness determine how reflecting acoustic waves will scatter. Theoretical predictions of 

wave scattering from those surfaces are determined by either explicitly specifying the 

reflecting surface or by employing a statistical treatment of the surface
1
. Scattering models 

that treat the surface probabilistically are useful for a wide variety of reasons, including, for 

example, the calculation of roughness-induced losses and coherent reflection coefficients. 

However, some problems are more effectively treated with a deterministic approach. During 

swell-dominated, low wind conditions the curved sea surface acts like a lens, generating 

focused acoustic arrivals that exhibit correlations between intensity and Doppler shift that are 

known to impact the performance underwater acoustic communications systems, for example
2
. 

The amplitude and phase of acoustic energy reflected from the sea surface depend sensitively 

on the elevation and local curvature of the surface near specular reflection points. This 

sensitivity makes it difficult to deterministically predict the details of sound scattered by the 

sea surface without precise knowledge of the surface geometry, but it also raises the 

interesting possibility of using the structure of the reflected sound to reconstruct the surface 

shape, which is the topic of this paper. Data collected at a receiver and used for the inversions 

will in principle consist of both the reflected or coherent component of acoustic energy as well 

as scattered or incoherent component. The word reflected is chosen here to imply that the 
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inversion process will not be sensitive to the scattered or incoherent component of the total 

acoustic energy field. 

The resolution and spatial extent of surface profile reconstructions from scattered 

sound are a function of acoustic transmission frequency, source-receiver geometry and the 

surface shape. Surface shape reconstruction using reflected sound pulses has already been 

considered by Berry
3
.  

Berry investigated shape reconstruction of ice using backscattered, broadband 

acoustic pulses by deconvolving a time-domain, Helmholtz-Kirchhoff scattering integral into 

two functions: one that depended only on the pulse shape and another that depended on the 

shape of the surface. By examining his analytic description of the scattered sound, he showed 

that there is a minimum length scale over which information about the surface can be derived 

from a scattered acoustic pulse. This inner length scale, equal to 𝜆0/4, where 𝜆0 is the 

dominant wavelength of the acoustic signal, is the scale over which the reconstructed surface 

profile is smoothed. In addition, an outer length scale on the order of a Fresnel zone can be 

anticipated. As discussed in Section 2.3, only regions of the surface near specular reflection 

points can be reconstructed from scattered acoustic pulses. The length of these regions is 

determined by the rate at which phase coherence of nearby reflections is lost and therefore 

corresponds to a Fresnel zone. 

Acoustic focusing events from the crest region of an overhead wave are characterized 

by the interference of multiple reflections from nearby specular reflection points
2
 whose 

Fresnel zones overlap. As a surface wave propagates forward, the reflection of sound from its 

underside results in a time-varying interference pattern of focused arrivals. The existence of 

acoustic caustics and cusps (highly focused energy) is known to degrade the performance of 

high-frequency acoustic communication systems
4
. Pulse propagation scattering models used to 
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describe those features such as Wavefront Modeling
5
 are limited by accurate knowledge of the 

sea surface
2
. The inverse modeling work presented in this paper provides a method for 

determining such detailed information about the sea surface. 

The method of surface reconstruction presented here is based on a surface scattering 

model, a set of surface perturbation functions and a maximum likelihood parameter estimator. 

The surface scattering model, described in Section 2.3 and detailed in Appendix 2.A, is based 

on a re-derivation of Berry's
3
 time-domain form of the Helmholtz-Kirchhoff integral, which 

allows for the use of a broad-band source pulse without the use of Fourier transforms. The 

heuristic surface perturbation functions, discussed in Section 2.4, are small amplitude 

adjustments (< 5 mm) that either raise or lower the surface at a particular location. The 

maximum likelihood estimator (MLE) used to quantify the match between experiment and 

theory, also given in Section 2.4, is simply the sum of the squares of the residuals between the 

two. Analytical approximations to the scattered pressure signal from a rough surface based on 

stationary phase techniques have been developed
6
. However, the current research presented 

here does not attempt to classify and approximate individual eigenray contributions to the 

scattered pressure. Rather all signals are calculated via numerical integration of a wave-field 

integral based on Kirchhoff's diffraction formula
7
. This approach determines a surface profile 

that precisely matches calculated scattered signal to data signal. Because there are no 

assumptions made about how individual rays from source to receiver interact, such an inverse 

process is insensitive to situations where specular point theory breaks down (infinite pressure 

at caustics
6
). The robustness of the inverse process should thus allow it to be applicable to a 

wide range of scattering surfaces including that of the open ocean. Because precise surface 

elevation data in the open ocean is lacking, the nonlinear evolution of wave trains leading to 

breaking is difficult to quantify. An eventual goal of this research then is to provide more field 
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observations of the ocean surface to test and validate on-going theoretical and numerical wave 

physics modeling work. 

The surface profile reconstructions presented here are based on results from a scale 

model tank experiment designed with the intent of producing focused and defocused arrivals. 

Tindle, et al.
2
  have already demonstrated good agreement between the data collected in that 

experiment and theoretically predicted arrivals from a wave front propagation model. 

Although agreement between experiment and theory is shown to be good, inaccuracies 

between the two are assumed to be due to insufficient knowledge of the surface profile. This 

paper shows that by modifying the surface, the results of the tank experiment can be made to 

match the theoretically predicted arrivals within the level of noise in the receiver data. 

Details of the scale model tank experiment are presented in Section 2.2 with some 

brief remarks regarding precise determination of the source-receiver geometry. Analytical 

arguments for the surface reflection model based on Kirchhoff’s diffraction formula are 

presented in Section 2.3 as well as a discussion of the inner and outer length scales associated 

with surface scattering. The metrics and signal processing techniques used to perform an 

inversion on the hydrophone receiver data are discussed in Section 2.4. Results of the 

inversion are given in Section 2.5 and include a quantitative description of the improved 

match between data and predicted scatter as well as some examples of reconstructed surface 

profiles. A discussion of the results as well as proposed improvements to the experiment are 

presented in Section 2.6.  
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2.2   The scale model experiment 

2.2.1   The scale model tank experiment 

Data from a scale model tank experiment has been used to investigate reconstructing 

surface profiles from surface returns. The tank experiment provided low noise, highly 

repeatable data sets for the inversion studies.  Working in a wave tank allows us to create 

surface waves that are nearly uniform in the along-crest direction, essentially ensuring that the 

propagation problem is two-dimensional.  In addition, the scattering of acoustic energy from 

objects that are often encountered in the ocean, like bubbles, kelp, and fish, did not occur. 

A schematic of the scale model geometry is shown in Fig. 2.1. Two high-frequency 

acoustic transducers (International Transducer Corp ITC 1089Ds with bandwidth 100-300 

kHz) and a wave gauge were mounted in the 33-m glass-walled channel at the Hydraulics 

Facility at SIO. The transducers were carefully positioned so that surface reflections from 

time-gated pulses could be distinguished from direct and side-wall returns. Transducers were 

oriented horizontally (parallel to the wave channel bottom) and along the center-line of the 

tank. The transducer directionality is ±1.5 dB over 𝜃𝑎𝑟𝑟𝑖𝑣𝑎𝑙 = 0 − 90𝑜 as measured from the 

transducer center-line. Waves were generated at one end of the channel with a computer-

controlled, mechanical flap with a fixed frequency (1.5 Hz and 0.693 m wavelength) and wave 

height (31 mm peak-to-trough). The ratio of the gravity wave wavelength to acoustic 

wavelength was approximately 100, so we expect that the surface scattered pulses will be 

sensitive to the details of the gravity wave shape on scales small compared to a wavelength. 
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Figure 2.1: Experimental geometry 

 

The wave channel was filled to a mean depth of 0.58 m with fresh water (temperature 

16 Celsius and sound speed 1469 ms
-1

).   A source transducer was mounted with its active 

element 0.200 m ± 1 mm below the surface, mid-way between the side walls. A receiver 

transducer was mounted 1.215 m ± 1 mm further downstream, 0.1404 m ± 1 mm below the 

surface (the accuracy of the source-receiver geometry is discussed in Section 2.2.3 below). 

The wire wave gauge was placed upstream of the source and measured the instantaneous 

surface elevation to within a few mm.  

A single computer system was used to drive the acoustic source and monitor the 

receiver, so that the transmission and reception of pulses were synchronous. Approximately 

two-cycle pulses, with a center frequency of 200 kHz were transmitted at a rate of 180 pulses 

per second. The transmit pulse used in the forward model, shown in Fig. 2.2, is computed as 

the average of several hundred direct arrivals while also scaling the pulses to account for 

spherical spreading loss. The overall sensitivity of the receiver transducer is determined to be 

71 Pa/V across the pulse transmit band. The pulses were broadband with a center frequency of 

200 kHz, bandwidth of 200 kHz, and nominal wavelength of 7.4 mm. The duration of the 
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pulse was roughly 10 𝜇s. The pulse transmission rate resulted in 120 surface returns every 

surface wave period while allowing reverberation to decay between pulses. The surface 

returns were digitized with a sampling frequency of 1,538,461 Hz in blocks of data spanning 4 

seconds, or roughly 3 surface wave periods. Raw data were filtered with a 187-tap FIR digital 

band-pass filter with a pass-band of 100 kHz-400 kHz to reduce noise outside of the 

bandwidth of the transmit pulse. 

 

 

Figure 2.2: Transmit pulse 𝑃(𝑡) 

 

2.2.2   Data from the experiment 

An example of surface pulses scattered by a complete surface wave cycle is shown in 

Fig. 2.3. The color contour plot on the left hand side of the figure represents pulse amplitude, 

with individual pulse arrivals aligned vertically and consecutive pulses stacked horizontally. 

Data are plotted in units of receiver volts, which are proportional to pressure. The vertical 

scale shows pulse delay time in microseconds and the horizontal scale shows pulse index, 

running from 1-120. The 'butterfly' pattern seen in the center of the contour plot is a focal 

region associated with reflection from the wave crest. Similar patterns of reflection from 

individual wave crests have been documented in the surf zone and near-shore region
2
.  
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The changes in complexity between pulses reflected from a wave trough (pulse A) and 

wave crest (pulse B) are illustrated in Fig. 2.3. Pulse A is a return reflected from a single 

specular reflection point on the trough of the gravity wave, and is almost a phase-inverted 

replica of the transmit pulse. Pulse B is a return from the wave crest and it shows a more 

complicated interference pattern because it consists of the sum of multiple reflections from the 

crest. 

 

 

Figure 2.3: Color contour plot of surface reflected arrivals versus delay and transmission time 

for a complete wave cycle with two representative pulses. Delay time begins 841 𝜇𝑠 after the 

start of pulse transmission. Pulse A and Pulse B correspond to the pulse indices labeled 'A' and 

'B' in the contour plot, respectively from the wave trough and crest. 
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2.2.3   Determining the source-receiver geometry 

The inversions that follow make use of both the amplitude and phase of the acoustic 

pulses reflected from the surface. Using the pulse phase places a demanding requirement on 

knowledge of the source-receiver geometry, which in this case needs to be known on the order 

of the distance travelled by a pulse during the receiver sampling interval (approximately 1 

mm). Accordingly, a careful analysis has been performed to determine the source-receiver 

geometry accurately as follows. 

Initial estimates of the source and receiver depths and their separation were made with 

a ruler. These distances were then used as the starting point for calculations of the arrival time 

of both direct pulses and pulses reflected from the trough of a surface wave, which result in 

pulses closely matching the shape of the transmit pulse. Comparison of the calculated and 

observed arrival times allowed for the computation of correction terms for the geometry. Since 

the geometry is only constrained by two arrival times, the source and receiver positions are 

underdetermined, and the correction terms chosen are the smallest magnitude adjustments that 

result in a match between both direct and trough arrival times. This procedure resulted in 

range and depth estimates accurate to within 1 mm. The presence of an overhead propagating 

wave has been determined to alter the source and receiver positions enough to result in 

noticeable (greater than 1 sampling period) changes in acoustic arrival times. Thus the 

experimental geometry must be computed during each acoustic transmission period of interest 

instead of say, a reference flat surface run.  
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2.3.   The surface reflection model 

2.3.1   Time-domain Kirchhoff theory applied to broadband 

wave scattering  

Computing surface wave shape from surface-reflected acoustic pulses requires a 

forward scattering model. The mathematical basis for the model used here is a broad-band 

form of Kirchhoff’s theory of diffraction. This theory gives a mathematical formulation of the 

Huygens-Fresnel principle, which proposes that every point on a surface insonified by an 

acoustic wave becomes itself a source of a spherical wave
7
. The following adaptation of 

Kirchhoff's diffraction formula to accommodate broadband signals instead of monochromatic 

point sources is based on the work of Berry
3
. The details of its derivation are included in 

Appendix 2.A in the interest of completeness.  

The result of the derivation is a time-domain representation of the signal 𝜓(𝑡)  

forward-scattered from a surface and measured at a distant receiver. The signal is expressed in 

terms of a continuous wave-field integral that is evaluated by numerical integration after 

specifying a surface profile 𝜂(𝑥). The solution does not handle shadowing or multiple 

reflections within a wave crest, so there are some geometrical limitations. The grazing angle 

of the incoming acoustic wave at the surface (measured from the horizontal) cannot become 

too small. Thus the source-receiver separation is limited for a specified source-receiver depth.  

The schematic in Fig. 2.4 defines the geometry and variables used in the derivation. 

An acoustic pulse is transmitted from the underwater source 𝑆, reflected off surface 𝐴1, and 

received at 𝑅. Although it is not implied in the figure, surface 𝐴1 is a two-dimensional surface 

that is assumed to extend uniformly and infinitely in the y-direction. The surface displacement 
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about 𝑧 = 0 is a function of horizontal distance 𝑥 from the source and given by 𝜂(𝑥). The 

depth of the source and receiver below mean surface displacement, 𝜂(𝑥) = 0, is given by 𝑧𝑆 

and 𝑧𝑅. The horizontal distance between source 𝑆 and receiver 𝑅 is represented by 𝑥𝑆𝑅. The 

unit vector �̂� points inward normal (positive 𝑧) from surface 𝐴1. Vectors 𝒓𝑺 and 𝒓𝑹 represent 

the path from source 𝑆 to surface 𝐴1 and the path from surface 𝐴1 to receiver 𝑅 respectively 

where 𝒓𝑺 = 𝑟𝑆�̂�𝑺 and 𝒓𝑹 = 𝑟𝑅�̂�𝑹. 

The wave-field integral describing the scattered signal invokes Green’s theorem in its 

derivation and so the reflecting surface must be extended to enclose the receiver 𝑅. Surface 𝐴1 

represents the portion of the surface that is specified by 𝜂(𝑥). Surface 𝐴2 is assumed to extend 

substantially far in the x-direction from the source and receiver such that when the surface is 

closed by the hemispherical shell 𝐴3, the distance between receiver 𝑅 and 𝐴3 is much greater 

than the distance between receiver 𝑅 and 𝐴1. 

 

 

Figure 2.4: Surface reflection model geometry 
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The final form of the integral equation used to calculate the scattered signal 𝜓(𝑡) at the 

receiver is given by Eq. (2.1), 

 
𝜓(𝑡) = 𝑝𝑠(𝒓, 𝑡) ≈ −

𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫ {(
2𝜋

𝑘0(𝑟𝑆𝑟𝑅
2 + 𝑟𝑅𝑟𝑆

2)
)

1
2

⋅
𝑑𝑠(𝑡𝑟)

𝑑𝑡

𝑥𝑆𝑅

0

⋅ [
𝑧𝑆 − 𝜂

𝑟𝑆
+

𝑧𝑅 − 𝜂

𝑟𝑅
− ∇𝑥𝜂

𝑥

𝑟𝑆
+ ∇𝑥𝜂

𝑥𝑆𝑅 − 𝑥

𝑟𝑅
] 𝑒

𝑖𝜋
4 }𝑑𝑥           

(2.1) 

where 𝑐 is the speed of sound, 𝑘0 = 𝜔0/𝑐, and ∇𝑥≡ 𝑑/𝑑𝑥. All other variables are shown 

explicitly in Fig. 2.4. Equation (2.1) can be evaluated numerically once a surface profile 𝜂(𝑥) 

is specified. The phase term exp[𝑖𝜋/4] can be implemented as an additional time delay in 

𝑑𝑠(𝑡𝑟)/𝑑𝑡. The same calculation could be performed with a harmonic kernel in the scattering 

integral resulting in the computation of 𝜓(𝑘). Then an inverse Fourier transform could be 

used to compute 𝜓(𝑡) from 𝜓(𝑘). The time domain description of 𝜓(𝑡) however does not 

require any Fourier transforms, and thus is computationally superior (by a factor of 40 faster 

on the dual-core computer tested) over a harmonic approach. 

2.3.2   Physical length scales associated with surface scattering  

When a signal of dominant frequency 𝜔0 interacts with the surface, the choice of 

transmission frequency sets up physical length scales over which information about the 

surface can be known from a scattered signal. Because the main goal of the wave tank 

experiment is to reconstruct surface profiles from scattered acoustic pulses, those length scales 

are crucial in determining the extent and resolution of the surface that can be accurately 

reconstructed. Based on Berry's
3
 analysis, inner and outer length scales are proposed based on 

the fundamental acoustic wavelength and regions of coherent scatter. 
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2.3.2.1   Inner length scale: λ/4 

The total scattered signal at the receiver 𝜓(𝑡) depends on both the displacement of the 

reflecting surface 𝜂(𝑥) and also the gradient of the surface displacement ∇𝑥𝜂(𝑥). The goal of 

the surface reconstruction is to identify surface features that account for the focused and 

defocused scattering events observed. Such focusing only results from reflection off surface 

features above a certain length scale and depends on the source-receiver geometry, acoustic 

transmission frequency, and surface shape. Analysis by Berry
3
 in his study of backscattered 

acoustic echoes leads to the conclusion that the surface functions at best can be known in a 

form that is averaged over a distance of 𝜆0/4 where 𝜆0 is the dominant wavelength of the 

band-limited signal. 

For the current experiment considered, the dominant frequency of the transmit pulse is 

200 kHz. Given a sound speed of 1469 m/s, the dominant wavelength of the signal is 7.34 mm 

and thus an inner length scale on knowledge of the surface displacement profile is 𝜆0/4 ≈

1.84 mm. The inner length scale defines the finest resolution of the surface that can be known 

and sets the choice for numerical discretization of the surface. The computation time of 𝜓(𝑡) 

is proportional to the number of samples comprising 𝜂(𝑥) and so choosing a spacing of 

Δ𝜂 ≈ 𝜆0/4 results in the finest possible surface profile resolution computed in the shortest 

amount of time. 

2.3.2.2   Outer length scale: Fresnel zone 

On scales greater than 𝜆0/4, the surface can be considered as a deterministic reflector 

of acoustic energy and attempts to reconstruct the surface from scattered arrivals may succeed 

over lengths greater than the inner length scale of 𝜆0/4. 
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The integral expression for 𝜓(𝑡) given in Eqn. (2.1) can be viewed as a sum of 

component signals 𝑑𝜓(𝑡) each identifiable by the unique horizontal position 𝑥 where 

reflection off the surface occurs. Recall that the integral expression for the scattered signal 

𝜓(𝑡) at the receiver in Eqn. (2.1) contains a rapidly oscillating pulse source term 𝑑𝑃(𝑡𝑟)/𝑑𝑡 

with a phase function 𝜙(𝑡, 𝑥) given in Eqn. (2.A7). Stationary phase points or local extrema of 

the phase function 𝜙(𝑡, 𝑥) define specular reflection points 𝑥𝑠𝑝𝑒𝑐. Specular reflection points 

provide the most highly contributing component signals 𝑑𝜓𝑠𝑝𝑒𝑐(𝑡) to the total scattered 

signal 𝜓(𝑡) at the receiver. The lateral extent of coherent scatter around each specular 

reflection point 𝑥𝑠𝑝𝑒𝑐 is known as the first Fresnel zone. Specifically, the first Fresnel zone 

surrounding each specular reflection point is the region where reflected component signals 

have a phase difference at the receiver of less than 𝜋/2 from the specular reflection
8
. 

Adjacent to the first Fresnel zone are additional Fresnel zones, however signal 

components reflected there have a minimal effect on the total received scattered signal 𝜓(𝑡). 

This is due to higher order Fresnel zone cancellation
8
 and the presence of a rapidly changing 

phase function 𝜙(𝑡, 𝑥) away from the specular reflection point 𝑥𝑠𝑝𝑒𝑐. With regard to an 

inversion process, the Fresnel zone around each specular reflection sets an outer limit to the 

extent of the surface that can be reliably reconstructed when analyzing a single scattered pulse. 

For the surface profiles considered in the wave tank experiment, the length of a Fresnel zone 

varies between 20𝜆0 to 80𝜆0 depending on whether the Fresnel zones are isolated or overlap. 

Because the length of a Fresnel zone depends on the phase function 𝜙(𝑡, 𝑥), the outer length 

scale is also controlled by acoustic transmission frequency. A higher transmission frequency 

will result in a smaller Fresnel zone, while a lower transmission frequency results in a larger 

Fresnel zone.  
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2.4   Inversion approach 

The following sections discuss the metrics and signal processing techniques used to 

perform an inversion on the hydrophone receiver data. As described in Sec. 2.2.2, the 

experimental data consist of a series of 120 pulses scattered from the surface and collected at 

the receiver. The form of the received pulses depends on the structure of the reflecting surface. 

The goal of the inversion scheme is to modify the surface displacement profile in a way that 

matches model calculated scattered pulses to the received pulses. Section 2.4.1 describes 

metrics used to quantify a match between model and data. Section 2.4.2 discusses the role of 

receiver noise in the inversion process. Section 2.4.3 outlines the design of the inversion 

algorithm. 

2.4.1   Maximum likelihood estimation (MLE) 

We assume that the received data signal 𝜓𝑟(𝑡) can be accurately represented by the 

output of the forward model 𝜓(𝑡|𝜶) perturbed by an additive, zero-mean, stationary Gaussian 

noise process 𝑛(𝑡).  

 𝜓𝑟(𝑡) = 𝜓(𝑡|𝜶) + 𝑛(𝑡) (2.2) 

The forward model is conditioned on a vector of parameters 𝜶 that are used to adjust the 

surface displacement profile 𝜂(𝑥). The physical interpretation of parameter vector 𝜶 and its 

role in adjusting the surface is given in Sec. 2.4.3. The inversion algorithm is designed to find 

the particular vector of model parameters 𝜶 that maximizes the likelihood 𝐿(𝜶|𝜓𝑟) of 

obtaining the data samples 𝜓𝑟(𝑡) that have actually been observed. Following standard 

maximum likelihood estimation (MLE) approaches
9
, maximizing the likelihood function 

𝐿(𝜶|𝜓𝑟) between the observed signal 𝜓𝑟(𝑡) and model 𝜓(𝑡|𝜶) is equivalent to minimizing 
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the sum of the squares of the residuals 𝑟(𝑡) ≡ 𝜓𝑟(𝑡) − 𝜓(𝑡|𝜶) between the two. A cost 

function 𝑢 is defined as the sum of the squares of the residuals 𝑢 ≡ ∑𝑟2(𝑡). Finding a vector 

of parameters 𝜶 that minimizes 𝑢 will in turn maximize the likelihood of the received data 

𝜓𝑟(𝑡) being observed for a given surface 𝜂(𝑥). 

2.4.2   Receiver noise considerations 

The data collected at the hydrophone receiver are noisy before and during pulse 

transmission. The noise in the data set is comprised of many sources including interfering 

outside sound, small scale fluctuations in the water sound speed, electronic noise from the 

transducer measurement equipment, and noise from the hydraulics powering the tank paddle. 

Analysis of the noise statistics (not shown) demonstrate that the noise is well-modeled by a 

zero mean Gaussian distribution. 

An estimate of the noise is available because data acquisition begins before any signal 

arrives at the receiver. The variance of the noise assuming all samples are independent and 

identically distributed is estimated as 

 
𝜎𝑛𝑜𝑖𝑠𝑒

2 =
1

𝑛 − 1
∑𝜓 𝑟𝑖

2

𝑛

𝑖=1

= 4.73 × 10−4 𝑉2 (2.3) 

where 𝑛 = 657500 is the total number of data samples before any direct arrivals from the 120 

acoustic pulses. Before any pulse transmission occurs, the forward model output is 𝜓(𝑡) = 0 

and a minimum threshold can be set on the cost function 𝑢 resulting from noise alone. Each 

received pulse 𝜓𝑟(𝑡) is 𝑁 = 64 samples long. The expected value of the cost function for 

𝑁 = 64 samples of noise alone is computed to be 

 
𝑢𝑛𝑜𝑖𝑠𝑒 = 𝐸 [∑ 𝑟𝑛𝑜𝑖𝑠𝑒

2
𝑖

64

𝑖=1
] = 64 ⋅ 𝜎𝑛𝑜𝑖𝑠𝑒

2 = 3.03 × 10−2 𝑉2. (2.4) 
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The presence of a noise threshold on 𝑢 suggests that the inverse algorithm should not 

seek to minimize the cost function to zero, but instead terminate somewhere in the vicinity of 

𝑢𝑛𝑜𝑖𝑠𝑒. Otherwise the algorithm would essentially be matching model parameters to noise. As 

a conservative estimate, the minimum value of the cost function before algorithm termination 

is set 25% below the noise threshold. 

 𝑢𝑡𝑒𝑟𝑚 ≡ .75 ⋅ 𝑢𝑛𝑜𝑖𝑠𝑒 ≈ 2.27 × 10−2 𝑉2. (2.5) 

2.4.3   Inverse algorithm design 

For each of the 120 surface scattered pulses collected at the receiver, the initial surface 

displacement profile will be modified to result in a calculated scattered pulse that matches the 

actual receiver pulse. Modifications are made to the surface displacement profile by 

sequentially adding adjustment windows that may or may not overlap. The general inversion 

process is shown in Fig. 2.5. 
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Figure 2.5: General inversion process 

 

The inversion algorithm incrementally adjusts the surface and terminates when the 

cost function 𝑢 for that pulse is reduced below the cost function termination threshold,  

 𝑢 ≤ 𝑢𝑡𝑒𝑟𝑚, (2.6) 

as described in Sec. 2.4.2 or the cost function 𝑢 can no longer be reduced. Adjustments to the 

surface, labeled win𝑛(𝑥) in Fig. 2.5, are Gaussian windows that either slightly raise or lower 

the surface at a particular location. Each window function has three adjustable parameters; 

horizontal position, height, and width. The functional form for the first additive window is 

 win1(𝑥) = 𝛼1 ⋅ exp [−
(𝑥 − 𝛼2)

2

2𝛼3
2 ] . (2.7) 
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where 𝛼1, 𝛼2, and 𝛼3 correspond to the amplitude, horizontal position, and 1-𝜎 width (60.65% 

amplitude) of the additive window. Examples of the window functions are shown in Fig. 2.6.  

Each iteration of the inversion algorithm seeks to determine three adjustable window 

parameters to define the one window function that most reduces the cost function value 𝑢. The 

process then repeats and another search is performed to find three additional window 

parameters. When the inversion algorithm eventually terminates, the number of optimized 

window parameters in the parameter vector 𝜶 is three times the number of iterations or 

window functions applied. The final surface displacement profile is then a modified version of 

the initial starting profile to which many Gaussian windows have been added. The number of 

additive Gaussian window adjustments to each initial profile processed is on the order of 100. 

A more detailed explanation of the inversion algorithm can be found in Appendix 2.C which 

documents how initial conditions are set on the parameter searches and when numerically the 

algorithm will terminate. 

 

 

Figure 2.6: Additive window function. 

 

The total number of optimized window parameters in 𝜶 (three for each Gaussian 

window) is not pre-determined, but instead increases iteratively in intervals of three until the 

algorithm terminates. If the total number of window functions for each surface was a preset 
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value, a global search could simultaneously determine those window parameters. However, 

allowing surface adjustments to be made incrementally improves the ability of the inversion 

algorithm to modify as many regions of the surface in as many ways as necessary. Because 

window functions may overlap, there is no particular importance in the choice of a Gaussian 

window adjustment over for example a Hanning window adjustment. Windows of Gaussian 

form were chosen because of their smooth tail end behavior that does not disrupt the surface 

gradient function when added to the surface profile. There is a minimum width restriction for 

each window function of 5 mm to not permit surface discontinuities. The maximum height of 

each window function is set to 0.5 mm for numerical stability purposes. Without a maximum 

height restriction, window functions determined early in the algorithm tend to be 

unrealistically tall and wide indicating an attempt by the inversion scheme to simultaneously 

modify multiple non-adjacent surface regions with only one window.    

 

2.5   Results 

2.5.1   Algorithm performance 

Surface reflected pulse arrival structures 𝜓1−120(𝑡) before and after optimization are 

shown in Fig. 2.7 and 8 for one complete overhead wave cycle. Delay time begins 841 𝜇𝑠 

after the start of pulse transmission. The two figures differ by the choice of initial surface 

displacement profile 𝜂0(𝑥). Fig. 2.7 uses a sine wave as the initial profile while Fig. 2.8 uses 

the wave gauge estimate of wave height as the initial profile. The data collected at the receiver 

hydrophone are shown in the left panel and are the same for both figures. 
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Figure 2.7: Pulse arrival structure: sine profile initial surface 𝜂0(𝑥)  

left - data, middle - before inversion, right - after inversion 

 

 
Figure 2.8: Pulse arrival structure: wave gauge initial surface 𝜂0(𝑥)  

left - data, middle - before inversion, right - after inversion 

 

Inaccuracies between the data and pulse arrival structure before optimization are 

particularly evident in the crest focusing region between pulses 40 and 80. Also both pulse 

arrival structures before optimization consistently underestimate the amplitude of the received 

pulse between pulses 80 and 120. As evident in the right panel of Fig. 2.7 and 2.8, the 

inversion algorithm adjusts the surface displacement profile 𝜂(𝑥) in such a way that the 

aforementioned inaccuracies are properly resolved. Even though the two optimized pulse 

arrival structures are derived from separate initial surface profiles 𝜂0(𝑥), they are practically 

indistinguishable from one another. 

The metric used to quantify the fit between data and model, the cost function 𝑢, is 

plotted before and after surface optimization in Fig. 2.9. The vertical axis on the plot is scaled 

in log format to detail the small values of 𝑢 after optimization. Overall the inverse algorithm 
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succeeds in matching the forward model pulse 𝜓(𝑡) to the receiver data pulse 𝜓𝑟(𝑡) 

throughout the entire overhead wave cycle by reducing the cost function to 𝑢 ≤ 𝑢𝑛𝑜𝑖𝑠𝑒. In 20 

of the 23 instances where the terminal cost function value is not reduced below 𝑢𝑛𝑜𝑖𝑠𝑒, both 

the sine wave and wave gauge estimate of initial surface profile could not be adjusted to 

produce 𝑢 ≤ 𝑢𝑛𝑜𝑖𝑠𝑒. This is evidence that data collection of those pulses occurred during 

overly noisy periods. 

 

Figure 2.9: 𝑢 value (cost function) before and after inversion process. Gray lines represent 

sine wave initial profile and black lines represent wave gauge derived initial profile. The 

vertical axis is log scaled to highlight 𝑢 values below 𝑢𝑛𝑜𝑖𝑠𝑒. Cost function values before the 

inversion are greater than 𝑢𝑛𝑜𝑖𝑠𝑒 while cost function values after the inversion are less than or 

comparable to 𝑢𝑛𝑜𝑖𝑠𝑒. 

 

The inversion process successfully matches model output to receiver data to within 

the experimental noise level. Accuracy of the forward model is tested to ensure that  the 

inversion algorithm is not forcing the model output to compensate for intrinsic model error. In 

Appendix 2.A. the stationary phase approximation to the 2-D integral in Eq. (2.A12) was 

shown to be accurate. Here the accuracy of the Kirchhoff approximation is verified by 

augmenting the forward model to include the next term obtained by iterating an exact integral 

equation for the normal derivative of pressure on the scattering surface. This next term, 

described as the Kirchhoff iterate
10

, accounts for the first level of multiple scattering (source 

 surface  surface   receiver) on the surface. For all the surface geometries considered in 
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this experiment, the Kirchhoff iterate term was evaluated and found to be at most 1/50
th
 the 

Kirchhoff approximation term within Fresnel zones. This corresponds to a 2% or less error in 

data fitting and is well within the noise of the system. Such a small magnitude of the 

Kirchhoff iterate term demonstrates that multiple scattering does not need to be considered 

further. 

2.5.2   Reconstructed surface profiles 

Representative reconstructed surface profiles for four pulses are shown in the top 

panel of Figs. 10-13. The horizontal axis of the top panels represents horizontal displacement 

in meters and extends about 1.5 wave cycles of the surface wave. The vertical axis of the top 

panel represents surface displacement in cm. The surface displacement profiles represent the 

interface between water (below) and air (above). Vertical confidence bounds are shown along 

each of the optimized surface profiles in the color corresponding to the color of the associated 

surface profile. The vertical bars represent 1-𝜎 or 60.65% confidence in the optimized surface 

displacements. Further discussion of how confidence intervals on 𝜂(𝑥) are generated from 

optimized values of 𝜶 can be found in Appendix 2.B. The legends that appear in Fig. 2.10 

apply to all four of Fig. 2.10-2.13. There are four curves in each of the top panels in Fig. 2.10-

2.13. Those curves represent the two starting surface profiles (sine and wave gauge) and the 

two optimized or reconstructed surface profiles. Depicted above or below the optimized 

surface in red is the length of the Fresnel zone associated with each specular reflection point. 

The bottom panel of Fig. 2.10-2.13 shows the time domain representation of the 

scattered signal at the receiver. Delay time on the horizontal axis begins 841 𝜇𝑠 after the start 

of pulse transmission. The vertical axis is measured in receiver volts which is proportional to 

pressure. There are five total waveforms shown in the bottom panels; one model-generated 
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scattered signal for each of the initial and optimized surface profiles and one data signal. For 

each of the four pulses considered, the model-generated scattered signals using the optimized 

surface profiles are in such good agreement with the data that the three waveforms almost 

completely overlap. 

 
 

Figure 2.10: Pulse 116: Example of a single specular reflection point at the trough of the 

overhead wave. The Fresnel zone is relatively short, about .15m. The slightly concave region 

around 𝑥 = −.05 m tends to focus acoustic energy towards the receiver and increase the 

signal amplitude slightly. 
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Figure 2.11: Pulse 30: Example of two isolated specular reflection points. Two distinct pulse 

arrivals (12 𝜇𝑠 and 22 𝜇𝑠) are coherent reflections from each of the non-overlapping Fresnel 

zones shown. 

 

 

 

 

 
 

Figure 2.12: Pulse 54: Example of a very large Fresnel zone throughout the crest region due 

to the overlap of multiple specular reflection point Fresnel zones. The contrast between 

optimized scattered signals and initial estimates of scattered signals show how slight changes 

to the surface profile in a crest region can result in dramatic changes in scattered signal 

amplitude.   



39 
 

 

 
 

Figure 2.13: Pulse 42: Example of two isolated specular reflection points with highly 

divergent optimized surface profiles between the two Fresnel zones. Even though the 

optimized scattered signals in the lower panel are in very good agreement, the diverging 

optimized surface profiles around 𝑥 = −.1 m illustrate that outside of Fresnel zones the 

surface cannot be accurately known. 

 

Measurements for the surface displacement time series are obtained upstream using a 

wire wave gauge accurate to within 1 mm. Due to the small slope and therefore almost linear 

nature of the surface waves, spatial surface displacement profiles computed by pseudo-

harmonic analysis describe the surface wave profile to within a few mm. Any adjustments to 

the initial wave gauge surface profile made during the inversion process account for 

unpredicted features in the wave profile such as those arising from nonlinearities in wave 

physics and inaccuracies in the wave gauge calibration, both of which are small. 

Consequently, the surface shape determined from the wave gauge and the acoustically 

adjusted profiles are quite similar. To verify the robustness of the acoustical inversion, a more 

demanding calculation was performed by generating an initially divergent starting profile 

instead of the sine wave starting profile. The result is shown below in Fig. 2.14 for pulse 42. 

When the divergent starting profile is used as an initial profile in the inversion algorithm, it 
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converges (shown in dark blue) to the wave gauge starting and optimized profiles within the 

isolated Fresnel zones around the specular reflection point at 𝑥 = −.34 m and 𝑥 = 0.1 m. 

 

 
Figure 2.14: Example of an initially highly divergent profile (red) converging to the wave 

gauge profile (green) within each isolated Fresnel zone around 𝑥 = −.34 m and 𝑥 = 0.1 m. 

  

2.6   Discussion 

The Fresnel zones marked above and below the surface profiles in Fig. 2.10-2.13 are 

computed by determining specular reflection points and analyzing the phase function of Eq. 

(2.A17). Those estimated Fresnel zones are independently verified by the results of the inverse 

processing in two ways. First, the separately computed optimized profiles for each pulse (one 

starting from a sine wave and one starting from the wave gauge estimate of wave height) 

converge within 𝜆0/4 only in the regions marked as Fresnel zones. Outer edges of the surface 

profile (𝑥 < −0.5 and 𝑥 > 0.3) are ignored based on time of arrival of the scattered signal. 

The second validation of the Fresnel zone estimates is the fact that vertical confidence bounds 

are at a minimum only in those regions. A zoomed plot detailing one of the isolated Fresnel 
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zones for Pulse 31 is shown below in Fig. 2.15 to highlight agreement between the inverse 

processing and Fresnel zone statistics. 

 

 

Figure 2.15: Surface reconstruction for Pulse 31 showing inner (𝜆0/4) and outer (Fresnel 

zone) length scales. Within the Fresnel zone the two optimized profiles converge and vertical 

confidence bounds are at a minimum indicating high confidence in the computed profile. 

 

Since phase coherence of the forward scattered signal is restricted to Fresnel zone 

regions, detailed information about the surface is also restricted. When the crest of the surface 

wave is directly overhead as in Fig. 2.12, a large Fresnel zone consisting of multiple specular 

reflection points leads to an extensive region of agreement between optimized profiles. Also 

within that region the vertical error bars on the optimized profiles are very small indicating a 

high level of confidence in the adjusted surface. However if a trough of the surface wave is 

directly overhead as in Fig. 2.10, information about the surface is extremely limited and 

knowledge of the crest region remains unknown. Therefore there is not one single pulse from 

which information about the entire overhead surface wave can be determined. Instead several 

pulses collected at different times must be considered to learn about the surface of an entire 
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overhead wave. This is complicated by the fact that features of the surface wave undoubtedly 

change in time.  

A straightforward way to increase the extent of surface reconstructed acoustically is to 

use an array of receiver hydrophones. A hypothetical scenario is depicted in Fig. 2.16 of an 

ocean wave (modeled as 2
nd

 order Stokes) with a period of 8 seconds and wavelength of 82 m 

in an open ocean of depth 15 m and sound speed 1500 m/s. One source hydrophone is placed 3 

m from the bottom and transmits to a variable number of receiving hydrophones. Vertical and 

horizontal array configurations are analyzed separately. For the vertical array, the receivers 

reside between a depth of 5 m and 15 m separated horizontally from the source by 164 m (two 

overhead wavelengths) and increase in density as the number of hydrophones is increased. For 

the horizontal array, the receivers reside between a distance of 82 m and 164 m (spanning one 

complete overhead wavelength) from the source at a depth of 12 m and also increase in 

density as the number of hydrophones is increased. 

 

Figure 2.16: Open ocean receiver array scenario. The source and receiving hydrophones are 

separated horizontally by a maximum distance of 164 m or two overhead wave cycles. 
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There are two advantages to using an array of receivers to perform a wave shape 

inversion. Not only does the extent of surface reliably reconstructed increase but also multiple 

hydrophones will simultaneously detect pulses that are sensitive to the same regions of the 

surface. In those areas, additional scattered pulse data will improve the confidence in the 

reconstruction and would be evident as shorter vertical confidence bars. The simulated 

advantages to using an array of receivers is shown in Fig. 2.17 as both the percentage of a 2-

cycle overhead wave (164 m) that can be reconstructed and also the percentage of the 2-cycle 

overhead wave that has improved confidence in the reconstruction. Those calculations are 

performed by tracking the Fresnel zones around each specular reflection point seen at each 

receiver averaged in time one full period of the forward propagating wave. The array 

simulations were performed at three transmission frequencies; 𝑓1 = 15 kHz, 𝑓2 = 11 kHz, and 

𝑓3 = 7.5 kHz. The corresponding 𝜆/4 inner length scales to those frequencies, representing 

the finest resolution over which information about the surface can be reconstructed, are 0.1 m, 

0.14 m, and 0.2 m respectively. 

As expected, the lower transmission frequencies result in a higher percentage of 

surface that can be reconstructed, however this comes at the cost of lowering the resolution of 

the reconstructed surface. A vertical array with a minimum of 2 receivers results in double the 

coverage of the overhead wave than a horizontal array with even 10 receivers. This is due in 

part to the fact that as any of the source or receiving hydrophones are placed closer to the 

surface, the extent of phase coherence between reflected pulses increases because of a 

decrease in horizontal grazing angle. The reason for the quick asymptote in the curves of Fig. 

2.17 with increasing number of receiver elements is that additional receivers increase the 

density of receivers between a constant array length and do not increase the aperture of the 

array. When simulating a combined horizontal and vertical array (L-shape) the performance 

can be shown to be no better than the vertical array alone. 
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Figure 2.17: Vertical and horizontal array simulation results. Percent of surface denoted on 

the vertical axis corresponds to the percentage of 2 cycles (164 m) of the overhead ocean wave 

either reconstructed or whose reconstruction is improved. 𝑓1 = 15 kHz, 𝑓2 = 11 kHz, 

𝑓3 = 7.5 kHz                    …………………………………………………. 
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Open-ocean experiments will have to be designed carefully if the acoustic inversion 

technique is to work. The inversion algorithm developed here and applied to the wave tank 

data is probably not generic enough to use in any situation. Rather, certain environmental 

conditions must be satisfied. An ideal open ocean scenario would include data collection 

during very little to no wind. High wind conditions lead to both wave breaking and an increase 

in surface roughness. Increased wave steepness prior to breaking may result in invalidation of 

the Kirchhoff approximation. Additionally when a wave breaks, air is entrained and forms 

bubbles near the surface that will absorb and scatter acoustic energy, an effect that is not 

included in the current analysis. Collecting data during relatively benign wind conditions will 

avoid these complications. Acoustic source and receiver geometry must be chosen to ensure 

high SNR given the required use of short single cycle transmission pulses with which to probe 

the surface. Also, times when the swell direction is aligned with the acoustic propagation path 

are required to minimize out of plane scattering effects. Such data has already been collected 

in the SPACE08
11

 (surface processes and acoustic communications experiment) conducted off 

the coast of Martha's Vineyard and would be a suitable data candidate to apply the acoustic 

inversion technique. 

 

2.7   Conclusion 

This initial study demonstrates that information about the shape of a rough scattering 

surface can be reconstructed from scattered, broad-band acoustic pulses and that this 

information is limited to Fresnel zones about specular reflection points. Successful 

development and implementation of an inverse processing algorithm has led to the 

reconstruction of 240 surface displacement profiles (2 per surface scattered pulse) of an 
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overhead surface gravity wave during one complete overhead wave cycle in a scale model 

tank experiment.  

In 197 of the cases, the cost function value 𝑢 was reduced to the noise floor, 

indicating that the predicted scattered pulse could not be further matched to the data signal. 

For the remaining cases, attributed to data collection during periods of greater than average 

noise, the cost function was reduced to an average of 21% above the noise floor. Confidence 

in the optimized surface displacement values is highest in the first Fresnel zone about each 

specular reflection point. In all of the 120 data pulses considered, the results are insensitive to 

the starting profile. Optimized surfaces from each of the two starting profiles converge within 

the inner length scale of 𝜆0/4 in the first Fresnel zones about each specular reflection point, 

demonstrating the existence of two physical length scales. 

By working in a highly controlled environment, the possibility of measuring surface 

wave shape through the analysis of forward-scattered acoustic pulses has been demonstrated. 

Ultimately, the goal is to invert reflected acoustic pulses in the open ocean for wave shape. 

Successes and limitations of the acoustic inversion procedure in the laboratory now provide a 

context for how to move forward in developing a model that can cope with a real-world 

environment. Use of the Kirchhoff approximation combined with a stationary phase 

approximation to model forward scattering is shown to reproduce the reflected field with 

sufficient accuracy to estimate wave shape, which was not necessarily clear at the onset of the 

study. Also the existence of inner and outer length scales over which information can be 

known about the surface provide constraints on the acoustic inversion problem which were not 

previously verified. 

Certain improvements could be made to increase the accuracy of the processing 

algorithm. Currently, reconstructed surface profiles are computed independently of one 
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another. Because these optimized surfaces define the air-sea interface of a propagating surface 

gravity wave, the basic laws of wave physics must be obeyed and could be used to further 

constrain the inverse processing in time. One example of how wave physics could be 

introduced into the processing algorithm would be to include slope limits on the vertical 

motion of water parcels at the air-sea interface. Tracking the surface in time however would 

be complicated by the fact that specular reflection points and associated Fresnel zones will 

also change location in time. 

Future algorithm improvements and additional wave tank experiments can be 

performed to increase the potential of applying the inverse method to the open ocean. For 

example, design of a multiple receiver array as well as optimal choice of acoustic transmission 

frequency will set the desired tradeoff between the extent of reliable surface reconstruction 

and the resolution at which the surface can be detailed. Of particular interest in ocean surface 

reconstruction is the modeling of nonlinear waves that steepen and lead to breaking. If the 

surface is to be known at a minimum resolution of 10 cm, the acoustic transmission frequency 

must be greater than 7.5 kHz. Assuming Fresnel zones on the order of 20𝜆 to 80𝜆 where 𝜆 is 

the acoustic wavelength of a 7.5 kHz signal, a surface can at most be reconstructed to lengths 

of about 4 to 16 m. Using an array of multiple hydrophones however can increase the 

reconstruction length by a factor of 2 to 3. Although increasing the number of receivers 

increases confidence in the reconstruction, ultimately the total number of receivers will be 

limited by equipment availability and the feasibility of setting up an experimental over several 

hundred meters. 
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2.A Derivation of surface reflecting model 

Let the pressure at 1 m from the source be 𝑝𝑠𝑟𝑐𝑠(𝑡). The source term is related to its 

power spectrum by  

 𝑠(𝑡) =
1

2𝜋
∫ 𝑑𝜔 𝑆(𝜔) exp(−𝑖𝜔𝑡)

∞

−∞

. (2.A1) 

Thus, 

 𝑆(𝜔) = ∫ 𝑑𝜔 𝑠(𝑡)
∞

−∞

exp(𝑖𝜔𝑡). (2.A2) 

For later reference note that 

 
𝑑𝑠(𝑡)

𝑑𝑡
= −

𝑖

2𝜋
∫ 𝜔 𝑑𝜔 𝑆(𝜔) exp(−𝑖𝜔𝑡)

∞

−∞

. (2.A3) 

The scattered pressure field is given by 

 𝑝𝑠(𝒓, 𝑡) =
1

2𝜋
∫ 𝑑𝜔 𝑝𝑠(𝒓, 𝜔) exp(−𝑖𝜔𝑡)

∞

−∞

, (2.A4) 

where 𝑝𝑠(𝒓, 𝑡) is the scattered field for the monochromatic case at angular frequency 𝜔. A 

reference for 𝑝𝑠(𝒓, 𝑡) obtained in the Kirchhoff approximation is given in Ref. [11]. From Eq. 

(A6) in [11] 

 𝑝𝑠(𝒓, 𝜔) = ∫
𝛿

𝛿𝑛′
[𝑝𝑖(𝒓

′, 𝜔) 𝐺0(𝒓, 𝒓′)]𝑑𝐴′

𝐴′
 (2.A5) 

where the normal derivative is with respect to an inward normal. The incident field can be 

written as 

 𝑝𝑖(𝒓
′, 𝜔) = 𝑝𝑠𝑟𝑐𝑟0

exp(𝑖𝑘𝑟𝑆)

𝑟𝑆
𝑆(𝜔), (2.A6) 
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with 𝑟0 = 1 m, 𝑘 = 𝜔/𝑐, and 𝑟𝑆 = |𝒓′ − 𝒓𝒔𝑟𝑐|, where 𝒓𝑠𝑟𝑐 is the source position and 𝒓′ is on 

the rough surface. The free space Green’s function is  

 𝐺0(𝒓, 𝒓′) =
1

4𝜋

exp(𝑖𝑘𝑟𝑅)

𝑟𝑅
, (2.A7) 

where 𝑟𝑅 = |𝒓𝑟𝑐𝑟 − 𝒓′| with 𝒓𝑟𝑐𝑟 the receiver position or general field point. Using (2.A6) and 

(2.A7) in (2.A5) gives 

 𝑝𝑠(𝒓, 𝜔) = ∫
𝑖𝜔𝑝𝑠𝑟𝑐𝑟0 exp[𝑖𝑘(𝑟𝑆 + 𝑟𝑅)]

4𝜋𝑐𝑟𝑆𝑟𝑅
⋅ [

𝛿

𝛿𝑛′
(𝑟𝑆 + 𝑟𝑅) + 

𝑖

𝑘
(
𝑥𝜂𝑥 + (𝑧 − 𝑧𝑆)

𝑟𝑆
3 +

(𝑥 − 𝑥𝑆𝑅)𝜂𝑥 + (𝑧 − 𝑧𝑆)

𝑟𝑅
3 )] ⋅ 𝑆(𝜔)

𝐴

𝑑𝐴′. (2.A8) 

 

In the high frequency limit (𝑘 ≫ 1) Eq. (2.A8) simplifies to  

 𝑝𝑠(𝒓, 𝜔) ≈
𝑖𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫
𝜔𝑆(𝜔)

𝑟𝑆𝑟𝑅
exp[𝑖𝜔(𝑟𝑆 + 𝑟𝑅) 𝑐⁄ ]

𝛿

𝛿𝑛′
(𝑟𝑆 + 𝑟𝑅)𝑑𝐴′.

𝐴′
 (2.A9) 

The next step is to obtain 𝑝𝑠(𝒓, 𝑡) from (2.A9) using (2.A4). If we assume the 

integration order can be interchanged so that integration over the angular frequency is 

performed first, the result is 

 𝑝𝑠(𝒓, 𝑡) ≈
𝑖𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫ [
𝛿 𝛿𝑛′ (𝑟𝑆 + 𝑟𝑅)⁄

𝑟𝑆𝑟𝑅

1

2𝜋
∫ 𝜔 𝑑𝜔 𝑆(𝜔) exp[𝑖𝜔(𝑟𝑆 + 𝑟𝑅) 𝑐⁄ ] exp(−𝑖𝜔𝑡)

∞

−∞

] 𝑑𝐴′

𝐴′

 (2.A10) 

 

Recognizing Eq. (2.A3) in the integrand of (2.A10) the final result becomes  

 𝑝𝑠(𝒓, 𝑡) ≈ −
𝑖𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫
𝛿 𝛿𝑛′ (𝑟𝑆 + 𝑟𝑅)⁄

𝑟𝑆𝑟𝑟

𝑑𝑠(𝑡𝑟)

𝑑𝑡
𝑑𝐴′

𝐴′
 (2.A11) 

where 𝑡𝑟 = 𝑡 − (𝑟𝑆 + 𝑟𝑅) ⋅ 𝑐−1 and 𝑐 is the wave propagation speed. Note that the additional 

factor of exp[𝑖𝜔(𝑟𝑆 + 𝑟𝑅) 𝑐⁄ ] in the integrand of Eq. (2.A10) appears as a time delay in the 

source term 𝑑𝑠(𝑡𝑟)/𝑑𝑡. It is convenient to transform Eq. (2.A11) into an integral over a flat 

reference plane, which requires the transformation of variables 𝑑𝑥𝑑𝑦 = 𝑛𝑧𝑑𝐴′.  Making this 
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transformation and including appropriate limits on the integration, the scattered wave at the 

receiver can be computed as 

 𝑝𝑠(𝒓, 𝑡) ≈ −
𝑖𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫  ∫
𝛿 𝛿𝑛 (𝑟𝑆 + 𝑟𝑅)⁄

𝑛𝑧𝑟𝑆𝑟𝑟

𝑑𝑠(𝑡𝑟)

𝑑𝑡

𝑥𝑆𝑅

0

∞

−∞

𝑑𝑥𝑑𝑦. (2.A12) 

The integral in (2.A12) was verified to converge within the noise floor by numerical 

integration over the limits of x. In the current experiment, 𝑠(𝑡) is a computer generated 

quasisinusoidal transmit pulse with dominant frequency 𝜔0 consisting of a small number of 

cycles (about two for the tank experiment). Eq. (2.A12) is based on the assumption of a 

stationary reflecting boundary. In reality, the surface is a moving boundary that introduces, for 

example, Doppler shifts into the reflected acoustic signal. To minimize the effects of boundary 

motion, the transmit pulse has been designed to be as short is reasonably possible 

(approximately 2 cycles). In examining the wave tank geometry and duration of the transmit 

pulse, acoustic interaction with the surface occurs over a time spread of about 20 𝜇s, which is 

small enough to assume stationarity of the overhead wave field. High SNR conditions in the 

wave tank and the use of high-frequency transducers permit the use of such a short pulse to 

probe the surface. Typically high SNR in the ocean is achieved by propagating longer pulses 

(for example, a pseudorandom sequence) followed by pulse compression data processing. 

However, for the inversion scheme proposed here, short pulses would be required. In a real-

world scenario, 2-cycle pulses centered on 10 kHz would yield a spatial resolution of the sea 

surface of roughly a wavelength or so (order 15 cm) based on an interaction lasting 0.2 ms. 

Over that interaction time, a surface wave of nominal velocity 10 m/s would have translated 

only 2 mm, or 1/70 of an acoustic wavelength. From these considerations, we expect that the 

frozen surface hypothesis would be reasonably accurate for realistic, ocean-based 

measurements. 
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Because the transmit pulse is known, 𝑑𝑠(𝑡)/𝑑𝑡 is computed numerically using finite 

differences. In its current form Eq. (2.A12) completely describes the scattered field according 

to the Kirchhoff approximation and could be solved numerically using trapezoidal integration. 

However, a further simplification that greatly reduces computation time can be made by 

noting that the water wave field is uniform in the y-direction and the propagation path in the 

plane of the source and receiver is in-line with the direction of water wave propagation. For 

this case, the integral over y in Eq. (2.A12) can be approximated using the method of 

stationary phase as follows. Substituting (2.A3) into (2.A12) and assuming that the integration 

order can be interchanged, the scattered wave at the receiver can be written as 

 𝑝𝑠(𝒓, 𝑡) ≈ −
𝑖𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫ ∫  ∫
𝛿 𝛿𝑛 (𝑟𝑆 + 𝑟𝑅)⁄

𝑛𝑧𝑟𝑆𝑟𝑟

𝜔𝑆(𝜔)

2𝜋

𝑥𝑆𝑅

0

∞

−∞

𝑒𝑖𝜔[(𝑟𝑆+𝑟𝑅) 𝑐−𝑡] ⁄ 𝑑𝑥𝑑𝑦𝑑𝜔.

∞

−∞

 (2.A13) 

Because the exponential in Eq. (2.A13) is a rapidly oscillating function over the 

bandwidth of the source pulse, the integral over y can be evaluated using stationary phase 

analysis. For an isolated point of stationary phase, the asymptotic form for the integral 

 𝐼 = ∫ 𝑓(𝑦) 𝑒𝑖𝜆𝜙(𝑦)𝑑𝑦
𝑏

𝑎

 (2.A14) 

is given by 

 𝐼 ≈ 𝑓(𝑦0) (
2𝜋

𝜆|𝜙′′(𝑦0)|
)

1
2
𝑒

𝑖 sign(𝜙′′(𝑦0))𝜋
4𝑒𝑖𝜆𝜙(𝑦0) (2.A15) 

where 𝑦0is a point of stationary phase defined by 𝜙′(𝑦0) = 0 and prime and double prime 

indicate differentiation and double differentiation with respect to the spatial variable 𝑦. The 

distances 𝑟𝑆, and 𝑟𝑅 are given by                                                  
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𝑟𝑆 = (𝑥2 + 𝑦2 + (𝑧𝑆 − 𝑧)2)1/2 

𝑟𝑅 = ((𝑥𝑆𝑅 − 𝑥)2 + 𝑦2 + (𝑧𝑅 − 𝑧)2)1/2. (2.A16) 

The function 𝜙(𝑥, 𝑦, 𝑧) defined in Eq. (2.A14) for the integrand in Eq. (2.A13) is 

given by  

 𝜙(𝑥, 𝑦, 𝑧) = (𝑟𝑆 + 𝑟𝑅)/𝑐 − 𝑡 

                    = (𝑥2 + 𝑦2 + (𝑧𝑆 − 𝑧)2)1 2⁄ /𝑐 + ((𝑥𝑆𝑅 − 𝑥)2 + 𝑦2 + (𝑧𝑅 − 𝑧)2)1 2⁄ /𝑐 − 𝑡. (2.A17) 

                          The first and second spatial derivatives with respect to 𝑦 are 

 𝜙′(𝑥, 𝑦, 𝑧) =
1

𝑐
(
𝑦

𝑟𝑆
+

𝑦

𝑟𝑅
) (2.A18) 

and 

 𝜙′′(𝑥, 𝑦, 𝑧) =
1

𝑐
(
𝑟𝑆

2 − 𝑦2

𝑟𝑆
3 +

𝑟𝑅
2 − 𝑦2

𝑟𝑅
3 ) (2.A19) 

A stationary phase point exists at 𝑦0 = 0 and the value of 𝜙′′(𝑥, 𝑦0, 𝑧) = 1/(𝑐𝑟𝑆) +

1/(𝑐𝑟𝑅). The asymptotic form of Kirchhoff’s diffraction formula given by Eq. (2.A13) can 

then be written as 

 

𝑝𝑠(𝒓, 𝑡) ≈ −
𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫

[
 
 
 
 

(
2𝜋

𝑘0 (
1
𝑟𝑆

+
1
𝑟𝑅

)
)

1
2

⋅
𝛿 𝛿𝑛 (𝑟𝑆 + 𝑟𝑅)⁄

𝑛𝑧𝑟𝑆𝑟𝑟

𝑥𝑆𝑅

0

⋅ 𝑒
𝑖𝜋
4 ∫

𝑖𝜔𝑆(𝜔)

2𝜋
𝑒𝑖𝜔[(𝑟𝑆+𝑟𝑅) 𝑐⁄ −𝑡]𝑒−𝑖𝜔𝑡𝑑𝜔

∞

−∞

]
 
 
 
 

 𝑑𝑥 

𝑝𝑠(𝒓, 𝑡) ≈ −
𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫ (
2𝜋

𝑘0 (
1
𝑟𝑆

+
1
𝑟𝑅

)
)

1
2

𝛿 𝛿𝑛 (𝑟𝑆 + 𝑟𝑅)⁄

𝑛𝑧𝑟𝑆𝑟𝑟

𝑑𝑠(𝑡𝑟)

𝑑𝑡
𝑒

𝑖𝜋
4 𝑑𝑥

𝑥𝑆𝑅

0

. 

 

(2.A20) 
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where 𝑡𝑟 = 𝑡 − (𝑟𝑆 + 𝑟𝑅) ⋅ 𝑐−1 and 𝑐 is the wave propagation speed. Equations for �̂�, �̂�𝒔, and 

�̂�𝒓 are:  

 

�̂� = (
∇𝑥𝜂

√1 + |∇𝑥𝜂|2
,

1

√1 + |∇𝑥𝜂|2
) 

�̂�𝒔 = (−
𝑥

𝑟𝑆
,
𝑧𝑆 − 𝜂

𝑟𝑆
) 

�̂�𝒓 = (
𝑥𝑆𝑅 − 𝑥

𝑟𝑅
,
𝑧𝑅 − 𝜂

𝑟𝑅
). 

(2.A21) 

where the source and receiver lie in the 𝑦0 = 0 plane and ∇𝑥≡ 𝑑/𝑑𝑥. When the appropriate 

expressions for  �̂�, �̂�𝑺, and �̂�𝑹 are used to evaluate 𝑛𝑧, 𝑟𝑆, 𝑟𝑅, and 𝛿 𝛿𝑛 (𝑟𝑆 + 𝑟𝑅)⁄ , the 

scattered wave at the receiver 𝜓(𝑡) can be written as: 

 

𝜓(𝑡) = 𝑝𝑠(𝒓, 𝑡) ≈ −
𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫ {(
2𝜋

𝑘0(𝑟𝑆𝑟𝑅
2 + 𝑟𝑅𝑟𝑆

2)
)

1
2

⋅
𝑑𝑠(𝑡𝑟)

𝑑𝑡

𝑥𝑆𝑅

0

⋅ [
𝑧𝑆 − 𝜂

𝑟𝑆
+

𝑧𝑅 − 𝜂

𝑟𝑅
− ∇𝑥𝜂

𝑥

𝑟𝑆
+ ∇𝑥𝜂

𝑥𝑆𝑅 − 𝑥

𝑟𝑅
] 𝑒

𝑖𝜋
4 }𝑑𝑥 

(2.A22) 

The stationary phase approximation treats the broadband source pulse in a narrow-

band sense by approximating 𝑘 by 𝑘0 = 𝜔0 𝑐⁄  where 𝜔0 is the dominant angular frequency of 

the source pulse. Accuracy of this approximation is verified numerically by comparing 

scattered acoustic waves computed from the full 2-D integration of Eq. (2.A12) with those 

computed from the stationary phase approximation integration of Eq. (2.A22). Error in the 

stationary phase approximation is shown to be within the noise level of the system regardless 

of surface profile. On the duel-core computer tested, the stationary phase approximation 

results in a factor of 100 improvement on computation time. 
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2.B   Computation of confidence intervals 

Each optimized surface displacement profile 𝜂(𝑥) is defined by a starting profile 

𝜂0(𝑥) and a vector of parameters 𝜶 corresponding to additive window adjustments. Because 

of noise in the  scattered signal, each optimized surface displacement profile is only an 

estimate of the true underlying surface displacement profile. Confidence intervals are 

computed for each surface point to quantify how good the optimized surface displacement 

profile is at estimating the actual surface. To compute the confidence intervals, an analysis is 

performed on each parameter in 𝜶 to determine its unique statistical distribution followed by a 

Monte Carlo simulation to generate 10,000 surface profile realizations based on a random 

sampling of 𝜶. Upper and lower 61% confidence intervals are then determined for each 

surface point by computing 1-𝜎 standard deviations of the 10,000 surface realizations above 

and below each point in the optimized surface. 

Each parameter in 𝜶 is the MLE estimate �̂� of some true underlying parameter value 

and results in a surface profile that maximizes the liklihood 𝐿(𝜶|𝜓𝑟) of observing the 

scattered signal 𝜓𝑟. The probability distribution function of each parameter is determined by 

perturbing that parameter from its optimized value �̂� and noting the change in 𝐿(𝜶|𝜓𝑟). 

Although the exact relationship between 𝛼 and 𝐿(𝜶|𝜓𝑟) is unknown, it is assumed to be well 

modeled by a 2-sided Gaussian function defined by left and right variance 𝜎𝐿, 𝜎𝑅 and centered 

around the estimate of the optimized value �̂�. The amplitude of the distribution function is 

scaled in such a way that the areas under the curve to the left and right of the mean value �̂� are 

equal, implying a discontinuity in the function at �̂�. 
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2.C   Detailed description of inverse algorithm 

 
 

Figure 2.18: Flowchart of inversion algorithm. The function COMPUTE COST FUNC. uses 

the current surface displacement profile to generate a scattered pulse and cost function value 

as defined in Section 2.4.1. The function PERTURB SURFACE (detailed further in Fig. 2.19) 

is a pattern search global optimization routine used to determine the 3 parameters defining a 

new additive window adjustment. A perturbation (window function) is accepted if it reduces 

the cost function 𝑢 by more than 2.5 ⋅ 10−5 𝑉2. A wide window refers to an initial condition 

on the 1-𝜎 Gaussian width parameter of 0.8 m. A narrower window reduces the current initial 

condition on  width by 50%. The algorithm is terminated when the cost function is reduced 

below 𝑢𝑡𝑒𝑟𝑚 = .0227 𝑉2 or the current initial condition on width is less than 0.25 mm. 
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Figure 2.19: Detailed view of the function PERTURB SURFACE. For a given initial 

condition on additive window width, appropriate initial conditions are set for window 

amplitude and window location by finding the minimum of an NxM matrix of cost function 

values. Once intial conditions are set, a 3-parameter pattern search optimization routine is 

implemented with the MATLAB function patternsearch() in the global optimization toolbox. 

The three optimized parameters are then used to define a window function that is applied to 

the surface displacement profile. The values of N and M change from 20 and 60 to 10 and 200 

respectively as the initial condition on width decreases to provide increased horizontal 

resolution for narrower windows. 

 

Acknowledgements 

We are pleased to acknowledge Dr. James Preisig and Dr. Chris Tindle for their 

assistance with the collection of data from the tank experiment. We would like to thank the 

two anonymous reviewers for their constructive and useful comments, particularly in regard to 



57 
 

 

the appropriate treatment of a broadband source signal in the surface reflection  model. We 

gratefully acknowledge financial support from the Office of Navel Research (Grant No. 

N00014-11-1-0158) and the National Science Foundation (Grant No. OCE-1061050). 

 Chapter 2 is, in full, a reprint of material published in The Journal of the Acoustical 

Society of America: Sean P. Walstead and Grant B. Deane, “Reconstructing surface wave 

profiles from reflected acoustic pulses”. The dissertation author was the primary investigator 

and author of this paper. 

 

References 

1
J. A. Ogilvy, “Wave scattering from rough surfaces,” Rep. Prog. Phys. 50, 1553–1608 

(1987). 

2
C. T. Tindle, G. B. Deane, J. C. Preisig, "Reflection of underwater sound from surface 

waves," J. Acoust. Soc. Am. 130, 66-72 (2009). 

3
M. V. Berry, "On deducing the form of surfaces from their diffracted echoes," J. Phys. A: 

Gen. Phys. 5, 272-291 (1972). 

4
J. C. Preisig, G. B. Deane, "Surface wave focusing and acoustic communications in the surf 

zone," J. Acoust. Soc. Am. 116, 2067-2080 (2004). 

5
C. T. Tindle, G. B. Deane, "Shallow water sound propagation with surface waves," J. Acoust. 

Soc. Am. 117, 2783-2794 (2005). 

6
K. L. Williams, J. S. Stroud, P. L. Marston, "High-frequency forward scattering from 

Gaussian spectrum, pressure release, corrugated surfaces. I. Catastrophe theory modeling," J. 

Acoust. Soc. Am. 96, 1687-1702 (1994). 

7
R. S. Longhurst, Geometrical and physical optics (Wiley, New York, 1967), Chap. 10, pp. 

194-204. 

8
R. E. Sheriff, "Nomogram for Fresnel-zone calculation," Geophysics 45, 968-972 (1980). 

9
S. M. Kay, Fund. of statistical signal processing, Vol. I (Prentice Hall, New Jersey, 1993), 

Chap. 7, pp. 157-178. 

10
E. I. Thorsos, D. R. Jackson, "Studies of scattering theory using numerical methods," Waves 

in Random Media. 1 3, S165-S90 (1991).   



58 
 

 

11
G. B. Deane, J. C. Preisig, C. T. Tindle, A. Lavery, and M. D. Stokes, “Deterministic 

forward scatter from surface gravity waves," J. Acoust. Soc. Am. 132, 3673-3686 (2012). 



 

59 

 

 

 

 

 

Chapter 3 

 

 

Reconstructing surface wave profiles from 

reflected acoustic pulses using multiple 

receivers 

 

 

 

Abstract 
 

Surface wave shapes are determined by analyzing underwater reflected acoustic 

signals collected at multiple receivers. The transmitted signals are of nominal frequency 300 

kHz and are reflected off surface gravity waves that are paddle-generated in a wave tank. An 

inverse processing algorithm reconstructs 50 surface wave shapes over a length span of 2.10 

m. The inverse scheme uses a broadband forward scattering model based on Kirchhoff's 

diffraction formula to determine wave shapes. The surface reconstruction algorithm is self-

starting in that source and receiver geometry and initial estimates of wave shape are 

determined from the same acoustic signals used in the inverse processing. A high speed 

camera provides ground-truth measurements of the surface wave field for comparison with the 
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acoustically-derived surface waves. Within Fresnel zone regions the statistical confidence of 

the inversely optimized surface profile exceeds that of the camera profile. Reconstructed 

surfaces are accurate to a resolution of about a quarter-wavelength of the acoustic pulse only 

within Fresnel zones associated with each source and receiver pair. Multiple isolated Fresnel 

zones from multiple receivers extend the spatial extent of accurate surface reconstruction 

while overlapping Fresnel zones increase confidence in the optimized profiles there.  

 

3.1   Introduction 

The problem of wave scattering from rough surfaces has received considerable 

attention in recent decades. The effect of surface roughness on electromagnetic wave 

scattering has application for example to land and sea radar design, and is involved in 

astronomy and optics studies. More recently, acoustic wave scattering has seen application in 

areas such as ultrasonic imaging and crack detection in structural engineering
1
. In the ocean 

context, rough surface acoustic scattering is typically focused on bottom sediment scattering, 

object (i.e. fish) scattering, and ocean surface scattering. The study presented in this paper is 

concerned with the latter of those topics, namely underwater acoustic scattering from surface 

gravity waves. 

The treatment of acoustic wave scattering from the sea surface presented here is 

motivated by some recent ocean experiments
2,3,4

, which have shown that during low-wind, 

swell dominated conditions, an ocean surface can act like a lens, generating focused acoustic 

arrivals from forward scattered pulses. The sound intensity of the surface reflected arrival in 

some cases may actually equal or exceed the intensity of the direct arrival
2
. This implies that 

the surface reflected multipath is an important channel for high-frequency acoustics in the 
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shallow water environment. Temporal variations in underwater acoustic signal level is 

sometimes quantified by intensity variance divided by the square of mean intensity, referred to 

as the scintillation index (SI). Modeling and measurement of the SI requires ensemble 

averaging and parameterization of the sea surface by quantities like root mean square ocean 

surface wave height and correlation lengths. Recent measurements of SI of surface forward-

scattered signals in the ocean have been published by Cotté, Culver, and Bradley
5
 and agree 

well with a SI model proposed by Yang and McDaniel
6
. The work is based on an earlier study

7
 

which considered SI from volume inhomogeneities. While accurate when averaged over 

several measurement periods, fluctuations in surface reflected acoustic energy due to a non-

stationary overhead wave field are not easily predicted on a pulse by pulse basis. Improper 

accounting of ocean surface acoustic scintillation has been shown to degrade the performance 

of underwater acoustic communication systems
2
. Thus there is a need for a more deterministic 

descriptor of scattering from the overhead wave field that is not based on statistical methods. 

The modeling of single realizations of forward scattered sound in the ocean has been 

previously attempted by Williams and Funk
8
 under oceanic ice sheets. Their model, based on 

specular point theory
9
, captured many attributes of the ice reflected acoustic data. Differences 

between model and data are attributed to a lack of knowledge about the explicit form of the 

reflecting surface. In a similar sense, focused acoustic signals from surface gravity waves are 

also highly sensitive to details of the reflecting surface. This leads to the possibility of 

inversely solving for wave shape based on the form of forward scattered acoustic pulses. 

Walstead and Deane
10

 have pursued this idea and shown that surface wave shape can be 

determined by analyzing forward scattered acoustic pulses in a scale model wave tank. In that 

study, two fundamental length scales intrinsic to the inversion process are confirmed. An outer 

length, on the order of a Fresnel zone surrounding a specular reflection point, is the only 

region of the surface that can be deduced acoustically to within a resolution set by the inner 
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length of 𝜆0/4 where 𝜆0 is the dominant wavelength of the acoustic pulse. Those length scales 

provide a framework for the amount of information about a reflecting surface that can be 

extracted from a forward scattered pulse. 

The wave shape inversion experiment outlined in this study and in Ref. 10 occurs in a 

wave tank that is scaled to model an open ocean scenario. The inversion process developed in 

Ref. 10 and adapted in this study involves a cost function minimization which seeks to match 

model forward scattered acoustic pulses with those detected at a receiver. The forward 

scattering model, based on earlier work by Berry
11

, is able to numerically simulate received 

acoustic waveforms for a specified reflecting surface 𝜂(𝑥) where 𝑥 is the horizontal position 

between source and receiver. 

Numerical simulations of wave scattering from rough surfaces are either carried out 

exactly by solving an integral equation or approximately by making certain assumptions about 

the roughness of the surface. The two most common approximations in solving the rough 

surface scattering problem are the perturbation approximation and the Kirchhoff, or tangent 

plane approximation. For an extensive review of those approximate techniques see Oglivy
12

. 

In the current study, the modeling work employed makes use of the Kirchhoff approximation 

as it is particularly amenable to high frequency wave scattering. Whereas the perturbation 

approach is valid when the root-mean-square (rms) surface height is small compared to the 

acoustic wavelength, the Kirchhoff approximation is valid when the radius of curvature is 

large compared to an acoustic wavelength
13

. Use of the Kirchhoff approximation results in 

considerably faster computation time. Care must be taken however that certain wave scattering 

effects are not important such as multiple reflection within a wave crest or shadowing by 

highly sloped surfaces with regard to grazing angle as these effects are neglected when the 

Kirchhoff approximation is employed. 
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The fact that 𝜂(𝑥) only depends on one spatial dimension implies that uniformity has 

been assumed in the along-crest direction. Angular spread of bistatic scattering from the sea 

surface in the horizontal direction is strongly linked to an effective mean square slope of the 

surface waves which is calculated from a directionally averaged wavenumber spectrum
14

. In 

the experiment at hand, waves are paddle generated such that they are smooth and vary 

minimally in the along-crest direction. Thus the waves are highly directional and any acoustic 

out of plane scattering can be neglected. Care must be taken however to consider such 

scattering phenomena if ocean data is to be analyzed. 

Ultimately the goal of this inversion work is to apply the process to waves in the open 

ocean. The motivation for the current experiment is to improve the robustness and ocean 

applicability of the inversion process in Ref. 10 to handle open ocean acoustic data. Several 

key changes have been made to the inverse processing approach developed in Ref. 10 and are 

outlined in Sec. 3.4. In order to overcome the restriction of the outer length scale on surface 

wave reconstruction, multiple (four) receiver hydrophones are used. As discussed in Sec. 3.2, 

a camera is used to verify the inversion results. Results and discussion of the current 

experiment are presented in Sec. 3.5 and Sec. 3.6. Lastly, remarks about the versatility and 

usefulness of this acoustic remote sensing technique are included in the conclusion Sec. 3.7. 

 

3.2   The experiment 

The experiment took place in a 33-m glass-walled wave tank in the Hydraulics 

Facility at Scripps Institution of Oceanography. A schematic of the experimental setup is 

shown in Fig. 3.3.1. The tank is 0.6 m wide and filled to a water depth of 0.59 m. Working in 

a wave tank allows for waves that are nearly uniform in the along-crest direction, which 
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greatly simplifies the numerical modeling of sound scattering used later in the inversion 

algorithm. Wave packets are generated at one end of the channel with a computer-controlled 

mechanical flap. Since non-periodic wave packets were generated, it is not convenient to 

describe the overhead wave field by a nominal wavelength and amplitude. However the 

section of the overhead wave considered for inversion has a wavelength of roughly 1 m and an 

amplitude of about 2 cm. Since the ratio of gravity wave wavelength to acoustic wavelength is 

approximately 200, we expect the surface scattered pulses to be sensitive to the details of the 

gravity wave shape on scales small compared to a water wavelength. 

 

 

Figure 3.1: Experimental geometry. Short 3-cycle pulses of nominal frequency 300 kHz were 

transmitted from source S to the four receivers R1-R4 as the overhead wave progressed from 

left to right. 

 

Five high frequency transducers (International Transducer Corp 1089Ds with 

bandwidth 100-300 kHz) were mounted in the wave tank mid-way between the glass walls 

and 0.355 m below the undisturbed surface. One transducer acted as the source (labeled S) and 

the other four were used as receivers (labeled R1-R4). As discussed later, the transducers were 
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positioned such that the majority of side-wall and multipath acoustic reflections could be 

separated via time-gating from the desired surface reflected acoustic arrivals. Transducers 

were oriented 45
o
 with regard to the wave channel bottom and along the center-line of the tank 

to minimize variations in transducer directionality with changing arrival angle of energy 

reflected from the surface. The result was a transducer directionality of ± 1.5 dB over 

𝜃𝑎𝑟𝑟𝑖𝑣𝑎𝑙 = 0 − 90𝑜 as measured from the transducer center-line. 

A high speed camera, the 1.3 Megapixel MotionPro x3, is used to provide ground-

truth measurements of the surface wave field for comparison with the acoustically-derived 

surface wave profiles. The camera was positioned to capture the section of the overhead wave 

field between the source S and the most upstream receiver R1 (see Fig. 3.3.1), which 

encompasses the specular reflection points for all four source/receiver pairs. The acoustic 

inversion is expected to provide high confidence information about the surface within Fresnel 

zones around specular reflection points and so the view of the camera captured enough of the 

wave shape to provide ground truth comparisons with the acoustically-derived surface. 

Pulse transmission from the source and data acquisition from the four receivers were 

synchronized and sampled at 2 Msamples/sec with a National Instruments USB DAQ card. 

The time between successive pulse transmissions was chosen by measuring the time period 

required for sound pressure levels at the receivers from multi-path arrivals to decay to 5% of 

their peak value (the direct path arrival). This resulted in a pulse transmission frequency of 

about 37 Hz. Pulses were transmitted in rapid succession to obtain an estimate of the surface 

elevation time series midway between source and receiver as described in Sec. 3.4.1. Memory 

constraints on the data acquisition computer limited acoustic data collection to about 1.35 sec 

or 50 pulse transmissions. The camera recorded frames at a rate of 30 Hz and so was 

asynchronous with regard to the acoustic data. Camera data were not collected for every run 
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but data from identical wave packets were ensemble averaged and interpolated in time to 

match the acoustic sampling rate. This results in a standard deviation in the camera-derived 

surface elevation of approximately 6 mm, which is comparable to the parallax error of the 

camera system. 

The waveform used to excite the source transducer was designed to produce a short 3-

cycle water pressure pulse. Although the source and receivers were positioned to minimize 

multi-path interference in the desired surface reflected acoustic arrival, some interference did 

occur, most likely from side-wall reflections. Interference from side-wall multi-arrivals was 

handled by obtaining a form of the interfering arrival via averaging and subtracting it from the 

collected data. Some side-wall reflections arrived at the same time as the flat surface arrival. 

Therefore both flat surface and rough surface scenarios were considered to properly measure 

all side-wall reflections. Additionally, the hydrophone response to the voltage excitation 

included a ringing effect that extended arrival energy past the desired 3-cycles. Because of 

these complications, which varied slightly between receivers, reference acoustic pulses were 

obtained uniquely for each receiver hydrophone by averaging 7-8 amplitude-normalized 

surface arrivals that had reflected from trough regions of the overhead wave. Despite 

subtracting the measured side-wall reflections from the data record, some interference 

remained and the trough reflected arrivals exhibited less multi-path interference than the 

reference flat surface arrivals. 

The inversions to follow utilize the phase information of the received waveforms and 

as such require knowledge of the source and receiver spacing to a precision equivalent to the 

distance traveled by a pulse during one receiver sampling interval (approximately 1 mm). To 

determine the source and receiver geometry, a damped least-squares nonlinear optimization 

was performed (using the source and receiver geometry as adjustable parameters) to match 
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observed and computed direct and surface-reflected arrival times from a reference flat surface 

run. The water sound speed as measured by a micro-CTD was 1523.2 m/s. 

 

3.3   The surface reflection model 

At the core of the inversion algorithm, surface reflected acoustic pulses collected at 

each receiver are compared to computed theoretical scattered signals. The forward model used 

to compute the theoretical pulses is based on a broadband form of Kirchhoff's theory of 

diffraction. In this view of scattering, each point along the surface insonified by an acoustic 

wave becomes itself a source of a spherical wave. Prior works
10,11

 have suggested a time-

domain formalism of Kirchhoff theory applied to broadband scattering, and a complete 

derivation of such a formulation can be found in Appendix 2.A. Rather than reproduce the 

details of that derivation here, only the final result is given in Eq. (3.1). 

The output of the forward model is the signal 𝜓(𝑡) forward scattered from a surface. 

The signal is expressed as a continuous wave-field integral that is evaluated by numerical 

integration after specifying a surface profile 𝜂(𝑥). The forward model does not handle 

shadowing or multiple reflections within a wave crest, so there are some geometric limitations. 

By assuming uniformity in the along crest wave direction, a stationary phase approximation is 

made in the derivation of the forward model which reduces the solution from a 2-D integral to 

a 1-D integral. The accuracy of this approximation has been verified numerically by 

comparing theoretical forward scattered signals computed by full 2-D integration and 

stationary phase induced 1-D integration and error in the stationary phase approximation was 

found to be to be within the noise level of the system regardless of surface profile. Also, the 

Kirchhoff approximation is used in the derivation of the forward scattered signal which 
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approximates the pressure field along the surface by the incident pressure field. The accuracy 

of that approximation is verified by augmenting the forward model to include the next term 

obtained by iterating an exact integral equation for the normal derivative of pressure on the 

scattering surface. The next term, known as the Kirchhoff iterate
15

 accounts for the first level 

of multiple scattering (source  surface  surface  receiver) on the surface. For all the 

surface geometries considered in this experiment, the Kirchhoff iterate term was evaluated and 

found to be at most 3% of the Kirchhoff approximation term within Fresnel zones. This error 

is well within the noise limits of the system and demonstrates that multiple scattering does not 

need to be considered for this experiment. 

The schematic in Fig. 3.3.2 defines the geometry and variables used in the surface 

scattering model. An acoustic pulse is transmitted at the source S, reflected off surface 𝐴1, and 

received at a receiver R. Even though there are four receivers in the experimental setup, only 

one is shown in Fig. 3.3.2 for simplicity. The surface displacement about 𝑧 = 0, which is 

assumed to extend uniformly and infinitely in the y-direction, is a function of horizontal 

distance 𝑥 from the source and is given by 𝜂(𝑥). The depth of the source and receiver are 

given by 𝑧𝑆 and 𝑧𝑅 respectively and the distance between source and receiver is 𝑥𝑆𝑅. The unit 

vector �̂� points normal to the surface in the positive 𝑧-direction. Vectors 𝒓𝑺 = 𝑟𝑠�̂�𝑺 and 

𝒓𝑹 = 𝑟𝑅�̂�𝑹 represent the path from source to surface 𝐴1 and the path from surface 𝐴1 to a 

receiver respectively.  



69 
 

 

 

Figure 3.2: Surface reflection model geometry. 

 

Green's theorem is invoked in the derivation of the surface reflection model resulting 

in a wave-field integral expression of the scattered signal. As such, the reflecting surface must 

be extended to enclose both the source and receiver. Therefore surface 𝐴2 extends 

substantially far along the 𝑥-direction while surface 𝐴3 encloses the source and receiver such 

that the distance between R and 𝐴3 is much greater than the distance between R and 𝐴1. 

The final form of the expression used to calculate the scattered signal 𝜓(𝑡) = 𝑝𝑠(𝒓, 𝑡) 

at the receiver is given by Eq. (3.1), 

 

𝜓(𝑡) = 𝑝𝑠(𝒓, 𝑡) ≈ −
𝑝𝑠𝑟𝑐𝑟0
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(3.1) 

where 𝑐 is the speed of sound, 𝑘0 = 𝜔0/𝑐, and ∇𝑥≡ 𝑑/𝑑𝑥 (see Appendix 2.A for a full 

derivation of this equation). The free-field acoustic signal at 𝑟0 = 1 m from the source is 

defined as 𝑝𝑠𝑟𝑐𝑠(𝑡). The delayed time 𝑡𝑟 = 𝑡 − (𝑟𝑆 + 𝑟𝑅)𝑐−1 represents the time required for 

the acoustic signal to travel from S to R, after reflecting off the surface. All other variables are 
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shown explicitly in Fig. 3.3.2. Since the source and receiver geometry is known, all that is 

required to compute 𝜓(𝑡) numerically is specification of the reflecting surface 𝜂(𝑥) and its 

spatial derivative in the 𝑥-direction. The exponential phase delay term 𝑒𝑖𝜋/4 can be included 

in the calculation as an additional time delay of 𝜋/(4𝜔0) where 𝜔0 is the dominant angular 

frequency of the acoustic pulse. 

As discussed in Ref. 10, there are fundamental physical length scales that are 

associated with surface scattering. The first, an inner length scale, defines the finest resolution 

about which spatially coherent features can be known of the scattering surface from reflected 

acoustic pulses. That inner length scale is 𝜆0/4, where 𝜆0 is the dominant acoustic 

wavelength. The quarter-wavelength inner length scale was first proposed by Berry
11

 who 

provides an analytic argument for it when considering broadband backscattered acoustic 

echoes. For this experiment, acoustic transmission occurs at 300 kHz with a wavelength of 5.1 

mm. Therefore at best, the acoustic inversion process can determine features of the scattering 

surface to within 𝜆0/4 ≈ 1.3 mm. 

On scales larger than 𝜆0/4, the surface can be considered a deterministic reflector of 

acoustic energy. Specular reflection points along the surface provide the most highly 

contributing component signals to the total scattered signal
16

. The first Fresnel zone 

surrounding a specular reflection point is defined by the region where reflected component 

signals have a phase difference at the receiver of less than 𝜋/2 from the specular reflection
17

. 

Thus reflections from within the first Fresnel zone add coherently at the receiver. Higher order 

Fresnel zone cancellation
17

 and a rapidly changing phase of reflected component signals
10

 

result in reflections from outside the first Fresnel zone having a minimal effect on the total 

receiver scattered signal. Thus from this point on, the first Fresnel zone will be referred to as a 

‘Fresnel zone’. With regard to the inversion process, a Fresnel zone sets the outer limit to the 
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extent about which information can be known about the surface from a single, scattered 

acoustic pulse. The exact value of this length depends on the acoustic wavelength, the shape of 

the surface and details of the source-receiver geometry. For the surface profiles and source-

receiver configurations considered in this experiment, Fresnel zones for each receiver 

typically span 20𝜆0 to 80𝜆0, or 0.1 m to 0.4 m.  

 

3.4   Inversion approach 

The goal of the inversion algorithm is to determine a surface displacement profile that 

reliably represents the actual reflecting surface. The algorithm starts with an initial surface 

displacement profile and incrementally adjusts it until model and experimental surface 

scattered pulses are matched to within the measurement noise floor according to a maximum 

likelihood estimator. The initial surface profile is determined from the surface scattered 

acoustics alone and discussed in Sec. 3.1. Such a process for determining initial wave shapes 

from just the surface scattered acoustics allows the inversion algorithm to self-start. This is 

attractive because it could be implemented in the ocean where SONAR equipment or other 

wave measuring equipment may not be available to provide initial estimates of the ocean 

surface shape. A formalism for the inversion algorithm along with noise considerations are 

presented in Sec. 3.2, while algorithmic details on the inversion are discussed in Sec. 3.3. 

3.4.1   Acoustically-derived initial wave shapes 

The initial surface displacement profile is generated from the acoustic data alone. 

Although data from the cameras and wave gauges could be used to generate an initial wave 

shape profile, the eventual goal is to use this acoustic inversion technique in the ocean where 
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such equipment is typically unavailable. The method of determining a surface profile utilizing 

the surface scattered acoustics starts with measuring integrated acoustic arrival energy versus 

delay time for each pulse arrival. An example of such a measurement is shown in Fig. 3.3. The 

arrival energy is characterized by an initial flat region corresponding to delay time before any 

transmitted signal is detected, followed by a steep increase in arrival energy corresponding to 

the acoustic specular reflection. Toward the end of the pulse, the total arrival energy flattens 

out again indicating that most of the transmitted acoustic energy has arrived. By defining 

arrival time as the time at which one half of the total energy has been received and assuming a 

flat, horizontal surface, it is possible to determine a time series 𝜂𝑚𝑖𝑑(𝑡) that corresponds to the 

elevation of the surface at the specular reflection point, which is approximately mid-way 

between the source and receiver. The assumption that the surface is flat and horizontal is a 

first approximation, leading to a rough estimate of the surface elevation. This first 

approximation contains inaccuracies because the surface in the region of specular reflection 

points from which acoustic energy is predominantly reflected is not, in general, either flat or 

horizontal. However the goal at this initial stage of data processing is to simply obtain a 

starting profile which can be perturbed by the inversion algorithm. The time series can then be 

transformed into a spatial surface elevation profile 𝜂0(𝑥) through pseudoharmonic analysis 

(see Appendix B of Deane et al. J. Acoust. Soc. Am., 132(6) 3673-3686, 2012 for details).  

Although time of arrival based surface elevation time series can be computed from data for 

each receiver, only the data from the receiver closest to the source, R1, is used to compute an 

initial surface profile since this receiver has the highest signal to noise ratio. 



73 
 

 

 

Figure 3.3: Integrated arrival energy versus delay time for a typical pulse. The dashed lines 

represent delay time corresponding to arrival time and one half of total arrival energy. Arrival 

time is recorded for all 50 pulses and used to compute 𝜂𝑚𝑖𝑑(𝑡). 

 

3.4.2   Maximum likelihood estimate (MLE) and noise 

considerations 

We assume that the received data signal 𝜓𝑅(𝑡) can be accurately represented by the output of 

the forward model 𝜓(𝑡|𝜶) perturbed by an additive, zero-mean, stationary Gaussian noise 

process 𝑛(𝑡), 

 𝜓𝑅(𝑡) = 𝜓(𝑡|𝜶) + 𝑛(𝑡). (3.2) 

The vector 𝜶 represents perturbations to the initial surface displacement profile 𝜂0(𝑥). 

Together 𝜶and 𝜂0 define the final wave shape 𝜂(𝑥) as discussed in Sec. 3.4.3. The inversion 

algorithm seeks to define the surface perturbation vector 𝜶 such that the likelihood 𝐿(𝜶|𝜓𝑅) 

of obtaining the data samples 𝜓𝑅(𝑡) is maximized. Following standard maximum likelihood 

estimation (MLE) approaches
18

, maximizing the likelihood function is the same as minimizing 

the residual between data and model, 𝑟(𝑡) ≡ 𝜓𝑅(𝑡) − 𝜓(𝑡|𝜶). From this a cost function is 
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defined as 𝑢 ≡ [
1

𝑛−1
∑ 𝑟2(𝑡)]

1/2
, where 𝑛 is the number of samples in the data from all four 

hydrophones combined. The goal of the inversion process is to define a vector of parameters 𝜶 

such that the cost function 𝑢 is minimized, implying that the likelihood of observing the 

received data 𝜓𝑅(𝑡) for the surface 𝜂(𝑥)is maximized. 

The sources of noise comprising 𝑛(𝑡) are numerous and include interfering outside 

sound, electronic noise from the hydrophones, and noise from the hydraulics powering the 

tank paddle. Any interfering side-wall reflection or strut reverberation from the mounting 

equipment are also considered noise. An estimate of the noise is made by analyzing the 

residual between the flat surface run scattered pulses and model output assuming a flat 

surface. The data from multiple receivers are concatenated for simplicity. The variance of the 

noise assuming all samples are independent and identically distributed is estimated as 

  
𝜎𝑛𝑜𝑖𝑠𝑒

2 =
1

𝑛 − 1
∑ (�̅�𝑅

𝑓𝑙𝑎𝑡(𝑡𝑖) − �̅�(𝑡𝑖|𝜂 = 0))
2

𝑛

𝑖=1

= 5.85 × 10−6 𝑉2 
(3.3) 

where 𝑛 = 590 is the number of samples in the data from all four hydrophones combined. The 

overbars in Eq. (3.3) indicate that �̅�(𝑡) is the measured voltage from the receiver hydrophone. 

To obtain acoustic pressure as implied in the definition of 𝜓(𝑡) in Eq. (3.1), a multiplicative 

hydrophone sensitivity constant could be used at the acoustic working frequency. From the 

similarity in definition between noise variance and cost function, a threshold on 𝑢 due to noise 

is given by  

 𝑢𝑛𝑜𝑖𝑠𝑒 = 𝜎𝑛𝑜𝑖𝑠𝑒 = 2.42 × 10−3 𝑉. (3.4) 

   

The existence of a noise threshold on the cost function implies that the inversion algorithm 

should not seek to minimize 𝑢 to zero, but instead terminate somewhere in the vicinity of 
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𝑢𝑛𝑜𝑖𝑠𝑒. As a conservative estimate, the minimum value of the cost function before algorithm 

termination is set 25% below the noise threshold. This prevents the inversion algorithm from 

matching parameters to noise. 

 𝑢𝑡𝑒𝑟𝑚 ≡ 0.75𝑢𝑛𝑜𝑖𝑠𝑒 ≈ 1.81 × 10−3 𝑉. (3.5) 

 

3.4.3   Inverse algorithm design 

For the 50 surface scattered pulses analyzed, each initial surface displacement profile 

will be modified to result in a calculated scattered pulse that matches the actual received pulse. 

The process for modifying the initial surface displacement profile involves perturbing the 

surface with additive Gaussian windows. This process is outlined in detail in Sec. 2.4.3 and 

Appendix 2.A and so will only be summarized here with changes to the inversion algorithm 

highlighted. 

The inverse algorithm searches for and saves additive Gaussian windows one at a time 

until the cost function 𝑢 for that pulse is reduced below the cost function termination 

threshold, 𝑢 ≤ 𝑢𝑡𝑒𝑟𝑚. The reflecting surface profile is then considered optimized. Each 

Gaussian window is defined by 3 parameters: amplitude, horizontal position, and 1-𝜎 width 

(60.65% amplitude), identified below for the first window as 𝛼1, 𝛼2, 𝛼3 respectively, 

 
win1(𝑥) = 𝛼1 exp [

(𝑥 − 𝛼2)2

2𝛼3
2 ]. 

(3.6) 

A new i
th
 surface displacement profile is generated by incrementally adding each Gaussian 

window to the surface profile from the previous iteration, 
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 𝜂𝑖(𝑥) = 𝜂𝑖−1(𝑥) + wini(𝑥). (3.7) 

Thus each iteration of the inversion algorithm seeks to determine three adjustable window 

parameters to define the one window function that most reduces the cost function value 𝑢 

within a set of parameter constraints. This process then repeats and another search is 

performed to find three additional window parameters. When the inversion algorithm 

eventually terminates, the number of optimized window parameters in the parameters vector 𝜶 

is three times the number of iterations or window functions applied.  

Some changes were made to the inversion design from Ref. 10. For this study, initial 

surface displacement profiles are generated from time of arrival calculations based on the 

surface reflected acoustics alone. This results in initial surface profiles that are quite divergent 

(up to 3𝜆) from the actual profile. Because the Gaussian windows are added incrementally and 

the transmit signals are 3-cycle pulses, there was a tendency for the inversion algorithm in 

early iterations to consider experimental and theoretical surface reflected pulses matched when 

they were in fact an integer number of wavelengths offset in delay time. To compensate for 

this, the entire inversion process was initially performed ignoring the phase information of the 

signals. By only considering amplitude information, this first stage of inversion modified the 

initial surface profile to result in theoretical scattered pulses that were offset within one 

wavelength of experimental pulses. The inversion process was then performed again in a 

second stage which included both amplitude and phase information. In the prior surface 

reconstructions by Walstead and Deane
10

, the wave gauge derived initial surface profiles very 

closely represented the actual surface. As a result, there was no need to first ignore the phase 

information of the signals to improve robustness. All experimental pulses analyzed consisted 

of only one surface reflection. In future application to a more complicated scattering 

environment such as the ocean, the amplitude matching process in stage one of the inversion 
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process may need to be further modified (such as adding a matched filter) if more than one 

arrival is detected at the receiver from multiple specular reflection points. 

Additionally modified from Ref. 10 are the parameter constraints when searching for a 

new additive window. The horizontal position of the Gaussian window is bounded upstream 

by the source position and downstream by the farthest receiver. The width of the window has 

an upper bound of the distance between source and the farthest receiver and a lower bound of 

𝜆0/8. A dynamic amplitude constraint was enforced by not allowing the maximum slope of 

the Gaussian window to exceed 0.1. This helps prevent the inverse algorithm from generating 

unrealistic surface profiles that might violate other physical constraints on the wave field not 

considered, such as surface particle velocity. 

 

3.5   Results 

Convergence of the inversion algorithm is indicated by cost function value; a low cost 

function value indicates that model scattered pulse and data pulse are well matched.  The 

algorithm performance is summarized in Fig. 3.4, which shows cost function value before and 

after surface optimization for each pulse number. For 41 of the 50 pulses analyzed, the cost 

function was successfully reduced below the noise threshold, 𝑢 ≤ 𝑢𝑛𝑜𝑖𝑠𝑒. The 9 cases in 

which cost function was not reduced below the noise threshold are attributed to data collection 

during overly noisy periods implying those surface scattered pulses may be particularly 

contaminated by multi-path interference or strut reverberation.  
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Figure 3.4: Cost function value 𝑢 vs. pulse number. In 42 of the 50 pulses analyzed, the cost 

function was reduced below the noise threshold. 

 

In addition to cost function, a contour plot depicting the actual surface reflected pulses 

𝜓1−50(𝑡) for receiver R3 is shown in Fig. 3.5. Individual surface reflected waveforms are 

plotted vertically while consecutive arrivals are stacked horizontally. The initial model 

scattered pulses in the left panel were computed using the initial surface displacement profiles 

derived acoustically as outlined in Sec. 3.4.1. The surface scattered pulses collected at the 

receiver (experimental data) is shown in the center panel. The right panel shows the model 

scattered pulses using the surface profiles optimized from the inversion algorithm. Waveforms 

corresponding to the other receivers R1, R2, and R4 are not shown because of similarity in the 

pulse arrival structure. 

The time of arrival and amplitude of both data and model pulses must be the same for 

the pulses to be matched. The time of arrival of the initial model waveforms at the top of Fig. 

3.5 match the data for pulses 10-50. However prior to pulse 10, the initial modeled waveforms 
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arrive too early. This implies that the specular reflection points in each surface displacement 

profile used to generate those scattered pulses are too close to the source/receiver pair. The job 

of the inversion algorithm is to correct this and modify the initial surfaces so that the model 

and data waveforms match. As seen in the bottom panel of Fig. 3.5 that correction has been 

made and all model surface scattered pulses arrive at the proper data-matched time. Amplitude 

of the pulse arrivals depends in part on the local radius of curvature of the surface within a 

Fresnel zone. The model waveforms generated from the optimized surface profiles also 

matches the data in terms of amplitude, implying that the inversion algorithm has also 

successfully adjusted the curvature of the surface within Fresnel zones surrounding specular 

reflection points. 

 

Figure 3.5: Pulse arrival structure for receiver R3: (top) model before inversion, (middle) 

data, (bottom) model after inversion. Similar pulse arrival structures exist for receivers R1, 

R2, and R4. 
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A representative reconstructed surface profile including initial profile and camera data 

is shown in Fig. 3.6. Estimated Fresnel zones are identified for each receiver by the gray line 

segments with vertical bars below the surface profile. The error bars on the surface profile 

inversion correspond to a 1-𝜎 confidence region, computed by a statistical analysis of the 

optimized inversion parameters as outlined in Appendix 2.B. A confidence region that is very 

close to the reconstructed surface indicates a high level of certainty in the optimized profile. 

 

 

Figure 3.6: Reconstructed surface profile. Within the Fresnel zones of each receiver, the 

statistical confidence of the optimized profile (2 mm) is higher than that of the camera data 

(~6 mm). 

 

Statistical confidence of the optimized surface profile is greatest within the Fresnel 

zones of the four receivers. In the region of the surface near 𝑥 = 0.7 m, the 1-𝜎 confidence 

region approaches about 2 mm which is close to the 𝜆0/4 ≈ 1.3 mm inner length scale. 

Compared to the camera data, with a standard deviation of 6 mm, the acoustically derived 

surface more precisely represents the true surface within Fresnel zone regions. The acoustic 
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technique is not reliable at reconstructing the water wave shape outside of the interval 𝑥 = 0.6 

m to 1.2 m as depicted by very large 1-𝜎 regions there. 

In the current experiment, signal to noise ratio (SNR) is highest for R1 and decreases 

because of spherical spreading as one considers data from receivers R2, R3, and R4. Thus 

statistical confidence should be highest in the region corresponding to the Fresnel zone for 

receiver R1. This is indeed true for the reconstructed surface in Fig. 3.6 as the 1-𝜎 confidence 

region around the Fresnel zone for R1 is smaller than the confidence region around the other 

Fresnel zones. Confidence in the surface within the Fresnel zone for R1 is greatest followed 

by regions within Fresnel zones for R2, R3, and R4. 

 

3.6   Discussion 

The reconstructed surface generated for pulse 12 shown in Fig. 3.6 is a good example 

of the errors associated with the initial surface profiles and how the inversion algorithm 

overcomes those errors. The initial profile captures the gross features of the overhead wave 

within 2-3 acoustic wavelengths. However in the downwardly sloped region around 𝑥 = 1 m, 

the initial profile fails to accurately represent the true profile as measured by the camera. 

Errors in this downwardly sloped region can be explained by considering how initial surface 

profiles are generated.  

The initial profile is generated with the assumption that the surface is locally flat and 

horizontal at the specular reflection point. Specular reflection occurs where the length of the 

surface reflected path between source and receiver is at a relative minimum. Consider a 

discrete reflecting surface with element spacing 𝑑𝑥. Each surface element is the reflection 

point for a component reflected signal 𝑑𝜓. As one considers individual reflected signals 
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originating to the left and right of the specular reflection point, the path-length between source 

and receiver increases. This corresponds to an equally signed phase delay with regard to the 

specular reflection. Thus component reflected signals 𝑑𝜓 around the specular reflection tend 

to add coherently. If the phase delay from component reflected signals around a surface point 

were oppositely signed (as occurs away from specular reflection points), the component 

reflected signals tend to destructively interfere and reflected energy is significantly reduced 

from those regions.  

In the case of a flat surface, if source and receiver are at equal depth (as in this 

experiment), the specular reflection point is exactly halfway between source and receiver. 

Specular reflection points will not lie at the midpoint of source and receiver however if the 

reflecting surface has non-zero slope as in the case of a water wave. A steeper sloped surface 

between source and receiver tends to migrate specular reflection points to the left and right of 

their flat surface location. For example, if the upwardly sloped surface found between a trough 

and a crest is directly overhead, the specular reflection point will tend to be to the left of the 

horizontal midpoint between source and receiver. Conversely if a downwardly sloped surface 

such as between a crest and a trough is directly overhead, the specular reflection point will lie 

to the right of the midpoint between source and receiver. Because specular reflection points 

are assumed to lie halfway between source and receiver, this specular reflection point 

migration will result in errors in the initial profile estimation that are greatest in the most 

steeply sloped sections of the overhead wave profile. 

The acoustic inversion is successful at capturing both the correct elevation of the 

surface and also the proper local curvature, but only within Fresnel zone regions. Multiple 

hydrophones were used in this experiment to extend the region of surface that can be 

reconstructed acoustically beyond that achievable with a single hydrophone. Each of the four 
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source/receiver pairs has a corresponding Fresnel zone shown in gray below the reconstructed 

surface in Fig. 3.6. The spatial extent of the surface reconstructed acoustically has been 

extended by a factor of 4 by using data from four receivers instead of one. The Fresnel zones 

from left to right correspond to receivers closest to farthest from the source. The decrease in 

signal SNR as receiver distance increases manifests itself as lower confidence in the acoustic 

inversion for those farther receivers. If two receivers are positioned very close to each other, 

Fresnel zones may overlap. While this would limit the extent of surface reconstructed 

acoustically, higher confidence in the overlapping Fresnel zone region of the surface would be 

obtained. This is synonymous with raising the SNR of the scattered pulses collected at the 

receivers with overlapping Fresnel zones. 

Multiple overlapping Fresnel zones may cause the statistical confidence (1-𝜎 standard 

deviation) of the reconstructed surface to exceed that of the inner length scale. However, the 

effect of an inner length scale on forward scattered acoustics is like that of a surface 

smoothing filter. At best, even to very high confidence, only a 𝜆0/4 smoothed version of the 

rough scattering surface can be deduced from scattered acoustics (Ref. 11). Regardless of how 

high the SNR is or how many Fresnel zones overlap, the surface will always "appear" 

smoothed over a characteristic length of 𝜆0/4 to an interacting acoustic pulse. 

To further demonstrate the effects of including additional receivers, two reconstructed 

profiles are shown in Fig. 3.7 for pulse 27. The top panel is the reconstructed surface profile 

using data from all four hydrophone receivers. The bottom panel is the reconstructed surface 

profile using data from only three hydrophones; R1, R2, and R3. When data from all four 

hydrophones are used in the inversion, receiver R4 extends the region of accurate surface 

reconstruction from a downstream limit of 𝑥 = 0.75 m to 𝑥 = 1.2 m. In addition to extending 

the region of surface reconstructed acoustically, the slight overlap between the Fresnel zones 
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from R3 and R4 increases the confidence in surface reconstruction around 𝑥 = 0.75 m. Thus 

the benefit in having receivers spaced widely apart is that the outer length over which surfaces 

can be reconstructed is extended. The benefit in positioning receivers close together is that 

higher confidence in the inversion will exist in overlapped Fresnel zone regions. 

 

 

Figure 3.7: Surface reconstruction using data from all four receivers (top panel) and data from 

only the first three receivers (bottom panel). Data from receiver R4 increases the extent of 

surface reconstructed accurately by a factor of 2. Also the slight overlap in the Fresnel zone 

from R3 and R4 increases confidence of the inversion in that region. 
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3.7   Conclusion 

In this study, the shape of surface waves has been determined from forward scattered 

sound beneath mechanically generated waves in a tank and compared against camera images 

of the surface. In this acoustic remote sensing technique, the details of the reflecting surface 

and the details of the reflected sound are treated deterministically. Inherent in a deterministic 

treatment of acoustic scattering are fundamental limits on the information about a reflecting 

surface that can be extracted from reflected acoustic pulses. Understanding these limits, which 

are set up by the physics of the acoustics, is crucial if this acoustic inversion technique is to be 

applied to more complicated environments like the ocean.  

Two physical length scales over which information can be known about the surface 

are confirmed in this study. An outer length scale, the Fresnel zone surrounding each specular 

reflection point, is the only region where statistical confidence in the optimized surfaces 

converge within a resolution set by the inner length scale, a quarter-wavelength of the acoustic 

pulse. The outer length scale for a given source/receiver pair depends on the wave shape and 

the source-receiver geometry. For this experiment, it is on the order of 20𝜆0 to 80𝜆0, where 𝜆0 

is the nominal acoustic wavelength. Fresnel zones are determined by the acoustic transmission 

frequency, the source and receiver spacing, and the shape of overhead wave itself.  

Multiple receivers increase the number of Fresnel zones and with proper spacing can 

overcome some of the spatial limitations of the acoustic inversion technique. When the 

Fresnel zones from each source/receiver pair do not overlap, the outer length scale or the 

effective area of surface reconstruction is extended. Indeed, for time instances in the 

experiment when Fresnel zones do not overlap, using four receivers instead of one increases 

the total area of reconstructed surface from about 50𝜆0 to about 200𝜆0 or 1 m. Statistical 
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confidence is greatest within Fresnel zone regions. For the surfaces considered, the 1-𝜎 

standard deviation of the surface profile within Fresnel zones approaches the inner length 

scale of 𝜆0/4 ≈ 1.3 mm. When the Fresnel zones from each source/receiver pair are 

overlapping, there is increased confidence in the optimized surface. This is equivalent to 

raising the SNR of the reflected signal. 

In terms of the experiment at hand, the surface displacement profile of a progressive 

non-periodic water wave has been computed at 50 instances in time. The inversion algorithm 

used to reconstruct surface wave shape matched 41 of the 50 model-predicted optimized 

scattered pulses to data signals within a limit set by system noise. The 9 cases in which 

model/data matching was close to system noise but not quite within the noise limit are 

attributed to data collection during either particularly noisy periods or from data overly 

contaminated with multipath sidewall reflection or mounting strut reverberation. The surface 

inversion technique is robust in that even when initial estimates of the surface profile are in 

error by several acoustic wavelengths, the optimized profile captures the correct surface 

elevation and local curvature as measured by a camera. In fact within Fresnel zones, statistical 

confidence is higher for surfaces derived acoustically than those measured by the camera. This 

demonstrates the great sensitivity of acoustic amplitude and phase on details of the reflecting 

surface.  

Preliminary success in acoustically determining wave shape in a wave tank along with 

knowledge of fundamental limits to the process leads to the prospect of applying the technique 

to the ocean environment. Initial surface displacement profiles prior to optimization are 

generated from the forward scattered acoustics alone by measuring integrated arrival energy 

for each pulse. The versatility in such a process lends itself to ocean application where 

equipment such as upward looking SONARs or wave gauges may be unavailable. The tank 
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experiment is a scale model and so comparisons, shown in Table 3.1, can be made between the 

scale model and ocean parameters. By scaling the operating frequency, the length scales 

representing the spatial extent and resolution of an acoustic surface reconstruction can be 

chosen to investigate different types of surface wave features.  

 

Table 3.1: Fundamental length scales associated with acoustic transmission at various 

frequencies. The current tank experiment involves acoustic pulses of nominal frequency 300 

kHz. The outer length represents the extent of surface that can be reconstructed acoustically. 

The inner length is a measure of how fine the surface can be resolved.  

Acoustic transmission 

frequency 

Outer length scale: single 

Fresnel zone ( 
Inner length scale: 0/4 

300 kHz 0.25 m 0.125 cm 

30 kHz 2.5 m 1.25 cm 

10 kHz 7.5 m 3.75 cm 

1 kHz 75 m 37.5 cm 

 

 

Application of this technique to an ocean scenario will be complicated by 

environmental processes not encountered in the wave tank, such as wind-driven wave 

breaking. When a wave breaks, air is entrained and bubbles are formed at the ocean surface. 

Those bubbles will both directly (through absorption and scattering) and indirectly (through 

medium continuum effects) affect the characteristics of surface reflected acoustic signals. In 

addition, small scale roughness due to small waves, compared to an acoustic wavelength, will 

both be directly generated by the wind as well as generated by longer waves through the 

production of parasitic capillaries or as the remnants of breaking
19

. Such surface roughness 

tends to scatter acoustic energy in a way that randomizes the acoustic field. This results in an 
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incoherent acoustic field that acts as a loss mechanism to the otherwise surface spatially 

coherent acoustic field. Out of plane scattering due to non-uniform directionality of the 

surface wave field will also arise as a loss of acoustic energy, and may be an important factor 

when considering data from the open ocean.  

The results from this experiment show that the acoustic inversion technique used to 

determine the details of wave shape from forward-scattered acoustic pulses is successful in a 

controlled environment. Fundamental limitations to the surface reconstruction have been 

demonstrated as well as the advantages in using multiple hydrophone receivers, which are an 

extension of the length scales over which surface reconstruction can be achieved, and reduced 

reconstruction uncertainty in regions where Fresnel zones overlap.  

Certain improvements could be made to the inversion algorithm that would result in 

increased information about the scattering surface. Currently surface profiles are reconstructed 

independently and information about the surface at one instance in time is not carried through 

to the next. Additional constraints in the inversion algorithm could be imposed based on 

constraints that the physics of water gravity wave motion places on the transformation of one 

profile to the next. Since specular reflection points (and their associated Fresnel zones) tend to 

migrate during wave propagation, the region of the surface wave accurately reconstructed 

from pulse to pulse changes location. If this information can be carried through in time by 

using a constraining numerical wave model, an increase in surface reconstruction accuracy 

may be possible in regions between non-adjacent Fresnel zones or outside of Fresnel zones. 

Thus future work includes implementation of such a numerical wave model to constrain wave 

features in time and to apply the inversion algorithm to an ocean data set. In moving to an 

open ocean scenario, additional complications will need to be coped with including effects 

like out of plane scattering and acoustic absorption and scattering by bubbles. 
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Chapter 4 

 

 

Determination of ocean surface wave shape 

from forward scattered sound 

 

 

 

Abstract 

 
Forward scattered sound from the ocean surface is inverted for wave shape during 

three periods: low wind, mix of wind and swell, and stormy. In some cases the surface wave 

profiles exhibit unrealistic temporal and spatial properties. To remedy this, the spatial gradient 

of inverted waves is constrained to a maximum slope of 0.88. Under this global constraint 

only surface waves during low wind conditions result in modeled scattering that accurately 

matches data. The power spectral density of the inverted surface wave field saturates around a 

frequency of 8 Hz while an upward looking SONAR saturates at 1 Hz. Each show a high 

frequency spectral slope of -4 that is in agreement with various empirical ocean wave spectra. 

The improved high frequency resolution provided by the scattering inversion indicates that it 

is possible to remotely gain information about high frequency components of ocean waves. 

Transmission frequency and pulse repetition rate set an effective high wavenumber limit to 
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information that can be obtained acoustically. The inability of the inversion algorithm to 

determine physically realistic surface waves in periods of high wind indicates that bubbles and 

out of plane scattering become important in those operating scenarios.  

 

4.1   Introduction 

The rough and time-varying nature of the sea surface scatters sound in complex ways. 

The crest of a surface wave can act like a concave acoustic lens, focusing sound such that the 

surface reflected multi-path arrival has an intensity greater than that of the direct arrival
1
. 

Arrival time varies as the gross elevation of the smaller waves responsible for acoustic 

focusing is modulated by large scale wave features such as swell. Both positive and negative 

Doppler shifts of forward scattered sound can occur because of the motion of acoustic 

coherence regions along the propagating surface wave
2
. Those combined effects result in 

complicated patterns of advancing and retreating acoustic reflections that change in 

accordance with the ocean surface. Describing and predicting the interference pattern of the 

surface reflected channel could allow improved performance of underwater acoustic 

technology that estimates or tracks the shallow water channel impulse response.  

In this study, the details of forward scattered sound from the ocean surface is 

explained by wave shape alone. Once an estimate of the surface wave field is determined, 

forward scattering is predicted in regions other than the receiver array. Ocean data from the 

Surface Processes and Acoustic Communications Experiment (SPACE08) is used to invert for 

surface wave shape. Source pulses are generated at a stationary source hydrophone near the 

ocean bottom, reflected off the ocean surface, and detected at a distant stationary array of 

receivers. The 12 kHz transmit pulse probe signals are very short in duration, about 2 cycles 
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long. Acoustic data from sea states ranging from calm to stormy are considered. High winds 

are expected to result in significant bubble formation which are not included in the model of 

surface scattering. As a result, surface wave inversion results and predictions of forward 

scattering are expected to be most accurate when the sea surface is calm and swell dominated.  

Prior work
3,4

 has shown that very smooth tank generated surface wave shape can be 

determined from the details of forward scattered sound. However there are limits on the 

amount of information that can be acoustically ascertained about the overhead wave field. The 

resolution of the inverted surface wave is limited to a quarter of an acoustic wavelength. Also 

only information about the surface wave within a Fresnel zone is carried in the scattered 

sound. A Fresnel zone is a region of the surface surrounding a specular reflection point where 

the lateral extent of phase coherence of reflected signals is less than 𝜋/2. There may be 

multiple Fresnel zones along the surface that result in many interfering or isolated arrivals. 

Acoustic reflection from within a wave crest may experience wave folding or the formation of 

a caustic
2
. The entire wave crest causing the focusing may contain multiple specular reflection 

points all within the same Fresnel zone. This phenomenon is different from the simultaneous 

arrival of coherent reflection from spatially isolated Fresnel zones with identical delay time. A 

wave front that undergoes transformation through a caustic experiences an associated phase 

shift of 𝜋/4. 

An overview of the SPACE08 experiment is given in Sec. 4.2. The inversion 

procedure for determining wave shape from scattered sound is detailed in Sec. 4.3 as well as 

an overview of the Helmholtz-Kirchhoff scattering integral forward model. Inversion 

algorithm performance is measured in mean square error (MSE) between data and model. 

Algorithm performance, modeled acoustic fields, and properties of the inverted surface waves 
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are given in Sec. 4.4. The optimized surface wave profiles are used in Sec. 4.5 to predict 

scattering in regions that highlight spatial diversity in the reflected wave front. 

4.2   Experimental description

Data in this study comes from the Surface Processes and Acoustic Communications 

Experiment, 2008 (SPACE08). Geometry for the data considered is shown in Fig. 4.1. The 

source hydrophone is a spherical International Transducer Corporation 1007 deployed at a 

depth about 4 m above the seafloor in about 16 m of water. Receiver arrays were located 

approximately 60 m, 200 m, and 1000 m along both SE and SW paths. However only data 

from the SE cross array located 66.1 m in range from the source and mounted 3.3 m from the 

seafloor is considered in this study. The array element spacing is 3.75 cm and only the vertical 

receiver elements from the cross array are used for data analysis. The sound speed and mean 

depth vary with time and are given in Appendix A. 

Figure 4.1: Experimental configuration to measure forward scatter is part of the SPACE08 

setup. Data from 16 vertical elements of the SE cross array are considered. 
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Short 2-cycle acoustic pulses are transmitted at a rate of 40 Hz for 3 minutes every 4 

hours for several days. The broadband transmit pulse is about 2-cycles long, 0.3 ms in 

duration, has a center frequency of 12 kHz, and is sampled at a rate of 39.1 kHz. Due to the 

very short probe pulse duration, the complex envelope of the surface scattered signal gives a 

measure of the channel impulse response without additional matched filter processing and is 

also relatively Doppler insensitive. Due to the shallow nature of the environment, the first five 

multipath arrivals are discernable which represent the direct, bottom, surface, surface-bottom, 

and bottom-surface multi-paths. The arrival times of those multipaths are used to constrain the 

source and receiver positions as well as sound speed and mean depth. However only the data 

from the surface bounce multipath is used to estimate wave shape and predict forward scatter. 

 

Figure 4.2: Environmental conditions during the SPACE08 experiment from the Martha’s 

Vineyard Coastal Observatory. Periods A, B, and C are chosen for surface wave shape. Period 

A – swell dominated. Period B – mix of wind and swell. Period C – beginning of a storm. The 

frequency cutoff between swell and wind wave is 0.15 Hz. 
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Data collection occurred over the span of Julian yearday 287 and 302 which 

corresponds to October 14 to October 29, 2008. Environmental conditions detailing wave 

height and wind speed for a portion of the data collection period is shown in Fig. 4.2. The data 

in Fig. 4.2 comes from the Martha’s Vineyard Coastal Observatory (www.whoi.edu/mvco) in 

which ocean and atmospheric conditions are measured about one mile offshore. Although the 

location of the MVCO measurements are not exactly coincident with the SPACE08 

experiment, they provide insight into the general sea state over the duration of the experiment. 

In the top panel of Fig. 4.2, swell and wind wave heights both plotted. Swell is observed from 

0.05 to 0.15 Hz and wind waves are observed from 0.15 to 0.25 Hz. Three data collection 

periods are considered and are labeled A, B, and C on Fig. 4.2. Period A represents a swell 

dominated sea, period B is a mix of wind and swell, and period C is during a storm. Increased 

wind will lead to increased wave breaking and near-surface bubble formation. Details of the 

forward scattered acoustics are different whether bubbles are present or absent. Also high 

winds misaligned from the swell wave direction may lead to significant out of plane acoustic 

scattering
5
 or other 2-dimensional scattering effects. Examining data from each of these 3 

periods allows these effects to be considered. 

 

4.3   Inversion algorithm 

Forward scattered sound from the ocean surface is used to estimate wave shape. The 

acoustic data considered is from three distinct data collection periods. Each period contains 

45-50 seconds of data comprised of surface reflected pulses that have been transmitted at a 

rate of 40 Hz. Periods A, B, and C contain 1762, 2042, and 2243 pulses respectively and 

represent low wind, a mix of wind and swell, and stormy conditions. The inversion algorithm 

determines surface wave shape such that model computed forward scattered pulses best match 
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the data. Each pulse is inverted individually. The forward scattering model using in the 

inversion is described in Sec. 4.3.1 and the inversion methodology is described in Sec. 4.3.2. 

4.3.1   Forward scattering model 

The forward model is a time-domain broadband formulation of the Helmholtz-

Kirchhoff scattering integral. Complete derivation of the model is given in Appendix 2.A with 

the final result replicated as Eqn. (4.1) here. The output of the forward model is the signal 

𝜓(𝑡) forward scattered from a reflecting surface. The signal is expressed as a continuous 

wave-field integral that is evaluated by numerical integration after specifying a surface profile 

𝜂(𝑥). For computational reasons stationary phase analysis has been employed and the 

resulting forward model exists as a 1-D integral in which the surface wave field 𝜂(𝑥) is 

assumed uniform in the along-crest direction. 

 𝜓(𝑡) ≈ −
𝑝𝑠𝑟𝑐𝑟0
4𝜋𝑐

∫ [
2𝜋

𝑘0(𝑟𝑠𝑟𝑟
2 + 𝑟𝑟𝑟𝑠

2)
]

1
2 𝑑𝑠(𝑡𝑟)

𝑑𝑡
[�̂� ⋅ (�̂�𝑠 + �̂�𝑟)]𝑒

𝑖𝜋
4 𝑑𝑥

𝑥𝑠𝑟

0

 (4.1) 

In the formula above, 𝑝𝑠𝑟𝑐  is the incident pressure of the source pulse at a reference distance 

of 𝑟0 = 1 m, 𝑐 is sound speed, 𝑥𝑠𝑟 is the distance between source and receiver, 𝑘0 = 2𝜋𝑓𝑐 𝑐⁄  

where 𝑓𝑐 is the center frequency of the source pulse, 𝑠(𝑡) is the source pulse time series, �̂� is 

the unit vector normal to the surface, �̂�𝑠 and �̂�𝑟 are vectors pointing from source to surface 

and surface to receiver respectively with 𝑟𝑠 = |�̂�𝑠| and 𝑟𝑟 = |�̂�𝑟|, and 𝑡𝑟 = 𝑡 − (𝑟𝑠 + 𝑟𝑟)𝑐
−1 is 

the reflected pulse delay time from each point along the surface. 

Certain physics involved in the acoustic scattering are not included in the forward 

model. Absorption and scattering by bubbles is not considered. The Kirchhoff approximation 

is made by approximating the acoustic pressure field on the surface by the incident pressure 

field, thus multiple reflections within a wave crest are not handled. The shallow water column 
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is assumed to be well mixed and isovelocity. Out of plane scattering caused by 2-dimensional 

surface wave effects are also not considered because of the stationary phase treatment of the 

scattering integral. Therefore all fluctuations in arrival amplitude and delay time in the surface 

reflected multipath are attributed to surface wave shape that is uniform in the along-crest 

direction. This is a reasonably good assumption when sea conditions are low-wind and swell 

dominated (i.e. period A). However increased wind (i.e. periods B and C) results in physical 

conditions that violate some of the model assumptions. Degraded performance of the inversion 

routine during these periods may be a sign that the role of bubbles and 2-D effects have 

become important with regard to surface scattering. 

Validity of the Kirchhoff approximation often comes into question when considering 

rough surface acoustic scattering at mid to high frequencies. Acoustic roughness thresholds 

have been suggested
6,7

 on the basis of of 𝑘𝑎 cos3 𝜃 and 𝑙 𝜆⁄ where 𝑘 = 2𝜋 𝜆⁄  is the acoustic 

wavenumber, 𝑎 is the rough surface amplitude with respect to mean height, and 𝑙 is the rough 

surface spatial correlation length. Rather than make an assumption of validity based on 

statistical parameterizations of the optimized wave surfaces, the exact solution to the 

Helmholtz integral formula is compared to the solution in Eqn. (4.1) which employs the 

Kirchhoff approximation. The Helmholtz integral is solved exactly by first determining the 

normal derivative of the pressure field on the rough surface by solving a linear integral 

equation of the first kind
7
. The Kirchhoff approximation solution differs by replacing the 

normal derivative of the pressure field along the surface with the normal derivative of the 

incident pressure field. Fig. 4.3 shows acoustic scattering from a surface wave derived from 

the inversion algorithm during Period A. To highlight scattering across the entire range and 

depth between source and receiver, a continuous wave (CW) source pulse at 12 kHz is used. 

The amplitude is arbitrary in this case since we are only interested in examining if and where 

the two solutions differ. Across the entire field shown, the exact solution differs from the 
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Kirchhoff approximation solution by 4.5%. Discrepancy in the scattered field occurs from 

highly sloped surface features such as those at a range of 20 m where backscattering and 

shadowing effects may be important. However in the vicinity of the receiver array at 66.1 m, 

the exact solution and Kirchhoff approximation solution differ by less than 10% for all wave 

surfaces considered. 

 

Figure 4.3: A comparison of forward scatter modeling with and without the Kirchhoff 

approximation. The reflecting sea surface is an optimized wave profile from Period A at 

𝑡 = 6.2 sec. The source pulse is a continuous wave (CW) at 12 kHz.  

 

4.3.2   Inversion methodology 

The output of the forward model is very sensitive to the value of parameters such as 

source and receiver position (𝑧𝑠, 𝑧𝑟, 𝑥𝑠𝑟), water depth ℎ, and sound speed 𝑐. For instance, a 1% 

error in sound speed produces model/data arrival time errors that end up being compensated 

by a 10 cm offset in reconstructed ocean surface profiles. To account for shifts in instrument 

positions, environmental parameters, and clock error, a preliminary inversion is performed for 

each data collection period using multipath arrival times. This is similar to practices in 

acoustic tomography where instrument offsets (or “nuisance parameters”) are inversely solved 

for first, followed by a more detailed inversion for acoustic travel time.
8
 A detailed description 
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of the preliminary inversion algorithm used to determine the values of instrument and 

environmental parameters is given in Appendix A. 

A main inversion process derives surface wave shape from the forward scattered 

sound. The inversion algorithm, detailed in Ref. [3], has been shown to be accurate on the 

order of an acoustic wavelength within Fresnel zones. First a very smooth initial wave profile 

is acoustically derived and then that wave profile is incrementally adjusted until model and 

experimental surface scattered acoustic pulses are matched according to a maximum 

likelihood estimator (MLE). The complex envelope of the data and model pulses are matched 

first, followed by a repeated inversion which includes phase. The phase is initially ignored to 

limit the inversion algorithm from becoming trapping in a local solution where model and data 

pulses are offset by an integer number of cycles. 

4.3.2.1   Initial surface wave profile 

The starting point for each reconstructed surface wave is a very smooth initial wave 

profile. The initial wave profile 𝜂0(𝑥) is computed from time of arrival statistics of the surface 

reflected multipath. The time of arrival of each consecutive surface reflected pulse is 

estimated by tracking the time when half of the total integrated energy is received for the 

entire surface reflected multipath. The acoustic scattering is typically characterized by 

multiple reflections which may or may not interfere. An energy based time of arrival estimate 

is more appropriate than a matched filter detector. The matched filter detector does not 

perform well if the surface scattering is comprised of more than one reflection or if multiple 

reflections interfere such that the resulting acoustic arrival has a drastically different form 

from the matched filter replica pulse. The surface elevation time-series is low-pass filtered 

such that only wave periods greater than 3 sec are retained. The initial spatial wave profile 
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𝜂0(𝑥) is then generated from the surface elevation time series according to Eqn. (B1) of Ref. 

[9] 

 𝜂𝑝(𝑡𝑗, 𝑥𝑝) = 𝐹−1[𝐹[𝜂(𝑡𝑗)𝐻(𝑡𝑗)] exp(−𝑖𝑘𝑤𝑥𝑝)] (4.2) 

where 𝐹 and 𝐹−1 respectively correspond to the Discrete Fourier Transform (DFT) and 

inverse DFT, 𝜂(𝑡𝑗) is the surface elevation time series, 𝐻(𝑡𝑗) is a windowing function (a 

Hanning window is used), 𝑘𝑤 is the wavenumber associated with surface field spectral 

component at the DFT frequency 𝑓𝑤. The surface gravity wave wavenumber 𝑘𝑤 is calculated 

at each of the DFT frequencies 𝑓𝑤 by a numerical solution of the gravity wave dispersion 

relation. By low-pass filtering the surface elevation time series with a cut-off frequency of 

0.33 Hz, the initial surface wave profiles do not contain spatial spectral components with 

wavelengths smaller than 14 m. Thus the initial estimate of surface displacement is similar to 

what could be obtained from a coarse measurement of surface elevation by an upward looking 

SONAR. This initial wave profile is far too smooth to be physically realistic, however it is a 

more appropriate starting point for the ensuing data inversion than say a flat surface. 

4.3.2.2   Maximum likelihood estimation (MLE) 

A formal framework for deciding goodness of fit between model and data is sought in 

the form of a maximum likelihood estimator. We assume that the received data signal at a 

receiver 𝜓𝑟(𝑡) can be represented by the output of the forward model 𝜓(𝑡|𝜶) perturbed by an 

additive, zero-mean, stationary Gaussian noise process 𝑛(𝑡).  

 𝜓𝑟(𝑡) = 𝜓(𝑡|𝜶) + 𝑛(𝑡). (4.4) 

The vector 𝜶 represents perturbations to the initial surface displacement profile 𝜂0(𝑥). 

Together 𝜶 and 𝜂0 define the final wave shape 𝜂(𝑥) given by Eqn. (4.6). The inversion 

algorithm seeks to define the surface perturbation vector 𝜶 such that the likelihood 𝐿(𝜶|𝜓𝑟) of 
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obtaining the data samples 𝜓𝑟(𝑡) is maximized. Following standard MLE approaches
10

, 

maximizing the likelihood function is the same as minimizing the residual between data and 

model, 𝑟(𝑡) ≡ 𝜓𝑟(𝑡) − 𝜓(𝑡|𝜶). A cost function based on the mean square error (MSE) is 

defined as 𝑀𝑆𝐸 = [1 (𝑛 − 1)⁄ ∑𝑟2(𝑡)], where 𝑛 is the number of samples in the data. Only 

data from the top and bottom receiver elements are considered because of computational 

constraints and are concatenated into a single vector. 

4.3.2.3   Receiver noise 

The classification of noise when considering open ocean data is quite different than 

when considering noise in a wave tank. In the highly controlled setting of a wave tank, 

acoustic transmissions can be performed when the surface of the water is completely flat. This 

allows discrepancies due to numerical approximations in the forward model to be included in 

the noise estimate. In the ocean, noise variance is determined from hydrophone data prior to 

the direct arrival.  

 𝜎𝑛𝑜𝑖𝑠𝑒
2 =

1

𝑚 − 1
∑𝜓𝑟

2(𝑡𝑖)

𝑚

𝑖=1

 (4.4) 

where 𝑚 = 𝑥𝑥 is the number of samples in the data prior to direct arrival. The data collected 

are in units of transducer voltage. Acoustic pressure could be obtained from receiver voltage 

by using a multiplicative hydrophone sensitivity constant at the acoustic working frequency. 

Instead, data for each collection period A, B, and C, are normalized relative to the amplitude 

of the direct arrival. This unit of measurement is referred to as a normalized pressure unit 

(npu). This convention is useful since normalized surface reflected energy greater than 1 will 

imply focusing while normalized energy much less than 1 will imply defocusing or destructive 

pulse interference. The values of noise variance 𝜎𝑛𝑜𝑖𝑠𝑒
2  for periods A, B, and C are 1.25 x 10

-3
, 

1.85 x 10
-3

, and 1.90 x 10
-3

 npu
2
.  
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The sources of noise in the ocean are much more numerous than in the laboratory. At 

12 kHz, noise may be due to biological choruses, sea agitation including breaking waves and 

sea spray, as well as electronic noise from the hydrophones and data acquisition systems.
11

 

The maximum likelihood estimator compares received surface reflected pulses to model 

pulses. Even if the aforementioned sources of noise are minimal for a particular data collection 

period, the forward scattering model may not be able to properly capture all of the physics 

associated with the surface scattering. For instance a thin layer of bubbles near the ocean 

surface may substantially reduce sound speed through continuum effects.
12

 This will not only 

affect the total travel time of the surface reflected multi-path, but also steepen the grazing 

angle of specular reflections.
13

 Since those physics are not accounted for in the model, cost 

function (MSE) values much higher than the noise threshold should be expected in those 

conditions. Model inadequacies will manifest as greater than expected noise levels. This leads 

to the a priori expectation that the inversion algorithm will only work well (in terms of 

reducing the data/model residual) in environmental conditions where assumptions in the 

forward model are met. Assumptions in the forward model include an isovelocity sound speed 

profile, wave shape uniformity in the along-crest direction, and the absence of bubbles. 

4.3.2.4   Optimized surface wave profile 

Optimized surface waves are determined by incrementally altering the shape of an 

initial wave profile. Smooth additive perturbations are made to the initial wave profile by 

 𝜂𝑖(𝑥) = 𝜂𝑖−1(𝑥) + win𝑖(𝑥) (4.5) 

where each win𝑖(𝑥) = 𝑎𝑖 exp[(𝑥 − 𝑏𝑖)
2 2𝑐𝑖

2⁄ ] is a Gaussian window. A Gaussian window is 

defined by three parameters: amplitude, horizontal position, and 1-𝜎 width (60.65% 

amplitude). Each iteration of the inversion algorithm determines the three parameters that 

define a new additive window that reduces MSE the most. The window parameters are 
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constrained such that the slope of each additive window does not exceed a maximum value of 

0.1. The entire set of parameters defining changes to the initial surface wave profile is given 

by 𝜶 = [𝑎1, 𝑏1, 𝑐1, … 𝑎𝑛, 𝑏𝑛, 𝑐𝑛]. 

The inversion algorithm terminates when either the cost function is reduced to 75% of 

the noise threshold or additional Gaussian windows cease to reduce the cost function. Our 

estimate of the surface wave shape is then given by 

 �̂�(𝑥) = 𝜂0(𝑥) + ∑win𝑖(𝑥).

𝑖

 (4.6) 

�̂�(𝑥) is considered the reconstructed surface displacement profile. Confidence bounds are 

determined at every point along each optimized surface wave profile to quantify how good the 

inversion algorithm is at estimating the actual surface. The confidence bounds are determined 

by a two-step procedure described in Appendix B of Ref. [3]. First each parameter in 𝜶 is 

perturbed to determine the relationship between 𝛼𝑖 and 𝐿(𝜶|𝜓𝑅). Although the exact 

relationship between inversion parameter and likelihood function is unknown, it is assumed to 

be well modeled by a 2-sided Gaussian function defined by left and right variances. Then a 

Monte Carlo simulation is performed that generates 10 000 surface profile realizations based 

on a random sampling of 𝜶. Upper and lower 61% confidence intervals are then determined 

for each surface point by computing 1- 𝜎 standard deviations of the 10 000 surface realizations 

above and below each point in the optimized surface. The confidence bounds are used later in 

a global constraint on surface wave elevation as a measure of reliability of the inversion 

results. 
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4.4   Results 

The inversion algorithm determines surface wave profiles on an individual pulse 

basis. No information is initially passed from one inversion result to the next. Since each 

surface wave inversion is unique, the optimized wave profiles may exhibit temporal and 

spatial features that are unrealistic of ocean waves. The surface scattered sound fields resulting 

from the raw inversion algorithm output are discussed first in Sec. 4.4.1. Additionally a global 

constraint is enforced post-processing that restricts maximum surface wave slope. Globally 

constrained optimization results are discussed in Sec. 4.4.2.  

4.4.1   Unconstrained surface waves and resulting scattered 

acoustic fields 

Fig. 4.4 shows 15 s segments of surface scattering during the three data collection 

periods for both model and data. Consecutive pulses transmitted at a rate of 40 Hz are stacked 

horizontally. The direct and bottom arrivals occur at a delay time of about 43 ms however only 

the surface reflected channel is shown. Because the pulses are only 2 cycles in duration, the 

arrival structure shown is very similar to an estimate of the time-varying surface channel 

impulse response. The tails following the main arrivals are a mix of blurred and distinct 

arrivals. Gross changes in arrival (delay) time that occur on time scales of about 5-10 sec are 

due to large swell-like surface wave features. The rapid fluctuations in arrival intensity are 

attributed to curved wave features that focus or defocus sound energy either at or away from 

the receiver. The ability of the unconstrained model to capture rapid fluctuations in arrival 

time and intensity is striking for all three periods. 
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The initial model accurately predicts the gross arrival time of each scattered pulse, 

however it does not capture the time-varying nature of intensity fluctuations. Those intensity 

fluctuations are captured quite well in the final model particularly for the earliest delayed 

arrival for each pulse.  The final model is not able to explain significant energy later than the 

first arrival. Energy occurring after the earliest arrival is assumed to be coherent reflection 

from surface wave features out of plane with the source and receiver and are not handled in 

the forward scatter model. Because the scattering model assumes a 1-D scattering surface, out 

of plane acoustic scattering effects are ignored and the intensity of the late arrivals cannot be 

explained by a non-directional wave field. The good agreement for Periods B and C is eroded 

however once the ensemble of optimized results are physically constrained, implying that 

wave shape is not solely responsible for details of the scattered sound field. 

 

 
Figure 4.4: Model and data forward scattered pulses. Data shown is from the top hydrophone 

in the vertical array. The initial model utilizes very smooth estimates of the sea surface whose 

spectral components are less than 0.33 Hz. The final model uses estimates of the sea surface 

determined from the inversion algorithm. Amplitude is in normalized pressure units (npu). 

 



107 
 

Algorithm performance is measured in mean square error (MSE) between data and 

model. MSE for 20 sec of each period prior and after surface optimization are shown in Fig. 

4.5. The average MSE is reduced from 49𝜎𝐴
2, 52𝜎𝐵

2, and 50𝜎𝐶
2, to 6𝜎𝐴

2, 4𝜎𝐵
2, and 5𝜎𝐶

2 for 

Periods A, B, and C respectively where 𝜎𝐴,𝐵,𝐶
2  is the noise floor for each measurement period. 

Most of the residual error in the optimized cases arises from data and model mismatch 

between late arrivals. Focusing events where the surface reflected arrival has a normalized 

amplitude greater than 1 occurs most frequently during Period A, followed by B and C. 

Focusing during period A, which is during low wind swell-dominated conditions, is typically 

followed by a null in acoustic intensity. Both focusing and acoustic nulls contribute to peaks 

in the initial MSE. The initial error for Period C, which is during stormy conditions, exhibits 

sharp spikes about every 4 seconds. Those MSE spikes coincide with features of the scattered 

field associated with a wave front caustic
2
 such as the overlap of incoming and outgoing 

focused arrivals. Outside of those spikes, the initial MSE is actually lower during Period C 

than A or B. This is due to an overall decrease in total surface reflected intensity possibly due 

to acoustic absorption by bubbles from breaking waves and out of plane surface scattering. 

Thus during calm sea states MSE peaks result from focusing and defocusing events 

presumably due to surface curvature. However as the surface wave field becomes increasingly 

energetic such as during a storm, focusing and defocusing occurs less frequently and very high 

MSE spikes correspond to the formation of a caustic. 
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Figure 4.5: Mean square error (MSE) before (solid) and after (dashed) surface wave 

optimization. The periodicity in MSE peaks correspond to the frequency of 

focusing/defocusing events. The magnitude of MSE for Period C is at times less than that for 

Periods A and B. This is a consequence of lower received energy at Period C most likely due 

to surface screening by bubbles.  

 

Three inverted surface wave profiles are shown in Fig. 4.6. The corresponding individual 

acoustic pulses from which their shape is derived are indicated in the top panel of Fig. 4.6 by 

the white dashed lines. Slight acoustic focusing occurs at a time of 5.6 sec and 6.2 sec, while 

the arrival at 5.9 sec is defocused. The size of the Fresnel zones for the focused arrivals are 

larger than for the defocused arrival. Wave features outside of the Fresnel zone are associated 

with a lower statistical confidence and so are not reliable. Within the Fresnel zones, the 1 − 𝜎 

confidence bounds span a vertical displacement of about 3 cm, which incidentally is a quarter 

of an acoustic wave length. The surface profile at 5.9 sec exhibits a small convex wave feature 

at a range of 31 m with an amplitude of about 1.5 cm. That wave feature disrupts the 

coherence of the surface reflection enough to significantly reduce amplitude. The Fresnel zone 
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of the surface wave at 6.2 sec is not disrupted by the presence of a similar convex wave 

feature however, and Fresnel zone size and reflected pulse amplitude are increased. These 

results show that slight changes in wave curvature can result in dramatic changes to reflected 

pulse amplitude. 

 
Figure 4.6: Reconstructed surface wave profiles at three times during Period A. The dashed 

white lines indicate the individual pulses from which wave shape is derived. Fresnel zones are 

determined by measuring the spatial extent of phase difference with respect to specular 

reflection. The specular reflection point exists at the center of the Fresnel zone. Confidence 

bounds are determined via a statistical parameter perturbation.  
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4.4.2   Globally constrained inversion results 

Although it is possible for wave shape alone to describe the amplitude and arrival time 

of scattered sound, there is no guarantee that those surface waves are physically realistic. 

Studies
14,15,16

 have shown that wave slope does not increase indefinitely and that a threshold 

for critical wave slope is around 0.88 or 41
o
. However in certain cases the inverted wave 

shapes violate this critical steepness. This usually occurs for wave features outside of the first 

Fresnel zone where the inversion algorithm assigns a large vertical displacement error 

variance. Additionally, the inversion process attempts to attribute late arrival energy to in 

plane wave features. This results in optimized surface wave profiles with unrealistically high 

displacements to account for the late delay time of the first detectable arrival energy. This 

inversion error always occurs when there is little intensity in the main arrival such as the 

energy nulls during Period A.  

A surface wave field that obeys wave physics both spatially and temporally over the 

entire data collection period is desired. A record of surface displacement for Period A at a 

range of 31.5 m (the flat surface specular reflection point) is shown in the top panel of Fig. 

4.7. Because the inversion algorithm works on an individual pulse bases, the optimization 

results shown are not related to one another. To temporally connect the wave profiles, a cubic 

spline interpolation is performed (via the MATLAB function csaps) between data points. The 

least squares interpolation is weighted by the inverse of the error variance associated with 

each discrete optimized surface displacement point. Surface displacement points are given a 

weight of zero if the total integrated arrival energy is less than the direct arrival to ignore 

inversions when there is a null in energy. Differences in interpolation smoothness result in 

different maximum allowable surface wave particle velocity. Smoothness is a measure of 

relative importance between interpolation curvature and interpolation/inversion residual. 
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When the interpolation is performed along all surface points between source and receiver, 

temporal smoothness corresponds to a maximum spatial surface wave slope. Globally 

constrained inversion results are shown in Fig. 4.7 for interpolative fits that result in maximum 

surface wave slopes 𝑑𝜂 𝑑𝑥⁄  of 1.76, 0.88, and 0.22. The surface wave field whose maximum 

slope is restricted to 0.88 captures both the small scale intensity fluctuations and large scale 

arrival time the best. Coincidentally this is in agreement with prior assumptions on realistic 

wave slope. Without some method of interpolation, the temporal record of surface 

displacement is irregularly spaced since inversion results during a received energy null are not 

considered. 

A power spectral density (PSD) estimate of the Period A 𝑑𝜂 𝑑𝑥⁄ < 0.88 globally 

constrained surface wave is shown in Fig. 4.8 in addition to the PSD estimate derived from an 

upward looking SONAR at the same range. For comparison, empirical wave spectra for the 

shallow water JONSWAP
17

 𝐸𝑇𝑀𝐴, the fully developed sea Pierson-Moskowitz
18

 𝐸𝑃𝑀, and the 

Donelan
19

 𝐸𝐷 parameterizations are shown. The SONAR PSD reaches a noise threshold 

around 1 Hz while the scattering inversion appears to reach a noise threshold around 8 Hz. 

Differences between inverted data and SONAR PSD for frequencies less than 1 Hz are 

attributed to the short 44 second period of surface elevation data considered. The PSD of the 

acoustically inverted wave field has a spectral slope of -4 in the limit of high frequency. This 

is in good agreement with the Donelan sea spectrum which also predicts a high frequency 

spectral slope of -4. The JONSWAP and Pierson-Moskowitz appear to underestimate wave 

energy at high frequencies.  
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Figure 4.7: Top panel – surface displacement vs. time for Period A. Spatial wave profiles are 

computed every 0.025 seconds which matches the pulse repetition rate of 40 Hz. The temporal 

record shown is the displacement of each wave profile at range of 31.5 m.  Optimization 

results are blue dots. The dashed line is from the initial wave profiles. Cubic spline 

interpolations parameterized by maximum allowable spatial surface gradient are also shown. 

The maximum allowable wave slope is 1.78, 0.88, and 0.22 for the red, black, and green lines 

respectively. Bottom panels – measured surface scattering from the middle vertical 

hydrophone and modeled scattering for various degrees of interpolation smoothness. 
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Figure 4.8: Power spectral density (PSD) estimates of the surface wave field for Period A 

computed over the 44 seconds of continuous acoustic transmission. The scattering inversion 

PSD is computed from optimized wave profiles that have been globally constrained to restrict 

wave slope to less than 0.88. Empirical parameterizations shown in color are overlaid with the 

PSD estimates. 

 

4.5   Predicting forward scatter 

Acoustically derived estimates of surface wave shape are determined from only the 

top and bottom vertical array elements. Once the wave shape is known, forward scattering can 

be predicted in regions of the water column away from the receiver array. An incoming 

surface reflected wave front is shown for each data collection period in Fig. 4.9. The wave 

front approaches the hydrophone array at an angle of 20
o
 with respect to the horizontal. The 

temporal evolution of the wave front is minimal over the spatial scales shown in Fig. 4.9. 

Acoustic amplitude varies both tangentially and normally to a wave front. Multiple receivers 
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within a wave front coherence length could provide improved information about the surface 

wave within a single Fresnel zone, while widely spaced receiver array elements would provide 

information about spatially isolated Fresnel zones along the surface. To gain the maximum 

coverage of information about the rough surface from which the acoustic wave has scattered, 

receiver array elements should be spaced greater than the coherence length tangential to the 

wave front. That length would correspond to roughly 2 m or 16𝜆 for Period A and 1 m or 8𝜆 

for Periods B and C.  

 

Figure 4.9: Incoming acoustic wave fronts during each period near the receiver array are 

shown at a delay time of 40.26 ms. The vertical receiver array is depicted by the white 

rectangle. The wave fronts approach the array at a grazing angle of 20
o
 with respect to the 

horizontal. 

 

To examine the accuracy of the spatial estimate of the acoustic field, MSE values are 

examined at receiver array elements not used in the surface wave inversion. Scattered fields 

from both the unconstrained and globally constrained surface wave profiles are considered. 

Error values for Period A are shown in Fig. 4.10 with low MSE implying a good fit between 

data and model. Both unconstrained and constrained surface wave profiles do a better job at 

modeling the received scattered field than the initial wave shape. However the unconstrained 

inversion always results in a lower MSE than the globally constrained inversion. The 

inversion uses data from vertical array elements 1 and 16, so MSE increases as data from the 
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middle hydrophones are considered. Although not shown in Fig. 4.4, 4.6, 4.7, and 4.9, phase is 

included in the scattered fields when computing MSE. In order to reach the low levels of MSE 

shown for Period A, the model must match precisely the arrival time of all recorded pulses 

across all array elements. A model/data mismatch in phase of ±𝜋 (or delay time of 42 𝜇𝑠) 

would result in a large increase in MSE far above the initial error. The model and data never 

match below the noise floor because of the inability of the forward model to predict late out of 

plane arrivals. 

 

 

Figure 4.10: Mean square error (MSE) across the entire vertical array for Period A. MSE 

values are averaged over the entire 44 sec data collection period. The globally constrained 

inversion limits maximum wave slope to 0.88. 

 

During the high wind data collection periods, the globally constrained inversion MSE 

(not shown) exceeds the initial MSE. This indicates that physically realistic waves alone 

cannot account for the measured surface scattering. This is despite a reduction in 

unconstrained inversion MSE similar to that of Period A. So although wave shape alone can 
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replicate details of the forward scattered field during high winds, the model of surface 

scattering becomes inaccurate when the wave shapes are constrained to satisfy realistic 

restrictions on wave slope. Failure of the globally constrained wave profiles during Periods B 

and C to accurately describe surface scattering implies that other environmental factors 

besides wave shape affect amplitude and arrival time fluctuations. High winds are typically 

accompanied by wave breaking and subsequent bubble formation. Those bubbles screen the 

surface and absorb acoustic energy. Wind that is directionally unsteady will produce waves 

that are not aligned with the source and receiver increasing the effects of out of plane 

scattering. The inability of the constrained inversion algorithm to work in high wind scenarios 

indicates that these environmental factors not included in the scattering model are most likely 

occurring. 

4.6   Concluding remarks 

On an individual pulse basis, forward scattered acoustics are sensitive to regions of 

the surface as large as a Fresnel zone and as small as a quarter acoustic wavelength
3
. The 

unperturbed (mirror) first Fresnel zone in this experiment is on the order of 6 m or 50 acoustic 

wavelengths. High wavenumber information about the surface wave field is gleaned from the 

rapid fluctuations in arrival intensity which include focusing and defocusing. Those 

fluctuations may be caused by spatial wave features as small as a quarter wave length or 3.1 

cm. When a record of consecutively transmitted pulses is considered, the pulse repetition rate 

sets an effective high frequency limit of possible information about the surface wave field up 

to the Nyquist frequency. For this experiment the Nyquist frequency is 20 Hz. Upon visual 

inspection of the power spectral density in Fig. 4.8, acoustically derived information reaches 
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an effective noise threshold around 8 Hz. High wave number information about the surface is 

limited however by the quarter wavelength resolution scale set by the acoustics. A resolution 

of 3.1 cm in the vertical corresponds to a resolution of 3.5 cm in the horizontal if the 

maximum allowable slope is 0.88. A linear wave of wavelength 3.5 cm propagates at a 

frequency of 6.7 Hz. So high wavenumber information about the surface depends on both 

acoustic transmission frequency and pulse repetition rate. Properties of smaller surface wave 

components could be studied by transmitting sound at higher frequencies, however increasing 

transmission frequency may exacerbate acoustic propagation effects not included in the 

forward scattering model such as out of plane scattering. Generally the Nyquist frequency 

associated with the pulse repetition rate must be greater than the frequency of a linear wave 

whose wavelength is a quarter acoustic wavelength. Low frequency components of the surface 

wave field (< 0.33 Hz) are derived from a temporal record of pulse arrival time. Arrival time 

depends on both large scale surface wave shape and source/receiver position, not acoustic 

wavelength, so information about low wavenumber components should not change with 

transmission frequency.  

Ocean effects not accounted for in the forward scatter model include bubbles, Doppler 

shifts associated with wave motion, and out of plane scattering. Bubbles tend to acoustically 

screen the ocean surface resulting in sound energy absorption that lowers the mean surface 

channel arrival energy.
20

 Additionally bubbles may decrease sound speed near the surface 

which can dramatically alter grazing angle and arrival time.
13

 However in the absence of 

breaking waves, the effect of bubbles on forward scattered acoustics can be considered 

minimal. Doppler shifts up to 15 Hz have been measured in the surf zone.
2
 However for the 

pulses considered in this study, Doppler of that magnitude would result in a pulse duration 

compression/dilation of 0.2%. Out of plane scattering or 2-D wave field effects are the more 

likely cause of model/data mismatch for all data collection periods, particularly at late delay 
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times. Although those effects could be included in the forward model, the evaluation of 

surface scattering from a directional wave field comes at the expense of increased computation 

time. In terms of the Helmholtz-Kirchhoff scattering integral, scattering from a 1-D surface 

requires numerical evaluation of a single integral so computation time is 𝑂(𝑁) while 

scattering from a 2-D surface is handled by numerical evaluation of a double integral whose 

computation time is 𝑂(𝑁𝑀) where 𝑁,𝑀 is the number of points used to discretize the surface 

in each direction. Since the surface is typically discretized at a spatial interval of 𝜆/5 or 𝜆/6 

both 𝑁 and 𝑀 can grow quite large at mid to high frequencies. 

Currently the surface wave field is reconstructed by smoothly perturbing a spatial 

wave profile. Although this process can be time consuming, the model acoustic fields match 

surface scattered data to high fidelity in low-wind and swell dominated conditions. A useful 

application of this technique would be to describe small scale features of the surface wave 

field in real time. Rather than describing each sea surface by a large number of discrete spatial 

profile points, alternate representations of the sea surface may provide a means of condensing 

the temporal/spatial information about the wave field into fewer parameters. For instance, the 

surface scattering could be described by considering a discrete number of specular reflection 

points and their associated local radius of curvature.
21

 Detection and prediction algorithms 

such as particle filtering
22

 could be used to track position, radius of curvature, and number of 

specular reflection points. The sea surface could also be described spectrally in terms of 

Fourier coefficients with unique amplitudes and phases. Adaptive filters could predict and 

estimate phase changes in a time march using linear wave theory. 
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4.A   Using Levenberg-Marquardt algorithm to determine 

instrument offsets and environmental parameters 

The optimization technique described in this appendix is an application of the 

Levenberg-Marquardt algorithm to a system where individual multipath arrival times are used 

to estimate source, receiver, and environmental parameters. The only observations (data) used 

in the optimization are multipath arrival times from one or more receivers. Although the 

algorithm is presented in the context of a shallow water ocean acoustic environment, the 

process can be generalized to any data set where multiple arrival times can be distinguished. 

An advantage of this technique over others is that the only data required are individual 

multipath arrival time which is typically easy to measure. Also the algorithm’s ease of 

implementation and fast execution and convergence time (for the 6 parameter inversion 

considered, run time is 0.03 sec on a quad-core PC) make the routine particularly useful. 

4.A.1   The problem 

The inversion problem can be summarized as find the parameter vector 𝒙 such that 

 𝑓(𝒙) =
1

2
‖𝒓(𝒙)‖2 (4.A1) 

is minimized. The error function 𝑓(𝒙) above is the sum of the square of the residuals where 

 𝒓(𝒙) = 𝒕𝑐𝑎𝑙𝑐(𝒙) − 𝒕𝑜𝑏𝑠. (4.A2) 

For the application at hand, the observation vector is comprised of all the distinguishable 

multi-path arrival times. The observation vector may include arrival times from more than one 

receiver. 

𝒕𝑜𝑏𝑠 = {𝑡𝑑𝑖𝑟𝑒𝑐𝑡 , 𝑡𝑏𝑜𝑡𝑡𝑜𝑚, 𝑡𝑠𝑢𝑟𝑓𝑎𝑐𝑒 , … , 𝑡𝑛} ,     where 𝑛 is the number of observations 
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The model vector  

 𝒕𝑐𝑎𝑙𝑐(𝒙) = {𝑡𝑑𝑐𝑎𝑙𝑐(𝒙), 𝑡𝑏𝑐𝑎𝑙𝑐(𝒙), 𝑡𝑠𝑐𝑎𝑙𝑐(𝒙),… , 𝑡𝑛𝑐𝑎𝑙𝑐(𝒙)} (4.A3) 

is computed by geometry-driven arrival time equations. For example, 

 𝑡𝑑𝑐𝑎𝑙𝑐(𝒙) =
1

𝑐
√𝑥𝑆𝑅

2 + (𝑧𝑆 − 𝑧𝑅)2 + 𝜏 (4.A4) 

 𝑡𝑠𝑐𝑎𝑙𝑐(𝒙) =
1

𝑐
√𝑥𝑆𝑅

2 + (2ℎ − 𝑧𝑆 − 𝑧𝑅)2 + 𝜏 (4.A5) 

where ℎ is the water depth, 𝑐 is the speed of sound, 𝑥𝑆𝑅 is the horizontal separation between 

source and receiver, 𝑧𝑆,𝑅 is the source and receiver depth respectively, and 𝜏 is a clock offset 

due possibly to electronic or measurement delay. The entire parameter vector is given by 

 𝒙 = {ℎ, 𝑐, 𝑥𝑆𝑅 , 𝑧𝑆, 𝑧𝑅 , 𝜏} (4.A6) 

Gradient information about the error function 𝑓(𝒙) is required and given by the Jacobean 

matrix defined as 𝐽(𝒙) = 𝛿𝑟𝑗 𝛿𝑥𝑖⁄ , 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑖 ≤ 𝑛, where 𝑚 is the number of 

parameters. Since each point in the model vector is described by an analytic expression for 

arrival time, the Jacobean matrix is easily computed exactly from analytic expressions. 

 𝐽(𝑥) =

[
 
 
 
 
𝛿𝑡𝑑𝑐𝑎𝑙𝑐

𝛿ℎ
⋯

𝛿𝑡𝑑𝑐𝑎𝑙𝑐

𝛿𝜏
⋮ ⋱ ⋮

𝛿𝑡𝑛𝑐𝑎𝑙𝑐

𝛿ℎ
⋯

𝛿𝑡𝑛𝑐𝑎𝑙𝑐

𝛿𝜏 ]
 
 
 
 

 (4.A7) 

4.A.2   The solution 

The solution provided by the Levenberg-Marquardt algorithm
23,24

 incorporates the 

following parameter update rule 

 𝒙𝑖+1 = 𝒙𝑖 − (𝐻 + 𝜆 𝑑𝑖𝑎𝑔[𝐻])−1∇𝑓(𝒙𝑖) (4.A8) 
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where ∇𝑓(𝒙) = 𝐽(𝒙)𝑇𝑟(𝒙), and 𝐻 = 𝐽(𝒙)𝑇𝐽(𝒙). Here the Hessian matrix 𝐻 is computed by 

assuming that the residuals are either small or can be approximated by linear functions. This 

allows the Hessian matrix to be computed for free once the Jacobean matrix is specified. 

The Levenberg-Marquardt solution to the nonlinear least squares problem is as 

follows. Perform the parameter update rule. Evaluate the error 𝑓(𝒙𝑖+1) at the new parameter 

vector. If the error has increased, retract the step, increase 𝜆 by a factor of 10, and perform the 

update rule again. If the error has decreased, accept the step, decrease 𝜆 by a factor of 10, and 

perform the update rule again. Stop once the error has been reduced to an acceptable value or 

a constant number of iterations has been performed. 

In the current underwater acoustic application, the start value of 𝜆 is 0.01. Increasing 

𝜆 causes the method to act more like gradient descent, while decreasing the value of 𝜆 causes 

the method to act more like Gauss-Newton. 

4.A.3 Results 

The problem outlined above was slightly modified based on the number of data 

collection periods considered. Multipath arrival times representing direct, bottom, surface, 

surface-bottom, and bottom-surface were measured from three periods (A, B, and C) from 

both top and bottom vertical array elements. This results in 𝑛 = 30 data observations. We 

assume that the bottom-mounted source and receiver do not change position over time, nor 

does the clock error. However we allow water depth and sound speed to change with time. 

Thus we have 𝑚 = 10 parameters, �̅� = {ℎ𝐴, ℎ𝐵 , ℎ𝐶 , 𝑐𝐴, 𝑐𝐵, 𝑐𝐶 , 𝑥𝑆𝑅 , 𝑧𝑆, 𝑧𝑅 , 𝜏}. Initial parameter 

estimates and their optimized values are given in Table 1 below. 
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Table 4.1: Initial and optimized instrument offsets and environmental geometry 

 

Initial 

estimate 

Optimized 

estimate 

hA (m) 15.00 16.89 

hB (m) 15.00 16.90 

hC (m) 15.00 16.89 

cA (m/s) 1498.1 1503.9 

cB (m/s) 1500.3 1504.1 

cC (m/s) 1497.2 1503.9 

xSR (m) 66.15 66.11 

zS (m) 4.00 4.11 

zR (m) 3.30 3.26 

τ (sec) 0.0416 0.0414 
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Chapter 5 

 

 

Statistics of very high frequency (VHF) sound 

scattered from wind-driven waves 

 

 

 

Abstract 

 
The bistatic forward scatter of very high frequency (VHF) 300 kHz sound is measured 

in a wind driven wave channel. Fluctuations in arrival amplitude are described by the 

scintillation index (SI) which is a measure of arrival intensity variance. SI initially increases 

with wind speed but eventually saturates to a value of 0.5 when the root mean square (rms) 

roughness is 0.5 millimeters. An adjusted scintillation index SI* is suggested that accounts for 

the multiple arrivals and properly saturates to a value of 1. Fluctuations in arrival time do not 

saturate and increase proportionately to the dominant surface wave component. A scaling rule 

for arrival time spread is suggested based on the rms wave height. Forward scattering is 

modeled at frequencies ranging from 50 kHz – 2000 kHz using the Helmholtz-Kirchhoff 

integral with surface wave realizations derived from wave gauge data. The amplitude and 

temporal statistics of the simulated scattering agrees well with measured data. Intensity 
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saturation occurs at lower wind speeds for higher frequency sound. Both measured and 

modeled VHF sound is characterized by many distinct surface arrivals at saturation. Doppler 

shifts associated with wave motion are expected to vary more rapidly for VHF sound however 

further analysis is required. 

 

5.1   Introduction 

The amplitude, Doppler spread, and temporal coherence of VHF surface scattering is 

important for the performance of high frequency sonars and underwater communications 

systems in operating scenarios where energy from the sea surface cannot be screened. 

Attempts have been made to analytically model the second order statistics of intensity 

fluctuations
1,2

 with some recent models accounting for pulse bandwidth
3
 and directional 

sources
4
. Fluctuations in amplitude, Doppler spread, and temporal coherence increase with 

surface roughness. From an acoustic standpoint, interface roughness is quantified by the 

Rayleigh parameter
5
 ℜ = 4𝜋(ℎ 𝜆𝑎⁄ ) sin 𝜃, where ℎ is the root mean square (rms) surface 

elevation, 𝜆𝑎 is the acoustic wavelength, and 𝜃 is the grazing angle. Theoretical predictions
1,2,4

 

of acoustic intensity fluctuation describe a saturation effect in specular scatter obtained for 

values of ℜ of order 𝑂(1 − 10) and greater. For VHF sound in the range of several hundred 

kHz to several MHz, intensity saturation occurs at rms wave heights of less than 1 mm. In a 

realistic ocean environment, sub-millimeter rms values of wave height are rarely measured. 

The goal of this study is to measure and explain the nature of VHF surface scattering 

in wind wave regimes that span the transition from unsaturated to saturated intensity. Waves 

are generated in a wind wave channel with a precisely controlled wind turbine. Of particular 

interest is the role of frequency in second order scattering statistics. A dominant feature of 
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VHF scattered sound is the existence of many distinct uncorrelated arrivals. This is a direct 

consequence of short pulse duration. Most of the signals considered in this study are 2-cycle 

pulses. However even if longer duration signals are used such as linear-frequency modulated 

(LFM) chirps, pulse compression processing will result in an effective pulse duration that 

scales inversely with frequency. Of particular importance in shallow water coherent signal 

processing is proper treatment of the surface channel. Both channel equalization
6
 and time 

reversal
7
 techniques must characterize a communications channel that is doubly spread in time 

delay and Doppler
8
. An ever increasing number of uncorrelated arrivals in the surface channel 

further exacerbate inter-symbol interference (ISI) and signal estimation residual error (SER). 

Because VHF sound is sensitive to very small surface perturbations, there is an 

interesting relationship between underwater sound and the physics of gravity-capillary waves. 

That relationship is discussed with regard to the coherence of specular reflection points (SRPs) 

and their associated Fresnel zones. Experimentally observed phenomena such as arrival time 

spread, Doppler spread, and multiple distinct arrivals can all be described in terms of Fresnel 

zone coherence.  

Surface scattering is modeled at various frequencies by solving the Helmholtz-

Kirchhoff integral
5
 for the measured wind wave fields. Data collected at 300 kHz is presented 

in Sec. 5.3.1 and agrees well with model results. An analytic model
2
 for predicted intensity 

fluctuation is also compared to data and model in Sec. 5.3.2. Even at modest transmission 

frequencies (50 kHz – 150 kHz), surface wave amplitude is so small that conditions of the 

Kirchhoff approximation are not satisfied and the model results must be taken with caution. 

In general the transition to intensity saturation depends on assumed or measured 

values of rms wave height and surface correlation length. Many prior studies investigating 

analytic intensity fluctuation models make explicit assumptions about wave height and surface 
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correlation length. Typical surface wave spectrums considered
2
 are Gaussian (parameterized 

by rms wave height and surface correlation length) and Pierson-Moskowitz (parameterized by 

wind speed). Actual surface wave slope however cannot exceed some critical steepness.
9,10,11

 

This results in an inherent relationship between wave height and correlation length that places 

a growth constraint on the scattering parameters responsible for intensity saturation. For a 

fully developed sea, the Pierson-Moskowitz spectrum predicts a scaling of ℎ2 = 1.081 ×

10−8 𝑓𝑝
−4 where 𝑓𝑝 is the peak frequency component. A fetch-limited JONSWAP spectrum

12
 

predicts a wave scaling of ℎ2 = (. 9355 𝑥⁄ )𝑓𝑝
−4 where 𝑥 is the fetch distance. The latter 

scaling rule accurately describes the wind waves measured in this experiment if a fetch 

distance of 328 m is used. The relationship between measured rms wave height and surface 

correlation is on average ℎ = .033𝑙 where 𝑙 is the surface correlation length. 

Fresnel zone characteristics are described for a 1-D spatial wave profile. The intensity 

of coherent scatter is directly related to the length of the first Fresnel zone. That length 

depends on frequency, grazing angle, and wave curvature. For a surface wave field varying 

only in one direction, Fresnel zone length is appropriately described by a diameter. However 

the actual Fresnel zones of a 2-D surface are annuli in the form of ellipses. For a non-

directional wave field (in the vicinity of a specular reflection point), the Fresnel zone annuli 

are symmetric along their major and minor axes. Significant directionality of the wave field 

results in disruptions to phase coherence in both the along-crest and wave propagation 

directions. Such surfaces lead to out of plane scattering that can significantly extend the time 

spread of surface interacting channels.
13

 The surface reflected signals measured in this 

experiment do not seem to exhibit out of plane scattering effects and so those effects are not 

considered in the acoustic model. In addition, Doppler shifts are discussed in the context of 

VHF acoustics but are also not included in the scattering model. 
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5.2   Experimental setup and data summary 

Waves are generated by a variable speed wind turbine in the Hydraulics Laboratory at 

Scripps Institute of Oceanography. To investigate the wind’s effect on sound scattering, 

precise control over the wind speed is desired. The wave tank is 30 m long and 1.25 m deep. 

The water surface is excited by wind energy alone. An overview of the experimental setup is 

given in Fig. 5.1. A resistive twin-wire wave gauge measures surface elevation, a vane 

anemometer measures wind speed, and two ITC-11089D transducers are used to send and 

receive high frequency sound. The transducers are at a depth of 𝑧𝑠 = 𝑧𝑟 = 12.25 cm and 

separated by a downwind separation of 𝐿 = 40 cm. The sound speed is measured by a CTD 

and is 1492.6 m/s. 

 

 

Figure 5.1: Experimental configuration for VHF bistatic forward scattering at 300 kHz. 

 

The water surface is initially flat. As the wind speed is increased waves become 

visible on the surface. The wind speed is incrementally adjusted every minute for 98 minutes. 

In that total time span the wind speed increases from a speed of 1 m/s to 7 m/s. By 
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simultaneously transmitting and receiving high frequency sound, subtle trends in the scattering 

statistics with respect to wind speed can be captured. A summary of the data is given in Fig. 2. 

The wave gauge and anemometer record data continuously because of their low data 

collection rates (100 Hz and 1 Hz respectively). Acoustic pulses on the other hand were not 

transmitted and measured continuously, but instead were generated at a pulse repetition rate of 

500 Hz for 10 seconds each minute. Continuous acoustic data collection was not possible 

because of memory constraints in the A/D measurement system. The acoustic pulses are 2-

cycles in duration and have a center frequency of 300 kHz. The resulting bandwidth of the 

signal pulses is 300 kHz. Because of the high-frequency nature of the sound, the acoustic data 

is sampled much faster than the other devices. A National Instruments USB-6366 DAQ board 

sends and receives acoustic data at a rate of 2 MSamples/sec per channel.  Overall there are 98 

acoustic measurement periods which correspond to different wind speeds and distinct surface 

wave field regimes. 
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Figure 5.2: Data summary and simulation. Top panel is wind speed vs. time. Middle panel is 

surface elevation spectrogram in dB re 1 m
2
 Hz

-1
 as measured from the wave gauge. Wind 

shear stress starts to generate surface waves at around 2 m/s. Surface wave energy is first 

detected at a wave frequency of 7.6 Hz. A second harmonic is visible to the main surface wave 

component at twice the frequency. Bottom panels show 1 s segments of the complex envelope 

of measured and modeled acoustic pressure. The amplitude is normalized to the unperturbed 

surface (mirror) reflected arrival.  The acoustic arrivals are time-gated so that only the surface 

reflection channel is shown. 
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The surface elevation spectrogram over the 98 minutes of data collection is shown in 

Fig. 5.2.  The surface elevation spectrum is computed via fast Fourier transform (FFT) for 60-

sec segments of the surface elevation time series with a 10-sec overlap. The data is multiplied 

by a Hanning window prior to the FFT. The surface wave field contains very little energy until 

about 1500 seconds, when energy is suddenly detected at a frequency of 7.6 Hz. At that time, 

the wind is sufficiently turbulent to provide a large enough normal stress to perturb the water 

surface.
14

 The dominant surface wave component decreases in frequency from 7.6 Hz to 3.7 

Hz with increased wind speed. A harmonic to the main surface wave component is also 

identifiable at twice the dominant frequency. The spectrogram is digitally low pass filtered 

with a cutoff frequency of 13 Hz. Measurements above the cutoff frequency were unreliable 

because of electronic noise in the wave gauge measurements. Narrowband noise at 3.375 Hz 

and integer multiples of that frequency was caused by ground loop contamination in the 

electrical measurement system due to the high power wind turbine. That noise was removed 

with band-stop finite impulse response digital filters.  

Wave frequency 𝑓 is related to wavelength 𝜆 by the gravity-capillary dispersion 

relation,  

 (2𝜋𝑓)2 = (𝑔𝑘 +
𝜎

𝜌
𝑘3) tanh(𝑘𝐻) (5.1) 

where 𝑔 = 9.81 m2
/s, 𝑘 = 2𝜋 𝜆⁄ , 𝜎 = 0.074 N/m, 𝜌 = 1000 kg/m

3
, and 𝐻 is the depth of the 

water. The wavelengths corresponding to the first detectable surface wave component and its 

first harmonic are 3.4 cm and 1.7 cm respectively. The latter wave corresponds to a gravity-

capillary wave whose phase speed is at a minimum. This reinforces a resonant model of wave 

generation
15

 which predicts a critical resonant wave length of 1.7 cm. The principal 

appearance of this type of wave has threshold implications for the range of acoustic 
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transmission frequencies susceptible to saturation in amplitude statistics as discussed in Sec. 

5.3.4. 

Acoustic measurements are made each minute for 98 minutes. Each measurement 

period is characterized by a root-mean-square (rms) wave height and a surface correlation 

length. Rms wave height is computed for each minute according to ℎ2 = 〈𝜂(𝑡)2〉 where 𝜂(𝑡) 

is the surface elevation time series and the ensemble average is a time average. Significant 

wave height is computed as 𝐻𝑠 = 4.01ℎ. Surface correlation length 𝑙 is computed by means of 

the surface autocorrelation function 𝐾(𝜏). The autocorrelation function for surface elevation is 

computed for each 1-min period as
16

 

 𝐾(𝜏) = 2 ∫ 𝑆(𝜔) cos(𝜔𝜏) 𝑑𝜔
∞

0

 (5.2) 

which makes use of the fact that 𝐾(𝜏) is real and even. The formulation given in Eqn. (5.2) is 

preferable to convolution methods of autocorrelation since the surface wave spectrum has 

been digitally filtered to remove noise. The correlation time 𝑇 is defined as the time 

corresponding to the first peak in the autocorrelation function for 𝜏 > 0. The surface 

correlation length 𝑙 is then determined from Eqn. (5.1) with 𝑓𝜏 = 1/𝑇. The spatial correlation 

function is obtained from the temporal correlation function
17

 

 𝐶(𝜆) = 𝐾(𝜏)
𝑑𝜏

𝑑𝜆
 (5.3) 

where 𝑑𝜏 𝑑𝜆⁄  is evaluated from the gravity-capillary dispersion relation with 𝑓 = 𝜏−1 and 

𝑘 = 2𝜋 𝜆⁄ . Over the data collection period the rms wave height ranges from 0 to 6 mm and the 

surface correlation length ranges from 3.4 cm to 14 cm. 

Throughout this study, acoustic scattering is modeled and compared to data. The 

scattered field is specified by the Helmholtz-Kirchhoff integral
18

. 
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 𝑝𝑠(𝒓, 𝜔) = ∫
𝛿

𝛿𝑛′
[𝑝𝑖(𝒓′, 𝜔)𝐺0(𝒓, 𝒓′)]𝑑𝐴′

𝐴′

 (5.4) 

The actual numerical integration of that integral is given by Eqn. (2.A22). The 

Kirchhoff approximation is generally valid for 𝑘𝑎 ≫ 1 and so is well suited for high 

frequency scenarios
20

. Criteria specifying validity of the Kirchhoff approximation have been 

suggested
20,17

 on the basis of 𝑘𝑎 cos3 𝜃 and 𝑙 𝜆𝑎⁄ . For the surface waves measured, frequencies 

greater than 150 kHz generally satisfy these criteria. 

Spatial surface wave profiles 𝜂(𝑥) used in the acoustic simulations are generated from 

the wave gauge surface elevation time series 𝜂(𝑡) according to Eqn. (B1) of Deane et al.
18

 

 𝜂𝑝(𝑡𝑗, 𝑥𝑝) = 𝐹−1[𝐹[𝜂(𝑡𝑗)𝐻(𝑡𝑗)] exp(−𝑖𝑘𝑤𝑥𝑝)] (5.5) 

where 𝐹 and 𝐹−1 respectively correspsond to the Discrete Fourier Transform (DFT) and 

inverse DFT, 𝜂(𝑡𝑗) is a 60 second subset of the surface elevation time series, 𝐻(𝑡𝑗) is a 

windowing function (a Hanning window is used), 𝑘𝑤 is the wavenumber associated with 

surface field spectral component at the DFT frequency 𝑓𝑤. The surface gravity wave 

wavenumber 𝑘𝑤 is calculated at each of the DFT frequencies 𝑓𝑤 by a numerical solution of the 

capillary-gravity wave dispersion relation Eqn. (5.1). The wave gauge is located 6 cm behind 

the acoustic source and 20 cm to the left of the source-receiver axis. This position was chosen 

so that the wave gauge bracket did not disrupt the wind-driven surface wave field. The 98 

generated spatial wave profiles are special in that they represent the evolution of a wind driven 

surface wave field from flat to energetic. When used in the acoustic modeling, the surface 

wave fields provide a more realistic glimpse into scattering from gravity-capillary waves than 

a parameterized surface roughness model like Gaussian or Pierson-Moskowitz.  
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Examples of acoustic data and modeled scattered fields are also shown in Fig. 5.2. 

The acoustic data are time-gated so that only the surface reflected arrival in the multipath is 

considered. Surface reflected arrivals are plotted vertically and consecutive arrivals are 

stacked horizontally. The pulse repetition rate of 500 Hz implies that each sample in the 

horizontal time vector corresponds to Δ𝑡 = 1 500⁄ = 2 ms. The measured acoustic data is 

sampled at a rate of 2 MHz. The sampling rate for modeled acoustic scattering at higher 

frequencies scales proportionately with transmission frequency to provide a resolution of at 

least 6 samples per acoustic wave cycle.  

1-sec examples of acoustic data at 5 different time periods are shown in Fig. 5.2. 

When there is little energy in the surface wave field, the surface reflected arrival resembles an 

inverted replica of the source pulse. At 1500 sec the crests of small surface waves caused by 

the wind slightly focus the scattered sound to energy levels just greater than that of the direct 

arrival despite a greater spherical spreading loss. Around this time (to be described later as 

unsaturated scattering), the power spectrum of acoustic intensity follows the power spectrum 

of the surface wave field. As the surface wave field evolves, the fluctuations in arrival 

amplitude and arrival time increase and the power spectrum of intensity deviates from that of 

the surface wave field. Visually, the arrival time spread becomes larger as the wind speed 

increases. However it is not obvious by inspection how fluctuations in arrival amplitude and 

arrival time evolve with wind speed. The modeled acoustics in Fig. 5.2 visually capture the 

level of amplitude and time fluctuation seen in the data. The model acoustics are not expected 

to capture the fine-scale amplitude and time delay structure as the data. This is because the 

wave gauge measures surface elevation at a location distant from the specular reflection point 

between source and receiver so as to not interfere with the acoustic measurements. The 

statistics of the VHF sound over time does not depend on where the wave gauge measures the 

surface wave field. 
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5.3   Statistics of intensity fluctuations 

When the surface is flat each transmitted pulse is a mirror reflection and there is no 

fluctuation in arrival intensity. As the wind increases, surface waves become more highly 

curved and reflected sound may be focused and defocused. An increase in wind energy results 

in an increase in the surface wave spatial correlation length. Since gravity wave phase speed 

increases with wave length, it is possible the smaller waves resulting in VHF focused sound 

are modulated and propagated downstream on the faster larger waves. The data in Sec. 5.3.1 

show that although the surface wave field becomes increasingly energetic at high wind speeds, 

the variance in acoustic intensity saturates and does not increase indefinitely. An explanation 

of the intensity saturation is given in Sec. 5.3.2 in terms of scattering strength parameters that 

separate vertical and horizontal scattering strengths. The effects of signal bandwidth, 

transmission frequency, and grazing angle are all considered separately in Sec. 5.3.3, 5.5.4, 

and 5.5.5. 

5.3.1 Wind channel VHF measurements 

Each acoustic data collection period contains 10 seconds of data constituting 5000 

surface reflected pulses. Measured scattered intensity is normalized to the unperturbed flat 

surface intensity. The amplitude probability distribution function (PDF) of the acoustic data 

for all 98 wind speeds is given in Fig. 5.3, where 𝑎 ≡ √𝐼. At low wind speeds, the amplitude 

distribution is very narrow and resembles a Gaussian distribution with mean amplitude close 

to one. As the wind increases, so does the variance of the amplitude distribution until some 

critical wind speed when the PDF stabilizes and does not change form. Stabilization in the 

amplitude PDF indicates saturation in intensity variance.  Fig. 5.3 shows the many overlapped 

asymmetric distributions that span from about 0.3 to 2.5 in normalized amplitude. At 
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saturation, the normalized amplitude PDF most resembles a Rayleigh distribution. The 

transition from Gaussian to Rayleigh amplitude distribution is captured by carefully increasing 

the wind speed at a rate of 0.06 m/s per minute. 

 

Figure 5.3:   Distributions of normalized integrated energy arrival amplitude as a function of 

time. 98 runs at different wind speeds are superposed. Values of normalized arrival amplitude 

greater than 1 indicate focusing beyond the unperturbed surface reflection. Amplitudes as high 

as 3 and as low as 0.2 can be seen. 

 

A useful metric to quantify the saturation in arrival intensity variance is the 

scintillation index
21,22,2

 (SI), defined as the variance of intensity divided by the square of mean 

intensity. 

 𝑆𝐼 =
〈𝐼2〉

〈𝐼〉2
− 1 (5.6) 

The intensity PDF of a saturated wave field is described by a chi-squared law with two 

degrees of freedom
23,3

 (amplitude and phase) and in that limit 〈𝐼2〉 = 2〈𝐼〉2.  The scintillation 

index reaches a value of 1 in the limit of full saturation. Values of SI are computed (see 

Appendix 5.A) at each of the 98 wind speeds for both data and model and given in Fig. 5.4. 

The value of SI is zero for low wind speeds and saturates to a value of about 0.5 at high wind 

speeds. The transition to saturation occurs between wind speeds of 2.5 and 3 m/s. Both data 
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and model show a SI saturation value of 0.5. This discrepancy to the expected saturation value 

can be linked to the extremely short duration of the transmit pulse.  

The short pulse duration associated with VHF sound transmission leads to the almost 

unavoidable prospect of the existence of multiple arrivals. Isolated arrivals occur when the 

arrival time difference between two specular reflection points (SRPs) is Δ𝑡𝑆𝑅𝑃 > 𝑡𝑝𝑢𝑙𝑠𝑒 2⁄ . As 

the average number of arrivals �̅�𝑎 increases, the saturated value of SI decreases. An adjusted 

scintillation index of the form  

 𝑆𝐼∗ = �̅�𝑎 𝑆𝐼 (5.7) 

is suggested in Appendix 5.B that accounts for multiple arrivals and properly saturates at a 

value of 𝑆𝐼∗ = 1. The saturation value of the data 𝑆𝐼 = 0.5 indicates that on average there are 

2 distinct arrivals in the scattered field. This can be confirmed visually in the scattered field at 

times 4500 sec and 5800 sec. 

 

Figure 5.4: Normalized intensity variance (scintillation index) vs. wind speed. SI values are 

computed from measured (bold line) and modeled (dashed line) forward scattered pulses. The 

scattering model uses surface wave realizations generated from wave gauge data synchronized 

with the acoustic measurements. The curves are not generally smooth because of the limited 

period of data collection (10 s) used in the statistical averaging. 
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5.3.2   Comparison of data, model, and analytic prediction 

To explain the measured behavior of normalized intensity variance, the surface 

scattering is described separately by vertical and horizontal scattering strength parameters. 

The roughness (vertical) Φ and diffraction (horizontal) Λ scaling parameters are defined as 

 

Φ2 = 4ℎ2𝛾2 

Λ = 𝑥𝑓
2 2𝑙2⁄  (5.8) 

where 𝛾 = −𝑘 (sin 𝜃𝑠 + sin 𝜃𝑟) 2⁄ . The term 𝑥𝑓 is given by
5
  

 𝑥𝑓
2 =

2

𝑘
(

sin2 𝜃𝑠

𝑅𝑠
+

sin2 𝜃𝑟

𝑅𝑟
)

−1

 (5.9) 

where 𝑘 is the acoustic wavenumber, 𝜃𝑖, 𝜃𝑠 is the incident/scattered angle with respect to 

horizontal, and 𝑅𝑠, 𝑅𝑟 is the incident/scattered ranges. The parameter 𝑥𝑓 is related to Fresnel 

zone diameter by 𝑑𝑓 = 2𝑥𝑓√𝜋 2⁄     For specular scatter, 𝛾 is the vertical component of 

acoustic wavenumber and Φ corresponds to the Rayleigh roughness parameter. The diffraction 

parameter Λ describes how completely the phase fluctuations of a scattered wave evolve into 

amplitude fluctuations
2
. 

Simulated scattering is computed using the forward scattering model described in Sec. 

5.2 and compared to the data. This allows a wide range of scattering scenarios with different 

transmission frequency, source bandwidth, and grazing angle to be analyzed under identical 

wind-driven surface wave conditions. For each scenario, the SI, SI*, and arrival time variance 

are computed  over a 20-sec period. The surface wave profiles used in the simulation are 

derived from the wave gauge according to Eqn. (5.5). Those spatial wave profiles range in rms 

wave height from 0 - 6 mm and correlation length from 3.4cm - 13.5 cm. Transmission 
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frequencies span a (VHF) range of 150 kHz – 2000 kHz and grazing angles range from 10
o
 - 

70
o
. The source pulse is given by 

 𝑠(𝑡) =
1

2
sin 𝜔𝑐𝑡 (1 − cos (𝐵𝑊 ⋅

𝜋

2
𝑡)) (5.10) 

which is a Hanning-weighted sine wave
24

. The center frequency of the pulse is 𝜔𝑐 and the 

bandwidth is BW. The time duration of the pulse is  

 
𝑡𝑝𝑢𝑙𝑠𝑒 =

4

𝐵𝑊
 

(5.11) 

which decreases with increasing bandwidth.  

Theoretical values of SI are also compared to the data and model. The analytic 

predictions for SI given by Yang, Fennemore, and McDaniel
2
 (YFMcD) are used. This model 

has been shown
4
 to agree reasonably well with ocean measurements at frequencies of 20 kHz 

and 40 kHz. The YFMcD model (Eqns. 19-21 of Yang et al.
2
) requires specification of rms 

wave height, acoustic wavenumber, grazing angle and a Taylor series expansion of the surface 

autocorrelation function. The analytic model assumes a CW source so some discrepancy may 

exist when matching broadband data to theoretical results. 
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Figure 5.5: SI vs. Φ and Λ for various wind speeds. SI* and SI for measured VHF scattering 

are represented by red and blue dots respectively. Each dashed line is a running average of 

5250 SI* and SI values computed from modeled surface scattering. The top and bottom 

dashed line in each panel represents SI* and SI values respectively. Error bars above and 

below the trend line represent 1 standard deviation. The solid curve is the YFMcD analytic 

prediction of SI. 

 

SI is plotted in Fig. 5.5 against Φ and Λ separately for the scattering model, data 

collected at 300 kHz, and the YFMcD analytic approximation at 300 kHz. Because of the 

large number of values (5250) obtained via simulation, those results are expressed as a trend 

line with vertical error bars representing a 1 standard deviation spread. The bandwidth of the 

simulated pulses and data is 300 kHz. Despite differences in simulated transmission 

frequency, bandwidth, and grazing angle, the simulated values of  SI show a self-similar 
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behavior with regard to both Φ and Λ. As the surface becomes rougher represented by large Φ, 

𝑆𝐼∗ saturates and approaches unity. The scattering model average and the analytic results are 

in good agreement throughout the SI transition period and at saturation. The data SI and SI* 

saturate to a value of about 0.9 and 0.5 respectively. The steepest increase in SI is between Φ 

values of 0.3 and 0.7. For a grazing angle of 15
o
, SI transition corresponds to ℎ 𝜆𝑎⁄  between 

0.1 and 0.2. Considering the wavelength of VHF sound is on the order of a few millimeters, 

intensity variance starts to saturate when the rms wave height exceeds a fraction of a 

millimeter. 

Assuming that phase is related to travel time by Δ𝜙 = 𝜔𝑐Δ𝑡𝑟 and using Eqn. (5.C7), 

the phase difference between crest and trough specular scatter is Δ𝜙𝑆𝑅𝑃 ≈ 4Φ. For low 

scattering strength regimes (Φ < 0.1), that phase difference is extremely small and 

corresponds to only a fraction of the delay time span of the first Fresnel zone. This results in 

unsaturated scattering since the phase of all SRP reflections is nearly constant as the surface 

wave field propagates. The VHF data, simulated scattering, and the YFM model all show a 

maximum rate of increase in SI around Φ = 0.5. This corresponds to an adjacent SRP phase 

difference of 2𝜋 3⁄ , which represents overlap between the first and second Fresnel zones of 

adjacent SRPs. The time-evolving in and out of phase relationships between clustered SRPs at 

this scattering strength are responsible for the rapid increase in intensity variance. 

The behavior of SI with Λ is opposite to that of Φ. SI saturates with decreasing Λ and 

goes to zero as Λ grows larger. This is contrary to predicted SI behavior
4
 using a Gaussian 

surface correlation spectrum in which SI is shown to saturate with increasing Λ. In a Gaussian 

surface spectrum, surface correlation length and rms wave height are independently 

parameters. However the wind wave spectrum measured shows a physical relationship 

between 𝑙 and ℎ that leads to an intrinsic connection between Φ and Λ. In the most general 
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terms, as Λ increases Φ decreases. From Fig. 5.8 alone it is not clear whether one or both 

scattering strength parameters are responsible for forcing SI to saturation. 

The integrated energy SI initially increases toward saturation but then starts to 

decrease when Φ = 1.29 and Λ = 0.13. The decrease in SI with scattering strength indicates 

the onset of multiple discrete arrivals at the receiver. The value of Φ at the onset of multiple 

arrivals corresponds to a wave height of about ℎ = 10𝜆𝑦 where 𝜆𝑦 = 2𝜋 𝑘𝑦⁄ . Expressed in 

terms of significant wave amplitude (𝑎𝑠 = 2𝐻𝑠), multiple arrivals occur when 𝑎𝑠 > 1.25𝜆𝑦. 

The value of Λ at the onset of multiple arrivals corresponds to a surface correlation length of 

𝑙 > 0.8𝑑𝑓.  

5.3.3   Signal bandwidth and number of distinct arrivals 

The value of SI has been suggested to depend on the number of distinct arrivals. A 

narrowband signal tends to be very long in duration. Coherent reflections from isolated 

Fresnel zones will overlap if the pulse duration is significantly long, reducing the number of 

distinct arrivals. This implies that low bandwidth (equivalently long pulse duration) may play 

a role in SI behavior. To investigate this, scintillation index is computed for model scattered 

pulses of different bandwidths but identical frequency and for identical surface wave 

realizations. Those SI results and the YFMcD theoretical predictions are plotted in Fig. 5.6 

against wind speed. Examples of the scattered field at a wind speed of 4.5 m/s and grazing 

angle of 30
o
 are also shown for a source pulse bandwidth of 40 kHz and 750 kHz. The most 

striking contrast in the two simulated acoustic fields are the many distinct arrivals of the 

higher bandwidth pulse and the single arrival of the lower bandwidth pulse. Since the scattered 

field at a pulse bandwidth of 40 kHz only exhibits one arrival, 𝑆𝐼∗ = 𝑆𝐼 in that case. The 40 

kHz bandwidth SI agrees well with the 750 kHz bandwidth adjusted SI*. Both match the 
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YFMcD theory through the SI transition region and the SI saturation region. This suggests that 

scaling integrated energy SI with the average number of distinct arrivals is an appropriate 

method to recover the expected saturation in intensity variance. 

 

 
Figure 5.6:   (Left) Examples of surface scattering at a frequency of 750 kHz, wind speed of 

4.4 m/s, and grazing angle of 37
o
. The top and bottom panels use a source pulse with a 

bandwidth of 40 kHz and 750 kHz respectively. (Right) SI vs. wind speed for source pulses of 

bandwidth 40 kHz, 150 kHz, and 750 kHz. Also shown is the adjusted SI* for the source pulse 

of bandwidth 750 kHz and the YFMcD analytic prediction of SI. The surface wave 

realizations are identical for all source pulses considered.  

 

The behavior of unscaled SI changes according to the bandwidth of the source pulse. 

The good agreement between low bandwidth SI and high band width SI* suggests that an 

alternate estimator for the number of uncorrelated arrivals can be developed. Supposing that 

sufficiently narrowband and broadband signals can be alternatively transmitted, an estimate of 

the average number of distinct arrivals is given by 

 �̂̅�𝑎 = 𝑆𝐼𝑛𝑎𝑟𝑟𝑜𝑤𝑏𝑎𝑛𝑑 𝑆𝐼𝑏𝑟𝑜𝑎𝑑𝑏𝑎𝑛𝑑⁄  (5.12) 

To further investigate the behavior of SI with regard to both Φ and Λ, scintillation 

index from the simulated pulses is plotted as a contour map in the Λ − Φ plane in Fig. 5.7. 

Examples are chosen that highlight the various behaviors of intensity variance saturation. The 



145 
 

transmission frequency of the model scattered pulses ranges from 50 kHz to 2000 kHz and 

grazing angle varies from 10
o
 to 70

o
. As wind speed increases, Λ and Φ values evolve parallel 

to the ΛΦ = 1 curve. This is due to the inherent link between rms wave height and surface 

correlation length. The low BW SI plot represents source pulses with a bandwidth of 40 kHz 

regardless of transmission frequency. Both high BW plots correspond to source pulses that 

have a bandwidth equal to center frequency, resulting in the shortest possible duration pulses 

for each frequency. For all cases SI begins to transition to saturation when Φ exceeds a value 

of 1. There is a subtle trend showing the transition to saturation occurring at higher Φ as Λ 

decreases. The unadjusted high bandwidth SI decreases when Φ exceeds a value of 1. This is 

due to the existence of multiple discrete arrivals. The adjusted scintillation SI* for the same 

high bandwidth model scattered pulses is in very good agreement with the low bandwidth SI, 

particularly when intensity variance begins to transition to saturation. Values of SI in the 

saturation region of SI* are not reliable because of difficulties in estimating the average 

number of arrivals. 

The region bounded by ΛΦ2 = 1 and ΛΦ = 1 is considered the partially saturated 

region
25

 where SI values can exceed unity because of potential focusing and defocusing 

effects. The computed values of SI do not seems to exceed unity in the partially saturated 

region. However all computed values of SI for which ΛΦ2 exceed unity are close to 1. Thus 

for the wind wave field measured and VHF frequencies tested, the condition for saturation 

appears to be when ΛΦ2 ≥ 1. Estimates of the average number of distinct arrivals are 

computed via Eqn. (5.12) and also plotted in Fig. 5.7. Multiple distinct arrivals occur when 

ΛΦ2 ≥ 1, and increase to a maximum value around 8. 
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Figure 5.7: (Top-left) SI of simulated forward scatter vs. wind speed for a source pulse of 

bandwidth 40 kHz. Center frequency ranges from 50 kHz – 2000 kHz.  (Top-right & bottom-

left) SI* and SI respectively of simulated forward scatter for a source pulse of bandwidth 

equal to center frequency. (Bottom-right) Estimate of the number of distinct arrivals using 

Eqn. (5.12). The region bounded by ΛΦ2 = 1 and ΛΦ = 1 is considered the partially saturated 

scattering region
25

.  

 

5.3.4   The effect of transmission frequency on intensity 

saturation 

The roughness and diffraction scattering strength parameters Φ and Λ scale with 

acoustic wave length. Transmission frequency then should play a role in SI behavior leading 

to saturation. Higher wind speed corresponds to greater surface wave energy and a larger 

horizontal correlation length. Simulated SI* vs. wind speed for various transmission 

frequencies are shown in Fig 8. The grazing angle is 30
o
. As frequency increases, saturation in 

SI occurs at lower wind speeds. Below 300 kHz, saturation does not occur for the wind speeds 

measured. Despite the small difference in saturation wind speed across the frequencies shown, 

the order of saturation is preserved from high to low frequency with increasing wind speed. 
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The differences in saturation wind speed exist because Fresnel zone size scales with 

transmission frequency. When the wind is strong enough to generate detectable waves, 

measured to be around 2 m/s, the surface wave field gains energy at an average rate of 5 

dB/m⋅s-1
. During that period, the surface correlation length increases from 3.4 cm to 13.5 cm 

at an average rate of 2.1 cm/m⋅s-1
. Although those distances are small compared to typical 

ocean swell and wind waves, they are quite large compared to the acoustic wavelength of 

VHF underwater sound. When surface waves grow to a critical size, the first Fresnel zone 

becomes significantly disturbed and the phase of reflections once within the first Fresnel zone 

become randomized. Also the phase of reflections along the surface varies more rapidly with 

increasing frequency. At this point the normalized intensity variance saturates.  

 

Figure 5.8: Simulated SI* vs. wind speed for various frequencies. The curves from left to 

right decrease in frequency. The solid lines represent results that are in very good agreement 

with the YFMcD analytic predictions of SI. The dashed lines do not match the YFMcD 

predictions. The cause of that discrepancy is assumed to be error in the Kirchhoff 

approximation which is used to model the surface scattered sound fields. 
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5.3.5   Grazing angle effects 

The smaller the first Fresnel zone, the more susceptible the forward scattered signal is 

to intensity saturation. Grazing angle affects the length of the first Fresnel zone in a nonlinear 

way. Unperturbed (flat) surface Fresnel zone diameter can be approximated as 𝑑𝑓 =

2𝑥𝑓√𝜋 2⁄ .  Fresnel zone diameters are plotted in Fig. 5.9 as a function of grazing angle for 

three frequencies and two common source and receiver configurations. The dashed lines 

represent a shallow source at a depth equal to 1/20 of the source and receiver separation. The 

solid lines represent a source and receiver at the same depth. Fresnel diameter for each 

configuration and grazing angle is proportionate to 𝑓𝑐
−1/2

. The magnitude of Fresnel diameter 

scales with source and receiver separation, however the general shape of the curves do not 

change.  

For a shallow source, Fresnel diameter decreases with grazing angle. When 𝑧𝑠 = 𝑧𝑟, 

there is a minimum in the Fresnel zone diameter for all frequencies at an angle of 53
o
. This 

corresponds to a depth to range ratio of 𝑧𝑠,𝑟 𝐿𝑠𝑟⁄ = 2 3⁄ . Configurations that result in a 

minimum Fresnel diameter are most susceptible to scattering effects associated with intensity 

saturation such as focusing/defocusing, multiple arrivals, and Doppler spread. If intensity 

saturation effects are to be avoided, an experimental configuration should be chosen that 

maximizes the Fresnel diameter such as a shallow source. 
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Figure 5.9: Fresnel diameter vs. grazing angle. The Fresnel diameter is defined as twice the 

radius of the first Fresnel zone. The solid lines represent 𝑧𝑠 = 𝑧𝑟. The dashed lines represent 

𝑧𝑠 = 𝐿 20⁄ . When the source and receiver are at the same depth there is a minimum in Fresnel 

zone diameter at a grazing angle of 53
o
. 

 

5.4.   Time spread of the surface bounce channel 

Arrival time spread is the difference between maximum and minimum arrival time. In 

this section, limits are derived on minimum and maximum surface reflected arrival time based 

on wave shape. In contrast to acoustic intensity, fluctuations in arrival time do not saturate 

with increased wind speed. The delay time of an individual arrival is determined by the 

location of its associated specular reflection point of coherent scatter. That location depends 

on wave shape, sound speed and source and receiver geometry. A SRP exists when 𝑑𝑡𝑟 𝑑𝑥⁄ =

0. Referring to Eqns. (5.C1) and (5.C7), this occurs when 
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𝑑𝑡𝑓𝑙𝑎𝑡(𝑥)

𝑑𝑥
≈ −

2 sin 𝜃0

𝑐

𝑑𝜂(𝑥)

𝑑𝑥
. (5.13) 

To describe arrival time spread, we seek solutions to Eqn. (5.13) that maximize and minimize 

𝑡𝑟(𝑥). Inner region coherent scatter near 𝑥0 is associated with 𝑑𝑡𝑓𝑙𝑎𝑡(𝑥) 𝑑𝑥⁄ ≈ 0 so SRPs 

exist where 𝑑𝜂 𝑑𝑥⁄ ≈ 0 which are the crests and troughs of the overhead wave. The inner 

region minimum and maximum arrival delays are 

 

min[𝑡𝑟(𝑥)] ≈ 𝑡0 +
2 sin 𝜃0

𝑐
min[𝜂(𝑥)],              |𝑥 − 𝑥0| ≤ 𝜖 

max[𝑡𝑟(𝑥)] ≈ 𝑡0 +
2 sin 𝜃0

𝑐
max[𝜂(𝑥)],              |𝑥 − 𝑥0| ≤ 𝜖 

(5.14) 

where 𝜖 defines the limit of the inner SRP region which is determined empirically by 

|𝑑𝑡𝑓𝑙𝑎𝑡(𝑥0 ± 𝜖) 𝑑𝑥|⁄ < 𝑐/10. For scenarios where there are many surface correlation lengths 

between source and receiver, the majority of SRPs are clustered in the inner region with time 

spreads that are related to surface wave crest and trough amplitude.  

The outer region is characterized by late arrivals which originate from SRPs where 

𝑑𝑡𝑓𝑙𝑎𝑡(𝑥) 𝑑𝑥⁄  obtains some significant value. The concavity of 𝑡𝑓𝑙𝑎𝑡(𝑥) is always positive so 

the value of 𝑡𝑓𝑙𝑎𝑡(𝑥) scales with |𝑑𝑡𝑓𝑙𝑎𝑡 𝑑𝑥⁄ |. For mathematical simplicity, we assume that the 

surface elevation at maximum slope is 𝜂(𝑥𝑚𝑎𝑥) ≈ 0. This implies that the maximum delayed 

coherent reflection occurs at 𝑥𝑚𝑎𝑥 where  

 
|
𝑑𝑡𝑓𝑙𝑎𝑡(𝑥𝑚𝑎𝑥)

𝑑𝑥
| ≈

2 sin 𝜃0

𝑐
max[|𝑑𝜂(𝑥) 𝑑𝑥⁄ |] 

(5.15) 

which scales with wave slope. The maximum delayed outer region coherent reflection arrives 

at a delay time of 
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 max[𝑡𝑟(𝑥)] = 𝑡𝑓𝑙𝑎𝑡(𝑥𝑚𝑎𝑥),            |𝑥 − 𝑥0| > 𝜖. (5.16) 

It should be noted that when determining the value of wave slope, the surface profile should 

be smoothed over a characteristic length of about 𝜆𝑎/6. If the maximum slope of the surface 

wave is low (i.e. long wavelength waves typical of ocean swell where max|𝑑𝜂(𝑥) 𝑑𝑥⁄ | < 0.2) 

the overall maximum delayed arrival will occur from inner region scatter. Studies
9,10,11

 have 

shown that wave slope does not increase indefinitely and that a threshold for critical wave 

slope is around 𝑘𝐻/2 = 0.44. This restriction on wave slope places an upper limit on the 

maximum delay of a coherent arrival.  

An estimate for arrival time spread is derived based on rms wave height. Typically 

rms wave height is easily measured while estimates of wave slope are more difficult to obtain. 

When 𝑙 < 𝐿, the majority of coherent scatter occurs from the many wave crests and troughs 

near 𝑥0. The difference in arrival time due to reflection from a wave trough (minimum delay) 

and crest (maximum delay) according Eqn. (5.14) is Δ𝑡𝑎 = 2𝐻𝑠 sin 𝜃0 𝑐⁄  where 𝐻𝑠 is the 

significant wave height which is a statistical estimate of distance between crest to trough. In 

practice however surface wave elevation most easily described by rms wave height which is 

related to significant wave height as ℎ = 𝐻𝑠/4. Thus the mean difference in delay time for 

inner region scatter is  

 〈Δ𝑡𝑎〉 =
8ℎ sin 𝜃0

𝑐
 (5.17) 

The mean arrival time equals the unperturbed (flat) surface specular reflection arrival time.  

 〈𝑡𝑎〉 =
𝑧𝑠 + 𝑧𝑟

𝑐 sin 𝜃0
 (5.18) 

A parameter describing relative arrival time variance similar to intensity scintillation index is 

Γ2 = 〈𝑡𝑎
2〉 〈𝑡𝑎〉2⁄  where the numerator and denominator represent arrival time variance and 

mean arrival time squared. For a Gaussian distribution of measured arrival time, mean 
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difference is related to standard deviation by 〈𝑡𝑎
2〉1/2 = 〈Δ𝑡𝑎〉 1.1284⁄ . Considering the above 

expressions, arrival time fluctuation should scale according to  

 Γ =
7.09ℎ sin2 𝜃0

𝑧𝑠 + 𝑧𝑟
. (5.19) 

Fig. 5.10 shows computed values of normalized arrival time spread, (〈𝑡𝑎
2〉 〈𝑡𝑎〉2⁄ )1/2, plotted 

against Γ. Both data and simulation arrival time spread scales one-to-one with Γ. The 

computed values of arrival time spread may be slightly higher than Γ because of a limited 

number of arrivals from outer region scatter. Knowledge of how arrival time variance is 

expected to scale with wave height and geometry is useful for experimental design 

consideration. For example source and receiver positions can be chosen such that other 

multipath channels (i.e. direct and bottom paths) do not coincide with the surface arrival 

channel. Additionally computation time associated with numerical evaluation of surface 

scattering models scales with length of the delay time vector. The length of that time vector 

for the simulations presented was chosen according to Eqn. (5.14) and Eqn. (5.16) with the 

time duration of the source pulse considered and is appropriate for capturing all surface 

scattered coherent energy.  
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Figure 5.10: Arrival time spread vs. Γ for simulated scattering (dashed line) and measured 

scattering (red dots). Arrival time spread is defined as the ratio of arrival time standard 

deviation to mean arrival time 〈𝑡𝑎
2〉1/2 〈𝑡𝑎〉⁄ . The dashed line is a running average of 5250 

computed values with top and bottom error bars representing 1 standard deviation.  

 

5.5   Doppler spread 

Sound scattering from surface waves is a dynamic process since the water surface is 

always in motion. This causes the surface reflection channel to be characterized by both 

positive and negative Doppler shifts. Each distinct arrival at a receiver is the result of one or 

many closely spaced in-phase Fresnel zones surrounding individual specular reflection points. 

However for the discussion of Doppler spread, we will assume that the source of each 

coherent reflection is a single specular reflection point whose velocity can be described 

deterministically. The non-zero velocity of a SRP causes a reflected signal to experience a 

Doppler shift. For coherent scatter from the crests and troughs of waves, the SRP velocity is 

𝒗𝑺𝑹𝑷 = 𝑐𝑝�̂� where 𝑐𝑝 is the phase speed of the wave. The velocity associated with Doppler 

shift is the projection of SRP velocity in the direction towards the receiver, 𝑣𝐷 = 𝒗𝑆𝑅𝑃 ⋅ �̂�𝒓. As 

the wave propagates, the unit vector �̂�𝒓 becomes more vertical so the Doppler shift associated 
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with reflection from inner region crests and troughs should decrease but always be positive. 

For gravity waves 𝑐𝑝 ∝ 𝜆1/2 and for capillary waves 𝑐𝑝 ∝ 𝜆−1/2 suggesting that the average 

Doppler shift may be greater for VHF and UHF sound sensitive to wave features. 

For waves with large slope, the latest delayed arrival originates from the point of 

maximum slope. As the wave propagates downstream, the slope required to satisfy Eqn. (5.13) 

becomes smaller. As a result, two points along the wave surface now satisfy condition Eqn. 

(5.13) just upstream and downstream of the point of maximum slope. Continued wave 

propagation leads to a bifurcation of the original SRP with a new SRP migrating to the 

upstream crest and another SRP migrating to the downstream trough. The component of 𝒗𝑆𝑅𝑃 

due to this bifurcation is in the direction of wave propagation for the upward migrating SRP 

and in the opposite direction of wave propagation for the downward migrating SRP. The 

opposite motion of the bifurcated SRPs leads to the possibility of negative, positive, and even 

a zero Doppler shifted late arrival. Estimates of Doppler spread have been made in the surf 

zone
26

 and indeed show a Doppler shift of zero for an arrival (labeled FA2) resulting from an 

SRP bifurcation.  

Surface wave features over characteristic scales as small as 𝜆𝑎 4⁄  must be considered 

in high frequency scattering
19,27

. The surface wave slope is likely to vary more rapidly as finer 

scale structure is considered in the very high frequency limit. More regions of the wave 

surface will satisfy Eqn. (5.13) thus increasing the number of specular reflection points prone 

to wandering and bifurcation. This results in an ever-increasing number of both positive and 

negative Doppler shifted arrivals whose magnitude depends on the local rate of change of 

surface slope. Because the magnitude of Doppler effects depend on properties of the surface 

wave field such as wave phase speed and wave slope, the Doppler shifts at very high 

frequencies are expected to be comparable to those at lower frequencies. However by 
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supposing surface wave slope varies more rapidly over smaller spatial scales, Doppler shifts 

should also vary more rapidly at higher frequencies. 

 

5.6   Conclusions 

A major consideration for underwater sound propagation at very high frequencies 

(VHF) is the relatively high level of volume attenuation. The prevailing mechanism by which 

sound attenuates in water is can be different depending on frequency. Between 5-200 kHz 

volume attenuation is related to energy dissipation in the compressional wave ionic relaxation 

process
28

. Above 200 kHz, energy loss is due to shear and volume viscosity. The attenuation at 

50, 1000, and 2000 kHz are 0.017, 0.35, and 1.2 dB/m respectively. This implies that for 

underwater sound above 1000 kHz transmission is restricted to ranges on the order of tens of 

meters.  

Wind driven seas are characterized by a spectrum of wave components whose 

individual wavelengths exceed realistic VHF source and receiver separations. Consider a 

source and receiver separated by 1 m and at depths of 0.5 m each (𝜃0 = 45o
). If the mean 

slope of the surface between the source and receiver is 20o
, the coordinate axis of the system 

can be rotated such that the mean surface slope is zero. This would result in an effective 

source and receiver depth of 0.3 and 0.64 m respectively. Differences in source and receiver 

depth significantly affect Fresnel zone diameter which raises the possibility that a VHF system 

could oscillate between saturated and unsaturated scattering states as large scale wave features 

propagate overhead. 

The normalized intensity variance (SI) for the measured VHF acoustics and modeled 

acoustic scattering do not exceed a value of 1 even in the partially saturated region. The 
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transition to saturation starts to occur when surface roughness is on the order of ℎ = 𝜆𝑎 10⁄ . 

VHF scattering in the partially saturated region is characterized by the appearance of many 

distinct arrivals from non-interfering spatially isolated Fresnel zones. Saturation in intensity 

variance occurs at lower wind speeds for increasing frequency. This is a direct consequence of 

the smaller Fresnel diameter associated with increased transmission frequency. The time 

spread of those distinct arrivals scales with both wave amplitude and wave slope for early and 

late arrivals respectively.  

As frequency is increased, it is possible for pulses to become so short in duration that 

the number of distinct arrivals approaches the number of specular reflection points. This raises 

the interesting question of how infinitely (smooth or rough) a surface can be. The smallest 

scales of roughness certainly depend on the molecular and chemical composition of the 

surface. Ocean water, particularly at the air-sea interface, contains the detritus of countless 

bacteria, algae, and viruses
29

. Many of those decomposing cells contain phospholipids that 

orient themselves to the air-sea interface, lowering surface tension, and dampening high 

wavenumber surface wave components
30

. Fresh water on the other hand has higher surface 

tension such that surface scattering from fresh water waves may in fact result in significantly 

more distinct arrivals than in ocean water at ultra-high frequencies. When increasing the 

frequency no longer results in additional arrivals, the reflecting surface can be considered 

smooth on the order of the associated Fresnel diameter. 

 

5.A   Computation of scintillation index (SI) 

The instantaneous energy density of an acoustic pressure perturbation is given by 
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 𝑒𝑖 =
𝑝2

𝜌𝑐2
 (5.A1) 

where 𝑝 is the pressure disturbance from ambient pressure, 𝜌 is the ambient density, and 𝑐 is 

sound speed. The instantaneous intensity (which is energy per unit volume times wave speed) 

is then expressed as 

 𝑖𝑖 =
𝑝2

𝜌𝑐
. (5.A2) 

The overall sensitivity of the receiver transducer is determined to be 70 𝜇Pa/V across the pulse 

transmit band. For comparison across a wide range of source and receiver geometries, each 

with a different surface path spreading losses, the received sound signal (in volts) is 

normalized by the integrated energy (IE) intensity of the unperturbed (flat) surface. All 

constants including the transducer sensitivity parameter cancel and normalized integrated 

energy intensity is given by 

 𝐼𝐼𝐸 = ∑ 𝑉𝑠𝑢𝑟𝑓𝑎𝑐𝑒
2 ∑ 𝑉𝑓𝑙𝑎𝑡

2⁄  (5.A3) 

where 𝑉𝑠𝑢𝑟𝑓𝑎𝑐𝑒 and 𝑉𝑓𝑙𝑎𝑡 are the received voltage signal for the perturbed surface and 

unperturbed surface arrival. Summation is over the delay time of the entire surface reflected 

path. Scintillation index (SI) is defined as the variance of intensity divided by the square of 

mean intensity.  

 𝑆𝐼 =
〈𝐼2〉

〈𝐼〉2
− 1 (5.A4) 

In this case the intensity being considered is the normalized integrated energy intensity 𝐼 =

𝐼𝐼𝐸.  The variance of 𝐼𝐼𝐸 over the 5000 pings in each measurement period is 𝜎𝐼𝐸
2 = 〈𝐼𝐼𝐸

2
〉 −

〈𝐼𝐼𝐸〉2. The mean of 𝐼𝐼𝐸 is 𝜇𝐼𝐸 = 〈𝐼𝐼𝐸〉2. The integrated energy SI is then computed as  
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 𝑆𝐼 =
𝜎𝐼𝐸

2

𝜇𝐼𝐸
2 . (5.A5) 

 

5.B Adjusted scintillation index (SI*) for multiple 

arrivals  

When the scattering regime is such that the acoustic field that is characterized by 

many distinct arrivals, the value of SI decreases with scattering strength. To recover the 

expected saturation of unity with increased scattering strength, an adjusted scintillation index 

is proposed. For 𝑛𝑎 distinct arrivals per ping, each with an individual arrival integrated energy 

(IAIE) intensity 𝐼𝑖, the integrated energy (IE) intensity 𝐼𝐼𝐸 is related to 𝐼𝑖 by 

 𝐼𝐼𝐸 = ∑ 𝐼𝑖

𝑛𝑎

. (5.B1) 

Conservation of energy requires that 〈𝐼𝐼𝐸〉 = �̅�𝑎〈𝐼𝑖〉 or 𝜇𝐼𝐸 = �̅�𝑎𝜇𝑖 where the ensemble 

average is over the 5000 pings in each measurement period and �̅�𝑎 is the average number of 

distinct arrivals. Each individual arrival is a coherent reflection from a spatially separated 

Fresnel zone along the surface wave. For VHF sound scattered from gravity-capillary waves at 

modest ranges (> 1 m), those Fresnel zones are distributed over many surface correlation 

lengths and the majority of coherent reflections are assumed uncorrelated. This corresponds to 

fully saturated scattering. For uncorrelated arrivals the variance of the IE intensity 𝜎𝐼𝐸
2  is the 

sum of the IAIE intensity variances 𝜎𝑖
2. The IAIE variance is due predominantly to changes in 

first Fresnel zone length as surface wave field evolves. Since this process is common to all 

specular reflection, 𝜎𝑖
2 of individual arrivals are assumed equal. 
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 𝜎𝐼𝐸
2 = var[𝐼𝐼𝐸] = var [∑ 𝐼𝑖

𝑛𝑎

] = �̅�𝑎𝜎𝑖
2 (5.B2) 

The integrated energy scintillation index (SI) is related to the individual arrival 

scintillation index (SI*) by a factor of �̅�𝑎.  

 𝑆𝐼 =
𝜎𝐼𝐸

2

𝜇𝐼𝐸
2 =

�̅�𝑎𝜎𝑖
2

(�̅�𝑎𝜇𝑖)2
=

1

�̅�𝑎
𝑆𝐼∗ (5.B3) 

 

 

5.C Approximations to the travel-time equation (TTE) 

5.C.1   Linearization of 𝑡𝑟(𝑥) with respect to 𝜂(𝑥) 

The travel time equation gives the delay time of each reflection along the surface. For 

source and receiver depths of 𝑧𝑠,𝑟 and range separation of 𝐿𝑠𝑟, the flat surface travel time 

equation is  

 𝑡𝑓𝑙𝑎𝑡(𝑥) = (𝑅𝑠 + 𝑅𝑟) 𝑐⁄  (5.C1) 

where 𝑅𝑠 = (𝑥2 + 𝑧𝑠
2)1/2 and 𝑅𝑟 = ((𝐿𝑠𝑟 − 𝑥)2 + 𝑧𝑟

2)1/2. For a 1-D surface displacement 

profile 𝜂(𝑥), the travel time equation is 

 𝑡𝑟(𝑥) =  
1

𝑐
√𝑥2 + (𝜂 + 𝑧𝑠)2 +

1

𝑐
√(𝐿𝑠𝑟 − 𝑥)2 + (𝜂 + 𝑧𝑟)2 (5.C2) 

which can be expanded as 

 𝑡𝑟(𝑥) =
1

𝑐
√𝑅𝑠

2 + 2𝑧𝑠𝜂 + 𝜂2 +
1

𝑐
√𝑅𝑟

2 + 2𝑧𝑟𝜂 + 𝜂2. (5.C3) 
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By assuming 𝑅𝑠,𝑟 > |𝜂|, the terms of 𝑂(𝜂2) are negligibly small. 

 𝑡𝑟(𝑥) ≈
𝑅𝑠

𝑐
√1 + 2𝑧𝑠𝜂 𝑅𝑠

2⁄ +
𝑅𝑟

𝑐
√1 + 2𝑧𝑟𝜂 𝑅𝑟

2⁄  (5.C4) 

The Taylor series approximation to the square root terms can be made with terms kept up to 

𝑂(𝜂). 

 𝑡𝑟(𝑥) ≈ (𝑅𝑠 + 𝑅𝑟 + 𝑧𝑠𝜂 𝑅𝑠⁄ + 𝑧𝑟𝜂 𝑅𝑟⁄ ) 𝑐⁄  (5.C5) 

 
𝑡𝑟(𝑥) ≈ 𝑡𝑓𝑙𝑎𝑡(𝑥) +

sin 𝜃𝑠 + sin 𝜃𝑟

𝑐
𝜂(𝑥) 

(5.C6) 

𝜃𝑠,𝑟 is the incident and scattered angle relative to the unperturbed surface. In the special case 

of specular scatter, 𝜃𝑠 = 𝜃𝑟 = 𝜃0. 

 𝑡𝑟(𝑥) ≈ 𝑡𝑓𝑙𝑎𝑡(𝑥) +
2 sin 𝜃0

𝑐
𝜂(𝑥) (5.C7) 

5.C.2   Surface wave of maximum acoustic focusing 

In this section, a condition is developed that specifies the shape of a sinusoidal wave 

resulting in maximum acoustic focusing.  The intensity of coherent reflection from a specular 

reflection point increases with increasing Fresnel zone length. The radius of the first Fresnel 

zone 𝑟𝐹 is defined as the distance from a specular reflection that results in a phase difference 

of 𝜋/2. Eqn. (5.C7) gives the TTE of a perturbed surface. Assume that the specular reflection 

point, which by definition is where 𝑑 𝑡𝑟 𝑑𝑥⁄ = 0, occurs at 𝑥 = 0. We first approximate the 

change in travel time by 

 Δ𝑡𝑟 =
𝑑𝑡𝑟

𝑑𝑥
Δ𝑥. (5.C8) 

The phase velocity equals the group velocity for acoustic waves. So assuming that the 

phase of a reflected pulse is travel time induced, a delay time difference of Δ𝑡𝑟 = 1/(4𝑓𝐶) 

defines the first Fresnel zone. To maximize Δ𝑥 for a fixed Δ𝑡𝑟, we must minimize 𝑑𝑡𝑟 𝑑𝑥⁄ . A 
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Taylor expansion of the TTE first derivative in the vicinity of the specular reflection point is 

given by 

 
𝑑𝑡𝑟

𝑑𝑥
≈

𝑑𝑡𝑟

𝑑𝑥
|

𝑥=0
+ 𝑥

𝑑2𝑡𝑟

𝑑𝑥2
|

𝑥=0

+ 𝑂(𝑥2) (5.C9) 

For |𝑥| <  1, the series converges with lower order terms in 𝑥 contributing more 

significantly to the function approximation. A specular reflection point is defined by 

𝑑 𝑡𝑟 𝑑𝑥⁄ = 0, so the first term vanishes. To minimize 𝑑𝑡𝑟 𝑑𝑥⁄ , we can successively require 

that higher order derivatives also vanish. We assume that the overhead wave is a sinusoid of 

the form 𝜂(𝑥) = 𝑎 cos 𝑘𝑥, whose crest at 𝑥 = 0 causes acoustic focusing. For the 𝑂(𝑥) term 

in Eqn. (5.C9) to vanish, 𝑑2𝑡𝑟 𝑑𝑥2⁄  must equal zero at 𝑥 = 0. From Eqn. (5.C7) 

 
𝑑2𝑡𝑟

𝑑𝑥2
≈ 𝑡𝑓𝑙𝑎𝑡

′′ +
2 sin 𝜃0

𝑐
𝜂′′(𝑥) = 0 (5.C10) 

so 

 𝑡𝑓𝑙𝑎𝑡
′′ = −

2 sin 𝜃0

𝑐
𝜂′′(𝑥) (5.C11) 

where the prime denotes differentiation with respect to 𝑥. The left hand side of Eqn. (5.C11) is 

 

𝑡𝑓𝑙𝑎𝑡
′′ =

1

𝑐
(𝑅𝑠

′′ + 𝑅𝑟
′′) 

         =
1

𝑐
(

𝑧𝑠
2

𝑅𝑠
3 +

𝑧𝑟
2

𝑅𝑟
3) 

                 =
sin2 𝜃

𝑐
(

1

𝑅𝑠
+

1

𝑅𝑟
) 

                =
sin3 𝜃

𝑐
(

1

𝑧𝑠
+

1

𝑧𝑟
) 

(5.C12) 

while the right hand side is 
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2 sin 𝜃0

𝑐
𝜂′′(𝑥) = −

2 sin 𝜃0

𝑐
𝑎𝑘2 cos 𝑘𝑥. (5.C13) 

In the vicinity of 𝑥 = 0, 𝜃 ≈ 𝜃0, so  

 
sin3 𝜃0

𝑐
(

1

𝑧𝑠
+

1

𝑧𝑟
) =

2 sin 𝜃0

𝑐
𝑎𝑘2 (5.C14) 

sets a constraint on the surface wave parameters given by 

 𝑎𝑘2 =
1

2
sin2 𝜃0 (

1

𝑧𝑠
+

1

𝑧𝑟
). (5.C15) 

Successive higher order terms in the Taylor expansion of 𝑑𝑡𝑟 𝑑𝑥⁄  could further 

constrain the amplitude and wave number of the overhead wave resulting in maximum 

focusing. Other analytic forms of the overhead wave such as a sum of sinusoids could be 

specified and a similar procedure could be followed. Alternatively, for a known surface wave 

well represented by a sinusoid, source and receiver depths could be chosen that maximize 

exposure to acoustic focusing. 

To test the constraint in Eqn. (5.C5), scattering was modeled using the Helmholtz-

Kirchhoff scattering integral for a source and receiver with 𝑧𝑠 = 𝑧𝑟 = 12.25 cm and 𝜃0 =

31.5o. The surface wave was sinusoidal with an amplitude of 𝑎 = 1 cm and wave length 42.1 

cm. The resulting surface reflected pulse amplitude was 4.7 times greater (6.7 dB) than the flat 

surface arrival. 
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Chapter 6 

 

 

Conclusions and future work 

 
 

The inversion process outlined in this dissertation has shown that it is possible to 

reproduce the details of acoustic forward scattering based on wave shape. Two physical length 

scales over which information can be known about the surface are confirmed. An outer length 

scale, the Fresnel zone surrounding each specular reflection point, is the only region where 

optimized surfaces converge within a resolution set by the inner length scale, a quarter-

wavelength of the acoustic pulse. Multiple isolated Fresnel zones from multiple receivers can 

extend the spatial extent of surface reconstruction. Both the amplitude and arrival time of 

ocean surface scattered pulses are well modeled over a period of about 1 minute. Information 

about wave shape can be obtained over greater spatial scales and to finer resolution than 

traditional SONAR sensors. The inversion results are nonphysical however during sea states 

expected to result in significant out of plane scattering and bubble formation. Accordingly this 

research may offer new insights into the role of out of plane scattering and bubble absorption 

effects at moderate to high wind speeds. 

 Following the idea that forward scattered sound is sensitive to wave features on the 

order of a Fresnel zone, the statistics of  very high frequency scattered sound are related to the 
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phase coherence associated with Fresnel zone regions. In general both vertical roughness and 

Fresnel zone size affect variance in arrival intensity. Time spread and Doppler spread depend 

on the slope and spatial gradient of slope. Physical constraints on wave shape set lower and 

upper bounds for the possible arrival time and Doppler shift of a surface reflected signal. 

Products of this research include improved models for high intensity surface-scattered arrivals 

and new models for the second-order statistics relating scattering intensity and Doppler 

spread. Such modeling is important for improved performance of phase coherent underwater 

acoustic communications systems.                                         x 

 Several extensions of the current research are suggested in the following chapter 

sections. Future work includes optimizing the receiver configuration for additional ocean 

wave shape inversions, the simultaneous processing of an ensemble of surface reflected 

pulses, modeling the acoustical effects of bubble clouds, deterministic modeling of out of 

plane scattering, and relating Doppler spread and time spread from the physics of surface 

waves. Much of the potential research identified in this chapter would not have been obvious 

had the work in this dissertation not been completed. 

 

6.1   Optimal receiver configuration for investigating 

wave shape 

The receiver array in the SPACE08 experiment was not optimized for investigating 

wave shape. The receiver spacing was about a quarter wavelength when projected tangential 

to the surface reflected wave front. The flat surface Fresnel zone length for the SPACE08 

experiment is about 𝐿𝑓 = 6 m. The optimal receiver spacing for a future experiment to 

investigate wave shape acoustically is determined based on Fresnel zone length. We will 
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assume that both source and receiver are bottom mounted. This is the most realistic 

configuration for a system that is used to collect data for an indefinite period of time. The 

specular reflection point for a bottom mounted source and receiver occurs at the midpoint 

between source and receiver. For an 𝐿𝑓/2 overlap in adjacent Fresnel zones, the receivers 

should be horizontally spaced 𝐿𝑓. For a no-gap 𝐿𝑓 spacing between Fresnel zones, the 

receivers should be horizontally spaced 2𝐿𝑓. This spacing is valid for the study of forward 

scattering from both surface waves and potentially internal waves. For a given source and 

receiver depth, the Fresnel length of an internal wave may be larger than, equal to, or smaller 

than the Fresnel length of a surface wave because of the dependence of Fresnel length on 

grazing angle as described in Sec. 5.3.5. Flat surface Fresnel zone lengths are easily computed 

and provide a practical consideration to choosing source and receiver positions when 

designing forward scattering experiments aimed at investigating wave structure. 

 

 

6.2   Simultaneous processing of an ensemble of surface 

reflected pulses 

A major limitation to the inversion algorithm developed in Chapters 2 and 3 is the 

ability to invert data when there is a null in received energy. Energy nulls occur when sound is 

focused away either in plane or out of plane from the receiver. This phenomenon is common 

particularly in low sea states as focusing and defocusing events occur more readily when 

signal coherence is not disrupted by small scale roughness along a reflecting surface. Reliable 

surface wave inversion during an energy null requires acoustic information prior to or after the 

near-zero intensity measured arrival. This implies that acoustic pulses must be processed in a 
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group rather an individually. Also by simultaneously processing pulses from different times, 

constraints can be enforced in the inversion design so that surface waves obey natural wave 

physics. The issue is that computation time becomes a limiting factor when implementing an 

inversion based of an ensemble of surface reflected pulses. 

The inversion algorithm implemented in Chapter 4 operates on an individual pulse 

basis with data from two receivers. On a high performance desktop computer with 12 Intel 

Xeon X5690 CPUs at 3.47 GHz, the processing time to inversely determine one spatial wave 

profile is about 90 minutes. Each minute of data collected during the SPACE08 experiment 

consists of about 2000 surface reflected pulses. The total computation time for each period is 

then about 125 days. Computation time is directly proportional to the length of acoustic data 

considered. An inversion using data from either multiple receivers or from different times will 

tend to increase the total computation time to durations that are not feasible. 

Only when shorter computation times are realizable will the simultaneous processing 

of an ensemble of surface reflected pulses be possible. Measurement systems for high 

frequency acoustics should sample the acoustic wave at a minimum of 4 or 5 samples per 

wave cycle, so the sampling rate must remain relatively high. Alternative parameterizations of 

the surface wave field  may result in computational savings, however the current form of the 

Helmholtz-Kirchhoff scattering integral requires a spatial wave profile as an input. Any wave 

shape inversion process that is to be performed in real time or on a collection of scattered 

pulse must include computation time as a major design consideration. One such design may be 

to first consider pulses at 10 or 20 times the pulse repetition rate, then incrementally increase 

the temporal resolution of the inversion. In this way a low resolution temporal inversion is 

followed by a higher resolution inversion that considers data at increasingly higher pulse 

repetition rates. 
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6.3   Modeling acoustical effects of bubble clouds 

Bubbles are typically formed by the fragmentation of entrained air during a wave 

break event. Thus their location is generally constrained to the upper ten meters or so of the 

ocean surface. The presence of bubbles near the surface has a profound effect on acoustic 

propagation and scattering. The predominant effect of bubbles on acoustic scattering is an 

energy loss due to isotropic scattering of the acoustic signal within the bubble cloud. The 

decrease in mean arrival energy particularly for Periods C from the SPACE08 experiment is 

assumed to be due in part by acoustic absorption from bubbles. The resonant frequency of an 

acoustically excited bubble depends on bubble radius. For example the acoustic transmission 

frequency of the SPACE08 source signals are 12.5 kHz which correspond to a resonant bubble 

of radius 260 𝜇m. Smaller bubbles have a lower rise velocity and so persist in the water 

column for longer time periods. Signal processing strategies could be developed to determine 

the existence of bubbles in the water column by comparing mean arrival energy at different 

frequencies corresponding to different sized bubbles. Also, since bubble clouds tend to be 

spatially isolated over regions several meters wide, individual receivers of a widely spaced 

array may be sensitive to parts of the surface where surface interacting acoustic paths intersect 

a bubble cloud while other receivers are not. This would allow the temporal and spatial 

variability of the bubble clouds could also be studied. 

Additionally, sound speed also decreases in bubbly water because of a reduced 

effective bulk modulus caused by the void fraction of air. The reduced sound speed not only 

increases delay time but also steepens the grazing angle which would affect the coherent 

processing of surface reflected signals. A modification the Helmholtz-Kirchhoff scattering 

integral that would allow specification of a depth dependent sound speed profile could be used 

to model the effects of a bubble induced change in sound speed. 
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6.4   Deterministic modeling of out of plane scattering 

Power-delay measurements in the ocean often show distinct correlated multipath 

arrivals followed by a reverberant tail that decays exponentially. The reverberant tail often is 

comprised of incoherent energy that by some means has become uncorrelated with the 

identifiable direct, surface, and bottom arrivals. Typically multipath arrivals up to the surface-

bottom and bottom-surface bounces are identifiable while later arrival energy is difficult to 

classify. A similar phenomena occurs in the surface bounce alone as depicted in Figure 4.4. 

Energy that is highly correlated with the original source pulse arrives first, followed by 

seemingly reverberant energy that is spread over delay time. The most likely origin of this 

energy in the tail of the surface reflected channel is from wave features out of plane with 

source and receiver. 

 Late arrivals from in plane scattering in general can originate from locations along the 

wave field that satisfy the slope requirement given in Eqn. (5.13). In considering a 2D 

directional wave field, absolute surface gradients may be oriented between 0
o
 and 360

o
 to the 

source and receiver plane. Care must be taken then to identify the component of surface 

gradient that results in coherent reflection between source and receiver. Presumably Snell’s 

law will still apply to out of plane specular reflection points. However the region of spatial 

coherence related to reflection from a 2D out of plane Fresnel zone is not well understood. 

The discussion in Chapter 5 on specular reflection points, signal coherence related to Fresnel 

zones, and time spread of the surface bounce channel provides the in-plane framework for 

further studies in out of plane scattering. Current models that estimate out of plane scattering 

reverberation associate each out of plane surface wave facet with a statistically averaged 

scattering strength. Deterministic wave features could be associated with out of plane 

scattering by specifying a 2D wave profile and using the form the Helmholtz-Kirchhoff 
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scattering integral given by Eqn. (2.A12). As surface wave fields become increasingly 

directionally spread, the physics of the scattering in late reverberant tails may be best 

described by a stochastic process. However first a deterministic description of out of plane 

scattered is necessary to evaluate when and why that statistical limit is met. 

 

6.5   Relating Doppler spread and time spread 

Depending on the nature of the overhead wave field and acoustic waveforms 

transmitted, Doppler spread  may be important in the coherent processing of acoustic signals 

in shallow water. Although Doppler spread is easily measured, the physics of how it is related 

to wave shape is not well understood. Sections 5.4 and 5.5 attribute time spread and Doppler 

spread of the surface bounce channel to properties of the surface waves overhead. Arrival time 

spread is due to wave height and wave slope, while Doppler spread depends on wave phase 

speed, wave slope, and the spatial gradient of wave slope. In Sec. 5.5, the particle velocity of 

the specular reflection point associated with coherent scatter are suggested to cause Doppler. 

The velocity of an SRP is due the time evolution of the location along the surface that satisfies 

the SRP existence constraint Eqn. (5.13). With some insight about gross features of the 

overhead wave field, the measured arrival spread of the surface bounce channel could 

potentially be used to estimate maximum and minimum wave slope as well as wave height. 

Similarly, measured limits on the minimum and maximum Doppler spread could constrain 

estimates of wave parameters such as slope and the spatial gradient of slope. If relationships 

between wave shape, time spread, and Doppler spread could been established, estimates of 

Doppler spread of the surface bounce channel could be determined from readily obtained 

details of the environment. 
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 A signal experiences a Doppler shift each time it interacts with a time-evolving 

surface. With each additional surface interaction, there is a chance a signal may experience 

consecutive positive or negative Doppler shifts. This implies that very late arrivals, whose 

journey from source to receiver may have involved several surface reflections, may be 

Doppler shifted by an amount in excess of the possible Doppler shift associated with a single 

surface reflection. If a single-bounce Doppler shift limit is known, then measurements of 

Doppler in excess of that limit will imply that reflection has occurred from the surface more 

than once. The relationship then between Doppler magnitude and delay time may indicate 

whether energy in the reverberant tails of a channel impulse response are due to single 

surface-bounce out of plane reflections or multiple surface-bounce in plane reflections. 
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