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ABSTRACT
We present a calculétion of the parallel critical field of a plane
tunneling barrier in an otherwise homogeneous superconductor, valid f{or

Te

- T << Ty We have found a solution of the Ginzburg-Landau equ:tion
which satisfiés the semi-phenomenblogical boundary condiﬁions proposed
by de Gennes. The cfitical field is significantly lower than HC5 when
the tunneling current is of the same order of magnitude as the sheath
current. When the ratio (tunneling‘currEnt/sheath‘current) is small, it
is proportional tév&<T)f ‘Since E(T) » o at T, in principle the critical
field of a tunnelihg barrier of any transmissivity mﬁst go to Hcg_ as

7 - T,, although in practice this may be impossible to observe for small
transmissivities dué to fhe finite traﬁsition width at T,. For the pure
metal, specular barrier model at a fixed temperature T not too closo fo
T, most of the drop in critical field fromch to Hc2 occurs for trans-

vmissiviﬁies in th;,range ;Ol to .1. |

The effect welhave predicted, if experimentally confirmed, may be

useful as a tool for Investigating the electronic properties of gruin

boundaries in polyerystalline metal.

¥
Present address: Department of Phys1cs and Astrophysics, University
of Colorado, Boulder, Colorado.



I. INTRODUCTION

Consider a piane tunnelingl barrier of rxegl:i.giblez2 thiciness d

) with transmissivity%t located at x = 0 in an infinite aand otherwisoe
homogeneous superconductor. We want to calculate the critical licld
for nucleation of superéopductivity at the barrier in a magnotic field
H parallel to fhe z-axiss Since the tranéition will be of socond
order the supercurfents can be arbitrarily small at nucleation, hence
we may assume the field ﬁhiform. We shall restrict our attention to

‘the temperature range T, - T <<T..

i

We know that for t = 1 (novbarrier), the nucleation field II is

I H, , whereas for t = O (perfect insulation),
ST ey,

the nucleation field is that for a free survfa.ce,LL H” = ch = 1.69 HC .

5 2

it

that for the bulk,3 H

When 1 > t > 0 supercurrents tunnel” through the barrier. These

currents are periodic along the barrier in the y-direction, and as
t- 1 (HWlm;Hé') the order parameter and éurrents resemble those of a

row of fluxoids along the barrier in the limit Hy = H, .

2

I is substantially lower than HC when the currents tunneling
“. 3

through the barrief are of the same order of magnitude as the sheath

H

currents along the barrier. When the tunneling current is small, both
éurrénts are propo;tional to the supeffluid density lw[g, but the pro-
poftionality constanf ié.essehtially independent of temperature fouv
ifunneling currents; and contains a factor 1/&(T) for sheath currenis
‘frbm'the phaée gradiént. The ratio (tunneling current/sheath curvent )
is therefore.proportional to £(T) when the ratio < < 1. Since
tE(T)owas T - T;,ithe ratio must increase until the tunncling

current approaches the size of the sheath current, at which time Lhe

tunneling current becomes proportional to ]W{Q/E(T) rather than niuply



D

2 . . . . _— .
|“ and the ratio remains of order unity in the limit T = To. dlence

[

in principle H”/Hcé - 1 at.TC for any transmissivity t, aliaonsh in

practice the steep decent of H to H. near TC will be lost (for miall
' 2

I

transmissivities) in the finite width of the temperatur: induced Lransli-

+

tion at T,. For the pure metal, specular barrier model at & fixed Lom-
perature T not too close to Tc’ most of the drop in critical field [rom

H. to HC occurs for transmissivities in the range .01 to .l1.

3 2
The linearized Ginzburg-Landau (GL)equation7

o4

for the order pora-
meter ¥ near a second-order transition is wvalid for T, -T<<T, and
for.distances from the barrier8 greater than £, in the pure case and
JE;E in the dirty case. ‘When the distance éo orAJE;? respectively

is much‘smaller than the temperature-dependent coherence length E(T),
then the effect of the barrier is simply to impose boundary conditions
oﬁ the solutions of.the GL equation. These boundary conditions arc

~ obtained from the linear integral equation9 for A (or ) vhich is wulid
in the wviecinity of_;'second order phase transition. We shall diccu.s
the boundary cohdi#idns in Section II and solve the GL equation in

Section III.



IT. BOUNDARY CONDITIONSlO

11 ‘s - .

The order parameter A at a phase transition of secomd order is u
. . 9
solution of the linear integral eguation”

NE) = | & K(5,5) A5, (1)

i

The range & ©of the kernel K in the bulk is & in the pure case, v _{
g N : o

V]

in the dirty case.

o - D :
When Tc - T <L <Tc the GL equationY’l~ is also valid,

1l =, 2T =\° "
E?_ Y = (1V+¢—)-(-)~ A) 9, (2)

except in a neighborhood of the barrier defined by the range ék of the
kérnél K. Oufsidé’of this neighborhood both Eqs. (1) and (2) must have
the same solutions. | |

Since Eq. (1) is more generally valid than Eq. (2),.it woﬁld be
better to solve Eq; (1). However, it is much easier to solve Eq. (2),
so that is what we'shall do. We cannot avoid the use of Eq. (1) in
'the‘neighborhood of the barrier, but we shali find that it is not
 necesséry to find»é complete solution, except to evaluate a singlc
nuﬁber which is probably best left as an adjustable parameter. The
argument is based on symmetry properties of K.

'The scale of wariation of GL solutions is givenlj by

’ ~1/2
e(T) = 0.7k g, [1 - T/T.] / pure

‘ /o (3)
e(r) = 0.85 Ve £ [1-T/T ] T wirty.



.

Wien TC - T << T, we have E(7) > > %{. We shall consider tne problem
of joining a solution of Fr. (2) = valid in the bulk - to o soluiion
of Eq. (1) = valid near the barricr = in the asymptotic region

E(T) >>x > > S where both equations are valid. We see from o. (3)

that we may locally approximate the GL solution in this region witih

the linear expression
WE) 2 oy + T T (1)

where wo’ E@o are evaluated at a point y, on the barricr. Theretore we
shall study the solutions of Iq. (1) which are asymptotically lineur,
Set A=0, T= Tc in Tg. (1); we will justify the omissicn oi A

later. We study linear solutions in the bulk first. TFrom the property

F &r K(5,F) =1 at T_ (5)

it is evident that A = constant is a solution of Eq. (1). We may prove
that A= g + ¥ is also a solution in the following manner: we uso

Eg. (5) to rewrite Eq. (1) in the form

fdz K(5,F) [A(3) - &F)] . (6)

In the bulk where we have translational invariance, cither bociuse ol
perfect periodicit& of the lattice or because a suitable averagc aver
the sites of impurity atoms has been performed, we have K(3,r) = i 5-1).
Since K(s,r) = K(r,s) when K is real (A = 0), we have K(R) = K(-it).
‘Hence on subs%ifution ofWA/; g * T in Eq. (6) the integral vanisho:s,

because K is even, [A(S) ~ A(f)] odd in the coordinub. difference



Now we introduce the barrier at x = O. The kernel K is still an
even function of.ﬁhe y=coordinate diffe?ence_sy-ry, 5o that therc ave
sdlutions to Eq. (1) which are linear in y throughout. the barr o
region. On substituting the function A(x,¥) = g(x)y in Bg. (1), e
find that it is a'soiution if and only if g(x) is a soiution. We are
~therefore reduced to a stﬁdy of the one~dimensional solutions Z(x).

The kernel retains its inversion symmetry K(r,s) = K(-T, -3) in
the presence of a syﬁmetric barrier. Hence there are cven and odd
solutions £5(x) = + A%(-x), Ao(x) = -AQ(-#). In the absence of the
barrier‘AF‘= constant, N x. In the presence of the barricr the
asymptqtic behavior ;f these solutions can be changed only to thé
extent ofvallowing'the linear asymbtote of 2&° to have a finite intor=

cept at the barrier,

NS = constant
asymptotic : .
R, )
o e asymptotic =~ M

where M is a number which depends only on the properties of the bairrier.
| Any linear GIL solution may be fitted in the asymptotic region

E(T) >>x>> ék by the set of elementary solutions &%, &7, A%, Oy
We shall assume the uniqueness of such a representation, This seums
physically plausible, but the author 1s unable to make i£ mathematically
rigorous by suppljing a uniéueness theorém for the set of even and odd
_solutians of'Eq. (;)‘which satisfy linear boundarylconditionu. Gravted
this assumption, wé may summarize Egs. (7) for gcnéral A in the one
equation

A= a4 (8)



where A;, A are the linear asymptotes of 4 for x > 0, x < 0 cviluated
at x = O+, O= respectively. This is the boundary condition which we

shall require solutions of the GL equation to obey at the barrier.
- J}-

In the presence of a magnetic field the kernel XK may be appro<imitod

over distances small compared to E(T) by the expression

Eie.r \\

s = (2 = = p Al o)
K(s,r) = Ko\s,r) exp \‘E—Z (a(s) = s - A(r) - z]/
where KO is the kernel in zerc field. Distributing the two phuse jnotors

to the order parameters of the same argument, we find that locally

[igf) = &) exp {- g%% A r}

is a solution of the zero field equation and must satisfy the samc linear

boundary conditions. Hence Eq. (8) is still valid for complox & when
A, = 0.

~We have not aftempted to calculate M for any model. P. (. do Gcnncué
has calculatéd M for the pure metal, specular barrier model under the

approximation t < < 1. His result was
: go
Moo= [1L.1W] = . , (9)

The qudﬂtity in square brackets does not vary much, and is uuuﬁlly of
order. 0.3. Since 50 appears here in its‘rolelas the rurge &}{of Lhe
kernel K, one suspects that in the more interesting dirty case ﬁo,Will
be replaced by‘JE;ET' When t -1, Eq. (9) is no'ionger valid since M
hust approach zero. One'expects M to be essentially independent i

temperature in the GL region T, =~ T<< Ty since it depends upon thw

essentially temperature independeﬁt quantity Ek. Any slow variation



of M with T in this region would be swamped out in any casc by tho much

more rapid variation of &(T) (which goes to © as T —T_).

ITI. SOLUTION OF THE GINZBURG-LANDAU EQUATION

We choose the gauge'Ay = lix. TYor this gauge Fa. (2) has soluiions
> 1" 1" . 1" " * 1 . o
with "even" and "odd" symmetry, ¥ (x) = % ¢(-x). We choose the cven
E ‘ ’ % .
symmetry, ¥ (x) = W(=x). We write ¥ in terms of its real and inuginary
parts, -
Y= R+il.

b

Then for the assumed symmetry, the boundary condition Inj. (8) can be

written in terms of ¥ at x = 0, as

CarR
= = 0
a2y - .

We note that I is odd and R is even, therefore R, dR/dx, -dI/dx arc all
‘qdntinﬁous at the barrier, only I being discontinuous.

Tﬁe real and imaginary parts of ¥ are mixed in Eq. (2) only by the
cross ‘product term_which is of the form i x ég. .If we take advantuge
of the periodicity of R and I to expand both in Fourier serics, then
cosine-termsvin the R series mix only with sine terms in the I serics.
We make the énsatz

R(x,y) R(x) cos ky

I(x) sin ky. : (1)

"

] I(”X, 5’) :

Then lq. (2) becomes
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&1 2 domr VR
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two decoupled equations
R-I

a° L L ], em )2

dx2 §2 ¢o
- 7
[ .2 o o
! g‘§' * —£§ - |k + —gﬂ X _
[_dx 3 o J

- These two edquations can be réduced to the

the following subétitutions:

T -
+ '—"‘,—" kx L = Q
\/
O
Yy
+ = kx kE = 0 (1:2)
O
for the two quantitico o +I,
(R+1I) = ©
(R=-1I) = © (15)
same standard form by m:king

o SR
Vg,
é
e
a = = — = - H, /[eH
e -
R
k.= kY= = 2v[a] (k) (1k)
- R(x) + i(x)' = u(z-x)
R(x) - I(x) = w(z+k)
Then u(z) and'w(z)Amust both satisfy the same equation
Sy 22
“f - e B (15)
Z : )

d



The two standard independent solutions of this equatior are known no
s . . 15 . s . N .

pard C JSTSIN e C 10LLOWING asyilDTov 1 a

parabolic cylinder functions They have the Tollowing asymptovia

behavior for x > > !a]: ‘

v -f Z —d;%
U(a,z) ~e z
' % ze a i
V(a,z) ~ e z 2. (16)

Since V blows up, u and @ must both be proportional to U.
1 : |
FPor a = =3, H=H, , the function
) 2 ¢y ‘
o 1 2 ]
' o -5z (17)
u( =5 z) = e 5

U is finite in botﬁ limits x - ¥ w, For a > - % ;> 1, the function
N . 2

goes to + @ in the Limit x — - ©; we display (in Fig. 1) its behavior

near the origin for a = =4, H= 1.25 HC . Since the GL boundary
e
~ d:
condition at a free surface is ag-= 0, the maximum a (maximus H) o
which the function has a zero derivative at some point yields the

surface nucleation field H, . For this value of a the two points of
v | : 5 '

zero derivative evident in Fig. 1 must coalesce to form a poini ol

i

- = O.

inflection, at which point the curvature must be zero, or a -+

We express the boundary conditions (Eqs. (10) ) in the new «ynbols:

&ub

Bl 2l e
K
e ST
e AL I S (18)




S0

=i
s

w(z) = Ula,z)

w(z) ="aU(a,z). | (19)

a {
B dz 1=K /s
@ - T (=0)
az tK

1 I3 | d
%; in Up . e %; iInU - & Ml %;—Zn Ul + = In U%
: K -K - ‘K - | -K
(21)
' .1
We use the relation
e
%; mu| o+ %; m U = - } G ‘ (22)
K K T(z +a) u(K)u(-K)
to reduce the boundary condition to the form
l .
F("" + &) N N
2 - au dau E(T i
Fla) = o ——e — i <Ll I (G DR (23)

Torlal @ e ® e F

Here the magnetic field éppears only on the left in the dircnsionl.us
ratio a = - H, /QH;' The right hand side depends only ca the propoertics
of the barriere(thrOugh M) and the température (throﬁgh £, which

—»w» at Tg). | |

We need to choose K to maximize H, because the maximum I for hich

a solution can be found to match the boundary conditices will be tho



critical field H” . Since FK(a) mast be positive, x wist be in i
1
U

finite interval within .which s is positive. Since M poes [nom
; ~K
0 to « as H“ goes from HC to HC y FK(a) mast be a decorer sing iunetion
. - 2 E,) .

. s o . ., Al . - .
of a; this 1s compatible with the fact that'?(g ta) = o al M, while
au | , i L , T
] = 0 at HC o Therefore we shall choose x to maximizc l”(u),

W I-K - K
so that Fg. (23) will be satisfied for maximum a. The derivative '
) " . 22 A i'{
reaches extrema when U = O, which occurs when a + = 0. Henoo
F

= VT (o)

maximizes Fk(a), which we write heréafter as

I (5 + a)
_2 4u au = éﬁﬁj. (25)
4 dz dz it -
Ver sl “ L™ o

Fa) = -

We have tabulated F(a) in Table I. This table may be used to
generate curves giving H".t/HC as a function of T for miy fixed burricr
2

via the relation

Fla) = —2L—— . | (26)
NEe T/’I‘c
In Fig. 2 we present such curves for several values of the adjustuble
parameter Y.

for x > 0 is given by

The order paraméter ¢ at H = H“
‘:’ . . i'\r/g
Woy) = 06 VB (/s - 1) o
+ oufa, V2 (x/& + ”)‘:"_ly/g . (27)

@ must be calculated from Eq. (20). In Fig. 3 we display R(x) and Ifx) ror
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In the limit H = HC2 (no barrier) the order parametcr ¥ muy be

-

written quite simply as the sum of twb bulk Gaussian Gl solutions’

V= exp [iy/t - (x ~8)°/2¢7]

+ exp [~ iy/& - (x + 5)2/2§2] : (28)

centered at x = * €. The interference of the two exponentials produces
zeroes in ¥ at intervals of m€ along the barrier, separated alternately
by maxima and miniha in ¢ (¢ is real at x = O when H = HCO).W can be
thought of as a row of fluxoids in this limit, férmed in ;he same way

as the bulk fluxoid array from a guperposition of Gaussians.3

The barrier tunneling current is.given by

. heti IR
3z = = = (29)
o O

for the'symmetry we have chosen, As M50, I - 0 also in such a way

that the ratio I/M « 1/& in the limit M= 0, H, = H, (neglecting the
_ 2

-

y dependence and normalization of ¥). This may be shown by calculuting

j; for the limiting solution ¥.given in Eq. (28)."




IV. CONCLUSIONS

-

The essentiai result of this paper is contained in Eq. (2%) wnd
Table I, which determine the parallel critical field ratio H" /ch(T) ‘
near TC for tunneling barriers which yield boundary conditions onhdL
solutions of the type given in Eq. (8). We have said nothing yct about
the coﬁstruc@ion and‘experimental investigation of tunneling barriors
with'transmissivities in the right range for observatiocn of interesting
results.

Obviously our paper is not relevant to the conventional high ve=-
sistance metal-oxide-metal tunneling barriers formed by evaporation,
sipce.ip all practical cases these composites must have H“, = Hc,‘
There do exist plane defects in polycrystalline metals which mayjhuve
transmissivities in the right range for HN to have an observable

intermediate value between HC and H, ; we have in mind the grain

boundaries 1n metalé containiig oxygei as an impurity. It scems pro-
bable thatvsupercurrénts carried by such internal sheathes have alrcady
been observed.l8

For the conditions of our problem to be satisfied, a barrier need
pnly have reasonable uniformity on the scale ék'extending over a dis-
tance greater than &(T). For the purpose of observation of & sheuth
current, a continuous superconducting path must connect two terminuals.
The sheath current will follow a path of makimum‘barrier resistivity,
and will be‘dominatsd by the point on thé path which has lowes@ H“
(a saddle point\in:§esistivity). The (integrated) resistivity of the
barrier to nbrmal currents is unlikely to be related to the barrier
resistivity seen by a sheath current (unlgss the barrier is perfectly

uniform), since normal currents pick out areas of minimum barrier
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resistivity. It is incorrect to cénclude that a window screen 1s ot
a metallic conductor simply becaﬁse_it transmits light!

In any experiment designed to test our resﬁlts,vth@ effect ol the
free surface of the experimental specimen must bc'eliminutcd cithor
geometrically or by an appropriate coating of normal metal.

Since H), /Hcé is especially sensitive to temperature very close to

T it might seem that measurements in this temperature range will be

e’
thevmost crucial test of the validity of our theory. For this reason
one- should choose é.material with a narrow transition width. However,
we must sound a warning: if the composition of the metal near the
barrier differs from that of the bulk, it_may have a slightly diffcrent
critic;l temperature, in which case it is possible that our resulls: my
‘not be strictly appiicable for temperatures extfemely close to T,. Tor
any given alloy syétem, it would be wise to choose a composition at
which T, has an e#tremum, so that small variations in composition will
“not appreciably affect T,.

We wish to point out that the effect we have predicted may be use-

" ful as a tool for the experimental investigation of the clectronic pro-

perties of grain boundaries in polycrystalline metal.
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FIGURE CAPTIONS

This is the parabolic cylinder function U(a,u) Tor a = -~.k,

|25
e
a3
.
(=]

-5 <z <+ 3%, All the functions of interesi to us havc this

. e 1
same general appearance, except in the two limits o = - 3

(where the valley goes to = and we get a Gaussian) and
a = «,295 (where the valley becames a point or inilcetion

and disappears). The two vertical bars indicate the two

points of zero curvature, z = * 2+ [a| .
Fig., 2 We display Hﬁ /HC as a function of T/Tc for several valucs
2

of the adjustable parameter <y (defined in Ig. (206) ). Ior
' -
the pure metal-specular barrier model, v = (.025, .25)

corresponds to transmissivities t ® (.01, .1). We note that

" the slope of H, /H = 1is infinite at T since
ey c
1/2

(H, = HCQ)/H" « [1-T1/1.]

i
near T . HoWever, dH /4T —» 4, /4T at T..
c “ C2 C

Fig. 5 We display the real and imaginary parts of ¢ = r + il for

a = =4, H“' = 1,25 H, . R and I are continued to negative
2

z by the prescription R even, I odd. The vertical scalce is

arbitrary. We omit the y dependence,
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TABLE I

- F(a) —a F(a) - ()
.29 -;01665” .37 353, s 168
.30 +,017h5 .30 L2t RIS 3.005
.31 .0538 g .512 7 5.08
.32 .0928 Lo .613 .48 .81
.33 L1350 | L L7135 RIts) 10.00
.3l JA812 - Rt .885 .50 »

.35 .2322 Wb | 1.076 :

.56".| .2890 o Lo 10329

1

' The variable a = ~H, /2H“‘. The function F(a) is defined in Tiq.
. - 2 _
(25), which determines H, (T)/HC (T) for fixed M. .The errcs in the
' ' 2

tabulation probably does not exceed one per cent. Hc corresponds to

L : )
Fla) = 0; HC2 corresponds to F(a) = o,
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-

mission,

or employee of such contractor, to the extent that

such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








