
Lawrence Berkeley National Laboratory
Recent Work

Title
NUCLEATION OF SUPER CONDUCTIVITY AT A TUNNELING BARRIER OP HIGH 
TRANSMISSIVITY

Permalink
https://escholarship.org/uc/item/8jj881xs

Author
Boyd, R.G.

Publication Date
1966-07-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8jj881xs
https://escholarship.org
http://www.cdlib.org/


UCRL-17024 

University of California 

Ernest 0. 
. Radiation. 

lawrence 
Laboratory 

NUCLEATION OF SUPERCONDUCTIVITY AT A TUNNELING BARRIER 
OF HIGH TRANSMISSIVITY 

TWO-WEEK LOAN COPY 

This is a library Circulating Cop~ 
which may be borrowed for two wee~s. 
For a personal retention copy, call 

Tech. Info. Dioision, Ext. 5545 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



r- -
· Sub. to PhysoRev~ 

I 

L-~----------l ---~ 

UNIVERSITY OF CALIFORNIA 

Lawrence Radiation Laboratory 
Berkeley, California 

AEC Contract No. W-7405-eng-48 

NUCLEATION OF SUPERCONDUCTIVITY AT A TUNNELING 
BARRIER OF HIGH TRANSMISSIVITY 

R. G. Boyd 

July 1966 

UCRL-1702~ 
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* R. G. Boyd 
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ABSTRACT 

We present a calculation of the parallel critical field of u pl<.tne 

tunneling barrier in an otherwise homogeneous supP.rcondllctor, valid for 

Tc - T < < Tc• We have found a solution of the Ginzburg-Lan<lo.u equ·,t ion 

which satisfies the semi-phenomenological boundary conditions propo:;cd 

by de Gennes. The critical field is significantl.Y lower than He when 
3 

the tunneling current is of the same order of magnit\.lde as the sheath 

current. When the>ratio (tunneling currep.t/sheath current) is smu.ll_, it 

is proportional to .~( T). Since HT) ~ oo at Tc; in principle the critical 

field of a tunneling barrier of any transmissivity must go to He _ :tt> 
2 

T ~ Tc' although in practice this may be impossible to observe for :;mall 

transmissivities due to the finite transition width at Tc• For the pure 

metal, specular barrier model at a fixed temperature T not too cloc .:: to 

Tc, most of the drop in critical field from He to He 
3 2 

occurs for tro.ns-
.. 

missivities in the range ·~01 to .1. 

The effect we have predicted, if experimentally confirmed, may be 

useful as a tool f.ar investigating the el.ectronic properties of gruin 

boundaries in polycrystalline metal. 

* Present address: Department of Physics and Astrophysics, University 
of Colorado, Boulder, Colorado. 



I. INTRODUCTION 

Consider a plane tunneling1 barrier of negl igibl/ thic:me~~:; ,[ 

-vlith transmissivity t located at x = 0 in an infinite aml otl1c1·wi::,' 

, homogeneous superconductor. We want to calculate the cri tic:tl fir:ld 

for nucleation of superconductivity at the barrier in o. mo.gn,'Li.c J'ield 

H parallel to the z-axis. Since the transition will be of ~;,;c:ond 

order the supercurrents can be arbitrarily small at nucleation, hcucc 

we may assume the field uniform. We shall restrict our attention to 

the temperature range Tc - T < < Tc. 

We know that fort::: 1 (no barrier), the nucleation field JI 11 is 

that fo,r the bulk, 3 Hll = He , whereas for t == 0 (perfect in:mlat.ion), 
2 4 

the nucleation field is that for a free surface, Hll = He -= 1.69 He • 
. . 3 2 

When 1 > t > 0 supercurrents tunnel5 through the barrier. These 

currents are periodic along the barrier in the y-direction, and o.c 

t~ 1 (H.
11 

-~ H ) the order parameter arid currents resemble those of a 
. . c2 

row of fluxoids along the barrier in the limit H11 = He • 
2 

Hll is substantially lower than Hc
3 

when the currents tunnelittG 

through the barrier are of the same order of magnitude as the r;hcath 

currents along the barrier. When the tunneling current is small, both 

currents are proportional to the superfluid density 11/11 2
, but the pro-

portionality const!i.nt is essentially independent of temperature fm· 

tunneling currents,; and contains a factor 1/s(T) for sheath currcnL::i 

from the phase gradient. The ratio (tunneling current/sheath current) 

is therefore proportional to s( T) when the ratio < < 1. Since 

~ (T)-> oo as T ~ T , the ratio must increase until the tunnclin[r . c 

current approaches the size of the sheath current, at which time Ll!e: 

tum:eling current becomes proportional to 11/11 2/HT) ro.U1cr. tltan :·::u:iply 
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2 )?/;) and the ratio remains of order unity in the: limit 'T ::::; 'T' .... c. 

in principle H11/Hc ~ 1 at T for any transmissivity t, aJ:. ·~c•ll;~ll : n 
. 2 c 

praetice the steep decent of H II to He near ·r \vi.ll be lost (for :·.u,:tll 
'2 c 

transmissivities) in the finite width of the temperatur•; indt1ccd Lr,,nc;.i-

tion at Tc· For the pure metal, specular barrier model at ;:, fb:<'d Li~m-

perature T not too close to T , most of the drop in critical field. from 
c 

to He occurs for transmissivities in the range .01 to .l. 
2 

The linearized Ginzburg-Landau (GL)equation7 for the order 

meter 7/J near a second-order transition is valid for Tc - T < < Tc and 

for distances from the barrier
8 

greater than s 0 in the pure case ::tnd 

Jf£ in the dirty case. When the distances or JI£ respectively 
0 0 0 

is much smaller than the temperature-dependen~ coherence lencth ~('I'), 

then the effect of the barrier is simply to impose bounclary condition::/
3 

on the solutions of the GL equation. These b~ndary cor-.ditions arc 

obtained from the linear integral equation9 for 1::::. (or ?f;) -v;nich is v:t lid 

in the vicinity of a second order phase transition. We shall dic;c:u.:;:; 

the boundary conditions in Section II and solve the GL equation in 

Section III. 
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II. BOUNDARY CONDITIONS
10 

,ll A • 
The order parameter u. at a p1P:1GC transition of :;cconii OJ'ck· 1· l8 " 

::;olution of the linear intq~ral equation9 

6( s) == 
" 

d3r K(s,r) D.(r). 

Tne range \ ,Pf the kernel K :Ln the bulk is ~ 0 in the pure 

in the dirt~ case. 

When Tc - T < < Tc ·the GL equation 7, 12 
is also valid, 

2 
( - 2'IT A-) iV+ 

cpo 

( l) 

(2) 

except in a neighborhood of the barrier defined by the range tk of the 

kernel K. Outside of this neighborhood both Eqs. (1) and (2) mu::;L have 

the same solutions. 

Since Eq. (1) is more generally valid than Eq. (2), it \wuld be 

better to solve Eq. (1). However, it is much easier to solve Eq. (2), 

so that is what we.' shall do. We cannot avoid the use of Eq. ( 1) in 

the neighborhood of the barrier, but we shall find that it is not 

necessary to find a complete solution, except to evaluate a single 

number which is probably best left as an adjustable parameter. 'l'"tw 

argument is based on symmetry properties of K. 

13 'The scale of Variation of GL solutions is given by 

HT) = 

HT) 

()) 
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i:Ji1cn T - T < < 'r we have ~('1') > > f, • \V •. : shall L~on,;~;_cier -i;oc pl·,.!)lcm 
C C K 

of joininG a solution of Eq. (2)- valid in the~ bulle- L;o a :;,)lni;i,-,,i 

of Eq. (1) -valid near the barrier - in the asymptotic reg:Lon 

s(T) >>X::>> t:,k \·!here both equations are valid. We .;e:;c i'r.)J;1 ;.;::. (j) 

that we may locally approximate the GL solution in thj_[, recion \.':i ~;!·, 

the linear expression 

1/J(r) 

where ?jJ
0

, 'Vif;
0 

are evaluated at a point y
0 

on the barriLr. '1'hcrel',;J'C uc 

shall study the solutions of F.q. ( l) which are asymptotic.ally U:~<.:ar. 

Set A = 0, T = T in Eq. ( 1); we will justify the omiG.sion c)<' A 
c 

later. We study linear solutions in the bulle first. Frc)m the pro;K;rty 

at T 
c 

( 5) 

it is evident that l:::. = constant is a solution of Eq. ( 1). He may prove 

that 6. = q • r is also a solution in the following manner: we u:.~r_: 

Eq. (5) to rewrite Eq. (1) in the form 

0 =.fd\· K(s,r) [6.(8)- 6.(r)J. (6) 

In the bulk where we have translational invariance, either b':c:LU:~•-: ,)f' 

perfect periodicity of the lattice or because a suitable avcl'~1.[~c: nvc:r 

the sites of impurity atoms has been per.formed, Vle have K( s, r) "- ;:.: =-r). 
Since K(s,r) = K( r, s) when K is real (A= o), we have K(n) - K( -l:). ... ... .. 

Hence substitution of 6.= -on q . r in Eq. (6) the int(','~r·al v.::.nl :J l1c :; , 

because K is even, [6.( s) - 6.(r)] odd in the coordina L; .. : di:LCcccncc 

- -s - r. 
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Now we introduce the bar:cier at x = 0. The kernel K iE; stiLL an 

even function of the y-coordinate difference s -r , so that there .n·o 
y y 

solutions to Eq. ( 1) which are linear in y throughout the h1rd.LT 

region. On substituting the function 6(x, y) = g(x)y in liX]. ( 1), •::c 

find that it is o.' solution if and only if g(x) is a ::;oiut:Lo:,. \\lc :n·e 

therefore reduced to a stud,y of the one-dimensional solution:> 6( x). 

The kernel retains its inversion symmetry K( r, s) oo K( -r, -::i) :Ln 

the presence of a symmetric barrier. Hence there are even <>~nd ocJ'i. 

solutions 6.e(x) == 
0 

-L ( -x). In tl1e absence oi' the 

barrier t::.e ·= constant, !:::.
0 

ex: x. In the presence of the barrier the 

asyrnpt?tic behavior of these solutions can be changed only to tlw 

extent. of allowing the linear asymptote of !:::.0 to have a finite inL,;r-

cept at the barrier, 

t:,e == constant 
asymptotic ... 

.d tn!:~.O 
1 (7) 

.. 
== M dx asjmptotic 

where M is a number which depends onzy on the properties of the bn.rricr. 

Any linear GL solution may be fitted in the asymptotic region 

~(T) > > x > > ~k by the set of elementary solutions t::.e, !:::.
0

, t::.ey, lPy. 

We shall assume the uniqueness of such a representation. This ~>c:...:m.s 

physically plausible, but the author is unable to make it mCLthenn::.icall.y 

rigorous by supplying a uniqueness theorem for the set of even ancl odd 

soluti6ns of Eq. (i) which satisfy linear boundary condition:;. Cr:.n1tcc1 

this assumption, we may summarize Eqs. (7) for gcner::,l !:::. in tbe or~c 

equation 

. /::, + = 6. + Mdt::.­
dx 

(d) 



where 6.+, 6,;. are the linear c:u::ymptotcs of 6 for x > 0, x < 0 ov:,lu:tt.cd. 

at x = 0+, 0- respectively. 11his is the boundary concJ it.~on lfr,iclt :..-<~ 

shall require solutions of tht:~ GL equation to o1x:y at the barrier. 
., ) 

~ the presence of a mac;nc:tic field the kernel K ;r:.<y be c:t))}nY·:iJ:ut,,,!L' 

over distances small compared to ~(T) by the expression 

K(s,r) _ K ( s, r) 
0 

exp r 2ie l fi c 
[A( s) . 

where K is the kernel in zero field. Distributing the two pll:L>C ,·~:,ctol·.: 
0 

to the order parameters of the same argwnent, \ve find that loc<:llly 

is a solution of the. zero field equation and must sath fy the same line:u· 

boundary conditions. Hence Eq. (8) is still valid for .~omph:x 6 l·:llen 

~ = 0. 
,... 

We have not attempted to calculate M for any model. - 0 
P. C. ck l~cnnc:: 

has calculated M for the pure metal, specular barrier mcxiel under Uh' 

approximation t < < 1. His result was 

M 
~0 

[l.l NV] t (9) 

The quantity in square brackets does not vary much, and is u:;ually c,f 

order 0.3. Since s appears here in its role as the ncngc ~. of tit,~ 
0 ~ 

kernel K, one suspects that in the more interesting dir"t·.y ca::e f, vri.ll 
0 

be replaced by V. When t ~ 1, Eq. ( 9) is no lonc;er valid sinc:l; ;~ 

must approach zero. One expects M to be essentially independent ._);· 

temperature in the GL r~gion Tc - T < < Tc since it depends upon u,,_: 

essentially temperature independent quantity l;k. Any .s1rM v:,riatir,n 
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of M with T in this region would be swamped out in ~1ny c::tsc 1Jy L!., · ;:me!; 

more rapid variation of S( T) ( vlhich goes to w as T -) 1'_). 
c: 

III. SOLUTION OF THE GINZBURG-LANDAU EQUATION 

We choose the gauge Ay = lf:x;, For this gaug.' 

* with 11 even 11 and 11 odd 11 symmetry, 1/J ( x) = ± ·<j;( -x) . 

E:q. 

* syrmnetry, 1/J (x) = 1/J( -x). We write 7/J in terms of its :·eal and j_r.cc;:imxy 

parts, 

7/J = R + ii. 

Then for the assume'd symmetry, the boundary condition Eq. (8) can Lc 

written in terms of· ·'1/J at x = 0 as 
+ + 

dR -::: 0 
dx 

di 
'd.x = 

2 -I. 
M 

(10) 

We note that I is odd and R is even, therefore R, dR/dx, :di/clx arc ~ll 

continuous at the barrier, only I being discontinuous. 

The real and imaginary parts of 7/J are mhed in Eq. (2) only by the 

cross ·product term which is of the form i x .).. If we take advant·.L:~c 
oy 

of the periodicity of R and I to expand both in Fourier serh:s, trJhl 

cosine terms in the R series mix only vlith sine terms in the I :::;cri • .::;;. 

We make the ansatz 

R(x,y) R(x) cos ky 

I(ix,y). -· I(x) dn ky. (11) 

Then E:q. ( 2) becomes 
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.- -, 
,2 

1 k2 /27711 
I 2! 

!.J'!T': cl 

) J 
l' I 0 1- + - X I--.~ = 

's2 \ 
"' (/) 0 

J\..t'l.. 

' dx2 ¢ 
L 0 

,- l 
0 I n !.I;Tli I cl'- 1 k2 /27TH 

I 1-y l·~ u ( l~.:) 

I dx2 
+ 

s2 
-

\ ¢0 
X + 1) i\.,.). --

0 

We may write two decoupled equr1.tions for the tvw riuant.i.Li., ;:; i< +I, 

R-I: 

[L + 1 
(' 27Tff ) 

2 l (R + I) 0 - K- Tx I = 
dx2 s2 

0 J 

r 
2 l : 2 

! d 
+ l ( k + 

2
7TH x ) [ ( R - I) 0 ( lj) ,- - = ' 2 s2 ¢0 J 1 dx ._ 

These two equations can be reduced to the same standar,L forr;t by m:J-c:Lus 

the following substitutions: 

z -

¢ . 
0 

H j2J:I a 

4?Ts 2
H 

= - c ' 
2 

K = t:i ;;::: 2 J1:T (ks) k .7TH 

R(x) + I(x) = u(z-K) 

R(x) - I{x) w( z+K) 

. 
Then u(z) and ·m(z) must both satisfy the same equation 

2 z 
(a + 4 ) y. 
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The two standard independent r:olutions of this ei}UatioL arc lcnmm :t:::; 

b 1 . 1' d f . 15 
para o lC cy ln er unctlons. 

be~avior for x > > Ia/: 

l 2 
-4 z 

U( a, z) - e z 

V(a,z) - e 

l 2 
4 z 

z 

] 
-a-if 

c.. 

1 
a- 2 

Since V blows up, u and w must both be proportional to U. 

For a = 
1 

- 2' H = H0 , the function 
2 

U( ~ ~' z) e 

l 2 
- 4 z 

( 1()) 

( 17) 

U is finite in both limits x _, ± oo. For a > - ~ , H > He the furwt:i.on 
2 

goes to + oo in the~limit x _,- oo; we display (in Fig. 1) its bchavjor 

near the origin for a = -.4, H = 1.25 He • Since the GL boundary 
2 

condition at a free surface is ~ = 0, the maximur.i a (maximwn H) f, 'r 

which the function has a zero derivative at some point yield~: the 

surface nucleation field He .• For this value of a the t' .. ro rninL: ,;:~· 

3 
zero derivative evident in Fig. l must coalesce to :form a po:.n~; or 

inflection, at which point the curvature must be zero, ·~)r a 

Vie express the boundary conditions ( Eqs. ( 10) ) in the nc1-: ':.vi"l,ol:-:: 

(18) 
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u(z) = U(a,z) 

m(z) := au(a,~;). 

• Adcling Eqs . ( 18), we get 

dU ~-K clz a ::: 
dU 

I 
dz IK 

Eliminating a from Eqs. (18), we get 

d I dz £n U k 
d £n U 
dz 

-K 
== ~ Ji;f· 1: ~ 

M dz 

We use the relation
16 

~ 

r(! +a) U(K)U(-K) 
2 

to reduce the boundary conc'li tton to the form 

= 

l . 
r(- +a) 2 

.J 27TJa!' 
dU I 
dz IK 

dU I 
dz ,.,.K 

£n U 
d<: 

(20) 

(21) 

I ')0) 
\.~<:. 

Here the magnetic field appears only on the left in tlk dir:i·: n::; ionJ, · ~; s 

·ratio a = - He /2H. · The right hand side depends only en thL; fJl'GJWrtic:~ 
2 

of the barrier (through M) and the temperature ( throu.:;r, E, Hhic:h 

We need to choose k to rnax:L'Tlize H, because the rn~l:·::i.mwn :r for .:Li.ch 

a solution can be found to mG.tch the boundo:cy condil:ic,t ::; wjJ 1 be t:,,; 
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critical :field H!l _. Since FK( a) must be positiv,;, 

,IU I finite interval within which is positive. 
<LZ -K 

Since M c:ues i't\)nJ 

0 to oo as Hll _ goes from Hc
2 

1 

of a; this i;:; compatible with the fact that r(fr + a) 

dU ! 
,.j r· I 
u..::. I-;{ 

= 0 at He • 
3 

Therefore >ve ::hall choose K t.o r.::J.:dmiz.c 1 .,(:,), 
I\ 

so that Eq. (23) will be satif;fied for mr"'x:i.murn a. The 
') zc:.. 

reaches extrema lvhen U" = 0, v.'l-d.ch occurs I<~ hen a + c. 0. ,._. ·~ . ··, . ."1.'{ 
1 LL. n,. '·. 

K = 

maximizes F' (a), which we write hereafter as 
K 

. F(a) = -
r (! + a) . 2 dU 

dz 
2~ 

dU 
dz 

!.;. 

We have tabulated F(a) in Table I. This table may be u,:l.':·ci t,J 

i "l)• ) \ c:.. ·1· 

generate curves giving Hll. /He as a function· of T for any f'i>:c,i b:,iTi,:'l' 
2 

via the relation 

F(a) = 
.J1 - T/T' c 

In Fig. 2 we present such curves for several values of the o.rJjustaLlc 

parameter -y. 

The order parameter 7fJ at H = Hll for x > 0 j_s ~:;iv(:n by 

'1/J(x,y) :;;: ue,;, .J2 (x/~ - l)) c/'.I/~ 

+ cxuG, J2' ( x/~ + 1~ c: -iy /~ . ( ·:·.~7) 
\ '-

cxnmst be calculated from Eq. (20). In Fig. 3 ':lc riispJ:c;; R(:<) ~,_r;d I(·Y.) 1·01· 

a = -.4. 
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In the lirni t H
11 

= Hc
2 

(no barrier) the order par:1metc1· 7/1 ;;;:~.v be 

7 
written quite simply as the sum of twb bulk Gaussian GL solution;.;· 

(28) 

centered at x = ± s. The interference of the two exponentials produce~; 

zeroes in '1/J at intervals of rr~ along the barrier, separated altern:1tcly 

by maxima and minima in '1/1 ('1/1 is real at x = 0 when H = He ).1/1 con be 
. 2 

thought of as a row of fluxoids in this limit, formed in the same vmy 

as the bulk fluxoid array from a .superposition of Gaussians •3 

The barrier tunneling current is given by 

j~ I o = 
4eti 
m (29) 

for the synunetry we have chosen. As M -+ o, I -+ 0 also in such a \>:1y 

that the ratio I/M o:: 1/~ in the limit M = o, HU _ = Hc
2 

(neglectin;j the 

y dependence and normalization of '1/1). This may be shown by calculu:ting 

jic fo~ the limiting;sdlution '1/J.given in Eq. (28). 
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IV. CONCLUSIONS 

The essential result of this paper is contained in Eq. (25) :,nd 

Table I, which determine the parallel critical field r;,tio ;Ill /lie;:, ( T) 

near T for tunneling barriers which yield boundary condition::; on ,;r_. 
c 

solutions of the type given in Eq. ( 8). We have said nothil;g yet ;Jbout 

the construction and experimental investigation of tunneline barri.~rs 

with transmissivities iri the right range for observation of intere;;tinc; 

results. 

Obviously our paper is not relevant to the conventional hiGh n~-

sistance metal-oxide-metal tunneling barriers formed by evaporation, 

since in all practical cases these composites must have H
11 

== Hc
3 

There do exist plane defects in polycrysta lline metals which mo y L:, ve 

transmissivities in the right range for n
11 

to have an observable 

intermediate value between H and He ; we have in mind the grain 
c2 . 3 

boundaries in metals cantajning oxygen as an impurity. It seems pro-

bable that supercurrents carried by such internal sheathes have already 

18 
been observed. 

For the conditions of our problem to be satisfied, a baTrier need 

only have reasonable uniformity on the scale ~k extending over D. dis­

tance greater than S( T). For the purpose of observation of a she:ith 

current, a continuous superconducting path must connect two termin;J ls. 

The sheath current .will follow a path of maximum barrier re.sj.:;tivity, 

and will be dominated by the point on the path which has lowest H If 
1;1 

(a saddle point. in 1resistivity). The (integrated) r.esistivity of tl1e 

barrier to normal currents is unlikely to be related to the b:.1rricr 

resistivity seen by a sheath current (unless the barrier is perfectly 

uniform), since normal currents pick out areas of minimum barrier 
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resistivity. It is incorrect to conclude that a vrindm.: screen· is 110t 

a metallic conductor simply because it transmits light~ 

In any exper:iment designed to test our results, the effect o 1' t11e 

free surface of the experimental specimen must be e lim:i n:.t tell eithct• 

geometrically or by an appropriate coating of normal metal. 

Since H11 /Hc
2 

is especially sensitive to temperature very clo:;c to 

Tc, it might seem that measurements in this temperature range will be 

the most crucial test of the validity of our theory. For this rca:;on 

one should choose a material with a narrow transition Hidth. However, 

we must sound a warning: if the composition of the metal near the 

barrier differs from that of the bulk, it may have a slightly different 

critical temperature, in which case it is possible that our rcsulL:: rrny 

not be strictly applicable for temperatures extremely close to Tc. For 

any given alloy system, it would be wise to choose a composition CJ.t 

which Tc has an extremum, so that small variations in composition Hill 

·.·not appreciably affect 'Tc. 

We wish to point out that the effect we have predicted may be use­

ful as a tool for the experimental investigation of the electronic pro­

perties of grain boundaries in polycrystalline metal. 
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1. We 11ave used the word "tunneling" throughout thi::; pape c, :.;h;jd.y 

because we have been unao1e to think of a conven:i.<:nt altern aLive. 

We realize the word has generally been applied in the :pa;:;t tu 1xtrric!·:~ 

of very high resistivity, and that the word is lU:ely to c:;ll to mtnd. 

theories of tunneling which are only applicable in this limiL. On 

the other hand, we have used a. .. theory of tunnelinc; f.ue to d.c'! Gcnn .. ·.:; 

which is applicable for all ba.rrier transmissi vi ties: P. G. de Go nne:·;, 

Phys. Letters _b 22 ( 1963). 

2. d < < s , pure case; d < < n?, dirty case. 
0 0 

3. A. A. Abrikosov, Zh. Eksperim. i Tear. Fiz. 6 11142 ( 1957) [ Enr,lLi1 
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FIGURE: CAPI'IONS 

1'his is the parabolic cylinder function U(a,~) for a"' -.L;, 

-3 :=: z :S, + 3. All the functions of intercs~; to uc h:J.vc t;hiD 

same general appearance, except in the t1·TO J iJ:il.t8 a - -

(where the valley Goes to -oo and we get a Gau;:;sian) and 

1 
r, 
.~ 

a ::: -.295 (where the valley bee ones a point of inj:'lcctic>l1 

and disappears). Tile tvm vertical bar::; :i.ndi en. te the two 

points of zero curvature, z = ± 2 .J'r;r . 
We display H

11 
/Hc

2 
as a function of T/rc for several v:J.lucs 

of the adjustable parameter "/ (defined in E\j. ( 26) ) . }\;r 

6 
the pure metal-specular barrier model, 'Y = ( .025, .2)) 

corresponds to transmissi vities t ~ ( .01, .1). vie note: thn.t 

the slope of H /H is infinite at T since 
II c2 c 

near Tc. However, dH /dT ~ dHc /dT at T • 
II 2 c 

We display the real and imaginary parts of 7/J = r + ii fur 

a = -.4, H · = 1.25 He • R and I are continued to nec;<1.tive 
II 2 

z by the prescription R even, I odd. The vertical ccalc is 

arbitrary. We omit the y dependence. 
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-a F(a) -3 F(a) -:.l F('·) . ~ '· 

.29 -.01665 -37 .353 I .1+5 .L. 6(.~1 

.)0 +.01745 .38 .427 • 4-6 :."?. ~!0~ 

.)1 .0538 .'39 .512 .1+7 .· q _.!.Ou 

.32 .0928 .40 .613 .1-18 1: .n1 

-33 .1350 .41 . 735 . ~9 10.00 

.3~ .1812 .42 .885 .50 w 

.35 .2322 .4) 1.076 

.)6 .. .2890 .44 1.329 

The variable· a = -He /2.1-I II . The function F( a) is defined in Eq. 
. 2 

· (25), which determines H
11 

(T)/H (T) for fixed M. The errc,1' in be 
. c2 

tabulation probably does not exceed one per cent. 

F(a) = 0; He corresponds to F( a) == oo. 

2 

H correspond;~ to 
C" 

:J 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mlsslon, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






